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Introduction

For safe, reliable and economical reactor operation, accurate simulation of the reactor
physical behavior of the reactor core is of utmost importance. One of the main areas of
reactor core analysis is determining the core criticality and power distribution that are of
central importance regarding the corresponding thermal analysis and the fuel depletion
studies as well. Determining the power distribution provides the basis for power peaking
factor and power profile, and therefore thermal limit calculations; it is the starting point of
fuel loading optimization, while calculation of the effective multiplication factor for different
operational states is needed for reactivity coefficients estimation in order to account for
different temperature, power and resonance feedbacks.

As of today, the most commonly applied transport approximation in industrial reactor
core modeling is the multigroup diffusion approximation, which provides a convenient way
to spatially characterize the flux and therefore the power distribution within the reactor
core, however — by assuming weak angular dependence of the neutron flux — it is only
valid if the neutron flux is slowly varying in space. Near strong absorbers and the core
boundary, or where material properties change over distances comparable to the mean free
path of the neutrons, i.e., in the vicinity of regions with strong spatial variation, the diffusion
approximation becomes less accurate. The increasing complexity of material composition,
such as profiling and the application of burnable poisons such as gadolinium or erbium, as
well as complex geometric structures in the reactor core design (such as rod cluster control
assemblies (RCCAs) that can be directly inserted into the fuel assemblies) pose challenges to
diffusion-based reactor core analysis and more and more entails the need for the industrial
application of higher-order transport approximations. Although Monte Carlo simulation of
neutron transport could provide the desired degree of accuracy, the time-consuming and
computationally expensive nature of these simulations hinders their industrial application
for coremonitoring and operational (e.g. fuel loading design) purposes.

InHungary, thePaksNuclearPowerPlant (PaksNPP)has alsobasedboth its off- andonline
core monitoring and analysis system on a diffusion code called C-PORCA, which solves the
three-dimensional two-group diffusion equations based on parameterized group constants
generated by the HELIOS lattice physics code. Recently, the Reactor Physics Department of
the Paks NPP in close cooperation with the Institute of Nuclear Techniques of the Budapest
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University of Technology and Economics (BME NTI) decided to investigate the possible
extension of C-PORCA with a higher-order transport solver. The initiative was also motivated
by the new nuclear power plant project featuring two VVER-1200 reactors withmore complex
reactor cores in terms of neutronics. The multigroup simplified spherical harmonics (SPN)
theory was a self-evident choice, as the governing equations form a system of diffusion-like,
second-order elliptic partial differential equations, hence the further development of the
efficiently parallelized and fast diffusion solver algorithm applied within the Paks NPP was
relatively straightforward.

Although the SPN theory has quite an extensive literature and abroad range of application,
there were several areas that needed further research and development before the theory
could have been applied in the C-PORCA code system. Most existing SPN codes have been
developed as an integrated extension of a diffusion solver that can be effectively realised from
a numerical and programming perspective by taking the so-called within-group form of the
SPN equations by assuming only isotropic scattering between different energy groups and
neglecting anisotropic group-to-group scattering. Besides, in order to maintain the same
group constant input structure as in the diffusionmodule, as well as to spare the regeneration
of parameterized group constants for SPN calculations necessitating higher-order anisotropic
within- and group-to-group scattering terms, the higher-order scattering group constants
are usually considered to be zero. Using these simplifications that are again, traditionally
motivated by numerical and programming considerations, one obtains a further simplified
SPN theory, with a potential of not always being able to yieldmore accurate results compared
to fine-tuned diffusion calculations as opposed to theoretical expectation.

In order to analyze the effect of neglecting the higher-order anisotropic scattering terms,
I solved the SPN equations directly with full anisotropic scattering, by truncating the order
of the approximation at N = 3. For the solution of the resulting, so-called SP3 equations,
I first applied a purely finite-element-based spatial discretization method, and integrated
the solution of the derived equations as a module into my code SPNDYN, using the Gmsh
open source three-dimensional software for finite element mesh generation purposes. As
only a limited number of reference SP3 benchmarks are available, and there is a complete
lack of SP3 benchmarks which include third-order anisotropic scattering, I developed a
set of semi-analytical benchmarks including third-order anisotropic scattering that can be
easily applied for SP3 code verification purposes. Based on the semi-analytical, as well as
already existing numerical SP3 benchmarks, I analytically and numerically verified the purely
finite-element-based module of the SPNDYN code. With the modification of well-known
diffusion benchmarks, I broadened the range of numerical SP3 benchmarks, and provided
reference results with the purely finite-element-based module of the SPNDYN code. I also
took part with thismodule of the SPNDYN code in a code-to-code and code-to-measurement
benchmark exercise aiming at the steady-state analysis of the BME Training Reactor.

Although with the purely finite-element-based module of the SPNDYN code, core
configurationswithawide rangeof geometric complexity canbeanalyzed, inorder toexamine
the effect of higher-order anisotropic scattering in the case of hexagonal core configurations
effectively, I developed and implemented a novel numerical algorithm based on variational
nodal (hybrid finite element) method for the solution of the multigroup SP3 equations as a
separate module within the SPNDYN code. I also integrated this method as a module called
CPL-SP3 into the C-PORCA code strictly retaining the ability of considering up to third-order

2



anisotropic scattering. I found that second-order scattering anisotropy is enough to be
accounted for if one desires to have a transport approximation with reliably better accuracy
over diffusion.

Furthermore, I proposed a method for the application of discontinuity factors in SP3 core
calculations, and implemented it both into the hybrid finite element module of the SPNDYN
code and the CPL-SP3 module of the C-PORCA code. As an evidence of the applicability of
the proposed SP3 algorithms and methods, I performed extensive verification calculations
on VVER-440 and VVER-1000 reactor models, compared diffusion and SP3 results against
referenceMonte-Carlo-based Serpent 2 solutions.

According to the above-detailed research process, I structured my dissertation as follows.
In order to provide insight to the fundamental concept of neutron transport modelling, I
introduce the basic quantities, equations and theories, as well as give an overview about
the simplified spherical harmonics approximation in Chapter 1. In Chapter 2, I present the
analytical benchmark collection that I developed for the first-step verification of SP3 solvers.
Then, throughout Chapter 3, I present the spatially finite-element-based numerical solution
algorithmof the steady-state SP3 equations I developedand integrated intomycodeSPNDYN,
and I provide a broad range of SP3 reference results for future code verification purposes. I
present the three-dimensional hybrid finite-element-based SP3 scheme in Chapter 4, that is
able to handle up to third-order and full scattering anisotropy, can be effectively applied for
the reactor physics analysis of VVER reactor cores, and which I could easily integrate into the
C-PORCA reactor physics code system. Also in Chapter 4, I present the proposed method
for the practical calculation and application of discontinuity factors in SP3 core calculations,
after which the VVER-440 and VVER-1000 diffusion, SP3 and Serpent 2 calculation results are
presented, and the major findings are assessed related to the future application of the SP3

theory in VVER calculations. The final chapter is devoted to conclusions, thesis statements
and an outlook on future plans.
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1
Modeling of neutron transport

The primary objective of reactor physics is to determine the distribution of neutrons in a
nuclear reactor in order to calculate reaction rates, power distribution and time dependence
of the fission chain reaction. The purpose of this chapter is to introduce the fundamental
concepts, quantities and equations of neutron transport modeling, as well as to give a brief
overview of different approaches applied for the solution of the problem, including the
simplified spherical harmonics theory being the focal point of this thesis. I also address group
constant generation and homogenization methods. The theoretical introduction is based
mainly on the works of J. J. Duderstadt and L. J. Hamilton [1], W. M. Stacey [2], B. Davison [3],
as well as Z. Szatmáry [4], [5].

1.1 Neutron transport equation

The state of an individual neutron can be characterized by seven independent variables
that are the position r (x, y, z), the energy E, the time t and the direction of motion ~Ω (θ, φ).
The expected number of neutrons in a volume element d3r about r, with an energy between
E and E + dE, moving in a direction ~Ω in solid angle d~Ω at time t can be described with the
angular neutron density n, as

n(r, E, ~Ω, t)d3rdEd~Ω . (1.1.1)
Multiplying it by the neutron speed v, we obtain the angular neutron flux

ϕ(r, E, ~Ω, t) ≡ vn(r, E, ~Ω, t) . (1.1.2)

The angular neutron flux is in fact the magnitude of the angular current density, which is
defined as

j(r, E, ~Ω, t) ≡ ~Ωϕ(r, E, ~Ω, t) , (1.1.3)
while the neutron current density and neutron current can be obtained as integrals of the
angular current density over angle and energy, respectively:

J(r, E, t) =

∫
4π

j(r, E, ~Ω, t)d~Ω , (1.1.4)

J(r, t) =

∫ ∞
0

J(r, E, t)dE . (1.1.5)
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1.1. Neutron transport equation

While the neutron current characterizes the net rate of neutrons passing through a surface
element oriented at a given direction, the neutron flux or also called scalar flux Φ(r, t) – that
can be analogously obtained from the angular neutron flux – characterizes the total rate of
neutrons passing through a unit area, regardless of orientation1. For neutron reaction rate
characterizations it is more convenient to apply the neutron flux, while neutron leakage can
be better described with the aid of the neutron current. Partial current densities can be also
defined as the total rate at which neutrons flow through a unit area in a direction n · ~Ω > 0 ,
J+(r, t) and in a direction n · ~Ω < 0, J−(r, t), where n is the unit normal vector.

The fundamental and essentially exact description of the neutron population within a
nuclear reactor isbasedon theneutron transport equationbeingabalanceequationof various
mechanisms by which neutrons can be gained or lost within an arbitrary phase space volume
in a reactor. Consider a set of neutrons in a volume element d3r about r, with an energy
between E and dE, moving in a direction ~Ω in solid angle d~Ω at time t. As t increases by
dt, the probable number of neutrons in this phase space element will decrease on account of
collision (absorption and out-scattering) and leakage out of the volume element through the
surfaces, while itwill increase onaccount of in-scattering, neutron sources and streaming into
the volume element through the surfaces. If the time rate of change of number of neutrons is
equated with the difference of the gain and loss mechanisms, the following balance equation
can be obtained in terms of the angular neutron flux (see detailed derivation in [1]):

1

v

∂ϕ(r, E, ~Ω, t)

∂t
= −~Ω · ∇ϕ(r, E, ~Ω, t)− Σt(r, E)ϕ(r, E, ~Ω, t) +Q(r, E, ~Ω, t) , (1.1.6)

whereQ(r, E, ~Ω, t) is the sum of the scattering source term∫
4π

∫ ∞
0

Σs(r, E
′ → E, ~Ω′ → ~Ω)ϕ(r, E′, ~Ω′, t)dE′d~Ω′ , (1.1.7)

the fission source term
χ(E)

4π

∫
4π

∫ ∞
0

ν(r, E′)Σf (r, E′)ϕ(r, E′, ~Ω′, t)dE′d~Ω′ , (1.1.8)

and – if it is present – an external source term

S(r, E, ~Ω, t) , (1.1.9)

where Σt and Σf are the macroscopic total and fission cross sections, Σs is the scattering
kernel, χ is the fission spectrum, while ν is the average number of neutrons released per
fission.

The above equation is the neutron transport equation or Boltzmann equation, which is
a linear integrodifferential equation for the angular neutron flux, containing derivatives in
space and time, and integrals over energy and angle.

To solve the neutron transport equation, we need to specify initial and boundary
conditions as well. As initial condition, we can for example specify the initial value of the
angular neutronflux,while theboundary condition stronglydependson the specificproblem.
As it will be needed later on, I introduce the vacuum and symmetry boundary conditions. If

1The neutron flux can also be regarded as the total path length that the neutrons traverse in a unit volume over
unit time.
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Chapter 1. Modeling of neutron transport

the specified geometry has a nonreentrant (convex) surface, the vacuumboundary condition
necessitates that on the boundary surface the angular neutron density (therefore also the
angular neutron flux) vanishes for all inward directions, which can be formulated as

ϕ(rs, E, ~Ω, t) = 0 , if ns · ~Ω < 0 , (1.1.10)

where rs is a boundary point, while ns is the unit normal vector of the boundary surface. As
for the symmetry boundary condition, the most illustrative way of defining it is if we equate
the partial current densities, therefore, it is also called zero-current boundary condition.

The solution of the neutron transport equation yields the angular neutron flux with
which we would have essentially all the information concerning the nuclear behavior of the
reactor core, however, the possibility of its analytical solution is limited even for the simplest
problems, and its direct solution using Monte Carlo techniques is still far too expensive for
industrial reactor analysis. As a consequence, for computationally feasible and reasonably
accurate deterministic reactor core calculations, the introduction of suitable approximations
to the neutron transport equation accompanied by different numerical solutionmethods are
needed. A good transport approximation is accurate enough, and at the same time enables
the effective solution of the governing equations.

1.2 Spherical harmonics-based transport approximations

For the numerical solution of the neutron transport equation, i.e., in order to obtain a
set of algebraic equations that can be solved by numerical methods, discretization of the
variables and replacement of the derivatives and integrals by their discrete representation
is necessary. Discretization is usually performed either by discrete ordinates or function
expansion methods. In the case of angular dependence, the discrete ordinates approach
leads to the so-called SN method, while by expanding the angular dependence of the angular
neutron flux in a finite series of the spherical harmonics functions, we obtain the so-called
spherical harmonics, or PL approximation. A short overviewabout thePL method is necessary
in order to understand the theory underlying the simplified spherical harmonics method.

In the PL approximation, the angular neutron flux is expanded in spherical harmonics as

ϕ(r, E, ~Ω, t) =
∞∑
l=0

2l + 1

4π

l∑
m=−l

Φlm(r, E, t)Ylm(~Ω) , (1.2.1)

while the scattering kernel in Legendre polynomials as

Σs(r, E
′ → E, ~Ω′ → ~Ω) =

∞∑
l′=0

2l′ + 1

4π
Σsl′(r, E

′ → E)Pl′(µ0) , (1.2.2)

where µ0 = ~Ω~Ω′ is the cosine of the scattering angle.
Substituting the above expansions into the steady-state transport equation, multiplying it

by spherical harmonics of different order, integrating over the angular variable and making
use of the orthogonality and recursion relations along with the addition theorem of spherical
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1.2. Spherical harmonics-based transport approximations

harmonics functions yield the following system of partial differential equations2:

1

2

√
(l +m+ 2)(l +m+ 1)

2l + 1

(
− ∂

∂x
− i ∂

∂y

)
Φl+1,m+1(r, E)+

1

2

√
(l −m+ 2)(l −m+ 1)

2l + 1

(
∂

∂x
− i ∂

∂y

)
Φl+1,m−1(r, E)+

1

2

√
(l −m)(l −m− 1)

2l + 1

(
∂

∂x
+ i

∂

∂y

)
Φl−1,m+1(r, E)+

1

2

√
(l +m)(l +m− 1)

2l + 1

(
− ∂

∂x
+ i

∂

∂y

)
Φl−1,m−1(r, E)+

√
l2 −m2

2l + 1

∂Φl−1,m(r, E)

∂z
+

√
(l + 1)2 −m2

2l + 1

∂Φl+1,m(r, E)

∂z
+ Σt(r, E)Φlm(r, E) =∫ ∞

0
Σsl(r, E

′ → E)Φlm(r, E′)dE′ + δl0δm0

∫ ∞
0

Σin(r, E′ → E)Φ(r, E′)dE′+

δl0δm0
χ(E)

keff

∫ ∞
0

ν(r, E′)Σf (r, E′)Φ(r, E′)dE′ ,

l = 0, 1, 2, . . . and m = −l,−l + 1, . . . , l − 1, l ,

(1.2.3)

where Σin is the isotropic inelastic scattering kernel, while the effective multiplication factor
keff is the largest criticality (static) eigenvalue.

The above set of equations resulting from an exact functional expansion is also called –
besides the integral form– the third formof theneutron transport equation. However, in order
to solve it, the expansion is usually truncated at the order of l = L, and hence this method is
referred to as the PL approximation.

For thedesignandanalysis of real nuclear systems, solving themultidimensional spherical
harmonics equations featuring a large set of partial differential equations coupled through
the flux moments (the expansion coefficients in Eq. 1.2.1) through the leakage terms arising
from ~Ω · ∇ϕ — although it would provide the desired accuracy – would be a significantly
more resource-intensive process than applying the so-called diffusion approximation, which
is introduced in the followings.

The diffusion approximation is closely related to the spherical harmonics expansion
truncated at L = 1 (known as P1 approximation), where the main assumption is that
the angular neutron flux has only a weak, linearly anisotropic angular dependence. With
the further assumptions of isotropic scattering and neutron sources and the slow temporal
variation of the neutron current density [1], we obtain the diffusion approximation of which
the steady-state formulation is

−∇ ·D(r, E)∇Φ(r, E) + Σt(r, E)Φ(r, E) =

∫ ∞
0

(
Σs0(r, E′ → E) + Σin(r, E′ → E)

)
Φ(r, E′)dE′+

χ(E)

keff

∫ ∞
0

ν(r, E′)Σf (r, E′)Φ(r, E′)dE′ ,

(1.2.4)
whereΣs0 andΣin are themacroscopic isotropic elastic and inelastic scattering cross sections,
whileD is the diffusion coefficient. The assumption of weak angular dependence is, however,
not valid near boundaries, localized sources, strong absorbers or more generally where the

2Detailed derivations can be found in [5], from page 170 to 203.
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Chapter 1. Modeling of neutron transport

material properties change over distances comparable to themean free path of the neutrons.
The increasing complexity of material composition, for example profiling, application of
burnable poisons, rod cluster control assemblies and complex geometric structures in the
reactor core design pose challenges to diffusion-based reactor core analysis, and entailsmore
andmore the need for the industrial application of higher-order transport approximations.

As a middle ground between diffusion theory and higher-order transport methods, E.
M. Gelbard introduced the simplified spherical harmonics theory [6–8] yielding an equation
system which can be solved using comparable computational resources and time to that of
solving the diffusion equations [9]. Gelbard’s idea is based on the fact that the PL equations
in slab geometry can be written as a system of one-dimensional diffusion equations, which
is not possible in general geometry. Gelbard therefore introduced an approximate transition
between the one- and three-dimensional spherical harmonics equations by replacing first
the odd-parity flux moments with vectors, then the derivative in x by a divergence in the
even-parity l equations and by a gradient in the odd-parity l equations yielding

∇ · ~Φ1(r, E) + Σt(r, E)Φ0(r, E) =

∫ ∞
0

Σs0(r, E′ → E)Φ0(r, E′)dE′+∫ ∞
0

Σin(r, E′ → E)Φ0(r, E′)dE′ +
χ(E)

keff

∫ ∞
0

ν(r, E′)Σf (r, E′)Φ0(r, E′)dE′ ,
(1.2.5a)

n

2n+ 1
∇Φn−1(r, E) +

n+ 1

2n+ 1
∇Φn+1(r, E) + Σt(r, E)~Φn(r, E) =∫ ∞

0
Σsn(r, E′ → E)~Φn(r, E′)dE′ for odd n ,

(1.2.5b)

n

2n+ 1
∇ · ~Φn−1(r, E) +

n+ 1

2n+ 1
∇ · ~Φn+1(r, E) + Σt(r, E)Φn(r, E) =∫ ∞

0
Σsn(r, E′ → E)Φn(r, E′)dE′ for even n > 0 .

(1.2.5c)

The so-obtained, but approximate form of the steady-state multidimensional spherical
harmonicsequations is referred toas simplifiedsphericalharmonicsorSPN equations3. These
equations – while having a similar mathematical formulation as the multigroup diffusion
equations – are, however, equivalent to the PL equations in some cases, e.g. if slab geometry
is considered.

Although with N → ∞, the SPN solution does not converge to the transport solution,
initial numerical results suggested that in general geometry the SPN method is superior to the
diffusion theory. First, Gelbard tested the approximation on cylindrical [6, 7] and spherical
problems [8] and obtained promising results with the modified, originally diffusion-based
finite difference code PDQ. A three-dimensional code was developed by Gamino to solve the
SP3 to SP7 equations [10, 11] based on the fifth-order nodal expansion method, and reported
accuracy improvement with low-order SPN equations. Based on existing experience and
numerical results in the literature, the maximum potential accuracy with this method can
be obtained around SP5 or SP7 approximations [9]. The early application of the SPN method
was almost limited to further development of diffusion-based codes with an appropriate
manipulation of the input cross sections, and although in general geometry initial numerical
results suggested that the SPN approximation was superior to diffusion theory, the lack of a

3I provide the detailed derivation of the SP3 equations alongwith the applied, approximate formof the vacuum
boundary condition in Section 1.3.
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1.3. Themultigroup SP3 equations

profound theoretical substantiation hindered its application becoming widespread until the
late 2000s.

1.3 Themultigroup SP3 equations

In the following subsections, I introduce themultigroup treatment, outline the derivation
of the steady-state three-dimensional SP3 equations, reflect on the theoretical substantiation
of and approximations usually applied in the method, and briefly discuss the existing
analytical solutions.

1.3.1 Derivation of the three-dimensional SP3 equations

The starting point for the derivation of the multigroup steady-state SP3 equations is the
one-dimensional integrodifferential, static eigenvalue formof theneutron transport equation

µ
dϕ(x,E, µ)

dx
+ Σt(x,E)ϕ(x,E, µ) =

∫ 1

−1

∫ ∞
0

Σs(x,E
′ → E,µ′ → µ)ϕ(x,E′, µ′)dE′dµ′+

1

2

χ(E)

keff

∫ 1

−1

∫ ∞
0

ν(x,E′)Σf (x,E′)ϕ(x,E′, µ′)dE′dµ′ .

(1.3.1)
In this case, the neutron flux depends only on the spatial coordinate x, the neutron energy
E, as well as – if such coordinate system is chosen of which the polar coordinate axis is
in the x-direction – on the cosine of the polar angle µ. I will use Σs as the sum of the
elastic and inelastic scattering cross sections, however, the inelastic scattering is considered
isotropic. Computational methods applied in reactor design and analysis usually treat
the multigroup form of different transport approximations, which means that the energy
dependenceof theneutronfluxorfluxmoments is alsodiscretizedbybreakingup theneutron
energy range into G intervals or so-called energy groups. Then, the equations representing
a transport approximation are integrated over each energy group to obtain average cross
sections characterizing each energy group called group constants, as well as average fluxes
called group fluxes [1]. For the multigroup formulation of the SP3 equations, the following
group fluxes and group constants need to be introduced:

ϕg(x, µ) ≡
∫ Eg−1

Eg

ϕ(x,E, µ)dE , (1.3.2a)

Σg
t (x) ≡

∫ Eg−1

Eg
Σt(x,E)ϕ(x,E, µ)dE

ϕg(x, µ)
, (1.3.2b)

Σg′→g
s (x, µ0) ≡

∫ Eg−1

Eg

∫ Eg′−1

Eg′
Σs(x,E

′ → E,µ′ → µ) ϕ(x,E′, µ′)dE′dE

ϕg′(x, µ′)
, (1.3.2c)

χg ≡
∫ Eg−1

Eg

χ(E)dE , (1.3.2d)

νg
′
(x)Σg′

f (x) ≡
∫ Eg′−1

Eg′
ν(x,E′)Σf (x,E′)ϕ(x,E′, µ′)dE′

ϕg′(x, µ′)
for g = 1, . . . , G . (1.3.2e)

9



Chapter 1. Modeling of neutron transport

Eq. 1.3.1 can now be rewritten for each energy group g as

µ
dϕg(x, µ)

dx
+ Σg

t (x)ϕg(x, µ) =

∫ 1

−1

G∑
g′=1

Σg′→g
s (x, µ0)ϕg′(x, µ

′)dµ′+

1

2

χg

keff

∫ 1

−1

G∑
g′=1

νg
′
(x)Σg′

f (x)ϕg′(x, µ
′)dµ′ .

(1.3.3)

Thenext step is theexpansionof theangularfluxand thescatteringcross section into spherical
harmonics, which in one dimension coincides with the expansion into Legendre polynomials
as

ϕg(x, µ) =
∞∑
l=0

2l + 1

2
Pl(µ)Φg

l (x) , (1.3.4a)

Σg′→g
s (x, µ0) =

∞∑
l=0

2l + 1

2
Pl(µ0)Σg′→g

sl (x) , (1.3.4b)

then the expansions are truncated at a finite number of terms (at order N) and inserted in
Eq. 1.3.3. Multiplying the so-obtained equations by Pk(µ), integrating over µ and using
the orthogonality and recursion relations, as well as the addition theorem of Legendre
polynomials yield the following system of equations4 for n = 0, . . . , N and g = 1, . . . , G:

d

dx

(
n

2n+ 1
Φg
n−1(x) +

n+ 1

2n+ 1
Φg
n+1(x)

)
+

G∑
g′=1

(
Σg
t (x)δgg′ − Σg′→g

sn (x)
)

Φg′
n (x) =

δn0
χg

keff

G∑
g′=1

νg
′
(x)Σg′

f (x)Φg′

0 (x) .

(1.3.5)

Fromnowon, the structure of the derivation ismainly based on [12] and [P1], and for the sake
of simplicity, the dependence of the flux moments, scattering moments and the remaining
material parameters on the spatial variable x is not denoted. The usual closure of the above
equations is that Φg

n+1 is set to zero in the Nth-order equations, along with Φg
n−1 in the

zeroth-order moment equations. As the one-dimensional PL equations coincide with the
one-dimensional SPN equations, taking the above equations until the third-order yields the
first-order, steady-state, multigroup SP3 equations

d

dx
Φg

1 +
G∑

g′=1

(
Σg
t δgg′ − Σg′→g

s0

)
Φg′

0 =
χg

keff

G∑
g′=1

νg
′
Σg′

f Φg′

0 , (1.3.6a)

d

dx

(
1

3
Φg

0 +
2

3
Φg

2

)
+

G∑
g′=1

(
Σg
t δgg′ − Σg′→g

s1

)
Φg′

1 = 0 , (1.3.6b)

d

dx

(
2

5
Φg

1 +
3

5
Φg

3

)
+

G∑
g′=1

(
Σg
t δgg′ − Σg′→g

s2

)
Φg′

2 = 0 , (1.3.6c)

d

dx

3

7
Φg

2 +
G∑

g′=1

(
Σg
t δgg′ − Σg′→g

s3

)
Φg′

3 = 0 . (1.3.6d)

4Detailed derivation is provided in Appendix A.
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1.3. Themultigroup SP3 equations

By introducing the new variables

Ug1 = Φg
0 + 2Φg

2 , (1.3.7a)
Ug2 = 3Φg

2 , (1.3.7b)

the SP3 equations can be reduced to a set of diffusion-like equations

− d

dx
D1

d

dx
U1 + Σ0

(
U1 −

2

3
U2

)
=

1

keff
ΣF

(
U1 −

2

3
U2

)
, (1.3.8a)

− d

dx
D2

d

dx
U2 −

2

3
Σ0

(
U1 −

2

3
U2

)
+

5

9
Σ2U2 = −2

3

1

keff
ΣF

(
U1 −

2

3
U2

)
, (1.3.8b)

where I introduced the so-called effective diffusion coefficient matrices

D1 =
1

3
Σ1
−1 , (1.3.9a)

D2 =
1

7
Σ3
−1 , (1.3.9b)

and the following vector andmatrix notations:

Uk =
[
U1
k U2

k . . . UGk

]T
, (1.3.10a)

Σn =


Σ1
t − Σ1→1

sn −Σ2→1
sn . . . −ΣG→1

sn

−Σ1→2
sn Σ2

t − Σ2→2
sn . . . −ΣG→2

sn
... ... . . . ...

−Σ1→G
sn −Σ2→G

sn . . . ΣG
t − ΣG→G

sn

 , (1.3.10b)

ΣF =


χ1ν1Σ1

f χ1ν2Σ2
f . . . χ1νGΣG

f

χ2ν1Σ1
f χ2ν2Σ2

f . . . χ2νGΣG
f

... ... . . . ...
χGν1Σ1

f χGν2Σ2
f . . . χGνGΣG

f

 . (1.3.10c)

Within the spherical harmonics approximation, one of the vacuum boundary
approximations that is consistent with the angular flux expansion is the Marshak-type
boundary condition5. The generalized Marshak boundary condition – if the boundary
surface is a plane – implies that the following relation holds for the odd angular fluxmoments
(l = 1, 3, . . . ) at the boundaries: ∫

µin

ϕg(xb, µ)Pl(µ)dµ = 0 , (1.3.11)

where µin is the interval of the cosine of the incoming neutron flying angles at the boundaries,
while xb denotes the boundary coordinates. Applying the expansion to Legendre polynomials
in the case of the angular flux, truncating the expansion at L = 3 and performing the
integration6 yield

1

2
Φg

0 ± Φg
1 +

5

8
Φg

2 = 0 , (1.3.12a)

−1

8
Φg

0 ± Φg
3 +

5

8
Φg

2 = 0 , (1.3.12b)
5For further on the derivation of the general Marshak boundary conditions see [2].
6I provide the detailed derivation in Appendix A.
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Chapter 1. Modeling of neutron transport

on the left (+) and right (-) boundaries.
With the introduction of the new flux moment variables Ug1 and Ug2 , using the relation

between the odd and even angular fluxmoments, as well as the introduced vector andmatrix
notations, the following boundary condition equations are obtained on the left (-) and right
(+) boundaries:

1

2
U1 ∓D1

d

dx
U1 −

1

8
U2 = 0 , (1.3.13a)

−1

8
U1 ∓D2

d

dx
U2 +

7

24
U2 = 0 . (1.3.13b)

Transition fromone- to three-dimensional SP3 equations can nowbe performed based on
Gelbard’s idea by replacing the differentiation in the variable x by gradient and divergence
operators, while in the case of the Marshak boundary equations by the scalar product of the
outward normal of the boundary surface ns and the gradient operator yielding

−∇ ·D1∇U1 + Σ0

(
U1 −

2

3
U2

)
=

1

keff
ΣF

(
U1 −

2

3
U2

)
, (1.3.14a)

−∇ ·D2∇U2 −
2

3
Σ0

(
U1 −

2

3
U2

)
+

5

9
Σ2U2 = −2

3

1

keff
ΣF

(
U1 −

2

3
U2

)
, (1.3.14b)

and
1

2
U1 + ns ·D1∇U1 −

1

8
U2 = 0 , (1.3.15a)

−1

8
U1 + ns ·D2∇U2 +

7

24
U2 = 0 . (1.3.15b)

The three-dimensional SP3 equations are two elliptic, second-order differential equations,
mathematically identical to the multigroup diffusion equations. From the mathematical
formulation of the SP3 equations it is obvious that instead of solving (N + 1) × (N + 1)

coupled partial differential equationswith (N +1)× (N +1) unknowns as in the case of the PL

approximation (see Eq. 1.2.3), a problemwith (N +1)/2 coupled partial differential equations
and the same number of unknowns is obtained, allowing the implementation of a faster and
moreefficient, but –basedonavailable experience– still accuratehigher-order transport code.

In celebration of the 50th anniversary of the SPN equations, McClarren gave a
comprehensive summary about the theory [13] incorporating a brief overview about the
different derivations of the equations. Gelbard’s formal derivation [6] was followed by several
asymptotic derivations provided by Larsen, Morel and McGhee [14–16] and by Pomraning
[17], while later on by derivations using variational analysis given by Pomraning [17] and
Tomašević, Brantley and Larsen [18, 19] covering multigroup, three-dimensional, as well
as time-dependent forms including anisotropic scattering. The provided derivations gave
a firm theoretical basis to the legitimate application of the SPN theory as a practical,
accurate and inexpensive calculational tool, which was consistently proved by numerical
results during the second half of the 1990s. Morel, McGhee and Larsen implemented
the solution of the SPN equations into the NIKE code [20, 21], while Kovitz, Lewis and
Palmiotti implemented the solution of the response matrix form of the SPN equations into
the variational nodal spherical harmonics codeVARIANT [22–25], performedfixed source and
multigroup eigenvalue calculations on benchmark problems, and concluded that SPN theory
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1.3. Themultigroup SP3 equations

can provide improved accuracy inmany calculations in which diffusion theory is inadequate.
They also concluded that the simplified and standard spherical harmonics results of the same
order are in close agreement, while the use of simplified spherical harmonics substantially
reduces computational costs.

It became clear in the 1990s that SPN theory is a higher-order asymptotic correction to
diffusion approximation for the same class of physical problems [26]. Since then, Chao
generalized the SPN theory (GSPN theory) [27–30]. Based on the work of Davison [3, 31],
Ackroyd et al. [32, 33] and Selengut [34] within the field of PL theory, Chao applied solid
(spherical) harmonics for the expansion of the angular flux instead of the usual (surface)
sphericalharmonics, butwith theapplicationofHelmholtzdecomposition. With thismethod,
thequantitieswithin theneutroncurrent thata) contribute to theneutrondensityandb)affect
only theneutrondirectionbutnot thedensity canbe separated, besides, the transport angular
solution can be reconstructed. Chao obtained the SP(k)N theory, named it the kth subset or
layer of theGSPN equations, and showed that this subset becomesanSPN-typeproblem. Chao
alsoprovided interface andboundary condition equations, aswell as a physical interpretation
of the GSPN method. Physically, SP(0)N describes the transport of the scalar flux (singlet),
whose spatial variation contributes to the higher-order angular flux moments, while SP(k>0)N
approximation describes the transport of the doublet of the kth-order angular flux moment
tensor, whose spatial variation contributes only to angular fluxmoments of higher-order than
k [30]. Chao showed that the GSP(K)N theory, being defined as the sum of the kth layers from
zero to K, if K = 0, gives back the usual SPN approximation, while the case of K = N

rigorously equivalent to the PL theory. Lately, Sanchez also further developed the original
SPN theory [35]. As the work of Chao and Sanchez represent the theoretical state of the art
of the SPN approximation, profound numerical investigation of the suggested frameworks is
still missing.

1.3.2 Approximate forms of the SP3 equations

AlthoughEqs. 1.3.14a-1.3.14balongwith theMarshakboundary equations 1.3.15a-1.3.15b
cover the full scope of the SP3 approximation with the possibility of accounting for up
to third-order anisotropic within- and group-to-group scattering (also referred to as SP3

equations with full anisotropic scattering [36]), the majority of the existing SP3-based
neutronics codes – motivated mainly by numerical and programming considerations – solve
further simplified forms of the governing equations. In this subsection, I give an overview
about the different forms of the SP3 equations to which I will refer in Section 1.4.3 by covering
the already existing SP3 codes.

In the case of SP3 equations with full anisotropic scattering, the coefficient matrices
defined by 1.3.10b are dense leading to coupled equations over all energy groups. For
SP3 solver integration to existing diffusion-based neutron physics code systems, which –
in the case of few-group analysis of large, thermal systems – assume weak coupling over
energy groups and neglect upscattering, the anisotropic group-to-group scattering is usually
neglected, i.e.,

Σg′→g
sn = 0 , g′ 6= g and n ≥ 1 (1.3.16)

yielding the so-called within-group SP3 approximation (also referred to as SP3 equations in
within-group form [36]). In this case, the isotropic group-to-group scattering – besides the
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Chapter 1. Modeling of neutron transport

fission source term – can also be treated as source term. Although the within-group form of
the SP3 equations can lead to a potential loss of accuracy in broader applications (i.e. in the
case of multigroup and small reactor calculations), it facilitates the use of efficient numerical
solution techniques.

As a compromise between SP3 equations with full anisotropic scattering and the
within-group SP3 equations, linearly anisotropic angular dependence of the group-to-group
scattering can also be included assuming

Σg′→g
sn = 0 , g′ 6= g and n ≥ 2 . (1.3.17)

If – instead of the definition applied in Eq. 1.3.9a – the effective diffusion coefficient Dg
1 for

each energy group is artificially defined as

Dg
1 :=

1

3

(
Σg
t −

∑G
g′=1 Σg′→g

s1
Φg′

1

Φg
1

) , (1.3.18)

and the heuristic argument that the contribution from the slowing down of neutrons from
energy groups g′ > g is assumed almost the same as the slowing down from g to lower energy
groups [37], therefore

G∑
g′=1

Σg′→g
s1 Φg′

1 ≈
G∑

g′=1

Σg→g′
s1 Φg

1 (1.3.19)

is applied, the effective diffusion coefficientDg
1 can be approximately obtained as

Dg
1 ≈

1

3
(

Σg
t −

∑G
g′=1 Σg→g′

s1

) =
1

3
(

Σg
t − µ̄g0

∑G
g′=1 Σg→g′

s0

) :=
1

3Σg
tr

(1.3.20)

with the average cosine of the scattering angle µ̄g0 and transport cross sectionΣg
tr [36].

By approximating the linearly anisotropic group-to-group scattering using the transport
cross section and allowing anisotropy only with respect to the within-group scattering (later
on, I will refer to this as SP3 equations with linearly anisotropic group-to-group scattering),
the resulting set of equations will also be weakly coupled over the energy groups (only via
the isotropic group-to-group scattering) which can be treated similarly as a source term next
to fission, hence provides a compromise between the applicability of efficient numerical
techniques and the accuracy of the solution [36].

Besides, a usual assumption in the practical application of the SP3 equations is the total
neglect of higher than linear anisotropic scattering, i.e.,

Σg′→g
sn = 0 , for all g ∈ G and n ≥ 2 , (1.3.21)

yielding the following effective diffusion coefficient definitions:

Dg
1 ≈

1

3 (Σg
t − Σg→g

s1 )
orDg

1 ≈
1

3Σg
tr

, (1.3.22a)

Dg
2 ≈

1

7Σg
t

. (1.3.22b)

With the above simplifications – SP3 equations with linearly anisotropic scattering – a
model with the inclusion of higher-order fluxmoments can still reproduce anisotropy effects
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1.3. Themultigroup SP3 equations

higher than linearly anisotropic, while the limit of the diffusion approximation is the linearly
anisotopic angluar flux dependence.

The contribution of higher-order than linearly anisotropic scattering, however, is worth to
be taken into account in the case of an originally strongly inhomogeneous material region,
if for example burnable poison, radially strong profiling, assemblies with locally increased
moderator/fuel ratio or absorbers such as rod cluster control assemblies are present which
is the case in advanced reactor pin-level calculations. As one of the aims ofmy researchwas to
provide a more accurate tool for general core analysis than the codes based on state of the
art, usually fine-tuned diffusion approximation, the basis of all the methods I developed –
contrary to the presented approximations summarized also in Table 1.1 – was without any
simplification the full anisotropic scattering form of the SP3 equations.

Table 1.1: Approximate forms of the SP3 equations

Name of the approximation Main assumptions Abbreviation

SP3 equations with none (reference) F-SP3 or SP3

full anisotropic scattering D1 = 1
3Σ1

−1

D2 = 1
7Σ3

−1

SP3 equations Σg′→g
sn = 0 , g′ 6= g, n ≥ 1 WG-SP3

in within-group form Dg
1 ≈ 1

3(Σg
t−Σg→g

s1 )
Dg

2 ≈ 1
3(Σg

t−Σg→g
s3 )

SP3 equations with Σg′→g
sn = 0 , g′ 6= g, n ≥ 2

linearly anisotropic Dg
1 ≈ 1

3Σg
tr

LAG2G-SP3

group-to-group scattering Dg
2 ≈ 1

3(Σg
t−Σg→g

s3 )

SP3 equations with Σg′→g
sn = 0 , ∀g ∈ G, n ≥ 2

linearly anisotropic scattering Dg
1 ≈ 1

3(Σg
t−Σg→g

s1 )
orDg

1 ≈ 1
3Σg

tr
LA-SP3

Dg
2 ≈ 1

7Σg
t

1.3.3 Analytical solutions of the steady-state SP3 equations

Testingof transport codes solving theSP3 equations ismainlybasedonnumericaldiffusion
benchmark problems (such as two- or three-dimensional ANL [38, 39], OECD/NEA [40–
43], VVER-440/1000 [44, 45] or Takeda benchmarks [46]) or comparisons between SP3 and
reference transport solutions obtained either by high-order SN or PL methods orMonte Carlo
calculations (mainly with the MCNP [47] or Serpent [48] codes); however, as a first step,
performing analytical verification is always advised. For the analytical solution of the SPN

equations, however, only limited reference can be found in the relevant literature.
As theSPN equations inone-dimensional slabgeometryare equivalent to thePL equations,

the first to mention here is the research conducted by Lee and Dias, who next to slab
geometry with isotropic scattering, synthesized the analytical solutions of the PL equations
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Chapter 1. Modeling of neutron transport

for spherical and cylindrical geometries assuming linearly anisotropic scattering [49, 50].
Capilla et al. also presented (semi-)analytical7 solutions of the P1, P3 and P5 equations for
one-group, homogeneous, infinite slab problems [51]. In the case of the actual SPN theory,
Tomašević and Larsen were the first to discover that in special cases the SP2 equations have
the form of Helmholtz equations with homogeneous boundary conditions which can be
solved analytically, however, they did not provide solutions [18]. Although the AN theory
originated independently from the SPN method, and is still considered as an independent
theory, equivalence between the AN and SPN theories can be shown. Semi-analytical solution
of the AN equations was first suggested by Coppa, Ravetto and Sumini in a form of a
transcendent criticality equation system for the one-group, homogeneous sphere problem
assuming isotropic scattering [52]. Later, Ciolini et al. gave numerical results for a unit source
placed at the center of a purely absorbing square domain and took analytical solution as a
reference [53].

