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RABS restricted access barrier systems 

VHP vaporized hydrogen peroxide 

BI biological indicator 

LR log reduction 

PCI  process capability index 

USL  upper specification limit 

LSL   lower specification limit 

AIAG   Automotive Industry Action Group 

ANOVA analysis of variance 

SE  standard error 

RMSE  root mean square error 

MR  moving range 

df  number of degrees of freedom 

SS  sum of squares 

MS  mean square 
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List of symbols 

λ the parameter of the Poisson distribution 

A the average initial number of spores on a single BI 

n the number of positive BIs 

N the number of deposited BIs 

  the probability of being a BI positive 

H0 null hypothesis 

H1 alternative hypothesis 

α error of the first kind 

β error of the second kind 

Ac acceptance limit (the maximum acceptable number of positive BIs) 

b the number of more risky positions 

CP process capability index 

CPK corrected process capability index 

PP process performance index 

PPK corrected process performance index 

σ square root of the variance (standard deviation) 

μ expected value 

𝐶  estimated process capability index 

n sample size 

N number of samples in simulation 

𝜒
,

 the 1 −  quantile of the chi-square distribution having n-1 degrees of 

freedom 

α significance level 

T target value 

t time 

Φ(∙) standard normal distribution function 

x random variable (the quality characteristic of interest) 

2( , )STN    normal distribution with μ expected value and 2
ST  variance  
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2
ST  short term variance 

pU
 99.865% probability quantile of the given distribution 

pL
 0.135% probability quantile of the given distribution 

LT  long term variance (standard deviation) 

𝑋~𝒩(𝜇, 𝜎 ) normally distributed random variable with μ expected value and 2
 variance 

γ, γ’ specified proportion of the population 

𝑈 upper limit of the tolerance interval 

𝐿 lower limit of the tolerance interval 

1 − 𝛼 degree of confidence 

�̅�  mean 

s  standard deviation 

k, 𝑘   tolerance factor 

 f x  density function 

 i x   the density function of the quality characteristics (x) of the parts from the 

i-th head 

iw  the output rate of the i-th head 

( )F x  distribution function 

( )i x   distribution function of the quality characteristics (x) of the parts from the 

i-th head 

iw   output rate of the i-th head 

Xi  the quality characteristic of the part from the i-th head 

P cumulative probability 

q  quantile of the mixture distribution 

1( 1, )nct n z n  the variable of the non-central t-distribution with n-1 degree of freedom 

and 1z n  non-centrality parameter 

1z   1-γ probability value (quantile) of the Z-distribution 
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𝑌   jth observation at the i-th level of factor 

A random factor 

𝛼  the effect of the i-th level of factor A (i =1,…,r) 

𝜀  error term 

𝜎  variance of the random factor A (between variance) 

𝜎  variance of the error term (within variance) 

𝒩(𝜇, 𝜎 + 𝜎 ) normal distribution with μ expected value, and 𝜎 + 𝜎  variance  

𝜎  the estimate of the variance of the random factor A 

r number of groups (levels) in one-way ANOVA model 
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Introduction 

At present, during the evaluation and operation of the industrial processes, the appropriate 

use of statistical methods has growing importance. The current aspirations make progress in the 

direction that the statistical methods are not only used for the evaluation but also establishing 

the question of interest. In concordance, there is a need to reconsider or establish the applied 

statistical methods in several fields of the industry.  

In my Thesis from the application area point of view, two main topics will be presented. 

The common pattern of these is that an appropriate statistical approach is needed for the 

quantitative characterization of the industrial processes. This work investigates the applicability 

and qualifies the recently recommended statistical methods.  

The first part is connected to applying of the decision risk approach in industrial problems. 

Restricted access barrier systems may not be sterilized in the usual way. Instead, vaporous 

hydrogen peroxide decontamination is used.  The success of the decontamination is checked by 

placing biological indicators (BIs), and upon their removal, putting them individually into broth 

for incubation. This technique does not allow counting the number of microorganisms but to 

detect the presence of any of them, thus counting the negative/positive answers (BIs). The 

Poisson distribution gives the connection between the number of viable spores and the number 

of positive (growth) BIs. Evaluation is based on the number of surviving BIs, which is 

probabilistic by nature. Acceptance limits are based on “current industrial experience”, not on 

sound decision theory statistics (probability of error of the first and second kind).  The reason 

of the existence of surviving BI is either the failure of process lethality or the limited penetrative 

capability of vaporous hydrogen peroxide. The latter phenomenon is called “rogue” spores, and 

these BIs should be distinguished. The method of the evaluation of the success of the 

decontamination is consistent with attribute sampling plans. 

In this part of the Thesis, relations are explored to calculate the 2 types of error that can be 

applied in general during the qualification of a bio-decontamination procedure. To the best 

knowledge of the author, this is the first-ever application of the concept of attribute sampling 

plans to evaluate the results of a BI used bio-decontamination process. This part aims to give a 

methodological proposal and not find the optimal settings for assessing the investigated 

sampling plans.  

The second part of the Thesis is related to the statistical indices which are widely used in 

several areas of the industry, e.g. automotive, food, pharmaceutical, plastic. These indicators 

make the relationship between the width of the specification interval and the extent of the 
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process variability illustrative. One of the most crucial advantages of statistical indices is their 

simple usage. Despite that, this property may be a disadvantage, as well, since the use of the 

process capability indices is related to statistical assumptions. If these assumptions are not 

fulfilled, the statistical indices cannot give information about the proportion of non-conforming 

parts in the process. For example, the use of the process performance index (𝑃 ) assumes that 

only one source of variability is present while the presence of more sources of variability is 

usual in practice. Based on this, this part aims to develop a new calculation method for 

estimating the proportion of non-conforming fractions, which considers the output distribution 

of the process investigated and takes into account the uncertainties that originated from the 

samples.  

Since the practical background of the two investigated areas are different, the Thesis is to 

be split into two parts. From a statistical aspect, the first part is hypothesis testing within the 

framework of attribute sampling plans, and the second part is connected to the topic of statistical 

intervals. First, the background will be presented, and it will be followed by the calculations; 

finally, the main conclusions will be drawn in both parts.  

  



 

16 

 

 

Part I 
 

Acceptance sampling plan and hypothesis testing in industrial 
examples 
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1. Bio-decontamination with vapor phased hydrogen peroxide 

Restricted access barrier systems (RABS) and isolators are used in aseptic pharmaceutical 

processing thanks to the ability of assuring a prominent level of sterility. One feasible way to 

reduce the microbiological contamination of these systems is to apply vaporized hydrogen 

peroxide (VHP) decontamination. The standard way of checking the success of 

decontamination in isolators is to place biological indicators (BIs) [1]. After the 

decontamination process, the BIs are removed from the equipment and forwarded to the testing 

laboratory, where they are placed into a special growth medium and subjected to ideal growth 

conditions. The negative growth of the BIs demonstrates that no viable spores remained on 

them. The limit of the method is that the number of surviving spores is (and remains) unknown; 

only a growth/no growth answer is available. 

Biological indicators stand from a carrier (stainless steel in this case) upon which a 

defined number of high resistance dried organisms had been deposited. As there are several 

kinds of microorganisms that may occur in the equipment, a specific well‐defined one of them 

is chosen for modelling the process. Geobacillus stearothermophilus spores are often used as 

model microorganisms because they are resistant enough [2] [3]. The wide temperature range 

for growth and the endospore form that can result in the higher level of resistance makes these 

microbes especially attractive for the biotechnology processes [4]. 

In the isolator, the locations of BIs are designated by smoke tests or by using chemical 

indicators. If the requirement is achievable in these positions, then it should be fulfilled at all 

other locations as well. These sites are called “worst case” or “critical” positions in various 

publications. Worst case positions such as gloves and stopper feed blows, potential critical 

positions such as sampling ports and recirculation plenums, and geometric position (walls and 

corners) are distinguished [5]. The probability of being BI positive is the highest in the worst 

case positions (more risky), which are followed by potentially critical and geometric positions 

(less risky). 

1.1.  Requirement of bio-decontamination cycle 

The conventional aim of the bio‐decontamination cycle is to demonstrate 6 log reduction 

of the BIs [6]. It means that the number of viable spores must be reduced by 106 times as a 

result of the process. To verify this criterion, minimum 106 deposited spores per BI are needed, 

but commonly used BIs have 2 to 4×106 spores on their surfaces [7].  
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More recent papers suggest that it may be enough to apply and verify the 4 log reduction 

criteria. This has many advantages (shorter cycle time and lower costs) over the strict 6 log 

reduction criterion [8]. In some cases, the requirement may be the total kill of the spores. 

To decide about the success of decontamination, an acceptance limit is needed. Generally, 

these limits concern the number of positive BIs: If the number of positive/growth BIs remains 

below a predefined limit, the decontamination is considered successful. For example, the 

expectation is zero positive BI after the decontamination by total kill. To our knowledge, the 

determination of the acceptable number of positive BIs is based on previous practical 

experience instead of statistical calculation. However, there are numerous problems with this 

perception; we do not have information either about the completed level of the reduction nor 

about the probability of false decision.  

The importance of statistical evaluation can be formulated, to quote the words of Owen 

L. Davies [9]:  

“By means of statistical methods the intuitive type of reasoning which an intelligent person 

might apply in drawing inferences from data is made objective and precise. This has the 

important consequence that the logical basis of such reasoning can be examined and the 

circumstances which justify it more clearly seen.” 

The proper statistical treatment of the problem is analogous to that of the attribute 

sampling. From statistical point of view, the task is hypothesis testing whatever requirement is 

applied. The two possible types of error are as follows: 

 The cycle is erroneously declared unsuccessful (since the number of positive BIs is 

higher than the acceptance limit) when in fact, the targeted log reduction is achieved; in 

attribute sampling context, this is called the producer's risk. 

 The cycle is qualified as acceptable (the number of positive BIs is below the acceptance 

limit) when in fact it is not; in attribute sampling context, this is called the consumer's 

risk. 

Depending on the null hypothesis, these mean the error of the first (α) and the second kind (β), 

respectively. Both kinds of errors have crucial importance in practice, so it is necessary to 

calculate their probability and to define an acceptance limit based on these results. 

Many authors think that if a hypothesis is accepted at an e.g. 0.05 significance level, it 

means that the probability of the null hypothesis being true is 0.95. Even the most prominent 

representatives of the field are not free of this misconception. For example, Phil Templeton 

mentioned that: “If each BI is loaded with 1x106 spores, the probability of inactivating all three 
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BIs with only a 6 log‐process calculates as 0.05. In other words, if one runs a sanitisation cycle 

and inactivates all three BIs then one is 95% certain that a process lethality of greater than 6‐

logs has been achieved at that location.” [10] 

Another citation from Donald Eddington [11]: 

“The probability that a 6‐log decontamination process will produce growth negative results on 

triplicate 2x106 BIs exposed at the same location is only 0.25%. In other words, the probability 

that the process yielded a greater than 6‐log spore reduction is 99.75%.” 

This misinterpretation is not a new phenomenon in science: Jacob Cohen in his article entitled 

as “The Earth is Round (p < .05)” illustrated through concrete examples the meaning of these 

mistaken assumptions [12]. Based on this, it is a key issue to clarify this situation and to give a 

correct interpretation that can help to understand the method of the evaluation of the bio‐

decontamination cycle.  

The adequate way of handling of this problem is to apply decision risk approach which is 

implemented in different areas of the industry not only for binomial, but also for continuous 

variables problems. For example, in food industry to detect “Brett character” of wines an 

olfactory evaluation is needed. However, analytical measurement of certain compounds may 

support this evaluation. To harmonises these two evaluation methods, a threshold may be given 

for the concentration of 4-ethylphenol (continuous variable) above which the probability of the 

erroneous decision concerning to the “Brett character” of wines is low enough.  

In the case of biological indicators, the basis of the problem is the same i.e. the task is to 

give a sampling plan based on which the probability of the false decision is low enough. 

However, the event has two possible outcomes: the BI may be positive or negative.  
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1.2. The connection between the log reduction and the probability of being a 

BI positive 

The currently available method (turbidity test) does not allow counting the surviving 

spores. That is to say, the limit of the method is that the number of surviving spores is unknown, 

and only a growth/no growth answer is available. The spores are biological objects; thus, the 

outcome of the biochemical reaction is random. If equal chance is assumed for all spores being 

killed, the number of surviving items follows Poisson distribution. The probability of finding a 

spores alive is given as 

( )
!

ae
P X a

a

 

   (1) 

If X > 0, the BI is positive. 

