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1 Introduction

In the dissertation I studied curve and surface representations and algorithms that
are associated – directly or indirectly – with geometric constraints. These con-
straints are particularly important and indispensable in mechanical engineering,
where various, often contradictory constraints need to be satisfied due to func-
tional and aesthetic requirements. Manufacturability and analysis also impose
constraints. My research involved two distinct areas. First, I focused on reverse
engineering, and developed techniques to detect and enforce constraints to pro-
duce ‘as perfect as possible’ objects, while these are reconstructed from deficient
measured data. Second, I conducted research on new curve and surface represen-
tations that allow imposing global constraints through a new shape parameter –
proximity.

1.1 Reverse engineering

Reverse engineering (digital shape reconstruction) is an expanding and challeng-
ing area of Computer Aided Geometric Design [23]. This technology is utilized in
various applications where a given physical object is scanned in 3D, and a com-
puter representation is needed in order to perform various computations. A wide
range of applications emerges in engineering, medical sciences, and preserving the
cultural heritage of mankind [20].

In the majority of engineering applications, it is crucial that the reconstructed
models satisfy various geometric constraints. The primary surfaces – and their
associated directions and axes, if any – must obey various rules, such as being
orthogonal, parallel, tangential, symmetric, concentric, and so on. If we approx-
imate the segmented regions individually, one by one, we may obtain inaccurate
surfaces and poor CAD models. This is due to the noise and incompleteness of
measured data, and the numerical nature of the subsequent algorithmic phases,
such as merging multiple data sets, decimating and repairing triangular meshes,
segmentation, and least-squares fitting without constraints.

The goal of my research was to perfect CAD models created from measured
data. I introduced techniques to automatically detect likely engineering constraints,
and enforce these by performing constrained fitting. I will present algorithms to
eliminate inaccuracies and create perfected B-rep models suitable for downstream
CAD/CAM applications.

Regular surfaces, such as planes, natural quadrics and simple sweeps can be
defined unambiguously by a few surface parameters; and related trimmed surface

2



regions can be approximated in a numerically stable manner. Fitting free-form
surfaces is a much harder task, as there are infinitely many surfaces that can ap-
proximate a given data set. The former constrained fitting techniques were capa-
ble to handle only regular geometries. I have extended the technology proposed
by Benkő et al. [13] to free-form curves and surfaces.

1.2 Curve and surface design with proximity

Control point based schemes are dominant in computer-aided design for defining
free-form parametric curves and surfaces [16]. The control points are associated
with a set of basis functions that fundamentally determine the versatility of shape
editing, the mathematical properties of the scheme and the computational aspects
of related algorithms. While the most widely applied Bézier and B-spline schemes
possess a well-established theory with a long list of attractive features, it is a re-
curring research topic to develop new schemes where certain improvements are
possible.

Proximity curves represent such an approach. A family of curves is constructed
that depends on a proximity parameter making it possible to sweep a base curve
continuously to its control polygon. The concept extends to proximity surfaces, as
well. Here we deal with control point based representations; typically curves are
constrained at their endpoints, surfaces along their boundaries, and the shape in-
teriors are determined by the location of the control points in between. Proximity
makes it possible to impose further constraints in addition to the positional and
cross-derivative constraints, while the control polygons/control net remain un-
changed. Such constraints may include keeping the distances between the shape
and the control structure within a certain range or limiting the radius of curvatures
by a threshold.

I introduced two different representations to define proximity curves. The first
one, P-curve, is based on the concept of generalized barycentric coordinates, using
a new sort of basis functions. The second approach is based on second-order finite
differences and can reproduce classical representations like Bézier and B-spline
curves, therefore I refer to them as P-Bézier and P-BSpline curves. As mentioned
earlier, these curve representations can naturally be generalized to tensor product
surfaces. The representations satisfy many important requirements that are useful
in CAD, including positivity, convex combination, natural knot insertion and so
on.
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2 Research goals and methodology

I have investigated the theory, practice and previous work on constrained fitting.
It turned out that certain important algorithms are missing in practical reverse
engineering. I have recognized the significance of automatically detecting and
enforcing local and global constraints on engineering parts. I have created an in-
teractive 2D prototype system for constraint detection and fitting to easily try out
new ideas. After the method was working in 2D, I developed a more efficient 3D
test system (CFApp), where I could implement all of my algorithms. This func-
tionality proved to be useful, and I published the results in [5, 7, 11, 4].

