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Abbreviations

The following list contains the abbreviations used throughout the thesis.

AFM antiferromagnetic

DFT density functional theory

DLM disordered local moment

DM Dzyaloshinskii�Moriya

DMI Dzyaloshinskii�Moriya interaction

DOS density of states

FM ferromagnetic

GS ground state

KKR Korringa�Kohn�Rostoker

KKR-ECM Korringa�Kohn�Rostoker Embedded Cluster method

KKR-GF Korringa�Kohn�Rostoker Green's function

LDOS local density of states

LLG Landau�Lifshitz�Gilbert

LSDA local spin density approximation

MAE magnetic anisotropy energy

MC Monte Carlo

MFT magnetic force theorem

NN nearest-neighbor

PM perturbation method

PMA perpendicular magnetic anisotropy

RDLM relativistic disordered local moment

RS-LMTO real-space linear mu�n-tin orbital

RTM relativistic torque method

SCE spin-cluster expansion

SCF self-consistent �eld

SDFT spin-density functional theory

SKKR screened Korringa�Kohn�Rostoker

SOC spin-orbit coupling

SPO scattering path operator

TM torque method

5



VASP Vienna Ab-initio Simulation Package

YSR Yu�Shiba�Rusinov
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Chapter 1

Introduction

Thanks to the rapid development of the fabrication techniques in nanotechnology,

the building blocks of several nanodevices reached the atomic scale. Scientists and

engineers have to face, however, the fact that the �uctuations can destroy the func-

tionality of these building blocks, posing a big challenge to maintain the rate of

technological development. As an example, the superparamagnetic behavior of small

ferromagnetic particles sets the size limit for data storage, because the activation

energy (energy barrier), Ea, between two stable states of the particle is proportional

to the volume of the particle. The Néel relaxation (average switching) time [1, 2] of

such particles scales as exp(−Ea/kBT ), where kB is the Boltzmann constant and

T is the temperature, leading to very low blocking temperatures as the size of the

nanoparticles is reduced. This problem can be solved by utilizing the large perpen-

dicular magnetic anisotropy (PMA) provided in thin �lms, see e.g. Ref. [3].

Due to possible applications in quantum computing, magnetic�superconducting

heterostructures came into the focus of experimental and theoretical research dur-

ing the past decade. In the presence of magnetic impurities in a superconductor,

the coupling between the magnetic moment and the Cooper pairs gives rise to the

so-called Yu�Shiba�Rusinov (YSR) states [4�6], which could be measured in sev-

eral systems [7�9]. In atomic chains, these YSR states evolve into bands [10, 11],

that can lead to the appearance of Majorana edge states [12�16]. Because of their

topological properties, the Majorana fermions are less sensitive to �uctuations, there-

fore, they are promising candidate for realizing quantum bits. In a recent paper by

Beck et. al. [7], a Mn adatom and Mn dimers were investigated on superconducting

Nb(110) and the experimental results were supported by tight-binding model cal-

culations with parameters based on density functional theory calculations. It was

shown that the YSR states hybridize not only in ferromagnetic (FM), but also in

antiferromagnetic (AFM) dimers, as a consequence of the spin-orbit coupling (SOC).

In the absence of SOC, early theoretical studies supported that there is a funda-

mental di�erence between the FM and AFM aligned dimers [6]. In the FM dimers,

7



the strong hybridization leads to the splitting of the states into a symmetric and an

antisymmetric linear combination of the single-impurity YSR states. In contrast, a

much weaker hybridization is expected for the AFM alignment yielding a smaller

shift in the energies of the YSR states. Importantly, the Shiba states remain twofold

degenerate in a perfectly AFM aligned dimer, since exchanging the positions of the

two impurities while simultaneously switching the spin directions is a symmetry of

the system. The presence of SOC strengthens the hybridization in the AFM dimer,

which should motivate to revisit previous experimental observations and theoretical

predictions on the formation of the YSR states. This may widen the range of poten-

tial building blocks of topological superconductors. Since the splitting of the YSR

states highly depends on the magnetic con�guration, its determination is of crucial

importance. The magnetic interactions between atoms with strong spin polarization

are usually at least two orders of magnitude larger than the superconducting gap,

so it is plausible to assume that the magnetic properties of the systems investigated

in the thesis can be well described with calculations in the normal state.

From a theoretical point of view, embedded cluster techniques combined with

the Korringa�Kohn�Rostoker Green's function formalism proved to be extremely

useful to study supported small nanoparticles [17�19]. This technique made possible

to investigate a large variety of magnetic nanoparticles, with special emphasis on the

magnetic anisotropy of adatoms and small clusters [19�24], on canted ground state

of monatomic chains [25�27], on the magnetism of quantum corrals [28], on magnetic

interactions [29�31], and on chiral magnetic patterns in nanoclusters [32,33].

Classical spin models are frequently used to determine the ground state mag-

netic con�guration and study the �nite-temperature magnetism of magnetic nanos-

tructures [34]. To increase the accuracy of such simulations, the parameters of the

spin Hamiltonians can be calculated from �rst principles. Exchange interactions

between magnetic atoms in terms of the torque method (TM) [35] were used for

atomistic spin-model simulations [36�38]. The relativistic extension of the torque

method (RTM) [39, 40] made it possible to generate an extended spin Hamiltonian

including the Dzyaloshinskii�Moriya interaction (DMI) [41,42], as well as an atomic

resolution of the magnetic anisotropy, that can induce noncollinear ground state

spin con�gurations [43,44].

Another widely used method to calculate magnetic interactions from �rst princi-

ples is the spin-cluster expansion (SCE) technique originally introduced by Drautz

and Fähnle [45]. The SCE method has been extended by Szunyogh et al. [46, 47]

to the relativistic case as combined with the relativistic disordered local moment

(RDLM) scheme. A great advantage of the method is that it provides a systematic

(irreducible) set of multispin interactions, and, by using the results of self-consistent

calculations (potentials and e�ective �elds), the spin-model parameters can uniquely
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be obtained without the assumption of any arbitrarily ordered reference states. More-

over, the correct symmetry of the exchange interaction and anisotropy matrices is a

priori granted as dictated by the symmetry of the corresponding lattice site. This is

particularly important in the case of nanoparticles where di�erent atomic positions,

e.g., center or edge positions, have di�erent symmetry.

Considering only two-spin interactions in the spin model is not su�cient to

describe all types of magnetic order. It was demonstrated in various ultrathin

�lm systems that isotropic four-spin interactions may stabilize up-up-down-down

states [48�50], conical spin spirals [51,52], or nanoskyrmion lattices [53]. The strat-

egy of including higher-order terms in the spin Hamiltonian was applied with success

for magnetic clusters [30,54,55]. Antal and coworkers [30] pointed out the emergence

of four-spin isotropic interactions in Cr trimers on Au(111). Brinker et al. demon-

strated the role of chiral biquadratic pair interaction for magnetic dimers [54], and

provided a systematic way to track down all the spin interactions up to fourth

order relying on the spin-cluster expansion within the framework of the full po-

tential Korringa�Kohn�Rostoker Green's function method including the spin-orbit

coupling [55]. However, it should be noted that a few recent works have advanced

unwarranted interpretations of their �rst-principles calculations, such as chiral three-

spin interactions that are incompatible with time-reversal symmetry [56], or a very

large DMI [57, 58] that depends strongly on the magnetic con�guration and does

not rely on the spin-orbit coupling.

In Refs. [57,58] an ab initio technique was developed to calculate two-spin vari-

ations of the energy for general noncollinear spin con�gurations. The formalism

was implemented in a real-space linear mu�n-tin orbital (RS-LMTO) method and

applied for magnetic clusters in the absence of spin-orbit coupling (SOC). Summa-

rizing, they found that the two-spin variation of the energy δEij can be decomposed

into three parts,

δEij = δEij,1 + δEij,2 + δEij,3 , (1.1)

with the following de�nitions

δEij,1 = −Icij (δ~siδ~sj) , (1.2)

δEij,2 = δ~siAc

ij
δ~sj , (1.3)

δEij,3 = − ~Dc
ij (δ~si × δ~sj) , (1.4)

where (in Refs. [57,58]) Icij, Ac

ij
, and ~Dc

ij were denoted by the isotropic coupling, the

anisotropic symmetric exchange matrix, and the DM vector, respectively, generalized

to noncollinear con�gurations. They also found that the matrix Ac

ij
and the vector

Dc
ij vanish for collinear con�gurations.
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There are several conceptual problems concerning these de�nitions: (i) All the

parameters strongly depend on the spin-con�guration, thus, they can not be used in

a spin model to perform e.g. micromagnetic simulations. (ii) It is a common wisdom

that the DMI and the magnetic anisotropy is the consequence of the SOC, not

present within the non-relativistic theory used in Refs. [57,58]. There is nowadays a

lively debate in the magnetic community whether the above con�guration dependent

parameters can be understood as valid `two-spin interactions' with a real physical

origin. Since they at best describe the curvature of the adiabatic energy surface of

the spin system, one can call them parameters of a local Hamiltonian, in contrary

to the parameters assigned to a global Hamiltonian [59].

The problem of �nding a spin model which contains all types of magnetic inter-

actions relevant in the system may be circumvented by updating the direction of the

magnetic moments during the ab initio calculations. It was proposed in Refs. [60,61]

that the constrained local moment method within density functional theory is appli-

cable for performing �rst-principles spin dynamics simulations. Using this method, it

was demonstrated in Ref. [25] that the reduction of the symmetry leads to a canted

magnetic con�guration in a �nite Co chain along a step edge on the Pt(111) surface.

An alternative procedure for updating the spin directions based on the Landau�

Lifshitz�Gilbert equation [62, 63] was introduced in Ref. [44], where the torques

acting on the spins are determined directly from the electronic structure at each

time step with a �xed electronic potential. Although such methods enable a more

accurate determination of the magnetic ground state of nanoparticles, they require

signi�cantly larger computational e�orts as compared to the spin-model simulations,

therefore, in our studies we mostly use spin-model simulations.

As part of my Diploma Thesis, I have employed the SCE technique to calcu-

late the parameters of an extended Heisenberg spin model for embedded clusters,

published later on in Ref. [24]. In this work, I presented results for uncovered and

covered hexagonal Co clusters on Au(111) surface, and used classical Monte Carlo

simulations to study the temperature dependent magnetic properties of the systems.

To test the new method, I compared the calculated spin-model parameters of the un-

covered clusters with those of a Co monolayer deposited on Au(111). I found that the

isotropic and Dzyaloshinskii�Moriya (DM) interactions were larger between atoms

at the perimeter than at the center of the clusters. For Co clusters covered by Au,

both the contribution to the magnetic anisotropy and the easy axis direction of the

perimeter atoms di�ered from those of the inner atoms due to the reduced symmetry.

I investigated the spin reversals of the covered clusters with perpendicular magnetic

anisotropy and based on the variance of the magnetization component parallel to

the easy direction I suggested a technique to determine the blocking temperature

of superparamagnetic particles. I also determined the Néel relaxation time from the
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Monte Carlo simulations and found that it satis�es the Néel-Arrhenius law with an

energy barrier close to the magnetic anisotropy energy of the clusters.

Motivated by the previously mentioned experimental studies on nanomagnet-

superconductor systems and by recent results on higher-order spin-spin interactions,

I continued my research on small magnetic nanoclusters deposited on metallic sur-

faces. In the �rst part of the thesis, I focus on the theoretical background of my

work. Chapter 2 brie�y introduces the multiple scattering or KKR method and the

embedded cluster technique. In Chapter 3 �rst the extended Heisenberg model is in-

troduced and it is described how the ground state spin con�guration is determined.

In Sections 3.3 and 3.4 some details of the relativistic torque method and of the

spin-cluster expansion technique are outlined. In Section 3.5 I give a comprehensive

review of the perturbation theory of isotropic, multispin model parameters and I

introduce a multisite multispin Hamiltonian that can conveniently be used in appli-

cations. Moreover, I discuss how the four-spin interactions enter the local two-site

interaction calculated within the torque method and give explicit expressions for

the con�guration dependent spin-model parameters derived for noncollinear spin

structures by Cardias et al. [57, 58]. Section 3.6 demonstrates a statistical method

comparing the energy provided by the spin models with the band energy from the

KKR method they are originated from.

The thesis is continued by the investigation of the magnetic properties of

monatomic Fe chains on the Re(0001) substrate in Chapter 4, where the 15-atom-

long chain has a spin-spiral ground state. I conclude that including chiral four-spin

interactions is necessary to resolve contradictory results between the spin model

and the ab initio calculations. Chapter 5 contains the results for Mn and Fe clusters

(adatoms, dimers, and chains) deposited on Nb(110), including analytical calcula-

tions for the ground state angle between magnetic moments of the dimers. For the

dimers and the chains, I investigate in details the connection between band energy

di�erences and the isotropic Heisenberg interactions. In Chapter 6 I apply the per-

turbation method for two-spin and four-spin interactions to equilateral trimers of Mn

and Cr atoms on Au(111) surface. I study the accuracy of the spin models based on

the torque method, on the spin-cluster expansion and on the perturbation method

in terms of the statistical method introduced in Section 3.6. In addition, along a

continuous path in the con�guration space, I numerically evaluate the two-spin vari-

ations of the energy and the con�guration dependent spin model parameters. To

validate the results for the two-spin variations, I use them to calculate the second

derivative of the energy along the given path and �nd a satisfactory agreement with

the second derivative obtained by numerical di�erentiation of the band energy.

The thesis is �nished by summarizing the conclusions of my PhD research and

by the thesis statements.
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Chapter 2

Multiple Scattering Theory

As known from elementary quantum mechanics, the computational time of the exact

solution of the N -electron Schrödinger equation, in terms of linear combinations of

Slater determinants, scales with the exponential of the number of particles. In order

to reduce this enormous computational e�ort, a practical and widely useful concept

is provided within the framework of Density Functional Theory (DFT) which states

that in the ground-state of the system the energy is a unique functional of the

charge-density, leading to an e�ective one-electron Schrödinger equation, as was

shown by Kohn and Sham [64]. Neglecting the description of theory, in the next

section only the basic equations of the relativistic DFT are summarized, then the

Multiple Scattering Theory used to determine the electronic and magnetic structure

of the investigated systems is outlined. For a deeper understanding, we recommend

Ref. [65] for further reading.

2.1 Density functional theory

The density functional theory (DFT) makes it possible to investigate the ground

state of interacting electron systems. The theory is based on the Hohenberg�Kohn

theorem [66], which tells us that the ground-state energy is a unique functional

of the electron density, n (~r), and the magnetization density, ~m (~r). In the Kohn�

Sham picture [64], the many-electron system is replaced by a non-interacting system

with the same ground-state density, so it is enough to determine the density of

the non-interacting system. However, the proper description of the fully relativistic

description would be possible within the current-density functional theory, in most

of the cases the conventional DFT, which we applied in the present work, gives

satisfactory results for the electronic structure. The Kohn�Sham�Dirac equation

takes the following form

Hψ (~r, ε) = εψ (~r, ε) , (2.1)
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H = c~α~p + βmc2 + Vs (~r) I4 + β~Σ ~Bs (~r) , (2.2)

where c is the speed of light, the 4×4 matrices ~α, β and ~Σ are de�ned in the standard

representation as

~α =

[
0 ~σ

~σ 0

]
, (2.3)

β =

[
I2 0

0 −I2

]
, (2.4)

and

~Σ =

[
~σ 0

0 ~σ

]
, (2.5)

respectively, In is the unit matrix in n dimension, while µB stands for the Bohr

magneton. The single-particle e�ective potential Vs corresponding to the Kohn�

Sham theorem [64] can be expressed by

Vs (~r) = V0 (~r) +

∫
ke2

|~r − ~r′|n0 (~r′) d3~r′ + Vxc (~r) , (2.6)

where V0 (~r) is the original external potential, the second term is the Hartree poten-

tial, and

Vxc (~r) =
∂Exc[n (~r) , ~m (~r)]

∂n (~r)
(2.7)

is the so-called exchange-correlation potential with Exc[n (~r) , ~m (~r)] being the

exchange-correlation energy which is the functional of the electron density n (~r) and

the spin-magnetization density ~m (~r). An analogous expression for the Kohn-Sham

e�ective �eld ~Bs can be written,

~Bs (~r) = ~B (~r) + ~Bxc (~r) , (2.8)

with the exchange-correlation �eld,

~Bxc (~r) =
∂Exc[n (~r) , ~m (~r)]

∂ ~m (~r)
. (2.9)

The exchange-correlation potential Vxc (~r) and �eld ~Bxc (~r) contain the e�ects of

the Pauli exclusion and the interactions between the electrons. Unfortunately, their

explicit form is not known; we will use the local spin density approximation (LSDA),
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where at every point ~r they are expressed by the local electron density,

n (~r) =
∑

n

ψ†n (~r)ψn (~r) (2.10)

and the spin-magnetization,

~m (~r) = −µB
∑

n

ψ†n (~r) β~Σψn (~r) . (2.11)

It is important to note that relativistic e�ects such as the spin�orbit coupling

(SOC) are included in Eq. (2.2). The SOC is especially strong in heavy metal ele-

ments, e.g. 5d metals, and it is essential for determining the magnetic interactions

of relativistic origin in magnetic systems in contact with 5d elements.

2.2 Multiple scattering Green's function

In this work, the multiple scattering or Korringa�Kohn�Rostoker (KKR) Green's

function technique is used to solve Eq. (2.2) for a solid matter, which focuses on

the single particle Green's function, in contrary to methods relying on the wave

functions. A detailed description about the KKR method can be found in the book

[65], here we give only a short summary.

The resolvent operator of a system with Hamiltonian H is de�ned by

G (z) = (zI −H)−1 , (2.12)

where z is the complex energy, which is not an eigenvalue of H. For the case of real

energy, two limits can be calculated:

G±(ε) = lim
δ→0+

G(ε± iδ) , (2.13)

from which, due to traditions, we use the + case. The expectation value of a physical

quantity related to the hermitian operator A can be calculated by using the resolvent

operator as

〈A〉 = − 1

π
Im

∞∫

−∞

f(ε) Tr
(
AG+(ε)

)
dε , (2.14)

where f (ε) is the Fermi distribution and Tr stands for the trace of an operator in the

Hilbert space. In the thesis, the energy integrals are performed at zero temperature

using 16 points along a semicircle contour in the upper complex semiplane starting at

a su�ciently low energy value (e.g. 1−2 Ry below the Fermi energy, EF) and ending

at EF. As compared to the integration along the real axis, the contour integration
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dramatically reduces the computational e�orts and provide more accurate results.