The λ Poisson parameter is the average number of living spores on a single BI, which can be 

given as 

10LR

A   (2) 

Here, LR is the log reduction, the logarithm of reduction rate, and A is the average initial number 

of spores on a single BI. For example, if A is 1 × 106 per BI (before the decontamination) and 

the requirement of 6 log reduction is fulfilled, then the average number of surviving spores 

(after the decontamination) is one (λ = 1).  

 

Firstly, the probability of not finding a specific BI positive (X = 0) is 

0 11
( 0)

0!

e
P X



  . (3) 

The probability of finding it positive (X > 0) is for λ = 1: 

( 0) 1 ( 0) 1 0.632P X P X e        . (4) 

In the following parts of the Thesis, 𝜋(𝜆) notation will be used instead of P(X > 0), referring to 

the connection with the Poisson distribution (Equation 1). 

 This result means that if the 6 log reduction requirement is fulfilled, still more than a half 

of the located BIs can be positive. Commonly used BIs have 2 to 4×106 deposited spores, but 

according to Tim Coles, this number is 5×106.  
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 In Figure 1, it can be well seen that if the initial number of spores is 2×106 per BI, the 

probability of finding a BI positive is 86% by 6 log reduction. It means that 9 positive BIs from 

10 is acceptable if the aim is to achieve the 6 log reduction criterion. 

 

Figure 1 The probability of being a BI positive (because of the non-sterility) depending on the log-

reduction by different initial numbers of spores 

 In practice, the task is to give an acceptance limit to the acceptable number of positive 

BIs. The probability of being a BI positive is equal to the probability of n from the deposited N 

piece of BIs will be positive after the decontamination follows binomial distribution. 

( ( ), ) ( ) (1 ( ))k N kN
P n k N

k
       

   
 

 (5) 

 Where the 𝜋(𝜆) denotes the probability of finding a BI positive because of the 

nonsterility. The simplest way of the calculation is if it is assumed that the BI positivity is 

caused by the inappropriate decontamination only. However, the question of the reasonable 

number of positive BIs is further complicated by the fact that using BI discs in a chemical 

decontamination cycle (such as the VHP decontamination) may eventuate “unexpected positive 

BIs” [13]. 
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2.  Rogue BIs 

In fact, the chance of being killed is not the same for all spores. A widely accepted model 

assumes that some spores are in bugs (clumps) or in multiple layers [14]. This means that viable 

microorganisms may remain in the middle of bugs, and this can result in positive BIs by the 

growth test even if the mean purpose surface decontamination is otherwise fulfilled [15]. This 

phenomenon is referred to as “rogue” spores on the surface of BIs in various publications [7] 

[13] [16]. 

The failure rate of BIs (that is to say, the rate of the BIs with rogue spores) has been 

reported at between 0.3% and 2% of all BIs [17]. If spores in bugs are also assumed, the 

appearance of positive BIs may be attributed either to these spores in bugs or to those surviving 

on the surface of BI. The growth of the spores in bugs is the same as the spores, which are 

deposited in monolayers on the surface. In concordance, the growth of the rogue spores may 

not be distinguished. According to the available literature, the only way to realise the presence 

of rogues is to apply more BIs in one position [18].  

Thus, since the number of surviving spores after proper surface sanitization is higher; the 

acceptance limit must be higher as well.  

The question is the connection between the probability of being a BI positive,  

and the log reduction considering the aggregation‐caused BI positivity, as well. The calculation 

is based on the probability of simultaneous occurrences of 2 independent events: no BI positive 

occurs either due to the aggregation or to the surface nonsterility. The probability of the BI 

being not positive caused by the aggregation is 1 agr . The probability of the BI being not 

positive caused by the surface nonsterility is 1 ( )  . Thus, the probability of not being a BI 

positive is calculated as  (1 ) 1 ( )agr    . 

The probability of being a BI positive is 

1 (1 )(1 ( ))BI agr        (6) 

Based on Equations 2 and 4 𝜋(𝜆) is (if the number of deposited spores is A= 2x106 per BI): 

𝜋(𝜆) = 1 − ex p(−2 ∙ 10 ) (7) 

The connection between the probability of being a BI positive (𝜋 ) , the aggregation-caused 

BI positivity (𝜋 ) and the log reduction (LR) can be written as:  

𝜋 = 1 − 1 − 𝜋 1 − 1 − 𝑒𝑥𝑝(−2 ∙ 10 )  (8) 
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Because of the aggregation, the probability of being a BI positive is higher due to the non-

sterility only. Thus, if the aim is to detect the 6 log reduction while accepting the success of the 

decontamination, it is even more hopeless with currently used BIs.  

3. Evaluation of sampling plans 

In industrial practice there are two broad approaches: single or triplicate BIs are deposited 

in a single site of the equipment.  In this section, examples for these two approaches for the 

total kill and the 6 log reduction criteria will be evaluated. The elements of the sampling plan 

which is used here for illustration: 

 number of sites 

 number of BIs deposited to a site (single, triplicate) 

 number (fraction) of potentially critical positions 

 initial number of spores on a BI (2-5x106) 

 proportion of BIs containing rogue spores (0.3% is assumed) 

 required extent of sanitization (6 or 4 log reduction, total kill) 

 allowed error probabilities (α, β). 

The targeted probability of error of first kind is (α) 5%, while the acceptable limit of the 

probability of error of the second kind may be considered as 10% (or 20%). The initial number 

of spores on a BI is assumed as 2x106 in every case of the calculation.  

3.1. The single BI approach 

One conceivable way to verify the success of a decontamination cycle with BIs is using 

a single BI in each position. The number of deposited BIs usually depends on the size of the 

equipment. If the isolator is larger than 4 m3, 30 to 50 or more BIs are needed, but the typical 

number of located BIs are 25-30 [6]. According to this, during the further calculation  

N=30 is supposed. 
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3.1.1. Total kill 

This requirement means that the probability of being a BI positive should not be higher 

than the probability of being a BI positive due to aggregation only, i.e. there are no living spores 

on the surface caused by the non-sterility. 

Suppose that the ratio of rogue spores is 0.3%. The hypothesis pair for this case:  

𝐻 : 𝜋 ≤ 𝜋 = 0.003 𝐻 : 𝜋 > 𝜋 = 0.003 (9) 

Different rogue-ratio cases may be used instead of that specified in Equation 9. The definitions 

of the two kinds of error can be found in Table 1. 

Table 1 Error of two kinds in the case of initial and reformulated null hypothesis 

Error of 

first kind 

(α) 

Total kill 

Error of first kind is committed if the decontamination is considered 

unsuccessful (the number of positive BIs exceeds a predefined 

limit) when the null hypothesis is true (the probability of being a BI 

positive is not higher than the probability of being a BI positive 

because of the aggregation). This type of error is fixed at 5% means 

that the chance of rejecting the true null hypothesis is about  

5 in 100. 

6 log-

reduction 

The erroneous rejection of a good decontamination cycle  

(6 log-reduction is fulfilled). 

Error of 

second 

kind (β) 

Total kill 

Error of second kind occurs if the decontamination cycle is qualified 

acceptable (the number of positive BIs remains below a predefined 

limit) when the probability of finding a BI positive exceeds that 

explained by the aggregation (0.003 is used here). The probability 

of false acceptance of the null hypothesis is 10% (or 20%) meaning 

that the chance of accepting the false  

null hypothesis is about 10 (or 20) in 100.  

6 log 

reduction 

The probability of accepting a decontamination cycle if  

the 6 log reduction requirement is not fulfilled. 
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3.1.1.1. Error of first kind 

The probability of the false rejection of the cycle can be calculated by  

Equation 10: 

𝛼 = 𝑃(𝑛 > 𝐴𝑐) = 1 − 𝑃(𝑛 ≤ 𝐴𝑐) = 1 − ∑ 𝑃(𝑛 = 𝑘|𝜋 , 𝑁) (10) 

Where π0 signs the probability of being a BI positive (based on Eq. 9 it is 𝜋 = 0.003), Ac is 

the acceptance limit (the maximum acceptable number of positive BIs). 

Table 2 shows some results for representative rogue rates and acceptance limits. E.g. the 

probability of finding one or more spores alive in BIs (Ac= 1) is 0.37%, if the proportion of BIs 

containing bugs is 0.3%. That is, if the Ac acceptance limit is chosen as 1, the chance of 

committing error of first kind is 0.37%. The grey cells show the first cases where the probability 

of error of first kind is below 5% that is these acceptance limits are to be chosen.  

Table 2 Probability of error of first kind for different rogue-ratio cases, N=30, simple BI, total kill 

 
 

In bugs (𝜋 ): 

Ac 0.3% 0.1% 0.05% 0.03% 0.01% 

0 0.08619 0.02957 0.01489 0.00896 0.00299 

1 0.00370 0.0004 0.00011 3.89x10-5 4.34x10-6 

2 0.00010 3.98x10-6 5.02x10-7 1.09x10-7 4.05x10-9 

3 2.09x10-6 2.68x10-8 1.70x10-9 2.21x10-10 2.73x10-12 

4 3.25x10-8 1.40x10-10 4.41x10-14 3.43x10-13 1.11x10-15 
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3.1.1.2.  Error of second kind  

The probability of error of second kind was calculated using two different model 

assumptions: 

 the chance remaining contamination is equal for all positions; 

 there are one or more (max. 10) more risky positions from among 30. 

 

First model: The chance of remaining contamination is equal for all positions  

Equation 11 is used for the calculation: 

𝛽 = ∑ 𝑃(𝑛 = 𝑘|𝜋, 𝑁) (11) 

Where the 𝜋 is the increased probability of being a BI positive compared to the 𝜋  value (more 

risky position). To provide a picture as complete as possible, other indicator sizes are illustrated. 

Figure 2 shows that the probability of being a BI positive is needed to be higher (even if 

the sample size is much greater) in order to the safe recognition of the not acceptable 

decontamination. 

 

Figure 2 The probability of accepting the decontamination depending on the probability of being a BI 

positive by acceptance criteria and sample sizes, respectively 
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Second model: one or more critical positions  

The probability of error of second kind depends on the sample size, on the number of 

critical positions and on the level of criticality (the position is less or more risky) as well.  

The usable formula is: 

𝛽 = ∑ 𝑃(
( , )

𝑛 = 𝑛|𝜋, 𝑏) ∙ 𝑃(𝑛 ≤ 𝐴𝑐 − 𝑛|𝜋 , 𝑁 − 𝑏) (12) 

Where 𝜋  is the probability of a BI being positive in the less risky positions (e.g. 0.003), 𝜋 is 

the probability of a BI being positive in the more risky positions (this value is higher than 

0.003),  𝑛  marks the number of more risky positions, and 𝑛  denotes the number of remaining 

(less risky) positions. 

 

Figure 3 The probability of accepting the decontamination depending on the probability of being a BI 

positive for the cases of N=30 and N=270 BIs by different b numbers of critical positions 

Figure 3 shows the probability of the acceptance of the decontamination cycle as a 

function of the probability of being a BI positive (the more risky the position is) for N=30 Ac=1 

and N=270, Ac=3, respectively. The parameter of the curves is the number of critical positions 

(b=1, 2, 5, 10). If the number of BIs is N=30 or N=270 the conclusion is the same: by small 

number of more risky positions (b=1, 2) the acceptance of the decontamination cycle is certain. 

Thus, the probability of error of second kind (false acceptance of the cycle that does not achieve 
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the total kill requirement) is very high; there is no chance to recognise if the decontamination 

is unsuccessful.   

For example, only if the number of more risky positions (b=10) and the probability of 

being a BI positive was approximately 60% (the decontamination is very unsuccessful)  

the probability of accepting the decontamination would be below 5%. The general conclusion 

for the total kill requirement is that using a single BI in each position, there is no proper 

acceptance limit with reasonable error rates (error of the first and the second kind), having any 

proportion in bugs. If the probability of error of first kind is defined at 5% as usual, the error 

rate of the second kind will be above 90%, which is unacceptable.  

