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ABSTRACT 

This doctoral dissertation focuses on the mechanical behaviour of masonry arch bridges mainly 

built in the 19th and 20th centuries. To analyse the mechanical behaviour of skew arches built 

with different method of construction, three-dimensional geometrical models were developed. 

For the first time, the so-called “minimum thickness” of skew arches has been determined. It 

was analysed how the method of construction, skewness, voussoirs shape and friction 

resistance between the elements affect the minimum thickness and the collapse load. 

Numerical models based on the discrete element method were developed to analyse the 

mechanical role of backfill on the collapse load of masonry arch bridges. A novel, discrete 

approach was proposed to capture the soil response in a more realistic way, in which the soil 

was represented by Voronoi cells. The model was calibrated against the results of full-scale 

experimental test.  

I analysed the mechanical role of spandrel walls on the collapse load and rigidity. Compared 

to the previously available models, it is a novelty that the spandrel walls were represented as 

discrete elements in the three-dimensional numerical model. The developed models are able to 

represent the different failure modes of spandrel walls observed in real structures. It was found 

that spandrel walls in deteriorated condition cannot increase the structural stiffness. With the 

strengthening or reconstruction of the spandrel walls, both structural stiffness and strength can 

be increased, but the structure will be more susceptible to the detachment of the spandrel wall. 

Dynamic effects caused by passing trains were analysed in the framework of a 2D, real dynamic 

analysis of a discrete element based numerical model. I showed, that a threshold value of 

external load magnitude exists, below that the elasto-plastic structure shows the phenomenon 

of shakedown. With the help of the numerical model, different load intensities and train 

velocities were investigated. Considering realistic train velocities and low load intensity, the 

dynamic amplification factor is overestimated, while in the case of high load intensity the 

dynamic amplification factors can be underestimated by the current European guidelines. 

The findings of the dissertation can assist to better understand the mechanical behaviour of 

masonry arch bridges and provide more informed decisions for the assessment and 

rehabilitation of masonry arch bridges.  
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ÖSSZEFOGLALÁS 

Doktori értekezésem a főképp XIX-XX. században épült, falazott boltozattal rendelkező hidak 

mechanikai vizsgálatával foglalkozik. Ferde boltozatok vizsgálatához olyan térbeli, diszkrét 

elemek módszerén alapuló modelleket hoztam létre, amelyek alkalmasak a különböző építési 

módok sztereotómiájának figyelembe vételére. Megállapítottam az önsúlyukkal terhelt ferde 

boltozatok ún. minimális falvastagságát. Vizsgáltam az építési mód, a boltozat ferdeség, az 

építőelem alak, továbbá az építőelemek közötti súrlódási szög minimális falvastagságra és 

teherbíró képességre gyakorolt hatását.  

Diszkrét elemek módszerén alapuló modelleket hoztam létre a boltozatok felett elhelyezkedő 

háttöltés teherbírásra gyakorolt hatásának figyelembe vételére. Újszerű, diszkrét 

háttöltésmodellt alkottam a feltöltés valósághű modellezése céljából, melyben a talaj 

geometriai értelemben Voronoi-cellákra van felosztva. A modellt teljes léptékű kísérletek 

alapján kalibráltam.  

Vizsgáltam a háttöltést határoló homlokfalak teherbírásra és merevségre gyakorolt hatását. 

Ehhez térbeli, diszkrét elemes modellt hoztam létre, melyben a szakirodalomban fellelt 

modellekhez képest újdonság, hogy a homlokfal, építőelemeket reprezentáló, diszkrét 

elemekből épül fel. A numerikus modell képes visszaadni a valós szerkezen megfigyelt 

tönkremeneteli módok mindegyikét. Megfigyeltem, hogy a rossz állapotban lévő homlokfalak 

a szerkezet merevségét nem tudják növelni. A homlokfalak megerősítésével a hídszerkezet 

teherbírása és merevsége egyaránt növelhető, azonban a homlokfal merevségével arányosan a 

szerkezet hajlama a homlokfal elválására is megnő. 

A boltozott hidakon áthaladó járművek által okozott dinamikai hatásokat síkbeli, diszkrét 

elemes modellen vizsgáltam valós dinamikai analízis keretében. Kimutattam, hogy a vizsgált, 

rugalmas-képlékenyen viselkedő szerkezet az áthaladó terhek hatására a beállás jelenségét 

mutatja, amennyiben az áthaladó teher intenzitása a törőteher értékének kevesebb, mint 50%-

a. A numerikus modell segítségével különböző teherintenzitásokat és járműsebességeket 

figyelembe véve megállapítottam, hogy realisztikus járműsebességek esetén a alacsony 

teherintenzitás mellett a dinamikus tényező értékét az érvényes szabványok felülbecsülik, míg 

magas teherintenzitások mellett a szabványos értékek a biztonság kárára tévedhetnek. 
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LIST OF NOTATIONS 

Description of geometry Motion 

s   span of the arch t   time 

r   rise of the arch ( )x t   position 

t barrel thickness ( )x tɺ   velocity 

R  mid-radius ( )x tɺɺ   acceleration 

intR  radius of the intrados ( )tθ   rotation 

extR  radius of the extrados ( )tω   angular velocity 

bh   height of the backfill above crown ( )tωɺ   angular acceleration 

b   width of the arch along springing line    

spt  thickness of the spandrel wall   

Ω  angle of skew   

L   length of a voussoir   

W   width of a voussoir   

    

    

Material properties   

c   cohesive strength   

tf   tensile strength   

Ψ   dilation angle   

ϕ   friction angle   

nk   contact stiffness in normal direction   

sk   contact stiffness in tangential direction   

E   Young modulus   

ν   Poisson’s ratio   

G   shear modulus   

K   bulk modulus   

ρ   density   
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CHAPTER 1  

INTRODUCTION 

 

* 

In this chapter the background of the research topic is presented, while the motivations and the 

questions behind the research are outlined. The basic concepts of the applied numerical tool is 

presented as well.  

1.1 Research background  

Europe is sustained by a highly complex and interconnected network of transport infrastructure. 

Masonry arch bridges forms the backbone of European transport infrastructure network (e.g. 

there are approximately 200,000 masonry arch bridges still in use on the European railway 

network [1] which represents 60% of the total bridge stock) and their reliability and integrity 

is vital for ensuring economic activity and prosperity. 

The majority of masonry arch bridges were built in the 19th century, in parallel with the 

industrial revolution [2]. As a result of the over-conservative design methods used for their 

construction in the past, these bridges have been proved to be an extremely durable structural 

form and they are usually able to carry the even-increasing live loads from modern day traffic. 

Despite the fact, that these structures are still in-service but showing significant signs of 

distress. Weathering, demands of increasing axle loads and train velocities [3], plus factors 

 
* Pont de Pierre, Bordeaux, France, © Nicolas Janberg 
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such as increased frequency of flood events due to climate change have introduced extreme 

uncertainty in the long-term performance of such infrastructure assets.  

Also, much of our masonry infrastructure has significant heritage and cultural value and in 

many countries have a policy to “retain and repair”, rather than “demolish and replace” them 

[4]. Failure of such infrastructure could lead to direct and indirect costs to the economy and 

society, hamper rescue and recovery efforts. From the above, there is an imperative need to 

better understand the mechanical behaviour of masonry arch bridges and provide detailed and 

accurate data that will better inform maintenance programmes and asset management 

decisions. Without a strategic approach to caring for our ageing masonry infrastructure, we run 

the risk of over-investing in some areas while neglecting others that are in need of our attention. 

Over the last two decades, considerable effort has been made to gain a greater understanding 

of the behaviour of masonry arch bridges with a view to improve resilience of transport 

corridors and efficiency when assessing the serviceability and ultimate limit state behaviour of 

such bridges [2]. However, many approaches (e.g. analytical methods and numerical 

techniques) used for the assessment of masonry arches has been recognised as being highly 

conservative and predict collapse loads far lower than predicted by experience [2]. 

Furthermore, although it is well understood that masonry arch bridges behave in a three 

dimensional manner [3-5] a great deal of work has been carried out to assess the strength of 

masonry arch bridges using mainly two dimensional methods of analysis [6-9]. For example, 

in UK as well as other parts of Europe, the most commonly used method for the assessment of 

masonry arch bridges in the industry is the “MEXE”. This is a semi-empirical approach based 

on an elastic analysis by Pippard et al. [10] who modelled the arch barrel as linear elastic, 

segmental in shape, pinned at its support and carrying a central point load. Although the 

approach is quick and easy to use, it has been found to be over-conservative and in some cases 

highly subjective to parameters used for the estimation of the maximum load. Other approaches 

used by the industry are mostly based on 2D limit analysis. The static theorem of plastic limit 

analysis uses simple equilibrium calculations: the self-weight of the arch barrel and live loads 

are tried to be balanced by forces between the blocks. If any equilibrated force system can be 

found, then the structure is safe. The kinematic theorem of limit analysis identifies a collapse 

state with the smallest possible external loading and hence predict the ultimate load, in such a 

way that if any mechanism can be found on which the loads make positive work, then the loads 

will cause collapse. Using the robustness of linear programming ultimate load and the failure 

mode can be estimated. However, the two types of solutions for the failure load are not 
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necessarily the same. In linear programming the primal and the dual problem lead to coinciding 

solutions only if the optimization problem is convex; in mechanical sense it means that the 

flow rule in the system must be associated. For structures consisting of rigid masonry blocks 

the associativity means that the contact friction angle should be equal to the contact dilation 

angle, which would be a rather unrealistic model of reality. In case of non-associated flow rule, 

on the other hand, the behaviour becomes history-dependent, and the two theorems do not give 

the same result. (The issue has already been mentioned in [5], then appeared in several limit 

analysis masonry papers.) This duality gap justifies efforts that attempt to find history-

simulating methods for masonry analysis, particularly for problems where frictional sliding 

may become crucial.  

Over the last three decades, significant efforts have been devoted to the development of 

numerical models to represent the complex and non-linear in-service behaviour and limit state 

capacity of masonry structures subjected to external loads. Such models range from considering 

masonry as a continuum (macro-models) to the more detailed ones that consider masonry as 

an assemblage of units and mortar joints (micro-models); see Boothby [6] and Sarhosis et al. 

[7]. In particular, Choo and Gong [8] have successfully used the Finite Element Method (FEM) 

to develop models of masonry arch bridges to predict their ultimate load carrying capacity. 

However, in macro-models based on the FEM, the description of the discontinuity is limited 

since they consider the arch as a continuum element [7, 9]. Given the importance of the 

masonry unit-to-mortar interface [10, 11] on the structural behaviour of aged masonry arch 

bridges, micro-modelling approaches (i.e. those based on Discrete-Finite Element Method) are 

better suited to simulating their serviceability and load carrying capacity [12-14]. Sophisticated 

FEM approaches (e.g. those based on the contact element techniques) were able to reflect the 

discrete nature of masonry e.g. those presented by Fanning and Boothby [6], Gago et al. [15], 

Ford et al. [16] and Drosopoulos et al. [17]. However, such methods require high computational 

cost, are unable to realistically predict the crack development at serviceability limit state and 

have convergence difficulties when blocks fall or slide excessively. An alternative and 

attractive method in which the discrete nature of the masonry can be more realistically 

represented is the Discrete Element Method (DEM). The advantage of the DEM is that it 

considers the arch as a collection of separate voussoirs able to slide and rotate relative to each 

other. The DEM was developed by Cundall [18] to model blocky-rock systems and sliding 

along rock mass. The approach was recently implemented to simulate the mechanical response 

of masonry structures including arches [10, 13, 19-21] in which failure occurs along mortar 
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joints. From past studies carried out using DEM to simulate the mechanical response of 

masonry arch bridges, it was found that the method is suitable and reliable especially in the 

case in which failure is dominated at masonry unit-to-mortar interface [9]. 

1.2 Objective and scope of the research 

The objective of the presented dissertation is to develop numerical models based on the discrete 

element method that are able to analyse some special issues connected to masonry arch bridges 

which - until now - could not be handled with conventional limit analysis or finite element 

techniques. 

My strong belief, that the behaviour of a complex structure like a masonry arch bridge can be 

correctly understood if the bridge is decomposed into simpler elements. First, it is of value to 

study the components separately and then move on and analyse their interaction. This idea is 

followed during my PhD research.  

Firstly, the three-dimensional mechanical behaviour of skew masonry arches will be analysed, 

where the stereotomy of voussoirs fundamentally influences the behaviour. After this, the 

numerical models will be extended with secondary structural elements, like backfill and 

spandrel walls. It will be presented, that these structural elements can significantly increase the 

collapse load and rigidity of the masonry bridges. Finally, the dynamic effects caused by the 

passing trains will be considered and compared with the currently available standards and 

guidelines. 

1.3 Outline of the text 

The reader can found the basic concepts of the applied numerical solution method in section 

1.4. Chapter 2 was dedicated to the development of DE numerical models for skew arches. 

Three different types of construction method were developed to compare the mechanical 

behaviour of these structural forms. The so-called minimum thickness of skew arches was 

determined. In Chapter 3 the effect of backfill on the collapse load of masonry arches was 

investigated, and a novel, discrete backfill model was proposed. Chapter 4 analyses the effects 

of spandrel walls on structural behaviour. In Chapter 5, the effect of moving loads were 

investigated on a discrete element based numerical model. The new scientific results are stated 

in Chapter 6.  
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1.4 Discrete element method 

The selection of the most appropriate computational method to use for the analysis of masonry 

structures, among other factors, should include representation of joint opening between 

voussoirs in the arch; sliding between the arch barrel and the soil, plastic response in the 

backfill above the arch, etc. In case of dynamic analysis, in addition to the aforementioned 

factors, the computational model should be able to include inertial and vehicle-structure 

interaction effects. In the framework of the PhD studies commercial codes of ITASCA, the 

two-dimensional UDEC and the three-dimensional 3DEC were used. These software utilise an 

explicit time integration scheme to solve the Newtonian equation of motion and use a mixed 

discrete-finite element discretization to approximate the mechanical response of the 

investigated system. This chapter gives a short introduction to the calculation procedure.  

Discrete element models consist of a set of polygonal / polyhedral elements. Joints are viewed 

as the surfaces where mechanical interaction between blocks takes place, governed by 

appropriate constitutive laws. The motion of the blocks is simulated throughout a series of 

small but finite time-steps, numerically integrating the Newtonian equations of motion.  

2D and 3D versions of the applied code differ mostly in contact representation and detection, 

while there are similarities in the solution algorithm, in the contact behaviour and in the 

available material models. 

Within discrete element method, structural elements of the masonry arch bridge are represented 

as an assembly of rigid or deformable blocks. In UDEC, arbitrary (even concave) polygonal 

elements can be defined, while in 3DEC, convex polyhedral elements can be used. Concave 

blocks can also be created by joining single convex blocks.  

Contact formulation in 2D 

The discrete elements can interact with each other through zero-thickness interface elements. 

These interfaces can be viewed as locations where mechanical interactions between the blocks 

take place and their behaviour are governed by appropriate stress-strain constitutive laws. At 

the interfaces, blocks are connected kinematically to each other by sets of point contacts, along 

the outside perimeter of the blocks, at locations where corners or edges meet [13]. The main 

advantage of the point-contact hypothesis method is its generality and its simplicity at being 

able to handle the various types of geometric interaction between the blocks. In the model, 

large block movements are allowed, including cases of complete detachment and re-closure 
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when external forces are applied to them, with no attempt to obtain a continuous stress 

distribution through the contact surface. 

Also, blocks are characterised by rounded edges instead of sharp corners: contacts between 

sharp corners in blocks are difficult to treat numerically and may lead to corner interlocking 

under large displacements. Rounding affects the detection and geometrical characterisation of 

the contacts between the blocks. Other characteristics such as the estimation of the strains in a 

block are based on the original geometry of the block neglecting rounding. 

At each node, there are two translational degrees of freedom. Figure 1 shows the mechanical 

representation of the interfaces between adjacent blocks. From Figure 1a, for each contact 

point, there are two spring connections. These can transfer either a normal force or a shear 

force from one block to the other. The normal and the shear direction in case of a corner-to-

corner and a corner-to-edge contacts are explained in Figure 1b-c, respectively.  

 

(a) 

   

   (b)      (c) 

Figure 1 – (a) Representation of contacts; (b) corner-to-corner and (c) corner-to-edge type of 

contact 
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Contact detection in 3D 

In 3D, to check all possible pairs of elements for contact, the search time increases quadratically 

with the number of the blocks. To avoid it, in 3DEC before a pair of blocks can be checked for 

contact using exact geometrical calculations by the computer program, candidate pairs are 

identified first [22]. In this first step an envelope space is assigned to every block as the smallest 

three-dimensional box with sides parallel to the coordinate axes that can contain the block. 

Pairs of blocks with intersecting envelope spaces are then tested for contact in detail. After two 

blocks have been recognized as neighbours, then they are tested for contact. Contact created 

when a point of a block gets into the interior of another block. The contact detection algorithm 

recognizes these situations, and also provides a unit normal vector, which defines the plane 

along which sliding can occur. This unit normal should change direction continuously as the 

two blocks move relative to each other.  

Similar to other DEM codes with polyhedral elements, 3DEC applies a scheme based on a 

“common plane between the two blocks”. The contact detection analysis consists of the 

following two parts: 

• Determine a “common-plane” that, roughly saying, bisects the space between the two 

blocks;  

• Test both blocks separately for contact with the common-plane. 

The common plane is defined as the resulting plane provided by the optimization problem 

“Maximize the gap between the common plane and the closest vertex” or, equivalently, 

“Minimize the overlap between the common-plane and the vertex with the greatest overlap”. 

The algorithm applies a gradual translation and rotation of the common plane in order to 

maximize the gap (or minimize the overlap).  

Contact exists if the overlap is positive, or equivalently, if the gap is negative between the two 

blocks. The normal vector of the common plane is the contact normal. When a face of a rigid 

block is in contact with the common plane, then it is automatically discretized into sub-contacts 

by triangulating the face. The vortices of the triangles will be the nodes whose translation 

increments during the actual time-step serve as the basis for the calculation of the forces 

transmitted between the two contacting blocks. 

The area “owned” by each sub-contact is, in general, equal to one-third of the area of the 

surrounding triangles around the node. This calculation is adjusted when the sub-contact is 

close to one or more edges on the opposing block. If the other side of the interface is also a 
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face, then identical conditions apply: sub-contacts are created, and relative displacements, and 

hence forces, are calculated. Details of special cases like e.g. edge-to-edge contacts are not 

presented here for simplicity. 

Constitutive models for contacts 

The mechanical behaviour of contacts is modelled with the help of contact stiffness defined in 

the normal and shear directions, relating contact stresses with relative displacements.  

According to Lemos [13] the normal stiffness can have different physical interpretations:  

• In the case of mortared joints and deformable elements, the normal stiffness can be directly 

related to mortar thickness and its physical properties.  

• For dry joints, rough and irregular contact surfaces have a finite stiffness against 

penetration, which is reflected by the contact normal stiffness. In the shear direction, shear 

stiffness plays a similar role and Coulomb friction sets a limit to the shear force magnitude.  

• In the case of perfectly rigid blocks, on the other hand, the contact stiffness data have to 

represent the block deformability as well; [23] provides a short analysis how to relate the 

contact stiffness parameters to the mechanical data of the contacting voussoirs. 

In the normal direction, the mechanical behaviour of the joints (i.e. the zero-thickness contact 

interface) is governed by the following equation:  

n n nk uσ∆ = ∆ , (1) 

where nk  is the normal stiffness of the contact and nu∆  is the increment in normal contact 

displacement, i.e. the relative displacement between the blocks at the contact point. Similarly, 

in the shear direction, the mechanical behaviour is controlled by the constant shear stiffness sk  

using the following expression: 

s s sk uτ∆ = ∆ , (2) 

where sτ∆  is the change in shear stress, and su∆  is the increment in shear displacement. There 

is no integration of stresses on the contact surface as in FEM joint elements [24]. However, an 

area is assigned to each contact point, and all the areas add up to the total contact surface. 

