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Motivations

Advances in engineering technology pointed out that description and modeling of some
phenomena have to go beyond the usual and well-known models applied in engineering
for heat conduction and solid mechanics, namely, Fourier’s law and Hooke’s law, respectively. The development of such models, which give insight and calculation opportunities
for such processes, began as early as the middle of the 20th century but the elaboration of
the details is still in progress today.
The dissertation focuses on two topics, heat conduction beyond Fourier’s law and rheology of solids (linear solid mechanics beyond Hooke’s law). Both phenomena have been
known for a long time, several experiments and measurements justify them, however, their
engineering applications are limited only to certain specific problems. Moreover, several
different theories have been born to explain and model them, but there is no uniformly
accepted and distinguished explanation about them.
Regarding non-Fourier heat conduction, during the 20th century several experiments
proved that there exist such heat conduction phenomena that are inexplicable with
Fourier’s law. First, these phenomena are observed at extreme conditions, e.g., temperature shows a dissipative yet wavy nature of propagation in superfluid helium around 2 K,
which is called the second sound phenomenon, and a similar but more complex heat conduction behavior called ballistic-type heat propagation has been shown in sodium fluoride
monocrystallines.
It looked like that beyond-Fourier heat conduction theories can explain such exotic
heat conduction behaviors, nevertheless, these have not yet taken a root in engineering
applications since such extreme conditions and such perfect materials (such as monocrystallines) do not typically exist in nature.
However, targeted experiments at the Department of Energy Engineering at Budapest
University of Technology and Economics have shown that deviation from Fourier-like
heat conduction can be observed on heterogeneous samples like rocks, 3D printed polymers and metals, metal and carbon foams and layered structures (see Figure 1), and from
the measurements beyond-Fourier coefficients can be determined, thus engineering calculations can also be performed on these materials.
A possible next step is to transfer this knowledge into engineering applications. Nowadays, it is obvious that thermal properties depend not only on the material but also on its
internal structure. Modern technologies make it possible to manufacture objects with
well-designed internal structure (e.g., 3D printing) for specific tasks. It means that if the
relationships among the internal structure and thermal properties—including non-Fourier
effects—are identified, then a higher level of thermal design methodology can be developed. It is now self-evident that several challanges stand before engineering regarding
non-Fourier heat conduction. At the same time, neither physical explanations nor modeling techniques or computational methods are fully developed, thus further theoretical
investigations are also required, which are still in progress.
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Figure 1: Measured and fitted rear-side temperature of carbon foam samples in a flash experiment. The Fourier fit strongly deviates from the measurement, while the prediction via the Guyer–
Krumhansl-equation (a beyond-Fourier heat conduction model) follows the measured signal well.
The deviation of the Fourier fit is considerably larger than the measurement error. [Measurement
and fitting procedure performed by Anna Fehér and Róbert Kovács (both staff members of the
Department of Energy Engineering at the Budapest University of Technology and Economics).]

Rheology is well-known in the context of non-Newtonian fluids, where nontrivial internal friction effects are manifest. In parallel, similar behaviors can be observed for various solid materials, e.g., polymers, biomaterials, rocks and in long-term measurements of
steels operated at high temperature (e.g., power plant steam pipes and turbine blades have
to be verified for creep).
Additionally, modeling and simulation of the rheology of solids gain a new potential
application area for the design of gravitational wave detectors. Currently, gravitational
waves are detected from displacement signals, hence, distinguishing and separating all
the noises (e.g., the vibrations caused by transport, industry and seismic wave propagation) is a key concept. Since several rock materials show rheological behavior (see
Figure 2), wave propagation in the rock block, into which an underground gravitational
wave detector (e.g., the Einstein Telescope proposed by the European Union) is established, has to be calculated via rheological models. As an example, in contrast to elastic
materials—which are so-called non-dispersive media—, wave propagation in materials
that show rheological characteristics is dispersive. Detection and analysis of gravitational
waves with underground gravitational wave detectors depends strongly on the knowledge
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Figure 2: A standardized rock sample for determination of its rheological properties and the visualized measurement results. The diagrams show the results of a creep test. The upper one presents the
constant axial stress (red) and the longitudinal (green) and transversal (blue) strains. The lower one
presents the strain in the deviatoric (green)–spherical (blue) decomposition. The small oscillations
are caused by thermal expansion, which are in relationship with the measured periodic temperature
signal (not displayed). [Figures courtesy of László Kovács of Kőmérő Kft. (Rock Study Ltd.).]

