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1 Introduction 

At present, during the evaluation and operation of the industrial processes, the appropriate 

use of statistical methods has growing importance. The current aspirations make progress in the 

direction that the statistical methods are not only used for the evaluation but also establishing 

the question of interest. In concordance, there is a need to reconsider or establish the applied 

statistical methods in several fields of the industry.  

In my Thesis from the application area point of view, two main topics are presented. The 

common pattern of these is that an appropriate statistical approach is needed for the quantitative 

characterization of the industrial processes. This work investigates the applicability and 

qualifies the recently recommended statistical methods.  

 

2 Literature background, aims 

Acceptance sampling plan and hypothesis testing in industrial examples 

Restricted access barrier systems (RABS) and isolators are used in aseptic pharmaceutical 

processing thanks to the ability of assuring a prominent level of sterility. One feasible way to 

reduce the microbiological contamination of these systems is to apply vaporized hydrogen 

peroxide (VHP) decontamination. The standard way of checking the success of 

decontamination in isolators is to place biological indicators (BIs)1. After the decontamination 

process, the BIs are removed from the equipment and forwarded to the testing laboratory, where 

they are placed into a special growth medium and subjected to ideal growth conditions. The 

negative answer (no growth) of the BIs demonstrates that no viable spores remained on them. 

The limit of the method is that the number of surviving spores is (and remains) unknown; only 

a growth/no growth answer is available. 

The conventional aim of the bio‐decontamination cycle is to demonstrate 6 log reduction 

of the BIs2. It means that the number of viable spores must be reduced by 106 times as a result 

of the process. To verify this criterion, minimum 106 deposited spores per BI are needed, but 

commonly used BIs have 2 to 4×106 spores on their surfaces3. In some cases, the requirement 

may be the total kill of the spores. 

To decide about the success of decontamination, an acceptance limit is needed. Generally, 

these limits concern the number of positive BIs: If the number of positive/growth BIs remains 

 
1 Sandle T. Pharmaceutical Microbiology. Cambridge: Woodhead Publishing; 2016 
2 Akers J, Agalloco J. Advanced Aseptic Processing Technology. CRC Press; 2010 
3 Coles T. Sporicidal action of VPHP : cycle development. Hospital Healthcare Europe.; 2014; Retrieved March 

06, 2022, from: https://hospitalhealthcare.com/news/sporicidal-action-of-vphp-cycle-development/ 
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below a predefined limit, the decontamination is considered successful. For example, the 

expectation is zero positive BI after the decontamination by total kill.  

Evaluation is based on the number of surviving BIs, which is probabilistic by nature. 

Acceptance limits are based on “current industrial experience”, not on sound decision theory 

statistics (probability of error of the first and second kind). The reason of the existence of 

surviving BI is either the failure of process lethality or the limited penetrative capability of 

vaporous hydrogen peroxide. The latter phenomenon is called “rogue” spores, and these BIs 

should be distinguished4,5,6. The method of the evaluation of the success of the decontamination 

is consistent with attribute sampling plans. 

Decision risk approach has been applied in different areas of the industry not only for 

binomial but also for continuous variables problems. For example, in the food industry to detect 

“Brett character” of wines an olfactory evaluation is needed. However, analytical measurement 

of certain compounds may support this evaluation. To harmonise these two evaluation methods, 

a threshold may be given for the concentration of 4-ethylphenol (continuous variable) above 

which the probability of the erroneous decision concerning to the “Brett character” of wines is 

low enough. In the case of biological indicators, the basis of the problem is the same i.e. the 

task is to give a sampling plan based on which the probability of the false decision is low 

enough. However, the event has two possible outcomes: the BI may be positive or not.  

This part of the Theses aims to explore equations to calculate the 2 types of error that can 

be applied in general during the qualification of a bio-decontamination procedure. To the best 

knowledge of the author, this is the first-ever application of the concept of attribute sampling 

plans to evaluate the results of a BI used bio-decontamination process. My aim was to give a 

methodological proposal on how it is possible to assess the success of the bio-decontamination 

process with decision risk approach.   