Therefore, contact stresses can be evaluated at each point contact, and the standard joint 

constitutive models, relating normal and shear stresses with contact displacements, can be 

employed. 
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   (a)      (b) 

Figure 2 – Contact behaviour in (a) normal and (b)tangential direction 

In the present research work, the contacts are assumed to follow the Mohr-Coulomb failure 

criterion, commonly used to represent shear failure in soils and rocks. The criterion has a 

limiting tensile strength, 
t

f . If the contact normal stress exceeds the tensile strength, then the 

normal stress is set to zero and the interface opens (Figure 2a). Alternatively, at those contacts 

undergoing compression, a small overlap will occur between block edges (Figure 1c). The 

amount of overlap is controlled by the normal stiffness. Similarly, in shear, in the elastic range, 

the response is controlled by contact shear stiffness (Figure 2b). In addition, in the shear 

direction, slippage between blocks occurs when the tangential or shear stress at a contact 

exceeds a critical value maxτ  defined by: 

( ) maxtan
s n

cτ σ ϕ τ≤ + = , (3) 

where ( )tanµ ϕ=  is the friction coefficient and ϕ  the angle of friction and c  the cohesive 

strength. After slip takes place, the shear stress is reduced according to the Mohr-Coulomb 

criterion, but using residual values for cohesion ( resc ) and friction ( resϕ  ), as shown in Figure 

2b. Non-associative flow rule is applied therefore the dilation angle (ψ ) is set to zero. After a 

contact breaks or slips, forces are redistributed, and it might cause adjacent contacts to break. 

Equations of motion for rigid blocks 

In case of rigid elements, each block has six degrees of freedom (three translational and three 

rotational) in spatial simulations, while three degrees of freedom in planar simulations. The 

equations of translational motion for a single block can be expressed as: 

i
i i i

F
x x g

m
α+ = +ɺɺ ɺ  

(4) 
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where ixɺɺ  is the acceleration of the centroid of the block; ixɺ  the velocity of the centroid of the 

block; α  is the viscous (mass-proportional) damping constant; iF  is the sum of forces acting 

on the block (contact + applied external forces, except gravitational forces); 	� is the mass of 

the block; and ig  is the component of the gravity acceleration vector. 

The rotational motion of an undamped rigid body can be most efficiently described if referred 

to the principal axes of inertia of the body. However, blocks in 3DEC are oriented typically in 

random directions compared to the global coordinate axes of the system. Because velocities 

are small, the rotational equations can be simplified. Accurate representation of the inertia 

tensor is not essential. Therefore, in 3DEC only an approximate moment of inertia is calculated, 

based upon the average distance from the centroid of vertices of the block. This allows the 

rotational equations to be referred to the global axes. The angular acceleration (��) about the 

principal axis can be calculated by Equation (5): 

i
i i

M

I
ω αω+ =ɺ , 

(5) 

where α  is the viscous (mass-proportional) damping constant; iM  is total torque, and I  is the 

approximate moment of inertia. For quasi-static analysis, isotropic inertia tensor is only used 

in 3DEC. For dynamic problems, the real inertia tensor is required. Time integration of the 

equations of motion is done with the central finite difference scheme. The velocities and 

angular velocities are calculated as follows: 

 
( ) 1

1
2 2 2 1

2

i
i i

F tt t t
x t x t g t

tm
α

α

 ∆ ∆ ∆       + = − ⋅ − + + ∆         ∆         +
ɺ ɺ , 

(6) 

( ) 1
1

2 2 2 1
2

i
i i

M tt t t
t t t

tI
ω α ω

α

 ∆ ∆ ∆       + = − ⋅ − + ∆         ∆         +
. 

(7) 

The increments of translation and rotation are given by 

2i i

t
x x t t

∆ ∆ = + ⋅∆ 
 
ɺ , 

(8) 

2i i

t
t tθ ω

∆ = + ⋅∆ 
 

. 
(9) 
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The position of the block centroid is updated as: 

( ) ( )i i i
x t t x t x+∆ = +∆  

(10) 

The location of the vertices is calculated with the help of the displacement of the centroid plus 

the rotation calculated earlier. 

Equations of motion for deformable blocks 

In the case of deformable discrete elements, the unknowns of the model are the velocities at 

finite element grid-points. The Newtonian equations of motion are solved by an explicit time 

stepping algorithm. The equations of motion for each finite element node are: 

i
i i

dx
m mx f

dt
α+ =

ɺ
ɺ , (11) 

where ix  is the nodal displacement vector of a node { }( ), ,i x y z= , m  is the nodal mass, α  is 

the mass-proportional viscous damping parameter. The nodal force vector if  is given by a sum 

of three terms: 

C E A

i i i i
f f f f= + + , (12) 

where C

i
f  represents the contact forces, E

i
f  is the nodal forces from the internal stresses and 

A

i
f  is the sum of the external applied loads, including gravitational loads. The explicit scheme 

applies the central difference method. As a result, velocity of the node can be calculated. With 

the help of nodal velocities, displacements and location of the nodes can be updated. After the 

new position of the elements is known, contact locations and orientation can be calculated. 

Contact forces are updated by invoking the contact constitutive law, as described in the 

previous section. For the internal finite elements, nodal displacements lead to new strains, from 

which zone stresses ensue by applying the assumed material constitutive model. In this way, 

nodal forces can be assembled for the next calculation step. 

Mechanical damping 

Artificial damping is applied in static simulations to decrease false oscillations originating from 

the explicit nature of the time integration technique, and to facilitate to reach a force 

equilibrium state as quickly as possible. Two forms of damping can be applied in 3DEC / 

UDEC. The first is named “adaptive global damping”, in which viscous damping forces are 
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used, but the viscosity constant is continuously adjusted in such a way that the power dissipated 

by damping is a given proportion of the rate of change of kinetic energy in the system.  

In the second form of damping, different damping force and moment components are applied 

on every degree of freedom. Every component is proportional to the magnitude of the 

unbalanced force or moment. For this scheme, referred to as “local damping”, the direction of 

the damping force is always opposite to the actual translational or rotational velocity.  

Preliminary experiences gained on test examples showed that shorter computational time was 

needed to find the equilibrium state when adaptive global damping was used, so in the static 

analysis in the present work adaptive global damping was used. In 3DEC, the default ratio of 

the damping power and the rate of change of nodal kinetic energy is 0.5. This value has been 

used in the present investigations. 

While in the case of dynamic simulation, the role of the damping is to model the energy loss 

of materials. Energy absorption can develop in plastic material behaviour and with frictional 

sliding as well. During dynamic simulations, additional Rayleigh damping was not applied. 

Numerical stability 

The central difference method is only conditionally stable. To avoid numerical instabilities, a 

limiting timestep is defined in 3DEC and the user is allowed only to decrease it. In case of rigid 

elements, the limiting timestep is calculated by analogy to a simple degree-of-freedom system, 

as: 

min

max

2
b

M
t frac

K
∆ = ⋅ ⋅  , 

(13) 

where minM  is the mass of the smallest block in the system; maxK  is the maximum contact 

stiffness; frac  is a user-defined value that accounts for the fact that a block may be in contact 

with several neighbouring blocks. The simulations in the present work were done with the 

default value, frac = 0.1. Small timestep has the disadvantage in terms of computational cost, 

but on the other hand, it provides a robust solution method which is able to follow the nonlinear 

response of the mechanical system. In the case of static analysis mass scaling can be applied to 

increase the size of the timestep, because inertial effects are irrelevant.  
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CHAPTER 2  

SKEW MASONRY ARCHES 

 

* 

A significant proportion of masonry arch bridges span obstacles at an angle other than 90 

degrees. This results in the faces of the arch not being perpendicular to its abutments and its 

plan view being a parallelogram (Figure 3). These structures are most common in areas rich in 

rivulets or valleys of varying directions, e.g. around delta firths. During the industrial 

revolution the number of skew arches started to increase rapidly, since the straightness of the 

railway track was one of the most important aspect in the course of the design. Most of the 

masonry arches have been constructed with a small amount of skew (i.e. less than 45°), since 

those with large amount of skew present significant construction difficulties [25]. Different 

materials and methods of construction used in these bridges will influence their strength and 

stiffness. Although a great deal of work has been carried out to assess the strength of square or 

regular masonry arch bridges (e.g. [25-28]), comparatively little work has been undertaken to 

understand the behaviour of skew arches [29-31]. The analysis of skew arch bridges involves 

many difficulties and there is no universally accepted method of analysis yet. Today, in many 

countries, including UK, masonry skew arch bridges routinely are assessed based on the 

assumption that they are rectangular in shape with an equivalent span of the skewed arch bridge 

(e.g. BD 21/01). However, experience from current studies [7, 29, 31] demonstrated that this 

 
* Skew bridge in Reading, Pennsylvania, USA, © Jet Lowe 
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approach leads to conservative results, which is not representative of the actual strength and 

stiffness of the structure. Therefore, there is an increasing demand to understand the life 

expectancy of such bridges in order to inform maintenance, repair and strengthening strategies. 

 
Figure 3 – Plan view of a regular and a skew arch 

The aim of the this chapter to develop numerical models which are able to compare the 

mechanical behaviour of skew arches built with different method of construction. The effect of 

skew angle, construction method, and element size were analysed. 

2.1 Stereotomy of skew arches 

Masonry is strong in compression, but relatively weak in tension. Therefore, regular masonry 

arch bridges are designed to be constantly under compression. To achieve this, the direction of 

forces within the arch should be normal to the coursing joints surface so that there will be no 

tendency in the successive courses to slide upon each other. The same idea also adopted for the 

construction of masonry skew arches. In the 19th century, engineers, mathematicians and 

masons assumed that for an arch to stand, the line of pressure should be parallel to the face of 

the arch. Hence, they positioned the voussoirs (e.g. stones, bricks) in such a way that the 

coursing joint surfaces should always be perpendicular to the face of the arch at every elevation. 

The other important factor considered for the construction of the skew arches related to the 

construction difficulties. Masons realised that construction was far easier when voussoirs had 

exactly the same size and were rectangular cuboid in shape. Over the years, different types of 

construction evolved for circular arches. According to Rankine [32] and Gay [33], in general, 

masonry skewed arches were constructed using the following three steps:  
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• Construction of formwork representing the mid-surface of the skewed arch. 

• Determination of the equation of coursing and heading joints on the formwork. The 

position of each voussoir was marked on a sheet, which was laid down on the formwork.  

• Planar coordinates of each voussoir extruded into the 3D space. 

 
 

   

 

Figure 4 – Characteristic views for a cylindrical skew arch 

Assume a thin, flexible and inextensible sheet that coincides with the surface of a cylinder. 

Then, this sheet can be extended on a plane without being rumpled or torn. With the help of 

the notations of Figure 4, the mid-surface of the skew arch is given by the Equation (14): 
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( )
sin ,                             

tan 2 2 2face

R X b
Y R X R

R

π π = ± − ≤ ≤ Ω  
 (14) 

where, 
face

Y  is the vertical coordinate of the face of the arch on the developed surface, R is the 

mid-radius of the arch, Ω  is the angle of skew, b is the width of the arch and X is the horizontal 

coordinate on the developed mid-surface. Also, the springing lines on the development can be 

written as: 

2
X R

π
= ±  (15) 

The following part introduces the equations of coursing and heading joints for the so-called 

false skew, helicoidal and logarithmic type of construction method (Figure 5). According to 

the principles derived here, geometrical models representing skewed masonry arches 

constructed using different construction methods have been generated (Figure 8). 

  
                      (a) False skew                    (b) Helicoidal                   (c) Logarithmic 

Figure 5 – Developments and coursing joints of the different methods of construction [25] 

2.1.1 False skew arch 

The geometrical construction of the false skew arch is the simplest of the three presented 

methods. All of the coursing joints are parallel to the springing line (Figure 5a). The heading 

joints are perpendicular to the coursing joints. Therefore, the nodes of the elements can be 

calculated on the cylindrical surface directly. In this method, all voussoirs have the same size 

and shape apart from the ones in the faces of the arch. 

2.1.2 Helicoidal method 

In case of helicoidal method the coursing joints are helix spirals. These spirals appear as straight 

lines on the developed surface (see Figure 5b). The coursing joints are perpendicular to the face 

of the arch only at the crown. This idea was described first by Nicholson [34] to describe the 

surface of the intrados by using the simplifications that the arch barrel consists of a single ring 

having a relatively small thickness. Later, the idea of Nicholson was expanded by Fox [35], 
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where the intrados and the extrados of the barrel were considered as separate surfaces mapped 

onto concentric cylinders by drawing a separate development for each surface. In this way, a 

third theoretical surface can be developed, which is an intermediate surface located at the mid-

way between the intrados and the extrados. The mid-surface of the arch allowed the masons to 

align the centre of each voussoir, rather than its inner surface, along the desired line.  

 

Figure 6 – Charles Fox’s drawing type design method to construct the developed surfaces. 

In order to visualize the courses of voussoirs in a stone skew arch, Fox wrote, "The principle 

which I have adopted is, to work the stones in the form of a spiral quadrilateral solid, wrapped 

round a cylinder, or, in plainer language, the principle of a square threaded screw”. Hence, 

the transverse sections of all the spiral stones are the same throughout the whole arch. It will 

be obvious, that the beds of the stones should be worked into true spiral (helicoidal) planes. So, 

a stone skew arch built to Fox's plan would have its voussoirs cut with a slight twist, in order 

to follow the shape of a square threaded screw. Figure 6 shows, that on the developed extradosal 

and intradosal surfaces the coursing joints are not parallel with the coursing joints of the mid-

surface: β , extβ  and intβ  can be computed from Equation (16). 

 

( ) ( )

( ) ( )

2 tan 2 tan
arctan arctan ,

2 tan 2 tan
arctan ,      arctan .

mid

mid

int ext

int ext

mid mid

R

R

R R

R R

β
π π

β β
β β

Ω Ω   
= =   

   

   
= =   

   
 

(16) 

The advantage of this method is that each of the voussoirs are similar in shape and size. 

However, for geometrical reasons and for the beds to remain parallel, the orientation of the 
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block units causes the beds to “roll over” and thus rest on the springings at an angle. Gaps 

between masonry units in the arch usually were filled with mortar. 

2.1.3 Logarithmic method 

In this method, the coursing joints are perpendicular to the face of the arch at all elevations. 

This is the most expensive method of construction since it requires varying sized masonry 

blocks and availability of high skilled masons, since almost every block in the arch barrel is of 

unique shape (Figure 5c). The coursing joints of an equilibrated (logarithmic) skew arch 

intersect at right angles the curve formed by the intersection of the soffit with any plane parallel 

to the faces of the arch. Let’s assume that ( )Y f X=  is the equation to a curve which intersects 

the curve of the arch’s face at right angle in the point P (see Figure 7). 

 

At point P: 

,y Y=  

,x X=  

.
dy dX

dx dY
= −  

Figure 7 – The perpendicularity condition for logarithmic method 

The equation of the arch’s face is known, so the derivative of it can be calculated: 

( )

cos

tan

x

dXR

dY

 
 
  = −
Ω

. (17) 

Integrating Equation (17) with respect to x: 

 1

tan( )
( ) ln sec tan

tan( )
cos

i

R X X
Y X dX c

X R R

R

Ω     = − = − + +    Ω      
 
 

∫ . 
(18) 

The 1ic  constant in the equation of ith coursing joint should be determined in a way that the 

distance between the adjacent coursing joints should be equal at the centreline of the arch. To 

determine these 1ic  constants the arc length of the centreline should be calculated. The curve 

of the centreline is equivalent with the curve of the arch’s face, which is a sinusoidal curve in 

the development and it is equivalent with a semi-ellipse in the 3D-space. The arc length of an 

arbitrary curve can be approximated as: 
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2

2 2 1
y

s x y x
x

∆ ∆ = ∆ + ∆ = + ∆ ∆ 
. (19) 

Let’s take the limit of Equation (19) as x∆  approaches zero: 

 
2

0
lim 1
x

dy
s dx

dx∆ →

 ∆ = +  
 

. (20) 

Let’s integrate the above function to obtain the length of the centreline of the arc: 

22

( )
2

1

R

Rs

dy
ds dx

dx

π

π
−

 = +  
 ∫ ∫ . (21) 

In case of the arch’ face this expression leads to a complete elliptic second order integral: 

( ) ( )

2
2

2 2

2

1 1
1 1 sin

tan tan 1

R

R

X
s dx

R

π

π
−

 = + −  Ω Ω +  ∫ . (22) 

Using Equation (22), xi can be determined. 

 
2

2

1 0
ix

face

R

dy i
dx s

dx nπ
−

 
− − = 
 

∫ . (23) 

Finally, the 1ic  constants can be obtained from: 

1  ,( ) ( )
i face i coursing joint i i

c y x x y x x= = − = . (24) 

The curves of the heading joints are parallel to the face of the arch: 

 ( ) , 2 2tan sin ,              -
2 2heading joint j mid j j

mid

X b b
Y R c c

R

 
= ⋅ Ω + ≤ ≤ 

 
. (25) 

The 2 j
c  constants should be equally spaced between the two face of the arch depending on 

how many elements should be in one course. The coursing joints follow logarithmic curves, 

while the heading joints are parallel to the face of the arch. The intersection point of the heading 

and coursing joints is representing the vertex of the element. At this point a bisection-method 

was implemented to solve these equations. (Newton method would have convergence 

problems). Then, the coordinates were transformed back to the intradosal and extradosal 

cylindrical surface by Equation (26): 

sin      and       = sin  ,

                         and       ,

cos      and       = cos .

int int ext ext

mid mid

int ext

int int ext ext

mid mid

X X
x R x R

R R

y Y y Y

X X
z R z R

R R

   
=    

   
= =

   
=    

   

 (26) 



Figure 8 – Geometry of the numerical models 
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2.2 Minimum thickness of skew arches 

In this section, use is made of the discrete element method of analysis for the calculation of the 

minimum barrel thickness necessary for equilibrium of semi-circular masonry arches subjected 

to their own weight. In case of regular arches, the issue is settled: the purely rotational collapse 

mechanism that develops when the thickness of the arch is critically small have been 

investigated analytically and graphically by Milankovitch [36] (see also Foce [37]) and found 

that it forms a symmetric five-hinge mechanism just before collapse. However, up to now, no 

research work has been undertaken to investigate the minimum arch thickness of skew arches. 

Although the analysis of regular arches can be undertaken in two-dimensional space, the 

analysis of skew arches requires analysis in three-dimensional models. Also, a sensitivity study 

has been carried out to investigate the influence of the minimal barrel thickness with respect to 

the: a) angle of skew; b) construction method (e.g. false, helicoidal, and logarithmic method); 

c) size of masonry units; and d) frictional resistance between masonry units. 

Computational modelling of skewed masonry arches 

The variation of geometrical characteristics for the arches used in the computational analysis 

is shown in Table 1. 

Table 1 – Geometrical characteristics for the arches used in the computational analysis 

R [m] b [m] Ω  [°] /L W   W [m] 
3.00 5.00 0; 15; 30; 45 0.5; 1; 1.5; 2; 3; 4; 5 0.250 

For the construction of the geometry of the false skew arches, blocks generated in a stretcher 

bond pattern by assigning a predefined off-set to every second course. For the generation of 

the skewed masonry arches using the helicoidal method, the edges of the masonry units were 

not straight and the faces were not planar. The voussoirs were divided into tetrahedral parts, 

which joined together to form the masonry unit blocks. For the construction of the helicoidal 

method, three types of masonry units were generated (Figure 9): (i) support units: these 

elements connect the abutments with the voussoirs; (ii) regular voussoirs: these form the 

majority of the masonry units and are identical in shape and size; (iii) quoins: these masonry 

units represent the face of the arch. 
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Figure 9 – Elements of the helicoidal skew arch 

For masonry skewed arches constructed with the logarithmic method, the faces of any of the 

voussoirs in the arch are not planar. During construction of skew masonry arches based on the 

logarithmic method, mortar is filled between the arches to overcome this geometrical difficulty. 

