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Abstract 

The forced oscillations in an open cylindrical channel under precession were examined linearly and 

nonlinearly based on experimental observations. The linear part focused on investigating the modes of 

the inertial waves that were extracted from the solution of the boundary value problem, which is 

hyperbolic in nature, from which a new dispersion relation between the wave number and angular 

celerity was derived, also the solutions of shallow water wave is carried out numerically using Jacobi 

iteration method and inverse matrix method. And a new relation between the stream velocity and the 

disturbance one is derived and solved linearly. The linear resonance was treated as well, from which any 

natural frequency may match the forced one and increase the wave amplitude drastically, also 

experimental measurements on the instability is carried out where two new schemes include the rotation 

and viscous effect are developed. The nonlinear part found new version of KdV equation where finite 

difference scheme was proposed, and it was in a very good match with the experiment, other model of 

solitary wave that takes the shear effect in addition to the rotation was found the numerical scheme as 

well depends on discretisation for the space using discrete Fourier method, and Leapfrog discretisation 

for time, it turned out that the shear effect does not have drastic impact on the wave form. Experimental 

techniques used visualization ones depending on CCD camera in order to track the waves and extract 

their heights, frequencies, wavelengths which was calibrated by a new developed program by the author, 

in addition to using Acoustic Doppler Velocimeter for velocity measurements, where it was compared 

with the linear theory, with good match. For the bore problem the two-dimensional shallow water waves 

are written in their new characteristic form and solved with time and space, also those equations were 

solved numerically using Roe solver in finite volume method. A new relationship for the conjugate 

depths is derived and solved based on the experiment, and other nonlinear part based on this theory is 

developed where new KdV version was derived and solved based on shock discontinuity.  
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Absztrakt 

Egy nyíltfelszínű hengeres csatorna precessziós gerjesztésének hatására kialakult lineáris és nemlineáris 

hullámjelenségeket vizsgáltam kísérleti megfigyelések alapján. A lineáris rész a tehetetlenségi hullámok 

alakjának vizsgálatára koncentrál, a kapcsolódó hiperbolikus peremértékfeladat megoldásai alapján. A 

megoldásokból a hullámszám és a frekvencia közötti diszperziós relációt vezettem le. Numerikus 

megoldásokat is készítettem Jacobi-iterációs és inverzmátrix-módszerekkel. Továbbá egy új 

összefüggést vezettem le az áramlási sebesség és a zavarás mértéke között. A lineáris rezonancia 

jelensége szintén tárgyalásra került (amelynek értelmében a sajátfrekvenciák és gerjesztési frekvenciák 

egyezése esetén drasztikusan növekedő hullám-amplitúdókat tapasztaltam), az instabilitással 

kapcsolatosan is végeztem kísérleti méréseket, amelyekben a forgatást a  viszkózus hatásokkal együtt 

vettem figyelembe. A nemlineáris részben a Korteweg-de Vries (KdV) egyenlet új alakját írtam fel. A 

megoldást végesdifferencia-sémával végeztem, nagyon jó egyezést kapva a kísérleti eredményekkel. 

Egy másik, szolitonhullám-modellben a nyírás hatásait vizsgáltam (amely a forgatáshoz adódott hozzá). 

A numerikus megoldásban a tér diszkretizálása Fourier-módszerrel, az idő szerinti integrálás pedig ún. 

leapfrog-módszerrel történt. Eredményül azt kaptam, hogy a nyírás hatása a hullámalakon nem jelentős. 

A kísérletekben CCD kamerát és Acoustic Doppler Velocimetry (akusztikus Doppler elvű 

sebességmérő) műszert használtam, a hullámalakok, hullámmagasságok, frekvenciák és hullámhosszak 

nyomon követésére. A feldolgozáshoz saját készítésű szoftvert alkalmaztam. A sebességmérések 

eredményei a lineáris elmélettel összehasonlítva jó egyezést mutattak. A lökéshullám-problémánál a 

kétdimenziós sekélyvízi hullámegyenletet új karakterisztikák segítségével írtam fel és oldottam meg. A 

megoldás végestérfogat-módszerrel, Roe-féle megoldóval történt. Új összefüggést írtam fel a kapcsolt 

vízmélységekre a kísérletek alapján. Nemlineáris modellt is használtam egy új KdV egyenlethez jutva, 

a megoldást numerikusan, a nemfolytonos felszíngörbéjű lökéshullámok megoldásának alapján 

végeztem.  
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SUMMARY 

When rotation exists inertial waves can be triggered by the precession mechanism, as long as the driving 

frequecny smaller than twice the base rotation rate due to the detuning Coriolis effect. The simulation 

of those waves is carried out in a new design, where two cylinders share the same axis of rotation and 

both tilt from the horizon plane are made to precess continuously for different angles of tilt, volumes of 

water and different rotation speeds. Depending on those three parameters different wavy aspects are 

noticed: simple sinusoidal, single Kelvin, and bore with three different aspects: plain, undular breaking, 

and undular bore. A CCD camera used to track the motion, the pictures calibrated using new 

experimental tool that developed by the author. The mathematical treatment focused on the linear and 

the nonlinear approximations. The linear part used in treating the small waves, under irrotational 

conditions and the field equation solution gave the velocity potential, and new dispersion equation. This 

solution is compared with real waves in the experiment and their frequencies with good match. Other 

linear approximation based on the shallow water theory led to solution for the long wave equation 

numerically using matrix inverse and Jacobi iterative methods. When including the shear into the linear 

system of equation a new version of Burns condition is derived and solved, the results accord with the 

cases under normal conditions where two values of the wave velocity can be derived in comparison with 

the stream and slip velocities. The nonlinear part of the problem focused on the bore and the single 

Kelvin mode. For the bore new system of charachteristics is derived and solved with time and space. A 

new conjugate depth relatioship is derived and a scheme  developed to get results from the experiment. 

Concerning the single Kelvin wave, it was noticed that it has characteristics similar to the solitary wave 

in open channels so the treatment used the asymptotic methods, for three cases all new: the first by 

assuming potential flow, which has forcing term includes the tilt, and varied with time and space, its 

coefficients include the rotation effect, it was solved using the finite differnce methods with good fit 

with the real observed wave. The second model includes the shear effect where other KdV is derived 

and solved numerically using Fourier transform methods. The final model was a KdV that has 

coeffiecnts varied with time and space but was solved numerically based on discontinuity as an initial 

guess to track the bore. The nonlinear shallow water equations also solved numerically using Roe solver 

in finite volume methods. The instability of the wave discussed only experimentally where new schemes 

are built that take viscousity and rotation effects on the wave, the azimuthal flow also deduced 

experimentally to check its effect on the wave stability with respect to the three control parameters.  
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ÖSSZEFOGLALÁS 

Forgatott közegekben tehetetlenségi hullámok ébrednek precessziós gerjesztés hatására mindaddig, 

amíg a hullámok frekvenciája kisebb, mint a forgatási szögsebesség kétszerese. Ilyen hullámok 

szimulációját valósítottam meg egy új kísérleti berendezéssel: két koncentrikus henger forog közös ferde 

tengely körül, miközben a hengerek alapja a vízszintes síkhoz képest bólintó mozgást is végez. E két 

mozgás együttese folytonos precessziós mozgásra vezet, amelyet vizsgálhatunk különböző dőlésszögek, 

víztérfogatok és forgatási szögsebességek mellett. Ezen három paramétertől függően különböző 

hullámjelenségeket tapasztaltunk: szinuszhullámot, magányos Kelvin-hullámot, valamint három 

különböző lökéshullámot (síkbeli, megtörő és sima). Egy CCD kamerát használtunk a mozgás 

követésére. A képeket új kísérleti eszköz segítségével kalibráltam. A matematikai modellezés 

alapvetően két részre oszlik: az első a lineáris, a második a nemlineáris modellek alkalmazása.  

A kis amplitúdójú és hosszú hullámok örvénymentes körülmények közötti leírásában használunk 

lineáris modellt, ekkor a mezőegyenletek megoldása a sebességpotenciál és a diszperziós összefüggés. 

Ezt a megoldást összehasonlítom kísérleti eredményekkel. A sekélyfolyadék elméleten alapuló lineáris 

közelítés által levezetett hosszúhullám-egyenletet numerikusan is megoldom, inverz mátrix és Jacobi 

iteratív módszerekkel. Amikor a nyírást belefoglalom a lineáris egyenletrendszerbe, a Burns feltétel új 

verzióját származtatom, az eredmények megegyeznek azokkal az esetekkel normál körülmények között, 

amikor a hullámsebesség két értéke levezethető az áramlás és a csúszási sebesség helyett. A probléma 

nemlineáris része a torlóhullámokra és az egyetlen Kelvin módra összpontosított.  

A torlóhullámokra új karakterisztikákat vezetek le az időben és térben. Új összefüggést vezetek le a 

lökéshullám kapcsolt vízmélységei között, és mérési módszertant dolgozok ki. Ami az egyetlen Kelvin 

-hullámot illeti, észrevettem, hogy a nyitott csatornákon a szolitonhoz hasonló karakterisztikákkal 

rendelkezik, így három új aszimptotikus módszert használok. Az elsőt a potenciális áramlás 

feltételezésével, amelyben egy gerjesztő tag fejezi ki a bólintó mozgást (időben és térben változva); és 

amelynek együtthatói között fejeződik ki a forgató hatás, és végesdifferencia-módszerrel oldom meg, 

az eredmény pedig jól illeszkedik a valós megfigyelt hullámhoz.  

A második modell magában foglalja a nyíróhatást, itt egy Korteweg-de Vries (KdV) jellegű egyenletet 

vezetek és oldok meg numerikusan, Fourier-transzformációs módszerekkel. A végső modell egy KdV 

egyenlet, időben és térben változó együtthatókkal, amit numerikusan oldok meg, a lökéshullám kezdeti 

feltételeként szakadást feltételezve. A nemlineáris sekélyvízi egyenletet numerikusan, a Roe-féle 

megoldó segítségével végestérfogat-módszerrel is megoldottam. A hullám instabilitását csak kísérleti 

módszerekkel vizsgáltam, ahol új instabilitási feltételeket dolgoztam ki, amelyek viszkozitási és forgási 

hatásokat vesznek figyelembe. A tengelyirányú áramlást kísérletileg is kimutattam annak érdekében, 

hogy ellenőrizzem annak hatását a hullám stabilitására, három vezérlési paraméter jelenlétében. 
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Chapter 1 

 

Introduction 
1.1. Preliminaries 

The effect of rotation on wave motion in general is an interesting topic that discussed intensively in 

previous research work, how if not only rotation but also tilt is added to the problem? Such conditions 

of rotation and tilt consequently precession conditions, is other interesting topic, that can be found in 

many physical applications, and it is a good way to excite inertial waves. (Albrecht et al. 2016). The 

famous example is the Earth’s liquid core, the studies showed that there is an important role of 

precession in producing a small tip-over of the axis of rotation of the Earth’s core fluid, by which the 

fluid will suffer from elliptic tidal instabilities that play a generator source in driving the geodynamo. 

(Malkus 1989). Other experiments for simulating the flow in Earth’s liquid core by Vanoy et al. (1995) 

induced by luni-solar precession of the solid mantle indicate to a first approximation, that the core 

behaves like rigidized fluid sphere spinning slower than the mantle and with its spin axis lagging the 

mantle spin axis in precession. And the existence and properties of inertial waves in spheroid shell is of 

high interest in geophysical sense, because eigenfrequencies of this problem play a fundamental role in 

the theory of core dynamics. (Stergiopoulos & Aldridge 1984). Another example of the motion that is 

experienced by spin-stabilized artillery projectiles due to certain liquid fills, and other flight-tested shells 

with similar liquid payloads, where the existence of large despin moments and nutational instability 

which are produced by the viscous liquids are clearly demonstrated by Vaughn et al. (1984). Precessing 

systems may also prove useful in many engineering applications, by precessing a container, turbulence 

can be sustained in a smooth cavity requiring impellers, therefore precession is expected to be applicable 

to devices such as agitators, chemical reactors, and combustion chambers. (Goto et al. 2014). Also, 

Tilgner (2005) proved that precession driven dynamos exist at magnetic Reynolds numbers comparable 

to critical Reynolds numbers known for other driving mechanisms. And of course, one should not forget 

the tidal motion that is considered the famous example of forced oscillations under lunar and solar 

attractions. (Lamb 1895). The previous examples motivated the experimental work on those realistic 

types of forced precessed system by using different container shapes: spheres, cylinders, cubes, 

rectangular basins… etc. Kida (2019) stated that the case of sphere for instance is old enough to Poincaré 

(1910) celebrated work of uniform vorticity flow, this was derived a century ago as an inviscid and 

steady state in a precessing spheroid from the velocity fields that have a linear dependence of the spatial 

variables in the Cartesian coordinate system. This linear mathematical treatment for those waves showed 

strong correspondence with the real observations. The oscillations appear in such system are called 

inertial waves, which are the natural results of systems under rotation due to the restorative nature of 

detuning Coriolis effect, as long as the forcing frequency less than twice the base rotational frequency 

2𝛺, or as Fultz (1959) called it the inertia circle frequency. The inertial waves are reflected by the walls 
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of the container while maintaining their direction of propagation relative to the axis of rotation. (Bars et 

al. 2015). The mathematical treatment for those waves depended on the linear inviscid theory that was 

first established by Kelvin (1880), and it showed strong correspondence with the real observations. 

Famous issue in such systems is the resonance, Stergiopoulos & Aldridge (1984) suggested in their work 

that unlike the traditional determination of resonance from amplitude measurements of forced response, 

their method was to obtain both frequency and decay rate estimates from the free decay of inertial waves, 

they called them eigenfrequencies recovered from time sequences of the free decay by linearized least 

squares inversion. Baines (1967) similarly stated that the system will resonate if the forcing frequency 

equals any one value of the dense set of resonant frequencies. Recent study by Meunier et al. (2008) 

showed that resonance occurs when the extracted Kelvin modes have wavelength 2𝐻, 
2𝐻

3
, 
2𝐻

5
…etc where 

𝐻 the cylindrical height. In other words, for a given frequency 𝜔 and cell diameter the height of any cell 

is arbitrarily close to resonant values.  (Wood 1965).  Gans (1970), for example discussed the forced 

oscillations under small rate of precession in a rotating closed cylinder, concentraing on resonance 

response by matching Ekman layer suction to the precessional force. A set of inertial modes were found 

and matched to the container boundary layer which is Ekman layer, the matching condition takes into 

consideration the rotation and precession rates. His results deduced that the maximum precessional rate 

for which the theory is valid, is given by a comparison of cubic nonlinearities and viscosity.The author 

solved Navier-Stokes equations after expansion both velocities and pressure in terms of Ekman 

numnber, and other dimensionless number that takes the precession and rotation rates into consideration. 

So that he could find the first order solution for the velocities in different directions in terms of the 

pressure distribution. Also Wu et al. (2018) investigated the forced oscillations but in a closed cube 

geometry. They showed that the geometry of the cube, and the nature of the librational forcing impart 

the system with invariance consisting of reflection about the horizontal midplane, and rotation of 90 

about the rotation axis of the cube.  The resonance cases accompanied with different instability features 

like the mean circulations, and the most famous one is the resonance collapse phenomenon that was 

first introduced by McEwan (1970) in which the larger amplitude resonant oscillations after persisting 

in an apparently laminar form, degenerated abruptly into a state of agitation and disorder from which 

they did not recover, even if the agitation waxed and waned. This type of breakdown near resonance 

and other breakdown regimes were later thoroughly investigated by Manasseh (1992) who concluded 

that the linear inviscid theory accurately predicts the frequencies at which low-order inertia wave modes 

resonated, but this approximation ultimately failed in situations of practical interest. His experiments 

showed that the Ekman number had little influence on the type of breakdown, which was characterized 

by a rapid transition to fine-scale turbulence, and that the breakdowns in general took longer to occur 

for weaker forcing. Manasseh’s work inspired other people to investigate the mechanism of resonant 

collapse. Albrecht et al. (2016) for instance, tried to exploit the numerical methods for the math work 

of the equations of Navier-Stokes through spectral scheme, and their experiments used the particle image 
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velocimetry (PIV). The instability mechanism is based on triadic resonance, Kerswell (1999) gave kind 

of definition: „A triad resonance in which two infinitesimal inertial waves form a three-wave interaction 

with the finite primary wave is certainly the natural candidate for this intial inertial wave instability or 

secondary bifurcation of the whole flow.” later also deep experimental and theoretical discussion was 

presented by Lagrange et al. (2008) in their experiments, they showed that the instability consists of the 

sum of three Kelvin modes: the forced one and two free modes, so that at a given Rossby number the 

flow is stable for small enough Reynolds number, and exhibits a Kelvin mode forced by the precessional 

motion. When increasing Reynolds number above a critical value, the flow becomes turbulent. Also, 

Marques and Lopez (2015) noticed from their experiments a triadic resonance, but they tried to diverge 

from the classical linear approach in their treatment, so they included small effects of viscosity and 

nonlinearity in solving the problem. Their numerical model in solving Navier-Stokes equations 

depended on second-order time splitting method, with space discretised via Galerkin-Fourier expansion 

in the azimuthal part, and Chebyshev method collocation both radial and axial direction. Many types of 

instability can be observed in connection with the vorticity field of the problem like elliptical instability, 

which is generic one that affect any rotating fluid, mainly comes from parametric resonance where the 

streamlines are elliptically deformed. (Cébron et al. 2006). Kerswell (1999) stated that elliptical 

instability has attracted considerable interest in the turbulence community where the intermittent 

generation and collapse strained vortex filaments is seen as a fundamental aspect of the physics. In 

addition to its fundamental interest, instability has direct link to engineering applications since similar 

structures are found in the wake of aircraft.  (Leiweke & Williamson 1998). Other work also by Lagrange 

et al. (2009) discussed the instability but by taking the weakly nonlinear theory into consideration, they 

also figured out the precessing angle from which the flow becomes unstable and depending on Reynolds 

number the unstable flow can be steady or intermittent. Other type is called triangular instability was 

observed by Eloy et al. (2003), and precessional one treated carefully by Lagrange et al. (2010). 

Although the linear theory presented itself as sufficient theory for flow in such systems, but the nonlinear 

theory also presents strongly, Liao et al. (2012) derived general asymptotic solution for an 

asymptotically small Ekman number in the rotating frame of reference describing the weakly precessing 

flow that satisfies the no-slip boundary conditions, and that are valid at or near or away from resonance. 

The weakly nonlinear theory to predict the instability mode, worked well in the study carried out by 

Eloy et al. (2003) to figure out the multipolar vortex instability, their experiment used rotating elastic 

deformable tube filled with water which is elliptically or triangularly deformed by two or three rollers, 

they stated that both elliptic and triangular configurations was due to two normal modes (Kelvin modes) 

of the underlying rotating flow with the deformation field. Lin et al. (2014) studied the instability in an 

annulus cylinder, as they suggested that it could be a model to study the effect of a solid inner core in 

planetary liquid bodies because its mathematical simplicity, they showed that for small precession rates 

the flow can be decribed as superposition of forced inertial modes, and above a critical value of 

precession rate, the forced flow couples with two free inertial modes sytisfying triadic resonance 
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conditions, leading to classical growth and collapse, they finally provided an instability diagram 

depending on Ekman and Poincaré numbers. Including the nonlinearity and viscosity in the computation 

revealed additional features of the problem such as the azimuthal flow that was discussed precisely by 

Kobine (1995) who showed that the flow has a vortex-like structure when the forcing frequency close 

to the fundamental inertial wave resonance. The author suggested that such a phenomenon may play the 

role of the hydrodynamic instabilities in the observed breakdown to turbulent motion in regimes of 

strong forcing. The author carried out several experiments to compute the azimuthal velocity from the 

measurements, he used miniature laser Doppler velocimeter for quantitative results, his observations 

showed that for small tilt angle, the azimuthal speed continued to increase as the value of the 

dimensionless angular velocity decreased. Also, Gunn & Aldridge (1990) who tried experimentally, and 

numerically by using the perturbation methods to show that there is a deep connection between the 

frequency shift with instability. Their conclusion results showed that the eigenfrequency due to a 

nonuniform flow are sufficient to account for resonance collapse. The forced oscillations in open 

channels are natural phenomena, the famous type is the tide motion that is caused by the lunar/solar 

attraction, which was the main interest of Laplace (1776) who propsed a dynamic theory of tides 

assuming the horizontal velocity of the water was the same on a vertical line, and neglecting second 

order quantities, he also added combined gravitational potential from the Moon and the Sun, and solved 

the prolem through perturbation methods. He understood the forced oscillations of the water surface 

necessarily had the same spectrum as the perturbing forces, owing to the linearity of the basic equations. 

(Darrigol 2005). Thomson (1880) discussed the problem propsed by Laplace in a simpler way by taking 

basin of water to rotate about a vertical axis, by satisfying the geostrophical flow conditions he extracted 

the vorticity equation, from which he discussed the solutions in circular and rectangular basins. 

However, the work of Laplace did not caught the attention of Airy (1845) who proposed different 

methodology in treating the tides in uniform and circular canals, where he got the forced linear wave 

equation, that takes the actual displacement relative to the earth’s surface of a particle of water as an 

unknown variable, he tackled the problem first as free oscillation and neglecting the forced term from 

which the unknown function is periodic one which can be represented in terms of Fourier theorem, and 

the motion is simple-harmonic, then he added the forced one and found the solution. (Lamb 1895). The 

forced oscillations can be caused by navigation, in this manner one can recall the forced wave that 

accompanied a canal boat or the „great primary wave” first discovered by Russell (1843). Beside the 

operation of hydraulic structures or controls, in addition to the accidents. To the best of the author’s 

knowledge including the effect of rotation and tilt on wave motion in canals was not treated and need 

further theoretical research, as channel flow on Earth suffer from both rotation effect of the Earth about 

the vertical polar axis, but it precesses with an angle 23.5° about the co-latitude because the gravity field 

of the moon and the sun on the equatorial (Lagrange et al. 2010, Malkus 1968), even if it is small, but 

that serves to be studied. The hypothesis in treating the problem was branched into two different 

bifurcations, the first one by which I study the problem in a linear approximation, the second is about 
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studying the problem in a weakly nonlinear approximation. This methodology depended mainly on the 

nonlinear equations of Navier-Stokes ones or strictly Euler ones as through the whole research here the 

neglect of viscosity is carried out. The classical previous treatment of forced oscillations depended 

mainly on Laplace transformation, which is the main difference from the present case were the 

separation of variables is carried out. The treatment of velocity field varied but in most of the cases the 

assumptions of irrotationality took place, so that the replacement of three projections of velocity 

components into one single scalar function or the potential function is used. The predicted nonlinear 

model is totally directed towards the derivation of KdV solution, in its generalized form as the best 

model for single resonant kelvin mode, that is derived from the linear case. Of course the solitary wave 

itself, finally encountered for high average water depths in the channel, with the right energy provided 

and the perfect time, such big wave was noticed with amplitude bigger than or equal to the average depth 

of water, although it was not that much stable and immediately broke down into different cases, but the 

most common type was the dispersion version by which this acuminate hump widened with highly 

turbulent motion appeared under the surface from which the persistence of the original shape would not 

take place even if the flow waxed and waned. The classical approaches for solutions of this wave is to 

find the solution of the KdV equation that is considered the general representative form, it has so many 

models to mention some of the previous work there are Johnson (1980), Johnson & Freeman (1969), 

Amaouche et al. (2013), Stoker (1957), Debnath (1994), Abderrahmane et al. (2011), Benjamin (1962), 

Broeck (2007), Grimshaw (2007) … etc those models include also the effect of vorticity in the 

background of the problem and its effects on the wave of translation. The model that suits the case under 

study is the unidirectional 2D solitary wave, the dominant direction is the azimuthal one, as the 3D effect 

can be neglected because of the small radial geometry. In all cases a generalized form of KdV was found, 

by which the simple analytical solutions were excluded, so the numerical methods used all the time, 

although the author knows about the advanced analytical solutions like the Painlevé property, Bӓcklund 

transform, Lax pairs… etc but they were not used here. The bore phenomena accompanied almost all 

cases of tilt, the bore also nonlinear phenomena, and it has interesting classification, the natural observer 

will not figure out except turbulent eddy motion moving, but the hydraulician will see further: undular 

bore, breaking bore, weak bore, and so many types mainly depend on the average water depth behind 

and after the bore and how strong the flow is and of course the tilt. The bore computations from the 

shallow water theory are carried out, and also from the KdV perspective where the equations of motion 

turned into single form similar to Benjamin-Bona-Mahony equation. For the experimental part which 

will be discussed in Chapter 2 in depth, but it is worth to mention some points in comparison with the 

previous work. The techniques used to track the motion in this work are varied, the visualization ones 

depended on the CCD camera, and external illumination lamps, which is different from the cases used 

in closed tanks for instance each of Lagrange et al. (2008) and (2009), Meunier et al. (2008), Albrecht 

et al. (2016) used techniques called Particle Image Velocimetry (PIV) measurements from which small 

markers illuminated with a thin light sheet created by an yttrium aluminium garnet (YAG) pulsed laser. 



14 
 

The using of Acoustic Doppler Velocimeter is other techniques to measure the velocity which is similar 

to the one used by Kobine (1995) and Kobine (1996). The CCD camera helped the author in extracting 

quantitative and qualitative results like depths, velocities, phases… etc in addition to track the motion 

with time and distinguish type of flow for each case of tilt, water volume and rotation rate, however, 

Manasseh (1992) used the pictures to distinguish several types of disorders, but quantitative observations 

were not extracted using this method.  

1.2. Scope and Aims 

The unsteady and turbulent phenomenon in open channel is in particular the scope of this study. In 

channels one may find simple linear waves, and other nonlinear ones this includes the weakly and 

strongly nonlinear ones. Those waves can be generated by navigation, or the operation of hydraulic 

controls or accidentally, then all waves happened to occur because of them are forced ones, and one may 

recall the „great primary wave” or forced wave that accompanied a canal boat in its motion. This 

nonlinearity leads to instability that may result in the interaction between waves and the mean flow, in 

addition to wave breaking. Such phenomena affect the hydraulic conditions in the channel and pose 

engineering problems. The violent impacts of water waves on walls create velocities and pressures that 

are bigger in magnitude than the normal ones, which may increase the erosive action and warrant the 

reinforcement or redesign the channel. Also, one should not forget the dynamics of sediment transport 

processes generated by the action of the flow phenomena. The present work will discuss those typs of 

waves but in a relatively new case, as the channel used is not straight rather has cylindrical geometry 

and it suffers from both effects of rotation and tilt, thus I may say that the scope of this research is the 

hydrodynamics of inertial waves that are formed in this. The work here aims at studying those waves 

linearly, and nonlinearly based on the experimental observations. Those observations proved the 

existence of linear waves the simple sinusoidal ones, in relatively small angles of tilt, where the linear 

irrotational theory is derived. The nonlinear effect is varied, starting from the big wave amplitudes to 

the bore problem in additions to the instability observed, all those were studied theoretically and 

experimentally. Most of the study cases first present the theory and then discuss it with the experiment, 

except the instability problem, and the azimuthal flow where only experiments are carried out. The shear 

effect and the shallow water equations are the one that studied in both linearly and nonlinearly. The 

main aim is to apply those theoretical methodologies and theories and compare its validity with the 

observed phenomenon in the channel, in general for both the linear and the nonlinear part the results 

were fruitful and very good match in both cases accesses. Other aim was the programming part an 

additional experimental tool to calibrate the pictures of the CCD (Charged-Couple-Device sensor type) 

camera used in the laboratory is developed by writing a program code that enables the present author 

(the one who writes the program) and other colleagues at the department from using this tool in their 

own experiments to calibrate the picture. The application of all those new derived models can now be 



15 
 

applied to all cases in open channel as not only rotation but tilt included which makes the problems more 

realistic.   

1.3. Outline of Content  

The rest of the thesis is divided as follows: 

In Chapter I of this thesis, is an introductory one, I tried to present the previous work on the forced 

oscillations in channels and closed containers, as those formed the base of the whole study theoretically. 

Of course, I presented the aims of the work and the main topics that are going to be discussed in this 

thesis book.  In Chapter II a deep study on how the experiments went on. First by explaining the design 

channel, its control parameters, and the mechanism of its work. Second, I discussed the different 

techniques used to facilitate the work which are the visualization techniques (The CCD camera) and the 

ADV for velocity measurements techniques. In Chapter III is the starting point of the wave study 

theoretically, the linear base is needed to extract the nonlinear one, the study of the inertial waves linearly 

is presented where the assumptions of the irrotational, inviscid, incompressible conditions were 

assumed, this led to new Bernoulli equation with forcing term comes from the gravity force. The solution 

for the field equation (the continuity one) is carried out using the method of variable separation, where 

two cases were discussed: the first when assuming homogeneous boundary value problem (Bernoulli 

without forcing term) and this led to new dispersion relationship between the wavenumber and the 

angular celerity. When adding the forcing term, the system will resonate, and the study of the linear 

resonance is carried out. I presented and compared the results from the experiment with the computations 

based on the theory, and prepared experimental table to compare the wave numbers based on the new 

dispersion equation and derived the resonance cases at the lower order that satisfy the dispersion relation 

and when the forcing frequency matched the ones computed based on this relation. Also, I extracted the 

velocity measurements and compared the azimuthal velocity with the one proposed based on the linear 

theory where the results were in pretty good match. Also, as the azimuthal flow is highly important for 

the stability, I studied the effect of the three control parameters on it. The linear theory also focused on 

deriving the shallow water equations where at the lowest order of the problem this will lead to the long 

wave equation that was solved based on three different methods: the iterative Jacobian one, and the 

direct integration with time, in addition to the inverse matrix techniques. In Chapter IV the study of the 

nonlinear part took place. First the most important was the single Kelvin mode that was noticed, the 

experiments showed that this wave has similar characteristics to those of the solitary wave in open 

channel, thus, a new weakly nonlinear model for the KdV equation that is considered the PDE that is 

used to solve the solitary wave is derived, it has forcing term comes from the variation of the angular 

velocity vector with time. I solved it numerically using Finite Difference Scheme. The results were in 

good match with the observed wave. As the solitary wave was noticed initially in open channel where 

assuming uniform irrotational flow channel is a big flaw, as the shear modifies the whole flow 

distribution and causes vorticity that makes the flow rotational one, and this was treated here as well, I 
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derived the solitary wave by including the shear effect into consideration, the new equation was solved 

numerically using Fourier transform, and it turned out that the shear effect has no drastic effect on the 

wave form using the KdV equation. Other nonlinear system is the shallow water wave equations I only 

assumed the 2D case and solved them using Roe Solver in the finite volume method. In Chapter V 

other nonlinear phenomenon that was treated in this book is the bore phenomenon, and the shock waves. 

Mainly I derived new version of Characteristics and depicted them in time and space they appeared in 

the sinusoidal form, so beautiful, also I derived new conjugate depth relationship, and I solved it based 

on the limited experimental observations. And finally, I derived other new KdV model that has 

coefficients vary in space and time, and I solved it numerically. In Chapter VI a conclusion of the whole 

work with the theses that I will defend based on the mentioned theories in the previous sections, also I 

presented the list of publications based on the discussed theories above with future aims on the direction 

of this research.  
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Chapter 2 

 

Basic Experimental Work  

 

2.1. Flume Channel 
The work in this Chapter is published in (Alshoufi 2021)1 if anything is missed. Before going through 

the theoretical treatment of several wave forms that were observed in the system, it is good to go through 

its mechanism and its general design and the motion mechanism. Figure (2.1) shows a sketch for the 

flume channel that the work was carried on for tracking the inertial waves. The system consists of two 

concentric cylinders of plexiglass, they are based on a round shaped plastic bottom plate, so that both 

the cylinders and the tilted plastic plate have precession rate 𝛺1 = 𝜏𝛺, where 𝜏 the slope of the tilted 

plate, this precession vector always lies in the plane parallel to the base plane of the tilting plate (table) 

and pointing in the direction of the tilt (the largest slope) from the lowest point of the tilting plane 

towards its highest point, which is not constant due to the fact that the direction keeps turning so it has 

all the time nonzero angular acceleration, this plate is in turn fixed to a rigid wooden round support table 

of the same radius (60) cm that rotates about its vertical axis with angular velocity that is constant in its 

magnitude 𝛺, and direction, the centre of this table is mounted on a support column through a Cardano 

type universal ball joint. The joint contains two mutually perpendicular horizontal axles around which 

the upper table can freely tilt in any direction, but it prevents any rotation around the vertical axis. The 

tilting table is also partially supported by the rotating one on three points arranged in 120˚ apart from 

each other.  Each of these supports consists of a vertical adjustable length spreader screw mounted 

vertically on the rotating table and a roller on the top of the screw, on which the tilting table rests. When 

the lower table turns, the tilt direction in which upper table (together with the flume) tilts also turns 

(around the vertical axis) without changing its slope or turning around. The final bit of the apparatus is 

an adjustable speed direct current (DC) electric motor, which drives the rotating table via a belt 

transmission system and a vertical cylinder shaft turning on two bearings coaxially around the main 

support column. Noting that currently the rotating table can be turned only in the counterclockwise 

sense. 

2.1.1. Control Quantities  

The main sizes and the crucial parameters of the system are summarized in Table (2.1). This includes 

the three adjustable control parameters of the system. (i) The first is the amount of water in the tank, 

which can be quantified either by its volume or, preferably, by the mean water depth 𝐻 = ℎ̅, by which 

we ensure the mean water level constraint, which is one-one relationship between volume of water and 

the average water level: 

                                      𝑉 =  ∫ ∫ ∫ 𝑟𝑑𝑧𝑑𝑟𝑑휃
𝑧0+ℎ𝑟𝑒𝑓+ (𝑡, ,𝑟)

𝑧0

𝑟𝑚𝑎𝑥
𝑟𝑚𝑖𝑛

2𝜋

0
= ℎ̅(𝑟𝑚𝑎𝑥

2 − 𝑟𝑚𝑖𝑛
2 )𝜋                                 (2.1.1) 
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(ii) The second is the nutation angle, we characterise this angle by its tangent 𝜏, which is the largest 

slope of the tilting table. (iii) The third is the angular velocity 𝛺 of the rotating table. 

  
Figure (2.1). Sketch of experimental setup. The concentric cylinders directly mounted over the tilting table 

that can tilt freely over the rotating one. The camera system in front of the flume almost at the same level of 

the water inside the tank, the system is powered using the electric motor that rotates the lower table with belt 

transmission mechanism connected to the support column, the motor is charged with battery connection.  

Table (2.1). Geometrical Information of The Channel.   

