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Chapter 1

Introduction

1.1 Definitions

We denote the vertex set and the edge set of graph G by V (G) and E(G), respectively. The distance
between vertices u and v, denoted by d(u, v), is the number of edges contained in a shortest path
connecting u and v. The diameter of graph G is the biggest distance in G. We use diam(G) to denote
this parameter.

Let S be a subset of V (G). The open neighborhood of vertex v is the set of vertices which are
adjacent to v. The closed neighborhood contains the adjacent vertices plus the vertex itself. The closed
neighborhood of set S, denoted by N [S], is defined as the union of the closed neighborhoods of vertices
contained in S. We write N(S) for the open neighborhood of S which is defined as N [S] \ S. The
distance-k open neighborhood of a vertex v, denoted Nk(v), contains all vertices whose distance from
v is exactly k. On the other hand, the distance-k closed neighborhood of v contains all vertices whose
distances from v is at most k. We denote this set by Nk[v].

We say that a vertex v is dominated by a set of vertices S if v ∈ N [S]. A vertex set S dominates G
(or is a dominating set of G) if each vertex of G is dominated by S, so in other words N [S] = V (G).
An edge {u, v} dominatesG if the set of its endpoints dominatesG. The size of the smallest dominating
set in G is called the domination number of G and it is denoted by γ(G). A distance k dominating set
S of a graph G is a subset of the vertex set such that for each vertex v there is an element s of S whose
distance from v is at most k. In other words ∪s∈SNk[s] = V (G). The distance k domination number
of a graph, denoted by γk, is the size of the smallest distance k dominating set.

We write G�H for the Cartesian product of graphs G and H . The vertex set of graph G�H is
V (G)×V (H) and vertices (g, h) and (g′, h′) are adjacent if and only if either g = g′ and {h, h′} ∈ E(H),
or h = h′ and {g, g′} ∈ E(G). We use G�d as an abbreviation for G�G� · · ·�G, where G appears
exactly d times.

The path with n vertices and the cycle with n vertices are denoted by Pn and Cn, respectively. The
n by m square grid graph is denoted by SGn,m, note that SGn,m ∼= Pn�Pm.

A pebble distribution P on a graph G is a function mapping the vertex set to nonnegative integers.
We can imagine that each vertex v has P (v) pebbles. Therefore if P (v) ≥ 1 we say that v is occupied.
If a vertex is not occupied, then it is unoccupied. The size of a pebble distribution P is

∑
v∈V (G) P (v)

which we denote by |P |.
A pebbling move removes two pebbles from a vertex v and places one to an adjacent vertex u. We

denote this move by (v → u). A pebbling move is allowed if and only if the vertex loosing pebbles
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has at least two pebbles. A sequence of pebbling moves is called executable if for any i the ith move is
allowed under the distribution obtained by the application of the first i−1 move. The pebble distribution
which we get from P after the execution of the sequence of pebbling moves σ is denoted by Pσ. Instead
of sequence of pebbling moves we usually write pebbling sequence for short.

We say that a vertex v is k-reachable under the distribution P if there is an executable pebbling
sequence σ, such that Pσ(v) ≥ k. If k = 1, we say simply that v is reachable under P . More generally,
a set of vertices S is k-reachable under the distribution P if, after the execution of a pebbling sequence,
we can obtain a distribution with at least a total of k pebbles on the vertices in S.

A pebble distribution P on G is solvable if all vertices of G are reachable under P . Similarly, P is
k-solvable if all vertices are k-reachable. A pebble distribution on G is k-optimal if it is k-solvable and
its size is minimal among all of the k-solvable distributions of G; when k = 1 we simply say optimal.
Note that k-optimal distributions are usually not unique.

The size of an optimal pebble distribution is called the optimal pebbling number and denoted by
πopt(G).

A strict rubbling move removes two pebbles from two distinct vertices and places one pebble at a
common neighbor. Thus a strict rubbling move is allowed if it removes pebbles from vertices who share
a neighbor and both of them has a pebble. A rubbling move is either a pebbling move or a strict rubbling
move. If we replace pebbling moves with rubbling moves everywhere in the definition of the optimal
pebbling number, then we obtain the optimal rubbling number, which is denoted by ρopt(G).

A pebble distribution is called t-restricted if no vertex has more than t pebbles. The t-restricted
optimal pebbling number (or optimal t-pebbling number for short) of a graph G, denoted by π∗t (G), is
the size of the solvable t-restricted distribution of G containing the least number of pebbles.

1.2 History

Graph pebbling is a game on graphs. It was suggested by Saks and Lagarias to solve a number theoretic
problem asked by Erdős, which was done by Chung in 1989 [12]. The paper of Chung investigated
the pebbling number of the hypercube. The pebbling number of graph G, denoted by π(G) is the least
k such that any pebble distribution of size k on G is solvable. Initially, the pebbling number was the
main focus of research in the area of pebbling. Researchers have determined the pebbling number of
paths [12], cycles [9], trees [9, 25].

Ronald Graham conjectured that π(G�H) ≤ π(G)π(H) [12]. This question is still open and it is
one of the most famous question of graph pebbling. It is called Graham’s conjecture. There are many
papers which solve special cases of this open problem. Note that Graham’s conjecture is similar to the
recently disproved conjecture of Hedetniemi.

If a graph G, a pebble distribution P on G and a target vertex v is given, then deciding whether v is
reachable under P is NP-complete [24]. On the other hand, if a graph G and an integer k is given then
deciding whether π(G) ≤ k is πP2 -complete [24], so it is complete for the class of decision problems
which can be solved by a co-NP machine equipped with an NP-complete oracle in polynomial time.

The pebbling number has been used to solve problems in number theory [12] and group theory [13].
For more details about the pebbling number the reader should read the book chapter on Graph pebbling
in [18]. Another good source of knowledge about graph pebbling is Hurlber’s pebbling webpage [22].

The optimal pebbling number was first mentioned in the paper of Patcher et al. [27] in 1995. Peb-
bling can be viewed as a transportation of resources problem. We can think of the pebbles as fuel

4



containers. Then the loss of the pebble during a move is the cost of transportation. In case of optimal
pebbling we are are looking for an optimal assignment of fuel containers to the vertices such that any
vertex can receive a container in case of need.

The optimal pebbling number of several graph families are known. For example exact values were
given for paths and cycles [9,17,27], ladders [9], caterpillars [15] and m-ary trees [16]. If a graphG and
an integer k is given, then deciding whether πopt ≤ k is NP-complete [24]. There are also some known
bounds on the optimal pebbling number. One of the earliest is that πopt(G) ≤ 2diam(G) [26]. Bunde et
al. investigated the connection between the optimal pebbling number and the minimum degree of the
graph. They showed that πopt(G) ≤ 4n

δ+1 [9], where δ is the minimum degree of G. They also presented
a construction for infinite number of graphs with optimal pebbling number (2.4− 24

5δ+15−o(
1
n)) n

δ+1 [9].
Another version of pebbling when all vertices of the graph must be reached at the same time. A

pebble distribution P of graph G is called cover solvable if there is an executable pebbling sequence ω
such that Pω(v) ≥ 1 for each vertex v ofG. The cover pebbling number γ(G) is the smallest k such that
all pebble distributions of size k on graph G are cover solvable. This version was invented in [14]. The
main result of cover pebbling is the cover pebbling theorem which states that it is enough to consider
pebble distributions which place all the pebbles at the same vertex [32].

In [8] the authors invented a version of pebbling called rubbling. A rubbling move also removes two
pebbles and place a pebble at an adjacent vertex, but it can remove the two pebbles from two different
vertices, if they have a common neighbor. They defined the rubbling and the optimal rubbling number.
There are fewer results about rubbling than pebbling. We know four papers in the field of optimal
rubbling [3, 6, 8, 23]. Recently Haynes and Keaton investigated the cover version of rubbling [19].

Researchers have been investigating so called restricted versions of optimal pebbling in the last
five years. There are mainly two different versions of restricted optimal pebbling. In the first one
which is usually called restricted or capacity restricted optimal pebbling we are looking for the smallest
solvable t-restricted pebble distribution, so a distributions which contain at most t pebbles at each vertex.
The t-restricted optimal pebbling number is defined in [11]. In that paper the authors showed that
π∗2(Pn) = d2n/3e and they gave several upper bounds on π∗2(G) by different domination parameters of
G. In [29] Shiue showed that π∗2(T ) = d2n/3e if T is an n-vertex tree.

In distance restricted optimal pebbling there is a number d and no pebble can travel out of the
distance d closed neighborhood of its initial location [10]. The optimal distance restricted pebbling
number of paths [31] and cycles [30] are investigated by Shiue.

1.3 Results

In this thesis we investigate three graph parameters: the optimal pebbling number, the optimal rubbling
number and the t-restricted optimal pebbling number.

We show that for any k there is a diameter k graph G such that πopt(G) = ρopt(G) = 2diam(G)

(Theorem 2.6). We do this by proving ρopt(G) ≥ min
(
γk−1(G), 2k

)
for each k (Theorem 2.2). This

bound utilizes the distance k domination number of G. We improve this bound for both πopt(G) and
ρ(G). Our best bound on the optimal pebbling number which use the distance k domination number is
given by Theorem 2.9, which state πopt(G) ≥ min

(
2k, γk−1(G) + 2k−2 + 1, γk−2(G) + 1

)
. We use

this to show that πopt(K3�K3�K5) = 6. This result refute the correctness of a construction given
in [26].

We investigate the connection between the minimum degree and the optimal pebbling number in
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Chapter 3. We show that for any ε > 0 there is a graph with optimal pebbling number greater than
(4−ε)n
δ+1 , where δ is the minimum degree (Theorem 3.3). All of these graphs have diameter two, therefore

we look over graphs whose diameter is at least three. In this case we prove the optimal pebbling number
is always smaller than the previous bound, more precisely it is at most 15n

4(δ+1) (Theorem 3.18). We also
construct a family of graphs whose diameter can be arbitrarily large and their optimal pebbling number
is at least

(
8
3 − ε

)
n

(δ+1) (Theorem 3.14). Finally we answer a question asked in [9]. The question was
that “How large can πopt(G) be when we require minimum degree δ?” The answer is that it can be as
close to 4n

δ+1 as you wish but it cannot be reached (Corrolary 3.32).
In Chapters 4 and 5 we try to to determine the optimal pebbling of the square grid. We present

a pebble distribution on the square grid which shows that πopt(SGn,m) ≤ 2
7nm + O(n + m) ≈

0.2857nm + O(n + m) (Theorem 4.1). We conjecture that this distribution is optimal. We consider
some induced subgraphs of the square grid which we call staircase graphs. We determine the optimal
pebbling number of these graphs up to the six wide case (Theorems 4.4, 4.9, 4.10, 4.13). We roughly
determine the optimal pebbling number of the seven wide staircases (Theorem 4.16), the difference be-
tween our lower and upper bounds is only 2 pebbles in the worst case. It turns out that the restriction
of our pebble distribution on the squaregrid, which we conjecture to be optimal, to seven wide staircase
graphs produces optimal distributions in infinitely many cases. This result supports our conjecture on
the optimal pebbling number of the squaregrid.

We give a lower bound on the optimal pebbling number of the n by m squaregrid, which is better
than the previous bounds. Our new bound is SGn,m ≥ 2

13nm ≈ 0.1538nm (Corollary 5.50). To give
this new bound we have developed a new method which can be used to give lower bounds on the optimal
pebbling number of vertex-transitive graphs. As an intermediate step, we have given a lower bound on
the optimal pebbling number of the n by m torus grid graph (Theorem 5.49). We obtain a new proof for
πopt(Pn) = πopt(Cn) = d2n/3e as a byproduct.

We study the (capacity) restricted optimal pebbling number in the last chapter. We prove that decid-
ing whether the t-restricted optimal pebbling number of a graph is at most k is NP-complete (Theorem
6.6). We give infinitely many examples when the 2-restricted optimal pebbling equals the optimal peb-
bling number (Theorem 6.4). We show that the 2-restricted and the usual optimal pebbling number are
equal if the minimum degree is at least 2/3n− 1 (Claim 6.9) and they can be different if the minimum
degree is smaller than n/2− 2 (Claim 6.10), where n is the order of the graph.
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Chapter 2

Optimal pebbling and rubbling of graphs
with given diameter

Placing 2diam(G) pebbles to a single vertex always creates a solvable distribution, this implies that
πopt(G) ≤ 2diam(G), but usually much fewer pebbles are enough to construct a solvable distribution. It
is natural to ask if there are graphs with arbitrary large diameter where this amount of pebbles is required
for optimal pebbling?

This question was investigated in [26] for the first time. The authors claimed that the answer is
positive. However, their proof is incorrect. They presented a set of graphs and claimed that the graphs
in this set have this property, but we will show during the proof of Claim 2.1 that this is not true.

Herscovici et al. in [21] proved that πopt(K
�d
m ) = 2d ifm > 2d−1. In fact, a more general statement

is proved in [21], but this is enough for our purposes. The diameter of these graphs is d, therefore they
prove the sharpness of the diameter bound.

We can ask, what happens when we consider rubbling instead of pebbling? Unfortunately, the proof
of Herscovici et al. rely on several phenomena true for pebbling but false for rubbling. We answer this
question and prove that ρopt(K

�d
m ) = 2d if m ≥ 2d. Since ρopt(G) ≤ πopt(G), this gives a short proof

for the pebbling case as well.
First we prove that ρopt(G) ≥ min

(
γk−1(G), 2k

)
for each k, then we give an improved lower

bound using both γk−1 and γk−2.
Finally we use these bounds to show that πopt(K3�K3�K5) = 6. K3�K3�K5 is the smallest

graph where the proof contained in [26] fails.
The content of this chapter was published in [3]. It was a joint work with Ervin Győri and Gyula Y.

Katona.

2.1 Counterexample to the proof of Muntz et al.

Muntz et al. give an iterative construction of graphs, whose optimal pebbling number was believed to
be two to the diameter. They claim in [26], that if G is a graph with diameter d whose optimal pebbling
number is 2d, then G�K2d+1 is a graph with diameter d + 1 and optimal pebbling number 2d+1. It
is easy to see that diam(G�K2d+1) = d + 1, however its optimal pebbling number is not necessarily
2πopt(G).
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Figure 2.1: An optimal distribution of K3�K3�K5 using 6 pebbles.

Muntz et al. choose K3 as a starting graph. The third graph in the sequence is K3�K3�K5. The
optimal pebbling number of this graph is not 8, as the authors claimed.

Claim 2.1 The optimal pebbling number of K3�K3�K5 is at most 6.

PROOF: A solvable distribution with 6 pebbles is given in Figure 2.1. We can move two pebbles to
each vertex of the leftmost K3�K3. Since every other vertex is connected to one of these vertices, all
vertices are reachable. �

In fact, we do need 6 pebbles for K3�K3�K5. We are going to prove it by using Theorem 2.9.
Furthermore, all later graphs in the sequence are counterexamples. Because if we take a solvable

distribution of G and use the double of its pebbles on a copy of G in G�Kn, then we get a solvable
distribution of G�Kn. Thus if πopt(G) < 2d, then πopt(G�Kn) < 2d+1.

Moreover, it can be proven that changing the starting graph does not help, the construction fails.

2.2 A lower bound given by the distance domination number

We establish our first lower bound on the optimal pebbling and rubbling numbers using the distance k
domination number.

Theorem 2.2 (Győri, Katona, Papp [3]) Let G be a connected graph and k be an integer greater than
one. Then

ρopt(G) ≥ min
(
γk−1(G), 2k

)
.
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Definition 2.3 The support of a pebble distribution P , denoted by supp(P ) is the set of vertices con-
taining at least one pebble.

Definition 2.4 The weight function of a pebble distribution P , which is defined on the vertex set of G,
is WP (u) =

∑
v∈V (G) P (v)2−d(u,v).

Clearly, if a vertex is reachable under P , then its weight is at least one. This is true for both pebbling
and rubbling.

PROOF: Consider a pebble distribution P whose size is less than both γk−1(G) and 2k. Hence supp(P )
is not a distance k − 1 dominating set. There is a vertex v whose distance from supp(P ) is at least
k. Therefore the weight of this vertex is at most 1

2k
|P | < 1, hence v is not reachable under P . So a

solvable pebble distribution has at least min(γk−1(G), 2k) pebbles. �

We are free to choose k. The best bound is obtained when γk−1 ≈ 2k.
Notice that the proof exploited that each vertex contains integer pebbles and that the degradation of

pebbles is exponential in sense of the distance. On the other hand, we have not used that a pebbling or
a rubbling move removes integer number of pebbles. Therefore this method also works when a pebble
can be broken to arbitrary small pieces. Hence it also gives a bound on the optimal integer fractional
covering ratio which is defined in [2].

2.3 The optimal rubbling number of K�d
m is 2d if m ≥ 2d

Let Σm,d be the following graph: We choose an alphabet Σ of size m. The vertices of Σm,d are the
words over Σ of length d. Two vertices are adjacent if and only if the corresponding words differ only
at one position, roughly speaking their Hamming distance is one. It is well known that Σm,d ' K�d

m .
We use this coding theory approach because it is more natural for us to interpret the following proofs in
this language.

It is easy to see that diam(Σm,d) = d: We have to change all d characters of the word aa...a to
obtain bb...b. Each of the changes requires passing through an edge. We can obtain any word from
any other by changing each character at most once. Hence diam(Σm,d) = d.

Proposition 2.5 γd−1(Σm,d) = m.

PROOF: The set containing all constant words over alphabet Σ with length d is a distance d − 1 domi-
nating set because it is enough to change at most d− 1 characters of a d long word to obtain a constant
one. The number of these words is m.

Let A be a set of words over alphabet Σ with length d such that the size of A is m − 1. Consider
the ith characters of all words contained in A. The pigeonhole principle implies that there is a character
ci ∈ Σ which does not appear among them. Such a character exists for each position. Consider the
word c = c1c2 . . .cd. We have to change all of its characters to obtain a word contained in A, thus its
distance from A is d so A is not a distance d− 1 dominating set. �

Theorem 2.6 (Győri, Katona, Papp [3]) Both the optimal pebbling and optimal rubbling number of
K�d
m is 2d if m ≥ 2d.
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PROOF: We have already seen that 2d pebbles at a single vertex is enough to construct a solvable pebble
distribution even if we consider only pebbling moves.

For the lower bound we set k as d and apply Theorem 2.2. The obtained lower bound is also 2d.
�

2.4 Lower bounds using both γk−1 and γk−2

To improve Theorem 2.2, we have to use several properties of pebbling and rubbling. Therefore the
obtained bounds are no longer the same for πopt and ρopt.

Let σ be a sequence of pebbling moves and let M be a pebbling move which is contained in σ. We
write σ \M for the sequence of pebbling moves which we get after we delete the last appearance of M .
If we add an additional pebbling move T to the beginning of σ, then we denote the obtained sequence
by Tσ.

Definition 2.7 Let P be a pebble distribution on G and S be an arbitrary subset of V (G). Then the
restriction of P to S is a pebble distribution which is defined as follows:

P |S =

{
P (v) if v ∈ S
0 otherwise

Theorem 2.8 (Győri, Katona, Papp [3]) For all k ≥ 3 and any connected graph G whose order is at
least two we have:

πopt(G) ≥ min
(

2k, γk−1(G) + 2k−2, γk−2(G) + 1
)
.

PROOF: Consider a solvable pebble distribution P . Assume that |P | is less than min(γk−2(G) + 1, 2k).
Either supp(P ) is not a distance k − 2 dominating set or each vertex has at most one pebble. In the
latter case there are no available pebbling moves but there are vertices which do not have pebbles, so
they are not reachable which is a contradiction.

In the other case, there is a vertex v whose distance from supp(P ) is at least k − 1. On the other
hand, supp(P ) has to be a distance k− 1 dominating set, since otherwise 2k pebbles would be required
to reach some of the vertices.

In the rest of the proof we utilize these two facts. We start moving the pebbles of P towards v and
stop at the stage when all needed pebbles left supp(P ). We approximate the size of this intermediate
distribution and utilize that v is still reachable. Combining all of these with the weight function and
some estimates we receive the desired result.

Let σ be an executable pebbling sequence moving a pebble to v. We say that a subdivision of σ
to two subsequences τ and µ is proper if τ and µ are executable under P and Pτ , respectively and µ
does not contain a move which removes a pebble from supp(P ). Note that µ may remove pebbles from
a vertex where τ placed more than one pebble. We chose a proper subdivision where the size of µ is
maximal. Since the subdivision τ = σ, µ = ∅ is proper and the size of σ limits the size of µ, such a
subdivision exists.
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We execute τ and investigate the obtained distribution Pτ . We show that supp(Pτ ) ⊆ N [supp(P )]:
Assume that a vertex outside of N [supp(P )] has a pebble under Pτ . Then the last pebbling move M
which placed it there does not remove pebbles from supp(P ). τ \M is executable and if we put M to
the beginning of µ then Mµ is also executable under Pτ\M . Furthermore Mµ does not remove a pebble
from supp(P ), thus τ \M , Mµ is a proper subdivision of σ which contradicts with the maximality of
µ. Therefore supp(Pτ ) ⊆ N [supp(P )].