The expectation value of the unit operator is the number of electrons,

〈N〉 = − 1

π
Im

∞∫

−∞

f(ε) TrG+(ε) dε , (2.15)

while the density of states is de�ned as

DOS(ε) = − 1

π
Im TrG+(ε) . (2.16)

The real space Green's function is de�ned as the coordinate representation of

the resolvent operator,

G(ε, ~r, ~r′) = 〈~r | G+(ε) | ~r′〉 , (2.17)

which can be used to calculate the electron and spin-magnetization densities,

n(~r) = − 1

π
Im

∞∫

−∞

TrG+(ε, ~r, ~r) dε , (2.18)

and

~m(~r) = − 1

π
Im

∞∫

−∞

Tr
(
β~ΣG+(ε, ~r, ~r)

)
dε , (2.19)

respectively. In this case, the Tr labels the trace in the space of the four-dimensional

bispinors.

The main task of the multiple scattering theory is to determine the real-space

Green's function of the one-electron system. To this end, the space is divided into

non-overlapping atomic cells, e.g. Wigner�Seitz cells (Voronoi polihedra) and the

potential V is written as the sum of single-cell potentials,

V =
∑

cells i

Vi , (2.20)

where Vi is zero outside the single cell i. For simplicity, we use the atomic sphere

approximation, where a Voronoi polyhedron is replaced by a sphere of the same

volume. In this case, the total volume of the atomic spheres is equal to the volume

of the system, but the spheres will overlap. Due to this construction, the scattering

of the individual cells, and the information about the lattice geometry are split,

which is also expressed in the basic equation of multiple scattering theory,

τ (ε) =
(
t−1(ε)−G0(ε)

)−1
, (2.21)
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where τ (ε) is the scattering path operator (SPO) matrix, t(ε) include the scattering

(t-) matrices of individual cells, andG0(ε) is the so-called structure constant matrix.

The matrices are represented on the bases of the products of second kind Bessel

functions and spinor spherical harmonics centered to the cells, so they have both

site and angular momentum indices. Obviously, the t-matrix is diagonal in site index,

t(ε) =
[
t(ε)iQQ′δij

]
, (2.22)

where Q ≡ (`, j,mj) (` = 0, 1, 2, 3, . . . , j = `± 1
2
, mj = −j,−j+1, . . . , j−1, j) label

the angular momentum quantum numbers. The structure constants G0(ε), related

to the Green's function of the free electrons, depend on the lattice geometry and

only their site-o�-diagonal blocks di�er from zero,

G0(ε) =
[
G0(ε)

ij
QQ′(1− δij)

]
. (2.23)

Importantly, the SPO matrix

τ (ε) =
[
τ(ε)ijQQ′

]
(2.24)

describes every scattering events between two cells. The Green's function of the

system for the complex energy z can directly be calculated using the SPO [65]:

G
(
z;~ri + ~Ri, ~r

′
j + ~Rj

)
=
∑

Q,Q′

ZQ
i (z;~ri) τ

ij
QQ′ (z) Z̃Q′

j

(
z;~r ′j

)†

− δij
∑

Q

{
JQi (z;~ri) Z̃

Q
i

(
z;~r ′j

)†
Θ (ri − r′i)

+ ZQ
i (z;~ri) J̃

Q
i (z;~r ′i )

†
Θ (r′i − ri)

}
,

(2.25)

where ~Ri denotes the position vector of the center of cell i, ZQ
i and JQi are regular

and irregular right-hand-side scattering solutions of Eq. (2.2) in cell i, ·̃ label the
corresponding left-hand-side solution, † stands for the adjoint operator, while Θ (x)

is the Heaviside step function.

2.3 Screened KKR method for layered systems

Equation (2.21) provides a way of calculating the scattering path operator in site-

angular momentum space, which can then be used to calculate physical quantities.

In principle, the t, G0 and τ matrices are in�nite in both the site and angular mo-

mentum indices. In order to perform numerical calculations, the angular momentum

expansion needs to be truncated by choosing a maximum value `max for the orbital
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angular momentum quantum number leading to the dimension of 2 (`max + 1)2 in

the Q index. For investigating d-electron metallic systems, choosing `max = 2 or

`max = 3 usually provides a reasonably good description.

In the case of lattices with three-dimensional translational invariance, i.e. for

geometrically ordered bulk materials, by using the lattice Fourier transform of the

structure constants, it is straightforward to transform Eq. (2.21) into ~k-space. Thus,

for every energy and ~k-point one has to invert a matrix of dimension 2M (`max + 1)2

to obtain the SPO matrix [ταβQQ′(ε,~k)], where M denotes the number of sublattices

in the crystal structure and α, β are the sublattice indices. It can be shown that

the zeros of det[ταβQQ′(ε,~k)] provide the dispersion of the electronic bands, εn(~k), n

counting the bands.

Ideal surfaces, interfaces, or �lm systems, as what follows termed as layered

systems, exhibit only two-dimensional translational symmetry within the planes,

but the periodicity is broken normal to the planes. Again, it is straightforward to

transform Eq. (2.21) into Fourier space with respect to the in-plane directions. In

that case, we keep the real-space indices in the normal (z) direction, leading to an

in�nite (one-dimensional) matrix problem for every ε and ~k = (kx, ky).

One useful way to treat the inversion of the in�nite KKR matrix has been de-

veloped within the so-called screened KKR (SKKR) method [67]. Brie�y, we choose

a new reference system, denoted by index r and represented by the t-matrices tr (ε)

corresponding to repulsive potential wells. The so-called Green's function matrix for

the reference system, called the screened structure constants, are determined as

Gr (ε) = G0 (ε) (I− tr (ε)G0 (ε))−1 . (2.26)

Since the Green's function of the reference system will decay exponentially in real

space for energy values well below the height of the repulsive potentials (usually

1-2 Ryd above the Fermi level), the so-called screened structure constants Gij
r

(ε)

will also decay exponentially with respect to the distance between sites i and j,

|Ri −Rj|. This implies that Gij
r

(ε) can be neglected between layers su�ciently far

away. It is straightforward to introduce the so-called principal layers, each consisting

of typically 3-4 atomic layers, where Gij
r

(ε) is only taken to be nonzero inside the

principal layers and between neighboring principal layers. This means that Gr(ε,~k)

forms a block tridiagonal matrix.

The t matrix can be written as a sum of a reference and a screened matrix,

t (ε) = tr (ε) + ts (ε) , (2.27)
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while the screened SPO matrix τ s (ε) is de�ned as

τ s(ε,~k) =
(
ts (ε)−1 −Gr(ε,~k)

)−1
. (2.28)

Surfaces are usually considered as ultrathin �lms consisting of a few principal layers

between the semi-in�nite bulk and the semi-in�nite vacuum. Although the matrix

equation (2.28) is still in�nite in one dimension, by using techniques developed

for tridiagonal matrices it is possible to calculate the τ s(ε,~k) [67]. The real-space

representation of the screened SPO matrix can be evaluated via integration over the

two-dimensional Brillouin zone. The SPO matrix of the system can be determined

by the site-diagonal transformation,

τ = t [ts]
−1 τ s [ts]

−1 t− t [ts]
−1 t + t. (2.29)

Note that for a better correspondence with experimental results, for most lay-

ered systems we include vertical relaxations of the layers. These relaxations can

be obtained based on the Vienna Ab-initio Simulation Package (VASP) [68], or by

comparing the volume of the substrate and the embedded, cluster (magnetic) atoms.

The VASP calculations for the systems in Chapters 4 and 5 were performed in a

collaboration with Krisztián Palotás and Levente Rózsa.

2.4 Embedded cluster method

The Screened KKR technique as described in Section 2.3 is suitable to calculate the

electronic structure of layered systems with discrete translational invariance, but for

a cluster of a �nite number of atoms the so-called embedding technique [19,69] has

to be used. For an ensemble of magnetic atoms we select a �nite environment in

which the scattering events are taken into account, see Fig. 2.1. The cluster contains

not only the magnetic atoms but also a su�cient amount of the perturbed host

atoms. In practice, we �rst calculate the t-matrices and the SPO matrix of the two-

dimensional (2D) translational invariant layered host, con�ned to the sites of the

cluster, th(ε) and τ h(ε), respectively. The SPO matrix for the embedded cluster,

denoted by the subscript cl, is then evaluated as

τ cl(ε) =
(
τ h(ε)−1 − th(ε)−1 + tcl(ε)

−1)−1 , (2.30)

where tcl includes the t-matrices of the cluster atoms, and, for the t- (th and tcl)

and τ (τ h and τ cl) matrices, i and j in Eqs. (2.22) and (2.24) now run over the sites

in the cluster.
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Figure 2.1. Sketch of a cluster embedded into a layered system. The di�erent layers are
located horizontally: yellow and empty circles represent the atoms in the substrate layers
and the spheres constructing the vacuum region, respectively. The atoms in the cluster (red
circles) replace the cells of the original layered system, which generates further electron
scatterings, so the Green's function needs to be recalculated inside the region surrounded
by the black line.

Generating the e�ective potentials from the solution of the Kohn�Sham�Dirac

Hamiltonian (2.2) is not linear, so an iterative method needs to be applied in order to

�nd the solution of the many-electron system. The self-consistent calculation usually

follows the scheme (where intermediate steps are not labeled explicitly):

V (0) → τ (0) → V (1) → τ (1) → · · · → V (n) → τ (n) → V (n+1) → . . . (2.31)

with a well-chosen initial potential V (0). The self-consistent �eld (SCF) e�ective

potentials and exchange �elds are obtained as a �x-point of the iterative method.

Note that the standard iteration process usually diverges as a consequence of the

increasing charge oscillations [70], so we apply the modi�ed Broyden's method [71]

to speed up the convergence. Once a prescribed accuracy for the e�ective potentials

and �elds are achieved, the local physical quantities, such as the charge and magne-

tization densities, spin and orbital moments, as well as the energy of the system are

calculated from the Green's function. Additionally, we can calculate the parameters

of an extended Heisenberg spin model, as will be described in the next sections.

Throughout this thesis, we will compare the energy of di�erent spin con�gura-

tions being typically in the order of about 10−2 − 10 meV/atom. The total energy

obtained from DFT calculations often leads to ambiguous results, since it is in the

order of a few 10 000 eV/atom, so a relative accuracy of about 10−11−10−8 is needed

to determine the relativistic contributions (e.g. anisotropy, DMI) from the energy

di�erence. Another problem comes from the Friedel-oscillations, which causes the

charge of the cluster to highly depend on the radius of the cluster, which also a�ects

the grand potential, so the cluster size should be increased, making the compar-

ison of the energy of spin con�gurations ine�ective. Alternatively, in the spirit of
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the magnetic force theorem [72], we can compare the band energy di�erence be-

tween magnetic con�gurations calculated from the same self-consistent potentials

and �elds. The band energy (more precisely, the grand potential at zero tempera-

ture) is de�ned as

Eband ({~s}) =

∫ ∞

−∞
(ε− EF)n (ε, {~s}) dε, (2.32)

where {~s} is the set of unit vectors representing the orientation of the magnetic

moment at cluster sites, and n is the density of states (DOS). Based on Lloyd's

formula [73] and within the framework of the KKR method, the grand potential can

be expressed as

Ω ({~s}) = −
∞∫

−∞

d ε

[
N0(ε) +

1

π
Im Tr ln τ (ε, {~s})

]

= Ω0 −
1

π
Im

∞∫

−∞

dεTr ln τ (ε, {~s}) , (2.33)

where Ω0 is the grand potential of the free electrons, and we denoted explicitly

that the τ matrix depends on the {~s} spin con�guration. For simplicity, we usually

refer to the grand potential in Eq. (2.33) as the band energy obtained from Lloyd's

formula, and label its di�erence between magnetic con�gurations by ∆Eband,L. Note

that all the methods used to determine spin-model parameters rely on Eq. (2.33).
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Chapter 3

Spin models

3.1 Extended Heisenberg model

The adiabatic decoupling of the electronic and spin degrees of freedom, together

with the rigid spin approximation, make it possible to characterize the energy of

a magnetic system by a set of unit vectors {~s} ≡ {~s1, ~s2, . . . ~sN} describing the

directions of atomic magnetic moments, where N is the number of magnetic atoms

in the system [74]. Since the metallic substrate acts as a particle reservoir for the

clusters considered in the calculations, instead of the energy E we will consider

the grand potential Ω = E − EFNe at zero temperature, with EF and Ne being the

Fermi energy of the reservoir and the number of electrons in the cluster, respectively.

Expanding Ω ({~s}) up to second order in the spin variables, one obtains

Ω ({~s}) = Ω0 +
N∑

i=1

~siKi
~si −

1

2

N∑

i,j=1
i 6=j

~siJ ij~sj , (3.1)

where Ω0 is a spin-independent constant, K
i
are traceless second-order single-ion

anisotropy matrices, and J
ij
are tensorial exchange interactions [39]. Note that the

�rst order term is missing, since time-inversion symmetry implies that a global sign

reversal of the spins should not a�ect the energy of the system.

The matrices J
ij
can be decomposed into three parts,

J
ij

= JijI + JS
ij

+ JA
ij
, (3.2)

where

Jij =
1

3
Tr
(
J
ij

)
(3.3)
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is the isotropic exchange interaction,

JS
ij

=
1

2

(
J
ij

+ JT
ij

)
− JijI (3.4)

is the traceless symmetric part of the matrix, with T denoting the transpose. This

is known to contribute to the so-called two-ion magnetic anisotropy of the system.

The antisymmetric part of the matrix,

JA
ij

=
1

2

(
J
ij
− JT

ij

)
, (3.5)

is related to the Dzyaloshinskii�Moriya (DM) interaction [41,42],

~siJ
A

ij
~sj = ~Dij (~si × ~sj) (3.6)

with the DM vector Dα
ij = 1

2
εαβγJ

βγ
ij , εαβγ being the Levi�Civita symbol and α, β, γ

denoting Cartesian components. It is noteworthy that in the seminal work of Werner

Heisenberg [75] only the isotropic part was considered to explain the origin of fer-

romagnetism, that is why we refer to Eq. (3.1) as the extended Heisenberg model.

Moreover, the DM interaction and the magnetic anisotropy terms appear due to the

relativistic spin-orbit interaction.

In order to describe the site-resolved magnetic anisotropies for a ferromagnetic

(FM) con�guration, all the spins pointing along ~s, we added the sum of the sym-

metric part of the exchange matrices to the on-site anisotropy matrix,

A
i,FM

= K
i
− 1

2

N∑

j=1

JS
ij
. (3.7)

For magnetic dimers and monatomic chains with antiferromagnetic (AFM) nearest-

neighbor isotropic interactions, we consider alternating local moments ~si = (−1)i~s,

leading to the e�ective site-resolved anisotropy matrices,

A
i,AFM

= K
i
− 1

2

N∑

j=1

JS
ij

(−1)i+j . (3.8)

The grand potential of the system in the FM/AFM state can then be expressed

as

Ω (~s) = Ω′0 +
N∑

i=1

~sA
i
~s , (3.9)
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with A
i
being either A

i,FM
or A

i,AFM
, and

Ω′0,FM = Ω0 −
1

2

∑

i 6=j

Jij , (3.10)

or

Ω′0,AFM = Ω0 −
1

2

∑

i 6=j

Jij(−1)i+j , (3.11)

for the FM/AFM state, respectively.

The normalized eigenvectors of the symmetric matrices in Eq. (3.7) or Eq. (3.8),

~s ei , ~s
i
i , and ~s

h
i correspond in order to the easy, intermediate, and hard directions, with

the respective energy eigenvalues kei ≤ kii ≤ khi . For illustrating the site-speci�c easy

directions together with the magnetic anisotropy energies, we will use the following

vector:
~ki =

(
khi − kei

)
~s ei . (3.12)

3.2 Ground state of the spin Hamiltonian

The magnetic ground state of the clusters based on the spin model discussed above

is determined by subsequent low-temperature Metropolis Monte Carlo (MC) and

zero-temperature Landau�Lifshitz�Gilbert (LLG) spin dynamics simulations. This

procedure is especially important to avoid local energy minima. The details of the

MC simulations can be found in Ref. [24]. The accuracy of the ground state can be

improved by the LLG spin dynamics simulations containing the damping term only.

This is described by the time integration step

~s ′k(tn+1) = ~sk(tn)− λ~sk(tn)×
(
~sk(tn)× ~Be�

k (tn)
)
, (3.13)

where
~Be�

k =
∑

j

J
kj
~sj − 2K

k
~sk (3.14)

is the e�ective magnetic �eld, and a small damping parameter, λ ∼ 10−4meV−1,

is chosen usually. The new spin vectors are normalized after each step to preserve

the unit length of the vectors. We stop the simulations when the spin components

change less than 10−6 in 5 · 105 subsequent LLG steps.

In order to obtain the ground state of the system (and avoid local minima), we

usually perform ten runs with independently chosen random initial con�gurations. If

they all lead to the same �nal state, we assume that we obtained the actual ground

state of Ω ({~s}) rather than a local minimum. For more complex systems, we assume

that the actual ground state is found if at least eight out of the ten runs result in
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the same �nal state with the lowest energy (e.g. in the case of Fe chains on Nb(110)

along the [110] crystallographic direction, where the lowest energy metastable state

is very close in energy to the actual ground state (see Sec. 5.3)).

3.3 Relativistic torque method

Here we give a short summary of how the parameters of the classical spin model

in Eq. (3.1) can be determined by using the method of in�nitesimal rotations or

torque method; for details see Ref. [76]. As shown in Fig. 3.1, for a given site i two

orthogonal vectors ~e1i and ~e2i are de�ned, forming a right-handed basis together with

~si, and around which ~si is rotated by the in�nitesimal angles β1i and β2i, respectively.

The derivatives with respect to these angles can be expressed as

∂

∂β1i
= −~e2i

∂

∂~si
+ ~si

∂

∂~e2i
, (3.15)

∂

∂β2i
= ~e1i

∂

∂~si
− ~si

∂

∂~e1i
. (3.16)

~e2i

~e1i

~si

~s ′
i

β2i
β1i

Figure 3.1. Illustration of the rotation of the spin direction ~si around the perpendicular
vectors ~e1i and ~e2i by angles β1i and β2i, used in the torque method to calculate derivatives
of the grand potential.

Supposing the model of Eq. (3.1), the second derivatives of Ω can be calculated

as
∂2Ω

∂β2j∂β2i
= −Jαβij eα1ieβ1j for j 6= i , (3.17)

∂2Ω

∂β2j∂β1i
= Jαβij e

α
2ie

β
1j for j 6= i , (3.18)

∂2Ω

∂β1j∂β2i
= Jαβij e

α
1ie

β
2j for j 6= i , (3.19)

∂2Ω

∂β1j∂β1i
= −Jαβij eα2ieβ2j for j 6= i , (3.20)
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∂2Ω

∂β2
2i

=
∑

j

Jαβij s
α
i s

β
j − 2Kαβ

i sαi s
β
i + 2Kαβ

i eα1ie
β
1i , (3.21)

∂2Ω

∂β2
1i

=
∑

j

Jαβij s
α
i s

β
j − 2Kαβ

i sαi s
β
i + 2Kαβ

i eα2ie
β
2i , (3.22)

∂2Ω

∂β1i∂β2i
= −Kαβ

i

(
eα1ie

β
2i + eα2ie

β
1i

)
, (3.23)

where for the identical Cartesian indices (α and β) Einstein summation is assumed.