Notation Value Description 

𝑅 = 𝑟𝑚𝑎𝑥 223 mm Outer Radius 

𝛽𝑅 = 𝑟𝑚𝑖𝑛 125 mm Inner Radius 

2𝑏 98 mm Channel Width 

𝛽 =
𝑟𝑚𝑖𝑛
𝑟𝑚𝑎𝑥

 0.5605 Radial Ratio 

h 260 mm 
Maximum Wall 

Height 

𝐴𝑟 10.71 dm2 Base Area 

∀ 27.5 dm3 Maximum Volume 

𝜏 0.012 … 0.12 Tilt 

𝐻 20… 140 mm Mean Water Level 

𝛺 1.5-8 rad/sec Angular Velocity 

2.1.2. Camera System and illumination 

The wave motion is recorded using a fast CCD camera (JAI PULNiX TM-1405 GE) at rate 30 frames 

per second. The resolution of 1392 ×  1040 active pixels for excellent image quality, 4.65 ×  4.65𝜇𝑚, 

with focal length around 8mm. The camera frame is fixed in the inertial laboratory frame, there is also 

the rotating frame with respect to the rotating table, and the tilting frame with respect to the tilting table 
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and the flume, the common origin of these coordinate systems is the frontal principal point of the 

camera’s lens. The camera was mounted on the laboratory floor in front of the channel at a level equals 

almost to the water level inside it, the camera was connected to the computer by which a Coyote program 

application is downloaded, this program is a property sheet containing two main panels for the device 

configuration and the acquisition panel, the laboratory computer is too old and it was not used in the 

image processing techniques applied to the pictures however another laptop HP ProBook 440 G5 was 

used, after picture transformation. The illumination in the laboratory was not enough to get clear pictures 

and external illumination was used, this includes two different lamps were hanged on the outer periphery 

of the inner cylinder, where they spread their light inside the whole system, sometimes additional big 

lamp was mounted on the laboratory floor which is adjustable in height to cover the whole channel 

system with its illumination. It worth to mention that the inner walls of the inner cylinder were covered 

by blank A3 papers, so does the outer cylinder but only from the back where the camera does not track 

the motion, this mechanism reduces the light reflection and makes the vision clearer to the motion inside 

the channel. The main usage for the camera during the experiments was not only to observe features of 

the resulted phenomena but also to get quantitative results from them like wavelengths, depths, 

phases…etc.  But the extracted pictures from the CCD camera suffer from distortion that makes any 

picture either bulged outward or cavernous inward, by which the real 3D data are not correct at all. So 

the need for rectification process is needed, this is done through the calibration process, which is not an 

easy task and a program should be written to extract the pictures in their right form, which was the first 

task of the present author. Thus it is highly important to give the reader glimps and summarization of 

the preceding work on waves themselves.   

2.2. Calibration Process 

In order to get informative information about the waves in the designed flume, a CCD camera was used 

to make continuous records while tracking the motion inside the channel. The principle of camera 

depends -as it is well-known- on the simple pinhole model that is replaced by lenses which introduce 

imperfection and distortions to the captured pictures, thus calibration is needed which is the process 

from which I find the orientation and location of the camera. (Jain et al. 1995). The radial distortion is 

considered the most important type of distortion for cameras. It causes barrel distortion at short focal 

lengths as well as pincushion distortion at longer lengths. (Cedrés et al. 2015). However, one may notice 

the thin prism distortion which arises from slight tilt of lens or image sensor array also causes additional 

radial and tangential distortion, the tangential distortion as well that is caused by lens decentering due 

to improper lens assembly. (Wang et al. 2007). The packages provided by Matlab and Python can solve 

such problems easily, however I built my own program to calibrate the extracted pictures. I used what I 

call it the object calibration process where the position of the camera is rigid, and the position of the 

calibration object is altered in case of multiple views. The object I used was checkerboards as in Figure 

(2.1, a, b) the first has size of 8 × 8 squares and the second has 16 × 11 squares, where it was pasted on 
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a flat carton box that can be rotated or translated infornt of the rigid camera to cover all Euler angles. 

The algorithm I used to write the program is discussed in details in Appendix A, I used Python 

Programming Language.  

(a)                               (b) 

Figure (2.1). Checkerboard patterns at single orientation that both were used during the calibration process,  

the camera in (b) with both computers used during picture capturing and simulation process. 

I found the corners of the chessboard using the ready packages from OpenCV python. After calibrating 

the pictures, I had to extract the pixels of the free surface and the channel bottom (the surface of the 

tilting table) by curve tracking methods, I used my new code using the Chain method but due to the high 

noise in the images, I used better algorithm code provided by Professor Zsólt Kóhári from which the 

edges are tracked column by column within specific vertical range that is adjustable depending on each 

picture separately. Of course, I first did many image processing techniques like the denoising and then 

the image gradient then the thresholding using the OpenCV library attached with Python. In order to 

convert the pixel results into real 𝑚𝑚 ones, an additional tool was exploited by the help of the advisor 

Professor Szabó, on the outer periphery of the cylinder, small paper squares were pasted, each have 

specific number in ascending order, so that the observer of the outer surface will recognize a grid of 

points, each point has determined z-coordinate that was measured manually in the laboratory from the 

bottom (which is the surface of the upper tilting table, as it was assumed a reference, so the 𝑧-bottom 

coordinates in 𝑚𝑚 all the time were zeros), the origin of this grid was one of the points that appeared 

almost in the centre, to find their azimuthal coordinates with enhanced results of their vertical ones, a 

minimization and least square technique was used, so that their final (𝑠, 𝑧) coordinates in 𝑚𝑚 on the 

outer periphery were extracted. Those squares were clear in the extracted pictures and I assumed that 

their centroids correspond to the pixel coordinates, those mainly were extracted from the thresholding 

stage, where I cared about extracting the squares with their full shape by varying the threshold intensity, 

even the general appearance of the wave inside the picture was not important at all, when I found the 

squares, I used a bounding technique to encircle the squares and find their centroids in pixels, so that I 

now know their 𝑚𝑚 coordinates and their corresponding pixel ones, thus the rest of the process is to 

complete the interpolation and extrapolation for the whole points of the wave’s curve relative to the 

pixels of the squares and their corresponding 𝑚𝑚 ones. It was mentioned earlier that the CCD camera I 

used in the measurements has capturing frequency 30 frames per second, this enabled me to get the 

frequencies of waves simply by tracking the wave crest at specific point, after completing one single 
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cycle in front of the camera so that I know the number of frames between those two specific pictures to 

determine the time and frequency, this also was checked manually, as during the experiment I used timer 

that measures the number of rotations for specific time observed, the results were too close. The 

distortion for the pictures in our CCD camera was corrected using the program I wrote, and the result is 

clear in Figure (2.2): 

       (a)                       (b) 

Figure (2.2). (a). The original picture before calibration where image gradient with tkernel size =  7 was applied 

to make the bulged lines clearer. (b) the same picture after get rid of distortion and rectification.  

Table (2.2) represent the results of calibration for camera intrinsic parameters resulted from calibration: 

Table (2.2). Calibration results for the intrinsic parameters of the used CCD camera. 

N 𝒖𝑪 𝒗𝒄 𝑲𝟏 𝑲𝟐 𝑲𝟑 𝑷𝟏 𝑷𝟐 𝜶 𝜷 𝜸 F 

9 713.08 488.5 0.0541 -0.8042 -0.992 3.26 -4.406 1811.385 1759.038 7.05 8.18 

Where 𝑁 represents number of calibration pictures,  𝑢𝐶 , 𝑣𝐶 the center of distortion. 𝐾1, 𝐾2, 𝐾3 the radial 

distortion coefficients. 𝑃1, 𝑃2 the tangential distortion coefficients. 𝐹 represents the camera constant. 𝛼, 𝛽 

respectively, related to the sensor scales and 𝛾 the skewedness of the picture. 

2.3. Acoustic Doppler Velocimeter Measurements 

Other important experimental procedure was measuring the velocity in three different directions of the 

flow at specific point in the channel in order to be compared with theoretical assumptions precisely 

using Acoustic Doppler Velocimeter, the one I used in the experiment is a NORTEK release Vectrino 

Profiler, which is a high-resoluion 3D instrument velocimeter. The vectrino profiler has four reciever 

arms sorrounded the transmit transducer (the central element). The principle that vectrino depends on 

finding the velocities is the Doppler effect, which is the change in frequency of a sound wave when a 

wave source moves with respect to an observer, or when the observer itself moves relative to the wave 

source. The velocimeter measures velocity by transmitting a pair of short sound pulses of a specific 

frequency into the water column. Part of the sound waves reflect back to the instrument, where the 

detected signal undergoes further process based on the Doppler Shift, precisely on the phase difference 

between two transmit pulses, where the phase difference is expresed as: 

                                                                       𝑉 =
∆𝜑𝐶

4𝜋𝐹𝑠𝑜𝑢𝑟𝑐𝑒∆𝑡
                                                                     (2.3.1) 
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Where 𝑉 the current velocity, ∆𝜑 the phase difference, 𝐹𝑠𝑜𝑢𝑟𝑐𝑒 the transmitted frequency, and ∆𝑡 the time 

difference between two consecutive pulses. The reflection from water comes mainly from the passive 

tracers (scattered material) suspended in water which are typically zooplanton or suspended sediments 

that move with the same average speed as the water, the ones used throughout the experiments were 

sand particles with diameter 𝑑 = 0.25 mm, also it was in our favour that the water in the laboratory 

already turbid not distilled one, those all enhanced the signal during the measurements. After hanging 

the vectrino in the channel, a cable should be connected between the instrument and the computer to 

examin the velocity recordings during the measurements, this can be done through specific program that 

can be downloaded: Vectrino Plus. To initiate the work, I first specify the sampling rate which is a 

representation for the absolute upper limit on the resolvable waves, the one used in the experiment is 25 

HZ which is the maximum value for normal vectrino. I have also to determine the coordinate system, it 

was mentioned from the manual provided with the vectrino that the probe with red head is the one that 

should accord with the direction of the flow, in vectrino plus program there are two different coordinate 

systems, one accords with the inertial frame system in the cartesian coordinates, which takes its 𝑋-

direction in coincidence with the direction of the red head, and the second one is the coordinate system 

of the probes themselves, which also has dominant direction accords with the red head of the probe 

Figure (2.4-a) shows both systems. In the conducted experiments, the vectrino housing (the black 

segment of vectrino) was sticked to an external metal rod and the probe with the transmitter and the 

receiver arms were hung separately to other metal rod fixed to the previous ones by screws, this enables  

adjustable horizontal range to place the vectrino inside the channel at any position suspended inside it, 

but never feels any rotation or precession. One should confess that the position of vectrino’s transmit 

transducer should be about approximately 3-5cm far from the channel bottom to avoid the bottom 

reflection that may affect the signal reflected to the probes and may modify the velocities, this forced 

me during the experiment to use the vectrino only for volumes of water starting from 10000ml, also it is 

better to bring it far from the nearby walls of the channel, although the manual provided by NORTEK 

stated that it can take measurements near the walls effectively, but the main problem is the narrow width 

that did not exceed 10cm, which makes it difficult to find the proper place by which I guarantee not 

scratching the plexiglass walls of the inner cylinder of the flume by the hanging rod, although this 

happened when the tilt angle was big, in genergal I first  determined the position in the centre of the 

flume when no motion felt for small angles and far from the centre when the angle was big. Figure (2.4-

b,c) shows the real vectrino inside the channel and the hanging rod where the vectrino was sticked to it 

during the measurements, of course the red head of the vectrino was headed in the direction of the 

azimuthal direction of the flow, so the 𝑋-coordinate accords with the azimuthal direction, the radial 

direction is in the direction of the beam perpendicular to the red head, and there are two beams to 

measure the vertical component of velocity which accords with the 𝑍-direction of the flume in the frame 

coordinate, those vertical measurements are being processed later into single averaged value when 

processing the velocities using other important program is called WinADV, so that the collected 
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velocities are stored in files have vno suffix, and then converted using the Vectrino Plus program into 

files with adv suffix, so that they can be processed by WinADV into readable data of velocity in cm/s 

units stored in a simple excel sheet. To measure the quality of data collected during the experiment it is 

important to observe the correlation ratio of SNR which represnts the signal to noise ratio, if it is over 

70% I considered the collected velocity data acceptable or good results, if it is low then I added more 

scattered material to the flow to enhance the echo.  

(a)                                             

(b)                                                      (c)                                                                                                    
Figure (2.4). (a) the left picture represents the vectrino coordinate system where the x direction in conformance 

with the red head of the probe, the right picture is the cartesian coordinate system where the x-coordinates accords 

with the red head, although the right picture is taken on the vector not the vectrino but the same principal, (b) The 

vectrino housing sticked to a metal rod that is mounted on the laboratory floor, the probe is left suspended inside 

the channel which is also hung to other metal rod fixed to the standing rod. (c) the red head of the vectrino receiver 

arm in the flow direction from above, two screws that hold the probe can adjust the horizontal length of the metal 

hanging rod to suspend the probe at specific position.  

2.4. System of Coordinates 

The theory of wave was and still an interesting topic to be discussed in hydrodynamics beside other 

engineering domains. We know that all waves can be represented mathematically in terms of partial 

differential equations, those were derived in the eighteenth century by Leonard Euler and Navier-Stokes, 

the simple difference between the two models is whether viscosity of the flow is included or neglected. 

Euler equations are the ones that consider ideal flow description where the fluid inviscid incompressible 

one, which is the case I consider in the whole work as water is used in the experiments which is inviscid 

and incompressible one. The generalized version of those equations is called Navier-Stokes where this 

effect is included. The starting point in deriving those equations is Newton’s second law, from which 

the total forces affect the liquid will be in balance with its momentum rate, in the case of no rotation the 
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general forces that may affect the liquid are the gravity, pressure, and friction forces, when adding the 

rotation, the number of forces increases, to include Coriolis, Centrifugal, and Euler forces, respectively. 

The fluid will be conserved, this includes its mass, momentum, and energy, in general the treatment of 

the flow will be within a certain spatial region is called the control volume rather than in parcel of matter 

which quickly passes through the region of interest. (Ferziger and Perić 2002). There are mainly two 

different forms of control volumes, the first one is called the Lagrangian form, from which the control 

volume follows the motion of single particle with time, the second is called the Eulerian form where the 

concentration is on determining of velocity distribution in the region occupied by the fluid without trying 

to follow the motion of the individual fluid particles. (Stoker 1957), or in other way this motion can 

either described by the path of individual fluid particles (Lagrangian Description) or the velocity (and 

acceleration) field in the region occupied by fluid at a given moment (Eulerian Description). (Wehausen 

& Laitone 1960). The equations I used through the rest of this work taking the Eulerian form. As 

mentioned in the introduction that cylindrical channel was constructed, which has the ability to rotate 

and tilt, thus, to track the motion of the oscillations in a spinning and nutating cylinder, it is good to use 

the body-fixed coordinates, by which the axes are attached to the cylinder so that they nutate and spin 

with its motion.  As it is well known that any system under precession has tilt angle that varied from 

zero on the horizon till its maximum range of the designed system, this angle is denoted by 𝜓, and it is 

characterized by the slope 𝜏, but there is other important angle which represents the deflection from the 

horizon (the 𝑥 axis) I call it 𝛼2, which is a function of the wobbling motion, this angle is in between: 

−𝜓 ≤ 𝛼2 ≤ 𝜓. If 𝛼2 = +𝜓, this means that the vector that follows this angle will coincide with the vector 

of the tilting angle 𝜓 or the 𝑥 axis on the table, this means I have pure tilting and 𝛺𝑡 = 0, where 𝛺𝑡 is the 

phase of tilt, this leads to the simple fact: 𝑐𝑜𝑠(𝛺𝑡) = 𝑐𝑜𝑠(0) = 1. And if 𝛼2 = −𝜓 then 𝛺𝑡 = 𝜋, this leads 

to: 𝑐𝑜𝑠(𝛺𝑡) = 𝑐𝑜𝑠(𝜋) = −1. The motion is in a rotating tilting frame with respect to the inertial system 

in the laboratory, that is why I need a transformation from the laboratory to the tilting rotating frame. 

The unit vector of the tilting system in the vertical axis of the cylinder is going to take the form: 

                                                           �̂�𝑧 =
τcos(𝛺𝑡)

√1+𝜏2
𝑖̂ +

τsin(𝛺𝑡)

√1+𝜏2
𝑗̂ +

1

√1+𝜏2
�̂�                                                (2.4.1) 

The unit vector �̂�𝑥 is going to be restricted in the plane (𝑖̂, �̂�), then the projection on (𝑗̂) in the direction 

of (𝑦) will be zero all the time, for arbitrary tilting angle (𝛼2), I can write the unit vector (�̂�𝑥) as the 

following: 

                                                                  �̂�𝑥 = cos(𝛼2)𝑖̂ + 0. 𝑗̂ − 𝑠𝑖𝑛(𝛼2)�̂�                                                   (2.4.2) 

The third unit vector on the 𝑦 direction can be extracted simply using the cross product of the other 

vectors as: �̂�𝑦 = �̂�𝑧 × �̂�𝑥 I get: 

                                      �̂�𝑦 =
−𝜏𝑠𝑖𝑛(𝛺𝑡)sin(𝛼2)

√1+𝜏2
𝑖̂ +

(cos(𝛼2)+τ𝑐𝑜𝑠(𝛺𝑡)𝑠𝑖𝑛(𝛼2))

√1+𝜏2
𝑗̂ −

𝜏𝑐𝑜𝑠(𝛼2)𝑠𝑖𝑛(𝛺𝑡)

√1+𝜏2
�̂�                          (2.4.3) 

The previous unit vectors with their corresponding components are going to be the matrix transformation 

elements from the inertial frame to the tilting one. I call this matrix 𝐸(𝛺) and it will take the following 

form: 
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                            𝐸(𝛺) =

(

 
 

𝑐𝑜𝑠(𝛼2) 0 −𝑠𝑖𝑛(𝛼2)
−𝜏𝑠𝑖𝑛(𝛺𝑡)sin(𝛼2)

√1+𝜏2

𝑐𝑜𝑠(𝛼2)[1+τ
2𝑐𝑜𝑠2(𝛺𝑡)]

√1+𝜏2
−
𝜏𝑠𝑖𝑛(𝛺𝑡)𝑐𝑜𝑠(𝛼2)

√1+𝜏2

τcos(𝛺𝑡)

√1+𝜏2

τsin(𝛺𝑡)

√1+𝜏2

1

√1+𝜏2 )

 
 

                                (2.4.4) 

I will further introduce the final matrix that will transform the motion from the tilting plane to the 

cylindrical coordinate system on the channel flume itself where the rotating tilting motion happens. 

Thus, I need the rotation matrix first because of the solid body rotation about the 𝑧-axis of the lower 

rotating table which is going to be written in terms of the cylindrical azimuth-axial plane as: 

𝑅𝑧, = (
𝑐𝑜𝑠휃 𝑠𝑖𝑛휃 0
−𝑠𝑖𝑛휃 𝑐𝑜𝑠휃 0
0 0 1

) 

Thus, the final transformation matrix is the dot product of the two matrices 𝑅𝑧,  and 𝐸(𝛺), by using this 

matrix any force is applied to the system is going to be transformed accordingly, for example the gravity 

vector is going to take the final form as: 

                                                 𝑔′′ = (

𝑔𝑟
𝑔
𝑔𝑧
) = 𝑔(𝜏

τcos(𝛺𝑡 − 휃) + 𝑂(𝜏3)

sin(𝛺𝑡 − 휃) + 𝑂(𝜏3)

−1 + 𝑂(𝜏2)

)                                              (2.4.5) 

The double primes (") over the variable points to its value in the final system of coordinates, that is, the 

tilted cylindrical one. Any rotational motion will have accelerating frame, and this is going to introduce 

three additional accelerations to the motion which means that three additional forces will be added to 

the system of Navier-Stokes equations, so that the application of Newton’s second law leads to: 

                      𝑀.𝑔 = 𝐹 − 2𝑀𝛺′′(𝛺𝑡) × 𝑉′′ −𝑀�̇�′′(𝛺𝑡) × 𝑟 − 𝑀𝛺′′(𝛺𝑡) × (𝛺′′(𝛺𝑡) × 𝑟)                        (2.4.6) 

Where 𝛺′′(𝛺𝑡) represents the final vector of angular velocity in the cylindrical tilting coordinate, which 

can be written in the form of: 

                                               𝛺′′(𝛺𝑡) ≈ −𝛺𝜏 (

cos(𝛺𝑡 − 휃)

sin(𝛺𝑡 − 휃)

𝜏 sin2(𝛺𝑡)
) + 𝑂(𝜏3)                                                    (2.4.7) 

�̇�′′(𝛺𝑡) represents the derivative of the angular velocity vector. 𝑉′′ also represents the final velocity 

vector, which has three different projections will be mentioned respectively: 𝑢 the azimuthal velocity 

component, 𝑣 the radial velocity component, and finally 𝑤 the axial velocity component. 𝑀 represents 

the mass of water. 𝐹 represents all external forces that affect the flow inside the cylindrical tank. 𝑟 

represents the position vector. The pseudo forces in the right-hand side of this equation are going to be 

as the following: 

1- The Centrifugal Force: this force always perpendicular to the rotation axis which is in our case 

the 𝑧-axis, it causes no change in the velocity of a fluid parcel, but it effectively modifies gravity, 

reducing it over what it would be if the Earth was stationary, (LaCasce 2015), I find after the 

multiplication: 

                            𝛺′′(𝛺𝑡) × (𝛺′′(𝛺𝑡) × 𝑟′′) ≈ −𝛺2𝜏2 (
𝑠𝑖𝑛2(𝛺𝑡 − 휃)𝑟

𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑟
𝑧

) + 𝑂(𝜏3)                    (2.4.8) 
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2- The Coriolis Force: this force always perpendicular to the velocity vector, it does not change 

the flow speed just its direction, (LaCasce 2015), the final multiplication will be given as: 

2𝛺′′(𝛺𝑡) × 𝑉′′ = 2𝛺′′(𝛺𝑡) × 𝑋′′ 

                                2𝛺′′(𝛺𝑡) × 𝑥′′ ≈ −2𝛺𝜏 (

𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑤

−cos(𝛺𝑡 − 휃)𝑤

cos(𝛺𝑡 − 휃) 𝑢 − 𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑣

) + 𝑂(𝜏2)                           (2.4.9) 

3- The Euler Precession Force: this force is also called the Euler wobbling, which is because the 

relative motion of the axis, or the axis acceleration, (LaCasce 2015), the final multiplication will 

give: 

                                                       �̇�′′(𝛺𝑡) × 𝑋′′ ≈ −𝛺2𝜏 (

cos(𝛺𝑡 − 휃) 𝑧

𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑧

−𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑟

) + 𝑂(𝜏2)                              (2.4.10) 

After collecting all the forces above and applying them into Newton’s second law I get the final Navier-

Stokes equations: 

𝑣𝑡 + 𝑣𝑣𝑟 +
𝑢𝑣𝜃

𝑟
+ 𝑤𝑣𝑧 −

𝑢2

𝑟
= 𝑔𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃) −

1

𝜌
𝑃𝑟 + 2𝛺𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑤 + 𝛺

2𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑧 +

+𝛺2𝜏2𝑠𝑖𝑛2(𝛺𝑡 − 휃)𝑟 + 𝜗 (
1

𝑟
𝑣𝑟 + 𝑣𝑟𝑟 −

𝑣

𝑟2
+

1

𝑟2
𝑣 −

2

𝑟2
𝑢 + 𝑣𝑧𝑧)                                                            (2.4.11)                                                                                                                                                                                                                              

𝑢𝑡 + 𝑣𝑢𝑟 +
𝑢𝑢𝜃

𝑟
+

𝑣𝑢

𝑟
+ 𝑤𝑢𝑧 = 𝑔τsin(𝛺𝑡 − 휃) −

𝑃𝜃

𝑟.𝜌
− 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑤 +

𝛺2𝜏2

2
𝑠𝑖𝑛(2𝛺𝑡 − 2휃)𝑟 +

𝛺2𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑧 + 𝜗 (
1

𝑟
𝑢𝑟 + 𝑢𝑟𝑟 −

𝑢

𝑟2
+

2

𝑟2
𝑣 +

1

𝑟2
𝑢 + 𝑢𝑧𝑧)                                                                  (2.4.12)                                                                                                                                                      

𝑤𝑡 + 𝑣𝑤𝑟 +
𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧 = −𝑔 −

𝑃𝑧

𝜌
− 2𝛺𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑣 + 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑢 − 𝛺2𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑟 + 𝛺2𝜏2𝑧 +

𝜗 (
1

𝑟
𝑤𝑟 + 𝑤𝑟𝑟 +

1

𝑟2
𝑤 + 𝑤𝑧𝑧)                                                                                                                       (2.4.13)                                                   

Equations (2.4.11), (2.4.12), and (2.4.13) are going to be used in both linear and nonlinear part, but it is 

worth to mention that all Centrifugal force components are of order 𝑂(𝜏2), and as I deal with relatively 

small angles of tilt then for the rest of this work all Centrifugal components will be neglected. 
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Chapter 3 

 

Linear Inviscid Approximation 

 

3.1. Governing Equations 

The whole work in this Chapter is published online and can be found in (Alshoufi 2021)1. The wave 

motion to be discussed here happens in three dimensions. The flow is assumed homogeneous irrotational 

one, mathematically this means that the curl of velocity is zero: 

                                                                                  ∇ × 𝑉 = 0 

Which leads to the irrotational conditions in case of cylindrical geometry as it is our mainly concern:  

                                                        𝑟𝑢𝑟 + 𝑢 = 𝑣 , 𝑤𝑟 = 𝑣𝑧, 
𝑤𝜃

𝑟
= 𝑢𝑧 

Irrotationality condition enables us to use the velocity potential scalar function ɸ(𝑡, 𝑟, 휃, 𝑧), from which 

all velocity components are replaced due to the fact that: 

                                                             𝑢 =
1

𝑟

𝜕ɸ

𝜕
,    𝑣 =

𝜕ɸ

𝜕𝑟
,    𝑤 =

𝜕ɸ

𝜕𝑧
 

Where 𝑢,𝑣, 𝑤 the velocity components in the azimuthal, radial, and axial directions, respectively. Which 

are replaced by ɸ(𝑟, 휃, 𝑧, ; 𝑡). This will reduce the three projections of Euler equations (2.4.11), (2.4.12), 

and (2.4.13) into one single equation which is the well-known Bernoulli equation but with additional 

forcing term in the right-hand side of the equation. Thus, the equations by which the motion to be 

determined: 

                                                                   
1

𝑟2
ɸ + ɸ𝑧𝑧 +

1

𝑟
ɸ𝑟 + ɸ𝑟𝑟 =  0                                                        (3.1.1) 

                                 ɸ𝑡 +
1

2
(ɸ𝑟

2 +
ɸ𝜃
2

𝑟2
+ ɸ𝑧

2) = −𝑔휂 + 𝑔τcos(𝛺𝑡 − 휃)𝑟 −
𝑃

𝜌
+ 𝑂(𝜏2)                                 (3.1.2) 

                                                             ɸ𝑧 = 0 at 𝑧 = 0,     ɸ𝑟𝑚𝑖𝑛 = ɸ𝑟𝑚𝑎𝑥 = 0                                            (3.1.3)                                                                             

                                                                ɸ𝑧 = 휂𝑡 +ɸ𝑟휂𝑟 +
ɸ𝜃

𝑟2
휂                                                                    (3.1.4) 

                                             ɸ(𝑡, 휃 + 2𝜋, 𝑧, 𝑟) = ɸ(𝑡, 휃, 𝑧, 𝑟) + 𝛤(𝑡) = ɸ(𝑡, 휃, 𝑧, 𝑟) +
𝛤(𝑡)

2𝜋
휃 + 𝑓(𝑡)               (3.1.5)                                 

                                                                                  휂(휃 + 2𝜋) = 휂(휃)                                                           (3.1.6) 

휂(𝑟, 휃, 𝑡) the local free surface over the average depth of water ℎ̅. 𝑓(𝑡) represents some multi-valued 

periodic function. 𝑃 the pressure which in case of open flow is considered constant and equals to the 

atmospheric pressure which can be negligible, 𝑔 is representation for gravity acceleration. Condition 

(3.1.3) expresses the impermeability condition so that at the rigid walls, like the bottom and the sides of 

the channel, the normal velocity is zero, this is expressed in terms of Neumann boundary conditions 

where the values of normal derivatives ɸ𝑟𝑚𝑖𝑛 , ɸ𝑟𝑚𝑎𝑥 , ɸ𝑧 of the solution were specified. Condition (3.1.4) 

expresses the kinematic condition which is going to be applied on the free surface related to the 

restriction of continuity of velocity, so that the fluid particles on the surface will stay on the surface (no 

generation or destruction of fluid at the free surface). Conditions (3.1.5) and (3.1.6) show the periodicity 

of the system and the wavy motion inside it. The circulation in equation (3.1.5) is assumed as: 
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                                                                           𝛤(𝑡) = 2𝜋𝑟2𝛺                                                                       (3.1.7) 

Where 𝑟 the radius, in the rest of the work I use the radius of the outer cylinder as a reference, 𝛺 the 

angular velocity. Equation (3.1.1) (field equation) can be solved using the method of variable 

separateion, from which any function for instance 𝑢(𝑥, 𝑦) can be expressed in the separable form as: 

𝑢(𝑥, 𝑦) = 𝑋(𝑥). 𝑌(𝑦), where 𝑋, 𝑌 are functions of 𝑥, 𝑦 respectively. (Debnath 2012).  

3.2. Field Equation Treatment 

    The word linearization can be translated mathematically by restricting the attention to small wave 

amplitudes and weak accompanying motion, this affects the momentum equations as all nonlinear terms 

are going to be omitted as they are considered small values. (Pedlosky 2003). 

In our system of equations and all forces affect it, one may notice that the phase of tilt 𝛺𝑡 and the 

azimuthal angle 휃 come in a unified form, this encourages to reduce them in terms of new single variable 

𝜗, where: 

                                                                                    𝜗 =  휃 − 𝛺𝑡                                                                  (3.2.1) 

With 𝛺𝑡 the actual phase of precession. Temporarily I am going to replace ɸ(𝑟, 휃, 𝑧, 𝑡), with 

𝜑(𝑟, 𝜗(𝑡, 휃), 𝑧), in the previous equations, so that the field equation (3.1.1) will take the form: 

                                                                          
1

𝑟2
𝜑𝜗𝜗 + 𝜑𝑧𝑧 +

1

𝑟
𝜑𝑟 + 𝜑𝑟𝑟 = 0                                                       (3.2.2)                 

Bernoulli equation (3.1.2) can be written as: 

                                                            −𝛺𝜑𝜗 + 𝑔휂 ≈ +𝑔τcos(𝜗)𝑟 + 𝑂(𝜏
2)                                                    (3.2.3)    

3.2.1. Homogeneous Boundary Value Problem  

In this case equation (3.1.2) will not include the forced term on the right-hand side of this equation, the 

free surface function 휂(𝑟, 𝜗) is going to be eliminated between (3.1.4) and (3.1.2) so that the condition 

(3.2.3) will take the form: 

                                                                              𝜑𝑧 = −
𝛺2

𝑔
𝜑𝜗𝜗                                                                    (3.2.4)                                                

With 𝜑(𝜗 + 2𝜋, 𝑧, 𝑟) = 𝜑(𝜗, 𝑧, 𝑟), the periodicity condition in mind. The solution for the field equation 

(3.2.2), will depend on the principle of variable separation, which is a fundamental technique for 

obtaining solutions of linear partial differential equations in the homogeneous case (Pinsky 2011), this 

method combined with the principle of superposition from which the general solution of linear 

homogeneous ordinary differential equation of order 𝑛 is a linear combination of 𝑛 linear independent 

solutions with 𝑛 arbitrary constants. This method is widely used to solve initial boundary value problems 

involving linear partial differential equations, it reduces the partial derivatives into total one from which 

one gets solvable equation. (Debnath 2012). In the case under study, equation (3.2.2) is the field equation 

a 3D partial differential equation of the second order in terms of the three dependent variables (𝑟, 𝜗, 𝑧). 

The initial assumption of velocity potential function (the dependent field variable) will take the form: 

                                                               𝜑(𝜗, 𝑧, 𝑟) = cos(𝑛𝜗 + 𝜗𝑛) . 𝑓𝑛(𝑧, 𝑟)                                                 (3.2.5) 

Where 𝑛 the azimuthal integer wave number but it is written for the rest of the work below as the axial 

one first to distinguish it from the azimuthal base mode, and second because I assume that the main axis 
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of motion is the azimuthal one (not the axis of the cylinder) thus it is the axial, and third because the 

actual vertical (axial) modes can be either one or two at maximum while the reported results below show 

how many waves on the axial direction of flow azimuthally which is some countable number the 

experiment showed 7 waves at maximum for instance. Substituting (3.2.5) into the field equation and the 

boundary conditions I get:                                                    

                                                  𝑟2𝑓𝑟𝑟(𝑧, 𝑟) + 𝑟𝑓𝑟(𝑧, 𝑟) + 𝑟
2𝑓𝑧𝑧(𝑧, 𝑟) − 𝑛

2𝑓(𝑧, 𝑟) = 0                                    (3.2.6) 

                                                                    −𝑛2
𝛺2

𝑔
𝑓(𝑧, 𝑟) + 𝑓𝑧 = 0                                                                (3.2.7) 

                                                                    𝑓𝑟(𝑧, 𝑟𝑚𝑖𝑛) = 𝑓𝑟(𝑧, 𝑟𝑚𝑎𝑥) = 𝑓𝑧(𝑧0, 𝑟) = 0                                    (3.2.8)  

Further separation is going to take place for the function 𝑓(𝑧, 𝑟), in the radial 𝜒(𝑟) and the axial 휁(𝑧) 

directions, respectively. The final field and the rest of the boundary condition equations: 

                                       (
𝜒𝑟𝑟

𝜒
+

1

𝑟

𝜒𝑟

𝜒
−

𝑛2

𝑟2
)
𝑟−𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

+ ( 𝑧𝑧)
𝑧−𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

= ±
1

𝜆2
                                     (3.2.9) 

                                                                               −𝑛2
𝛺2

𝑔
휁 + 휁𝑧 = 0                                                            (3.2.10) 

                                                                      휁𝑧(𝑧0) = 0 = 𝜒𝑟(𝑟𝑚𝑖𝑛) = 𝜒𝑟(𝑟𝑚𝑎𝑥)                                         (3.2.11) 

1- Radial Part Treatment 

In order to make the separated radial part equation clearer I am going to introduce a new field variable 

𝑢(𝜘) = 𝜒(𝜆. 𝜘), with new independent variable 
𝑟

𝜆
= 𝜘, so that the field equation in the radial separated 

part is going to take the form: 

                                                      𝜘2𝑢𝜘𝜘 + 𝜘𝑢𝜘 + (±𝜘
2 − 𝑛2). 𝑢(𝜘) = 0                                              (3.2.12) 

And to denote to the internal and external radial boundaries in terms of the new independent variable I 

write: 𝜘1 =
𝑟𝑚𝑎𝑥

𝜆𝑛
= 𝛽. 𝜘2 and 𝜘2 =

𝑟𝑚𝑖𝑛

𝜆𝑛
. Where 𝛽 =

𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥
, is fixed value represents the ratio between the 

inner and the outer cylinders. Once an oscillatory time dependence has been specified, the problem 

compromises a hyperbolic PDE equation with boundary conditions normally associated with elliptic 

partial differential equation. (Manasseh 1996). From equation (3.2.12) there are mainly two cases, one 

of them will lead to the hyperbolic PDE needed. If the upper sign of (3.2.12) is taken, the equation will 

be the standard Bessel Equation which satisfies a hyperbolic cylindric solution which is the required 

case, and if taking the lower sign this equation will be the modified Bessel equation but this one does 

not satisfy this hyperbolic cylindric solution (cf. Appendix B for proof of its invalidity) so it is not 

accepted in this solution. The solution for the positive sign can be written as: 

                                                                  𝑢(𝜘) = 𝐶𝑛1. 𝐽𝑛(𝜘) + 𝐶𝑛2. 𝑌𝑛(𝜘)                                                   (3.2.13) 

Where and  𝐽𝑛 , 𝑌𝑛, 𝐽𝑛 , 𝑌�́�, represent first and second kind Bessel’s functions and their derivatives 

respectively of real order 𝑛, 𝐶𝑛1, 𝐶𝑛2 denote arbitrary constant to be determined from the lateral boundary 

conditions: 

                                             (
�́�(𝑟𝑚𝑖𝑛)

�́�(𝑟𝑚𝑎𝑥)
) = (

𝐽𝑛(𝑟𝑚𝑖𝑛 𝜆⁄ ) �́�𝑛(𝑟𝑚𝑖𝑛 𝜆⁄ )

𝐽𝑛(𝑟𝑚𝑎𝑥 𝜆⁄ ) �́�𝑛(𝑟𝑚𝑎𝑥 𝜆⁄ )
) (
𝐶𝑛1
𝐶𝑛2

) = (
0
0
)                                 (3.2.14)  

Equation (3.2.13) similar to the one extracted by Thomson (1880), thus the problem to be solved is for 

periodic disturbance between the boundaries of two concentric cylinders, those harmonic disturbances 
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can be expressed in terms of the modulus and phase representation of the Bessel’s cylindric functions, 

Oliver (1972) for instance listed such representation forms for the first and the second kind of Bessel 

functions as: 

𝐽𝑛(𝜘) = 𝑀𝑛(𝜘). cos(휃𝑛(𝜘)),𝑌𝑛(𝜘) = 𝑀𝑛(𝜘). sin(휃𝑛(𝜘)), 𝐽𝑛(𝜘) = 𝑁𝑛(𝜘). cos(𝜑𝑛(𝜘)), �́�𝑛(𝜘) =

𝑁𝑛(𝜘). sin(𝜑𝑛(𝜘)), 𝐶𝑛1 = 𝐶𝑛. cos(𝛾),𝐶𝑛2 = 𝐶𝑛. sin(𝛾), 𝑀𝑛(𝜘) = √𝐽𝑛
2(𝜘) + 𝑌𝑛

2(𝜘) > 0,   𝑁𝑛(𝜘) =

√𝐽𝑛
2(𝜘) + �́�𝑛

2(𝜘) > 0 

Thus, the determinant solution of the boundary problem in (3.2.13) that satisfies the nontrivial solution 

is given by: 𝑠𝑛 = 𝐶𝑛
2𝑁𝑛(𝜘1)𝑁𝑛(𝜘2) sin(𝜑𝑛(𝜘2) − 𝜑𝑛(𝜘1)).For all 𝐶𝑛

2𝑁𝑛(𝜘1)𝑁𝑛(𝜘2) sin(𝜑𝑛(𝜘2) − 𝜑𝑛(𝜘1)) >

0, I find that 𝑠𝑛 oscillates as a function of 𝑥2 due to the fact that 𝜘1 = 𝛽. 𝜘2, and it has infinitely discrete 

roots, 𝜘2 = 𝜘𝑛𝑚 for each 𝑛 satisfying the nonlinear equation: 

𝑠𝑛(𝛽𝜘𝑛𝑚, 𝜘𝑛𝑚) = 0,  𝜑𝑛(𝜘2) = 𝜑𝑛(𝜘1)   mod (𝜋) 

I can write those roots (modes) in ascending order as: 

0 < 𝜘10 < 𝜘20… .< 𝜘𝑛0 < 𝜘(𝑛+1)0…, 0 < 𝜘01 < 𝜘11… .< 𝜘𝑛1 < 𝜘(𝑛+1)1…,0 < 𝜘0𝑚 < 𝜘1𝑚 … .< 𝜘𝑛𝑚 <

𝜘(𝑛+1)𝑚…,0 < 𝜘0(𝑚+1) < 𝜘1(𝑚+1)… .< 𝜘𝑛(𝑚+1) < 𝜘(𝑛+1)(𝑚+1)…                                                               (3.2.15)                                     

So that the radial velocity 𝑢𝑛𝑚of the first Kelvin mode corresponding to 𝜘10 is formed of one lobe and 

has no zero for 𝑟𝑚𝑖𝑛 < 𝑟 < 𝑟𝑚𝑎𝑥, the second Kelvin mode 𝜘11 contains two lobes and has one zero, the 

third 𝜘12 contains three lobes and two zeros and so on. (Meunier et al. 2008) This is depicted in Figure 

(3.1) for the radial solution of the problem. The corresponding 𝜆𝑛𝑚 =
𝑟𝑚𝑎𝑥

𝜘𝑛𝑚
 quantities to the roots are the 

eigenvalues at which the homogeneous linear boundary value problem has nontrivial solutions. Table 

(3.1) shows the two most important modes, which are the ones that are highly amplified or excited, for 

both the dimensionless 𝜘𝑛𝑚 values and the corresponding 𝜆𝑛𝑚 dimensional characteristic lengths.  