of the motion of surrounding rock formations. Since the detector is extremely sensitive,
elastic, rheological and thermal expansion processes each have to be taken into account
as these may cause strains comparable to the strains caused by the gravitational waves.
All these need reliable calculations of complex wave propagation phenomena.
However, effective numerical simulation of dynamical phenomena is still in its infancy. Numerically calculated solutions may depend strongly on the settings of the applied method (see Figure 3) and, frequently, numerics-originated instabilities (exponential
blow-up of the solution), dissipation errors (artificial damping in the solution) and dispersion errors (artificial oscillation of the solution) may occur even for simple (reversible,
thus non-dissipative) problems. When such numerical phenomena appear, then distinguishing between the real physical and the artificial numerical behavior is difficult, or
maybe impossible. Fortunately, the situation is not so desperate. In addition to commercial finite element softwares, some have been developed to treat specific problems (e.g.,
SPECFEM3D Cartesian), furthermore, numerical methods are under continuously development. Regarding numerical solutions, one more important point has to be addressed.
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Namely, numerical solutions have to be validated and verified for numerical artefacts
(e.g., dependence on the applied number of space cells, . . . ). However, since experiments
and measurements can be performed only for a narrow range of problems—or often an
experiment or measurement is designed based on the results of numerical simulations—,
other opportunities have to be found. A possibility is to produce numerical solutions for
problems for which the corresponding (exact) analytical solution is also known. Although
solution of complex tasks with the help of computers has become available, importance
of analytical solutions remains eternal.

Figure 3: Spatial distribution of the 2D wave eqution’s solution at dimensionless time instant 2 with
various time integration algorithms simulated by the commercial finite element software COMSOL
[6]. There are large-scale differences and fine-structured irregularities both. Moreover, one has no
means of validation which outcome is correct to what extent.

These all support that development of methodology as well as of calculation
techniques—both analytical and numerical ones—are required, which have to be tested
and demonstrated on real technical problems with corresponding boundary and initial
conditions, which ensure the possibility of comparison with experimental data.
The previous fields seem to be almost independent of each other. However, irreversible thermodynamics ensures a common general framework to investigate all these
mentioned phenomena, moreover, a promising, also engineeringly important field of irreversible thermodynamics is numerics. In the last decade reliable, thermodynamically
motivated numerical methods have been published, which techniques aim to reproduce
physical principles and experiences, such as numerical conservation of linear momentum
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and of total energy, and the monotonous increase of entropy. For the success of these,
a general universal thermodynamical picture is needed. During the 20th century, several
different theories of irreversible thermodynamics have been born. However, the emergence of these branches have led not only to understanding of dissipative and irreversible
processes but also to the disintegration of the unified science of thermodynamics. Nowadays the endeavor to unification can be observed in irreversible thermodynamics.