Within the torque method the derivatives on the left-hand sides of Eqs. (3.17)�

(3.23) are obtained directly from �rst principles, using the expressions derived from

Lloyd's formula Eq. (2.33) given in details in Ref. [39]. The diagonal elements of the

anisotropy tensor K
i
are determined from Eqs. (3.21) and (3.22) via

∂2Ω

∂β2
2i

− ∂2Ω

∂β2
1i

= 2Kαβ
i eα1ie

β
1i − 2Kαβ

i eα2ie
β
2i , (3.24)

which simpli�es to Kyy
i −Kzz

i if ~si is pointing along the x direction. This way it is

only possible to determine the di�erences between the diagonal elements, but this

information is su�cient since K
i
was de�ned as a traceless tensor because its trace

only shifts the grand potential by a constant factor due to the normalization of the

spins. The two independent components are usually computed by considering spin

con�gurations where all spins are pointing along the x and y directions.

For calculating the exchange interaction tensor J
ij
one has to use Eqs. (3.17)�

(3.20). The appropriate numerical procedure is described in details in Ref. [76].

Here we just note that for a given direction ~s = ~si = ~sj only the four transversal

components of J
ij
can be determined (e.g. in the case of ~s = (0, 0, 1), Jxxij , J

xy
ij , J

yx
ij ,

and Jyyij ). In order to determine the full tensor, the calculations have to be repeated

for at least three linearly independent directions of ~s [39] and then a least-squares

�tting procedure is used to obtain the matrix elements of J
ij
.

3.4 Spin-cluster expansion

The spin-cluster expansion (SCE) technique [45] gives a systematic parametrization

of the adiabatic magnetic energy of classical spin systems. Restricting ourselves to

one-site terms and to pairwise interactions only and using real spherical harmonics

YL (~si) with the composite angular momentum index L = (`,m), the grand potential
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can be expanded as

Ω ({~s}) ' Ω0 +
∑

i

∑

L6=(0,0)

JLi YL (~si)

+
1

2

∑

i 6=j

∑

L6=(0,0)

∑

L′ 6=(0,0)

JLL
′

ij YL (~si)YL′ (~sj) ,
(3.25)

with

Ω0 = 〈Ω〉 , (3.26)

JLi =

∫
d2ei 〈Ω〉~si YL (~si) , (3.27)

and

JLL
′

ij =

∫
d2ei

∫
d2ej 〈Ω〉~si~sj YL (~si)YL′ (~sj) , (3.28)

where 〈·〉 denotes average over all possible spin con�gurations, whereas the spin

vectors in the subscript, see Eqs. (3.27) and (3.28), indicate restricted averages, i.e.,

we �x the direction of the noted spin vectors and average with respect to every other

spin. Note that in Eq. (3.25) the summations do not include the constant spherical

harmonics with the composite index (`,m) = (0, 0). It should also be noted that,

within the SCE, Eq. (3.25) can be extended by higher-order multispin interaction

terms. The simplest higher-order interactions are the biquadratic couplings [47] that

can easily be calculated by increasing ` to 2 in Eq. (3.28). The SCE coe�cients in

Eq. (3.25) can be related straightforwardly to the parameters of the spin Hamiltonian

(3.1) [46, 47].

To evaluate the restricted averages in Eqs. (3.27) and (3.28) we employed the

disordered local moment (DLM) scheme, which was originally introduced as an ex-

tension of the conventional spin-density functional theory (SDFT) to include trans-

verse spin �uctuations in the spirit of the adiabatic approximation [77]. Its relativis-

tic generalization (RDLM) [78] can e�ciently be used to calculate the spin-model

parameters within the SCE [46,47]. For a detailed description of the formalism, we

refer the reader to these references.

Let us brie�y elaborate on the relationship between the bilinear spin-spin inter-

actions J
ij
obtained from the relativistic torque method (RTM) and the SCE as

combined with the RDLM scheme. The RTM relies on ordered spin-con�gurations,

since the directions of the spin vectors must be known to perform the calculations.

Since the resulting spin Hamiltonian should re�ect the symmetry of the system,

collinear, i.e. ferromagnetic (FM) or antiferromagnetic (AFM) reference con�gura-

tions have to be chosen, being in most cases the magnetic ground state of the system.

This implies that the RTM spin model is best suited to describe the ground state

and the low-energy spin excitations. In contrary, within the RDLM-SCE the com-
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pletely disordered DLM (paramagnetic) state is used as reference, thus it re�ects the

spin-spin correlations in the paramagnetic state. From this it follows that the cor-

responding spin model should well describe the magnetism at higher temperatures,

e.g. the order-disorder phase transition. In addition, if the system exhibits a non-

collinear ground state, an RDLM-SCE based spin model is usually more appropriate

than the model based on the RTM. In summary, a good numerical correspondence

between these two sets of spin model parameters should be expected only in systems,

where the size of the spin moments is very stable, i.e. it is fairly independent of the

spin con�gurations. Such a behavior is characteristic for the Mn moments, see e.g in

Ref. [46].

3.5 Non-relativistic perturbation theory of multi-

spin interactions

[Thesis statements 5,6]

In this section we introduce an isotropic spin model and derive the two-spin and

four-spin interactions from a perturbation technique within the framework of the

embedded cluster KKR scheme. Consider the grand potential of the form Eq. (2.33).

Let's do the following manipulation,

− ln τ = − ln(t−1 −G0)
−1 = ln(t−1 −G0) = − ln t + ln(I− tG0) , (3.29)

and decompose the t-matrices into two parts,

t({~s})= tr + ∆tsp({~s}) , (3.30)

where tr is the t-matrix of a non-magnetic reference system corresponding to a non-

relativistic Hamiltonian, and ∆tsp stands for the spin-dependent contribution of the

t-matrix. It should be noted that because of the absence of the SOC tr is diagonal

in spin space. The spin-polarization part of the t-matrix can be expressed as

∆tsp ({~s}) = ~ts ({~s})⊗ ~σ = {tis ~si δij} ⊗ ~σ , (3.31)

where single underline labels matrices in angular momentum space.

Using (3.30) we proceed as

I− tG0 = I− (tr + ∆tsp)G0 = (I−∆tspGr) (I− trG0) , (3.32)
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where the structural resolvent of the reference system is de�ned as

Gr = G0 (I− trG0)
−1 . (3.33)

By construction, Gr is also diagonal in the spin space. The second part of Eq. (3.29)

can further be evaluated as

ln(I− tG0) = ln (I− trG0) + ln (I−∆tspGr) , (3.34)

and we arrive at

− ln τ = ln (I− trG0)− ln t + ln (I−∆tspGr) . (3.35)

Introducing the spin-con�guration independent contribution to the grand potential,

Ωr =
1

π
Im

∞∫

−∞

dεTr [ln (I− trG0)− ln tr]

= − 1

π
Im

∞∫

−∞

dεTr ln τ r (ε, {~s}) , (3.36)

and an on-site term,

Ωos (~si) = − 1

π
Im

∞∫

−∞

dεTr ln(ti (~si) t
−1
r,i )

= − 1

π
Im

∞∫

−∞

dε ln det(ti (~si) t
−1
r,i ) , (3.37)

the grand potential, Eq. (2.33), can be written as

Ω ({~s}) = Ω0 + Ωr +
∑

i
(magnetic)

Ωos (~si) + Ωint ({~s}) , (3.38)

where the interaction part is de�ned as

Ωint ({~s}) =
1

π
Im

∞∫

−∞

dεTr ln (I−∆tsp ({~s})Gr) . (3.39)

Note that in the case of potentials with spherical symmetry (e.g. ASA) Ωos (~si) is

independent of the direction of the spin, ~si.
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Using the Taylor series ln(1 − x) = −
∞∑

k=0

1

k
xk , the interaction part can be

expressed as

Ωint ({~s}) = − 1

π
Im

∞∫

−∞

dε
∞∑

k=1

1

k
Tr (∆tsp ({~s})Gr)

k . (3.40)

In order to derive two-spin and four-spin interactions, we expand the above sum up

to k = 4,

Ωint ({~s}) ' F [Tr (∆tspGr)]

+
1

2
F [Tr (∆tspGr∆tspGr)]

+
1

3
F [Tr (∆tspGr∆tspGr∆tspGr)]

+
1

4
F [Tr (∆tspGr∆tspGr∆tspGr∆tspGr)] , (3.41)

with the following shorthand notation,

F [g] := − 1

π
Im

∞∫

−∞

g(ε) dε . (3.42)

Note that due to time-reversal symmetry, the one and three-spin interactions vanish.

The two-spin interactions can be obtained from the second line in Eq. (3.41)

Ω
(2)
int({~s}) :=

1

2
F [Tr (∆tsp Gr ∆tspGr)]

=
1

2

∑

i,j

F
[
TrL

(
tisG

ij
r t

j
sG

ji
r

)
TrS (σασβ)

]
sαi s

β
j

=
∑

ij

F
[
TrL

(
tisG

ij
r t

j
sG

ji
r

)]
~si~sj , (3.43)

where TrL and TrS label traces in the angular momentum and spin subspaces, re-

spectively. Using the following identity for the product of four Pauli matrices,

TrS(σασβσγσµ) = 2(δαβδγµ − δαγδβµ + δαµδβγ) , (3.44)
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the contribution of the four-spin interactions are

Ω
(4)
int({~s}) :=

1

4
F [Tr (∆tspGr ∆tsp Gr ∆tsp Gr ∆tsp Gr)]

=
1

4

∑

i,j,k,l

F
[
TrL

(
tisG

ij
r t

j
sG

jk
r t

k
sG

kl
r t

l
sG

li
r

)
TrS (σασβσγσµ)

]
sαi s

β
j s

γ
ks
µ
l

=
1

2

∑

i,j,k,l

F
[
TrL

(
tisG

ij
r t

j
sG

jk
r t

k
sG

kl
r t

l
sG

li
r

)]
[(~si~sj)(~sk~sl)− (~si~sk)(~sj~sl) + (~si~sl)(~sj~sk)] .

(3.45)

Introducing the two-spin interaction energy,

I (ij) : = F
[
TrL

(
tisG

ij
r t

j
sG

ji
r

)]

= − 1

π
Im

∞∫

−∞

dεf(ε, µ)
[
TrL

(
tisG

ij
r t

j
sG

ji
r

)]
, (3.46)

and the four-spin interaction energy,

I (ijkl) : = F
[
TrL

(
tisG

ij
r t

j
sG

jk
r t

k
sG

kl
r t

l
sG

li
r

)]

= − 1

π
Im

∞∫

−∞

dεf(ε, µ)
[
TrL

(
tisG

ij
r t

j
sG

jk
r t

k
sG

kl
r t

l
sG

li
r

)]
, (3.47)

leads to the following multispin Hamiltonian (up to four-spin interactions),

∆Ω({~si}) =
1

2

∑

ij

I(ij)~si~sj +
1

4

∑

ijkl

I(ijkl) [(~si~sj)(~sk~sl) + (~si~sl)(~sj~sk)− (~si~sk)(~sj~sl)] .

(3.48)

It should be noted that the above sums contain all terms with repeated site indices

and the following properties of the two-spin and four-spin interactions apply:

I (ij) = I (ji) , (3.49)

I (ijkl) = I (jkli) = I (klij) = I (lijk) = I (lkji) = I (ilkj) = I (jilk) = I (kjil) .

(3.50)
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3.5.1 Multisite spin Hamiltonian

We compare the Hamiltonian with two-spin and four-spin interactions, Eq. (3.48),

with the following multisite Hamiltonian [55,79,80]:

H =− 1

2

∑′

i 6=j

Jij(~si~sj) +
1

4

∑′

i 6=j

Bij(~si~sj)
2

+
1

4

∑′

i 6=j 6=k

Tikjk(~si~sk)(~sj~sk) +
1

4

∑′

i 6=j 6=k 6=l

Kijkl(~si~sj)(~sk~sl) ,
(3.51)

where Jij are the isotropic interactions as introduced in Eq. (3.1), Bij are the bi-

quadratic interactions [55, 79], T and K-s are the three-site and four-site four-spin

interactions, respectively. With the prime, we label that in the sums all the indices

di�er, even if it is not labeled explicitly (e.g. i 6= k).

First, rewrite Eq. (3.48) to have three four-spin I interaction terms instead of

the three spin-dependent terms. Changing l → j, j → k, k → l in the second term

and k → j, j → k in the third term leads to:

∆Ω({~si}) =
1

2

∑

ij

I(ij)~si~sj +
1

4

∑

ijkl

[I(ijkl) + I(iklj)− I(ikjl)] (~si~sj)(~sk~sl). (3.52)

In Table 3.1, we collected the site coincides of the double scalar product in

Eq. (3.52). Let's evaluate all the cases, and use the notation of (ij) = (~si~sj) .

Case (1,1,1,1)

1

4

∑′

ijkl

[I(ijkl) + I(iklj)− I(ikjl)] (ij)(kl) (3.53)

Case (2,1,1)

δij →
1

4

∑′

i 6=k 6=l 6=i

[I(iikl) + I(ikli)− I(ikil)] (ii)(kl) (3.54)

δik →
1

4

∑′

i 6=j 6=l 6=i

[I(ijil) + I(iilj)− I(iijl)] (ij)(il) (3.55)

δil →
1

4

∑′

i 6=j 6=k 6=i

[I(ijki) + I(ikij)− I(ikji)] (ij)(ki) (3.56)

δjk →
1

4

∑′

i 6=j 6=l 6=i

[I(ijjl) + I(ijlj)− I(ijjl)] (ij)(jl) (3.57)

δjl →
1

4

∑′

i 6=j 6=k 6=i

[I(ijkj) + I(ikjj)− I(ikjj)] (ij)(kj) (3.58)
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Vertex
degrees

Graphs # Description

(1,1,1,1)
1× i

j

k

l

1 all the indices are di�erent

(2,1,1)
2×

4×

(
4

2

)
= 6

it is the case of a single δ, how can
you coincide two indices

(2,2)

1×

2×

(
4

2

)

2
= 3

in this case, again, we count the
cases when two indices coincide, but
the other two automatically coin-
cide, so we counted every version
twice leading to the combination
needs to be divided by 2

(3,1)
4×

4
a single index is chosen which does
not coincide with the others

(4)
1×

1 all the indices are the same

Table 3.1. Site coincides of the double scalar product in Eq. (3.52). The vertexes label
the site with their degrees meaning how many times a spin appears in the double scalar
product, and the lines note the scalar product between spins.

δkl →
1

4

∑′

i 6=j 6=k 6=i

[I(ijkk) + I(ikkj)− I(ikjk)] (ij)(kk) (3.59)

Case (2,2)

δijδkl →
1

4

∑′

i 6=k

[· · · ] (ii)(kk)→ adds contribution to the constant term (3.60)

δikδjl →
1

4

∑′

i 6=j

[I(ijij) + I(iijj)− I(iijj)] (ij)2 (3.61)
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δilδjk →
1

4

∑′

i 6=j

[I(ijji) + I(ijij)− I(ijji)] (ij)2 (3.62)

Case (3,1)

δijδjk →
1

4

∑′

i 6=l

[I(iiil) + I(iili)− I(iiil)] (ii)(il) (3.63)

δijδjl →
1

4

∑′

i 6=k

[I(iiki) + I(ikii)− I(ikii)] (ii)(ki) (3.64)

δikδkl →
1

4

∑′

i 6=j

[I(ijii) + I(iiij)− I(iiji)] (ij)(ii) (3.65)

δjkδkl →
1

4

∑′

i 6=j

[I(ijjj) + I(ijjj)− I(ijjj)] (ii)(ij) (3.66)

Case (4)

δijδjkδkl → adds contribution to the constant term (3.67)

We have to collect the terms which are proportional to the scalar product of two

spins to get the two-spin interactions. Summing Eqs. (3.63) with l→ j, (3.64) with

i→ j and k → i, (3.65), (3.66), (3.54) with i→ k, k → i, l→ j and (3.59) leads to:

1

4

∑′

i 6=j

[I(iiji) + I(jjij) + I(ijii) + I(iiij)− I(iiji) + I(ijjj)] (ij)

+
1

4

∑′

i 6=j 6=k 6=i

[I(kkij) + I(kijk)− I(kikj) + I(ijkk) + I(ikkj)− I(ikjk)] (ij)
(3.68)

Note that the index change of i→ j in Eq. (3.64) is needed to have a symmetric form

of the interaction with respect to the exchange of i and j indices (with this convention

Jij = Jji). Applying the symmetry properties of the I integrals (Eq. (3.50)) and

comparing Eqs. (3.48) and (3.51) lead to:

Jij = −I(ij)− I(iiij)− I(ijjj) +
∑′

k/∈{i,j}

{I(ikjk)− 2I(ijkk)} (3.69)

The biquadratic interaction can be obtained by adding Eqs. (3.61) and (3.62).

Bij = 2I(ijij) (3.70)
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The sum of Eqs. (3.55), (3.56), (3.57) and (3.58),

1

4

∑′

i 6=j 6=k

{I(kikj) + I(kkji)− I(kkij) + I(kijk)

+I(kjki)− I(kjik) + I(ikjk) + I(ikjk)} (ik)(jk),

(3.71)

provides the three-site interaction:

Tikjk = 4I(ikjk) (3.72)

Finally, the four-site interactions are simply given by

Kijkl = I(ijkl) + I(iklj)− I(ikjl) . (3.73)

3.5.2 Parameters of the torque method

In this section we show that the two-site Heisenberg interaction inferred from the

torque method is a special combination of the two-site and multisite interactions

de�ned in the previous subsection.

The second derivatives of the grand potential used in the torque method,

Eq. (3.20), has to be compared to those of the spin Hamiltonian (3.51). The �rst

derivative of Eq. (3.51) with respect to the spin variable ~si takes the form

∂H

∂~si
=−

∑

j

Jij~sj +
∑

j

Bij (~si~sj) ~sj +
1

2

∑

jk

(Tikjk~sk (~sj~sk) + Tjiki~sj (~sk~si))

+
∑

jkl

Kijkl~sj (~sk~sl) .
(3.74)

The second di�erentiate reads

∂2H

∂~si∂~sj
= −Jij +Bij [(~si~sj) + (~sj ◦ ~si)]

+
1

2

∑

k

{Tikjk (~sk ◦ ~sk) + Tijkj [(~sj~sk) + (~sj ◦ ~sk)]

+Tjiki (~sk~si) + Tkiji (~sk ◦ ~si)}
+
∑

kl

(Kjikl (~sk~sl) + 2Kikjl (~sk ◦ ~sl)) .