  

 
4 Krushefski G. Using replicate BIs to evaluate biodecontamination cycles in isolators. Spore News 9,  

9–11,2011 
5 PHSS Pharmaceutical and Healthcare Sciences Society Systems-RABS, Development of Definition and 

Specification. 2010. 
6 Sandle, T. Rogue Biological Indicators: Are They a real phenomenon?, Journal of Validation Technology,  

26(1). 2020 
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Tolerance limit-based estimation of the proportion of non-conforming parts  

Statistical methods are widespread in the field of quality management. This spread was 

effectively served by statistical indices like 𝐶𝑃, 𝐶𝑃𝐾 , 𝑃𝑃, 𝑃𝑃𝐾  which are included in statistical 

software (Minitab7, TIBCO Statistica8) and standards9, guidelines10 etc., as well. They are also 

related to the Six Sigma approach.  

The process capability (or performance) indices measure primarily the relationship 

between the specification interval (difference between upper specification and lower 

specification limits, i.e. USL-LSL) and the variability of the process (6σ). The actual aim of the 

process capability indices (PCIs) is to give information about the proportion of non-conforming 

parts without the explicit use of statistical terms.  

One of the most popular indices is the potential capability (𝐶𝑃):  

𝐶𝑃 =
𝑈𝑆𝐿−𝐿𝑆𝐿

6𝜎
 (1) 

𝐶𝑃 as potential capability proved to be a most useful expression. It is easy to use 

(communicate) among those who are familiar with this parlour. Due to the simple usage, one is 

not necessarily forced to consider the specific assumptions/conditions of the capability indices. 

The advantageous properties are valid only if the model is sound. Namely the following 

assumptions should be fulfilled:  

• The process is in control - it means that assignable cause is not present. 

• The quality characteristic of interest is a normally distributed random variable with well-

defined parameters (μ and σ).  

• The expected value of the quality characteristic of interests is equal to the midpoint of 

the specification interval which is the so-called target (T) value (𝜇 = 𝑇 =
𝑈𝑆𝐿+𝐿𝑆𝐿

2
 ).  

The process capability is often analysed based on consecutive (and not single) samples. In 

this case, the variance may be estimated either from the whole dataset or based on the within 

sample variance. If the process is not in control, these two estimates are not equal. It should be 

noted that, in Shewhart concept the process capability calculation makes sense only if the 

 
7 Minitab. 2019. MINITAB 19.1. Minitab, State College, PA 
8 TIBCO Software Inc. 2018. Statistica 13.4. http://tibco.com. 
9 ISO 22514-4 Statistical methods in process management- Capability and performance — Part 4: Process 

capability estimates and performance measures; 2016. 
10ASTM E2281-15. Standard Practice for Process Capability and Performance Measurement. ASTM International. 

West Conshohocken. PA; 2015. 
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process is in control. Despite of that, in present manufacturing practice the indices are used if 

the process is not stable in the Shewhart sense11.  

The long-term variability (𝜎𝐿𝑇) is used rather than short term variability in the concept of 

process performance index (𝑃𝑃): 

𝑃𝑃 =
𝑈𝑆𝐿−𝐿𝑆𝐿

6𝜎𝐿𝑇
 (2) 

Where 𝜎𝐿𝑇 means the standard deviation, which is obtained if the process is operated long run. 

The usual standard deviation of the whole sample is used to estimate it. Thus, the 𝜎𝐿𝑇 contains 

both the within sample variance and between sample variance and these variances are 

inseparable from each other11. 

The process performance index (𝑃𝑃) assumes that only one source of variability is present 

while the presence of more sources of variability is usual in practice. Based on this, this part of 

the Thesis aims to develop a new calculation method for estimating the proportion of non-

conforming fractions, which considers the output distribution of the process investigated and 

takes into account the uncertainties of the estimate of population parameters .  

To calculate the proportion of non-conforming parts the only sound way is to calculate 

the area (proportion) of the distribution below the LSL and above the USL values using the 

correct/appropriate probability model. In the industrial practice, only a single sample (with 

smaller or higher sample size) is in the hands i.e. the distribution of the quality characteristic 

cannot be assumed to be known. In concordance, if the proportion of non-conforming parts is 

calculated, an estimation method is needed which is able to handle this uncertainty of the 

probability model, as well. The uncertainty of the unknown parameters can be considered if the 

calculation is based on the theory of tolerance interval12. 