At each vertex of supp(P ) the execution of τ either leaves a pebble or it removes at least two
pebbles by a pebbling move which consumes one pebble. Thus at most |P | − | supp(P )| pebbles arrive
at N(supp(P )) after the execution of τ .

Sequence µ uses only these pebbles and moves a pebble to v. Therefore v is reachable under
Pτ |N(supp(P )). The distance of vertex v from supp(Pτ ) is at least k − 2, therefore we have that
22−k(|P | − | supp(P )|) ≥ WPτ |N(supp(P ))(v) ≥ 1. Since | supp(P )| ≥ γk−1(G), we get that
|P | ≥ 2k−2 + γk−1(G).

So either |P | ≥ 2k−2+γk−1(G) or our initial assumption was false and |P | ≥ min(γk−2(G) + 1, 2k).
Altogether these imply the desired result. �

Note that Theorem 2.8 does not hold if the graph does not have an edge. This is the reason why we
require that the graph has at least two vertices.

If we talk about rubbling, then there are two main differences. First, a distribution which places at
most one pebble everywhere and leaving a vertex without a pebble can be solvable. Second, a rubbling
move can remove pebbles from two vertices and consume just one pebble, hence we can only state that
at most |P | − | supp(P )|

2 pebbles arrive at N(supp(P )) after the execution of τ . If we change the above
proof accordingly, then we get the following inequality:

ρopt(G) ≥ min

(
2k,max

(
γk−1(G)

2
+ 2k−2, γk−1(G)

)
, γk−2(G)

)
.

Unfortunately this equality never gives a better bound than what we receive from Theorem 2.2.
If the obtained bound is 2k or γk−1 then it gives the same like Theorem 2.2. Therefore assume that
the value of the right side is neither 2k nor γk−1. Since γk−2(G) ≥ γk−1(G) this can happen only
if γk−1(G)

2 + 2k−2 > γk−1(G). This implies that max
(
γk−1(G)

2 + 2k−2
)
< 2k−1. Therefore if we

decrease k by one and apply Theorem 2.2 we either get γk−2(G) or 2k − 1 as a lower bound, and both
of them are better.

We can slightly improve the pebbling result if we do some case analysis.

Theorem 2.9 (Győri, Katona, Papp [3]) For all k ≥ 3 and any connected graph G whose order is at
least two:

πopt(G) ≥ min
(

2k, γk−1(G) + 2k−2 + 1, γk−2(G) + 1
)
.

PROOF: The previous proof directly gives the desired result if | supp(P )| 6= γk−1(G) or one of the
inequalities in 22−k(|P | − | supp(P )|) ≥ WPτ |N(supp(P ))(v) ≥ 1 is strict. Therefore we investigate
the case when | supp(P )| = γk−1(G) and show that one of the inequalities is strict. We use again the
assumption that |P | < min(γk−2(G) + 1, 2k).
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Suppose that γk−1(G) = 1. Then P contains pebbles only at a vertex u. Since supp(P ) is still not
a distance k − 2 dominating set, there is a vertex v whose distance from u is k − 1. Thus 2k−1 pebbles
at u are required to reach v and these are also enough. So πopt(G) = 2k−1 ≥ γk−1(G) + 2k−2 + 1.

Otherwise γk−1(G) ≥ 2. Therefore for each p ∈ supp(P ) there is a vertex v, such that the distance
between v and p is k − 1 but the distance between v and supp(P ) \ {p} is at least k.

Fix p and v and choose a sequence σ of pebbling moves which moves a pebble to v and divide it to
τ and µ like in the previous proof. So the pair of τ and µ is a proper subdivision of σ where the size of
µ is maximal.

If the sequence τ of pebbling moves removes more than two pebbles from a vertex, then at least two
pebbles are consumed there and we have counted at most one consumption at each vertex of supp(P ),
hence |P | − | supp(P )| >

∣∣Pτ |N(supp(P ))

∣∣ and the first inequality is strict.
If τ contains a pebbling move which removes two pebbles from a vertex contained in supp(P )\{p},

then this move places a pebble to a vertex uwhose distance from v is at least k−1. When u ∈ supp(P ),
this move consumes a pebble and it immediately gives |P | − | supp(P )| >

∣∣Pτ |N(supp(P ))

∣∣. Otherwise
u ∈ N(supp(P )). If another move of τ does not move further this pebble, then Pτ |N(supp(P ))(u) > 0.
The coefficient of this element in WPτ |N(supp(P ))(v) is at most 21−k which is smaller than 22−k. There-
fore the first equality is not possible. Otherwise, a pebbling move of τ removes two pebbles from u and
consumes a pebble. We have not counted this consumption, hence |P | − | supp(P )| > |Pτ |N(supp(P ))|.

The only remaining case is when τ contains only one pebbling move which moves a pebble from p
to a vertex w. In this case, µ can use only this pebble, but one pebble is not enough to apply a single
pebbling move. Therefore µ does nothing. Note that w is not v because the distance between them is at
least two. So σ does not move a pebble to v which is a contradiction. Therefore this case is not possible.
�

Using this last version of our result we can determine the optimal pebbling number ofK3�K3�K5.

Corollary 2.10 The optimal pebbling number of K3�K3�K5 is 6.

PROOF: We have already seen a solvable distribution with size six in Figure 2.1. We show that the
distance 2 domination number of K3�K3�K5 is three:

The support of the given distribution is a distance 2 dominating set on three vertices. Two ver-
tices are not enough. Consider a set S whose size is two. The graph is vertex-transitive, therefore it
does not matter how we chose the first vertex s1. In each copy of K3�K3 which does not contain s1

there are four undominated vertices whose distance from s1 is more than two. The intersection of the
closed neighborhoods of the undominated vertices which are contained in the same copy of K3�K3 is
empty. After we chose s2 there will be a copy of K3�K3 which contains neither s1 nor s2. To reach
its undominated vertices we have to move between two different copies of K3�K3, which consumes
one of the two moves but our location in K3�K3 does not change during this move. Only one more
more remained in this copy of K3�K3, but this is not enough to be able to arrive at each of the four
undominated vertices, because the intersection of their closed neighborhoods is empty. Therefore S is
not a distance 2 dominating set.

We show that the domination number of K3�K3�K5 is more than 4:
Consider a set of vertices S whose size is 4. The pigeonhole principle implies that there is a copy of

K3�K3 which does not contain an element of S. Call such a copy as an empty K3�K3. Two vertices
from the same copy of K3�K3 have some common adjacent vertices but all of them are contained in
the copy ofK3�K3 where the two original vertices are located. Therefore each vertex in an empty copy
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of K3�K3 requires a different element of S that dominates it. The order of K3�K3 is nine, therefore
S is not a dominating set.

Finally we set k to 3 and apply Theorem 2.9. �
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Chapter 3

Optimal pebbling of graphs with given
minimum degree

In [9] the optimal pebbling number of graphs with given minimal degree is studied. This paper contains
many great results about the topic. The authors proved that πopt(G) ≤ 4n

(δ+1) and they also found
a version utilizing the girth of the graph. A construction for infinite number of graphs with optimal
pebbling number (2.4− 24

5δ+15 − o(
1
n)) n

δ+1 is also given in the article.
In this chapter we continue the study of graphs with fixed minimum degree. We prove that there are

infinitely many diameter two graphs whose optimal pebbling number is close to the 4n
δ+1 upper bound.

More precisely, for any ε > 0 there is a graph with optimal pebbling number greater than (4−ε)n
δ+1 .

One may ask what happens if we consider larger diameter? In the second part of Section 3.1 we
use the previous graphs as building blocks to construct a family of graphs with arbitrary large diameter,
fixed minimum degree, and high optimal pebbling number. For any d and ε > 0 we present a graph G
with diam(G) > d and πopt(G) >

(
8
3 − ε

)
n

(δ+1) .
In the case when the diameter is at least three we also prove a stronger upper bound in Section 3.2.

It is shown that πopt(G) ≤ 15n
4(δ+1) holds in this case. Unfortunately, we do not know whether this bound

is sharp or not, but it is strong enough to conclude that the original upper bound of [9] does not hold
with equality.

The results of this chapter were published in [3]. Andrzej Czygrinow, Glenn Hurlbert and Gyula Y.
Katona were coauthors of that paper.

3.1 A family of graphs with large optimal pebbling number

We are going to use small graphs as a building blocks in our construction. We call these graphs special.

Definition 3.1 Graph H is special if the following properties are fulfilled:

1. The diameter of H is two,

2. H does not have a dominating edge, and

3. H has two vertices u and v — called a special pair — such that

(a) d(u, v) = 2,
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(b) if we remove u or v from H then the obtained subgraph does not have a dominating edge,
and

(c) (N(u) ∩N(v)) ∪ {u, v} is a dominating set of H .

Claim 3.2 Let Km be the complete graph with V (Km) = {x1, . . . , xm}. Then Km�Km, the comple-
ment of Km�Km, is special for any m ≥ 4.

PROOF: Two vertices are adjacent in Km�Km if and only if both of their coordinates are different. Its
diameter is two since any two vertices share a common neighbor.

If (xi, xj) and (xk, x`) are two adjacent vertices then i 6= k and j 6= `, and so neither (xi, x`) nor
(xk, xj) is dominated by {(xi, xj), (xk, x`)}. Hence no two adjacent vertices dominate V (Km�Km).
Furthermore, if we remove a vertex, at least one of the two non-dominated vertices remains, which is
still not dominated.

Define u = (x1, x1) and v = (x1, x2) to be the special pair. Then (xm, xm) is a common neighbor
of u and v and it dominates everything except (xi, xm) and (xm, xi), where i < m. Vertices u and v
dominate all of these except (x1, xm), but this last one is dominated by (x2, x3), which is also a common
neighbor of u and v. Therefore (N(u) ∩N(v)) ∪ {u, v} is a dominating set of Km�Km. �

There are many other special graphs. In this paper we mention just one more example: the circulant
graph, where the vertices are labeled from 1 to 2m, m ≥ 5 and two vertices i and j are adjacent if and
only if i− j 6≡ m,m± 1 mod 2m.

Muntz et al. showed that the optimal pebbling number of a diameter two graph lacking a dominating
edge is 4 [26]. Therefore the optimal pebbling number of any special graph is 4. Using this we can prove
the following theorem.

Theorem 3.3 (Czygrinow, Hurlbert, Katona, Papp [1]) For any ε > 0 there is a diameter two graph
G on n vertices with πopt(G) > (4−ε)n

δ+1 .

PROOF: For a fixed ε > 0, consider a graph Km�Km, where m > max( a
a−1 , 2) and a =

√
4

4−ε . Each

degree in Km�Km is (m− 1)2 and its order is m2. Since both a and m are greater than 1 we have that
a > m

m−1 , which implies the following:

πopt(Km�Km) = 4 = (4− ε)a2 >
(4− ε)m2

(m− 1)2
>

(4− ε)n
δ + 1

.

�

Now we turn our attention to the case in which the diameter is at least three. For any d and ε we
exhibit a graph whose diameter is 9d− 1 and its optimal pebbling number is greater than

(
8
3 − ε

)
n
δ+1 .

In fact, we connect 3d special graphs sequentially, using the special pairs, and prove that the optimal
pebbling number of the obtained graph is 8d. To obtain the desired result we choose the special graphs
to be Km�Km again.

Let H1, H2, . . . ,H` be (not necessarily the same) special graphs. Denote the vertex set of Hi

by Bi and let ui and vi be a special pair of Hi. Connect these graphs sequentially by placing edges
between vi and ui+1 to obtain a new graph G`. Consequently V (G`) = ∪`i=1 Bi and E(G`) =
∪`i=1E(Hi)

⋃
∪`−1
i=1{{vi, ui+1}}. We say that each subgraph Hi of G` is a block.
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Claim 3.4 Let k ∈ Z+, r ∈ {0, 1, 2}, and let G3k+r be the graph defined above. Then

πopt(G3k+r) ≤


8k if r = 0

8k + 4 if r = 1

8k + 6 if r = 2.

PROOF: To construct a solvable distribution with 8k pebbles in the r = 0 case we place 4 pebbles at
vertices v3j−2 and u3j , where j = 1, 2, . . . , k. If a vertex of an Hi has 4 pebbles, then each vertex of
Hi is reachable because Hi is a diameter two graph. Otherwise ui and vi are both adjacent to vertices
having 4 pebbles. Therefore each element of (N(ui) ∩N(vi)) ∪ {ui, vi} is 2-reachable and, since this
is a dominating set of Hi, we can move a pebble to any vertex of Hi. When r = 1 we use the same
construction and place 4 additional pebbles at a vertex of H3k+1, which solves H3k+1. In the last, r = 2
case we start again with the r = 0 construction and place 3 pebbles at both v3k+1 and u3k+2. These two
vertices are 4-reachable, and therefore all vertices in the last two blocks are solvable. �

Claim 3.5 Let G` be a graph defined above, then πopt(G1) = 4, πopt(G2) = 6, and πopt(G3) = 8.

PROOF: The upper bounds have been shown. G1 is a special graph; therefore its optimal pebbling
number is 4.

Let D be a pebble distribution on G2 having 5 pebbles. We can assume that H1 has fewer pebbles
than H2; therefore D(B1) ≤ 2. Since πopt(H1) = 4, we cannot reach each vertex of H1 without using
the pebbles placed at B2. H1 and H2 are connected by only one edge; therefore the only way to use the
pebbles of B2 is to move as many pebbles through this edge as possible. Furthermore, if we do nothing
with the pebbles of B1 and we move as many pebbles from B2 to v1 as possible, then the obtained
distribution on H1 has to be solvable if D is solvable on G2. But this obtained distribution can have at
most D(B1) +D(B2)/2 ≤ 3 pebbles. Hence D is not solvable.

To prove the last statement we argue that a distribution with 7 pebbles is not solvable on G3. Define
` = D(B1). If ` ≥ 3 then we can accumulate on B2 ∪ B3 at most `/2 + (7 − l) < 6 pebbles. If
` = 0 then 4 pebbles must be obtained from 7 on B2 ∪ B3, which is not possible. If ` = 1 then, to be
able to solve for B1, the remaining 6 pebbles must placed on u2, which is not solvable for B3. Finally,
if D(B1) = 2 = D(B3) then only 3 pebbles are on B2, and it is not possible to move two additional
pebbles to B1. �

Our goal is to prove that πopt(G`) ≥ 8
3` holds, but first we need some preparation. A cut argument

will be used, which argues that, in an optimal distribution, several edges cannot transfer pebbles. There-
fore these edges can be removed from the graph without changing the optimal pebbling number. We are
going to remove edges in such a way that the obtained graph has two connected components, each of
which is either a smaller instance of G` or almost a G`.

Let G−` be the subgraph of G` that we obtain by deleting v`. Let G+
` be the supergraph of G` that

we obtain by adding a leaf to u1. Let G+
0 denote the one vertex graph.

Lemma 3.6 Let D be a solvable distribution D on G` such that |D| < 3`− 1. Then there is a decom-
position of G` into parts isomorphic to either Gk and G`−k, with 1 ≤ k < `, or G−k and G+

`−k, with
1 ≤ k ≤ `, such that no pebbles can be moved through the edges connecting the two parts.
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Before proving Lemma 3.6, we make note of three results that will be used in its proof. We are
going to use the collapsing technique, which was introduced in [9].

Definition 3.7 Let G and H be simple graphs. We say that H is a quotient of G if there is a surjective
mapping φ : V (G)→ V (H) such that {h1, h2} ∈ E(H) if and only if h1 = φ(g1) and h2 = φ(g2) for
some {g1, g2} ∈ E(G), We say that φ collapses G to H and that, if D is a pebble distribution on G, the
collapsed distribution φ(D) on H is defined by φ(D)(h) =

∑
g∈V (G)|φ(g)=hD(g).

Claim 3.8 If v is k-reachable under D then φ(v) is k-reachable under φ(D).

This claim is a generalization of the Collapsing Lemma [9] which we use in the last chapter. We
state it in its original form as Lemma 6.3. The proof given by Bunde et al. can be modified to prove our
claim.

PROOF: Let σ = (σ1, σ2, . . . , σk) be an executable pebbling sequence whose application to D yields at
least k pebbles at v. We are going to show that there is a corresponding executable pebbling sequence
whose application to φ(D) yields at least k pebbles at φ(v).

Let D(u→w) be the distribution obtained after applying the pebbling move (u → w) to D. If
φ(u) 6= φ(w), then clearly φ(D(u→v)) = φ(D)(φ(u)→φ(v)). So φ(u) → φ(w) does the same job in the
quotient graph under the collapsed distribution as (u→ w) does under the original one.

If φ(u) = φ(w) then it is obvious that such a move does not have a corresponding move under
the collapsed distribution. Fortunately we do not need such a move, because for any vertex x it is true
that φ(D(u→w))(x) ≤ φ(D)(x). So such moves can be omitted when we are constructing a pebbling
sequence that mimics σ under φ(D). Therefore we define the collapsed version of each move by

φ((u→ w)) =

{
(φ(u)→ φ(w)) if φ(u) 6= φ(w)

∅ if φ(u) = φ(w),

and we define φ(σ) = (φ(σ1), φ(σ2), . . . , φ(σk)). Since φ(σ) mimics σ, its application to φ(D) results
in at least k pebbles at φ(v). �

We are going to collapse G` to the path containing 3` vertices, denoted by P3`. Therefore we state
some optimal pebbling results about paths.

Theorem 3.9 (Bunde, Chambers, Cranston, Milans, West [9]) Any 2-optimal distribution of the n-
vertex path contains n+ 1 pebbles.

Claim 3.10 If an inner vertex of the path is not 2-reachable, then neither is one of its neighbors.

PROOF: If a vertex v is not 2-reachable then v cuts the path to two and no pebble can be moved through
v. Thus if both neighbors of v are 2-reachable, then each of them can supply a pebble to v, which is a
contradiction. �

PROOF OF LEMMA 3.6: Let D′ be the following pebble distribution on G`: D′(u1) = D(u1) + 1,
D′(v`) = D(v`) + 1, and D′(x) = D(x) for x /∈ {u1, v`}. Since D is a solvable distribution, u1 and v`
are 2-reachable under D′.
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Let P3` be a path on 3` vertices and denote its vertices with p1, p2, . . . p3`. Let φ be a mapping
that collapses G` to P3` in such a way that φ(ui) = p3i−2, φ(vi) = p3i, and φ(x) = p3i−1 for all
x ∈ Bi \ {ui, vi}. P3` is a quotient of G`.

Because φ(D′) has less than 3` + 1 pebbles, according to Theorem 3.9 it is not a 2-solvable distri-
bution on P3`. Hence there is a vertex pi in P3` that is not 2-reachable under φ(D′). Claim 6.3 implies
that both p1 and p3` are 2-reachable, and so 1 < i < 3`. Since pi is not 2-reachable, no pebble can move
from pi to either pi−1 or pi+1. Similarly, pebbles cannot move from both pi−1 and pi+1 to pi. Thus, for
one of the edges incident with pi, without loss of generality {pi, pi+1}, no pebble can move across it.
This also means that pi+1 is not 2-reachable.

Claim 6.3 yields that the vertices of φ−1(pi)∪ φ−1(pi+1) are also not 2-reachable under D. There-
fore no pebbles can be passed between φ−1(pi) and φ−1(pi+1). Deleting the edges between them makes
the graph disconnected and leaves D solvable.

The two connected components are isomorphic to either Gk and Gl−k or G−k and G+
l−k, where

i ∈ {3k, 3k − 1, 3(l − k) + 1}. This is implied by the collapsing function. �

Lemma 3.6 guides us to make an induction argument. However we also need some information
about πopt(G

+
` ) and πopt(G

−
` ). Special graph property 3(b) guarantees that these values are at least

πopt(G`).

Lemma 3.11 πopt(G
+
` ) ≥ πopt(G`) and πopt(G

−
` ) ≥ πopt(G`).

PROOF: Adding a leaf cannot decrease the optimal pebbling number; hence the first inequality holds.
G−1 is a diameter two graph without a dominating edge; therefore πopt(G

−
1 ) = 4 = πopt(G1). To prove

the rest of the assertion, we show that there is an optimal distribution D′ of G−` that is also a solvable
distribution on G` (where we interpret D′ to be a distribution on G` with no pebbles on v`).