3.1.2. 6 log reduction 

Another possible criterion for the success of the decontamination cycle is the 6 log 

reduction. In the above-mentioned cases, the probability of being a BI positive was illustrated 

on the abscissa of the diagrams. From here it might be an advantage to use the log reduction as 

independent variable. It is possible to convert the probability of being a BI positive into log 

reduction (for a rogue-ratio case) with Equation 2 and 8.  

Hence, the proper alternative statement of the null hypothesis is formulated with the λ 

parameter: 

𝐻 : 𝜆 ≤ 1 𝐻 : 𝜆 > 1 (13) 

In this case, the definitions of the two kinds of error are shown in Table 1. 

Figure 4 shows the probability of accepting the decontamination cycle depending on the 

extent of the log reduction. Notation 1_30 means that there are N=30 deposited BIs in the 

equipment and the acceptable number of positive BIs is Ac=1.  
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Figure 4 The probability of accepting the decontamination cycle depending on the log-reduction 

(N=30) 

In terms of probability of error of first kind (erroneous rejection of an acceptable 

decontamination cycle), the conclusion is that if the reduction is 6 log or 7 log by strict 

acceptance limits (Ac=0…10) it is almost certain that the cycle will be declared  

as non-conforming. This fact is unacceptable from the perspective of the manufacturer but safe 

for the customer since accepting a non-conforming decontamination cycle is negligible.  

Only if the acceptance limit is very permissive (Ac=20, i.e. 2/3 part of the located BIs  

can be positive) may it be possible to approach the 6 log reduction requirement. 

3.2. Triplicate BI approach 

It was found out above that the use of single BIs in each position is not appropriate either 

for the point of view of total kill requirement, nor for the case of 6 log reduction criterion. 

Precariousness affects not only the qualifications of BIs but also the verifying the success of 

the decontamination cycle. Due to the phenomenon of rogue BIs some measure during the 

validation of the bio-decontamination cycle is needed. According to a case study by Phil 

Templeton, using a single BI in each position is statistically unreliable [10] [19]. 
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If one BI were to be placed at the appointed (critical) locations of RABS, it would not be 

possible to know why the BI is positive after the turbidity test. There is a chance to have a 

serious problem with the decontamination at the tested point of the equipment (so a lot of, 

maybe all spores survived the bio-decontamination) but it is also possible, that only one viable 

spore caused the positive result. To clarify this situation not one but several BIs should be used 

[19]. As before, the case of triplicate BI for the two requirements (total kill, 6 log reduction) 

will be evaluated. The requirement is to have at most Ac number of positive BIs and in one 

position at most 1 can be positive from the 3 BIs. According to this, the applied functions are 

changed compared to the single BI approach. 

3.2.1. Total kill 

To remind, the null hypothesis is: 

𝐻 : 𝜋 ≤ 𝜋 = 0.003 𝐻 : 𝜋 > 𝜋 = 0.003 (14) 

Where the 𝜋 denotes the probability of being a BI positive. It should be noted that this 

probability is not equal to 0 even if the requirement is the total kill of spores since this value 

contains the probability of being a BI positive caused by the non-sterility and the probability of 

rogue spores caused BI positivity, as well.  

3.2.1.1. Error of first kind 

Based on the above-mentioned criteria, the probability of error of first kind as the 

multiplication of two independent events can be calculated. The independence means that the 

positivity of the BIs is independent from each other. Moreover, in this part it is assumed that 

the probability of the positivity is equal to each BIs. Thus, the probability of having k positive 

BIs from the deposited N and all the k positive BIs are in different position should be calculated 

as the following: 

𝑃(𝑛 = 𝑘|𝜋 , 𝑁)
∙

 (15) 

This multiplication should be summarized for each k to give the probability of the acceptance 

criteria is met. (The upper limit of the k is given by the Ac value.)  
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The probability of error of first kind is the opposite event of that: 

𝛼 = 1 − ∑ 𝑃(𝑛 = 𝑘|𝜋 , 𝑁)
∙

  (16) 

In Table 3, the highlighted cells show the first cases where the probability of error of the first 

kind (false detection) is still below 5%, these are the acceptance limits to be chosen.  

Table 3 Probability of error of first kind (Eq. 16) for different rogue-ratio cases, N=3∙30,  

triplicate BI, total kill 
 

In bugs: 

Ac 0.3% 0.1% 0.05% 0.03% 0.01% 

0 0.23693 0.08611 0.044013 0.026643 0.00896 

1 0.030281 0.003778 0.000972 0.000354 3.98x10-5 

2 0.003233 0.000192 3.57x10-5 1.10x10-5 1.01x10-6 

3 0.000954 9.20x10-5 2.26x10-5 8.12x10-6 9.00x10-7 

4 0.000815 9.00x10-5 2.25x10-5 8.10x10-6 9.00x10-7 

5 0.000808 8.99x10-5 2.25x10-5 8.10x10-6 9.00x10-7 

 

If the decontamination is to be rejected using BI containing 0.3% bugs and N=3∙30 Ac=1 

is the acceptance limit, the probability of qualifying a conforming cycle as unsuccessful is 3% 

in this case. 

3.2.1.2. Error of second kind 

First model: The chance of remaining contamination is equal for all positions  

An error of second kind is made if the cycle is accepted as conforming (the proportion of 

positive BIs does not exceed 0.3%), when it is not held. The probability of error of second kind 

may only be calculated for an assumed 𝜋 rate of BIs containing living spores.  

Based on the Eq. 16 the calculation formula is: 

𝛽 = ∑ 𝑃(𝑛 = 𝑘|𝜋, 𝑁)
/

 (17) 
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The results of the calculation are summarized in Table 4. 

Table 4 Probability of error of second kind, the rogue-ratio is 0.03% 

𝝅 N=3∙30, Ac=1 N=3∙40, Ac=2 

0.01 0.773 0.877 

0.02 0.460 0.564 

0.03 0.244 0.295 

0.04 0.121 0.136 

0.05 0.057 0.057 

0.10 8.40x10-4 3.30x10-4 

The conclusion is that if 3 BIs are put to each of the 30 positions (or 40) positions contamination 

above 5% is safely detected.  

Second model: one or more critical position  

Figure 5 shows the probability of acceptance depending on the probability of finding a 

BI positive for the case of N=3∙30, Ac=1. 

If there is a single critical position (b=1) in the equipment there is actually no chance to 

detect the not appropriate decontamination. If there are b=10 critical positions and the 

probability of finding a BI positive in any of them is very high (15% or more) the probability 

of acceptance is lower than 5%. All in all, from the outcomes of this section, it can be concluded 

that the examined criterion gives acceptable results in one case only: if the probability of being 

a BI positive is extremely high (the critical positions are extremely critical). 
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Figure 5 The probability of finding a BI positive for several (b) critical position cases, N=3∙30 

3.2.2. 6 log reduction 

In this case the null hypothesis is:  𝐻 : 𝜆 ≤ 1, which means that the log reduction is  

at least 6. 

Tim Coles mentions that: “One strategy requires triplicate BIs at each site. It can be shown 

statistically that if two out of three BIs at a site are killed then log 6 reduction has taken place.” 

In this section this statement will be examined, that is to say the cycle is considered appropriate 

if at most 1 BI will be positive from 3 in a specific position (acceptance criterion). 

The first step to calculate the probability of acceptance is to know the probability of 

maximum 1 BI being positive from 3 BIs in a specific position. This is done through the 

connection between the probability of being a BI positive, the aggregation and the log reduction 

(Equation 8). Table 5 gives these probabilities for 0.3% rogue-ratio.  
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Table 5 The results of the calculation of finding minimum 2 positive BIs from the 3 deposited in a 

specific position and from 120 deposited in 40 position, the rogue-ratio is 0.3% 

LR λ 𝑃(𝑋 > 0)  𝑃(𝑛 ≤ 1)  

3 BI in one 

position 

120 BI in 40 

position 

𝑃(𝑛 ≥ 2)  𝑃(𝑛 ≥ 2)  

4 102 1.000 0.000 1.000 1.0000 

5 10 1.000 0.000 1.000 1.0000 

6 1 0.865 0.050 0.950 1.0000 

7 10-1 0.184 0.911 0.089 0.9758 

8 10-2 0.023 0.999 0.002 0.0593 

aProbability of being a BI positive 

bAt most 1 positive from 3 BIs in a specific position 

cMin. 2 positive from 3 BIs in a specific position 

dMin. 2 positive in at least 1 position from among 40 

Looking at only one position (where 3 BIs are placed) in the RABS the probability of 

finding maximum 1 positive from among 3 by 6 log reduction is approximately 5%.  

At 7 or 8 log reduction this probability is higher. The next step is to calculate the probabilities 

of all positions in the RABS together. Conformance is stated only if none of the positions show 

multiple occurrences. The sixth column gives the probability of finding at least 1 position from 

among 40 with at least 2 positive results, that is the probability of stating non-conformance. 

The conclusion is that in case of 6 log reduction, the probability of error of the first kind 

(finding at least 2 positive results at a position thus rejecting the hypothesis of conforming VHP) 

is very high (almost sure). It becomes negligible only with 8 log reduction or above (bad for 

the manufacturer of BI). If the ratio of rogue BIs is low (0.3%), the probability of rejecting by  

8 log reduction is still 6%. If the ratio of rogue BIs is high (5%) the probability of rejecting by 

8 log reduction is 42%, which result is unacceptable. 
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Figure 6 A presents the probability of acceptance as a function of LR if the rogue ratio is 

0.3%. For comparison results with much higher BI are also shown. In this case the probability 

of error of first kind (at least 2 are found to be positive from among 3 at a certain position) is 

very high (almost sure), this is unacceptable for the manufacturer of the BI since the 

manufactured BI is unusable for the detection of 6 log-reduction criterion. 

If the reduction is not sufficient, there is practically no chance of accepting it, based on 

this criterion, thus the probability of error of second kind (accepting the hypothesis of 

conforming VHP when it is not) is negligible (good for the customer who will use the aseptic 

product). If the ratio of rogue BIs is higher (5%, see in Figure 6 B) the probability of acceptance 

is approximately 75% by 10 log reduction (that is the 6 log requirement is 10000 times 

surpassed). The probability of error of first kind (the rejecting of the cycle while it achieves the 

6 log reduction criterion) is too high (almost 25%), which fact is unacceptable from the aseptic 

manufacturer’s point of view. 

Thus, the conclusion can be drawn that maximum 1 positive from among 3 at any position 

acceptance criterion is too strict for deciding the conformance of decontamination in the context 

of 6 log reduction criterion. 
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Figure 6 The probability of the acceptance of the decontamination depending on the log-reduction for 

N=3∙40 and N=3∙30 case, rogue-ratio is 0.003 (A) and 0.05 (B) 
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Summary of the Part I 

In the first part of the Thesis, the statistical evaluation of a vaporized hydrogen peroxide 

bio-decontamination cycle was investigated. Several issues have been raised connected to  

the use of biological indicators. One of them is the phenomenon of rogue spores which may 

cause the positivity of the BIs. Another one is in the current praxis the decision about the success 

of decontamination is based on the good engineering guess (a given number of positive BIs 

after the bio-decontamination cycle), and not on sound decision theory statistics. 

A risk analysis method was proposed to evaluate the success of the bio-decontamination 

process which is based on the statistical calculations. This is the first ever application of 

attribute sampling plan in the field of the evaluation of VHP bio-decontamination cycle. 

Moreover, considering this problem in the context of hypothesis testing, generally valid 

functions have been derived to calculate the probability of erroneous decisions.  

In concordance with the heuristic proposals, it was found that depositing single BIs is not 

a proper method. Table 6 shows the probability of being a BI positive and the probability of 

acceptance for different requirements if the BI positivity is caused by the nonsterility or it is 

caused by the nonsterility and rogue spores. The number of deposited BIs in one position is 30 

or 3∙30, Ac=1 was applied for the single BI approach and Ac=4 was applied for the triplicate BI 

approach in this calculation. Even if the reduction is 6 log or 7 log it is almost sure that the 

cycle will be declared as non-conforming; the probability of acceptance is higher than 80% by 

the 8 log-reduction and above.  