The need for analytical SP3 benchmarks is clearly reflected by SP3 code developers.
Fayez-Moustafa [54] and Vidal-Ferràndiz [55] reproduced Capilla’s one-dimensional,
homogeneous slab test problemwith their numerical SP3 solvers, and compared the obtained
results with the reference analytical solution. Tada et al. verified the SUBARU SP3-based
reactor physics codededicated toBWRcore calculations against one-dimensional, one-group
and two-regions fixed source calculations taking analytical results as a reference [56]
considering isotropic scattering. The existing analytical solutions neither consider higher
than linear scattering anisotropy, nor provide a complete set of references (including two-
and three-dimensional test cases) that could be applied for the verification of solvers that
are based on SP3 equations with full anisotropic scattering or their within-group form.
Motivated by this fact, I developed a set of semi-analytical solutions of the steady-state,
one-dimensional, one-group SP3 equations for slab, cylindrical and spherical geometries
assuming homogeneous medium and up to third-order scattering anisotropy presented
in Chapter 2, which could provide SP3 solver developers a simple way and a complex set
of test problems for their first step code verification. The intention was to extend the
available semi-analytical solutions with the possibility of considering up to third-order
anisotropic scattering without the limitation of applicability to solely one-dimensional
code verification. The semi-analytical SP3 solutions I provided for cylindrical and spherical
geometries differ from the available semi-analytical one-dimensional P3 solutions in the fact
that not the P3 equations but the reduced and second-order SP3 equations (mathematically
Helmholtz equations) are solved analytically in cylindrical and spherical coordinates,
while the reduction of the one-dimensional spherical and cylindrical P3 equations to a
second-order, Helmholtz-like form as in the case of the SP3 equations is not possible. The
developed semi-analytical SP3 solutions, therefore, serve as the first set of semi-analytical SP3

benchmark problems [P1].

7Semi-analytical refers to transport solutions which have analytical representation but necessitates numerical
evaluation e.g. for the calculation of the coefficients of the analytical solution functions.
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1.4. Spatial discretizationmethods

1.4 Spatial discretizationmethods

Reactor core analysis and design using computer codes involve the discretization of the
space- and – if time-dependent calculations are also addressed – time variables, as well
as effective and efficient computational techniques to solve the resulting set of algebraic
equations altogether called as numericalmethods. In this section, based on the book of Azmy
and Sartori [57], I give a non-exhaustive overview about the different spatial discretization
methods widely applied within the nuclear community with the focus on finite element and
nodal methods. At the end of this section, I give an overview of the already existing SP3-based
reactor physics codes and reflect on the contribution of the solutionmethods I developed.

1.4.1 Treatment of the spatial variable

The earliest reactor physics codes – irrespective of the applied transport approximation
– were almost completely based on finite difference spatial discretization schemes. The
elaboration of the variational formulation of the second-order form of the neutron
transport equation in the early 1960s and the rise of finite element method originating
from computational mechanics had the greatest influence on the development of more
sophisticatedmethods, such as variational, variational synthesis andmodal methods [57].

Flux synthesis methods

The so-called flux synthesis methods are based on the concept of "blending" lower
dimensional calculation results together to yield a three-dimensional representation of the
flux distribution [1]. In order to achieve this, the flux is represented in the core as a
superposition of separable terms depending solely on the radial x and y, and the axial z
spatial variables. The radial flux shape functions are usually obtained from two-dimensional
calculations, while for determining the axial flux shape ("blending coefficient") a variety of
different methods (e.g. weighted residual methods) can be used [1]. We can view such
one-dimensional (axial) equations as the average of the three-dimensional equations over the
x-y plane weighted by the transverse (or radial) flux shapes depending only on the x and y
spatial variables. If the equations for the axial flux shape are determined using variational
formalism, themethod is referred to as variational synthesis or simply synthesis method.

Nodal methods

In the early 1970s, as a compromise between the decomposition of a reactor into cells as
in the case of finite-difference methods and the use of analytical solutions as in some types
of variational methods, the idea of the so-called coarse mesh methods as predecessors of
nodal methods was born [57]. The basic concept of coarse mesh methods is to decompose
the reactor into computational elements (also called cells or nodes), and – instead of using
approximate derivative formulae (or actually linearly truncated Taylor series approximation)
as in finite difference schemes – introduce more complicated analytical approximations
within the elements. Contrary to synthesis methods, the solution is not approximated by
global analytical functions, but by local analytical functions in each element, which resulted
in improved accuracy, and enabled the application of less and larger computational elements,
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therefore coarser grid than in fine-mesh finite differencemethods. The applicability of larger
computational elements, e.g. assembly nodes, however, led to the need of sophisticated
homogenizationmethods which I will cover in Section 1.5.

A large group of nodal methods are the so-called transverse-averaged or
transverse-integrated nodal methods, which are based on transverse-integration (or
-averaging) of the equations of the applied transport approximation within each element,
separately over each independent spatial variable. Then, the obtained transverse-integrated
(nodal balance) equations containing transverse leakage terms can be solved within the
element to get the transverse-averaged flux or the net or partial currents. The so-called nodal
expansion method (NEM) is based on the solution of the transverse-integrated equations by
using approximate function (usually polynomial) expansions, the analytical nodal methods
(ANM)arebasedon the analytical solutionof the obtained equations and theirmixed versions
are the analytic function expansion nodal methods (AFENM). The nodal or in general the
coarse-meshmethods canyieldhighly accurate results for reactor calculationsusingelements
as large as an assembly node having a radial extension of an assembly and a height of 5-10 cm.
Besides, as the node- or face-averaged flux values can be eliminated in favor of the source and
leakage terms yielding a global interface current system of equations that can be converted
to response matrix form, implementation of an effective and efficient solution strategy is
also possible. Another advantage of such methods is that the so-called discontinuity factors
introduced during the generation of node-homogenized group parameters (see Section 1.5)
can be easily integrated into the solution process.

Finite elementmethods

In order to analyze reactor cores with irregular or arbitrary geometries, more flexible
spatial discretization methods are needed. A large set of such methods – closely associated
to variational principles – are called finite element methods (FEMs). The first applications
of finite element methods to reactor physics problems appeared in the early 1970s to
diffusion approximation, and spread later to spherical harmonics and discrete ordinates
formulations [57]. Today, essentially due to the growth of computermemories, finite element
methods became viable for large-scale engineering, as well as nuclear computations. Finite
element methods in reactor physics are based on the concept that the spatial dependence
of the neutron flux and current can be represented by a supposition of trial functions
which are nonzero only within a limited range of the spatial variables [2]. The trial
functions are continuous within the volumes defined by the limited range of the spatial
variables (also called elements), but may be discontinuous across the interfaces between
the adjacent elements. The finite-element approximation can be developed from direct
approach, variational principles and also from the method of weighted residuals [2], but its
implementation usually follows a step-by-step procedure which starts with the subdivision
of the problem domain into a finite number of volume elements. The points of intersection
of the lines that make up the sides of the elements are referred to as nodes8 and the sides
themselves are called nodal lines or planes [58]. This pre-processing procedure – also called
meshing – can be performed with finite element mesh generator programs preferably with

8I will apply this wide-spread but alternative name for vertices, however, it must not be confused with the
volume elements called nodes within the nodal method.
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a built-in computer-aided design (CAD) engine, separately from the actual reactor physics
code. The generated mesh can contain a variety of element shapes (e.g. different triangles
or quadrilaterals in two-dimensions, tetra- or hexahedra in three-dimensions) and element
types (such as first- or second-order elements), and can be structured and unstructured.
Within each element, the neutron flux and/or current – depending on the actual method –
is approximated (that is called an approximation or shape function) as the scalar product
of a vector of generally polynomial trial functions (usually called as interpolation functions)
and an unknown coefficient vector containing the value of the neutron flux and/or current
in the nodes of the elements. Then, the coefficients need to be evaluated in a manner that
an optimal approximate to the solution is obtained. For this, the equations governing the
behavior of the elements are developed (as already mentioned by direct approach, based on
variational principles or using the method of weighted residuals) which can be regarded as
an optimal fit of the shape functions to the solution of the underlying differential equations
specifying relationships between the unknown coefficients [58]. The resulting, so-called
element equations form a set of linear algebraic equations that can be expressed in matrix
form, and the so-obtained elemental matrices involve integrals of the known trial functions
over the elements that can be analytically or numerically evaluated. After the derivation of
the individual element equations, they must be linked together or assembled to characterize
the unified behavior of the entire system [58]. This process – called assembling – is generally
governed by the concept of continuity requiring the unknown coefficient or derivatives at the
common nodes of neighboring elements to be equivalent9. This allows that the elemental
unknown coefficients, elemental matrices and elemental vectors reflecting the effect of
external influences are mapped onto globally numbered ones resulting in a set of linear
equations, that can be modified to account for different boundary conditions, and solved
using different applicable numerical techniques.

Variational nodal methods

Finally, I would also like to cover the so-called variational nodal methods (VNM) also
referred to as mixed or hybrid element approach in finite element literature. Variational
nodal methods are based on a primal hybrid finite element formulation of the even–parity
form of the neutron transport equation with odd-parity Lagrange multipliers coupling the
subdomains (or nodes) [25]. The implementation process also starts with the decomposition
of the solutiondomain intovolumeelements (in this case callednodes), andwithineachnode,
the even-parity form of transport equations related to the given angular approximation (e.g.
diffusion equations) is solved with the odd-parity flux (e.g. net current) defined only along
the nodal interfaces as Lagrange multipliers. The solution procedure starts quite similarly
to the classical finite element methods, i.e., the nodal (elemental) equations are formulated,
but instead of assembling, the even-parity flux moments are expressed in terms of the nodal
source and odd-parity interface moments at the node interfaces as in most nodal methods,
while continuity (or potentially discontinuity) of both of these moments is imposed between
the neighboring elements. The variables are then transformed by the introduction of partial
current like variables, which yield a response matrix equation for each node. The response
matrix solution algorithms are usually run fast and converge in few iteration steps, and the

9Discontinuous flux or fluxmoment representation at the edges of the elements is also possible.
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main advantage of such formulation is that the response matrices are totally independent of
one another, offering a great parallel computing opportunity.

1.4.2 Computational methods for solving the discretized equations

Most of the above-mentioned spatial discretizationmethods yield a set of linear algebraic
equations (LAES) for the solution ofwhich a directmethod is Gauss elimination, which can be
also formulated as an LU decomposition solution. An alternative to elimination techniques
are the stationary iterativemethods, such as the Gauss-Seidel, Jacobi or Richardsonmethods,
where the solution needs to be guessed and then sequentially iterated to obtain a refined,
improving estimate of the approximate solution. Faster convergence in these cases can be
achieved by under- or overrelaxion techniques [58].

Modern iteration techniques that aim the solution of large LAES (potentially with sparse
coefficient matrix) or finding one or few eigenvalues of large sparse matrices, in order to
avoid matrix-matrix operations are rather based on matrix-vector multiplication. A group
of such effective methods are called Krylov subspace methods. Nowadays, most of the
programming languages have specialized libraries with extensive linear algebra coverage
containing routines for sparse linear algebra computations including also Krylov subspace
methods for solving linear problems such as the Lanczos or Arnoldi techniques, the conjugate
gradient iteration (CG), the biconjugate gradient iteration (BiCG), the biconjugate gradient
stabilized iteration (BiCGSTAB), the generalized minimal residual iteration (GMRES), the
minimumresidual iterationmethod (MINRES)or thequasi-minimal residual iteration (QMR).
The efficiency and robustness of these iterative techniques can be further improved by
using preconditioning which is a strategy for transforming the original linear system into an
equivalent one, i.e., with the same solution, but with faster and cheaper solution with an
appropriate iterative method [59].

The aimof a transport solver is to determine the effectivemultiplication factor besides the
flux-, hence power distribution, but for that the fission source is usually a priori unknown.
The traditional method is the embedding of one of the above-presented LAES solutions
into a source- or also called outer iteration procedure. For this power iteration is a well
established method, where with an initial guess of the flux or flux moments and the effective
multiplication factor an initial fission source is calculated then the new flux or flux moment
distribution is determined with one of the above presented methods. With the new estimate,
new effective multiplication factor and fission source are calculated, etc. This process is
repeated until predefined convergence criteria are reached.

Detailing the properties and the implementation procedure of the above-presented
computationalmethods – although appliedwithin the SPNDYNcode – goes beyond the scope
of the present work, however, extensive literature on iterative methods and preconditioning
with special aim on large and sparse linear systems can be found in [59, 60], as well as a brief
overview in [61].

1.4.3 Codes with integrated SP3 solver

Although Gelbard derived the SPN approximation back in the 1960s, only its more
profound theoretical substantiation presented in Section 1.3.1 launched its broader
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application for core calculations. Since the 2000s, a multitude of finite difference, nodal
and finite element codes were developed with a dedicated SP3 solver. To avoid boundless
listing of both standalone codes and well-known code systems, in this section I selected to
present the state-of-the-art codes, programs developed in Hungary, and those codes that are
in some waymore closely connected to themethods I developed.

MINOS andMINARET solvers of the APOLLO3® code of CEA - F-SP3

APOLLO3® is a multigroup transport code that was written incorporating and extending
the capabilities of the original codes APOLLO2, CRONOS2 and ERANOS2 [62]. Within the
French Atomic Energy Commission (CEA), first, Ragusa reported the implementation of an
SPN solver into the CRONOS code by modifying its existing diffusion module [63] in 2003.
Also in 2003, Schneider, Le Pallec and Baudron [64] published a conference paper on the
finite element solution of the three-dimensional, time-dependent, mixed-dual form of the
SPN equations. Their solver – called MINOS – was also implemented into the CRONOS
code. The MINOS solver, which in three-dimensional cases can only handle structured
square and hexagonal lattices, was later on further developed to handle unstructured
geometries composed by arbitrary quadrilaterals in two dimensions [65]. The MINOS solver
is a C++ program which applies the Raviart-Thomas-Nédélec (RTN) finite element spatial
discretization [66]. In the solution algorithm of MINOS, the higher-order out-of-group
scattering moments are also taken into account, and it is able to calculate with assembly
discontinuity factors [67]. The solver was then implemented into the SAPHYR system, and
later on, it became an integral part of the deterministic multi-purpose code, APOLLO3®
[68]. The APOLLO3® – besides the MINOS solver – includes another solver called MINARET
[69], which applies discontinous finite element Galerkin method (DGFEM) and a diffusion
synthetic accelerator (DSA) to solve the SPN equations in a diffusion-like form with isotropic
scattering. The MINARET solver can only handle cylindrical reactor geometries with
structuredmeshes.

Integration of the SP3 method to the DYN3D code of the Forschungszentrum
Dresden-Rossendorf in Germany -WG- and LA-SP3

In 2007, Beckert and Grundmann published a paper about further developing the
three-dimensional, two-group diffusion code DYN3D by incorporating a nodal expansion
method (NEM) for the solution of the multi-, but within-group form of the SP3 equations
[70, 71]. The originally hexagonal, assembly-wise nodal code was first further developed
by Duerigen [72] to handle triangular refinement10, then, in 2012, a triangular pin-wise
refinement (DYN3D-TRISP3) was also implemented [74]. It was concluded that the SP3

solver yields more accurate results if pin-wise calculations are performed, but the same was
not experienced during assembly-wise calculations, however, discontinuity factors were not
taken into account [75]. Duerigen also based her doctoral research on this work [36], and
later on, Litskevich continued her research finding that only marginal improvement can be
experienced by the application of the SP3 theory compared to diffusion, while the deviation

10The advanced DYN3D code is able to handle assembly-wise refinement with a) six and b) 24 triangular
subdivision [73].
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from the reference transport solution (in this case aHELIOScalculation) is still significant [76].
Discontinuity factors and full anisotropic scatteringwerenot considered inhis researcheither.

The U.S. NRC’s spatial kinetics code, PARCS – LA-SP3

During the early 2000s, the Purdue Advanced Reactor Core Simulator (PARCS) of the
U.S. NRC was further developed by incorporating a fine-mesh finite difference (FMFD)
and a nodal expansion SP3 solver into a steady-state and dynamic diffusion solver [77–79].
Superhomogenization11 factors were also introduced to the calculations, which improved the
accuracy of the eigenvalue calculation andmade it less sensitive to spatial, energy andangular
disretization, however, the pin-power prediction was not improved. Based on the PARCS v3.0
theory manual, the code applies out-of-group, but only up to linearly anisotropic scattering
approximation in its SP3 algorithm [82].

Mixed-dual implementation of the SP3 method into the TRIVAC reactor physics code –
F-SP3

Hébert implemented the three-dimensional solution of the SP3 equations into the reactor
physics code TRIVAC based on the Raviart-Thomas and Raviart-Thomas-Schneider (RTS)
finite element methods by handling regular hexagonal and square lattices, and tested his
algorithm on two- and three-dimensional benchmark problems [83], [84]. For the calculation
of non-fundamental modes, a Krylov-Schur algorithm is envisaged for implementation into
the developed SP3 solver [85]. Based on the user’s manual of TRIVAC, the KINET module of
the code can solve the time-dependent SP3 equations using the thetamethod [86], and based
on thederivation in [83] and the iscat optionprovided for theuser in [86], TRIVACcancalculate
with higher-order out-of-group scattering terms.

Codes based on Galerkin finite elementmethod

In 2011, Ryu and Joo developed a finite-element-based, steady-state SP3 solver [87, 88],
calledSHAFEusing theLA-SP3 approximation. SHAFE is coupledwith theGmshgenericmesh
generator and is based on the assumption of linearly anisotropic scattering. For the solution
of the weighted residual form of the SP3 equations, a preconditioned conjugate gradient
method is applied. Avvakumov et al. also developed a finite-element-based, steady-state
and dynamic SP3 solver which is also coupled with the Gmsh generic mesh generator [89].
The developed solver, with which spectral problems were analyzed, is similarly based on
the assumption of linearly anisotropic scattering. Fayez-Moustafa applied Galerkin finite
element method for the solution of the SP3 and SP5 equations, and analysed its performance
on one- to three-dimensional, isotropic test calculations involving VVER-440 and VVER-1000
reactormodels [54]. Vidal-Ferràndiz extended his work, and concluded that on the one hand,
the SP3 approximation is accurate enough within reasonable computational time compared
to the SP5 approximation, and on the other hand, adding pin discontinuity factors to the
calculations could yield accurate results both for pin- and assembly-averaged values without
the application of reconstructionmethods [55,90,91].

11Further on superhomogenization theory see [80,81].
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Application of the SP3 theory in Hungary

The Reactor Physics Department of the Paks NPP initiated a three-year R&D contract
with BME NTI in 2012. Within the framework of this contract, NTI first evaluated the
applicability of the SP3 theorywithin theC-PORCA code systemof the PaksNPP [61], later, the
implementation of the solution of the within-group SP3 approximation was started [92], [P6],
and test calculations were performed with the implemented algorithm [P10]. As preliminary
resultswerenot aspromisingas expected, theReactorPhysicsDepartmentdecided to start the
implementation of the full SP3 approximation as well, applying group constants generated by
theHELIOSandSerpent codes [P11]-[P13]. Separately, in 2016, theCentre forEnergyResearch
of the Hungarian Academy of Sciences also implemented an SP3 algorithm into the nodal
codeKIKO3Dusing nodal expansionmethod. The approachwas tested on three-dimensional
ALLEGRO benchmark problems [93–95].

Motivated by the aim of the Reactor Physics Department of the Paks NPP, the main
objective of my research was to develop a more accurate computational tool than their
diffusion-based solver, for which I first analyzed the effect of including higher-order within-
and group-to-group anisotropic scattering. To be able to analyze problems with arbitrary
geometry, I developed a continuous Galerkin-based finite element algorithm for the solution
of the SP3 equations with full anisotropic scattering [P3], [P4], [P7], [P8]. I implemented the
solution algorithm in my code SPNDYN which is coupled with the Gmsh three-dimensional
finite element mesh generator. Using the semi-analytical benchmarks I proposed, as well
as already existing numerical reference results, I analytically and numerically verified the
Galerkin-based finite element module of the SPNDYN code [P1], [P3]. With the modification
of well-known diffusion benchmarks, I also broadened the range of SP3 benchmarks along
with providing reference results for future SP3 code verification purposes [P5], and took part
in a code-to-code and code-to-measurement benchmark aiming the steady-state analysis
of the BME Training Reactor [P4]. In order to ease the integration of a full SP3 solver into
the C-PORCA code primarily optimized for hexagonal reactor problems, I developed a new
steady-statehybridfinite elementbasedSP3 solutionalgorithm, and for testingpurposes I also
integrated it into the SPNDYNcode [P2], [P6]. Following an extensive verificationprocess [P5],
[P9]-[P13], I integrated the hybrid finite element based solution algorithm into the C-PORCA
code system as amodule called CPL-SP3. Compared to the already existing solutionmethods
and algorithms, the hybrid finite element based SP3 solution algorithm implemented in the
SPNDYN and C-PORCA codes (CPL-SP3 module) – however draws upon already existing
variational nodal solutions – is a novel method for the solution of the steady-state full SP3

equations. I detail the two solutionmethods, algorithms and their implementation alongwith
the results of the extensive code verification, as well as provide new SP3 reference results in
Chapter 3 and 4.

1.5 Generation of group constants and homogenization

The reliability of the results obtained by deterministic core calculations strongly depends
on the correct generation of the few- or multigroup constants. Group constant generation is
based on the combined process of energy condensation and spatial homogenization aiming
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to provide constant material cross sections for the regions considered homogeneous in the
case of core calculations. For light water reactor analysis, the spatially homogenized group
constants are usually sufficient to be generated for two energy groups (for a fast group usually
above 0.625 eV and for a thermal group below 0.625 eV).

The coarse group constants can be generated either deterministically from fine-group
structure nuclear data derived from continuous-energy cross sections or directly by
Monte Carlo simulation from the continuous-energy cross sections themselves. The
continuous-energy cross sections are usually stored in libraries that are generated from
evaluated nuclear data files such as different releases of JEFF or ENDF/B files [96] by
appropriate processing codes such as NJOY developed at Los Alamos National Laboratory
[97]. In this work, for testing the different SP3 solution techniques developed, I applied
either groupconstants given inbenchmark specificationsor groupconstants generatedby the
Serpent Monte Carlo code. In the Serpent calculations, first, continuous-energy Monte Carlo
simulation is run to producemicro-group cross sections, and if leakage correction is needed,
the B1 equations are solved and the resulting critical spectrum is used to re-homogenize
the cross sections into leakage corrected few-group constants [98]. For production reactor
core analysis, group constant generation needs to be performed in different reactor states
to account for e.g. different moderator temperatures, densities, boron concentrations, as
well as at different operational times to account for the burn-up and the resulting change
in isotopic concentration and burnable poison content. This process – typically performed
with lattice physics codes – results in a table of few-group group constants for day-to-day core
calculations. For example, within the C-PORCA code, each hexagonal pin cell is treated as
being homogeneous, for which two-group group constants are generated with the HELIOS
lattice code in function of the average nodal burn-up, moderator temperature and density,
fuel temperature, boron concentration in the moderator, and the concentration of specific
isotopes, such as Xe, Sm isotopes, etc. In each reactor state, the group constants are calculated
by linear interpolation within the multidimensional space of the above-listed parameters.
Further details on the theory of group constant generation can be found in reactor physics
textbooks suchas [2], aswell as in [57], andanoverviewon latticephysics codes is given in [99].

In part of the research presented in this thesis, I concentrated on the application of
discontinuity factors in the hybrid finite element module of the SPNDYN code, as well as
within the CPL-SP3 module of the C-PORCA code, therefore in the followings, I provide a
more detailed introduction to spatial homogenization strategies, as well as the concept of
discontinuity factors. The basic concept of homogenization theory is the preservation of
integral properties that are the effective multiplication factor, the reaction rates within each
energy group averaged over the homogenization region, and the group currents averaged
over its surface between the heterogeneous and homogenized calculations [100]. If all
homogenized parameters are assumed to be spatially constant within the homogenization
regions, a homogenized group constant for the reaction r in region i could be defined as

Σ̂g
r,i =

∫
Vi

Σg
r(r)Φg(r)dr∫
Vi

Φ̂g(r)dr
, (1.5.1)

where Φ̂g is the homogeneous solution, while the heterogeneous solution is assumed to be a
priori known. If diffusion theory is considered, the relation between the flux and the current

Ĵg(r) = −D̂g(r)∇Φ̂g(r) (1.5.2)
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indicates the homogeneous diffusion coefficient definition

D̂g
i =
−
∫
Si,k

Jg(r) · dS∫
Si,k
∇Φ̂g(r) · dS

, (1.5.3)

on each kth surface of the ith homogenization region resulting from the preservation of group
currents averaged over the surface of the homogenization region and again, assuming that
the heterogeneous group currents are a priori known. One of the problems that the latter
definition reveals is that if flux and current continuities are imposed on each surface of the
homogenization region, it can result in different diffusion coefficients on each surface that we
would like to have actually spatially constant within each region. Based on the generalized
equivalence theory [100] which is an extension of the homogenization method proposed
by Wagner and Koebke [101], in order to relax the continuity conditions on the internode
boundaries of homogenized regions, flux discontinuity factors (DCFs) can be introduced
as additional homogenization parameters12. By that the diffusion coefficient can also be
spatially constant alongwith thepreservationof current continuity, but thehomogeneousflux
will be discontinuous with an additional relation

DCF gi,u−Φ̂g
i,u− = DCF gi,u+Φ̂g

i,u+ , (1.5.4)

where the discontinuity factors can be defined as

DCF gi,u− =
Φg
i,u−

Φ̂g
i,u−

, (1.5.5a)

DCF gi,u+ =
Φg
i,u+

Φ̂g
i,u+

, (1.5.5b)

with u− and u+ being the lower and upper sides of the internodal boundary u of the ith
homogenization region.

Providing calculationmethods for SPN discontinuity factors is an active research area (see
[103–109]). Earlier, neither of the ad-hoc [6], asymptotic [14, 17] and variational derivations
[17, 19] of the SPN equations provided a way for explicit representation of the angular flux
solution, and consequently for the reconstruction of the angular flux from the SPN solutions,
which made the calculation of the SPN discontinuity factors impossible. In 2012, Chao and
Yamamoto published a conference paper about the explicit derivation of the discontinuity
factors for the SPN theory [104]. First, they provided an angular flux representation, then
showed that with the given representation the SP3 equations can be reconstructed, and also
suggested a methodology with which from a given transport solution the corresponding SP3

solution can be built up, therefore the DCFs can be calculated. An error correction and an
improved DCF calculation approach was given by Yu, Lu and Chao in 2014 [105], and their
methodology was tested on numerical benchmark calculations. They also gave a proper
definition of the energy-collapsed diffusion coefficients for the SP3 theory, while concluded

12Besides the generalized equivalence theory, there exists the so-called superhomogenization (or SPH)method
that is based on the idea of implying a set of correction factors on the homogenized group constants in order to
preserve the target reaction rates. I do not cover this theory inmy thesis, but interested readers are referred to the
work of Kavenoky [102].
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that if two-group calculations are performed, the superiority of the SP3 solution over diffusion
almost disappears. For the derivation, they applied the within-group SP3 approximation
declaring that this approximation is more convenient for numerical solutions. In 2015, they
published a unified andmore rigorous theoretical approach for DCF generation [106], where
they concluded that both the zeroth- and second-order flux moments should have the same
DCF if even parity discontinuity factors are applied, and in the suggested DCF calculation
method, only the reference value of the net surface current is needed. Yamamoto, Sakamoto
and Endo proposed two DCF concepts in their paper from 2015 [107]: a) the individual DCF
theory as an extension of the DCFs applied in diffusion approximation, which preserves the
first and third derived currents at each surface and b) the common DCF theory in which
one DCF is applied for both flux moments (except on the boundaries) and the first derived
current is preserved. Their conclusion was that the preservation of the first derived current
is of crucial importance in order to obtain accurate results during pin-by-pin SP3 calculations
[110], however, the twomethodshave their ownadvantages: while the individualDCFmethod
is easier to implement, the storage of DCFs is more costly than in the case of the common
DCFs. In 2019, YamamotoandEndoproposedanew interpretationof theDCFs,whichutilizes
the concept of transmission and reflection at an interface [109]. With this interpretation the
application of the non-physical discontinuity of neutron density as a mathematical interface
condition becomes unnecessary, however, practical examples are not given.

Drawing on the findings regarding the theory of SP3 DCF generation, I provided a practical
approach, how diffusion discontinuity factors can be applied in SP3 calculations, as well
as I offered an SP3 DCF implementation strategy for nodal solvers using response matrix
formalism [P2], [P5], [P9]. I implemented the developed SP3 DCF inclusion strategy both into
the hybrid finite element module of the SPNDYN code and into the CPL-SP3 module of the
C-PORCA code. Details about the derivation and implementation of the SP3 DCF inclusion
strategy can be found in Section 4.1.3 of Chapter 4, while its application in the frame of
VVER-440 and VVER-1000 test problems can be found in Chapter 4.3.
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2
Semi-analytical solutions to the SP3 equations

for code verification purposes

In this chapter, I provide a set of semi-analytical solutions to the one group, steady-state
SP3 equations for homogeneous one-dimensional slab, as well as infinite cylindrical and
spherical geometries that I developed as an extension of the available quasi-analytical
solutions presented in Section 1.3.3. The hereby detailed methods are able to handle up
to third-order scattering anisotropy which makes them useful for analytical verification of
three-dimensional full SP3 codes as I will present it in Chapter 3. Research results given in
this chapter are published in [P1].

2.1 The solutionmethod

2.1.1 General solutions

Assuming homogeneous geometry and the general coordinate x, the one-dimensional,
one-group form of Eqs. 1.3.14a-1.3.14b and the relevant (upper) boundary conditions at the
boundaries defined by Eqs. 1.3.15a-1.3.15b are

−D1

(
d2

dx2
+
m

x

d

dx

)
U1 + Σ0

(
U1 −

2

3
U2

)
=

1

keff
νΣf

(
U1 −

2

3
U2

)
, (2.1.1a)

−D2

(
d2

dx2
+
m

x

d

dx

)
U2 −

2

3
Σ0

(
U1 −

2

3
U2

)
+

5

9
Σ2U2 = −2

3

1

keff
νΣf

(
U1 −

2

3
U2

)
, (2.1.1b)

1

2
U1 +D1

d

dx
U1 −

1

8
U2 = 0 , (2.1.2a)

−1

8
U1 +D2

d

dx
U2 +

7

24
U2 = 0 , (2.1.2b)

where the effective diffusion coefficients are

D1 =
1

3

1

Σt − Σs1
, (2.1.3a)

D2 =
1

7

1

Σt − Σs3
, (2.1.3b)
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while

Σ0 = Σt − Σs0 , (2.1.4a)
Σ2 = Σt − Σs2 , (2.1.4b)

and m = 0 if slab, m = 1 if cylindrical and m = 2 if spherical geometry is considered. The
generic spatial variable x in the case of a slab problem can be regarded as the x coordinate,
while in the case of a symmetric sphere or infinite and symmetric cylinder, it is the radius.

The fluxmomentsU1 and U2 both satisfy the Helmholtz equation∆Un +B2Un = 0, where
B2 denotes the opposite of the first eigenvalue of the Laplacian operator. This can be also
seen intuitively, as Eqs. 2.1.1a and 2.1.1b have exactly the same mathematical form as the
steady-state, two-group diffusion equations, in the case of which the latter statement also
holds for the thermal and fast group fluxes in homogeneous slab geometry. Applying the
eigenvalue of the Laplacian operator, and taking the matrix form of Eqs. 2.1.1a and 2.1.1b,
the following holds:D1B

2 + Σ0 − 1
keff

νΣf −2
3

(
Σ0 − 1

keff
νΣf

)
−2

3

(
Σ0 − 1

keff
νΣf

)
D2B

2 + 4
9

(
Σ0 − 1

keff
νΣf

)
+ 5

9Σ2

[U1

U2

]
=

[
0

0

]
. (2.1.5)

Eq. 2.1.5 has non-trivial solution only if the determinant of the left coefficient matrix is equal
to zero, which gives a quadratic equation forB2

(
D1B

2 + a
) (
D2B

2 + b
)
− 4

9
a2 = 0 , (2.1.6)

where

a = Σ0 −
1

keff
νΣf , (2.1.7a)

b =
4

9
a+

5

9
Σ2 . (2.1.7b)

From Eq. 2.1.6, an explicit relationship can be given between the eigenvalue of the
fundamental mode (effective multiplication factor), the material parameters and B2 (the
buckling parameter)

keff =
νΣf

((
4
9D1 +D2

)
B2 + 5

9Σ2

)
D1D2 (B2)2 +

(
D1

(
4
9Σ0 + 5

9Σ2

)
+D2Σ0

)
B2 + 5

9Σ0Σ2

. (2.1.8)

As the analyzed problems are symmetric and homogeneous, the solution functions also have
tobe symmetric. As a consequence, anddue to the couplingbetweenEq. 2.1.1a andEq. 2.1.1b,
the fluxmoments U1 and U2 can be expressed as

a) if slab geometry is considered

U1 = cA1 cos(B1x) + dA2 cos(B2x) , (2.1.9a)
U2 = A1 cos(B1x) +A2 cos(B2x) , (2.1.9b)

b) if spherical geometry is considered

U1 = cA1
1

B1r
sin(B1r) + dA2

1

B2r
sin(B2r) , (2.1.10a)

U2 = A1
1

B1r
sin(B1r) +A2

1

B2r
sin(B2r) , (2.1.10b)
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2.1. The solutionmethod

c) if cylindrical geometry is considered

U1 = cA1J0(B1r) + dA2J0(B2r) , (2.1.11a)
U2 = A1J0(B1r) +A2J0(B2r) , (2.1.11b)

where

c =
3

2a

(
D2B

2
1 + b

)
, (2.1.12a)

d =
3

2a

(
D2B

2
2 + b

)
, (2.1.12b)

A1 andA2 are normalization constants,B2
1 andB2

2 are the solutions to the quadratic equation
defined by Eq. 2.1.6, while the symmetry axis is assumed to be at x = 0 in the case of
the slab geometry, while in the case of the spherical and cylindrical geometries spherical
and cylindrical symmetry is applied, respectively. In order to determine the normalization
constantsA1 andA2, boundary fitting is necessary.

2.1.2 Boundary fitting

For boundary condition, the Marshak-type vacuum boundary condition approximation
is applied, defined in these cases by Eqs. 2.1.2a and 2.1.2b. The A1 and A2 normalization
constants can be determined by substituting the general solutions defined by Eqs. 2.1.9a and
2.1.9b, Eqs. 2.1.10a and 2.1.10b, as well as Eq. 2.1.11a and 2.1.11b back into Eqs. 2.1.2a and
2.1.2b. Due to the symmetry conditions, it is sufficient to apply one boundary equation set.
By applying an arbitrary normalization (e.g. A1 = 1), forA2 — if a slab with a half-thickness of
l and a spherical/cylindrical radius ofR is considered— the followings hold.

a) If slab geometry is considered

A2 =

(
1
2c− 1

8

)
cos(B1(−l)) + cD1B1 sin(B1(−l))

−
(

1
2d− 1

8

)
cos(B2(−l))− dD1B2 sin(B2(−l)) , (2.1.13)

A2 =

(
−1

8c+ 7
24

)
cos(B1(−l)) +D2B1 sin(B1(−l))

−
(
−1

8d+ 7
24

)
cos(B2(−l))−D2B2 sin(B2(−l)) . (2.1.14)

By equating Eq. 2.1.13 and Eq. 2.1.14, a relation between the geometry and the buckling
parameters is obtained (

−1
8c+ 7

24

)
cos(B1(−l)) +D2B1 sin(B1(−l))(

−1
8d+ 7

24

)
cos(B2(−l)) +D2B2 sin(B2(−l)) =(

1
2c− 1

8

)
cos(B1(−l)) + cD1B1 sin(B1(−l))(

1
2d− 1

8

)
cos(B2(−l)) + dD1B2 sin(B2(−l)) .

(2.1.15)

b) If spherical geometry is considered

A2 =

(
1
2c− 1

8

)
B2R sin(B1R) + cD1B2 (B1R cos(B1R)− sin(B1R)))

−
(

1
2d− 1

8

)
B1R sin(B2R)− dD1B1 (B2R cos(B2R)− sin(B2R)))

, (2.1.16)

A2 =

(
−1

8c+ 7
24

)
B2R sin(B1R) +D2B2 (B1R cos(B1R)− sin(B1R)))

−
(
−1

8d+ 7
24

)
B1R sin(B2R)−D2B1 (B2R cos(B2R)− sin(B2R)))

. (2.1.17)
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By equating Eq. 2.1.16 and Eq. 2.1.17, a relation between the geometry and the buckling
parameters is obtained(

1
2c− 1

8

)
B2R sin(B1R) + cD1B2 (B1R cos(B1R)− sin(B1R)))(

1
2d− 1

8

)
B1R sin(B2R) + dD1B1 (B2R cos(B2R)− sin(B2R)))

=(
−1

8c+ 7
24

)
B2R sin(B1R) +D2B2 (B1R cos(B1R)− sin(B1R)))(

−1
8d+ 7

24

)
B1R sin(B2R) +D2B1 (B2R cos(B2R)− sin(B2R)))

.

(2.1.18)

c) If cylindrical geometry is considered

A2 =

(
1
2c− 1

8

)
J0(B1R)− cD1B1J1(B1R)

−
(

1
2d− 1

8

)
J0(B2R) + dD1B2J1(B2R)

, (2.1.19)
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−1

8c+ 7
24

)
J0(B1R)−D2B1J1(B1R)

−
(
−1

8d+ 7
24

)
J0(B2R) +D2B2J1(B2R)

. (2.1.20)

By equating Eq. 2.1.19 and Eq. 2.1.20, a relation between the geometry and the buckling
parameters is obtained (

1
2c− 1

8

)
J0(B1R)− cD1B1J1(B1R)(

1
2d− 1

8

)
J0(B2R)− dD1B2J1(B2R)

=(
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24

)
J0(B1R)−D2B1J1(B1R)(

−1
8d+ 7

24

)
J0(B2R)−D2B2J1(B2R)

.

(2.1.21)

Until this point, the solution method is purely analytical, however, a transcendent
equation system is obtained for B1, B2, and keff that needs to be solved numerically, hence
the attribute semi-analytical1. By solving the equation system that consists of Eq. 2.1.8 and
Eq. 2.1.15/2.1.18/2.1.21 (the formers hold both for B1 and B2), one can get the effective
multiplication factor, the buckling parameters, and consequently, the analytical solution
functions for the unknown angular fluxmoments.

2.2 Calculation results

2.2.1 Analytical solution functions for sample problems

In this section, I provide the semi-analytical solutions for a set of sample, one- to
three-dimensional problems. For a homogeneous, 1-m-thick slab reactor, I generated the
one-group group constant including higher-order anisotropic scattering moments with the
Serpent Monte Carlo code [48] resulting in the values given in Table 2.1.

For the semi-analytical calculations, I first calculated the effectivemultiplication factor for
the 1-m-thick slab problem yielding 1.17799, then used iterative method to look for radii in
the case of the spherical and cylindrical geometries where the same effective multiplication
factor (with less than 1 pcm difference) could be obtained with the given group constants.
I obtained 77.453155 cm and 101.711739 cm in the case of the cylindrical and spherical

1For further on this categorization, see Ganapol’s overview on analytical benchmarks in neutron transport
theory [111].
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2.2. Calculation results

problems, respectively. Besides, I calculated the critical size for each geometric configuration.
The obtained geometrical parameters are summarized in Table 2.2.

Table 2.1: Group constants for the 1-m-thick slab problem generated by the Serpent code

Group constants Values
[

1
cm

]
Σt 4.88657e-01

Σs0 4.72631e-01

Σs1 8.45950e-02

Σs2 2.43473e-02

Σs3 1.21311e-02

νΣf 1.97729e-02

Table 2.2: Sizes of reactor models yielding keff = 1.17799 and critical sizes

Core configuration Size if keff = 1.17799 [cm] Critical size [cm]

Slab 100 43.003868
Cylinder 77.453155 33.791853
Sphere 101.711739 44.663923

By numerically solving the transcendent equation systems consisting of of Eq. 2.1.8 and
Eq. 2.1.15/2.1.18/2.1.21 for the slab, cylindrical and spherical geometries, respectively with
the given sizes and group constants that yield keff = 1.17799, I obtained the following flux
moment functions.

a) Results for the slab case (x ∈ [−50, 50]):

φ0(x) = A cos(B1x) +B cos(B2x) , (2.2.1a)
φ2(x) = C cos(B1x) +D cos(B2x) , (2.2.1b)

with

A = 1.0 ,

B = −1.14830e-22 ,

C = −1.70315e-1 ,
D = 1.49828e-20 ,

B1 = 3.0358e-2 ,
B2 = 0.9270i .