(3.75)

This implies that the two-site parameters determined by the torque method are

a�ected by fours-spin (higher-order) interactions. We de�ne the dressed isotropic
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interaction as

Jij,d = Jij −Bij −
1

2

∑

k/∈{i,j}

(Tjiki + Tijkj)−
∑

k 6=l /∈{i,j}

Kijkl, (3.76)

which is the same what the torque method would provide with a FM reference

state, if the energy of the system can be characterized by a Hamiltonian containing

two-spin and four-spin interactions as introduced in Eq. (3.51).

3.5.3 Two-spin energy variations and local spin-model pa-

rameters

Based on Eq. (3.74) the single-spin variation of the energy reads as

δEi = −
∑

j(6=i)

Jij (~sjδ~si) +
∑

j(6=i)

Bij (~si~sj) (~sjδ~si)

+
1

2

∑

j 6=k(6=i)

(Tikjk (~skδ~si) (~sj~sk) + Tjiki (~sjδ~si) (~sk~si))

+
∑

j 6=k 6=l( 6=i)

Kijkl (~sjδ~si) (~sk~sl) , (3.77)

while the two-spin variation as (j 6= i)

δEij = −Jij (δ~siδ~sj) +Bij [(~siδ~sj) (~sjδ~si) + (~si~sj) (δ~siδ~sj)]

+
1

2

∑

k/∈{i,j}

Tikjk (~skδ~si) (δ~sj~sk)

+
1

2

∑

k/∈{i,j}

Tijkj [(δ~siδ~sj) (~sk~sj) + (~sjδ~si) (~skδ~sj)]

+
1

2

∑

k/∈{i,j}

Tjiki (δ~siδ~sj) (~sk~si) +
1

2

∑

k/∈{i,j}

Tkiji (~skδ~si) (δ~sj~si)

+
∑

k,l/∈{i,j}

Kijkl (δ~siδ~sj) (~sk~sl) +
∑

k,l/∈{i,j}

2Kikjl (~skδ~si) (δ~sj~sl) . (3.78)

The term δEij,1 is de�ned as the sum of the terms proportional to (δ~siδ~sj),

δEij,1 =



−Jij +Bij (~si~sj) +

1

2

∑

k/∈{i,j}

[Tijkj (~sk~sj) + Tjiki (~sk~si)]

+
∑

k,l/∈{i,j}

Kijkl (~sk~sl)



 (δ~siδ~sj) , (3.79)
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from which the con�guration dependent isotropic coupling can be read o�:

Icij =Jij −Bij (~si~sj)−
1

2

∑

k/∈{i,j}

[Tijkj (~sk~sj) + Tjiki (~sk~si)]−
∑

k,l/∈{i,j}

Kijkl (~sk~sl) .

(3.80)

By using vector identities and restricting ourselves to in�nitesimal rotations,

δEij,3 yields

δEij,3 =



Bij (~sj × ~si) +

1

2

∑

k/∈{i,j}

[Tijkj (~sj × ~sk) + Tkiji (~sk × ~si)]



 (δ~si × δ~sj) ,

(3.81)

while δEmn,2 is the rest of the energy variation,

δEij,2 = δ~si





1

2

∑

k/∈{i,j}

Tikjk (~sk ◦ ~sk) + 2
∑

k,l/∈{i,j}

Kikjl (~sk ◦ ~sl)



 δ~sj . (3.82)

Thus, the con�guration dependent two-site anisotropy matrix and DM vector take

the form,

Ac
ij =

1

2

∑

k/∈{j,i}

Tikjk (~sk ◦ ~sk) + 2
∑

k,l/∈{i,j}

Kikjl (~sk ◦ ~sl) , (3.83)

~Dc
ij = −Bij (~sj × ~si)−

1

2

∑

k/∈{i,j}

[Tijkj (~sj × ~sk) + Tkiji (~sk × ~si)] , (3.84)

respectively.

The expressions (3.80), (3.83) and (3.83) clearly prove that the con�guration

dependence of the local parameters arise exclusively from the four-spin (in gen-

eral, higher-order spin-spin) interactions. Ac
ij and ~Dc

ij vanish if only two-spin inter-

actions are present in the spin Hamiltonian. Moreover, ~Dc
ij vanishes for collinear

spin-con�gurations. Although this does not apply to Ac
ij, the second contribution to

the two-spin variation of the energy (δEmn,2) vanishes for collinear states since ~s δ~s

vanishes for in�nitesimal rotations of classical spin vectors.

3.6 Statistical comparison of di�erent spin models

[Thesis statement 5]

The methods for generating spin model parameters should be validated against

the grand potential (band energy) from which they were derived from. For this

purpose, we compared the spin-model energy and the band energy (Eq. (2.33))

of 10 000 random con�gurations for magnetic trimers in Section 6.1. This can be
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visualized by scatter plots (as an example see Fig. 6.2) with the horizontal axis

being the band energy and the vertical axis being the energy from the spin model,

and each point represents a random con�guration. The spin model describes the

band energy perfectly, if both the spin-model and band energy di�erence between

any two magnetic con�gurations are the same. In this case, the two energies can

be directly related to each other, leading to a linear function with a slope of one

in the scatter plot. For non-linear dependencies, the spin model is less accurate. It

may also occur that several magnetic con�gurations with the same band energy have

di�erent spin-model energies, causing a broadening of the scatter plot. To determine

the adequacy of the spin model, its accuracy is measured by the slope of a linear �t to

the scatter plot and by the correlation between the band energy and the spin-model

energy, as we will de�ne below.

The expected value 〈X〉 of a random variable X is quanti�ed by the sample

mean,

x =
1

n

n∑

i=1

xi , (3.85)

where xi is a measured (calculated) value of X random variable. The standard

deviation ofX and the correlation between two variables,X and Y , can be calculated

as

σ2
X = 〈(X − 〈X〉)2〉 =

1

n− 1

n∑

i=1

(xi − x)2 (3.86)

and

ρX,Y =
〈(X − 〈X〉) (Y − 〈Y 〉)〉

σXσY
=

1

(n− 1)σXσY

n∑

i=1

(xi − x)(yi − y) , (3.87)

respectively. In the present study, xi and yi are in order the calculated band energy

and spin-model energy in the ith con�guration, and n = 10 000. We determined the

slope of the scatter plot by �tting a linear function to it. Clearly, a linear depen-

dence between the two energies (Y = mX, where m > 0 is the slope) leads to the

correlation of one. If the dependence is non-linear, or the scatter plot is broadened,

then the correlation becomes smaller than one (in general, −1 ≤ ρ ≤ 1). From these

we conclude that the spin model reproduces the band energy su�ciently, if both the

slope and the correlation are close to one.

In Figs. 6.2 and 6.3 we compared the parametrizations of the spin model related

to the three di�erent ab initio techniques in the thesis: the torque method (TM),

the spin-cluster expansion (SCE), and the perturbation method (PM).
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Chapter 4

Fe chains on Re(0001) surface

[Thesis statements 1,2]

Linear chains of magnetic atoms on a superconducting surface o�er a possibility

for realizing Majorana bound states as fundamental elements of topological quan-

tum computing, the signatures of which have been investigated experimentally in Fe

chains deposited on the (0001) surface of superconducting Re [12]. Spin-polarized

scanning tunneling microscopy measurements performed for a 40-atom-long Fe chain

revealed a spin-spiral ground state with both in-plane and out-of-plane spin compo-

nents and a period of approximately four lattice constants. Motivated by this work,

in this chapter we perform a detailed investigation of the magnetic properties of Fe

chains on Re(0001).

4.1 Control calculations for the Fe adatom

We used the embedding cluster technique (see Sec. 2.4) to determine the electronic

and magnetic properties of the Fe clusters. The Re(0001) surface has been modeled

as an interface region between semi-in�nite bulk Re and vacuum consisting of eight

atomic layers of Re and four atomic layers of empty spheres (vacuum).

As mentioned earlier, we relaxed the vertical positions of the atoms near the

surface based on VASP calculations. This was done for the case of an Fe adatom.

While the Re atoms below the subsurface have been �xed to their hcp bulk positions,

the vertical positions of all Re atoms in the topmost layer and the Fe adatom have

been optimized by using a force convergence criterion of 0.01 eV/Å acting on the

individual atoms. The Fe adatom was found to pull out its three nearest-neighbor

(NN) Re atoms slightly from the top Re layer, arriving at a Fe-Re vertical distance

of 1.85 Å with respect to these nearest neighbors. We also found that the top Re

layer relaxed toward the substrate which leads to a vertical Re-Re distance of 2.16

Å between the above-mentioned three NN Re atoms of the Fe adatom and the Re

atoms in the subsurface layer, which is smaller than the bulk Re interlayer distance
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of 2.228 Å. These Fe-Re and Re-Re vertical distances were used in the subsequent

KKR calculations for the Fe adatom and the atomic chains on Re(0001).

An angular momentum cuto� of lmax = 2 was considered in the KKR calculations.

A single Fe adatom and nearest neighbor chains consisting of 5, 10, and 15 Fe atoms

were calculated by embedding them in the �rst vacuum layer.

First, we performed self-consistent �eld (SCF) calculations for the Fe adatom

with di�erent number of nonmagnetic atoms taken into account in the cluster. We

used the labels E1, E2 and E3 for the clusters, containing altogether 13, 50 and 122

atomic positions, among them 3, 19 and 58 Re atoms, respectively. We built our

clusters shell by shell: E1 contains the NN atomic positions relative to the Fe atom,

E2 contains the NN atomic positions relative to E1 cluster, etc. Note that in the

cases of E2 and E3, the vacuum positions in the third vacuum layer above the Re

surface were not included in the cluster.

Sys ~s µFe µRe ∆Ecoll ∆Erel ∆E0

E1
z 2.460 0.096 −0.875 −0.864 −0.905
x 2.458 0.096

E2
z 2.445 0.098 −0.938 −0.918 −0.943
x 2.443 0.098

E3
z 2.453 0.098 −0.742 −0.709 −0.743
x 2.450 0.097

Table 4.1. The spin-magnetic moment of Fe and the induced moments at the closest Re
sites in units of µB, for the case of a single Fe impurity on top of the Re(0001) surface at
hcp position calculated with di�erent cluster sizes (E1, E2 and E3). The direction of the
Fe moment was set to ~s. The anisotropy energy, ∆E = Ex − Ez, in units of meV is also
presented in the table as calculated within the MFT by using di�erent approaches for the
induced moments of the Re atoms explained in details in the text.

During the SCF calculations, the direction of the Fe moment was forced to point

either along the z axis (normal to the plane) or along the x axis (in-plane), while

the directions of the induced moments of the Re atoms and in the vacuum region

were updated from iteration to iteration. The values of the Fe and NN Re magnetic

moments can be found in Tab. 4.1 as calculated for the three clusters E1, E2 and

E3. In all cases the Fe magnetic moment is between 2.44 and 2.46 µB and the

induced moment of NN Re is less than 0.1 µB. Note that the induced moments

of the second NN (2NN) Re atoms are even smaller by an order of magnitude

(≈ 0.015 µB). Apparently, the size of the Fe spin moment was hardly a�ected by its

orientation (z or x) and also the induced moments turned out to be stable. This puts

forward the applicability of the magnetic force theorem (MFT) when calculating the

magnetic anisotropy energy (MAE), or, in the case of more Fe atoms, the magnetic

interactions.
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For both directions of the Fe moment, the induced spin-moments of NN and 2NN

Re atoms calculated in the E3 cluster are visualized in Fig. 4.1. Most importantly,

we observe that the NN Re moments couple almost antiparallel to the Fe moment,

with a tiny tilting particularly for the z direction of the Fe moment. The very small

2NN Re moments couple parallel to the Fe moments.

x
y

(a)

x
z

(b)

Figure 4.1. Relaxed spin con�gurations of the induced moments of the NN and 2NN Re
atoms obtained from calculations with E3 environment, by �xing the Fe moment (a) along
the x and (b) along the z directions. The Fe and Re spin vectors are labeled by red and
green arrows, respectively.

We determined the MAE of the adatom system in the spirit of the MFT by

calculating the energy di�erence ∆E based on Eq. (2.33) between the cases when

the Fe spin points in-plane (Ex) and normal to the plane (Ez). In particular, we will

discuss the role of the cluster size and of the induced moments to the MAE. For

the latter purpose, we suggest three strategies, in all of them keeping the e�ective

potentials and �elds �xed as calculated self-consistently for the z direction of the

Fe spin moment. In the �rst approach, the induced moments of the NN Re atoms

are kept antiparallel to the Fe moment, while all the other induced moments were

set parallel to it. This approach clearly re�ects the basic couplings between the

spin moments seen in Fig. 4.1, but neglects the slight noncollinearity present in

the spin con�gurations. The corresponding MAE will be termed as ∆Ecoll. In the

second approach, the direction of all the induced moments are relaxed, whereas

we emphasize again that the e�ective potentials and �elds were kept �xed. Thus,

the noncollinearity of the spin-moments is included, and the corresponding MAE is

termed as ∆Erel. By setting the e�ective �elds on the Re and vacuum sites to zero

during the calculation of Ex and Ez in terms of Eq. (2.33), in our third approach

we attempt to neglect the e�ect of self-consistency of the induced moments. This

approach relies on the fact that the induced moments are directly determined by the

Weiss �eld produced by the strong Fe moment, therefore, a single iteration almost

restores their correct values without the need of further SCF iterations. The MAE

obtained in this way will be denoted by ∆E0.
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In Table 4.1 we listed the MAE of the Fe adatom obtained for the three clusters

and also using the three strategies described above. It is obvious that the energy for

the x direction is lower by about 0.7-0.9 meV than for the z direction. The choice

of the environment clearly a�ects the MAE, which increases in magnitude by less

than 10% from E1 to E2, while decreases approximately by 15% from E1 to E3.

Considering the rapid increase of sites N when including more and more neighbor

shells in the cluster and the fact that the computational time increases with N3,

the clusters used for the calculations of Fe chains were set up with the NN (E1)

environment. As seen in Table 4.1, this ensures a very good accuracy for the spin

moments of the Fe and the NN Re atoms, while the rest of the induced moments is

negligible. Based on the above results for the MAE we expect a relative accuracy of

about 10-20% in the relativistic contributions to the magnetic interactions, which

should not a�ect the conclusions to be drawn from them.

The calculated values of the MAE of the adatom di�er quite a little when con-

sidering the three di�erent approaches to account for the induced moments as intro-

duced above. For the cluster E1 ∆Ecoll and ∆Erel are very close to each other, while

∆E0 is within 5% in magnitude compared to the previous values. For the clusters

E2 and E3 ∆Ecoll and ∆E0 are similar, while ∆Erel is only by about 5% o�. From

these results, we suggest that the MAE based on the magnetic force theorem is fairly

insensitive to the treatment of the induced moments. To calculate the tensorial ex-

change interactions of �nite Fe chains we will use the third approach, i.e. setting the

e�ective �elds at the sites with induced moments, since this procedure avoids the

need to relax the induced moments for the prescribed directions of the Fe moments

when using the relativistic torque method.

4.2 Spin model parameters for the Fe chains

We considered close-packed monatomic chains of 5, 10, and 15 Fe atoms along the

nearest-neighbor direction on the top of Re(0001). In the following this direction will

be denoted by x, the in-plane direction perpendicular to x by y, and the normal-

to-plane direction by z. Based on our investigations for the adatom, we considered

clusters containing the atomic positions in a NN environment (E1) relative to the Fe

atoms, including 11, 21, and 31 Re atoms, as well as 25, 45, and 65 empty spheres

for the chains of 5, 10, and 15 Fe atoms, respectively.

For the �ve-atom-long Fe chain we �rst performed SCF calculations with ferro-

magnetic (FM) order and used the relativistic torque method (RTM) to generate a

spin model. As will be discussed in Sec. 4.2, the NN isotropic couplings are strongly

antiferromagnetic (AFM), implying that an alternating AFM order is considerably

lower in energy than the FM state. In order to check the preference for the AFM
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state, we recalculated the potentials with the AFM order of the spins and, by us-

ing these potentials, we calculated the energy di�erence between the AFM and FM

states within the MFT. Indeed, the AFM state was by 15.7 meV/Fe atom lower in

energy than the FM state. Based on the above results, for all the Fe chains under

consideration we used the self-consistent potentials obtained from alternating AFM

con�gurations to generate the spin-model parameters.
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Figure 4.2. Nearest-neighbor (NN) and next-nearest-neighbor (2NN) isotropic interac-
tions Jij in the Fe chains of three di�erent lengths. The interaction strengths between
pairs of atoms connected by bonds are presented in the yellow boxes in units of meV.
Positive and negative signs correspond to FM and AFM couplings, respectively.

We applied the RTM to calculate the parameters of the two-spin Heisenberg

model for the chains as described in Sec. 3.1, and now these parameters are discussed.

The variation of NN and next-nearest-neighbor (2NN) isotropic interactions Jij from

Eq. (3.3) along the chains can be seen in Fig. 4.2. For all chains, the NN isotropic

interactions are the strongest, and their negative sign means AFM coupling. The

isotropic interactions become more and more homogeneous at the middle of the

chain as the length of the chain is increased. It is also apparent from Fig. 4.2 that

the isotropic NN interactions are considerably smaller in magnitude at the edges of

the chain than inside the chain for all chain lengths.

The ferromagnetic 2NN interactions are more than one order of magnitude

smaller than the NN ones as shown in Fig. 4.2. This also holds true for the interac-

tions for farther neighbors as can be seen in Fig. 4.3(a), where calculated values for

the middle spin 8 in the 15-atom-long chain are displayed. However, if one summa-

rizes the e�ect of farther interactions, it turns out that they play an important role

in determining the ground state. This is demonstrated by introducing the Fourier

transform of the isotropic interactions as

Jk(q) =
k∑

j=1

J8,8+j cos(jaq), q ∈
[
−π
a
,
π

a

]
, (4.1)
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Figure 4.3. (a) Isotropic couplings in the 15-atom-long Fe chain between the atom at the
middle of the chain indexed by 8 (see the bottom panel of Fig. 4.2) and the Fe atoms at
positions 8 + j (j = 2, . . . , 7). (b) Fourier transform of the isotropic couplings, Eq. (4.1),
where k labels the number of neighbors taken into account in the sum.

where k is the number of neighbors taken into account. If one assumes that the

interactions in the middle of the chain will no longer be signi�cantly modi�ed as

the chain length is increased, then Jk(q) may be used as an approximation for the

energy contribution of the isotropic interactions to homogeneous spin-spiral states

in in�nitely long chains, where q = 0 corresponds to the FM and q = π
a
to the AFM

state. The most favorable state is given by the maximum of Jk(q). It can be seen in

Fig. 4.3(b) that up to k = 5 this corresponds to the collinear AFM state. However,

considering more shells (k > 5) in the sum in Eq. (4.1) a spin-spiral state becomes the

most favorable, which can be regarded as a long-wavelength modulation of the AFM

state. This is a consequence of the frustration of the isotropic interactions, which in

the AFM state is indicated by the fact that the isotropic interaction between atoms

at the distance of an odd multiple j of the lattice constant becomes FM and at an

even j it becomes AFM, although the spins at odd and even j positions should be

antiparallel and parallel in the AFM state, respectively. It is shown in Fig. 4.3(a)

that such kind of frustration occurs for j ≥ 4, explaining how the spin-spiral state

is formed as the number of shells is increased.