However, in 3DEC only polyhedral bodies can be generated with planar faces (mortar 

represented as zero thickness interface). Hence, voussoirs were split into tetrahedra and joined 

together. In this way, adjacent elements fit perfectly (there are no gaps or penetrations). Also, 

adjacent courses were generated such that they ran in a stretcher bond. 

Material parameters and boundary conditions 

Each masonry unit of the arch is represented by a rigid block separated by zero thickness 

interface at each joint. The density of each block was equal to 2,700 kg/m3. However, it is 

known [31, 38] that the critical barrel thickness does not depend on the density of the blocks. 

The zero thickness interfaces between adjacent blocks have been modelled using the elastic 

perfectly plastic Coulomb-slip failure criterion. The contact parameters of the joint interfaces 

were obtained from Jiang and Esaki [39]. Joint tensile strength, cohesive strength and dilation 

angle were assumed zero. However, frictional resistance between masonry units has been 

allowed ( 40ϕ = ° ). Since the intention was to investigate the effect of the arch ring geometry, 

the abutments of the arch were modelled as rigid supports in the vertical and horizontal 

directions. Self-weight effects were assigned as gravitational load. Gravitational forces give 

rise to compressive forces within the blocks of the arch and result in the stabilisation of the 

arch. The model brought into equilibrium under its own self-weight and displacements at the 

intrados of the arch have been recorded. The model was considered to be in equilibrium when 

the maximum out-of-balance force was less than 0.001% of the total weight of the structure. 

Failure was considered when the maximal displacement exceeded 0.20 m. The verification of 

the numerical model is presented in Appendix A.   

Regular voussoirs 

Support units 

Quoins 
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Results and discussion 

A sensitivity study was carried out to investigate the variation of the minimum (or critical) 

barrel thickness of an arch with respect to (i) the construction method, (ii) the angle of skew; 

(iii) the size and shape of the masonry units; and (iv) the joint friction angle between adjacent 

masonry units. In determining the minimum thickness of the arch, the resolution was ±0.0005R 

and increments of 0.001R were used; where R is the radius of the barrel. 

2.2.1 Influence of the construction method 

Twelve different in geometry computational models have been created using 3DEC, while the 

length to width ratio of the voussoirs was kept constant / 2.0L W =  (see Table 1). Figure 10 

shows the critical barrel thickness over radius (t/R) for each of the studied arches. From Figure 

10, for the false skew arch, as the angle of skew increases from 0 to 45 degrees, the minimum 

thickness required to sustain the self-weight of the arch increases. However, for arches 

constructed using the logarithmic and the helicoidal method, as the angle of skew increases 

from 0 to 45 degrees, the minimum thickness required to sustain the self-weight of the arch 

decreases. The reason for the difference in results between the different construction methods 

is mainly due to their failure mechanism. For the false skew arch, the application of the self-

weight induces a five hinge mechanism. The developed hinge lines are straight and parallel to 

the abutments (Figure 11). Similar results are also reported by Sarhosis et al. [31]. However, 

the failure mechanism of the helicoidal and logarithmic method differs to that of the false skew 

arch. In case of helicoidal and logarithmic methods, hinges developed in a zig-zag pattern 

parallel to the abutments of the arches. This was mainly due to the arrangement of the voussoirs 

in the arch (Figure 11). The zig-zag hinge pattern development increases the frictional 

resistance and shear sliding at the hinge locations. 

 

Figure 10  – Influence of the angle of skew on the critical barrel thickness 
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Figure 11 – Failure mechanism of skew arches under self-weight 
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2.2.2 Influence of the masonry unit size 

A sensitivity study has been undertaken to investigate the influence of the size of the masonry 

unit on the critical barrel thickness and failure mode of masonry skewed arches. The length (L) 

to width (W) ratio of masonry units ranged from 0.5 to 5 while the height of the masonry units 

were assumed equal to the thickness of the arch (Figure 12). The geometric parameters for the 

different arches considered in the computational analysis are shown in Table 1. The joint 

friction angle was kept constant and equal to 40°.  

 

(a) Masonry units: / 1 : 2L W =  (b) Masonry units: / 5 :1L W =  

Figure 12 – Different element shapes (logarithmic method) 

Figure 13 shows the effect of the shape of masonry unit (L/W) to the minimum thickness over 

the radius of the arch (t/R) for semi-circular masonry skewed arches constructed using the false 

method.  

 

Figure 13  – Effect of element shape – False skew arch 
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From Figure 13, the length to width ratio of a masonry unit should be greater than the tangent 

of the angle of skew, for equilibrium of masonry skewed arches constructed using the false 

method and subjected to their own weight: 

( )tan
L

W
≥ Ω . 

(27) 

From Figure 13 and for false skew arches, as the length to width ratio of masonry units 

increases, the critical barrel thickness tends to be equal to the critical barrel thickness of a 

regular arch. In addition, it was also observed that the failure mode will differ depending on 

the shape of the masonry units (Figure 14a). Assuming that the compression trajectories are 

parallel to the face of the arch, then a moment develops which leads to cracking at the face of 

the arch (Figure 14c). 

(a) 

 

(b) 

 

(c) 

Figure 14– Failure mode of false skew arch in case of short element length 
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From Figure 15a-b for the arches constructed using the helicoidal and logarithmic method, as 

the length of the masonry units increases, the critical barrel thickness approximately linearly 

decreases. The failure mechanism for the masonry skew arches constructed according to 

helicoidal and logarithmic method influences significantly the critical barrel thickness. For 

masonry units with high L/W ratios, the hinges develop in zig-zag shape and neighbouring 

masonry units have to slide upon each other (Figure 11), overcoming the shear resistance in 

these contacts. Therefore, a lower barrel thickness compared to the false skew arch is required 

for the arch to stand under its self-weight. In case of helicoidal method, there was no possibility 

to create arbitrary element length-to-width ratio because of the restrictions made during the 

creation of geometry. Hence, specific L/W ratios could be analysed only. 

  

(a) Logarithmic method   (b) Helicoidal method 

Figure 15 – Effect of element shape on minimum barrel thickness 
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A sensitivity study was carried out and the joint friction angle varied from 20 to 90 degrees. 

Although joint friction angles greater than 60 degrees are not realistic, such analyses were 

carried out to investigate the effect of infinite frictional resistance between masonry units. The 

geometric parameters for the different arches considered in the computational analysis are 

equal to the ones shown in Table 1 using 45° as angle of skew. 

Figure 16 shows the effect of joint friction for 45° angle of skew. From Figure 16, the critical 

barrel thickness decreases, as the joint friction angle increases. Also, the joint friction angle 

required to avoid sliding failure for a 45 degrees masonry skew arch constructed using the false 
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collapses irrespective of the thickness of the barrel. So, the necessary joint friction angle for 

the arch to stand is much higher than the permissible joint friction angle for a regular arch (i.e. 

equal to 22 degrees) to avoid sliding type of failure. Furthermore, from Figure 16 and for a 

false skew arch, the critical barrel thickness is constant when the angle of friction is higher than 

40°. Also, Figure 17 shows the failure mode of false skew arch in case of joint friction angle 

smaller than 32.5°. From Figure 17, the masonry units at the face of the arch slide out which 

leads to collapse of the arch. 

 

Figure 16– Effect of joint friction for 45° angle of skew 

  

Magnified view  

Figure 17 – Failure mode of false skew arch in case of friction angle smaller than 32.5° 

For masonry skewed arches (45° angle of skew) constructed using the helicoidal and 

logarithmic method, the critical friction angle to avoid sliding is 27.5 degrees (Figure 16). Also, 

the critical barrel thickness decreases with an increase of the frictional resistance. From Figure 

16, for skew arches constructed using the helicoidal and logarithmic method, hinges develop 

in a zig-zag shape. Also, at the location of the hinge, adjacent masonry units slide upon each 
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other. Since resistance against sliding increases with higher angle of friction, the critical barrel 

thickness to resist the self-weight of the arch will also decrease. For masonry skew arches 

constructed using the false method, the developed hinge lines are straight and parallel to the 

abutments. Hinge develops due to pure rotation of masonry units and there is no sliding or 

shear failure. Therefore, the critical barrel thickness is independent of the joint friction angle. 

Figure 18 shows the ratio of shear to normal stress distribution at the joints for different in 

geometry masonry skewed arches. The joint friction angle for all arches was kept constant and 

equal to 40°. The red domains represent joints where sliding resistance is nearly reached (arc 

tan(0.839) ≈ 40.0°). From Figure 18  and for the masonry skewed arches constructed using the 

false method, there are two main regions where high frictional resistance is required to avoid 

shear sliding. These are: a) around the abutments at the obtuse angle; and b) around the 

unsupported part above the acute angle of the arch. The arrangement of the voussoirs is exactly 

alike in case of helicoidal and logarithmic method at the neighbourhood of the crown. The 

difference in the arrangements of the masonry units between the two methods is at the area 

close to the abutments of the arch. At this point the ratio of the shear versus normal contact 

stresses is high (Figure 18). This phenomenon was already known in the 19th century as it can 

be found in the book of Hyde [40]. This is why the full-centred (semi-circular) helicoidal skew 

arch was avoided. The logarithmic method shows no tendency to slide around the abutments 

(Figure 18), but in case of high angle of skew, there is relatively high friction utilization around 

the imminent hinge location at the intrados.  



Figure 18 – Utilization of contact surfaces against sliding 
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2.3 Collapse load of skew arches 

The aim of this section is to investigate the influence of construction method on the collapse 

load of skew masonry arches. The variables investigated were the construction method, the 

angle of skew, the size of masonry blocks and the critical location of the live load along the 

span of the arch. At each skew arch, a fullwidth vertical line load was applied incrementally 

until collapse. 

The characteristic geometrical parameters of a general skew arch were shown in Figure 4. The 

range of variation of geometrical characteristics for the arches used in the computational 

analysis is shown in Table 2. Geometric models representing skew masonry arches using 

different construction methods were shown in Figure 8. Each investigated arch contained 41 

courses of voussoirs counted along the arch. The stones were arranged in a pattern where every 

second course had a half-voussoir translation in the longitudinal direction. The arch barrels 

contained a single ring of stone voussoirs. 

In the logarithmic method (Figure 8c), the block size varies from block to block along the 

courses. The element width is smaller in the vicinity of the skew angle and larger near the acute 

angle. In Table 2, for the logarithmic method, since the size of masonry units/blocks varies 

within the structure, the width of the blocks (W) was taken as the average value of the different 

blocks in the arch. In the case of the false and helicoidal methods (Figure 8a-b) the block width 

(W) is constant for every block. In the work of Brencich and Morbiducci [41], a review of the 

various empirical formulas to estimate the necessary barrel thickness was presented. From [41], 

a common barrel thickness equal to 0.200R have been used for the construction of the majority 

of skew arch bridges. Also, a barrel thickness equal to 0.120R is close to the limited value as 

described by Heyman-Couplet. Therefore, in this study, skew arches with barrel thickness 

equal to 0.200R and 0.120R were investigated. 

 

Table 2 - Geometrical characteristics for the arches developed 

R [m] t [m]  b [m] Ω [°] L/W W [m] 

3.00 0.36; 0.60 5.00 0 to 45 2:1<L/W<3:1 ~0.250 

According to Section 2.2.3, depending on the skewness of the arches the reaction force 

distribution at the abutments could be non-uniform. In the present study, the intention was to 

investigate the effect of the arch geometry, the abutments of the arch were modelled as rigid 

supports in the vertical and horizontal directions. Zhang et al. [12] investigated the influence 



39 
 

of abutment stiffness on collapse load in case of 45° skew arch, but there was no significant 

change in the behaviour. 

Also, in the present study, the blocks were assumed to behave in a rigid manner. Thus, their 

compressive strength and their elastic modulus were assumed to be infinite. For the masonry 

units, the density of each block was equal to 2,700 kg/m3 which approximates the density of 

many types of rocks, e.g. andesite. The zero thickness interfaces between adjacent blocks were 

modelled using the linear-elastic perfectly-plastic Coulomb slip failure criterion (Figure 2a-b). 

The joint tensile strength (ft) and the cohesive strength (c) were assumed to be zero. The 

residual friction angle was assumed to be equal with the friction angle (φres=φ). A non-

associative flow rule was applied and thus the dilatancy angle was set to zero (ψ=0°). The joint 

interface contact parameters were obtained from Jiang and Esaki [39]; who present the average 

stiffness of mortar joint contact surfaces at different weathering conditions. In contrast to [39], 

block deformability was neglected in the present study. 

Self-weight effects were assigned as a gravitational load. Gravitational forces give rise to 

compressive forces within the blocks of the arch and result in the stabilisation of the arch. Every 

model was brought into equilibrium under its own self-weight, before applying any live load. 

During the numerical simulations, the external live load was applied on the extrados with the 

help of a loading element which was placed on the structure in parallel direction to the 

abutments of the arch (Figure 4). The live load was applied as the gradual increase of the 

density of the loading element. Live load was increased sequentially in small load steps. The 

size of a load step was chosen in such a way that it was kept under 1% of the expected ultimate 

load. At each load increment, the stability of the structure was checked by conforming that the 

maximum out-of-balance force was less than 0.001% of the total weight of the structure. The 

simulation was stopped when the maximum vertical displacement just below the point of 

application of the load in the structure exceeded 0.20 m; such displacement suggested failure 

of the arch. The applicability of the numerical method was validated (see Appendix B) against 

the experimental test of Wang [30]. 

Results and Discussion 

A sensitivity study was undertaken to investigate the influence of different parameters and their 

interdependence on the load carrying capacity of masonry skew arches. In particular, the 

parameters investigated in this study were:  
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• Geometrical parameters: construction method (false; helicoidal; logarithmic), element 

shape (L/W ratio), angle of skew, barrel thickness (two values were applied: 0.12R 

which is close to the minimum thickness of a regular arch; and 0.20R which is a realistic 

value for skew masonry arches). 

• Material parameters: internal friction between the voussoirs in the arch. 

• Location of the externally applied load. 

2.3.1 Preliminary remarks: The effect of element shape and size 

The length to width (L/W) ratio of masonry voussoirs in arches constructed using different 

construction techniques can vary. While a false skew arch can be constructed using voussoirs 

theoretically of any L/W ratio, the complex geometry of arches constructed using the helicoidal 

and logarithmic restricts the shape of the voussoirs to be used for their construction. In Chapter 

2, it was shown that the length to width ratio (L/W) of the individual voussoirs significantly 

influences the minimum necessary thickness of skew arches. Subsequently, it was found that 

the shape of the voussoirs influences the load carrying capacity, as well. To quantify this 

hypothesis, a series of three dimensional computational models were developed on 45° skew 

arches having barrel thickness (t) equal to 0.200R and width of the voussoirs (W) equal to 

0.25m. A fully distributed external load was also applied at x/s equal to 0.35 (i.e. near the third 

span). Different L/W ratios were studied (i.e., W kept constant while L varied). The ultimate 

load was recorded and results are shown in Figure 19. 

From Figure 19, the collapse load of the logarithmic and helicoidal methods of construction 

show an almost linear dependence on the L/W ratio. However, the collapse load of arches 

constructed using the false skew method is not proportional to the L/W ratio. Also, for arches 

constructed using the false skew method having voussoirs with length (L) greater than 1.5 times 

their width (W), the collapse load is constant (i.e. does not depend on the length of the 

voussoirs) and is equal to the collapse load of the regular arch. In contrast, for voussoirs having 

L/W ratio equal to or below 1.5, the collapse load significantly decreases as the length of the 

voussoirs (L) becomes smaller. This is due to the fact that the failure mode is also different 

from what observed for arches constructed with voussoirs having large L/W ratios (ref. to 

Section 2.2.2). 

In the numerical simulations that will be introduced in the upcoming section, the L/W ratio was 

intended to be kept around 3.0. Due to the geometrical restrictions for the construction of the 

different types of arches, the actual values had to vary from 2.5 to 3.1. This resulted in 5-6% 
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variation of the collapse load. For the 30° skew arch constructed using the helicoidal method, 

the L/W ratio was even lower and equal to 2.0. The collapse load is thus 12% lower than what 

could have been obtained when the L/W ratio was equal to 3.0. In all simulations, the value of 

W was kept approximately the same. Each arch was constructed with 41 blocks at the face of 

the arch. In this sense, no size effect occurred. 

 

Figure 19 - Influence of element shape on the collapse load of a 45° skew arch having barrel 

thickness equal to 0.20R. Load applied at x/s = 0.35 

2.3.2 Interaction between the position of the load and the contact friction angle 

In this section, it is shown that the collapse load of a skew arch varies with the position of the 

live load, and points out those situations when the magnitude of the contact friction may 

become important for the structural stability of the arch. It will be highlighted that even in the 

simplest case, i.e. straight arches with no sliding in the contact, the critical position of the load, 

depends on the arch thickness. This section analyses the case of skew arches in detail and 

appraises the effect of frictional resistance of the contacts. The obtained results will then be 

explained in Section 2.3.3 where the failure mechanisms and the contact shear forces are 

visualized and discussed. 

In order to assess the ultimate load carrying capacity of regular or “square” masonry arches, it 

is common practice to apply the load at either quarter, third or mid-span. An investigation has 

been carried out, using the commercial software LimitState:RING, to identify the critical 

loading position where the load carrying capacity of the arch is minimum. A regular, semi-

circular arch (rise to span 1:2) was analysed having joints in the radial direction. The arch had 
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a width equal to 3.00 m and a span equal to 5.64 m. The thickness of the arch varied from 

0.120R to 0.250R. The joint friction angle was equal to 40° in all cases.  

Figure 20 shows the effect of the position of the application of the external load on the load 

carrying capacity of arches having different barrel thickness. When the thickness of the barrel 

is close to the critical thickness (i.e. 0.12R), the critical position of the live load is at the mid-

span. Increasing the barrel thickness, the critical position for live load gets shifted towards the 

support, to one-third span, while the dependence of the critical load magnitude on its position 

becomes more expressed. Similar results were also obtained using discrete element based 

numerical software. 

 

Figure 20 – Collapse load against the load position in an arch with varying amount of barrel 

thicknesses (0.250R to 0.120R) as obtained from LimitState:RING 3. 

For arches having a thickness greater than 0.3431R and when the load is applied at crown  

(x/s = 0.50), the collapse load of the arch tends to infinity; assuming that the material is of 

infinite stiffness and strength. When the load acts along the axis of symmetry, it can always be 

balanced by the reactions and the contact forces acting in the interior of the contacts, 

independently of the actual magnitude of the load. When the thickness (t) is greater than 

0.3431R, two straight thrust lines can always be drawn from the two supports in such a way 

that they are fully contained in the arch. Indeed, as checked with discrete element software and 

also with LimitState:RING software, such an arch had an infinite load bearing capacity. 

However, the assumption that the elements had infinite stiffness and strength was of course 

unrealistic. 
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The critical position of the live load for skew masonry arches has been investigated with the 

help of the discrete element software. The geometrical parameters of the analysed arches are 

shown in Table 2, respectively. Skew arches were constructed as per the three construction 

methods (false skew arch, helicoidal method, logarithmic method). The angle of skew and the 

L/W ratio of the voussoirs varied as shown in Table 3. As mentioned in Section 2.3.1, it was 

not possible to use exactly the same voussoir L/W ratios for the three different types of 

construction of skew arches. Although most of the arches were constructed with voussoirs 

having L/W ratio equal to 3, in a few cases smaller values had to be applied, remembering that 

shorter elements reduce the collapse load of the arch, as highlighted in Section 2.3.1. 

Table 3 - L/W ratio of voussoirs for the different construction methods of skew arches  

 False skew arch Helicoidal method Logarithmic method 

Ω  15° 30° 45° 15° 30° 45° 15° 30° 45° 

L/W 3:1 3:1 3:1 2.5:1 2:1 3:1 3.1:1 2.9:1 2.4:1 

Figure 21a-b shows the collapse load of skew arches with thickness equal to 0.120R and 

0.200R, respectively. All arches had the same contact friction angle and equal to 40°. Arches 

with angle of skew equal to 0° are “regular” or “square arches” and have been studied for 

comparison purposes. From Figure 21a, the critical position of live load is at the crown of the 

arch. This is because the critical barrel thickness of regular arches is very close to the critical 

barrel thickness of false skew arches and equal to 0.120R. For arches constructed using the 

helicoidal and logarithmic method of construction, a barrel thickness equal to 0.120R is far 

above the critical barrel thickness of an equivalent in shape regular arch (ref. to Section 2.2). 