Table (3.1). Characteristic Values of Some Free Infinitesimal Linear Wave Modes 

Wave Mode (𝒏,𝒎) 𝝒𝒏𝒎 𝝀𝒏𝒎 (mm) 

(1, 0) 1.297532 172.0574 

(2, 0) 2.512992 86.4875 

To find the roots I must compute (3.2.14) equation solution of the determinant which eventually leads to 

an elliptic cylindric radial solution given as: 

                   𝑢(𝜘) ∝ 𝑢𝑛𝑚(𝜘) = 𝐶𝑛1. 𝐽𝑛(𝜘) + 𝐶𝑛2. 𝑌𝑛(𝜘) = {

𝑌�́�(𝛽𝜘𝑛𝑚). 𝐽𝑛(𝜘) − 𝐽𝑛(𝛽𝜘𝑛𝑚). 𝑌𝑛(𝜘)

𝑌�́�(𝜘𝑛𝑚). 𝐽𝑛(𝜘) − 𝐽𝑛(𝜘𝑛𝑚). 𝑌𝑛(𝜘)

𝑀𝑛(𝜘). sin(휃𝑛(𝜘) − 𝜑𝑛𝑚)

                (3.2.16)     

The solution in (3.2.16) can be converted back in terms of the original radial function before replacing 

variables as: 

                    𝜒𝑛𝑚(𝑟) =
𝐶𝑛𝑚

𝑟𝑚𝑎𝑥
. {

𝑌�́�(𝑟𝑚𝑖𝑛/𝜆𝑛𝑚). 𝐽𝑛(𝑟/𝜆𝑛𝑚) − 𝐽𝑛(𝑟𝑚𝑖𝑛/𝜆𝑛𝑚). 𝑌𝑛(𝑟/𝜆𝑛𝑚)

𝑌�́�(𝑟𝑚𝑎𝑥/𝜆𝑛𝑚). 𝐽𝑛(𝑟/𝜆𝑛𝑚) − 𝐽𝑛(𝑟𝑚𝑎𝑥/𝜆𝑛𝑚). 𝑌𝑛(𝑟/𝜆𝑛𝑚)

𝑀𝑛(𝑟/𝜆𝑛𝑚). sin(휃𝑛(𝑟/𝜆𝑛𝑚) − 𝜑𝑛𝑚)

                           (3.2.17) 
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Where 𝐶𝑛𝑚 the normalization factor, or the radial velocity potential amplitude, and it is going to be 

computed from the orthogonality condition of the previous roots or Kelvin modes. (details of solution 

can be found in Alshoufi1 2021). 

 
Figure (3.1). Radial Velocity Potential Solution for Fundamental Mode 𝑛 = 1, and 

different radial wave numbers 𝑚 = 0, 𝑚 = 1, 𝑚 = 2, 𝑚 = 3, 𝑚 = 4, 𝑚 = 5, 𝑚 = 6.  

The normalization coefficient 𝐶𝑛𝑚 can be written as: 

                                                 𝐶𝑛𝑚 =
√2𝜘𝑛𝑚

√[(𝜘𝑛𝑚
2 −𝑛2)𝑢𝑛𝑚

2 (𝜘𝑛𝑚)−(𝛽
2𝜘𝑛𝑚

2 −𝑛2)𝑢𝑛𝑚
2 (𝛽𝜘𝑛𝑚)]

                                  (3.2.18) 

2- Vertical Part Treatment 

From equation (3.2.9) I can separate the axial solution into: 

                                                                                   ±
1

𝜆2
= 𝑧𝑧                                                                     (3.2.19) 

This is total differential equation that has hyperbolic solution form, or exponential version. By assuming 

a hyperbolic solution of the form: 

                                                                휁𝑛(𝑧) ∝ 휁𝑛𝑚(𝑧) ∝ cosh([𝑧̅ − 𝑧0] 𝜆𝑛𝑚⁄ )                                           (3.2.20) 

This is the assumed solution that satisfies the kinematic condition on the free surface condition in (3.2.10) 

by substituting there I get: 

                                −𝑛2
𝛺2

𝑔
cosh([𝑧̅ − 𝑧0] 𝜆𝑛𝑚⁄ ) +

1

𝜆𝑛𝑚
sinh([𝑧̅ − 𝑧0] 𝜆𝑛𝑚⁄ ) = 0                                       (3.2.21) 

The solution of (3.2.21) or the kinematic condition of the free surface will only be valid if the condition 

in (3.2.22) is satisfied which is an equation between the wave number in the axial direction of the flow 

and the angular celerity which is called the dispersion relation: 

                                       |�̃�𝑛𝑚| =
1

𝑛
√

𝑔

𝜆𝑛𝑚
tanh (

ℎ̅

𝜆𝑛𝑚
) =

1

𝑛
√
𝜘𝑛𝑚𝑔

𝑟𝑚𝑎𝑥
tanh (𝜘𝑛𝑚

ℎ̅

𝑟𝑚𝑎𝑥
)                                      (3.2.22) 

Let: �̃�±𝑛𝑚 = ±|�̃�𝑛𝑚|. The positive values correspond to the counterclockwise propagating waves, the 

negative ones to the clockwise propagating waves. The possible wave phase is: 

𝜗(𝑡, 휃) = 𝜗±𝑛𝑚(𝑡, 휃) = 휃 ± |�̃�𝑛𝑚|𝑡 

Figure (3.2) shows the relationship between the wave number and the angular velocity derived from 

(3.2.22), where ℎ̅ represents the average water depth in the channel, and this is one of the control 

parameters of the problem as mentioned earlier, the case shown in Figure (3.2) accords with volume 

14000ml. The inequality (3.2.20) will turn into equality simply by finding the amplitude or the 
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normalization coefficient of the vertical (𝑧) part of the problem using the same methodology in the radial 

part and satisfying the orthonormality condition, one gets: 

                                         휁𝑛𝑚(𝑧) = 𝜈𝑛𝑚 = √
4

2ℎ̅+𝜆𝑛𝑚 sinh(
2ℎ̅

𝜆𝑛𝑚
)
. cosh([ℎ̅] 𝜆𝑛𝑚⁄ )                                        (3.2.23)                                           

 
Figure (3.2). Dispersion relationship of the modes from the homogeneous part  

                             for different radial wave numbers: 𝑚 = 0, 𝑚 = 1, 𝑚 =  2, 𝑚 =  3, 𝑚 =  4 

The modes of the flow can be computed from equation (3.2.22). I derived some modes from the 

experiment are plotted in terms of the control parameters: the average depth of water and the precession 

rate 𝜏𝛺 that connects between the angle of tilt and the rotation rate as in Figure (3.3), those modes accord 

with different angles of tilt characterized by the slope 𝜏: 

      
Figure (3.3). Experimental observed modes with respect to the control  

parameters: the tilt 𝜏, the rotation rate 𝛺, the average depth of water ℎ̅. 

3- Azimuthal Part Treatment 

I assumed previously in (3.2.5) that the azimuthal solution can be represented in terms of sinusoidal 

function thus it can be either sine or cosine one, those also should be normalized to satisfy the 

orthonormality condition of the problem so that two base azimuthal modes appear: 

                                            {
𝜌𝑛1(𝜗) = 𝑑𝑛𝑚 cos(𝑛𝜗) ≡ 𝜌𝑛1(𝜗, 0)

𝜌𝑛2(𝜗) = 𝑑𝑛𝑚 sin(𝑛𝜗) ≡ 𝜌𝑛2(𝜗, 𝜋/2)
                                                            (3.2.24)                

Where 𝑑𝑛𝑚 the azimuthal amplitude or the normalized coefficient for the azimuthal part: 𝑑𝑛𝑚 =
1

√𝜋
. Thus, 

the total velocity potential function will be after substituting in (3.2.5) as: 

                                                        𝜑𝑛𝑚𝜎(𝜗, 𝑧, 𝑟) = 𝜌𝑛𝜎(𝜗)𝜒𝑛𝑚(𝑟)휁𝑛𝑚(𝑧)                                                  (3.2.25) 

Where 𝜎 = 1, 2 the base azimuthal mode. So that the original velocity potential function in (3.1.5) can 

be written as: 
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ɸ(𝑡, 휃, 𝑧, 𝑟) =
𝛤(𝑡)

2𝜋
휃 + ∑ ∑ ɸ̃0𝑚ɸ0𝑚(𝑧, 𝑟)

2
𝜎=1

∞
𝑚=1 + ∑ ∑ ∑ ɸ̃+𝑛𝑚𝜎ɸ+𝑛𝑚𝜎(𝑡, 휃, 𝑧, 𝑟)

2
𝜎=1

∞
𝑚=0

∞
𝑛=1 +

∑ ∑ ∑ ɸ̃−𝑛𝑚𝜎ɸ−𝑛𝑚𝜎(𝑡, 휃, 𝑧, 𝑟)
2
𝜎=1

∞
𝑚=0

∞
𝑛=1                                                                                                      (3.2.26)                                                                  

This includes the circulation 𝛤(𝑡) in the first term, the secondary currents in the second one this accords 

with mode 𝜘0𝑚, so they are not propagating waves they purely radial standing waves with azimuthal 

symmetry as they are clear in Figure (3.4), and types of progressing waves whether clockwise or 

counterclockwise are in the third and the fourth terms, respectively.  

 
Figure (3.4). Standing waves with azimuthal symmetry, for mode 𝑛 = 0,  

and radial wave number 𝑚 = 3, where 𝑟 =  𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛 , the channel width. 

To find the velocities in three dimensions of the flow one should compute them separately (cf. Alshoufi 

2021)3 as follows: 

𝑢 =
1

𝑟

𝜕ɸ

𝜕
=

1

𝑟

𝜕𝜑

𝜕𝜗
= �̂�𝑛𝜎

′ (𝜗). ∑ 𝜒𝑛𝑚(𝑟)휁𝑛𝑚(𝑧)
∞
𝑚=0 ,  𝑣 =

𝜕ɸ

𝜕𝑟
=

𝜕𝜑

𝜕𝑟
= �̂�𝑛𝜎(𝜗). ∑ 𝜒𝑛𝑚

′ (𝑟)휁𝑛𝑚(𝑧)
∞
𝑚=0  

𝑤 =
𝜕ɸ

𝜕𝑧
=
𝜕𝜑

𝜕𝑧
= �̂�𝑛𝜎(𝜗). ∑ 휁𝑛𝑚

′ (𝑧)𝜒𝑛𝑚(𝑟)

∞

𝑚=0

 

For instance, if I have four axial waves appearing in the system channel, they exhibit eight lobes with 

alternate signs, in such case the velocity fields will take the form in figure (3.5): 

 (a)                              (b) 
Figure (3.5). Azimuthal velocity field, 𝛺 = 4.22 rad/s, V = 8000ml, 𝜏 = 0.0333, 𝑛 = 4, 𝑚 = 2.  

As one may notice that the free surface elevation is to be determined from Bernoulli equation (2.4.32), 

and applying the velocity potential solution (3.2.26) taking into consideration the basis of the radial, 

axial, and azimuthal functions will be: 

                                                                     휂 = 𝜏𝑟𝑐𝑜𝑠(−𝜗) +
�̃�

𝑔
�́�𝜗 − 𝑧̅ +

𝑓𝑒(𝑡)

𝑔
                                           (3.2.27) 

The free surface of the waves is determined using (3.2.27) from which I could compare the experimental 

results with the theoretical ones. For linear stationary waves that appeared along the cylinder in front of 

the camera only two wavelengths were treated even if the observed number is larger thus. For instance, 

the case of Volume 8000ml in the experiment for specific rotation rate I could either get four or five 
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waves thus the mode according to the theory will be: 𝑛𝑚 = (4,0), or 𝑛𝑚 = (5,0) respectively, which 

means the order of Bessel function is 4 or 5. In the experiments as mentioned the CCD camera was used, 

from which quantitative results were extracted directly on the cylinder and as explained the results were 

in the plane of the outer cylinder thus the convex of the cylinder is not affecting the wave profile. The 

extracted pixels were converted to 𝑚𝑚 as mentioned in Chapter I, section 2, although they are not 

perfectly smooth, but in general the theoretical predictions accord with the theoretical ones.    

 
Figure (3.6). Stationary waves, the mode (4, 0) experimentally, but only two wavelengths appear (2, 0). 

3.2.2. Inhomogeneous Linearized Boundary Value Problem  

The homogeneous part of the linearized boundary value problem provided the set of fundamental 

solutions that correspond to small amplitude free surface wave modes. Those span the space of general 

solutions of the homogeneous problem. Next, I determine a particular solution of the inhomogeneous 

part of the linearized boundary value problem (BVP), that describes the waves generated by the periodic 

gravitational forcing in the precessing system. Since the mean (primary) circulation and the secondary 

flow have already been accounted for the homogeneous solution, I can resort to pure wave motion and 

assume that the velocity potential is single value periodic function. Thus, in the lowest order 

approximation, the corresponding equations for the velocity potential of irrotational flow are: 

                                                            
1

𝑟2
𝜑𝜗𝜗 + 𝜑𝑧𝑧 +

1

𝑟
𝜑𝑟 + 𝜑𝑟𝑟 = 0                                                        (3.2.28) 

                                                     𝜑𝑟(𝜗, 𝑧, 𝑟𝑚𝑖𝑛) = 𝜑𝑟(𝜗, 𝑧, 𝑟𝑚𝑎𝑥) = 𝜑𝑧(𝜗, 𝑟, 𝑧0) = 0                               (3.2.29) 

                                                                  φ(𝑡, 휃 + 2𝜋, 𝑧, 𝑟) = 𝜑(𝑡, 휃, 𝑧, 𝑟)                                                 (3.2.30) 

                                                                      −𝛺𝜑𝜗𝜗 + 𝑔𝜑𝑧 = 𝛺𝑔τsin(𝜗)𝑟                                               (3.2.31) 

The term in the right-hand side of (3.2.31) can be represented in terms of the azimuthal mode 𝜌𝑛2(𝜗) 

from the homogeneous case. Thus, for the case of precessional forcing only modes with azimuthal base 

accords with the case of 𝜎 = 2 are excited, and 𝑛 = 1 axially. Thus, the velocity potential that was found 

in (3.2.25) in this case can be written as: 

𝜑(𝜗, 𝑧, 𝑟) = ∑∑∑�̃�1𝑚2𝜑1𝑚2(𝜗, 𝑧, 𝑟)

2

𝜎=1

∞

𝑚=0

∞

𝑛=1

= ∑∑∑�̃�1𝑚2𝜌12(𝜗)𝜒1𝑚(𝑟)휁1𝑚(𝑧)

2

𝜎=1

∞

𝑚=0

∞

𝑛=1

 

Where �̃�1𝑚2 the forced amplitude or the normalized coefficient for the inhomogeneous case and I can 

extract it by expanding both sides of (3.2.31) or the free surface boundary condition using the azimuthal 
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and the axial base functions. Concerning the radial variation in the right-hand side of this equation it can 

be done using the radial velocity potential function: 

𝑟 = ∑ 𝐾𝑚𝜒1𝑚(𝑟)

∞

𝑚=0

 

Due to the orthogonality between the radial streamlines and the radial velocity potential function I can 

write: 

𝐾𝑚 = 〈𝜒1𝑚(𝑟), 𝑟〉 = ∫ 𝜒1𝑚(𝑟)𝑟
2𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑖𝑛

= 𝐶1𝑚 ∫ 𝑢1𝑚(𝑧𝜘1𝑚)𝑟
2𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑖𝑛

 

And by following the same procedure in integral calculations was done in the homogeneous case of the 

problem for the fundamental case under study I find that: 

                                           𝐾𝑚𝐶1𝑚 =
2[𝑢1𝑚(𝜘1𝑚)−𝛽𝑢1𝑚(𝛽𝜘1𝑚)]

(𝜘1𝑚
2 −𝑛2)𝑢1𝑚

2 (𝑥1𝑚)−(𝛽
2𝜘1𝑚

2 −𝑛2)𝑢1𝑚
2 (𝛽𝜘1𝑚)

                                              (3.2.32) 

The left-hand side of equation (3.2.31) can be written as: 

−𝛺𝜑𝜗𝜗 + 𝑔𝜑𝑧 = ∑ �̃�1𝑚2[𝛺
2𝜌12

′′ (𝜗)𝜒1𝑚(𝑟)휁1𝑚(𝑧̅) + 𝑔𝜌12(𝜗)𝜒1𝑚(𝑟)휁
′
1𝑚
(𝑧)̅]

∞

𝑚=0

 

With 𝜌12
′′ (𝜗) = −𝜌12(𝜗) in mind from (3.2.24) I can substitute again into the kinematic condition: 

−𝛺𝜑𝜗𝜗 + 𝑔𝜑𝑧 = ∑ �̃�1𝑚2[�̃�1𝑚
2 − 𝛺2]휁1𝑚(𝑧)̅. 𝜌12(𝜗)𝜒1𝑚(𝑟)

∞

𝑚=0

 

By equalizing both sides after expanding I find: 

                            �̃�1𝑚2 =
𝜏𝛺𝑔𝜆1𝑚

�̃�1𝑚
2 −𝛺2

√𝜋/2[𝑢1𝑚(𝜘1𝑚)−𝛽𝑢1𝑚(𝛽𝜘1𝑚)]√2ℎ̅+𝜆1𝑚 sinh(2ℎ̅/𝜆1𝑚)

√(𝜘1𝑚
2 −1)𝑢1𝑚

2 (𝜘1𝑚)−(𝛽
2𝜘1𝑚

2 −1)𝑢1𝑚
2 (𝛽𝜘1𝑚) cosh(ℎ̅/𝜆1𝑚)

                                   (3.2.33) 

The normalized coefficient or the forced amplitude in (3.2.33) reflects the classical linear resonance 

behaviour. Whenever the driving angular frequency 𝛺 = 2𝜋𝜔 gets close to any of the normal angular 

frequencies �̃�1𝑚 of the free system, this means that �̃�1𝑚 → 𝛺 thus 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 → 0, thus  �̃�1𝑚2 → ∞, 

which is not physical, so either the amplitude becomes singularity great and the nonlinear effect cannot 

be neglected or the damping force reduces this amplitude (Georgi 2015), of course it is not going to 

vanish totally due to the restoring forces but it will not be too big, beside it was noticed from the 

experiment that such small amplitude single waves occur for small angle of tilt, the relatively big single 

wave was noticed for relatively higher tilt and higher amount of water which cannot be predicted by 

(3.2.35) at all, and the nonlinear effect should be included, where the study of nonlinearity in this case 

will lead to the study of the famous solitary wave in open channels which occurs only when the balance 

between the nonlinearity and dispersion takes place. Moreover, the propagation of the wave is in the 

same direction as that in which the liquid revolves only when the driving frequency is smaller than the 

normal one, while the propagation will be in the other direction of liquid motion when the forcing is 

bigger than the normal frequency. The computations for the linear resonance correspond to single 

solitary Kelvin mode (1,0,2), and those waves have amplitudes smaller than the average depth of water 
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(i.e., relatively small) then the linear approximation can be assumed matching one. Figure (3.7) shows 

this prediction were equation (3.2.33) was used, the dominator was close to zero: −0.063. 

         
                   Figure (3.7). Single linear Kelvin wave, solitary one, predicted by the linear resonance.  

From the experiment a try was made to catch those low modes of resonance when the driving frequency 

matches one of the computed modes using (3.2.22). The experimental results so far showed good match, 

and the linear theory can predict the lowest order resonance modes, as it is clear in table (3.2), which can 

be found as well in (Alshoufi 2021)3 

             Table (3.2). Forcing and normal angular celerities from Practical computations in the channel 

                 system for different volumes of water and different angle of tilt characterised by the slope 𝜏. 

Volume 

(ml) 
𝝉 𝒏 𝒎 𝜴 (𝒓𝒂𝒅. 𝒔−𝟏) �̃�𝒏𝒎(𝒓𝒂𝒅. 𝒔

−𝟏) |𝐄𝐫%| 

6000 0.0333 7 0 2.73 2.7222 0.00286 

12000 0.0233 2 0 5.03 4.94 0.0182 

6000 0.0117 3 0 4.412 3.734 0.015 

14000 0.0233 2 0 4.94 5.072 0.026 

14000 0.075 3 0 4.33 4.278 0.012 

 

3.3. Shallow Water Equation 

The shallow water waves to be discussed in this section will be derived under assumptions of shallow 

water theory, which results from the assumption that the 𝑦-component of the acceleration of the water 

particles has negligible effect on the pressure 𝑃 or in other word the pressure is given by hydrostatic 

conditions. (Stoker 1957). The way in which this method is used and as mentioned in the previous 

section that the unknown quantities will be expanded in terms of some expansion parameter and include 

it into the system of equations, it worth to mention that such parameter of expansion mainly depend on 

type of problem, as I focus my attention to the fact that the wave velocity and its derivatives, in addition 

to the wave amplitude are all small quantities, thus I could neglect all high order terms or the nonlinear 

ones. This means that what I care about is some parameter which guarantees that vertical depth whether 

wave amplitude or any vertical depth is small in comparison with any horizontal length such as 

wavelength, I call the waves under such circumstances the long waves and the shallow water theory can 

also be called the long wave theory, this parameter is given by: 



37 
 

                                                                                  𝛿 = (
ℎ̅

𝐿
)
2

                                                                         (3.3.1) 

Where ℎ̅ the average depth of water, 𝐿 represents the outer circumference of the channel which is given 

as: 𝐿 = 2𝜋𝑟𝑚𝑎𝑥. In this section I remind the reader with the equations to be used:  

𝐷𝑣

𝐷𝑡
= 𝑔𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃) −

1

𝜌
𝑃𝑟 + 2𝛺𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑤 + 𝛺

2𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑧 − 𝑂(𝜏2)                                              (3.3.2)                                                                                                                                          

𝐷𝑢

𝐷𝑡
= 𝑔τsin(𝛺𝑡 − 휃) −

𝑃𝜃

𝑟.𝜌
− 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑤 + 𝛺2𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑧 − 𝑂(𝜏2)                                                 (3.3.3)                                                                                                                                                                                                                                                  

𝐷𝑤

𝐷𝑡
= −𝑔 −

𝑃𝑧

𝜌
− 2𝛺𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑣 + 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑢 − 𝛺2𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑟 − 𝑂(𝜏2)                               (3.3.4)                                                                                                                                                                                                               

Where 𝑢, 𝑣, 𝑤 the projection components of velocity in the azimuthal, radial, and axial (vertical) 

directions, respectively, 𝛺 the angular celerity of the system, 𝜏 the slope of the channel, it was mentioned 

in Chapter II with the control parameters of the problem. Of course, the terms on the left-hand side of 

(3.3.2), (3.3.3), (3.3.4) is what I call the material derivative, or it is sum of local acceleration and positional 

acceleration, it is given by: 

                                                              
𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+ 𝑣

𝜕

𝜕𝑟
+ 𝑢

𝜕

𝑟𝜕
+𝑤

𝜕

𝜕𝑧
                                                             (3.3.5) 

Those equations have four unknowns that should be determined: the pressure and three velocity 

components, thus the need for fourth equation in order to this system become solvable is required, this 

equation is the well-known mass conservation: 

                                                                            (𝑟𝑣)𝑟 + 𝑢 + 𝑟𝑤𝑧 = 0                                                            (3.3.6)                                               

As mentioned, that any system of partial differential equations has unique solution on a specific domain 

by satisfying initial and boundary conditions, such conditions in the channel flume system are mainly 

next to walls (inner and outer cylinder), the bottom and the free surface thus I can write:  

                                                               𝑤𝑧=0 = 0 , 𝑣𝑟=𝑟𝑚𝑖𝑛 = 𝑣𝑟=𝑟𝑚𝑎𝑥 = 0                                                  (3.3.7) 

On the free surface the kinematic condition, which is application of material derivative of the free surface 

function 휂(휃, 𝑟, 𝑡): 

                                                                      
𝜕

𝜕𝑡
+ 𝑣

𝜕

𝜕𝑟
+

𝑢

𝑟

𝜕

𝜕
− 𝑤 = 0                                                           (3.3.8) 

Thus, equations (3.3.2), (3.3.3), (3.3.4), (3.3.6), (3.3.7), (3.3.8) are the system of equations to be discussed 

under assumptions of shallow water theory. Such equations are hard to be directly solved and some 

simplifications should be used in order to access this solution, such simplification is the well-known 

dimensional analysis technique, thus in order to insert the parameter (3.3.1) into the system of equations 

it is a good manoeuvre to rescale the dependent and independent variables with proper factors so that 

the whole system of equations will be treated in terms of one independent variable which is the shallow 

water variable (𝛿): 

𝑢 = √𝑔𝐻�̅�, 𝑣 = √𝑔𝐻�̅�, 𝑤 = √
𝑔𝐻

𝛿
�̅�, 휃̅ = 휃, 𝜏 = √𝛿𝜏̅, 휂̅ =

𝐻
, 𝑡 =

𝜆

√𝑔𝐻
𝑡̅, 𝑃 = 𝜌𝑔𝐻�̅�, 𝛺 =

√𝑔𝐻

𝜆
�̅�, �̅� =

𝑟

𝜆
, 𝑧̅ =

𝑧

𝐻
,                                                                                                                                                              

(3.3.9) 

Where 𝑐 = √𝑔𝐻 the shallow wave speed. The vertical domain of the problem is given by: 𝑧 = 𝐻 +

휂(𝑟, 휃, 𝑡). Resubstituting the quantities in (3.3.9) into the upper mentioned equations of the problem I get: 
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                                                                𝛿[(𝑟𝑣)𝑟̅̅ ̅̅ ̅̅ ̅ + �̅̅�̅] + �̅�𝑤𝑧̅̅̅̅ = 0                                                             (3.3.10) 

𝛿 [𝑣�̅� + 𝑣𝑣𝑟̅̅ ̅̅ ̅ +
𝑢𝑣𝜃

�̅�

̅̅ ̅̅ −
𝑢2

�̅�
] + 𝑤𝑣𝑧̅̅ ̅̅ ̅ = 𝛿[𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅) − 𝑃�̅� + 2�̅�𝜏̅𝑠𝑖𝑛(𝛺𝑡̅̅ ̅ − 휃̅)�̅� + 𝛿�̅�

2𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)𝑧̅]      (3.3.11)                                                                                                                   

𝛿 [𝑢�̅� + 𝑣𝑢𝑟̅̅ ̅̅ ̅ +
𝑢𝑢𝜃

�̅�

̅̅ ̅̅ +
𝑣𝑢̅̅̅̅

�̅�
] + 𝑤𝑢𝑧̅̅ ̅̅ ̅̅ = 𝛿 [τ̅sin(𝛺𝑡̅̅ ̅ − 휃̅) −

𝑃𝜃̅̅ ̅̅

�̅�
− 2�̅�𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅� + 𝛿�̅�2𝜏̅𝑠𝑖𝑛(𝛺𝑡̅̅ ̅ − 휃̅)𝑧]̅     (3.3.12)                                                                                                                                                                                                                                                                                                                                                                                                                                                                            

𝛿2 [𝑤𝑡̅̅ ̅ + 𝑣𝑤𝑟̅̅ ̅̅ ̅ +
𝑢𝑤𝜃

�̅�

̅̅ ̅̅̅] + 𝑤𝑤𝑧̅̅ ̅̅ ̅̅ = 𝛿[−1 − 𝑃�̅� − 𝛿2�̅�𝜏̅𝑠𝑖𝑛(𝛺𝑡̅̅ ̅ − 휃̅)�̅� + 𝛿2�̅�𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅� − 𝛿�̅�
2𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅�]                                                                                                                       

(3.3.13)                                                                                                                                                                                                                                                                           

                                                                  𝛿 [휂�̅� + 𝑣휂𝑟̅̅ ̅̅ ̅ +
𝑢

�̅�

̅ 휂̅̅̅] − �̅� = 0                                                         (3.3.14) 

                                                                        𝑧̅ = 1 + 휂̅(�̅�, 휃̅, 𝑡̅)                                                                    (3.3.15) 

The bars over all quantities will be dropped from now on, so do the nonlinear terms of velocity 

acceleration in the left-hand side of equations (3.3.11), (3.3.12), (3.3.13) and in (3.3.14). Now I start to 

collect the terms of same order after substituting the values of 𝛿 for instant at the zeroth order or 

equivalently if 𝛿 = 0 I find: 

𝑤(0) = 0   at 𝑧 = 휂(0),    𝑤𝑧
(0)
= 0  at   0 < 𝑧 < 휂(0), 𝑤(0)𝑣𝑧

(0)
= 0, 𝑤(0)𝑢𝑧

(0)
= 0, 𝑤(0)𝑤𝑧

(0)
= 0 

This leads to an important fact that the vertical velocity at this order is zero and all other horizontal 

velocities like 𝑢, 𝑣 are independent from the vertical coordinate (𝑧). This vertical independence of 𝑧 

shews that the horizontal acceleration is the same for all particles in a plane perpendicular to 𝑟, 휃, thus 

the horizontal velocity 𝑢 is a function of 휃 and 𝑡 only, and the other horizontal one 𝑣 is a function of 𝑟, 

and 𝑡 only. (Lamb 1916). While in the first order this means that δ = 1 I find that: 

                                                                  𝑟𝑤𝑧
(1)
= (𝑟𝑣(0))𝑟 + 𝑢

(0)
                                                        (3.3.16) 

                                                                      𝑣𝑡
(0)
= 𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃) − 𝑃𝑟

(0)
                                                    (3.3.17) 

                                                                           𝑢𝑡
(0)
= 𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃) −

𝑃𝜃
(0)

𝑟
                                                 (3.3.18) 

                                                                                      1 + 𝑃𝑧
(0)
= 0                                                             (3.3.19) 

Equation (3.3.19) is the hydrostatic pressure law, according to those dimensionless variables I guaranteed 

that it is natural result of the problem of shallow water theory rather than assuming it in advance as the 

theory of small wave amplitudes, by integrating (3.3.19) I get: 

                                                         𝑃 = 𝑧0  +  ℎ 𝑟𝑒𝑓 +  휂(𝑡; 휃, 𝑟)                                                (3.3.20) 

ℎ 𝑟𝑒𝑓  the depth from the upper table bottom to the floor surface, 𝑧0 the bottom level of the upper table. If 

we assume that the bottom of the upper table 𝑧 =  𝑧0 = 0, The integration of equation (3.3.16) is valid in 

terms of axial direction directly, so that I get: 

                                                               𝑤(1) = −
1

𝑟
[(𝑟𝑣(0))𝑟 + 𝑢

(0)
]
𝑧=0

𝑧= (𝑡; ,𝑟)
                                            (3.3.21) 

Equation (3.3.21) shews that the vertical velocity of any particle is simply proportional to its height above 

the bottom. (Lamb 1916). As ℎ 𝑟𝑒𝑓 and 𝑧0 are independent of 휃, 𝑟, thus: 

                                                                   𝑣𝑡
(0)
= 𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃) − 휂𝑟

(0)
                                                        (3.3.22)              

                                                                          𝑢𝑡
(0)
= 𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃) − 𝜃

(0)

𝑟
                                                      (3.3.23) 

And the kinematic condition is given by: 
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                                                                                  𝑤(1) = 휂𝑡
(0)

                                                                   (3.3.24) 

Although there exists this gravity projection forcing term in both (3.3.23), (3.3.24) the system of (3.3.22), 

(3.3.23) and (3.3.24) will lead to the general equation of long waves in cylindrical coordinate system: 

                                                                        휂𝑡𝑡 − (휂𝑟𝑟 +
𝑟

𝑟
+ 𝜃𝜃

𝑟2
) = 0                                                    (3.3.25) 

Of course, this equation can be written in its dimensional form by including the wave velocity: 

                                                                         휂𝑡𝑡 − 𝑐
2 (휂𝑟𝑟 +

𝑟

𝑟
+ 𝜃𝜃

𝑟2
) = 0                                               (3.3.26) 

Where 𝑐 = √𝑔𝐻 the long wave velocity. Equation (3.3.26) is second order differential equation which is 

going to be solved using two different methods. The solutions to present here are numerical ones only 

using finite difference schemes, the analytical one can be found in (Alshoufi 2021)6, based on Debnath 

(2012). 