The NN and 2NN Dzyaloshinskii�Moriya (DM) vectors in the chains, see

Eq. (3.6), are drawn in Fig. 4.4. Similarly to the isotropic exchange interactions,
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Figure 4.4. Side view of the NN and 2NN Dzyaloshinskii�Moriya (DM) vectors ~Dij from
Eq. (3.6) in the Fe chains of three di�erent lengths. With respect to the direction parallel
to the chains, the arrows are placed at the centers of the lines between the corresponding
pairs of Fe atoms, where at the left side of the line is the atom number i and at the right
side is the atom number j in the vector ~Dij . The lengths of the arrows are scaled according
to the magnitude of the DM vectors. The numerical values of the components of the DM
vectors for the 15-atom-long chain can be found in Table 4.2.

the DM vectors at the middle of the chain become stabilized as the chain length

is increased. The DM vectors between the three atoms at the edges of the chains

signi�cantly di�er from those in the middle of the chains, while these DM vectors are

similar between the 5-, 10-, and 15-atom-long chains. The obtained DM interactions

satisfy the symmetry rules of Moriya [42] with respect to the only crystal symmetry

of the system, namely the mirroring at the yz plane intersecting the middle of the

chain. Since the DM vector transforms as an axial vector, this symmetry implies

(Dx
ij, D

y
ij, D

z
ij) = (Dx

σ(i),σ(j),−Dy
σ(i),σ(j),−Dz

σ(i),σ(j)), (4.2)

where σ(i) = N + 1− i is the mirror image of site i in the chain of length N . Note

that in Fig. 4.4 the vectors are displayed for i < j and ~Dij = − ~Dji by de�nition.

In the case of the 15-atom-long chain, the numerical values for the components

of the NN and 2NN DM vectors are given in Table 4.2. It can be seen that the

2NN DM vectors are the largest in magnitude and they are almost parallel to the

−y direction. Although the y components of the NN DM vectors have the same

sign, these are actually competing with the 2NN vectors due to the short-range

AFM order (see Sec. 4.3), similarly how the alternating isotropic interactions in

Fig. 4.3(a) are competing with the NN interaction. The z components of the NN

and 2NN DM vectors are mostly positive; they only change sign for the NN atoms

at the edges of the chain (Dz
12 < 0). In general, Dz

ij is larger for the NNs than for

the 2NNs, but at the middle of the chain they become roughly similar in size. The

x components of the DM vectors are very small and they should disappear in the

limit of in�nitely long chains due to the mirror symmetry with respect to the yz

plane. For the 15-atom-long chain, the mirror symmetry implies Dx
79 = 0.
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~D12
~D23

~D34
~D45

~D56
~D67

~D78

x �0.60 0.64 0.23 0.42 0.18 �0.03 �0.03
y �3.95 �0.71 �0.98 �1.24 �1.76 �1.62 �1.43
z �1.24 2.96 1.61 1.80 1.34 1.48 1.49

~D13
~D24

~D35
~D46

~D57
~D68

~D79

x 0.05 �0.25 �0.30 �0.04 �0.02 �0.07 0.00
y �4.06 �4.47 �5.12 �5.13 �4.92 �4.96 �5.03
z 0.44 0.84 0.73 1.16 1.16 1.13 1.12

Table 4.2. Components of the NN and 2NN DM vectors, ~Di,i+1 and ~Di,i+2, respectively,
for the 15-atom-long chain, given in units of meV. The components of the DM vectors for
i > 7 can be obtained by the symmetry relations Eq. (4.2) and are illustrated in Fig. 4.4.
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Figure 4.5. Site-resolved anisotropy vectors according to Eq. (3.12). The length of the
arrows scales with the magnitude of the anisotropy vectors. The largest magnitude of ~ki is
7.79, 9.03, and 8.92 meV for the 5-, 10-, and 15-atom-long chains, respectively.

The site-resolved anisotropy vectors de�ned in Eq. (3.12) are visualized in

Fig. 4.5, where the arrows point along the easy directions and their magnitude is

proportional to the energy di�erence between hard and easy axes at the given site.

At all sites the easy axis is almost parallel to the y direction, while the hard axis

is roughly along the z direction. With increasing chain length the magnitude of the
~ki vectors gets quite homogeneous with the maxima of 7.79, 9.03, and 8.92 meV at

the middle of the 5-, 10-, and 15-atom-long chains, respectively. However, since the

site-resolved magnetic anisotropy energy drops at the edges of the chains, the aver-

age length of the anisotropy vectors is 6.25, 7.60, and 7.91 meV for the three chains

in order. These values are close to the average anisotropy energies, (Ω(ẑ)−Ω(ŷ))/N

calculated from Eq. (3.9), 5.79, 7.37, and 7.76 meV/Fe, respectively, since as noted

the local easy and hard axes are very close to the y and z axes for all the Fe atoms

in the chains.
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4.3 Ground states of the Fe chains

In this section the ground states of the Fe chains is discussed, focusing on the chirality

of spin rotation inside the chains. We will use the convention that the rotation of the

spins in the xz plane is locally right-handed at site i if the projection of ~ei+1 on this

plane may be obtained from the projection of ~ei via a right-handed rotation by an

angle smaller than 180◦ around the positive y axis, meaning that the angle between

the projections is smaller than 180◦ when rotating from the positive z towards the

positive x direction. The opposite chirality is called left-handed, in agreement with

previous de�nitions of the chirality for spin spirals close to the ferromagnetic state in

Ref. [81]. Analogously, we call the rotation in the xy plane locally right-handed if the

projections of the spins rotate from the positive x towards the positive y direction.

x

y

(a)

(b)

(c)

(d)

ez
–0.8 –0.4 0.0 0.4 0.8

Figure 4.6. Top view of the ground state spin con�gurations of the chains obtained for
di�erent chain lengths and by using di�erent calculation methods: (a) 5 Fe, spin model,
(b) 10 Fe, spin model, (c) 15 Fe, spin model, and (d) 15 Fe, homogeneous spin spirals. The
z component of the normalized spin vectors is visualized by color coding according to the
color bar below the �gures.

First we determined the ground states of the chains from the spin model following

the method described in Sec. 3.2, and we obtained the same ground states from ten

independent random initial con�guration, that can be seen in Figs. 4.6(a)-4.6(c).

The �ve-atom-long chain prefers AFM ordering due to the strong AFM coupling

between the NN spins. The z component of the DM vectors is responsible for a

slight noncollinearity in the AFM state. The negative Dz
12 value in Fig. 4.4 causes

a slight left-handed rotation between spins 1 and 2, while the positive Dz
23 causes a
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right-handed rotation between spins 2 and 3. The ground state is tilted away from

the xy plane through a rotation around the x axis by about 12.8◦, so the spins with

positive y component now have positive z component, too. The tilting is caused

by the competition of the easy y axis anisotropy (see Fig. 4.5) and the large y

components of the DM vectors (similar to those in Table 4.2) preferring a rotation

of the spins in the xz plane.

The ground state of the 10-atom-long chain in Fig. 4.6(b) is again almost collinear

AFM due to the strong NN AFM coupling between the spins. The z components of

the DM vectors shown in Fig. 4.4 cause a rotation of the spins around the z axis

along the whole chain, but no full period of a spin-spiral state can be observed. The

ground state is now tilted from the xy plane through a rotation around the x axis

by −6.2◦.

In both the 5- and 10-atom-long chains, the strong anisotropy con�nes the sys-

tems close to the xy plane. The chirality is right-handed over the middle three atoms

in the �ve-atom-long chain and over the middle eight atoms in the 10-atom-long

chain. Note that only looking at every second spin in the chain, this visually corre-

sponds to a left-handed rotation, since the angle between the neighboring spins is

close to 180◦ because of the strong AFM NN couplings. This chirality is determined

by the z components of the DM vectors shown in Fig. 4.4. The direction of the tilting

is de�ned by the chirality in the xy plane on the one hand and the y components

of the DM vectors on the other hand, the latter in�uencing the rotational sense in

the xz plane. In both systems the NN and 2NN DM vectors are characterized by

large negative y components, both of which would prefer a left-handed rotation if

the angle between the NN spins would be small. However, since this angle is larger

than 90◦ in the present case, the apparent left-handed rotation between the 2NN

spins actually corresponds to a right-handed rotation between the NN spins, mean-

ing that the NN and 2NN DM vectors are competing in this AFM spin structure.

In the �ve-atom-long chain the rotational plane is tilted around the x axis by a

positive angle, leading to a left-handed chirality in the xz plane enforced by the NN

DM vectors. For the longer chain length of 10 atoms with the same chirality in the

xy plane the in�uence of the 2NN DM vectors becomes stronger, leading to a tilting

around the x axis by a negative angle and a right-handed chirality in the xz plane.

The ground state of the 15-atom-long chain shown in Fig. 4.6(c) can much better

be characterized as a spin-spiral state. As described in the context of Fig. 4.3, the

frustrated isotropic interactions induce a spin spiral with a wavenumber of qmax =

0.88π
a
(see the k = 7 curve), which corresponds to a wavelength of about 17 a,

slightly larger than the length of the chain. In Fig. 4.6(c) the spins from positions

4 to 11 visually form a full period, which can be understood as a 14 a wavelength

modulation of the AFM state. This shorter modulation period might easily be caused
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by the z components of the NN DM vectors, which are not included in Fig. 4.3. The

large negative y components of the 2NN DM vectors play an important role in

tilting the rotational plane out from the xy plane by −26.1◦ around the x axis, for

a simple explanation see Appendix A. A similar tilted spin-spiral state was already

attributed to the interplay of the DM interaction and easy-plane magnetic anisotropy

in Ref. [82]. Similarly to the 10-atom-long chain, the DM vectors imply right-handed

rotation both in the xy plane and in the xz plane over the whole chain. This ground

state cannot satisfactorily be reconciled with the experimental observation of a four-

atomic period in a chain of 40 Fe atoms reported in Ref. [12], which would correspond

to a spin-spiral state where neighboring spins are perpendicular to each other.
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Figure 4.7. (a) The angles between NN spins ϕi, as well as (b) the y and (c) the z
components of the chirality vectors ~χi in the 15-atom-long Fe chain for the two di�er-
ent calculation methods; blue circles: spin model, red horizontal lines: homogeneous spin
spirals.

The local rotational sense of the spins in a spin spiral discussed above can be

quantitatively described by the site-dependent chirality vector de�ned as

~χi = ~si × ~si+1 . (4.3)

If only NN DM vectors were included in the model, ~χi would be parallel to the

direction of ~Di,i+1. The chirality is right-handed in the xy plane and in the xz plane

for χzi > 0 and χyi > 0, respectively. In Fig. 4.7 the magnitude of the local chirality

vectors |~χi| = sinϕi, where ϕi ∈ [0◦, 180◦] is the angle between the NN spins, as well

as the y and z components of the chirality vectors are displayed for the 15-atom-
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long chain. The angle between the spins at the edges of the chain is almost 180◦ and

also the sign of χyi is switched compared to the middle of the chain, which can be

explained by the edge e�ects in the interaction parameters discussed in Sec. 4.2. In

the middle of the chain, the local environment of the sites is similar, leading only

to slight variations in ϕi. The y component of the chirality vectors takes a value

between 0.1 and 0.2 for the spins 2 to 13, indicating that the spins tilt away from

the xy plane as argued in Appendix A.

4.4 Comparison with homogeneous spin spirals

For comparison with the ground state obtained from the spin model, we calculated

the energy of the 15-atom-long Fe chain in the homogeneous spin-spiral con�gura-

tion,

~si = (cos [i (π + δ) + ϕ0] , cosα sin [i (π + δ) + ϕ0] , sinα sin [i (π + δ) + ϕ0]) , (4.4)

in the spirit of the MFT (Eq. (2.33)) by keeping the AFM potentials �xed. Here δ

is the modulation angle of the AFM state, α is the tilting angle of the spiral from

the xy plane and ϕ0 is a phase factor. The NN spin angle is ϕ = π + δ, indicating

right-handed rotation in the xz and left-handed rotation in the xy planes for δ > 0◦

and 0◦ ≤ α ≤ 90◦, respectively. Both rotational senses switch under a sign change

of δ, and the rotation in the xy plane proceeds in the opposite direction for 90◦ ≤
α ≤ 180◦. The phase factor ϕ0 was determined by minimizing the anisotropy energy

assuming a homogeneous magnetic anisotropy with y easy axis, i.e., maximizing∑N
i=1 sin2 [i (π + δ) + ϕ0] for every δ.

The energy of the spin spirals normalized to one Fe atom is shown in Fig. 4.8 as

a function of δ and α, where the zero level corresponds to the state with the lowest

energy. The obtained minimum is at δ = 24◦ and α = 12◦, with the corresponding

spin con�guration shown in Fig. 4.6(d). While the period of this spin spiral, λ ' 15 a,

shows good agreement with that obtained from the simulations based on the spin

model shown in Fig. 4.6(c), the actual values of δ and α indicate a right-handed

rotation in the xz and a left-handed rotation in the xy planes (see above), the latter

being the opposite of the spin model simulation results. This can clearly be seen in

Fig. 4.7(c), where χzi for the ground state of the spin model and for the spin spiral

with the lowest energy are opposite in sign.

49



−90 −60 −30
0

30
60

90
δ 0

30
60

90
120

150
180

α

0
2
4
6
8

10
12
14

E
(m

eV
)

0
2
4
6
8
10
12
14

Figure 4.8. Energy per atom of di�erent spin-spiral con�gurations according to Eq. (4.4),
calculated within the MFT for the 15-atom-long chain. δ denotes the NN angle of the spiral
with respect to the collinear AFM state and α is the tilting angle from the xy plane. The
minimum, set as the zero level of the energy, is found at δ = 24◦, α = 12◦.

4.5 Dzyaloshinskii�Moriya vectors from �nite rota-

tions

It was found that the spin model Eq. (3.1) (Sec. 4.3) and the MFT calculation

of homogeneous spin spirals (Sec. 4.4) yield opposite rotational senses of the spin

components in the xy plane for the 15-atom-long chain. This most likely indicates

that multispin interactions play an important role in the present system, since these

were not taken into account in the spin model, but are implicitly included in the

MFT calculations. In order to estimate the magnitude of these interactions, it is

worthwhile to calculate the chiral interactions from energy di�erences based on the

MFT directly and compare them to the values of the spin model shown in Table 4.2.

This method is illustrated for the y component in Fig. 4.9, where eight con�gura-

tions in the xz plane are shown. First, consider the four left con�gurations. In the

con�guration denoted by C1, during a global rotation of the spins around the y axis

by the angle θ most spins are rotated according to ~s = (sin θ, 0, cos θ), while the

perpendicular spin at site j will follow ~s⊥ = (cos θ, 0,− sin θ). The con�gurations

C2, C3, and C4 are obtained by switching the signs of spins i or j as illustrated on

the right side of Fig. 4.9.

Assuming the spin model containing only two-spin interactions, from the grand
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Figure 4.9. Illustration of the states for determining chiral interactions from MFT calcula-
tions. In the case of con�gurations C1-C4, a global rotation of the spins around the y direc-
tion is performed, described by the vectors ~s = (sin θ, 0, cos θ) and ~s⊥ = (cos θ, 0,− sin θ).
In the case of C5-C8, only the ith and jth spins are rotated.

potentials related to the con�gurations C1-C4 one obtains

Ω (C1)− Ω (C2)− Ω (C3) + Ω (C4) = −2
(
Jzxij − Jxzij

)

+ 2
(
Jxzij + Jzxij

)
cos 2θ + 2

(
Jxxij + Jzzij

)
sin 2θ

(4.5)

as a function of the rotation angle θ. Note that due to the choice of con�gurations

and the switching of the spin directions only the interaction between sites i and j

remains in Eq. (4.5). Averaging Eq. (4.5) over the angle θ we de�ne the y component

of the chiral interaction vector as

Dy
r1,ij ≡ −

1

4
〈Ω (C1)− Ω (C2)− Ω (C3) + Ω (C4)〉 , (4.6)

which, by comparing with Eq. (3.6), corresponds to the y component of the DM

vector Dy
r1,ij = Dy

ij = 1
2
(Jzxij − Jxzij ), if only two-spin interactions are considered

in the spin model. Here the index r1 denotes that the chiral interaction vector was

obtained from the rotational scheme depicted to the left side of Fig. 4.9. Analogously,

the quantities Dx
r1,ij and Dzr1,ij corresponding to the other two components of the

DM vector can be calculated by performing the rotation in the yz and xy planes,

respectively.

The calculated values for Dα
r1,ij (α = x, y, z) are collected in Table 4.3 for NN

and 2NN spins in the middle of the 15-atom-long chain. In addition, the Dα
t,ij values

obtained from the torque method in Sec. 4.2 are listed in the table, which within the

spin model Eq. (3.1) should also coincide with Dα
ij (cf. Table 4.2). Due to the mirror

symmetry with respect to the yz plane going through atom 8, the symmetry rules

for the DM vectors, Eq. (4.2), imply
(
Dx
t,78,Dyt,78,Dzt,78

)
=
(
−Dx

t,89,Dyt,89,Dzt,89
)
and

Dx
t,79 = 0. Remarkably, these symmetry relations do not apply to the corresponding
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chiral interaction vectors obtained from the rotational method; in particular, Dx
r1,79

does not vanish, but it has a comparable value to the other components. This means

that the spin-model parametrization of the band energy surface of the present system

is not compatible by taking into account two-spin DM interactions only.

i j α Dα
r1,ij Dα

r2,ij Dα
t,ij

7 8 x �0.243 �0.095 �0.033
7 8 y �3.107 �3.109 �1.428
7 8 z �2.306 �2.315 1.491
7 9 x �0.376 0.000 0.000
7 9 y �1.083 �1.220 �5.030
7 9 z �1.319 �1.147 1.117
8 9 x �0.167 0.095 0.033
8 9 y �3.154 �3.109 �1.428
8 9 z �2.313 �2.315 1.491

Table 4.3. Chiral interaction vectors between pairs of spins obtained from the rotational
scheme based on MFT calculations, Dα

r1,ij (Eq. (4.6)) and Dα
r2,ij (Eq. (4.16)), and from

the torque method, Dα
t,ij , de�ned in Eq. (4.14). Values are given in meV for NN and 2NN

interactions in the middle of the 15-atom-long chain.