In this part of the Thesis my aim was to investigate the properties a tolerance limit-based 

calculation method for the estimation of proportion of non-conforming items. Two case studies 

based on real industrial problems of non-applicability of single distribution are discussed in the 

chapters: the first one is the model of the mixture distributions and the second one is the model 

of one-way analysis of variance with a random factor. The common characteristic of these two 

models is the multiple sources of variability. From the aspect of probability theory, these two 

models represent two different structures: distribution functions are summarized in the case of 

 
11 Montgomery DC. Introduction to Statistical Quality Control. 7th ed. New York: Wiley. Chapter 8, pp. 364.; 

2013. 
12 Meeker WQ, Hahn GJ, Escobar LA. Statistical Intervals: A Guide for Practitioners and Researchers. 2nd edition. 

Hoboken, New Jersey: John Wiley and Sons, Inc. pp. 29-30.; 2017 
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mixture distributions while random variables are added in the case of analysis of variance 

model. 

3 Calculation methods 

Acceptance sampling plan and hypothesis testing in industrial examples 

The proper statistical treatment of the problem is analogous to that of the attribute 

sampling. From statistical point of view, the task is hypothesis testing whatever requirement is 

applied. The two possible types of error are as follows: 

• The decontamination cycle is erroneously declared unsuccessful (since the number of 

positive BIs is higher than the acceptance limit) when in fact, the targeted log reduction 

is achieved; in attribute sampling context, this is called the producer's risk. 

• The decontamination cycle is qualified as acceptable (the number of positive BIs is 

below the acceptance limit) when in fact it is not; in attribute sampling context, this is 

called the consumer's risk. 

Depending on the null hypothesis, these mean the error of the first (α) and the second kind (β), 

respectively. Both kinds of errors have crucial importance in practice, so it is necessary to 

calculate their probability and to define an acceptance limit based on these results.  

 

Tolerance limit-based estimation of the proportion of non-conforming parts  

The proportion of non-conforming parts itself is the probability of exceeding the the 

specification limit (quantile). However, the parameters of the distribution are not known (only 

estimates are available based on the sample), therefore the quantiles are uncertain. To handle 

this, during the estimation of the non-conformity rate the one-sided upper (lower) tolerance 

limit is supposed to be known which is equal to the USL (LSL) value and the proportion of the 

distribution belonging to this tolerance limits are to be calculated. This calculation method is a 

reversed situation compared to the usual tolerance interval calculation problems. 

Two different tolerance limit calculation methods were applied for the two different 

models. In case of multiple stream process model the calculation method has been based on the 

non-central t-distribution published by Owen13; in case of one-way analysis of variance model 

the method of variance estimate recovery (MOVER)14 has been applied.  

 
13 Owen DB. A Survey of Properties and Applications of the Noncentral t-Distribution, Technometrics 1967;  

10(3): 445-478. DOI:10.2307/1267101 
14 Krishnamoorthy K, Peng J. Approximate one-sided tolerance limits in random effects model and in some mixed 

models and comparisons. Journal of Statistical Computation and Simulation. 2014; 85(8): 1651-1666.  

DOI: 10.1080/00949655.2014.887082 
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4 Results and discussion 

Acceptance sampling plan and hypothesis testing in industrial examples 

The spores on the surface of the BIs are biological objects; thus, the outcome of the 

biochemical reaction is random. If equal chance is assumed for all spores being killed, the 

number of surviving items follows Poisson distribution. The probability of finding a spores 

alive is given as 

( )
!

ae
P X a

a

 −

= =  (1) 

If X > 0, the BI is positive. 

The λ Poisson parameter is the average number of living spores on a single BI, which can be 

given as 

10LR

A
 = . (2) 

Here, LR is the log reduction, the logarithm of reduction rate, and A is the average initial number 

of spores on a single BI. For example, if A is 1 × 106 per BI (before the decontamination) and 

the requirement of 6 log reduction is fulfilled, then the average number of surviving spores 

(after the decontamination) is one (λ = 1).  