Let D be an optimal distribution on G−` . Denote the last block of G−` , where the removed vertex
was located, by H ′`. Since H` was special, H ′` does not have a dominating edge and its diameter is at
least two; therefore πopt(H

′
`) ≥ 4.

H ′` can obtain pebbles from the rest of the graph only through the {v`−1, u`} edge. Let k be the
maximum number of pebbles that can reach u` using this edge. Since D was a solvable distribution,
k+D(V (H ′`)) ≥ 4. If we relocate all pebbles of H ′` at u` and put back v`, the obtained D′ distribution
on G` also satisfies k + D′(u`) ≥ 4; therefore each vertex of B` is reachable under D′. The other
vertices remained reachable since we moved the pebbles closer to them in one pile. �

Now we are ready to prove the claim we promised earlier.

Claim 3.12 Let G` be the graph defined above. Then πopt(G`) ≥ 8
3`.

PROOF: Assume the contrary. Let G` be a minimal counterexample. Claim 3.5 implies that ` ≥ 4. Let
D be an optimal distribution on G`.

SinceG` is a counterexample, |D| < 8
3` ≤ 3`−1. Therefore we can apply Lemma 3.6. Accordingly,

we can break G` into Gk and G`−k or G−k and G+
`−k such that no pebbles can be moved between the

two parts. This means that D induces solvable distributions on both parts.
In the first case we have

πopt(G`) = |D(Gk)|+ |D(G`−k)| ≥ πopt(Gk) + πopt(G`−k).
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But since G` is a minimal counterexample we have

πopt(Gk) + πopt(G`−k) ≥
8

3
k +

8

3
(`− k) =

8

3
` > |D|,

which contradicts our assumption.
In the second case, when k 6= ` we can use Lemma 3.11 to give the following chain of inequalities,

πopt(G`) = |D(G−k )|+ |D(G+
`−k)| ≥ πopt(G

−
k ) + πopt(G

+
`−k) ≥ πopt(Gk) + πopt(G`−k),

which leads to the same contradiction. When ` = k we have

πopt(G`) = |D(G−` )|+ |D(G+
0 )| ≥ πopt(G

−
` ) + πopt(G

+
0 ) ≥ πopt(G`) + 1,

which is also a contradiction.
Therefore there is no counterexample. �

Corollary 3.13 πopt(G3k) = 8k

Theorem 3.14 (Czygrinow, Hurlbert, Katona, Papp [1]) For any ε > 0 and any integer d, there is a
graph G such that its diameter is greater than d and πopt(G) ≥ (8

3 − ε)
n
δ+1 .

PROOF: Consider G3d with blocks Km�Km, where m > max( a
a−1 , 3) and a =

√
8/3

8/3−ε . Its diameter

is 3d − 1, δ(G3d) = δ(Km�Km) = (m − 1)2, and |V (G3d)| = 3dm2. The optimal pebbling number
of G3d is 8d. If we repeat the calculation of Theorem 3.3 we receive the desired result:

πopt(G3d) = 8d = 3d

(
8

3
− ε
)
a2 > 3d

(
8

3
− ε
)

m2

(m− 1)2
>

(
8

3
− ε
)

n

δ + 1
.

�

3.2 Improved upper bound when diameter is at least three

In this section we give a construction of a pebble distribution having at most 15n
4(δ+1) pebbles for any

graph whose diameter is at least three.
We are going to discuss several graphs on the same labeled vertex set. To make it clear which graph

we are considering in a formula we write the name of the graph as a lower index, i.e. dG(u, v) is the
distance between vertices u and v in graph G.

Definition 3.15 We define distances between subgraphs in the natural way: If H and K are subgraphs
of G, then dG(H,K) = minu∈V (H),v∈V (K) dG(u, v).

Definition 3.16 We can think about a vertex as a subgraph; therefore, we define the distance-k open
neighborhood of a subgraph H , denoted Nk(H), to be the set of vertices whose distance from H is
exactly k. We define the closed neighborhood similarly, using distance at most k, denoted by Nk[H].
Note that Nk(H) = Nk[H]\Nk−1[H].
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The following property will be useful in our investigations:

Definition 3.17 A vertex v ∈ V (G) is strongly reachable under the pebble distribution D if each ver-
tex from the closed neighborhood of v is reachable under D. This property, together with traditional
reachability, partitions the vertex set into three sets T (D), H(D) and U(D), where T (D) includes the
strongly reachable vertices, H(D) contains reachable but not strongly reachable vertices, and U(D)
contains the remaining vertices.

Theorem 3.18 (Czygrinow, Hurlbert, Katona, Papp [1]) Let G be a connected graph having diame-
ter at least 3 and with minimum degree δ. Then we have

πopt(G) ≤ 15n

4(δ + 1)
.

Definition 3.19 Let D and D′ be pebble distributions. We say that D′ is an expansion of D (D′ ≥ D′)
if ∀v ∈ V (G) D′(v) ≥ D(v). If D 6= D′, then we write that D′ > D. If D′ is an expansion of D, then
let ∆D,D′ be the pebble distribution defined by ∆D,D′(v) = D′(v)−D(v) ∀v ∈ V (G).

If we would like to create a solvable distribution, then we can do it incrementally. We start with the
trivial distribution with no pebbles and add more and more pebbles to it. This yields a sequence of dis-
tributions 0 < D1 < D2 < · · · < Dk−1 < Dk, where Dk is solvable. The number of reachable vertices
grows during this process. Note that T (Di) ⊆ T (Di+1), while U(Di) ⊇ U(Di+1). Furthermore we
know that T (Dk) = V (G) andH(Dk) = U(Dk) = ∅.

If, for each i, the difference |∆Di,Di+1 | is relatively small and |T (Di+1) \ T (Di)| is relatively big,
then it will mean that |Dk| is not too large. To make this intuitive idea precise we define the following
strengthening ratio.

Definition 3.20 Suppose that we have distributions D and D′ on graph G, such that D′ > D. Denote
the difference between the sizes of these distribution by ∆pD,D′ = |D′| − |D| = |∆D,D′ |. We use
∆TD,D′ for set T (D′) \ T (D), having cardinality ∆tD,D′ .

Definition 3.21 We say that the strengthening ratio of the expansion D′ > D equals

E(D,D′) =
∆tD,D′

∆pD,D′
.

The strengthening ratio of distribution D 6= 0 is E(0, D), and the strengthening ratio of D = 0 is∞.

Fact 3.22 If D is solvable, then |D| = n
E(0,D) .

This fact shows that if we want to give a solvable distribution whose size is close to the optimum,
then its strengthening ratio must also be also close to that of the optimum. Furthermore, a smaller
solvable distribution has bigger strengthening ratio. The next lemma shows that, if we break Dk to a
sequence of expansions 0 < D1 < D2 < · · · < Dk−1 < Dk, the minimum strengthening ratio among
all expansion steps is a lower bound for E(0, Dk). Therefore we are looking for an expansion chain
where each expansion step’s strengthening ratio is relatively big.
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Fact 3.23 Let a, b, c, d be nonnegative real numbers, then the following holds:

a+ b

c+ d
≥ min

(
a

c
,
b

d

)
.

PROOF: Without loss of generality we can assume that bd ≥
a
c . Then we have that ac + bc ≥ ac + ad,

which is equivalent to a+b
c+d ≥

a
c . �

Lemma 3.24 Let D1, D2 and D3 are distributions on G. If D1 < D2 and D2 < D3, then

E(D1, D3) ≥ min(E(D1, D2), E(D2, D3)).

PROOF:
Using Fact 3.23 and the definition of strengthening ratio, we obtain

E(D1, D3) =
∆tD1,D3

∆pD1,D3

=
∆tD1,D2 + ∆tD2,D3

∆pD1,D2 + ∆pD2,D3

≥ min

(
∆tD1,D2

∆pD1,D2

,
∆tD2,D3

∆pD2,D3

)
= min (E(D1, D2), E(D2, D3)) .

�

In the next lemma we state that we can construct a distributionD with some special properties. This
lemma formalizes the following idea: If there are pairs of adjacent vertices, such that the closed neigh-
borhood of each pair is large, then we can make all vertices of these pairs reachable with few pebbles,
while many other vertices become reachable. The connection between few and many is established by
strengthening ratio.

Lemma 3.25 Let G be an arbitrary, simple, connected graph. There is a pebbling distribution D on G
that satisfies the following conditions.

(i) The strengthening ratio of D is at least 4
15(δ + 1), and

(ii) if (u, v) is an edge of G and |N [u]∪N [v]| ≥ 29
15(δ+ 1) then both of u and v are reachable under

D.

PROOF: Our proof is a construction for such a D.
We mark the edges whose vertices must be reachable to fulfill condition (ii): an edge (u, v) is

marked if and only if |N [u] ∪N [v]| ≥ 29
15(δ + 1).

First, if there is no marked edge in G, then the trivial distribution 0 can be D. Otherwise, we have
to make reachable each vertex of any marked edge. To achieve this we search for these edges and, if we
find a marked edge such that at least one of its vertices is not reachable, then we add some pebbles to D
to make it reachable.

We will define sets H,A,B ⊂ V (G), P,R ⊂ V (G)× V (G) and let Lp be a set containing vertices
of G for each p ∈ P . These sets, except H , will contain marked edges or their vertices. They will have
the following properties at the end of the construction.
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• Each element of H will be reachable under D, but not necessarily every reachable vertex is in it.

• Each vertex of B will have a neighbor that has at least two 4-reachable distance-2 neighbors, or
has an 8-reachable distance-3 neighbor.

• The elements of P will be edges whose vertices will be 4-reachable.

• The elements of R will be edges whose vertices will be 8-reachable.

• Lp will contain vertices from A whose distance from p is exactly 3.

To define these sets we perform the following construction algorithm.

1. Choose a marked edge (u, v) with u, v /∈ H . If no such edge exists then move to step 3.

2. Add the elements of N2[u] ∪N2[v] to H . Add (u, v) to P . Move to step 1.

3. Search for a marked edge (u, v) with v /∈ H . If no such edge exists then move to step 6.

4. Add the elements of N2[v] to H .

5. Count the number of pairs p ∈ P whose distance from u is 2. If there are more than one then add
v to B and move to step 3. Otherwise, add v to A and add v to the set Lp, where p is the unique
pair whose distance from u is 2.

6. Do for each p ∈ P : If |Lp| ≥ 5, then move the elements of Lp from A to B and also move p from
P to R.

7. Let D be the following distribution:

D(v) =



4 if v ∈ A;

3 if either v ∈ B or v is an element of a pair p ∈ P ;

5 if v is the first element of a pair p ∈ R;

6 if v is the second element of a pair p ∈ R; and
0 otherwise.

A result given by this algorithm is shown in Figure 3.1.
First, if we choose a marked edge then both of its vertices are reachable under D. To see this,

consider H . Each vertex of H is reachable under D by construction. In each step we expanded H
by distance-2 closed neighborhoods of vertices that are 4-reachable. Each vertex of a marked edge is
contained in H , A or B. Hence condition (ii) is satisfied, so we just need to verify condition (i).

The vertices of the sets A and B, and of the edges contained in P or R, are all 4-reachable. Hence
each vertex belonging to their neighborhood is strongly reachable. This implies that

∆t0,D = |T (D)| ≥

∣∣∣∣∣∣
 ⋃
p∈P∪R

N [p]

⋃( ⋃
v∈A∪B

N [v]

)∣∣∣∣∣∣ =
∑

p∈P∪R
|N [p]|+

∑
v∈A∪B

|N [v]|.

The second equality holds because the neighborhoods are disjoint by construction. Indeed, the distance
between a vertex of A ∪ B and a pair p of P ∪ R is at least 3. The distance between p, p′ ∈ P ∪ R is
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Figure 3.1: A distribution constructed by the above algorithm. Edges e1 and e2 are selected in step 1
and e3, . . . e8 in step 3.
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also at least 3. Both of these are guaranteed by step 2. Also, d(u, v) ≥ 3 for u, v ∈ A ∪ B because of
step 4.

The edges contained in P and R are marked. Therefore

∆t0,D ≥
∑

p∈P∪R
|N [p]|+

∑
v∈A∪B

|N [v]| ≥ (|P |+ |R|) · 29

15
(δ + 1) + (|A|+ |B|)(δ + 1),

∆p0,D = |D| = 4|A|+ 3|B|+ 6|P |+ 11|R|, and

E(0, D) =
∆t0,D
∆p0,D

≥
(|P |+ |R|) · 29

15(δ + 1) + (|A|+ |B|)(δ + 1)

4|A|+ 3|B|+ 6|P |+ 11|R|
.

Using (a+ b)/(c+ d) ≥ min(a/c, b/d), we obtain

E(0, D) ≥ min

(
(29

15 |P |+ |A|)(δ + 1)

6|P |+ 4|A|
,
(29

15 |R|+ |B|)(δ + 1)

11|R|+ 3|B|

)
. (3.1)

Then step 6 of the construction implies that |A| ≤ 4|P | and |B| ≥ 5|R|.
Let |A| = 4x|P |. In this case 0 ≤ x ≤ 1 and we get the following function of x for the first part of

(3.1), which attains its minimum at x = 1:

(29
15 |P |+ |A|)(δ + 1)

6|P |+ 4|A|
=

(29
15 + 4x)(δ + 1)

6 + 16x
≥ 89

330
(δ + 1).

Let |B| = 5y|R| for some y ≥ 1. Then the second part of (3.1) attains its minimum at y = 1:

(29
15 |R|+ |B|)(δ + 1)

11|R|+ 3|B|
=

(29
15 + 5y)(δ + 1)

11 + 15y
≥ 4

15
(δ + 1).

This completes the proof of the Lemma. �

During the proof of Theorem 3.18 we will show that a non-solvable distribution whose strengthening
ratio is above the desired bound always can be expanded to a larger one whose strengthening ratio is
still reasonable. To do this, we want to decrease the number of vertices that are not strongly reachable.
Usually, we place some pebbles at non-reachable vertices. We know that if a vertex v is not reachable
under D and we make it 4-reachable, then all vertices of its closed neighborhood that were not strongly
reachable become strongly reachable.

We usually consider a connected component S of the graph induced by U(D). There are several
reasons why we do this. First of all, a chosen S is a small connected part of G where none of the
vertices are reachable, hence it is much simpler to work with S instead of the whole graph. A vertex
from S has the property that none of its neighbors are strongly reachable. Thus, if we make a vertex
from S 4-reachable, then its whole closed neighborhood becomes strongly reachable. Another reason
for considering such an S is that, if we add some additional pebbles to S and make sure that all of its
vertices become reachable, then these vertices become strongly reachable, too. If we make vertices u
and v both 4-reachable with at most 7 pebbles and their closed neighborhoods are disjoint then this is
good for us. The disjointness of the neighborhoods happens when d(v, u) ≥ 3.

While considering such S has its benefits, it can cause challenges when we consider distances. Let
u and v be vertices of S. Their distance can be different in G and S. For example if G is the wheel
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graph on n vertices and we place just one pebble at the center vertex, then S is the outer circle and the
distance between two vertices of S can be

⌊
n−1

2

⌋
, while their distance in G is not larger than 2.

This difference is important because this shows that we cannot decide the disjointness of closed
neighborhoods by distance induced by S. The first idea to handle this is to consider the original distance
given by G, but then we have to consider the whole graph, which we would like to avoid. To overcome
this problem we make the following compromise: count distances in the graph N [S]. Clearly, this
distance also can be larger than the corresponding distance in G, but this happens only for values higher
than 3. Hence this N [S] distance determine disjointness of the neighborhoods, which will be enough
for our investigation.

The following lemmas will be used in the proof of Theorem 3.18.

Fact 3.26 Let S and B be induced subgraphs of G such that V (B) = NG[V (S)]. Suppose that
maxu,v∈V (S) dB(u, v) = 3 and let a, b, c, d be an induced ad-path with a, d ∈ V (S). Then either
b, c ∈ V (S) or at least one of b and c is in V (B) \ V (S).

Lemma 3.27 Let δ be the minimum degree of G. Let S and B be connected, induced subgraphs of
G, with V (B) = NG[V (S)]. Suppose that maxu,v∈V (S) dB(u, v) = 3 and let a, d ∈ V (S) such that
dB(a, d) = dS(a, d) = 3. Then there is an edge (u, v) in S whose closed neighborhood has size at least
4
3(δ + 1) .

PROOF: Let a, b, c, d be the vertices of a shortest ad-path that lies in S. If the statement holds for edge
(a, b) or (c, d), then we have found the edge that we are looking for. Thus assume the contrary. The
Inclusion-Exclusion principle gives us the following result for the vertex pair a, b:

|N [a] ∩N [b]| = |N [a]|︸ ︷︷ ︸
≥δ+1

+ |N [b]|︸ ︷︷ ︸
≥δ+1

− |N [a] ∪N [b]|︸ ︷︷ ︸
< 4

3
δ+ 4

3

>
2

3
δ +

2

3
.

The analogous result is true for the pair c, d.
The distance between a and d implies thatN [a]∩N [d] = ∅. Thus (N [a]∩N [b])∩(N [c]∩N [d]) = ∅,

which implies that

|N [b] ∪N [c]| ≥|(N [b] ∩N [a]) ∪ (N [c] ∩N [d])| =
=|N [b] ∩N [a]|+ |N [c] ∩N [d]| − |(N [a] ∩N [b]) ∩ (N [c] ∩N [d])| >

>2

(
2

3
δ +

2

3

)
− 0 =

4

3
δ +

4

3
.

Therefore the edge (b, c) has the required property. �

Lemma 3.28 Let S and B be connected, induced subgraphs of G, with V (B) = NG[V (S)]. Suppose
that there are vertices u, v ∈ V (S) with dB(u, v) = 4. Then at least one of the following conditions
holds.

1. There exist a, b ∈ V (S) with dS(a, b) = dB(a, b) = 4.

2. There exist c, d ∈ V (S) with dB(c, d) = 3 and some shortest cd-path contains a vertex from
V (B) \ V (S).
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PROOF: Consider a pair of vertices u, v ∈ V (S) with dB(u, v) = 4. It is clear that dS(u, v) ≥ 4.
Equality means that the first condition is fulfilled, so assume that dS(u, v) > 4. Let P be a shortest uv-
path that lies in S. The length of P is at least five. Label the vertices of P as u = p0, p1, p2, . . . , pk = v.
Let i be the smallest value such pi does not have a neighbor in NB[u]. The minimality of i implies that
dB(u, pi) = 3.

If i > 3, then the shortest upi-path, which has length three, must contain a vertex from V (B)\V (S),
which gives us the second condition.

Otherwise i = 3. Let j be the smallest value such that pj does not have a neighbor in N2
B[u]. The

case j = 4 gives us dB(u, pj) = 4 = dS(u, pj), which fulfills the first condition. Otherwise j > 4,
when dB(p0, p4) = 3. This happens if and only if the second condition holds. �

Lemma 3.29 Let δ be the minimum degree of G. Let S and B be induced subgraphs of graph G with
V (B) = N [V (S)]. If maxu,v∈V (S) dB(u, v) ≥ 4, and there exist vertices a, e ∈ V (S) such that
dB(a, e) = dS(a, e) = 4, then one of the following two conditions holds.

1. There exist u, v ∈ S such that dB(u, v) = 2 and |NB[u] ∪NB[v]| ≥ 28
15(δ + 1).

2. |N [a] ∪N [e] ∪ (N [b] ∩N [d])| ≥ 32
15(δ + 1), where a, b, c, d, e are the vertices of a path lying in

S.

PROOF: Assume that condition 1 does not hold. Because a and d do not have a common neighbor, this
yields the following estimate on the size of the common neighborhood of b and d:

|NG[b] ∩NG[d]| = |NG[b]|︸ ︷︷ ︸
≥δ+1

+ |NG[d]|︸ ︷︷ ︸
≥δ+1

− |NG[b] ∪NG[d]|︸ ︷︷ ︸
< 28

15
(δ+1)

>
2

15
(δ + 1).

The analogous results hold for the pairs {b, e}, and {a, e}, which implies that

|N [a] ∪N [e] ∪ (N [b] ∩N [d])| = |N [a]|+ |N [e]|+ |N [b] ∩N [d]| ≥ 32

15
(δ + 1),

which is condition 2. �

The next lemma will be useful to give a lower bound on the number of vertices becoming strongly
reachable after the addition of some pebbles to S.

Lemma 3.30 Let D be a pebble distribution on G. Let S be a connected component of the subgraph
induced by U(D). Consider D′ such that D ≤ D′. If some s ∈ V (S) is 2-reachable under ∆D,D′ , and
each vertex of S is reachable under D′, then N [s] ⊆ T (D′); moreover, N [s] ⊆ ∆TD,D′ .

PROOF: We show that each neighbor of s is strongly reachable under D′. Let v be a neighbor of s, and
u be a neighbor of v. Since s is 2-reachable under D′, v is reachable under D′.