(2.2.2)

b) Results for the cylindrical case (r ∈ [0, 77.453155]):

φ0(r) = AJ0(B1r) +BJ0(B2r) , (2.2.3a)
φ2(r) = CJ0(B1r) +DJ0(B2r) , (2.2.3b)
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with

A = 1.0 ,

B = −5.75096e-33 ,

C = −3.19606e-1 ,
D = 1.40798e-30 ,

B1 = 3.0358e-2 ,
B2 = 0.9270i .

(2.2.4)

c) Results for the spherical case (r ∈ [0, 101.711739]):

φ0(r) = A
1

B1r
sin(B1r) +B

1

B2r
sin(B2r) , (2.2.5a)

φ2(r) = C
1

B1r
sin(B1r) +D

1

B2r
sin(B2r) , (2.2.5b)

with

A = 1.00016 ,

B = −5.44889e-42 ,

C = −5.14043e-1 ,
D = 2.14527e-39 ,

B1 = 3.0358e-2 ,
B2 = 0.9270i .

(2.2.6)

In the above analytical functions, the value of the B and D coefficients may seem very
low, however, their impact towards the boundaries increases, and therefore, they cannot be
neglected.

In Chapter 3, I will present the practical application of the above solutions in the frame
of analytical verification of the purely finite-element based SP3 solver of my code SPNDYN,
but as an analytical benchmark, I also present the reproduction of an infinite slab problem
published in [51] using the hereby presented semi-analytical solutionmethod.

2.2.2 Analytical benchmark for slab geometry

Theanalyticalbenchmarkproblemonwhich I tested theprovidedsemi-analytical solution
method for slab geometry was taken from Capilla’s paper [51]. The test configuration
is a one-group, 2-cm-thick, homogeneous manufactured slab problem with isotropic
scattering. Fig. 2.1. shows the semi-analytical scalar flux and second-order flux moment
distributions obtained for the reference geometry with given group constants (see Table
2.3.) that fits on the reference scalar flux solution provided by Capilla in [51], as well as the
reproduced distributions given by Fayez-Moustafa in [54] and Vidal-Ferràndiz in [55]. The
semi-analytically obtained effective multiplication factor (0.652952) differs less than 1 pcm
from Capilla’s reference solution (with a keff of 0.652956), which also verifies the applicability
of the above-provided semi-analytical solutionmethod.
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2.2. Calculation results

Table 2.3: Group constants for the 2-cm-thick slab problem [51]

Group constants Values
[

1
cm

]
Σt 1
Σs 0.9
νΣf 0.25
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Figure 2.1: Semi-analytically calculated zeroth- and second-order fluxmoment
distributions for the 2-cm-thick, homogeneous test problem proposed by Capilla

(Φ0,max/Φ2,abs,max = 12.83)
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3
Numerical solution of the SP3 equations using

Galerkin finite element method

This chapter presents the continuous Galerkin-based finite element solution of the
three-dimensional multigroup SP3 equations with full anisotropic scattering, which I
implemented as a module in SPNDYN. I verified the solution algorithm using one- to
three-dimensional semi-analytical SP3 solutions given in the previous chapter. I also present
the results obtained for a heterogeneous mathematical benchmark defined by Hébert [83].
With the intention of broadening the references available for code verification, I also provide
a variety of SP3 calculation results obtained formodified, originally diffusion-basednumerical
benchmarks. Finally, I apply the SPNDYN code for the characterization of the BME Training
Reactor throughout code-to-code and code-to-measurement comparisonswith special focus
on the effect of inclusion higher than linear scattering anisotropy within the SP3 model.
Research results given in this chapter are published in [P1], [P3], [P4], [P5], [P7] and [P8].

3.1 Finite element discretization of the steady-state SP3 equations
based on the Galerkin-weighted residual approach

This section is dedicated to the derivation of the spatially discretized SP3 equations using
the Galerkin-weighted residual approach. As an introduction, a general overview is given on
weighted residual methods based on the work of Zienkiewicz and Taylor [112], then I present
the step-by-step discretization of the steady-state SP3 equations, as well as the developed
numerical solution algorithm integrated into the SPNDYN code.

3.1.1 Introduction to the Galerkin-weighted residual approach

Generally, the engineering and physics problems can be formulated as find u that satisfies
the following differential equations (A(u)) within the problem domain Ω along with a
boundary condition set (B(u)) on the boundaries Γ of the domain (see Figure 3.1) as

A(u) =


A1(u)

A2(u)
...

 = 0 , B(u) =


B1(u)

B2(u)
...

 = 0 . (3.1.1)
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3.1. Finite element discretization of the steady-state SP3 equations based on the Galerkin-weighted
residual approach

Figure 3.1: Problem domainΩ and Γ boundary [112]

Finite element methods are based on seeking the u solution in an approximate form ũ

u ≈ ũ =

n∑
i=1

hiûi = Hû , (3.1.2)

where hi are the interpolation functions depending on the independent variables, generally
x, y and z. The aimof the numerical solution is to find the unknownparameters ûi by building
up an integral form of the original differential equation and boundary condition set∫

Ω
Gj(ũ)dΩ +

∫
Γ

gj(ũ)dΓ = 0, j = 1, . . . , n , (3.1.3)

where Gj and gj are known functions or operators. The integral form – being a linear
functional – helps the element-wise calculation, because

∫
Ω

GjdΩ +

∫
Γ

gjdΓ =

Ne∑
e=1

(∫
Ωe

GjdΩ +

∫
Γe

gjdΓ

)
, (3.1.4)

whereΩe is the domain of element e,Γe is the element boundary of element ebeingpart of the
problem domain boundary and Ne is the number of elements. As I will present it in the case
of the SP3 equations, this integral form also enables building up the global equation system
from the element-wise contributions, also known as assembling procedure.

If the original differential equation set is linear, the approximating equation system 3.1.3
will yield a linear equation system

Kû = f , (3.1.5)

where

Kij =

Ne∑
e=1

Ke
ij , and fi =

Ne∑
e=1

f ei . (3.1.6)

The weighted residual method is an option to obtain the integral form of the original
differential equation set. As the original differential equation set has to be zero at each point
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of the domainΩ, for arbitrary set of functions v∫
Ω

vTA(u)dΩ ≡
∫

Ω
[v1A1(u) + v2A2(u) + . . . ] dΩ ≡ 0 , (3.1.7a)∫

Γ
v̄TB(u)dΓ ≡

∫
Γ

[v̄1B1(u) + v̄2B2(u) + . . . ] dΓ ≡ 0 , (3.1.7b)

∫
Ω

vTA(u)dΩ +

∫
Γ

v̄TB(u)dΓ = 0 , (3.1.8)

where

v =


v1

v2

...

 , v̄ =


v̄1

v̄2

...

 , (3.1.9)

are sets of arbitrary functions equal in number to the number of the original differential and
boundary condition equations, respectively.

If the 3.1.2 approximation is considered, generally it is impossible to satisfy both the
original differential and boundary condition equation sets. However, if in Eq. 3.1.8, v and
v̄ vectors are defined as a finite set of prescribed functions

v = wj , v̄ = w̄j , j = 1, . . . , n , (3.1.10)

where n is the number of the unknown ûi parameters, Eq. 3.1.8 yields a set of linear equations∫
Ω

wT
jA(Hû)dΩ +

∫
Γ

w̄T
jB(Hû)dΓ = 0 , j = 1, . . . , n , (3.1.11)

by the solution of which the ûi unknowns can be determined.
TheA(Hû) andB(Hû) expressions represent the error or residual that is obtained by the

substitution of the approximate solution into the original differential andboundary condition
equation sets, hence the name weighted residual method. The Galerkin (or also called
Bubnov-Galerkin) method is based on the application of the hi interpolation functions as
the wj and w̄j weighting functions. In the next subsection, the Galerkin-weighted residual
approach will be applied for the spatial discretization of the SP3 equations.

3.1.2 Derivation of the steady-state discrete SP3 equations

The starting-point of the spatial discretization of the steady-state SP3 equations is the set
of differential equations and boundary conditions given by Eqs. 1.3.14a to 1.3.15b which can
be expressed as

[
−∇ ·D1∇+ Σ0 −2

3Σ0

−2
3Σ0 −∇ ·D2∇+ 4

9Σ0 + 5
9Σ2

][
U1

U2

]
=

1

keff

[
ΣF −2

3ΣF

−2
3ΣF

4
9ΣF

][
U1

U2

]
, (3.1.12)

and [
1
2 −1

8

−1
8

7
24

][
U1

U2

]
=

[
−ns ·D1∇U1

−ns ·D2∇U2

]
. (3.1.13)
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residual approach

Eq. 3.1.12 is then multiplied by arbitrary space-dependent weighting functions (V1 and V2),
and integrated over the problem domainΩ as∫

Ω

[
V1 V2

] [−∇ ·D1∇+ Σ0 −2
3Σ0

−2
3Σ0 −∇ ·D2∇+ 4

9Σ0 + 5
9Σ2

][
U1

U2

]
dΩ =

1

keff

∫
Ω

[
V1 V2

] [ ΣF −2
3ΣF

−2
3ΣF

4
9ΣF

][
U1

U2

]
dΩ .

(3.1.14)

Now, the problem domain Ω is divided into subdomains Ωe with element boundaries Γe,
hence Eq. 3.1.14 can be rewritten as

Ne∑
e=1

(∫
Ωe

[
V1 V2

] [−∇ ·D1∇+ Σ0 −2
3Σ0

−2
3Σ0 −∇ ·D2∇+ 4

9Σ0 + 5
9Σ2

][
U1

U2

]
dΩ

)
=

1

keff

Ne∑
e=1

(∫
Ωe

[
V1 V2

] [ ΣF −2
3ΣF

−2
3ΣF

4
9ΣF

][
U1

U2

]
dΩ

)
.

(3.1.15)

Note that by the application of the product rule for scalar field ϕ and vector fieldA

∇ · (ϕA) = ϕ∇ ·A + (∇ϕ) ·A , (3.1.16)
and using Gauss’s theorem ∫

Ωe

(∇ ·A)dΩ =

∫
Γe

(n ·A)dΓ , (3.1.17)

the leakage terms in Eq. 3.1.15 can be rewritten as∫
Ωe

[
V1 V2

] [−∇ ·D1∇ 0

0 −∇ ·D2∇

][
U1

U2

]
dΩ =

∫
Ωe

[
∇V1 ∇V2

] [D1 0

0 D2

][
∇U1

∇U2

]
dΩ−

∫
Γe

[
V1 V2

] [n ·D1∇U1

n ·D2∇U2

]
dΓ .

(3.1.18)

By the application of the Galerkin-weighted residual approach, both the weighting
function and the unknown fluxmoments are approximated as follows:[

U1

U2

]
≈
[
Ũ1

Ũ2

]
=

[∑n
i=1 hiÛ1i∑n
i=1 hiÛ2i

]
=

[
HÛ1

HÛ2

]
,[

V1

V2

]
≈
[
Ṽ1

Ṽ2

]
=

[∑n
i=1 hiV̂1i∑n
i=1 hiV̂2i

]
=

[
HV̂1

HV̂2

]
.

(3.1.19)

The 3.1.19 approximations are now applied in Equation 3.1.15, where Ûn and V̂n (n = 1, 2)
do not depend on the spatial variables, so they can be moved outside the integral, and – as
Equation 3.1.15 has to hold for arbitrary weight functions – the following equality is obtained:

Ne∑
e=1

(∫
Ωe

[
HT 0

0 HT

][
−∇ ·D1∇+ Σ0 −2

3Σ0

−2
3Σ0 −∇ ·D2∇+ 4

9Σ0 + 5
9Σ2

][
H 0

0 H

]
dΩ

)[
Û1

Û2

]
=

1

keff

Ne∑
e=1

(∫
Ωe

[
HT 0

0 HT

][
ΣF −2

3ΣF

−2
3ΣF

4
9ΣF

][
H 0

0 H

]
dΩ

)[
Û1

Û2

]
.

(3.1.20)
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As the integrand contains known functions at both sides of the equation, they can be
analytically or more preferably numerically evaluated, and the following eigenvalue problem
is obtained:

DÛ =
1

keff
XÛ , (3.1.21)

where

D =

Ne∑
e=1

(∫
Ωe

[
HT 0

0 HT

][
−∇ ·D1∇+ Σ0 −2

3Σ0

−2
3Σ0 −∇ ·D2∇+ 4

9Σ0 + 5
9Σ2

][
H 0

0 H

]
dΩ

)
,

X =

Ne∑
e=1

(∫
Ωe

[
HT 0

0 HT

][
ΣF −2

3ΣF

−2
3ΣF

4
9ΣF

][
H 0

0 H

]
dΩ

)
.

Building up the matrix coefficients of the global equation system Eq. 3.1.21 also called
assembling begins with the calculations of the element-wise contributions to the integrals.
For that a possible way is if we choose he

j local interpolation functions in such away that their
value in the jth node of the eth element equals to unity, while they vanish at the other nodes of
the eth and the surrounding elements1. The relationbetween the so-obtained local and global
interpolation functions is the following:

hi =

Nk∑
k=1

h
e(k,i)
j(e,i) , (3.1.22)

whereNk is number of elements surrounding the ith global node, e(k, i) is the index of the kth
surrounding element of the ith node, and j(e, i) is the local index of the ith nodewithin the eth
element (see e.g. for one-dimensional problems Fig. 3.2). With such interpolation functions,
the integrals within Eq. 3.1.20 only have non-zero value within the elements, therefore highly
sparse global coefficient matrices are obtained. Besides, the calculation of the element-wise
contributions can be performed element by element, independently, hence this procedure is
effectively parallelizable.

Figure 3.2: Relation between local and global interpolation functions (illustration is
based on [113])

The element-wise contribution to the weighted integral of the fission (production) term is

Xe =

∫
Ωe

[
HT 0

0 HT

][
ΣF −2

3ΣF

−2
3ΣF

4
9ΣF

][
H 0

0 H

]
dΩ , (3.1.23)

1A family of these element types is called the Lagrange elements.
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while that of the remaining reaction term is

Re =

∫
Ωe

[
HT 0

0 HT

][
Σ0 −2

3Σ0

−2
3Σ0

4
9Σ0 + 5

9Σ2

][
H 0

0 H

]
dΩ , (3.1.24)

and the leakage operator, using the identity in Eq. 3.1.18, yields

Ke = Le + Be , (3.1.25)

where

Le =

∫
Ωe

[
H′T 0

0 H′T

][
D1 0

0 D2

][
H′ 0

0 H′

]
dΩ ,

Be =

∫
Γe

[
HT 0

0 HT

][
−n ·D1H′

−n ·D2H′

]
dΓ ,

withH′ denoting the spatial gradient of the interpolation functions. The sumofLe,Be andRe

gives the element-wise contribution to the global destruction operatorD.
During assembling, the surface integral (or boundary term) in Eq. 3.1.25 vanishes on the

adjacent element surfaces due to the opposite direction of the outward normal vectors. Only
those terms remain which belong to the external boundary of the problem domain. Handling
of the latter terms depend on the prescribed boundary condition of the analyzed problem.
If symmetry (or zero-current) boundary condition is applied, the surface integral terms
actually vanish, while the albedo – including also the Marshak vacuum boundary condition
approximation using Eq. 3.1.13 – yield the following element-wise boundary operator

Be =

∫
Γe

[
HT 0

0 HT

]
1− β
1 + β

[
1
2 −1

8

−1
8

7
24

][
H 0

0 H

]
dΓ , (3.1.26)

where β ∈ [0, 1] is the albedo coefficient with β = 0 providing theMarshak vacuum boundary
condition approximation, while the other limit, β = 1 corresponds to the symmetry (or
zero-current) boundary condition.

With given interpolation functions in each element, the Le, Be, Re and Xe element
matrices can be easily evaluated. Generally, the approach is to evaluate the integrals
numerically in the local coordinate system of the elements. Details about different element
types, numerical quadratures, as well as the determination of the element-wise contributions
in local coordinate system can be found in Appendix B.

After the evaluation of the element-wise contributions, the global destruction and
productionmatricesDandXcanbebuiltupaccording toAlgorithm1. Although thesizeof the
quadratic global coefficientmatricesD andX equals to nGM ×nGM , whereG is the number
of energy groups, n is the number of global nodes, whileM is the number of moments (in the
case of the SP3 methodM = 2), most of their elements are zero, i.e., they are sparse matrices.
For the efficient storage of global matrices, Compressed Row Storage (crs) is applied where to
represent the matrices three (one-dimensional) arrays are defined that respectively contain
the nonzero values of matrix elements, the extents of rows and finally, the column indices. As
the element-wise contributions are independent from each other, parallel calculation of the
element-wise matrices is possible.
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Algorithm 1 Calculation of element-wise matrices and assembling
1: procedure BUILDING UP GLOBAL MATRICES

2: for i in rangeNe do
3: nodes = element.nodes[i]
4: elementmatrices.calculate
5: for j in range nGM do
6: for k in range nGM do
7: De = Le[j, k] +Be[j, k] +Re[j, k]
8: Xe =Xe[j, k]
9: row = nodes[j // (M * G)] * (M * G) + j% (M * G)
10: column = nodes[k // (M * G)] * (M * G) + k% (M * G)
11: if De != 0.0 then
12: Drow.append(row)
13: Dcolumn.append(column)
14: Dvalues.append(De)
15: end if
16: if Xe != 0.0 then
17: Xrow.append(row)
18: Xcolumn.append(column)
19: Xvalues.append(Xe)
20: end if
21: end for
22: end for
23: end for
24: end procedure

For the solution of the so-obtained eigenvalue equation 3.1.21, source iteration is applied
in which for the inner iteration either of sparse linear algebra solvers such as the BiCG,
BiCGSTAB, MINRES or QMRmethodsmentioned in Section 1.4.2 can be used.

Based on the presented spatial discretization method, I developed a Galerkin-based
module for the SPNDYN code which is able to solve the one-, two- or three-dimensional
steady-state SP3 equations with arbitrary neutron energy groups for arbitrary geometry and
takes into account up to third-order group-to-group anisotropic scattering. For the finite
element mesh generation, the Gmsh open source three-dimensional mesh generator is
applied [114], which has an in-built CAD engine. SPNDYN is written in Python 3.7 and
highly relies on packages like meshio, NumPy, SciPy and multiprocessing. Besides the
Galerkin-based SP3 module, it has Galerkin-based diffusion, hybrid finite element based
diffusion and SP3 modules, as well as theta-based modules for time-dependent diffusion
and SP3 calculations. Throughout the next sections, I detail the extensive verification of the
developed steady-state module and present the new reference SP3 results obtained with the
SPNDYN code. The kinetic modules, however, until today, lack extensive verification.
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3.2 Benchmark calculations

In this section, starting fromanalytical benchmarks, throughnumerical andmathematical
benchmark problems, right up to calculations performed for the BME Training Reactor, I
present calculation results obtainedwith the Galerkin-basedmodule of the SPNDYN code. As
the relevant literature lacks reference SP3 benchmarks, with the provided calculation results,
I aimed to contribute to the field of SP3 code verification, while the results obtained for the
BME Training Reactor set an example for the importance of correctly generated higher-order
anisotropic scattering group constants within SP3 calculations.

3.2.1 Analytical verification of the finite-element-based SPNDYNmodule

The semi-analytical verification methods proposed in Chapter 2 provides piecewise
comparison possibility between numerically calculated and analytically available reference
SP3 solutions considering third-order scattering anisotropy. By this way, it can be shown
that a developed SP3 code correctly interprets the numerical solution of a defined partial
differential equation system, therefore the mathematical model and its implementation is
correct, and further tests for complex problems can be performed for broader verification
purposes and testingof thephysicalmodel. In this section, I comparednumerically calculated
zeroth- and second-order flux moment distributions and effective multiplication factors to
semi-analytically calculated reference results for one-dimensional slab, symmetric spherical
and cylindrical geometries provided in Section 2.2.1 of Chapter 2, and semi-analytically
calculated results in the case of Capilla’s 2-cm-thick slab problem given in Section 2.2.2 of
Chapter 2. The obtained results are summarized in Table 3.1.

Table 3.1: Results obtained in the case of the semi-analytical benchmark problems

Benchmark Nodes keff
∆keff εΦ0,max εΦ0,average εΦ2,max εΦ2,average

problem [pcm] [%] [%] [%] [%]

slaba 201 1.17799 < 1 0.02 0.01 0.34 0.07
cylindera 61202 1.17799 < 1 0.01 0.01 0.64 0.07
spherea 1758738 1.17798 < 1 0.02 0.01 2.89 0.81
Capilla’sb 40 0.652952 < 1 0.00 0.00 0.02 0.01

a The reference effective multiplication factor for all the three cases is 1.17799 (see Chapter 2).
b The reference effective multiplication factor for Capilla’s problem is 0.652956 (see Section 2.2.2 of
Chapter 2).

Fig. 3.3 shows the semi-analytical and numerical zeroth- and second-order flux moment
distributions in the case of the 1-m-thick, homogeneous reactor problem. For the finite
element solution, a mesh with 200 linear elements was applied, while the semi-analytical
solution was also plotted at the corresponding 201 nodes. For comparison and plot
generation, normalization with the absolute maximum of the zeroth- and second-order flux
momentswas applied, respectively. In the case of the cylindrical problem, a two-dimensional,
triangular mesh was generated, and two-dimensional finite-element SP3 calculations were
performed with SPNDYN. Figs. 3.4 and 3.5 show the numerically calculated two-dimensional

41



Chapter 3. Numerical solution of the SP3 equations using Galerkin finite element method

zeroth- and second-order flux moment distributions, while Fig. 3.6 shows their distribution
along the radius with the semi-analytically calculated distributions.
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Figure 3.3: Semi-analytical and numerical SP3 zeroth- and second-order fluxmoment
distributions in the case of the 1-m-thick, homogeneous reactor problem

(Φ0,max/Φ2,abs,max = 260.65)

Figure 3.4: The numerically calculated
zeroth-order fluxmoment distribution

in the case of the homogeneous
cylindrical reactor problem normalized

with its maximum

Figure 3.5: The numerically calculated
second-order fluxmoment distribution

in the case of the homogeneous
cylindrical reactor problem normalized

with its maximum
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Figure 3.6: The semi-analytically and numerically calculated SP3 fluxmoment
distributions in the case of the homogeneous cylindrical reactor problem normalized

with their maximum (Φ0,max/Φ2,abs,max = 489.13)

The spherical problem detailed in Section 2.2.1 of Chapter 2 was modeled with a
tetrahedral mesh; then, three-dimensional finite-element SP3 calculations were performed
withSPNDYN.Figs. 3.7 and3.8 show thenumerically calculated zeroth- and second-orderflux
moment distributions, while Fig. 3.9 shows them along the radius with the semi-analytically
calculated distributions.

Figure 3.7: The numerically calculated
zeroth-order fluxmoment distribution
in the case of the homogeneous sphere
reactor problem normalized with its

maximum

Figure 3.8: The numerically calculated
second-order fluxmoment distribution
in the case of the homogeneous sphere
reactor problem normalized with its

maximum
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Figure 3.9: The semi-analytically and numerically calculated SP3 fluxmoment
distributions in the case of the homogeneous sphere reactor problem normalized with

their maximum (Φ0,max/Φ2,abs,max = 786.66)

Capilla’s one-group, 2-cm-thick, homogeneous slab with isotropic scattering, presented
in detail in Section 2.2.2 of Chapter 2, was also solved with SPNDYN. Fig. 3.10 shows the
obtained semi-analytical and finite-element SP3 scalar flux and second-order flux moment
distributions.
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Figure 3.10: The semi-analytically and numerically calculated SP3 fluxmoment
distributions in the case of Capilla’s problem (Φ0,max/Φ2,abs,max = 12.83)

The presented results confirm that the developed Galerkin-basedmodule of the SPNDYN
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code can correctly calculate homogeneous, one-group one- to three-dimensional reactor
problems, as well as demonstrated, how the developed semi-analytical SP3 solutions can
be applied for preliminary code verification purposes. However, further verification of the
implemented module was performed including multi-region (heterogeneous), as well as
multigroup problems.

3.2.2 Numerical verification of the finite-element-based SPNDYN module and
new reference SP3 results

The Galerkin-based finite element diffusion and SP3 solvers were verified on a variety of
few-group (one, two and four) two- and three-dimensional steady-state diffusion and SP3

benchmark problems as follows:

• one-group, but heterogeneous two-dimensional reactor model proposed by Hébert
[83] as an academic benchmark (reference keff and two-dimensional SP3 integral flux
distribution results are provided in the literature);

• two-group two- and three-dimensional VVER-440 problems (Seidel benchmarks)
(detailed three-dimensional power distribution results were not available);

• two- and four-group two- and three-dimensional VVER-1000 problems including the
Schulz benchmark – extended for future SP3 reference purposes, new SP3 results
provided.

As indicated above, I modified well-known diffusion benchmarks for which I provided
SP3 results in order to broaden the available references for SP3 code verification. For this
and with purely mathematical purposes, I followed the same method for SP3 group constant
definition as was applied in [54,55,115,116] by defining the first effective diffusion coefficient
matrices (D1) as adiagonalmatrix of thediffusion coefficients, while the total groupconstants
as one-third times the inverse of the diffusion coefficients as:

D1 := diag(Dg1, Dg2, . . . , DG) , Σt,g :=
1

3

1

Dg
. (3.2.1)

With the above method, the diffusion benchmarks could be transformed into SP3

benchmarks with purely isotropic scattering, again only for mathematical code verification
purposes. Among the examined problems, the Hébert academic benchmark considers only
scattering anisotropy and only linearly.

In each SPNDYN run, the powermethod applied for the source iterationwas initiated from
uniform flux- and flux moment distributions, while the convergence criteria of the iteration
defined for the relative effective multiplication factor difference was 10−7 and for the relative
flux- and flux moment differences was 10−5. In each case, mesh convergence study was
performed to decrease the discretization error to a few pcm. As performance indicators,
the maximum and average relative assembly power or assembly integrated flux differences
along with the difference between the reference and the obtained effective multiplication
factors are calculated if reference results were available. The tables summarizing the SPNDYN
results contain the number of nodes defined in each selected mesh, as well as the average
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computational time increment factor of the SP3 against diffusion calculations. Averaging
of the computational times was done for all the calculations performed within the mesh
convergence study. In those cases where reference SP3 results were not available (denoted
by n.a.), I also provide detailed results for future SP3 code verification purposes. The detailed
benchmark descriptions including the exact geometric models, group constants, symmetry
and boundary conditions along with reference diffusion and – if available – SP3 results
(effective multiplication factors and flux- or fluxmoment distributions) are given in App. D.

Results obtained for the Hébert academic benchmark problems

The first benchmark specified in detail in App. D.1 is a two-dimensional one-group
hexagonal reactor problem originally proposed by Hébert in [83]. Although the benchmark
does not represent a real reactor problem, it allows the verification of the applied numerical
techniques as both diffusion and SP3 reference results are available (see [83] and [36]). In
this case, assembly integral fluxes are normalized with the average assembly integral flux
(averaging – in linewith the references – is only performed for the 15 assemblies of the 30◦ core
sector), and then compared to the available reference data given also in App. D.1. Table 3.2
summarizes the resultsobtainedwith theSPNDYNcodeand their comparison to the reference
solutions. The calculated effective multiplication factors and power distributions show very
good agreement with the reference results. In Fig. 3.11, the difference between the available
reference and the calculated SP3 assembly power distributions are shown in detail.

Table 3.2: Results obtained for the two-dimensional one-grouphexagonalHébert benchmark
problem

Transport Nodes keff
∆keff εmax εaverage Time

approximation [pcm] [%] [%] increment factor

diffusiona 525655 0.972431 -2.7 0.2 0.1 ref.
SP3

b 525655 1.000323 -2.0 0.3 0.0 2.97
a The reference diffusion effective multiplication factor is 0.972457 (see details in App. D.1).
b The reference SP3 effective multiplication factor is 1.000343 (see details in App. D.1).

Figure 3.11: The calculated assembly power distribution and the percentage difference
from the reference results in the case of the two-dimensional, one-group hexagonal

Hébert benchmark problem
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Two-group two- and three-dimensional VVER-440 problems

The following two-group two- and three-dimensional VVER-440 problems were originally
proposedbySeidel et al. [117]. The two-dimensional reactor core consists of 25VVER-440 type
fuel assemblieswith30◦ reflective symmetry alongwith sevencontrol rods insertedanda layer
of reflector assemblieson theboundaryof the core (see thebenchmarkdetails inApp. D.2). On
the outer boundary of the reflector, vacuum boundary condition is imposed. Being originally
a diffusion benchmark, I extended it – similarly as it was done by Bahabadi et al. in [116] –
with artificially defined SP3 group constants for purely mathematical SP3 code verification
purposes, so that the effective multiplication factor and power distributions given here can
be taken as future references. A three-dimensional extension of this VVER-440 benchmark,
also known as the AER-FCM-001 or "the" Seidel-benchmark of the Atomic Energy Research
(AER) community [117, 118] has a core height of 250.0 cm with additional 25 cm reflector
layers at the top and bottom of the core (see the specifications in App. D.3). In this case, all
control rods are halfway inserted, and at the outside boundaries vacuumboundary condition
is imposed. As this is also a benchmark for diffusion codes, it was previously – again, similarly
to themethodusedbyBahabadi et al. in [116] – extended for SP3 code verificationpurposes by
Fayez-Moustafa, as well as Vidal-Ferràndiz (see [54,55]), however, only reference SP3 effective
multiplication factor was given. Hence, I hereby provide also the reference three-dimensional
SP3 power distributions.

Table 3.3 summarizes the results obtained with the SPNDYN code and – where those
were available – comparison with the references. Figs. 3.12 to 3.13 show the two-group
flux moment, as well as the SP3 power distribution obtained with the SPNDYN code for the
two-dimensional case. For future reference purposes, App. D.3 is extended with the detailed
three-dimensional SP3 power distribution, which is given in Table D.4.

Table 3.3: Results obtained for the two-group two- and three-dimensional VVER-440
problems

Transport Nodes keff
∆keff εmax εaverage Time

approximation [pcm] [%] [%] increment factor

two-dimensional Seidel problema

diffusion 51432 1.009710 1 0.1 0.0 ref.
SP3 51432 1.011373 n.a. n.a. n.a. 3.98

three-dimensional Seidel problemb

diffusion 1618188 1.011387 7 0.7 0.2 ref.
SP3 1618188 1.012595 1 n.a. n.a. 3.21

a The reference diffusion effective multiplication factor for the two-dimensional case is
1.00970 (see App. D.2).

b The reference diffusion and SP3 effective multiplication factors for the three-dimensional
case are 1.01132 and 1.01261, respectively (see App. D.3).
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Figure 3.12: Zeroth- (left) and second-order (right) epithermal (top) and thermal
(bottom) fluxmoment distributions obtained with the Galerkin finite element SP3

module of the SPNDYN code for the two-group two-dimensional VVER-440 problem
(Φg1

0,max/Φ
g1
2,abs,max = 69.90)

Figure 3.13: The SP3 assembly power distribution obtained with the SPNDYN code in
the two-dimensional VVER-440 problem

Two- and four-group two- and three-dimensional VVER-1000 problems

Thenextproblem is aheavily roddedVVER-1000corewithout reflectororiginallyproposed
by Chao and Shatilla in [44]. In this case two different external core boundary conditionswere
considered, in case a) vacuum boundary condition, while in case b) an albedo of γ = 0.125
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was taken into account. The core symmetry is one-sixth core cyclic. The detailed benchmark
specification is given in App. D.4. The SP3 effective multiplication factor for the case with
vacuum boundary condition definition is 1.007050 taken from [54], however, reference SP3

effective multiplication factor neither for case b) nor reference power distributions were
available. For SP3 calculations with the albedo of γ = 0.125, I provide here the effective
multiplication factor and for both cases the power distributions obtained with SPNDYN for
future reference. Table 3.4 contains the SPNDYN results, and – where it was available –
comparison with the references. In Fig. 3.14, I provide the SP3 power distribution, while Figs.
3.15 to 3.16 show the two-group fluxmoment distributions obtained with SPNDYN.

Table 3.4: Results for the two-group VVER-1000 problemwithout reflector

Transport Nodes keff
∆keff εmax εaverage Time

approximation [pcm] [%] [%] increment factor

case a) with vacuum boundary conditiona

diffusion 384637 1.006443 -4 0.1 0.0 ref.
SP3 384637 1.007046 0 n.a. n.a. 3.15

case b) with γ = 0.125 albedo boundary conditionb

diffusion 384637 1.014365 -4 0.2 0.05 ref.
SP3 384637 1.015195 n.a. n.a. n.a. 3.90

a The reference diffusion and SP3 effective multiplication factors are 1.006485 and 1.007050,
respectively (see in detail App. D.4).

b The reference diffusion effective multiplication factor is 1.014407 (see App. D.4).

Figure 3.14: The calculated SP3 assembly power distributions for case a) (upper values)
and b) (lower values) for the two-group VVER-1000 problemwithout reflector
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Figure 3.15: Zeroth- (left) and second-order (right) epithermal (top) and thermal
(bottom) fluxmoment distributions – two-group VVER-1000 problemwithout reflector

(case a) with vacuum boundary condition,Φg1
0,max/Φ

g1
2,abs,max = 175.86)

In order to test the multi-group capabilities of SPNDYN, I also selected a four-group
VVER-1000 core problem originally proposed by Makai in [119] (see details in App. D.5). The
core has 30◦ reflective symmetry and on the external boundary originally zero flux boundary
condition was imposed. I provide the diffusion and SP3 effective multiplication factors in
Table 3.5.

Table 3.5: Results for the four-group VVER-1000 problem

Transport Nodes keff
∆keff εmax εaverage Time

approximation [pcm] [%] [%] increment factor

case a) zero flux boundary conditiona

diffusion 29102 1.111859 -4 0.4 0.2 n.a.
case b) vacuum boundary condition

diffusion 29102 1.112213 n.a. n.a. n.a. ref.
SP3 29102 1.113144 n.a. n.a. n.a. 3.90

a The reference diffusion effective multiplication factor for case a) with zero flux boundary
condition is 1.11192 (see App. D.5).
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Figure 3.16: Zeroth- (left) and second-order (right) epithermal (top) and thermal
(bottom) fluxmoment distributions – the two-group VVER-1000 problemwithout

reflector (case b) with γ = 0.125 albedo boundary condition,Φg1
0,max/Φ

g1
2,abs,max = 94.31)

Theobtainedassemblypowerdistributions for the sameproblemare given inFig. 3.17, but
with vacuum boundary condition imposed on the outer side of the reflector row. The zeroth-
and second-order flux distributions are shown in Fig. 3.18.

Figure 3.17: The calculated diffusion (upper values) and SP3 (lower values) assembly
power distributions for case b) (vacuum boundary condition) of the four-group

VVER-1000 problem
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Figure 3.18: Zeroth- (left) and second-order (right) four-group fluxmoment
distributions (1st group – top→ 4th group – bottom) obtained with the SP3 module of

the SPNDYN code for the four-group VVER-1000 problem (case b) with vacuum
boundary condition,Φg1

0,max/Φ
g1
2,abs,max = 50.35)52



3.2. Benchmark calculations

The last examined problem is the AER-FCM-101, or so-called Schulz benchmark of the
Atomic Energy Research (AER) community [120, 121]. I provide the detailed benchmark
specification in App. D.6. The Schulz benchmark geometry is a three-dimensional VVER-1000
core problem with seven homogeneous material region including fuel assemblies with four
different enrichments, burnable absorber (Eu2O3), control rods and reflector, while the
control rod clusters are halfway inserted into the core with 30◦ reflective core symmetry. The
core height is 355 cmwith 35.5-35.5 cm axial reflectors at the bottom and top of the core, and
vacuum boundary condition is imposed on the external core boundaries. Being a diffusion
benchmark, similarly to the previous problems, I extended the benchmark specification with
SP3 group constants.

The obtained SP3 effective multiplication factor, the axially averaged and detailed
three-dimensional assembly power distribution are hereby presented for future verification
purposes (see Tables 3.6 and D.9 in App. D.6).

Table 3.6: Results obtained for the two-group three-dimensional VVER-1000 problem (Schulz
benchmark)

Transport Nodes keff
∆keff εmax εaverage Time

approximation [pcm] [%] [%] increment factor

diffusiona 415676 1.049494 -3 0.9 0.4 ref.
SP3 415676 1.050169 n.a. n.a. n.a. 5.82

a The referencediffusion effectivemultiplication factor for the Schulz benchmark is 1.049526
(see App. D.6).

Discussion of the results

By the comprehensive numerical testing of SPNDYN presented in the previous sections,
I verified that both the diffusion and SP3 Galerkin-based steady-state modules are able to
reproduce a broad variety of reference benchmark solutions (with one- to four neutron
energy groups, one- to three-dimensions and also in case of strongly heterogeneous core
configurations with inserted absorbers). Besides, as the relevant literature lacks a broad set
of reference SP3 results, I contributed to the field of numerical SP3 code verification with
providing flux- and flux moment distributions, as well as detailed radial and axial power
distributions in each benchmark case. Asmulti-group reference SP3 results were not available
in the literature, I extended the two-dimensional four-groupVVER-1000benchmarkoriginally
provided byMakai for SP3 code verification purposes.

In the presented results, the SP3 effective multiplication factors were in almost every case
higher than the ones obtained with diffusion calculations. The sole exception is the Hébert
benchmark, however, it is artificially biased to exaggerate the difference between the SP3 and
diffusion results with the introduction of a purely absorbing material. Given the definition of
the total group constant in Eq. 3.2.1 this might suggest that SP3 calculations are conservative
compared todiffusion for reactor configurationswhere scattering anisotropy is not dominant.
As expected, the scalar and second-order flux moment distributions show that the angular
anisotropy of the neutronflux is dominant close to themodel boundaries, at the vicinity of the
absorber assemblies, near the reflector regions, and also in those fuel regions, where different
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type of neighboring fuel assemblies are present.
Based on this comprehensive benchmark exercise, I experienced that SP3 calculations

necessitate the same level of mesh refinement as diffusion calculations to obtain the
effective multiplication factors with around 1 pcm spatial discretization error. As a results
of the presented calculations, I revisited the conclusion that the average computation time
requirement of the SP3 calculations is two to four times higher than that of the diffusion
calculations, however, in those benchmark cases where absorber assemblies were inserted
into the core, the SP3 running time was almost six times higher than that of the diffusion
calculations, which needs further investigation.

Applying SPNDYN on a diverse mix of benchmark problems also pointed out future
development possibilities. Although in nuclear reactor computations, it is known that if
a modeled system is rather diffusive with dominated scattering relative to absorption the
power method – also applied in SPNDYN for source iteration – may converge slowly, the
increased running time in the heavily rodded cases seems counter-intuitive. The reason
for this phenomenon is believed to be the relative flux moment convergence test presently
implemented within SPNDYN using the same convergence criterion for variation of the
second-order and the scalar flux spatial distributions between the iteration cycles instead of
applying it solely to thefission source spatial distribution. Apotential andalso straightforward
further development possibility would be the implementation of other than linear finite
element treatments. In order to accelerate the computations, numerical and physical
preconditioning options could be also taken into account. Currently, the Galerkin-based
finite element module of the SPNDYN is able to handle neither discontinuity factors nor
superhomogenization which would be necessary for production calculations. Optimizing
the inner iteration solution procedure would be also necessary by testing different iterative
methods, which can be applied for the solution of linear algebraic equation systems. Solving
the adjoint diffusion and SP3 problems, aswell as extending SPNDYNwith SP5 and SP7 solvers
may also be sensible.
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3.3 Steady-state analysis of the BME Training Reactor using the
finite-element-basedmodule of the SPNDYN code

In this section, I present diffusion and SP3 calculations performed with the Galerkin
finite-element-based module of the SPNDYN code for the Training Reactor of Budapest
University of Technology and Economics (BME TR) in the framework of a steady-state
code-to-code and code-to-measurement benchmark of which the results are published in
[P4] by the participants from BME NTI. I participated in this benchmark on the one hand
with the aim of comparing SPNDYN diffusion to PARCS diffusion and SPNDYN SP3 to
higher-order transport results obtained with the PARTISN code along with a comparison to
reference Serpent results, and on the other hand to evaluate SPNDYN’s performance in a
code-to-measurement benchmark exercise. I showed that the SP3 results depend to a large
extenton theappliedgroupconstant (especially theeffectivediffusioncoefficient)definitions,
revisited the conclusion that application of Serpent-generated higher-order anisotropic
scattering matrices for SP3 calculations with full anisotropic scattering is questionable and
analyzed the applicability of transport-corrected diffusion coefficients for SP3 calculations.
In the code-to-code and code-to-measurement benchmark exercise, the excess reactivity
and fuel and graphite assembly worth of the BME TR were compared, and the code-to-code
comparison was also extended with integral rod worth and radial power distribution
evaluations.