Also, as the angle of skew increases, the critical position of the live load is moving away from 

the mid-span to the abutments of the arch. In addition, the trend of the curves in Figure 21a is 

similar to the one in Figure 21b. From Figure 21b, the critical location of the external applied 

load is around 0.35 – 0.40 times the span of the arch, moving towards the middle span for 

arches having higher angles of skew. 

Moreover, from Figure 21a-b, the ultimate load of skew arches constructed using the false skew 

method is shown to be almost equal to the collapse load of the regular arches. The collapse 

load of masonry skew arches constructed using the helicoidal or logarithmic method is higher 

than the collapse load of the regular arches, for any position of the load along the arch, and for 

both barrel thicknesses investigated. 
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Taking into account the 5-6% or 12% decrease of the collapse load due to the smaller applied 

L/W ratio of the voussoirs, Figure 21a-b shows that the application of helicoidal versus the 

logarithmic method of construction does not considerably increase or decrease the collapse 

load. Also, from Figure 21a-b, the critical load position is independent of the angle of skew; 

i.e. the slight differences are due to difference in geometry of the arch. 

    

(a)       (b) 

Figure 21 – Collapse load of skew arches with varying angle of skew (15°, 30°, 45°) and 

constructed using the: false skew; helicoidal; logarithmic method. Barrel thickness equal to 

(a) 0.120R; (b) 0.200R 

Figure 22a-b show in detail the influence of frictional angle on the collapse load of different in 

construction 45 degrees skew masonry arches having barrel thickness equal to 0.120R and 

0.200R accordingly. From Figure 22a-b, it can be observed that for false skew arches there are 

two distinct phases of behaviour. In the first phase, the collapse load is linearly increasing with 

the contact friction angle up to a certain point. After that, the collapse load is constant and thus 

independent of the contact frictional resistance. The difference in behaviour is attributed to the 

different failure mechanisms developed in each phase. In the first phase, a combination of shear 

sliding and four hinge mechanism develops while in the second phase, a pure four-hinge 

mechanism was formed.  

Also from Figure 22a-b, the behaviour of masonry skew arches constructed using the helicoidal 

and logarithmic method is very similar. The masonry skew arches constructed using the 

helicoidal and logarithmic method also show two different phases of behaviour. In the first 

phase, the collapse load of the arch significantly increases with the contact frictional resistance 

(or friction angle) indicating a sliding-hinging failure mechanism. However, at higher frictional 
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resistance, the slope of the curve in the second phase is lower than the one in the first phase. 

Section 2.3.3 will show that in the case of larger frictional resistance the failure occurs again 

according to the four-hinge mechanism, but sliding is necessary to allow the hinges to rotate. 

In case of 0.120R this domain starts at 30° to 32°, while in case of 0.200R at 38° to 40°. So the 

main difference between false skew arch and the logarithmic and helicoidal methods is that 

during failure the structures utilize the frictional resistance in the course of hinge row 

development, while in the case of false skew arch the neighbouring elements only rotate on 

each other. 

From Figure 22a-b, it is evident that the false skew arch can only reach the collapse load of a 

regular arch if there is enough frictional resistance between the blocks of the arch. For angle of 

skew (Ω) equal to 45°, the necessary friction to avoid sliding phenomenon is 36°. The minimum 

necessary frictional angle which can equilibrate the self-weight of the structure in case of 

masonry skew arches constructed using the helicoidal and logarithmic method is always higher 

compared to a regular arch, but it is always smaller compared to the false skew method with 

the same angle of skew. 

For arches having barrel thickness (t) equal to 0.200R, the slope of the primary linearly 

increasing part is the same as the slope of the regular arch, which means that this part does not 

depend on the angle of skew. 

In the realistic range of internal friction (30° - 40°) the structures with the smaller barrel 

thickness show a significant surplus of the collapse load (+200%) compared to the regular arch, 

while the surplus in case of the thicker barrel is only +60%. However, if the friction between 

the blocks in the arch is lower (e.g. 30°, which is perhaps not quite realistic), then the advanced 

construction methods (helicoidal, logarithmic) show lower collapse load (-30%) than that of 

the regular arch. 
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(a)       (b) 

Figure 22 - Influence of frictional angle on the collapse load: (a) 0.200R; (b) 0.120R  

(x/s=0.35, b=5.00m, Ω=45°) 

Figure 23 summarises the computational results of different in construction 45 degrees skew 

masonry arches and having barrel thickness equal to 0.200R. The ultimate load (measured on 

the vertical axis) was plotted against the position of the load and against the contact friction 

angle (shown on the two horizontal axes). The different colours of 3D plots of surfaces 

represent different in construction method masonry skew arches. For each construction method, 

eighty-four computational simulations were carried out (i.e. every surface is spanned along 84 

points). From Figure 23, the following conclusions can be made:  

• When the contact friction angle ranges from 20 to 40 degrees, the ultimate load is in direct 

ratio with the friction angle. This indicates that frictional sliding takes place during failure.  

• When the friction angle ranges from 40-50 degrees, the ultimate load of regular and false 

skew arches are independent of the frictional resistance. This indicates that the failure 

mechanism developed is due to hinge development. However, for arches constructed using 

the helicoidal and logarithmic method, the ultimate load is influenced by the contact 

friction but to a much smaller rate; which demonstrates combination of frictional sliding 

and hinge development for the formation of the failure mode. 

Section 2.3.3 below will reveal the failure modes for different in construction method skew 

arches. The failure mode significantly influences the load carrying capacity of skew arches and 

this is captured in Figure 23. 
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Figure 23 - Influence of frictional angle on the ultimate load (b=5.0 m, t=0.20R), Ω=45° 

2.3.3 Failure modes and contact shear stresses explained 

To investigate the failure mechanism of masonry skew arches having different methods of 

construction, a series of three dimensional models have been constructed. Figure 24a-b shows 

the failure mode of a false skew arch having thickness equal to 0.200R and friction angle equal 

to 40 degrees. From Figure 24a, the failure mode of a false skew arch shows a classic four 

hinge type failure mechanism when the external applied load acts eccentrically to the arch. 

However, when the external load acts in the mid-span, a five hinge failure mechanism is 

observed (Figure 24b). On the other hand, there may be the case that failure can occur due to 

pure shear sliding e.g. for a 45 degrees skew masonry arch constructed using the false skew 

method having low joint frictional resistance equal or less than 30° (Figure 24c).  

  
(a)    (b)     (c) 

Figure 24 - Failure mechanisms of a false skew arch ( 0.200 ,   = 40°t R ϕ= ): (a) load applied 

at quarter-span; and (b) load applied in the mid-span; (c) friction angle decreased to 28° 

Figure 25 compares the failure modes of masonry skew arches constructed using different 

methods of construction. Figure 25a shows the failure mechanism of a false skew arch. From 

Figure 25, hinges developed parallel to the abutments. This was facilitated by the location of 

the external applied load, the effect of the stiff abutments and the positioning of the coursing 
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joints. Similar findings were observed by Abdunur [42]. For skew arches constructed using the 

helicoidal and logarithmic method of construction, hinges developed in a zig-zag pattern and 

the interface between the blocks at the hinge location does not only open, as in the case of the 

false skew arch, but also slide upon each other (Figure 25b-c). This additional resistance, 

caused by the frictional sliding between the adjacent blocks, contributes to the overall 

resistance and load carrying capacity of the arch. Therefore, skew arches constructed using the 

helicoidal and logarithmic method of construction can carry higher load when compared to 

skew arches constructed using the false skew method.  

  

(a)     (b)     (c) 

Figure 25 - Failure mechanism for masonry skew arches constructed by the three different 

methods of construction: (a) false skew; (b) helicoidal; and (c) logarithmic 

An investigation has been undertaken to assess the influence of the size of voussoir on the 

failure mechanism of skew arches. In the case of a false skew arch, a complete different failure 

mechanism was observed for voussoirs having low L/W ratios of voussoirs, e.g. L/W<1.25. For 

arches constructed using short voussoirs (e.g. L/W equal to 1.0), the face of the skew arch 

detaches from the internal part of the arch (Figure 26). 

 

Figure 26 - Failure mode of false skew arch with L/W = 1.0. 

Figure 27 shows the ratio of shear and normal stress for 45° skew arches (t=0.200R) constructed 

using the three different construction methods. A full width line load was applied at x/s equal 

to 0.35 of the arch. Deep blue colour denotes areas where the shear stress is zero. Orange and 

red colours denote areas where the shear stresses are relatively high compared to the normal 
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stresses. The maximum value of the shear versus normal stress ratio cannot be higher than 

~0.84, which value corresponds to 40° frictional angle.  

Also the first row in Figure 27 shows the ratio of contact shear to normal stress developed in 

arches due to the their self-weight only (e.g. no live load applied). Under self-weight, in the 

logarithmic arches the contact forces are mainly perpendicular to the corresponding contact 

surfaces. However, in the false skew arch at the haunches there are many contacts which are 

on the verge of sliding. As the live load increases (second row in Figure 27), for all the three 

constructions the shear stresses start to increase particularly in the vicinity of the location of 

the developing hinges, and stress concentrations also arise at the abutments. At around 240 kN 

the false skew arch reaches its ultimate load. The arches constructed according to the advance 

methods can bear further load increments. 

From Figure 27, due to the orientation of the contact surfaces, masonry skew arches constructed 

using the logarithmic method are least endangered for contact sliding while arches constructed 

using the false skew method are most exposed to sliding failures when the frictional resistance 

is low. Also, arches constructed using the helicoidal and logarithmic method, hinging failure 

occurs in such a way that frictional sliding is mobilized on the contact surfaces at the hinges; 

this explains the dependence of their ultimate load on the frictional resistance.  



Figure 27 - Distribution of the ratio of contact shear stress versus normal stress, during the loading procedure until failure
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2.4 Summary 

This chapter presented 3D numerical models based on the discrete element method able to 

analyse the mechanical behaviour of skew masonry arches made with different methods of 

construction. Based on engineering books and journals from the middle of 19th century, 

stereotomy of skew arches were analysed and mathematical formulations were reviewed to 

create the 3D geometry “brick-by-brick” of this structural form. 

The problem of computing the minimum barrel thickness of semi-circular skewed masonry 

arches when subjected to their self-weight was investigated. Initially, the model was verified 

against results obtained from rectangular masonry arches. A sensitivity study was carried out 

to investigate the minimal barrel thickness with respect to the: a) angle of skew; b) construction 

method; c) size of masonry units; and d) frictional resistance between masonry units.  

The influence of three different construction method (false skew, the helicoidal, and the 

logarithmic method) on the load carrying capacity of single span, semi-circular skew masonry 

arches was investigated as well. The arches were loaded with a line load placed parallel to the 

abutments. It was found that the critical location of the externally applied load in a masonry 

skew arch is independent of the angle of skew and the method of construction. The ultimate 

load of skew arches constructed using the false skew method is always less than or equal to the 

ultimate load of the regular arch having the same thickness and span. In most cases, the ultimate 

load of masonry skew arches constructed using the helicoidal or logarithmic method is higher 

than the ultimate load of regular arches having the same thickness and span. Failure 

mechanisms were identified and categorized. 

It is worth to mention, that the assumption of rigid elements prevented the blocks against 

breaking. During previous experimental tests [25, 30, 42] there were no sign of compressive 

failure. Modelling of bridges with larger span might need more realistic assumptions regarding 

the behaviour of voussoirs.  

In the future, additional three dimensional computational models can be developed which can 

be supported with full scale experimental tests to investigate the influence of rise to span ratio, 

significance of the flexible abutments and the soil and parapet effect on the load carrying 

capacity of skew masonry arch bridges.  
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CHAPTER 3  

BACKFILL - ARCH BARREL INTERACTION 

 

* 

Past research demonstrated that load carrying capacity of a masonry arch bridge may often be 

a function of the soil response. Over the last thirty years, a significant amount of experimental 

work has been done in order to understand the effect of backfill into the serviceability and 

ultimate load of masonry arch bridges. In a series of tests to destruction, Davey [43] found that 

soil-structure interaction increased the capacity of a masonry arch bridge and therefore such 

effects should not be ignored when evaluating the strength of a masonry arch bridge. Later, 

experimental testing with a view to understand the soil-structure interaction have been carried 

out by Harvey et al. [44] and Melbourne et al. [45]. In Harvey’s tests, soil pressures were 

relatively low which - according to [27] - might be due to the interaction of the retaining walls 

built close behind the springing. In contrary, experimental tests carried out by Melbourne and 

Walker [46] observed relatively high soil pressure, although pressure distribution was not 

recorded during testing. Moreover, with a view to investigate the distribution of the external 

load applied on an arch bridge, Fairfield [47] carried out several tests on semi-circular and 

segmental model arches with voussoirs made of timber. The backfill was uniformly graded dry 

sand and restrained by two glass walls. From the results analysis, it was found that the collapse 

load increases with increased fill depth. In addition, with the use of photography and a video 

 
* Possum Kingdom masonry arch bridge, Graford, Texas, USA,  
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camera, they were able to investigate the mobilisation of active and passive earth pressures in 

the backfill with the application of the external load. With the aim to investigate stabilizing 

forces and pressure distribution between the backfill and arch ring in an arch bridge, Harvey et 

al. [48] carried out a series of small-scale tests on model arches. It was found that a large 

proportion of the stabilising forces required by the arch were provided by the spandrel walls, 

rather than soil-structure interaction. Moreover, Hughes [49] constructed 1:6 scale models of a 

prototype masonry arch bridge containing backfill and carried out a series of centrifuge tests on 

it. The effects of changing the brick, mortar and fill properties were investigated. It was found 

that reducing brick and mortar strength produced a reduction in the failure load while changing 

the fill type also has a significant effect. Similar observation about the effect of the backfill into 

the load carrying capacity of a masonry arch bridge have also been observed by Gilbert et al. 

[50]. By testing a series of small-scale arch bridges with different fill materials, it was found 

that the load carrying capacity of masonry arch bridges with limestone as backfill is double 

when compared to the one with clay as backfill material. On the other hand, a significant amount 

of experimental tests have been carried out on full-scale masonry arch bridges. For example, 

Melbourne et al. [51] carried out a full-scale model test on a 6 m span multi-ring brickwork 

arch bridge in the TRRL Laboratory to identify the effect of the spandrel walls and the backfill 

material. From the outcome of the tests, they found that failure was due to a four-hinge 

mechanism accompanied with ring separation. Also, it was observed that the backfill provided 

a significant lateral restraint to the deformation of the arch ring.  

Today, the numerical techniques used for the assessment of masonry arch bridges can be 

grouped into three main types: (i) mathematical programming techniques based on limit 

analysis [52-56], (ii) finite element methods [57, 58], and (iii) discrete element methods. The 

advantage of mathematical programming is the quick computational time to construct the model 

and obtain the results. However, a limitation of the approach is that the backfill is replaced with 

external loads on the extrados of the barrel, while the passive earth pressure is considered with 

non-linear bars. 

From the above, the presence of backfill has a significant influence on the behaviour of a 

masonry arch bridge. In a numerical model, the backfill should be simulated such that: i) 

disperses the concentrated loads applied on the surface of the bridge; ii) adds dead load to the 

rings and thus keeps the voussoirs in compression; and iii) provides passive earth resistance i.e. 

restrains sway of the barrel arch by generating passive resistance pressure and prevents 

destabilising effects of the bridge due to variable live loads [52]. However, the quantification 
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of the passive soil pressure is not a straightforward task. The classical approaches adopted for 

estimating passive soil pressure in soils cannot be directly used for the analysis of masonry arch 

bridges. This is because full passive pressures are not usually mobilised in the backfill, when 

external load is applied in the masonry arch bridge. According to Fang et al. [59], the 

mobilization level will depend on the amount of movement of the barrel and the soil type. 

Therefore, accurate numerical models need to be developed to be able to model frictional 

backfill material directly, which will allow one to study the overall behaviour of the system. 

This chapter is divided into two parts: Section 3.1 demonstrates the effect of backfill on collapse 

load of skew arch bridges. Section 3.2 introduces a novel, discrete modelling strategy for 

backfill material. 

3.1 Continuum based elasto-plastic backfill model 

So far, numerical investigations on the mechanical behaviour of skew masonry arch bridges 

was limited and mainly focused on the mechanical behaviour of the arch ring rather than the 

arch ring to backfill interaction [7]. In Chapter 2, discrete element based numerical models were 

developed to represent skew arches built with different methods of construction. To assess the 

mechanical behaviour of a skew arch bridge, it is essential to consider the presence of the 

backfill material as well. Here, a continuum based, elasto-plastic model was used to represent 

the backfill material. For each masonry skew arch bridge, a full width vertical line load was 

applied incrementally until collapse. Failure modes and the ultimate load carrying capacity were 

obtained. The variables investigated were the construction method, the angle of skew and the 

critical location of the live load along the span of the arch.  

In Chapter 2, it can be seen that the behaviour of arches constructed according to the helicoidal 

and the logarithmic method is similar to each other. Therefore, only masonry arch bridges with 

false skew and helicoidal arch barrel will be investigated. The geometrical characteristics of a 

skew arch are shown in Figure 28. The arch barrel consists of a single layer of 220 mm thick 

voussoirs. The arch ring is composed of 40 courses of masonry units. Masonry units were 

approximately 60 cm in length (in y-direction, Figure 28). So, the ratio between the element 

length (L), width (W) and thickness (t) is approximately 5:2:3. Based on Chapter 2, the shape 

of the voussoirs affects the mechanical behaviour of skew arches. For skew arches constructed 

according to the false skew method, low L/W ratios - especially if ( )/ tanL W < Ω  - can 

significantly decrease the collapse load of the arch barrel; where Ω is the angle of skew. Backfill 

was modelled as a single concave discrete element block jointed with convex block elements.  
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Figure 28 - Geometrical parameters of the false skew arch bridge (skewness: 30°) 

A parametric study was undertaken and four different in skew angle masonry arch bridges were 

considered. The angle of skew (Ω) was taken as 0°, 15°, 30°, 45°; where “0° skew arch” refers 

to a regular or rectangular masonry arch. The width of the arch (b) was kept constant, 

independently from the angle of skew. Hence, the size of the arch in the longitudinal or y-

direction depends on the angle of skew and is equal to b/cos(Ω). The spandrel walls were not 

taken into consideration in this study. This was to replicate the situation observed in the 

experiment of the Prestwood bridge. The investigated geometrical parameters are summarized 

in Table 4. 

Table 4 - Geometrical characteristics of the analysed bridges 

s r b t Ω backfillh  

6.550 m 1.428 m 3.000 m 0.220 m [0°,15°,30°,45°] 0.165 m 

Masonry units (i.e. voussoirs) were modelled as deformable blocks able to behave in a linear 

elastic manner. Backfill was modelled as an isotropic, linear elastic block element behaving 

according to Mohr-Coulomb failure criterion with tension cut-off. The material properties of 

the voussoirs and the backfill used in the numerical simulations are shown in Table 5. 
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Table 5 - Material properties of the voussoirs and the backfill 

 ρ  [kg/m3] E  [GPa] ν  [-] ϕ  [°] c [kPa] tf  [kPa] 

Voussoirs 2000 15.0 0.30 - - - 
Backfill 2000  0.30 0.30 37° 10.0 10.0 

The stiffness of the contacts was taken from the experimental data of Jiang and Osaki [39]. 

Cohesive and tensile strength of the mortar was neglected. At the extrados, a brick-to-soil 

interface was assigned. According to Jensen [3], a reduced friction should be considered along 

the zero thickness interface. In the proposed numerical model, the friction angle was taken as 

2/3 of the backfill’s internal friction. 