4.6 E�ects of four-spin chiral interactions

In order to explain the di�erences between Dα
r1,ij and Dαt,ij in Table 4.3, it is necessary

to include multispin chiral interactions in the model description. Consider a grand

potential of the form

Ω =
∑

i

~siKi
~si −

1

2

∑

i,j

~siJ ij~sj −
1

2

∑

i,j

~Dijij (~si~sj) (~si × ~sj)

−
∑

i,j,k

~Dijjk (~si~sj) (~sj × ~sk)−
1

4

∑

i,j,k,l

~Dijkl (~si~sj) (~sk × ~sl) ,
(4.7)

where the last three terms represent two-, three-, and four-site four-spin chiral inter-

actions combining isotropic (scalar product) and DM (cross product) contributions.

In the sums in Eq. (4.7), the i, j, k, and l indices run over all lattice sites, and in

each sum the di�erent indices label di�erent atoms.

The two-site four-spin chiral interactions have already been investigated in

Ref. [54]. Following from the de�nition Eq. (4.7), they are antisymmetric in their

indices,

~Dijij = − ~Djiji, (4.8)
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similarly to the two-spin Dzyaloshinskii�Moriya interaction in Eq. (3.6). For the

three-site interactions we will consistently use the notation ~Dijjk where the second

and third site indices coincide, in which case there is no intrinsic symmetry rela-

tion connecting the coe�cients in the sum in Eq. (4.7). By de�nition, the four-site

interactions ~Dijkl satisfy the symmetry relations

~Dijkl = ~Djikl, (4.9)

~Dijkl = − ~Dijlk; (4.10)

therefore, a prefactor of 1/4 is introduced in the last term of Eq. (4.7). Moreover,

the mirror symmetry on the yz plane in the center of the chain implies

~Dijkl =




1 0 0

0 −1 0

0 0 −1


 ~Dσ(i)σ(j)σ(k)σ(l), (4.11)

where σ(i) was de�ned in the context of Eq. (4.2). Equation (4.11) is satis�ed for

two-, three-, and four-site chiral interactions.

If Eq. (4.6) is evaluated based on the model Eq. (4.7), one obtains

Dα
r1,ij = Dα

ij +
∑

k/∈{i,j}

Dα
ikkj +

∑

k 6=l /∈{i,j}

(
1

2
Dα
klij +Dα

iklj

)
. (4.12)

Note that the two-site four-spin interaction ~Dijij does not contribute to the grand

potential of the con�gurations shown in Fig. 4.9, since it is only �nite between pairs

of spins which are not parallel and not perpendicular to each other. Considering the

chiral interaction vectors in Table 4.3 it is possible to derive

Dx
r1,79 =

∑

k/∈{7,9}

Dx
7kk9 +

∑

k 6=l /∈{7,9}

Dx
7kl9, (4.13)

which generally does not vanish since the three-site and four-site chiral interac-

tions are not antisymmetric with respect to their �rst and fourth indices. This

indicates the presence of four-spin chiral interactions in the system on the order

of 0.4meV, which is not negligible compared to the total value of chiral interac-

tions also containing two-site contributions displayed in Table 4.3. The relation(
Dx
r1,78,Dyr1,78,Dzr1,78

)
6=
(
−Dx

r1,89,Dyr1,89,Dzr1,89
)
, which breaks the symmetry rules

for two-spin DM interactions, may similarly be explained by the presence of the

four-spin chiral interactions.

The chiral interaction related to the torque method with FM states along Carte-
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sian axes are de�ned as (cf. Eqs. (3.18) and (3.19))

Dα
t,ij ≡

1

2

(
∂2Ω

∂β1j∂β2i
− ∂2Ω

∂β2j∂β1i

)
, (4.14)

which can be simply associated with the DM vectors as introduced in Eq. 3.6, if

one considers the second order Heisenberg model (3.1). However, changing from

the two-spin model in Eq. (3.1) to the model containing also four-spin interactions

in Eq. (4.7) naturally modi�es the interpretation of the chiral interaction energies

obtained from the torque method,

Dα
t,ij = Dα

ij +Dα
ijij +

∑

k/∈{i,j}

Dα
kiij −

∑

k/∈{i,j}

Dα
kjji +

1

2

∑

k 6=l /∈{i,j}

Dα
klij . (4.15)

It should be noted that contrary to Eq. (4.12), Eq. (4.15) is antisymmetric with

respect to the site indices i and j, thus preserving the symmetries (Moriya's rules)

of the two-site DM vectors.

In order to symmetrize the interactions related to the scheme of �nite rotations,

we introduce an alternative set of con�gurations as shown in the middle column of

Fig. 4.9. The con�gurations C5, C6, C7, and C8 correspond in order to the case of

C1, C2, C3, and C4, where the ith and jth spins are rotated, but we �x the direction

of spins ~sk = ~sz with k /∈ {i, j}. Then, the y component of the chiral interaction

vector may be calculated from states in the xz plane as

Dy
r2,ij ≡ −

1

4
〈Ω (C5)− Ω (C6)− Ω (C7) + Ω (C8)〉 , (4.16)

where the other two components, Dx
r2,ij and Dxr2,ij, can be calculated as described in

context of Eq. (4.6). After all, by comparing with the four-spin Hamiltonian (4.7),

the chiral interaction vector in this second rotational scheme reads

Dα
r2,ij = Dα

ij +
1

2

∑

k/∈{i,j}

(
Dα
ikkj −Dα

jkki

)
+

1

2

∑

k 6=l /∈{i,j}

(
Dα
iklj −Dα

jkli

)
+

1

2

∑

k 6=l /∈{i,j}

Dα
klij ,

(4.17)

which is exactly the same as the anitsymmetrized version of Eq. (4.12). The nu-

merical values (Table 4.3) of the non-vanishing terms are very close to those ob-

tained from the �rst rotational scheme (Eq. (4.6)), however,
(
Dx
r2,78,Dyr2,78,Dzr2,78

)
=(

−Dx
r2,89,Dyr2,89,Dzr2,89

)
and Dx

r2,79 = 0, meaning that this determination of the chiral

interactions satisfy the Moriya rules [42].

Most importantly, the di�erent treatment of the two-, three-, and four-site four-

spin interactions between the rotational scheme in Eq. (4.17) and the torque method

in Eq. (4.15) can explain why the z components of the two kinds of chiral interac-
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tion vectors have di�erent signs in Table 4.3. While the torque method supports

positive χzi or right-handed chirality in the xy plane, the rotational scheme supports

negative χzi or left-handed chirality in the same plane. The chirality related to the

rotational method is in agreement with the lowest-energy spin-spiral state obtained

from MFT calculations. These results clearly prove that considering higher-order

chiral interactions is essential for a deeper understanding of the rotational sense of

magnetic nanostructures.
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Chapter 5

Mn and Fe clusters on Nb(110)

[Thesis statements 3,4]

As mentioned in the Introduction, determining the magnetic con�guration is of cru-

cial importance to explain the subgap fermionic states in magnetic-superconducting

hybrid systems. From that point of view, Mn and Fe adatoms, Mn dimers and Mn

chains have been studied experimentally on Nb(110) [7,8,14,83]. Here we perform a

systematic investigation of the magnetic properties of Mn and Fe adatoms, dimers

and chains on Nb(110) along di�erent crystallographic directions.

We used the embedding technique (Sec. 2.4) to determine the electronic and

magnetic properties of the clusters. The Nb(110) surface has been modeled as an

interface region between semi-in�nite bulk Nb and vacuum consisting of eight atomic

layers of Nb and four atomic layers of empty spheres (vacuum). According to VASP

calculations of a single Mn adatom on Nb(110), the average vertical distance between

the surface and subsurface Nb layers decreased to 2.275 Å from the bulk value of

aNb

√
2/2=2.334 Å, and the Mn adatom relaxed even more, to a vertical distance

of 1.987 Å measured from its nearest-neighbor (NN) Nb atoms. In the case of the

Fe adatom on Nb(110), the average vertical distance between the atoms in the

two highest Nb layers decreased to 2.254 Å, and the Fe adatom relaxed to a vertical

distance of 1.750 Å measured from its NN Nb atoms. These interlayer distances were

used in the KKR calculations.

A single Mn or Fe adatom, dimers and chains consisting of 5, 10, and 15 Mn

or Fe atoms were calculated by embedding them in the �rst vacuum layer. In these

calculations we used an angular momentum cuto� of lmax = 3. First, we performed

self-consistent �eld (SCF) calculations for the Mn and for the Fe adatom on the

top of the Nb(110) substrate. We considered clusters of di�erent atoms with proper

environment and concluded that the spin magnetic moment of Mn and Fe changes by

less than 0.5% when increasing the size of the cluster from 15 lattice sites including

four Nb atoms and ten empty spheres in the 2NN shell to 52 lattice sites including the

�rst �ve neighbor shells around the adatom. The anisotropy energy of the adatom
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between out-of-plane and in-plane orientations also changes by less than 4% between

the two cluster sizes.

5.1 Mn and Fe adatom

2

1

1

2

3

4

5

1 2

adatom

u-1NN dimer

x-2NN dimer

y5 chain
x

y

Figure 5.1. Illustration of the self-consistently treated atomic clusters. Red circles rep-
resent the magnetic atoms at hollow positions on the bcc(110) surface, and gray circles
represent the top Nb atoms. The clusters were calculated one by one, and contained the
atoms inside the black curves. Crystallographic directions: x=[110], y=[001], u=[111].

The SCF calculations for the Mn and Fe adatoms embedded into the �rst vacuum

layer were performed containing atomic positions inside the radius of 3.31 Å (see

Fig. 5.1), which means beyond the adatom the cluster also contained four Nb atoms

from the top Nb layer, and 10 vacuum positions.

First, let us consider the Mn adatom. The spin magnetic moment of the Mn atom

is 3.70 µB. The induced spin moment of the NN Nb atom is 0.23 µB, the 2NN Nb

moment is again one order of magnitude smaller, which also supports the assumption

that farther atomic sites do not need to be included in the self-consistently treated

cluster.

In the spirit of the magnetic force theorem, the magnetocrystalline anisotropy

energy (MAE) was determined based on band energy di�erences between magnetic

orientations. In order to avoid the ambiguity in the size and orientation of the

induced moments, during the calculation of the MAE the initial local exchange �eld

on the sites with induced magnetic moments was set to zero (see also chapter 4).

We obtained 0.31 meV for the MAE between the [110] (x, in-plane) and [110] (z,
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perpendicular) crystallographic directions. The MAE between the [001] (y, in-plane)

and [110] (z) directions is 0.16 meV, meaning that the easy and medium directions

are the z and y directions, respectively. Note that the band energy di�erence between

the x and the z directions is 0.29 meV, and 0.16 meV between the y and the z

directions if the induced moments are also considered, meaning that switching o�

the exchange �eld at sites with induced magnetic moments causes a relative error

less than 7% in magnitude.
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Figure 5.2. Local density of states of magnetic adatoms and of the Nb surface. Spin-
resolved LDOS of the (a) Mn, of the (b) Fe adatoms and of the (c) top Nb layer from
the layer calculations (in the absence of the Mn adatom) as projected onto the d orbitals.
Positive values: DOS of majority spin channel; negative values: DOS of minority spin
channel multiplied by −1. The Fermi energy is denoted by a vertical black line.

The local density of states (LDOS) on the Mn adatom is shown in Fig. 5.2(a) as

projected onto the real spherical harmonics with ` = 2, i.e. onto the d orbitals. To

visualize both spin channels, the LDOS of the minority spin channels is multiplied

by −1. It can be seen that the in-plane d orbitals, dxy and dx2−y2 , typically display

sharper peaks than the other d orbitals, because they hybridize less with the surface

Nb atoms. Note that due to the C2v symmetry of the system, the dz2 and dx2−y2

orbitals are hybridized with each other, displaying peaks at the same energies. The

peak in the dyz channel is located at the lowest energy, which can be explained by

the fact that the closest two Nb atoms are located in the yz plane, and with the

hybridization these states may gain the most energy. The large hybridization of this
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orbital with the substrate can be seen in the broad LDOS pro�le in the minority spin

channel. Multiple peaks can also be observed for the dxz orbital, most probably due

to the hybridization with the substrate Nb atoms having peaks in the LDOS in the

same energy range (Fig. 5.2(c)). Note that the Nb surface LDOS was calculated in

the geometry determined for the Mn adatom, but applying the Fe adatom geometry

does not change the Nb LDOS qualitatively.

The Fe adatom was also calculated self-consistently with similar conditions as

the Mn adatom, except for the di�erent perpendicular relaxation described in the

introductory part of this chapter. The spin magnetic moments of the Fe atom and

of the NN Nb atom are 2.34 µB and 0.22 µB, respectively, while the other induced

moments are less then 0.02 µB. The MAEs are equal to Axx − Azz = 0.24 meV and

Ayy − Azz = 0.70 meV, meaning that z is the easy and x is the medium direction.

The LDOS of the Fe adatom is shown in Fig. 5.2(b), where the more structured

pro�les indicate that most of the orbitals hybridize with the substrate more than in

the case of the Mn adatom, which can be well understood by the larger relaxation.

The Fe atom has one more electron than the Mn atom nominally possessing a half-

�lled d band, which leads to a higher occupation of the minority spin channel in the

Fe adatom, indicated by a shift of the minority spin orbitals in the LDOS towards

smaller energies. This also decreases the spin moment of Fe. Overall, the LDOS of

the Fe adatom in Fig. 5.2(b) seems to be in a good agreement with that reported in

Ref. [8] without orbital decomposition.

5.2 Mn and Fe dimers

We calculated magnetic dimers on Nb(110) surface with di�erent distances between

the magnetic atoms and positioned along various crystallographic directions. Note

that x, y and u denote the crystallographic directions [110], [001] and [111], respec-

tively. The dimers are labeled by a letter and a number together (α-dNN), where

α ∈ {x, y, u}, and dNN labels the distance of the two adatoms (see Fig. 5.1 for an

illustration), meaning the d-th nearest neighbor. The environment was fabricated

by the following procedure: �rst a chain with d + 1 atoms was created with a 2NN

environment, then the magnetic atoms were inserted to both ends of the d+1-atom-

long chain; �nally, Nb and vacuum atoms were inserted to the proper positions in

the cluster. So, for example in a x-2NN dimer, the atomic position between the two

magnetic atoms, where a vacuum sphere was embedded, and its 2NN environment

has also been included in the cluster (see Fig. 5.1). During the SCF iterations, we

used ferromagnetic (FM) ordering of the spins along z, assumed to be the easy

direction; while the induced moments were relaxed.
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J12 Dx
12 Dy

12 Axx − Azz Ayy − Azz ϑSD ϑAD

Mn x-1NN �7.13 0.00 0.01 0.29 0.16 179.93 179.90
Mn x-2NN �1.90 0.00 �0.02 0.28 0.14 179.04 179.04
Mn x-3NN �0.45 0.00 0.03 0.28 0.14 178.16 178.18
Mn y-1NN 31.93 0.22 0.00 0.38 0.18 0.36 0.37
Mn y-2NN �1.04 �0.17 0.00 0.28 0.16 172.24 172.13
Mn y-3NN �0.10 �0.01 0.00 0.28 0.14 178.04 178.05
Mn u-1NN �33.00 0.10 0.32 0.34 0.24 179.46 179.46
Mn u-2NN 5.92 0.08 �0.55 0.28 0.12 5.24 5.27
Mn u-3NN �1.32 0.15 �0.08 0.28 0.12 172.90 172.88
Fe x-1NN �4.35 0.00 �0.15 0.32 0.70 178.04 178.04
Fe x-2NN �2.92 0.00 �0.06 0.29 0.67 178.93 178.93
Fe x-3NN �0.74 0.00 0.11 0.28 0.68 173.94 173.93
Fe y-1NN 33.30 0.07 0.00 0.29 0.73 0.05 0.07
Fe y-2NN 10.61 0.02 0.00 0.27 0.68 0.01 0.02
Fe y-3NN �0.73 0.14 0.00 0.29 0.68 174.67 174.72
Fe u-1NN 49.66 1.39 �3.24 0.45 0.70 4.00 4.01
Fe u-2NN 9.85 0.00 �0.85 0.36 0.77 4.95 4.98
Fe u-3NN �3.91 0.15 �0.03 0.29 0.68 177.60 177.59

Table 5.1. Spin model parameters in units of meV and ground state spin angles in degrees
for the Mn and Fe dimers. The isotropic interactions Jij (positive and negative values

mean FM and AFM coupling, respectively), Dzyaloshinskii�Moriya (DM) vectors ~Dij and
anisotropy matrix elements A are shown. Note that A also includes the two-site anisotropy.
Dz

12 = 0 holds for all the dimers. ϑSD is the ground state angle based on spin dynamics
simulations, and ϑAD is the approximate ground state spin angle calculated using the spin
model parameters (see Appendix A).

The magnetic structure of the Mn and Fe dimers is investigated by the spin model

de�ned in Sec. 3.1, with its parameters determined by the SCE (see Sec. 3.4). These

parameters are collected in Table 5.1. In both cases, the u-1NN dimer has the largest

isotropic interaction in absolute value. The main tendency of the isotropic interac-

tions is that they decrease as the distance between the magnetic atoms is increased.

Due to the C2 symmetry of the dimers, the z component of the Dzyaloshinskii�

Moriya (DM) interaction vanishes. For the dimers along the x and y directions, the

DM component perpendicular to the mirror plane that exchanges the two magnetic

atoms also has to be 0. The MAE is similar as for the adatom, so the easy axis is

close to the z direction, while the medium axis points nearly along the y (x) direction

for the Mn (Fe) dimers. The anisotropy matrices A have �nite o�-diagonal compo-

nents, which are not explicitly listed in Table 5.1 but indicated by the deviation of

the dimers from the collinear alignment. This is because the C2 symmetry of the

u-1NN, u-2NN, and u-3NN dimers does not determine the anisotropy directions to

be parallel to the principal Cartesian axes. In the case of dimers along the x and y

directions, the C2v symmetry determines one of the anisotropy axes to point along
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a Cartesian direction, namely along y for the x dimers and along x for the y dimers,

as a consequence of the mirror plane leaving the magnetic atoms invariant.

The ground state spin angle between the spin moments of the dimer atoms was

determined by spin dynamics simulations, listed as ϑSD in Table 5.1. Due to the hi-

erarchy of the parameters, where the isotropic interaction is the largest, the ground

state spin angle is close to 0◦ (FM alignment) or 180◦ (AFM alignment), determined

by the sign of the isotropic interaction, where the positive (negative) sign corre-

sponds to the FM (AFM) coupling. The DM interaction, preferring a perpendicular

alignment of the spins, causes a deviation from the collinear alignment. The devi-

ation of the easy anisotropy axis from the z direction discussed above contributes

to this e�ect, since the easy direction is not parallel on the two adatoms, rather

connected by a C2 rotation. Although the ground-state angle cannot be expressed in

a closed form using the interaction parameters, an approximate method of �nding

it is discussed in Appendix B. These values are given as ϑAD in the table, and agree

with the numerically calculated values ϑSD within 0.1◦ accuracy. The AFM ground

states of the Mn u-1NN and Mn y-2NN dimers agree well with scanning tunneling

spectroscopy experiments [7], but the Mn x-1NN dimer exhibits experimentally a

FM ground state contrary to the AFM state obtained from our calculations. This

may be caused by the limitations of the simulation techniques, e.g. the angular mo-

mentum cuto�, or additional structural relaxations that are not taken into account

in the KKR calculations.