3.3.1 Model description

With the aim of code-to-code comparison the same geometric model was built up in
PARCS, PARTISN and SPNDYN. For SPNDYN calculations, a Gmsh- based CAD model of the
0.5mhigh8×9square (7.2 cm×7.2cm)assembliesand thesurrounding0.5mreflector region
in each direction was prepared. Taking advantage of the symmetry to the axial mid-plane,
the CAD model was reduced to the half geometry from z = 0 m to z = 0.75 m along with
prescribing reflective boundary condition on the z = 0.75mplane (see Fig. 3.19). On the other
boundaries, in the case of diffusion calculations – similarly to the PARCS model – a zero flux
boundary condition was adopted, while for the SP3 calculations, Marshak vacuum boundary
condition was applied. For each calculation, a preliminary study was performed to select
an appropriate unstructured and non-uniform mesh (an example of which is shown in Fig.
3.20). For excess reactivity and integral rod worth calculations, a mesh with 33265 nodes was
applied. The worth of the graphite reflectors (B2, C2, D2, E2) and of the outer (B3, C3, B4) and
inner (C4) fuel assemblies was calculated with a mesh with 42456, 132080 and 393470 nodes,
respectively, as these parameterswere found to bemore sensitive tomesh refinement. Finally,
the 132080-nodemesh was also used to calculate the power distribution.

Diffusion and SP3 group constants for two neutron energy groupswere generatedwith the
Serpent 2 code by A.Sz. Ványi, and in the code-to-code comparison he performed PARCS,
while Z.I. Böröczki performed PARTISN calculations (see modeling details in [P4]). A part of
the referencemeasurement results were obtained also by A.Sz. Ványi, as well as by A. Horváth
(seemeasurement details in [P4]).
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Figure 3.19: The radial cross-section of the
BME TR geometric model

Figure 3.20: An example of the unstructured
and non-uniformmeshes applied for the

SPNDYN calculations

Diffusion calculations were performedwithout andwith the use of transport cross section
correction for hydrogen (SPNDYN 2G DIFF and SPNDYN 2G DIFF TRC), while in the case of
SP3 calculations the following approaches were considered:

• the effective diffusion coefficient matrix D1 was considered to be equal to the
diagonal matrix of the diffusion coefficients without transport cross section correction
corresponding to the usual practice of applying approximate and only linearly
anisotropic group-to-group scattering by using the transport cross section within SP3

calculations [36] (SPNDYN 2G LA-SP3);

• the D1 effective diffusion coefficient matrix was considered to be equal to the diagonal
matrix of the diffusion coefficients with transport cross section correction allowing the
consideration of hydrogen-induced anisotropic scattering (SPNDYN 2G LA-SP3 TRC);

• the effective diffusion coefficient matrices (D1 and D2) were calculated according to
their original definition from the total cross section and the linearly and third-order
anisotropic scattering matrices (see the definitions in Eqs. 1.3.9a and 1.3.9b). With
this approach four-group and fourteen-group SP3 calculations were also carried out
(SPNDYN 2G/4G/14G F-SP3).

In the following tables summarizing the calculation results, I will mark with blue and
red colors the negative and positive difference between the SPNDYN and PARCS / PARTISN
results, respectivelywithaquamarineandorange thenegativeandpositivedifferencebetween
the SPNDYNand themeasured results, whilewith cyanandmagenta thenegative andpositive
difference between the SPNDYN and the Serpent results.
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3.3.2 Calculation results

In Serpent, excess reactivity was calculated with all the control rods being withdrawn, and
for deterministic calculations corresponding group constant libraries were generated. Table
3.7 presents the calculation results in pcm.

Table 3.7: Code-to-measurement and code-to-code comparison of ρexcess [pcm]

Reference Value SPNDYN SPNDYN Difference
model results [pcm]

Measurementa 519± 8
Serpent 538± 3

PARCS DIFF 2G -1522 2GDIFF -1551 -29 (-2070, -2089)
PARCS DIFF 2G TRC 629 2GDIFF TRC 600 -29 (+81, +62)
PARTISN S10 2G 7070 2G F-SP3 6980 -90 (+6461, +6442)
PARTISN S10 4G 2855 4G F-SP3 2695 -160 (+2176, +2157)
PARTISN S10 14G 2033 14G F-SP3 1759 -274 (+1240, +1221)

2G LA-SP3 -940 (-1459, -1478)
2G LA-SP3 TRC 1122 (+603, +584)

a Themeasured value was converted to pcmusing the Serpent calculated βeff of 7.49 · 10−3 ±
1 · 10−5 [P4].

As the integral control rodworth of the Serpentmodel was adjusted to themeasurements,
in the case of integral control rod worth calculations only code-to-code comparison was
performed. Group constant sets were generated for all four control rod configurations
(automatic control rod (AUT) inserted and withdrawn, manual control rod inserted (MAN)
and withdrawn). Table 3.8 presents the calculation results. For assembly worth calculations,
two-group cross section sets were generated for nine reactor configurations (the reference
state with zAUT = 430 mm, zMAN = 400 mm and eight states, one for each graphite reflector
and fuel assembly worth to be calculated). Tables 3.9 and 3.10 summarizes the calculation
results.

Regarding the code-to-code comparison in the case of diffusion calculations, the PARCS
andSPNDYNresults showverygoodagreement: theabsolutedifferencebetween theobtained
excess reactivities, integral control rod and graphite/fuel assembly worth in each case is
less than 30 pcm. The good agreement obtained for the excess reactivity is due to the
fact that the PARCS and SPNDYN diffusion effective multiplication factors are quite close:
without transport correction in the diffusion coefficients 0.98501 and 0.98473, while with
transport correction 1.00633 and 1.00604 were obtained with PARCS and SPNDYN diffusion
calculations, respectively. Except for the excess reactivity calculations, the PARTISN and
SPNDYN F-SP3 results also show exceptionally good agreement: the absolute difference
between the obtained integral control rod and graphite/fuel assembly worth in each case
is less than 15 pcm. It means, that SPNDYN in F-SP3 mode is also able to predict relative
reactivity changes within the precision range of a higher-order deterministic transport, in
this case of a PARTISN S10 solution. The absolute effective multiplication factor difference
between the SPNDYN F-SP3 and PARTISN S10 results is higher, therefore comes the higher
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difference in theexcess reactivity resultsprovidedby the twocodes, however, the90 to274pcm
differences between the two- to fourteen-group SPNDYNF-SP3 and PARTISN S10 calculations
is still acceptable.

Table 3.8: Code-to-code comparison of the calculated integral control rod worth

Reference AUTworth SPNDYN SPNDYN Difference
[pcm] model results [pcm]

Serpent -657
PARCS DIFF 2G -608 2GDIFF -605 +3 (+52)

PARCS DIFF 2G TRC -587 2GDIFF TRC -583 +4 (+74)
PARTISN S10 2G -547 2G F-SP3 -541 +6 (+116)
PARTISN S10 4G -571 4G F-SP3 -561 +10 (+96)

2G LA-SP3 -609 (+48)
2G LA-SP3 TRC -585 (+72)

Reference MANworth SPNDYN SPNDYN Difference
[pcm] model results [pcm]

Serpent -1409
PARCS DIFF 2G -1335 2GDIFF -1334 +1 (+75)

PARCS DIFF 2G TRC -1328 2GDIFF TRC -1325 +3 (+84)
PARTISN S10 2G -1283 2G F-SP3 -1285 -2 (+124)
PARTISN S10 4G -1341 4G F-SP3 -1348 -7 (+61)

2G LA-SP3 -1322 (+87)
2G LA-SP3 TRC -1313 (+96)

With regard to the SPNDYN to Serpent, as well as to measurement comparisons, clear
conclusions cannot be drawn. As the Serpent and the measurement results show good
agreement (19 pcm difference with regard to the excess reactivity and less than 50 pcm
difference for almost all the assembly worth with the exception of the C3 fuel assembly
where 71 pcm difference was obtained). A major overestimation of excess reactivity was
obtained by SPNDYN F-SP3 and PARTISN calculations compared to the Serpent results,
which is somewhat decreased by increasing the number of energy groups. As already
pointedout byCai in [122], althoughSerpent can generate higher-order anisotropic scattering
matrices up to the seventh order, no thorough verification and validation of their applicability
in higher-order deterministic transport codes was performed so far. The higher-order
anisotropic scattering matrices of Serpent are generated by using the multi-group angular
deviation probability distribution function, which is weighted by the scalar flux spectrum
for the energy group condensation, rather than by the associated angular flux moment
spectrum (see Eqs. (9)–(14) in [123]). The inconsistent weighting of the multi-group
angular deviation probability distribution function indirectly results in biased multi-group
higher-order anisotropic scattering matrices. This assumption is also confirmed by the
findings of Lin and Yang [124], who concluded that the use of scalar flux weighted anisotropic
scattering cross sections may not be adequate for fast reactor applications where anisotropic
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scattering plays an important role. The presumption of the questionable applicability of
the Serpent-generated higher-order scattering matrices is also supported by the fact that
running SPNDYN in LA-SP3 mode with diffusion coefficients (either with or without TRC)
as D1 instead of applying the theoretical definition of effective diffusion coefficient matrices
allows the reproducibility of the Serpent reference results with an accuracy that is in the
range of or slightly better than diffusion theory. The effects of inappropriate weighting was
further investigated by Z.I. Böröczki by deriving the weighting functions from the angular
flux moments using a forty-group PARTISN simulation, and was able to show the significant
spectral differencesbetween them. Due to this fact, in almost every case,when theoriginal SP3

group constant definitions are applied with the inclusion of higher-order and full anisotopic
scatterings (F-SP3), the obtained results degraded compared to the results of LA-SP3 runswith
diffusion coefficients (except for the graphite assembly worth, where the opposite seems to
hold). Appropriate weighting of higher-order anisotropic scattering matrices during group
collapsing as part of the group constant generation for deterministic calculations is therefore
found to be crucial in the case of small-scale and heterogeneous reactors such as the BMETR.

Except for the excess reactivity, each SPNDYN calculation – irrespective of the group
structure and the applied group constants – was able to reproduce the integral automatic and
manual control rodworthwith an absolute difference of less than 125 pcm,while the graphite
and B3, B4 fuel assembly worth with an absolute difference of less than 250 pcm. In the case
of the C3 and C4 fuel assemblies, a slightly higher, but still less than an absolute difference of
400 pcmwas obtained compared to the Serpent reference results.

To obtain the relative assembly power distribution (for the reference state with zAUT = 430
mm, zMAN = 400 mm), the calculated volume-integrated assembly powers were divided by
the average assembly power. As measurement results are not available, solely code-to-code
comparison was performed. Fig. 3.21 shows the reference Serpent solution, while Figs.
3.22-3.27 present the relative difference between the SPNDYN and Serpent results. In Figs.
3.28-3.29, the relative difference between the SPNDYN and PARCS, as well as between the
SPNDYN and PARTISN results are shown, respectively.

Figure 3.21: Relative assembly power distribution calculated by Serpent [P4]
(the standard deviation is 0.0001 for each assembly)
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Table 3.9: Code-to-measurement and code-to-code comparison of the graphite reflector
assembly reactivity worth

Reference Assembly worth SPNDYN SPNDYN Difference
[pcm] model results [pcm]

B2
Measurementa 232± 1

Serpent 259± 8
PARCS DIFF 2G 431 2GDIFF 421 -10 (+189, +162)

PARCS DIFF 2G TRC 343 2GDIFF TRC 334 -9 (+102, +75)
PARTISN S10 2G 232 2G F-SP3 226 -6 (-6, -33)

2G LA-SP3 403 (+171, +144)
2G LA-SP3 TRC 320 (+88, +61)
C2

Measurementa 393± 2
Serpent 443± 8

PARCS DIFF 2G 651 2GDIFF 633 -18 (+240, +190)
PARCS DIFF 2G TRC 523 2GDIFF TRC 507 -16 (+114, +64)
PARTISN S10 2G 373 2G F-SP3 363 -10 (-30, -80)

2G LA-SP3 605 (+212, +162)
2G LA-SP3 TRC 487 (+94, +44)
D2

Measurementa 469± 3
Serpent 516± 8

PARCS DIFF 2G 737 2GDIFF 717 -20 (+248, +201)
PARCS DIFF 2G TRC 598 2GDIFF TRC 581 -17 (+112, +65)
PARTISN S10 2G 425 2G F-SP3 414 -11 (-55, -102)

2G LA-SP3 676 (+207, +160)
2G LA-SP3 TRC 548 (+79, +32)
E2

Measurementa 371± 2
Serpent 416± 8

PARCS DIFF 2G 621 2GDIFF 604 -17 (+233, +188)
PARCS DIFF 2G TRC 500 2GDIFF TRC 487 -13 (+116, +71)
PARTISN S10 2G 353 2G F-SP3 343 -10 (-28, -73)

2G LA-SP3 576 (+205, +160)
2G LA-SP3 TRC 464 (+93, +48)

a Themeasured values were converted to pcm using the Serpent calculated βeff of 7.49 · 10−3 ± 1 ·
10−5 [P4].
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Table 3.10: Code-to-measurement and code-to-code comparison of the fuel assembly
reactivity worth

Reference Assembly worth SPNDYN SPNDYN Difference
[pcm] model results [pcm]

B3
Measurementa 1047± 7

Serpent 1085± 8
PARCS DIFF 2G 1291 2GDIFF 1276 -15 (+229, +191)

PARCS DIFF 2G TRC 1140 2GDIFF TRC 1125 -15 (+78, +40)
PARTISN S10 2G 900 2G F-SP3 887 -13 (-160, -198)

2G LA-SP3 1271 (+224, +186)
2G LA-SP3 TRC 1126 (+79, +41)
C3

Measurementa 1955± 15
Serpent 2026± 8

PARCS DIFF 2G 2243 2GDIFF 2213 -30 (+258, +187)
PARCS DIFF 2G TRC 2027 2GDIFF TRC 1999 -28 (+44, -27)
PARTISN S10 2G 1709 2G F-SP3 1714 +5 (-241, -312)

2G LA-SP3 2185 (+230, +159)
2G LA-SP3 TRC 1980 (+25, -46)
B4

Measurementa 1756± 13
Serpent 1760± 8

PARCS DIFF 2G 1997 2GDIFF 1969 -28 (+213, +209)
PARCS DIFF 2G TRC 1805 2GDIFF TRC 1777 -28 (+21, +17)
PARTISN S10 2G 1526 2G F-SP3 1537 +11 (-219, -223)

2G LA-SP3 1951 (+195, +191)
2G LA-SP3 TRC 1766 (+10, +6)
C4

Measurementa 3034± 30
Serpent 3054± 8

PARCS DIFF 2G 2986 2GDIFF 2958 -28 (-76, -96)
PARCS DIFF 2G TRC 2843 2GDIFF TRC 2814 -29 (-220, -240)
PARTISN S10 2G 2689 2G F-SP3 2678 -11 (-356, -376)

2G LA-SP3 2919 (-115, -135)
2G LA-SP3 TRC 2782 (-252, -272)

a Themeasured values were converted to pcm using the Serpent calculated βeff of 7.49 · 10−3 ± 1 ·
10−5 [P4].

With respect to the Serpent reference solution, the diffusion calculations performed with
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SPNDYNwithout theapplicationofTRCcorrection resulted inamaximumdifferenceof 6.09%

and an absolute average of 2.33%, while with transport correction the maximum difference
decreased to 4.56% and the absolute average deviations went down to 1.78%. The SPNDYN
and PARCS diffusion results are in good agreement with an absolute average difference of less
than 0.2% and a maximum absolute difference lower than 0.5%, and the same applied for
the SPNDYN F-SP3 and PARTISN two-group results as well (see Figs. 3.28-3.29). Considering
the SPNDYN LA-SP3 results, there is a slight improvement compared to diffusion results
if diffusion coefficients without TRC correction are applied, yielding a maximum relative
difference of 5.10% and an absolute average of 2.18%; however, the LA-SP3 power distribution
is almost identical to the diffusion-based onewhen transport-corrected diffusion coefficients
are considered. An outlying relative difference was obtained for the F3 assembly with the
SPNDYN 2G F-SP3 model (7.55%), but the average relative difference improved, resulting in
an absolute average of 1.61%. This may also be caused by the inappropriate weighting of the
anisotropic scattering matrices, because this assembly has a more thermal energy spectrum.
By increasing the number of groups to four (SPNDYN 4G F-SP3) both the maximum and the
absolute average difference decreased significantly to 4.93% and 1.09%, respectively.

Figure 3.22: Relative difference
between the assembly powers

calculated with SPNDYN 2GDIFF
and Serpent

Figure 3.23: Relative difference
between the assembly powers

calculated with SPNDYN 2GDIFF
TRC and Serpent

Figure 3.24: Relative difference
between the assembly powers

calculated with SPNDYN 2G LA-SP3

and Serpent

Figure 3.25: Relative difference
between the assembly powers

calculated with SPNDYN 2G LA-SP3

TRC and Serpent
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Figure 3.26: Relative difference
between the assembly powers

calculated with SPNDYN 2G F-SP3

and Serpent

Figure 3.27: Relative difference
between the assembly powers

calculated with SPNDYN 4G F-SP3

and Serpent

Figure 3.28: Relative difference
between the assembly powers

calculated with PARCS DIFF 2G TRC
and SPNDYNDIFF 2G TRC

Figure 3.29: Relative difference
between the assembly powers

calculated with SPNDYN 2G F-SP3

and PARTISN 2G
The above results support the applicability of both the diffusion and SP3-based Galerkin

finite elementmodule of SPNDYN for small-scale reactor applications, ofwhich the precision,
however, is affected by the applied SP3 approximation, and even more by the quality and
reliability of the applied group constants. I was able to show that with the F-SP3 approach, the
accuracy of the results are close to the PARTISNS10 solutions, whilewith the LA-SP3 approach,
it is in the range of the diffusion theory. With this conclusion, the implementation of the F-SP3

approach instead of other SP3 approximations in a production code is proved to be legitimate.
The Galerkin-finite-element-based module of SPNDYN can be applied with arbitrary

number of neutron energy groups, for one- to three-dimensional problems, and solves the
F-SP3 equations, hence incorporates all the other SP3 approximations (WG-SP3, LAG2G-SP3

and LA-SP3). The geometry module – as not being an integral part of the code and due
to the applied finite element method – does not have regularity constrains. The CAD
modeling possibility provided by the Gmsh open-source three-dimensional finite element
mesh generator enables the consideration of arbitrarily complex reactor geometry. These
characteristics makes this module of the SPNDYN code ideal for small (research, training and
material testing) reactor analysis. Such flexibility of this SPNDYN module also enables the
provision of reference solutions for future SP3 code verification purposes.
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4
Hybrid finite-element-based numerical

solution of the steady-state SP3 equations

Although the Galerkin-weighted residual method allows the analysis of arbitrary reactor
geometry, for industrial application, nodal solutionmethods are preferred. Production codes
are repeatedly applied for the same geometry with the sole modification of group constants
interpolated to the actual core conditions. Nodal methods do not necessitate fine spatial
discretization of the problem domain in those regions or directions where the neutron flux
varies slowly in space. In these cases, a solution algorithm that is optimized for the analysis
of the actual reactor core geometry is generally more effective and efficient. In the Paks
NPP, the C-PORCA reactor physics code as part of the VERONA on-line core monitoring and
off-line core analysis system is optimized for hexagonal core applications. The C-PORCA
code performs three-dimensional two-group diffusion calculations, and using virtualization
technology and accelerated solution based on graphics processing units (GPU) is able to
perform assembly-wise core calculations with a spatial nodalization of 349×48 cells within
a repetition time of 2 s, i.e., within an in-core measurement cycle [125–128]. Within the
framework of an R&D project, the Reactor Physics Department of the Paks NPP – in close
cooperation with the BME NTI – decided to examine the possible extension of the C-PORCA
diffusion code to a higher-order transport approximation. The multigroup SP3 theory was a
self-evident choice, as the governing equations form a system of diffusion-like elliptic partial
differential equations, hence further development of the efficiently parallelized and therefore
fast diffusion solver algorithm [129] seemed sensible.

As a part of my research, I further developed the diffusion algorithm applied by the
C-PORCAdiffusioncode tobeable to solve the steady-state SP3 equationswith full anisotropic
scattering. Therefore, in this chapter I present the hybrid finite element method that I
developed for the numerical solution of the steady-state SP3 equations beginning with a
brief overview about the categorization of this spatial discretization method, then I cover
some geometric and material consideration, which is followed by the detailed presentation
of the algorithm. Analytical and numerical verification is given for multiple test problems
relying to a large extent on the reference VVER-440 and VVER-1000mathematical benchmark
solutions provided by theGalerkin-finite-element-basedmodule of the SPNDYN code. I close
this chapter with VVER-440 and VVER-1000 calculations using Serpent-generated reference
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results, group constant and Serpent-baseddiscontinuity factors. Research results given in this
chapter are published in [P2], [P5], [P6], and [P9]-[P13].

4.1 The hybrid finite-element-based solutionmethod

Based on the work of H. Nakata and W. R. Martin [130–132], as well as E. E. Lewis [23,
25, 133], I developed a finite-element-based nodal method in response matrix formalism
for the solution of the SP3 equations, where the response matrices are calculated using
primal mixed-hybrid finite element method with the introduction of Lagrange multipliers to
enforce the node-to-node balance on the elements. The developed method resembles to the
variatonal nodal method applied by E. E. Lewis and G. Palmiotti in the VARIANT code [23],
but – by taking advantage of the axially relatively smooth flux distribution, and similarly to
flux synthesismethods – the fluxmoments are approximated as a product of purely (x, y) and
z-dependent functions.

The developed algorithm therefore can be considered as a special type of response
matrix methods (for a brief overview about response matrix methods, see [134]) and a
fusion between traditional interface current nodal, variational nodal and flux synthesis
methods (relation between traditional and variational nodal methods is discussed in [135],
further on flux synthesis see [136]). It is a fusion in a sense that the flux moments are
approximated as a product of purely z- and (x, y)-dependent functions, within an element,
axially analytical solution is performed, while radially primal, mixed-hybrid finite element
method is applied with Lagrange multipliers to enforce the nodal balance. Based on the
work of van Criekingen [137], the radial solution algorithm is categorized as primal, because
it is based on even-parity flux decomposition, mixed, as the flux and current-like moments
simultaneously approximated as polynomials, and hybrid, because the mixed method is
applied in each element separately, and only the weak regularity conditions are kept at the
spatially decomposed domain interfaces. This method leads to the inclusion of Lagrange
multipliers within the finite element equations, which enforce the interface continuity of
the normal current-like moments. By decoupling the axial and radial directions within the
finite element discretization in such a way, a non-homogeneous linear ordinary differential
equation is obtained in the axial direction, which can be solved analytically. To obtain the
radial leakage – by knowing the analytical form of the flux moments in the axial direction
– transverse integration is applied. The multilayered numerical solution is embedded in a
usual source iteration method, where, as part of the inner iteration, axial and radial partial
current-like moment iterations are performed in response matrix formalism to ensure the
nodal coupling.

I named the overall solution algorithm CPL-SP3, integrated it into the SPNDYN, as well as
into theC-PORCA codes as separatemodules. Themain advantage of the algorithm is that the
volumetric element-wise equations are decoupled, which enables the parallel calculation of
the element-wise coefficient matrices with GPU-based numerical acceleration potential. As
a response matrix formalism is applied, in contrast with traditional finite element methods,
assembling procedure is not needed, instead axial and radial partial current-like moment
iterations are performed within the inner iteration procedure necessitating less computation
effort and – based onmy experience – providing faster convergence.
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Before going into more details of the developed algorithm, some geometric and material
considerations are given to ease the understanding of the solution procedure.

4.1.1 Geometric andmaterial considerations

As the solution method is optimized, although not limited to VVER applications, it is
convenient to introduce the nodalization based on a core configuration with hexagonal
assembly lattice. In Figure 4.1, for demonstration purposes, a partial core configuration is
given, which represents an axial layer of a 60-degree VVER-440 core sector.

As I discussed, the C-PORCA code – conforming to the usual VVER-440 parameters –
applies a nodalization of 349 assemblies (an axial layer of an assembly is represented by
one hexagonal prism in Figure 4.1) with 42 axial layers (plus 3-3 layers are defined in the
reflector regions below and above the core), where the hexagonal prisms are further refined
for pin-wise calculations. TheC-PORCA code can apply two additional refinements: a coarser
hexagonal nodalization yielding 126 pin cells within an assembly layer, and a finer triangular
nodalization, where the hexagonal prismpin cells are further refined to six uniform triangular
prisms as presented in Figures 4.2 and 4.3.

Figure 4.1: An axial layer of a 60-degree
sector of a VVER-440 core Figure 4.2: A horizontal section of an

assembly layer showing the pin-wise
refinement

I will provide the solution algorithm for an assembly-wise triangular mesh (6 triangles per
assembly), however, it can be equally derived for hexagonal prisms, as well as generalized to
pin-wise calculations. Due to the response matrix formalism, the major part of the algorithm
canbeperformedon the level of theuniform triangularprisms (seeFigure 4.3). Thedecoupled
solution on each triangular prisms allows the efficient parallelization of the algorithm.

It is important to introduce here basic mesh properties which – as being related to the
nodalization – will be applied as predefined parameters throughout the solution algorithm.
As the smallest element in the mesh, a uniform triangular prism is characterized by three
different indices: the index of the assembly, the index of the triangular prism within the
assembly, and finally, an axial layer index. The top and bottom faces of the prisms are
also differentiated, as well as the number of vertices (also called nodes in the finite element
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terminology) on the top and bottom faces (denoted by N ) and on their perimeters (denoted
byM ). Within the mixed-hybrid finite element algorithm, the interpolation on the faces and
along their perimeter do not have to be necessarily of the same order. In Figure 4.3, nodes on
the top and bottom faces are shown, where N = 6 belongs to a second-order interpolation
on the faces. Within the C-PORCA code, each hexagonal assembly node in assembly-wise
and each hexagonal pincell in pin-wise calculations are treated as being homogeneous, for
which two-group group constants are generated with the HELIOS lattice code in function
of the average nodal burn-up, moderator temperature and density, fuel temperature, boron
concentration in the moderator, and the concentration of specific isotopes, such as Xe, Sm
isotopes, etc. In each reactor state, the group constants are calculated by linear interpolation
within the multidimensional space of the above-listed parameters. In general, group
constants for SP3 calculations can be generated – among several others – with the HELIOS-2
[138], Serpent 2 [48] or SCALE [139] codes, however, the Reactor Physics Department of the
Paks NPP applies a hexagonal assembly- or pincell-wise, HELIOS-generated diffusion group
constant data base.

Figure 4.3: Refinement of the hexagonal cells with triangular prisms

4.1.2 The solution procedure

The starting point of the developed discretization is the three-dimensional form of the
SP3 equations given by Eqs. 1.3.14a and 1.3.14b along with the axial and radial, intranodal
boundary equations. Let me rewrite the SP3 equations as

−∇ ·D1∇U1 + Σ0U1 = Q1 , (4.1.1a)

−∇ ·D2∇U2 +

(
4

9
Σ0 +

5

9
Σ2

)
U2 = Q2 , (4.1.1b)

with the following scattering and fission source terms:

Q1 =
2

3
Σ0U2 +

1

keff
ΣF

(
U1 −

2

3
U2

)
, (4.1.2a)

Q2 =
2

3
Σ0U1 −

2

3

1

keff
ΣF

(
U1 −

2

3
U2

)
. (4.1.2b)

As in the finite-element-based nodal solution method only the normal current-like
moments appear, the generally applied boundary conditions along reflected boundaries are

n · ∇Um = 0 , m = 1, 2 , (4.1.3)
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while theMarshak condition on vacuum boundaries yields
1

2
U1 −

1

8
U2 = −ns ·D1∇U1 , (4.1.4a)

−1

8
U1 +

7

24
U2 = −ns ·D2∇U2 . (4.1.4b)

The applied notations are the same as introduced in Section 1.3.1 of Chapter 1. On the
internode boundaries, the continuity of the so-called Marshak moments is required, which
– by the introduction of the incoming and outgoing partial current-like moments – can be
mathematically formulated as

2J1
± =

1

2
U1 ± n · J1 −

1

8
U2 , (4.1.5a)

2J2
± = −1

8
U1 ± n · J2 +

7

24
U2 , (4.1.5b)

using the notations

J1 = −D1∇U1 , (4.1.6a)
J2 = −D2∇U2 , (4.1.6b)

and

n · J1 = J1
+ − J1

− , (4.1.7a)
n · J2 = J2

+ − J2
− . (4.1.7b)

As I will decouple the axial and radial directions, it is useful to introduce here the axial and
radial components of the normal current-like moments along the axial element interfaces as

J1,z = −D1
∂U1

∂z
nz , Γz , (4.1.8a)

J2,z = −D2
∂U2

∂z
nz , Γz , (4.1.8b)

J1,xy = −D1

(
∂U1

∂x
nx +

∂U1

∂y
ny

)
, Γn , (4.1.9a)

J2,xy = −D2

(
∂U2

∂x
nx +

∂U2

∂y
ny

)
, Γn , (4.1.9b)

where Γz denotes the axial interfaces of the elements, while Γn is their perimeter.

Finite element approximation of the flux and current-likemoments

Let me introduce the discretized flux and normal current-like moments within each
element as

U1 ≈
∑
i=1,N

γi(z)fi(x, y) , U2 ≈
∑
i=1,N

δi(z)fi(x, y) , (4.1.10)

J1,xy|Γn ≈
∑
j=1,M

αjhj(x, y) , J2,xy|Γn ≈
∑
j=1,M

κjhj(x, y) , (4.1.11)
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J1,z|Γz ≈
∑
i=1,N

εifi(x, y) , J2,z|Γz ≈
∑
i=1,N

ηifi(x, y) , (4.1.12)

where fi(x, y) (i = 1, . . . , N) and hj(x, y) (j = 1, . . . ,M) are finite element polynomials,
defined respectively on a radial intersection of the subdomain (volumetric element) and
piece-wisely, along the perimeter of the radial intersection. Within the above approximations,
the flux moment coefficients depend on the z coordinate taking advantage of the less steep
axial flux gradients, therefore the algorithmshows commoncharacteristicswith flux synthesis
methods. The expansion coefficients of the normal current-like moments are considered
axially constants.

Now, let me substitute back the approximations from Eqs. 4.1.10-4.1.12 to Eqs.
4.1.1a-4.1.1b, 4.1.2a-4.1.2b, 4.1.8a-4.1.8b and 4.1.9a-4.1.9b within an element, then multiply
the obtained equations by fj(x, y) (j = 1, . . . , N), and finally integrate them over the radial
intersectionΩ(x, y)of the subdomain, while along the interface lineΓn in the case of the radial
interface boundary equations1. Using integration by parts, for each subdomain we obtain

D̃1F̃γ ′′ −
(
D̃1G̃ + Σ̃0F̃

)
γ − H̃α+ sI = 0NG×1 , (4.1.13a)

D̃2F̃δ′′ −
(

D̃2G̃ +

(
4

9
Σ̃0 +

5

9
Σ̃2

)
F̃

)
δ − H̃κ+ sII = 0NG×1 , (4.1.13b)

while on the top of the element
−D̃1F̃γ ′ = F̃ε , (4.1.14a)
−D̃2F̃δ′ = F̃η , (4.1.14b)

and on the bottom of the element
D̃1F̃γ ′ = F̃ε , (4.1.15a)
D̃2F̃δ′ = F̃η . (4.1.15b)

With the notations introduced in detail in Appendix C.1, Eqs. 4.1.13a-4.1.13b constitute
a set of second-order non-homogeneous linear ordinary differential equations in z, coupled
through the source terms sI and sII. By fixing the source terms in each inner iteration step,
the analytical solution to the above equations can be given. By using integration by parts, the
radial leakage terms appeared as Lagrangemultipliers within the above equations, which can
be eliminated by node-to-node radial partial current-like moment iteration.

Axially analytical solution on a transformed variable space

In the followings, I will show how closed analytical formulae can be given for the
z-dependence of the fluxmoments within an element by transforming the variables to obtain
equations that are separated both nodally and with regard to the neutron energy groups. Let
me first introduce the transformation T̃ as

T̃−1F̃−1G̃T̃ = Λ̃ =


λ1IG×G 0G×G . . . 0G×G

0G×G λ2IG×G . . . 0G×G

... ... . . . ...
0G×G 0G×G . . . λNIG×G

 , (4.1.16)

1I provide the detailed derivation in Appendix C.1.
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which – by diagonalizing the coefficientmatrices of the fluxmoments – nodally separates Eqs.
4.1.13a-4.1.13b as follows for j = 1, . . . , N :

γ̂j
′′ −

(
λjIG×G + D1

−1Σ0

)
γ̂j − α̂j + ŝI,j = 0G×1 , (4.1.17a)

δ̂j
′′ −

(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))
δ̂j − κ̂j + ŝII,j = 0G×1 , (4.1.17b)

while on the top of the element
−γ̂j ′ = D1

−1ε̂j , (4.1.18a)

−δ̂j
′
= D2

−1η̂j , (4.1.18b)

and on the bottom of the element
γ̂j
′ = D1

−1ε̂j , (4.1.19a)

δ̂j
′
= D2

−1η̂j , (4.1.19b)

where
γ̂j =

(
T̃−1γ

)
j
, δ̂j =

(
T̃−1δ

)
j
, (4.1.20)

ε̂j =
(
T̃−1ε

)
j
, η̂j =

(
T̃−1η

)
j
, (4.1.21)

α̂j =
(
T̃−1F̃−1D̃−1

1 H̃α
)
j
, κ̂j =

(
T̃−1F̃−1D̃−1

2 H̃κ
)
j
, (4.1.22)

ŝI,j =
(
T̃−1F̃−1D̃−1

1 sI

)
j
, ŝII,j =

(
T̃−1F̃−1D̃−1

2 sII

)
j
. (4.1.23)

The above equations can also be decoupled with regard to the neutron energy groups by
introducing theEΨ andEΥ diagonalizations

E−1
Ψ

(
λjIG×G + D1

−1Σ0

)
EΨ =


k1 0 . . . 0

0 k2 . . . 0
... ... . . . ...
0 0 . . . kG

 , (4.1.24)

E−1
Υ

(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))
EΥ =


l1 0 . . . 0

0 l2 . . . 0
... ... . . . ...
0 0 . . . lG

 , (4.1.25)

which yields
γ̂′′tr,g − kg γ̂tr,g − α̂tr,g + ŝI,tr,g = 0 , (4.1.26a)

δ̂′′tr,g − lg δ̂tr,g − κ̂tr,g + ŝII,tr,g = 0 . (4.1.26b)
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On the variable space decoupled with respect to the neutron energy group, the following new
variables, radial leakage and source terms are defined:

γ̂tr,g =
(
E−1

Ψ γ̂j
)
g
, δ̂tr,g =

(
E−1

Υ δ̂j

)
g
, (4.1.27)

α̂tr,g =
(
E−1

Ψ α̂j

)
g
, κ̂tr,g =

(
E−1

Υ κ̂j

)
g
, (4.1.28)

ŝI,tr,g =
(
E−1

Ψ ŝI,j

)
g
, ŝII,tr,g =

(
E−1

Υ ŝII,j

)
g
. (4.1.29)

In each energy group, the general solution is the superpositionof the complementary solution
of the homogeneous equations and a particular solution in the form of

γ̂tr,g(z) = cj,ge
√
kj,gz + dj,ge

−
√
kj,gz + p̂tr,g(z) ,

δ̂tr,g(z) = ej,ge
√
lj,gz + fj,ge

−
√
lj,gz + q̂tr,g(z) .

(4.1.30)

The unknown coefficients and the particular solutions need to be determined by using
the axial iternodal boundary relations in Eqs. 4.1.18a-4.1.19b and assumptions regarding
the non-homogeneity terms. If the analytical solution functions are substituted back to
Eqs. 4.1.18a-4.1.19b, and for demonstration, two neutron energy groups are assumed, the
unknown coefficient can be expressed as

cj,1
dj,1
cj,2
dj,2

 =

 ∂Ψ̂j(z)
∂z

∣∣∣
ztop

∂Ψ̂j(z)
∂z

∣∣∣
zbot


−1

[
−D1

−1ε̂j
∣∣
ztop

D1
−1ε̂j

∣∣
zbot

]
−

 ∂p̂j(z)
∂z

∣∣∣
ztop

∂p̂j(z)
∂z

∣∣∣
zbot


 , (4.1.31a)


ej,1
fj,1
ej,2
fj,2

 =

 ∂Υ̂j(z)
∂z

∣∣∣
ztop

∂Υ̂j(z)
∂z

∣∣∣
zbot


−1

[
−D2

−1η̂j
∣∣
ztop

D2
−1η̂j

∣∣
zbot

]
−

 ∂q̂j(z)
∂z

∣∣∣
ztop

∂q̂j(z)
∂z

∣∣∣
zbot


 , (4.1.31b)

where
Ψ̂j(z) = EΨ

[
e
√
kj,1z e−

√
kj,1z 0 0

0 0 e
√
kj,2z e−

√
kj,2z

]
, (4.1.32a)

Υ̂j(z) = EΥ

[
e
√
lj,1z e−

√
lj,1z 0 0

0 0 e
√
lj,2z e−

√
lj,2z

]
, (4.1.32b)

while
p̂j(z) = EΨp̂tr(z) , q̂j(z) = EΥq̂tr(z) . (4.1.33)

The particular solutions are needed in closed form for the determination of the unknown
coefficients aswell. For this, it is assumed, that thenon-homogeneity termswithin anelement
have a polynomial shape, therefore it is reasonable to guess that there is a particular solution
which is a polynomial of the same degree. In this algorithm second-order polynomials
are assumed, however, if the axial nodalization is fine enough, constant distribution can
also be applied. In order to determine the three unknown coefficients of the second-order
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polynomials, fluxmomentfitting is performedwithin the elements. The valueof thequadratic
flux moments at the top and bottom face, as well as their integral along the height of the
element need to be equal to the actual value of the flux moments at the top and bottom face,
as well as with their integral. Based on this fitting procedure, the particular solutions have the
form of

p̂j(z) = Âj,1z
2 + Âj,2z + Âj,3 , (4.1.34a)

q̂j(z) = B̂j,1z
2 + B̂j,2z + B̂j,3 , (4.1.34b)

where the coefficients and their derivation are given in detail in Appendix C.2.