• Finite Difference Scheme 

The computational fluid dynamics is relatively new science because it coincides with the time of 

computer revolution in the fifties of the previous century, this science depends on treating the partial 

differential equations using discretizing schemes like the finite difference, finite volumes, finite 

elements, and spectral schemes. These discretization schemes are approximate to the partial differential 

equations from which those partial derivatives will be converted into algebraic equations that can be 

solved numerically. Of course, the new system of equations is not as exact as the original one, but it is 

solvable as for many real problems those equations are unsolvable if one does not use the discretized 

methods. In building any numerical scheme there should be restrict strategy, this starts with determining 

the system of equations that represent the phenomenon, then determine the coordinate system of it, and 

then depending on the geometry under experiment a proper grid can be used, there are different types, 

like structured ones, unstructured ones, in addition to the block-structured ones, each has its perfect or 

suitable geometry to be used and not only the natural geometry of the fluid phenomenon under study. 

One should care about the dimensions of geometry because it determines the future of solution as it 

develops with time. The next step is to choose the discretization system from which the proper 

replacement of the differentiations is possible, many schemes can be used as mentioned previously, but 

one should care about many things during the solution using those methods, because the error can 

happen in three different locations, the first is the difference between the actual flow represented with 

those differential equations and the exact solution of the mathematical model, the second is the 

truncation error one gets when converting the equations from partial into algebraic equations, the third 

one comes mainly from the iteration schemes, which is the difference between the iterative scheme and 

the approximate solution one gets from discretization. Such error will lead to disasters in the extracted 

methods, for instance one may get negative values or values that are larger than the original one for 

instance if dam breaking problem in hand where the wave should have damping amplitude while 

moving, one gets bigger than the original one which is unrealistic, thus this will lead to an important 

issue which is realizability of solution. The solution using these methods in general magnifies the errors 
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and distort the reality or the exact solution, that is why when using them restrict conditions should be 

considered in advance. For instance, the convergence from which the approximate solution becomes 

exact one when reducing the grid distance which is designed in terms of the independent variables of 

the problem. Second one should care about what is called the stability of the problem from which one 

guarantees that the solution will not divert from the initial guess or in other word any change in the 

initial guess will not cause the solution getting bigger and bigger, and this will lead to the next important 

issue about boundedness from which each solution should have limits that if it exceeds the error will be 

clear. Of course, one should care about accuracy which is not easily extracted due to the fact that all 

those solutions are approximate to the exact one, the most important in these methods is to reduce the 

error as much as possible, thus the consistency condition is needed in this case from which the error is 

going to be reduced when reducing the grid distances. Of course, the numerical model should care about 

the conservation, as most of numerical models are used to solve the conservation laws, mainly the 

momentum conservation for example, this means that the discretisation should not introduce any 

additional source or sink terms in the algebraic equations. The finite differnce scheme is going to be 

used in this problem will depend on taking the second derivatives in equation (3.3.26) from Taylor series 

expansion which is going to be used in the expansion about 𝑟𝑗, and 휃𝑖. As the discretization takes the 

angle whihc is is assumed between 0 < 휃𝑖 < 2𝜋, I replaced the dimensional radial direction into 

dimensionless one by introducing: 𝛽 =
𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥
. Where the domain now starts from 𝛽 to 1 on the outer 

surface thus all 𝑟 = 𝑟2 = 1, as I assume the motion on the outer radius for all observed waves. The 

discretization method used is the central difference for first and second order approximations as follows: 

                                                     휂𝑟𝑟 =
𝑖𝑗+1−2 𝑖,𝑗+ 𝑖,𝑗−1

(𝑟𝑗+1−𝑟𝑗)
2  ,   휂𝑟 =

𝑖𝑗+1− 𝑖,𝑗−1

2(𝑟𝑗+1−𝑟𝑗)
                                              (3.3.27)                                                                 

                                                        휂 =
𝑖+1,𝑗−2 𝑖,𝑗+ 𝑖−1,𝑗

( 𝑖+1− 𝑖)
2 ,     휂𝑡𝑡 =

𝑖,𝑗
𝑛+1−2 𝑖,𝑗

𝑛 + 𝑖,𝑗
𝑛−1

∆𝑡2
                                     (3.3.28) 

I can call 휃𝑖+1 − 휃𝑖 = ∆휃, which represents the azimuthal grid space, and: 𝑟𝑗+1 − 𝑟𝑗 = ∆𝑟, represents the 

radial grid space. After applying the discretisation into equation (3.3.26) I get: 

                                   𝑖𝑗
𝑛+1−2 𝑖𝑗

𝑛+ 𝑖𝑗
𝑛−1

∆𝑡2
= 𝑐2 [ 𝑖+1𝑗

𝑛 −2 𝑖𝑗
𝑛+ 𝑖−1𝑗

𝑛

𝑟2∆ 2 + 𝑖𝑗+1
𝑛 −2 𝑖𝑗

𝑛+ 𝑖𝑗−1
𝑛

∆𝑟2
+ 𝑖𝑗+1

𝑛 − 𝑖𝑗−1
𝑛

2∆𝑟
]                         (3.3.29)                        

The problem is solved depending on different assumptions, first as in Figure (3.9) by assuming totally 

rest conditions, and introducing source term at specific place in the grid for instance the center, this 

should be multiplied by the ∆𝑡2 as part of the solution with time, the amplitude for the case of 8000ml is 

about 80cm, thus I write: 

                                                                                휂 = ∆𝑡2𝐴𝑚 cos (
100𝜋𝑡

80
)  

The boundary conditions are assumed in this case periodic the azimuthal direction and reflecting in the 

radial one: 휂0,𝑗 = 휂−2,𝑗, 휂−1,𝑗 = 휂1,𝑗, 휂𝑖,0 = 0, 휂𝑖,−1 = 0. To eliminate the solution at the previous time I 

assume that the water has constant depth thus the backward derivative is zero: 

𝜕

𝜕𝑡
= 𝑖𝑗

𝑛− 𝑖𝑗
𝑛−1

∆𝑡
= 0, then 휂𝑖𝑗

𝑛 = 휂𝑖𝑗
𝑛−1 
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Figure (3.9). Finite difference solution with time, by assuming periodic sourcing term,  

                          the boundary conditions are reflected ones radially, and periodic ones azimuthally 

Other solution in Figure (3.10) is proposed based on the analytical solution which can be extracted using 

the method of variable separation (cf. Alshoufi 2021)6 and is given by: 

                                                   휂(𝑟, 휃) = 𝐶. 𝑟(𝑘+𝑛)[𝐴. 𝑐𝑜𝑠(𝑘휃) + 𝐵. 𝑠𝑖𝑛(𝑘휃)]                                        (3.3.30) 

This time with absorbing boundary conditions this time as: 

𝜕

𝜕𝑡
=

𝑐

𝑟

𝜕

𝜕
, 
𝜕

𝜕𝑡
= 𝑐

𝜕

𝜕𝑟
 

Which can be discretized using the finite difference scheme and assuming Euler forward discretization 

with time: 

𝑖𝑗
𝑛+1− 𝑖𝑗

𝑛

∆𝑡
= 𝑐 𝑖+1,𝑗

𝑛 − 𝑖−1,𝑗
𝑛

𝑟.∆
,   

𝑖𝑗
𝑛+1− 𝑖𝑗

𝑛

∆𝑡
= 𝑐 𝑖,𝑗+1

𝑛 − 𝑖,𝑗−1
𝑛

∆𝑟
 

The stability condition is satisfied using Courant number 𝐶𝑟 =
𝑐∆

∆𝑡
. Equation (3.3.30) is assumed as 

follows: 

                                                    𝑆(휃, 𝑟) =  𝑟3[2𝜋 cos(3휃) + 2𝜋sin (3휃)]                                             (3.3.31)                                           
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Figure (3.10). Finite difference solution with time by assuming  

absorbing boundary conditions radially and azimuthally.  

If I assume a steady case then the time derivative may be neglected and the resultant equation is the 

simple Laplace equation in only the radial and azimuthal directions: 

                                                                         휂𝑟𝑟 +
𝑟

𝑟
+ 𝜃𝜃

𝑟2
= 0                                                                 (3.3.32)                                                      

This can be solved numeically using the Jacobi iteration method and matrix separation. For the iterative 

emthods I convert the system into a simple finite differnce scheme. If I use the equations (3.3.27), (3.3.28) 

and substitute into (3.3.32) I get: 

                                             휂𝑖𝑗
[𝑘+1] =

1

𝐴11
[𝐵11휂𝑖𝑗+1

[𝑘] + 𝐶11휂𝑖𝑗−1
[𝑘] + 휂𝑖+1𝑗

[𝑘] + 휂𝑖−1𝑗
[𝑘] ]                                         (3.3.33) 

 Where:  

𝐴11 =  2(𝛼 + 1), 𝐵11 = 𝛼 + 𝛽1, 𝐶11 = 𝛼 − 𝛽1, 𝛼 = (
∆

∆𝑟
)
2

, 𝛽1 =
∆ 2

∆𝑟
 

The boundary conditions of the problem were assumed arbitrary periodic ones, the iterative process was 

carried on using Python programming language, the total number of running rounds was 10000 round to 

get the exact final solution. Figure (3.11) shows the result: 
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Figure (3.11). Jacobi Iteration Method Solution, using different boundary conditions, with 10000 iterations. 

The second one is going to be used here also, from which the coefficients of the unknown variable 

represented in the form of the discretization scheme are going to be computed separately in the 

coefficient matrix and the unknowns are going to form a single vector, then the system will take the 

form: 

𝐴휂[𝑘] = 𝐹 

The matrix 𝐴 has the form (𝑁, 𝑁), where 𝑁 =  𝑛𝑥. 𝑛𝑦, 𝑛𝑥 the internal grid points in the azimuthal direction, 

and 𝑛𝑦 the internal grid points in the radial direction, the main diagonal of this matrix consists of 

matrix 𝑎: 

𝑎 = (

𝐴22 1 0 0

1 𝐴22 1 0

0
0

1
0

𝐴22
1

1
𝐴22

) 

The upper off-diagonal matrix 𝑏𝑢 and the lower off-diagonal 𝑏𝑙 are respectively: 

𝑏𝑢 = (

𝐵22 0 0 0

0 𝐵22 0 0

0
0

0
0

 
𝐵22
0

0
𝐵22

),               𝑏𝑙 = (

𝐶22 0 0 0

0 𝐶22 0 0

0
0

0
0

 
𝐶22
0

0
𝐶22

) 

𝛼2 =
𝑟2.∆ 2

∆𝑟2
, 𝛽2 =

∆ 2𝑟

∆𝑟
, 𝐴22 = −2( 1 + 𝛼2), 𝐵22 = 𝛼 + 𝛽, 𝐶22 = 𝛼 − 𝛽 

The vector 𝐹 only contains the boundary conditions as no function in the right-hand side of equation 

(3.3.32), we assume the initial condition as suggested in (3.3.31). I take only 𝑛𝑥 = 𝑛𝑦 = 30, due to the lack 

of memory during the computations, of course by increasing the meshgrid points the numerical solution 

will match the exact one and becomes smoother. Figure (3.12) shows the result: 

(a)                                                   (b) 

Figure (3.12). Inverse Matrix method solution. (a). the analytical solution. (b). the numerical one. 
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3.4. Experimental Findings 

When the electric motor is turned on, the periodic precessing motion of the flume sets the water in 

motion. Sometime, after that the flow pattern fully develops to its steady state. At this stage the energy 

rate dissipated by friction in the system, is considered to be completely resupplied by the periodic 

excitation, so that the total mechanical energy of the flow does not vary. The characteristics of the steady 

state flow vary by changing the three control parameters. Three kinds of motion can be distinguished in 

the system: the first is surface waves, often called inertial waves, which are possible in a rotating 

environment due to the Coriolis force that provides the restoring force that enables their existence 

(Manasseh 1992). And I have noticed that the solution corresponds to those waves can be decomposed 

into a spectrum of normal modes each with its own characteristic frequency, that has been computed in 

(3.2.24) depending on the wave number and the average water depth. The results from the experiment 

focused on the case of small angle of tilt 𝜓 ≤ 2°, as the big slopes caused bore formation in the channel, 

the periodic disturbances and the wavy aspects correspond only to the small nutation angle. I Carried 

out the experiments in the laboratory, I changed the control parameters like the water depth and the 

rotation rate leads to the results in table (3.3), where the condition 𝛺 ≤ 2�̃�𝑛𝑚, is valid for all cases, the 

disturbances may propagate through the fluid without losing intensity by means of inertial waves which 

have angular celerities in the range (0, 2�̃�𝑛𝑚). Appendix C includes some of the real modes recorded in 

picture form. I proposed new axial wavenumber that is used in the experiment and it shows good 

approximation is given by: 

                                                                             𝑘 =
𝑛𝜋𝜆𝑛𝑚

𝜆
                                                                      (3.4.1) 

This 𝜆𝑛𝑚 can be computed from the theoretical part as in table (3.1) or from the extracted pictures from 

the experiment. Table (3.3) is similar to table (3.2) where I carried other experimental campaign and 

extracted new results for the frequencies and the theoretical ones based on (3.2.22) and the new 

wavenumber in (3.4.1) some of them show resonance match other like the case of single wavenumber 

(although it is resonance case as big amplitudes noticed) but the divergence shows that the linear theory 

is not valid anymore. By increasing the angular velocity provided to the system, an increase of 

nonlinearity behaviour was apparent. It was noticed that there was an instability in the flow which leads 

to deformations of the waves with disordered forms making the flow more turbulent. Thus, the viscous 

and rotation effects are the main role of instability. In any case, the criteria for distinguishing levels of 

instability are varied, experiments by Stewartson (1959) for instance have shown that instability occurs 

when any one of the periods of free oscillation of the liquid, which is doubly infinite in number, is 

sufficiently near to the period of nutation of the empty top.  

                   Table (3.3). Forcing and normal frequencies from Practical computations in the channel 
system for different volumes of water and different angle of tilt characterized by the slope 𝜏. 

Volume 

(ml) 
𝝉 𝒏 𝒎 𝒌𝒕𝒉 𝒌𝒆𝒙𝒑 Err% 𝝎 (𝒔−𝟏) �̃�𝒏𝒎(𝒔

−𝟏) |Err|% 

8000 0.0333 4 0 1.543 1.462 0.052 0.455 0.573 0.118 
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6000 3 0 1.157 1.096 0.053 0.435 0.593 0.158 

6000 

0.0117 

3 0 1.157 1.096 0.053 0.702 0.593 0.109 

8000 3 0 1.543 1.413 0.084 0.710 0.637 0.073 

2000 1 0 0.386 0.652 0.68 0.686 0.393 0.293 

4000 4 0 1.543 1.345 0.128 0.507 0.490 0.017 

12000 
0.0367 

3 0 1.16 1.11 0.043 0.749 0.661 0.088 

14000 2 0 0.771 0.731 0.0519 0.820 0.810 0.01 

10000 
0.0167 

3 0 1.16 0.731 0.37 0.732 0.753 0.021 

10000 1 0 0.386 0.731 0.894 1.109 0.842 0.267 

Lagrange et al. (2009) have meanwhile shown that the instability range can be determined in terms of 

the control parameters in the form of two dimensionless numbers. These are Reynolds and Rossby 

numbers, and their experiments yielded a diagram explaining the stability of the flow with reference to 

the Reynolds and Rossby numbers. Their unstable mode exhibits a ring that has 10 lobes of vorticity 

with alternate signs when the Reynolds number is above its critical value; meanwhile, the Kelvin mode 

forced by precession triggers instability, which saturates at intermediate 𝑅𝑒, and which leads to a 

turbulent flow in the case of high Reynolds numbers.  

In the case under study the instability is discussed in more details in (Alshoufi 2021)1 and (Alshoufi 

2021)3 in case anything missing here the reader is asked to the references mentioned. I conducted several 

experiments in order to track the instability and flow type, most of instability cases lead to turbulence 

and highly agitated motion, the effects of viscosity and rotation are confined in the form of two 

dimensionless numbers Reynolds and Rossby numbers. We all know that in normal open channels 

Reynolds number have threshold 𝑅𝑒 < 500 if the flow is laminar, while it gets turbulent when 𝑅𝑒 > 1000. 

I proposed a new formula for Reynolds number depending on the hydraulic radius and the frequency of 

oscillations as: 

                                                                  𝑅𝑒 =
𝜔𝑅ℎ

2

𝑣
                                                                        (3.4.2) 

Where 𝑣 the kinematic viscosity, 𝜔 the normal frequency of oscillation, 𝑅ℎ =
𝐴

𝑃𝑤
 the hydraulic radius, 𝑃𝑤 

the wetted perimeter:𝑃𝑤 = 𝑟 + 2ℎ̅. As the cross-section for the channel has rectangular form, with 𝑟 =

𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛  the channel width and ℎ̅ is the average depth. Rossby number is another important number 

that measures the significance of rotation for a particular phenomenon (Pedlosky 1986), I have computed 

it for the case as follows: 

                                                                                     𝑅𝑜 =
𝑈

𝑓𝜆
=

𝛺1

4𝜋(𝛺1+𝛺)
                                                       (3.4.3) 

Where 𝛺1 = 𝜏𝛺 precession rate. The velocity in the nominator is assumed the solid-body rotation speed 

one: 𝑈 =  𝑟𝑚𝑎𝑥𝛺1, and 𝜆 = 2𝜋𝑟𝑚𝑎𝑥 the crossed distance which is the outer periphery of the channel. Where 

𝑓 = 2(𝛺1 + 𝛺) is Coriolis parameter which is usually assumed as double the local acceleration in the 

laboratory frame. The changes in the flow were tracked and based on Reynolds and Rossby numbers, 

the thresholds of flow change are computed from each case of power and tilt, I made a fit for those 

thresholds and classified the flow based on the minimum and maximum Reynolds number’s thresholds 

as shown in Figure (3.14, a). I did not confine myself into single instability diagrams, I dived into 
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references where I followed the method used by Greenspan (1968), and created my own new stability 

diagram based on Reynolds and Strouhal numbers respectively, the first takes the viscous effects and 

the second is used in case of unsteady flows that have harmonic motion such our case, it is going to be 

defined in terms of rotation velocity to the long wave one √𝑔ℎ̅, it can be written: 

                                                                               𝑆𝑡 =
𝜔𝑅ℎ

√𝑔ℎ̅
                                                                           (3.4.4) 

The velocity in the nominator is assumed the solid-body rotation speed one: 𝑈 = 𝑟𝑚𝑎𝑥𝛺1, and 𝜆 =

2𝜋𝑟𝑚𝑎𝑥  the crossed distance which is the outer periphery of the channel. Again, I get here two different 

thresholds for Reynolds number depending on linear fit, Figure (3.14, b) shows the critical Reynolds 

plotted against Strouhal ones based on the experiment, the fit equation is: 

                                                              𝑅𝑒 = −676.088 + 58875.41𝑆𝑡                                                          (3.4.5) 

    (a)                         (b) 
Figure (3.14). (a). Flow classification by varying Reynolds and Rossby numbers, for cases of nutation angle are 

𝜏 = 0.02333, 𝜏 = 0.03333, 𝜏 = 0.03667, 𝜏 = 0.05833, 𝜏 = 0.075, 𝜏 = 0.09667, and water volumes: 2000 ml, 

4000 ml, 6000 ml, 8000ml, 10000 ml, 12000 ml, 14000 ml. The solid line is linear regression for Reynolds 

thresholds that were extracted from the experiment. (b). The critical Reynolds number vs. Strouhal number.  

3.4.1. Resonance Response 

In confined cylinders, flows reaching the resonance conditions have a pertinent relationship with the 

aspect ratio between the tank height and its radius; this happens when the wavelength matches the top 

and the bottom of the cylinder, in the form of one single wave. In the present case the closed cylinder is 

replaced with two concentric cylinders in the form of an open channel; I proposed the criterion to get 

the biggest wavelength 𝜆 of the Kelvin mode is when this length matches the circumference of the outer 

periphery of the cylinder: 𝜆 = 2𝜋𝑟𝑚𝑎𝑥 ,  which only occurs in the form of a single wave, this means that 

the excited mode accords with the resonance inertial fundamental mode in its lowest order 𝑛 = 1, axially, 

𝑚 = 0, 1 radially, 𝜎 = 2 azimuthally. From the expertise during the work with the channel, and changing 

of the control parameters, I found that the angle of tilt and the amount of water will affect the existence 

of this mode, for example the wave in Figure (3.16) accords with the case of 1° of tilt, and volume of 

10000ml, and I found that it has amplitude bigger than the average depth of water, the linear 

approximation fails for such case and the nonlinear one should be taken into consideration, this wave 

has symmetric form and it has smooth appearance, such wave only similar to the one that was discovered 

by Russell (1843) that he called the wave of translation or the wave of the first order, the solitary wave, 

which has general KdV form equation that is extracted in the nonlinear part of this work.  
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Figure (3.16). One big single wave with smooth appearance was noticed rotating at time 𝑡 = 0.533s from the 

starting time, water volume 10000ml, 𝜏 = 0.01667, the driving angular celerity 𝛺 = 6.94 rad/s, whearas the 

natural angular celerity �̃�1𝑚 = 5.29 rad/s, where 𝑚 = 0, ℎ̅ = 9.33 𝑐𝑚, 𝐴 = 11.14𝑐𝑚. 

When forced by time-dependent perturbation, system of contained inertial waves have been shown in 

number of experimental studies to exhibit complex and rapid breakdown phenomena. (Manasseh 1996). 

In most cases increasing the angle of tilt will lead to bore phenomena, and the observation of single 

waves with smooth appearance only occurred for a tilt angle of 1° or less. If this wave is the assumed 

solitary wave, then the balance between the nonlinearity and dispersion should be gained, which is in 

general rare in such highly nonlinear system. Thus, the smooth appearance of this wave did not last for 

a long time. When completing a single round from the previous observed frame captured by the camera, 

this wave suffers either from dispersion effect that widens its crest and makes it smaller than the original 

case, or at other times it exhibits breaking effects. The case of dispersion is depicted in Figure (3.17), 

while the case of breaking I extracted from different experimental campaign depicted in Figure (3.18-b), 

where the wave appears as two interlaced waves with turbulence effects under its crest, as well as in 

Figure (3.20, a), where the wave crest proceeds the whole body of the wave. 

      

    (a)                               (b) 

Figure (3.18). (a). Solitary Kelvin Wave, with smooth shape at 𝑡 = 0.1667s from the starting time of motion, 

𝛺 = 6.082 rad/s, volume of water in the channel 8000ml, the natural angular velocity �̃�1𝑚 = 4.81 rad/s, 𝑚 = 0. 

(b). the smooth wave broke at 𝑡 = 1.2 s exactly after one single round about the outer periphery. 

Such breakdown results are other indicators for flow instability and can be classified under the heading 

of resonance collapse, a term that was discussed in the introduction of this paper. The exact definition 

given by McEwan (1970) is that larger amplitude resonant oscillations, after persisting in an apparently 

laminar form, degenerate abruptly into a state of agitation and disorder from which they do not recover 

even if the pattern waxes and wanes. Kobine (1995) also noticed such breakdowns, which occur at 

Figure (3.17). One big single wave that is totally dispesed and 

turbulent flow appears under its crest was noticed at time 𝑡 =

2.267s from the starting time, water volume 10000ml, 𝜏 =

0.01667, 𝛺 = 6.94 rad/s. 
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approximately the same time as the saturation of growth of both oscillation amplitude and the mean 

flow. Kerswell (1999) meanwhile concluded that inertial waves are generically unstable above a 

threshold amplitude, this instability leads to complicated nonlinear behaviour and typically triggers an 

abrupt breakdown of the whole flow to small-scale disorder christened ‘resonant collapse’. The wave 

in Figure (3.16) was tracked for a sufficient time, and a time history is depicted in Figure (3.19), which 

shows the breakdown occurrence after one cycle around the outer radius of the channel.  

   
Several studies investigating the Solitary Kelvin Mode behaviour under rotation effects were carried 

out, for instance first by Maxworthy (1983), who conducted experiments using a rectangular channel 

placed over a rotating table. He tried to discuss two cases which were different in terms of their Rossby 

deformation length or Rossby Radius, where a consideration of the rotation effect might or might not 

take into account. One of the interesting results from his experiments on internal solitary Kelvin waves 

was that the wave crest has a backward curvature as it moves forward, in a transverse direction that is 

perpendicular to the predominant flow propagation, when the clockwise rotation was forced. 

Conversely, in the case under study in the transverse direction it was noticed that the wave has an 

exponential decay form, without curving backward in that direction. The radial wavenumber that is used 

in the experiment is given by: 

                                                                                    𝑀 =
𝑚𝜋

1−𝛽
                                                                          (3.4.6) 

Where 𝑚 the number of half cycles radially which is one in this case (cf. Figure (3.1)). I assumed the 

radial exponential decay for the wave by taking the exponential form as follows: 

                                                                        𝐴𝑟 = 𝐴𝑚𝑒
(𝑀∗𝑟−𝑅𝑜𝑠) + 𝐵3                                                        (3.4.7) 

Where 𝐵3 is arbitrary function that suits the fit, and it is different in each experiment, 𝐴𝑚 the wave 

amplitude, 𝑟 the radial distance between the inner and the outer cylinders, 𝑅𝑜𝑠 is Rossby Radius, which 

I assumed given by: 

                                                                                 𝑅𝑜𝑠 = 𝐶/𝜔                                                                     (3.4.8) 

Where 𝐶 the shallow water velocity: 𝐶 = √𝑔ℎ̅. 𝜔 the normal frequency of oscillation. An exponential fit 

for the radial amplitude decay is presented in Figure (3.20, b) in comparison with the experimental 

results.  

Figure (3.19). Amplitude history of single wave’s peak in 

resonant oscillation 𝛺 = 6.94rad/s, the natural frequency 

�̃�1𝑚 = 5.29rad/s, volume 10000ml, mode �̃�1𝑚2, 𝑚 = 0, 

𝜏 = 0.01667. 
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(a)                                                    (b) 

Figure (3.20). (a). Breaking of the solitary resonance Kelvin mode, the crest precedes the wave body, volume 

10000ml, 𝜏 = 0.02333, 𝛺 = 6.25 rad/s. (b). Radial exponential decay of solitary wave amplitude, volume 

10000ml, 𝛺 = 6.41rad/s, the curved line is the fit using equation (60), the cubic line illustrates the experiment.  

Resonance collapses also investigated experimentally by Stergiopoulos & Aldridge (1982) where they 

discussed the spin-up from rest that they considered strongly non-linear process since the Rossby 

number is unity. Their experimental procedure used partially filled cylindrical cavity by tilting the axis 

of symmetry of the container to the vertical by small angle, the quantitative measurements were on the 

disturbance pressure differences between two points on the base of the cylindrical cavity, the instability 

appeared as a drastic reduction of the amplitude of the oscillation of the recorded pressure amplitude. I 

carried out similar experiment to figure out the flow instability inside the flume itself but not by 

measuring the pressure rather the velocity distribution using Acoustic Doppler Velocimeter which is 

able to track the three components of velocity instantaneously precisely (cf. Alshoufi 2021)3. The stable 

case appears clearly in Figure (3.22, a), and the unstable case in Figure (3.22, b), where the drastic 

reduction in the signal amplitude is about time 60sec which is an approximate indication to instability 

starting point. 

              (a)                                 (b)     
Figure (3.22). (a). Stable situation, volume 10000ml, 𝜏 = 0.01667, 𝛺 = 4.428rad/s.  

(b). Radial velocity record with time, volume 10000ml, 𝛺 = 5.96rad/s, 𝜏 = 0.0167. 

3.4.2. Azimuthal Flow. 

The study of the azimuthal flow results are discussed in more details in (Alshoufi 2021)1. The study of 

the azimuthal flow is important as the structure of the flow under resonance conditions is important 

because it may lead to flow instability, for instance Gunn & Aldridge (1990) studied the effect of the 

mean flow on wave breaking and they found direct role between the nonuniform flow in determining 

the change in eigenfrequency and hence in collapse. In the experimental procedure Chapter I, I explained 

in details about the velocity measurements in the channel using the vectrino, these I carried out at a 

specific point in the channel where the distance from the center of the transmit transducer (in the middle 

of the flume) to the center of the inner cylinder is 𝑟 ≈ 0.174 m, and 5.7 cm away from the bottom, those 
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numbers were extracted in case of no motion of the flume for small nutation angle measured in terms of 

the slope as: 𝜏 = 0.02333, although I later changed the slope of the channel but the position of the 

external rod that holded the vectrino at those specific points did not change. The extracted data included 

the azimuthal, radial and axial velocities, those were functions of time, the purpose of velocity 

measurements is to check their changes with the control parameters, so the experimental process took 

into consideration the changes in water volume and the tilt angle beside the power provided to the system 

to rotate. All azimuthal flow for instance took the shape of sinusoidal function as it was assumed in the 

theoretical part, a fit for several results from the experiment is made, I took into my consideration that I 

should add the velocity of solid body rotation, this will take the relevant velocity as the channel will be 

rotating with respect to the vectrino, this velocity can be computed directly from the experiment 𝑈𝑆𝐵𝑅 =

𝛺𝑑. It is worth to mention that almost the velocity signal extracted does not show any decay with time. 

So the best fit function for the azimuthal velocity for all cases will take the form in (3.4.9) where 𝛺 is 

given from the experiment itself, 𝐴3, 휃 are free variables to fit, Kobine (1996) found that the amplitude 

coefficient 𝐴3 represents the magnitude of the mean azimuthal flow speed in excess of solid-body 

rotation at forcing frequency 𝛺 = 𝛺𝑐, this result accords with the results I extracted from the present 

experiments and this match between the mean azimuthal flow and the amplitude increases really by 

increasing the solid-body rotation provided to the system. One of those results is depicted in Figure 

(3.23) which shows very good match between the linear inviscid theory and the experiment: 

                                                            𝑢 = 𝑈𝑆𝐵𝑅 + 𝐴3𝑐𝑜𝑠(𝛺𝑡 − 휃)                                                            (3.4.9) 

   
Equation (3.4.9) represents the simple harmonic undamped oscillation, this function differs from the one 

obtained by Kobine (1995) as the oscillation is not damped. The most interesting results I extracted 

during the measurements were the relationships between the azimuthal velocity and the control 

parameters of the problem, to see how those affect increasing the nonlinearity or the potential instability 

in the whole system. The results showed for instance that increasing the power the azimuthal velocity 

increases accordingly, as in Figure (3.24, a) I find the directly relationship between the angular frequency 

and the azimuthal velocity with time and in (3.24, b)  I have the average increased with the rotation rate.  

In Figure (3.25, a) I show the relationship between the averaged azimuthal flow and the tilt angle, the 

curves are nonlinear ones, this pours in favour of the results extracted by Kobine (1996) related to the 

importance of other factors like nonlinearity and boundary-layer effects to be included in the 

computation as the linear inviscid estimate is not enough, and in (3.25, b) the relation between the 

azimuthal flow and the tilt is also directly proportional, at least for the positive parts of the scheme. 

Figure (3.23). Azimuthal velocity fit for the results extracted 

from the measurements. Volume = 12000ml, 𝜏 = 0.03667, 𝛺 =

4.075rad/s. ▲ Fit for the experimental results. ■ real 

measurements of azimuthal velocity amplitude.  
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Finally the relationship between the azimuthal flow and the water depth is shown in Figure (3.26) which 

is inversely proportional, thus, increasing the depth will decrease the azimuthal velocity.  

(a)                                       (b) 

Figure (3.24). (a) Azimuthal velocity with respect to the angular velocity, volume = 10000ml, 𝜏 = 0.02333.  

(b) average azimuthal flow with respect to the angular frequency, for volumes, 10000ml, 12000ml, 14000ml. 

(a)                                       (b) 

Figure (3.25). (a). Mean azimuthal flow variation with respect to the tilt angle, characterized by the slope 𝜏.  

(b). Azimuthal velocity in terms of  the tilt angle in the channel, results were taken for 𝜏 = 0.0233, 𝜏 = 0.03667, 

𝜏 = 0.075, respectively. 

  

Measuring the azimuthal flow with respect to the radial direction is important Kobine (1996) showed 

that the strength of this flow decreases away from the rotation axis, this might be good in the instability 

estimation, however, it is worth to mention that measuring the azimuthal velocity with respect to the 

radius of the channel is difficult mission for the time being due to the small width of the flume 10 cm it 

barely fits the vectrino inside it, as the vectrino has four beams with width about (4-5) cm, taking into 

consideration the precession motion and the scratching problem to the inner cylindrical wall, so I could 

not extract any usful result concerning the relationship between the azimuthal velocity with the radial 

variation.  

 

 

Figure (3.26). Azimuthal velocity in terms of 

the avergae depth of water in the channel, three 

different volumes 10000ml, 12000nl, 14000ml 

were taken, 𝛺 = 5.02rad/s. 
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Chapter 4 

 

Nonlinear Approximation 

4.1. Solitary Wave  

      When the wave amplitude is relatively big in comparison with the water depth this will affect the 

velocity propagates with and makes it bigger thus, one cannot any more neglect the velocity derivatives 

or the quadratic terms in Euler equations in the previous Chapter III, (section (3.2) for shallow water 

waves) are not any more going to be neglected or assume them small. This approximation is called the 

nonlinear inviscid one as I still neglect the effect of viscosity. The solitary wave is a progressing wave 

that can move without any change in its appearance, and it has symmetrical form with single hump, also 

it can preserve its speed while moving. The history of this wave goes back to its famous discovery by 

Scottish Engineer called John Scott Russell (1834) when he was supervising the work in one of the 

Scottish canals, who organized the system of water waves, his classification put the solitary wave as a 

wave of the first order or the wave of translation as he called it, the waves of the second order were 

generally the oscillating waves, third order were the capillary waves, and the fourth category was the 

corpuscular waves. Russell’s original work mainly focused on experimental work whether in the 

laboratory or in the canal where he discovered the wave. In the laboratory part he simply generated the 

wave through dropping a weight at one end of the channel, and deduced empirically that the volume of 

water in the wave is equal to the volume of water displaced and further that the speed 𝑐 of the solitary 

wave is obtained from:  

                                                                         𝑐2 = 𝑔(ℎ + 𝑎)                                                                   (4.1.1) 

Where 𝑎 the amplitude of the wave, ℎ is the undisturbed depth of water, and 𝑔 the acceleration of gravity. 

(Drazin & Johnson 2002). Russell’s experiments stimulated great interest in the subject of water waves 

and his findings received a strong criticism from Airy (1845) and Stokes (1847), who both raised 

questions on the existence of Russell’s solitary waves and conjectured that such waves cannot propagate 

in a liquid medium without change of form, it was not until the 1870s that Russell’s prediction was 

finally and independently confirmed by both Boussinesq (1871), and Rayleigh (1876). (Debnath 2012). 

Those recognized that the solitary wave has a length scale much greater than the depth of the water at 

zero wave number where they showed that the wave profile 𝑧 = 𝜉(𝑥, 𝑡) is given by: 

                                                                 𝜉(𝑥, 𝑡) = 𝑎. 𝑠𝑒𝑐ℎ2{𝛽(𝑥 − 𝑐𝑡)}                                                 (4.2.2) 

Where 𝛽−2 = 4ℎ2(ℎ + 𝑎)/3𝑎 for any 𝑎 > 0, although the 𝑠𝑒𝑐ℎ2 profile is strictly only correct if 𝑎/ℎ ≪ 1. 