Fitting trimmed free-form surfaces was a missing functionality within the state-
of-the-art technologies of constrained fitting. My goal was to fill this gap, and
extend the constrained fitting algorithms with free form geometries and the cor-
responding constraints. I collected several use cases and constraints that need to
be imposed, and performed various 3D tests in CFApp. The results seemed to be
interesting, see [8, 9, 1].

I noticed that controlling the proximity of curves and surfaces can hardly be
accomplished by means of their control net. I have investigated the previous work
on using various shape parameters in design, and although it is a very well studied
area of CAGD, I could not find a simple and general method to adjust proximity. I
had some ideas that seemed to be useful for this goal using generalized barycentric
coordinates, so I developed a test framework in JavaScript to test and compare
various algorithms for controlling the proximity of curves. These results were
found useful, see [3, 6].

I have received several remarks from the research community and it was pointed
out that the main disadvantage of these curves is that they are not compatible with
the classical representations such as B-spline or Bézier curves. Therefore I con-
tinued to try out new ideas on how to extend the classical representations with a
proximity parameter. It was successful and the new P-Bézier and P-Bsplines curves
proved to be good extensions of the classical representations with proximity, see
[10, 2].

3 Previous work

Discovering design intent and inherent structural properties is an important topic
in many areas, from computer graphics and medical imaging to computer-aided
design and reverse engineering. The necessity of applying constraints in reverse
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engineering CAD models was emphasized in an early survey paper written by
Várady et al. [24]. The first results in constrained fitting were published a long
time ago, see – amongst others – the work of Werghi et al. [27] and Benkő et al. [13].

One essential intrinsic characteristic of a model is symmetry. A good state-
of-the-art review was published recently by Mitra et al. [21], discussing the most
essential issues and algorithms, including symmetry groups, global and local, ex-
act and approximate symmetries, and other topics. A couple of interesting papers
related to symmetry analysis and beautification of reverse engineered models were
published at Cardiff University [19].

Constrained fitting is still an area of importance, as a recent reverse engineer-
ing survey by Buonamici et al. [14] reports; in this paper authors point out the diffi-
culties of constraining adjacent trimmed surfaces with free-form geometry. In [26]
the concept of simultaneous fitting occurs, but the constraints are restricted to lie
on boundaries only and no auxiliaries are used.

There are many papers in the CAGD literature that attempt to extend the most
widespread representations of Bézier and B-spline curves and surfaces. Significant
efforts have been made to offer additional shape control and supplement control
point based design. The theory of rational basis functions is thoroughly discussed
in the literature, see [16]. There are several classical papers that dealt with the
enhancement of piecewise parametric curves, in particular with cubic B-splines,
see [12, 22]. These approaches aimed at introducing additional shape parameters
(tension, fullness) for local modifications associated with the knots. The µ, γ and
β-splines represent a family of B-splines, where parametric continuity is gener-
ally replaced by the less restrictive geometric continuity; in this way extra shape
parameters can be incorporated into the basis functions.

Several papers have been published later that propose different basis functions
in order to gain additional freedom for shape design. Trigonometric variants of the
Bernstein polynomials were suggested in [28]. Another generalization of Bézier
curves and surfaces, that retains a polynomial basis, was suggested in [17]. Inte-
gral formulae were used to define fairly complex basis functions with shape pa-
rameters in [25].

The notion of semi-sharpness was introduced in [15] where the local proximity
of subdivision curves and surfaces can be adjusted. This method was further gen-
eralized to higher degree B-splines in [18]: a new B-spline, composed of a discrete
set of displacement vectors, is superimposed to the original curve, thus facilitating
local shape editing.
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Figure 1: Thesis 1. Two partial planes of symmetry.

4 Research results

1st thesis.
Perfecting CAD models in reverse engineering
[5, 7, 11, 4]

1.1. I have developed techniques to automatically detect likely engineering con-
straints, and enforce these by performing constrained fitting. This selection de-
pends only on predefined tolerance values (e.g. distance, angle, etc.). If these val-
ues are modified, there is no need to change the formula in the equation system,
because this technique automatically guarantees that only the appropriate equa-
tions will be taken into consideration.

1.2. The measurement coordinate system and the coordinate system in wich the
model was designed are different in many cases. We want to reconstruct the most
natural orientation of the CAD model. I have developed a method to determine
the best fit coordinate system. Surfaces that do not fit into this coordinate system
can be recognized at the same time.