The axial partial current-likemoment iteration in responsematrix formalism

Determination of the axial, normal current-like moments, as well as the flux moments
on the top and bottom faces is based on axial partial current-like moment iteration. By
discretizing the axial partial current-like moments as

J+
1 |Γz ≈

∑
i=1,N

ξ+
i fi(x, y) , J−1 |Γz ≈

∑
i=1,N

ξ−i fi(x, y) , (4.1.35a)

J+
2 |Γz ≈

∑
i=1,N

ζ+
i fi(x, y) , J−2 |Γz ≈

∑
i=1,N

ζ−i fi(x, y) , (4.1.35b)

then, byusing the relations inEqs. 4.1.5a-4.1.5b and4.1.7a-4.1.7a, aswell as applying the same
finite elementprocedure as detailedbefore, theMarshak-like internodal boundary conditions
in the axial direction, within the nodally separated variable space yield

ξ̂+
H + ξ̂−H =

1

2
γ̂H −

1

8
δ̂H , (4.1.36a)

ζ̂+
H + ζ̂−H = −1

8
γ̂H +

7

24
δ̂H , (4.1.36b)

where the relation between the partial and normal current-like moments are

ξ̂+
H − ξ̂

−
H = ε̂H , (4.1.37a)

ζ̂+
H − ζ̂

−
H = η̂H , (4.1.37b)

and the following notation is introduced for the indication of the partial current-like,
current-likeandfluxmomentvalueson the topandon thebottomof the subdomain ina single
vector

τ̂H :=

[
τ̂ |ztop
τ̂ |zbot

]
. (4.1.38)

By substituting the analytical flux moment functions back to Eqs. 4.1.36a-4.1.36b,
expressing the normal current-like moments with the partial ones according to Eqs.
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4.1.37a-4.1.37b, and after some simplification, the following response matrix formulae are
obtained in the axial direction:

ξ̂+
j,H =

(
1

2
Xj,HD1,H

−1 − I2G×2G

)−1(1

2
Xj,HD1,H

−1 + I2G×2G

)
ξ̂−j,H+(

1

2
Xj,HD1,H

−1 − I2G×2G

)−1(1

8
δ̂j,H +

1

2
Xj,Hdp̂j,H −

1

2
p̂j,H

)
,

(4.1.39a)

ζ̂+
j,H =

(
7

24
Zj,HD2,H

−1 − I2G×2G

)−1( 7

24
Zj,HD2,H

−1 + I2G×2G

)
ζ̂−j,H+(

7

24
Zj,HD2,H

−1 − I2G×2G

)−1(1

8
γ̂j,H +

7

24
Zj,Hdq̂j,H −

7

24
q̂j,H

)
,

(4.1.39b)

where thematrix coefficients are given in detail in Appendix C.3.
Within each inner iteration, the axial coupling between the subdomains (or axial iteration)

is performed by repeatedly equating the inwardly directed partial current moments with the
outwardly directed partial current moments in each node on the neighbouring interfaces of
two axially adjacent subdomains as depicted by Fig. 4.4. On the external axial boundaries, the
following boundary condition handling is implemented:

ξ̂−j,bot or top = βaξ̂
+
j,bot or top , ζ̂

−
j,bot or top = βaζ̂

+
j,bot or top , (4.1.40a)

where βa ∈ [0, 1] is the albedo coefficient with βa = 0 providing vacuum boundary
condition consistent with theMarshak boundary approximation, while the other limit, βa = 1

corresponds to the symmetry (or zero-current) boundary condition.
After the axial partial current-like moment iteration, the flux moments on the top and

bottom nodes are recalculated based on Eqs. 4.1.36a-4.1.36b as follows:

γ̂j,H =
56

25

(
ξ̂+
j,H + ξ̂−j,H

)
+

24

25

(
ζ̂+
j,H + ζ̂−j,H

)
, (4.1.41a)

δ̂j,H =
24

25

(
ξ̂+
j,H + ξ̂−j,H

)
+

96

25

(
ζ̂+
j,H + ζ̂−j,H

)
. (4.1.41b)

Elimination of Lagrange multipliers using radial partial current-like moment iteration in
responsematrix formalism

The integral of the flux moments are obtained from and the radial leakage terms as
Lagrange multipliers are eliminated by the radial partial current-like moment iteration
procedure. As the first step of this procedure, Eqs. 4.1.17a-4.1.17b are integrated along the
height of the triangular prismwhich yields

γ̆j
′ −
(
λjIG×G + D1

−1Σ0

)
γ̆j − α̂j + s̆I,j = 0G×1 , (4.1.42a)

δ̆j
′ −
(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))
δ̆j − κ̂j + s̆II,j = 0G×1 , (4.1.42b)

where the following notations are applied:

γ̆j
′ =

1

∆z

(
γ̂j
′∣∣
ztop
− γ̂j ′

∣∣
zbot

)
, δ̆j

′
=

1

∆z

(
δ̂j
′∣∣∣
ztop
− δ̂j

′∣∣∣
zbot

)
, (4.1.43)
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γ̆j =
1

∆z

∫ ztop

zbot

γ̂j dz , δ̆j =
1

∆z

∫ ztop

zbot

δ̂j dz , (4.1.44)

s̆I,j =
1

∆z

∫ ztop

zbot

ŝI,j dz , s̆II,j =
1

∆z

∫ ztop

zbot

ŝII,j dz . (4.1.45)

The difference of the flux moment derivatives can be calculated using the normal axial
current-like moments obtained from the axial iteration as

γ̆j
′ = − 1

∆z
D1
−1
(
ε̂j |ztop + ε̂j |zbot

)
, δ̆j

′
= − 1

∆z
D2
−1
(
η̂j |ztop + η̂j |zbot

)
, (4.1.46)

while the source integrals are fixed in each inner iteration step based on

s̆I,j =
2

3
D1
−1Σ0δ̆j +

1

keff
D1
−1ΣF

(
γ̆j −

2

3
δ̆j

)
, (4.1.47a)

s̆II,j =
2

3
D2
−1Σ0γ̆j −

2

3

1

keff
D2
−1ΣF

(
γ̆j −

2

3
δ̆j

)
. (4.1.47b)

With the above flux moment derivatives and integral source terms, the flux moment
integrals can be expressed as

γ̆j =
(
λjIG×G + D1

−1Σ0

)−1 (
γ̆j
′ − α̂j + s̆I,j

)
, (4.1.48a)

δ̆j =

(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))−1 (
δ̆j
′ − κ̂j + s̆II,j

)
. (4.1.48b)

In order to determine the radial leakage, the radial partial current-like moments are
discretized as

J1
+|Γn ≈

∑
i=1,M

β+
i hi(x, y) , J1

−|Γn ≈
∑
i=1,M

β−i hi(x, y) , (4.1.49a)

J2
+|Γn ≈

∑
i=1,M

σ+
i hi(x, y) , J2

−|Γn ≈
∑
i=1,M

σ−i hi(x, y) , (4.1.49b)

then substituted back to Eqs. 4.1.5a-4.1.5b and 4.1.7a-4.1.7a, and the same finite element
procedure detailed before is followed with an integration along the perimeter of the radial
intersections, Γn, which yields the following hybrid finite element radial interface boundary
equations:

H̃x

(
β+ + β−) = H̃T

(
1

2
γ − 1

8
δ

)
, ΣΓn , (4.1.50a)

H̃x

(
σ+ + σ−) = H̃T

(
−1

8
γ +

7

24
δ

)
, ΣΓn . (4.1.50b)

Relations between the radial partial current-like moments and the normal current-like
moments are given by

β+ − β− = α , Γn , (4.1.51a)

σ+ − σ− = κ , Γn . (4.1.51b)
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4.1. The hybrid finite-element-based solutionmethod

By taking the integral of the radial interface boundary equations along the height of the
triangular prism elements, which simplifies to a multiplication with the height, expressing
the radial normal current-like moments with the partial ones, then substituting the integral
flux moments from Eqs. 4.1.48a-4.1.48b back to the obtained equations, the following radial
responsematrix formulae can be obtained:

β+ =
(
Θ̃+

)−1
Θ̃−β− +

(
Θ̃+

)−1
(

H̃TT̃M̃1

(
γ̆ ′ + s̆I

)
− 1

4
H̃TT̃δ̆

)
, (4.1.52a)

σ+ =
(
Ξ̃+
)−1

Ξ̃−σ− +
(
Ξ̃+
)−1 (

7H̃TT̃M̃2

(
δ̆
′
+ s̆II

)
− 3H̃TT̃γ̆

)
, (4.1.52b)

where the radial responsematrices are given in detail in Appendix C.3.
Similarly to the axial iteration, within each inner iteration, the radial coupling between the

subdomains (or radial iteration) is performed by repeatedly equating the inwardly directed
partial current-like moments in each node on the perimeter of the bottom and top faces
of the subdomain with the outwardly directed partial current-like moments in the nodes of
the neighbouring subdomains illustrated by Fig. 4.5. On the external radial boundaries, the
following boundary condition handling is implemented:

β−
ext = βrβ

+
ext , σ

−
ext = βrσ

+
ext , (4.1.53a)

where βr ∈ [0, 1] is the albedo coefficient with βr = 0 providing vacuum boundary
condition consistent with theMarshak boundary approximation, while the other limit, βr = 1

corresponds to the symmetry (or zero-current) boundary condition.

Figure 4.4: Illustration of the process of
the axial partial current moment

permutation

Figure 4.5: Illustration of the process of
the radial partial current moment

permutation

Before eachouter iteration step, the effectivemultiplication factorneeds tobe recalculated
as the sum of the integrated fission source term for all the vertices (N ) of all the volumetric
elements (NoGN ) as

keff =

NoGN∑
i

∥∥∥∥ΣF,iT̃i

(
γ̆ − 2

3
δ̆

)
i

∥∥∥∥
1

, (4.1.54)

where γ̆ and δ̆ are the axially integrated flux moment vectors withN elements as given in Eq.
4.1.44, but without the division by the axial layer height∆z.
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Notes on the solution procedure: In Eqs. 4.1.16, 4.1.24 and 4.1.25, I assumed that
there exist diagonalization transformations for the F̃−1G̃, λjIG×G + D1

−1Σ0 and λjIG×G +

D2
−1
(

4
9Σ0 + 5

9Σ2

)
matrices in the case of the latter two, for each volumetric element in all

j nodes, while in Eqs. 4.1.31a-4.1.31b , 4.1.39a-4.1.39b and 4.1.52a-4.1.52b, I assumed that
themultipliermatrices are invertible. The existence of the diagonalization transformations in
the applied forms necessitates that the mentionedmatrices – however being non-symmetric
– have real eigenvalues. For the F̃−1G̃matrix, it depends on the appliedmesh, and for regular
linear and quadratic triangles, the condition holds. In the case of the λjIG×G + D1

−1Σ0 and
λjIG×G + D2

−1
(

4
9Σ0 + 5

9Σ2

)
matrices, the discriminant of their characteristic polynomials

shall be checked to be non-negative. As for the non-singularity of the multiplier matrices,
i.e., the existence of their inverse, can also be checked. A square matrix is singular if and only
if its determinant is zero, and there may exist such mesh/nodalization and group constants
combinations forwhich themultipliermatrices canbe singular (seedetails in [P11]). Although
it is not likely to occur, it is advisable to implement these checks in the solution algorithm.

4.1.3 Application of discontinuity factors and the implemented algorithms

Althoughdiscontinuity factors are generally applied indiffusioncodes, their application in
SP3 solvers is not widespread. The PARCS code applies assembly discontinuity factors (ADFs)
that are implemented for the zeroth-order flux moment with the conventional definition
from diffusion theory [140], while the MINOS code – assuming the same ADF in each
direction – applies ADF-corrected group constants within the homogeneous elements [67].
For diffusion calculations, the C-PORCA code applies HELIOS-generated assembly-wise
surface discontinuity factors on all the radial boundaries of different hexagonal assemblies,
but disregards the application of axial flux discontinuities [129]. The latest studies on
discontinuity factors starting fromtheworkofChaoandYamamoto [104] through the research
of Yu and Chao [105,106], up to the findings of Yamamoto and Endo [109] suggestedmethods
for the inclusion of assembly discontinuity factors in SP3 calculations. Yu and Chao – by
applying the term even parity discontinuity factor (EPDF) introduced by Yamamoto et al.
in [103] – concluded that since the even parity angular flux is always a linear combination of
the flux moments, the same EPDF must apply to all the flux moments in order to adjust only
themagnitude without altering the angular distribution, hence provided the theoretical basis
that both the zeroth- and second-order flux moments should have the same discontinuity
factors. Based on the above findings, I implemented the application of assembly-wise surface
discontinuity factors within the radial partial current-like moment iteration process of the
CPL-SP3 solver. A brief overview about the applied method is given below, for the detailed
derivations, see App. C.4.

On the radial boundary facets of two adjacent elements k and k + 1, the following flux
moment discontinuity and current-like moment continuity equations are defined:

DCFkU1,k = DCFk+1U1,k+1 , DCFkU2,k = DCFk+1U2,k+1 , (4.1.55)

Jk
1,xy = −Jk+1

1,xy , Jk
2,xy = −Jk+1

2,xy , (4.1.56)

whereDCF is a diagonal operator of discontinuity factors in each neutron energy group.
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4.1. The hybrid finite-element-based solutionmethod

If continuous flux moments are assumed (e.g. on the internode boundaries of the same
assembly types), the following partial current-like moment continuity equations can be
applied:

J−,k1,xy = J+,k+1
1,xy , J−,k2,xy = J+,k+1

2,xy , (4.1.57)

J−,k+1
1,xy = J+,k

1,xy , J−,k+1
2,xy = J+,k

2,xy . (4.1.58)
While if discontinuities are present (e.g. on the internode boundaries of the different,
homogenized assembly types), applying the relations in Eqs. 4.1.5a-4.1.7b yield the following
partial current-like moment discontinuity equations (see App. C.4):[

J−,k1,xy

J−,k2,xy

]
=

[
DCFk + DCFk+1 4(DCFk + DCFk+1)

7
3(DCFk + DCFk+1) DCFk + DCFk+1

]−1

·

·
[

DCFk+1 −DCFk 2DCFk+1 4(DCFk+1 −DCFk) 8DCFk+1
7
3(DCFk+1 −DCFk)

14
3 DCFk+1 DCFk+1 −DCFk 2DCFk+1

]
J+,k

1,xy

J+,k+1
1,xy

J+,k
2,xy

J+,k+1
2,xy

 ,

(4.1.59)

[
J−,k+1

1,xy

J−,k+1
2,xy

]
=

[
DCFk + DCFk+1 4(DCFk + DCFk+1)

7
3(DCFk + DCFk+1) DCFk + DCFk+1

]−1

·

·
[

2DCFk DCFk −DCFk+1 8DCFk 4(DCFk −DCFk+1)
14
3 DCFk

7
3(DCFk −DCFk+1) 2DCFk DCFk −DCFk+1

]
J+,k

1,xy

J+,k+1
1,xy

J+,k
2,xy

J+,k+1
2,xy

 .

(4.1.60)

With the above relations, application of assembly-wise surface discontinuity factors in the
form of scalar flux discontinuities can be easily taken into account during the radial partial
current-like moment permutation process.

4.1.4 Algorithmic summary

Algorithm 2 summarizes the implemented solution method detailing the consecutive
steps of the fixed-source outer iteration and the axial- and radial iterations, which together
constitute theusual inner iterationprocess. Withineachouter iterationstep, keff isdetermined
as the sum of the fission source terms integrated over each node in the variable space that is
coupled nodally and with respect to the energy groups according to Eq. 4.1.54. In the below
algorithm NoG is the number of energy groups, NoM is the number of different material
regions, NoGN is the number of elements (volumetric nodes) incorporating the axial layer,
the assembly and the triangular prism indices (in the caseof pincell-wise calculations, also the
pincell index),N is the number of vertices (nodes) at the top and bottom faces of a volumetric
element,M is thenumberofnodesat theperimeterof the topandbottomfacesof avolumetric
element, NoOI, NoRI, NoAI are the maximum number of outer, radial and axial iterations,
respectively, while ∆keff,tol and ∆Φtol are the maximum keff and flux-moment tolerances for
the outer iteration process.
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Algorithm 2Hybrid finite-element solution of the SP3 equations
Require: material parameters← Σg

t (m), χg(m), κgΣg
f (m), νgΣg

f (m), Σg′←g
sn (m) for g, g′ ∈ NoG

and m ∈ NoM ; finite-element matrices and other geometric parameters ← F, G, H,
Hx and ztop(n), zbot(n), ∆z(n) for n ∈ NoGN ; definition of axial and radial boundary
conditions with βa, βr; DCF (n, i) for n ∈ NoGN and for i ∈ M ; material and neighbor
map of the elements and iteration control variables← NoOI, NoRI, NoAI, ∆keff,tol and
∆Φtol.

1: Determine material and derived matrices ← D1,2(m), Σ0,2(m) and ΣF(m), D1,2
−1(m),

D1
−1Σ0(m), D2

−1Σ0(m), D1
−1ΣF(m), D2

−1 (4/9Σ0 + 5/9Σ2) (m), D2
−1ΣF(m),

D1,H
−1(m) andD2,H

−1(m) form ∈ NoM .
2: Determine diagonalization transformations ← T, Λ (for regular mesh), KΨ,Υ(m, j) and

EΨ,Υ(m, j) form ∈ NoM and j ∈ N .
3: Determine theaxial iterationmatrices←Xj,H(n)andZj,H(n) forn ∈ NoGN and for j ∈ N .
4: Determine the radial iteration matrices ← M̃1(m), M̃2(m), Ñ1(m), Ñ2(m), Θ̃+(m),

Θ̃−(m), Ξ̃+(m) and Ξ̃−(m) form ∈ NoM in the case of a regular mesh.
5: Build-up axial and radial current-like moment permutations.
6: Determine the source fittingmatrix, and finally.
7: Initialize variables ← k0

eff, ∆keff, ∆Flux, γ̂j(ztop)(n), γ̂j(zbot)(n), δ̂j(ztop)(n), δ̂j(zbot)(n),
γ̆j(n)∆z(n), δ̆j(n)∆z(n), α̂j(n), κ̂j(n), ξ̂+

j,H(n), ξ̂−j,H(n), ζ̂+
j,H(n), ζ̂−j,H(n), β+(n), β−(n),

σ+(n), σ−(n), γ̆j ′(n), δ̆j
′
(n), s̆I,j(n) and s̆II,j(n) for n ∈ NoGN and for j ∈ N .

8: it = 1

9: Recalculate the fixed-source particular solutions based on Eqs. 4.1.34a-4.1.34b, C.2.17,
C.2.19 and C.3.3 using the new radial leakage (at the first step using the initialized values).

10: repeat fixed-source iteration step (outer iteration step)
11: a = 1

12: repeat
13: Perform axial iteration step acc. to Eqs. 4.1.39a-4.1.39b.
14: Perform axial partial current-like moment permutation.
15: a = a+ 1

16: until a < NoA

17: Recalculate axial leakage based on Eqs. 4.1.37a-4.1.37b and 4.1.46.
18: r = 1

19: repeat
20: Perform radial iteration step acc. to Eqs. 4.1.52a and 4.1.52b.
21: Recalculate radial leakage applying Eqs. 4.1.51a-4.1.51b and 4.1.22.
22: Perform radial partial current-like moment permutation.
23: r = r + 1

24: until r < NoR

25: Recalculate flux-moment integrals based on Eqs. 4.1.48a-4.1.48b.
26: Recalculate source integrals based on Eqs. 4.1.47a-4.1.47b.
27: Calculate keff and the keff and flux-moment differences between the iteration steps.
28: Recalculate flux-moments acc. to Eqs. 4.1.41a-4.1.41b for the source fitting.
29: it = it+ 1

30: until (| kiteff − kit−1
eff |< ∆keff,tol and∆Φ < ∆Φtol) or it < NoOI

31: Determine the power distribution using the κgΣg
f (m) values.
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4.2 Mathematical verification

In this section, I present the verification analysis of the developed hybrid finite element
SP3 solution method using the one-dimensional, one-group slab, semi-analytical problem
presented in Section 2.2.1, the two-dimensional one-group academic Hébert benchmark
presented indetail inApp. D.1, aswell as the two-and three-dimensional two-groupVVER-440
Seidel and the three-dimensional two-group VVER-1000 Schulz benchmarks (see App. D.2,
D.3 and D.6, respectively). In each case, the obtained effective multiplication factors and
flux moments or relative two- or three-dimensional power distributions are compared to the
reference results using the following relative error formulae:

∆keff = 105 × keff − keff,ref

keff,ref
, (4.2.1a)

εΦn [%] = 100× Φn − Φn,ref

Φn,ref
, (4.2.1b)

εint [%] = 100× Φint − Φint,ref

Φint,ref
, (4.2.1c)

εP [%] = 100× P − Pref

Pref
. (4.2.1d)

The point-wise flux moment comparison (both for the zeroth- and second-order flux
moments) was solely possible in the semi-analytical verification case, for which the reference
solution functions along with the reference effective multiplication factor can be found in
Section 2.2.1. In the case of the Hébert benchmark, not the relative assembly power, but
the relative assembly-wise zeroth-order flux moment integrals were available, therefore their
valueswere compared to the reference distributionwhich is provided alongwith the reference
effective multiplication factor in App. D.1 (for the former, see Fig. D.2). In the case of
the two-dimensional VVER-440 Seidel benchmark, the reference two-dimensional relative
assembly power distribution depicted by Fig. 3.13 was provided by a high-fidelity SPNDYN
CGFEM SP3 calculation, similarly to the three-dimensional VVER-440 Seidel and VVER-1000
Schulz benchmarks, forwhich the reference, three-dimensional relative assemblynodepower
distributions can be found in Table D.4 and Table D.9, respectively. For all the three VVER
benchmarks, the reference SP3 multiplication factors are computed with the CGFEMmodule
of the SPNDYN code and can be found in Tables 3.3 and 3.6.

In each calculation, 15-15 axial and radial permutations were performed in each inner
iteration cycle, the convergence criteria for the effective multiplication factor, as well as for
the fission source was set to 10−8, while the maximum number of outer iterations was 500.
The simulations were executed on a computer with Intel®Core(TM) i7-4710MQ 2.50 GHz
processor, with 16 GB RAM.

4.2.1 Axially semi-analytical verification

Besides the semi-analytical verification, this exercise could be applied on the one hand,
for the analysis of applyingdifferent axial nodalization versus different polynomial degrees for
the fitting of the particular solution functions in Eqs. 4.1.34a-4.1.34b, and on the other hand,
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I was able to show that the semi-analytical solution can be reproduced irrespective of the
radial extension of the geometry, i.e., using radially a pointmodel, a triangular or a hexagonal
prism or even a whole reactor model with reflective boundary condition imposed on the
external boundary of the geometry. If the geometry is assumed to be radially a point model,
the radial iteration sub-module shall not be used, and the flux moment integrals defined by
Eqs. 4.1.48a and 4.1.48b are to be calculated by analytically integrating the axial solution
functions defined by Eq. 4.1.30. Analyzing the application of different axial nodalization
versus different polynomial degrees for the fitting of the particular solution functions can be
considered similar to the so-called h- and p-refinement techniques usually applied in finite
element analysis. With h-refinement, the spatialmesh is refined, while with p-refinement, the
polynomial degreeof thebasis functions applied for approximating the solution functions can
be increased. Both techniques decrease the discretization error, hence improve the accuracy
of the obtained results.

Table 4.1 summarizes the results obtained for the axial nodalization versus fitted
polynomial degree analysis. It can be seen that increasing the number of axial nodes or
the degree of the polynomials fitted to the particular solution functions according to Eqs.
4.1.34a-4.1.34b both improve the accuracy of the obtained results, where the semi-analytical
solution functions given in Section 2.2.1 for the 100-cm-slabproblemwere taken as references
for the zeroth- and second-order fluxmoment distributions. Although this is a homogeneous
reactor problem, hence the samematerial is consideredwith the same SP3 group constants in
each axial node, it can be concluded that applying an axial nodalization with a layer height of
less than 10 cm is necessary even if higher-order polynomial fitting is used. It isworthnoticing
here that for the zeroth- to second-order polynomial fitting, the fluxmoment values at the top
and bottom of the axial nodes and/or their integral is applied (see further details in App. C.2
from Eq. C.2.21a). These variables are necessarily calculated during the hybrid finite element
solution irrespective of the degree of the fitted polynomials, hence applying second-order
source fitting not only significantly improves the accuracy of the calculation results, but also
guarantees the most efficient use of already existing and calculated variables. The accuracy
improvement due to increasing the fitted polynomial degree at the same axial nodalization is
clearly visible from the fact that achieving zero pcm difference from the reference effective
multiplication factor in the case of the zeroth- and first-order polynomial fitting is only
achievable with using around 400 axial layers. Also, using second-order polynomial source
fitting instead of zeroth- or first-order polynomial fitting does not increase thememory usage,
and insignificantly increase thecomputational timearising fromaslightly increasedsizeof the
source fitting matrix2. In contrast, for third- and fourth-order polynomial fitting, calculation
of further two – otherwise not calculated – variables are necessary, which not only increases
the computational time, but also the memory necessary to store the variables. In this case,
I applied the flux moment values at z = ∆z/4 and z = 3∆z/4, where ∆z is the axial
node height, which can be calculated by substitution, using their axially analytical solution
functions defined in Eq. 4.1.30.

However, in the case of reactors with increased assembly height (e.g. VVER-1000 or
VVER-1200 reactors), it shall becarefully evaluatedwhether increasing thedegreeof the source
fitting polynomial, or using second-order polynomial fitting and increased number of axial

2In the case of zeroth-order polynomial fitting, the sourcefitting is only a scalarmultiplication,while in the case
of first- and second-order polynomial source fittings, 2 × 2 and 3 × 3matrices are applied, respectively.
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nodeswould lead tomoreefficient (but still accurate) calculationswith regard to thenecessary
memory storage and computational time. If high-fidelity reference results are available for
core model verification and validation in the case of commercial reactors, similar analysis
is suggested to be performed before fixing the reactor physics code parameters such as the
number of applied axial layers, and the degree of the source fitting polynomial. The number
of axial layers to be applied would also depend on axial heterogeneities. If it turns out that
increased number of layers are necessary, second-order polynomial fitting would potentially
yield accurate results, however, the trade-off between accuracy and computational demand
always needs to be considered.

Table 4.1: Results obtained for the axial nodalization versus fitted polynomial degree analysis
in the case of the one-dimensional, one-group semi-analytical slab problem

Number of p keff
b ∆keff |ε|Φ0,max |ε|Φ2,max Φint

c εint CPU time
axial layersa [pcm] [%] [%] [a.u.] [%] [s]

5

0 1.14999 -2377 58.94 4.29 70.9825 7.92 0.67
1 1.14654 -2670 1.56 61.28 68.6077 4.31 0.50
2 1.17783 -14 0.28 0.55 68.9403 4.82 0.77
3 1.17798 -1 0.04 0.67 68.9238 4.79 0.77
4 1.17799 0 0.04 0.93 68.9252 4.79 0.92

10

0 1.16996 -681 16.06 1.06 66.1660 0.06 0.81
1 1.16928 -740 0.25 15.70 65.7462 -0.04 0.91
2 1.17798 -1 0.01 1.96 65.7737 0.00 0.91
3 1.17799 0 0.01 0.54 65.7723 0.00 1.27
4 1.17799 0 0.01 0.11 65.7721 0.00 1.05

20

0 1.17591 -177 4.14 7.85 65.8597 0.13 1.52
1 1.17575 -190 0.09 4.60 65.7690 0.00 1.78
2 1.17799 0 0.01 2.95 65.7722 0.00 1.67
3 1.17799 0 0.00 0.11 65.7720 0.00 2.03
4 1.17799 0 0.00 0.09 65.7719 0.00 1.75

40

0 1.17746 -45 1.06 2.13 65.7930 0.03 3.47
1 1.17743 -48 0.03 2.08 65.7715 0.00 3.27
2 1.17799 0 0.00 0.20 65.7719 0.00 3.38
3 1.17799 0 0.00 0.01 65.7719 0.00 4.33

380 0 1.17798 0 0.01 0.14 65.7722 0.00 73.11
400 1 1.17798 0 0.00 0.17 65.7719 0.00 83.48

a The height of the reactor is equivalent to the width of the slab problem, hence 100 cm, as given in
Section 2.2.1.

b The reference SP3 effective multiplication factor is 1.17799 (see details in Section 2.2.1).
c The reference scalar flux integral normed with the scalar fluxmaximum is 65.7719 [a.u.].

Another interesting conclusion is that the second-order flux moment distribution
converges slower to the semi-analytical solution by increasing the axial refinement or the
degree of the fitted polynomial than the zeroth-order fluxmoment. It can be explained by the
fact that the valuesof the second-orderfluxmoment are generally lower inmagnitude than the
zeroth-order fluxmoment, but can changemore steeply as it was seen in Chapter 3, mainly in
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the vicinity of the core boundaries, reflectors and absorbing structures, materials. In order to
increase the accuracy of the calculation results in these regions, applying local refinement or
increasing locally the degree of the fitted polynomials would also be a possible solution.

As I mentioned at the beginning of this subsection, I also compared the numerical results
obtained for the 100-cm-slab reactor problem using different geometric models: radially a
point model with an axial height of 100 cm (model a)); triangular prisms placed above each
other to obtain a 100 cm reactor with reflective boundary condition imposed radially, on the
external surfaces of the triangular prisms (model b)); hexagonal prisms placed above each
other to obtain a 100 cm reactor with reflective boundary condition imposed radially, on the
external surfacesof thehexagonalprisms (model c)); andfinally, I applied thecoregeometryof
the two-dimensionalHébert-bechmark (seeApp. D.1)with solely one assembly typeusing the
material definition given in Section 2.2.1 Table 2.1, and extended it to a 100-cm-high reactor
with reflective boundary condition imposed radially, on the external core boundaries (model
d)). In all four cases, axially Marshak boundary condition was imposed both on the top and
bottom of the core model, 20 axial layers and second-order polynomial source fitting were
applied. A graphical comparisonbetween thefluxmomentdistributions obtainedwithmodel
a) along with the semi-analytical solutions is provided in Fig. 4.6.
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Figure 4.6: Semi-analytical and numerical SP3 zeroth- and second-order fluxmoment
distributions in the case of the 1-m-thick, homogeneous reactor problem obtained

with the hybrid finite element solver
(model a), 20 layers, 2nd-order polynomial source fitting,Φ0,max/Φ2,abs,max = 260.65)

As provided in Table 4.2, exactly the same results were obtained, which verifies the correct
implementation of the hybrid finite element, three-dimensional SP3 solver for homogeneous,
one-group SP3 problems. However, but as expected, by increasing the extension of the
geometric model, the number of necessary outer iteration steps (NoI), along with the
computational time, increased significantly.
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Table 4.2: Results obtained for the one-dimensional, one-group semi-analytical slab problem
using different model geometries

Model keff
a ∆keff |ε|Φ0,max |ε|Φ2,max Φint

b εint NoI CPU time
[pcm] [%] [%] [a.u.] [%] factor

a) 1.17799 0 0.01 2.95 65.7722 0.00 53 ref.
b) 1.17799 0 0.01 2.95 65.7722 0.00 180 3
c) 1.17799 0 0.01 2.95 65.7722 0.00 217 18
d) 1.17799 0 0.01 2.95 65.7722 0.00 324 830

a The reference SP3 effective multiplication factor is 1.17799 (see details in Section 2.2.1).
b The reference scalar flux integral normed with the scalar fluxmaximum is 65.7719 [a.u.].

4.2.2 Hybrid finite element solution of the Hébert benchmark

In this case, the two-dimensional, one-groupHébert benchmarkwas reproduced (seeApp.
D.1), and besides the mathematical verification, I examined the effect of applying linear and
second-order finite elements for the radial discretization (see further details on the element
types in App. C.5). In the radial direction, a comprehensive h- and p-refinement study would
also be interesting, however, a structured triangularization (mesh) generator that can provide
arbitrary refinement has not been implemented in the hybrid finite element solver yet. The
percentagedifferencesbetween thecalculatedand the referenceSP3 integral zeroth-orderflux
distributions are presented in Figs. 4.7 and 4.8 obtainedwith six linear/quadratic triangles per
assembly, respectively.

Figure 4.7: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 integral zeroth-order flux distributions obtained for the

two-dimensional Hébert benchmark with linear triangular elements

Regarding the calculated effective multiplication factors, 0.995418 is obtained with linear,
while 1.000270 with quadratic triangular elements, which differ from the reference effective
multiplication factor (1.000343) with -492 and -7 pcm, respectively. The improvement
due to applying quadratic rather than linear triangular elements for the hybrid finite
element solution is not only reflected in the increased accuracy of the obtained effective
multiplication factor, but it is also significant regarding the agreement between the reference
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and the calculated integral zeroth-order flux moment distribution. Applying quadratic
triangles resulted in a decreased maximum absolute deviation from 8.37% to 0.24%, while
the average absolute deviation decreased from 3.09% to 0.08%. It is worth mentioning,
that the reference SP3 solution, originally provided by Hébert in [83] was obtained with
Raviart–Thomas–Schneider finite element method with analytical integration, using also
second-order, but rhomboid mesh within an assembly. Using linear rhomboids (lozenges),
however – contrary to my experience with the triangular elements – overestimated the
effective multiplication factor compared to the reference value of 1.000343: with 3 lozenges
per assembly 1.000943, while with 12 lozenges per assembly 1.000430 was obtained.

Figure 4.8: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 integral zeroth-order flux distributions obtained for the

two-dimensional Hébert benchmark with quadratic triangular elements

Based on the semi-analytical and the Hébert benchmark calculations, axially the
application of at least second-order polynomial source fitting, while radially using at least
quadratic triangular elements is suggested. In the following benchmark solutions, I omit the
investigation of linear triangular elements and source fitting polynomials other than that of
second-order.

4.2.3 Verification on the Seidel and Schulz benchmarks

The two- and three-dimensional VVER-440 Seidel benchmarks (see App. D.2 and D.3),
as well as the three-dimensional VVER-1000 Schulz benchmark (see App. D.6) were also
calculatedwith thehybridfinite elementSP3 solver. The referenceSP3 solutionswereprovided
by theCGFEMsolver of the SPNDYNcodeaspresented in Sections 3.2.2 and3.2.2 ofChapter 3.
The results of the hybrid finite element SP3 calculations are summarized in Table 4.3. Besides
refining the axial nodalization, the effect of applying third-order (cubic, 10-node) triangular
elements instead of second-order (quadratic, 6-node) triangular elements is also analyzed.
Both refinement techniques improved the accuracy of the obtained results compared to the
high-fidelity SPNDYN CGFEM reference solutions, and it can also be concluded, that in the
case of the three-dimensional Seidel benchmark, a 24-layer axial nodalization with quadratic
elements already resulted in less than 1% difference in the nodal power distribution, while in
thecaseof the three-dimensional Schulzbenchmark, a 48-layer axial nodalizationwasneeded
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to decrease the error below 2% if quadratic triangular elements were applied. Thismeans that
with a node height of approx. 10 cm, an SP3 result with reasonably decreased discretization
error can be obtained. This is in line with the conclusion of diffusion benchmark calculations
performed with the C-PORCA code, the results of which are provided in [129].

Table 4.3: Results obtained for the two- and three-dimensional Seidel andSchulz benchmarks

Benchmark keff
∆keff εP,abs,max εP,abs,average
[pcm] [%] [%]

VVER-440 2D Seidel - quadratica 1.011518 +14 0.73 0.29
VVER-440 2D Seidel - cubica 1.011323 -5 0.27 0.11

VVER-440 3D Seidel - 12 layer, quadraticb 1.012685 +9 2.83 0.94
VVER-440 3D Seidel - 24 layer, quadraticb 1.012665 +7 0.70 0.23
VVER-1000 3D Schulz - 12 layer, quadraticc 1.050372 +19 4.41 1.58
VVER-1000 3D Schulz - 24 layer, quadraticc 1.050358 +18 2.10 0.79
VVER-1000 3D Schulz - 48 layer, quadraticc 1.050355 +17 1.45 0.64
VVER-1000 3D Schulz - 48 layer, cubicc 1.050235 +6 1.31 0.52

a The reference SP3 effective multiplication factor is 1.011373 given in Section 3.2.2.
b The reference SP3 effective multiplication factor is 1.012595 given in Section 3.2.2.
c The reference SP3 effective multiplication factor is 1.050169 given in Section 3.2.2.

In the radial direction, accuracy improvement couldbeobtainedbyapplying cubic instead
of quadratic triangular elements. Its effect is more apparent in the case of the VVER-1000
benchmark, where decreasing the error in the effective multiplication factor below 10 pcm
was solely possible with third-order elements. With 48 axial layers and third-order elements,
the nodal power distribution difference compared to the reference solution of the Schulz
benchmark is also decreased below 1.5%. Figs. 4.9 to 4.15 present the relative assembly power
distributions along with reference results and the percentage difference between them, while
in Tables 4.4 and 4.5, I provide the percentage difference between the relative assembly node
power distributions for the three-dimensional Seidel and Schulz benchmarks, respectively.

Figure 4.9: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the

two-dimensional VVER-440 Seidel benchmark using quadratic triangular interpolation
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Figure 4.10: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
two-dimensional VVER-440 Seidel benchmark using cubic triangular interpolation

Figure 4.11: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
three-dimensional VVER-440 Seidel benchmark - 12 layer, quadratic axial and radial

interpolation

Figure 4.12: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
three-dimensional VVER-440 Seidel benchmark - 24 layer, quadratic axial and radial

interpolation
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Table 4.4: The percentage difference between the reference (CGFEM) and the
calculated (HYBFEM) three-dimensional SP3 assembly node power distribution for the
three-dimensional VVER-440, Seidel benchmark - 24 axial layers, quadratic triangular
elements

Pos. Layer index
1 2 3 4 5 6 7 8 9 10

01 -0.55 -0.36 -0.22 -0.09 0.21 0.00 0.00 0.00 0.00 0.00
02 -0.52 -0.31 -0.16 -0.05 0.05 0.11 0.12 0.09 -0.02 -0.21
03 -0.54 -0.31 -0.17 -0.08 0.00 0.11 0.10 0.05 -0.06 -0.30
04 -0.54 -0.29 -0.15 -0.07 0.01 0.10 0.10 0.05 -0.07 -0.32
05 -0.48 -0.25 -0.10 -0.01 0.06 0.18 0.15 0.10 -0.02 -0.25
06 -0.46 -0.22 -0.06 0.06 0.16 0.21 0.20 0.16 0.04 -0.17
07 -0.49 -0.22 -0.05 0.09 0.39 0.00 0.00 0.00 0.00 0.00
08 -0.53 -0.21 -0.02 0.10 0.19 0.19 0.16 0.09 -0.09 -0.42
09 -0.57 -0.13 0.07 0.16 0.21 0.26 0.19 0.10 -0.10 -0.55
10 -0.57 -0.11 0.10 0.19 0.23 0.25 0.20 0.09 -0.11 -0.58
11 -0.56 -0.33 -0.19 -0.10 -0.03 0.07 0.06 0.02 -0.10 -0.32
12 -0.50 -0.27 -0.13 -0.05 0.03 0.12 0.13 0.07 -0.05 -0.28
13 -0.52 -0.28 -0.14 -0.06 0.02 0.11 0.11 0.05 -0.07 -0.31
14 -0.51 -0.28 -0.12 -0.03 0.04 0.13 0.09 0.04 -0.08 -0.31
15 -0.49 -0.23 -0.07 0.05 0.15 0.20 0.18 0.14 0.00 -0.23
16 -0.46 -0.18 0.00 0.11 0.21 0.24 0.21 0.15 -0.01 -0.29
17 -0.49 -0.13 0.07 0.17 0.22 0.27 0.20 0.11 -0.07 -0.46
18 -0.56 -0.07 0.13 0.22 0.26 0.29 0.23 0.13 -0.07 -0.57
19 -0.77 -0.32 -0.10 -0.02 0.04 0.05 0.00 -0.09 -0.31 -0.78
20 -0.53 -0.31 -0.16 -0.08 -0.01 0.09 0.09 0.03 -0.10 -0.33
21 -0.47 -0.26 -0.11 -0.03 0.05 0.14 0.14 0.07 -0.05 -0.27
22 -0.45 -0.23 -0.08 0.02 0.08 0.19 0.16 0.09 -0.04 -0.26
23 -0.50 -0.23 -0.07 0.03 0.09 0.16 0.11 0.05 -0.11 -0.37
24 -0.53 -0.21 -0.03 0.06 0.12 0.19 0.14 0.05 -0.12 -0.46
25 -0.57 -0.12 0.08 0.17 0.21 0.24 0.19 0.10 -0.10 -0.57
26 -0.70 -0.21 0.00 0.08 0.12 0.15 0.09 0.00 -0.22 -0.72
27 -0.51 -0.30 -0.15 -0.06 0.01 0.10 0.09 0.02 -0.11 -0.33
28 -0.45 -0.23 -0.07 0.01 0.08 0.16 0.14 0.06 -0.09 -0.32
29 -0.47 -0.20 -0.03 0.06 0.12 0.18 0.15 0.06 -0.11 -0.40
30 -0.50 -0.13 0.06 0.14 0.19 0.23 0.20 0.10 -0.09 -0.47
31 -0.63 -0.16 0.04 0.12 0.17 0.19 0.15 0.05 -0.16 -0.64
32 -0.50 -0.22 -0.06 0.03 0.09 0.15 0.12 0.04 -0.13 -0.43
33 -0.53 -0.18 0.00 0.09 0.14 0.18 0.15 0.06 -0.13 -0.50
34 -0.57 -0.11 0.08 0.17 0.22 0.23 0.19 0.10 -0.10 -0.58
35 -0.78 -0.32 -0.11 -0.02 0.02 0.03 -0.01 -0.11 -0.33 -0.79
36 -0.53 -0.10 0.09 0.18 0.23 0.24 0.21 0.11 -0.09 -0.54
37 -0.69 -0.22 -0.01 0.07 0.11 0.12 0.08 -0.02 -0.22 -0.72
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Figure 4.13: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
three-dimensional VVER-1000 Schulz benchmark - 24 layer, quadratic axial and radial

interpolation

Figure 4.14: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
three-dimensional VVER-1000 Schulz benchmark - 48 layer, quadratic axial and radial

interpolation

Figure 4.15: Percentage differences between the reference (upper values) and the
calculated (lower values) SP3 relative assembly power distributions obtained for the
three-dimensional VVER-1000 Schulz benchmark - 48 layer, quadratic axial and cubic

radial interpolation
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Table 4.5: The percentage difference between the reference (CGFEM) and the
calculated (HYBFEM) three-dimensional SP3 assembly node power distribution for the
three-dimensional VVER-1000, Schulz benchmark - 48 axial layers, cubic triangular elements

Ass. Layer index
1 2 3 4 5 6 7 8 9 10

01 -1.15 -1.07 -1.00 -1.31 -1.23 -1.15 -1.07 -1.02 -0.64 -0.66
02 -1.03 -0.98 -0.94 -0.89 -0.83 -0.75 -0.67 -0.61 -0.54 -0.57
03 -1.00 -0.95 -0.91 -0.87 -0.81 -0.72 -0.64 -0.55 -0.49 -0.47
04 -1.03 -0.96 -0.92 -0.87 -0.79 -0.62 -0.50 -0.41 -0.36 -0.35
05 -0.82 -0.76 -0.72 -0.67 -0.58 -0.39 -0.27 -0.17 -0.12 -0.17
06 -0.71 -0.61 -0.57 -0.51 -0.44 -0.34 -0.24 -0.15 -0.12 -0.19
07 -0.54 -0.42 -0.38 -0.32 -0.25 -0.15 -0.06 0.04 0.05 0.03
10 -1.01 -0.97 -0.94 -0.89 -0.84 -0.74 -0.67 -0.58 -0.54 -0.50
11 -0.92 -0.88 -0.85 -0.79 -0.72 -0.60 -0.50 -0.40 -0.35 -0.32
12 -0.85 -0.80 -0.76 -0.71 -0.59 -0.92 -0.72 -0.63 -0.60 -0.56
13 -0.70 -0.64 -0.59 -0.54 -0.46 -0.31 -0.19 -0.11 -0.05 -0.05
14 -0.63 -0.52 -0.47 -0.42 -0.35 -0.25 -0.15 -0.06 -0.04 -0.11
17 -0.99 -0.93 -0.89 -0.83 -0.75 -0.57 -0.45 -0.35 -0.31 -0.31
18 -0.78 -0.72 -0.68 -0.63 -0.55 -0.41 -0.29 -0.21 -0.16 -0.12
19 -0.68 -0.59 -0.54 -0.49 -0.42 -0.33 -0.22 -0.14 -0.10 -0.16
20 -0.53 -0.41 -0.36 -0.32 -0.25 -0.15 -0.06 0.01 0.07 -0.06
22 -0.61 -0.54 -0.49 -0.45 -0.38 -0.27 -0.17 -0.09 -0.04 -0.05
23 -0.59 -0.48 -0.43 -0.38 -0.32 -0.23 -0.13 -0.06 0.00 -0.13

4.3 Steady-state VVER core calculations using the hybrid finite
element SP3method

This section is dedicated to the analysis of VVER-440 and VVER-1000 reactor problems,
starting from the modeling of the reactor geometry in Serpent 2 with the dual purpose
of group constant and assembly-wise surface discontinuity factor generation, as well as
obtaining reference assembly power distributions. Lacking measurement results for code
validation, these exercises are consistent with the usual practice of verifying lower-order
transport solutions to the resultsofMonteCarloneutronsimulations. Basedon two"full-core"
benchmark specifications defined within the AER community (see details in App. E), besides
the verification of the hybrid finite element SP3 solver, the application of assembly-wise
surface discontinuity factors in SP3-based VVER modeling was also successfully tested. I
examined the effect of considering higher than linear anisotropic scattering in VVER core
calculations as well.