The voussoirs were modelled as deformable blocks subdivided into tetrahedral finite elements. 

The applied tetrahedral finite elements have constant strain field. These elements might not be 

accurate enough when plastic strains arise; therefore, the backfill was discretised with the help 

of nodal mixed discretization technique [60]. This method uses tetrahedral elements to avoid 

volumetric locking during the simulation, but the discretization for the isotropic and deviatoric 

parts of the strain and stress tensors are different. The deviatoric behaviour was defined on the 

tetrahedral element basis, while the volumetric behaviour was averaged over an assembly of 

elements (referred to as zones in the DEM software) [61]. A convergence study was carried out 

to identify the size of the finite element mesh for the backfill. 

In the simulations, mass scaling was applied, to increase the allowable length of the timestep. 

To absorb the energy arising from the oscillations of the elastic material the so-called combined 

damping was used, which is a viscous damping, able to damp the oscillations of the system 

when significant uniform motion occurs during the numerical experiment. 

Two types of loads act on the structure: a) dead loads, arising from the structural self-weight, 

and b) live loading. The live load was represented on the top of the backfill with the help of a 

full width loading element. The 600 mm wide loading element was positioned perpendicular to 

the face of the arch (Figure 28). 

The base of the masonry arch was fixed in all directions. Spandrel walls were not modelled in 

this study. The mechanical role of these walls is to support the backfill in lateral direction. To 

model the supporting effect of spandrel walls, one could use boundary condition that does not 

allow the lateral movement of the soil perpendicular to the face of the arch. Unfortunately, this 

type of support forces the structure to displace parallel to the mid-plane of the bridge, which 

causes an over-constrained model and overpredict the collapse load. Therefore, no any support 
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was applied to the faces of the arch. It should be noted that the cohesion of the backfill was 

sufficiently high to avoid the plastic lateral flow of the backfill. 

In the first loading step, the model was brought into equilibrium under its self-weight. Then, a 

displacement controlled live load was applied at the centre of the loading element by assigning 

a downwards velocity. In this way, the slight rotation of the loading element is not restricted. 

The magnitude of the applied live load was calculated by summing the normal stresses on the 

touching contact surfaces between the loading element and the top of the backfill. During 

loading, the vertical displacement of the loading element was determined. 

The velocity of the loading element was chosen to 0.01 m/s for the quasi-static analysis. When 

higher velocity applied to the loading element, the structure behaves stiffer and the ultimate 

load seems to be higher due to the artificial damping forces. Also, a higher loading velocity 

could result in a dynamic response of the structure.  

Results and discussion 

The ultimate load of four different in skew angle masonry arch bridges was investigated. Nine 

different loading positions were examined ranged from the abutment (x/s=0/16) to the midspan, 

(x/s=8/16) of the bridge. Results are shown in Figure 29. 

  

 (a) (b) 

Figure 29 – Ultimate load at different loading positions – (a) false skew method; (b) 

helicoidal method 

For a regular arch, the load position at which the arch bridge can carry the lowest load was 

found to be around 2/16-3/16 of the span; which is in agreement to the findings of Tóth et al. 

[20]. Moreover, the critical load position (at which the collapse load of the bridge is the lowest) 

did not depend on the angle of skew of the arch bridge. Similar observation was made during 

the investigation of the skew arch barrel without backfill layers in Section 2.3. The load-
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displacements curves for masonry arch bridges constructed using the false skew arch and the 

helicoidal method when load applied at x/s=3/16 are presented in Figure 30a-b. 

  

 (a) (b) 

Figure 30 - Load-displacement curves for skew arch barrel – load position: x/s=3/16:  

(a) false skew method; (b) helicoidal method 

In contrary, medium in skew (15°, 30°) masonry arch bridges constructed using the false skew 

method can carry higher load compared to regular masonry arch bridges i.e. bridges with zero 

skew angle. The increase is proportional to 1/cos(Ω). This phenomenon was observed only at 

moderate skew angles, and can be explained with the longer y-directional length of the skew 

arches. The false skew arch with 45° angle of skew showed significant weaknesses with respect 

to lower load bearing capacity (Figure 29a) and smaller structural stiffness (Figure 30a). The 

stress trajectories of the voussoirs for a 45° skew arch can assist in understanding the behaviour 

of these structures. While the stresses of a regular arch are distributed uniformly on the full 

length in y-direction, the stresses of a skew arch are concentrated to the obtuse angles of the 

arch barrel (Figure 31). 

It is evident, that the load path within the arch spans on the two obtuse corners. The distribution 

of the stresses is more uniform in the case of the bridges constructed using a helicoidal arch, 

which results that the magnitude of the principal stresses are lower compared to bridges 

constructed with a false skew arch. Also, from the analysis it was evident that the degree of 

damage in false skew arches is significantly influenced by the angle of skew as well as by the 

ratio of the width to span (b/s) of the arch.  
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 (a) (b) 

Figure 31 - Principal stress trajectories for the 45° skew arch barrels at 140 kN (failure load 

of the 45° false skew arch), units: N/m2 , x/s=3/16 – (a) false skew arch, (b) helicoidal arch 

The helicoidal skew arches did not show weaker behaviour even in the case of higher skewness; 

the collapse load of the structures was always above of the regular arch. The initial stiffness of 

helicoidal arch was identical to the regular arch, but the ultimate load was reached at higher 

displacements compared to the equivalent regular arch. In addition, the plastic part of the 

structural behaviour was wider compared to the regular arch, where the curve of the ultimate 

load was followed by a softening behaviour. 

The failure mode of the extremely skew (45°) arch bridges can be seen in Figure 32. According 

to previous full-scale tests [30, 42] and numerical simulations [12], the failure mode of skew 

arches depends on the arrangement of external loads as well: if the loading element was placed 

parallel to the abutments, the hinge-rows developed parallel to the abutments as well. On the 

other hand, loading element placed perpendicularly to the face of the skew arch involves more 

complex failure mechanisms containing not parallel hinge rows. 
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(a)  (b)    (c)  (d) 

Figure 32 - Failure mode of false skew (a-b) and helicoidal (c-d) arch barrel – 45Ω = ° , load 

at x/s=3/16: (a)-(c) top view; (b)-(d) bottom view 

Figure 32a-b shows the failure mechanism in a 45 degrees false skew masonry arches as 

obtained from the numerical model. From Figure 32a-b, the failure is governed by a four-hinge 

mechanism in which 3 hinge rows developed parallel to the loading element, while the fourth 

was parallel to the abutment. The skewed part of the arch barrel was severely loosened (this 

part of the structure was almost unloaded (see Figure 31a), while voussoirs started to slide 

inwards. This agrees with the observations of engineers, who reported blocks falling out at the 

acute angle of these structures. 

The weakness of the 45° false skew arch is caused by the geometric arrangement (b/s, Ω) which 

forced the line of thrust in skew direction. Therefore, the bedding planes of the voussoirs cannot 

transmit the shear forces arising from the skew line of thrust, the masonry elements start to slide 

on each other. In the case of the helicoidal method, the bedding planes rotate in such a way that 

the line of thrust is nearly perpendicular to the bedding planes, decreasing the possibility of 

shear failure. The failure mechanism of a 45° helicoidal skew arch is presented in Figure 32c-

d. During failure, 3 hinge rows were developed, finally the right abutment started to slide, which 

turned the structure into a mechanism. Similar failure mechanism was observed by Wang [30], 

who experimentally investigated the failure mode of a narrow arch barrel.  
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3.2 Discrete numerical model for backfill 

Today, the approaches used for the simulation of soil in masonry arch bridges is over-simplistic. 

This section presents a novel modelling approach based on the discrete element method for the 

simulation of backfill material in masonry arch bridges. According to the method, backfill is 

represented as an assemblage of densely packed discrete irregular deformable particles. In this 

way, the discrete nature of backfill can be represented. A series of computational models were 

developed and their results are compared against full scale experimental test results. A good 

agreement between the experimental and the numerical results was obtained which 

demonstrates the huge potential of this novel modelling approach proposed. One of the major 

advantages of the proposed approach is its ability to simulate the initiation and propagation of 

cracking in the backfill and arch ring with the application of the external load. It is envisaged 

that the current modelling approach can be used by bridge assessment engineers for 

understanding soil pressures and load distribution on the backfill and arch ring and thus develop 

serviceability criteria for masonry arch bridges of their care. 

Since backfill is represented by irregular in shape particles, the mechanical behaviour of the 

backfill is influenced by the size and properties of the irregular soil particles and their contact 

properties. A series of computational models were developed and their results are compared 

against full-scale experimental results.  

The proposed model is based on a phenomenological approach which aims to simulate both the 

backfill material and soil-structure interaction phenomenon in masonry arch bridges when 

subjected to external load. The proposed model was developed in a discrete element framework, 

using the two-dimensional code UDEC [62].  

The discontinuous nature of soil was considered by representing it by a series of irregular in 

shape particles generated according to Voronoi-tessellation (Mayya and Rajam [63]). Voronoi 

elements can be subdivided into simple triangular finite elements, which give a detailed 

approximation of the strain field, rather than an assumption of a uniform strain in the inner-

backfill particle. The distinct deformable inner-backfill particles containing internal meshing 

can be either assumed to behave in an elastic or in an elasto-plastic manner. The appropriateness 

of each of these two assumptions to model inner-backfill particles will be examined below. 

Also, the size and shape of the irregular inner-backfill particles will also affect the mechanical 

behaviour of the backfill and this aspect will be investigated below.  
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Development of the computational model to simulate the soil-structure interaction in 

masonry arch bridges 

Geometric models to represent the geometry of the Prestwood Bridge were created in the 

computational model. The geometrical characteristics of Prestwood Bridge were taken from 

[64] and can be seen in Figure 33. The numerical model contains 40 courses of voussoirs, which 

might be less compared to the real geometry, but it seems enough to determine the failure 

mechanism correctly. All of the discrete elements in the model were made from deformable 

elements.  

 

Figure 33 - Typical geometry developed using the DEM model, where backfill is represented 

as: a.) a single discrete element, b.) collection of Voronoi cells 

The material properties of the structural elements of Prestwood bridge were obtained from the 

original experimental test report [64] (see Appendix C). The Young’s modulus of the discrete 

elements representing the voussoirs is set equal to elastic modulus of brickwork (brick + 

mortar). In this way, the mechanical role of the normal stiffness of the brick-brick interface 

element is only to avoid the interpenetration between the discrete elements; therefore, the 

normal stiffness of these interfaces is set to a sufficiently high value (see Table 6). The shear 

stiffness of brick-brick interface should represent the mortar behaviour described in [65]. 

Unfortunately, some properties of the brickwork were not measured during the experiment. 

These values were obtained from literature. In this instance, the internal friction between the 

bricks was set to 30°, while the cohesion and the tensile strength of the mortar was set to a low 

value, which can represent the behaviour of a 1:2:9 mortar. The mortar properties used for the 

development of the computational model are shown in Table 6.  
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On the extrados of the arch, a brick-to-soil interface was assigned in the numerical model. 

According to [3], the friction angle of the brick to soil interface depends on the roughness of 

the surface of the masonry units and the type of the backfill material. In the current study, the 

friction angle of the brick to soil interface was assumed to be equal to 2/3 of the internal friction 

of the backfill. 

Table 6 - Material properties of the interfaces 

 
nk  

[GPa/m] 

sk   

[GPa/m] 

ϕ  

[°] 

c  

[MPa] 

tf  

[MPa] 

Ψ  

[°] 

Mortar joint interface 35.0 7.0 30.0 0.05 0.05 0.0 

Arch ring-backfill interface  35.0 7.0 25.0 0.00 0.00 0.0 

The developed 2D numerical model simulates plain strain conditions. Similar to the numerical 

model developed by Cavicchi and Gambarotta [56], the base of the masonry arch bridge, as 

well as the left and right hand sides of the backfill was fixed in all directions. In addition, self-

weight effects were assigned as gravitational load. Gravitational forces give rise to compressive 

forces within the voussoirs of the arch and results in its stabilisation.  

Initially, the model was brought into equilibrium under its own self-weight by ensuring that the 

maximum out-of-balance force was less than 0.001% of the total weight of the structure. Then 

a constant vertical velocity equal to 0.001 m/s was applied to the load spreader plate which was 

located on the top of the bridge at quarter span of the arch. The velocity applied to the loading 

element had to be closely examined and selected in order to maintain the analysis in a static 

manner and avoid the structure to have a dynamic response.  

Numerical modelling of backfill material 

To model the behaviour of the backfill material, three main types of numerical models were 

developed and their suitability to represent the mechanical behaviour of real masonry arch 

bridges investigated. In particular, the backfill of the masonry arch bridge represented as: 

(i) a single continuum based element, behaving in an elasto-plastic manner;  

(ii) a series of Voronoi cells behaving in an elasto-plastic manner.  

(iii) a series of Voronoi cells behaving in an elastic manner; 

In case of (i), the backfill was represented as a single discrete block, discretized into triangular 

finite element mesh. The constitutive law allowed to represent the mechanical behaviour of the 

masonry was the one behaving according to the Mohr-Coulomb failure criteria. This approach 
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is almost identical when FEM is used to model backfill. The material properties of the backfill 

are summarized in Table 7. 

Table 7 - Material properties of the backfill 

ρ  [kg/m3] E  [GPa] ν  [-] ϕ  [°] c  [kPa] 
tf  [kPa] 

2000 0.3 0.3 37° 7 7 

An alternative approach to model the backfill of the masonry arch bridge was proposed in cases 

(ii)-(iii) in which the backfill material was represented as an assemblage of Voronoi cells. To 

create these cells, “seeds” were generated randomly within the boundary of the backfill domain, 

and for each seed a corresponding region consisting of all points closer to that seed than to any 

other was determined. In this way, convex elements were created. Inner-backfill particles can 

behave either in linear elasto-plastic (ii) or elastic (iii) manner. One of the major advantages of 

this approach is the potential to predict cracking in the backfill as a result of the application of 

the external load. Further details about the development of the novel approach are presented 

below. The numerical model which contains inner-backfill particles is shown in Figure 34.  

 

Figure 34 – Numerical model with Voronoi based backfill (average edge length: 10 cm) 

To represent the discrete nature of the backfill, a series of irregular in shape Voronoi elements 

(inner-backfill particles) were introduced. These inner-backfill particles are densely packed, 

there is no any gap between them. These particles were modelled as deformable blocks and 

subdivided into triangular finite element zones. The average edge length of the finite element 

mesh assigned in each inner-soil element was 10 cm (independently from the size of the 

Voronoi cells). Voronoi cells are separated by a zero-thickness interface. This interface 

possesses finite stiffness, which means, if the number of Voronoi cells is increasing (i.e. the 

size of the Voronoi cells is decreasing) the structural behaviour will be softer. To avoid this 

effect, the stiffness of these interfaces was chosen inversely proportional to the average size of 

the Voronoi cells ( lv ). In case of the elasto-plastic Voronoi elements, the elastic properties of 
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the backfill was incorporated into the elastic material properties, hence the role of the interface’s 

normal stiffness is to avoid the interpenetration of the elements. In case of (iii), the inner-

backfill particles were simulated as linear elastic, isotropic material while their interaction with 

each other controlled by Coulomb friction law. In this situation, the plastic behaviour of the 

backfill is incorporated into the interface elements between the inner-backfill particles. The 

internal friction angle, the cohesion and tensile strength of these interfaces were chosen 

according to Table 4. In case of purely elastic inner backfill elements, the stiffness of interfaces 

has to be decreased to avoid interlocking of the densely packed Voronoi cells. A calibration 

procedure is presented below. The material properties for the interfaces of the inner-backfill 

particles are summarized in Table 8. In the model, the zoning properties, boundary conditions 

and loading conditions remained unchanged as to the one presented.  

Table 8 - Properties of interfaces between Voronoi cells 

 
nk  

[Pa/m] 

sk  

[Pa/m] 

 ϕ  

[°] 

 c  

[kPa] 

tf  

[kPa] 

Ψ  

[°] 

Interfaces between  

linear elastic Voronoi cells 

200MPa

lv
 

100MPa

lv
 37.0 7.0 7.0 0.0 

Interfaces between  

elasto-plastic Voronoi cells 

20MPa

lv
 10MPa

lv
 37.0 7.0 7.0 0.0 

Comparison of results and discussion 

In the following section, the results of the novel approach are presented. The effect of different 

Voronoi-sizes and interface stiffnesses on the mechanical behaviour is discussed. The 

forthcoming questions are addressed in this section: 

• How should the adequate average Voronoi cell size be chosen to ensure accurate estimation 

of the collapse load of the arch bridge? 

• What is the mechanical role of the inner backfill interfaces and how to choose their contact 

stiffnesses? 

To answer the first question, several Voronoi cell sizes were investigated. The size of the 

Voronoi cell sizes ranged from 0.05 m to 0.75 m (see Figure 35).  
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(a) 5 cm (b) 10 cm 

  
(b) 20 cm (d) 30 cm 

 
 (e) 50 cm (f) 75 cm 

Figure 35 – Numerical models with different Voronoi cell sizes 

In case of elasto-plastic inner-backfill particles, the ultimate load was not affected by the size 

of the Voronoi cells (Figure 36). Plastic deformations can occur within the Voronoi cells, so 

even in the case of larger Voronoi cells the collapse load does not vary. The stiffness of the 

models is lower compared to the single elasto-plastic element, because the Voronoi models 

contain additional interfaces between the inner-backfill particles, which possess finite stiffness. 

(Considering different Voronoi cell sizes, there is no difference between the stiffness either, 

because the applied inner-backfill interface stiffness is inversely proportional to the Voronoi 

size.) The collapse load of this model was ~10% lower compared to the experimental results, 

and ~7% lower compared to the single elasto-plastic model. The difference between the two 

numerical approach can be explained: in case of the single block model, after a finite element 

reaches the failure surface of the Mohr-Coulomb criteria, the cohesion and the tensile strength 

does not drop to zero. The residual value of these strength parameters is equal to the original 

value, while in case of Voronoi model, after an interface is slipped or cracked, the cohesion and 

the tensile strength of that surfaces is set to zero. 
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Figure 36 – Load-displacement curves for elasto-plastic and Voronoi models 

Regarding the failure mechanism (Figure 37), the masonry arch with elasto-plastic Voronoi 

backfill model failed by a four-hinge mechanism. The location of hinge positions matches 

exactly with the model which contains a single elasto-plastic block as backfill (see Appendix 

C). The biggest tensile crack developed almost vertically above the right abutment. Smaller 

tensile cracks appeared below the loading element, above the crown. There were some slipped 

Voronoi elements in the vicinity of the passive earth pressure. 

 

Figure 37 – Failure mechanism of elasto-plastic Voronoi model ( 10 cmlv = ) 

The following results are connected to the numerical models, which contain elastic Voronoi 

cells representing the inner backfill particles. Between these particles, plastic connections can 

be found. In these models, all of the plastic behaviour of the backfill is incorporated into the 

inter-backfill interfaces.  

Firstly, the stiffness of the inner backfill interfaces were calibrated. In Figure 38, load 

displacements curves of the numerical model with a fixed, 10 cm Voronoi cells are presented. 
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With the increasing contact stiffness, both of the stiffness and the collapse load of the structure 

is increasing. In case of lower stiffness, the interpenetration of the Voronoi cells is bigger, which 

enables the development of the failure mechanism. In case of high contact stiffnesses 

interlocking between the Voronoi cells occurs, which numerically increase the collapse load of 

the structure. The appropriate contact stiffness depends on the chosen tessellation, on the shape 

of the elements.  

  

Figure 38 – Load-displacement curves of elastic Voronoi model with different inner-backfill 

interface stiffness, nk  [N/m3] ( 10 cmlv = ) (vertical displacements of the arch barrel below the 

loading element (Point 2); the loading element (Point 5)  

The effect of element size was investigated in Figure 39a-b. From Figure 39a, as the average 

size of the Voronoi elements decreases the ultimate load of the structure converges. Also, the 

smaller the size of the Voronoi, the less stiff the masonry arch bridge is.  