2

Preludes and the applied methods

Led by the above-mentioned motivations, the dissertation investigates non-Fourier heat
conduction and rheology of solids in two frameworks of irreversible thermodynamics,
namely, Internal Variable Methodology and the GENERIC formulation.
IVM assumes that the thermodynamical state space—which is spanned by independent extensive equilibrium thermodynamical state variables—is extended by one or
more—so-called internal—variables. Usually, these additional degrees of freedom are
not given any physical interpretation but only a concave entropy expression is assumed,
which also contains these variables. Calculating entropy production rate density via this
newly-defined extended entropy and ensuring its positive semi-definiteness via Onsagerian equations, time evolution equations on the internal variables and generalized constitutive relations are obtained. A further opportunity in IVM is the assumption of a
generalized heat current density – entropy current density relationship, which also generates other, non-usual terms in the entropy production rate density, which enlarges the
opportunities of generalization. IVM provides an efficient methodology to derive models
beyond the usual classical ones rather than a tool to explore the detailed physical mechanism. It has already been successfully applied, for example, in modeling of non-Fourier
heat conduction, non-Newtonian fluids, as well as rheology and plasticity of solids.
In contrast to IVM, the GENERIC (an acronym for General Equation for the NonEquilibrium Reversible–Irreversible Coupling) framework is highly motivated by mechanics. The basic idea behind the formulation is the separation of the reversible and
irreversible contributions to dynamics. On one side, the reversible and non-dissipative
part is originated from mechanics, therefore, it is considered to be a Hamiltonian system, which is generated by a Poisson bracket (an antisymmetric bilinear operator that
satisfies the Leibniz rule and the Jacobi identity) and a Hamiltonian, the latter playing
the role of total energy. On the other side, irreversibilities and dissipation are described
by thermodynamics so they are connected to entropy and entropy production. There are
two opportunities to derive the irreversible contribution, one is, inspired by Gyarmati, the
application of convex dissipation potentials, while the other is the so-called quasi-linear
formulation via dissipative brackets. The so derived equation ensures the conservation
of total energy and non-negative increase of total entropy, thus the first and second laws
of thermodynamics are embedded in the GENERIC framework. The framework was
originally developed for the treatment of complex and rheological fluids, but it can be
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applied fruitfully for relativistic fluids, for dissipative processes of solids, for statistical
considerations; furthermore, it allows to investigate multi-level description of processes
(microscopic → macroscopic transitions).
In engineering, derivation of models is just the beginning, investigations have to be
performed and conclusions have to be drawn. In addition to measurements and experiments, analytical and numerical solutions as well as parameter testing can offer an opportunity to reveal various information about the behavior of a model. The dissertation relies
on these latter methods.

3

Results and theses

As mentioned above, this dissertation investigates non-Fourier heat conduction and rheology of solids in two frameworks of irreversible thermodynamics, namely, Internal Variable Methodology and the GENERIC formulation.

3.1

Heat conduction beyond Fourier’s law

Regarding heat conduction, the effect of thermal expansion on heat conduction, as well
as the physical interpretation of entropy current multipliers, are analyzed.

3.1.1

The effect of thermal expansion on heat conduction

In general, there is no direct physical interpretation of a phenomenon that leads to, at
the phenomenological level, non-Fourier heat conduction. Here, a case is investigated
where the background phenomenon is known, namely, the effect of thermal expansion on
heat conduction is analyzed. This most fundamental issue has not yet been addressed
and investigated. Without thermal expansion, elasticity—a tensorial behavior—is not
coupled to Fourier heat conduction—a vectorial one—in isotropic materials. However,
with nonzero thermal expansion, mechanical and thermal processes are coupled. Usually, in thermomechanical problems, the effect of the heat conduction and the temperature
field on the mechanical behavior is considered, but the opposite direction, the effect of
the thermal expansion and the mechanical fields on the thermal behavior is neglected.
Based on the balance equations, the kinematic equation, Fourier heat conduction and the
Duhamel–Neumann law of thermal expansion, a beyond-Fourier type equation for temperature can be derived. Analyzing this equation for some materials investigated in heat
pulse experiments, a possible physical explanation of non-Fourier like behavior can be
given. Nevertheless, the performed investigations justify that the reason of the measured
non-Fourier like behavior at room temperature is not thermal expansion.
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Thesis 1:
Based on the basic equations of thermoelasticity, the effect of thermal expansion on
heat conduction can be summarized in a non-Fourier-like heat conduction equation
on temperature T solely, i.e.,
1
c2k