If u is reachable under D or it is a vertex of S, then it is reachable under D′. Otherwise u is in
U(D) \ V (S). Thus v separates two connected components in the subgraph induced by U(D), and so
v is reachable under D. Since s is 2-reachable under ∆D,D′ , v is also 2-reachable under D′ and so u is
reachable.
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Because s is not reachable under D, its neighbors are not strongly reachable under D. Therefore
N [s] ⊆ ∆TD,D′ . �

PROOF OF THEOREM 3.18: Indirectly assume that there is a graph G such that πopt(G) > 15n
4(δ+1) and

diam(G) > 2. Fact 3.22 means that each solvable distribution has strengthening ratio less than 4(δ+1)
15 .

Let D0 be a pebble distribution that satisfies the properties of Lemma 3.25. Let D be an expansion
of D0 such that the strengthening ratio of D is at least 4(δ+1)

15 and, subject to this requirement, |D| is
maximal. According to our first assumption, D is not solvable. We will show that either |D| is not
maximal or D is not an expansion of D0. The first case is shown if we give a distribution D′ such that
D < D′ and ED,D′ ≥ 4(δ+1)

15 . We will exhibit ∆D,D′ instead of D′. Clearly D, and ∆D,D′ together
determine D′.

For each of the following cases we will assume that the conditions of the previous cases do not hold.

Case A: There exist u, v ∈ U(D) with d(u, v) = 3 and with some w ∈ H(D) on a shortest uv-path.
Without loss of generality, assume that w is a neighbor of v. Then let ∆D,D′ be the following

distribution.

∆D,D′(x) =


4 if x = u,

3 if x = v, and
0 otherwise.

Then w is reachable under D. It also gets a pebble from u under δD,D′ , so w is 2-reachable (without
the three pebbles of v). Thus v is 4-reachable under D′. This means that each vertex of the closed
neighborhood of u and v are strongly reachable.

Next, N [u] and N [v] are disjoint subsets of ∆T (D,D′). Hence

E(D,D′) ≥ |N [u] ∪N [v]|
|∆D,D′ |

≥ 2(δ + 1)

7
>

4

15
(δ + 1),

which means that |D| is not maximal, a contradiction.

Case B: maxu,v∈V (S) dB(u, v) ≥ 4
The conditions of case A are not satisfied; therefore, by Lemma 3.28, there is a path in S whose

length is four in both S and B.
Now apply Lemma 3.29. If there are vertices u and v from V (S) with dB(u, v) = 2 and also

|NB[u] ∪ NB[v]| ≥ 28
15(δ + 1) then let w be a common neighbor of u and v and choose ∆D,D′ as

follows.

∆D,D′(x) =


2 if x ∈ {u, v},
3 if x = w, and
0 otherwise.

Each of u, v, w is 4-reachable, and hence

∆tD,D′ ≥ |N [u] ∪N [v]| ≥ 28

15
(δ + 1),

Also |∆D,D′ | = 7, and thus E(D,D′) ≥ 4
15(δ + 1).
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If there is no such u, v pair then, by Lemma 3.29, there is a path a, b, c, d, e in S such that dB(a, e) =
dS(a, e) = 4, and |N(b) ∩N(c)| ≥ 2

15(δ + 1). Consider ∆D,D′ defined as follows.

∆D,D′(x) =

{
4 if x ∈ {a, e} and
0 otherwise.

The vertices of N [a]∪N [e]∪ (N [b]∩N [d]) are 2-reachable, and thus they are also strongly reachable.
Furthermore,

∆t ≥ |N [a] ∪N [e] ∪ (N [b] ∩N [d])| = |N [a]|+ |N [e]|+ |N [b] ∩N [d]| ≥ 32

15
(δ + 1)

and

E(D,D′) ≥ 32(δ + 1)

8 · 15
=

4(δ + 1)

15
.

Case C: maxu,v∈V (S) dB(u, v) = 3.
If the conditions of Case A do not hold, then we can use Lemma 3.27 because of Fact 3.26. Let

(u, v) be the edge whose neighborhood size is at least |43(δ + 1)|. We will use this property only in the
fourth subcase.

Consider the set K, which is a collection of vertex sets. Set K ∈ K if and only if K ⊆ V (S) such
that |K| ≥ 2, dB(k, j) ≥ 3 for all k 6= j ∈ K, and K is maximal (we cannot add an element to K).
Because maxu,v∈V (S) dB(u, v) = 3 in this case we have that K is not empty.

The objective in this case is to use Lemma 3.30 for the vertices of K, because this means that the
vertices of ∪k∈KN [k] are strongly reachable. Furthermore, N [k1] and N [k2] are disjoint if k1, k2 ∈ K
and k1 6= k2. These imply that ∆t ≥ ∪k∈K |N(k)| ≥ |K|(δ + 1). To use this Lemma we need to
give a proper ∆D,D′ distribution and check that each vertex of S is reachable and each vertex of K is
2-reachable under it.

There are four subcases here.

Subcase 1: dB(v, s) ≤ 2 for all s ∈ V (S).
Let K be an arbitrary element of K. Note that v /∈ K. Define

∆D,D′(x) =


4 if x = v,

1 if x ∈ K, and
0 otherwise.

Each vertex of S is reachable with the pebbles placed at v and the vertices of K are 2-reachable. Also

E(D,D′) ≥ |K|(δ + 1)

4 + |K|
≥ 1

3
(δ + 1).

Subcase 2: min(dB(u, s), dB(v, s)) ≤ 2 for all s ∈ V (S), but dB(v, w) = 3 for some w ∈ V (S).
Choose K such that v ∈ K. Such a K is exists. Define

∆D,D′(x) =


3 if x ∈ {u, v},
1 if x ∈ K \ {v}, and
0 otherwise.
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Then u and v are 4-reachable, and hence all vertices of S are reachable. Furthermore, each vertex of K
is 2-reachable, and

E(D,D′) ≥ |K|(δ + 1)

6 + |K| − 1
≥ 2

7
(δ + 1).

Subcase 3: dB(s, u) = dB(s, v) = 3 for some s ∈ V (S), and {s, v} /∈ K.
Now {s, v} is a subset of some K ∈ K with |K| ≥ 3. Define

∆D,D′(x) =


8 if x = v,

1 if x ∈ K \ {v}, and
0 otherwise

Each vertex of S is reachable with the pebbles placed at v and the vertices of K are 2-reachable. Also

E(D,D′) ≥ |K|(δ + 1)

8 + |K| − 1
≥ 3

10
(δ + 1).

Subcase 4: dB(s, u) = dB(s, v) = 3 for some s ∈ V (S), and {s, v} ∈ K.
Set K = {s, v} and define

∆D,D′(x) =

{
4 if x ∈ K and
0 otherwise.

ThenK = {s, v}means that each vertex of S is inN2[s]∪N2[v], and thus each vertex of S is reachable.
Also N [s] ∩ (N [u] ∪N [v]) = ∅, and hence

∆tD,D′ ≥ |N [s] ∪N [v] ∪N [u]| = |N [s]|+ |N [v] ∪N [u]| ≥ 7

3
(δ + 1)

and
E(D,D′) ≥ 7

24
(δ + 1).

Case D: maxu,v∈V (S) dB(u, v) ≤ 2.
In this case, if we put 4 pebbles to an arbitrary vertex s of S, then all vertices of S andN [s] becomes

strongly reachable.

Subcase 1: |V (S)| ≥ 16
15(δ + 1).

Let v ∈ S and define

∆D,D′(x) =

{
4 if x = v and
0 otherwise.

Then

E(D,D′) ≥ 16(δ + 1)

15 · 4
=

4

15
(δ + 1).

Subcase 2a: |N [u] ∪N [v]| ≥ 16
15(δ + 1) for some u, v ∈ V (S) with u adjacent to v.
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Define

∆D,D′(x) =

{
4 if x = v and
0 otherwise.

Each vertex of S is reachable and u and v are 2-reachable under ∆D,D′ . Using Lemma 3.30, we get that
the neighborhoods of u and v are both strongly reachable. Also

E(D,D′) ≥ |N [u] ∪N [v]|
4

≥ 16(δ + 1)

15 · 4
=

4

15
(δ + 1).

Subcase 2b: |N [u] ∪N [v]| ≥ 16
15(δ + 1) for some u, v ∈ V (S) having a common neighbor w ∈ V (S).

Define

∆D,D′(x) =

{
4 if x = w and
0 otherwise.

The same arguments from the previous case hold here.

Subcase 3a: |V (S)| ≤ 14
15(δ + 1), and for all u, v ∈ V (S) there is an h ∈ H(D) ∩N(u) ∩N(v).

Choose v ∈ S and define

∆D,D′(x) =

{
2 if x = v and
0 otherwise.

If s is a vertex of S other than v then choose h ∈ H(D) ∩ N(u) ∩ N(v). Now h is reachable under
D and we have two additional pebbles from D′, so we can move a pebble to s from v through h. Thus
each vertex of S is reachable under D′, and so we can apply Lemma 3.30 for vertex v to obtain

E(D,D′) ≥ |N [v]|
2
≥ δ + 1

2
.

Subcase 3b: |V (S)| ≤ 14
15(δ + 1), and for some u, v ∈ V (S) there is no h ∈ H(D) ∩N(u) ∩N(v).

The diameter of S (with respect to the distance defined inB) guarantees that either u and v are neigh-
bors or they share a common neighbor w ∈ V (B). Furthermore, in this subcase we have w ∈ V (S).
Now u has at least δ− (14

15(δ+ 1)− 1) = 1
15(δ+ 1) neighbors inH(D), but none of them is a neighbor

of v. Hence |N [u] ∪N [v]| ≥ 16
15(δ + 1). This is subcase 2a or 2b.

Subcase 4: Some v ∈ V (S) has dB(v, s) = 1 for every s ∈ V (S).
Define

∆D,D′(x) =

{
2 if x = v and
0 otherwise.

Each vertex of S is reachable under D′, and so we apply Lemma 3.30 again to obtain E(D,D′) ≥ δ+1
2 .

We have handled all cases for which |V (S)| ≤ 14
15(δ+1) or |V (S)| ≥ 16

15(δ+1), so in the remaining
cases we assume that 14

15(δ + 1) < |V (S)| < 16
15(δ + 1). Before continuing, we introduce one more

definition. Let S be the set of connected components of the graph induced by U(D). We say that S ∈ S
is isolated in S if dG(S, S′) ≥ 3 for every other S′ ∈ S.

30



Subcase 5: Some S ∈ S is not isolated.
Choose S′ ∈ S, u ∈ S, and v ∈ S′ with d(u, v) = 2, and define

∆D,D′(x) =


4 if x = u,

3 if x = v, and
0 otherwise.

Now u and v are both 4-reachable, and hence all vertices of S and S′ are reachable; furthermore, they
are strongly reachable. Therefore

E(D,D′) ≥ |V (S) ∪ V (S′)|
7

≥
2 · 14

15(δ + 1)

7
=

4(δ + 1)

15
.

Subcase 6: S is isolated in S, and |N [S]| ≥ 16
15(δ + 1).

Let s ∈ S and define

∆D,D′(x) =

{
4 if x = s and
0 otherwise.

Each vertex of S becomes strongly reachable. We show that the same is true for any vertex of N(S).
Consider h ∈ N(S). Then h is not strongly reachable under D but, because S is isolated, all of its

non-reachable neighbors under D are contained in S. Thus, under D′, h is strongly reachable, which
implies that

E(D,D′) ≥ |N [V (S)]|
4

≥
16
15(δ + 1)

4
=

4(δ + 1)

15
.

Subcase 7: S is isolated in S, and some h ∈ H(D) has dG(h, s) ≤ 2 for every s ∈ V (S).
Define

∆D,D′(x) =

{
3 if x = h and
0 otherwise.

Each vertex of S becomes strongly reachable, and thus

E(D,D′) ≥ |V (S)|
3

>
14
15(δ + 1)

3
≥ 4(δ + 1)

15
.

Subcase 8: None of the previous cases hold.
In this case we will get a contradiction with D0 ≤ D. We summarize what we know about D. The

following properties hold for every S ∈ S:

(a) maxu,v∈V (S) dB(u, v) = 2;

(b) 14
15(δ + 1) < |V (S)| < 16

15(δ + 1);

(c) S is isolated in S;

(d) |N [S]| < 16
15(δ + 1); and
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(e) there is no h ∈ H(D) such that dG(h, s) ≤ 2 for every s ∈ S.

Because the diameter of G is at least 3, some pebbles have been placed, and so H(D) 6= ∅. Fix
a component S ∈ S. Because G is connected, H(D) ∩ N(S) is also nonempty. Consider some
h ∈ H(D) ∩ N(S). Property (e) guarantees that there is a vertex v ∈ V (S) such that d(v, h) = 3.
Choose some u ∈ N(h)∩V (S). Then property (a) and d(v, h) = 3 together imply that u ∈ N2(v)∩S.

Now h ∈ N3(v), and hence N [h] ∩N [v] = ∅. Also N [v] ⊆ N [S], and so

|N [h] ∩N [S]| ≤ |N [S] \N [v]| = |N [S]| − |N [v]| < 16

15
(δ + 1)− (δ + 1) =

1

15
(δ + 1).

Thus we have |N [h] \N [S]| ≥ 14
15(δ + 1). Moreover, u ∈ S, and so N(u) ⊆ N [S]. Therefore

|N [u, h]| ≥ |N [u]|+ |N [h] \N [S]| ≥ 29

15
(δ + 1).

Since u ∈ S, it is not reachable under D. But D is an expansion of D0, and u has to be reachable
because |N [u, h]| ≥ 29

15(δ + 1) and (u, h) ∈ E(G). This is a contradiction.
We have seen that in each case we have a contradiction, and so our assumption was false. Hence the

theorem is true. �

Using this theorem we can prove that the upper bound of Bunde et al. [9] cannot hold with equality.

Claim 3.31 There is no connected graph G such that πopt(G) = 4n
δ+1 .

PROOF: Theorem 3.18 shows that the optimal pebbling number of graphs whose diameter is at least
three is smaller. So we have only to check diameter two graphs and complete graphs, each of whose
optimal pebbling number is at most 4. But 4n

δ+1 ≥ 4, with equality only for the complete graph. However
πopt(Kn) = 2. �

Corollary 3.32 For any connected graph G we have πopt(G) < 4n
δ+1 , and this bound is sharp.

Note that this result answers a question asked in [9], which was “How large can πopt(G) be when
we require minimum degree δ?”

Muntz et al. [26] characterize diameter three graph graphs whose optimal pebbling number is eight.
Their characterization can be reformulated in the following statement.

Claim 3.33 Let G be a diameter 3 graph. Then πopt(G) = 8 if and only if there are no vertices x, u, v
and w such that N2[x] ∪N [u] ∪N [v] ∪N [w] = V (G).

Theorem 3.18 can be used to establish a connection between this unusual domination property and
the minimum degree of the graph. Note that this is just a minor improvement of the trivial 1

2n− 1 upper
bound.

Corollary 3.34 Let G be a diameter 3 graph on n vertices. If there are no vertices x, u, v and w such
that N2[x] ∪N [u] ∪N [v] ∪N [w] = V (G) then the minimum degree of G is at most 15

32n− 1.
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Chapter 4

Staircase graphs

4.1 Connection to the square grid

The optimal pebbling number of grids has been investigated by many authors. Exact values were proved
for Pn�P2 [9] and Pn�P3 [33]. The question for bigger grids is still open. We gave a construction [2],
which can be seen in Figure 4.1. This construction gives the following theorem:4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4

4 4 4 4

Figure 4.1: Solvable distribution of the square grid.

Theorem 4.1 (Győri, Katona, Papp [2]) πopt(SGn,m) ≤ 2
7nm+O(n+m) ≈ 0.2857nm+O(n+m)

The distribution P which we have constructed takes groups of seven consecutive diagonals and
places pebbles on the middle one (see Figure 4.1). Using these pebbles, it is possible to reach any vertex
on any diagonal in the group.

We conjecture that P is an optimal pebble distribution on the suare grid graph, however we do not
know a proof for this. We are going to give a lower bound on πopt(SGn,m) in Chapter 5, but that bound
states only that πopt(SGn,m) ≥ 2

13nm ≈ 0.1538nm. In a recent paper [28], Petr et al. have improved
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Figure 4.2: Slashes in a three-wide staircase graph.

this bound and proved that πopt(SGn,m) ≥ 5092
28593nm+O(n+m) ≈ 0.1781nm+O(n+m). The gap

between the best known upper and lower bounds are quite big.
Can we at least show that the distributions induced by P on these induced subgraphs containing

seven consecutive diagonals are optimal? If this was not the case, it would refute the conjecture. These
considerations provide the main motivation for this chapter.

We investigate a family of graphs which we call staircase graphs. These graphs are connected
induced subgraphs of the square grid. The width seven instances correspond to the groups of seven
diagonals discussed above.

I studied this graph family with Ervin Győri, Gyula Y. Katona and Casey Tompkins. Our results
appeared in [5].

Recall that SGn,n = Pn � Pn. Let SG = P∞ � P∞ be the infinite square grid where P∞ is the
doubly infinite path with vertex set Z and edge set {{i, i+ 1} : i ∈ Z}.

Definition 4.2 For any k ∈ Z, we say that D+
k = {{i, j} ∈ V (SG) : i− j = k} is a positive diagonal

of SG. Similarly we define the negative diagonal: D−k = {{i, j} ∈ V (SG) : i+ j = k}.

A staircase graph will be defined in terms of the intersection of a set of consecutive positive diago-
nals in SG with a set of consecutive negative diagonals. When the number of diagonals taken in each
direction is odd, there will be two nonisomorphic graphs to consider. For examples see Figure 4.3.

Definition 4.3 For odd m, let S′m,n be the graph induced by the vertex set
(
∪mj=1D

−
j

)
∩
(
∪ni=1D

+
i

)
,

and let Sm,n be the graph induced by
(
∪mj=1D

−
j

)
∩
(
∪n−1
i=0 D

+
i

)
.

For even m, let Sm,n be the graph induced by the vertex set
(
∪mj=1D

−
j

)
∩
(
∪ni=1D

+
i

)
. In this case

we have only one isomorphism class.

Note that S′m,n ∼= Sm,n if n is even. We also remark that Sm,n ∼= Sn,m; nevertheless, we say that m
and n are the width and the length of the staircase graph, respectively, and generally assume that n ≥ m.
We will refer to the graphs Sm,n and S′m,n as m-wide staircase graphs.

A 1-wide staircase graph is an edgeless graph, therefore its optimal pebbling number equal to its
order. A 2-wide staircase graph is a path, thus πopt(S2,n) = πopt(S

′
2,n) = πopt(Pn) =

⌈
2n
3

⌉
.

For simplicity, we call a nonempty intersection of a staircase graph and a positive diagonal a slash
(see Figure 4.2 where each dashed ellipse is a slash).

The optimal pebbling number of ladders is proved by a technique based on induction and cutting [9].
We have used this tecnhique to prove Claim 3.12. In this chapter we use it for narrow staircase graphs
and extend it for wider ones.
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3,11
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Figure 4.3: Optimal distributions of S3,n and S′3,n for some n ≥ 5.

4.2 Three-wide staircases

The results in the 3 and 4-wide cases depend on the value of n modulo 4. Therefore we write 4k + r
instead of n, where r ∈ {0, 1, 2, 3}.

Theorem 4.4 (Győri, Katona, Papp, Tompkins [5]) If 4k + r ≥ 2, then

πopt(S3,4k+r) = 3k + r,

πopt(S
′
3,4k+r) =

{
3k + 2 if r = 3

3k + r otherwise.

We also note that πopt(S3,1) = 1 and πopt(S
′
3,1) = 2, since these cases may appear in our induction.

Before we present the proof we establish some lemmas. Each of them utilizes the one preceding it, and
the first one strongly relies on Theorem 3.9 from [9].

Lemma 4.5 Let G be Sm,n or S′m,n where m ≥ 2 and suppose there is a distribution P on G such that
|P | < n+ 1. Then there is a slash in G which is not 2-reachable under P .

We are going to use the collapsing technique again in a similar way how we have used it in the
previous chapter.

PROOF: Let φ be a mapping which maps each slash inG to a vertex in Pn in such a way that consecutive
slashes are mapped to adjacent vertices. It is easy to see that if a slash was 2-reachable under P , then
its collapsed image is also 2-reachable under Pφ. P and Pφ have less than n + 1 pebbles. Therefore,
Theorem 3.9 yields that Pφ is not 2-solvable, therefore there is a vertex in Pn which is not 2-reachable
under Pφ and the corresponding slash is not 2-reachable under P . �

Lemma 4.6 Let G be Sm,n or S′m,n and suppose there is a solvable distribution P on G such that
|P | < n− 1. Then there is slash in G which is neither the first nor the last slash and is not 2-reachable
under P .
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Figure 4.4: Optimal distributions of small S3,n and S′3,n graphs.