Table 6 The probability of being a BI positive and the probability of accepting the decontamination 

cycle, single and triplicate BI approaches 

 BI positivity caused by non-sterility BI positivity caused by non-sterility + 
Rogue sporesa 

Criteria 
Probability 
of being a 
BI positive 

Probability of 
acceptance 

Probability 
of being a 
BI positive 

Probability of 
acceptance 

Single BIb 
Triplicate 

BIc 
Single BIb Triplicate 

BIc 
6 log-

reduction 
0.8647 0 0 0.8651 0 0 

8 log-
reduction 

0.0198 0.8814 0.9404 0.0227 0.8516 0.9141 

Total-kill 0 1 1 0.003 0.9963 0.9991 
a Rogue rate is supposed to be 0.003. 

b Ac=1, N=30            

c Ac=4, N=3∙30, all position is assumed to be equally risky 
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Depositing triple BIs and considering 6 log reduction requirement the probability of false 

rejection of the success of decontamination is very high (almost sure). It becomes negligible 

only with 8 log reduction or above. This means that the 6 log reduction requirement is simply 

improper. Taking this suggestion seriously it is necessary to change  

the requirement and the calculation methods. 

In future work, the two models can be refined with considering the other possible causes 

which may result positive BIs: for example, the changing resistance or the inappropriate 

handling of the BIs.  

As it was seen before, the rogue rate is not adjustable at least from the aseptic 

manufacturer point of view who is the customer in this case. Regarding the crucial importance 

of the quality of BI lots in the aseptic processes, the lots must be qualified by the BI 

manufacturer. This qualification can be made with another acceptance sampling plan based on 

another binomial distribution (the BI is defective or not).  
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Part II 
 

Tolerance limit-based estimation of the proportion of non-
conforming parts in industrial processes 
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4. Estimation of the proportion of non-conforming parts in industrial 
processes  

To characterize the proportion of non-conforming parts in industrial processes is a 

specific statistical problem since the question concerns a certain probability of a (output) 

distribution. The task is to calculate the probability of being out of given limits (quantiles). To 

do this, a probability model is needed. This conceptually difficult task has been facilitated by 

the statistical capability indices by which a breakthrough has been achieved. The simplest 

model in the case of continuous quality characteristic is a single normal distribution but the 

reality is much more complex, however.  

In this part of the Thesis, the probability models and their criticism will be presented. 

After that, the newly proposed method for the estimation of the proportion of non-conforming 

parts and its properties will be discussed through concrete industrial examples with simulation 

studies.  

4.1. Process capability indices and their probability models 

Statistical methods are widespread in the field of quality management. This spread was 

effectively served by statistical indices like 𝐶 , 𝐶  , 𝑃 , 𝑃  which are included in statistical 

software (Minitab [20], TIBCO Statistica [21]) and standards [22], guidelines [23] [24] [25] 

etc., as well. They are also related to the Six Sigma [26] approach.  

The process capability (or performance) indices measure primarily the relationship 

between the specification interval (USL-LSL) and the variability of the process (6σ) [27]. The 

actual aim of the process capability indices (PCIs) is to give information about the proportion 

of non-conforming parts without the explicit use of statistical terms.  

One of the most popular indices is the potential capability (𝐶 ):  

6P

USL LSL
C




  (18) 

where USL is the upper specification limit, LSL is the lower specification limit, the  is the 

square root of the variance of the (normal) distribution of the quality characteristic [28]. In this 

term, the parameters of the distribution are assumed to be known. In the practice, the parameters 

of the distribution are usually estimated based on a dataset, thus one may consider the 

uncertainty of 𝐶  (in the form of the confidence range) due to the imperfect knowledge of .  
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Calculating a confidence interval for the 𝐶  is simple [29]: 

2 2

1 , 1 , 1
2 2ˆ ˆ 1

1 1

n n

P P PP C C C
n n

  


  

 
 

      
 

 (19) 

Where 𝐶  is the estimated value of the 𝐶  , 𝜒
,

 is the 1 −  quantile of the chi-square 

distribution having n-1 degrees of freedom, n is the number of data points, α is the significance 

level.  

𝐶  as potential capability proved to be a most useful expression. It is easy to use 

(communicate) among those who are familiar with this parlour. Due to the simple usage, one is 

not necessarily forced to consider the specific assumptions/conditions of the capability indices 

[30]. The advantageous properties are valid only if the model is sound. Namely the following 

assumptions should be fulfilled [31]:  

 The process is in control - it means that assignable cause is not present. 

 The quality characteristic of interest is a normally distributed random variable with well-

defined parameters (μ and σ).  

 The expected value of the quality characteristic of interests is equal to the midpoint of 

the specification interval which is the so-called target (T) value (𝜇 = 𝑇 =  ).  

If the last assumption is not fulfilled the 𝐶  index should be used [32]: 

min ,
3 3PK

USL LSL
C

 
 
    

 
 (20) 

where
  

3PU

USL
C





  and  

3PL

LSL
C





 .  

The 𝐶  index gives the so called demonstrated excellence and it is still useful in giving 

a “gut feeling” of quality level [33]. It is not that closely connected to the non-conforming ratio, 

however. The concept of 𝐶  is useless unless certain (or maximum) extent of the  shift 
T






 

43 

 

is assumed. This is still not far from reality in quality engineering. It is also possible that only 

one-sided specification is given. In this case, the 𝐶  is equal to the 𝐶   or the 𝐶  value. 

The fractions of non-conforming may be transformed to capability indices [27]. To do 

this, it is necessary to define the probability model behind the index. As we have seen before, 

in the case of 𝐶  values this default model is a normal distribution with well-defined parameters. 

Figure 7 shows that simple and well-known probability model of the 𝐶  index. The horizontal 

axis represents time (t) and the global Gauss curve is not connected to this axis (it does not 

express temporality). 

 

 
 

Figure 7 The probability model of the 𝐶  index 

If the quality characteristic is normally distributed and the process is centered in the 

midpoint of the specifications (USL+LSL)/2, then the proportion non-conforming items equals 

2Φ(−3𝐶 ), where Φ(∙) denotes the standard normal distribution function [34]. If the probability 

model behind the investigated process is different from normal, then the proportion of non-

conforming parts can still be calculated according to this other model; it will correspond to the 

sum of the areas of the probability density of x below the LSL and above the USL. 

In the model of 𝐶  there is a single source of variability, and the quality characteristic 

of interest is also a normally distributed random variable. But the expected value of the 

distribution is not necessarily equal the midpoint of the specification interval i.e. the process is 

shifted [30].  Figure 8 depicts the probability model of 𝐶 where the horizontal axis, similarly 

to Figure 1, represents time (t), and the joint distribution is not connected to this axis. The 

presented Gauss curves here have identical distributions with the same parameters i.e. 

𝒩(𝜇, 𝜎 ). 
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Figure 8 The probability model of the 𝐶  index with the specification interval 

If the probability model behind the investigated process differs from this one, the 𝐶  index 

is not in concordance with the proportion of non-conforming items. It actually means that the 

𝐶  index is not able to give feasible information about the process capability (i.e. proportion of 

non-conforming parts). The question of interest is still the non-conforming rate, however. 𝐶  

does not give the rate of non-conforming parts unequivocally as different rates of non-

conforming could correspond to the same 𝐶  values [35]. 

The conventional expression of 𝐶  is based on the normal distribution, but in practical 

applications there are many cases when the quality characteristic of interest is not a normally 

distributed random variable [36] [37]. Thus, the calculation of the 𝐶  index is needed to be 

generalized for broader range of distributions: 

P
p p

USL LSL
C

U L





 (21) 

where 𝑈  belongs to the 99.865% probability of the given distribution and 𝐿  notes the value 

of the distribution by 0.135% probability.  
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4.2. Process performance indices and their probability models 

The process capability is often analysed based on consecutive (and not single) samples. 

In this case, the variance may be estimated either from the whole dataset or based on the within 

sample variance. If the process is not in control, these two estimates are not equal. It should be 

noted that, in Shewhart concept the process capability calculation makes sense only if the 

process is in control. In spite of that, in present manufacturing practice the indices are used if 

the process is not stable in the Shewhart sense [31].  

The long-term variability (𝜎 ) is used rather than short term variability in the concept of 

process performance index (𝑃 ) [31]: 

6P
LT

USL LSL
P




  (22) 

Where 𝜎  means the standard deviation, which is obtained if the process is operated long run. 

The usual standard deviation of the sample is used to estimate it. Thus, the 𝜎  contains both 

the within sample variance and between sample variance and these variances are inseparable 

from each other. The short-term variance - which is used in the denominator of the 𝐶  index – 

is at the most as high as the long-term variance. Thus, the 𝐶  index (i.e. the process capability) 

is always higher or equal to the 𝑃  value (i.e. the process performance) [39].  

If the expected value of the quality characteristic is not equal to the target value, the PPK 

index may be used (similarly to the 𝐶 ): 

min ,
3 3PK

LT LT

USL LSL
P

 
 

  
  

 
. (23) 

The probability model of the 𝑃  (see Figure 2) mimics that there is only one normally 

distributed random variable which has 𝜎  variance, and this assumption is not conform to the 

explanation behind. In Figure 9 the narrower normal curves represent short term distributions 

and the wider one represents the joint distribution which is considered to be 𝒩(𝜇, 𝜎 ). 
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Figure 9 The within distributions with the curve of the assumed overall distribution if the 𝑃  index is 

used 

This model is only one example from the many different probability models which may be 

behind the process performance index. This fact implies that the proportion of non-conforming 

parts may be different from one model to another while the value of the process performance 

index remains unchanged. 

4.3. The criticism of the conventional (statistical index-based) estimation 

methods of the rate of non-conforming parts 

In sections 4.1. and 4.2. the conventional way of the evaluation of process capability has 

been introduced. As we have seen, the use of 𝐶 , 𝐶  and 𝑃 , 𝑃  assume a probability model 

behind the quality characteristic of interest of the investigated process. If these assumptions are 

not fulfilled, the indices are not in concordance with the proportion of non-conforming items. 

It actually means that the process capability/performance indices are not able to give feasible 

information about the process capability (i.e. proportion of non-conforming parts). In addition, 

the curve of the overall distribution displayed in Figure 9 is not the valid output distribution of 

the process. This model concerns only the 𝑃  calculation which is totally incorrect. It is usual 

in the automotive industry that suppliers are required to keep certain minimum values of 𝑃 . 

This fact has been already asserted in the literature: Montgomery states [31] referring to the 

work of Kotz and Lovelace [40], that the usage of 𝑃  and 𝑃  is practically statistical terrorism 

which facilitates avoiding the understanding of the process. D.R. Bothe states that performance 

parameters (AIAG) give very little (if any) information on a process, if it is unstable [41], as 

there is no defined output distribution [27]. Despite all these, the application of the process 
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performance idea is illustrated in AIAG guideline [24] by processes where there is an additional 

source of variation (additional to the part-to-part variation).  

To calculate the proportion of non-conforming parts the only sound way is to calculate 

the area (proportion) of the distribution below the LSL and above the USL values using the 

correct/appropriate probability model. In the industrial practice, only a single sample (with 

smaller or lower sample size) is in the hands i.e. the distribution of the quality characteristic 

cannot be assumed to be known. In concordance, if the proportion of non-conforming parts is 

calculated, an estimation method is needed which is able to handle this uncertainty of the 

probability model, as well. The uncertainty of the unknown parameters can be considered if the 

calculation is based on the theory of tolerance interval1. 

In this part of the Thesis my aim is to investigate the properties a tolerance limit-based 

calculation method for the estimation of proportion of non-conforming items. Two examples 

of non-applicability of single distribution are discussed in the following chapters: the first one 

is the model of mixture distributions and the second one is the model of one-way analysis of 

variance with a random factor. The common characteristic of these two models is the multiple 

sources of variability. From the aspect of probability theory, these two models represent two 

different structures: distribution functions are summarized in the case of mixture distributions 

while random variables are added in the case of analysis of variance model. 

After giving the theoretical background of the suggested calculation method, the steps of 

the calculation will be demonstrated with case studies. These illustrate the difference between 

the tolerance limit-based and process performance index-based calculation methods. First, it 

will be assumed that the parameters of the distribution of quality characteristic are known i.e. 

we have sufficiently high amount of data to suppose that the distribution is known. Second, the 

proposed estimation method will be demonstrated on real datasets i.e. in this situation the 

parameters of the distribution of the quality characteristic cannot assumed to be known. Finally, 

a simulation study will be performed for both models to compare the properties of the estimates 

(bias, standard error, root mean square error) of the process performance index-based and the 

tolerance limit-based calculation methods.  