4.3.1 Results for VVER-440 reactors

I first modeled the VVER-440 RK3+ benchmark defined within the AER community in
2018 [141]. The detailed benchmark specification is provided in App. E.1. The core model
is two-dimensional with a 30◦ reflective symmetry, and the core configuration consists of four
assemblies with different enrichment, profiling and contain gadolinium as burnable poison.
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Besides the usual VVER-440 assemblies, a RK3+ assembly type is introduced, which differs
from traditional assemblies among others in the uranium pellet diameter, the pin diameter
and there is no central void in the pellets. In the deterministic calculations, for considering
the reflecting effect of the hexagonal core basket, the pressure vessel, as well as the water in
between, a reflector row was also considered as suggested in the benchmark specification
[141], while on the external boundary of the reflector row, vacuum boundary condition was
imposed. The calculated assembly power distributions are compared in this case to reference
solution generatedwith the Serpent 2.1.31 code [48] versionusingENDF/B-VII.0 cross section
library. The group constants applied for the two-group diffusion and SP3 calculations were
also generated with Serpent using the default 70-group intermediate multi-group structure,
as well as the default two-group structure. With 4000000 neutrons per generation, 1000
active and 50 inactive generations, the obtained reference effective multiplication factor is
1.08976 ± 4 pcm (±2σ). The reference assembly power distribution obtained with Serpent
is provided in Figs. 4.17-4.20 presenting the diffusion and SP3 results. For discontinuity factor
and group constant generation, each fuel, as well as reflector assembly was modeled as a
separate universe (see Fig. 4.16). From the calculated net currents and heterogeneous fluxes
on each assembly side andwith theuse of group constants obtained for each fuel and reflector
assembly, Serpent can determine the homogeneous flux at each side of the assemblies with
an inbuilt deterministic diffusion solver. As such, Serpent can calculate surface discontinuity
factors as the ratio of the heterogeneous and homogeneous flux solutions according to
Eq. 1.5.5. With the group constants and discontinuity factors obtained as Serpent output
parameters3, I performed hybrid finite element diffusion and SP3 calculations. Within the SP3

calculations the effect of considering linear, second- and third-order anisotropic scattering
was analyzed.

Figure 4.16: The universes defined for group constant and discontinuity factor generation
in the Serpent 2 code in the case of the VVER-440 RK3+ benchmark

3Fromthegroupconstant sets available in theSerpent outputfile, INF_DIFFCOEF, INF_TOT, INF_SN, INF_ABS,
INF_NSF, INF_FISS and INF_KAPPA were used.
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Table 4.6 summarizes the effective multiplication factors obtained with the different
transport calculations. Application of the SP3 model, as well as considering higher-order
scattering anisotropy yielded a closer effective multiplication factor to the reference, which
is in line with the expectations. This expected improvement can be seen on the maximum
of the deviation between the obtained and the reference assembly power distributions as
shown inFigures 4.17-4.20 andalso inTable 4.6, however, applicationof anisotropic scattering
matrices – although decreased the maximum absolute difference – did not decrease the
average absolute differencewith regard to the assembly power distribution. This is potentially
caused by the inappropriate weighting of the higher-order scattering matrices in the Serpent
code, see further discussion in Section 3.3 in Chapter 3.

Table 4.6: Results obtained for the VVER-440 RK3+ benchmark problem with different
transport calculations

Model keff
∆keff εP,abs,max εP,abs,average
[pcm] [%] [%]

Serpent 1.08976± 4 pcm ref. ref. ref.
diffusion + DCF 1.08794 -167 2.11 0.35
SP3 + DCF + lin. aniso. scat. 1.08813 -150 1.66 0.39
SP3 + DCF + 2nd-order aniso. scat. 1.08817 -146 1.59 0.43
SP3 + DCF + 3rd-order aniso. scat. 1.08817 -146 1.59 0.43

Figure 4.17: The percentage [%] difference between the assembly power distributions
calculated with the hybrid finite element diffusion code version and the SERPENT code

in the case of the VVER-440 RK3+ benchmark
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Figure 4.18: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering linear

scattering anisotropy in the case of the VVER-440 RK3+ benchmark

Figure 4.19: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering

second-order scattering anisotropy in the case of the VVER-440 RK3+ benchmark

Figure 4.20: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering
third-order scattering anisotropy in the case of the VVER-440 RK3+ benchmark
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4.3.2 Results for VVER-1000 reactors

The second model is based on a VVER-1000 benchmark also proposed by the AER
community in 2016 [142]. The detailed benchmark specification is provided in App. E.2. The
core model is two-dimensional with a 60◦ rotational symmetry, and the core configuration
consists of six different fuel assemblies with different enrichment, profiling, gadolinium as
burnable poison and vertical guide tubes for RCCAs. Similarly to the previous problem,
for considering the reflecting effect of the core basket, the core barrel, as well as the water
gap between the barrel and the reactor pressure vessel, a reflector row was considered in
the deterministic calculations, and on its external boundary, vacuum boundary condition
was imposed. Similarly to the VVER-440 RK3+ benchmark, the calculated assembly power
distributions are compared to reference solution generated with the Serpent 2.1.31 code
version using ENDF/B-VII.0 cross section library. The group constants applied for the
two-group diffusion and SP3 calculations were also generated with the Serpent code using
the default 70-group intermediate multi-group structure, as well as the default two-group
structure. With 4000000 neutrons per generation, 1500 active and 50 inactive generations, the
obtained reference effective multiplication factor is 1.00218 ± 7 pcm (±2σ). The reference
assembly power distribution (given in the Figs. 4.22-4.25 presenting the diffusion and SP3

results), aswell as the discontinuity factorswere obtainedwith Serpent, similarly as described
in the previous section with fuel and reflector assembly homogenization shown in Fig. 4.21.

Figure 4.21: The universes defined for group constant and discontinuity factor
generation in the Serpent 2 code in the case of the VVER-1000 benchmark

With the generated group constants and discontinuity factors, I performed hybrid finite
element diffusion and SP3 calculations analyzing also the effect of considering linear, second-
and third-order anisotropic scattering within the SP3 calculations. Table 4.7 summarizes
the effective multiplication factors obtained with the different transport approximations.
Application of the SP3 model, as well as considering higher-order scattering anisotropy
yielded a closer effective multiplication factor to the reference. The obtained assembly
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power distributions and their difference compared to the reference Serpent result are
shown in Figures 4.22-4.25, and summarized in Table 4.7. In this case, the obtained
SP3 power distributions are also closer to the reference, showing improvement with the
application of linear to second-order anisotropic scattering. Considering third-order
anisotropic scattering, however, did not improve further the SP3 results. The experienced
improvement in the VVER-1000 benchmark case is higher than that obtained in the case of
the VVER-440 benchmark calculations, which canmotivate further investigation of using SP3

approximation-based reactor physics codes for the analysis of VVER-1000 and VVER-1200
reactor cores.

Table 4.7: Results obtained for the VVER-1000 benchmark problem with different transport
calculations

Model keff
∆keff εP,abs,max εP,abs,average
[pcm] [%] [%]

Serpent 1.00218± 7 pcm ref. ref. ref.
diffusion + DCF 1.00116 -102 2.86 1.16
SP3 + DCF + lin. aniso. scat. 1.00157 -61 2.00 0.68
SP3 + DCF + 2nd-order aniso. scat. 1.00164 -54 1.89 0.65
SP3 + DCF + 3rd-order aniso. scat. 1.00164 -54 1.89 0.65

Figure 4.22: The percentage [%] difference between the assembly power distributions
calculated with the hybrid finite element diffusion code version and the SERPENT code

in the case of the VVER-1000 benchmark
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Figure 4.23: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering linear

scattering anisotropy in the case of the VVER-1000 benchmark

Figure 4.24: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering
second-order scattering anisotropy in the case of the VVER-1000 benchmark

Figure 4.25: The percentage [%] difference between the assembly power distributions
calculated with Serpent and the hybrid finite element SP3 module considering
third-order scattering anisotropy in the case of the VVER-1000 benchmark
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VVER-440 and VVER-1000 mathematical benchmark problems were solved using SP3

transport approximation. With thecontinuousGalerkinfinite elementmoduleof theSPNDYN
code, high-fidelity finite element reference results were provided. Three different solver
properties, the polynomial order of the axial source fitting, the axial nodalization and the
order of the radially applied triangular elements were analyzed. As expected, increasing the
polynomial order of source fitting, the number of axial nodes, as well as the radial element
order decrease the discretization error compared to high-fidelity SP3 reference results. Axially
second-order polynomial source fitting is recommended, because the already calculated flux
moment and flux moment integral values are optimally used without further increasing the
memory usage. Node heights of around 10 cm are suggested for the axial nodalization to
obtain a reasonably decreased axial discretization error. In the case of the radial element
order, both quadratic and cubic triangular elements can be applied, however, in the case
of the analyzed, three-dimensional VVER-1000 benchmark, the discretization error could be
decreased below 10 pcm and 1.5% with regard to the effective multiplication factor and the
nodal power distribution, respectively, when cubic elements were used.

In the case of the VVER-440 RK3+ and VVER-1000 "full-core" benchmark problems,
better accuracy in the effective multiplication factor was obtained by the application of
SP3 approximation instead of diffusion. The maximum deviation of SP3 power distribution
compared to the Serpent reference results also decreased in both cases, and considering
higher-order than linear anisotropic scattering terms clearly improved the calculation results
in the VVER-1000 benchmark case.

Based on the above analysis, application of the SP3 method for industrial VVER core
calculations can be an alternative to the use of diffusion approximation, but more accurate
transport solutions can only be guaranteed by applying correctly generated discontinuity
factors and higher-order anisotropic scattering matrices. Applying other code than Serpent
for group constant and discontinuity factor generation is advised in the future.
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Today, themostwidely applieddeterministic neutron transport approximation fornuclear
reactor core analysis, monitoring and design is the neutron diffusion theory. However, the
validity of industrial reactor physics codes based on diffusion theory are limited in the case of
irregular geometries, strongly heterogeneous material configurations, particularly in regions
where steep spatial flux gradients are present, hence near absorber rods or assemblies and
in the vicinity of the core boundary and reflectors. Advanced nuclear reactors and fuel
assembly designs are becoming increasingly complex regarding both their geometry and
material composition which necessitates the further-development of already existing reactor
physics code systems applied today by the nuclear industry.

The main focus of my research was to analyze the applicability of a higher-order and
hencemore accurate transport approximation, the SP3 theory for industrial applications, and
develop finite element based solution of the SP3 equations that can be used in VVER reactors.
I conducted my research in close cooperation with the Reactor Physics Department of the
Paks Nuclear Power Plant with the aim of extending their diffusion-based reactor physics
code systemC-PORCAwith an SP3 module to further increase its accuracy with only a limited
increase in the computational resources. The SP3 module of C-PORCA – after comprehensive
verification and validation – will be applied by the Paks Nuclear Power Plant for core loading
pattern evaluations.

Summary on the research results

I startedmy thesiswith a brief overview about neutron transportmodeling focusing on the
SP3 theory and highlighting the approximations widely applied in existing SP3 codes. Inmost
existing implementations of SP3 algorithms, only the within-group form of the SP3 equations
are solved and only linearly anisotropic scattering is taken into account. Aiming to provide
a more accurate tool for future core analysis than the state of the art, fine-tuned diffusion
approximation, I did not introduce any simplification and developed semi-analytical and
numerical solution methods and implemented algorithms for the solution of the full
anisotropic scattering form of the SP3 equations.

Numerical solution methods necessitate reliable reference results for verification
purposes. In contrast with the diffusion theory, which has extensive analytical and
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numerical verification resourcesdue to thewell-knownanalytical solutionsandmathematical
benchmark calculationswith available reference results, the availability of such references for
the verification of numerical SP3 solutionmethods are limited and there is a complete lack of
reference results with the possible inclusion of third-order scattering anisotropy. In the first
part of my thesis, I presented semi-analytical solutions of the one-group homogeneous SP3

equations with up to third-order scattering anisotropy, which I derived in order to fill this gap
in SP3 verification problems. Supporting the applicability of the developed mathematical
verificationbenchmark, I also showed thatwith theprovided semi-analytical solutionmethod
Capilla’s isotropic test problem can also be reproduced.

In the secondpart of the thesis, I presented thecontinuousGalerkinfinite element solution
of the SP3 equations with full scattering anisotropy, which I developed with the aim of being
able to examine arbitrary and irregular core configurations, as well as being able to provide
high-fidelity reference results formathematical codeverificationpurposes. I implemented the
solution algorithm in the SPNDYN code, and verified it against the one-group semi-analytical
solutions that I provided including third-order scattering anisotropy for homogeneous
one-dimensional slab, cylindrical and spherical reactor models. I extended the scope of
existing mathematical SP3 benchmarks by providing high-fidelity reference results with
detailed SP3 power distributions for the two- and three-dimensional VVER-440 Seidel and the
three-dimensional VVER-1000 Schulz benchmarks. By similarly extendingMakai’s four-group
VVER-1000benchmark, I also provided reference SP3 solutions for futuremultigroupSP3 code
verification purposes.

With the continuous Galerkin finite element solver as part of the SPNDYN code system, I
participated in a code-to-code and code-to-measurement benchmark on the BME Training
Reactor. Besides showing that the SPNDYN diffusion results are in good agreement with the
available reference PARCS diffusion results, I was able to show that using SPNDYN with the
diffusioncoefficient inSP3mode, i.e. byassuming linearly anisotropic scattering, theaccuracy
of SP3 calculations are in line with that of the diffusion results, while running SPNDYN in
SP3 mode with full anisotropic scattering, the accuracy of the obtained SP3 results are close
to that of the S10 calculations concluding that the SP3 theory, if full anisotropic scattering
is considered, has a higher transport correction potential. Regarding the comparison
with measurements, the agreement was generally good, however both the PARTISN and
SPNDYN SP3 calculations with full anisotropic scattering significantly overestimated the
excess reactivity of the core which is a consequence of a revisited conclusion regarding the
inconsistent weighting of the higher-order anisotropic scattering matrices by Serpent 2 of
which the distortive effect becomes significant in the case of high leakage (small-sized),
strongly heterogeneous and fast reactors.

Although the continuous Galerkin finite element SP3 module of the SPNDYN code can be
applied for arbitrary geometry, has a potential formulti-physics R&D&I applications, but due
to the necessity of radially and axially similarly fine meshing, is not optimal for industrial
application. The C-PORCA diffusion code of the Paks NPP uses a hybrid finite element
algorithm, that applies radially finite element, axially analytical solution coupled through the
radial and axial leakages as Lagrange multipliers. This method enables – by making use of
the axially smoother flux gradients – the application of much finer mesh radially than axially
leading to a more efficient solution of the diffusion equations. In the second part of my
dissertation, I focused on deriving the hybrid finite element solution of the SP3 equations
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which I also implemented as a separate module in the SPNDYN code, and integrated it
into the C-PORCA code system (CPL-SP3). I also provided a method for the inclusion of
assembly-wise surface discontinuity factors in the hybrid finite element solution algorithm.
I tested the hybrid finite element SP3 solver on various test problem, and showed that in the
axially analytical solution at least second-order source fitting shall be applied, while at least
second-order finite elements are necessary in the radial direction.

Finally, I modeled VVER-440 and VVER-1000 two-dimensional "full-core" benchmarks in
Serpent 2 with the dual purpose of group constant and assembly-wise surface discontinuity
factor generation, as well as providing reference transport solutions, and showed that the
hybrid finite element SP3 solver using discontinuity factors provides more accurate results
than the diffusion approximation with discontinuity factors. I also showed that taking into
account higher-order scattering anisotropy until the second-order can further improve the
accuracy, in the case of the presented VVER problems, however, the effect of including
third-order compared to second-order anisotropic scattering is insignificant.

Thesis statements

Themain results ofmy contribution to the application of the SP3 theory can be concluded
in the following statements.

1. I provided semi-analytical solutions to the one-group SP3 equations in homogeneous
slab, cylindrical and spherical geometries taking into account up to third-order
scattering anisotropy, thereby extending existing SP3 benchmark problems with up to
third-order scattering anisotropy, as well as two- and three-dimensional test cases. I
have demonstrated the applicability of the semi-analytical benchmark solutions in the
verification of two different numerical SP3 solvers, as well as in the reproduction of
Capilla’s isotropic P3 test problem. [P1]

2. I derived the continuous Galerkin finite element solution of the SP3 equations by taking
into account full anisotropic scattering, arbitrary number of neutron energy groups
and one- to three-dimensional reactor geometry. I implemented the corresponding
finite element solution algorithm, which can handle unstructured meshes, in the
SPNDYN code and verified the solution algorithm using semi-analytical SP3 solutions
and numerical benchmarks. I provided high-fidelity finite element SP3 solutions for
VVER benchmark problems for nodal code verification purposes. [P3], [P7], [P8]

3. I performed SP3 calculations for the BME Training Reactor with the purpose of
code-to-code comparison and code-to-measurement validation of the continuous
Galerkin finite elementmodule of SPNDYN. By comparing calculated excess reactivitity,
control rod worths and assembly worths withmeasured values, as well as with available
PARCS and PARTISN reference diffusion and S10 results, I showed that the accuracy of
the SP3 solution with linearly anisotropic scattering in a small-sized thermal reactor
such as the BME Training Reactor is comparable to diffusion, while with full anisotropic
scattering it is close to the S10 solution. [P4]
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4. I developed a novel hybrid finite element solution method of the SP3 equations with
full anisotropic scattering, which I implemented in SPNDYN and in the C-PORCA
reactor physics code system. I showed in various test problems that using second-order
triangular Lagrange elements in the radial direction and quadratic polynomial source
fitting in the axial direction with node height less than 10 cm can provide sufficient
accuracy for the hybrid finite element SP3 method in VVER core calculations, which is
hence proven to be in line with the diffusion approximation. [P2], [P5], [P6]

5. I developed a method for the application of flux moment discontinuities in the
hybrid finite element solution of the SP3 equations, implemented the obtained partial
current-like moment discontinuity equations, and verified the suggestedmethod using
VVER-440 and VVER-1000 reactor benchmarks. I concluded that in the case of macro
calculations of VVER reactors with discontinuity factors, second-order anisotropic
scattering in SP3 calculations results in improved accuracy, however, taking into account
third-order scattering anisotropy does not bring noticeable further improvement. [P2],
[P5], [P9]

Outlook and future plans

A main possible future contribution for the widespread application of SP3 theory would
be a comprehensive verification and validation of group constant generation methods
including higher-order anisotropic scatteringmatrices. As discussed in this thesis, taking into
account second-order anisotropic scatteringmatrices in SP3 calculations can still improve the
accuracy of themethod.

The semi-analytical solutions can be extended to heterogeneous geometries, to
multigroup problems, as well as to higher-order SPN methods. As for the continuousGalerkin
approach, the solver could handle more, as well as higher-order element types with which
h- and p-refinement could be more comprehensively examined. Adaptive mesh refinement
techniques could also be introduced. The source iteration could be accelerated using
different synthetic and physical acceleration methods, while pre-conditioning in the inner
iteration could also lead to more optimized code performance. To introduce the application
of discontinuity factors, interior penalty finite element method with discontinuous elements
can be implemented, while superhomogenization can also be applied. Regarding the hybrid
finite element solver, it can be easily extended to rectangular lattices, as well as to pinwise
calculations.

As for the application of the developed methods implemented in the SPNDYN code, the
continuous Galerkin finite element module being geometrically flexible can be applied for
small reactor modeling with more heterogeneous core designs and high leakage. SPNDYN –
among others – is also being applied for the deterministic modeling of the Fuel Qualification
Test (FQT) in the frame of the ECC-SMARTH2020 project. The FQT experiment is planned to
be performed in the LVR-15 reactor in Řež and aims the qualification of fuel for supercritical
water-cooled reactors. SPNDYN is being coupled with the APROS thermal-hydraulic code
system, therefore coupled thermal-hydraulics and reactor physics calculations can also be
performed in the future.
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A
Detailed derivation of the steady-state SPN

equations

In this appendix, I show how the one-dimensional PL equations can be obtained from
the integrodifferential, eigenvalue form of the neutron transport equation. As an extension
of Section 1.3 in Chapter 1, I also provide the related derivation of the Marshak boundary
condition approximation.

A.1 Derivation of the one-dimensional PL equations

As given by Eqs. 1.3.4a and 1.3.4b, the angular flux and the scattering cross section are
expanded into Legendre polynomials, then substituted back to Eq. 1.3.3. The expansions are
truncatedat l = L, then theobtainedequation ismultipliedbyPk(µ)k = 0 . . . Land integrated
over−1 < µ < 1 yielding∫ 1

−1
Pk(µ)

(
µ

d

dx

L∑
l=0

2l + 1

2
Pl(µ)Φg

l (x) + Σg
t (x)

L∑
l=0

2l + 1

2
Pl(µ)Φg

l (x)

)
dµ =

∫ 1

−1
Pk(µ)Qg(x, µ)dµ ,

(A.1.1)

whereQg(x, µ) is the sum of the scattering source term∫ 1

−1
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g′=1

L∑
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2l + 1

2
Pl(µ0)Σg′→g

sl (x)
L∑
l=0

2l + 1

2
Pl(µ

′)Φg′

l (x)dµ′ , (A.1.2)

and the fission source term

1

2

χg

keff

∫ 1

−1

G∑
g′=1

νg
′
(x)Σg′

f (x)
L∑
l=0

2l + 1

2
Pl(µ

′)Φg′

l (x) dµ′ . (A.1.3)

TheLegendrepolynomials satisfy the followingorthogonality relation, recurrence formula
and addition theorem: ∫ 1

−1
Pk(µ)Pl(µ) dµ =

2

2l + 1
δkl , (A.1.4)
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Appendix A: Details of the derivation of the steady-state SPN equations

(l + 1)Pl+1(µ) + lPl−1(µ) = (2l + 1)µPl(µ) , (A.1.5)

Pl(µ0) = Pl(µ)Pl(µ
′) . (A.1.6)

By applying the A.1.4 orthogonality relation and the A.1.5 recurrence formula to the first
term of Equation A.1.1, it becomes

∫ 1

−1
Pk(µ)µ

d

dx

L∑
l=0
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2
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l (x)dµ =

∫ 1
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]
.

(A.1.7)

The second term of Equation A.1.1 – due to the orthogonality – becomes

∫ 1

−1
Pk(µ)Σg

t (x)
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2l + 1

2
Pl(µ)Φg

l (x)dµ = Σg
t (x)Φg

l (x) , (A.1.8)

while – by the application of the A.1.4 orthogonality relation and the A.1.6 addition theorem –
the scattering and fission source terms yield

∫ 1
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A.2. Derivation of the one-dimensional Marshak boundary equations

With the above derivation – by truncating the spherical harmonics expansion at L = 3 –
the one-dimensional P3 equations are obtained:

d

dx

[
l

2l + 1
Φg
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Φg
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(A.1.11)

whereΦg
−1(x) = Φg

4(x) = 0 to close the approximation.

A.2 Derivation of the one-dimensional Marshak boundary
equations

If the boundary surface is a plane, the generalizedMarshak boundary condition equations
are ∫

µin

Pk(µ)
∞∑
l=0

2l + 1

2
Pl(µ)Φg

l (x)dµ = 0, k = 1, 3, 5, . . . , L . (A.2.1)

By truncating the expansion at L, the above boundary equations yield (L+ 1)/2 fully coupled
equations in each group and at each boundary, therefore, they fully close the L + 1 PL

equations.
For the one-dimensional slab geometry, the boundary equations closing the

one-dimensional P3-equations on e.g. the left boundary (see Figure A.1) are∫ 1

0
P1(µ) · [Φg

0P0(µ) + 3Φg
1P1(µ) + 5Φg

2P2(µ) + 7Φg
3P3(µ)] dµ = 0 , (A.2.2)

∫ 1

0
P3(µ) · [Φg

0P0(µ) + 3Φg
1P1(µ) + 5Φg

2P2(µ) + 7Φg
3P3(µ)] dµ = 0 . (A.2.3)

x

xl xr

µin,l ∈ [0, 1] µin,r ∈ [−1, 0]

Figure A.1: Incoming neutron directions at the boundaries of a one-dimensional slab
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Appendix A: Details of the derivation of the steady-state SPN equations

The Legendre polynomials needed for the integration are

P0(µ) = 1 ,

P1(µ) = µ ,

P2(µ) =
1

2
(3µ2 − 1) ,

P3(µ) =
1

2
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(A.2.4)

hence the integration yields ∫ 1
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(A.2.5)

The same equations can be obtained and the same procedure can be performed for the
right boundary, but the integration is performed from −1 to 0. After that the integrals are
similarly calculated, the following pair of equations are obtained for the lower and upper
boundaries:

- for the lower (left) boundary:
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(A.2.6)

- and for the upper (right) boundary:
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(A.2.7)
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B
Numerical integration within the

CGFEM-basedmodule of the SPNDYN code

In thisappendix, Iprovide thesubtletiesof theCGFEM-basedmoduleof theSPNDYNcode,
such as: how one can determine the element matrices in the local coordinate system of the
elements, which element types are applied in the one-, two- and three-dimensional problems
by themodule, and which quadrature sets are used for the numerical integration.

B.1 Determination of the element-wise contributions in the local
coordinate system

Derivatives can be converted from one coordinate system to the other by means of the
chain rule for partial differentiation, which can be expressed inmatrix form as follows: ∂

∂r
∂
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∂
∂t

 =

∂x∂r
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 ∂
∂x
∂
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∂
∂z

 = J

 ∂
∂x
∂
∂y
∂
∂z

 , (B.1.1)

where J is the Jacobianmatrix.
For the integration with coordinate transformation, the determinant of the Jacobian

matrix also needs to be evaluated, with which the transformed integrals become∫
x,z,y

f(x, y, z)dzdydx =

∫
r,s,t

f(r, s, t) | det(J) | dtdsdr . (B.1.2)

Byapplying theapproximationbasedona specific shape functions set, the Jacobianmatrix
can be evaluated as follows:
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 , (B.1.3)

whereN is number of nodes within an element e.
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Appendix B: Numerical integration within the CGFEM-basedmodule of the SPNDYN code

If the hej interpolation functions are given in the local coordinate system, the Jacobian
matrix can be evaluated as the node coordinates are known. After the calculation of the
Jacobianmatrix, its inverse and its determinant can also be given.

With global to local coordinate transformation, the element-wise contribution to the
leakage, boundary, reaction and fission operators can be evaluates as

• the volumetric part of the leakage operator:
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(B.1.4)

• the boundary term of the leakage operator:
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(B.1.5)

• the reaction operator:
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(B.1.6)

• and the fission operator:
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(B.1.7)

The evaluation of the above integrals is traditionally performed by numerical integration,
which is discussed in detail alongwith the applied, different element types in the next section.

B.2 Applied element types and quadrature sets

In the present subsection, one-, two- and three-dimensional elements, the corresponding
shape functions and the applied quadrature sets for the corresponding numerical integration
are presented.
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B.2. Applied element types and quadrature sets

One-dimensional bar elements

For the meshing of a one-dimensional problem domain one-dimensional line (or also
called) bar elements can be applied. The two-node bar element is called the truss element
providing a first-order approximation with two degree of freedom (see Figure B.1).

x, r1 2

X1 X2

r = −1 r = 1

Figure B.1: One-dimensional truss element

The shape functions in local coordinates for the truss element are

he1 =
1− r

2
, (B.2.1a)

he2 =
1 + r

2
, (B.2.1b)

while the transition form local coordinates to global coordinates can be written as

x = he1X1 + he2X2 =
X1 +X2

2
+
X2 −X1

2
r . (B.2.2)

The Jacobianmatrix of the coordinate transformation is a scalar

J =
dx

dr
=
X2 −X1

2
, (B.2.3)

which actually equals to the determinant of the Jacobianmatrix, while the inverse Jacobian is

J−1 =
2

X2 −X1
, (B.2.4)

which gives the transformationof the differentiation operator fromglobal coordinates to local
coordinates as follows:

d

dx
=

dr

dx

d

dr
=

2

X2 −X1

d

dr
. (B.2.5)

The one-dimensional integration on the interval [−1, 1] can be performed by numerical
integration applying a well-chosen quadrature rule. A quadrature rule is an approximation
of a definite integral of a function that is generally given as a weighted sum of the function
values at specified points within the integration domain. For the numerical integration
Gauss-Legendre quadrature rule is applied, which yields an exact result for polynomials of
degree 2n−1or less by a suitable choice of quadrature pointsxi andweightswi for i = 1, . . . , n.
For the integration domain [−1, 1] the definite integral of f(r) is approximated as

∫ 1

−1
f(r)dr ≈

n∑
i=1

wif(ri) , (B.2.6)

with quadrature point and weights specified in Table B.1.
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Table B.1: The applied numerical quadrature for one-dimensional integration

Index of points, i Points, ri Weights,wi

1 −
√

3

5

5

9

2 0 8

9

3
√

3

5

5

9

Two-dimensional triangular elements

For themeshing of a two-dimensional problemdomain two-dimensional plane elements,
such as triangular or quadrilateral elements can be applied. The SPNDYN code applies
first-order triangular elements (see Figure B.2).

The shape functions in local coordinates for the linear triangular element are

he1 = r , (B.2.7a)
he2 = s , (B.2.7b)

he3 = 1− r − s , (B.2.7c)

while the transition form local coordinates to global coordinates can be written as

x = he1X1 + he2X2 + he3X3 = HX (B.2.8a)
y = he1Y1 + he2Y2 + he3Y3 = HY . (B.2.8b)

x

y s

r

r, s
=
1

X1, Y1
r, s = 0

X2, Y2

X3, Y3

Figure B.2: First-order triangular element with the indication of the local coordinate
system

The Jacobianmatrix of the coordinate transformation is

J =

[
dx
dr

dy
dr

dx
ds

dy
ds

]
=

[
H′rX H′rY
H′sX H′sY

]
, (B.2.9)
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then, thedeterminantand the inverseof the Jacobianmatrixneeds tobecalculated, andhence
the transformationof thedifferentiationoperator fromglobal coordinates to local coordinates
can be given.

For the integration domain r ∈ [0, 1− s], s ∈ [0, 1] the definite integral of f(r, s) is
approximated as ∫ 1

0

∫ 1−s

0
f(r, s)drds ≈

nip∑
i=1

Wif(r, s)i , (B.2.10)

for the evaluation of which the quadrature points and weights of Table B.2 are applied.

Table B.2: The applied numerical quadrature for two-dimensional integration on triangular
elements

Index of points, i Points, (r, s)i Weights,Wi

1
(

1

6
,
1

6

)
1

3

2
(

2

3
,
1

6

)
1

3

3
(

1

6
,
2

3

)
1

3

Tree-dimensional tetrahedral elements

For the meshing of a three-dimensional problem domain three-dimensional solid
elements, such as tetrahedral or hexahedral elements can be applied. The SPNDYN code
applies first-order tetrahedral elements (see Figure B.3).

The shape functions in local coordinates for the linear tetrahedral element are

he1 = r , (B.2.11a)
he2 = s , (B.2.11b)
he3 = t , (B.2.11c)

he4 = 1− r − s− t , (B.2.11d)

while the transition form local coordinates to global coordinates can be written as

x = he1X1 + he2X2 + he3X3 + he4X4 = HX , (B.2.12a)
y = he1Y1 + he2Y2 + he3Y3 + he4Y4 = HY , (B.2.12b)
z = he1Z1 + he2Z2 + he3Z3 + he4Z4 = HZ . (B.2.12c)

For the integration domain r ∈ [0, 1− s], s ∈ [0, 1] the definite integral of f(r, s) is
approximated as ∫ 1

0

∫ 1−r

0

∫ 1−r−s

0
f(r, s, t)dtdsdr ≈

nip∑
i=1

Wif(r, s, t)i , (B.2.13)

with quadrature points and weights given in Table B.3.

111



Appendix B: Numerical integration within the CGFEM-basedmodule of the SPNDYN code

x

y

z

X3, Y3

X4, Y4

X2, Y2

X1, Y1

Figure B.3: First-order tetrahedral element

TableB.3: Theappliednumericalquadrature for three-dimensional integrationon tetrahedral
elements

Index of points, i Points, (r, s, t)i Weights,Wi

1 (a, b, b)
1

24

2 (b, a, b)
1

24

3 (b, b, a)
1

24

4 (b, b, b)
1

24

where a =
5 + 3

√
5

20
and b =

5−
√

5

20
.
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C
Details of the hybrid finite-element-based

solution of the SP3 equations

I dedicated this appendix to thedetailedderivationsof thehybridfinite element algorithm,
that are not necessarily needed in the main text for the algorithmic understanding, however,
to provide a complete picture, as well as for the potential reproduction of the method, their
inclusion is inevitable.

C.1 Derivation of the radially integrated equations

If we substitute back the approximations from Eqs. 4.1.10-4.1.12 to Eqs. 4.1.1a-4.1.1b,
4.1.2a-4.1.2b, 4.1.8a-4.1.8b and 4.1.9a-4.1.9b, thenmultiply the obtained equations by fi(x, y)

(i = 1, . . . , N), andfinally integrate themover the radial intersectionΩ(x, y)of the subdomain,
while along the interface line Γn in the case of the radial interface boundary equations, for
j = 1, ..., N , the following equations are obtained:∫∫

Ω(x,y)
fj(x, y)

−∇ ·D1∇
∑
i=1,N

γi(z)fi(x, y) + Σ0

∑
i=1,N

γi(z)fi(x, y)

dxdy =

∫∫
Ω(x,y)

fj(x, y)Q1dxdy ,

(C.1.1a)

∫∫
Ω(x,y)

fj(x, y)

−∇ ·D2∇
∑
i=1,N

δi(z)fi(x, y) +

(
4

9
Σ0 +

5

9
Σ2

) ∑
i=1,N

δi(z)fi(x, y)

 dxdy =

∫∫
Ω(x,y)

fj(x, y)Q2dxdy ,

(C.1.1b)

∫
Γn

fj(x, y)

−D1

∑
i=1,N

γi(z)

(
∂fi(x, y)

∂x
nx +

∂fi(x, y)

∂y
ny

) dΓ =

∫
Γn

fj(x, y)
∑
j=1,M

αjhj(x, y) dΓ ,

(C.1.2a)
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∫
Γn

fj(x, y)

−D2

∑
i=1,N

δi(z)

(
∂fi(x, y)

∂x
nx +

∂fi(x, y)

∂y
ny

) dΓ =

∫
Γn

fj(x, y)
∑
j=1,M

κjhj(x, y) dΓ ,

(C.1.2b)

∫∫
Ω(x,y)

fj(x, y)

−D1

∑
i=1,N

∂γi(z)

∂z
fi(x, y)nz

dxdy =

∫∫
Ω(x,y)

fj(x, y)
∑
i=1,N

εifi(x, y)dxdy ,

(C.1.3a)

∫∫
Ω(x,y)

fj(x, y)

−D2

∑
i=1,N

∂δi(z)

∂z
fi(x, y)nz

dxdy =

∫∫
Ω(x,y)

fj(x, y)
∑
i=1,N

ηifi(x, y)dxdy .

(C.1.3b)

In Eqs. C.1.1a-C.1.1b, the following integral identities can be applied:

∫∫
Ω(x,y)

fj(x, y)

−∇xy ·D1∇xy
∑
i=1,N

γi(z)fi(x, y)

dxdy =

∫∫
Ω(x,y)

∇xyfj(x, y) ·

D1∇xy
∑
i=1,N

γi(z)fi(x, y)

 dxdy−

∫
Γn

fj(x, y)

D1

∑
i=1,N

γi(z)

(
∂fi(x, y)

∂x
nx +

∂fi(x, y)

∂y
ny

)dΓ ,

(C.1.4a)

∫∫
Ω(x,y)

fj(x, y)

−∇xy ·D2∇xy
∑
i=1,N

δi(z)fi(x, y)

dxdy =

∫∫
Ω(x,y)

∇xyfj(x, y) ·

D2∇xy
∑
i=1,N

δi(z)fi(x, y)

 dxdy−

∫
Γn

fj(x, y)

D2

∑
i=1,N

δi(z)

(
∂fi(x, y)

∂x
nx +

∂fi(x, y)

∂y
ny

) dΓ ,

(C.1.4b)

with which – and by also taking Eqs. C.1.2a-C.1.2b into consideration – Eqs. C.1.1a-C.1.1b, for
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j = 1, ..., N , become
∫∫

Ω(x,y)
∇xyfj(x, y) ·

D1∇xy
∑
i=1,N

γi(z)fi(x, y)

dxdy +

∫
Γn

fj(x, y)
∑
j=1,M

αjhj(x, y)dΓ+

∫∫
Ω(x,y)

fj(x, y)

−∇z ·D1∇z
∑
i=1,N

γi(z)fi(x, y) + Σ0

∑
i=1,N

γi(z)fi(x, y)

 dxdy =

∫∫
Ω(x,y)

fj(x, y)Q1dxdy ,

(C.1.5a)

∫∫
Ω(x,y)

∇xyfj(x, y) ·

D2∇xy
∑
i=1,N

δi(z)fi(x, y)

 dxdy +

∫
Γn

fj(x, y)
∑
j=1,M

κjhj(x, y)dΓ+

∫∫
Ω(x,y)

fj(x, y)

−∇z ·D2∇z
∑
i=1,N

δi(z)fi(x, y) +

(
4

9
Σ0 +

5

9
Σ2

) ∑
i=1,N

δi(z)fi(x, y)

dxdy =

∫∫
Ω(x,y)

fj(x, y)Q2dxdy ,

(C.1.5b)
where∇xy and∇z are the x− y and z components of the nabla operator.

For the sake of simplification, the following notations are introduced1

G := Gji =

∫∫
Ω(x,y)

∇xyfj(x, y) · ∇xyfi(x, y)dxdy , (C.1.6)

F := Fji =

∫∫
Ω(x,y)

fj(x, y)fi(x, y) dxdy , (C.1.7)

where i = 1, . . . , N, j = 1, . . . , N , and∇xy =
[
∂/∂x ∂/∂y

]T
;

H := Hji =

∫
Γn

fj(x, y)hi(x, y) dΓ , (C.1.8)

HT := Hij , (C.1.9)
where i = 1, . . . ,M, j = 1, . . . , N ;

Hx := Hxji =

∫
Γn

hj(x, y)hi(x, y) dΓ , (C.1.10)

where i = 1, . . . ,M, j = 1, . . . ,M ; and

sI =

sI,1(z)
...

sI,N(z)

 := sI,j(z) =

∫∫
Ω(x,y)

fj(x, y) Q1 dxdy , (C.1.11a)

1For further details on how the finite element matricesG, F,H,Hx can be determined in the case of different
element types see App. C.5.
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sII =

sII,1(z)
...

sII,N(z)

 := sII,j(z) =

∫∫
Ω(x,y)

fj(x, y) Q2 dxdy ; (C.1.11b)

while

γ :=

γ1(z)
...

γN (z)

 , δ :=

δ1(z)
...