These authors did not write down a simple equation for 𝜉(𝑥, 𝑡) which admits the solution (4.2.2) this final 

step was completed by Korteweg and de Vries in 1895, they showed that provided 휀, and ɤ were small, 

then: 

                                                                   
𝜕𝜉

𝜕𝑡
=
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Where ß the coordinate chosen to be moving with the wave, ɤ =
1

3
ℎ2 −

𝑇ℎ

𝑔𝜌
, 𝑇 the capillary tension at the 

surface. (Drazin & Johnson 2002). This equation when it is written in its canonical form is given by: 

                                                                          𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0                                                   (4.2.4) 

Many physical applications for the KdV equation are given in the form (4.2.4) this includes the shallow-

water gravity waves, ion-acoustic waves in collision less plasma, internal waves in the atmosphere and 

ocean and waves in bubbly fluids, this broad range of applicability is explained by the fact that the KdV 

equation describes a combined effect of the lowest-order quadratic nonlinearity term 𝑢𝑢𝑥 and the 

simplest long wave dispersion term 𝑢𝑥𝑥𝑥. (El 2007). The rotation effect, however, is old enough as the 

internal solitary waves is the famous example that may occur in lakes, oceans, fjords…etc. An earliest 

experiment was carried out by Maxworthy (1983) to study the rotation effect on the internal solitary 

wave in a rectangular tank mounted over rotating table, he noticed that the rotation affected the wave 

form as it was noticed to be curved backward while moving. He called this wave the internal Kelvin 

solitary wave, that is considered when the pressure gradient opposes the Coriolis effect generated by the 

wave motion. The author finally confirmed that the wave speed is independent of the rate at which the 

system rotates and depends only on the stratification and maximum wave amplitude. Similar experiment 

was carried out later by Renouard et al. (1987) with approximately similar observations of Maxworthy 

(1983). Their observations about the wave showed that the crest of the wave is neither horizontal nor 

contained in a vertical plane perpendicular to the side due to rotation effect, but is curved backward, 

hence there is a spatial phase shift which increases with increasing distance from the wall, and at a given 

distance from the wall increases with increasing Coriolis parameter. Deep mathematical studies about 

rotation effect was thoroughly discussed by Grimshaw (1985), who proposed two different models 

discussing whether the rotation effect is strong or weak. His results showed that if scaling the transverse 

direction with 𝛽 where 𝛽−1 the dimensionless measure of Rossby radius, which has either unity value or 

of order 휀 the shallowness parameter (strong rotation), then the amplitude of the linear internal Kelvin 

satisfies a Korteweg-de Vries equation for shallow fluids at the wall, or its counterpart for the deep 

fluids. The second case, when weak rotation occurs, the scaling of the transverse direction is of order 

휀2, then the effects of rotation are small and comparable to those of nonlinearity and dispersion, in this 

case the transverse variation in wave amplitude is undetermined at the leading order, and is instead 

contained in the evolution equation, which is a modification of the two dimensional Korteweg-de Vries 

equation for shallow fluids, or its counterpart for deep fluids. Although the solitary wave is of the stable 

type, that does not change its shape while moving, Grimshaw et al. (1997) studied the extinction of KdV 

solution in finite time due to the presence of low-frequency rotational term (additive term to KdV). The 

extinction time was 2√𝐴0/𝜖
2, where 𝐴0 the initial solitary wave amplitude, 𝜖 =

𝑓2

2𝑐
 (with long wave 

velocity 𝑐 = √𝑔ℎ, and Coriolis parameter 𝑓 = 2𝛺 sin(𝜑), 𝑔 the gravity acceleration, ℎ the depth of the 

basin, 𝛺 Earth rotation frequency, and 𝜑 geographic latitude location) is responsible for low frequency 

dispersion, which typically describes the effect of rotation in a physical system. They noted that this 
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extinction time could be as important as frictional decay times for internal waves in the ocean. It was 

shown that cylindrically symmetric flows can support stationary waves of finite amplitude under certain 

circumstances. (Leibovich 1970). This encouraged both Derzho and Grimshaw (2002) to study the 

structure of steady travelling solitary waves of large amplitudes in axially symmetric rotating flows in a 

long tube including the recirculation zone effect. There was critical amplitude where the flow reversal 

(recirculation) first occurred. The critical amplitude was related to the incipient rotation and the lowest 

mode of boundary problem solution at the lowest order. It was noticed that the small parameter that 

determined the critical width of recirculation area could be related to the amplitude parameter that 

determined the nonlinearity of the problem, and it took two extreme values, at the minimum level the 

wave was moving out of the recirculation zone with the normal solitary form, and the recirculation zone 

reaches a minimum radial extent 휂𝑚𝑖𝑛. And at the maximum level the width of the recirculation zone 

became infinite, and the crest of the wave looked flattened. In fact, the flow in tubes under rotation 

conditions was also studied when some obstacle in the direction of the flow exists. Grimshaw (1990) 

proposed the theory for this case, precisely when upstream flow is nearly resonant (critical) defined with 

respect to long waves mode, that has a phase celerity almost zero. The equation used for simulation was 

the forced KdV equation with forcing term related to the obstacle, and advection term that contained the 

detuning effect. Later Grimshaw and Zhu (1994) completed the same problem for the unbounded radial 

swirling flow, they showed that this wave version equation similar to other one derived by Leibovich 

for freely propagating weakly nonlinear waves on a radially unbounded swirling flow. The numerical 

methods that processed Kortweg-de Vries equation under rotation effects are varied for instance Katsis 

and Akylas (1986) prepared numerical scheme of the modified Kadomtsev-Petviashvili (KP) equation 

to investigate the nature of the waves generated from typical initial conditions. The KP model was solved 

numerically where the trapezoidal rule was used for performing the intergals, while the equation was 

discretized through simple explicit second-order Lax-Wendroff finite-difference scheme. Their results 

suggested that weakly nonlinear inviscide theory actually revealed the main features of the observed 

waves, and that wave front curvature is possible because of slow attenuation of the wave amplitude. In 

their later work similar numerical scheme using Lax-Wendorff finite-difference scheme was used, but 

this time for the forced KP equation, for the sake of the dependence of soliton radiation on channel 

width. This equation was derived under conditions of pressure distribution travelling at a speed near the 

linear-long-wave speed, and it had three dimensional formula to express the effects of nonlinearity, 

linear dispersion, and three-dimensional effects close to critical speed. The linearized KP equation 

showed that no steady state is reached at critical conditions. Motivated by studying the dynamics of 

internal Kelvin waves, Melville et al. (1988) studied the effect of nonlinear resonance with Poincaré 

waves on the stability of weakly nonlinear dispersive Kelvin waves of finite brandwidth, this resonance 

arose from the nonlinear correction to the speed of the Kelvin wave. Their numerical analysis using 

Fourier transformation showed that the leading-order Kelvin wave solution in the horizontal direction 

to be unstable owing to resonant forcing of the transverse velocity associated with the linear Poincaré 
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modes of the channel. Motivated by studying the nonlinear plasma waves, a group of Chinese 

researchers Peng et al. (2019) carried out the derivation of Kadomtsev-Petviashvili equation in 

cylindrical geometry, where the effect of ions’ densities and their temperature were noticed in the 

coefficients of the final CKP (cylindrical KP equation). This equation was solved numerically to study 

three different types of waves are the breather waves, the rogue waves, and solitons. The authors invoked 

the Grammian solutions to solve the soliton problem, and bilinear Hirota method to solve the breather 

waves. And finally, the rogue equation that was treated in the limit of long wave function that is assumed 

an exponential polynomial. Their final result showed that the amplitude of rogue waves decreases when 

the absolute value of time, thus the energy of the wave is damped with the increase of time value. Other 

novel method used to solve the extended modified KdV equation using the �̅�-dressing methods is 

proposed by Li &Tian (2021). The authors introduced a spectral transform matrix to construct the 

spatial-time spectral problems of the nonlocalized KdV based on Cauchy-Green integral operator. And 

then to find the hierarchy of nonlinear evolution equations they used recursive operator based on the 

proper spectral transformation matrix, so that the final N-soliton solution is derived and solved. The new 

techniques in solving the nonlinear equations are varied like the inverse scattering transform, the Lax 

Pairs, the Darboux transformation.  However, Hirota bilinear method is of high interest, it was used to 

solve many types of KdV equation. For instance, the form of soliton breaking was solved by Hossen et 

al. (2018), and they discussed the interaction with rogue waves, by introducing different quadratic 

polynomials that include either 𝑠𝑖𝑛ℎ term or exponential term and solved the problem accordingly. The 

(2+1)-dimensional KdV version which has indefinite integrate operator in the direction perpendicular 

to the dominant one was solved by Wang et al. (2019) who proposed solution based on the Bell’s 

polynomial, where a general bilinear Hirota form was derived. Guo et al. (2019) discussed the three-

dimensional KP equation. Wang et al. (2019) studied the dynamics of the generalized normal (3+1) KdV 

equation. The B-type KP equation which is weakly dispersive wave propagate in a quasi-media, was 

also solved based on Hirota bilinear method by Yan et al. (2019) ...etc. A relatively new case of the 

solitary wave under rotation conditions was examined by Abderrahmane et al. (2011), this wave was 

observed during the liquid drainage through a centrally located circular opening on the bottom of the 

container, when shallow water conditions were reached. The free surface first displayed log wavelength 

increases as the water height decreased, then when the shallow water conditions were reached the free 

surface undulations transformed almost instantly into a surface bulge or solitary wave rotating around 

the cylindrical wall of the container. Their case here was treated under swirl conditions using full Euler 

equations, but by taking the wave variation dominantly along the azimuthal direction of the flow and 

the radial motion was neglected. In later work by Amaouche et al. (2013), the same case study of the 

wave in the cylindrical tank was treated in different model contained all velocity components plus 

Coriolis effect. In this case the linearized solution of boundary value problem leaded to modified Bessel 

equation that included rotational effects, and in both cases the material derivative was considered as a 

function of time and the azimuthal coordinates from which they included the rotational motion effect of 
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the cylinder itself, even if the dimensionless scaling took into consideration the normal shallow water 

speed. In open channels one may find simple linear waves, and other nonlinear ones this includes the 

weakly and strongly nonlinear ones. Those waves can be generated by navigation, or the operation of 

hydraulic controls or accidentally, then all waves happened to occur because of them are forced ones, 

and one may recall the „great primary wave” or forced wave that accompanied a canal boat in its motion. 

(Darrigol 2005). Such phenomena affect the hydraulic conditions in the channel and pose engineering 

problems. The violent impacts of water waves on walls create velocities and pressures that are bigger in 

magnitude than the normal ones, which may increase the erosive action and warrant the reinforcement 

or redesign the channel. Also, one should not forget the dynamics of sediment transport processes 

generated by the action of the flow phenomena. Thus, this work in the present paper is motivated by 

studying the forced oscillations and their instabilities in open channels. Precisely by studying the solitary 

wave which is carried out here theoretically by deriving the new KdV version, and experimentally by 

comparing with the mathematical model with the experiment. This wave is also called the single Kelvin 

resonance mode. Where the interested reader can see the previous work (cf. Alshoufi 2021)1 about the 

forced oscillations that were studied linearly first, it turned out that when resonance occurs the wave 

becomes singularly great, and the linear analysis is not valid anymore. Thus, to complete the linear 

analysis in this work I introduce the weakly nonlinear case where this specific wave is under concern, 

because it has similar features to the famous solitary wave first observed by Russell (1843).   

4.2. KdV Models in the Channel Flume 

4.2.1. KdV Model for Potential Flow 

The work on this case in section (4.2.1) all can be found in (Alshoufi 2021)2. To start I assumed the 

motion inside the flume to be two-dimensional with predominant direction the azimuthal one, this was 

induced by Katsis & Akylas (1986) work, they stated that in a channel of finite width 2𝑏, three 

dimensional effects are negligible if 𝑏 ≤ ℎ̅2/𝑎, where ℎ̅ the average depth of water, 𝑎 the typical wave 

amplitude. Table (4.1) shows results from the experiment about this ratio, where I focused on relatively 

big amount of water inside the channel during the experiments, those are the cases where the solitary 

wave was noticed, as the final aim in this work is to compare the extracted KdV equation under 

precession effects or shear effect as in the next case with the experiment. The tilt angle characterized by 

the slope 𝜏 also was small. As the solitary wave is long wave, thus the platform in studying this wave is 

the shallow water theory that is characterized by the shallowness parameter is introduced previously in 

(3.3.1) but it will take different assumption which is: 𝛿1 =
𝐻

𝜆
. Its values are given in Table (4.1). 

                                                Table (4.1). Two-dimensional effect in the channel.  

Volume (ml) 𝒂 �̅� 𝒃 �̅�𝟐/𝒂 𝝉 𝜹𝟏 𝜹𝟐 

10000 0.112 0.0933 0.049 0.078 0.0167 0.0666 0.175 

12000 0.0886 0.112 0.049 0.142 0.0117 0.0799 0.252 

14000 0.1024 0.1307 0.049 0.167 0.0233 0.0933 0.343 
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The flow is assumed homogeneous, inviscid, incompressible one. I replaced velocity components in the 

azimuthal, and axial directions respectively, 𝑢, 𝑤 with the potential function ɸ, which is used due to 

irrotationality assumption, and the result is forced Bernoulli equation with forcing term is the radial 

projection of gravity force. Coriolis force components, and Euler ones all vanished during the derivation. 

The surface of the channel under the atmospheric pressure, where the weight of column air over the free 

surface is negligible. The fluid used in the experiments was water, thus incompressibility condition is 

satisfied, Johnson (2013) mentioned that for instance at 150 atmospheres water is compressed by 

considerably less than 1%. 𝐻 is the constant water depth in the channel, in this case is the average depth 

ℎ̅, 휂(휃;  𝑡) represents the free surface displacement, 𝐴 represents the maximum amplitude of the wave on 

the free surface. In this work the total mechanical energy of the flow is maintained in the fully developed 

flow, thus, turbulence, wall friction due to boundary layers, internal friction due to viscosity, capillarity 

due to the surface tension and dissipation of vorticity are all connected to energy dissipation and will be 

neglected in this work. As usual 𝑧-axis is taken vertically upward, the bottom is given by: 𝑧 = 0, while 

the free surface as: 𝑧(휃, 𝑡) = 𝐻 + 휂(휃, 𝑡), the flow is confined between the inner and the outer radius of 

the channel. The boundary conditions on rigid walls like the bottom satisfy the impermeability condition 

so that the normal velocity is zero: 𝑤 = 0 at 𝑧 = 0. At the free surface of water, the kinematic condition 

is given as: 

                                                                                 𝑤 =
𝜕

𝜕𝑡
+

𝑢

𝑟

𝜕

𝜕
                                                           (4.2.1) 

I can now write Euler equations as the following: 

                    
𝐷𝑢

𝐷𝑡
= 𝑔τsin(𝛺𝑡 − 휃) −

𝑃𝜃

𝑟.𝜌
− 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑤 + 𝛺2𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)𝑧 − 𝑂(𝜏2)                         (4.2.2) 

                             
𝐷𝑤

𝐷𝑡
= −𝑔 −

𝑃𝑧

𝜌
+ 2𝛺𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑢 − 𝛺2𝜏𝑐𝑜𝑠(𝛺𝑡 − 휃)𝑟 − 𝑂(𝜏2)                                   (4.2.3) 

Where 
𝐷

𝐷𝑡
 the material derivative defined in (3.3.5). The conservation of mass or continuity equation can 

be written as:  

                                                                                      𝑢 + 𝑟𝑤𝑧 = 0                                                             (4.2.4) 

The condition for irrotational flow is worth to be split as follows: 

                                                                        𝜉𝑟 = (
1

𝑟

𝜕𝑤

𝜕
−

𝜕𝑢

𝜕𝑧
) = 0                                                               (4.2.5) 

The treaties provided by Korteweg-de-Vries (1895) showed that to find the nonlinear type of wavy 

motion represented by KdV equation, there should be other important variable to measure the 

nonlinearity is called the amplitude parameter, and it is going to be included in the process of 

dimensionless analysis as well, it has the form: 휀 =
𝐴

ℎ̅
 where 𝐴 is the maximum amplitude. Thus, the 

unknown quantities of velocity field components, the pressure and water surface are going to be scaled 

as follows: 

𝑢 = 𝑐�̅�, 𝑤 = 𝛿1𝑐�̅�, 휃̅ = 휃, 𝜏 = 𝛿1𝜏̅, 𝑧̅ =
𝑧

𝐻
, �̅� =

𝑟

𝜆
, 휂̅ =

𝐻
,  𝑡 =

𝜆

𝑐
𝑡,̅ 𝑃 = 𝜌𝑔𝐻�̅�,   𝛺 =

𝑐

𝜆
�̅� 

Where the long wave speed is given by: 𝑐 = √𝑔𝐻. After substitution into the major equations of 

continuity, momentum, and boundary conditions, I find: 
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                                                                    �̅̅�̅ + 𝑟𝑤𝑧̅̅ ̅̅ ̅ = 0                                                                            (4.2.6)                                                                                                                

                       
𝐷𝑢

𝐷𝑡̅
= τ̅sin(𝛺𝑡̅̅ ̅ − 휃̅) −

�̅�𝜃

�̅�
+ 𝛿1

2[−2𝛺𝜏̅̅̅̅ 𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅� + �̅�2𝜏̅𝑠𝑖𝑛(𝛺𝑡̅̅ ̅ − 휃̅)𝑧̅]                          (4.2.7)  

                                        𝛿1
2 𝐷�̅�

𝐷𝑡̅
= −𝑃�̅� + 𝛿1

2[2𝛺𝜏̅̅̅̅ 𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅� − �̅�2𝜏̅𝑐𝑜𝑠(𝛺𝑡̅̅ ̅ − 휃̅)�̅�]                                (4.2.8)                                                                                                          

                                                         �̅� =
𝜕̅

𝜕𝑡̅
+

𝑢

�̅�

𝜕̅

𝜕̅
  on  𝑧̅ = 1 + 휂̅                                                          (4.2.9) 

With the irrotational condition: 
𝛿1
2𝑤𝜃̅̅ ̅̅̅

�̅�
= 𝑢𝑧̅̅ ̅. In effect equations (4.2.6), (4.2.7), (4.2.8), (4.2.9) represent the 

shallow water equations at the leading order of 𝛿1, as it is obvious from (4.2.8) that this scaling leads to 

the hydrostatic pressure distribution, the main assumption of shallow water theory. One can also notice 

at the leading order that the effect of both Coriolis and Euler forces vanishes and only pressure and 

gravity act. The KdV derivation can be further pursued depending on equations (4.2.6), (4.2.7), (4.2.8), 

and (4.2.9) by taking higher orders of the factor 𝛿1 this was done by Keller (1947) for instance, it led to 

fully nonlinear solution, however I can instead make it easier especially that our equations are more 

complicated and here comes the usage of the amplitude parameter: (�̅�,  �̅̅̅�, �̅�, 𝜏̅, 휂̅) → 휀(�̅�,  �̅̅̅�, �̅�, 𝜏̅, 휂̅). After 

scaling I get the following: 

                                                                        �̅̅�̅ + 𝑟𝑤𝑧̅̅ ̅̅ ̅ = 0                                                                   (4.2.10) 

  �̅�𝑡̅ + 휀 (
𝑢𝑢�̅�

�̅�
+ +�̅��̅��̅�) = τ̅sin(�̅�𝑡̅ − 휃̅) −

�̅��̅�

�̅�
+ 𝛿1

2[−휀2�̅�𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅� + �̅�2𝜏̅𝑠𝑖𝑛(�̅�𝑡̅ − 휃̅)𝑧̅]              (4.2.11)                                                                                                                                                  

             𝛿1
2 [�̅�𝑡̅ + 휀 (�̅�

𝑢�̅��̅�

�̅�
+ �̅��̅��̅�)] = −�̅��̅� + 𝛿1

2[휀2�̅�𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅� − �̅�2𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅�]                      (4.2.12)                                                                                                  

                                                                    �̅� =
𝜕̅

𝜕𝑡̅
+ 휀 ( 

𝑢

�̅�

𝜕̅

𝜕̅
)                                                               (4.2.13) 

Equation (4.2.13) the free surface condition that is applied at the free surface: 𝑧̅ = 1 + 휀휂̅. Equations 

(4.3.10), (4.3.11), (4.3212) and (4.2.13) are now scaled in terms of both the amplitude and shallowness 

parameters of the problem. There are two standard approximations to these equations: 휀 → 0, 𝛿1(fixed): 

this covers the most general linear problem. 𝛿1 → 0, 휀(fixed): the long-wave or shallow-water problem, 

which is fully nonlinear. (Johnson 2013). But KdV equation has beautiful balance between quadratic 

nonlinear term and the linear dispersive one (Grimshaw 2007; Jonson 2013), this can be invoked by 

assuming: 𝛿1
2 = 𝑂(휀). Thus, it is good procedure to replace  𝛿1

2 in favor of 휀, equivalently I can write: 

𝛿1
2 = 휀. So, I find after substitution: 

                                                                                �̅̅�̅ + 𝑟𝑤𝑧̅̅ ̅̅ ̅ = 0                                                                 (4.2.14) 

             �̅�𝑡̅ + 휀 (
𝑢𝑢�̅�

�̅�
+ +�̅��̅��̅�) = τ̅sin(�̅�𝑡̅ − 휃̅) −

�̅��̅�

�̅�
+ 휀[−휀2�̅�𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅� + �̅�2𝜏̅𝑠𝑖𝑛(�̅�𝑡̅ − 휃̅)𝑧̅]       (4.2.15)                                                                                                                                              

              휀 [�̅�𝑡̅ + 휀 (�̅�
𝑢�̅��̅�

�̅�
+ �̅��̅��̅�)] = −�̅��̅� + 휀[휀2�̅�𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅� − �̅�

2𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)�̅�]                            (4.2.16)                                                                                                  

                                                     �̅� =
𝜕̅

𝜕𝑡̅
+ 휀 ( 

𝑢

�̅�

𝜕̅

𝜕̅
)   at 𝑧̅ = 1 + 휀휂̅                                                     (4.2.17) 

�̅� = 0 at 𝑧̅ = 0 

The irrotational condition then becomes: 휀
𝑤𝜃̅̅ ̅̅̅

�̅�
= 𝑢𝑧̅̅ ̅. Before expanding in terms of the amplitude 

parameter for the unknown quantities, it is better to integrate the equation replacing the nonlinear terms 

with the corresponding irrotational versions, and also by using the scalar velocity potential function for 
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each velocity projection: �̅� =
ɸ𝜃

�̅�
,  �̅� = ɸ�̅�, so that I get the Forced Bernoulli Equation in the system, 

where the forcing term is the integral of azimuthal gravity force projection as in (4.3.18): 

                                                        ɸ𝑡̅ + 휀 (
ɸ
�̅�
2

2
) +

ɸ�̅�
2

2
+ 휂̅ − 𝑟𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅) = 0                                        (4.3.18) 

Now the expansion of the unknown quantities ɸ, 휂 will be in order of 휀𝑒, (𝑒 = 0…∞). (cf. Alshoufi 

2021)2. Let us re-write the equations, mainly the continuity, Bernoulli, the kinematic and boundary 

conditions, respectively I get: 

휀 [
1

�̅�2
ɸ̅̅ ̅̅ ] + ɸ𝑧𝑧̅̅ ̅ = 0   at   0 < 𝑧̅ ≤ 1 + 휀휂̅, ɸ𝑡̅ + 휀 (

ɸ
�̅�
2

2
) +

ɸ�̅�
2

2
+ 휂̅ − 𝑟𝜏̅𝑐𝑜𝑠(�̅�𝑡̅ − 휃̅)  = 0, ɸ�̅� = 0   at 𝑧 = 0                                   

                                                   ɸ�̅� = 휀 (휂�̅� + 휀 (
ɸ�̅�

�̅�2
휂̅̅̅))   at    𝑧̅ = 1 + 휀휂̅,    

The unified form of the phase of precession 𝛺𝑡, with the azimuthal angle 휃 in the forced term can be 

harnessed in favor of D’Alembert wave solution, as in the first order of the problem: 

ɸ1�̅� = 휂̅0𝑡̅ = −ɸ0𝑡�̅�,   ɸ1�̅� = −
𝑧

�̅�2
ɸ0̅̅ ̅̅  

This will give the linear long wave equation: 

ɸ0𝑡�̅� −
1

�̅�2
ɸ0̅̅ ̅̅ = 0 

Which has D’Alembert solution in the dimensional form as: 

                                                            ɸ(휃, 𝑡) = 𝑓(𝑟휃 − 𝑐𝑡) + 𝑔(𝑟휃 + 𝑐𝑡)                                                 (4.2.19) 

Where 𝑐 here is assumed the mean azimuthal velocity that the wave in the channel flume is assumed to 

rotate with about the outer periphery, thus it has the form:  

𝑐 = 𝑟𝑚𝑎𝑥𝛺 

Thus, if I project on the outer radius of the channel assuming domain starts from 𝑟𝑚𝑖𝑛 to 𝑟𝑚𝑎𝑥, by 

dividing on 𝑟𝑚𝑎𝑥. Thus, if I project on the outer radius of the channel assuming domain starts from 𝑟𝑚𝑖𝑛 

to 𝑟𝑚𝑎𝑥, by dividing on 𝑟𝑚𝑎𝑥, this makes the domain 𝛽 < 𝑟 < 1,  I can write: 

                                                                     ɸ(휃, 𝑡) = 𝑓(휃 − 𝛺𝑡) + 𝑔(휃 + 𝛺𝑡)                                               (4.2.20) 

Hence, I can introduce the following: 

휃̅ − �̅�𝑡̅ = 𝜗, 𝜕휃̅ = 𝜕𝜗, 𝜕𝑡̅ = −𝛺𝜕𝜗 

I also assume slow time evolution for the wave by introducing: 

𝑇 = 휀𝑡 ̅

Re-substituting into Bernoulli and continuity, and dropping the bars I get: 

                                                                         휀 [
1

𝑟2
ɸ𝜗𝜗] + ɸ𝑧𝑧 = 0                                                             (4.2.21)                         

                                                            −𝛺ɸ𝜗 + 휀 (ɸ𝑇 +
ɸ𝜗
2

2
) +

ɸ𝑧
2

2
+ 휂 − 𝑟𝜏𝑐𝑜𝑠(𝜗) = 0                              (4.2.22)                                                 

                                                           ɸ𝑧 = 휀 (−𝛺휂𝜗 + 휀 (휂𝑇 +
ɸ𝜗

𝑟2
휂𝜗))                                                        (4.2.23) 

Equations (4.2.21), (4.2.22), (4.2.23) are going to be expanded in terms of 휀. As the tilt angles in this 

system are in general small ones, for instance the cases where the solitary wave was noticed 

corresponded to small tilt character factor: 𝜏 = 0.0117, 0.0167, 0.0233, thus it is assumed that if 휀 → 0 
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(which is the solution I am interested in for small wave amplitude) then 𝜏 → 0, or in other way 𝜏 = 𝑂(휀), 

so that at the leading order of the problem the forced term can be neglected.  

               ɸ0𝑧𝑧 = 0 in  0 < 𝑧 < 1,  ɸ0𝑧 = 0   at   𝑧 = 1,  ɸ0𝑧 = 0 at   𝑧 = 0,  −𝛺ɸ0𝜗 +
ɸ0𝑧
2

2
+ 휂0 = 0                      

The most important result at the leading order then is the fact that the connection between potential 

velocity and the amplitude is the rotation rate: 

                                                                                  휂0 = 𝛺ɸ0𝜗                                                                    (4.2.24) 

Collecting similar terms in higher orders will lead to the final version of KdV equation in the channel 

under precession conditions, is given as: 

                                        (
𝛺

2𝑟2
−

1

6𝛺𝑟4
) 휂𝜗𝜗𝜗 +

3

𝛺𝑟2
휂휂𝜗 + 2휂𝑇 + 𝑟𝛺𝜏 sin(𝜗) = 0                                     (4.2.25) 

This equation is KdV type which does not have integrable solution and I used the numerical methods to 

solve it as in the next section, of course the form in (4.2.25) is dimensionless and using the scaling back 

techniques should be considered when working with the dimensional version in the experiment. The 

final version in the dimensional form takes the form: 

𝐴휂 + 𝐵휂휂 + 𝐶휂𝑡 + 𝐷 = 0 

Where the coefficients A, B, C, D, respectively given by: 

𝐴 =
1

𝐻
(

𝜆

𝑐
𝛺

2(
𝑟

𝜆
)
2 −

1

6𝛺
𝜆

𝑐
(
𝑟

𝜆
)
4),      𝐵 =

3

(𝜀𝐻)2

𝜆

𝑐
𝛺(

𝑟

𝜆
)
2 ,    𝐶 =

2𝜆

2𝑐𝐻
,    𝐷 =

𝜏𝛺𝑟

𝛿𝑐
sin(휃 − 𝛺𝑡) 

If I assume periodic initial condition for 휂 as: 

휂 ≈ 𝑟𝛺𝜏 cos(휃 − 𝛺𝑡) 

I assumed that the forced term is approximately given by: 

−𝑟𝛺𝜏 sin(휃 − 𝛺𝑡) ≈ 휂  

Which is equivalent to the forcing term before scaling. Thus, equation (4.2.25) if it is rescaled into the 

dimensional form can be written as: 

𝐴휂 + 𝐵휂휂 + 휂𝑡 + 휂 = 0 

Then the linearization of this equation by searching solution of the form solution: 휂 = 𝑒𝑖𝑘 −𝑖𝛺𝑡, will be 

substituted into the linearized version of the equation, this leads to the linear dispersion relation of the 

form: 𝛺 =
𝑘−𝐴𝑘3

𝐶
. 

4.2.1.1. Finite Difference Scheme  

The finite difference method is the oldest and the simplest one, the modern version is the spectral method 

which is not going to be considered here. The KdV equation has three different differential terms, the 

third derivative, and the quadratic nonlinear term, and the variation with time of the problem. Each term 

can be extracted using Taylor series expansion. Starting from the third derivative, I are interested in the 

central difference so I can write: 

                                           휂𝑖−2 = 휂𝑖 − 2∆휃
𝜕

𝜕
+ 4

∆ 2

2

𝜕2

𝜕 2 −
8∆ 3

6

𝜕3

𝜕 3                                         (4.2.26) 

                                             휂𝑖+2 = 휂𝑖 + 2∆휃
𝜕

𝜕
+ 4

∆ 2

2

𝜕2

𝜕 2 +
8∆ 3

6

𝜕3

𝜕 3                                      (4.2.27)      

                                                휂𝑖−1 = 휂𝑖 − ∆휃
𝜕

𝜕
+

∆ 2

2

𝜕2

𝜕 2 −
∆ 3

6

𝜕3

𝜕 3                                          (4.2.28) 
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                                                 휂𝑖+1 = 휂𝑖 + ∆휃
𝜕

𝜕
+

∆ 2

2

𝜕2

𝜕 2 +
∆ 3

6

𝜕3

𝜕 3                                         (4.2.29) 

By adding (4.2.26), (4.2.27) and then (4.2.28), (4.2.29), I get: 

휂𝑖+2 + 휂𝑖−2 = 2휂𝑖 + 4∆휃
2 𝜕

2

𝜕 2 ,   휂𝑖+1 + 휂𝑖−1 = 2휂𝑖 + ∆휃
2 𝜕

2

𝜕 2   

The same when subtracting (4.2.26), (4.2.27) and then (4.2.28), (4.2.29) I get: 

휂𝑖+2 − 휂𝑖−2 = 4∆휃
𝜕 𝑖

𝜕
+ 8

∆ 3

3

𝜕3

𝜕 3 ,        휂𝑖+1 − 휂𝑖−1 = 2∆휃
𝜕 𝑖

𝜕
+
∆ 3

3

𝜕3

𝜕 3   

By manipulating and re-arranging the previous equations I get: 

                                                      𝑖+2− 𝑖−2

4∆
− 𝑖+1− 𝑖−1

2∆
= (

2∆ 2

3
−
∆ 2

6
)
𝜕3

𝜕 3        

Which finally leads to: 

                                                     
𝜕3

𝜕 3 =
𝑖+2−2 𝑖+1+2 𝑖−1− 𝑖−2

2∆ 3                                                     (4.2.30) 

The first order differentiation also is going to be treated using central difference which is: 

                                                           
𝜕

𝜕
= 𝑖+1− 𝑖−1

2∆
                                                                    (4.2.31) 

And finally, forward finite difference for the time as follows: 

                                                                
𝜕 𝑛+1

𝜕𝑡
= 𝑖+1

𝑛 − 𝑖
𝑛

∆𝑡
                                                            (4.2.32) 

Then the final equation is given as: 

                   휂𝑖+1
𝑛 = 휂𝑖

𝑛 − ∆𝑡
𝐴

𝐶

𝑖+2−2 𝑖+1+2 𝑖−1− 𝑖−2

2∆ 3 − ∆𝑡
𝐵

𝐶
휂𝑖

𝑖+1− 𝑖−1

2∆
−
∆𝑡𝐷

𝐶
                              (4.2.33) 

4.2.1.2. Implementation and Results 

The grid in the azimuthal direction is going to be discretized depending on the number of points extracted 

from the 𝑋𝑚𝑚 grid, which is different for each case depending on the extracted pixels and their 

corresponding millimeters, where the 𝑚𝑚 grid that is built on the outer periphery of the cylinder and 

has center at the paper clip number 5 as it is clear in Figure (2) that is why we have in the solutions a 

domain of negative and positive values. Those 𝑋𝑚𝑚 points are relatively big like for the case of 10000ml 

we have 𝑚 = 749 points, for the case of 12000ml we have 𝑚 = 899 points, and for the case of 14000ml 

we have 𝑚 = 649 points, the starting point of the domain is the first value of each angle and it is called 

𝑎1, and the ending point is 𝑏1, the initial guess of the problem is assumed a Gaussian fit, where it takes 

its values based on the extracted pixles from which we determine both the average 𝑎𝑣𝑔 and the standard 

deviation 𝑠𝑡. The distance between each point of the pixel coordinates causes instability problem using 

Courant number defined in (35) below, thus, we ensure taking the same starting and ending points of 

the amplitude on the outer periphery and then we re-discretize the domain with the same number of 

points using different distance so that equation (4.2.34) is satisfied, which is a specific ratio between the 

time and the distance represented by Courant number 𝐶𝑟: 

                                                            𝐶𝑟 =
∆𝑡(𝑢+𝑐)

∆ .𝑟𝑚𝑎𝑥
                                                                       (4.2.34) 

Where 𝑢 is assumed to be the mean velocity or the stream velocity, and 𝑐 is the disturbance speed. It is 

well known that choosing the value of Courant number bigger than one will certainly lead to instability 
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of the assumed solution, that is why it is preferrable to take value between zero and one. In the 

experiment the time difference was chosen so that I satisfy the following: 

                                                   ∆𝑡 = 𝐶𝑟
∆ .𝑟𝑚𝑎𝑥

(𝛺𝑟𝑚𝑎𝑥+√𝑔𝐻)
                                                                   (4.2.35) 

Solitary Kelvin mode that was mentioned in Chapter III, in the linear inviscid theory, was observed 

during the experiments, the wave in Figure (3.16) is an example. But it was not compared with the 

theory, such big wave cannot be predicted linearly, and a step is made further to treat it using the above 

weakly nonlinear assumed model. Although this wave did not preserve its form during the experiment 

for long time to be assumed of permanent type, figure (4.1), but its symmetrical form, and its constant 

speed, in this open channel, cannot be ignored to assume it the first inertial Solitary Kelvin Wave in 

such system, beside it was stated by Grimshaw et al. (1997) that the rotation effect on the solitary wave 

may extinct it with time, however in this case the wave is reduced in its amplitude and disperses, but not 

totally vanished because this case is considered the resonance collapse where the rotation affect the 

wave crest to wax and wane but never regain its original form. And in fact, the computations for the 

wave in Figure (3.16) showed that slight priority for dispersion at the expense of nonlinearity, but still 

in a good balance to be computed using KdV equation form assumed in (4.2.25), using its numerical 

estimation in (4.2.33). 

             
       t = 0.533 s                              t = 3.167 s                             t = 6.667 s                        t = 16.367 s 

Figure (4.1). The real wave variation with time. 