∂t2 (%cε ∂t T − λ∆T ) = ∆(%ceff ∂t T − λ∆T ),

where ∂t and ∆ are the partial time derivative and the Laplace operator, respectively, ck is the longitudinal elastic wave propagation velocity, % is the density, λ is
the thermal conductivity, cε is the constant-strain specific heat capacity and ceff is
an effectively measurable specific heat capacity, which includes the effects of thermal
expansion and elastic wave propagation.
At room temperature (293 K), thermal expansion modifies the thermal diffusivity
λ
aε = %c
to an effective one aeff = %cλeff , which causes a deviation of 1% for
ε
steel, 2% for copper, 3% for aluminum, and for granite and PA6 this effect is practically negligible. At a length scale denoted by ` and the corresponding ‘effective’
2
Fourier-time scale a`eff , the left-hand side of the above equation is, to a rough estimate, 1` times a heat conduction equation, while its right-hand side is  `2 12 2
aeff

ck

times the nearly same heat conduction equation. Otherwise, the left-hand side of
the equation provides a contribution to the right-hand side via a dimensionless fac2
tor a`eff
2 ck . In heat-pulse experiments for samples with a size of ` = 3 mm, this
factor is about 10−15 to 10−10 for the above-mentioned materials. Therefore, the
deviation from Fourier heat conduction measured at room-temperature heat-pulse
experiments cannot be explained by thermal expansion.
Corresponding publication: [1].
3.1.2

An interpretation of entropy current multipliers via GENERIC

The previous investigation pointed out that the reason of non-Fourier behavior cannot
be connected to thermal expansion in room-temperature heat-pulse experiments. Different branches of irreversible thermodynamics have their own methodologies to derive
equations and hence to model phenomena beyond Fourier heat conduction. However,
the connections of these methodologies as well as the physical interpretations are insufficient. Similarly to the case of internal variables, physical background and interpretation
of entropy current multipliers (also known as Nyíri multipliers) remain hidden. Applying simultaneously the methodologies of internal variables and GENERIC, a possible
physical interpretation for the entropy current multipliers can be given. This recognition
can open a way towards the unification of the microscopic and macroscopic theories of
7

heat conduction, and may lead to novel numerical simulation approaches (hyperbolic vs.
parabolic equation to solve).
Thesis 2:
In the theory of non-Fourier heat conduction, Nyíri multipliers can be interpreted
as generalizations of higher-order thermodynamical state variables. When the tensorial order of the highest tensorial order state variable is smaller than the tensorial
order of the highest tensorial order entropy current multiplier, the Nyíri multiplier
can be treated as a relaxed state variable. That is, after fast relaxation, the time
dependence of a state variable with the same tensorial order as the highest tensorial
order current multiplier becomes restricted by the variables with lower tensorial
orders, thus explicit time dependence of this variable disappears. In this case, a
non-local parabolic extension of the constitutive equations is obtained.
Corresponding publication: [2].

3.2

Rheology of solids

Concerning rheology, the generalization of the Kluitenberg–Verhás rheology of solids to
include thermal expansion is derived in the GENERIC framework, and is compared to the
results of derivation with internal variables. Based on the derived GENERIC equation,
a staggered finite-difference solution method is investigated: stability of the scheme is
analyzed, requirements on the parameters to eliminate the numerically originated dispersive and dissipation errors are estimated, and the scheme is demonstrated to numerically
ensure the conservation of total energy. Finally, analytical solutions for three spatial dimensional rheological problems of solids in the force equilibrial approximation are provided. These results can be applied for validating numerical methods, they highlight that
rheology results in a more complex mechanical behavior than damped and delayed elasticity, and help in interpreting observed phenomena in plastics (e.g., thick-walled tubes)
and around underground tunnels.
3.2.1

Kluitenberg–Verhás rheology of solids in the GENERIC framework

The internal variable approach of irreversible thermodynamics, with a symmetric tensorial
internal variable, provides a general and distinguished model family—the Kluitenberg–
Verhás model family (covering as special cases Hooke’s elasticity, the Kelvin–Voigt and
Poynting–Thomson–Zener models, and also the Maxwell and Jeffreys models)—for the
rheology of solids. This family has proved significant not only from a theoretical perspective but also for experimental and engineering applications. In parallel, the GENERIC
formulation motivates efficient and high-precision numerical methods, thus it is recommended and beneficial to study how a model derived by the internal variable methodology
suits the frame of GENERIC. An analysis is performed how the internal variable formula8