5.3 Mn and Fe chains

In the following, monatomic NN-distanced Mn and Fe chains containing 5, 10, and 15

magnetic atoms along the x, y, and u directions are considered. Similarly as for the

dimers, a second-neighbor environment was included in the self-consistently treated

clusters, see Fig. 5.1 for the y5 chain as an example. The spin model parameters

for the chains were determined by the SCE (Sec. 3.4), and the parameters at the

end (edge atom) and in the middle (center atom) of the 15-atom-long chains are

reported in Tab. 5.2.

The NN isotropic interactions can directly be compared with the values obtained

for the NN dimers. The interactions at the ends of the chains agree within 8% with

the dimer values for the Mn systems, but vary much more for the Fe systems,

which will further be investigated in Section 5.4. Due to the C2v symmetry of the

chains along x and y, the DM vector components have to vanish in the mirror

plane that leaves the position of the magnetic atoms unchanged, corresponding to

the z component along both directions and the x and the y components for chains

along the x and y directions, respectively. For chains along the u direction with C2
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i Ji(i+1) Dx
i(i+1) Dy

i(i+1) Ji(i+2) Axxi − Azzi Ayyi − Azzi
Mn x15 1 -6.87 -0.00 0.07 -1.28 0.31 0.16
Mn x15 8 -6.70 0.00 0.11 -1.15 0.34 0.18
Mn y15 1 29.09 0.24 0.00 2.31 0.41 0.23
Mn y15 8 27.14 0.30 0.00 2.14 0.57 0.32
Mn u15 1 -35.56 0.38 -0.55 2.71 0.39 0.26
Mn u15 8 -38.15 0.45 -1.50 2.58 0.49 0.40
Fe x15 1 -3.41 -0.00 -0.04 -2.02 0.32 0.71
Fe x15 8 -2.56 -0.00 0.01 -1.74 0.36 0.76
Fe y15 1 25.42 -0.19 0.00 10.00 0.23 0.73
Fe y15 8 18.57 -0.41 -0.00 9.64 0.18 0.77
Fe u15 1 34.11 0.82 -2.52 1.54 0.45 0.74
Fe u15 8 18.00 0.53 -1.68 3.80 0.51 0.72

Table 5.2. Spin model parameters of the 15-atom-long chains in meV units. i = 1 and 8
denote the edge atom (at the end) and center atom (in the middle) of the chains, respec-
tively. For the notation of the spin model parameters see Tab. 5.1. Here, the 2NN isotropic
exchange interactions, Ji(i+2), are also reported.

symmetry, the z component of the DM vector between sites connected by the 180◦

rotation also has to be zero. Dz
i(i+1) takes a �nite value in the order of 0.1 meV

at the ends of the u15 chains, which is still weaker than the other spin interaction

parameters listed in Tab. 5.2 for these pairs. The DM interactions are stronger if the

atoms are located closer to each other in the chains, but overall they are relatively

weak compared to the isotropic exchange interactions.

The values of the anisotropy tensor elements at the ends of the chains are similar

to those obtained for the NN dimers, e.g., Axx − Azz = 0.29 meV for the Mn

x-1NN dimer and 0.30 meV for the �rst site (edge atom) in the Mn x15 chain.

This di�erence is below 7% for all the anisotropy parameters, so one can conclude

that the anisotropy is mostly determined by the local environment, which is similar

at the end of NN chains and in the case of the NN dimers. Moving toward the

middle of the chain, the anisotropy of Mn chains, interestingly, is more sensitive to

the coordination number than that of Fe chains, in the opposite manner that was

observed for the isotropic couplings.

The ground state of all the Mn chains and of the Fe chains along y and u

directions is determined by the sign of the NN isotropic interaction: if it is positive

(negative), then the ground state is the FM (alternating AFM) con�guration. The

spins point along ±z, with some deviation at the ends of the chains due to the DM

interaction, and due to the small changes in the easy direction along the chains, based

on similar symmetry arguments to how the ground-state angle in the dimers was

determined in Sec. 5.2. Based on scanning tunneling spectroscopy measurements, FM

and AFM ground states were found for Mn u13 and for Mn y15 chains, respectively
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[83], in agreement with our results.

x
z

Figure 5.3. Side view of the ground state of the Fe chains along the x direction. The spin
con�gurations of the Fe x5, x10, and x15 chains are shown. With increasing x coordinate, a
clockwise rotation of the spins is observed for all chain lengths. Using proper Monte Carlo
and Landau�Lifshitz�Gilbert dynamics, we arrived at the same ground state starting from
10 independent random con�gurations.
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Figure 5.4. Fourier transform of the magnetic interactions for the Fe x15 chain. The
isotropic and the DM interactions in Eqs. (5.1) and (5.2) are summed up.

We obtain a spin-spiral ground state for the Fe chains along the x direction, see

Fig. 5.3. Similarly as in the case of the Re(0001) substrate (Sec. 4.3), this ground

state can also be well understood based on the Fourier transform of the spin model

parameters of the x15 chain shown in Fig. 5.4,

Jk(q) =
k∑

j=1

J8(8+j) cos(jaxq), q ∈
[
− π

ax
,
π

ax

]
, (5.1)
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which is the same as Eq. (4.1) but a changed to ax, and

Dk(q) =
k∑

j=1

Dy
8(8+j) sin(jaxq), q ∈

[
− π

ax
,
π

ax

]
, (5.2)

where ax =
√

2aNb = 4.667 Å. These formulae describe a harmonic spin-spiral state

rotating in the xz plane, since the DM interaction only contributes to the energy

of spin spirals in this plane. k = 1 in Fig. 5.4 represents a simple cosine function,

leading to a single maximum. Due to the frustration of the 2NN isotropic interaction

which is also AFM, starting from k = 2 we �nd local minima at positive and negative

wave numbers, corresponding to opposite chiralities. If at least four shells are taken

into account in the summation, we obtain a �at dispersion relation, which, together

with the anisotropy, can stabilize spin spirals with several di�erent wave vectors.

While the DM interaction prefers a clockwise rotation of the spins (see Fig. 5.3),

we con�rmed by Landau�Lifshitz�Gilbert dynamics simulations that the relatively

large anisotropy also stabilizes the opposite rotational sense as a metastable state.

This suggests that in very long chains, sections with di�erent spin-spiral periods

and even opposite chiralities may alternate at �nite temperature if the system is

unable to �nd the global energy minimum. Such a state would be similar to the

spin glass state recently investigated on the (0001) surface of Nd in Ref. [84]. If

all the interactions are taken into account up to the 7th neighbor of the middle

spin, the maximum of Jk(q) +Dk(q) is obtained at qmax = 0.59 π/ax, meaning that

the wavelength of the spin spiral should be 3.39 ax. The ground state spin angle

between sites 8 and 9 is 107◦ in the simulations, which translates to a spin-spiral

wavelength of 3.35 ax, being in an excellent agreement with the value determined

from the Fourier transform.

5.4 Analysis of the isotropic exchange interactions

This section is devoted to gain insight into the magnetic couplings in dimers and in

chains with di�erent crystallographic orientations. To this end, in the non-relativistic

case (without SOC) we calculated the orbital decomposition of the isotropic inter-

action for the closest (1NN) dimers along the di�erent directions, J12,nr, which can

be seen in Tab. 5.3. As expected, the main contributions come from the d orbitals.

The dz2 orbital has a signi�cant contribution in all dimers but the Fe u-1NN case,

since it can hybridize with the underlying Nb surface. The in-plane components,

dxy and dx2−y2 are mainly more relevant for the closer dimers, indicating a direct

hybridization of these orbitals between the magnetic atoms. It should also be noted

that the dyz orbital contributes to J12,nr most strongly in the case of the y-1NN
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dimers, possibly mediated by the Nb atom located below the center of the magnetic

atoms along that direction. Interestingly, the dxz orbital contributes most strongly

in the case of the u-1NN dimers. Its contribution to J12,nr in the x-1NN dimers is

rather weak, which may be attributed to the large distance between the atoms along

the x direction.

J12,nr s p dxy dyz dz2 dxz dx2−y2 f

Mn x-1NN �7.27 �0.12 0.26 0.45 0.55 �7.18 �0.38 �0.87 0.02
Mn y-1NN 31.75 0.16 �0.55 2.47 18.66 12.15 0.87 �1.99 �0.02
Mn u-1NN �33.19 �2.75 3.18 �12.08 2.22 �14.16 15.71 �25.76 0.45
Fe x-1NN �4.59 �0.05 0.11 1.41 1.47 �7.05 �0.70 0.20 0.01
Fe y-1NN 33.53 0.59 �0.65 3.17 5.26 6.06 �1.53 20.63 �0.01
Fe u-1NN 50.01 �0.26 0.12 16.82 1.44 0.33 15.74 15.81 0.02

Table 5.3. Orbital decomposition of the isotropic exchange interaction in the 1NN Mn
and Fe dimers. All values are given in meV units. Note that the SOC is turned o�, so the
J12,nr values slightly di�er from the J12 parameters given in Table 5.1.

The orbital-decomposed isotropic exchange interactions are possible to trace back

to the LDOS of the dimers, illustrated for the Mn u-1NN dimer in Fig. 5.5(a). To

get more accurate results, we recalculated the SCF potentials with an AFM align-

ment of the spins, while the orientations of the induced moments were relaxed. The

LDOS was also calculated in an AFM alignment. Compared with the Mn adatom in

Fig. 5.2(a), the main LDOS features are the same, the positions of the peaks do not

visibly shift, but due to the adjacency of the Mn atoms, the curves become smoother.

Note that a FM ordering of the spins would cause more considerable changes in the

LDOS, because in that case the same spin channel of the two Mn atoms in the same

energy range could hybridize, while in the AFM case the majority spin channel of

either atom and the minority spin channel of the other atom are shifted in energy,

leading to much less hybridization.

As calculated directly from the LDOS, the orbital decomposition applies also to

the band energy. To have a deeper look on the role of the orbital contributions to

the isotropic exchange interaction, we introduce the band energy di�erence between

AFM and FM con�gurations as

∆Eγ
band,D(EF) = EAFM,γ

band,D(EF)− EFM,γ
band,D(EF), (5.3)

where D indicates that it is obtained from the LDOS, and γ stands for the atomic

orbital. The band energy di�erence can directly be calculated from the change of

the LDOS,

∆Eγ
band,D(E) =

∫ E

−∞
dε (ε− EF)

(
LDOSAFM,γ (ε)− LDOSFM,γ (ε)

)
, (5.4)
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where EF is the Fermi energy. ∆Eγ
band,D as a function of energy is shown in

Fig. 5.5(b), where we performed the energy integration parallel to the real energy

axis, with 68 meV imaginary part of the energy. In the majority spin channel larger

oscillations can be seen than for the minority spin channel, but its contribution

averages out if the integral is evaluated up to the Fermi energy. It can be con-

cluded that the magnetic orientation modi�es the sharpness of the LDOS, but does

not a�ect the positions of the peaks, so in the case of fully occupied states only

tiny contributions to the band energy di�erence can be observed. This is also true

for the minority spin channel when the whole bandwidth is considered, but at the

Fermi energy those orbitals are only partially occupied, leading to relatively large

band-energy di�erences.
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Figure 5.5. Local density of states and band energy di�erences of the Mn u-1NN dimer.
(a) Spin-resolved LDOS in an AFM con�guration as projected onto the d orbitals. (b)
Spin-resolved band energy di�erences between AFM and FM alignments as a function of
energy according to Eq. (5.4). The Fermi energy is denoted by a vertical black line.

Instead of calculating the band energy along the line parallel to the real energy

axis, we integrated it using the same semicircle contour that was used in the SCF

calculations to get more accurate results. EAFM,γ
band,D and EFM,γ

band,D were calculated using
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the original, FM SCF potentials, with the initial local exchange �eld set to zero

on the sites with induced magnetic moments. The band energy di�erences for the

whole cluster divided by the number of magnetic atoms is denoted by ∆Eband,L in

Table 5.4, where the L subscript indicates that Lloyd's formula has been applied

instead of Eq. (5.4). In terms of a spin model, the energy di�erence between the

AFM and FM con�gurations is expected to be ∆Eband = J . Indeed, we �nd that

∆Eband,L agrees with the non-relativistic isotropic exchange coupling, J12,nr in Ta-

ble 5.3 up to a precision of 0.5 meV. This nice agreement implies that the magnetic

coupling in the investigated dimers can well be described by the isotropic interaction

obtained from the SCE technique. In most of the cases, a semi-quantitative agree-

ment can be concluded between the orbital-decomposed isotropic spin interactions

(Table 5.3) and the orbital-decomposed band energies restricted to a single magnetic

atom (Table 5.4), where the signs and the relative magnitudes of the decomposed

parameters are the same. Note that the sum of the orbital contributions does not

equal ∆Eband,L, mainly because the latter also includes band energy di�erences on

the neighboring Nb atoms in the cluster. The closest agreement between the sum

and the total band energy di�erence is found for the u-1NN dimers, because in this

case the magnetic atoms are closer to each other and the direct scattering between

the magnetic atoms is more relevant than that mediated by the Nb atoms.

∆Exy
band,D ∆Eyz

band,D ∆Ez2

band,D ∆Exz
band,D ∆Ex2−y2

band,D ∆Eband,L

Mn x-1NN 0.19 0.46 −2.13 0.07 −0.32 −7.13
Mn y-1NN 3.24 11.40 7.32 0.26 −0.39 31.99
Mn u-1NN −20.96 2.84 −13.95 10.56 −18.50 −33.06
Fe x-1NN 1.08 0.65 −2.20 0.42 0.66 −4.13
Fe y-1NN 5.39 −1.37 4.51 −0.84 17.59 33.74
Fe u-1NN 10.78 1.35 0.50 13.80 21.18 49.94

Table 5.4. Band energy di�erences between AFM and FM con�gurations in the 1NN
Mn and Fe dimers. The band energy di�erence calculated for a single magnetic atom
in the cluster is decomposed into atomic d orbitals according to Eq. (5.4); the majority
and minority components are summed up. The band energy di�erences of the whole self-
consistently treated clusters between AFM and FM spin con�gurations divided by the
number of magnetic atoms are also given based on Lloyd's formula (∆Eband,L). All reported
values are given in units of meV.

Let us now turn to the isotropic couplings in the chains. The NN isotropic inter-

action is homogeneous along the Mn chains, e.g. 29.09 and 27.14 meV for the Mn

y15 chain at the end and in the middle of the chain, respectively (see Tab. 5.2).

This value is much more sensitive to the coordination number in the case of the Fe

chains, where the same quantities are 25.42 and 18.57 meV for the Fe y15 chain. In

order to explain why the isotropic exchange interaction varies more strongly from
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Figure 5.6. Spin-resolved d-like orbital contributions of the LDOS of (a) the edge and (b)
the center atom in the Fe y15 chain. Positive and negative values correspond to majority
and minority spin channels, respectively. The Fermi energy is denoted by a vertical black.

the dimer through the chain's end to the middle of the chain in Fe systems compared

to Mn ones, we calculated the LDOS at sites 1 and 8 of the Fe y15 chain, shown

in Fig. 5.6. For the edge atom, the order of the peaks and their shape is similar to

the LDOS of the adatom in Fig. 5.2(b), but the widths of the peaks di�er: the dxy
and dx2−y2 peaks in the majority spin channel become wider but the dyz peak in the

majority channel and the dxy peak in the minority channel are sharper. Note that

the LDOS of the dx2−y2 orbital in the minority spin channel splits into two peaks. All

the changes become stronger as we move toward the middle of the chain, the sharper

peaks get even sharper, the splitting of the minority dx2−y2 peak is larger too, and

now the majority dxy peak also splits. Despite the increased number of neighbors of

the center atom, the sharper features in the LDOS may be attributed to the fact

that the center atom occupies a position with C2v symmetry where only the dz2 and

the dx2−y2 orbitals hybridize. At the end of the chain, only a mirror symmetry on

the yz plane is preserved, leading to a hybridization between the dz2 , dx2−y2 , dyz and

dxy, dxz orbitals, respectively. Because of the higher �lling of the minority band of Fe
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compared to Mn, the small changes in the shapes of the di�erent orbitals below the

Fermi level are expected to have a more pronounced e�ect on the magnetic interac-

tions, similarly to what was demonstrated for a dimer in Fig. 5.5(b). To characterize

the in�uence of the atomic environment, we calculated the band energy di�erences

between the alternating AFM and the FM magnetic con�gurations similarly to the

case of the dimers, ∆Ei
band,D, where i denotes the atomic site in the chain. When

compared to the atomistic spin model, it is expected that ∆Ei
band,D is approximately

equal to the sum of the NN isotropic exchange interactions of site i, Ji(i−1) + Ji(i+1),

since these parameters have by far the largest magnitude in Table 5.2. This approxi-

mation is further supported by the fact that Ji(i+2) does not contribute to ∆Ei
band,D,

since the 2NNs are parallel both in the FM and in the alternating AFM con�gu-

ration, and the interactions with farther neighbors are even weaker. ∆E1
band,D can

directly be compared with the isotropic coupling, because the �rst site has a single

NN only, but needs to be divided by 2 for the center atom, where J87 = J89. We

obtained ∆E1
band,D = 21.04 meV and ∆E8

band,D/2 = 16.13 meV for the Fe y15 chain,

while ∆E1
band,D = 33.15 meV and ∆E8

band,D/2 = 20.07 meV for the Fe u15 chain.

These band energy di�erences divided by the coordination number are very close to

the corresponding Ji(i+1) values in Table 5.2. This way, by the examples of the Fe

y15 and u15 chains, we demonstrated that the inhomogeneity of the NN isotropic

exchange interactions in the Fe chains can be understood in terms of band-energy

di�erences being free from a spin-model description.
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Chapter 6

Mn and Cr trimers on Au(111)

[Thesis statements 5,6]

In this chapter we perform a comprehensive study for equilateral trimers built up

from nearest neighbor (NN) Mn and Cr atoms on Au(111) surface (see Fig. 6.1 for

the magnetic atoms). We apply the spin model containing two-spin and four-spin

interactions introduced in Section 3.5 in terms of a non-relativistic perturbation

method (PM), and make a comparison with the spin models based on the torque

method (TM) and on the spin-cluster expansion (SCE). In addition, we calculate the

two-spin energy variations and the con�guration dependent Dzyaloshinskii�Moriya

interactions (DMI) as introduced by Cardias and coworkers in Refs. [57,58] (see the

Introduction), and analyze them in a similar manner as in Ref. [80].

x
y

1 3

2

Figure 6.1. Labels of the magnetic atoms in an equilateral trimer.