The finite scheme model introduced in the previous section by equation (4.2.33) is applied to the 

observed waves in different volumes, and comparison has been carried out. I assumed the initial 

condition in the form of gaussian fit from the real experimental data: 𝐴𝑚. 𝑒
−0.05(

𝜃−𝑎𝑣𝑔

𝑠𝑡
)
2

. Where 𝑎𝑣𝑔 the 

average of azimuthal data points, 𝑠𝑡 their standard deviation, 𝐴𝑚 the wave amplitude. For instance, in 

Figure (4.2, a) the results of the wave in Figure (3.16) with the experiment is presented, in this case, the 

number of grid points: 𝑚 = 40, which means that ∆휃 = 0.025, ∆𝑡 = 0.00157, 𝐶𝑟 = 0.9, volume 10000 ml, 

𝜏 = 0.0167, 𝛺 = 6.84 rad/s. All results were captured at specific time and the solution corresponds to this 

time only. And as no exact analytical solution for the derived equation, an analytical solution for the 

problem was derived as proposed by Brauer (2000) with little change as in equation (4.2.36), it is kind 

of fit solution for the results, and it was compared with the experiments at each time as clear in Figure 

(4.4). 

                                                 휂(𝑡, 휃) = 𝐴𝑚𝑠𝑒𝑐ℎ
2 (√

𝐵𝛺𝑟𝑚𝑎𝑥

𝐴
(
2
−

𝑐∗𝑡

𝐶
))                                                          (4.2.36) 
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(a)                                 (b) 

(c) 

Figure (4.2). Finite difference solution for equation (4.2.33). (a). volume 10000ml, 𝜏 = 0.01667, 𝛺 = 6.84 

rad/s. (b). volume 12000 ml, 𝜏 = 0.0117, 𝛺 = 6.018 rad/s. (c). volume 14000ml, 𝜏 = 0.0233, 𝛺 = 6.822 rad/s. 

 In Figure (4.2, b) another wave was noticed with volume 12000ml, the same grid where 𝑚 = 40, which 

means that ∆휃 = 0.025, ∆𝑡 = 0.001765, 𝐶𝑟 = 0.9, 𝜏 = 0.0117, 𝛺 = 6.018 rad/s. And other is presented in 

Figure (4.2, c), for case of volume 14000 ml, the same grid was used with 𝑚 = 40, 𝛺 = 6.822𝑟𝑎𝑑/𝑠, 𝜏 =

0.0233, ∆𝑡 = 0.001664, but this wave is almost in breaking form, the crest slightly proceeds the whole 

body. Figures (4.3) present an example of the wave evolution with time, as the main direction is the 

azimuthal one, the grid is discretised by taking 𝑑휃 =  0.9, and time 𝑑𝑡 =  0.01, of course the system is 

not stable at all, but this is the sample of how this equation works in this system, and the effects of the 

coefficients that take the rotation into consideration are the main problem as they are not small.

                                        

                                        
Figure (4.3). Wave evolution with time, volume 12000ml, 𝜏 = 0.0117, the smooth curve is experiment  

Gaussian initial guess, and the dotted one is the numerical solution.   
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Figure (4.4). Analytical solution, volume 10000ml, 𝛺 = 6.84rad/s, 𝜏 = 0.01667,  

the dashed line represents the analytical case, the curvy line is the experimental one. 

The radial decay of the wave takes also exponential form and a fit using the same procedure in Chapter 

III is done, Figure (4.5) shows the results: 

 
Figure (4.5). Radial exponential decay of solitary wave amplitude, 

volume 10000ml, 𝛺 = 6.84 rad/s dashed line is the exponential fit. 

To estimate the rotation and viscous effects, a computation for Reynolds, Ekman, and Rossby number 

was carried out, for each Solitary Kelvin wave that mentioned above, at different volumes of water. 

Reynolds number determines type of the flow, like laminar and turbulent. In open channels it can be 

given in terms of its characteristic length, the hydraulic radius, in the system under study I assumed one 

takes this time the angular velocity (different from the one introduced in the linear part) as: 

                                                                             𝑅𝑒 =
𝛺𝑅ℎ

2

𝑣
                                                                            (4.2.37) 

Where 𝑣 the kinematic viscosity which is has constant value assumed during the experiment  

1.03 × 10−6, 𝑅ℎ = 𝐴/𝑃𝑤 the hydraulic radius, 𝑃𝑤 the wetted perimeter: 𝑃𝑤 = 𝑟 + 2ℎ̅, as the cross-section 

for the channel has rectangular form, with 𝑟 = 𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛  the channel width and ℎ̅ is the average depth. 

It is known that Reynolds in open channels has different ratios in comparing the turbulent and laminar 

effects, which are 𝑅𝑒 ≤ 500 the flow is laminar, and 𝑅𝑒 ≥ 1000 the flow is turbulent, in this system I 

proved in part 3 in the previous chapter that those values are smaller because the precession effects, 

however the cases accord with the solitary wave computations showed that the flow all the time is 
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turbulent one. To measure the relative effect rotation, I proposed other formula for Rossby number 

which is a dimensionless number that represents the ratio between inertial and Coriolis forces, it is 

assumed in this system as in (4.2.38): 

                                                               𝑅𝑜 =
𝛺1

2(𝛺1+𝛺)
≤ 1                                                                     (4.2.38) 

Where 𝛺1 = 𝜏𝛺 precession rate, the computations of Rossby number showed that for all the above-

mentioned cases of tilt is constant and satisfies (4.2.38), which shows moderate rotation effect on wave 

motion. Ekman number is the inverse of Reynolds number and is a gross measure of how the typical 

viscous forces compares to Coriolis force. (Greenspan 1968). as it is clear in (4.2.39), and it plays 

important role in determining the boundary layer effect on the solid walls. To ensure that the inviscid 

effect is satisfied, I computed Ekman number the results showed that it is of order 𝑂(10−4):  

                                                                             𝐸𝑘 =
𝜈

𝛺𝑅ℎ
2                                                                           (4.2.39) 

As I deal with open channel, I assumed other formula that represents the computations for Froude 

number in (4.2.40) it showed that the flow all the time supercritical regardless the volume of water in the 

channel.  

                                                                          𝐹𝑟 =
𝑟𝑚𝑎𝑥𝛺

√𝑔ℎ̅
                                                                             (4.2.40) 

Table (4.2) shows the computations for the previous numbers: 

Table (4.2). Dimensionless numbers of rotation, viscous and gravity effects.  

Volume 𝑹𝒆 𝑹𝒐 𝑬𝒌 𝑭𝒓 

10000 6860.53 0.397 0.000146 1.595 

12000 6788.89 0.214 0.000147 1.28 

14000 8663.85 0.555 0.000115 1.344 

I measured the velocity of the wave by taking the difference in time between two different pictures from 

which is the difference between the wave crest in each one is approximately 𝜆 = 2𝜋𝑟𝑚𝑎𝑥, which is the 

crossed distance per time. Amaouche et al. (2013) proposed that the velocity in their tank theoretically 

was given by: 

                                                                    𝑐𝑡ℎ = √𝑔ℎ̅ (1 +
1

2

𝐴

ℎ̅
)                                                              (4.3.41) 

In comparison with their work, it was found high match with experiment as shown in table (4.3): 

Table (4.3). Comparison between the theoretical 

 wave velocity and one computed experimentally.   

Volume 𝑐𝑡ℎ 𝑐𝑒𝑥𝑝 Err % 

10000 1.528 1.547 0.0124 

12000 1.463 1.342 0.0827 

14000 1.575 1.521 0.0343 

4.2.2. KdV Model under shear conditions 

The work on this case study can be found in (Alshoufi 2021)4. Most of the waves theories focus on the 

cases where the flow is irrotational one, from which the effect of stream vorticity is negligible. However, 

in real streams this is not the case, the shear effect induce d by the friction effect due to water motion 
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along the sides and the channel bottom modifies the whole stream velocity distribution with depth and 

makes it rotational one. Generally, due to the rotational action a thin layer called the „critical layer” may 

take place, this layer has thickness of order the amplitude of the wave (Johnson 1986), that is propagating 

along the stream, such layer only occurs when the disturbance velocity equals to the stream’s one, that 

are connected with each other in the form of the famous Burns condition (1953): 

                                                                                  
1

𝑔
= ∫

𝑑𝑧

(𝑈(𝑧)−𝑐)2

𝑧

0
                                                             (4.2.42) 

Where 𝑈(𝑧) the stream velocity distribution as a function of depth 𝑍, 𝑐 the wave velocity. The direct 

integration of (4.2.42) leads to the fact that wave velocity relative to the bottom of the stream has two 

values, of which one is always less that the minimum stream velocity (i.e., the velocity of the slip 𝑈𝑚𝑖𝑛), 

and the other is always greater than the maximum stream velocity (i.e., the velocity at the surface 𝑈𝑚𝑎𝑥), 

from which one can find directly that if the slip velocity is zero, then the wave velocity relative to the 

bottom has a negative value, so that is always upstream propagation of waves, which contradicts the 

shooting flow theory, in which all disturbances are swept downstream. (Burns 1953). The variation of 

wave speed was noticed earlier by Thompson (1949) when the current is not uniform horizontally, the 

wave speed varies accordingly and distorts the wave fronts in a refraction pattern, thus the topography 

near the shore (which is considered shallow) is highly important on wave form as the shallow currents 

are essentially rotational ones, other important result he extracted that the phase speed velocity of waves 

in a current whose shear is constant differs from that of irrotational wave depending on the magnitude 

of shear. Busse (1968) stated that the change in depth or any slight modification of uniform flows causes 

stretching of vortex lines similar to the effect of varying Coriolis force, the author discussed theoretically 

the case when small disturbance deviated from the solid-body rotation on shear flow, where a critical 

value of Rossby number which is an important measure of the significance of rotation, which is 

dimensionless takes the ratio between the convective acceleration to Coriolis Force. (Greenspan 1968) 

over which the flow becomes unstable where the inertial forces overcome the friction in Ekman 

boundary layers and the constraints imposed by the variation in depth of the container. The stream 

velocity variation with depth is varied, Hunt (1955) for instance assumed that the steady stream velocity 

to vary as the one-seventh power of the relative height above the bed. Johnson (1991) presumed several 

shear functions including linear, Poiseuille, and Cubic parabolic profiles with discontinuous vorticity 

𝑈′, where he solved Burns condition (4.2.42) accordingly through the direct integration, with discussion 

of critical layer formation and the corresponding critical depth. Yih (1972) discussed the different results 

of Burns condition and proved the case where the disturbance velocity is smaller than the slip one or the 

velocity at the bottom, the cases he discussed depended on the derivatives of the assumed stream velocity 

function, for instance he stated that it is impossible to get singular neutral mode from which 𝑐 = 𝑈, 

where 𝑐 the disturbance velocity, if and only if the second derivative of 𝑈 does not change sign and 𝑈 is 

monotonic in the field of flow. Drazin & Howard (1962) as well presented many schemes for the stream 

velocity distribution including the sinusoidal form, which is similar to the case in the present flume 
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under study, also they discussed the rectangular jet form, plane Couette flow. Their starting point was 

the modified version of Navier-Stokes equations that takes the perturbation effects, from which they 

discussed boundary layer formation for inertial waves, and taking rotational effects as well into 

consideration, and different cases of instability and the corresponding solutions. Fenton (1973) tried to 

discuss the problem in different manner from which he expanded the kinematic and dynamic conditions 

in terms of the stream function and solved the problem numerically from which a new dispersion 

relationship between the wave number and celerity was extracted in the dimensionless form in terms of 

Froude number that was assumed in terms of shear velocity. As the conclusion of Burns was the 

importance of viscous effect to be included, other team Velthuizen & Wijngaarden (1969) figured out 

that the condition that looked physically unacceptable can be accepted if the wave velocity is complex 

one, which implies damping or growth of the waves, which may be caused by viscous effects. They tried 

to derive the condition of Burns in different way by connecting wave energy with the dispersion relation 

of long waves, and using the linearization of Bernoulli equation after stream flow velocity inclusion. 

Johnson (1968) derived the main equations in three regions inside the layer, above and below it. He 

assumed initial configuration to contain no closed streamlines so that the vorticity can presumably be 

assigned from the undisturbed conditions at infinity. He justified the nonlinear approach inside the layer 

if the amplitude parameter 휀 is greatly in excess of the inverse Reynolds number 𝑅𝑒
−1. Assuming 

irrotational effects to study the solitary wave without invoking the shear flow looks as a shortcoming 

that was first amended by Benjamin (1962) who was the first in deducing the solitary wave over long 

channel of a nonuniform parallel stream when vorticity produced by frictional action at the boundary 

becomes diffused over the whole cross section. The author suggested that instead of zero vorticity 

everywhere (irrotational flow), there is constant vorticity along each streamline, provided the limitations 

due to stagnation effects. Later both Freeman & Johnson (1969) also provided the derivation of solitary 

wave and its solution taking the shear flow into consideration. The aim of this work is to extend the 

previous linear and nonlinear work that was carried out in the previous chapters to add the shear effet. 

To add the proper distribution of velocity with depth an ADV measurements were carried out at specific 

point in the channel with depth, it turned out that the form vertically is sinusoidal one. This function was 

inserted into the new version of Burns condition that was derived for the linear case and solved 

accordingly, similar to the normal flows the wave velocity relative to the bottom has two values negative 

and positive. The nonlinear part of the problem aims first on deriving new KdV model that includes the 

shear effect and then to figure out what is the possible effect of the shear on the wave form, is it like the 

normal cases derived by Benjamin (1962) where the potential flow still valid? Or does the shear here 

forces us using different formulaes? It turned out that no impact appears. 

4.2.2.1. The Governing Equations 

In the first case I take the viscous effect into the equations, and I assume two-dimensional case thus, I 

deal with the projections of Navier-Stokes equations as follows: 

                                                                              𝑢 + 𝑟𝑤𝑧 = 0                                                                   (4.2.43) 
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                 𝑢𝑡 +
𝑢𝑢𝜃

𝑟
+ 𝑤𝑢𝑧 = 𝑔𝜏 sin(𝛺𝑡 − 휃) −

𝑃𝜃

𝜌𝑟
− 2𝛺𝜏 cos(𝛺𝑡 − 휃)𝑤 + 𝜗 (

𝑢𝜃𝜃

𝑟2
−

𝑢

𝑟2
+ 𝑢𝑧𝑧)               (4.2.44)                                                                                                                               

                       𝑤𝑡 +
𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧 = −𝑔 −

𝑃𝑧

𝜌
− 2𝛺𝜏 cos(𝛺𝑡 − 휃) 𝑢 + 𝜗 (

𝑤𝜃𝜃

𝑟2
+𝑤𝑧𝑧)                                    (4.2.45) 

On the free surface the kinematic condition is about velocity continuity and it can be derived from 

material derivative of the free surface function 휂(휃, 𝑡): 

                                                                                      𝑤 = 휂𝑡 +
𝑢 𝜃

𝑟
                                                            (4.2.46)                                    

                                                                                             𝑤 = 0                                                                 (4.2.47) 

Other condition related to the assumption of steady constant vorticity at specific streamline, thus I can 

write the stream function equations in terms of velocity components as: 

                                                                         𝑢 = 𝜓𝑧, 𝑤 = −
1

𝑟
𝜓  

So that the vorticity dynamical condition is: 

                                                                          
1

𝑟2
𝜓 + 𝜓𝑧𝑧 = −𝜉                                                               (4.2.48) 

By cross-differentiating the equations of motion (4.2.44) and (4.2.45) pressure may be eliminated to 

reduce the system into final equation: 

𝜕

𝜕𝑡
(𝑢𝑧 −

𝑤𝜃

𝑟
) + 𝑈′′𝑤 +

𝑈

𝑟

𝜕

𝜕
(𝑢𝑧 −

𝑤𝜃

𝑟
) + 2𝛺𝜏 sin(𝛺𝑡 − 휃)

𝑢

𝑟
+ 𝜗 (

𝑤𝜃𝜃𝜃

𝑟3
+

𝑤𝑧𝑧𝜃

𝑟
+

𝑢𝑧

𝑟2
− 𝑢𝑧𝑧𝑧 −

𝑢𝜃𝜃𝑧

𝑟2
) = 0   (4.2.49)                                                                                                                                                                                                                                                                        

Any single prime on the unknown quantities indicates derivative in terms of the axial direction 
𝜕

𝜕𝑧
, and 

any double prime means double derivative 
𝜕2

𝜕𝑧2
 in the axial direction of the cylinder. Equation (4.2.49) 

shows additional sinusoidal term that appears because of Coriolis force. Let us assume some stream 

function that has azimuthal decay as: 

                                                                       𝜓(휃, 𝑧, 𝑡) = ƴ(𝑧)𝑒𝑖𝑘( −𝛺𝑡) 

Where 𝑘 the azimuthal wavenumber (here is mentioned directly to distinguish it from the axial one ƺ in 

the vertical direction as we have sinusoidal motion recorded vertically), 𝛺 the solid-body rotation 

velocity projected at the outer radius of the channel from which any disturbance is assumed to move 

with it. Substituting into (4.2.49) will give: 

                    𝑊ƴ′′ − [
𝑘2

𝑟2
𝑊 + 𝑈′′] ƴ +

2𝛺𝜏𝑖

𝑘
sin(휃 − 𝛺𝑡) ƴ′ =

𝑖𝑟𝜗

𝑘
[ƴ′′′′ +

𝑘4

𝑟2

ƴ

𝑟2
− (2𝑘2 + 1)

ƴ′′

𝑟2
]                 (4.2.50) 

Where 𝑊 = 𝑈 − 𝑟𝛺. This equation is the forced Orr-Sommerfeld equation under precession conditions, 

where the forcing term on the left-hand side of this equation mainly came from Coriolis force. Equation 

(4.2.50) is fundamental for stability of laminar flows in cylindrical channel under precession. When 

assuming inviscid conditions like the case under study where water used in the experiment, the right-

hand side of this equation can be neglected, the equation can be written as: 

                                   (𝑈 − 𝑟𝛺)ƴ′′ − [
𝑘2

𝑟2
(𝑈 − 𝑟𝛺) + 𝑈′′] ƴ +

2𝛺𝜏𝑖

𝑘
sin(휃 − 𝛺𝑡) ƴ′ = 0                             (4.2.51)                   

Equation (4.2.51) is called the Rayleigh stability equation that takes the precession effect in the closed 

circular flume. This equation has variable coefficients in 𝑧, 휃, 𝑡.  
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4.2.2.2. Stream Function Observations  

The measurements of velocity stream profile with depth was done by the help of Acoustic Doppler 

Velocimeter (ADV), the probe has four receiver arms and central one called the transmit transducer, 

during the experiment it was approximately in the middle of the channel where it was hold on a metal 

rod that is supported on other metal procedure that is fixed to the laboratory floor, the vectrino while 

measuring does not feel the effects of rotation or tilt. In order to avoid the bad bed effects it is better to 

rise the vectrino from the channel bed about three centimeters, thus the lowest depth where the 

measurements started was about 3cm. The vectrino also should stay far from the free surface where the 

air effect makes the signal chaotic and not true, thus also we left about 1-2cm from the top, so that the 

effective depth is about 5-7cm, but this also depends on the average amount of water in the channel, as 

we tried to measure for relatively big amounts of water to tackle the problems from the bottom and the 

surface. Sediment material like sand were also seeded so that we enhance the echo. (Details of Vectrino 

measurements can be found in a previous work by the present author. [16]) The cases were tracked are 

three: the first is when the free surface just simple closed circles that rotate and tilt with slow energy 

provided to the system the profile has sinusoidal form as it is clear in Figure (4.6, a), the second case is 

when the single Kelvin solitary wave appears with high power provided to the system (resonance 

conditions) as it is clear in Figure (4.6, b), it even has more or less Gaussian function form, and finally 

the case of simple sinusoidal waves appear (three of them) as in Figure (4.6, c). In this first case the wave 

motion is slow thus the horizontal velocity goes to and fro many times crossing the vertical line with 

relatively equal amplitudes in the positive and negative diretcions of motion with many inflection points, 

on the contrary for the second case where the wave motion is faster the wave phase is small thus the 

amplitude is bigger in the positive direction of the flow with many smaller amplitudes in the negative 

direction and many inflections in the curve. 

     

Figure (4.6). Stream velocity distribution with depth. (a). ℎ̅ = 11.2cm, 𝛺 = 1.15 rad/s, 𝜏 = 0.005.  

(b).  ℎ̅ = 13.07cm, 𝛺 = 6.48 rad/s, 𝜏 = 0.01333. (c). ℎ̅ = 9.333cm, 𝛺 = 4.18 rad/s. 𝜏 = 0.0433. 

To prove the stability criteria I have to propose some assumption for the proper stream velocity function. 

I will discuss the normal cases and the resonance one separately, although the shapes are varied but in 

general they can be processed as sinusoidal one thus I introduce: 

                                                                          𝑈(𝑧) = 𝑈1𝑠𝑖𝑛(ƺ𝑧)                                                                (4.2.52) 
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Where ƺ the axial wavenumber in the vertical direction 𝑧. By substituting the function into Forced 

Rayleigh stability equation (4.2.52) I get: 

                   (𝑈1𝑠𝑖𝑛(ƺ𝑧) − 𝑟𝛺)ƴ
′′ +𝑀1

ƴ′

𝑟
− [

𝑘2

𝑟2
(𝑈1𝑠𝑖𝑛(ƺ𝑧) − 𝑟𝛺) − ƺ

2𝑈1𝑠𝑖𝑛(ƺ𝑧)] ƴ = 0                         (4.2.53) 

The discussion of solutions for equation (4.2.53) can be found in detail in (Alshoufi 2021)4, however, I 

summarize the upshot of the whole process as follows, when assuming long wave approximation 𝑘 → 0, 

and assuming that Coriolis effect is zero which only occurs when the phase of tilt equals the azimuthal 

angle, the solution will be in the form: 

ƴ = Á1 cos(ƺ𝑧) + Á2 sin(ƺ𝑧) 

Where Á1, Á2 some constants, that can be determined from the boundary conditions, at 𝑧 = 0, ƴ(𝑧) = 0, 

thus Á1 = 0 at 𝑧 = ℎ̅, ƴ(ℎ̅) = 2𝜋𝑟𝛺ℎ̅, in case np wave on the surface, thus the final solution: 

ƴ =
2𝜋𝑟𝛺ℎ̅

sin (ƺℎ̅)
cos(ƺ𝑧) 

However, for the case where 𝑘 ≠ 0, and assuming that the depth velocity almost zero then equation 

(4.2.53) can be written (with zero Coriolis force) as: 

                                                   𝑈1𝑠𝑖𝑛(ƺ𝑧)(𝐷
2 − 𝛼2)ƴ + ƺ2𝑈1𝑠𝑖𝑛(ƺ𝑧)ƴ = 0                                              (4.2.54) 

Where 𝛼2 =
𝑘2

𝑟2
, 𝐷2 =

𝜕2

𝜕𝑧2
. The stability solution that satisfies (4.2.54) then is given: 

ƴ𝑠 = sin (
𝑞𝜋

ƺ

𝑧

ℎ̅
),   𝛼𝑠 = √ƺ2 −

𝑞2𝜋2

ƺ2ℎ̅2
 

Where 𝛼𝑠 =
𝑘𝑠

𝑟
, (𝑞 = 0,±1, ±2,… )which is for long waves 𝛼𝑠 = 0, then I can write: 

𝑞 =
ƺ2ℎ̅

𝜋
 

If ƺ2ℎ̅ > 𝜋  the flow is unstable, and stable if ƺ2ℎ̅ < 𝜋. Which is satisfied in all cases, if I assume that 

ƺ = 1, then only if ℎ̅ < 𝜋 the flow is stable where no inflection point can appear in this case. For the 

second case where resonance appears, Figure (4.6, b) almost no inflection points and the form closer to 

Gaussian function or some parabola the flow can be assumed stable one even if it is under turbulent 

conditions, of course this is not true all the time as with time again the assumption made in (4.2.54) is 

valid and can used. When assuming the whole vorticity (4.2.53) and assume fixed time and azimuthal 

angle, I find: 

                𝑊ƴ′′ − [𝛼2𝑊 +𝑈′′]ƴ +𝑀ƴ′ = 0               

Where 𝑀 =
2𝛺𝜏𝑖

𝑘
sin(휃 − 𝛺𝑡) = 𝑐𝑜𝑛𝑠𝑡. If I apply the equation on the free surface where 𝑧 = ℎ̅, the 

coefficients will be all constants and taking (4.2.53). Then the equation is written: 

                        𝐴ƴ′′ + 𝐵ƴ′ + 𝐶ƴ = 0                            

With delta solutions I get: 

∆= −
4

𝐾2
𝜏2𝛺2𝑠𝑖𝑛2(𝛺𝑡 − 휃) + 4𝛼2𝑊2 + 4𝑊𝑈′′ 

If ∆> 0, the solution is: 

                 ƴ = 𝐶1𝑒
𝐷1ℎ̅ + 𝐶2𝑒

𝐷2ℎ̅                      

If ∆< 0, the solution is: 

                ƴ = [𝐶1 𝑐𝑜𝑠(𝛽ℎ̅) + 𝐶2 𝑠𝑖𝑛(𝛽ℎ̅)]𝑒
𝐷ℎ̅           
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Where the complex roots are: 𝐷 ± 𝑖𝛽. The stability condition in this case shows that: if 𝐷 < 0, any 

disturbance or perturbation on the free surface will vanish with time, and it is stable, on the other hand 

if 𝐷 > 0 the solution will grow up with time, and it will be unstable. (Debnath 2012). 

 

 

4.2.2.3. Burns Condition and Its Solution 

The previous analysis was carried out on assuming that the disturbance velocities and their derivatives 

are all small quantities from which all nonlinear terms were neglected. By introducing the dimensionless 

variables to the system of Euler equations (assuming that the fluid is inviscid) this will factor out all 

Coriolis forces at the leading order of the problem.  

𝑡 →
𝑡̅

𝛺
, 𝑟 → 𝑅�̅�, 휂 → 휀𝐻휂̅, 𝑧 → 𝐻𝑧̅, 𝑢 → [휀𝑅𝛺�̅� + 𝑈], 𝑤 → 휀𝐻𝛺�̅�, 𝜏 → √𝛿2𝜏̅, 𝑃 =  𝑃𝑎 + 𝛾(𝐻 − 𝑧) + 휀𝜌𝛺

2𝑟2�̅�, 

휃 → 휃̅, 𝛿2 = (
𝐻

𝑅
)
2

, 휀 =
𝐴

𝐻
.  

The values of 𝛿2 can be found in table (4.1) which shows that the shallowness condition is also satisfied 

based on the assumption mentioned in the scaling above. On assuming steady case where the coordinates 

move with the wave, and as the final aim is to derive the KdV equation which is used to describe the 

waves of permanent form, I assume balance between the nonlinearity and dispersion 휀 = 𝑂(𝛿2), and as 

the solitary wave undergo slow changes in form thus slow time evolution, I introduce the following: 

                                                                            
𝜕

𝜕𝑡
= −𝛺

𝜕

𝜕̅
+ 휀

𝜕

𝜕𝑇
     

Then equations (4.2.43), (4.2.44), (4.2.45), and (4.2.46) will be written after introducing the shear effect 

and dropping the primes as: 

                  (𝑈 − 𝑟𝛺)
𝑢𝜃

𝑟
+ 휀 (𝑢𝑇 +

𝑢𝑢𝜃

𝑟
+ 𝑤𝑢𝑧) + 𝑤𝑈𝑧 =

𝜏 sin(𝑡− )

𝐹𝑟
−

𝑃𝜃

𝑟
− 휀2𝜏 cos(𝑡 − 휃)𝑤                     (4.2.55)                 

              휀 [(𝑈 − 𝑟𝛺)
𝑤𝜃

𝑟
+ 휀 (𝑤𝑇 +

𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧)] = −𝑃𝑧 + 휀2𝜏 cos(𝑡 − 휃) 𝑢 + 2𝜏 cos(𝑡 − 휃)𝑈               (4.2.56)                 

                                                                        𝑢 + 𝑟𝑤𝑧 = 0                                                                         (4.2.57) 

                                                      𝑤 = (𝑈 − 𝑟𝛺) 𝜃

𝑟
+ 휀 (휂𝑇 +

𝑢 𝜃

𝑟
)                                                             (4.2.58) 

𝐹𝑟  is Froude number of the problem that is assumed: 𝐹𝑟 =
𝐻𝛺2

𝑔
. It is worth to mention up to this point that 

the tilt angles in this system are in general small ones, and that the cases where the solitary wave were 

noticed corresponded to very small tilt character factor: 𝜏, (cf. Table (4.1)), thus it is assumed that if 휀 →

0 (which is the solution I am interested in for small wave amplitude) then 𝜏 → 0, so that at the leading 

order of the problem the forced terms can be neglected:  

{
(𝑈 − 𝑟𝛺)

𝑢0휃

𝑟
+ 𝑤0𝑈0

′ = −
𝑃0휃

𝑟
, −𝑃0𝑧 = 0, 𝑃0 = 휂

0

𝑢0휃 + 𝑟𝑤0𝑧 = 0, 𝑤0 = (𝑈 − 𝑟𝛺)
휂
0휃

𝑟

 

The azimuthal equation after substituting the stream function will give: 

                                                                           ƴ′(𝑈 − 𝑟𝛺) − 𝑈′ƴ = −휂̅                                                    (4.2.59) 

Which is similar to the one derived by Burns (1953; eq.25) in the dimensionless form, and of course the 

cylindrical geometry, then the balance with the kinematic condition I get new version of Burns 
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condition, that connects between the stream velocity with the solid-body rotation of the flow, which is 

approximately equivalent to the long wave velocity 𝑐 ≈ 𝑟𝛺 ≈ √𝑔ℎ̅ 

                                                                             ∫
𝑑𝑧

(𝑈−𝑟𝛺)2

𝑧

0
= 1                                                                    (4.2.60) 

Equation (4.2.60) is the dimensionless Burns Condition in case of channel system under precession. 

When only single wave is observed (the solitary wave case) the solid-body rotation speed is equivalent 

to the long wave speed and the amplitude parameter as in equation (4.2.61) this equation was proposed 

by Amaouche et al. (2013) and other work to me Alshoufi (2021)2 with excellent match with the 

experiment.  

                                                                            𝑐 = √𝑔ℎ̅ (1 +
1

2
휀)                                                                (4.2.61) 

Thus, I can simply replace (4.2.61) by the value of long wave speed as follows: 

∫
𝑑𝑧

(𝑈 − 𝑐)2

𝑧

0

= 1 

It is well known that this integral equation for 𝑐 = 𝑟𝛺, certainly admits two solutions, as Johnson (1989) 

suggested, for 𝑐 if 𝑈(𝑧) satisfies 𝑈′(𝑧) > 0, and 𝑈′′(𝑧) < 0: one solution gives 𝑐 < 𝑈(0), and the other 

𝑐 > 𝑈(1). Let us try to solve Burns condition for the sinusoidal assumption into (4.2.62): 

∫
1

(𝑈1𝑠𝑖𝑛(ƺ𝑧) − 𝑐)
2

𝑧

0

𝑑𝑧 = 1 

By assuming ƺ𝑧 = 𝑥, I assume also from trigonometric case that: 

𝑥 = 2. arctan (𝑡), 𝑡 = tan (
𝑥

2
) 

From which I can write: sin(𝑥) =
2𝑡

1+𝑡2
, 𝑑𝑥 =

2𝑑𝑡

1+𝑡2
. After some mathematical manipulation I get an 

equation: 

                                                          
𝐴.tan(

ƺ

2
)

𝐵1[tan(
ƺ

2
)−𝐵1]

+
𝐵.tan(

ƺ

2
)

𝐵2[tan(
ƺ

2
)−𝐵2]

+
ƺ

2
= 0                                                (4.2.63) 

Where:  

𝐵1 = 𝛽 + 𝛽√1 −
1

𝛽2
,    𝐵1 = 𝛽 − 𝛽√1 −

1

𝛽2
, 𝐴 =

𝐵1
2−1

𝐵1
2−𝐵2

2,     𝐵 =
1−𝐵2

2

𝐵1
2−𝐵2

2  

Where 𝛽 =
𝑈1

𝑐
, also it was assumed that ƺ = 1. Equation (4.2.63) has no solution when 𝛽 = 0, 1, and has 

single solution if 𝛽 > 0, or if 𝛽 < 0. By giving several values for 𝑈1 and 𝑐 equation (4.2.63) can be solved 

accordingly, and the solution clear in Figure (4.7): 

 
  Figure (4.7). The solution for 𝑐 against surface speed 𝑈1  

for the sinusoidal profile, including 0 ≤ 𝑈1 ≤ 2. 

4.2.2.4. Periodic Nonlinear Case 
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At the first order of the problem all nonlinear terms appear again, which are all of the zeroth order, that 

are known in advance in terms of Burns condition as the integration appears in all the zeroth terms. So, 

I can write: 

{
 
 

 
 𝑢1휃 + 𝑟𝑤1𝑧 = 0, 𝑤1 + 휂0𝑤0𝑧 = (𝑈 − 𝑟𝛺)

휂
1휃

𝑟
+ 휂

0𝑇
+
𝑢0휂0휃
𝑟

 

(𝑈 − 𝑟𝛺)
𝑢0휃

𝑟
+ 𝑢0𝑇 +

𝑢0𝑢0휃

𝑟
+ 𝑤0𝑢0𝑧 + 𝑤0𝑈0𝑧 =

𝜏 sin(𝑡 − 휃)

𝐹𝑟
−
𝑃1휃

𝑟
− 2𝜏 cos(𝑡 − 휃)𝑤0

(𝑈 − 𝑟𝛺)
𝑤0휃

𝑟
= −𝑃𝑧 − 2𝜏 cos(𝑡 − 휃) 𝑢0 − 2𝜏 cos(𝑡 − 휃)𝑈0

 

The solutions of the zeroths order are similar to the ones obtained by Freeman & Johnson (1969) but in 

the cylindrical geometry: 

{
𝑤0 = 𝑊𝐼2휂휃, 𝑤0𝑧 = 휂

휃
(𝑊𝐼2)

′ 

𝑢0 = −휂0(𝑊𝐼2)
′, 𝑢0𝑧 = −휂0(𝑊𝐼2)

′′
 

Where 𝑊 = 𝑈 − 𝑟𝛺, 𝐼2 = ∫
𝑑𝑧

(𝑈−𝑟𝛺)2

1

0
= 1. By applying the zeroth solutions into the azimuthal momentum 

and balancing the kinematic condition of the free surface with the azimuthal momentum, then the final 

equation I get similar to the one extracted by Freeman & Johnson (1969) which suits the geometry of 

cylindrical coordinates under study with additional forcing terms: 

휂0𝑇 [1 +𝑊1 ∫
(𝑊𝐼2)

′

𝑊1
2

1

0
𝑑𝑧] + 0 0𝜃

𝑟
[−2𝑊′ −

2

𝑊
+𝑊1 {∫ (

𝑊𝐼2(𝑊𝐼2)
′′

𝑊1
2 −

(𝑊𝐼2)
′2

𝑊1
2 )

1

0
𝑑𝑧}] +𝑊1 ∫

𝜏 sin(𝑡− )

𝐹𝑟𝑊1
2 𝑑𝑧

1

0
−

𝑊1
0𝜃𝜃𝜃

𝑟3
∫ ∫ ∫

𝑊2(𝑧2)

𝑊2(𝑧1)𝑊
2(𝑧)

𝑑𝑧2𝑑𝑧1𝑑𝑧
𝑧

0

1

𝑧

1

0
+

2𝜏𝑊1

𝑟
sin(𝑡 − 휃) ∫ ∫ [

𝑈− 0(𝑊𝐼2)
′

𝑊1
2 ]

1

𝑧
𝑑𝑧1𝑑𝑧

1

0
+ 2𝜏𝑊1 cos(𝑡 −

휃) ∫ ∫ (
(𝑊𝐼2)

′

𝑊1
2

0𝜃

𝑟
)

𝑧

1

1

0
𝑑𝑧1𝑑𝑧 − 2𝜏𝑊1 cos(𝑡 − 휃) ∫

(𝑊𝐼2)

𝑊1
2

0𝜃

𝑟
𝑑𝑧

1

0
= 0                                                               (4.2.64)                                                                                                   

Which is the KdV version that takes the shear flow into consideration in an open cylindrical channel 

under precession. This equation will be solved numerically and compared with the experimental results. 