PROOF: If there are only two slashes which are not 2-reachable under P , then we put a pebble on a
vertex in both slashes and all slashes are 2-reachable with less than n + 1 pebbles. This contradicts
Lemma 4.5. Therefore, there are at least three slashes which are not 2-reachable under P . One of them
is neither the first nor the last slash. �

Lemma 4.7 If slash k is not 2-reachable under a distribution P and it is not the first or the last slash,
then there is no possible pebbling move between either slash k − 1 and k or slash k and k + 1.

PROOF: Since slash k is not 2-reachable, it is impossible to make a pebbling move starting at a vertex
from slash k. It follows that the pebble distributions which can be obtained on the slashes numbered
less than k do not depend on the pebble distribution on slashes numbered greater than k and vice versa.
If slash k could be reached from a pebbling move from both slashes k − 1 and k + 1, then these moves
could be performed independently and it would follow that slash k is 2-reachable, a contradiction. �

Let P be a solvable distribution of a staircase graph. If there is no possible pebbling move between
slashes k and k+1 then, after the deletion of the edges between them, each vertex of the resulting graph
is still reachable under P . Hence P induces a solvable distribution on each connected component. We
will use this fact during later proofs.

Claim 4.8 Let G be Sm,n or S′m,n, and assume that there is a solvable distribution on G with less than
n− 1 pebbles. Then, there is a c such that 1 ≤ c < n and:

πopt(Sm,n) ≥ πopt(Sm,c) + πopt(Sm,n−c) if c is even

πopt(Sm,n) ≥ πopt(Sm,c) + πopt(S
′
m,n−c) if c is odd

πopt(S
′
m,n) ≥ πopt(S

′
m,c) + πopt(S

′
m,n−c) if c is even

πopt(S
′
m,n) ≥ πopt(S

′
m,c) + πopt(Sm,n−c) if c is odd.

If m is even, we have only one inequality:

πopt(Sm,n) ≥ πopt(Sm,c) + πopt(Sm,n−c).

PROOF: An optimal pebble distribution P has at most n − 1 pebbles and so we can apply Lemma 4.6
and Lemma 4.7. Hence there is a slash k, which is neither the first nor the last, such that we cannot
move a pebble between slashes k and k + 1 or k and k − 1. We choose c to be k in the first scenario
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and k− 1 in the second. Then, we delete the edges between these slashes and obtain two smaller graphs
with solvable distributions. The sum of the sizes of these two distributions is the same as |P |. The size
of a solvable distribution is always at least as big as the optimal pebbling number. This gives us a lower
bound. The types of the two resulting graphs depend on the type of the original graph and the parity of
c. �

PROOF OF THEOREM 4.4: The upper bound comes from solvable distributions shown in Figures 4.3
and 4.4.

We prove the lower bounds for S3,n and S′3,n simultaneously by induction on n. The cases where
n ≤ 7 are shown in Figure 4.4. It can be checked by hand or computer that these are optimal distribu-
tions.

Therefore, we will assume that n ≥ 8 and the lower bound is true for values smaller than n. In this
case we can apply Claim 4.8. Unfortunately, we do not know the value of c, hence we have to check
all the possible values to prove a lower bound. The formulas which we want to prove and use as an
inductive hypothesis are quite complicated and depend on the value of n modulo 4. Therefore, we have
several cases. We will see that some of these cases are not possible if P is optimal.

First, consider S3,n. We remind the reader that n = 4k + r, where r ∈ {0, 1, 2, 3}. We cut between
the slashes c and c + 1, where c = 4l + q and q ∈ {0, 1, 2, 3}. Similarly, assume that n − c = 4j + p
where p ∈ {0, 1, 2, 3}. Note that l + j equals k when q + p < 4 and k − 1 otherwise. Furthermore, the
parity of c and q are the same. When q is even:

πopt(S3,n) ≥ πopt(S3,c) + πopt(S3,n−c) = 3l + q + 3j + p = 3(l + j) + q + p

=

{
3k + r if q + p < 4

3(k − 1) + 4 + r if q + p ≥ 4.

Note that the second case in the inequality is not possible because it would give a bigger lower bound
on πopt(S3,n) than the known upper bound.

When q is odd and p 6= 3, we obtain the same estimate on πopt(S3,n) except in the case when j = 0
and p = 1 where the right-hand side is larger by 1 which is not possible for an optimal P . If q is odd
and p = 3, then p+ q = 4 + r, therefore:

πopt(S3,n) ≥ πopt(S3,c) + πopt(S
′
3,n−c) = 3l + q + 3j + p− 1 = 3(l + j) + 3 + r = 3k + r.

Now we consider S′3,n. We may assume n is odd because S′3,n ∼= S3,n when n is even. If r = 3,
then:

πopt(S
′
3,4k+3) ≥ πopt(S

′
3,4l) + πopt(S

′
3,4j+3) ≥ 3l + 3j + 2 = 3k + 2 if q = 0

πopt(S
′
3,4k+3) ≥ πopt(S

′
3,4l+1) + πopt(S3,4j+2) ≥ 3l + 1 + 3j + 2 = 3k + 3 if q = 1

πopt(S
′
3,4k+3) ≥ πopt(S

′
3,4l+2) + πopt(S

′
3,4j+1) ≥ 3l + 2 + 3j + 1 = 3k + 3 if q = 2

πopt(S
′
3,4k+3) ≥ πopt(S

′
3,4l+3) + πopt(S3,4j) ≥ 3l + 2 + 3j = 3k + 2 if q = 3.

Finally, when r = 1:

πopt(S
′
3,4k+1) ≥ πopt(S

′
3,4l) + πopt(S

′
3,4j+1) ≥ 3l + 3j + 1 = 3k + 1 if q = 0

πopt(S
′
3,4k+1) ≥ πopt(S

′
3,4l+1) + πopt(S3,4j) ≥ 3l + 1 + 3j = 3k + 1 if q = 1

πopt(S
′
3,4k+1) ≥ πopt(S

′
3,4l+2) + πopt(S

′
3,4j+3) ≥ 3l + 2 + 3j + 2 = 3k + 1 if q = 2

πopt(S
′
3,4k+1) ≥ πopt(S

′
3,4l+3) + πopt(S3,4j+2) ≥ 3l + 2 + 3j + 2 = 3k + 1 if q = 3.
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We have checked each case and the resulting lower bound is at least as strong as the desired one,
hence the proof is complete. �

4.3 Four-wide staircases

In this case the proof is simpler because S′4,n is isomorphic to S4,n.

Theorem 4.9 (Győri, Katona, Papp, Tompkins [5])

πopt(S4,4k+r) = 3k + r

except for n ∈ {1, 2}. πopt(S4,1) = 2, πopt(S4,2) = 3.

2 21 1

1

2 1

1 1

2 1

2 1

2 1

2 1

S4,4 S4,5 S4,6 S4,7 S4,8

Figure 4.5: Optimal distributions of small S4,n graphs. For the n ≤ 3 cases refer to the previous figures.

PROOF: The optimal distributions of small graphs are shown in Figure 4.5. For larger n, we obtain a
solvable distribution of S4,n in the following way: We partition S4,n into k − 1 copies of S4,4 and one
copy of S4,4+r for some r, and we use the optimal distributions shown in Figure 4.5 in each of the parts.
This gives the required upper bound.

To obtain the lower bound for n ≥ 8, we assume that the statement is true for all values below n.
We have πopt(S4,n) ≤ n− 2 by the upper bound so Claim 4.8 can be applied yielding

πopt(S4,n) ≥ πopt(S4,c) + πopt(S4,n−c) ≥ 3l + q + 3j + p ≥ 3k + r,

where n = 4k + r, c = 4l + q, n− c = 4j + p and r, q, p ∈ {0, 1, 2, 3}. �

4.4 Five-wide staircases

In this case we again must distinguish between the graphs S5,n and S′5,n when n is odd. Fortunately, we
are in a simpler situation than in the three-wide case because the formula optimal pebbling number of
both these graphs turns out to be the same. The formula depends on the value of n modulo 5, so in this
section let n = 5k + r where r ∈ {0, 1, 2, 3, 4}.

Theorem 4.10 (Győri, Katona, Papp, Tompkins [5])

πopt(S5,5k+r) = πopt(S
′
5,5k+r) = 4k + r,

except for n ∈ {1, 2, 3, 7}. πopt(S5,3) = πopt(S
′
5,3) = 4 and πopt(S

′
5,7) = 7.
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Figure 4.6: Optimal distributions of small S5,n graphs. For the cases where n ≤ 4 refer to the previous
figures.

PROOF: The smaller cases can be seen in Figure 4.6. Solvable distributions with the given sizes can
be constructed with the proper concatenation of the optimal distributions of S5,4, S5,5, S5,6, S5,7, S5,8,
S5,9, S′5,5 and S′5,9. For large n use many copies of S5,5 and S′5,5 in the middle and suitably extend it on
the ends with the other distributions.

We can still apply Claim 4.8 when n ≥ 10. The formula is the same for S5,n and S′5,n, therefore we
introduce the notation S∗5,n to denote either S5,n or S′5,n. We can formalize the statement of Claim 4.8
in one inequality:

πopt(S
∗
5,n) ≥ πopt(S

∗
5,c) + πopt(S

∗
5,n−c) = 4l + q + 4j + p ≥ 4k + r,

where n = 5k + r, c = 5l + q, n− c = 5j + p and r, q, p ∈ {0, 1, 2, 3, 4}. �

4.5 Six-wide staircases

To handle this case and the seven-wide case we need some additional tools. We start by recalling some
known results about the path.

Lemma 4.11 ( [9]) A 2-optimal distribution of Pn consists of prime segments separated by single un-
occupied vertices, where a prime segment is a subpath of one of two possible types. Either all but one
of the vertices have one pebble and one vertex has two pebbles or there are three consecutive vertices
with zero, four and zero pebbles, in that order, and the remaining vertices having one pebble.

A corollary of this lemma is that under a 2-optimal distribution no vertex is 5-reachable, and if a
vertex is 3-reachable, then it has to contain 4 pebbles. The neighbors of a vertex v having 4 pebbles can
get pebbles only from v. Similarly, each of the neighbors of a vertex u containing exactly 2 pebbles can
get only one pebble and only from u. Using these facts we obtain the following statement for staircases.
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Figure 4.7: Optimal distributions of small S6,n graphs. For n ≤ 5 cases check the previous figures.

Lemma 4.12 Let G be a staircase graph with n slashes. If P is a pebble distribution on G with n + 1
pebbles, such that each slash is 2-reachable under P , then:

• Each slash contains at most 4 pebbles.

• If a slash is 3-reachable, then it contains 4 pebbles.

• if a slash has at least one pebble, then at most one pebble can be moved to that slash with a
pebbling move.

• If a slash contains 4 pebbles, then the adjacent slashes have no pebbles, furthermore they can get
pebbles only from this slash.

• If a slash contains 2 pebbles, then a pebbling move can only be performed ending in that slash if
a pebbling move was first performed beginning on that slash.

PROOF: We simply apply the collapsing function defined in the proof of Lemma 4.5. The collapsed
distribution on Pn is 2-optimal so Lemma 4.11 applies. All of the statements then follow from easily
observable facts about prime segments. �

Theorem 4.13 (Győri, Katona, Papp, Tompkins [5])

πopt(S6,n) = n,

except for n ∈ {1, 2, 3, 4, 8, 9}. πopt(S6,3) = πopt(S6,4) = 5, πopt(S6,8) = 9 and πopt(S6,9) = 10.

To prove the lower bound we cannot use exactly the same method which we used for the narrower
staircases because Lemma 4.6 does not apply when |P | ≥ n− 1. We can overcome this difficulty with
the next lemma.

Lemma 4.14 There is no solvable distribution P on S6,n with size at most n, such that each inner slash
is 2-reachable.
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u1 v1

u2 v2 w1

u3 v3 w2

w3

Figure 4.8: Labeling of the vertices

PROOF: Indirectly assume that such a P exists. The size of P can be either n − 1 or n, otherwise an
inner slash must be not 2-reachable according to Lemma 4.6. Without the loss of generality, we assume
that the first slash is not 2-reachable.

Since P is solvable, we can reach all vertices of the first slash. If the first slash has exactly one
pebble, then we need to move another pebble to reach its unoccupied vertices. This means that it is
2-reachable, therefore the first slash cannot have a pebble.

Put a pebble on the first slash and, in the case of |P | = n − 1, another one at the last slash. This
results a new distribution P ′ and each slash is 2-reachable under it. Therefore |P ′| = n + 1 and, if we
collapse the graph into Pn with φ, then the collapsed distribution P ′φ is a 2-optimal distribution.

We will require some additional notation. Vertex names are shown in Figure 4.8. Now we exploit
Lemma 4.12.

The first slash contains exactly one pebble under P ′. By Lemma 4.12 (points 2 and 4) the second
slash cannot be 3-reachable under P ′. So it has at most two pebbles. v3 has to be 2-reachable under P
and P ′ because u3 can be reachable only from this vertex. The reachability of u1 requires that v1 or v2

is also 2-reachable.
If the second slash has two pebbles, then it is clear from the last statement of Lemma 4.12 that at

most one vertex in that slash is 2-reachable. This contradicts that v3 and one of v1 or v2 are 2-reachable.
When the second slash has exactly one pebble, then the third statement of Lemma 4.12 implies at

most one vertex is 2-reachable in the second slash, which is not enough.
So neither the first nor the second slash contain a pebble under P , but the reachability of the first

slash requires that the third slash is 4-reachable under P ′. According to Lemma 4.12 the third slash
must contain exactly 4 pebbles. Every vertex in the first three slashes must be reachable using only the
4 pebbles on slash three, but this is impossible (in particular we cannot reach both u3 and v1). �

PROOF OF THEOREM 4.13: For small optimal distributions see Figure 4.7. Solvable distribution with
n pebbles in cases when n ≥ 10 can be created by combining the optimal distributions of S6,5, S6,6 and
S6,7.

Assume that the lower bound is proved for each integer less than n. Let P be an optimal distribution.
We know that the size of P is at most n. By Lemma 4.14 we have that some inner slash is not 2-
reachable. Then we can apply Claim 4.8 and the induction hypothesis, which gives that |P | ≥ c+n−c =
n. This completes the proof. �
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4.6 Seven-wide staircase graphs

Lemma 4.15 There is no solvable distribution P on S7,n with size at most n, such that each inner slash
is 2-reachable.

PROOF: Assume the contrary. We have a solvable distribution P on S7,n with size n, such that each
inner slash is 2-reachable.

Now we collapse S7,n to S6,n by mapping the first and the third negative diagonal of S7,n to one
diagonal of S6,n. For an example see Figure 4.9.

1

2

4

42 1 2 4

6

1

1P

φ

φ(P )

Figure 4.9: Collapsing S7,6 to S6,6.

Each pebbling sequence which is executable under P determines an executable pebbling sequence
in Pφ which moves the same amount of pebbles to the slashes and moves at least as many pebbles to the
same vertices except for the deleted ones. Therefore, Pφ is solvable and each inner slash is 2-reachable.
This contradicts Lemma 4.14. �

Theorem 4.16 (Győri, Katona, Papp, Tompkins [5]) If S∗7,n is S7,n or S′7,n, then

n+ 1 ≤ πopt(S
∗
7,n) ≤ n+ 3.

The lower bound is sharp for graphs S7,5, S7,6, S7,7, S7,8 and every S′7,n where n ≡ 3 mod 4.

The proof of the lower bound is slightly different compared to the previous proofs. The main reason
is that we do not have a tool for handling distributions with n + 1 pebbles. n + 1 pebbles are enough
to construct a 2-solvable distribution on the n-vertex path, so we cannot guarantee a cut which creates a
smaller instance of the problem.

We overcome this difficulty with an indirect assumption. We assume that there is a minimal coun-
terexample with at most n pebbles. In contrast, we show that it is not minimal.

Unfortunately we cannot apply this idea for values larger than n+ 1. Therefore we cannot prove an
exact formula for πopt(S

∗
7).

PROOF: We prove the upper bound first. For solvable small distributions see Figure 4.11, and for a
general pattern see Figure 4.10.

The optimal distribution for S′7,4k+3 is obtained by putting 1 pebble on the vertices neighboring the
degree 1 vertices, and 4 pebbles at k vertices as shown in the general pattern. The solvable distribution
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Figure 4.10: General pattern to make solvable distributions for large graphs with n+O(1) pebbles.
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Figure 4.11: The optimal distributions of small S7,n and S′7,n graphs are pictured. For the n ≤ 6 cases,
see the previous figures.

of S′7,4k+1 is the concatenation of S′7,6 and S′7,4(k−2)+3, which has 4k+3 pebbles. Similarly the solvable
distribution of S7,4k is the concatenation of S7,5 and S′7,4(k−2)+3, which has 4k+2 pebbles. The solvable
distribution of S7,4k+1 is given by the general pattern with 4k + 4 pebbles. We add two more slashes
to this such that the first has two pebbles to obtain a distribution for S7,4k+3 with 4k + 6 pebbles. For
S7,4k+2 the optimal distribution of S′7,4k+3 can be used with 4k + 4 pebbles.

To prove the lower bound, assume that the statement is not true, and we letG = S∗7,n be the smallest
counterexample. This means that there is a solvable distribution on G with n pebbles. By Lemma 4.15
and Lemma 4.7 we can break the graph into two smaller parts, and P induces a solvable distribution on
both. One of the graphs has at most as many pebbles as slashes, but this means that we found a smaller
counterexample, which is a contradiction. �

Conjecture 4.17 Each solvable distribution which was mentioned in the proof is optimal, which implies
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the following when n ≥ 10:

πopt(S7,n) =

{
n+ 2 if n ≡ 0 mod 2

n+ 3 if n ≡ 1 mod 2

πopt(S
′
7,n) =

{
n+ 2 if n ≡ 1 mod 4

n+ 1 if n ≡ 3 mod 4.

4.7 Wider staircases

Question 4.18 What is the optimal pebbling number of S8,n?

We determined the values when n ≤ 7, but we think that the general behavior of the eight-wide case
differs from the seven-wide case. We obtained πopt(S8,8) = 11 by solving the integer program given
on page 47. We used a computer for this task. Unfortunately, even the n = 9 case requires more
computational power than an average PC has. We have some partial results:

Let P be an optimal distribution of Sm,n. Expand Sm,n with an additionalm+1th negative diagonal
to obtain Sm+1,n. Construct P ′ from P by placing additional pebbles at intersections of themth negative
diagonal and every fourth slash starting from the second one. Put a pebble to the last vertex of the mth
negative diagonal if it has not obtained one yet. For an example see Figure 4.12.

2

81

1

Figure 4.12: A solvable distribution of S8,8. Note that it is not optimal.

Claim 4.19 P ′ is a solvable distribution of Sm+1,n.

PROOF: The vertices where we placed additional pebbles are 2-reachable under P ′. Each vertex of the
8th negative diagonal is adjacent to such a vertex, thus it is reachable. �

We believe that if for each optimal pebble distribution P for S7,n we form the distribution P ′, then
these distributions will have size equal to the optimal pebbling number of S8,n asymptotically.

Conjecture 4.20
πopt(S8,n) =

5

4
n+O(1).
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Finally, it seems that by simply duplicating an optimal distribution for S7,n k times, we can obtain
a distribution of asymptotically optimal size for S7k,n.

Conjecture 4.21 For all k ≥ 1, we have

πopt(S7k,n) = kn+O(1).
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Chapter 5

A lower bound on the optimal pebbling
number of the square grid

5.1 Structure of the chapter

We have seen an upper bound on the optimal pebbling number of the square grid in the previous chapter.
We have also determined the optimal pebbling number of some induced subgraphs of the square grid
which we called stairca graph. The main focus of this chapter is to give a lower bound on the optimal
pebbling number of square grids. It is a result of a joint work with Ervin Győri and Gyula Katona and
this chapter was published in [4].

Instead of the square grid on the plane it is easier to work with the square grid on the torus. As the
plane grid is a subgraph of this, any lower bound on the torus grid will also give a lower bound on the
plane grid as well. It is well known that the torus grid is a vertex-transitive graph, i.e. given any two
vertices v1 and v2 of G, there is some automorphism f : V (G) → V (G) such that f(v1) = v2. Some
of our statements will be stated for all vertex-transitive graphs.

In this chapter we present a new method giving a lower bound on the optimal pebbling number of
vertex-transitive graphs. We obtain 2

13mn as a lower bound for the optimal pebbling number of the n
by m square grid, which is better than the previously known bounds.