  

 
1 In the English terminology two expression is used for the USL and LSL values: specification limits and 
tolerance limits. However, in this work the “tolerance limit” expression concerns the one-sided limit of 
the tolerance interval. 
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5. Tolerance intervals and their applications 

Although the tolerance interval is a rarely used statistical interval, it has several 

applications in the field of quality control and pharmaceutical industry [42][43][44]. Such 

applications often require the calculation of tolerance intervals for different ANOVA models 

such as random/mixed effect models or nested designs.  

The basic idea of the tolerance interval is to calculate an interval which contains at least 

a specified proportion of the population with a given confidence [42]. The γ-content one-sided 

tolerance interval can be formulated as: 

𝑃[𝑃(𝑋 ≤ 𝑈) ≥ 𝛾] = 1 − 𝛼  (24) 

The opposite side: 

𝑃[𝑃(𝑋 ≥ 𝐿) ≥ 𝛾 ] = 1 − 𝛼 (25) 

where U and L define the upper and lower limits, respectively, and 1 − 𝛼 means the degree of 

confidence. Note that 𝛾 and 𝛾  are used for the two intervals so that the tail areas of the 

population of interest are not necessarily equal.  

Suppose that there is a normally distributed random variable 𝑋~𝒩(𝜇, 𝜎 ). The limits of the 

intervals are based on a single random sample from the population and can be estimated with 

�̅� + 𝑘𝑠 and �̅� − 𝑘 𝑠, respectively, where �̅� is the mean, s is the standard deviation of the sample, 

k is the tolerance factor which belongs to the one-sided tolerance interval for the 𝛾 proportion 

of the population, 𝑘  is the tolerance factor in the case of the one-sided tolerance interval for 

the 𝛾  proportion of the population [42]. The value of the tolerance factor k (k’) is determined 

knowing the 𝛾 (𝛾 ) proportion of the population, the level of confidence and the degrees of 

freedom of the standard deviation. This calculation method assumes single source of variability 

in the process.  

It is highly important that the choice of confidence level should be based on risk analysis i.e. it 

is necessary to weigh the risk of the quantile not being included in the interval (lower confidence 

level) against having a longer interval (higher confidence level). As Meeker et. al. mentioned, 

the analyst must determine the confidence level based upon what seems to be an acceptable 

degree of assurance for each application [42].  
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6. Multiple stream processes  

Multiple stream processes occur in different areas of the industry: filling machines in 

cosmetics, beverage (food filling machine with multiple heads) or pharmaceutical industry 

(container filling on a multiple-head machine), production of rubber hoses by extrusion etc. 

[31][38] [45]. 

In a multiple stream process, the machine has several streams producing in most cases 

identical number of units. However, the distribution of quality characteristic of the parts is often 

different for the streams. One source of this variability is a random cause since the quality 

characteristic is a random variable. The parameters of the distribution of the quality 

characteristic may change from stream to stream, however.  The question of interest is still the 

non-conforming rate. As the PCIs are used generally, it is obvious to use them here, as well. 

Calculating process capability i.e. the non-conforming fraction for multiple stream process is 

not simple, however. The simplest (and totally incorrect) way would be to calculate process 

performance (𝑃  or 𝑃 ) indices without considering the probability model behind the process. 

 

 

Figure 10 The probability model of a multiple stream process with the curve of the assumed joint 

distribution if the 𝑃  index is used (dashed line) and the probability model of the mixture distribution 

(continuous line)  

Figure 10 illustrates schematically a possible correct probability model of the multiple 

stream process (with 4 streams, the weights of the streams are not equal) together with the 

incorrect mutual distribution considered when using the 𝑃  index.  

The use of average 𝐶  value has been proposed for multiple stream processes  

by Bothe [46]. This index takes into consideration both the non-centrality of the process, and 
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multiple streams (mixture distribution). The computation of the proportion of non-conforming 

parts is based on the percentage of the distribution which is out of the specifications by every 

stream (every normal distribution). These individual percentages should be averaged and 

transformed into 𝐶  and 𝐶  values. The minimum from these gives the average 𝐶  index.  

During this calculation, the following assumptions are made: 

 Each stream has the same output rate in the production rate.  

 The probability model is Gaussian for each stream.  

 The parameters of the probability models are known.  

In practice the parameters of the distributions are not known, it is to be estimated from a dataset. 

As it was mentioned before (section 4.1.), the PCIs do not contain explicitly the uncertainty of 

the parameters. Only confidence interval can be given for a PCI as a parameter.  

To define the probability model of a multiple stream process, imagine a situation that 

there is a machine with multiple heads (the number of the heads is finite value), the parts coming 

from these heads are not separated from each other and this mound of data constitutes the 

population, however. The quality characteristic of this population is a random variable 

(following normal distribution in the simplest case), actual value of which depends on the head 

from it is originated. 

6.1. Mixture distribution of Gaussians 

Suppose that x is the quality characteristic of the product which belongs to any head of 

the machine. The density function of the mixture distribution is [47] 

   
1

m

i i
i

f x w x


  (26) 

where i denotes the identification number of the head, 𝜙 (𝑥) is the density function of the 

quality characteristics (x) of the parts from the i-th head, 𝑤  is the output rate of the i-th head.  

The number of heads is finite and countable.
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In this case, the distribution function is a weighted sum, as well: 

1

( ) ( )
m

i i
i

F x w x


   (27) 

where ( )i x  is the distribution function of the quality characteristics (x) of the parts from the 

i-th head,  𝑤  is the output rate of the i-th head. For example, if there is a machine with 8 heads 

and the heads are working with same speed, the output rate of every head is 1/8. This is the 

probability that a randomly chosen part is coming from the i-th head of the machine.   

Let us assume that the ( )i x  is a distribution function of a normally distributed random 

variable e.g. with same variances and different expected values for each head. 

The parameters of the mixture of univariate normal distributions are [47]: 

 
1

m

i i
i

E x w 


   (28) 

and 
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   (29) 

Where the Xi is the quality characteristic of the part from the i-th head, 𝜇  is the expected value 

of the normal distribution for the i-th head, 𝜎  is the variance of the normal distribution for the 

i-th head.  

From the process capability point of view the question of interest is the proportion of non-

conforming parts (out of specification) to the whole mixture distribution (the quality 

characteristic of a sample/part from either head). Thus, the question concerns the quantile of 

the population [48]: 

2 2 2
1 1 1 2 2 2( , ) ( , ) ... ( , )

q q q

n m mw N dx w N dx w N dx P     
  

       (30) 

Where the P denotes the cumulative probability, which belongs to the q quantile of the mixture 

distribution, 𝒩(𝜇 , 𝜎 ) means the density function of the i-th component of the mixture 

distribution. 

 Other papers suggest the use of global and local PCIs [49], multivariate PCI (in the case 

mixture of multivariate normal distributions) [50] to evaluate the capability of a multiple stream 

process. However, the real question is about the tail areas of a supposed distribution which are 
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out of the specification limits. Thus, the novelty of this work is to apply a new, tolerance 

interval-based estimation method to calculate the proportion of non-conforming parts in 

multiple stream processes instead of the use of different type of PCIs. 

The purpose of this part of the Thesis is to describe and examine a tolerance limit-based 

calculation method for the non-conforming fraction in the case of multiple stream processes. 

After having given the theoretical background of the suggested calculation method  

(section 6.2), the steps of the calculation will be demonstrated with a case study (section 6.3) 

along which the difference between the tolerance interval-based and 𝑃 -based method will be 

discussed (section 6.4). Finally, a simulation study will be performed in section 6.5 to compare 

the properties of the estimates (bias, standard error, root mean square error) of the two 

calculation methods.  

6.2. Tolerance limit-based calculation of the proportion of non-conforming 

parts for multiple stream processes 

As we have seen before, with the calculation of capability indices the aim is to estimate 

the proportion of non-conforming parts in the process i.e., to determine the proportion of the 

population that is out of the specification limits. The proportion of non-conforming parts itself 

is the probability of quantile belonging to the specification limit. However, the parameters of 

the (mixture) distribution are not known (only estimates are available based on the sample), 

therefore the quantiles are uncertain. To handle this, during the estimation of the non-

conformity rate the one-sided upper (lower) tolerance limit is supposed to be known which is 

equal to the USL (LSL) value and the proportion of the distribution belonging to this tolerance 

limits are to be calculated. This calculation method is a reversed situation compared to the usual 

tolerance interval calculation problems. 

As described by Owen [51] this problem goes back to the non-central t-distribution i.e.  

 1( 1, ) 1ncP t n z n k n    
. (31) 

Thus, the k parameter can be calculated based on the non-central t-distribution if the number of 

samples (n), the proportion of the distribution (1-γ) and the confidence level (1-α) are given. To 

use the mentioned estimation method the first step is the calculation of the parameter k:  

,1 1( 1, )nct n z n
k

n
  

 .  (32) 
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If the parameter k is known, the 1- γ probability quantile of the non-central t-distribution can be 

calculated from Equation 32. The question is the value of the non-centrality parameter for 

degrees of freedom equal n-1. The calculated non-centrality parameter is divided by √𝑛 
 
to give 

the value of 𝑧 . The γ value is found from the Z-table, as the proportion of the z variable 

higher than the USL value with a certain confidence. The calculation method to define the ratio 

below the LSL value is the same, but the �̅�  −  𝑘′𝑠 = 𝐿𝑆𝐿 equation should be used to calculate 

the k’ parameter. 

6.3. Case study based on real industrial process (Example 1) 

Table 7 shows the mass of samples (in g) from the 8 heads of an automatic food filling 

machine. The dataset is originated from a real industrial process (more details are not available 

because of confidentiality reasons), and it should be noted that we had no access to the real 

process to investigate it. We found it interesting enough for demonstration, however.  

Table 7 The dataset for the Example 1 

sample 
ID 

Head1 Head2 Head3 Head4 Head5 Head6 Head7 Head8 

1 378 375 367 370 384 372 372 371 
2 376 372 362 367 383 373 370 379 
3 372 385 373 372 386 380 374 376 
4 379 375 370 371 385 380 374 375 
5 374 373 362 380 383 372 370 368 
6 352 371 366 370 385 371 377 378 
7 370 377 370 374 385 380 370 370 
8 377 379 367 370 385 372 367 372 
9 370 380 367 373 383 369 373 371 
10 369 374 366 375 383 370 379 369 
11 373 376 374 373 388 372 371 378 
12 375 380 371 377 388 368 376 371 
13 380 375 374 376 386 380 376 370 
14 372 373 375 383 387 378 375 376 
15 380 375 370 374 386 368 373 376 
16 379 372 373 372 386 378 368 374 
17 372 376 369 373 388 381 376 371 
18 368 372 372 375 387 380 380 375 
19 372 370 370 375 386 379 375 371 
20 371 375 383 383 380 379 377 382 
21 370 376 380 376 386 374 375 380 
22 376 373 368 374 386 370 375 380 
23 372 373 372 379 385 381 380 375 
24 375 372 369 370 386 372 379 375 
25 383 380 369 370 386 375 375 373 
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To check the normality of the dataset, normal Q-Q plots were created. Based on that, 

one outlier was detected and removed from the original dataset of HEAD1. Thus, in this case, 

the output rate of the heads differs from each other. There are no preliminary estimates for the 

parameters of the distribution i.e., the situation is a Phase I study2. On the constructed X and 

MR-charts the minimum and maximum values are plotted from each head. These charts (Figure 

11) shows that there is a shift in the 5th head, thus the process is not in control. Also, there are 

other assignable causes on the third head (sample 2 and 5). 

 

Figure 11 The X and MR-charts of the dataset with the minimum and maximum values of the 

sample of heads (the numbers denote the heads from which the sample is originated) 

In view of we had no access to the real process, we could not investigate it and take 

corrective action. For the sake of illustration of the methods, we considered only streams that 

were in control. Thus, the dataset of HEAD5 and two points from HEAD3 were ignored during 

 
2 In a Phase I study the objective is to construct the control limits of the control chart based on the actual dataset 
and to evaluate the process is in control or not during the collection period of the dataset. The constructed limits 
are to be used during the further evaluation of the production process [31]. 
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the calculation of non-conformity rates. Without the mentioned points it makes sense to analyse 

the process capability (i.e. the process is considered in control).   