tion leading to the Kluitenberg–Verhás model family can be represented in GENERIC and
how the two frameworks are related to each other. Furthermore, GENERIC derivation ensures a simple way to generalize the Kluitenberg–Verhás model family to incorporate thermal expansion. An opportunity to enlarge numerical advantages is investigated, namely,
how and under what conditions the irreversibility-originated but entropy-preserving terms
can be represented in a symplectic structure.
Thesis 3:
Rheology of isotropic solids based on a single second-order tensorial internal variable can be implemented in the framework of GENERIC via specific-entropy based
set of state variables. Through variable transformation into temperature-based set
of state variables, the equivalence with the Kluitenberg–Verhás rheological model
family of solids can be demonstrated. The derivations are presented and the fulfilment of GENERIC requirements are proved in the isotropic decomposition of
second-order tensors, treating the deviatoric and spherical parts as independent
state variables, which simplifies the constitutive equations, helping numerical realizations. The established description also proves to enable incorporating thermal
expansion into the model family.
Assuming constant coefficients in the linear Onsagerian equations, the
irreversibility-originated but entropy-preserving terms can be represented in
the symplectic structure, for which the fulfillment of the Jacobi identity is proved.
Corresponding publications: [3, 4].

3.2.2

Thermodynamical extension of a symplectic numerical scheme

A direct numerical realization of the above GENERIC implementation is investigating
wave propagation in a rheological solid, namely, in a Poynting–Thomson–Zener medium
(which is a special case of the Kluitenberg–Verhás model family). Applying a finitedifference discretization with half space and time shifts with appropriate implicitness
factor (i.e., α = 1/2), the scheme turns out to be as a second-order generalization of
the symplectic Euler method. A von Neumann investigation is performed for the scheme.
Analyzing the roots of the so-called transfer matrix stability, dispersion (see Figure 4) and
dissipation (see Figure 5) errors are analyzed. These artificial numerical errors can lead
to numerical violation of conservation of total energy. This behavior is also investigated,
and a natural three spatial dimensional generalization based on an appropriate half space
shift of the vectorial and tensorial components on a cubic Cartesian grid has proved to
numerically preserve total energy (see Figure 6).
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Figure 4: Visualization of the eigenvalues ξ of the transfer matrix when the implicitness factor α is
1/2. When the argument of the eigenvalues is linear in the space step then the numerics-originated
dispersion error is eliminated. Upper row: the Courant number is 1; lower row: the Courant number
is 1/2.
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Figure 5: Deviation of the absolute value of eigenvalues from 1 as the function of the dimensionless
time step. Increasing deviation leads to increasing numerics-originated dissipation error.

Figure 6: Total energy and the various energy types as functions of time, for Poynting–Thomson–
Zener wave propagation in three spatial dimensions.
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Thesis 4:
One spatial dimensional wave propagation in a Poynting–Thomson–Zener medium
is investigated via the set of difference equations
j+1/2


∆t  j
j
σn+1 − σn
,
%∆x


∆t
j+1/2
j+1/2
= εjn +
vn+1/2 − vn−1/2 ,
∆x
(
)
j+1
j
 τ

h
i
1
εn − εn
j
j
j+1
=
−
α
σ
+
E
αε
+
(1
−
α)
ε
+
Ê
,
n
n
n
τ
1 − α + ∆t
∆t
∆t
j−1/2

vn+1/2 = vn+1/2 +
εj+1
n
j+1
σn

where v, σ and ε are the velocity, stress and strain fields, respectively, % is the mass
density, E is Young’s modulus, and Ê and τ are rheological parameters, furthermore ∆t and ∆x denotes time and space steps, and α is the measure of implicitness.
The stability of the scheme proves to be ensured via the inequalities

(1 − α) +

where C :=
number.

q

τ
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> τ,
E



E ∆t
% ∆x

1
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τ
>
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+