In Section 5.2 we show that the concept of excess—introduced in [33]—can be used to improve
the fractional lower bound on the optimal pebbling number. The higher the total excess, the better the
obtained bound on the optimal pebbling number is. The problem is that this method is not standalone,
because excess can be zero and zero excess does not give us any improvement. Therefore the main
objective of the rest of the chapter is to give a lower bound on the excess using some other pebbling
tools.

In Section 5.3 we study the concept of cooperation. Cooperation is the phenomenon which makes
pebbling hard. We show there, that if cooperation can be bounded from above, then we can state a lower
bound on the optimal pebbling number. We invent the tool called cooperation excess, which is a mixture
of cooperation and excess. In this section we state and prove several small claims which will be required
later to prove Lemma 5.33. This lemma is the essence of our work. It shows that if the total excess is
small, then there is not much cooperation and if cooperation is huge, then the total excess is also large.
Therefore in each case one of our two lower bounds works well.

Unfortunately, the proof of Lemma 5.33 is quite complicated. The third part of Section 5.3 and the
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whole Section 5.4 contain the parts of this proof. In Section 5.5 we show a general method which can
be used to give a lower bound on the optimal pebbling number. This method relies on Lemma 5.33.
Using this method we show that πopt(SGn,m) ≥ 2

13nm. We also present a new proof for πopt(Pn) =
πopt(Cn) =

⌈
2n
3

⌉
.

5.2 Improving the fractional lower bound

The optimal pebbling number problem can be formulated as the following integer programming problem
[20], where v1, v2, . . . , vn are the vertices of the given graph:

P (vi) +
∑

x∈N(vi)

(pi(x, vi)− 2pi(vi, x)) ≥ 1 ∀i ∈ {1, 2, . . . n}

P (vj) +
∑

x∈N(vj)

(pi(x, vj)− 2pi(vj , x)) ≥ 0 ∀i, j ∈ {1, 2, . . . n}

P (vi) ≥ 0 integer ∀i ∈ {1, 2, . . . n}

pi(vj , vk) ≥ 0 integer ∀i, j, k ∈ {1, 2, . . . n}

min
∑

v∈V (G)

P (v)

Note that if {P (vi)}ni=1, {pi(vj , vk)}ni,j,k=1 is an optimal solution, then P is an optimal pebble
distribution and pi(vj , vk) is the number of pebbling moves (vj → vk) in a pebbling sequence σi which
satisfies Pσi(vi) ≥ 1.

Its fractional relaxation can be solved efficiently, and its solution is called the fractional optimal
pebbling number, which gives a lower bound on the optimal pebbling number. Originally it was defined
in a bit different way, but this is an equivalent definition. You can find the details of fractional pebbling
in [20].

Notice that some vertices must be 2-reachable in a solvable distribution if there is an unoccupied
vertex. Optimal distributions usually contain many unoccupied and several 2-reachable vertices. How-
ever, in some sense, 2, 3, or more reachability wastes the effect of pebbles. Also 3-reachability induces
larger waste than 2-reachability. In order to measure this waste we use the notion called excess, which
was introduced in [33].

Definition 5.1 Let Reach(P, v) be the greatest integer k such that v is k-reachable under P . The excess
Exc(P, v) of v under P is Reach(P, v)− 1 if v is reachable and zero otherwise.

We are interested in the total amount of waste, therefore we define the notation of total excess of P ,
which is TE(P ) =

∑
v∈V(G) Exc(P, v).

Definition 5.2 An effect of a pebble placed at v is the following: ef(v) =
∑diam(G)

i=0

(
1
2

)i |N i(v)|.

Herscovici et al. proved that the fractional optimal pebbling number of a vertex-transitive graph is
|V (G)|/ ef(v) [20], therefore it is a lower bound on the optimal pebbling number. The corollary of the
next theorem improves this bound.
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Theorem 5.3 (Győri, Katona, Papp [4]) If P is a solvable distribution on G, then∑
v∈V (G)

ef(v)P (v) ≥ |V (G)|+ TE(P ).

PROOF: It is clear that if a vertex u is k-reachable under P , then it is mandatory that∑
v∈V (G)

(
1
2

)d(v,u)
P (v) ≥ k. Summing these inequalities for all the vertices, we have that

∑
u∈V (G)

∑
v∈V (G)

(
1

2

)d(v,u)

P (v) ≥
∑

u∈V (G)

Reach(P, u).

Exchange the summations on the left side and use the fact that P is solvable on the right side, to obtain
that ∑

v∈V (G)

∑
u∈V (G)

(
1

2

)d(v,u)

P (v) ≥
∑

u∈V (G)

(1 + Exc(P, u)).

Group the elements of the second sum according to the distance i neighborhoods, to acquire that

∑
v∈V (G)

diam(G)∑
i=0

(
1

2

)i
|N i(v)|P (v) ≥ |V (G)|+ TE(P ).

�

Corollary 5.4 If P is a solvable distribution on a vertex-transitive graph G, then

|P | ≥ |V (G)|+ TE(P )

ef(v)
.

Naturally, this bound is useless without a proper estimate of total excess. To say something useful
about it we look at the optimal pebbling problem from a different angle.

5.3 Cooperation between distributions

In this section we talk about cooperation, which makes pebbling hard.

Pebbling cooperation

Definition 5.5 Let P and Q be pebble distributions on graph G. Now P + Q is the unique pebble
distribution on G which satisfies (P +Q)(v) = P (v) +Q(v). P and Q are disjoint when no vertex has
pebbles under both distributions.

Definition 5.6 The coverage of a distribution P is the set of vertices which are reachable under P . We
denote the size of this set with Cov(P ).
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A natural idea to find small solvable distributions is finding a distribution with small size and huge
coverage and make it solvable by placing some more pebbles, like we did it with distibution expansion
in Section 3.2.

In the rest of the section we assume that we add disjoint distributions P and Q together. We would
like to establish an upper bound using Cov(P ) + Cov(Q) on Cov(P +Q) . Similarly, we are interested
in some relation between TE(P +Q) and TE(P ) + TE(Q).

Definition 5.7 A cooperation vertex is neither reachable under P nor Q, but it is reachable under
P +Q. We denote the number of such vertices with Coop(P,Q). A double covered vertex is reachable
under both P and Q, we denote the size of their set with DC(P,Q).

The following claim is a trivial consequence of the definitions.

Claim 5.8 Cov(P +Q) = Cov(P ) + Cov(Q) + Coop(P,Q)−DC(P,Q).

Definition 5.9 We say that a distribution U is a unit, if all the pebbles are on a single vertex.

Units are the building blocks of pebble distributions in the following sense: Any distribution P can be
written as

∑
u|P (u)>0 Pu, where Pu is a unit having P (u) pebbles at u. Units have two main advantages

over other distributions. Their coverage and total excess can be easily calculated:

Claim 5.10 Let U be a unit distribution which places pebbles at vertex u. Then we have that

Cov(U) =

blog2(U(u))c∑
i=0

|N i(u)|,

TE(U) =

blog2(U(u))c∑
i=0

|N i(u)|
(⌊

U(u)

2i

⌋
− 1

)
.

Combining cooperation and excess

We would like to distinguish the sources of excess. Does it come from P or Q or does it arise from the
“cooperation of P and Q”?

Definition 5.11 The unit excess of P , denoted by UE(P ), is
∑

u|P (u)>0(TE(Pu)), where Pu is a unit
on u containing exactly P (u) pebbles and all of them are placed at u.

Definition 5.12 The cooperation excess of a vertex v is Exc(P +Q, v)− (Exc(P, v) + Exc(Q, v)). If
it is positive, then we say that v has cooperation excess.

Similarly, the cooperation excess between P and Q is the total excess of P + Q minus the total
excesses of P and Q. Denote this with CE(P,Q).

We have mentioned previously, that we can split any pebbling distribution into disjoint unit distribu-
tions. If we get t unit distributions, then the application of Claim 5.8 and the definition of cooperation
excess gives the following results.
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Claim 5.13 Let P be a pebble distribution on G and let D be a disjoint decomposition of P to unit
distributions. Denote the elements of D with U1, U2, . . . , Ut. Now

TE(P ) =

t∑
i=1

TE(Ui) +

t∑
i=1

CE

(
i−1∑
k=1

Uk, Ui

)
, (5.1)

Cov(P ) =
t∑
i=1

Cov(Ui) +
t∑
i=1

(
Coop

(
i−1∑
k=1

Uk, Ui

)
−DC

(
i−1∑
k=1

Uk, Ui

))
. (5.2)

Both
∑t

i=1 TE(Ui) and
∑t

i=1 Cov(Ui) can be calculated easily. The “effect” of cooperation is
calculated in the other, more complicated terms. Lemma 5.33 is going to establish a connection between
those quantities in a fruitful way.

Connection between cooperation and excess

Now let us consider an arbitrary graph G, and let ∆ be the maximum degree of G. In the rest of the
section we assume that Q = U is a unit having pebbles only at vertex u and its size is not zero. Now we
state some basic claims about the recently defined objects.

Claim 5.14 Each cooperation vertex c has a neighbor that has cooperation excess.

PROOF: A cooperation vertex c is not reachable under P or U . Therefore none of its neighbors is
2-reachable under these distributions. On the other hand, c is reachable under P + U , hence there is a
neighbor n of c which is 2-reachable under this distribution. This means that n has cooperation excess.
�

Definition 5.15 If a vertex is not a cooperation vertex and it does not have cooperation excess, then we
call it cooperation free.

This name is a somewhat misleading, because these vertices can participate in cooperation in a sophis-
ticated way. For an example see Figure 5.1.

Definition 5.16 Let σ be a pebbling sequence. We recall that Pσ denotes the pebble distribution which
is obtained by the application of σ to distribution P . A vertex is utilized by a pebbling sequence if
there is a move in the sequence which removes or adds a pebble to the vertex. Let M(v) be the minimal
number of cooperation vertices, including v if it is a cooperation vertex, which are utilized by a pebbling
sequence σ which satisfies that (P +U)σ(v) ≥ 2. If v is not 2-reachable under P +U , then we say that
M(v) =∞.

An example where M() is shown for each vertex can be seen in Figure 5.2.

Claim 5.17 If there is an available pebbling move which removes a pebble from a cooperation vertex
c, then either two neighbors of c, say e and f , have cooperation excess at least 1 with M(e) < M(c)
and M(f) < M(c) or a neighbor d has cooperation excess at least 3 with M(d) < M(c).
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Figure 5.1: Vertices x and y are both cooperation free, but v has cooperation excess and w is a cooper-
ation vertex.
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Figure 5.2: Vertices w, x, v and z are cooperation vertices. The M values are written in brackets.
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PROOF: The condition implies that c can obtain two pebbles by some pebbling moves under P + U .
Consider a pebbling sequence σ which does this by utilizingM(c) cooperation vertices. Either σ moves
the two pebbles to c from two different neighbors e and f , or it can move both pebbles from the same
neighbor d. None of the neighbors are 2-reachable under P or U , but e, f and d has to be 2, 2 and 4
reachable under P + U , respectively. This means that e and f have cooperation excess at least 1 and
the cooperation excess of d is at least 3. Furthermore, σ moves two pebbles to e and f or to d, then it
moves them to c with some more moves. This shows that M(e),M(f),M(d) < M(c). �

Claim 5.18 If the cooperation excess of a vertex v is at least 3 and one of its neighbors, say c, is a
cooperation vertex, then there is a vertex w that is adjacent to v and M(w) ≤M(v).

PROOF: Note that v does not have two pebbles under P+U , otherwise c can not be a cooperation vertex.
Vertex v obtains pebbles from its neighbors, so one of them, say w, can get two pebbles by utilizing at
most M(v) cooperation vertices. If v is a cooperation vertex, then a pebbling sequence resulting in two
pebbles at v utilizes more cooperation vertices than the sequence which does not make the final move
from w to v. �

Claim 5.19 If a vertex v has cooperation excess, then it has a neighbor which has cooperation excess
or reachable under P or U .

PROOF: Vertex v gets a pebble under P + U , so a neighbor n is 2-reachable under P + U . If n is not
2-reachable under P or U , then it has cooperation excess. �

Remark 5.20 In fact, a stronger property holds. If a vertex v gains an extra pebble by cooperation,
then it can happen in two ways: A neighbor gained extra pebbles and it passes one of them. Or there
are two or more neighbors of v such that each of them can give some pebbles to v, but these moves
somehow blocks each other. The advantage of the cooperation is that some previously blocked moves
can be done simultaneously. This is the way how cooperation free vertices can “help cooperation”.

Trajectories

Here we introduce a visualization of pebbling sequences, which is slightly different from the signature
digraph used in several pebbling papers (i.e. in [24]).

Definition 5.21 The trajectory of a pebbling sequence σ, denoted by T (σ), is a digraph on the vertices
of G without parallel edges, where (u, v) is a directed edge if and only if a pebbling move u → v is
contained in the sequence.

Definition 5.22 The size of a pebbling sequence is the total number of moves contained in it. We say that
σ is a minimal pebbling sequence with property p if its size is minimal among all pebbling sequences
having property p.

In the next proof we need a lemma which is frequently used to solve pebbling problems. It is called
No-Cycle Lemma and proved in several papers [14, 24, 25]. We state this lemma in the language of this
section.
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Lemma 5.23 (No-Cycle [25]) Let P be a pebble distribution on graph G, and σ be a pebbling se-
quence. There is a subsequence δ whose trajectory does not contain directed cycles and Pσ(v) ≤ Pδ(v)
for each vertex v.

This implies the following corollary:

Corollary 5.24 If σ is a minimal pebbling sequence which moves m pebbles to a vertex v, then its
trajectory is acyclic.

Claim 5.25 If u has cooperation excess under P + U , where |U | > 0 , then u is double covered.

PROOF: The No-Cycle lemma yields that we can move the maximum possible number of pebbles to u
without removing a pebble from u. We can move Reach(U, u) + 1 pebbles to u, which means that we
move here a pebble of P while we keep the pebbles of U , so u is double covered. �

The following definition will be crucial in the proof.

Definition 5.26 We say that a path is a coopexcess path, if each inner vertex of the path has cooperation
excess.

Lemma 5.27 Let v be a vertex which is not double covered but it has cooperation excess. There is
a coopexcess path between v and a double covered vertex or there are at least two cooperation free
vertices such that each of them is connected to v by a coopexcess path. If v is not 2-reachable under
both P and U , then these paths does not contain a vertex whose M value is higher than M(v).

An example for the first case is shown in Figure 5.2 where y is a double covered vertex and v, x, y is
a coopexcess path. The second case can be seen in Figure 5.1, where v, x and v, y are coopexcess paths
connecting v to cooperation free vertices.

PROOF: Consider a pebbling sequence σ moving Reach(U, v) + Reach(P, v) + 1 pebbles to v utilizing
M(v) cooperation vertices. Consider some path in the trajectory of σ connecting u to v. We can assume
that the only sink in the trajectory of σ is v. A cooperation vertex without cooperation excess can not
be the tail of an arc which is contained in the trajectory, therefore each vertex in the trajectory is either
cooperation free or it has cooperation excess.

If there is a path between u and v which is contained in the trajectory such that all vertices of
this path have cooperation excess, then according to Claim 5.25 u is double covered and this path is a
coopexcess path. If an u, v path which is included in the trajectory contains a vertex d which is double
covered and each vertex between d and v has cooperation excess, then it is a coopexcess path which we
are looking for. Otherwise, all of the u, v paths which are contained in the trajectory contain cooperation
free vertices.

In each such path let wi denote the cooperation free vertex which is the closest vertex to v. If
wi 6= wj exist, then we have found 2 cooperation free vertices such that each of them is connected to v
by a coopexcess path.

In the remaining case there is only one such w. Either it is a cut vertex in the trajectory or w = u.
Let T be the set of vertices which are included in the trajectory. We divide T to three sets U , V andW
in the following way:

We remove w from the trajectory obtaining some components, then we place a vertex t of T to U
if t is in the component containing u, similarly we place t to V if it is in the component containing v
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and place the remaining vertices toW . Now we add w to all of these sets. Let σu be the sequence of
pebbling moves containing all moves of σ which acts only on the vertices of U . We define σw and σv
similarly. The sources of the latter two sequences are only w and vertices having pebbles under P .

If there is a cooperation free vertex in V which is not w, then the closest one to v is connected to v
by a coopexcess path. Hence, assume that all vertices in the trajectory of δv have cooperation excess.

If w is reachable under U , then σw is empty (w is not double covered) and (P + U)σu(w) ≤
Reach(U,w). Since w is cooperation free, we can replace σu with a pebbling sequence δ which does
not use any pebbles of P and (P + U)σu(w) = (P + U)δ(w). Therefore δσv is a pebbling sequence
under P + U and (P + U)σ(v) = (P + U)δσv(v) = Reach(P, v) + Reach(U, v) + 1. σv must use
a pebble of P to do this, otherwise δσv is executable under U which is a contradiction. The trajectory
of σv is connected, therefore there is a vertex which is double covered, furthermore each vertex in this
trajectory is connected by a coopexcess path to v, so we are done.

If w is not reachable under U , then (P + U)σuσw(w) ≤ Reach(P,w). Thus, there is a minimal
pebbling sequence δ which is executable under P and Pδ(w) = Reach(P + U,w) = Reach(P,w).
Clearly δσv is not executable under P or (P + U)δσv(v) < (P + U)σ(v). Both cases require that δ
removes a pebble from a vertex contained in V .

Let X ⊆ V be the set of vertices from which δ removes a pebble. δ is executable under P so these
vertices are 2-reachable under P . Consider the trajectory of δ. If any vertex x fromX is connected in the
trajectory with a vertex y contained in U without pass-through w, then each vertex in such a connecting
path is 2-reachable under P , therefore it is cooperation free or has cooperation excess. So there is either
an other cooperation free vertex connected by a coopexcess path to v, or there is a coopexcess path
between v and y which is connected to u by a path in the trajectory of σ which does not contain w, so
that path has to contain a double covered or a cooperation free vertex, which is not w.

The remaining case is when w separates all elements of X from U in the trajectory of δ.
Let δuw be a maximal subset of δ which is executable without using the pebbles placed at X , and

let δv be the remaining subsequence. δuwσv is not executable under P + U or (P + U)δuwσv(v) <
(P + U)σ(v) = (P + U)σuσwσv(v). Therefore σuσw moves more pebbles to w than δuw, but δv is
executable under Pσuσw , thus Pσuσwδv(w) > Pδ(w), therefore w has cooperation excess.

To prove the second claim, consider the paths we have found. If they were part of the trajectory
of σ, then all of them are 2-reachable under P + U , so their M value can not be higher than M(v).
Otherwise, the path consists of vertices from the trajectory of σ and some others whoseM value is zero,
since they are 2-reachable under P . �

The following claim is a trivial consequence of the definitions.

Claim 5.28 If u contains at least two pebbles and it is double covered, then one of its neighbors is also
double covered.

In the rest of the section we assume, that u contains at least two pebbles, i. e. |U | ≥ 2. Therefore
we can use the previous claim.

Lemma 5.29 Assume that U contains at least two pebbles. Then each double covered vertex d is
connected by a coopexcess path to an other double covered vertex or a cooperation free vertex. Fur-
thermore, each vertex of this coopexcess path is 2-reachable under U .

PROOF: The previous claim handles the case when d is u, since the neighbor is connected to d = u. So
assume that d 6= u.
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Since d is double covered, it is reachable from U , so it is connected to u by a path, whose vertices
are 2-reachable under U . Therefore these vertices can not be cooperation vertices. If there is a vertex
on this path which does not have cooperation excess, then the vertex closest to d satisfies the conditions
of the second type. Otherwise, u has cooperation excess which means that it is double covered. �

We are getting closer to establish a connection between the number of cooperation vertices and
cooperation excess.

Definition 5.30 We call a subset Q of V (G) a C-block, if

(1) each pair of vertices in Q is connected by a coopexcess path,

(2) it contains a vertex having cooperation excess

and it is maximal with these properties.

Notice that the intersection of two C-blocks cannot contain a vertex having cooperation excess.

Lemma 5.31 Each C-block either

(3) contains at least two double covered vertices, or

(4) contains one double covered vertex and one cooperation free vertex, or

(5) contains at least two cooperation free vertices.

PROOF: Consider an arbitrary element v of Q which having cooperation excess. If the C-block does
not have a double covered vertex, then Lemma 5.27 guarantees that two cooperation free vertices are
connected to v by a coopexcess path, which means that they are contained in Q, so (5) is satisfied.

Otherwise Q contains a double covered vertex. According to lemma 5.29, either there is an other
double covered vertex in Q, or a cooperation free vertex. Thus either (3) or (4) is satisfied. �

Later we generalize the notion of C-blocks, so that we keep the properties of 5.31. The following
statement will be useful for this.