The quality characteristic in every head varies according to normal distribution with well-

defined parameters by every head. According to the standard, the maximum allowed negative 

deviation (i.e. tolerance) is 3% of the nominal value [52]. The standard does not give an upper 

limit, but it is obviously not acceptable from the producer point of view to exceed a certain limit 

upwards. Using this consideration, the maximum deviation is chosen as 3% in both directions. 

The nominal value is 375g.  

The aim of this analysis is to calculate the ratio of non-conforming for this process. The 

lower specification limit (LSL) is 363.75g, the upper specification limit (USL) is 386.25g. The 

naive estimate (based on the sample) of the proportion of non-conforming parts is 0. 

On account of we would like to demonstrate the calculations with knowing distributional 

parameters, as well, these parameters were taken heuristically based on the dataset and are 

summarized in Table 8. Heuristically means that it is supposed to have a sample size large 

enough, i.e. the uncertainty of the estimates concerning the population parameters is negligible. 

Thus, the heuristic population parameters are predefined near to the averages and standard 

deviations calculated per head based on the 25 elements samples. In practice, the correct 

procedure would be to estimate the population parameters based on a large dataset (historical 

data). Since the dataset is originated approximately 20 years ago, we are not able to proceed the 

correct intervention.  

Table 8 The parameters of the normal distributions for the mass coming from different heads 

 Head1 Head2 Head3 Head4 Head6 Head7 Head8 

Expected 
value 

372 374 369 375 376 373 377 

Variance 18.1 13.5 16.3 15.5 20.1 11.9 14.0 
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6.4. Calculation of the rate of non-conforming parts 

In this section, the calculation of the proportion of non-conforming parts of the above-

mentioned multiple stream process will be presented. First, it will be assumed that the 

parameters of the distribution of the quality characteristic is known for each head. In that case, 

the correct model is known, thus the task is to calculate the true value of the non-conforming 

proportion. In section 6.4.1.2 the calculation will be shown based on an incorrect model to 

illustrate the drawbacks of the conventional 𝑃 -based calculation method. 

In sections 6.4.2.1 and 6.4.2.2, the calculations will be repeated, but in those cases, the 

parameters of the distribution are not known. Only these estimation methods are valid for 

practical cases, but the first one may be a good approximation, as well.  

6.4.1. The case of distribution parameters known 

6.4.1.1. Calculation of the true rate of non-conforming parts based on 

heuristic distribution parameters 

Assume that the parameters of the distributions are known. As the amount of data is not 

sufficiently large to assume the parameters as known, we did this just for the sake of illustration.  

Distributional tests confirmed that the quality characteristic (mass) is normally distributed for 

each head. In view of the expected values and the variances of the distributions on which the 

calculation is based in the standard normal distribution, are assumed to be known.  

Thus, the z value is calculated for each head with the following formula: 

x
z





 . (33) 

If x is substituted with the LSL (or with the USL) value, the result is the z value from which the 

proportion below the LSL (or above the USL) are found. For example, for the first head: 

363.75 372
1.939

18.1
LSL

LSL
z



 

     (34) 

386.25 372
3.349

18.1
USL

USL
z



 

    (35) 

According to the z-table, the proportion below the LSL value is 0.0262 while the proportion 

above the USL is 0.0004. The true rate of non-conforming (based on heuristic population 
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parameters) for the first head is the sum of these probabilities, thus 0.026+0.0004 =0.0266. As 

during this calculation, the parameters of the distributions are assumed to be known, this value 

is considered to be the true rate of non-conforming parts based on heuristic distribution 

parameters of HEAD1. 

Extending this calculation to the other heads, the results i.e., the true rates of non-

conforming parts based on heuristic population parameters for the other heads are shown in 

Table 9. The total rate of non-conforming is their average, thus 0.0223. 

Table 9 The true value of the proportion of non-conforming parts based on heuristic population 

parameters by heads 

 Head1 Head2 Head3 Head4 Head6 Head7 Head8 
Rate of non-
conforming 

parts 
0.0266 0.0031 0.0969 0.0043 0.0142 0.0037 0.0069 

 

6.4.1.2. Illustration of the unsuitability of the PP-based  

calculation method 

To illustrate the drawbacks of the 𝑃  index in the case of multiple stream processes, we 

apply it to the dataset even if it is not sound since it does not take into account the mixture 

distribution of the quality characteristic. 

 In this case, it is assumed that is the data come from a single distribution (what is not 

true) with arbitrarily assumed expected value (374.00) and variance (15.63). The expression 

“arbitrarily assumed” means that the expected value and variance are calculated based on the 

average of the expected values and variances of single heads (which are not known, only 

estimated values are used here). It should be highlighted; these values of the parameters concern 

a distribution that does not actually exist. Our aim with these values is only to illustrate this 

calculation method on the dataset. The expected value is not equal to the nominal value, thus 

𝑃  and 𝑃  should be used here.  

374.00 363.75
0.864

3 3 15.63
PL

LSL
P




 
  


 (36) 

386.25 374.00
1.033

3 3 15.63
PU

USL
P



 

  


 (37) 
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𝑃  is multiplied by 3 gives the z value, which is 2.592. Based on the Z-table the probability of 

being below 2.592 is 0.0048. In the same way, the z value belonging to 𝑃  is 3.099, the 

probability of finding z above this value is 49.71 10 . The non-conforming rate is the sum of 

0.0048 and 49.71 10 , thus equal to 0.0057.  

Comparing the two results it is well seen that the result from the 𝑃 -based method 

(0.0057) is significantly lower than the true rate of non-conforming parts based on heuristic 

distribution parameters (0.0223). Thus, it seems, the 𝑃 -based method underestimates the non-

conforming rate in this case. 

6.4.2. The case of distribution parameters not known 

6.4.2.1. Tolerance limit-based estimation method 

If the parameters of the distributions are not known, as the sample size is not large enough, 

the uncertainty of the parameters is to be considered, as well. The theoretically sound 

calculation method is based on the tolerance limit calculation in this case. The question is (still) 

the probability of the distribution below the LSL and above the USL value. As shown  

in section 2 the first task is to calculate the k parameter from the �̅� + 𝑘𝑠 = 𝑈𝑆𝐿 equation.  

Table 10 contains the averages and the standard deviations for the heads.  

Table 10 The size of samples (n), their average (�̅�) and standard deviation (s) of the mass by heads 

 Head1 Head2 Head3 Head4 Head6 Head7 Head8 

Number of 
samples (n) 

24 25 23 25 25 25 25 

Average  
(�̅�) 

373.4 375.2 371.1 374.1 375.0 374.3 374.2 

Standard 
deviation  

( s ) 
5.96 3.48 4.22 4.04 4.55 3.55 3.82 

 

The out-of-control points are discarded, as in Table 8, but instead of the assumed true 

parameter values here the parameters of the distributions are estimated, using the number of 

data points shown in the table. 

E.g. for the first head the use of �̅� + 𝑘𝑠 = 𝑈𝑆𝐿: 

373.4 5.96 386.25k    (38) 
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The calculated value from the Eq. 38 is k =2.156. The 0.95 probability quantile of the non-

central t-distribution is 2.156 24 10.566k n    . The non-centrality parameter was 

calculated with qt() function of the R software (version 4.0.3.) giving 7.513 in this case. This 

value multiplied by √𝑛  gives the 𝑧  value which is 1.533. From the Z table, the 1-γ is equal 

to 0.9374, thus the γ is 0.0626. This is the tail area of the distribution which is above the USL 

value can be found based on the 95% confidence tolerance limit. To give the proportion of the 

opposite side of the distribution which is under the LSL value (γ’) the calculation method is the 

same. The result is γ’= 0.0874. Thus, for the first head, the estimated proportion of non-

conforming items is γ + γ’=0.0626+0.0874=0.1501. 

The estimated rates of non-conforming from the tolerance limit-based method for every 

head are detailed in Table 11. The weighted average of these values gives the estimated 

proportion of non-conforming items for this multiple stream process: it is 0.0746. 

Table 11 The estimated proportion of non-conforming parts by heads 

  Head1 Head2 Head3 Head4 Head6 Head7 Head8 

Estimated 
proportion of 

non-conforming 
parts 

0.1501 0.0173 0.1944 0.0453 0.0738 0.0212 0.0329 

 

6.4.2.2. The PP-based estimation method 

For the sake of illustration of the incorrect use of the 𝑃  index, calculate the proportion 

of non-conforming items without care of the real structure of the dataset (process) and the 

uncertainty of the estimated parameters of the distribution. Using this method, the 𝑃  would 

be calculated and for the estimation of the ratio of non-conforming 𝑃  and 𝑃  could be used. 

Averaging for the whole dataset the mean is 374.05 and the standard deviation is 4.09. 

374.05 363.75
0.839

3 3 4.09PL

LSL
P
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386.25 374.05
0.994

3 3 4.09PU

USL
P



 

  


 (40) 

Following the steps of the calculation (in section 6.4.1.2.) presented earlier, the estimated value 

of the proportion of non-conforming parts is 0.0059+0.0014=0.0073.  
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Comparing the results of the two estimation methods the capability index-based 

estimation method gives a much lower result for the proportion of non-conforming parts. Earlier 

the true ratio of non-conforming parts based on heuristic population parameters was calculated 

as well (0.0223), thus the bias of the two estimation methods can be obtained. The bias of the 

𝑃 -based method is lower than the bias of the tolerance limit-based method, but we note that 

with this method the proportion of non-conforming parts is underestimated. It should be 

highlighted that these results could be compared only because it was supposed the parameters 

are known. In practice, the parameters are not known, only better or worse estimates are 

available depending on the sample. 

6.5. Simulation study 

To investigate the bias, standard error and root mean square error of the estimates of the 

rate of non-conforming by the two calculation methods, a simulation study was performed using 

R (version 4.0.3.). First, 7 (from HEAD1-4 and HEAD6-8) normally distributed populations 

(with one million repetitions each) were simulated with the parameters given in Table 6. Based 

on the dataset of these simulated populations, the true proportion of non-conforming parts was 

calculated (USL=386.25, LSL=363.75). The following steps were repeated 10000 times: 

random samples of N elements were chosen from the 7 populations, and the proportion of non-

conforming parts were calculated with the  

 tolerance interval-based and  

 PPK -based methods.  

The average of the estimates, the bias (the deviation of the average from the known value of 

the rate of non-conforming parts), the standard error and the root mean square error of the 

estimates for N = 25, 50, 100 and 5000 are shown in Table 12.  
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Table 12 The average, bias, standard error (SE) and root mean square error (RMSE) of the estimates 

of the rate of non-conforming for different sample sizes (N = 25, 50, 100, 5000) 

Estimation method Average of  
the estimates 

Bias SE RMSE 

N=25 
Tolerance interval 0.0753 0.0530 0.0150 0.0551 

PPK 0.0209 -0.0014 0.0065 0.0066 
N=50 

Tolerance interval 0.0522   0.0299   0.0087   0.0312 
PPK 0.0205  -0.0017 0.0046 0.0049 

N=100 
Tolerance interval 0.0402   0.0180   0.0054   0.0187 

PPK 0.0203  -0.0020 0.0032 0.0038 
N=5000 

Tolerance interval 0.0241 0.0018 0.0006 0.0019 
PPK 0.0202 -0.0021 0.0005 0.0022 

 

In case of all the sample sizes investigated, the tolerance interval-based method 

overestimates the rate of non-conforming parts while the 𝑃 -based method underestimates it. 

The absolute value of the bias of the former method is one order of magnitude higher than that 

of the estimate obtained by the 𝑃 -based method. This bias is decreasing with increasing the 

sample size in the case of the tolerance limit-based estimation method and the estimate tends to 

the true value of the proportion of non-conforming parts. Therefore, the tolerance limit-based 

estimation method seems to give asymptotically better estimates than the 𝑃 -based estimation 

method.  

The standard error of the non-conforming rate estimated from the tolerance limit-based 

method is higher than that of the standard error obtained with the 𝑃  methods in the case of 

lower sample sizes. The tolerance interval-based method recognises the uncertainty of the 

parameters of the distribution contrary to the 𝑃  -based method, where this uncertainty is not 

considered.  