Before applying the stream function into the equations, I can do some proper integrations I find finally 

that the equation will take the form: 

휂0𝑇 [2 + ∫
𝑊′

𝑊1

1

0
𝑑𝑧] + 0 0𝜃

𝑟
[−𝑊′ −

1

𝑊
− ∫ (

𝑊′2

𝑊
+

2𝑊′

𝑊2 +
1

𝑊3)
1

0
𝑑𝑧] + ∫

𝜏 sin(𝑡− )

𝐹𝑟𝑊1
𝑑𝑧

1

0
−

𝑊1
0𝜃𝜃𝜃

𝑟3
∫ ∫ ∫

𝑊2(𝑧2)

𝑊2(𝑧1)𝑊
2(𝑧)

𝑑𝑧2𝑑𝑧1𝑑𝑧
𝑍

0

1

𝑍

1

0
+

2𝜏

𝑟
sin(𝑡 − 휃) ∫ ∫ (

𝑈−(𝑊𝐼2)
′
0

𝑊1
)

1

𝑧

1

0
𝑑𝑧1𝑑𝑧 + 2𝜏 cos(𝑡 −

휃) ∫ ∫ (
(𝑊𝐼2)

′

𝑊1

0𝜃

𝑟
)

𝑧

1

1

0
𝑑𝑧1𝑑𝑧 − 2𝜏 cos(𝑡 − 휃)

0𝜃

𝑟
= 0  

The axial integrals will be solved numerically using the trapezoidal method. The final equation can be 

written in its dimensional form as:  

                                                     𝐴휂𝑡 + 𝐵
𝜃

𝑟
+ 𝐶 𝜃𝜃𝜃

𝑟3
+ 𝐷 𝜃

𝑟
+ 𝐸

𝑟
+ 𝐹 = 0                                              (4.2.65)                   

Where: 

 𝐴 = [
2+∫

𝑊′

𝑊

ℎ̅
0

𝑑𝑧

𝐻
2𝛺𝐻

], 𝐵 =
𝑅

2𝐻2
[−

1

𝑊1
−𝑊1

′ − ∫ {
𝑊′2

𝑊
+

2𝑊′

𝑊2 +
1

𝑊3}
ℎ̅

0

𝑑𝑧

𝐻
], 𝐶 =  

𝑊1𝑅
3

𝐻
∫ ∫ ∫

𝑊2(𝑧2)

𝑊2(𝑧)𝑊2(𝑧1)

ℎ̅+𝑎

0
𝑑𝑧2𝑑𝑧1𝑑𝑧

ℎ̅

𝑧

ℎ̅

0
 

 𝐷 =
2𝜏𝑅𝑊1 cos(𝛺𝑡− )

𝐻
[∫ ∫ (

𝑊′

𝑊1
2 +

1

𝑊3)
ℎ̅

𝑧

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0
− 1], 𝐹 = ∫

𝜏𝑅sin (𝛺𝑡− )

𝐻𝑊1𝐹𝑟

𝑑𝑧

𝐻
+

2𝜏𝑅2𝑊1

𝐻
sin(𝛺𝑡 − 휃) ∫ ∫

𝑈

𝑊1
2

ℎ̅

�̅�

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0

ℎ̅

0
 

𝐸 =
2𝜏𝑊1

𝛿2
sin(𝛺𝑡 − 휃) ∫ ∫ (

𝑊′

𝑊1
2 +

1

𝑊3)
ℎ̅

𝑧

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0
,  
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4.2.2.5. Numerical Scheme 

KdV equation appeared so far in the analysis consists of nonlinear term simple quadratic, and dispersion 

term of the third order, that is presenting wave propagation with time. For linear PDEs Fourier analysis 

is often used to obtain solutions or perform theoretical analysis. This is because the functions: 𝑒𝑖𝜉𝑥 =

cos(𝜉𝑥) + 𝑖𝑠𝑖𝑛(𝜉𝑥) are essentially eigenfunctions of the differentiation operator 𝜕𝑥 =
𝜕

𝜕𝑥
. Differentiation 

this function gives a scalar multiple of the function, and hence simple differential equations are 

simplified and can be reduced to algebraic equations. (Randall 2007). The base function in case of 

equation (4.2.65) for example is the free surface 휂(휃; 𝑡). Thus, I can write Fourier transform as: 

                                                          휂(휃, 𝑡) =
1

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒𝑖𝑘 𝑑𝑘                                                    (4.2.66) 

Then the inverse of this function is:  

                                                         휂̂(𝑘, 𝑡) =
1

√2𝜋
∫ 휂(휃, 𝑡)
∞

−∞
𝑒−𝑖𝑘 𝑟. 𝑑휃                                                     (4.2.67) 

The domain in which the motion is taking place is the outer circumference of the cylinder which forms 

circle of 360̊, thus the domain between: [0, 2𝜋], with periodic boundary conditions, will be considered, 

thus the surface function satisfies the periodicity condition: 휂(휃 + 2𝜋) = 휂(휃). Equation (4.2.66) has third 

and first order derivatives, by applying (4.2.66) I find for instance: 

휂 =
𝑖𝑘

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒−𝑖𝑘 𝑑𝑘,  휂 =

−𝑖𝑘3

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒−𝑖𝑘 𝑑𝑘 

By substituting into (4.2.65) I get: 

[
2+∫

𝑊′

𝑊

ℎ̅
0

𝑑𝑧

𝐻
2𝛺𝐻

] 휂𝑡 = −
𝑖𝑘

2𝜋𝑟
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒𝑖𝑘 𝑑𝑘 ∗ ∫ 휂̂(𝑘, 𝑡)

∞

−∞
𝑒𝑖𝑘 𝑑𝑘

𝑅

2𝐻2
[−

1

𝑊1
−𝑊1

′ − ∫ {
𝑊′2

𝑊
+

2𝑊′

𝑊2 +
1

𝑊3}
ℎ̅

0

𝑑𝑧

𝐻
] −

−𝑖𝑘3

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒𝑖𝑘 𝑑𝑘 ∗

𝑊1𝑅
3

𝐻
∫ ∫ ∫

𝑊2(𝑧2)

𝑊2(𝑧)𝑊2(𝑧1)

ℎ̅+

0
𝑑𝑧2𝑑𝑧1𝑑𝑧

ℎ̅

𝑧

ℎ̅

0
−

𝑖𝑘

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒𝑖𝑘 𝑑𝑘 ∗

2𝜏𝑅𝑊1 cos(𝛺𝑡− )

𝐻
[∫ ∫

(𝑊𝐼2)
′

𝑊1
2

ℎ̅

𝑧

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0
− 1] +

1

√2𝜋
∫ 휂̂(𝑘, 𝑡)
∞

−∞
𝑒𝑖𝑘 𝑑𝑘 ∗

2𝜏𝑊1

𝛿2
sin(𝛺𝑡 − 휃) ∫ ∫

(𝑊𝐼2)
′

𝑊1
2

ℎ̅

𝑧

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0
−

∫
𝜏𝑅sin (𝛺𝑡− )

𝐻𝑊1𝐹𝑟

𝑑𝑧

𝐻
−

2𝜏𝑅2𝑊1

𝐻
sin(𝛺𝑡 − 휃) ∫ ∫

𝑈

𝑊1
2

ℎ̅

𝑧

𝑑𝑧1

𝐻

𝑑𝑧

𝐻

ℎ̅

0

ℎ̅

0
  

The time discretisation takes the leapfrog method which is a second order accurate explicit 2-step 

method so that the evolution with time is written as: 

휂𝑡+1 = 휂𝑡−1 + 2𝑑𝑡𝑓(휂𝑡) 

Concerning the integrations in the 𝑧-direction as mentioned are going to be integrated using the 

trapezoidal method, one can find the information given by Langtangen (2012) for instance, where the 

integration is going to be written as: 

∫𝑓(𝑧)

𝑏

𝑎

𝑑𝑧 ≈ ∑𝒲𝑖𝑓(𝑧𝑖)

𝑋−1

𝑖=0

 

Where 𝒲𝑖 are weights and 𝑧𝑖 the elevation points, 𝑋 the total number of points. Now the core function 

in Fourier transform is going to be converted into discrete Fourier space as used by Hassan & Saleh 

(2013): 

          휂̂(𝑘, 𝑡) =
1

𝑁
∑ 휂(휃𝑗 , 𝑡)𝑒

−𝑖𝑘 𝑗𝑁−1
𝑗=0 ,        −

𝑁

2
≤ 𝑘 ≤

𝑁

2
− 1 
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𝑘 the axial wavenumber in the azimuthal direction. And then to get the inversion formula:  

휂(휃𝑗, 𝑡) = ∑ 휂̂(𝑘, 𝑡)𝑒−𝑖𝑘 𝑗𝑁−1
𝑗=0 , 0 ≤ 𝑗 ≤ 𝑁 − 1 

Studying the stability using the leapfrog with Fourier discretization can be found in many references 

(Hassan & Saleh 2013; Lee et al. 2017), the final stability condition (cf. Alshoufi 2021)4 in my system 

is:  

                                                                         
∆𝑡

(∆ )3
<

𝐴

𝐶.𝜋3.𝑟3
                                                                  (4.2.68) 

Now I am going to use data from the experiments where the wave was noticed. The cases of relatively 

high volumes of water, the noticed wave was smooth and symmetric in form but degenerated easily 

either flattened or broken (cf. Figure (3.16)). Similar to the potential KdV a Gaussian fit is assumed for 

the initial data. I assume grid in the azimuthal direction consists of 𝑚 points, the amplitude has an angle 

about 
𝜋

2
, thus condition (4.2.68) is halved, for instance we present here case of volume 10000ml, 𝑚 = 749, 

∆휃 = 0.0084, 𝜏 = 0.01667, 𝛺 = 6.84 rad/s, ∆𝑡 = 1.67 × 10−4s, the result in Fig. 6, where the other one in 

Fig. 7 is for the case of 12000ml volume, 𝑚 = 899, ∆휃 = 0.00711, 𝜏 = 0.0117, 𝛺 = 6.02 rad/s, ∆𝑡 =

2 × 10−4s. Fig. 8 is for the case of 14000ml volume, 𝑚 = 649, ∆휃 = 0.00987, ∆𝑡 = 5.6 × 10−4s, 𝜏 =

0.02333, 𝛺 = 6.82rad/s. On tracking the wave with time it turned out that the shear effect has only 

extinction effect on the wave amplitude that vanished gradually until it dissapeared, however the shape 

of the wave was totally preserved to the starting guess, but never dispersed.  

(a)                                               (b) 

(c) 

Figure (4.8). Numerical Fourier Transform solution for. (a). volume 12000 ml, 𝜏 = 0.0117. 

(b). volume 14000 ml, 𝜏 = 0.0233 . (c). 10000 ml, 𝜏 = 0.01667. 

Those results are the same were derived using the potential theory in the previous section, which pour 

in favor the results of Peregrine (1988) who stated that to the solitary wave of high amplitudes and large 

Froude numbers encloses large regions of closed circulations and their shape appears to be insensitive 

to the vorticity distribution. In addititon to this Benjamin (1962) also mentioned that the vorticity in the 

stream has little effect on the wave in many circumstances typical of real open-channel flows, so that 
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the results according to the potential theory which represents the stream as having a uniform velocity 

equal to the mean of the actual distribution, will often apply with good accuracy.  

4.3. Nonlinear Shallow Water Wave Model 

       In Chapter III I discussed the shallow water waves linearly and derived the long wave equation and 

solved it numerically. The reader can refer as well to (Alshoufi 2021)6 for the full derivation in the linear 

and the nonlinear part. The derived equations at the first order of the problem will lead to nonlinear case 

where in this section I discuss only the two-dimensional one assuming predominant azimuthal direction, 

and neglecting the secondary radial effect 𝑣 = 0, one can write the equations as: 

                                                      𝑢𝑡 +
𝑢𝑢𝜃

𝑟
= 𝜏sin(𝛺𝑡 − 휃) −

𝑃𝜃

𝑟
                                                            (4.3.1) 

                                                                          휂𝑡 +
(𝑢 )𝜃

𝑟
= 0                                                                           (4.3.2)      

Where all quantities in equations (4.3.1) and (4.3.2) of the zeroth order. From the zeroth order of the axial 

momentum, I have: 𝑃(0) = 휂. Where 휂(휃, 𝑡) the water surface function. After substitution into (4.3.1) and 

multiplying both sides with 𝜌, I get: 

𝜌𝑢𝑡 +
𝜌𝑢𝑢

𝑟
= 𝜌𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃) − 𝜌

휂

𝑟
 

I want to solve the problem using the Finite Volume methods, I call the quantity 𝜌𝑢 the density of 

momentum, which by integrating it axially I get the mass flux: 𝜌𝑢휂. I write: 

                                                              𝜌휂𝑢𝑡 +
𝜌

𝑟
(휂𝑢2 +

2

2
) = 𝜌𝜏𝑠𝑖𝑛(𝛺𝑡 − 휃)휂                                           (4.3.3)                                            

As I use water all the time, I can assume incompressible conditions and drop 𝜌. Now I can write the 

flux, by assuming smooth functions for both 𝑢, 휂 for both equations (4.3.1) and (4.3.3): 

     𝑌 = [
휂
휂𝑢] = [

𝑌1

𝑌2
],  𝑓(𝑌) =

1

𝑟
[

𝑢휂

휂𝑢2 +
2

2
− 𝜏cos(𝛺𝑡 − 휃)휂

], 𝑓(𝑌) =
1

𝑟
[

𝑌2

(𝑌2)2

𝑌1
+

(𝑌1)
2

2
− 𝑟𝜏cos(𝛺𝑡 − 휃)𝑌1

] 

The derivatives can be written in terms of Jacobian matrix as follows: 

𝑓′(𝑌) =
1

𝑟
[

0 1

−
(𝑌2)2

(𝑌1)2
+ 𝑌1 − 𝜏𝑟 cos(𝛺𝑡 − 휃)

2𝑌2

𝑌1
] 

Where the matrices can be formed in the simple differential equation as follows: 

                                                                 𝑌𝑡 + 𝑓
′(𝑌)

𝑌𝜃

𝑟
= 0                                                                   (4.3.4) 

The eigenvalues of 𝑓′(𝑌) are: 

𝜆1,2 =
𝑢

𝑟
±
1

𝑟
√휂(1 − 𝜏𝑟 cos(𝛺𝑡 − 휃)) 

• Roe Solver 

Here I use first other canonical form of the problem by introducing variable 𝑧 =
𝑌

√
. Thus, I write: 

𝑌(𝑧) = [
휂
휂𝑢] = [

(𝑧1)2

𝑧1. 𝑧2
], 𝑓(𝑧) =

1

𝑟
[

𝑧1 ∗ 𝑧2

(𝑧2)2 +
(𝑧1)

4

2
− 𝑟𝜏cos(𝛺𝑡 − 휃)(𝑧1)2

] 

The details of Roe solver can be found in Randall (2004) but finally it is important to show the flux for 

this system of equations that is given by: 

𝐹
𝑖−
1
2
=
1

2
[𝑓(𝑆𝑖−1) + 𝑓(𝑆𝑖)] + −

1

2
|�̂�

𝑖−
1
2
| (𝑆𝑖 − 𝑆𝑖−1) 

Where 𝑆𝑖 = 𝑌𝑖, and 𝑓(𝑆𝑖) = 𝑓(𝑌𝑖).  
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�̂�
𝑖−
1

2

= [
0 1

휂̅ −
𝜏𝑟𝑐𝑜𝑠(𝛺𝑡− )

√̅
− 2�̂�2 2�̂�],    휂̅ =

1

2
(휂𝑖 + 휂𝑖−1),      �̂� =

√ 𝑖−1𝑢𝑖−1+√ 𝑖𝑢𝑖

√ 𝑖−1+√ 𝑖
 

By applying this method and assuming Gaussian initial guess of the form:휂 = ℎ̅e−2θ
2
. Where ℎ̅ =

0.037m. The solution is clear in Figure (4.9) for both the depth and momentum (Alshoufi 2021)6: 

(a).𝒕 = 𝟎s  (b).𝒕 = 𝟎. 𝟎𝟏s 

(c). 𝒕 = 𝟎. 𝟎𝟐s                      (d). 𝒕 = 𝟎. 𝟎𝟑s 

  (e). 𝒕 = 𝟎. 𝟎𝟒s            (a). 𝒕 = 𝟎s  

(b). 𝒕 = 𝟎. 𝟎𝟏s              (c). 𝒕 = 𝟎. 𝟎𝟐s 

(d). 𝒕 = 𝟎. 𝟎𝟑s          (e). 𝒕 = 𝟎. 𝟎𝟒s 

Figure (4.9). Roe Solver Solution for the flux with time. 
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Chapter 5 

 

                                         Bore Phenomenon  

5.1. Introduction  

In systems under precession conditions inertial waves are ubiquitous. In a relatively new case discussed 

by the present author (Alshoufi 2021)1 a flume open channel is designed to study those waves, it turned 

out that by increasing the angle of tilt, the water level along the channel strongly affects the stability of 

those waves and their existence, as after some point those waves break and bore appears clearly. Thus, 

the problem to be discussed is that at some point I will have level difference connects between two 

uniform flows which is an interesting problem as I do not know type of flow surface that may occur. If 

this level is very big then this difference will lead to highly turbulent agitated region called bore, where 

the energy is totally dissipated inside it due to friction, however if this transition is small part of this 

energy can be dissipated or radiated in the form of waves behind the free surface of the breaking area 

and such case is called the undular bore. Bore phenomenon can be observed during flood or tides in 

rivers, its mathematical treatment can be done using the shallow water theory. (cf. Stoker 1957). The 

case of undular bore caught high attention by other researchers as there was a dispute on type of those 

waves radiated behind the bore, are they simple sinusoidal ones? or are they cnoidal ones? Benjamin 

& Lighthill (1954) for instance carried intensive research to solve this problem using three control 

parameters: the energy, momentum, and volume flow rate, which led finally to an equation connects 

them all in terms of the wave amplitude which has cubic order multiplied by the energy. The authors 

admitted that for relatively small Ursell number the stationary waves like the solitary one is the flow 

character, but they strongly stated that a cnoidal-train can be present behind the bore provided that some 

quantity of energy intermediate between zero and the classical value is dissipated by friction at the bore 

itself, provided that not too much momentum is abstracted. This threshold from which the nonlinear 

wave breaks is harnessed by a group of Russian researchers Gurevich & Pitaevskiř (1973) who tried 

to solve KdV equation based on two different initial conditions, the first is in which the unknown 

parameter of KdV equation (which was in their work the amplitude 휂) undergoes at the initial moment 

of time a finite jump at point 𝑥 = 0 where the problem of decay of the initial discontinuity is examined, 

in the second they considered the situation in the vicinity of the simple wave breaking point or the 

problem of overturning of the front of a simple wave, where the obtained solution describes the breaking 

of a simple wave constructed in kinetics using self-similar solution of the expansion of a plasma into 

vacuum. Not only the KdV was used for instance Chassagne et al. (2019) studied the dynamics of 

undular bore in open channel with variable cross-section, the authors divided the problem into two 

different regimes depending on Froude number, where the high Froude number regimes are controlled 

by Serre-Green-Naghdi model, they showed that the high Froude number bores are controlled by 

dispersive non-hydrostatic mechanisms, and the low Froude number bores correspond to hydrostatic 
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phenomenon, the waves of low Froude number have dispersive-like properties which is related to wave 

refraction on the banks in a way similar to those edge waves in the near shore. Including the damping 

effect on the bore problem was studied by Johnson (1972) who considered two theoretical cases the 

first related to the dynamic wave theory depending on Burns assumption, and the second related to the 

kinematic one where the steady solutions are sought. And it is well-known that the flow next to the bed 

affects the whole distribution of velocity profile and that the shear effect is of high importance on the 

dynamics of different flow disturbances, the author included the shear effect in the background based 

on Poiseuille channel flow. In the linear part he proved that the dynamic waves decay, and for the 

nonlinear problem that was to study the kinematic problem he derived Korteweg-de Vries-Burgers 

equation, this equation has a steady state solution and if the damping parameter 𝜎 < 1 the free surface 

oscillations appear as undular bore. KdV-Burger equation was derived by Johnson (1970) by proper 

changing of variables he got new nonlinear equation, it was found that the solution of this equation for 

small damping can be found by allowing the amplitude and period of the undamped solution to vary 

slowly. The general solution of this equation led to three different cases the first led to non-linear 

oscillation, the second led to the solitary wave and the third led to the hydraulic jump or discontinuity. 

In a similar procedure Chester (1965) studied the quasi-uniform Poiseuille flow on the weak bore 

problem where the stationary train of waves behind the bore exhibits no tendency to break. He divided 

the work into two parts the first takes the viscosity effect, where he found out an equation for the slowly 

varying depth in terms of the depths before and after the transition and Froude number, he figured out 

the condition of oscillatory bore type occurs when 𝐹𝑟 < 1.58. The inviscid part was carried out to get 

simplified KdV version similar to that derived by Benjamin (1962) in terms of Burns condition, the 

linear version led to critical values of the slowly varying depth in comparison with the constant average 

one and Froude number, the critical means the transition to oscillation. Benjamin & Lighthill (1954) 

stated that Ursell number has critical values that separate between the linear Cnoidal waves and the 

solitary wave, and if this number exceeds the critical limit of the solitary waves, they must progressively 

steepen ahead of their peaks and form bores which are stationary phenomena happen to occur if the flow 

conditions vary from supercritical to subcritical one. When taking geostrophic flows, it was found by 

Bennett (1972) that Kelvin wave that has a wavelength longer than the Rossby radius of deformation 

steepens, but he concluded that one cannot predicts whether the steepening continues until the 

hydrostatic theory is no longer valid, and according to Doughton (1969) work there is critical amplitude 

above it the formation of undular bore is possible. In general, the bore problem is steady one however 

El et al. (2006) stated that including only the dispersion with neglect of dissipation or the damping term 

the nonlinear oscillatory structure similar to classical undular bores, but it remains unsteady and expands 

in time. The authors used the theory of Whitham modulation for one-phase periodic travelling wave to 

describe analytically unsteady undular bores in the fully nonlinear shallow water theory. The effect of 

rotation on hydraulic jump formation was studied thoroughly by Yih et al. (1963) where the wave was 

formed along transparent vertical tube that was mounted on a turning table where the bottom was 
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supported by a rigid ring, and the top by a rigid hub. By assuming proper conditions between the entrance 

and the exit of the tube the authors derived an equation similar to the one of normal hydraulic jump 

except that the weight of the fluid in the region of variable depth plays part. Da Silva & Peregrine 

(1991) stated that in an undular bore problems the back area all the time is unsteady because new 

undulations are continually forming and growing, turning the bore into an intrinsically unsteady 

phenomenon even if waves in the front assume a nearly steady aspect, the authors modelled this unsteady 

evolution of an initially gentle transition using completely nonlinear mathematical formulation. 

Studying the bore in circular (annulus) basin was carried out by Borcia et al. (2019), the device structure 

enabled the rotation and libration motion, but the experiments were performed in rest conditions, a wall 

barrier was used to form the bore, sometimes by keeping it in the channel when single bore case, other 

times by taking it out when collision of two bores case.  

5.2. Governing Equations 

The discussed solution in this case study is presented in (Alshoufi 2021)5 with the literature review in 

the previous section. The motion is assumed to take place vertically from the bottom where the depth 

𝑧 = 0, till the free surface where the depth in case of no motion is the average water depth  𝑧 = ℎ̅. The 

motion starts radially from the inner radius 𝑟𝑚𝑖𝑛, till the outer one 𝑟𝑚𝑎𝑥, where the velocity is zero next 

to the solid borders (the bottom and the inner and outer radiuses).  

                                                                𝑣𝑟𝑚𝑎𝑥 = 𝑣𝑟𝑚𝑖𝑛 = 𝑤𝑧=0 = 0                                                       (5.2.1)  

But again this radial motion was not considered due to the fact that the width is too small does not exceed 

10cm. Thus, the motion is two-dimensional one where the predominant direction is the azimuthal one. 

As the channel has free surface then the kinematic boundary condition is given in terms of the surface 

function 휂(휃, 𝑡): 

                                                                          𝑤 = 휂𝑡 +
𝑢 𝜃

𝑟
                                                                    (5.2.2) 

Euler equations of motion and the mass conservation can be given as: 

                                                                                  𝑢 + 𝑟𝑤𝑧 = 0                                                                 (5.2.3) 

                                   𝑢𝑡 +
𝑢𝑢𝜃

𝑟
+ 𝑤𝑢𝑧 = 𝑔𝜏 sin(𝛺𝑡 − 휃) −

𝑃𝜃

𝜌𝑟
− 2𝛺𝜏 cos(𝛺𝑡 − 휃)𝑤                           (5.2.4) 

                                  𝑤𝑡 +
𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧 = −𝑔 −

𝑃𝑧

𝜌
+ 2𝛺𝜏 cos(𝛺𝑡 − 휃) 𝑢                                        (5.2.5) 

In order to derive the new version of characteristics I scale the previous equations using: the new scheme: 

𝑟 →
𝐻

𝛿
�̅�, 휂 → 𝐻휂̅, 𝜏 → 𝛿𝜏̅, 휃 → 휃̅, 𝑧 → 𝐻𝑧̅, 𝑃 → 𝑃0 + 𝜌𝑔𝐻�̅�, 𝛺 →

𝑐𝛿

𝐻
�̅�, 𝑡 →

𝐻

𝛿𝑐
𝑡̅, 𝑢 → 𝑐�̅�, 𝑤 →

𝑐

𝛿
�̅�, 𝜆 = 2𝜋𝑟𝑚𝑎𝑥 . 

With: 𝛿 =
𝐻

𝜆
 the shallowness parameter, and 𝑐 = √𝑔𝐻 the long wave speed for small disturbances. The 

equations will take the final form after dropping the bars: 

                                                                           𝛿2𝑢 + 𝑟𝑤𝑧 = 0                                                                    (5.2.6) 

                                                                    𝑤 = 𝛿2 [휂𝑡 +
𝑢 𝜃

𝑟
]                                                                        (5.2.7) 

                                     𝛿2 [𝑢𝑡 +
𝑢𝑢𝜃

𝑟
] + 𝑤𝑢𝑧 = 𝛿

2 [𝜏 sin(𝛺𝑡 − 휃) −
𝑃𝜃

𝑟
− 2𝛺𝜏 cos(𝛺𝑡 − 휃)𝑤]                   (5.2.8) 
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                                    𝛿2 [𝑤𝑡 +
𝑢𝑤𝜃

𝑟
] + 𝑤𝑤𝑧 = 𝛿2[−1 − 𝑃𝑧 + 𝛿

22𝛺𝜏 cos(𝛺𝑡 − 휃) 𝑢]                                 (5.2.9) 

By following the asymptotic methods for equations (5.2.6), (5.2.7), (5.2.8), and (5.2.9) in terms of the 

shallowness parameter I can write for any unknown quantity 𝑄(휃, 𝑧, 𝑡) = (𝑢, 𝑤, 𝑃, 휂): 

𝑄 = 𝑄(0)  + 𝛿2𝑄(1) + 𝛿4𝑄(2) +⋯ 

The zeroth order leads to the fact that the vertical velocity 𝑤 is zero, and that the horizontal velocity 𝑢 

is independent from the vertical axis at the lowest level of motion. If I follow the process to the next 

order, I derive the hydrostatic pressure law: 𝑃0 = 휂0. And two set of nonlinear equations come mainly 

from the azimuthal momentum and the kinematic condition after integrating the vertical velocity at the 

first order: 

                                                        {
휂0𝑡 + (

0𝑢0

𝑟
) = 0

𝑢0𝑡 +
𝑢0𝑢0𝜃

𝑟
+ 0𝜃

𝑟
= 𝜏 sin(𝛺𝑡 − 휃)

                                                     (5.2.10) 

Equations in (5.2.10) are the shallow water equations for the system, for any small disturbance the 

constant long wave speed can be written in a form equivalent to the solid-body rotation speed as: 

                                                                  𝑐0 = √𝑔ℎ̅ ≈ 𝑟√2𝛺                                                                (5.2.11) 

And for the general case:  

𝑐 = √𝑔𝑍 

Where 𝑍 = ℎ̅ + 휂 which can be written in the dimensionless form as: 𝑍 = 1 + 휂. If I reformulate 

equations (5.2.10) with respect to the wave speed propagation I get a set of hyperbolic equations as 

follows: 

                                                            {
2𝑐𝑡 +

𝑐𝑢𝜃

𝑟
+

2𝑢𝑐𝜃

𝑟
= 0

𝑢𝑡 +
𝑢𝑢𝜃

𝑟
+

2𝑐𝑐𝜃

𝑟
= 𝜏 sin(𝛺𝑡 − 휃)

                                                      (5.2.12) 

A direct integration of equations (5.2.12) is valid using the method of characteristics, and the equations 

themselves can be written in the characteristic form as: 

                                                           {
𝜕

𝜕𝑡
+ (𝑢 ± 𝑐)

𝜕

𝑟𝜕
} (𝑢 ± 2𝑐) = 𝜏 sin(𝛺𝑡 − 휃)                                       (5.2.13) 

                               𝑟
𝑑

𝑑𝑡
= 𝑢 + 𝑐 = 𝜏 sin(𝛺𝑡 − 휃)      along the curve 𝑐1 

                              𝑟
𝑑

𝑑𝑡
= 𝑢 − 𝑐 = 𝜏 sin(𝛺𝑡 − 휃)       along the curve 𝑐2 

Equation (5.2.13) reflects the unsteady conditions in the channel, and it shows that the functions 𝑢 ±

2𝐶 − 𝜏 sin(𝛺𝑡 − 휃) are time-space dependent and periodic for any point moving through the fluid, I call 

them the forced characteristics. Any small disturbance is propagating either upstream or downstream 

with velocity 𝑐 relative to the mean azimuthal velocity 𝑢. By integrating along the curves 𝑐1 and 𝑐2, and 

assuming that 𝑥 = 𝑟휃 I get: 

                                                               𝑥 = (𝑢 ± 𝑐)𝑡 −
𝜏

𝛺
cos(𝛺𝑡 − 휃)                                                       (5.2.14) 

Equation (5.2.14) gives us the dense set of characteristics in the time-space domain, as it is clear in Figure 

(5.1) but in a similar manner to the steady conditions the initial value problem affects the development 

of the flow in a later time, for instance in Figure (5.1, b) the domain of dependence connected to P point 
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is clearly affected by the initial conditions, and each characteristic influences the flow in later time and 

space as in Figure (5.1, a) for the influence range which depends on each set of characteristic depending 

on 𝑐.  

(a)      (b) 
Figure (5.1). Diagram of Wave Characteristic Plane. (a). Range of influence. (b). Domain  

of dependence the dashed area. Volume 10000ml, 𝛺 = 5.092 rad/s, 𝜏 = 0.04333. 