Lemma 5.32 If a vertex v having cooperation excess is adjacent to a cooperation vertex c such that
M(v) < M(c) , then there are vertices e and f , such that each of them is either double covered or
cooperation free and they are connected to v by coopexcess paths containing only vertices whose M
values are smaller than M(c).

PROOF: Vertex v has a cooperation vertex neighbor, therefore v is not 2-reachable under P or U .
According to Lemma 5.27 there is a double covered vertex or there are two cooperation free vertices
who are connected to v by a coopexcess path containing only vertices whose M values are at most
M(v) < M(c). In the latter case we are done. Since the double covered vertex is connected to an other
double covered or cooperation free by a coopexcess path containing vertices whose M value is zero,
according to Lemma 5.29. The concatenation of these two coopexcess paths fulfills the criteria. �
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Figure 5.3: The triangles are cooperation vertices. Notice that they can be far from the added unit.
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Figure 5.4: Both x and y are cooperation vertices, furthermore x has cooperation excess.

5.4 Connection between total cooperation excess, number of cooperation
vertices and maximum degree

In this section we prove a crucial lemma. Unfortunately, the proof requires quite a lot of effort, including
many small claims.

Lemma 5.33 Let P be an arbitrary pebble distribution on G and U be a unit having at least two
pebbles, such that P does not contain a pebble at u. Now we have

Coop(P,U)−DC(P,U) ≤ (∆− 2) CE(P,U).

This lemma gives a connection between the total cooperation, the total number of double covered
vertices and total cooperation excess. The proof would be relatively easy if the effect of a pebble would
appear close to the location of the pebble. The example on Figure 5.3. shows, that unfortunately this is
not always true.

Another difficulty arises from the fact that a cooperation vertex can have cooperation excess. For
such an example see Figure 5.4. To prove Lemma 5.33 we get rid of such vertices one by one.
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So to prove the lemma we will change the graph in several steps. In the new graph it will be easier
to isolate these effects.

We introduce a sequence of auxiliary graphsA0, A1, . . . , Ak, whose vertices are labeled with vectors
of four coordinates. The first and fourth coordinate is always an integer, while the other coordinates are
binary. We denote the vertices of these graphs with underlined letters and the ith coordinate of vertex
b with bi. We encode the parameters of the investigated pebbling problem in the auxiliary graph and in
the coordinates in the following way:

A0 is isomorphic to G. The first coordinate of each vector is the amount of the cooperation excess
of the corresponding vertex. The second coordinate is 1 iff the corresponding vertex is a cooperation
vertex. The third coordinate is 1 when the vertex is double covered. Finally, the last coordinate isM(v),
i.e. the minimum number of cooperation vertices have to be utilized by a pebbling sequence to obtain 2
pebbles at v, where v is the corresponding vertex. So A0 is representation of the original configuration,
the labels give the values of the various quantities that we are interested in. An example can be seen on
Fig. 5.5.

The other graphs in the sequence A1, . . . , Ak will be obtained from A0 by applying certain oper-
ations recursively, until we finally obtain Ak with some useful properties. It is important to note that
although the labels of A0 are obtained from the pebble distribution on G, this will not be true any more
for the other auxiliary graphs. We are not trying to change the graph and the pebble distribution and
then obtain the new labels from these. We just apply the transformation on the abstract, labeled graphs.

Now we translate the properties of the pebble distribution to properties of A0.

Definition 5.34 We call a path P in A an A-path, if each inner vertex b of P satisfies b1 > 0. We say
that B is an A-block iff

(6) there is a vertex b ∈ B such that b1 > 0,

(7) if a, b ∈ B, then there is an A-path which connects them

and B is maximal to these properties.

Note that the concept of A-path and A-block are generalizations of coopexcess path and C-block, re-
spectively. In this language, the statement of Lemma 5.33 can be formulated as:∑

a∈A
a2 −

∑
a∈A

a3 ≤
∑
a∈A

a1(∆− 2)

We state four properties of A0 which will be inherited to later auxiliary graphs. The significant
properties are the first and the last. The other two are technical ones which will help the proof of
inheritance stated in Claim 5.38.

Claim 5.35 The following statements hold for A0:

(8) If c1c2 > 0 then one of the following two cases hold:

a) there exist a d which is adjacent to c, d1 ≥ 3 and d4 < c4, or

b) there are vertices e and f such that they are neighbors of c, e1 and f1 are both positive, e4 < c4

and f4 < c4.
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Figure 5.5: An example graph G with a pebble distribution P , a unit U and the corresponding auxiliary
graph A0. A1 is obtained from A0 by using the first transformation. Note that A1 does not contain a
saturated vertex.
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(9) If a1 ≥ 3 and a has a neighbor c such that c2 = 1, then there is a b, which is adjacent to a and
a4 ≥ b4.

(10) Let c be a vertex whose first and second coordinates are both positive. If a is a neighbor of c such
that a1 > 0 and a4 < c4, then there are vertices e and f such that each of them is connected to a
by A-paths containing only vertices having their fourth coordinate smaller than c4, and their third
coordinate is either 1 or the first and second coordinates of them are 0.

(11) Each A-block contains either

a) two vertices with third coordinate 1, or

b) two vertices with first and second coordinates 0, or

c) one vertex with third coordinate 1 and one vertex with first and second coordinates 0.

This claim is equivalent to the following, previously proven, statements with the new notation: Claim
5.17→ (8), Claim 5.18→ (9), Lemma 5.32→ (10) and Lemma 5.31→ (11).

We will obtain Ai from Ai−1 by applying one of two transformations. Then we repeat this until it
is possible to apply at least one of the transformations. Both transformations will preserve

∑
a∈A ai,

(i ∈ {1, 2, 3}), the fourth coordinate of each vertex and ∆, the maximum degree in the graph. The
objective of the transformations is to replace vertices satisfying a1a2 > 0 (i.e. it has cooperation excess
and it is a cooperation vertex) with (one ore more) vertices satisfying b1b2 = 0. From this point, we
call these vertices saturated vertices. Both transformations will increase the number of vertices in the
auxiliary graph.

Let w be a vertex where w1w2 > 0 such that its fourth coordinate is maximal among these vertices.
By Claim 5.35 (8) there are two cases.

Case 1: If w has a neighbor x such that x1 ≥ 3 and w4 > x4, then we apply the following
transformation to Ai:

Transformation 1

• Choose a neighbor y of x such that its fourth coordinate is minimal among all neighbors of x.

• LetR be the set of x’s neighbors without y where the product of the first and the second coordinate
is positive.

• Delete x and add three vertices x1, x2 and x3, such that x1
1 = x3

1 = 1 and x2
1 = x1 − 2.

x1
2 = x2

2 = x3
2 = 0, x1

3 = x3
3 = 0 and x2

3 = x3. Connect x2 with y, x1 and x3.

• Delete each element r ofR and add two vertices r1 and r2 and set the coordinates as: r1
1 = r1

3 = 0,
r1

2 = 1, r1
4 = r2

4 = r4, r2
1 = r1, r2

2 = 0 and r2
3 = r3. We connect r1 to x1 and r2 to x3 and to

each original neighbor of r.

• We connect the neighbors of x which are not included in R ∪ y to x3.

• Set x1
4 = x2

4 = x3
4 = x4.

• If x2 = 1, then add an extra vertex x4 and connect it only with x2. Set its vector to (0, 1, 0, x4).
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Figure 5.6: Vertices denoted by squares are “cooperation vertices” so their second coordinates are one.
Edges are shown between vertices contained in the same C-block. The upper transformation is called
first, and the lower one is mentioned as the second transformation. Note that in the upper example
R = {w, r}.

In other words, this transformation replaces each saturated neighbor of x (excluding a chosen y)
with two vertices such that one of them is a leaf with zero first coordinate and the other one is act as the
original vertex, but its second coordinate is zero. To handle the increased degree of x, we triple it. Also,
if x is saturated then we add the additional x4 vertex. Note that this can be done when ∆ ≥ 4. If ∆ ≤ 3,
then we have to handle this case in a slightly different way.

Case 2: If w has two neighbors such that their first coordinates are positive and their fourth coordi-
nates are strictly less than w4, then we apply the second transformation:

Transformation 2

• We choose neighbors x and y whose fourth coordinate is minimal among all neighbors and
x4 ≥ y4.

• We deletew and add verticesw1 andw2. We set the coordinates of these vectors as: w1
1 = w1

3 = 0,
w1

2 = 1, w1
4 = w2

4 = w4, w2
1 = w1,w2

2 = 0 and w2
3 = w3.

• We connect w1 only with x. In contrast, we connect w2 with all neighbors of w except y.

Both transformation can be seen on Figure 5.6.
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Claim 5.36 Both transformations preserve
∑

a∈A ai i ∈ {1, 2, 3}, and ∆ if ∆ ≥ 4.

Claim 5.37 Both transformations decrease the number of saturated vertices.

Claim 5.38 If the statements of Claim 5.35 hold for an auxiliary graph, then they hold for the new
graph obtained by applying one of the above transformations.

PROOF: We say that a vertex v is created by the ith transformation if v = zj is a vertex of Ai and
z is a vertex of Ai−1. In this situation we say that v is a descendant of z. A vertex is involved in a
transformation if either it is created by that or its vector is changed by it.

Notice that the transformations keep the fourth coordinates of the vertices and if two vertices are
descendants of the same vertex, then their fourth coordinates are the same.

(8): If c is a saturated vertex inAi, then it is not created by the ith transformation and it was saturated
inAi−1 also. If none of its neighbors were involved in the last transformation, then the property is clearly
holds. Therefore assume the opposite. Assume that c had a neighbor d in Ai−1, such that d1 ≥ 3 and
d4 < c4 in Ai−1.

If d is contained in Ai also, then the ith transformation did not change d1. In that case d and c are
adjacent in Ai and we are done.

Otherwise, the ith transformation created some descendants of d.
If it was Transformation 1 then a descendant of d is connected to c and either its first coordinate

equals d1 or it is d1 − 2. In the first case we are done and the latter can happen if and only if d acted
as x in that transformation. However, this is not possible, because this would mean that c acted as y but
y4 ≤ x4 by (9) and the choice of y in Transformation 1, therefore c4 = y4 ≤ x4 = d4 < c4 which is a
contradiction.

The remaining case is that two descendants of d are created by Transformation 2. Since d4 < c4,
vertex c can not be x or y in Transformation 2, therefore it is adjacent to d2 = w2 in Ai and the first
coordinate of this vertex equals d1.

Now assume that there are neighbors e and f in Ai−1 such that their fourth coordinates are smaller
than c4 and e1, f1 > 0. We may assume that e1, f1 < 3, otherwise we obtain the previous case.
Therefore neither e1 nor f1 can act as x in Transformation 1.

If e is contained in Ai, then it is still adjacent to c. If e is replaced with some descendants by the ith
transformation, then one of its descendants keep its first coordinate and that one is connected to c. Like
in the previous case it cannot happen that c = y and e = x in Transformation 1 or c = x and e = w in
Transformation 2. We can state the same for f .

(9): If a is contained inAi−1 then a1 ≥ 3 inAi−1 also. Therefore according to (9) there is a b which
is adjacent to a and b4 ≤ a4. Either b4 or one of its descendants is adjacent to a in Ai, therefore we are
done.

Otherwise, a is a descendant of a vertex v. v has a neighbor b whose fourth coordinate is at most a4.
There are several cases:

First case: v = r in Transformation 1, where r ∈ R. If we remove x from the neighborhood of v
and add x3 we obtains the neighborhood of a. Therefore a has a neighbor whose fourth coordinate is
not bigger.

Second case: v = x in Transformation 1. y had the smallest fourth coordinate among the neighbors
of x, thus y4 ≤ x2

4 = a4 and y and a are adjacent in Ai.
Third case: v = w in Transformation 2. Since a1 ≥ 3, a = w2 and y4 ≤ w4 = w2

4 according to (9).
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(10): Transformation 1 keeps the A-paths, because it keeps connectivity and the first coordinate
becomes zero only at leaves. Transformation 2 destroys some A-paths but all of them contain the
saturated vertex which was handled by the transformation and whose fourth coordinate was at least c4.

(11): Transformation 1 does not split anA-block, furthermore it keeps the number of vertices whose
third coordinate is one and whose first and second coordinate are both zero in each A-block.

Transformation 2 either does not split an A-block and keeps the investigated quantities, or it splits
an A-block to two A-blocks. But (10) guarantees that both blocks contain enough vertices whose third
coordinate is one or both first and second coordinates are zero. �

Claim 5.39 If Claim 5.35 holds for Ai and there is a saturated vertex, then at least one of the two
transformations can be applied to Ai.

The first proposition of Claim 5.35 guarantees this.

Corollary 5.40 There is an auxiliary graphAk, such that there is no saturated vertex inAk, furthermore∑
a∈A0

ai =
∑

a∈Ak
ai, i ∈ {1, 2, 3}.

Lemma 5.41 IfAk does not contain any saturated vertices and Claim 5.35 holds, then for eachA-block
B ∑

a∈B
a2 −

∑
a∈B

a3 ≤
∑
a∈B

a1(∆− 2).

Definition 5.42 Let B be an A-block in an auxiliary graph. We say that a vertex of B is inner vertex if
its first coordinate is positive otherwise, it is called a boundary vertex.

Claim 5.43 Consider an A-block of an auxiliary graph A. Let the number of the boundary and the
number of inner vertices denoted by b and i, respectively. If a1a2 = 0 holds for each a ∈ A then
b ≤ (∆− 2)i+ 2 is satisfied.

PROOF: Proof by induction: The base case is an A-block with one inner vertex. This A-block is the
closed neighborhood of the only inner vertex, therefore the number of boundary vertices is at most ∆.
Now we assume that for any i < k the inequality is true. Let i = k. We take a spanning tree of the inner
vertices and consider a leaf vertex l. If we set l1 to zero, then l becomes a boundary vertex and at most
∆− 1 boundary vertices, which are neighbors of l, are dropped from the A-block. The number of inner
vertices is decreased by one, and the number of boundary vertices is decreased by at most ∆− 2. Using
the induction hypothesis the proof is completed. �

PROOF OF LEMMA 5.41: Consider an A-block B and a boundary vertex v of B. Either v2 = 1 or
v1 = v2 = 0. Thus we have: b =

∑
a∈B a2 + N(B) where N(B) is the number of vertices in B whose

first two coordinates are zero. It is also clear that
∑

a∈B a1 ≥ i. Combining these observations and the
previous claim: ∑

a∈B
a2 + N(B) = b ≤ (∆− 2)i+ 2 ≤ (∆− 2)

∑
a∈B

a1 + 2.
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Claim 5.38 implies that Claim 5.35 (11) holds for Ak. This guarantees that
∑

a∈B a3 + N(B) ≥ 2.
Therefore ∑

a∈B
a2 + N(B) ≤ (∆− 2)

∑
a∈B

a1 +
∑
a∈B

a3 + N(B),

∑
a∈B

a2 −
∑
a∈B

a3 ≤ (∆− 2)
∑
a∈B

a1.

�

PROOF OF LEMMA 5.33: We distinguish three cases depending on ∆.
Case 1: ∆ ≥ 4
Let Ak be the auxiliary graph which we obtained from A0 by applying transformations until it does

not contain any more saturated vertices. The last lemma holds for each A-block, therefore:

∑
B

∑
a∈B

a2 −
∑
a∈B

a3

 ≤∑
B

(∆− 2)
∑
a∈B

a1.

Only boundary vertices can be included in multiple blocks, and the first and third coordinate of a bound-
ary vertex is zero, thus:

∑
a∈Ak

a2 −
∑
a∈Ak

a3 ≤
∑
B

∑
a∈B

a2 −
∑
a∈B

a3

 ≤∑
B

(∆− 2)
∑
a∈B

a1 = (∆− 2)
∑
a∈Ak

a1.

Using Claim 5.36 we obtain ∑
a∈A0

a2 −
∑
a∈A0

a3 ≤ (∆− 2)
∑
a∈A0

a1.

Case 2: ∆ = 1, 2
If the graph consists of multiple connected components we may restrict our attention to the com-

ponent containing the unit. Let d be the number of double covered vertices. We first verify the lemma
in the case ∆ = 1. In this case, the graph consists of a matching and isolated vertices. Thus, we must
have Coop(P, Pu) = 0, and we must show that CE(P, Pu) ≤ d. If the unit, u, is isolated the result is
trivial. Suppose the unit is in an edge {x, u}. If P (x) = 0, then CE(P, Pu) = d = 0. If P (x) = 1,
then CE(P, Pu) = d = 1. Suppose that P (x) = a ≥ 2 and set |Pu| = b. We have d = 2 and

CE(P, Pu) = (a+ bb/2c − 1 + b+ ba/2c − 1)− (a− 1 + ba/2c − 1)− (b− 1 + bb/2c − 1) = 2.

This completes the proof in the ∆ = 1 case. If ∆ = 2, then we may assume that the graph is a path or a
cycle. In this case we have ∆ − 2 = 0 so we must show Coop(P, Pu) ≤ d. However, it is easy to see
that in a path or a cycle every cooperation vertex is adjacent to a double covered vertex and, moreover,
that double covered vertex is on the path between the cooperation vertex and u (possibly u itself). It
follows that there are at least as many double covered vertices as cooperation vertices, as desired.

Case 3: ∆ = 3
We remind the reader that the problem with the ∆ = 3 case is that it is not possible to add x4 in

transformation 1.
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x4 is needed when x is saturated in Ai−1. In that case Transformation 1 handles x and substitutes it
with unsaturated descendants. If the degree of any of the descendants of x is smaller than ∆, then we
can make x4 adjacent to this vertex and the problem is eliminated. Otherwise x has three neighbors: y,
v and w. The one whose fourth coordinate is minimal among them is y, also v4 ≤ w4 and both v and w
are saturated vertices.

Now we make one of x’s descendants saturated. We have to make sure that (8) holds for this
saturated descendant therefore we have to make a few new transformations.

Case 1: (8) a) holds for x inAi−1. Consider vertex d, which is a neighbor of x inAi−1, d4 < x4 and
d1 ≥ 3. If d = y, then we set x2

2 to one, otherwise we set x3
2 to one and the rest of the transformation is

similar to Transformation 1.
Case 2: (8) b) holds for x in Ai−1. Then we apply the following transformation:
Transformation 3

• Delete x and add three vertices x1, x2 and x3, such that x1
1 = x3

1 = 1 and x2
1 = x1 − 2.

x1
2 = x3

2 = 0, x2
2 = 1, x1

3 = x3
3 = 0 and x2

3 = x3. Connect x2 with y and x3 and connect x1 with
x3.

• Delete v and w and add four vertices v1, v2, w1 and w2 and set the coordinates as: v1
1 = v1

3 = 0,
v1

2 = 1, v1
4 = v2

4 = v4, v2
1 = v1, v2

2 = 0 and v2
3 = v3. We set the coordinates of w in the exact

same way. We connect w1 and v1 to x1. We make w2 adjacent to the neighbors of w and to x3.
We make v2 adjacent to the neighbors of v and to x2.

This transformation is shown on Figure 5.7.
The new transformations are made in such a way that we immediately obtain that (8) holds for the

recently created saturated vertex. The proof of Claim 5.38 can be repeated to prove that the statements of
Claim 5.35 hold after we apply these recently introduced transformations. Therefore all the statements
following Claim 5.35 hold in the ∆ = 3 case.

y

x

y

x2

x3

w1

x1
w2

v1

v w

v2

Figure 5.7: Transformation 3 which is needed when ∆ = 3.
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5.5 Lower bound on the optimal pebbling number of vertex transitive
graphs

Theorem 5.44 (Győri, Katona, Papp [4]) Let P be an arbitrary solvable pebble distribution on G
and let D be a disjoint decomposition of P to unit distributions. Denote the elements of D with
U1, U2, . . . , Ut, so that |Ui| ≤ |Ui+1|. Now

t∑
i=1

CE

(
i−1∑
k=1

Uk, Ui

)
≥
|V (G)| −

∑t
i=1 Cov(Ui)

∆− 2
.

PROOF:
We use Claim 5.13 (5.2) in the following inequality to obtain the second line. To obtain the third line,

notice that if |Ui| = 1, then Coop
(∑i−1

k=1 Uk, Ui

)
= DC

(∑i−1
k=1 Uk, Ui

)
= CE

(∑i−1
k=1 Uk, Ui

)
= 0.