τ
>0
∆t

is the Courant number, S := sin

1
−α
2

k∆x
2


+

Ê
E

∆t

#
C 2S2,

and k denotes the wave

The numerics-originated dispersive errors can be eliminated if α = 12 and the value
q
Edyn ∆t
calculated with the dynamical
of the rheological Courant number Ĉ =
% ∆x
Young’s modulus Edyn := Ê
is 1, since the argument of the eigenvalues of the
τ
transfer matrix of the scheme is linear in k∆x.
The numerics-originated dissipation errors are quantifiably small even for large time
steps if α = 21 and Ĉ = 1: the error is caused by a deviation from 1 of the absolute
value of the eigenvalues of the transfer matrix, which for the nondimensional time
step ∆t̃ ≤ 0.05 is under 1.5%.
The natural generalization of the one spatial dimensional scheme to a three spatial
dimensional cubic Cartesian grid proves to numerically preserve the total energy for
the case of α = 12 .
Corresponding publications: [5, 6].
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3.2.3

Analytical solutions of rheological processes in the force-equilibrium approximation

Numerical solutions have to be validated, for which known analytical solutions can be
used. In case of rheology, there are only very few known analytical solutions, even in
the case of force-equilibrial approximation (acceleration neglected, thus wave propagation phenomena omitted). For such problems, inspired by Volterra’s principle, an exact
analytical method (the method of four elastic spatial pattern sets) has been developed by
Tamás Fülöp. According to this method, the elastic stress and strain solutions are decomposed into linearly independent spatial patterns and, replacing the constant coefficients
of these spatial patterns by unknown time-dependent functions and determining them, the
solution for the rheological problem can be obtained. Via this method, analytical solutions
for six practically important problems have been given. Analyzing the solutions, two unprecedented phenomena are identified, which are invisible in elasticity and in one spatial
dimension: in addition to damping and delaying effects, rheology can induce motions of
the medium with varying direction dependence, and transient motion patterns with opposite sign with respect to the large-time values. The method and results can be applied in
tunneling for both qualitative and quantitative understanding of processes (see Figure 7).
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Figure 7: First row: Outline and time evolution tendency of the displacement field for a cylindrical
bore opened in homogeneous medium loaded by its self weight, with free lateral deformations in
the primary field. The calculated result illustrates the phenomenon of tunnel squeezing. Second
and third rows: Time evolution of the coefficient functions for slow (left column), medium-speed
(middle column) and fast (right column) change in the boundary conditions.
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Thesis 5:
Via the method of four elastic spatial pattern sets, the time and space dependence of
the stress, strain and displacement fields are determined
• around cylindrical bore and spherical hollow opened in infinite, homogeneous
and isotropic stress field;
• around cylindrical bore opened in infinite, homogeneous and anisotropic stress
field;
• around cylindrical bore opened in homogeneous medium loaded by its self
weight for arbitrary lateral pressure factor − 12 < k ≤ 1, more exactly:
– for hydrostatic initial stress state, i.e., k = 1,
– when no lateral deformations in the initial stress state are allowed, i.e.,
ν
k = 1−ν
(here ν denotes Poisson’s ratio),
– when free lateral deformations in the initial stress state are allowed, i.e.,
k = 0;
• for pressurizing of thick-walled tubes and spherical tanks.
The solutions show that rheology is more than damped and delayed elastic behavior: it can lead to motions of the medium with varying direction dependence, and
to transients with opposite signs to the asymptotic time tendencies. The results illustrate such well-known phenomena in tunneling as convergence, tunnel squeezing
and rotations of the cross sections.
Corresponding publications: [7, 8, 9, 10].

Publications corresponding to the theses
[1] T. Fülöp, R. Kovács, Á. Lovas, Á. Rieth, T. Fodor, M. Szücs, P. Ván, and G. Gróf,
“Emergence of non-Fourier hierarchies,” Entropy, vol. 20, no. 11, p. 832, 2018.
[2] M. Szücs, M. Pavelka, R. Kovács, T. Fülöp, P. Ván, and M. Grmela, “A case study
of non-Fourier heat conduction using internal variables and GENERIC,” Journal of
Non-Equilibrium Thermodynamics, vol. 47, no. 1, pp. 31–60, 2022.
[3] M. Szücs, “Szilárd közegek reológiája a GENERIC nemegyensúlyi termodinamikai leírásban [Rheology of solids in the nonequilibrium thermodynamical framework GENERIC],” in Nemegyensúlyi termodinamika és szilárd közegek
[Nonequilibrium thermodynamics and solids] (T. Fülöp, ed.), Mérnökgeológia–
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