To give a more reasonable estimate of the proportion of non-conforming parts instead of 

the conventional 𝑃 -based calculation the suggested tolerance limit-based estimation method 

may be improved. The tolerance-limit based estimation method requires the setting of the 

confidence level which is connected to the actual sample size. In this study, the confidence level 

was fixed at 95% (for one-sided cases). The simulation was extended to another confidence 

level (90% one-sided case). The results indicate that, in the case of lower sample sizes  
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(N = 25, 50, 100) the bias of the tolerance-interval based estimation method is reduced 

compared to the former case while the size of the SE values remained unchanged. 

6.6. Summary for the dataset of multiple stream process 

In section 6.4 the ratio of non-conforming parts in a multiple stream process (Example 1) 

 was calculated based on heuristic distribution parameters, this is the so-called true ratio 

of non-conforming parts here; 

 was estimated with the conventional (process performance index-based) estimation 

method to illustrate the unsuitability of the PPK-index;  

 was estimated with the proposed i.e., tolerance-interval based estimation method.  

The estimated values for the Example 1 in the Table 13 can be found, the true ratio of non-

conforming parts is 0.0223. 

 

Table 13 The estimate of the proportion of non-conforming parts with the naïve,  

the tolerance interval -based and 𝑃  - based methods (Example 1) 

Estimation method 
The estimate of the proportion 

of non-conforming parts 

Naïve estimate  0.0000 

𝑃 -based estimate 0.0073 

Tolerance limits based 0.0746 

 

Based on this evaluation of the dataset it seems the proposed tolerance-interval based estimation 

method overestimates the ratio of non-conforming parts, while the conventional method 

underestimates it.  

To eliminate the uncertainty of the heuristic distribution parameter approach and to evaluate 

the bias, SE and RMSE a simulation study was performed in section 6.5, the results are 

summarized in Table 12. According to this part the main conclusion is that the tolerance limit-

based estimation method gives asymptotically better estimate compared to the conventional 

(PPK-based) estimation method. 
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7. One-way random analysis of variance model 

As it has been mentioned in section 4.3., several probability structures may be behind the 

𝑃  concept. In this section another group of probability model beyond the mixture distribution 

will be presented.  

In this case the summarizing is different compared to the case of mixture distribution 

since two (or more) independent normally distributed random variables are added to each other. 

The result is also a normally distributed random variable in contrast to the mixture distribution 

when the sum of the distributions is not necessarily normal.  

Imagine a situation that the parts produced by an extruder (wet granulation) are taken 

forward to a dryer. In the model of that process, the random effect of the dryer is added to the 

random effect of the extruder. The random effect may be the temperature profile in the extruder 

and the drying air temperature in the dryer. Such kind of process was investigated by us as an 

integrated continuous pharmaceutical technology. During this, a split-plot experimental design 

was used to assess the effect of three factors on the moisture content of the product. The first 

step is to evaluate the proportion of non-conforming parts of a similarly complicated process 

model is to understand the simplest case which is the one-way analysis of variance model. 

7.1. The one-way balanced analysis of variance model  

Consider an experiment which includes a random factor A (e.g. dryers) with a levels.  

It is about the population of dryers, and we take a piece of dryers to make the experiment.  

In these dryers are trays (one tray per dryer) containing tablets (this is the population of the 

tablets). The model of the observations from this experiment can be written as (one-way 

analysis of variance model): 

𝑌 = 𝜇 + 𝛼 + 𝜀  (41) 

where 𝜇 is a reference value of the quality characteristic, 𝑌  is the j-th observation with  

the i-th level of factor A (j=1,…, p), 𝛼  is the effect of the i-th level of factor A (i =1,…, r), 𝜀  

is the error term (including sampling error) which is an independently and identically 

distributed random variable 𝒩(0, 𝜎 ). Whereas A is a random factor and 𝛼  is a normally 

distributed random variable with an expected value of 0 and 𝜎  variance [53]. Furthermore, the 

usual assumptions should be fulfilled [54]:  

 the variance of the error term and that of  𝛼  are constant i.e. equal in each group 

(homoscedasticity); 
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 the 𝜀  errors are independent between groups and within groups; 

 the 𝛼  effects are independent from each other and from the 𝜀  random error. 

According to this model, the quality characteristic of interest is a normally distributed random 

variable with expected value μ and 𝜎 + 𝜎  variance 𝒩(𝜇, 𝜎 + 𝜎  ). 

For the purpose of evaluating the process capability, the output distribution is known  

if the structure and sources of variability are well defined (𝜎  , 𝜎 ), detected and the statistical 

assumptions are fulfilled. Only in this special case does it make sense to speak about the 

characteristics of the output distribution, namely about the proportion of non-conforming parts. 

7.2. Calculating the proportion of non-conforming parts with tolerance 

limits, one-way balanced model 

As we have seen in section 4.2. and 6.3., the real aim of the calculation of process 

capability metrics is to estimate the proportion of the population that is outside  

of the specification limits. Since the distribution parameters are only estimated based on  

a sample, these and the quantile of the distribution are uncertain. In the case mentioned before, 

the estimation of the proportion of non-conforming parts is equivalent to the estimation  

of the quantile of the distribution function for the 𝒩(𝜇, 𝜎 + 𝜎 ) distribution. During  

the calculation – the same as in section 6.3 – the tolerance limits are supposed to be known (i.e. 

these are equal to the USL and LSL values) and the belonging quantiles (and probabilities) 

should be calculated.  

If the above-mentioned (section 7.1.) assumptions of the random factor ANOVA are 

fulfilled, it is justified to calculate the tolerance interval and estimate the ratio of non-

conforming parts. In the case of one-way ANOVA model i.e. 𝒩(𝜇, 𝜎 + 𝜎 ), the calculation  

of the tolerance interval is not simple. One complication is caused by that the estimate of the 

𝜎  (𝜎 ) is calculated from the difference of two mean squares which is not chi-squared 

distributed. An option to solve this problem is to use the Satterthwaite-approximation [55].  

Mee and Owen published a calculation method [56] which is based on this approximation but 

according to the simulation studies it is proved to be highly conservative. This means that, the 

real confidence level is higher than the nominal level thus the calculated interval is wider than 

the exact one would be.  

Better performing (less conservative) methods were proposed by Vangel [57] and later 

by Krishnamoorty and Mathew [58]. The latter method is based on the concept of generalized 

confidence limits and applies Monte Carlo simulation to give an approximate one-sided 
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tolerance limit. In addition, Krishnamoorthy and Peng [59] have developed a calculation 

method which has a closed-form and therefore simulation is not required in the calculation. 

This is the so-called MOVER method (method of variance estimate recovery). Details are 

presented in the Appendix (A1). According to their coverage studies, the MOVER tolerance 

limits are less conservative (more liberal) than the generalized tolerance limits. A conservative 

tolerance interval means that the real coverage probability of the interval is higher than the 

nominal one i.e. the interval is wider than that belonging to the declared probability. When  

the tolerance limits are used, the proportion of non-conforming parts is estimated by one minus  

the coverage probability. Based on the above, the use of a conservative calculation method leads 

to the underestimation of the proportion of the non-conforming parts, thus, a liberal interval is 

the better choice in this situation. Based on these favourable properties, the MOVER method 

will be applied in this part of the Thesis. 

7.3.  Case study based on real industrial process (Example 2) 

Due to confidentiality reasons, I am unable to completely report the dataset as an example. 

The most important partial results will be given; thus, the dataset can be reproduced using  

a simulation.  

In this example one wants to validate a production process, so the ratio of the population 

that is out of the specification limits (rate of non-conforming parts) has to be calculated.  

The model is a balanced one-way ANOVA. Factor A has 10 levels, the overall mean is 8.6731. 

The most important results like the sums of squares (SS), the degrees of freedom (df), the mean 

squares and the estimated variance components are summarized in Table 14.  

Table 14 The analysis of variance table of the investigated dataset (Example 2) 

Effect SS df MS 
Estimated variance 

components 
A (between) 0.0195 9 0.0021 0.0001 

Error (within) 0.0903 90 0.0010 0.0010 

Overall 0.1098 99 0.0011  

The overall mean square is the estimated variance of data without considering the between-

within structure of data, as if there was a single sample given. The naïve estimate of the 

proportion of non-conforming parts (based on the dataset and the predefined specification 

limits) according to the requirements of the product (LSL= 8.6 and USL= 8.9) is 0.0100. 
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7.4. Calculation of the rate of non-conforming parts 

7.4.1. The case of distribution parameters known 

7.4.1.1. Calculation of the true rate of non-conforming parts 

Suppose that the expected value and the variance components (between, within)  

of the output distribution are known. This way the “true value” of the proportion of non-

conforming parts can be calculated. Based on section 7.1, the investigated distribution is normal 

with μ expected value and 𝜎 + 𝜎   variance. The question is the proportion of that population 

which is out of the specification limits (USL and LSL). In this case the lower specification limit 

can be calculated as  

2 2
' A eLSL z      (42) 

Since the expected value, the variances and the specification limit are known, first z  and after 

that γ can be calculated.  

In the case upper specification limit the calculation method is similar to the former but in this 

case the  

2 2
A eUSL z      (43) 

formula should be used. The proportion of non-conforming parts is the sum of γ and γ’. 

For the calculation suppose that the sample is large enough to know the parameters  

of the distribution. In that case, the between variance is 𝜎 = 0.0001 and the within variance 

is 𝜎 = 0.0010. The expected value of the distribution is 8.6731. According to the requirements 

the product is considered conforming if the quality characteristic of interest falls between  

8.6 (LSL) and 8.9 (USL). 

The 'z  can be calculated from Eq. 42: 

'8.6000 8.6731 0.0001 0.0010z    (44) 

From this equation the ' 2.204z   and based on the standard normal distribution the Φ(2.204) 

is 0.0137, this is the γ’ value.  

The z  is calculated by: 

8.9000 8.6731 0.0001 0.0010z    (45) 

Thus, the 6.841z   from this value the γ is practically equal to zero. The “true” value of 

proportion of non-conforming parts is 0.0137. 
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7.4.2. The case of distribution parameters not known 

7.4.2.1. Tolerance limit-based estimation method 

For the purpose of the calculation of one-sided tolerance limits, a function was written  

in R (version 3.6.1.) which is based on the MOVER method (A1). To validate this, for  

an example problem – which is presented by Krishnamoorty and Peng [57] – the tolerance 

limits were reproduced. The results were the same as in the paper published, but later when  

the bias of the estimation method was investigated, it appeared that this function should be 

modified since by higher number of measurements the bias of the calculation method was 

higher. Upon the advice of Professor Jenő Reiczigel, two modifications were made to the above-

mentioned function. The applied confidence level was 90%.  

According to this calculation method, the proportion of non-conforming parts is 0.00286. 

7.4.2.2. PP-based estimation method 

The most convenient (and the conventional) way would be to use the overall variance 

(𝑠 ) of the data to calculate the 𝑃 . In this course of calculation, the standard deviation is 

computed as if the data were obtained from a single population. This procedure is incorrect 

because it does not consider the actual error structure of the dataset.  

𝑠 =
∑ ∑ ( ..)  (46) 

The expected value of the overall variance is 

𝐸(𝑠 ) = 𝜎 + 𝜎  (47) 

(with r levels of factor A and p repeated measurements).  

The long-term variability (LT) is estimated with the overall standard deviation, which is 0.0333. 

In addition, according to the position of the overall mean, the process is shifted,  

thus 𝑃  should be given: 

𝑃 = =
. .

∙ .
= 2.2585 (48) 

𝑃 = =
. .

∙ .
= 0.7311 (49) 

𝑃 = 𝑚𝑖𝑛{𝑃 ; 𝑃 } = 0.7311 (50) 

It should be clarified that, this 𝑃  value does not give any usable information about the process 

in this case but as usual this index should be calculated.  
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The proportion of non-conforming parts in the long term can be calculated using the values  

of the distribution function of the standard normal distribution. Obviously as the true parameters 

are not known, their estimated values (and thus estimate of Z) are substituted. Generally,  

the manufacturers and their customers want to be sure about the minimum of 𝑃 , and this is  

in the actual example the lower limit. In our example the z value is 2.193, obtaining  

the Φ(2.193) value from the Z-table, it is 0.0141. Thus, the estimated proportion of the  

non-conforming parts is 0.0141. 

7.5. Comparison of the results (Example 2) 

The proportion of the non-conforming parts from the three calculation methods are 

summarized in Table 15.  