Otherwise |Ui| ≥ 2 and we can apply Lemma 5.33.

|V (G)| = Cov(P ) =

t∑
i=1

(
Cov(Ui) + Coop

(
i−1∑
k=1

Uk, Ui

)
−DC

(
i−1∑
k=1

Uk, Ui

))

=
t∑
i=1

Cov(Ui) +
t∑
i=1

(
Coop

(
i−1∑
k=1

Uk, Ui

)
−DC

(
i−1∑
k=1

Uk, Ui

))

≤
t∑
i=1

Cov(Ui) + (∆− 2)
t∑
i=1

CE

(
i−1∑
k=1

Uk, Ui

)

�

This result together with the corollary of Theorem 5.3 and Claim 5.13 implies the following:

Corollary 5.45 If P is a solvable distribution on a vertex-transitive graph G and {U1, U2, . . . , Ut} is a
disjoint decomposition of P to unit distributions, then

|P | ≥
∆−1
∆−2 |V (G)|+ UE(P )− 1

∆−2

∑t
i=1 Cov(Ui)

ef(v)

This is a tool that helps to prove lower bounds on optimal pebbling number. Also notice that each
element of the formula can be calculated efficiently.

Back to square grids

We would like to investigate finite square grids. It is easier to investigate torus graphs instead of square
grids, because they are vertex-transitive. Let Tm,n be the torus graph which we obtain if we glue together
the opposite boundaries of SGm+1,n+1

∼= Pm+1�Pn+1.
Note that Tm,n ∼= Cm�Cn.
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SGm,n can be obtained from Tm,n by deleting some edges. Edge removal can not decrease the
optimal pebbling number, therefore πopt(Tm,n) ≤ πopt(SGm,n). Therefore we work with Tm,n in the
rest of the section.

The size of the distance i neighborhood in Tm,n is at most 4i. Thus Claim 5.10 gives the following
estimates on excess and coverage of any unit placed on Tm,n.

Claim 5.46 Let U be a single unit on Tm,n. Then:

Cov(U) ≤


1 if |U | = 1
5
2 |U | if 2 ≤ |U | ≤ 3
13
4 |U | if |U | ≥ 4

Claim 5.47 Let U be a single unit on Tm,n, where min(m,n) ≥ 5. We have the following estimate on
the ratio of unit excess and the size of the unit:

Exc(U) ≥


0 if |U | = 1
1
2 |U | if 2 ≤ |U | ≤ 3
8
5 |U | if 4 ≤ |U |

To obtain these bounds it is enough to check small units and notice that the distance 2 neighborhood
of u contains at least 8

5 |U | excess when |U | > 4.

Claim 5.48 Let v be a vertex of Tm,n. Then ef(v) < 9.

A similar result is proven in [33] for the square grid. We mimic that calculation.

PROOF: We know that |N0(v)| = 1, |N1(v)| = 4 and Fig. 5.8 shows that |N i(v)| ≤ |N i−1(v)| + 4.
Therefore |N i(v)| ≤ 4i.

ef(v) =

diam(Tm,n)∑
i=0

(
1

2

)i
|N i(v)| < 1+

∞∑
i=1

(
1

2

)i
4i = 1+4

∞∑
i=1

∞∑
j=i

(
1

2

)j
= 1+4

∞∑
i=1

(
1

2

)i−1

= 9

�

Now we can obtain our new lower bound on the optimal pebbling number of the square grid:

Theorem 5.49 (Győri, Katona, Papp [4]) The optimal pebbling number of Tm,n is at least 2
13nm,

when m,n ≥ 5.

PROOF:
Let P be an optimal distribution of Tm,n and let D be a disjoint decomposition of P to unit distri-

butions. Denote the elements of D with U1, U2 . . . Ut, such that |Ui| ≤ |Ui+1|. Let D≥4 be the subset of
D which contains all units whose size is at least four. Furthermore letD2,3 be the set which contains the
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v

Figure 5.8: A mapping shows that there are at most 4 more vertices in the distance 3 neighborhood than
in the distance 2 neighborhood.

units whose size is two or three, andD1 be the set of units whose size is one. Denote the total number of
pebbles which are placed on vertices belonging to D1 by S1. Define S2,3 and S≥4 similarly. It is clear
that S1 = |P | − S2,3 − S≥4.

We start with Corollary 5.45 and use the estimates of claims 5.46, 5.47 and 5.48.

|P | ≥
∆−1
∆−2 |V (G)|+ UE(P )− 1

∆−2

∑t
i=1 Cov(Ui)

ef(v)
≥

≥
3
2nm+ 1

2S2,3 + 8
5S≥4 − 1

2

(
5
2S2,3 + 13

4 S≥4 + (|P | − S2,3 − S≥4)
)

9
=

=
−1

2 |P |+
3
2nm−

1
4S2,3 + 19

40S≥4

9
,

which implies

|P | ≥ 3

19
nm− 1

38
S2,3 +

1

20
S≥4.

Consider the worst case when each of the units contains exactly two or three pebbles:

|P | ≥ 3

19
nm− 1

38
|P |,

thus
|P | ≥ 2

13
nm.

�
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Corollary 5.50 The optimal pebbling number of SGn,m is at least 2
13nm when n,m ≥ 5.

New proof for the optimal pebbling number of the path and circle

To illustrate the power of Lemma 5.33 we give a short proof of the following well known theorem.
It was first proved in [17]. Later, essentially different proofs were given in [9] and [27]. Our proof
appeared in [4].

Theorem 5.51 πopt(P3k+r) = πopt(C3k+r) = 2k + r when 0 ≤ k, 0 ≤ r ≤ 2 and k, r are integers.

The new proof uses Lemma 5.33 when ∆ = 2. (Note that the proof of this case was short and easy.)

PROOF: It is easy to construct solvable distributions with the desired size, so we prove only the lower
bound here.

Let u be a single unit on P3k+r or C3k+r. Then:

Cov(Pu)

|Pu|
≤ 3

2

Assume that P is a solvable distribution. Now by Lemma 5.33

3k + r = Cov(P ) ≤
t∑
i=1

(
Cov(Ui) + Coop

(
i−1∑
k=1

Uk, Ui

)
−DC

(
i−1∑
k=1

Uk, Ui

))

≤
t∑
i=1

Cov(Ui) ≤
3

2
|P |.

So 2k + 2r
3 ≤ |P |. |P | is integer, therefore this is equivalent to 2k + r ≤ |P |. �
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Chapter 6

Restricted optimal pebbling

Recently Hedetniemi et al. introduced a new version of pebbling [11]. In this setting, a pebble distri-
bution is t-restricted if no vertex has more than t pebbles. The t-restricted optimal pebbling number,
denoted by π∗t , is the size of the solvable t-restricted distribution containing the least number of pebbles.

Hedetniemi et al. proved several bounds on the domination number and the Roman domination
number of graphs by using the 2-restricted optimal pebbling number. These domination parameters are
well studied and they are in the limelight. Computing them is a hard task. Somebody may ask the
question: What is the computational complexity of the 2-restricted optimal pebbling number?

In this chapter we prove that deciding whether the t-restricted optimal pebbling number is at most
k is NP-complete for any t ≥ 2. Note that the t = 1 case is trivial because π∗1(G) = |V (G)| for all
graphs.

It is easy to see that π∗2(G) ≥ π∗t (G) ≥ π∗t+1(G) ≥ πopt(G). It is an interesting question: It is an
interesting question: What graphs 2-restricted optimal pebbling number and optimal pebbling number
are the same. We can also ask what kind of properties implies the equality of these parameters. We
investigate the role of the minimum degree in this question and show some partial results.

We prove that that if δ(G) ≥ 2|V (G)|
3 − 1, where δ(G) denotes the minimum degree of G, then

π∗2(G) = πopt(G). For any n which satifies n ≡ 1 mod 4 and n ≥ 9 we present an n-vertex graph H
such that δ(H) = |V (H)|−5

2 but π∗2(H) 6= πopt(H).
The results of this chapter appeared in [7].

6.1 Restricted optimal pebbling is NP-hard

Lemma 6.1 Let G be a connected graph whose order is at least 2. G has an optimal distribution D
such that for every vertex v which is not 2-reachable under D we have that D(v) = 0.

PROOF: If a vertex is not 2-reachable but it have some pebbles, then it contains exactly one pebble. Let
D be an optimal distribution on graph G and let S(D) be the set of vertices which are not 2-reachable
under D but each of them has a pebble.

Consider a vertex v ∈ S(D). Since the graph is connected it has a neighbor u. This vertex can
receive a pebble without the usage of the pebble placed at v. If we remove the pebble placed at v and
place it at u, then under the obtained distribution u is 2-reachable so v is reachable. The relocated pebble
could not be moved under D so if a vertex was k-reachable under D, then it is also k-reachable under
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Figure 6.1: Pebble distribution Q is created from distribution P .

the obtained distribution D′. Therefore D′ is optimal and S(D′) ⊆ S(D). Since v is not in S(D′) we
have that |S(D′)| < |S(D)|. If we repeat this procedure, then we end up with a distribution D∗ such
that S(D∗) = ∅. �

Definition 6.2 G · H denotes the lexicographic product of graphs G and H . It is defined as follows:
V (G·H) = V (G)×V (H) and (g1, h1) and (g2, h2) are adjacent iff either {g1, g2} ∈ E(G) or g1 = g2

and {h1, h2} ∈ E(H).

To prove our first theorem we are going to use the collapsing technique again. Now we state the
Collapsing Lemma in its original form given by Bunde et al.

Lemma 6.3 (Collapsing [9]) If H is a quotient of G then πopt(G) ≥ πopt(H).

It is known that the optimal pebbling number of any connected n-vertex graph is at most
⌈

2n
3

⌉
[9].

Now we are well prepared to state and prove our first theorem.

Theorem 6.4 (Papp [7] ) If G is a connected n-vertex graph, m ≥
⌈
n
3

⌉
and t ≥ 2, then:

πopt(G) = πopt (G ·Km) = π∗t (G ·Km) .

PROOF: Let D be an optimal pebble distribution of G which satisfies that if a vertex has one pebble
then it is 2-reachable under D. Lemma 6.1 guarantees that such a pebble distribution exists.

Since |D| ≤
⌈

2n
3

⌉
and m ≥

⌈
n
3

⌉
we have that |D| ≤ 2m. D(g) = 2m implies that all pebbles are

placed at the single vertex g. Assume that this is not the case, so for each vertex g D(g) < 2m.
Denote the vertices of Km with (0, 1, 2, . . . ,m− 1). Let Q be the following pebble distribution on

G ·Km:
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Q ((g, i)) =


1 if i = 0 and D(g) is odd
2 if 1 ≤ i ≤ D(g)

2

0 otherwise.

For an example see Figure 6.1. For each g we have that
∑m−1

l=0 Q((g, l)) = D(g). Therefore
|D| = |Q|. Now we show that Q is a solvable distribution on G · Km. To do this we show that any
vertex (g∗, j) is reachable under Q.

If D(g∗) ≥ 2, then Q((g∗, 1)) = 2, therefore (g∗, j) is reachable under Q.
When D(g∗) = 1 we can use that g∗ is 2-reachable under D. Therefore in the D(g∗) ≤ 1 case there

is an executable pebbling sequence σ whose last move places a pebble at g∗. We can assume, that σ
does not contain unnecessary steps, therefore it does not remove a pebble from g∗ and it moves exactly
one pebble to g∗.

We construct τ which is an executable pebbling sequence on the graph G · Km and its last move
places a pebble at (g∗, j). The lengths of σ and τ will be the same. If g′ 6= g∗, σi = (g → g′) and this
pebbling move appears exactly k times among the first i elements of σ, then let

τi =

{
((g, k)→ (g′, 0)) if k ≤ D(g)

2

((g, 0)→ (g′, 0)) otherwise.

Finally, if the last step of σ is σi = (g → g∗), then let

τi =

{
((g, k)→ (g∗, j)) if k ≤ D(g)

2

((g, 0)→ (g∗, j)) otherwise.

τ mimics σ in the following way: It gathers the pebbles which are received by g at (g, 0). If a
(g → g′) move is applied by σ then τ initially removes pebbles from vertices (g, k), k ≥ 1 where the
pebbles of g were distributed. After all these pebbles have been used τ uses the pebbles gathered to
(g, 0).

For any l it is easy to see that Dσ1σ2 . . . σl(g) =
∑m−1

i=0 Qτ1τ2 . . . τl((g, i)). These guarantee that
τ never wants to remove pebbles from a vertex which does not have at least two pebbles, thus it is
executable.

If |D| = D(g) = 2m, then let Q′ be the distribution on G ·Km which places 2 pebbles at each of
(g, i) and does not place any pebble at the rest of the vertices. It is easy to prove, by the same reasoning
which we have used in the case of Q, that Q′ is a solvable 2-restricted distribution of G · Km and
|Q′| = |D|.

So in both cases we have shown a solvable 2-restricted distribution on G ·Km and the size of these
distributions is |D|. Therefore πopt(G) ≥ π∗2(G ·Km). We know that π∗2(G ·Km) ≥ π∗t (G ·Km) ≥
πopt(G ·Km).

G is a quotient of G ·Km because φ((g, i)) = g is a proper surjective function. Therefore Lemma
6.3 gives that πopt (G ·Km) ≥ πopt(G).

Putting everything together we get that πopt(G) ≥ π∗2(G ·Km) ≥ π∗t (G ·Km) ≥ πopt(G ·Km) ≥
πopt(G). Since the leftmost and rightmost quantity is the same, all the quantities are equal. �
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We consider the following two decision problems:

OPN:
Instance: a graph G and an integer k:
Question: is πopt(G) ≤ k?

ROPN:
Instance: a graph G and integers t ≥ 2, k:
Question: is π∗t (G) ≤ k?

Milans and Clark proved that OPN is NP-complete [24]. Using our previous theorem we are going
to show that ROPN is NP-hard. We do not give a precise proof that ROPN is in NP, since it is exactly
the same as the proof that OPN is in NP.

For an instance G, t, k satisfying π∗t (G) ≤ k the witness is the following: a solvable t-restricted
pebble distribution D of size at most k over G and for each unoccupied vertex v a compact transcript of
an executable pebbling sequence σv which satisfy Dσv(v) ≥ 1.

This transcription does not contain the order of the pebbling moves, it just contains the total number
of each possible moves. From this transcription it is possible to decide in polynomial time that whether
a compatible executable pebbling sequence exists or not. For more details read Section 2. of the paper
of Milans and Clark [24].

Lemma 6.5 OPN≺ROPN.

PROOF: Let f be the function which maps G to G · K|V (G)|. If G is the input of OPN then let the
corresponding input of ROPN be f(G). f can be calculated in polinomial time easily. By Lemma 6.4
πopt(G) ≤ k if and only if π∗t (f(G)) ≤ k. �

OPN is NP-complete and ROPN is in NP, therefore Lemma 6.5 implies our main complexity result:

Theorem 6.6 (Papp [7] ) ROPN is NP-complete.

6.2 Other questions about restricted optimal pebbling

The authors of [11] asked for a characterization of graphs whose optimal pebbling number and its
2-restricted optimal pebbling number is the same. We believe in that such a characterization is elaborate.
Note that there are many graphs which belong to that class. For example paths, cycles and complete
graphs.

Lemma 6.4 gives infinitely many examples. The graphs G ·Kk belongs to the investigated family
when k ≥

⌈
|V (G)|

3

⌉
. The number of vertices in G · Kk is |V (G)| · k and the minimum degree δ is at

least 2k− 1. Therefore the ratio of the minimum degree and the number of vertices of G ·Kk is at least
2

|V (G)| .
Somebody may ask, that does high minimum degree guarantees that π∗2(G) = πopt(G)? The answer

is yes. We need a short lemma to prove this.

Lemma 6.7 Let G be a graph. If D is a pebble distribution on G such that D(v) = 3 for a particular
vertex v and D(u) ≤ 1 for any other vertex u, then D is not optimal.
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Figure 6.2: The graph H4.

This lemma is a simple corrolary of the No-Cycle lemma [9], but we present a proof for it:

PROOF:
To reach a vertex the third pebble of v is not needed. Any nonempty sequence of pebbling moves,

which can be applied to D, removes two pebbles from v in the first step. Then at each step only
one vertex has more than one pebble and every other vertex has at most as many pebbles as initially.
When the third pebble of v is used each vertex has at most as many pebbles as initially. Therefore
the subsequence whose first move removes the third pebble of v and contains all the later moves is
executable under D and reaches the same vertex as the original sequence of pebbling moves. But it
removes only two pebbles from v, so one pebble remains there.

�

This lemma immediately gives us a new class of graphs where equality holds between the two
investigated parameters.

Corollary 6.8 If πopt(G) ≤ 3, then πopt(G) = π∗2(G).

Claim 6.9 Let G be an n-vertex graph. If δ(G) ≥ 2
3n− 1, then π∗2(G) = πopt(G).

In the proof we are going to use the previously discussed fact that the optimal pebbling number of a
diameter two graph is at most 4 [26].

PROOF: We show that D has an optimal distribution which is 2-restricted. The diameter of G is at most
two, because if two vertices are not adjacent, then they share a common neighbor. If D is an optimal
distribution and |D| ≤ 3 and D, then according to Lemma 6.7 D is 2-restricted.

If πopt(G) = 4, then we choose two non-adjacent vertices u and v and place two pebbles at each
of them. The vertices of N(u) ∩ N(v) are 2-reachable. Therefore each vertex which is adjacent to
{u, v} ∪ (N(u) ∩N(v)) is reachable. The size of this set is at least 1

3n+ 2. Therefore any vertex in G
is either in this set or adjacent to it. So the constructed distribution is optimal and it is 2-restricted. �

Now we show that if the minimum degree is almost half of the order, then there are infinitely many
graphs whose optimal pebbling number and 2-restricted optimal pebbling number are different.

The construction is the following: Consider two complete graphs of order m where m is even.
Denote the vertices of the complete graphs with u1, u2, . . . , um and v1, v2, . . . vm respectively. Remove
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the edges {ui, ui+1} and {vi, vi+1} for all i which is odd. Note that we have removed a maximum
matching. Add a vertex w and add all the edges {w, ui} and {w, vi} where i is odd. Denote this graph
by Hm. For an example see Figure 6.2. The minimum degree in this graph is m− 2 and the number of
vertices are 2m+ 1.

Claim 6.10 If m ≥ 4, then π∗2(Hm) 6= πopt(Hm).

PROOF: ui and vi are neighbors of w if i is odd. When i is even, then ui has a neighbor uj where j is
odd. Therefore the distance between any vertex and w is at most 2. Hence placing 4 pebbles at w is a
solvable distribution of size 4. So π∗(Hm) ≤ 4.

Consider a 2-restricted pebble distribution D of size 4. We show that it is not solvable. Without loss
of generality we can assume that

∑m
i D(ui) ≤

∑m
i D(vi). Hm is not 2-connected, because removing

w destroys connectivity. Therefore any pebble placed on vi has to pass throughw to reach uj . D(w) ≤ 2
and D contains 4 pebbles in total, thus w is not 4-reachable.

If
∑m

i D(ui) = 0, then u2 is not reachable because its distrance from w is 2, but w is not 4
reachable.

If
∑m

i D(ui) = 1, then just one pebble can arrive to uj from w. If i is even, then no uj is
2-reachable, therefore uk is not reachable if k 6= j is even. Otherwise i is odd and ui and w are
2-reachable, and none of the others among u1, u2, . . . , um are. Also we cannot move two pebbles to
both ui and w at the same time. Since ui+1 is not in N(ui) ∪N(w) it is not reachable.

When
∑m

i D(ui) = 2 we know that D(w) = 0. We can utilize vertex w and the pebbles placed at
the vertices v1, v2, . . . , vm. However during this utilization we consume all pebbles placed at vertices
u1, u2, . . . , um, therefore after that we can reach only the vertices of N(w). This works if and only if
D(ui) = 2 for an odd i and in this case ui+1 is not reachable.

If we do not pass a pebble through w, then either D(ui) = D(uj) = 1 and a third vertex uk is not
reachable or D(ui) = 2 and D(ui+1) is not reachable.

So H does not have a solvable 2-restricted distribution of size 4, thus π∗2(Hm) ≥ 5. �

δ(Hm) = |V (Hm)|−5
2 and π∗2(Hm) 6= πopt(Hm). This result and Claim 6.9 together imply the exis-

tence of the following constant c: If δ(G) ≥ c|V (G)|, then π∗2(G) = πopt(G), but for any ε > 0 there
is a graph H such that δ(H) ≥ (c − ε)|V (G)| and π∗2(H) 6= πopt(H). We have tried to determine this
constant, but up to this day we did not succeed. Our investigations lead us to state the next conjecture.

Conjecture 6.11 If δ(G) ≥ 1
2 |V (G)|, then π∗2(G) = πopt(G).

Note that those graphs whose minimum degree is at least half of their order have diameter at most
two. Conjecture 6.8 implies that is is enough to show that each of these graphs has a solvable 2-restricted
pebble distribution of size 4. Using the results of [11] we can reformulate the conjecture as a dominating
question.

Conjecture 6.12 If δ(G) ≥ 1
2 |V (G)|, then in graph G there are vertices u and v such that the set

{u, v} ∪ (N(u) ∩N(v)) is a dominating set.
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