     
(a)       (b) 

Figure 39 –(a) Load displacement curves of elastic Voronoi model, with different size of 

Voronoi elements; (b) Convergence of the ultimate load in case of different Voronoi cell size 
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According to Figure 39b, the difference between the collapse load of the 5 cm and 30 cm model 

was around 6%. Considering the average size of the numerical model (~8 m × 2 m), it is 

suggested that the applied Voronoi cell size should be less than the 3% of the greatest model 

dimension. 

Compared to the elasto-plastic Voronoi case, the size and the number of cracks was higher. 

During the loading procedure, to develop the failure mechanism within the backfill the densely 

packed Voronoi cells needed to separate or slide upon each other. It results that the deformation 

of the backfill appeared in the form of cracks, and sliding movements. In Figure 40, the crack 

propagation can be seen in case of 5 cm Voronoi cells. The biggest crack appeared above the 

right abutment, similarly to the elasto-plastic Voronoi cells (Figure 37).  

 

Figure 40 – Crack propagation within the soil – average Voronoi cell size: 5 cm 

3.3 Summary 

This chapter focused on the mechanical role and numerical modelling possibilities of backfill. 

Numerical investigations confirmed, that the interaction between arch barrel and backfill 

significantly increased the collapse load of the bridge: the weight of the backfill helps to keep 

the line of thrust within the arch barrel; while the passive earth pressures developed within the 

backfill can resist against sway movement of the bridge. Moreover, the backfill was able to 

disperse concentrated loads acting on the track.  

The developed numerical model was able to provide insight into the mechanical behaviour of 

skew masonry arch bridges taking into account arch-soil interaction. Previously there were no 
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available numerical model for skew arches, where the effects of different methods of 

construction and the presence of backfill can be taken into account. It was found, that the critical 

load position which results the smallest collapse load of the bridge does not depend on the angle 

of skew. In Chapter 2, similar behaviour was observed without taking into consideration the 

presence of backfill. In the case of the investigated shallow arch, this position was found to be 

between 2/16 and 3/16 of the arch span. The line of thrust within the skew arch barrel tries to 

span the shortest distance. As a result, the obtuse corners of the arch ring were overloaded, 

while the acute corners of the structure were almost unloaded. Hence, the weakness of a skew 

arch depends not only on the skew angle but also on the ratio of the width to span of the arch. 

For bridges with high angle of skew, the false skew arch showed significantly weaker 

mechanical behaviour in terms of collapse load and rigidity. With the same geometrical 

arrangement, the helicoidal arch was proved to be at least as strong as the equivalent regular 

arch. Similar conclusions were drawn in Chapter 2, where skew arch models without soil layers 

were investigated. The failure mechanism of the skew arches occurred in a three-dimensional 

manner. Within the arch ring, hinge rows are not parallel to each other, while the arch undergoes 

significant twisting and radial rotations.  

In Section 3.2, a novel modelling approach for the simulation of backfill in masonry arch 

bridges has been proposed. The backfill is represented as an assemblage of densely packed 

discrete irregular deformable particles. The mechanical behaviour of the backfill is influenced 

by the size and properties of the irregular soil particles and contacts. The Voronoi models have 

the advantage of naturally modelling crack initiation and propagation as real discontinuity 

between soil particles. In particular, failure surfaces developing from the extrados hinges into 

the soil can be clearly represented. The randomness of the Voronoi patterns minimizes the 

possible mesh effects on fill behaviour. The computational models developed herein were able 

to provide a good approximation of the experimental failure load during validation process. 

However, in the model with elastic Voronoi, the ultimate load was influenced by the stiffness 

properties of the soil-to-soil particles, which have to be calibrated. Therefore, the elasto-plastic 

Voronoi model appears more robust. Crack location and propagation in the backfill and the 

overall structure is more accurate for smaller size Voronoi elements. Although it is understood 

that arch and the backfill system constitute a 3D domain having finite thickness, the present 

chapter aims at assessing the suitability of the Voronoi model, which is more efficiently 

performed using two dimensional models.  
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CHAPTER 4  

SPANDREL WALLS 

 

* 

The mechanical behaviour of masonry arch bridges is extraordinary complex, characterized by 

nonlinearities due, e.g. to formation of cracks, to sliding of elements upon each other, to 

nonlinear behaviour of the backfill. Complexity of the behaviour is also caused by the 

interactions between the various structural components. Various interactions are typical for the 

spandrel walls, which are in the main focus of this section: spandrel walls may interact with the 

barrel, adding extra stiffness and load bearing capacity of the structure, but spandrel walls 

restrain the lateral movement of the backfill as well. While certain phenomena can be 

reasonably studied by 2D models (such as arch barrel-backfill interactions), investigation of the 

mechanical role of spandrel walls definitely requires 3D models. 

Research of Orbán [66] showed that the occurrence of the structural problems connected to the 

spandrel walls is more common than the failure of the arch barrel caused by overloading. Still, 

until now researchers typically focused on the behaviour of the arches and on the arch-soil 

interaction, while mechanical role of the spandrel walls of the masonry bridges were less 

investigated. According to the visual inspection of bridge assessment engineers, the failure 

mechanisms of the spandrel walls can be grouped into four main groups [67], as it can be seen 

in Figure 41. 

 
* Chicago & North Western Railway Bridge, Roscoe, Illinois, USA, © TheCatalyst31 
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 (a) (b) (c) (d) 

Figure 41 - Failure mechanisms of spandrel walls [67]: (a) tilting; (b) bulging; (c) sliding; (d) 

spandrel wall detachment 

While the tilting, bulging and sliding movements of the spandrel wall do not necessarily imply 

decrease in load bearing capacity and/or stiffness of the structure, the detachment of the 

spandrel wall (longitudinal crack of the arch barrel under the spandrel wall) causes the loss of 

structural integrity. In this case, the outer and the inner part of the bridge cannot work together. 

Recent guidelines (e.g. [3]) gives displacement and rotation limits to evaluate the condition of 

the spandrel walls (see Table 9). 

Table 9 – Condition of spandrel walls [3] 

Defect Good Moderate Poor 

Relative sliding of 

spandrel or wing 

wall to support 

None Up to 10 mm Greater than 10 mm 

Bulging of walls None 

Up to 10 mm 

measured over a 

gauge length of 3 m 

Greater than 10 mm 

measured over a 

gauge length of 3 m 

Tilting of walls 1 in 200 1 in 100 Greater than 1 in 100 

The aim of this chapter is to develop a numerical model able to capture the previously 

mentioned four failure modes of spandrel walls and capable to demonstrate the beneficial role 

of the spandrel walls regarding the collapse load and the structural stiffness of the masonry 

bridge.  

4.1 Numerical model development 

Within the framework of this dissertation, a regular masonry arch bridge of a single-track 

railway was considered. The geometrical characteristics of the arch barrel equals those of 

previously studied Prestwood Bridge. The total width of the bridge was assumed to be 4.0 m. 
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Two different heights of the backfill ( bh ) were considered: 0.2 m and 0.6 m above the crown 

of the arch. The height of the parapet was always 0.90 m measured from the top of the backfill, 

while different thickness of the spandrel wall ( )spt  was investigated in the range of 0.20-0.40 

m. Only the half of the structure was modelled in order to decrease the computational costs (see 

Figure 42). Every stone of the arch barrel and the spandrel walls was represented by linear 

elastic discrete elements, while the presence of the mortar could be taken into consideration 

with zero-thickness interface elements. In this way, the developed model belongs to the group 

of simplified micro-models. 

 

Figure 42 - Geometry of the masonry arch bridge 

The backfill appeared in the model as a single, deformable continuum element, with elasto-

plastic material, following the Mohr-Coulomb failure criteria. Five different backfill materials 

were investigated (Table 10), including non-cohesive and cohesive materials. The interface 

elements between the stone blocks and the backfill don’t let the elements significantly penetrate 

to each other, while let the soil slide upon the stones. The ballast, the sleepers and other 

constructional elements were neglected in this study. 

The possibility of spandrel wall detachment was taken into consideration in a simplified 

manner. It is known, that during the detachment a longitudinal crack of the arch barrel appears 

under the spandrel wall. The crack can follow the laying pattern of the voussoirs (zig-zag 

pattern), or it can break through even the voussoirs as well. In the applied numerical technique, 

the voussoirs cannot break. Hence, the arch barrel was “pre-cut” with a vertical surface at the 

inner side of the spandrel wall. Material properties of mortar was assigned to this artificial 
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surface. This assumption is on the safe side: if the detachment follows the laying pattern of the 

voussoirs in reality, then the area of the sheared/cracked surface must be greater than the pre-

cut surface of the numerical model. If the developing cracks follows a “straight line”, the 

voussoirs have to break as well, while the pre-cut surface of the numerical model has the weaker 

properties of the mortar layer. The voussoirs and the elements of the spandrel walls were 

modelled with linear elastic material (Table 10).  

The validation of the presented numerical model was done previously against the results of the 

experimental test made on Prestwood Bridge (UK) (see Appendix C).  

Table 10 - Material properties of voussoirs and the backfill 

 ρ  

[kg/m3] 

E  

[MPa] 

ν  

[-] 

ϕ  

[°] 

c

[kPa] 

tf

[kPa] 

Voussoirs and spandrel wall 2000 15000 0.3 - - - 

B
ac

k
fi

ll
 

Medium dense sand 1900  80 0.30 33° 0 0 

Dense sand 1900  200 0.40 37.5° 0 0 

Stiff clay 1800  15 0.45 25° 25 25 

Silty sand 2100  20 0.35 27.5° 10 10 

Well-graded backfill material 2000  300 0.30 37° 10 10 

Normal and shear stiffness were considered as a numerical parameter (to prevent element 

interpenetration), values were set to 35 GPa/m and 7 GPa/m (normal and shear direction, 

respectively). The friction angles and the parameters of mortar were obtained from literature 

[65] (Table 11). 

Table 11 - Material properties of the interfaces 

 ϕ  [°] c  [MPa] tf  [MPa] 

Voussoir-to-backfill 25° 0.0 0.0 

Voussoir-to-voussoir 30° 0.0 0.0 

“Intact cement – lime mortar” (1:2:9) 38° 0.7 0.4 

The supporting effects of different type of wing walls were modelled with appropriate boundary 

conditions: the red elements in Figure 43 do not allow the lateral movement of spandrel wall.  
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(a) (b) 

Figure 43 - Boundary conditions for wing walls (a) perpendicular to, (b) parallel to the 

abutment 

At the beginning of each simulation, only gravitational effects were applied and the structure 

was brought into equilibrium. After it, a displacement-controlled loading was started with a 

loading element at quarter span (loading velocity: 0.0025 m/s). The response of the structure 

was analysed by load-displacement curves. Moreover, the lateral displacements of the spandrel 

at quarter span were recorded. 

4.2 Result and discussion 

Due to the continuous deterioration caused by environmental effects and overloading, the 

cohesive and tensile strength of the original mortar can significantly decrease in a masonry arch 

bridge. On the other hand, numerous masonry arch bridges went through strengthening or 

partial reconstruction, where spandrel walls were rebuilt. Hence, two cases will be considered 

here:  

- “Deteriorated spandrel wall”: assuming that the masonry blocks in the spandrel walls 

cannot transmit tensile forces and shear forces can be transmitted with frictional 

resistance; 

- “Reconstructed spandrel wall”: the typical characteristic of an intact cement-lime 

mortar (1:2:9) is taken into account. 

All of the investigated bridges containing deteriorated spandrel walls failed by the four-hinge 

mechanism of the arch barrel (Figure 44). 
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Figure 44 - Typical failure mechanism of the masonry bridge 

As the loading was increased and the element pushed downward the backfill, the first crack 

appeared on the intrados right under the loading element. As the arch barrel swayed, the passive 

earth pressure started to mobilize on the other side of the structure. Meanwhile the vertically 

compressed soil layers were compelled to move laterally and it pushed the spandrel wall 

outwards. The spandrel walls did not follow the downward motion of arch barrel at the loading 

element. On the other side, the upward motion of arch barrel pushed the spandrel wall upward, 

causing the spandrel elements to slide upon each other. Comparing the differences between 

parallel and perpendicular wing walls (Figure 45 and Figure 46) it can be seen that lateral 

displacement of the spandrel walls is smaller in the case of wing walls parallel to the abutments. 

In accordance with this, the collapse load of the parallel wing wall models were typically ~5-

10% greater (Figure 47a).  

  

  

(a)     (b) 

Figure 45 - Lateral displacements of masonry arch bridges: (a) wing wall parallel to the 

abutment, (b) perpendicular to the abutment 
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 (I) 300 kN (II) 500 kN (III) Failure 
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Figure 46 - Lateral displacements of masonry arch bridges in Section A-A  

(Soil type: stiff clay; 0.60 m, 0.20 m
b sp

h t= = ) 

Figure 47b shows the distorted shape of spandrel wall at section A-A. It is evident that the 

spandrel wall slid upon the arch barrel, and this movement was combined with a small forward 

rotation. 

       

 (a)     (b) 

Figure 47 - Load-displacement curve of the bridge (left) and lateral displacements of the 

perpendicular and the parallel spandrel walls 
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Figure 48 demonstrates the load displacement curves for the weakest and the strongest soil and 

for two different height of backfill. From Figure 48 it is obvious that the consideration of 

spandrel walls with deteriorated mortar layers increased the collapse load but it could not 

increase the structural stiffness of the bridge. 

 0.20 m
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h =   0.60 m
b

h =  
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Figure 48 – Load displacement curves for different wall thickness and backfill height 

As the wall thickness increases, the collapse load increases in direct ratio (Figure 49) The 

surplus depends on the amount of extra weight caused by the spandrel and parapet walls, and 

the strength parameters of the backfill material as well. Detachment of the spandrel walls was 

not observed in case of the investigated deteriorated spandrel walls. 

  
Figure 49 - Effect of different spandrel wall thickness and backfill height on collapse load 

(left: 0.20 m
b

h = ; right: 0.60 m
b

h = ) 
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So far, the tensile and cohesive strength of mortar was neglected between the elements of the 

spandrel wall. It was analysed how the behaviour changes if the bridge possesses “reconstructed 

spandrel walls”, where the strength of the mortar was considered. Contrary to all expectations 

the collapse load could not reach even the load bearing of the case of deteriorated spandrel 

(Figure 50 and Figure 51). The phenomenon can be explained as follows: with the use of mortar, 

differences in stiffness between the inner and outer part of the bridge is increased. Initially, the 

reconstructed spandrel walls were able to increase the structural stiffness of the bridge, but the 

stiff spandrel wall was not able to deform, while the softer inner part was not able to transmit 

the load to the spandrel walls, resulted in the detachment of the spandrel (longitudinal crack 

appeared at the pre-cut surface (Figure 50)). If detachment occurred, the collapse load can be 

calculated with the reduced bridge width ( 2
reduced sp

b b t= − ). 

 

Figure 50 – Detachment in case of “reconstructed” spandrel walls 

 

Figure 51 – Load-displacement curves for the spandrel walls 
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If the possibility of the spandrel wall detachment is excluded, then the reconstructed spandrel 

wall can increase both the structural stiffness and the collapse load (see Figure 51). On the other 

hand, if detachment occurs prior to the development of the four hinge mechanism of the arch 

barrel, the surplus in stiffness and strength caused by the reconstructed spandrel walls can be 

lost.  

4.3 Summary 

This chapter presents a three-dimensional, discrete element numerical model developed to 

analyse the interaction between the arch barrel, the backfill and the spandrel walls of a masonry 

arch bridge. The model was previously validated against the experimental test of Prestwood 

Bridge (UK). Compared to the previous works of other researchers, the presented model takes 

into consideration the discrete nature of spandrel and parapet walls. The bridge was loaded at a 

fixed location (at quarter span) until failure. The model was able to predict the failure 

mechanisms of the spandrel walls, which were observed and documented [67] earlier by bridge 

inspection engineers. Applying the geometry characteristics of Prestwood Bridge’s arch barrel, 

the displacement and rotation limits for “poor condition” (see Table 9) was reached at 70-90% 

of ultimate load depending to the material properties of backfill material and thickness of the 

spandrel wall.  

The investigated spandrel walls in deteriorated condition could not increase the stiffness of the 

bridge, but they could provide additional load bearing capacity in consequence of adding extra 

weight in a favourable load arrangement. On the other hand as the relative stiffness of inner and 

outer part of the bridge is increasing, the occurrence of the spandrel wall detachment is 

increasing as well.  

It is obvious, that the occurrence of the wall detachment depends on the laying pattern of the 

elements in the arch barrel, on the size of the voussoirs and on the strength parameters both of 

the mortar layer and the voussoirs. These effects should be investigated in detail in the future. 
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CHAPTER 5  

DYNAMIC ANALYSIS OF MOVING LOAD 

 

* 

An important finding from past literature review studies presented by Sarhosis et al. [7] is that 

the majority, if not all, of the past research is focusing on the behaviour of masonry arch bridges 

subjected to static loads. In such studies, to reach conclusions related to the load carrying 

capacity of masonry arch bridges, an increasing in magnitude point load is applied at the quarter 

and/or at mid-span of the masonry arch bridge. Vehicles crossing masonry arch bridges are 

exerting dynamic loads on them. Most of the standards and industry guidelines [3, 68-70] 

suggest the use of dynamic amplification factors to take into account such effects. In this case, 

static analysis can be carried out, while the static response of the structure (e.g. displacements, 

internal forces, stresses) should be multiplied by the dynamic amplification factor. In this way, 

real dynamic analysis can be avoided. Also, there are several analytical [71], numerical [72-77] 

and experimental [78] studies investigating the dynamic response of masonry arch bridges. 

Smith and Acikgoz [71] investigated the dynamic behaviour of linear elastic curved beams. 

Partial differential equations of the vibration were derived and solved numerically. Dynamic 

amplification factors were determined. According to the authors, codified procedures can 

significantly underestimate the dynamic amplification. In addition, Ataei at al. [78] estimated 

the dynamic amplification factors of eleven multi-span masonry arch bridges. Vertical 

 
* © Tobias Arhelger 
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deflection of the crown was measured when different in speed and weight train crossed the 

bridge. Moreover, due to the importance of this subject, many guidelines are provided by 

various codes and design standards (e.g ERRI-D214 [79]) for performance assessment on the 

dynamic characteristics of bridges. However, from the above studies it is evident that assessing 

the in-service condition of masonry arch bridges is a rather difficult task. This is mainly due to 

the complexity of the problem and that recent studies have reported contradictory results. 

This chapter aims to study the dynamic phenomena on masonry arch bridges due to vehicle 

load. A numerical model has been developed to analyse both static and dynamic response of 

masonry arch bridges with the purpose of estimating the traffic effects by means of moving 

loads. As a case study, the geometrical characteristics of the Prestwood bridge have been 

adopted in the investigations. The numerical results were compared against field test results. 

The interaction between the train and the track is considered through a simplified methodology. 

Two different types of static analyses (incrementally increased load at fixed points and quasi-

static moving load) and real dynamic analysis were carried out. In addition, dynamic 

amplification factors (DAFs) were estimated. Results of this study were used to assess how 

train load and train speed affect the DAF on a masonry arch bridge. 

5.1 Current dynamic amplification factors for railway bridges 

The passage of trains on bridges exerts dynamic effects on them. Dynamic effects are able to 

change the structural response (e.g. the displacements, internal forces etc.) of a bridge. 