Table 15 The estimate of the proportion of non-conforming parts with  

the tolerance interval -based and 𝑃  - based methods (Example 2) 

Estimation method 
The estimate of the proportion 

of non-conforming parts 
Naïve estimate 0.0100 

𝑃  with overall std. 0.0141 
Tolerance limits (MOVER 

method) 
0.0029 

 

The proportion of non-conforming parts with the tolerance interval based (sound) calculation 

method is less than half of the result from the approximate 𝑃 -based method. Compare these 

results to the “true” value (0.0137, calculated in section 7.4.1), the conclusion is that the bias 

of the two 𝑃 -based approximations is lower than the tolerance interval-based method.  

The latter method underestimates the rate of non-conforming parts while the former methods 

overestimate it. It is highly important to note that, the deviation between the three methods 

depends on the ratio of variances, number of groups (r) and number of repetitions  

per groups (p). Thus, the mentioned conclusions are valid only for this dataset and only for  

this combination of the parameters. 
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7.6. Simulation study 

According to the advice of Professor Jenő Reiczigel as in the case of the previous model 

(mixture distribution, section 6.5), a simulation study was performed to investigate the 

properties of the estimates (bias, standard error, root mean square error) by the two calculation 

methods for one-way ANOVA structure. Three scenarios were investigated which are differed 

in respect of the ratios of the variance components: 

 first scenario: 𝜎 = 0.0005 and 𝜎 = 0.0005, 

 second scenario: 𝜎 = 0.001 and 𝜎 = 0.0001, 

 third scenario: 𝜎 = 0.0001 and 𝜎 = 0.001. 

The investigated combination of the number of groups (r) and number of repetitions (p) were: 

 r=10 and p=10, 

 r=10 and p=100, 

 r=100 and p=10,  

 r=100 and p=100, 

 r=200 and p=100. 

The simulation is based on the situation of the Example 2. First, 1000 batch were simulated on 

the assumption that the quality characteristic of every batch is normally distributed with 

expected value 8.6731 and 𝜎  variance. Every batch contains 1000 simulated sample (also 

normal distribution was supposed) the expected values of which are supposed to be equal to the 

expected value of the batches and its variance is 𝜎 = 0.001. From these 1 million populations 

knowing the USL and LSL values the true non-conforming fraction was given. After that, 1000 

dataset was evaluated with the 3 estimation methods: r batches were randomly chosen from the 

population and from all batch p samples were randomly chosen, as well. This gives datasets 

containing 𝑟 ∙ 𝑝 number of samples. At the end of this procedure based on the 1000 estimated 

non-conforming ratio, the average, bias, standard error of the estimates and the root mean 

square error were calculated.  
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First scenario: 2 0.0005A   and 2 0.0005e   

The true ratio of non-conforming parts is 0.01044. The results of the simulation are 

contained by Table 16. It is well seen that tolerance limit-based method underestimates the non-

conforming fraction while the 𝑃 -based method overestimates it in every combination of  

r and p. In the case of lower number of groups, the standard error of the two 𝑃 -based methods 

are approx. 3 times higher than in the case of the TL-based method. Increasing the number of 

groups, the bias of the TL-based method is decreased, and the bias of the 𝑃 -based method is 

changing sign.  

 

Table 16 The bias, standard error (SE) and root mean square error (RMSE) of the estimates of the rate 

of non-conforming parts for different sample sizes in the case of  2 0.0005A   and

2 0.0005e   

 Bias SE RMSE 

r = 10 és p = 10 
TL -0.0078 0.0029 0.0085 

𝑷𝑷 with overall sd 0.0010 0.0107 0.0107 
r = 10 és p = 100 

TL -0.0072 0.0032 0.0079 
𝑷𝑷 with overall sd 0.0012 0.0105 0.0106 

r = 100 és p = 10 
TL -0.0049 0.0018 0.0053 

𝑷𝑷 with overall sd 0.0001 0.0030 0.0030 
r = 100 és p = 100 

TL -0.0040 0.00186 0.00442 
𝑷𝑷 with overall sd -0.0002 0.00285 0.00285 

r = 200 és p=100 
TL -0.0032 0.0014 0.0035 

𝑷𝑷 with overall sd -0.0002 0.0019 0.0020 
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Second scenario: 2 0.001A   and 2 0.0001e   

The true value of the proportion of non-conforming parts is 0.01603. If 2 2
A e   , 

similarly to the first scenario, the TL-based method underestimates the non-conforming ratio. 

However, the absolute value of the bias is higher than in the above-mentioned case which can 

be explained by the higher ratio of variance components (instead of 
2

2
1A

e




  it is 
2

2
10A

e




 ).  

Since the 2
A  is higher than in the first scenario, the SE-s of the estimates are also higher in this 

case. The tendency is not changed compared to the first scenario i.e. the 𝑃 -based estimation 

has higher SE-s and the SE is decreased with the increasing of the sample sizes in both cases.  

 

Table 17 The bias, standard error (SE) and root mean square error (RMSE) of the estimates of the rate 

of non-conforming parts for different sample sizes in the case of  2 0.001A   and 2 0.0001e   

 Bias SE RMSE 

r = 10 és p = 10 
TL -0.0132 0.0047 0.0140 

PP with overall sd -0.0001 0.0195 0.0195 
r = 10 és p = 100 

TL -0.0127 0.0053 0.0138 
PP with overall sd 0.0013 0.0203 0.0204 

r = 100 és p = 10 
TL -0.0091 0.0034 0.0097 

PP with overall sd -0.0021 0.0059 0.0063 
r = 100 és p = 100 

TL -0.0090 0.0034 0.0096 
PP with overall sd -0.0023 0.0057 0.0061 

r = 200 és p = 100 
TL -0.0077 0.0027 0.0082 

PP with overall sd -0.0025 0.0039 0.0046 
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Third scenario: 2 0.0001A   and 2 0.001e   

The bias of the two estimation methods has similar magnitude than in the first two 

scenarios. Increasing the number of groups, the bias of the TL-based method decreases but in 

the case of the 𝑃 -based estimation the magnitude of the bias does not change.  

The standard errors have similar magnitudes in both methods. As in the above-mentioned cases, 

the SE is more favourable in the case of lower number of groups with the TL-based method. 

The decrease of the SE increasing the sample size is faster with the 𝑃 -based estimation method. 

 

Table 18 The bias, standard error (SE) and root mean square error (RMSE) of the estimates of the rate 

of non-conforming parts for different sample sizes in the case of  2 0.0001A   and 2 0.001e   

 Bias SE RMSE 

r = 10 és p = 10 
TL -0.0084 0.0033 0.0091 

𝑷𝑷 with overall sd 0.0009 0.0074 0.0075 
r = 10 és p = 100 

TL -0.0053 0.0026 0.0059 
𝑷𝑷 with overall sd 0.0003 0.0042 0.0042 

r = 100 és p = 10 
TL -0.0055 0.0016 0.0057 

𝑷𝑷 with overall sd 0.0002 0.0022 0.0022 
r = 100 és p = 100 

TL -0.0022 0.0011 0.0024 
𝑷𝑷 with overall sd 0.0001 0.0013 0.0013 

r = 200 és p = 100 
TL -0.0016 0.0008 0.0018 

𝑷𝑷 with overall sd 0.0002 0.0009 0.0009 
 

The general conclusion for the three scenarios is that the TL-based estimation method 

underestimates the proportion of non-conforming parts. However, the applied mathematical 

method (MOVER) is an approximate calculation method i.e. the bias contains this error.  

To investigate the effect of this part of the error, a further simulation study is needed.  

From the properties of the estimation method point of view, the 𝑃 -based estimation would 

appear better (the RMSE is lower compared to the TL-based estimation method), but the basic 

model of the 𝑃  is wrong, thus, the use of the model of the 𝑃  index is meaningless. 
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Summary of the Part II 

In the Part II a new estimation method of the proportion of non-conforming parts was 

investigated in case of two possible output distributions. The estimation methods in the 

literature apply capability indices to calculate the rate of non-conforming parts. Despite that,  

the method proposed here uses the tolerance limit calculation as the basis of the estimation. 

According to this, our proposed calculation method considers the uncertainty of the estimated 

distribution parameters, as well. 

The first investigated model connected to a multiple stream process i.e. the output 

distribution of the process is equivalent to a mixture distribution. A case study with a multiple 

head’s food filler machine was presented and for the comparison of the conventional (process 

performance index-based). In this situation, the 𝑃 -based method underestimates (significantly) 

the proportion of non-conforming parts while the tolerance limit-based method overestimates 

it: the estimated value was almost two times higher than the true rate of non-conforming parts. 

It means that using the tolerance interval method we are on the safe side.  

 To see the general properties (bias, standard error, root mean square error) of the two 

estimation methods depending on the sample sizes simulation study was performed. The most 

essential conclusion is that the tolerance limit-based method is able to give better estimates (the 

bias is lower while the standard error has a similar magnitude) if the sample size is high enough. 

It seems, the proposed method gives asymptotically better estimates for the proportion of non-

conforming parts than the conventional 𝑃 -based estimation method. By lower sample sizes the 

bias of the tolerance limit-based method has a positive sign while the bias of  

the 𝑃 -based estimation method is negative. If the acceptance of the conformity of an industrial 

process during a validation procedure is based on the estimated value of the proportion of non-

conforming parts, the overestimation is less dangerous. Thus, the above-mentioned fact is still 

valid i.e. if the tolerance limit-based estimation method is used for the estimation of  

the proportion of non-conforming items, we are on the safe side.  

 Another output distribution model may be the one-way analysis of variance model. 

Similarly to the first model, a case study with a real industrial dataset was presented and to 

investigate the properties of the estimation methods simulation study was performed.  

In that part, the effect of the ratio of the between and within variance components (
2

2
A

e




) and the 

sample size (number of groups and number of repetitions) were evaluated. It was found that, 

the tolerance limit-based estimation method underestimates the proportion of non-conforming 
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parts, and the bias of this method decreases if the ratio of the variance components is lower, 

and the sample size is higher. It should be mentioned that this bias comprises two components: 

the bias of the calculation method (MOVER in this case) and the bias of the supposed estimation 

method. This simulation study has not yet provided any information about the share of these 

components i.e. this effects should be investigated in future work. From the standard error point 

of view, the tolerance limit-based estimation method has better properties compared to the 

conventional method in the case of lower sample sizes. 

 Future research may be adapted to the investigation of other often used models  

(e.g. two-way nested designs, mixed models) and to modify the proposed estimation method to 

have better properties in the case of lower sample sizes. This modification may be connected to 

the confidence limits of the quantile since with the tolerance limit-based calculation only the 

lower or the higher confidence limit is used. Theoretically better solution would be to give a 

two-sided confidence interval for the quantile and calculate the proportions belonging to these 

limits while the output distribution is considered, as well.  
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Appendix 

A1. The calculation of the tolerance limits with the MOVER method [55] 

The closed form of the one-sided (𝛾, 1 − 𝛼) tolerance limit calculation in the case of MOVER 

method is: 

𝑌 + 𝑧 (𝑎 𝜎 + 𝑎 𝜎 ) / + 𝑡 ;

𝜎

𝑟
+ 𝑧 𝑎 𝜎 + 𝑎 𝜎 − 𝑈

/

 

Where  

𝜎 =
𝑆𝑆

𝑟 − 1
 

𝜎 =
𝑆𝑆

𝑁 − 𝑟
 

𝑆𝑆 = (𝑌 − 𝑌) 

𝑆𝑆 = (𝑌 − 𝑌 ) 

r is the number of groups, p is the number of repetitions per groups, N is the total number of 

measurements i.e. 𝑟 ∙ 𝑝, 𝑎  and 𝑎  are constants i.e. 𝑎 = 1 and 𝑎 = 1 − , 𝑌  denotes the mean 

in the i-th group, 𝑌 is the overall mean, 𝑌  is the j-th repetition in the i-th group. 

𝑈  is the upper confidence limit for (𝑎 𝜎 + 𝑎 𝜎 ): 

𝑈 = (𝑎 𝜎 + 𝑎 𝜎 ) + 𝑎 𝜎
𝑟 − 1

𝜒 ;

+ 𝑎 𝜎
𝑁 − 𝑟

𝜒 ;

/

 

 

 