δN (z)

 , (C.1.12)

ε :=

 ε1

...
εN

 , η :=

η1
...
ηN

 , α :=

α1

...
αM

 , κ :=

 κ1

...
κM

 . (C.1.13)

In order to write Eqs. C.1.5a-C.1.5b in a compact form for j = 1, ..., N , thematerial and the
finite element matrices are extended to the following blockmatrices:

M̃ :=


M 0G×G . . . 0G×G

0G×G M . . . 0G×G

... ... . . . ...
0G×G 0G×G . . . M

 ; (C.1.14)

G̃ := Gji IG×G , j = 1, . . . , N (orM ), i = 1, . . . , N (orM ) ; (C.1.15)
where – only for the sake of demonstration – M denotes any material matrix in the energy
group space, whileG denotes any finite element matrix in the finite element space.

With the above-introduced notations, for each subdomain, Eqs. C.1.5a-C.1.5b and Eqs.
C.1.3a-C.1.3b can be written as follows:

D̃1F̃γ ′′ −
(
D̃1G̃ + Σ̃0F̃

)
γ − H̃α+ sI = 0NG×1 , (C.1.16a)

D̃2F̃δ′′ −
(

D̃2G̃ +

(
4

9
Σ̃0 +

5

9
Σ̃2

)
F̃

)
δ − H̃κ+ sII = 0NG×1 , (C.1.16b)

while on the top of the element (z = ztop = ∆z
2 )

−D̃1F̃γ ′ = F̃ε , (C.1.17a)
−D̃2F̃δ′ = F̃η , (C.1.17b)

and on the bottom of the element (z = zbot = −∆z
2 )

D̃1F̃γ ′ = F̃ε , (C.1.18a)
D̃2F̃δ′ = F̃η . (C.1.18b)

C.2 Determination of the coefficients of the homogeneous and
particular solution functions

The solution given in Section 4.1.2 is general enough to handle arbitrary energy groups,
however, for the sake of illustration, the followings (calculation of the unknowns from
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the boundary equations and the source fitting method) are simplified to two neutron
energy groups. If two neutron energy group is considered, the general solutions of Eqs.
4.1.26a-4.1.26b have the form of

γ̂tr = Ψ̂tr(z)


cj,1
dj,1
cj,2
dj,2

+ p̂tr(z) , δ̂tr = Υ̂tr(z)


ej,1
fj,1
ej,2
fj,2

+ q̂tr(z) ; (C.2.1)

where Ψ̂tr and Υ̂tr are

Ψ̂tr(z) =

[
e
√
kj,1z e−

√
kj,1z 0 0

0 0 e
√
kj,2z e−

√
kj,2z

]
, (C.2.2a)

Υ̂tr(z) =

[
e
√
lj,1z e−

√
lj,1z 0 0

0 0 e
√
lj,2z e−

√
lj,2z

]
. (C.2.2b)

From now on, the variables defined on the nodally decoupled variable space are applied,
therefore thegeneral solutionsare transformedbackbya leftmultiplicationwith theoperators
EΨ andEΥ, respectively, as follows:

γ̂j = Ψ̂j(z)


cj,1
dj,1
cj,2
dj,2

+ p̂j(z) , δ̂j = Υ̂j(z)


ej,1
fj,1
ej,2
fj,2

+ q̂j(z) ; (C.2.3)

where Ψ̂j and Υ̂j are

Ψ̂j(z) = EΨ

[
e
√
kj,1z e−

√
kj,1z 0 0

0 0 e
√
kj,2z e−

√
kj,2z

]
, (C.2.4a)

Υ̂j(z) = EΥ

[
e
√
lj,1z e−

√
lj,1z 0 0

0 0 e
√
lj,2z e−

√
lj,2z

]
, (C.2.4b)

while
p̂j(z) = EΨp̂tr(z) , q̂j(z) = EΥq̂tr(z) . (C.2.5)

If the solution functions on the nodally decoupled variable space are substituted back to
the subdomain boundary equations, one can obtain the followings, if z = ztop = ∆z

2 :

−∂Ψ̂j(z)

∂z


cj,1
dj,1
cj,2
dj,2

− ∂p̂j(z)

∂z
= D1

−1ε̂j , −∂Υ̂j(z)

∂z


ej,1
fj,1
ej,2
fj,2

− ∂q̂j(z)

∂z
= D2

−1η̂j , (C.2.6)

and if z = zbot = −∆z
2

∂Ψ̂j(z)

∂z


cj,1
dj,1
cj,2
dj,2

+
∂p̂j(z)

∂z
= D1

−1ε̂j ,
∂Υ̂j(z)

∂z


ej,1
fj,1
ej,2
fj,2

+
∂q̂j(z)

∂z
= D2

−1η̂j , (C.2.7)
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an equation set, the solution of which yields the unknown parameters cj,g to fj,g as
cj,1
dj,1
cj,2
dj,2

 =

 ∂Ψ̂j(z)
∂z

∣∣∣
ztop

∂Ψ̂j(z)
∂z

∣∣∣
zbot


−1

[
−D1

−1ε̂j
∣∣
ztop

D1
−1ε̂j

∣∣
zbot

]
−

 ∂p̂j(z)
∂z

∣∣∣
ztop

∂p̂j(z)
∂z

∣∣∣
zbot


 , (C.2.8a)


ej,1
fj,1
ej,2
fj,2

 =

 ∂Υ̂j(z)
∂z

∣∣∣
ztop

∂Υ̂j(z)
∂z

∣∣∣
zbot


−1

[
−D2

−1η̂j
∣∣
ztop

D2
−1η̂j

∣∣
zbot

]
−

 ∂q̂j(z)
∂z

∣∣∣
ztop

∂q̂j(z)
∂z

∣∣∣
zbot


 . (C.2.8b)

As a final step of the axially analytic solution, i.e., for the determination of the particular
solution functions, source fitting is performed. In this work,mainly second-order polynomial
fitting is applied, which necessitates the determination of three fitting parameters in each
outer iteration step. In this case the three known quantities are the fluxmoments in the nodes
situated at the top of the volumetric subdomain, the flux moments in the nodes situated at
the bottom of the volumetric subdomain and the integral of the nodal fluxmoments from the
bottom to the top of the subdomain.

For the source fitting, let me first consider the z-dependence of the flux moments as a
quadratic polynomial in the form of

γ̂j,poly(z) = âj,1z
2 + âj,2z + âj,3 , (C.2.9a)

δ̂j,poly(z) = b̂j,1z
2 + b̂j,2z + b̂j,3 . (C.2.9b)

From the six conditions
γ̂j,poly(ztop) = γ̂j(ztop) , (C.2.10a)

γ̂j,poly(zbot) = γ̂j(zbot) , (C.2.10b)

∫ ztop

zbot

γ̂j,poly(z)dz =

∫ ztop

zbot

γ̂j(z)dz , (C.2.10c)

δ̂j,poly(ztop) = δ̂j(ztop) , (C.2.10d)

δ̂j,poly(zbot) = δ̂j(zbot) , (C.2.10e)

∫ ztop

zbot

δ̂j,poly(z)dz =

∫ ztop

zbot

δ̂j(z)dz , (C.2.10f)

the âj,i and b̂j,i fitting parameters can be determined asâj,1âj,2
âj,3

 =

 z2
top ztop 1

z2
bot zbot 1∫ ztop

zbot
z2dz

∫ ztop
zbot

zdz
∫ ztop
zbot

dz


−1  γ̂j(ztop)

γ̂j(zbot)∫ ztop
zbot

γ̂j(z)dz

 , (C.2.11a)
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b̂j,1b̂j,2
b̂j,3

 =

 z2
top ztop 1

z2
bot zbot 1∫ ztop

zbot
z2dz

∫ ztop
zbot

zdz
∫ ztop
zbot

dz


−1  δ̂j(ztop)

δ̂j(zbot)∫ ztop
zbot

δ̂j(z)dz

 . (C.2.11b)

If the nonhomogeneous term in Eqs. C.1.5a-C.1.5b is assumed to be a second degree
polynomial, it is reasonable to guess that there is a particular solution, which is a polynomial
of the same degree. The only task left is the substitution of a second degree polynomial back
to Eqs. C.1.5a-C.1.5b, and – by that – the determination of its unknown coefficients.

Hence, let me first assume, that the particular solutions are second degree polynomials as
follows:

p̂j(z) := Âj,1z
2 + Âj,2z + Âj,3 , q̂j(z) := B̂j,1z

2 + B̂j,2z + B̂j,3 ; (C.2.12)

then substitute them back to Eqs. 4.1.17a-4.1.17a to obtain

2Âj,1 −
(
λjIG×G + D1

−1Σ0

) (
Âj,1z

2 + Âj,2z + Âj,3

)
− α̂j + ŝI,j = 0G×1 , (C.2.13a)

2B̂j,1 −
(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))(
B̂j,1z

2 + B̂j,2z + B̂j,3

)
− κ̂j + ŝII,j = 0G×1 .

(C.2.13b)
In order to obtain the Âj,i and B̂j,i coefficients, the source vectors in the above equations

need to be expressed as functions of the polynomial flux moments given in Eqs. C.2.12. By
applying the definitions in Eq. 4.1.2a-4.1.2b, as well as the finite element discretization from
4.1.10, with the variable transformation defined in Eqs. 4.1.29, ŝI,j and ŝII,j can be written as

ŝI,j =

(
T̃−1F̃−1D̃−1

1

(
2

3
Σ̃0F̃T̃δ̂ +

1

keff
Σ̃FF̃T̃

(
γ̂ − 2

3
δ̂

)))
j

, (C.2.14a)

ŝII,j =

(
T̃−1F̃−1D̃−1

2

(
2

3
Σ̃0F̃T̃γ̂ − 2

3

1

keff
Σ̃FF̃T̃

(
γ̂ − 2

3
δ̂

)))
j

, (C.2.14b)

which expressions – by making use of the commutative property of the block matrices2 – can
be reduced to

ŝI,j =
2

3
D1
−1Σ0δ̂j +

1

keff
D1
−1ΣF

(
γ̂j −

2

3
δ̂j

)
, (C.2.15a)

ŝII,j =
2

3
D2
−1Σ0γ̂j −

2

3

1

keff
D2
−1ΣF

(
γ̂j −

2

3
δ̂j

)
. (C.2.15b)

Now, by substituting the second degree polynomial fluxmoment approximations into the
above source terms, then by grouping together the coefficients of each term containing the

2Due to the diagonal block matrix property of the finite element matrices and the special structure of the
material matrices, they commute on the mixed variable space. It can also be explained by the fact that the finite
element matrices only operate on the nodal variable space, while the material matrices act only on the variable
space of the neutron energy groups.
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variable z, one can get

ŝI,j =

(
2

3
D1
−1Σ0 b̂j,1 +

1

keff
D1
−1ΣF

(
âj,1 −

2

3
b̂j,1

))
z2+(

2

3
D1
−1Σ0 b̂j,2 +

1

keff
D1
−1ΣF

(
âj,2 −

2

3
b̂j,2

))
z+

2

3
D1
−1Σ0b̂j,3 +

1

keff
D1
−1ΣF

(
âj,3 −

2

3
b̂j,3

)
,

(C.2.16a)

ŝII,j =

(
2

3
D2
−1Σ0 âj,1 −

2

3

1

keff
D2
−1ΣF

(
âj,1 −

2

3
b̂j,1

))
z2+(

2

3
D2
−1Σ0 âj,2 −

2

3

1

keff
D2
−1ΣF

(
âj,2 −

2

3
b̂j,2

))
z+

2

3
D2
−1Σ0 âj,3 −

2

3

1

keff
D2
−1ΣF

(
âj,3 −

2

3
b̂j,3

)
.

(C.2.16b)

If the sources arewritten back to Eqs. C.2.13a-C.2.13b, and as the transverse leakage terms
are constants (theydonot dependon z), by equating the coefficients of z2, z and the constants,
the Âj,i and B̂j,i coefficients of the particular solutions can be obtained as

Âj,1 = M1

(
2

3
D1
−1Σ0 b̂j,1 +

1

keff
D1
−1ΣF

(
âj,1 −

2

3
b̂j,1

))
, (C.2.17a)

Âj,2 = M1

(
2

3
D1
−1Σ0 b̂j,2 +

1

keff
D1
−1ΣF

(
âj,2 −

2

3
b̂j,2

))
, (C.2.17b)

Âj,3 = M1

(
2

3
D1
−1Σ0 b̂j,3 +

1

keff
D1
−1ΣF

(
âj,3 −

2

3
b̂j,3

)
− α̂j

)
+ 2M1Âj,1 , (C.2.17c)

where
M1 =

(
λjIG×G + D1

−1Σ0

)−1
, (C.2.18)

B̂j,1 = M2

(
2

3
D2
−1Σ0 âj,1 −

2

3

1

keff
D2
−1ΣF

(
âj,1 −

2

3
b̂j,1

))
, (C.2.19a)

B̂j,2 = M2

(
2

3
D2
−1Σ0 âj,2 −

2

3

1

keff
D2
−1ΣF

(
âj,2 −

2

3
b̂j,2

))
, (C.2.19b)

B̂j,3 = M2

(
2

3
D2
−1Σ0 âj,3 −

2

3

1

keff
D2
−1ΣF

(
âj,3 −

2

3
b̂j,3

)
− κ̂j

)
+ 2M2B̂j,1 , (C.2.19c)

where
M2 =

(
λjIG×G + D2

−1

(
4

9
Σ0 +

5

9
Σ2

))−1

. (C.2.20)

By now, the analytical form of the z-dependence of the flux moments are known in each
node, therefore – by radially using finite element interpolation within a subdomain – the flux
moments can be determined in each x, y and z point. However, the axial and radial leakage
from the subdomain are still unknown, which are – though – needed to calculate on the one
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C.2. Determination of the coefficients of the homogeneous and particular solution functions

hand the unknown parameters of the homogeneous solutions, and on the other hand the
coefficients of the particular solution functions. The axial and radial leakages are calculated
using axial and radial iteration procedures.

Note: For the source fitting, the degree of polynomials can be chosen arbitrarily. If
constant, linear, third- or fourth-order polynomial source fitting is applied one, two, four or
five fitting parameters are needed to be determined in each outer iteration step, respectively.

For constant source fitting, the integral of the nodal flux moments from the bottom to
the top of the subdomain can be taken as fitting parameter, resulting in the following fitting
procedure:

γ̂j,poly(z) = âj,1 , δ̂j,poly(z) = b̂j,1 , (C.2.21a)

∫ ztop

zbot

γ̂j,poly(z)dz =

∫ ztop

zbot

γ̂j(z)dz , (C.2.21b)

∫ ztop

zbot

δ̂j,poly(z)dz =

∫ ztop

zbot

δ̂j(z)dz , (C.2.21c)

âj,1 =
1

∆z

∫ ztop

zbot

γ̂j(z)dz , b̂j,1 =
1

∆z

∫ ztop

zbot

δ̂j(z)dz . (C.2.21d)

In the case of linear source fitting, the flux moments at the top and at the bottom of the
volumetric subdomain can be taken as fitting parameters, resulting in the following fitting
procedure:

γ̂j,poly(z) = âj,1z + âj,2 , δ̂j,poly(z) = b̂j,1z + b̂j,2 , (C.2.22a)

γ̂j,poly(ztop) = γ̂j(ztop) , γ̂j,poly(zbot) = γ̂j(zbot) , (C.2.22b)

δ̂j,poly(ztop) = δ̂j(ztop) , δ̂j,poly(zbot) = δ̂j(zbot) , (C.2.22c)

[
âj,1
âj,2

]
=

[
ztop 1

zbot 1

]−1 [
γ̂j(ztop)

γ̂j(zbot)

]
, (C.2.22d)

[
b̂j,1
b̂j,2

]
=

[
ztop 1

zbot 1

]−1 [
δ̂j(ztop)

δ̂j(zbot)

]
. (C.2.22e)

For the third- and fourth-order polynomial source fitting, another two fitting parameters
are needed. In my dissertation, I applied the fluxmoment values at z = ∆z/4 and z = 3∆z/4,
resulting in the following third- and fourth-order source fittings:

γ̂j,poly(z) = âj,1z
3 + âj,2z

2 + âj,3z + âj,4 , (C.2.23a)

δ̂j,poly(z) = b̂j,1z
3 + b̂j,2z

2 + b̂j,3z + b̂j,4 , (C.2.23b)
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γ̂j,poly(z) = âj,1z
4 + âj,2z

3 + âj,3z
2 + âj,4z + âj,5 , (C.2.24a)

δ̂j,poly(z) = b̂j,1z
4 + b̂j,2z

3 + b̂j,3z
2 + b̂j,4z + b̂j,5 , (C.2.24b)

γ̂j,poly(ztop) = γ̂j(ztop) , γ̂j,poly(zbot) = γ̂j(zbot) , (C.2.25a)

γ̂j,poly(
1

4
∆z) = γ̂j(

1

4
∆z) , γ̂j,poly(

3

4
∆z) = γ̂j(

3

4
∆z) , (C.2.25b)∫ ztop

zbot

γ̂j,poly(z)dz =

∫ ztop

zbot

γ̂j(z)dz , (C.2.25c)

δ̂j,poly(ztop) = δ̂j(ztop) , δ̂j,poly(zbot) = δ̂j(zbot) , (C.2.25d)

δ̂j,poly(
1

4
∆z) = δ̂j(

1

4
∆z) , δ̂j,poly(

3

4
∆z) = δ̂j(

3

4
∆z) , (C.2.25e)∫ ztop

zbot

δ̂j,poly(z)dz =

∫ ztop

zbot

δ̂j(z)dz , (C.2.25f)

from which the âj,i and b̂j,i fitting parameters for the third-order polynomial fitting can be
determined as 

âj,1
âj,2
âj,3
âj,4

 =


(

1
4∆z

)3 (
1
4∆z

)2 1
4∆z 1(

3
4∆z

)3 (
3
4∆z

)2 3
4∆z 1

z3
top z2

top ztop 1

z3
bot z2

bot zbot 1


−1 

γ̂j(1
4∆z)

γ̂j(3
4∆z)

γ̂j(ztop)

γ̂j(zbot)

 , (C.2.26a)


b̂j,1
b̂j,2
b̂j,3
b̂j,4

 =


(

1
4∆z

)3 (
1
4∆z

)2 1
4∆z 1(

3
4∆z

)3 (
3
4∆z

)2 3
4∆z 1

z3
top z2

top ztop 1

z3
bot z2

bot zbot 1


−1 

δ̂j(1
4∆z)

δ̂j(3
4∆z)

δ̂j(ztop)

δ̂j(zbot)

 , (C.2.26b)

while for the fourth-order polynomial, the fitting is performed as
âj,1
âj,2
âj,3
âj,4
âj,5

 =



(
1
4∆z

)4 (
1
4∆z

)3 (
1
4∆z

)2 1
4∆z 1(

3
4∆z

)4 (
3
4∆z

)3 (
3
4∆z

)2 3
4∆z 1

z4
top z3

top z2
top ztop 1

z4
bot z3

bot z2
bot zbot 1∫ ztop

zbot
z4dz

∫ ztop
zbot

z3dz
∫ ztop
zbot

z2dz
∫ ztop
zbot

zdz
∫ ztop
zbot

dz



−1 
γ̂j(1

4∆z)

γ̂j(3
4∆z)

γ̂j(ztop)

γ̂j(zbot)∫ ztop
zbot

γ̂j(z)dz

 ,

(C.2.27a)


b̂j,1
b̂j,2
b̂j,3
b̂j,4
b̂j,5

 =



(
1
4∆z

)4 (
1
4∆z

)3 (
1
4∆z

)2 1
4∆z 1(

3
4∆z

)4 (
3
4∆z

)3 (
3
4∆z

)2 3
4∆z 1

z4
top z3

top z2
top ztop 1

z4
bot z3

bot z2
bot zbot 1∫ ztop

zbot
z4dz

∫ ztop
zbot

z3dz
∫ ztop
zbot

z2dz
∫ ztop
zbot

zdz
∫ ztop
zbot

dz



−1 
δ̂j(1

4∆z)

δ̂j(3
4∆z)

δ̂j(ztop)

δ̂j(zbot)∫ ztop
zbot

δ̂j(z)dz

 .

(C.2.27b)
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C.3. Axial and radial response matrices

The Âj,i and B̂j,i coefficients of the particular solution functions, assumed to have the
same polynomial shape as the fluxmoments applied for the source fitting, can be determined
similarly as described from Eq. C.2.12 to Eq. C.2.20.

C.3 Axial and radial responsematrices

In Eqs. 4.1.39a-4.1.39a, the following vector andmatrix notations are applied:

Xj,H = Ψ̂j,H

 ∂Ψ̂j(z)
∂z

∣∣∣
ztop

∂Ψ̂j(z)
∂z

∣∣∣
zbot


−1

, Zj,H = Υ̂j,H

 ∂Υ̂j(z)
∂z

∣∣∣
ztop

∂Υ̂j(z)
∂z

∣∣∣
zbot


−1

, (C.3.1)

while
D1,H

−1 =

[
−D1

−1 0G×G

0G×G D1
−1

]
, D2,H

−1 =

[
−D2

−1 0G×G

0G×G D2
−1

]
, (C.3.2)

and

dp̂j,H =

 ∂p̂j(z)
∂z

∣∣∣
ztop

∂p̂j(z)
∂z

∣∣∣
zbot

 , dq̂j,H =

 ∂q̂j(z)
∂z

∣∣∣
ztop

∂q̂j(z)
∂z

∣∣∣
zbot

 . (C.3.3)

In Eqs. 4.1.52a-4.1.52b, the following notations are introduced:

Θ̃+ = Ñ1 + 2H̃x , (C.3.4a)

Θ̃− = Ñ1 − 2H̃x , (C.3.4b)

Ξ̃+ = 7Ñ2 + 24H̃x , (C.3.4c)

Ξ̃− = 7Ñ2 − 24H̃x , (C.3.4d)

where
Ñ1 = H̃TT̃

(
Λ̃ + D̃−1

1 Σ̃0

)−1
T̃−1F̃−1D̃−1

1 H̃ , (C.3.5a)

Ñ2 = H̃TT̃

(
Λ̃ + D̃−1

2

(
4

9
Σ̃0 +

5

9
Σ̃2

))−1

T̃−1F̃−1D̃−1
2 H̃ , (C.3.5b)

while the definitions of H̃, H̃T and H̃x matrices are given in Section C.1.
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C.4 Detailed derivation of the discontinuity equations

This section is dedicated to the detailed derivation of the SP3 discontinuity equations (Eqs.
4.1.59 and 4.1.60) provided in Section 4.1.3 of Chapter 4.

Let me express first the sum of the partial current moments from Eqs. 4.1.5a and 4.1.5a as

J1
+ + J1

− =
1

2
U1 −

1

8
U2 , (C.4.1a)

J2
+ + J2

− = −1

8
U1 +

7

24
U2 , (C.4.1b)

then eliminateU2 bymultiplying Eq. C.4.1b by 3/7 and adding the two equations:

U1 =
8

3

(
J1

+ + J1
−)+

8

7

(
J2

+ + J2
−) , (C.4.2)

and also eliminateU1 by dividing Eq. C.4.1a by 4 and adding the two equations:

U2 =
24

25

(
J1

+ + J1
−)+

96

25

(
J2

+ + J2
−) . (C.4.3)

In the followings, I make use of the discontinuity and continuity equations considered on the
radial boundaries of two adjacent elements k and k + 1

DCFkU1,k = DCFk+1U1,k+1 , DCFkU2,k = DCFk+1U2,k+1 , (C.4.4)

Jk
1,xy = −Jk+1

1,xy , Jk
2,xy = −Jk+1

2,xy , (C.4.5)
the partial current-like moment continuity equations

J−,k1,xy = J+,k+1
1,xy , J−,k2,xy = J+,k+1

2,xy , J−,k+1
1,xy = J+,k

1,xy , J−,k+1
2,xy = J+,k

2,xy , (C.4.6)

and the relations between the normal and the partial current-like moments

Jk
1,xy = J+,k

1,xy − J−,k1,xy , Jk
2,xy = J+,k

2,xy − J−,k2,xy ,

Jk+1
1,xy = J+,k+1

1,xy − J−,k+1
1,xy , Jk+1

2,xy = J+,k+1
2,xy − J−,k+1

2,xy .
(C.4.7)

Let me substitute back now Eqs. C.4.2 and C.4.3 to Eq. C.4.4:

DCFk

(
8

3

(
J+,k

1,xy + J−,k1,xy

)
+

8

7

(
J+,k

2,xy + J−,k2,xy

))
=

DCFk+1

(
8

3

(
J+,k+1

1,xy + J−,k+1
1,xy

)
+

8

7

(
J+,k+1

2,xy + J−,k+1
2,xy

))
,

DCFk

(
24

25

(
J+,k

1,xy + J−,k1,xy

)
+

96

25

(
J+,k

2,xy + J−,k2,xy

))
=

DCFk+1

(
24

25

(
J+,k+1

1,xy + J−,k+1
1,xy

)
+

96

25

(
J+,k+1

2,xy + J−,k+1
2,xy

))
,

(C.4.8)

and express J−,k+1
1,xy and J−,k+1

2,xy , along with J−,k1,xy and J−,k2,xy by using Eqs. C.4.5 and C.4.7

J−,k+1
1,xy = J+,k+1

1,xy + J+,k
1,xy − J−,k1,xy ,

J−,k+1
2,xy = J+,k+1

2,xy + J+,k
2,xy − J−,k2,xy ,

(C.4.9)
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J−,k1,xy = J+,k
1,xy + J+,k+1

1,xy − J−,k+1
1,xy ,

J−,k2,xy = J+,k
2,xy + J+,k+1

2,xy − J−,k+1
2,xy .

(C.4.10)

In order to express J−,k1,xy and J−,k2,xy from Eq. C.4.8, J−,k+1
1,xy and J−,k+1

2,xy from Eqs. C.4.9 are
substituted back to Eq. C.4.8, while to express J−,k+1

1,xy and J−,k+1
2,xy from Eq. C.4.8, J−,k1,xy and

J−,k2,xy from Eqs. C.4.10 are substituted back to Eq. C.4.8 resulting in the following equations:

DCFk

(
8

3

(
J+,k

1,xy + J−,k1,xy

)
+

8

7

(
J+,k

2,xy + J−,k2,xy

))
=

DCFk+1

(
8

3

(
J+,k+1

1,xy + J+,k+1
1,xy + J+,k

1,xy − J−,k1,xy

)
+

8

7

(
J+,k+1

2,xy + J+,k+1
2,xy + J+,k

2,xy − J−,k2,xy

))
,

DCFk

(
24

25

(
J+,k

1,xy + J−,k1,xy

)
+

96

25

(
J+,k

2,xy + J−,k2,xy

))
=

DCFk+1

(
24

25

(
J+,k+1

1,xy + J+,k+1
1,xy + J+,k

1,xy − J−,k1,xy

)
+

96

25

(
J+,k+1

2,xy + J+,k+1
2,xy + J+,k

2,xy − J−,k2,xy

))
,

(C.4.11)

DCFk

(
8

3

(
J+,k

1,xy + J+,k
1,xy + J+,k+1

1,xy − J−,k+1
1,xy

)
+

8

7

(
J+,k

2,xy + J+,k
2,xy + J+,k+1

2,xy − J−,k+1
2,xy

))
=

DCFk+1

(
8

3

(
J+,k+1

1,xy + J−,k+1
1,xy

)
+

8

7

(
J+,k+1

2,xy + J−,k+1
2,xy

))
,

DCFk

(
24

25

(
J+,k

1,xy + J+,k
1,xy + J+,k+1

1,xy − J−,k+1
1,xy

)
+

96

25

(
J+,k

2,xy + J+,k
2,xy + J+,k+1

2,xy − J−,k+1
2,xy

))
=

DCFk+1

(
24

25

(
J+,k+1

1,xy + J−,k+1
1,xy

)
+

96

25

(
J+,k+1

2,xy + J−,k+1
2,xy

))
.

(C.4.12)
If Eqs. C.4.11 andC.4.12 are divided by 8/7 and 24/25, respectively, and by usingmatrix-vector
notations, the inwardly directed partial current moments are expressed, the following partial
current-like moment discontinuity equations are obtained:[

J−,k1,xy

J−,k2,xy

]
=

[
DCFk + DCFk+1 4(DCFk + DCFk+1)

7
3(DCFk + DCFk+1) DCFk + DCFk+1

]−1

·

·
[

DCFk+1 −DCFk 2DCFk+1 4(DCFk+1 −DCFk) 8DCFk+1
7
3(DCFk+1 −DCFk)

14
3 DCFk+1 DCFk+1 −DCFk 2DCFk+1

]
J+,k

1,xy

J+,k+1
1,xy

J+,k
2,xy

J+,k+1
2,xy

 ,

(C.4.13)

[
J−,k+1

1,xy

J−,k+1
2,xy

]
=

[
DCFk + DCFk+1 4(DCFk + DCFk+1)

7
3(DCFk + DCFk+1) DCFk + DCFk+1

]−1

·

·
[

2DCFk DCFk −DCFk+1 8DCFk 4(DCFk −DCFk+1)
14
3 DCFk

7
3(DCFk −DCFk+1) 2DCFk DCFk −DCFk+1

]
J+,k

1,xy

J+,k+1
1,xy

J+,k
2,xy

J+,k+1
2,xy

 .

(C.4.14)
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C.5 Meshing and element types applied in the hybrid finite element
solver

For the hybrid finite element calculations, the hexagonal assemblies (or in the case of
pincell-wise calculations3, the pincells) are radially further refined into triangular prisms. The
numbering of the triangular prisms, as well as the numbering of the nodes located on the
perimeter of the triangular elements (i.e., the radial mesh) need to be a priori known in order
to correctly identify the neighboring nodes of the neighboring elements for the partial current
moment permutation process (see Fig. 4.5). In the implemented solver, the triangle and
radial node numberings presented in Figs. C.1 and C.2 are applied. The axial currentmoment
permutation (see Fig. 4.4) is a simpler process, only the axial index of the triangular prisms
situated below and above a triangular prism is needed for the iteration, the numbering of the
nodes on the bottom and top of each element is consistently the same.

Figure C.1: Numbering of the triangular
elements within a hexagonal element

Figure C.2: Numbering of the nodes on
the perimeter of the triangular elements
in the case of linear current moment

interpolation

Linear line element

The current moments are approximated at each z coordinate on the perimeter of the
triangular prism volumetric elements above line elements (see also Fig. B.1) using linear
Lagrange interpolation functions that assure the C0 continuity, i.e., the continuity of the
approximated functions along the element boundaries. At each side of a triangular elements,
it is reasonable to apply a local coordinate system with x ∈ [0, L], where L denotes the side
length of the triangle. In this coordinate system, the hi and hj interpolation functions can be

3In the case of pincell-wise calculations in general, radial meshing is a bit more labor-intensive, as applying
structured radial mesh using solely regular triangles cannot be realized.
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defined as
hi(x, y) := hi(x) =

x2 − x
x2 − x1

= 1− x

L
= 1− x

p/
√

3
, (C.5.1a)

hj(x, y) := hj(x) =
x− x1

x2 − x1
=
x

L
=

x

p/
√

3
, (C.5.1b)

where x1 = 0, x2 = L and p is the assembly (or pin) pitch.
In the caseof regular triangles, the shape functions at each sideof the triangle are the same,

leading to the following equivalences, if the node numbering shown in Fig. C.2 is applied:

h1(x, y) = h3(x, y) = h5(x, y) , h2(x, y) = h4(x, y) = h6(x, y) . (C.5.2)

Linear and second-order triangular elements

The element types applied for the hybrid finite element solution of the SP3 equations
presented in Chapter 4 belong to the Lagrange triangular element family also characterized
by C0 continuity. The node numbering applied in the case of linear and quadratic elements
are presented in Figs. C.3 and C.4, respectively.

Figure C.3: Numbering of the nodes in
the linear triangular elements

Figure C.4: Numbering of the nodes in
the quadratic triangular elements

The Lagrange interpolation functions in the case of the linear triangular element are

f1,lin(x, y) =
a1 + b1x+ c1y

2A
, (C.5.3a)

f2,lin(x, y) =
a2 + b2x+ c2y

2A
, (C.5.3b)

f3,lin(x, y) =
a3 + b3x+ c3y

2A
, (C.5.3c)

where
a1 = x2y3 − x3y2 , b1 = y2 − y3 , c1 = x3 − x2 , (C.5.4)
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Appendix C: Details of the hybrid finite-element-based solution of the SP3 equations

etc., with cyclic rotation of indices, 1, 2 and 3 [112], while

A =
1

2
det

∣∣∣∣∣∣∣
1 x1 y1

1 x2 y2

1 x3 y3

∣∣∣∣∣∣∣ , (C.5.5)

with xi and yi denoting the coordinates of the nodes i = 1, 2, 3 of the triangle.
Using the shape functions defined above, the interpolation functions of the quadratic

triangular elements can also be given as

f1,quad(x, y) = (f1,lin(2 ∗ f1,lin − 1)) , (C.5.6a)

f2,quad(x, y) = (f2,lin(2 ∗ f2,lin − 1)) , (C.5.6b)

f3,quad(x, y) = (f3,lin(2 ∗ f3,lin − 1)) , (C.5.6c)

f4,quad(x, y) = 4f1,linf2,lin , (C.5.6d)

f5,quad(x, y) = 4f2,linf3,lin , (C.5.6e)

f6,quad(x, y) = 4f1,linf3,lin , . (C.5.6f)
With the above functions, the G, F, H, Hx finite element matrices can be analytically

calculated according to the formulae given by Eqs. C.1.6 to C.1.10 either by double integration
over a triangular region (in the case of G and F), or by integration along the side of
the triangular element (in the case of H and Hx) before the actual calculations to save
computational time. This is especially practical, if one would like to perform repeated core
calculations for the same reactor. If themeshing can be performed using a structured regular
triangular mesh as given in Fig. C.1, consisting of regular triangles with a side length of L ·m,
and if the above finite matrices had been determined before for a regular triangle with a side
length of L, the analytical calculation does not need to be repeated, because the following
relations hold due to the similarity transformation that exists between themeshes:

Gnew = Goriginal , (C.5.7)

Fnew = m2 · Foriginal , (C.5.8)

Hnew = m ·Horiginal , (C.5.9)

Hx,new = m ·Hx,original . (C.5.10)
Although the problems calculated with the hybrid finite element method are limited to

the analysis of reactor cores with hexagonal assemblies, the presented method can be easily
extended to structured rectangular meshes, hence the method would be applicable to the
analysis of Western PWRs, the BME Training Reactor, or even of SMRs with rectangular fuel
assemblies.
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D
Detailed description of the numerical

benchmark problems

For the sake of completeness, I hereby provide the benchmark problem specifications
and reference solutions applied for extensively testing the diffusion and SP3 calculations
performed with the continuous Galerkin and hybrid finite element modules of the SPNDYN
code. The γ albedos given below shall be understood as 1/2(1 − β)/(1 + β), where β is the
ratio between the inwardly and outwardly directed partial currents. In the figures given below,
the vacuum boundary condition is denoted by β = 0, for the symmetry boundary condition,
the center line symbol of CLis applied, while zero flux boundary condition is denoted by φ =
0. For the assembly power and integral neutron flux distribution calculations, normalization
with the average assembly power and average assembly integral neutron flux was applied,
respectively.

D.1 Two-dimensional one-group academic hexagonal problem

This problem features a three-region corewith 30◦ reflective symmetrywith a core loading
shown in Fig. D.1. The assembly pitch is 19 ·

√
3 cm, and on the core boundary, vacuum

boundary condition is applied. The first material region is a homogenized fuel region, while
the second and third regions are reflectors. Table D.1 gives the group constants applied for
the diffusion and SP3 calculations, while Fig. D.2 presents the reference normalized integral
neutron flux distribution obtained by the DYN3D and TRIVAC codes for the diffusion and
SP3 calculations, respectively, taken from [36]. The reference effective multiplication factor
for diffusion and SP3 calculations — which are 0.972457 and 1.000343, respectively — are
taken from [83]. The problem features almost identical scattering and absorption group
constants in the first region and zero scattering in the second region, which is intentionally
unrealistic and is expected to strongly exaggerate the improvement of SP3 over diffusion,
however, this benchmark provides the possibility of verifying the SPNDYN results against
reference diffusion and also SP3 solutions.
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Figure D.1: The two-dimensional one-group academic hexagonal core
configuration [83]

Table D.1: Group constants applied for the two-dimensional one-group academic hexagonal
problem [83]

Material 1 2 3

D1
a 13.3333 17.5439 4.4444

D3
b 5.7143 5.7143 1.9048

Σt 0.025 0.025 0.075
Σa 0.012 0.001 0.075
Σs0 0.013 0.024 0.0
Σs1 0.0 0.006 0.0
χ 1.0 0.0 0.0
νΣf 0.0155 0.0 0.0

a D1 is defined here as 1
3

(Σt)
−1.

b D3 is defined here as 1
7

(Σt)
−1.

Figure D.2: The normalized integral neutron flux distribution obtained by the DYN3D
and TRIVAC codes for diffusion and SP3 calculations, respectively, in the case of the

two-dimensional one-group academic hexagonal core configuration [36]
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D.2. Two-dimensional VVER-440 problem – 2D Seidel benchmark

D.2 Two-dimensional VVER-440 problem – 2D Seidel benchmark

This problemwas originally proposedby Seidel et al. in [117]. The two-dimensionalmodel
of the reactor core consists of 25 VVER-440 type fuel assemblies along the core diameter with
30◦ reflective symmetry as shownbyFig. D.3. There are seven control rods inserted and a layer
of reflector assemblies on the boundary of the core. The assembly pitch is 14.7 cm. Vacuum
boundary condition is imposed to the outer boundary of the reflector. Table D.2 summarizes
the two-group group constants for diffusion and SP3 calculations, while Fig. D.4 provides the
reference power distribution for diffusion calculations, both taken from [44]. The reference
diffusion effective multiplication factor is 1.00970, provided in [44]. For SP3 calculations, the
effective multiplication factor and power distributions given in this dissertation can be taken
as a reference for future verification purposes (see Section 3.2.2 of Chapter 3).

Important notes: Due to the unavailability of the original paper of Seidel [117], the
geometric model, group constants and reference diffusion results were taken from [44]. The
there-definedgroupconstant specification is consistentwith [55]providingalso references for
the three-dimensional version of this benchmark detailed in Section D.3. The group constant
specification for the three-dimensional benchmark version is also available in [118], but there
is a typo in Table 1: the removal group constant for the epithermal group is 3.5636e-2 and not
2.5636e-2. This is also in line with [44,55].

Table D.2: Group constants applied for the two- and three-dimensional VVER-440 (Seidel)
problems [44]

Material 1 2 3 4 5 6

D1,g1 1.3466 1.3377 1.3322 1.1953 1.4485 1.3413
D1,g2 0.37169 0.36918 0.36502 0.19313 0.25176 0.24871
D3,g1

a 0.57711 0.57330 0.57094 0.51227 0.62079 0.57484
D3,g2

a 0.15930 0.15822 0.15644 0.08277 0.10790 0.10659
Σt,g1

b 0.24754 0.24918 0.25021 0.27887 0.23012 0.24852
Σt,g2

b 0.89680 0.90290 0.91319 1.72595 1.32401 1.34025
Σa,g1 0.008362 0.008797 0.009462 0.013372 0.000922 0.002153
Σa,g2 0.064277 0.079361 0.10010 0.13498 0.032839 0.064655

Σs0,g1→g2 0.016893 0.015912 0.014888 0.022264 0.032262 0.027148
χg1 1.0 1.0 1.0 0.0 0.0 0.0
χg2 0.0 0.0 0.0 0.0 0.0 0.0
νΣf,g1 0.0044488 0.0055337 0.0070391 0.0 0.0 0.0
νΣf,g2 0.073753 0.10581 0.14964 0.0 0.0 0.0
Σf,g1 0.00221676 0.00279212 0.00359068 0.0 0.0 0.0
Σf,g2 0.0394368 0.0565720 0.0800000 0.0 0.0 0.0

a D3 is defined here as 3
7
D1 based on themethod used in [116].

b Σt is defined here as 1
3

(D1)−1 based on themethod used in [116].
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Appendix D: Detailed description of the numerical benchmark problems

Figure D.3: The two-dimensional VVER-440 core configuration (Seidel problem) [44]

Figure D.4: The reference assembly power distribution for diffusion calculations in the
two-dimensional VVER-440 (Seidel) problem [44]

D.3 Three-dimensional VVER-440 problem – 3D Seidel benchmark

This problem is based on the previous two-dimensional VVER-440 benchmark, also
known as the AER-FCM-001 or the Seidel-benchmark of the Atomic Energy Research (AER)
community [117,118]. The original two-dimensional core is extended to a three-dimensional
core with a height of 250.0 cm. A 25 cm reflector is added to the top and the bottom
of the core. All control rods are halfway inserted, as shown in Fig. D.5. Fig. D.6
presents the core configurations at the different axial layers. Vacuum boundary condition
is implied to all the reflector outside boundaries. The group constants are given in Table
D.2 both for diffusion and SP3 calculations, while Table D.3 provides the three-dimensional
node-wise power density reference solution for diffusion calculations taken from [44], where
the assembly identification numbers belong to an assembly numbering without the reflector
row from the bottom left (01) to the top right corner (37). The reference diffusion effective
multiplication factor is 1.01132, provided in [44]. For SP3 calculations, the reference effective
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D.3. Three-dimensional VVER-440 problem – 3D Seidel benchmark

multiplication factor is 1.01261 given in [54,55], however, neither axially averagednor detailed
three-dimensional power distributions are given in the related literature, therefore I provide
them for future reference purposes (see Fig. 3.13 and Table D.4).