Firstly, the probability of not finding a specific BI positive (X = 0) is 

0 11
( 0)

0!

e
P X

−

= = . (3) 

The probability of finding it positive (X > 0) is for λ = 1: 

( 0) 1 ( 0) 1 0.632P X P X e − = − = = − = . (4) 

 This result means that if the 6 log reduction requirement is fulfilled, still more than a half of 

the located BIs can be positive. Commonly used BIs have 2 to 4×106 deposited spores, but 

according to Tim Coles, this number is 5×106.  

 In practice, the task is to give an acceptance limit to the number of positive BIs. The 

probability of being a BI positive is equal to the probability of n from the deposited N piece of 

BIs will be positive after the decontamination follows binomial distribution. 

( ( ), ) ( ) (1 ( ))k N k
N

P n k N
k

      − 
= = − 

 
 (5) 

 Where the 𝜋(𝜆) denotes the probability of finding a BI positive due to the nonsterility.  

The simplest way of the calculation is if it is assumed that the BI positivity is caused by the 

inappropriate decontamination only. However, the question of the reasonable number of 
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positive BIs is further complicated by the fact that using BI discs in a chemical decontamination 

cycle (such as the VHP decontamination) may eventuate “unexpected positive BIs” [13]. 

 The probability of the BI being not positive caused by the aggregation is 1 agr− . The 

probability of the BI being not positive caused by the surface nonsterility is 1 ( ) − . Thus, the 

probability of not being a BI positive is calculated as ( )(1 ) 1 ( )agr  − − . 

The probability of being a BI positive is 

1 (1 )(1 ( ))BI agr   = − − −  (6) 

Based on Equations 2 and 4 𝜋(𝜆) is (if the number of deposited spores is A= 2x106 per BI): 

𝜋(𝜆) = 1 − 𝑒𝑥 𝑝(−2 ∙ 106−𝐿𝑅) (7) 

The connection between the probability of being a BI positive (𝜋𝐵𝐼) , the aggregation-caused 

BI positivity (𝜋𝑎𝑔𝑟) and the log reduction (LR) can be written as:  

𝜋𝐵𝐼 = 1 − (1 − 𝜋𝑎𝑔𝑟) (1 − (1 − 𝑒𝑥𝑝(−2 ∙ 106−𝐿𝑅))) (8) 

Because of the aggregation, the probability of being a BI positive is higher due to the non-

sterility only. Thus, if the aim is to detect the 6 log reduction while accepting the success of the 

decontamination, it is even more hopeless with currently used BIs.  

Two types of sampling plans (single or triplicate BIs in one position) and two different 

requirements (6 log reduction, total kill) were investigated. In concordance with the heuristic 

proposals, it was found that depositing single BIs is not a proper method. Table 1 shows the 

probability of being a BI positive and the probability of acceptance for different requirements 

if the BI positivity is caused by the nonsterility or it is caused by the nonsterility and rogue 

spores. The number of deposited BIs in one position is 30 or 3∙30, Ac=1 was applied for the 

single BI approach and Ac=4 was applied for the triplicate BI approach in this calculation. Even 

if the reduction is 6 log or 7 log it is almost sure that the cycle will be declared as non-

conforming; the probability of acceptance is higher than 80% by the 8 log-reduction and above.  
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Table 1 The probability of being a BI positive and the probability of accepting the decontamination 

cycle, single and triplicate BI approaches 

 BI positivity caused by non-sterility BI positivity caused by non-sterility + 

Rogue sporesa 

Criteria 

Probability 

of being a 

BI positive 

Probability of acceptance Probability 

of being a 

BI positive 

Probability of acceptance 

Single BIb 
Triplicate 

BIc 
Single BIb Triplicate 

BIc 

6 log-

reduction 
0.8647 0 0 0.8651 0 0 

8 log-

reduction 
0.0198 0.8814 0.9404 0.0227 0.8516 0.9141 

Total-kill 0 1 1 0.003 0.9963 0.9991 
a Rogue rate is supposed to be 0.003. 

b Ac=1, N=30 

c Ac=4, N=3∙30, all position is assumed to be equally risky 

Depositing triple BIs and considering 6 log reduction requirement the probability of false 

rejection of the success of decontamination is very high (almost sure). It becomes negligible 

only with 8 log reduction or above. This means that the 6 log reduction requirement is simply 

improper. Taking this suggestion seriously it is necessary to change  

the requirement and the calculation methods. 