If on the other hand I assume only solid-body rotation which means that I do not force any wave motion 

on the surface, this is equivalent to the fact that the tilt is zero 𝜏 = 0, then the velocity functions 𝑢 ± 2𝑐 =

0 are constant with time and space along a straight line for any point propagating through the fluid, those 

characteristics take the cylindrical geometry form, and can be written as: 

                                                                                    𝑟
𝑑

𝑑𝑡
= 𝑢 ± 𝑐                                                               (5.1.15) 

Which in fact the characteristics of equation: 

                                                                                   𝑢𝑡 +
𝑐𝑢𝜃

𝑟
= 0                                                                (5.1.16) 

5.3. Conjugate Depths 

In the case under study the initial conditions to be discussed show that in case of medium and big tilts, 

this causes level difference appears as if the water motion happens into a closed uniform steady stream 

in the form of hydraulic jump, or bore, thus discontinuous initial conditions are assumed. It is well-

known that energy is highly dissipated through the bore due to friction, but at sometimes when this level 

is not that much severe it happens that part of this energy is reflected in the form of undulations behind 

the bore, which is going to be discussed in the next section. Meanwhile, the concentration will be on the 

totally broken bore, where the energy is not conserved thus, I use instead the momentum conservation  

                                                                                  ∑ �⃗� = 𝜌𝑄(�⃗⃗�2 − �⃗⃗�1)                                                         (5.3.1)                                    

Where 𝑉2 the velocity of the uniform flow propagating at higher level ℎ1. 𝑉1 the velocity of the uniform 

stream after the bore at level ℎ2. Of course, as mentioned in the introduction that I assume for long wave 

velocity propagating with velocity represented in terms of the average depth of water (the volume per 

unit area), the assumed depths ℎ1, ℎ2 are measured directly at channel without averaging and in fact they 

represent what I call the conjugate depths. The velocity at section (2) corresponds to the case of 

subcritical conditions, and to the supercritical conditions at section (1). As in any simple channel the 

forces that affect the flow mainly the pressure and gravity, but other forces resulted from rotation should 
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be added as well like Centrifugal and Euler wobbling force, in a similar manner to what assumed in the 

previous section, by assuming the motion in one direction (azimuthally) this factors out the Coriolis 

force and one can simply write: 

𝛾ℎ̅1𝐴1 − 𝛾ℎ̅2𝐴2 + 𝛾𝜏𝑟 sin(𝛺𝑡 − 휃) (
ℎ1+ℎ2

2
) 𝐿𝑗 − [𝜌𝛺

2𝜏2 sin(𝛺𝑡 − 휃) cos(𝛺𝑡 − 휃) 𝑟 + 𝜌𝛺2𝜏 sin(𝛺𝑡 −

휃) 𝑧] (
ℎ1+ℎ2

2
) 𝐿𝑗 =

𝜌𝑄2

𝑟
(
ℎ1−ℎ2

ℎ1ℎ2
)                                                                                                                              (5.3.2) 

The cross section of this channel is rectangular one that has width 𝑟 = 𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛. ℎ̅1, ℎ̅2 the distances 

from the centroids of water sections (before and after the jump) tills the free surface of water and are 

given by: 

ℎ̅1 =
𝑑1

2
cos(𝜓),  ℎ̅2 =

𝑑2

2
cos(𝜓) 

Where 𝜓 the angle of tilt in the channel. 𝐿𝑗 the jump length. 𝐴1, 𝐴2 the water section areas before and 

after the jump, and are given by: 𝐴1 = ℎ1. 𝑟,  𝐴2 = ℎ2. 𝑟. Where 𝜓 the angle of tilt in the channel. 𝐿𝑗 the 

jump length. 𝐴1, 𝐴2 𝛺 the angular velocity of channel rotation about 𝑧 axis. 𝜌 the density of water in the 

channel. Froude number in this channel can be given for the section before the jump as: 𝐹𝑟1
2 =

𝑄2𝑟

𝑔.𝐴1
3      

And Chézy velocity can be written in terms of the tilt and the hydraulic radius as: 

                                                                                  𝑉 = 𝐶ℎ√𝜏𝑅ℎ 

𝐶ℎ the Chézy coefficient for roughness. By arranging equation (5.3.2) in terms of the proposed depths I 

get simple quadratic equation: 

                                                                       (
ℎ2

ℎ1
)
2

+ (
ℎ2

ℎ1
) − 2𝐺2

2 = 0                                                           (5.3.3) 

Where: 

𝐺2 =
𝐹𝑟1

√𝐺−𝐺1
, 𝐺 = cos(𝜓) −

𝜏𝐿𝑗 sin(𝛺𝑡− )

𝑟(ℎ2−ℎ1)
, 𝐺1 = −

𝐿𝑗

(ℎ2−ℎ1)
[
𝛺2𝜏2

𝑔
sin(𝛺𝑡 − 휃) cos(𝛺𝑡 − 휃) +

𝛺2𝜏

𝑔𝑟
sin(𝛺𝑡 − 휃) 𝑧] 

Thus, to find the conjugate depths the determinant of equation (5.3.3) will give two different values: 

                                                            
ℎ2

ℎ1
=

1

2
[1 ∓ √1 + 8𝐺2

2]                                                                   (5.3.4) 

If the channel is totally horizontal 𝜓 = 0, then 𝜏 = 0, 𝐺2 =
𝐹𝑟1

√cos(𝜓)
 and equation (5.3.4) will be written 

similar to the cases of conjugate depths under normal conditions as: 

                                                                             ℎ2 =
ℎ1

2
[√1 + 8𝐹𝑟1

2 − 1]                                                      (5.3.5)  

In this case the initial value problem is going to be discussed based on an example from the experiment: 

                                                                          𝑢(𝑠, 0) = {
𝑢2 𝑖𝑓 𝑠 < 0 
𝑢1 𝑖𝑓 𝑠 > 0

                                                          (5.3.6) 

Where 𝑠 = 𝑟휃 the distance along the outer periphery of the cylindrical flume, as bore is nonlinear 

phenomenon, I cannot assume the velocity introduced for small disturbances in (5.2.11) and the nonlinear 

effect should be included, thus I scale the system of equations (5.2.2), (5.2.3), (5.2.4), (5.2.5) by new 

dimensionless variable 휀 which is the amplitude parameter: 휀 =
𝐴

ℎ̅
. Where 𝐴 the amplitude and it is 

assumed here the difference between behind and after the bore: 𝐴 = ℎ2 − ℎ1. Precisely, the following 

unknown quantities will be scaled as follows: 
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𝑤 = 휀2𝑤, 𝑃 = 휀𝑃, 휂 = 휀휂, 𝑢 = 휀𝑢 

As the next aim is to derive new KdV version I am going to eliminate the amplitude parameter in terms 

of the dispersion one by assuming 휀 = 𝑂(𝛿2). The equations then become as: 

                                                                       𝑢 + 𝑟𝑤𝑧 = 0                                                                     (5.3.7) 

                                                                           𝑤 = 휂𝑡 + 휀
𝑢 𝜃

𝑟
                                                                       (5.3.8) 

                              𝑢𝑡 + 휀 [
𝑢𝑢𝜃

𝑟
+ 𝑤𝑢𝑧] = 𝜏 sin(𝛺𝑡 − 휃) −

𝑃𝜃

𝑟
− 휀22𝛺𝜏 cos(𝛺𝑡 − 휃)𝑤                                 (5.3.9) 

                                  휀 [𝑤𝑡 + 휀 (
𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧)] = −𝑃𝑧 + 휀[2𝛺𝜏 cos(𝛺𝑡 − 휃) 𝑢]                                           (5.3.10) 

The dimensionless local depth then is given by: 𝑍 = 1 + 휀휂. The shallow water equations I derived in 

(5.2.10) will be recovered at the first order of the problem where a series expansion for each unknown 

parameter 𝑄(휃, 𝑧, 𝑡) = (𝑃, 𝑤, 𝑢, 휂) in the order of 휀 is given by:  

𝑄 = 𝑄(0)  + 휀𝑄(1) + 휀2𝑄(2) +⋯ 

The dimensionless long speed velocity is going to take the form: 

                                                               𝑐𝑤 = √(1 + 휀휂) = √𝑍                                                                    (5.3.11) 

Then equations (5.3.11) take similar form: 

                                                      {
2𝑐𝑤𝑡 +

𝑐𝑤𝑢𝜃

𝑟
+

2𝑢𝑐𝑤𝜃

𝑟
= 0

𝑢𝑡 +
𝑢𝑢𝜃

𝑟
+

2𝑐𝑤𝑐𝑤𝜃

𝑟
= 𝜏 sin(𝛺𝑡 − 휃)

                                                  (5.3.12) 

However, from the expertise in solitary wave cases that were derived in other work by the present author 

(Alshoufi 2021)2 it turned out that the wave velocity can be written in the form: 

                                                                            𝑐𝑖 = √𝑔ℎ̅ (1 +
1

2
휀)                                                             (5.3.13) 

Thus, on assuming initial condition in terms of (5.3.13) I can write: 

                                                            𝑢(𝑠, 0) = {
𝑐𝑖2     𝑎𝑡 ℎ2    𝑖𝑓 𝑠 < 0 
𝑐𝑖1     𝑎𝑡 ℎ1    𝑖𝑓 𝑠 > 0

                                                      (5.3.14) 

The bore is clear in Figure (5.2), the motion inside the flume was tracked using the visualization 

techniques that were intoduced precisely in Chapter II, the case in Figure (5.2) is what I call it the plain 

bore, where it appears as totally turbulent broken area with tiny ripples or waves behind the surface, in 

general one can determine this type of surface behind the bore whether undular, or breaking or plain one 

depending on level ratio given by: 

∆=
ℎ2 − ℎ1
ℎ1

 

Where ℎ2, ℎ1 the depths after and before the bore introduced in the previous section, this classification 

accords with the classifications of Binnie and Orkney (1955), Peregrine (1965), Da-Silva and Peregrine 

(1991) which are derived from Favre’s experiment (1935) under normal conditions. The ratio in this 

case was ∆> 0.75. In fact, the other types were noticed too, for instance in Figure (5.3) the ratio is: 0.3 <

∆= 0.64 < 0.75 which means that the free surface will be undular, but the first wave is broken. Finally, 

in Figure (5.4) the level difference is ∆= 0.268 < 0.3 and this case accords with undular bore it simply 

appears as undular stairs of waves of different amplitudes.  
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Figure (5.2). Turbulent bore (Plain), Volume 10000ml, 

 𝜏 = 0.04333, 𝛺 = 4.71rad/s, ∆= 1.09. 

                                                           
Figure (5.3). Undular Breaking bore, Volume 8000ml,                      Figure (5.4). Undular bore, volume 6000ml, 

 𝜏 = 0.04333, 𝛺 = 3.824rad/s, ∆= 0.641.                                                𝜏 = 0.04333, 𝛺 = 3rad/s, ∆= 0.268.  

The interested reader can refer as well to (Alshoufi 2021)5 where additional results on the bore 

classification and studying the bore energy, based on the experiments can be found. Conditions (5.3.14) 

reflect exactly what happen in Figure (5.2). The breaking will occur, and the space of characteristics 

introduced in (5.2.13) will finally show merging as clear in Figure (5.5). The characteristics in Figure 

(5.5) may merge bigger if I use different values however those results from real experiment for the bore 

case presented in Figure (5.2), where the computation of velocity in (5.3.14) makes little difference 

between 𝑐𝑖1, 𝑐𝑖2.  

 
Figure (5.5). Overlapping characteristic, volume 10000ml, 𝜏 = 0.04333, 𝛺 = 4.71rad/s, 

where the dashed lines correspond to 𝑐𝑖1, and the solid lines correspond to 𝑐𝑖2 > 𝑐𝑖1 

5.4. Energy VS Instability 

The bore problem in this channel is kind of instability where the free surface is broken, this instability 

can be deduced from studying the energy in the flume. In this manner Bernoulli equation is the candidate 

to compute the energy which was derived by other work of the present author (Alshoufi 2021)1: 

                                        ɸ𝑡 +
1

2
(𝑣2 + 𝑢2 + 𝑤2) = −𝑔휂 + 𝑔τcos(𝛺𝑡 − 휃)𝑟 −

𝑃

𝜌
+ 𝑂(𝜏2)                         (5.4.1) 

Equation (5.4.1) shows that the potential energy is function of time and space for the first order of tilt, 

where: 
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                                                          𝐸𝑝𝑜𝑡 = 𝑔𝑧 − 𝜏𝑔𝑟𝑐𝑜𝑠(𝛺𝑡 − 휃) + 𝑂(𝜏
2)                                                 (5.4.2) 

And in fact, including the second order will slightly change this equation as Centrifugal force component 

will appear (Alshoufi 2021)5: 

                               𝐸𝑝𝑜𝑡 =
𝑔𝑧

√1+𝜏2
− 𝜏𝑔𝑟𝑐𝑜𝑠(𝛺𝑡 − 휃) −

𝜏2𝛺2

2
[𝑧2 + sin2(𝛺𝑡 − 휃) 𝑟2] + 𝑂(𝜏3)                      (5.4.3) 

It is clear from (5.4.2) that the energy is function of wave’s amplitude and the tilt, however equation 

(5.4.3) shows that the rotation speed also plays drastic role in increasing the energy, and this can cause 

instability introduced into the flow caused by the additional effect of Centrifugal force, as bore 

phenomenon noticed for relatively intermediate and big angles of tilt thus I may expect that the bore 

occurrence in this channel is type of Centrifugal instability induced by increasing the tilt at the first place 

and then rotation rate at each specific depth of water. Figure (5.6) shows the drastic effect of tilt and 

rotation rate on energy where the total specific energy is plotted: 

𝐸𝑡 = 𝐸𝑘 + 𝐸𝑝𝑜𝑡 , 𝐸𝑘 =
𝑉2

2𝑔
, 𝑉 = 𝐶√𝜏𝑅ℎ 

The flume cross section is rectangular in form, thus the area simply 𝐴 = (𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛)ℎ̅, the wetted 

perimeter 𝑃𝑤 = 𝑟 + 2ℎ̅, and the hydraulic radius: 𝑅ℎ = 𝐴/𝑃𝑤. The biggest amount of water in the channel 

was about 14000ml which accords with average depth ℎ̅ = 𝑧 = 0.13𝑚, and the biggest angular speed 

gained from the experiment was 𝛺 = 7.04𝑟𝑎𝑑/𝑠, by applying those numbers for three different angles of 

tilt characterized by the slope for small 𝜏 = 0.117, and medium 𝜏 = 0.06667, and the largest in my case 

𝜏 = 0.115 as clear in Figure (5.6): 

 

Figure (5.6). Effect of tilt and rotation rate on total energy with time, with 𝑃 = 0. 

5.5. KDV Model 

The second part of bore problem to be discussed here is the undular one like the cases in Figures (5.3) 

and (5.4). Those cases reflect the fact of non-breaking conditions or at maximum the first one breaking, 

those conditions in fact are connected precisely with the dispersion effect, the breaking bore is a strong 

representation for the nonlinear effect, however when a train of waves appear behind the bore that 

connects between slightly different two levels then they reflect stationary state of motion. Thus, 

dispersion exists or cannot be neglected, then KdV equation is the perfect model for designing the 

formation of undular bore. Here I would like to cite definition for the undular bore from EL (2007) 

stated that the nonlinear oscillations which are a wave-like transition between two basic flows with 

different depths, have dispersive structure analog to a shock wave, and they represent a universal 
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mechanism of soliton generation out of non-oscillatory initial or boundary conditions in conservative 

systems. Also, Peregrine (1965) prepared equation similar to the one derived by Korteweg & de-Vries 

(1895) in order to solve the problem with some discontinuous initial conditions. In order to derive the 

new KdV version the parameters of amplitude and shallowness are going to be harnessed again here but 

the rotation conditions will take place instead, the scaling is produced as follows: 

𝑡 →
𝑡̅

𝛺
, 𝛺 → �̅�, 𝜏 → √𝛿1𝜏̅, 휃 → 휃̅, 𝑢 → 휀𝑅𝛺�̅�, 𝑤 → 휀𝐻𝛺�̅�, 𝑃 → 𝑃0 + 𝛾(𝐻 − 𝑧) + 휀𝜌𝑅

2𝛺2�̅�, 𝐹𝑟 =
𝐻𝛺2

𝑔
 

Where 𝛿1 the new shallowness parameter in terms of the outer radius of the flume:   

                                                                         𝛿2 = (
𝐻

𝑅
)
2

≤ 1                                                                

The final system of equations is gained by balancing the dispersion and nonlinear parameters then the 

equations will take the form:  

                                                                     𝑢 + 𝑟𝑤𝑧 = 0                                                                       (5.5.1)  

                               𝑢𝑡 + 휀 (
𝑢𝑢𝜃

𝑟
+ 𝑤𝑢𝑧) = −

𝑃𝜃

𝑟
+

𝜏

𝐹𝑟
sin(𝑡 − 휃) + 휀(−2𝛺𝜏 cos(𝑡 − 휃)𝑤)                           (5.5.2) 

                                          휀 [𝑤𝑡 + 휀 (
𝑢𝑤𝜃

𝑟
+ 𝑤𝑤𝑧)] = −𝑃𝑧 + 휀2𝛺𝜏 cos(𝑡 − 휃) 𝑢                                   (5.5.3)     

                                                                        𝑤 = 휂𝑡 + 휀
𝑢 𝜃

𝑟
                                                                 (5.5.4) 

The unknown parameters of the problem: Ő = (𝑃, 𝑢, 𝑤, 휂), are going to be expanded in terms of the 

amplitude parameter 휀, in a series form: 

                                                                   Ő = Ő(0) + 휀Ő(1) + 휀2Ő2 +⋯                                               (5.5.5) 

At the leading order of the problem, it is assumed that if 휀 → 0 (which is the solution I am interested in 

for small wave amplitude) then 𝜏 → 0, so that the forced term of gravity force: 

𝑤0 = 휂0𝑡, 𝑢0 + 𝑟𝑤0𝑧 = 0, 𝑃0 = 휂0, 𝑢0𝑡 = −
0𝜃

𝑟
 

At the first order of the problem, I have: 

𝑤1 = 휂1𝑡 +
0𝑢0𝜃

𝑟
, −𝑃1𝑧 + 2𝜏 cos(𝑡 − 휃) 𝑢0 = 𝑤0𝑡 , 𝑢1𝑡 +

𝑢0𝑢0𝜃

𝑟
= −

𝑃1𝜃

𝑟
− 2𝜏 cos(𝑡 − 휃)𝑤0 +

𝜏

𝐹𝑟
sin(𝑡 − 휃) 

The pressure in the first order is given by: 

𝑃1 = 휂1 + 2𝜏 cos(𝑡 − 휃) 𝑢0(𝑧 − 1) +
(𝑧2 − 1)

2

𝑢0 𝑡

𝑟
 

When the pressure value is inserted into the momentum equation and the balance between the kinematic 

condition and the azimuthal momentum takes place after applying Taylor series expansion about 𝑧 = 1, 

using the values of continuity equation and assuming that 𝑢 ≈ 휂, the final new version of KdV equation 

is given as: 

                        𝑢𝑡 +
3𝑢𝑢𝜃

2𝑟
+

𝑢𝜃

𝑟
=

𝑢𝜃𝜃𝑡

6𝑟2
+ 𝜏 cos(𝑡 − 휃)

𝑢𝜃

𝑟
+ 𝜏 sin(𝑡 − 휃)

𝑢

𝑟
+

𝜏

2𝐹𝑟
sin(𝑡 − 휃)                          (5.5.6)                               

The KdV version of equation (5.5.6) has time-space dependence, and it does not have any rotation effect 

in its coefficients that may make its extinction (similar to the one derived by the author 1Alshoufi 2021) 

thus, it cannot be integrated directly, and numerical methods should be used. Here I follow Peregrine 

and use Crank-Nicolson scheme for the third derivative, and simple central difference for the nonlinear 

term and forward Euler for time: 
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𝑢 𝑡 =
𝑢𝑖+1
𝑛+1−2𝑢𝑖

𝑛+1+𝑢𝑖−1
𝑛+1−𝑢𝑖+1

𝑛 +2𝑢𝑖
𝑛−𝑢𝑖−1

𝑛

𝑑 2𝑑𝑡
, 𝑢 =

𝑢𝑖+1−𝑢𝑖−1

2𝑑
 

Of course, the equation first should be converted into the dimensional form by using the scale-back 

process, so that each of the unknown parameters will be as follows: 

�̅� =
𝑢

𝑅𝛺
, 𝜏̅ =

𝑅

𝐻
𝜏, �̅� =

𝑟

𝑅
 

It was noticed that the final term of gravity force is the one that makes the solution unstable, regardless 

the time or distance step differences, as Froude number is small enough and, in the denominator the 

term looks big in comparison with the other terms, thus it was neglected during the computation with 

time, because it makes the solution unstable, however as Froude number was a result of scaling and it 

was defined in terms of the average depth of water it could be that I assume it in different approximation 

and the gravity term will not be in terms of Froude at all. The initial values are two, first takes the form 

of Gaussian form similar to the solitary wave and the second is discontinuous, that was derived based 

on fit for the experimental observation in Figure (5.2) as mentioned previously, those are given as: 

                                       𝑢 =
𝐴𝑚∗𝑐

2
[1 − tanh((휃 − 𝑎𝑣𝑔)/𝑠𝑡)],  𝐴𝑚. 𝑒

−0.05(
𝜃−𝑎𝑣𝑔

𝑠𝑡
)
2

                                    (5.5.7) 

The boundary conditions are not assumed of the periodic form, the velocity upstream is 𝑐𝑖2, and the one 

downstream 𝑐𝑖1, 𝐴𝑚 = ℎ2 − ℎ1. The main problem in the bore case was that the connected train of waves 

moves along the outer periphery of the flume and I had to divide each wave separately, thus the whole 

drawing was not valid, thus, the trend was to record the corresponding velocity using Acoustic Doppler 

Velocimeter while bore occurring, and then by exploiting Equation (5.5.6), with all terms included, I 

could compare with the experiment, the results in Figure (5.7) shows the undular bore velocity similar 

to the cnoidal waves, but the signal is not that much of high quality as the flow is unsteady and turbulent 

one ∆휃 = 4, ∆𝑡 = 0.015. For the solitary wave case similar discretization, number of discretizing points 

𝑚 = 50, the solution is clear in Figure (5.8): 

(a)                              (b) 

Figure (5.7). Azimuthal velocity compared with the experiment using Equation (5.5.6),  

(a). volume 8000ml, 𝜏 = 0.0433, 𝛺 = 3.74rad/s. (b). volume 12000ml, 𝛺 = 5.05rad/s 
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Figure (5.8). Solitary wave development with time, 𝑢 ≈ 휂, volume 6000ml, 𝜏 = 0.0333, 𝛺 = 3.47rad/s. 

In order to quantify the primary flow that accords with bore existence, Lagrangian velocity 

measurements were performed, by seeding the flow with small particles which float on the surface, and 

then measuring the average time they need to take a full circle in the tank, this velocity is called the drift 

velocity. After several campaigns, in each set I changed one of the control parameters like the nutation 

angle, water depth, and the angular frequency, I could extract the proper data from the measurements 

for both the forcing angular velocity and the drift one, I get rid of the outliers and used linear regression 

fit between the data, the small waves correspond to very small measured drifted angular velocity those 

in fact are shown in ripple form on the surface behind the bore, and in fact such cases accord with small 

water depth in the channel like 2000ml and small nutation angle. Statistically I can represent the 

mathematical relationship between the velocity in the channel with the control parameters, which is 

depicted in Figure (5.9). It shows a directly proportional relationship with water depth, this is a reflection 

to the fact increasing the water volume in the channel increases the difference between the forcing 

frequency and mean one, and inversely proportional relationship with the nutation angle characterized 

in terms of the slope 𝜏, which shows that the bigger the tilt, the smaller the difference between the mean 

velocity and the forced one: 

                                                𝛺 − 𝛺𝑑𝑟𝑖𝑓𝑡 = 0.577 − 12.34𝜏 + 33.52𝐻                                                        (5.5.8) 

Experiments were carried out by McEwan (1970), who called the drift velocity: the azimuthal 

circulations, and he suggested that these circulations are kind of secondary motion, that is initially 

created at the expense of the primary rotational energy. To investigate their presence he mounted an 

axial needle in the cylinder, on the end of which was balanced a light free turning wire cross 8.5cm in 

diameter resting in the plane 𝑧 =
1

2
, at the resonance conditions, a pen recorder for a period following the 

introduction of the forcing disturbance. These non-invasive measurements provide an estimate for the 
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classical mean velocity in the channel, for instance to give estimation of how radially the motion of the 

floating particle is diverted, during the experiment the floating particle was either heading next to the 

inner or the outer walls of the cylinder, Figure (5.10) shows this divergence in comparison with basic 

rotation rate in the form of Reynolds number: 

 
Figure (5.9). (◇), Linear Regression between the drifted velocity and the forcing  

angular velocity, (□), ripples appear or small waves for very small drift velocity. 

(a)                                    (b) 
Figure (5.10). Azimuthal circulation 𝛺𝑑𝑟𝑖𝑓𝑡  in comparison with 

 the basic rotation 𝛺, the solid line is square of mean velocity 𝑈 = 𝛺𝑟𝑚𝑎𝑥 .  
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Chapter 6 

 

Conclusion  

In this thesis the study of the forced oscillations in open cylindrical channel under precession is 

introduced. A new channel system is designed to track different wavy aspects that may occur in the 

flume. The precession effect forces inertial waves that are natural results of Coriolis detuning effect. To 

study the problem, it was categorized theoretically into two parts, the first is the linear part that treated 

the problem under irrotational conditions, from which a set of normal modes were extracted this includes 

the small waves and the big ones correspond to the forcing case. In general, the system showed more 

nonlinear phenomena than the linear ones as bore was observed, solitary waves, wave breaking.  

In conclusion, the main contributions and the proposed theses of this work are summarised in the next 

section, then the publications related to this dissertation are listed and finally the possible directions of 

further research are given. 

6.1. Theses 

A New KdV Model to Describe the Solitary Wave in the Channel under potential and shear 

approximations (Thesis1) 

I have proved the existence of solitary wave in the rotating channel flume theoretically and by 

comparing it experimentally with the observations in the laboratory. (Chapter 4.2) 

The single Kelvin mode of the flow resembles the famous solitary wave in open flows, it has symmetric 

form, constant velocity and it somehow preserves its form for relative time before extinction under 

precession effects. The first case I derived following the classical perturbation methods and the potential 

flow approximation (irrotational conditions) led to new KdV equation which is novel as it has azimuthal 

dependency, with coefficients include the rotation effects, and it has forcing term that has tilt 

dependence, this term prohibited me from solving it analytically directly, so I used simple finite 

difference scheme, and compared it with experimental observations, where perfect very good match 

noticed.  

 A New KdV Model to Describe the Solitary Wave in the Channel Under Shear Conditions and 

New Burns Condition (Thesis2)  

I have proved the existence of solitary wave in the rotating channel flume theoretically with the 

existence of shear conditions where it turns out that the shear does not affect the wave form when 

included (Chapter 4.3) 

Other version was derived this time under rotational conditions and by including the shear effect into 

the system of equations, the resultant equation has coefficients that depend on the shear velocity that 

was derived in a combined form into Burns condition. Using the perturbation methods, the zeroth order 

of the problem led to solution of the unknown quantities in terms of the new derived Burns condition, 
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and the nonlinear solution to get the KdV was carried out based on this zeroth order where complex 

novel KdV equation was derived. Also, it did not have any analytical solution but this time I used 

different numerical method which is Fourier Transformation for space discretisation and two step 

leapfrog method for time. I proved that the shear effect has no impact on the wave form. I solved Burns 

condition, and it turned out that the disturbance velocity always has two values with respect to the bottom 

one always bigger than the maximum velocity (at the free surface) and the other is smaller than the 

minimum one (the slip velocity). I also derived new models for Rayleigh and Orr-Sommerfeld equations, 

and I discussed the instability criteria using Rayleigh equation, the disturbance either increase or vanish 

depending on the sign of the exponential function which was the solution for the equation at specific 

time and distance as both new equations have Coriolis force components that are time-space dependent, 

thus I fixed the time and space and then solved the problem accordingly. 

A New Experimental Tool to Calibrate the Pictures of the CCD Camera Used in the Experiments 

(Thesis3) 

I implemented a new program that is able to calibrate the pictures extracted from the CCD 

camera used in the laboratory. (Chapter 1) 

All the extracted results for the linear part and the nonlinear one needed experimental base, from which 

I designed a new channel system to track different type of wave noticed, I conducted most of them and 

prepared the results, however, the most important task was to get results from the pictures, and as I used 

the CCD camera all pictures suffered from bulges in the middle made the geometry not true or do not 

correspond to reality, I wrote a new Python program to calibrate the pictures based on Zhang (2000) 

method, I derived many matrices to include the distortion effects, which are related to the radial and 

tangential distortions, and solved the problem accordingly. I conducted several experimental campaigns 

using two types of checkerboard, to find the proper set of pictures needed for calibration to any picture 

in the laboratory.  

The Linear Irrotational Theory is Proved (Thesis4) 

I proved that the linear irrotational theory is valid and applicable in systems that suffer from strong 

rotation. (Chapter 3). 

Although the system under study suffers from rotation but the treatment of the linear part followed the 

classical irrotational assumption, this was based on the fact that the channel under atmospheric pressure 

where the pressure is assumed negligible, and the velocity components where replaced by the potential 

function. A new dispersion equation was derived, where I proposed based on the experimental 

observations the new formulas based on the theory and compared them, they were in a good match. I 

conducted the experiments also using the Acoustic Doppler Velocimeter, where I compared the 

extracted results with the common ones under closed conditions and it turns that whether free or closed 

surface the rotating effect is the same on the velocity components, and the free surface results pour in 

favor of the closed cases. I studied the instability effect on the waves where the nonlinear ones suffered 
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from breaking and dispersion, and the linear ones suffered from bore formation. I prepared different 

schemes on the instability based on Rossby, Reynolds, and Strouhal numbers.  

Bore Problem (New Characteristics and New KdV model) (Thesis5) 

I derived the new characteristics and the new conjugate depth relationships under precession 

conditions, I also solved the undular bore problem by introducing new KdV model (Chapter 5). 

The system under study has the tilt mechanism that provides the level difference along the channel, if 

the tilt is big enough the free surface appears as there is a level difference or threshold, the connection 

between those two levels takes many forms, one of them is totally breaking area in the turbulent plain 

bore form, but when this tilt level is sensible it appears as smooth undulations in the form of undular 

bore, and finally it can be breaking undular one. Based on these observations I proposed the 

corresponding shock model and new characteristic form is derived, the relationship that connects 

between the conjugate depths is derived as well. Finally, as the undular bore is type of nondispersive 

waves, I tried to solve the problem based on new KdV model derived which is not integrable, as the 

equation has variable coefficients in space and time, thus it was integrated numerically.  

6.2. List of Publications Related to the Theses 

Peer Reviewed Papers  

1. ALSHOUFI, H. E. 2021. On the forced oscillations in a precessing open cylindrical channel. 

Journal of AIP Advances. vol. 11, pp. 3-23. (ACCEPTED). 

2. ALSHOUFI, E. H. 2021. KdV Equation Model in Open Cylindrical Channel under Precession. 

Journal of Nonlinear Mathematical Physics. (ACCEPTED). 

3. ALSHOUFI, E. H. 2021. Shear Flow in Cylindrical Open Channel Under Precession. Journal 

of Periodica Polytechnica. (ACCEPTED). 

4. ALSHOUFI, E. HAJAR. 2021. Fluid Contained Open Cylindrical Channel Under Precession. 

Journal of Fluid Mechanics. (Under Review). 

5. ALSHOUFI, E. HAJAR. Bore Problem in Open Cylindrical Channel Under Precession. 

Journal of Fluid Mechanics. (Under Review). 

6. ALSHOUFI, HAJAR. Solution for Shallow Inertial Waves in Open Cylindrical Channel 

Under Precession. Journal of Hidrológiai Közlöny. (ACCEPTED) 

Conference Abstract. 

1. ALSHOUFI, H. E. 2021. Wavy Aspects in a Precessing Open Cylindrical Channel. 14th 

Chaotic Modeling and Simulation International Conference. Greece, Athens, 8 - 11 June 

2021. 

6.3. Directions for Future Research  

All the study in the present work can be used by the hydraulic engineers in many aspects like studying 

the ship waves under precession and studying shock waves problems generated by floods and the 
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hydraulic jump for instance. The precession mechanism as mentioned is desirable in wave triggering 

whether in open or closed flows, and it has many mechanical applications like in combustion chambers 

and reactors. The work until hour yet has not been completed, and many issues related to the work 

should be fulfilled, precisely the instability problem, which is related to the turbulent effects and the 

breaking of Kelvin modes extracted from the theory, this need understanding to vorticity and solving 

Navier-Stokes equations. The irrotational case has proved its validity, but one should study the problem 

based on the rotational case, by including the effect of Coriolis, Centrifugal and Euler forces into 

consideration. Other thing related to the nonlinear part particularly the Solitary wave and Boussinesq 

models which are derived already but I did not solve them yet, in order to learn more numerical methods 

and apply them like the spectral methods.  In general, I can say that this new idea and new channel 

system is very rich and full of different topics that mix between the open channel flow and forced 

conditions which is interesting and deserves further work and time to be fulfilled.  
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Appendix A 

                                                 Calibration Process 

The algorithm I used is called the closed form developed by Zhang (2000). This method consists of a 

closed-form solution, followed by a nonlinear refinement based on the maximum likelihood criterion.  

1- Estimates the intrinsic parameters of the camera by computing the Homography matrix between 

the 3D real world coordinates and the observed sensor coordinates.  

                                                                        𝑢𝑗 = 𝐻𝑋𝑗                                                                    (A-1) 

            𝑋𝑗 the real object points. 𝑢𝑗 the observed sensor points. 

2-  Apply the closed form solution between the projected coordinates �̃� and the 3D real ones �̃� is 

given by: 

                                                                    𝑠�̃� = 𝐴[𝑅  𝑇]�̃�                                                              (A-2) 

           Where 𝑠 is an arbitrary scale factor. 𝐴 the camera matrix which is given by: 

                                                                    𝐴 = [
𝛼 𝛾 𝑈𝑐
0 𝛽 𝑉𝑐
0 0 1

]                                                            (A-3) 

              (𝑈𝑐 , 𝑉𝑐) the image center, 𝛼 = 𝑓𝑆𝑥 , 𝛽 = 𝑓𝑆𝑦, where 𝑆𝑥 , 𝑆𝑦 are the sensor scales. 

            𝑓 the camera constant. 

           𝛾 = 𝑓𝑆 , where 𝑆  the skewedness or the diagonal distortion of the image plane.  

           𝑅 the rotation matrix: 

                                                                        𝑅 = (

𝑟1 𝑟2 𝑟3
𝑟4 𝑟5 𝑟6
𝑟7 𝑟8 𝑟9

)                                                     (A-4) 

            T the translation vector: 

                                                                                𝑇 = (

𝑇𝑥
𝑇𝑦
𝑇𝑧

)                                                         (A-5) 

3- Apply the radial distortion using: 

          𝛿𝑥 = 𝑥(𝐾1𝑟
2 +𝐾2𝑟

4 + 𝐾3𝑟
6…) + [2𝑃1𝑥𝑦 + 𝑃2(𝑟

2 + 2𝑥2)](1 + 𝑃3𝑟
2 +⋯)                    (A-6)  

           𝛿𝑦 = 𝑥(𝐾1𝑟
2 + 𝐾2𝑟

4 + 𝐾3𝑟
6…) + [2𝑃1𝑥𝑦 + 𝑃2(𝑟

2 + 2𝑥2)](1 + 𝑃3𝑟
2 +⋯)                   (A-7)                                                                                                                

4- Apply the maximum likelihood criterion refinement method by which I refine all results I got 

for both the intrinsic and extrinsic parameters by minimizing the distance between the image 

points and their predictions: 

                                                        𝑚𝑖𝑛∑ ‖�̃� − �̇�(𝐴, 𝑅, 𝑡, 𝐾1, 𝐾2�̃�)‖
2

𝑖                                            (A-8)   

            �̇�(𝐴, 𝑅, 𝑡, 𝐾1, 𝐾2�̃�) the projection of real world coordinates.     

5- Apply the remapping and rectify the images.  
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Appendix B 

     BVP Using Modified Bessel’s Equation 

The modified Bessel solution is not accepted as it is given by: 

𝑢(𝜘) = 𝐶1. 𝐼𝑛(𝜘) + 𝐶2. 𝐾𝑛(𝜘) 

With the lateral boundary conditions: 

(
�́�(𝜘1)

�́�(𝜘2)
) = (

𝐼𝑛(𝜘1) �́�𝑛(𝜘1)

𝐼𝑛(𝜘2) 𝐾𝑛(𝜘2)
) . (

𝐶1
𝐶2
) = (

0
0
) 

The matrix determinant should be zero to get a nontrivial solution, however one can find that from the 

recurrence formulas that for any positive real 𝜘, and for any integer 𝑛, so that 𝐼𝑛(𝜘) > 0 & �́�𝑛(𝜘) < 0 

then the determinant: 

𝐼𝑛(𝛽𝜘). �́�𝑛(𝜘) − 𝐼𝑛(𝜘). �́�𝑛(𝛽𝜘) = 𝐼𝑛(𝜘). �́�𝑛(𝜘). {
𝐼𝑛(𝛽𝜘)

𝐼𝑛(𝜘)
−
�́�𝑛(𝛽𝜘)

�́�𝑛(𝜘)
} > 0 

Thus, the condition cannot be fulfilled by any 𝜘2 = 𝜘, and consequently, the boundary value problem 

does not admit of a hyperbolic cylinder function solution.  

Appendix C 

     Experimental Wave Modes 

In this appendix some wavy aspects (wave Kelvin modes) occurred in the channel system in different 

cases of tilt, forcing frequencies and different volumes of water. I have to emphasize that the conducted 

experimental campaigns are unique, in everyone different observations were recorded, and results 

extracted accordingly.   

 
Figure (B-1). The observed waves are four, this is Kelvin mode 𝑛𝑚 = (4,0), the forcing 

angular celerity 𝛺 = 4.22 rad/s, only two waves appear, Volume = 8000ml, 𝜏 = 0.0333. 

 
Figure (B-2). The observed waves are five, this is Kelvin mode 𝑛𝑚 = (5,0), the forcing 

angular celerity 𝛺 = 6.26 rad/s, only two waves appear, Volume = 8000ml, 𝜏 = 0.0333. 
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Figure (B-3). The observed waves are five, this is Kelvin mode 𝑛𝑚 = (3,0), the forcing 

angular celerity 𝛺 = 5.1 rad/s, only two waves appear, Volume = 10000ml, 𝜏 = 0.0167. 

                                                      
Figure (B-4). The observed waves are five, this is Kelvin mode 𝑛𝑚 = (5,0), the forcing 

angular celerity 𝛺 = 3.21 rad/s, only two waves appear, Volume = 4000ml, 𝜏 = 0.0117. 

    (a) 

     (b) 

Figure (B-5). (a). The observed waves are three at the outer radius, this is Kelvin mode 𝑛𝑚 = (3,0) 

(b). The observed waves are two 𝑛𝑚 = (2,0) at the inner radius of the flume, the forcing angular celerity 

𝛺 = 3.21 rad/s, Volume = 6000ml, 𝜏 = 0.0117. 

 
     Figure (B-6). Four linear sinusoidal waves, Volume = 4000ml, 𝜏 = 0.0117,  

                                       with forced Kelvin mode �̃�4𝑚 = 3.08 rad/s, 𝑚 = 0, the amplitudes of the waves 

                                     respectively: 𝐴1 = 1.3cm, 𝐴2 = 1.22cm, 𝐴3 = 1.05cm, 𝐴4 = 0.64cm. 𝛺 = 3.19 rad/s, 