Important notes: In thebenchmark specification available in [118], thematerial identifiers
of the axial and radial reflectors are mixed up, the correct material ID of the axial reflector is
6, while that of the radial reflector is 5. Due to the typo in the group constants (see Section
D.2), as well as in the geometric specification, I decided to use the three-dimensional power
distribution provided by Chao and Shatilla in [44] instead of the reference diffusion solution
given in [118].

Figure D.5: The axial configuration of the three-dimensional VVER-440 (Seidel)
benchmark [44,117]

Figure D.6: Different core patterns at the different layers of the three-dimensional
VVER-440 (Seidel) benchmark [44,117]
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Table D.3: The reference three-dimensional diffusion-based assembly node power
distribution for the three-dimensional VVER-440 (Seidel) problem [44]

Pos. Layer index
1 2 3 4 5 6 7 8 9 10

01 0.5203 1.0765 1.4580 1.5883 1.3500 0.0000 0.0000 0.0000 0.0000 0.0000
02 0.4193 0.8684 1.1766 1.2849 1.1436 0.7939 0.5671 0.3983 0.2487 0.1099
03 0.5496 1.1380 1.5430 1.6922 1.5652 1.2527 0.9360 0.6605 0.4128 0.1823
04 0.5625 1.1652 1.5811 1.7373 1.6226 1.3281 1.0035 0.7100 0.4443 0.1963
05 0.4486 0.9304 1.2631 1.3861 1.2785 1.0156 0.7566 0.5350 0.3354 0.1483
06 0.4611 0.9569 1.2999 1.4227 1.2600 0.8567 0.6080 0.4294 0.2698 0.1197
07 0.6129 1.2721 1.7305 1.8952 1.6157 0.0000 0.0000 0.0000 0.0000 0.0000
08 0.6464 1.3436 1.8313 2.0179 1.8186 1.2895 0.9446 0.6786 0.4304 0.1917
09 0.7798 1.6219 2.2145 2.4564 2.3121 1.8965 1.4584 1.0548 0.6701 0.2982
10 0.4732 0.9857 1.3472 1.5003 1.4356 1.2179 0.9535 0.6925 0.4404 0.1958
11 0.5447 1.1277 1.5288 1.6749 1.5387 1.2091 0.8964 0.6318 0.3948 0.1744
12 0.4389 0.9097 1.2341 1.3559 1.2664 1.0365 0.7832 0.5541 0.3466 0.1530
13 0.5599 1.1600 1.5746 1.7308 1.6152 1.3189 0.9960 0.7055 0.4420 0.1955
14 0.5671 1.1756 1.5968 1.7523 1.6050 1.2491 0.9239 0.6542 0.4108 0.1820
15 0.5890 1.2220 1.6618 1.8222 1.6200 1.1095 0.7937 0.5636 0.3552 0.1580
16 0.4910 1.0208 1.3905 1.5304 1.3740 0.9647 0.7025 0.5034 0.3189 0.1419
17 0.5087 1.0590 1.4454 1.6011 1.4957 1.2042 0.9186 0.6635 0.4214 0.1873
18 0.6872 1.4300 1.9543 2.1750 2.0755 1.7510 1.3670 0.9924 0.6311 0.2809
19 0.4085 0.8504 1.1629 1.2973 1.2484 1.0692 0.8425 0.6132 0.3902 0.1736
20 0.5540 1.1477 1.5580 1.7139 1.6069 1.3246 1.0058 0.7131 0.4468 0.1976
21 0.4331 0.8982 1.2203 1.3430 1.2550 1.0265 0.7772 0.5522 0.3468 0.1535
22 0.4397 0.9125 1.2413 1.3668 1.2670 1.0136 0.7620 0.5432 0.3424 0.1519
23 0.5840 1.2125 1.6521 1.8240 1.6903 1.3411 1.0113 0.7259 0.4595 0.2044
24 0.6149 1.2786 1.7455 1.9366 1.8241 1.4979 1.1531 0.8342 0.5298 0.2358
25 0.7229 1.5040 2.0562 2.2914 2.1935 1.8598 1.4577 1.0603 0.6747 0.3004
26 0.5151 1.0726 1.4675 1.6393 1.5818 1.3601 1.0754 0.7843 0.4995 0.2223
27 0.5407 1.1211 1.5253 1.6832 1.5807 1.3028 0.9940 0.7103 0.4478 0.1987
28 0.4375 0.9087 1.2388 1.3724 1.2979 1.0804 0.8331 0.5999 0.3798 0.1688
29 0.4603 0.9576 1.3081 1.4558 1.3905 1.1751 0.9182 0.6663 0.4235 0.1883
30 0.4612 0.9608 1.3146 1.4689 1.4172 1.2173 0.9627 0.7026 0.4476 0.1991
31 0.5788 1.2054 1.6508 1.8488 1.7947 1.5567 1.2397 0.9073 0.5786 0.2577
32 0.5706 1.1860 1.6207 1.8067 1.7362 1.4837 1.1670 0.8483 0.5393 0.2401
33 0.5775 1.2024 1.6462 1.8435 1.7898 1.5531 1.2369 0.9050 0.5770 0.2569
34 0.6116 1.2736 1.7456 1.9600 1.9137 1.6742 1.3421 0.9854 0.6292 0.2804
35 0.3762 0.7840 1.0751 1.2085 1.1829 1.0386 0.8350 0.6140 0.3923 0.1748
36 0.5096 1.0621 1.4563 1.6367 1.6016 1.4058 1.1298 0.8306 0.5306 0.2363
37 0.4225 0.8805 1.2081 1.3600 1.3354 1.1777 0.9502 0.7001 0.4477 0.1995
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D.3. Three-dimensional VVER-440 problem – 3D Seidel benchmark

Table D.4: The three-dimensional SP3 assembly node power distribution for the
three-dimensional VVER-440, Seidel benchmark obtained with the CGFEM module of
the SPNDYN code

Pos. Layer index
1 2 3 4 5 6 7 8 9 10

01 0.4988 1.0266 1.3903 1.5172 1.2909 0.0000 0.0000 0.0000 0.0000 0.0000
02 0.4001 0.8246 1.1171 1.2222 1.0922 0.7645 0.5505 0.3889 0.2441 0.1087
03 0.5293 1.0901 1.4779 1.6236 1.5075 1.2143 0.9132 0.6480 0.4071 0.1812
04 0.5438 1.1205 1.5202 1.6733 1.5683 1.2907 0.9812 0.6981 0.4391 0.1956
05 0.4333 0.8943 1.2140 1.3348 1.2356 0.9873 0.7403 0.5265 0.3317 0.1478
06 0.4486 0.9265 1.2587 1.3804 1.2274 0.8405 0.6013 0.4272 0.2698 0.1207
07 0.6052 1.2497 1.7003 1.8665 1.5938 0.0000 0.0000 0.0000 0.0000 0.0000
08 0.6443 1.3323 1.8164 2.0065 1.8181 1.3035 0.9643 0.6972 0.4445 0.1996
09 0.7912 1.6359 2.2343 2.4846 2.3507 1.9444 1.5072 1.0969 0.7006 0.3145
10 0.4810 0.9965 1.3623 1.5208 1.4623 1.2492 0.9851 0.7199 0.4602 0.2063
11 0.5239 1.0789 1.4624 1.6051 1.4803 1.1715 0.8744 0.6198 0.3893 0.1733
12 0.4209 0.8681 1.1776 1.2961 1.2149 0.9999 0.7602 0.5408 0.3400 0.1512
13 0.5429 1.1189 1.5188 1.6724 1.5662 1.2859 0.9770 0.6960 0.4383 0.1954
14 0.5532 1.1408 1.5496 1.7037 1.5666 1.2275 0.9142 0.6512 0.4110 0.1836
15 0.5794 1.1958 1.6263 1.7872 1.5959 1.1023 0.7954 0.5683 0.3602 0.1615
16 0.4842 1.0017 1.3649 1.5058 1.3588 0.9638 0.7084 0.5109 0.3254 0.1459
17 0.5070 1.0504 1.4340 1.5924 1.4954 1.2147 0.9343 0.6791 0.4336 0.1942
18 0.7014 1.4507 1.9832 2.2126 2.1215 1.8027 1.4177 1.0356 0.6620 0.2972
19 0.4193 0.8680 1.1873 1.3278 1.2837 1.1067 0.8781 0.6430 0.4113 0.1846
20 0.5365 1.1056 1.5007 1.6539 1.5560 1.2895 0.9850 0.7024 0.4423 0.1972
21 0.4190 0.8648 1.1749 1.2955 1.2152 0.9995 0.7616 0.5443 0.3436 0.1532
22 0.4284 0.8849 1.2038 1.3284 1.2365 0.9959 0.7540 0.5408 0.3427 0.1532
23 0.5774 1.1927 1.6255 1.7986 1.6747 1.3394 1.0179 0.7352 0.4678 0.2098
24 0.6138 1.2697 1.7338 1.9282 1.8251 1.5103 1.1714 0.8526 0.5444 0.2442
25 0.7349 1.5200 2.0786 2.3220 2.2331 1.9063 1.5047 1.1010 0.7043 0.3163
26 0.5281 1.0932 1.4961 1.6752 1.6238 1.4049 1.1184 0.8205 0.5252 0.2358
27 0.5292 1.0917 1.4855 1.6426 1.5488 1.2842 0.9863 0.7090 0.4493 0.2010
28 0.4289 0.8867 1.2089 1.3422 1.2748 1.0679 0.8291 0.6006 0.3823 0.1711
29 0.4552 0.9424 1.2877 1.4364 1.3778 1.1719 0.9218 0.6729 0.4299 0.1926
30 0.4608 0.9554 1.3075 1.4643 1.4188 1.2262 0.9760 0.7164 0.4587 0.2056
31 0.5919 1.2254 1.6785 1.8842 1.8367 1.6024 1.2841 0.9452 0.6059 0.2722
32 0.5674 1.1733 1.6037 1.7917 1.7289 1.4863 1.1766 0.8603 0.5497 0.2466
33 0.5794 1.2000 1.6433 1.8444 1.7979 1.5689 1.2571 0.9250 0.5927 0.2660
34 0.6240 1.2917 1.7709 1.9927 1.9533 1.7181 1.3855 1.0229 0.6565 0.2951
35 0.3867 0.8011 1.0989 1.2379 1.2164 1.0737 0.8683 0.6420 0.4123 0.1852
36 0.5159 1.0694 1.4666 1.6519 1.6228 1.4318 1.1574 0.8555 0.5492 0.2466
37 0.4335 0.8982 1.2327 1.3908 1.3708 1.2149 0.9859 0.7303 0.4693 0.2109
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D.4 Two-dimensional VVER-1000 problemwithout reflector

Thenext problem is aheavily roddedVVER-type corewithout reflector originally proposed
by Chao and Shatilla in [44]. The assembly pitch is 23.6 cm, while the core configuration
is presented in Fig. D.7. Two different external core boundary conditions were considered,
in case a) vacuum boundary condition, while in case b) an albedo of γ = 0.125 was taken
into account. The core symmetry is one-sixth core cyclic. Table D.5 summarizes the
group constants for the diffusion and SP3 calculations, while the reference diffusion effective
multiplication factors are 1.006485 and 1.014407 for the two cases, respectively. Fig. D.8
provides the reference power distributions for the two diffusion calculation cases, which is
taken from [44]. The SP3 effective multiplication factor for the case with vacuum boundary
conditiondefinition is 1.00705 taken from[54], however, referenceSP3 effectivemultiplication
factorneither for caseb)nor referencepowerdistributionswereavailable. ForSP3 calculations
with the albedo γ = 0.125, the effective multiplication factor and for both cases the power
distributions given in this dissertation can be taken as a reference for future verification
purposes (see Section 3.2.2 in Chapter 3).

Table D.5: Group constants applied for the VVER-1000 problems without reflector [44]

Material 1 2 3 4 5

D1,g1 1.3832 1.38299 1.39522 1.39446 1.39506
D1,g2 0.386277 0.389403 0.386225 0.387723 0.384492
D3,g1

a 0.59280 0.59271 0.59795 0.59763 0.59788
D3,g2

a 0.16555 0.16689 0.16553 0.16617 0.16478
Σt,g1

b 0.2409871 0.2410237 0.2389109 0.2390412 0.2389383
Σt,g2

b 0.8629386 0.8560112 0.8630548 0.8597203 0.8669448
Σa,g1 0.0083859 0.0115550 0.0089443 0.0119932 0.009116
Σa,g2 0.0673049 0.0810328 0.0844801 0.0989671 0.0893878

Σs0,g1→g2 0.0164977 0.0147315 0.0156219 0.0140185 0.0154981
χg1 1.0 1.0 1.0 1.0 1.0
χg2 0.0 0.0 0.0 0.0 0.0
νΣf,g1 0.00481619 0.00466953 0.00604889 0.00591507 0.00640256
νΣf,g2 0.0846154 0.0852264 0.119428 0.120497 0.129281
Σf,g1 0.00186139 0.0018156 0.00236371 0.00231026 0.00250773
Σf,g2

c 0.0348111 0.0350622 0.0491322 0.0495721 0.0531856
a D3 is defined here as 3

7
D1 based on themethod used in [116].

b Σt is defined here as 1
3

(D1)−1 based on themethod used in [116].
c The νΣf,g2 values for materials 3-4-5 are an order of magnitude higher than given in [44], the
corrected values are taken from [143].
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Figure D.7: The two-dimensional VVER-1000 problem core configuration without
reflector [44]

Figure D.8: The reference assembly power distribution for diffusion calculations in the
two-dimensional VVER-1000 problemwithout reflector [44]
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Appendix D: Detailed description of the numerical benchmark problems

D.5 Two-dimensional four-group VVER-1000 problem

The following problem is a simplified, but four-group VVER-1000 core problem originally
proposed by Makai in [119]. The assembly pitch is 14.006 cm, and the core contains four
different fuel assemblies as shown in Fig. D.9. The core has 30◦ reflective symmetry. On
the external boundary originally zero flux boundary condition was imposed, and Table D.6
provides the group constants for the diffusion and SP3 calculations. The reference diffusion
effective multiplication factor is 1.11192, which – along with the reference assembly power
distribution for diffusion calculations – is provided byMakai, but was published in [144]. The
reference assembly power distribution for diffusion calculations is also presented in Fig. D.10.
In order to broaden the available benchmarks, I provided the diffusion and SP3 results for
the same problem, but with vacuum boundary condition imposed on the outer side of the
reflector row. For the so-modified problem, diffusion and SP3 effectivemultiplication factors,
as well as assembly power distributions are given in this dissertation for future verification
purposes (see Section 3.2.2 in Chapter 3).

Figure D.9: The two-dimensional four-group VVER-1000 core configuration [119]

Figure D.10: The reference assembly power distribution for diffusion calculations in
two-dimensional four-group VVER-1000 problem [144]
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D.6. Three-dimensional VVER-1000 problem – Schulz benchmark

Table D.6: Group constants applied for the two-dimensional four-group VVER-1000 problem
[119]

Material Group 1 2 3 4

D1

1 2.1309 2.1318 2.1318 2.4600
2 0.91964 0.91964 0.91964 0.8987
3 0.65946 0.6563 0.6554 0.5896
4 0.19274 0.1912 0.19065 0.1393

D3
a

1 0.91324 0.91363 0.91363 1.05429
2 0.39413 0.39413 0.39413 0.38516
3 0.28263 0.28127 0.28089 0.25269
4 0.08260 0.08194 0.08171 0.05970

Σt
b

1 0.1564284 0.1563624 0.1563624 0.1355014
2 0.3624607 0.3624607 0.3624607 0.3709061
3 0.5054641 0.5078978 0.5085953 0.5653550
4 1.7294455 1.7433752 1.7484046 2.3929170

Σa

1 0.003421 0.0034810 0.003498 0.00045
2 0.002248 0.002378 0.002422 0.00000
3 0.021423 0.02359 0.024257 0.0010
4 0.083783 0.10186 0.10679 0.01677

Σs0,g−1→g

2 0.075487 0.075465 0.075457 0.10775
3 0.089296 0.089163 0.089121 0.1559
4 0.074945 0.073980 0.073696 0.1267

χ

1 0.76 0.76 0.76 0.0
2 0.24 0.24 0.24 0.0
3 0.0 0.0 0.0 0.0
4 0.0 0.0 0.0 0.0

νΣf
c

1 0.0072825 0.0074381 0.007485 0.0
2 0.00057354 0.00086043 0.0009461 0.0
3 0.0080392 0.011877 0.01301 0.0
4 0.10807 0.1473 0.1578 0.0

a D3 is defined here as 3
7
D1 in accordance with the previous problems.

b Σt is defined here as 1
3

(D1)−1 in accordance with the previous problems.
c According to the benchmark description given in [119], the assembly powers were
calculated with the νΣf values.

D.6 Three-dimensional VVER-1000 problem – Schulz benchmark

The last examined problem is the AER-FCM-101, or so-called Schulz benchmark of the
Atomic Energy Research (AER) community [120, 121]. It is a three-dimensional VVER-1000
core problem with seven homogeneous material region including fuel assemblies with four
different enrichments, burnable absorber (Eu2O3), control rods and reflector, while the
control rod clusters are halfway inserted into the core. The core height is 355 cm with
35.5-35.5 cm axial reflectors at the bottom and top of the core. The assembly pitch is 24.1
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Appendix D: Detailed description of the numerical benchmark problems

cm, while at all the external boundaries vacuum boundary condition is imposed. The core
has 30◦ reflective symmetry. The core loading at different axial layers are shown in Fig.
D.11, while the axial core configuration is presented in Fig. D.12. Table D.7 summarizes the
group constants for the diffusion and SP3 calculations. The reference effective multiplication
factor for diffusion calculations is 1.049526 [120]. Detailed three-dimensional assembly node
power distribution, along with the axially averaged diffusion assembly power distribution
as reference for diffusion calculations are provided in Table D.8 taken also from [120] with
ascending assembly numbering from bottom left to top right. For the SP3 calculations, the
effectivemultiplication factor and the average and detailed assembly power distributions are
given in this dissertation for future verification purposes (see Section 3.2.2 in Chapter 3 and
Table D.9, respectively).

Figure D.11: Different core patterns at the different layers of the three-dimensional
Schulz benchmark [120]
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D.6. Three-dimensional VVER-1000 problem – Schulz benchmark

Figure D.12: The axial configuration of the three-dimensional Schulz benchmark [120]

Table D.7: Group constants applied for the three-dimensional Schulz benchmark [120]

Material 1 2 3 4 5 R 7

D1,g1 1.37548 1.40950 1.37067 1.39447 1.36938 1.0 1.36966
D1,g2 0.38333 0.38756 0.38028 0.38549 0.37877 0.33333 0.37911
D3,g1

a 0.58949 0.60407 0.58743 0.59763 0.58688 0.42857 0.58700
D3,g2

a 0.16428 0.16610 0.16298 0.16521 0.16233 0.14286 0.16248
Σt,g1

b 0.24234 0.23649 0.24319 0.239039 0.243419 0.333333 0.243369
Σt,g2

b 0.869573 0.860082 0.876547 0.864700 0.880042 1.000010 0.879252
Σa,g1 0.008189 0.010423 0.008628 0.010166 0.008842 0.015769 0.008794
Σa,g2 0.066002 0.074988 0.080442 0.094773 0.087681 0.052785 0.08585

Σs0,g1→g2 0.015946 0.014346 0.015172 0.013903 0.014855 0.024875 0.014927
χg1 1.0 1.0 1.0 1.0 1.0 0.0 1.0
χg2 0.0 0.0 0.0 0.0 0.0 0.0 0.0
νΣf,g1 0.0047663 0.004702 0.0058437 0.0061632 0.0063396 0.0 0.0062284
νΣf,g2 0.083980 0.084128 0.11468 0.12598 0.12998 0.0 0.12612
κΣf,g1

c 6.0130e-7 5.9305e-7 7.4429e-7 7.8731e-7 8.1014e-7 0.0 7.9536e-7
κΣf,g2

c 1.1231e-5 1.1253e-5 1.5336e-5 1.6848e-5 1.7381e-5 0.0 1.6866e-5
a D3 is defined here as 3

7
D1 in accordance with the previous problems.

b Σt is defined here as 1
3

(D1)−1 in accordance with the previous problems.
c κΣf,g values are given inMWs/(1013 n cm).
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Appendix D: Detailed description of the numerical benchmark problems

Table D.8: The reference three-dimensional diffusion-based assembly node power
distribution for the Schulz benchmark [120]

Ass. Layer index Average1 2 3 4 5 6 7 8 9 10

01 0.854 1.841 2.299 1.805 1.485 1.108 0.755 0.501 0.385 0.167 1.1199
02 0.627 1.358 1.746 1.693 1.426 1.052 0.709 0.459 0.285 0.119 0.9475
03 0.641 1.397 1.846 1.903 1.613 1.141 0.743 0.470 0.274 0.110 1.0138
04 0.843 1.845 2.466 2.581 2.159 1.382 0.863 0.541 0.310 0.124 1.3112
05 0.663 1.456 1.957 2.066 1.751 1.146 0.732 0.462 0.265 0.105 1.0603
06 0.732 1.608 2.169 2.307 2.023 1.490 1.006 0.644 0.370 0.147 1.2495
07 0.399 0.878 1.185 1.265 1.124 0.856 0.590 0.380 0.218 0.087 0.6981
10 0.623 1.355 1.781 1.821 1.546 1.112 0.732 0.466 0.274 0.111 0.9821
11 0.673 1.471 1.961 2.045 1.720 1.148 0.728 0.457 0.263 0.105 1.0571
12 0.675 1.480 1.985 2.089 1.739 0.916 0.566 0.356 0.204 0.081 1.0091
13 0.630 1.385 1.866 1.980 1.712 1.201 0.795 0.507 0.291 0.115 1.0481
14 0.602 1.321 1.783 1.902 1.685 1.273 0.873 0.562 0.323 0.128 1.0452
17 0.836 1.831 2.455 2.581 2.168 1.396 0.877 0.551 0.315 0.125 1.3135
18 0.632 1.389 1.870 1.981 1.703 1.178 0.772 0.491 0.281 0.112 1.0409
19 0.665 1.460 1.971 2.101 1.857 1.394 0.954 0.613 0.352 0.140 1.1508
20 0.349 0.767 1.037 1.109 0.991 0.762 0.529 0.342 0.197 0.078 0.6161
22 0.545 1.199 1.617 1.724 1.523 1.142 0.780 0.502 0.288 0.114 0.9434
23 0.432 0.950 1.283 1.372 1.227 0.944 0.657 0.425 0.244 0.097 0.7631

Table D.9: The three-dimensional SP3 assembly node power distribution for the Schulz
benchmark obtained with the CGFEMmodule of the SPNDYN code

Ass. Layer index
1 2 3 4 5 6 7 8 9 10

01 0.8497 1.8239 2.2745 1.7745 1.4599 1.0908 0.7446 0.4954 0.3833 0.1674
02 0.6186 1.3345 1.7137 1.6600 1.3991 1.0338 0.6975 0.4531 0.2823 0.1186
03 0.6336 1.3761 1.8170 1.8744 1.5903 1.1265 0.7355 0.4663 0.2721 0.1103
04 0.8438 1.8390 2.4564 2.5723 2.1543 1.3809 0.8659 0.5439 0.3126 0.1253
05 0.6629 1.4500 1.9476 2.0576 1.7467 1.1469 0.7357 0.4665 0.2679 0.1069
06 0.7439 1.6275 2.1934 2.3350 2.0512 1.5170 1.0283 0.6607 0.3804 0.1517
07 0.4114 0.9006 1.2153 1.2981 1.1562 0.8828 0.6108 0.3947 0.2276 0.0907
10 0.6152 1.3339 1.7516 1.7910 1.5218 1.0959 0.7236 0.4612 0.2718 0.1109
11 0.6670 1.4534 1.9358 2.0200 1.7011 1.1371 0.7233 0.4550 0.2623 0.1053
12 0.6723 1.4692 1.9698 2.0738 1.7283 0.9091 0.5640 0.3557 0.2042 0.0817
13 0.6328 1.3855 1.8652 1.9805 1.7165 1.2087 0.8033 0.5141 0.2957 0.1178
14 0.6156 1.3471 1.8172 1.9398 1.7221 1.3050 0.8987 0.5802 0.3345 0.1334
17 0.8384 1.8299 2.4514 2.5782 2.1697 1.3998 0.8832 0.5562 0.3192 0.1276
18 0.6333 1.3861 1.8646 1.9762 1.7027 1.1819 0.7777 0.4961 0.2852 0.1136
19 0.6762 1.4800 1.9961 2.1299 1.8866 1.4214 0.9760 0.6299 0.3631 0.1448
20 0.3600 0.7882 1.0642 1.1390 1.0200 0.7867 0.5489 0.3561 0.2055 0.0820
22 0.5496 1.2042 1.6238 1.7321 1.5332 1.1540 0.7915 0.5106 0.2943 0.1172
23 0.4442 0.9725 1.3131 1.4055 1.2593 0.9722 0.6788 0.4406 0.2543 0.1015
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E
Detailed description of the VVER calculation

benchmarks

The aim of this appendix is to provide the complete VVER-440 and VVER-1000 full-core
benchmark specifications based on which I built up the VVER-440 and VVER-1000 Serpent
models. I applied Serpentwith the dual purpose of generating assembly-wise group constants
and assembly-wise surface discontinuity factors for diffusion and SP3 macro calculations, as
well as to provide reference transport solutions for the two cases.

E.1 Two-dimensional full-core VVER-440 problem – RK3+
benchmark

The so-called RK3+ benchmark is an extended two-dimensional full-core VVER-440
problem with 30◦ reflective symmetry defined within the AER community to test the
capabilities of different deterministic reactor physics codes applied within the nuclear power
plants with VVER-440 reactors against Monte-Carlo-based reference solutions [141]. The
original benchmark definition [145] contains the geometric and material specifications, as
well as the core configuration to be analysed. The RK3+ benchmark features four different
assembly types, with different fuel enrichment, uranium composition, burnable absorbers
and profiling, as well as RK3+ assemblies with increased fuel pin pitch, pellets without central
void and with increased outer diameter, and a partial assembly shroud with decreased wall
thickness. Fig. E.1 presents the two-dimensional geometric model with vacuum boundary
condition imposed on the outer boundary of the reactor pressure vessel. The geometry is
considered axially infinite and homogeneous. Although all the dimensions are given for the
cold state geometry, a uniform temperature distribution of 543.15 K is taken into account.
The pressure is 12.3 MPa and the corresponding density of the moderator is 0.777537 g/cm3.
The integral fission power of the fuel assemblies are normalized in such a way that the mean
integral fission power of all the 349 fuel assemblies in the core is unity.

In the deterministic calculations, in order to more-or-less realistically consider the
reflecting effect of the polygonal border plate, the core basket, the pressure vessel, as well as
the water in between them, a reflector row was also considered as suggested in the original
benchmark specification [141].
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Appendix E: Detailed description of the VVER calculation benchmarks

Figure E.1: The VVER-440 RK3+ benchmark core geometry given in [141]
(The graphics representation is generated byme with Serpent geometry plotter.)

Figure E.2: The core loading pattern in the VVER-440 RK3+ benchmark with an
additional reflector row for deterministic core calculations
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E.1. Two-dimensional full-core VVER-440 problem – RK3+ benchmark

Figure E.3: Fuel assembly with 1.6%U235

Type 1 [141]
Figure E.4: Fuel assembly with 2.4%U235

Type 2 [141]

Figure E.5: RK3+ fuel assembly with an
average of 4.25%U235

Type 3 [141]

Figure E.6: Profiled fuel assembly with
gadolinium and with an average of 4.25%U235

Type 4 [141]
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Appendix E: Detailed description of the VVER calculation benchmarks

Table E.1: Geometric parameters of the core, steel components and the fuel assemblies [145]

Parameter Value

Fuel assemblies with 1.6%, 2.4% and the profiled fuel assembly
Void diameter [cm] 0.12

Pellet outer diameter [cm] 0.76
Cladding inner diameter [cm] 0.773
Cladding outer diameter [cm] 0.91

Fuel pin pitch [cm] 1.23
Assembly wall inner flat-to-flat distance [cm] 14.2

Assembly wall thickness [cm] 0.15
Assembly pitch [cm] 14.7
RK3+ fuel assembly without central void

Pellet outer diameter [cm] 0.78
Cladding inner diameter [cm] 0.793
Cladding outer diameter [cm] 0.91

Fuel pin pitch [cm] 1.26
Assembly wall inner flat-to-flat distance [cm] 14.37

Assembly wall thickness [cm] 0.065
Assembly wall gap width on the center of each side [cm] 14.5/

√
3− 2 · 3.62

Assembly pitch [cm] 14.7
Central tube

Central tube inner diameter [cm] 0.88
Central tube outer diameter [cm] 1.03

Steel structures
Water gap thickness between the assembly walls 2.5and the polygonal border plate [cm]
Wall thickness of the polygonal border plate [cm] 0.8

Core basket inner radius [cm] 150.5
Core basket outer radius [cm] 154
Core barrel inner radius [cm] 155.5
Core barrel outer radius [cm] 161.5

Reactor pressure vessel inner radius [cm] 177.1
Reactor pressure vessel outer radius [cm] 191.1
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E.1. Two-dimensional full-core VVER-440 problem – RK3+ benchmark

Table E.2:Material composition of themoderator and the steel components [145]

Component Material Temperature Nuclide Serpent Atomic density
[K] identifier [1/(barn·cm)]

Central tube E-110 543.15 Zr 40000.03c 4.27122E-02
and fuel cladding Nb 41093.03c 4.24582E-04

O 8016.03c 2.46677E-04
Fe 26000.03c 3.53172E-05
C 6000.03c 6.56812E-05
Cr 24000.03c 1.51724E-05
Ni 28000.03c 1.34410E-05

Hf174 72174.03c 3.62837E-09
Hf176 72176.03c 1.16806E-07
Hf177 72177.03c 4.13756E-07
Hf178 72178.03c 6.00743E-07
Hf179 72179.03c 3.03083E-07
Hf180 72180.03c 7.72022E-07

Fuel assembly E-125 543.15 Zr 40000.03c 4.20636E-02
wall Nb 41093.03c 1.06145E-03

O 8016.03c 2.46677E-04
Fe 26000.03c 3.53172E-05
C 6000.03c 6.56812E-05
Cr 24000.03c 1.51724E-05
Ni 28000.03c 1.34410E-05

Hf174 72174.03c 3.62837E-09
Hf176 72176.03c 1.16806E-07
Hf177 72177.03c 4.13756E-07
Hf178 72178.03c 6.00743E-07
Hf179 72179.03c 3.03083E-07
Hf180 72180.03c 7.72022E-07

Reactor pressure vessel, steel 543.15 Fe 26000.03c 5.91258E-02
core barrel and basket, Cr 24000.03c 1.66781E-02
polygonal border plate Ni 28000.03c 8.20823E-03

Mn 25055.03c 1.75387E-03
Si 14000.03c 1.37231E-03
Ti 22000.03c 5.53547E-04
C 6000.03c 3.20885E-04
P 15031.03c 5.44392E-05

Moderator water 543.15 H 1001.03c 5.19820E-02
O 8016.03c 2.59909E-02
B10 5010.03c 4.53447E-06
B11 5011.03c 1.82500E-05
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Appendix E: Detailed description of the VVER calculation benchmarks

Table E.3:Material composition of the different fuel pellets [145]
The nuclide atomic densities are given in [1/(barn·cm)], the temperature of the fuel is
uniformly 543.15 K.

Nuclide Serpent identifier Fuel pellet U235 enrichment [%]
1.6 2.4 3.6

O 8016.03c 4.64026E-02 4.64069E-02 4.64132E-02
U234 92234.03c 3.02003E-06 4.52999E-06 6.79486E-06
U235 92235.03c 3.75892E-04 5.63831E-04 8.45731E-04
U238 92238.03c 2.28224E-02 2.26351E-02 2.23541E-02

4.0 4.4 4.0 with 3.35%Gd2O3

O 8016.03c 4.64153E-02 4.64174E-02 4.65970E-02
U234 92234.03c 7.54980E-06 8.30473E-06 7.29688E-06
U235 92235.03c 9.39696E-04 1.03366E-03 9.08216E-04
U238 92238.03c 2.22604E-02 2.21668E-02 2.15147E-02
Gd154 64154.03c - - 2.52388E-05
Gd155 64155.03c - - 1.71346E-04
Gd156 64156.03c - - 2.36990E-04
Gd157 64157.03c - - 1.81187E-04
Gd158 64158.03c - - 2.87583E-04

E.2 Two-dimensional full-core VVER-1000 benchmark

Similarly to the previous case, the AER community specified a two-dimensional, cold state
VVER-1000 calculation benchmark as well including – besides the core – the actual radial
reflector structures surrounding it in the geometric model [142]. Contrary to the VVER-440
benchmark, there is a 120◦ pin level rotational symmetry within the fuel assemblies, and the
core is characterized by a 60◦ assembly level rotational symmetry. The geometric model of
the benchmark is presented in Fig. E.7. In this benchmark, the RCCAs are not inserted into
the fuel assemblies, hence the guide tubes, as well as the central tube are filled with water in
each assembly. The axial core structure is treated infinite and homogeneous, and the spacer
grids are neglected. Although all the dimensions given in the benchmark specification belong
to the cold state geometry, the temperatures of fuel assemblies, as well as of the coolant are
considered to be 600 K. The boric acid concentration in the coolant is 5.8 g H3BO3 in 1 kg of
water. The pressure in the core is 15.7MPa, and the corresponding coolant density is 0.661801
g/cm3.
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E.2. Two-dimensional full-core VVER-1000 benchmark

Figure E.7: The VVER-1000 benchmark geometry specified in [142]
(The graphics representation is generated byme with Serpent geometry plotter.)

Figure E.8: The core loading pattern in the VVER-1000 benchmark with an additional
reflector row for deterministic core calculations
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Appendix E: Detailed description of the VVER calculation benchmarks

Figure E.9: Fuel assembly A20 and A13 with
2.0% and 1.3 2.0%U235

Type 1 and 2 [142]

Figure E.10: Profiled fuel assembly A30E9
with 3.0%U235 and Gd pins

Type 3 [142]

Figure E.11: Profiled fuel assembly A40E6
with 4.0%U235 and Gd pins

Type 4 [142]

Figure E.12: Profiled fuel assembly P40E9
Type 5 [142]

Figure E.13: Profiled fuel assembly P36E9
Type 6 [142]150



E.2. Two-dimensional full-core VVER-1000 benchmark

Table E.4: Geometric parameters of the core, steel components and the fuel assemblies [142]

Parameter Value

Fuel assemblies
Void diameter [cm] 0.12

Pellet outer diameter [cm] 0.76
Cladding inner diameter [cm] 0.773
Cladding outer diameter [cm] 0.91

Fuel pin pitch [cm] 1.275
Assembly wall inner flat-to-flat distance [cm] 23.35

Assembly wall thickness [cm] 0.065
Assembly pitch [cm] 23.6

Stiffening angle-piece width [cm] 2×2.5
Guide tubes

Guide tube inner diameter [cm] 1.09
Guide tube outer diameter [cm] 1.26

Central tube
Central tube inner diameter [cm] 1.10
Central tube outer diameter [cm] 1.30

Steel structures
Water gap thickness between the outer assemblies 0.3and the inner surface of the polygonal core basket [cm]a

Core basket outer radius [cm] 173.5
Width of the steel rail welded to the 7inner surface of the core barrel [cm]

Thickness of the steel rail welded to the 3.2inner surface of the core barrel [cm]
Core barrel inner radius [cm] 174.5
Core barrel outer radius [cm] 181.0

Reactor pressure vessel inner radius [cm] 206.8(external model boundary)
Vertical channels with 30◦ reflective symmetry

Diameter of Channel 1 [cm] 13
Distance between the core and Channel 1 centers [cm] 162
Diameter of the tube placed co-axially in Channel 1 [cm] 12

Wall thickness of the tube placed co-axially in Channel 1 [cm] 1
Diameter of Channels type 2 and 3 [cm] 7

Distance between the outer assemblies and the center of Channels 2 [cm] 7.5
Distance between the outer assemblies and the center of Channels 3 [cm] 15

Distance of the perpendicular notch plane from core center [cm]b 170.25
a It is measured from the outer surface of the hexagonal lattice with lattice pitch of 23.6 cm,
therefore the actual water gap thickness – due to the 23.48 cmnominal outer diameter of the
fuel assemblies – is a bit larger.

b The grooves of the outer core basket surface are modeled as a homogeneous mixture of
coolant and steel.
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Appendix E: Detailed description of the VVER calculation benchmarks

Table E.5:Material composition of themoderator and the steel components [142]

Component Material Temperature Nuclide Serpent Atomic density
[K] identifier [1/(barn·cm)]

Central tube E-110 600 Zr 40000.06c 4.27036E-02
and fuel cladding Nb 41093.06c 4.24582E-04

O 8016.06c 2.46677E-04
Fe 26000.06c 4.94441E-05
C 6000.06c 6.56812E-05
Cr 24000.06c 1.51724E-05
Ni 28000.06c 1.34410E-05

Hf174 72174.06c 3.62837E-09
Hf176 72176.06c 1.16806E-07
Hf177 72177.06c 4.13756E-07
Hf178 72178.06c 6.00743E-07
Hf179 72179.06c 3.03083E-07
Hf180 72180.06c 7.72022E-07

Fuel assembly edges, guide and E-635 600 Zr 40000.06c 4.24438E-02
central tube walls Nb 41093.06c 4.23285E-03

O 8016.06c 1.72147E-04
Fe 26000.06c 2.81675E-05
C 6000.06c 6.54807E-05
Cr 24000.06c 1.51261E-05
Ni 28000.06c 1.33999E-05

Hf174 72174.06c 3.61729E-09
Hf176 72176.06c 1.16449E-07
Hf177 72177.06c 4.12492E-07
Hf178 72178.06c 5.98908E-07
Hf179 72179.06c 3.02158E-07
Hf180 72180.06c 7.69665E-07

Reactor barrel, basket and steel 600 Fe 26000.06c 5.91086E-02
tube wall in Channel 1 Cr 24000.06c 1.66781E-02

Ni 28000.06c 8.20823E-03
Mn 25055.06c 1.75387E-03
Si 14000.06c 1.37231E-03
Ti 22000.06c 5.53547E-04
C 6000.06c 3.20885E-04
P 15031.06c 5.44392E-05
S32 16032.06c 2.86302E-05
S33 16033.06c 2.22101E-07
S34 16034.06c 1.19705E-06
S36 16036.06c 5.35792E-09

Moderator water 600 H 1001.06c 4.42172E-02
O 8016.06c 2.21085E-02
B10 5010.06c 8.38655E-06
B11 5011.06c 3.37536E-05
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E.2. Two-dimensional full-core VVER-1000 benchmark

Table E.6:Material composition of the different fuel pellets without Gd2O3 [142]
The nuclide atomic densities are given in [1/(barn·cm)], the temperature of the fuel is
uniformly 600 K.

Nuclide Serpent identifier Fuel pellet U235 enrichment [%]
1.3 2.0 3.0

O 8016.06c 4.62870E-02 4.62907E-02 4.62960E-02
U234 92234.06c 2.44776E-06 3.76574E-06 5.64852E-06
U235 92235.06c 3.04663E-04 4.68707E-04 7.03050E-04
U238 92238.06c 2.28364E-02 2.26729E-02 2.24393E-02

3.3 3.6 4.0
O 8016.06c 4.62975E-02 4.62991E-02 4.63012E-02

U234 92234.06c 6.21334E-06 6.77816E-06 7.53124E-06
U235 92235.06c 7.73352E-04 8.43652E-04 9.37386E-04
U238 92238.06c 2.23692E-02 2.22991E-02 2.22057E-02

Table E.7:Material composition of the different fuel pellets with Gd2O3 [142]
The nuclide atomic densities are given in [1/(barn·cm)], the temperature of the fuel is
uniformly 600 K.

Nuclide Serpent identifier Fuel pellet U235 enrichment [%] and Gd2O3 content
2.4 with 5%Gd2O3 3.3 with 5%Gd2O3

O 8016.06c 4.62881E-02 4.62925E-02
U234 92234.06c 4.26750E-06 5.86773E-06
U235 92235.06c 5.31160E-04 7.30334E-04
U238 92238.06c 2.13235E-02 2.11249E-02
Gd154 64154.06c 3.73548E-05 3.73548E-05
Gd155 64155.06c 2.53601E-04 2.53601E-04
Gd156 64156.06c 3.50758E-04 3.50758E-04
Gd157 64157.06c 2.68166E-04 2.68166E-04
Gd158 64158.06c 4.25639E-04 4.25639E-04
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