 

Tolerance limit-based estimation of the proportion of non-conforming parts  

1. Multiple stream process (mixture distribution) 

The ratio of non-conforming parts in a multiple stream process (Example 1) 

• was calculated based on heuristic distribution parameters, this is the so-called true ratio 

of non-conforming parts here; 

• was estimated with the conventional (process performance index-based) estimation 

method to illustrate the unsuitability of the PP-index;  

• was estimated with the proposed i.e., tolerance-interval based estimation method.  

The estimated values for the Example 1 in Table 2 can be found, the true ratio of the non-

conforming parts is 0.0223.  

Table 2 The estimate of the proportion of non-conforming parts with the naïve,  

the tolerance interval -based and 𝑃𝑃  - based methods (Example 1) 

Calculation method 
The estimate of the proportion 

of non-conforming parts 

Naïve estimate  0.0000 

𝑃𝑃-based estimate 0.0073 

Tolerance limits based 0.0746 
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Based on this evaluation of the dataset it seems the proposed tolerance-interval based 

estimation method overestimates the ratio of non-conforming parts, while the conventional 

method underestimates it.  

To eliminate the uncertainty of the heuristic distribution parameter approach and to 

evaluate the bias, SE and RMSE a simulation study was performed. First, 7 (from HEAD1-4 

and HEAD6-8) normally distributed populations (with one million repetitions each) were 

simulated. Based on the dataset of these simulated populations, the true proportion of non-

conforming parts was calculated (USL=386.25, LSL=363.75). The following steps were 

repeated 10000 times: random samples of N elements were chosen from the 7 populations, and 

the proportion of non-conforming parts were calculated with the tolerance interval-based and 

PPK -based methods. The average of the estimates, the bias (the deviation of the average from 

the known value of the rate of non-conforming parts), the standard error and the root mean 

square error of the estimates for N = 25, 50, 100 and 5000 are shown in Table 3.  

Table 3 The average, bias, standard error (SE) and root mean square error (RMSE) of the estimates of the rate of 

non-conforming for different sample sizes (N = 25, 50, 100, 5000) 

Estimation method Average of  

the estimates 

Bias SE RMSE 

N=25 

Tolerance interval 0.0753 0.0530 0.0150 0.0551 

PPK 0.0209 -0.0014 0.0065 0.0066 

N=50 

Tolerance interval 0.0522   0.0299   0.0087   0.0312 

PPK 0.0205  -0.0017 0.0046 0.0049 

N=100 

Tolerance interval 0.0402   0.0180   0.0054   0.0187 

PPK 0.0203  -0.0020 0.0032 0.0038 

N=5000 

Tolerance interval 0.0241 0.0018 0.0006 0.0019 

PPK 0.0202 -0.0021 0.0005 0.0022 

 

According to this part the main conclusion is that the tolerance limit-based estimation 

method gives asymptotically better estimate compared to the conventional (𝑃𝑃-based) 

estimation method. 

2. One-way analysis of variance model 

 Another output distribution model may be the one-way analysis of variance model. 

Similarly to the first model, a case study with a real industrial dataset was presented and to 

investigate the properties of the estimation methods simulation study was performed.  
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In that part, the effect of the ratio of the between and within variance components (
2

2

A

e




) and 

that of the sample size (number of groups and number of repetitions) were evaluated. The 

proportion of the non-conforming parts from the three calculation methods are summarized in 

Table 4. The true rate of non-conforming parts is 0.0137. 