1.3. Most engineering parts are symmetrical; this symmetry can be full or partial,
local or global. I have developed an algorithm that looks for symmetry planes and
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then selects the “strong” ones. By performing a constrained fit on these, symmetry
is guaranteed.

1.4. The dimensioning of the vast majority of components is consistent with a reg-
ular grid, which maybe unknown; however, it would be useful to be determined
for the reconstruction. I have developed a method that defines an optimal dimen-
sioning grid system for an oriented 3D digital model, where most of the model
dimensions are multiples of the cell size of the grid. The best-fitting grid can be
used to evaluate components, as well.

(a)

(b) (c)

Figure 2: Thesis 2. Case study: (a) fitted surface with control net, (b) ‘smooth’
connection before and (c) after constrained fitting.

2nd thesis.
Constrained fitting for free-form curves and surfaces
[8, 9, 1]

2.1. I have examined and selected a set of important geometric constraints to be
applied in the reconstruction of free-form curves and surfaces that are necessary
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in engineering practice. To define these constraints I have introduced auxiliary el-
ements that increase the number of variables to be optimized, but the constraints
are greatly simplified. Moreover, in some cases it would be impossible to write
the constraints without them. This way it became also possible to define the con-
straints not only at the boundaries of the curve or surface, but also in the interior.
For example, in the points of intersection of curves, or constrained trim curves on
B-spline surfaces.

2.2. I formulated the most important constraints algebraically and extended the
constrained fitting technique of Benkő et al. [13]. Furthermore, the fitting auto-
matically creates new entities (such as an intersection curve) that would be difficult
to determine by other methods. During fitting the number of control points are
fixed and only their positions are optimized.

(a) (b)

(c) (d)

Figure 3: Thesis 3. P-curves with different γ fullness values: (a) 0.04, (b) 0.08, (c)
0.14; and (d) a Bézier curve using the same control polygon.
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3rd thesis.
Proximity curves based on barycentric coordinates
[3, 6]

3.1. I proposed a new curve representation P-curves, that is well-suited for computer-
aided geometric design. While several properties of Bézier and B-spline curves are
inherited, new useful features have been introduced. A proximity curve is defined
by a control polygon; it forms a single C∞ continuous segment. The new basis
functions have been inspired by the Mean Value generalized barycentric coordi-
nates. P-curves represent a family of curves with a continuously changing fullness
parameter that constrains the proximity between the curve and its control polygon,
while the interpolating constraints for the endpoints are also satisfied.

3.2. I have described a method to increase the degree of design freedom of P-
curves; the new control point will always be inserted on a selected side retaining
both the full control polygon and the shape of the curve.

3.3. The concept can naturally be generalized to tensor product surfaces that in-
herit all properties of the curves, and we can assign separate proximity values to
the parametric directions u and v.

4th thesis.
Proximity curves based on second order finite differences
[10, 2]

4.1. I introduced another proximity scheme, where the basis functions are cal-
culated by second-order finite differences. This scheme is capable of reproduce
standard formulations like Bézier and B-splines curves, and can maintain Cn end
constraints. I introduced Proximity-Bézier (shortly P-Bézier) and P-Bspline curves. I
described the construction of basis functions and their most important mathemat-
ical properties.

4.2. P-Bézier curves reproduce Bézier curves at proximity parameter 1 and con-
verge to the control polygon for 0. For intermediate values, the curve has C∞

continuity and retains many of the advantageous properties of Bézier curves.

4.3. P-Bspline curves reproduce the B-spline curve at the proximity parameter 1
and converge to the control polygon for 0. For intermediate values, the curve has
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Figure 4: Thesis 4. P-Bézier curves and basis functions with various proximity
values. The initial Bézier curve and its Bernstein basis functions are colored black.

the same continuity as the original B-spline and retains many of the advantageous
properties of B-Spline curves.

4.4. For proximity curves based on the second-order finite difference, I also pro-
posed a new control point insertion algorithm to increase the degree of design
freedom of the curve so that both the curve and the control polygon remain un-
changed. The new control point is always placed on one of the sides of the original
polygon.

4.5. I have introduced a tensor product generalization of the scheme, which can be
very useful for shape design.
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5 Research projects

This project has been supported by the Hungarian Scientific Research Fund: OTKA,
No. 124727, Modeling general topology free-form surfaces in 3D and No. 101845,
Fitting multiple surfaces with geometric constraints.
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