According to Eurocode [69], the extent of the dynamic effects on bridges depends mainly on: 

a) the velocity of the train; b) the number and weights of the axles; c) the span of the bridge; 

and d) the natural frequency (mass and stiffness) of the bridge. Other factors which may 

influence the dynamic effect in bridges are the railway track to train interaction and the dynamic 

characteristics of the ballast; but these effects are out of scope of this work. The simplified 

method of Eurocode (EN 1991-2:2003) for railway bridges enables the engineer to carry out 

static analysis with LM71 vertical load model and multiply the structural response with the 

dynamic amplification factors calculated as: 

2

1.44
0.82

0.2Lφ

Φ = +
−

               21.00 1.67≤Φ ≤ , (28) 

3

2.16
0.73

0.2Lφ

Φ = +
−

               31.00 2.00≤Φ ≤ , (29) 
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where Lφ  is the determinant length in meters (see EN 1991-2: Traffic load on structures), while 

2Φ  and 3Φ  are the dynamic factors for carefully maintained tracks and tracks with standard 

maintenance, respectively. These formulae can only be used if: a) the first natural frequency of 

the structure does not exceeds the lower and upper-limit for natural frequency defined in the 

standard; and b) the train velocity does not exceed 200 km/h (56 m/s). It should be noted that 

the dynamic amplification of EN 1991-2 simplified method does not depend on the velocity of 

the train. EN 1991-2 Annex C [69], Network Rail [70] and UIC suggest another method to 

calculate the dynamic amplification factor (Equation (30)). This method takes into account not 

just the span and the first natural frequency of the structure, but the velocity of the train as well. 

The dynamic enhancement can be calculated as: 

0

4

0 0

2
'

1
2 2

x

x x

v

n L

v v

n L n L

φ

φ φ

ϕ =

− +
 
  
 

 (30) 

where xv  is the velocity of the train in meters per second, Lφ  is the determinant length in meters 

and 0n  the first natural frequency of the bridge in Hz. Equation (30) was determined in the 

1960s to conservatively characterize the dynamic response of simple supported concrete and 

steel bridges [80]. To handle the different mode shapes of the different structural systems, 

determinant length ( Lφ ) was introduced. In the case of single span arch bridges, the determinant 

length should be the half of the span. In Figure 52, the DAF were calculated for a 6.55 m single 

span arch bridge with various natural frequencies according to Equation (30).  

 

Figure 52 – Dynamic Amplification Factor according to Network Rail [70] 
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5.2 Development of the numerical model 

Although several research have been done in the past to computationally model and understand 

the three-dimensional mechanical behaviour of masonry arch bridges, the work presented 

herein uses a 2D mixed discrete-finite element approach. The reason for adopting a 2D model 

in this study was to understand better the basic nature of the investigated phenomenon, while 

the released computational needs enabled to use more accurate (more dense) finite element 

mesh, and more parametric studies to be carried out in a computationally efficient manner. By 

using a 2D model, the possibility to analyse transverse behaviour (e.g. effect of spandrel walls, 

transverse load distribution) is dismissed. Moreover, other elements of a railway bridge like 

ballast, sleepers, rail were neglected in the model.  

The geometry and material properties of the investigated structure were taken to represent the 

Prestwood Bridge, UK (see Appendix C), except the height of the backfill, which was set to 40 

cm above the crown. There was no intention to model the foundations and the subsoils in detail. 

Page [64] carried out full scale experimental tests on Prestwood Bridge to determine the 

collapse load of the structure. The validation of the adopted model against the field scale results 

is presented in Appendix C. Details of the geometry are shown in Figure 53. 

 

Figure 53 – Geometrical characteristic of the numerical model 

The foundation of the bridge and the voussoirs of the arch ring were assumed to behave in a 

linear elastic manner. The backfill of the arch bridge was simulated as linear elastic-perfectly 

plastic material, according to Mohr-Coulomb failure criterion. The material parameters were 

summarized in Table 12. Mortar joints between voussoirs were represented as zero thickness 

interfaces. In this study, considering that we are dealing with ageing low bond strength 

masonry, the tensile and cohesive resistance of the mortar was neglected and assumed equal to 

zero. Only frictional sliding ( 40ϕ = ° ) between the voussoirs was allowed to occur. Similarly, 
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only frictional resistance was allowed at the interfaces between the voussoirs and the backfill 

material ( 20ϕ = ° ).  

Table 12 – Material parameters used in the numerical model.  

Material ρ  [kg/m3] E [GPa] ν  [-] ϕ  [°] c  [kPa] tf  [kPa] 

Voussoirs 2500  20.0 0.20 - - - 

Foundation 2500  20.0 0.20 - - - 

Backfill 2000  0.20 0.25 37° 5 5 

Subsoil 2000  5.00 0.25 50° 500 500 

UDEC is using a constant-strain triangular finite elements by default. These elements can 

behave excessively stiff in plane-strain problems where plastic failure occurs. Plane-strain 

geometries can introduce a kinematic restrain in the out of plane direction, often giving rise to 

overprediction of the collapse load. To eliminate the non-physical hourglass modes of 

deformation, a discretization scheme proposed by Marti and Cundall [60] was used. In the 

applied discretization scheme, the discretization for the isotropic part of the strain and stress 

tensors differs from the discretization for the deviatoric part. 

Moreover, to obtain accurate stress distribution in the voussoirs, a detailed discretization of the 

voussoirs was implemented. In particular, the number of point contacts between the voussoirs 

was set high to ensure the accurate calculation of contact stresses. Convergence tests were 

carried out on the model to determine the appropriate number of finite elements for the 

voussoirs and for the backfill (Figure 54a). As a result, every voussoir was divided into 8×8×4 

finite elements (Figure 54b), while the density of the FE mesh for backfill was assigned to be 

more dense above the crown (i.e. edge length ~5 cm) and coarser towards the sides of the model 

(i.e. edge length ~20 cm). The applied discretization is marked with red colour in Figure 54b. 

     
(a)        (b) 

Figure 54 – Finite element mesh for voussoirs and for backfill used for the numerical model  
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The boundaries of the model were defined sufficiently far from the structure to avoid the 

reflection of stresses from the boundaries during dynamic simulations. On the external 

boundaries, the velocity of the finite element nodes was set to zero. Moreover, non-reflecting 

viscous boundary was applied at the boundaries of the model.  

In the presented work, the presence of the track was neglected. In reality, it can be assumed that 

the train transmits its concentrated loads to the rail. These loads are dispersed by the sleepers 

and the ballast. It is assumed that the load is distributed on a 1.0 m
load

d =  loaded length. 

Triangular distribution was selected to ensure numerical stability (Figure 55). The maximum 

intensity of distributed load was calculated using the equation below: 

max

2
y

load

R
p

d
= , (31) 

where 
y

R  is the resultant of the external load, 
load

d  is the length where the resultant force was 

distributed. 

 

Figure 55 – Distribution of the external load 

Vehicle-structure interaction 

Vehicle-structure interaction was implemented into UDEC via FISH programming (embedded 

programme language of Itasca software) as a single degree of freedom system (see Figure 56). 

The differential equation of the vehicle’s motion can be written as: 

( ) ( )( ) ( ) ( ) ( ( ) ( )my t t c y t u t k y t u t mgα+ − + − =  ɺɺ ɺ ɺ , (32) 

where m is the mass of the vehicle. Spring stiffness and damping coefficient was obtained from 

[72]: 159500 N/mk = and 0.2 2c k m= ⋅ ⋅ , respectively. ( ), ( ), ( )y t y t y tɺ ɺɺ  are the vertical 



87 
 

displacement, velocity and the acceleration of the vehicle, while ( ), ( )u t u tɺ  are the vertical 

displacement, and velocity of the track. ( )tα  is intended to represent the possibility of 

detachment between the vehicle and the track as follows: 

( ) ( )
( ) ( )

0     if   ( ) ( ) ( ) ( ) 0
( )

1      if   ( ) ( ) ( ) ( ) 0

k y t u t c y t u t
t

k y t u t c y t u t
α

− + − ≥
= 

− + − <

ɺ ɺ

ɺ ɺ

. (33) 

From Equation (33), if the force between the vehicle and the track is in tension, then the 

differential equation is reduced to the differential equation of free fall, while the contact force 

is set to zero. 

 

Figure 56 – SDOF mass-spring-damper model for vehicle-structure interaction 

The ordinary differential equation described in Equation (32) is solved numerically with the 

forward Euler method. The initial conditions are: 

(0)               (0) 0

(0) 0                     (0) 0

mg
y u

k

y u

−
= =

= =ɺ ɺ

 , (34) 

The timestep used during solution is equal to the critical timestep determined by UDEC for 

solution. This calculation process was done parallel with the built-in UDEC solution algorithm 

applying the same timestep. The vertical displacement and the velocity of the vehicle are 

calculated with Equation (35) and (36). This calculation process was done simultaneously with 

the built-in UDEC solution algorithm applying the same timestep. 

( ) ( ) ( )y t y t t y t t t= −∆ + −∆ ∆ɺ  , (35) 

( ) ( )( ) ( ) ( ) ( )
( ) ( ) ( )

mg c y t t u t t k y t t u t t
y t y t t t t t

m
α

− − ∆ − − ∆ − − ∆ − − ∆
= − ∆ + − ∆ ∆

 
 
 

ɺ ɺ
ɺ ɺ . (36) 
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5.3 Types of analysis performed 

Both static and dynamic analyses were carried out. The aim of dynamic analysis was to 

determine the dynamic response of the bridge. Moreover, investigations on the effect of 

magnitude of the external load on the dynamic amplification were conducted. In every 

simulation, as an initial step, the self-weight of the structure was assigned and equilibrated. 

Criterion for equilibrium was defined as the ratio of the average unbalanced mechanical force 

magnitude divided by the average applied mechanical force magnitude for all grid-points in the 

model. When this ratio was lower than 1.0e-6, the structure was considered to be in equilibrium. 

Near to the state of failure, convergence of the numerical model decreases significantly. 

Therefore, another limit was introduced as: if the state of equilibrium cannot be reached within 

300,000 calculation cycles in a single loading step, then the simulation was stopped and the 

corresponding load was considered as the failure load. 

Incrementally increased load at fixed positions along the span of the bridge (Type 1) 

Experimental and field tests carried out on full-scale masonry arch bridges are typically using 

vertical loads at quarter span to gain information about the structural stiffness and collapse load. 

The advantage of using numerical simulations is that models can be developed in which 

parametric studies can be carried out e.g. load can be applied in several loading positions in the 

bridge. In this study, numerical models have been carried out in which the load position has 

been varied along the span of the bridge. The procedure was as follows (Figure 57b): After a 

fixed �/� load position was selected (in which � is the distance from the edge of the arch ring 

of the bridge and � is the span of the bridge); the distribution of the load was defined according 

to Figure 55, while the magnitude of the vertical load was incrementally increased (i.e. load 

increment: 1.0 kN/m) until the structure failed. The simulation was repeated in nine different 

loading positions, i.e. from / 0.0x s =  to / 8 /16x s = . In this way, collapsed load versus load 

position were plotted. The global minimum in the collapse load versus the load position 

relationship can be considered as the collapse load of the bridge. The flowchart for this type of 

simulation can be seen in Figure 57a. 
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    (a)      (b) 

Figure 57 – Flowchart for incrementally increased load at fixed positions (Type 1) 

 

Quasi-static moving load along the span of the bridge (Type 2) 

It is believed that in the numerical model, the movement of a train axle might be better 

represented if the magnitude of the external load is kept constant while the position of the load 

is changing step-by-step, as the load is passing through the bridge. The load model defined in 

Section 5.2 (Equation (31)) was applied in this case as well. After the structure reached the 

equilibrium, the load was moved by 0.10 m. If the load could cross the bridge without causing 

failure of the structure, the external load magnitude was increased. If the structure reaches its 

ultimate state (i.e. failure) during simulation, a new simulation was started with a decreased 

load magnitude. The simulations were repeated until the collapse load of the structure was 

determined with sufficient precision (+/- 1.0 kN/m). Figure 58 shows the flowchart for this type 

of simulation. 
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Figure 58 – Flowchart for quasi-static moving load analysis (Type 2) 

Dynamic analysis (Type 3) 

During the dynamic analysis the artificial damping and mass scaling were not applied during 

simulations. Energy dissipation can develop within the model via frictional sliding (e.g. at the 

extrados of the arch barrel where backfill can slide upon the voussoirs) or via the plastic 

deformations of the backfill material. As a conservative assumption, Rayleigh damping was not 

applied during the analysis. The external load was dragged through on the bridge with constant 

horizontal velocity (investigated range was between 10 to 120 m/s). Simulations were ended 

when: (i) the external load could cross the bridge and reached / 1.60x s = without causing 

failure; or (ii) during the simulation the bridge failed. These simulations were repeated with 

different magnitude of external load. 

During the analysis, radial displacements of each voussoir, maximal contact stresses at the inner 

and the outer side of the bed joints were recorded and plotted against the position of the external 

load. Dynamic response of the structure was compared to the static response and dynamic 

amplification factors obtained. Two types of dynamic amplification factor were evaluated. 

These are: (a) global dynamic amplification factor (
global

DAF ) , where the highest dynamic 

response of the structure was selected and compared with the highest static response; and (b) 

local dynamic amplification ( ,local i
DAF ) was defined for every voussoir as the highest dynamic 

response of the selected element compared to the static response of the same element: 
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where , ,maxdyn i
y  is the maximal dynamic and , ,maxstat i

y  is the maximal static response of the th
i  

element in a single simulation, respectively. 

 

5.4 Results 

Results of the static analysis (Type 1 and 2) 

To get a first impression of the structural behaviour of the masonry arch bridge under 

investigation, the failure load under static conditions was determined. With respect to the load 

bearing capacity, Type 2 analysis of moving load showed lower ultimate load by 7% (~71 

kN/m) compared to Type 1 analysis (~76 kN/m). The difference might be attributed partly due 

to the precision of the loading procedure, i.e. the load increment was 1.0 kN/m; which can cause 

+/-1.5% error difference. Moreover, in the case of quasi-static moving load, the load path/load 

history could cause weaker behaviour by non-elastic deformation of the system. Type 2 

simulation at ultimate load stopped at / 0.140x s = , which is close to the critical position 

obtained from Type 1 simulation ( / 0.125x s = ). 

 

Figure 59 – Ultimate load of the bridge 

In Type 1 analysis, load-deflection curves were obtained. Such analyses can be used to 

determine the stiffness of the bridge. On the other hand, Type 2 analysis can provide valuable 
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information about the response (e.g. stresses, displacements) of the structure when the load of 

the vehicle is passing from the bridge. Figure 60a-c shows the influence lines for radial 

displacements and contact normal stresses at ¾ span of the bridge. With the increasing 

magnitude of external loads, contacts can open (the normal stress decreases to 0 MPa) and close. 

Maximum contact stresses from influence lines in Figure 60b-c were plotted against the ratio 

of external load magnitude divided by the ultimate load (Figure 61). It was found that the 

maximum of the contact stress increases exponentially as the load increases. 

(a) 

 

(b) 

 

(c) 

 

Figure 60 - Influence lines for voussoir at ¾ span: (a) radial displacements; (b) contact 

stresses extrados side and (c) contact stresses at intrados side (Type 2 analysis) 
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Figure 61 – Maximum contact normal stress at ¾ span. 

After the axle load passed through the bridge, the stresses within the structure went through 

redistribution: e.g. at 0.55 ultR  (40 kN/m) and above a crack appeared (normal stress decreased 

to 0 Pa) and remained open at ¾ span intrados after the load left the bridge.  

Figure 62 represents the residual stress state of the arch barrel and the backfill after one cycle 

of external load passed through the structure when loaded under a quasi-static manner. The 

residual stress state depends on the magnitude of the external load. The arch barrel of the “never 

loaded” structure shows uniform normal stress distribution and the stresses between the 

voussoirs of the arch are in compression. As the magnitude of the external load increases, the 

residual stress state of arch barrel contains significant bending as well.  

Axle loads follow each other simultaneously and trains would cross the bridge typically in both 

directions (i.e. left to right and right to left). Figure 63 shows the normal stresses at ¾ span 

(extrados side), while the axle load ( 30 kN/m = 0.42
y ult

R R= ) crossed the bridge 10 times. The 

distance between the loads was chosen sufficiently large to avoid interaction between the loads). 

According to Figure 63, after the third cycle, additional redistribution of the stresses cannot be 

observed. Also, when the moving load is in backward direction, we have redistribution of 

stresses and maximum displacement occurs at different load position, see Figure 64a. 

Convergence to the shakedown state was slower in case of two directional and faster in case of 

one directional loading. 
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Never loaded before 

 

After 1 cycle of 40 kN/m 

 

After 1 cycle of 10 kN/m 

 

After 1 cycle of 50 kN/m 

 

After 1 cycle of 20 kN/m 

 

After 1 cycle of 60 kN/m 

 

After 1 cycle of 30 kN/m 

 

After 1 cycle of 70 kN/m 

             

Voussoirs                          Backfill 

Figure 62 – Residual stress state after one cycle of external load crossed the structure 

(negative values mean compression – Type 2 analysis)  
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Figure 63 – Repeated loading (Ry=30 kN/m = 0.42 Rult): influence lines for contact normal 

stress at ¾ span extrados: (a) two-directional; (b) one directional load path 

 

Figure 64 – Repeated loading (Ry = 30 kN/m = 0.42 Rult): influence lines for radial 

displacements at ¾ span: (a) two-directional; (b) one directional load path 

Simulations with repeated, one directional quasi-static loading were done with several external 

load magnitudes. If the magnitude of the external load does not exceed the ~50% of the ultimate 

load, then plastic deformations cease after 2-3 initial cycles and the response of the structure 

goes back to pure elastic with some state of residual stresses (Figure 65a-b). Similar shakedown 

phenomena was observed previously during the experimental test of masonry arches [81, 82]. 

Above ~50% of Rult , additional plastic deformations were observed in every cycle of repeated 

loading. Also, at 85% of Rult, equilibrium was not reached after the fourth cycle which means 

that the structure has failed. It is worth to mention, that according to Figure 65a, the bridge 

which seemed to have sufficient resistance for 0.83 ultR , collapsed after the fourth cycle of 

loading with the same loading magnitude. 
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                                 (a)                                                                              (b) 

Figure 65 – Plastic shakedown of masonry arch bridge: (a) cumulative plastic deformation at 

¾ span, (b) additional plastic deformations in a single load cycle 

Results of dynamic analysis (Type 3) 

In the dynamic analysis, the effect of vehicle-structure interaction was investigated. From the 

analysis it was found that the vehicle-structure interaction is not significant, i.e. the contact 

force between the track and the vehicle does not change significantly as the load passes through 

(Figure 66). This finding is in accordance with the EN 1991-2. As the magnitude of the external 

load gets closer to the ultimate load, the difference between the static and the dynamic contact 

force is increasing. 

   

Figure 66 – Dynamic contact forces between the track and the vehicle 

Also, as described in Section 5.3, dynamic analysis was carried out to obtain dynamic 

amplification factors and were compared with the multiplication factors calculated according 

to Network Rail standards. The investigated range of horizontal velocities was 10 m/s to 120 

m/s. To decouple the phenomenon of the plastic shakedown and the dynamic enhancement and 

exclude plastic deformations in the structure, the moving load crossed the bridge 5 times, see 

Figure 67a-b. Moreover, influence lines for radial displacements at ¾ span (Ry =40 

kN/m=0.55Rult) were plotted and are shown in Figure 67b. As the velocity of the load increased 
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and reached 100 m/s, radial displacements increased as well. On the other hand, for train speeds 

greater than 100 m/s, displacements in the structure decreased. The maximum response of the 

structure has a “delay” as the velocity increases compared to quasi-static analysis. The 

maximum value of outward (negative) radial displacement occurs when the load is at / 0.33x s =

in case of quasi-static analysis, while it is around / 0.55x s =  when the velocity is 120 m/s. 

 

   (a)      (b) 

Figure 67 – Influence lines for radial displacements at ¾ span (Ry =40 kN/m): dynamic 

behaviour in the first loading cycle – (a) before and (b) after shakedown 

Radial displacement of every voussoir in the arch barrel was recorded and local dynamic 

amplification factors according to Equation (38) were calculated. From Figure 68 the DAF 

values are different at different parts of the arch barrel. The difference is increasing as the 

velocity of the external load is increasing. At Voussoir ID 1-8, significantly higher local DAFs 

were calculated. It should be noted, that the static response of the structure was very low at this 

part of the bridge. 