Table 4 The estimate of the proportion of non-conforming parts with  

the tolerance interval -based and 𝑃𝑃  - based methods  

Estimation method 
The estimate of the proportion of 

non-conforming parts 

“Naïve” 0.0100 

𝑃𝑃 0.0141 

Tolerance-interval (MOVER 

method) 
0.0029 

 

 It was found that, the tolerance limit-based estimation method underestimates the 

proportion of non-conforming parts, and the bias of this method decreases if the ratio of the 

variance components is lower, and if the sample size is higher. It should be mentioned that this 

bias comprises two components: the bias of the calculation method (MOVER in this case) and 

the bias of the supposed estimation method. This simulation study has not yet provided any 

information about the share of these components i.e. this effects should be investigated in future 

work. From the standard error point of view, the tolerance limit-based estimation method has 

better properties compared to the conventional method in the case of lower sample sizes. 

 

5 Thesis findings 

1.  A general connection has been deduced between the requirement of the bio-

decontamination (log reduction), the probability of being a BI positive because of  

the non-sterility and the probability of being a BI positive because of the “rogue” spores: 

𝜋𝐵𝐼 = 1 − (1 − 𝜋𝑎𝑔𝑟) (1 − (1 − 𝑒𝑥𝑝(−2 ∙ 106−𝐿𝑅))) 

where 𝜋𝐵𝐼 denotes the probability of being a BI positive, 𝜋𝑎𝑔𝑟 is the aggregation-caused 

BI positivity and LR is the log reduction. [I] 

 

 



 

12 

 

2.  Decision risk approach has been applied to specific industrial problems in the field of food 

and pharmaceutical industries. In contrast to the current praxis where the decision about the 

success of the vapor phased hydrogen peroxide bio-decontamination process is based on the 

good engineering guess, and not on sound decision theory statistics, a risk analysis method 

has been proposed which is based on the statistical calculations. This is a novel application 

of the attribute sampling plan in the field of the evaluation of VHP biodecontamination cycle. 

Considering this problem in the context of hypothesis testing, generally valid functions have 

been derived to calculate the probability of erroneous decisions. [I, II] 

 

3. It was demonstrated that the usually applied sampling plans are unsuitable to declare if the 

bio-decontamination cycle is successful or unsuccessful i.e. it cannot prove the achieving of 

the 6 log reduction criterion. [I] 

 

4. A novel tolerance limit-based estimation method has been proposed for the estimation of the 

proportion of non-conforming parts in industrial processes. Compared to the conventional 

evaluation method (applying the process capability indices) the proposed method gives the 

opportunity to consider the probability model behind the quality characteristic of interest and 

the uncertainty of the parameters of the output distribution. [III, V, VI] 

 

5. In the case of the multiple stream process model, my results indicate that the proposed 

tolerance limit-based estimation method performs better asymptotically compared to the 

conventional PP-based estimation method for estimating the proportion of non-conforming 

parts. By lower sample sizes, the tolerance limit-based estimation method overestimates the 

proportion of non-conforming parts. [V, VI] 

 

6.  According to the qualification of the newly proposed tolerance limit-based estimation 

method in the case of one-way analysis of variance model it is concluded that the tolerance 

limit-based estimation method underestimates the proportion of non-conforming parts, and 

the bias of this method decreases if the ratio of the variance components is lower, and the 

sample size is higher. [III, IV, VI] 
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6 Possible application and future perspectives 

Acceptance sampling plan and hypothesis testing in industrial examples 

In future work, the two models can be refined by considering the other possible causes 

which may result positive BIs: for example, the changing resistance or the inappropriate 

handling of the BIs.  

As it was seen before, the rogue rate is not adjustable at least from the aseptic 

manufacturer point of view who is the customer in this case. Regarding the crucial importance 

of the quality of BI lots in the aseptic processes, the lots must be qualified by the BI 

manufacturer. This qualification can be made with another acceptance sampling plan based on 

another binomial distribution (the BI is defective or not).  

 

Tolerance limit-based estimation of the proportion of non-conforming parts  

 Future research may be adapted to the investigation of other often used models (e.g. two-

way nested designs, mixed models) and to modify the proposed estimation method to have 

better properties in the case of lower sample sizes. This modification may be connected to the 

confidence limits of the quantile since with the tolerance limit-based calculation only the lower 

or the higher confidence limit is used. Theoretically better solution would be to give a two-

sided confidence interval for the quantile and calculate the proportions belonging to these limits 

while the output distribution is considered, as well.  
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