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1 Motivations

Advances in engineering technology pointed out that description and modeling of some
phenomena have to go beyond the usual and well-known models applied in engineering
for heat conduction and solid mechanics, namely, Fourier’s law and Hooke’s law, respec-
tively. The development of such models, which give insight and calculation opportunities
for such processes, began as early as the middle of the 20th century but the elaboration of
the details is still in progress today.

The dissertation focuses on two topics, heat conduction beyond Fourier’s law and rhe-
ology of solids (linear solid mechanics beyond Hooke’s law). Both phenomena have been
known for a long time, several experiments and measurements justify them, however, their
engineering applications are limited only to certain specific problems. Moreover, several
different theories have been born to explain and model them, but there is no uniformly
accepted and distinguished explanation about them.

Regarding non-Fourier heat conduction, during the 20th century several experiments
proved that there exist such heat conduction phenomena that are inexplicable with
Fourier’s law. First, these phenomena are observed at extreme conditions, e.g., tempera-
ture shows a dissipative yet wavy nature of propagation in superfluid helium around 2 K,
which is called the second sound phenomenon, and a similar but more complex heat con-
duction behavior called ballistic-type heat propagation has been shown in sodium fluoride
monocrystallines.

It looked like that beyond-Fourier heat conduction theories can explain such exotic
heat conduction behaviors, nevertheless, these have not yet taken a root in engineering
applications since such extreme conditions and such perfect materials (such as monocrys-
tallines) do not typically exist in nature.

However, targeted experiments at the Department of Energy Engineering at Budapest
University of Technology and Economics have shown that deviation from Fourier-like
heat conduction can be observed on heterogeneous samples like rocks, 3D printed poly-
mers and metals, metal and carbon foams and layered structures (see Figure 1), and from
the measurements beyond-Fourier coefficients can be determined, thus engineering cal-
culations can also be performed on these materials.

A possible next step is to transfer this knowledge into engineering applications. Nowa-
days, it is obvious that thermal properties depend not only on the material but also on its
internal structure. Modern technologies make it possible to manufacture objects with
well-designed internal structure (e.g., 3D printing) for specific tasks. It means that if the
relationships among the internal structure and thermal properties—including non-Fourier
effects—are identified, then a higher level of thermal design methodology can be devel-
oped. It is now self-evident that several challanges stand before engineering regarding
non-Fourier heat conduction. At the same time, neither physical explanations nor mod-
eling techniques or computational methods are fully developed, thus further theoretical
investigations are also required, which are still in progress.
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Figure 1: Measured and fitted rear-side temperature of carbon foam samples in a flash experi-
ment. The Fourier fit strongly deviates from the measurement, while the prediction via the Guyer–
Krumhansl-equation (a beyond-Fourier heat conduction model) follows the measured signal well.
The deviation of the Fourier fit is considerably larger than the measurement error. [Measurement
and fitting procedure performed by Anna Fehér and Róbert Kovács (both staff members of the
Department of Energy Engineering at the Budapest University of Technology and Economics).]

Rheology is well-known in the context of non-Newtonian fluids, where nontrivial in-
ternal friction effects are manifest. In parallel, similar behaviors can be observed for vari-
ous solid materials, e.g., polymers, biomaterials, rocks and in long-term measurements of
steels operated at high temperature (e.g., power plant steam pipes and turbine blades have
to be verified for creep).

Additionally, modeling and simulation of the rheology of solids gain a new potential
application area for the design of gravitational wave detectors. Currently, gravitational
waves are detected from displacement signals, hence, distinguishing and separating all
the noises (e.g., the vibrations caused by transport, industry and seismic wave propa-
gation) is a key concept. Since several rock materials show rheological behavior (see
Figure 2), wave propagation in the rock block, into which an underground gravitational
wave detector (e.g., the Einstein Telescope proposed by the European Union) is estab-
lished, has to be calculated via rheological models. As an example, in contrast to elastic
materials—which are so-called non-dispersive media—, wave propagation in materials
that show rheological characteristics is dispersive. Detection and analysis of gravitational
waves with underground gravitational wave detectors depends strongly on the knowledge
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Figure 2: A standardized rock sample for determination of its rheological properties and the visual-
ized measurement results. The diagrams show the results of a creep test. The upper one presents the
constant axial stress (red) and the longitudinal (green) and transversal (blue) strains. The lower one
presents the strain in the deviatoric (green)–spherical (blue) decomposition. The small oscillations
are caused by thermal expansion, which are in relationship with the measured periodic temperature
signal (not displayed). [Figures courtesy of László Kovács of Kőmérő Kft. (Rock Study Ltd.).]

of the motion of surrounding rock formations. Since the detector is extremely sensitive,
elastic, rheological and thermal expansion processes each have to be taken into account
as these may cause strains comparable to the strains caused by the gravitational waves.
All these need reliable calculations of complex wave propagation phenomena.

However, effective numerical simulation of dynamical phenomena is still in its in-
fancy. Numerically calculated solutions may depend strongly on the settings of the ap-
plied method (see Figure 3) and, frequently, numerics-originated instabilities (exponential
blow-up of the solution), dissipation errors (artificial damping in the solution) and disper-
sion errors (artificial oscillation of the solution) may occur even for simple (reversible,
thus non-dissipative) problems. When such numerical phenomena appear, then distin-
guishing between the real physical and the artificial numerical behavior is difficult, or
maybe impossible. Fortunately, the situation is not so desperate. In addition to commer-
cial finite element softwares, some have been developed to treat specific problems (e.g.,
SPECFEM3D Cartesian), furthermore, numerical methods are under continuously devel-
opment. Regarding numerical solutions, one more important point has to be addressed.
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