 

Figure 68- Local dynamic amplification factors for displacements at Ry = 40 kN/m 

Dynamic amplification factors for displacements were calculated from Figure 67b and plotted 

in Figure 69. Moreover, simulations were repeated with different magnitude of external loads. 
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The highest value of global DAF was around 210%. Critical speed – where the DAF has the 

highest value at a given magnitude of external load – is decreasing as the magnitude of the 

external load gets close to the ultimate load. Similarly, the highest value of DAF is slightly 

decreasing at higher level of external loads. 

To compare the numerically obtained DAF with the ones given in guidelines, the natural 

frequency of the structure investigated in this work was determined with modal analysis. From 

the investigations, it was shown that the first natural frequency was ~30.5 Hz, which is between 

the limits of EN 1991-2 simplified method, hence the code is applicable 2 1.67Φ =  and 

3 2.00Φ = . The dynamic enhancement according to the Network Rail standard (Equation (30)) 

was calculated and shown in Figure 69. In the case of lower load levels (<40% Rult), the 

formulas of the Network Rail provides a reasonably precise and safe estimate for DAFs. It 

should be noted, that if the external load is closer to the ultimate load, then the standard can 

underestimate the dynamic enhancement. From Figure 69, it is evident, that the critical speed 

(where the DAF value is the highest) is decreasing as the magnitude of the external load is 

increasing. This phenomenon can be explained by the nonlinear behaviour of the structure: at 

higher load levels, the bridge starts to behave softer, hence the natural frequency of it is 

decreasing which is resulted in lower critical speeds. 

 

Figure 69 – Global DAFs for displacements at different level of external load 
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5.5 Summary 

The structural assessment of masonry arch bridges is of great importance due to their long 

service life and deterioration condition over time. Dynamic amplification factor (DAF) is a 

parameter which accounts for the dynamic impact of moving trains on structures by relating the 

static to the dynamic characteristics of a bridge. Although, accurate prediction of the DAF can 

provide valuable information related to sustainable management of bridges, the structural 

assessment of the dynamic characteristics of masonry arch bridges and predictions of DAFs are 

rather difficult to be obtained. This is mainly due to the complexity of the problem and that 

recent studies have reported contradictory results. This section focuses on the shakedown and 

dynamic behaviour of railway masonry arch bridges under traffic load conditions. A nonlinear, 

mixed discrete-finite element was developed to investigate the static and dynamic response of 

the Prestwood masonry arch bridge. Each voussoir of the masonry arch was represented by a 

distinct block. Mortar joints were modelled as zero thickness interfaces which can open and 

close depending on the magnitude and direction of the stresses applied to them. The numerical 

model was calibrated based on field full-scale experimental test results. The bridge was 

subjected to two different types of static analysis and a real dynamic analysis to simulate the 

effects of moving load. Investigations into the train to bridge interaction was also undertaken. 

Finally, the local and global Dynamic Amplification Factors were studied. The major findings 

of the work can be summarized as follows: 

• Failure load of the investigated structure was determined in two different ways, i.e. with 

monotonically increased loads at fixed positions and with quasi-static moving loads. From 

the analysis it was shown that the latter reflects better the characteristic of real traffic since 

it can take into account the interaction between the adjacent load positions. The ultimate 

load was 7% lower (71 kN/m) in case of “quasi-static moving load” type loading. 

• As the external load passes through the bridge, plastic deformations and residual stresses 

develop in the arch barrel. If the magnitude of the external load does not exceed 50% of 

the ultimate load, the plastic deformations cease after 2 or 3 cycles of external load and the 

structure is in a shakedown state. If the magnitude of the external load exceeds 50% of the 

ultimate load, continuous plastic deformations were experienced in the loading cycles. 

• With increasing load magnitude, the maximum contact normal stresses between the 

voussoirs are increasing exponentially.  
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• A single-degree-of-freedom vehicle-structure interaction was developed and integrated 

within the developed code. Numerical experiences suggested that vehicle-structure 

interaction has a negligible effect on the global behaviour of the bridge. 

• Local and Global Dynamic Amplification Factors were introduced to have deeper insight 

into the dynamic enhancement. At different parts of the arch barrel, different magnitude of 

DAF was measured. It was shown that the dynamic amplification depends on the 

magnitude of the external load. As the load increases, non-linearity in the structural 

behaviour is evident, which decreases the natural frequency of the bridge. Hence the critical 

speed (i.e. where the highest DAF value can be measured) is decreasing. 

• In the case of typical service load levels (<40% Rult), the formulas of the Network Rail 

provides a reasonably precise and safe estimate for DAFs. For this particular type of 

structure, for a service load greater than 40% Rult the Network Rail formulas underestimate 

DAFs. 

In the future, further experimental studies will be carried out to investigate the effect of 

geometry on the dynamic behaviour of masonry arch bridges. Results presented from this study 

can improve understanding of the dynamic behaviour of masonry arch bridge and inform repair 

and maintenance schemes.  
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CHAPTER 6  

NEW SCIENTIFIC RESULTS 

 

* 

According to my best knowledge, the statements, results and conclusions formulated in the 

following theses did not exist in the literature. 

Thesis 1 (Skew masonry arches; [FT1, FT2, FT10])  

a.) Based on the literature review of books and journal papers released in the 19th century, 

I developed a methodology to create the 3D geometry of the voussoirs for skew masonry arches 

with circular generatrix. With the developed method, arches can be created with arbitrary 

skewness and with any typical block sizes, and with three different methods of construction: 

false skew, helicoidal and logarithmic.  

b.) I developed a state-of-the-art discrete element based numerical model able to consider 

the stereotomy of semi-circular skew arches for false skew, helicoidal and logarithmic method 

of construction in the range of 0°-45° angle of skew. I determined the required minimum 

thickness for the arch to remain stable under its self-weight, and I determined the failure 

mechanisms to each construction method. I showed, that as the angle of skew increases, the 

minimum thickness is non-linearly increasing in the case of false skew method, while non-

linearly decreasing in the case of helicoidal and logarithmic method. I determined how the 

 
* Alcántara Bridge, Cáceres Province, Extremadura, Spain 
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shape of the voussoirs influences the minimum thickness of skew arches: the static equilibrium 

of false skew arches cannot be maintained - independently from the barrel thickness – if the 

voussoirs length-to-width ratio is smaller than the tangent of the angle of skew; in the case of 

helicoidal and logarithmic method of construction, as the length-to-width ratio of the voussoirs 

increases, the minimum thickness of the skew arch decreases.  

c.) I analysed the collapse load of skew masonry arches subjected to line load parallel to 

the abutments. I validated the developed numerical model against the experimental test results. 

I determined, that the critical load position, where the collapse load of the structure is the 

lowest, does not depend on the method of construction or skewness of the arch. I classified the 

failure of the skew arches into pure rotational, mixed and pure sliding mechanisms. 

 

Thesis 2  (Arch barrel – backfill interaction; [FT3, FT4, FT8, FT10, FT12])  

I developed discrete element models to analyse the mechanical effects of backfill in skew and 

regular masonry arch bridges. I calibrated these models against full-scale experimental test.  

a.) By modelling the backfill as a continuum, I analysed the effect of backfill on the collapse 

load of skew masonry arch bridges with various angle of skew and in the case of false skew and 

helicoidal method of construction. I justified numerically that the presence of the backfill shifts 

the critical position of the load towards the abutment.  

b.) I developed a methodology to consider the backfill as a series of irregular, closely 

packed particles (Voronoi cells). I analysed the effect of the size of Voronoi cells on the capacity 

and rigidity of a regular masonry arch bridge. Based on the numerical results, I showed how 

the average size of the Voronoi cells and the contact stiffness influence the results. I suggested 

a method on how to scale the contact stiffnesses between the backfill particles with respect to 

the size of Voronoi cells. I proposed the appropriate average size of Voronoi cells to choose 

smaller than 3% of the span. 
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Thesis 3 (Spandrel walls; [FT7, FT11])  

I developed a 3D discrete element based numerical model for analysis of single-track railway 

masonry arch bridges considering the spandrel walls. I showed that the numerical model is able 

to simulate those four typical failure mechanisms of spandrel walls which were documented in 

the literature. I showed that spandrel walls in deteriorated condition (assuming zero cohesive 

and tensile strength for the mortar) cannot increase the structural stiffness of the investigated 

bridges. In the case of a typical height of spandrel wall, I showed that the collapse load of single-

track railway bridge can significantly be increased (in the analysed case the increment was 

found to be 15-60%). I concluded that the surplus depends on the geometrical characteristic of 

spandrel and parapet walls and the material of the backfill. I demonstrated that a reconstructed 

spandrel wall (with intact mortar layers) can increase the rigidity and collapse load of the bridge, 

but typically spandrel wall detachment occurs prior to the development of the four hinge 

mechanism of the arch barrel, hence the surplus in stiffness and strength can be lost. 

 

Thesis 4  (The effect of moving load on single span masonry arch bridges; [FT6])  

I developed a numerical model based on the discrete element method to investigate the dynamic 

effects caused by passing trains on a single-span, single-track railway masonry arch bridge. The 

developed model is capable to consider the vehicle-structure interaction. I showed that, as an 

effect of the moving loads, residual displacements and residual stresses remain in the structure. 

I showed that if the intensity of axle load reaches a threshold value (which, in the case of the 

investigated structure, was approximately 50% of the collapse load of the bridge), then the 

structure shakes down, and shows purely elastic behaviour under repeated loading. I have 

investigated dynamic amplification factors and critical speed with respect to the vehicle’s 

velocity, for the first time, by using highly non-linear discrete element based calculations. I 

showed that considering realistic train velocities and low load intensity, the dynamic 

amplification factor is overestimated, while in case of high load intensity the dynamic 

amplification factors can be underestimated by the current European guidelines. The critical 

speed is decreasing as the axle load is approaching the ultimate load, which is explained by the 

softening of the bridge.   
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APPENDICES 

Appendix A – Verification against Milankovitch theoretical results 

The problem of identifying the minimum thickness of regular (i.e. zero skew) circular masonry 

arches when subjected to self-weight have been investigated by several researchers [26, 83, 84]. 

From these studies, the minimum thickness and location of the imminent intrados hinge were 

identified. Couplet [85] based on observations noted that for a semi-circular arch, the angular 

position of the haunches’ hinges (βcr) is at 45° from the vertical axis and the minimum thickness 

mint  is equal to 0.101R , where R is the distance from the centre of circle to the mid-surface 

thickness of the arch. Two centuries later, Heyman [86] using analytical formulations found 

that for a semi-circular arch, βcr is equal to 58.82° and tmin is equal to 0.105965R. However, as 

described by Cocchetti, et al. [38], Heyman’s work has been based on under-conservative 

assumptions, including: a) the true location of centre of gravity of each ideal voussoir of the 

arch is not on the centre-line of the arch; and b) the position of thrust line at the intrados hinges 

is tangential to the intrados. A more accurate approach derived from Milankovitch [36], found 

that crβ  is equal to 54.48°  and mint  is equal to 0.107478R . In the present study, the numerical 

results obtained using DEM found to be very close to the theoretical solution of Milankovitch 

(Figure 70). The precision of the developed DE model is ± 1.5° and ± 0.0005 R. The relatively 

small difference in results arises from: a) the discrete element model consists of discrete blocks, 

while Milankovitch’s derivations assumed a homogenous material where cracks can develop 

anywhere along the arch; b) the equations of motion are written always on the current geometry, 

which means that the changes in stiffness due to changes in shape are taken into account. 

 

Figure 70 – Angular position of the haunches’ hinges βcr, and critical barrel thickness 

The DEM model was also verified by investigating the sliding type of failure. Sliding failure 

occurs when the thrust-force reaches the boundary of the cone of friction (α ϕ= ). The angle 

has been formed using the thrust-force and the contact normal determines the necessary angle 
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of friction to avoid sliding type of failure. A rectangular arch with radial joints was built in the 

computational model where the barrel thickness was equal to the critical barrel thickness. The 

minimum thickness of a regular arch is the thickness that will bring the arch at the verge of 

becoming a five-hinge mechanism. Therefore, the thrust-line will pass by the imminent hinge 

of the arch at the extrados point at the crown (O2) and at the springing (O1) [84]. The horizontal 

force (H) at the crown was determined from the moment equilibrium written to O1 (Figure 71). 

1( ) : 0
2 2

O

i c

t t
M W R x H R

   − + − + + =   
   

∑  , (39) 

The direction of the thrust-force at a given β angle has been determined as ( )arctan /W Hβ , 

where Wβ  is the weight of the slice according to Figure 71b.  

                        
(a) (b) 

Figure 71 - Circular arch with radial joints at the verge of collapse 

The necessary angle of friction as a function of β angle is shown in Figure 72. The maximal 

frictional resistance should exist at the springing line of the arch, where β=π/2. The analytically 

observed minimum necessary angle of friction that prevents shear sliding is equal to 21.57°. In 

the developed discrete element model, a shear sliding failure mechanism was observed when 

friction angle was 21°. In the case that the friction angle increases to 22°, the arch is standing. 

 
Figure 72 – The necessary angle of friction 
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Appendix B – Validation Wang experimental test 

The validity of the numerical model presented in Section 2.3 was evaluated by comparing the 

results obtained from the developed numerical model against those obtained from the 

experimental study presented by Wang [30]. In the laboratory, a shallow, skew masonry arch 

have been constructed and loaded to collapse with a patch load at quarter span (“Skew1” test). 

The arch had a rise to span ratio equal to 1:4 and it had 45° skewness. The arch was constructed 

with standard size 220 mm × 102 mm × 73 mm Class A engineering bricks and composed of 

two rings. The joints were all nominally 10 mm thick with 1:2:9 (OPC:lime:sand) mortar. 

Bricks were arranged in header bond. In this way, no ring-separation allowed to occur. The load 

was applied at quarter span to the arch with the use of a hydraulic ram and was distributed 

through a timber plate with dimensions 150 mm × 150 mm which was embedded in mortar. 

During testing, the arch barrel was loaded to collapse without any prior loading. The average 

density of the brickwork was 2,240 kg/m3. The experimental collapse load of the structure was 

found to be equal to 16.27 kN. The cohesion, frictional angle and tensile strength of the mortar 

were not measured in the experiment. The geometry of the arch is shown in Figure 73.  

 
Figure 73 - Experimental set up of the “Skew1” test Wang [30]. 

A geometrical model representing the brickwork skew arch tested in the laboratory was created 

in the computational model. Bricks represented with rigid blocks separated by zero thickness 

interfaces to represent mortar. Since during the experiment no de-bonding between the two 

rings were allowed, in the computational model, the arch was represented by a single ring. 

Material properties (e.g. frictional angle, cohesion and tensile strength etc.) used for the 

computational model were obtained from [65] and shown in Table 13. 
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Table 13 - Properties of the joint interface for the numerical-experimental comparison 

kn 

[Pa/m] 

ks  

[Pa/m] 

φ 

[°] 

φres 

[°] 

ψ 

[°] 

c 

[MPa] 

ft 

[MPa] 

1.65×1010  1.00×1010  33° 33°  0° 0.196  0.140  

A vertical velocity in the downward direction with magnitude 0.5 mm/s has been applied in the 

loading element until failure. A FISH sub-routine was written which was able to record reaction 

forces from the fixed velocity grid points acting on the spreader plate at each time-step. Also, 

histories of displacements just below the loading element were recorded at each time-step. The 

horizontal movement of the loading element was not constrained. A comparison of the 

experimental against the numerical failure modes is shown in Figure 74. From Figure 74, a 

good correlation was achieved between the numerical and experimental failure modes. 

Transverse cracking appeared at the abutments and at the ¾ and ¼ of the span of the arch.  

 

(a)                                                                 (b) 
Figure 74 - Failure mechanisms in the experiment (a); and in the numerical model (b) 

Figure 75a and Figure 75b represent the cracked and slipped surfaces of the arch at ultimate 

load. Three major cracks were observed and were located at: (i) the intrados below the loading 

element; (ii) at the extrados of the south abutment; and (iii) at the extrados at 3/4 span. Moreover 
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a minor crack developed at the north abutment too. Excessive sliding was observed at the north 

abutment of the skew arch. 

    

(b)        (c)  

Figure 75 - Joints cracked (a) and slipped (b) at ultimate load; load-displacement curve (c) 

Figure 75c compares the experimental and numerical load against displacement relationships. 

From the numerical simulation it was observed that the ultimate load of the skew arch depends 

strongly on the internal friction and cohesion between the masonry block elements. When the 

arch loaded at approximately 12 kN, the first cracks appeared at the south abutment and below 

the loading element. The north abutment started to slide at the ultimate load (~16 kN). After 

failure the load bearing capacity dropped with ~50%. Such findings coincide with the 

observations made in the experiment by Wang et al. [30].  

(a) 
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Appendix C – Validation against full-scale experimental test on Prestwood Bridge 

The suitability of the discrete element modelling approach in which the backfill material is 

modelled as an elasto-plastic continuum was compared against full-scale experimental tests 

carried out on the Prestwood Bridge, located in Staffordshire, UK. Prestwood Bridge has a span 

of 6.550 m and a rise of 1.428 m. The vault barrel, which is a single ring of bricks laid as 

headers, has a thickness of 0.220 m. The width of the bridge is 3.8 m. According to [64], the 

backfill material presents a small amount of ‘‘reddish-brown sand with a little clay’’. Material 

tests of the fill showed 7 kPa cohesion and 37° as internal frictional angle. The secant modulus 

of the brickwork was 4.14 GPa. The backfill depth at the crown is 0.165 m. A line load was 

applied at quarter span across the width of the bridge using a 300 mm wide loading element. 

This was to avoid the effect of a concentrated load and premature failure of the fill. Hydraulic 

jacks were used to apply the load at increments until the bridge was not able to carry further 

load and ultimately collapsed. At each loading increment, displacements were measured 

remotely using total stations. The maximum load applied to the bridge before collapse was 228 

kN, with the first visible evidence of damage at load of 173 kN. Failure was due to the formation 

of a four-hinge mechanism as shown in Figure 76. The failure mechanism developed with 

minimal or negligible material crushing. Further details of the execution of the experimental 

test and results carried out by the Transport and Road Research Laboratory (TRRL) can be 

found in [64].  

 

Figure 76 - Collapse mechanism of the Prestwood Bridge test [64] 

The load against quarter-span displacement relationship obtained from the numerical model 

was compared against the maximum load carrying capacity of the masonry arch bridge obtained 

from the experiment (Figure 77c). From Figure 77c, a good agreement between the 

experimental and numerical results was obtained. The experimental collapse load of the 
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Prestwood Bridge was 228 kN [64] while the ultimate load obtained from this discrete element 

numerical model using UDEC was 219 kN. The error percentage for the maximum load from 

the numerical model against the experimental result is 4%. 

(a) 

(c) 
 

(b) 

Figure 77 – Failure mechanism: (a) experiment, (b) numerical model; (c) Load-displacement 

curve 

The collapse mechanism obtained from the numerical model was compared to the failure 

mechanism observed during the experiment. From Figure 77b, the four-hinge mechanism in the 

arch ring is evident. Moreover, it is appreciated how the backfill under the applied load moved 

downward, while the backfill to the left side of the bridge moved upward. Slight difference can 

be found at the second hinge position. It should be noted, that the left abutment of the bridge 

was 8cm higher compared to the right abutment. This imperfection can cause small differences 

in the failure mechanism. The stresses and the plastic state of the backfill was measured during 

the numerical simulation and can be seen in Figure 78. Initially, the external load is negligible 

compared to the self-weight of the structure. Therefore, the contour of compressive principal 

stresses is nearly symmetric (Figure 78b). In the backfill, two vertical lines could be identified, 

where tensile failure occurred under self-weight. As the intensity of the external load is 

increasing at quarter span, firstly the active earth pressure is activated below the loading 

element, later on some passive earth pressure is mobilized at the left part of the structure (Figure 

78d, e, f).  
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(a) Self-weight 

  

(b) 40 kN 

  

(c) 90 kN 

  

(d) 130 kN 

  

(e) 170 kN 

  

(f) Failure load: 216 kN 

                                         

Figure 78 - Failure mechanism of the masonry arch bridge as obtained from the numerical 

model – Backfill simulated as a single elastic-plastic block 