Since in this chapter we are using spin models with isotropic magnetic interac-

tions, for the ab initio calculations we used the embedded cluster KKR technique by

scaling out the SOC, which is called the scalar-relativistic approach (the relativistic

mass term is included). The Au(111) surface has been modeled by four 4 Au and

5 vacuum (empty sphere) layers. Since the volume of the Mn and Cr atoms are

considerably smaller than the volume of the Au atoms, we applied a 10% inward

relaxation for the bottom vacuum layer, where the magnetic atoms were embedded.

Note that the same geometry was used for the Mn/Au(111) monolayer [85]. Based

on the experiences in Chapters 4 and 5, we expect that a NN shell environment con-

taining 25 atomic position (3 magnetic atom, 6 Au atom, and 16 vacuum spheres) is

su�cient to calculate the electronic and magnetic properties of the systems. Previ-
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ous studies on a Mn monolayer [85] and a Cr trimer [29] on Au(111) claimed that for

both systems the NN isotropic coupling is antiferromagnetic (AFM), which we will

also verify for the trimers in the next sections. For that reason the self-consistent

calculations were performed in the coplanar 120◦ Néel con�guration, which is the

ground state of an equilateral trimer with AFM Heisenberg coupling by geometri-

cal frustration. Being close to the half-�lled d band, we obtained very high values

for the spin magnetic moments, 4.423 µB and 3.916 µB for the Mn and Cr atoms,

respectively.

6.1 Spin model parameters

6.1.1 Mn trimer

First, consider the Hamiltonian of Eq. (3.51). The last four-site four-spin interaction

term trivially vanishes, because there are only three magnetic sites in the system.

Due to the C3v symmetry, the Hamiltonian can be described using just three pa-

rameters, J , B, and T , leading to the following expression,

H = −J (~s1~s2 + ~s1~s3 + ~s2~s3) +
1

2
B
(
(~s1~s2)

2 + (~s1~s3)
2 + (~s2~s3)

2)

+
1

2
T ((~s1~s2) (~s1~s3) + (~s1~s2) (~s2~s3) + (~s1~s3) (~s2~s3)) . (6.1)

The parameters were calculated with the perturbation method (PM) described in

Sec. 3.5, and collected in Table 6.1. In order to compare the parameters with those

obtained from conventional methods, the isotropic two-spin interaction J was also

calculated with the torque method in the ferromagnetic (FM) con�guration, and

with the spin-cluster expansion (SCE). In the latter case, the biquadratic interaction

B is also given. The PM two-spin isotropic interaction is in good agreement with that

from the SCE, but a larger di�erence can be observed in the values of the biquadratic

interaction. The value of the two-spin interaction from the torque method (TM) is

around the half that obtained from other methods, which is most probably caused

by the higher-order interactions (B and T ), as derived in Subsection 3.5.2.

In order to validate the parameters listed in Table 6.1, for each case we com-

pared the spin-model energy with the band energy of 10 000 independent random

con�gurations, as described in Sec. 3.6. Each point in Fig. 6.2 represents a random

con�guration, for which the band energy and the spin-model energy were deter-

mined and plotted. From the scatter plot it is evident that the isotropic interaction

provided by the TM strongly underestimates the magnitude of the energy of the

Mn trimer, while the PM and the SCE gives a good account of the energy of the

random spin con�gurations. A possible reason for the failure of the torque method
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PM SCE TM
J �10.10 �8.80 �5.06
B �4.08 �2.47
T �3.59

Table 6.1. Spin-model parameters of the Mn trimer on Au(111). Presented are the
isotropic two-site two-spin interaction J as calculated with the perturbation method (PM,
Eq. (3.69)), with the SCE, and with the TM; the biquadratic interaction B from the PM
(Eq. (3.70)) and from the SCE, and the three-site four-spin interaction T from the PM.
All values are given in meV units.

can be that the applied ferromagnetic reference state is far from the ground state

con�guration of the system. Such a choice for the reference system might work for

small �uctuations near the FM state in this system. Indeed, the slope becomes close

to one in the high energy region, that means the vicinity of the FM state.
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Figure 6.2. Scatter plots, Eband-Emodel, for the Mn trimer. Three types of spin models
are the PM (J , B and T ), the SCE (J and B), and the TM (J). 10 000 independent
random con�gurations were chosen. The zero of the energy level for both Eband and Emodel

was chosen to the corresponding average energy. Each scatter plot was �tted with a linear
function plotted with solid line, and both the slope and the correlation were determined.

The scatter plot is characterized by its slope (m) and correlation (ρ) listed in Ta-

ble 6.2 for the di�erent spin models. Apparently, the spin models correlate well with

the band energy, since we obtained ρ > 0.99 for all of them. The better description

is provided by the SCE, which yields a slope of m = 0.967 with only the two-site

Heisenberg interaction and m = 0.971 when including the biquadratic interaction.

The PM spin model somewhat overestimates the band energy, m = 1.110, but con-

siderably improves to m = 1.058 when extended by the biquadratic and three-site

terms.
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Spin model m ρ

TM J 0.557 0.9939
SCE J 0.967 0.9939
SCE (J and B) 0.971 0.9966
PM J 1.110 0.9939
PM (J , B, and T ) 1.058 0.9991

Table 6.2. Slope (m) and correlation (ρ) of the scatter plots for the Mn trimer based on
di�erent methods. The TM, SCE (J and B), and PM (J , B, and T ) cases can be seen in
Fig. 6.2.

6.1.2 Cr trimer

We repeated the calculations of the spin model parameters for a Cr trimer under

the same numerical conditions as for the Mn trimer. As can be seen in Table 6.3, for

all the three methods the isotropic interaction is AFM which is an order larger in

magnitude than in the Mn trimer. The PM and the SCE provide the same isotropic

interaction within a relative di�erence of about 1%, while the torque method yields

a value of about 10% smaller in magnitude. As a large di�erence between the PM

and the SCE, we note that the biquadratic interaction is about six times larger in

the PM than in the SCE.

PM SCE TM
J �135.56 �137.12 �120.74
B 13.13 2.36
T 23.20

Table 6.3. The same as in Table 6.1 for a Cr trimer on Au(111).

From the scatter plot Fig. 6.3 it can be anticipated that the PM and the SCE

spin models map the band energy with a very good quantitative accuracy, while

the torque method is again less accurate, although to a much smaller extent than

in the case of the Mn trimer. Inferring Table 6.4, it turns out that considering

only the J parameter in the spin model the correlation between the band energy

and the spin-model energies is 0.99956, but including four-spin terms make the

correlation even closer to one. If four-spin interactions are taken into account, the

SCE provides the slope, m = 1.0082. Interestingly, the PM gives a very accurate

slope, m = 0.9967, but including the biquadratic and the three-site interactions

makes this good agreement a bit worse (m = 1.0275). This clearly indicates that

the convergence of the spin model with respect to the higher-order spin interactions

should be seriously investigated.
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Figure 6.3. The same as in Fig. 6.2 for a Cr timer on Au(111).

Spin model m ρ

TM J 0.8878 0.99956
SCE J 1.0082 0.99956
SCE J , B 1.0083 0.99958
PM J 0.9967 0.99956
PM J , B, T 1.0275 0.99974

Table 6.4. The same as in Table 6.2 for a Cr trimer on Au(111).

6.2 Two-spin energy variations and con�guration

dependent parameters

6.2.1 General derivations for equilateral trimers

In this subsection we calculate and investigate the two-spin energy variations and

con�guration dependent parameters as described in Subsection 3.5.3 for the Mn and

Cr trimers on Au(111). We will numerically prove that they can be used to calculate

the two-spin variation of the energy, but the individual terms of the energy variation

have no signi�cant physical meaning. For the purpose of our numerical study we

choose a speci�c continuous path in the con�guration space (~s1, ~s2, ~s3) starting from

the ferromagnetic state, where all spins point along the z direction, and ending at

the 120◦ Néel state. The spin directions along this path are then de�ned as

~si = (sinϑ cosϕi, sinϑ sinϕi, cosϑ), (6.2)

where ϕ1 = 210◦, ϕ2 = 90◦, ϕ3 = −30◦, and ϑ ∈ [0, 90◦] (see Fig. 6.4).
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ϑ

Figure 6.4. Illustration of the con�guration with ϑ = 30◦ along the path de�ned in
Eq. (6.2).

The energy of the Hamiltonian (6.1) along this path reads

E(ϑ) = −3J

(
cos2 ϑ− 1

2
sin2 ϑ

)
+

3

2
(B + T )

(
cos2 ϑ− 1

2
sin2 ϑ

)2

+ c , (6.3)

where c is a constant. The second derivative of E(ϑ) is given by (see Appendix C)

d2E(ϑ)

dϑ2
= 9 (J −B − T ) +

(
−18J +

9

2
B +

9

2
T

)
sin2 ϑ+

27

2
(B + T ) sin2 2ϑ . (6.4)

Now we evaluate the expressions for the two-spin variations given in Sec. 3.5.3.

By using Eq. (6.1), the energy variation with respect to a spin variable ~s1 can be

expressed as

δE1 = −J (~s2δ~s1 + ~s3δ~s1) +B ((~s1~s2) (δ~s1~s2) + (~s1~s3) (δ~s1~s3))

+
1

2
T ((~s1~s3) (δ~s1~s2) + (~s1~s2) (δ~s1~s3) + (~s2~s3) (δ~s1~s2) + (~s2~s3) (δ~s1~s3)) , (6.5)

and the two-spin variation with respect to ~s1 and ~s2 can be evaluated as

δE12 = (−J +B~s1~s2 +
1

2
T (~s1~s3 + ~s2~s3))δ~s1δ~s2 +B (~s1δ~s2) (δ~s1~s2)

+
1

2
T ((~s1δ~s2) (δ~s1~s3) + (δ~s2~s3) (δ~s1~s2) + (δ~s2~s3) (δ~s1~s3)) . (6.6)

By restricting ourselves to in�nitesimal rotations, the terms can be grouped in the

same way as in Eq. (1.1),

δE12 =

{
−J +B~s1~s2 +

1

2
T (~s1~s3 + ~s2~s3)

}
δ~s1δ~s2 + δ~s1

{
1

2
T (~s3 ◦ ~s3)

}
δ~s2

+

{
B (~s2 × ~s1) +

T

2
[(~s2 × ~s3) + (~s3 × ~s1)]

}
(δ~s1 × δ~s2) , (6.7)

where the three terms on the right-hand side correspond to δE12,1, δE12,2, and δE12,3,

respectively, from which the con�guration dependent interaction parameters can be

read o�.
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The con�guration dependent isotropic interaction can then be expressed as

Ic12 = J −B~s1~s2 −
1

2
T (~s1~s3 + ~s2~s3)

= J −B − T +
3

2
(B + T ) sin2 ϑ (6.8)

and the �rst term of the two-spin energy variation can be calculated as

δE12,1 =

{
1

2
(J −B − T )− 3

2
J sin2 ϑ+

9

16
(B + T ) sin2 (2ϑ)

}
δϑ2. (6.9)

The second energy variation reads as

δE12,2 =
9

32
T sin2 (2ϑ) δϑ2 . (6.10)

Instead of evaluating ~Dc
12, we switched to ~Dc

13 with appropriate rotation. Along

the path chosen in Eq. (6.2), we will see that the x component of the ~Dc
13 vector

equals zero. In this way, we derive separately the in-plane and out-of-plane compo-

nents of the con�guration dependent DM vector,

~Dc
13 = −B (~s3 × ~s1)−

T

2
[(~s3 × ~s2) + (~s2 × ~s1)]

=




0
√
3
2

(B + T/2) sin 2ϑ
√
3
2

(B − T ) sin2 ϑ


 . (6.11)

It can be easily seen that the corresponding energy variation is unchanged, δE12,3 =

δE13,3, due to the C3 symmetry of the magnetic con�guration,

δE13,3 =
9

16
(B + T ) sin2 2ϑ δϑ2 . (6.12)

According to the Moriya rules [42], the x component of the DM vector between sites

one and three has to be zero due to the yz plane is a mirror plane that exchanges the

sites (see also the explanation related to Eq. (4.2)). However, in this case Dcx
13 = 0

does not follow from Moriya rules, but from the special choice of the spin con�g-

uration. For arbitrary spin con�gurations Dcx
13 does not have to be equal to zero,

meaning that the Moriya rules do not apply for the con�guration dependent DM

vectors.

Summing up Eqs. (6.9), (6.10) and (6.12) we obtain the change of the energy
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due to the variation of a pair of sites along the chosen path,

δE12 =δE12,1 + δE12,2 + δE12,3

=

{
J

2
− B

2
− T

2
− 3

2
J sin2 ϑ+

(
9

8
B +

45

32
T

)
sin2 2ϑ

}
δϑ2.

(6.13)

Note that Eq. (6.13) stands for the second-order variation of the energy due to

a small change of two spins at two di�erent sites in the trimer. In order to get the

total second-order variation of the energy, the second-order variation with respect

to a spin at a given site has to be calculated too,

δE11 =

{
2J − 2B − 2T +

(
−3J +

3

2
B +

3

2
T

)
sin2 ϑ+

(
9

4
B +

27

16
T

)
sin2 2ϑ

}
δϑ2,

(6.14)

as shown in Appendix C. The total second-order variation of the energy then takes

the form:

δEtot =
∑

i,j

δEij +
∑

i

δEii = 6δE12 + 3δE11 (6.15)

=

{
9 (J −B − T ) +

(
−18J +

9

2
B +

9

2
T

)
sin2 ϑ+

27

2
(B + T ) sin2 2ϑ

}
δϑ2,

(6.16)

which is identical with
d2E (ϑ)

δϑ2
δϑ2 as can be inferred from Eq. (6.4). Additional

details of the derivation can be found in Appendix C. The above derivation clearly

proves that the two-site variations and the con�guration dependent parameters are

related to the second-order Taylor expansion of the energy.

6.2.2 Results for the Mn and Cr trimers

The con�guration dependent interactions and energy variations along the path given

in Eq. (6.2) as extended to the range of ϑ ∈ [0, 180◦] for the Mn and Cr trimers

are plotted in Figs. 6.5 and 6.6, respectively. Let us �rst consider the Mn trimer.

As also clear from the expression (6.8), the local isotropic interaction parameters

depend as sin 2ϑ, with an amplitude of about 6 meV. Importantly, the value of Ic12
at ϑ = 0 corresponds to the dressed isotropic interactions de�ned in Eq. (3.76),

i.e. to the value that can be obtained from the torque method for a ferromagnetic

con�guration if only two-spin and four-spin interactions are present in the spin

Hamiltonian. The average value of Ic12 of about −8 meV would �t better the isotropic

two-site interaction obtained from the PM and from the SCE, see Tab. 6.1.
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Figure 6.5. Con�guration dependent spin-model parameters and second-order energy vari-
ations for the equilateral Mn trimer. (a) and (b): the con�guration dependent isotropic pa-
rameter and DM vector, respectively, (c): the �rst term in the energy variation (Eq. (6.9)),
(d): the second and third energy variations (Eqs. (6.10) and (6.12)), (e): the single-site
and two-site two-spin variations, (f): second derivative of the band energy and the total
second-order variation of the energy based on the perturbation method.

In agreement with Ref. [58], noncollinear magnetic con�gurations give rise to

the local DM interactions. Here we numerically prove that the existence of such

DMI is due to the presence of higher-order interactions (see also Eqs. (6.7) and

(6.11)). In the collinear (FM) state at ϑ = 0 and ϑ = 180◦ the DM vector vanishes.

Moreover, the in-plane component of the DM vector also vanishes in the coplanar

case (ϑ = 90◦), while the normal component reaches its extremum (Fig. 6.5 (b)).

The local DMI is relatively large compared to that we usually obtain for the proper

DMI (see e.g. Table 4.2).

Next, we show that the local DM vectors and the DM vectors induced by the
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SOC relate to the chirality of the noncollinear spin structure di�erently. Let us

introduce the chirality vector of the trimer as in [30],

~χ =
2

3
√

3
(~s1 × ~s2 + ~s2 × ~s3 + ~s3 × ~s1) , (6.17)

and consider the local DM vector between sites one and three. Along the path chosen

in Eq. (6.2), ~χ points along −z, but the exchange of spin vectors one and three

reverses ~χ. From Eq. (6.11), it can clearly be seen that the exchange of the spins also

reverses ~Dc
13. In that case δ~s1 × δ~s3 also points along the opposite direction, which

implies that the energy associated with the local DMI (cf. Eq. (1.4)) is invariant

against the reversal of chirality. This is in sharp contrast with the DMI induced by

the SOC, being one of the reasons that the local DMI should be termed as improper

DMI [80].

Even though the in-plane component of the DM vector is not symmetric with

respect to ϑ = 90◦, the energy variations, δE12,a (a ∈ {1, 2, 3}), are symmetric,

because they contain terms that are proportional to sin2 ϑ and to sin2 2ϑ, and each

of them is the same for ϑ and 180◦ − ϑ. Note that δE12,2 and δE12,3 are determined

only by the higher-order spin interactions: in the absence of them only δE12,1 di�ers

from zero, Ic12 is a constant, and can be uniquely determined from any noncollinear

spin con�guration. The single-site and two-site variations of the energy, Eq. (6.14)

and Eq. (6.13), respectively, are both needed to obtain the total two-spin variation,

see Fig. 6.5 (f), which describes the second derivative of the band energy quite

well. In the region of ϑ ∈ [0, 50◦] the agreement between δEband and δEtot is less

satisfactory. The reason for this might be that the PM spin model based on self-

consistent potentials at the Néel state (ϑ = 90◦) gives a less accurate description of

the energy of the spin system near the ferromagnetic state.

For the Cr trimer, the relative contribution of the higher-order interactions are

smaller as compared to the two-spin interaction (J), but they provide larger con�g-

uration dependent interactions, e.g. the components of the local DM vector is 4-5

times larger in magnitude than in the case of the Mn trimer (compare Figs. 6.5 (b)

and 6.6 (b)). It should be noted that in Ref. [58] the total magnitude of the local

DM vector is about 140 meV for both Mn and Cr trimers, meaning an extremely

large value compared to the local DM vector in this work. We should emphasize that

in Ref. [58] the magnetic force theorem was used to calculate the local spin model

parameters directly from the band energy expressed by the Lloyd formula. Despite

the di�erence in the geometry, namely, we applied 10% inward relaxation, while in

Ref. [58] the calculations were performed with perfect bulk geometry, such a large

di�erence between the obtained local DM interactions deserves further numerical

investigations.
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Figure 6.6. Con�guration dependent interactions and energy variations for the equilateral
Cr trimer. For the notations see �gure 6.5.

The �rst energy variation, δE12,1 (Fig. 6.6 (c)), is much larger than the other

two-site variations (Fig. 6.6 (d)), because the higher-order interaction parameters are

smaller than the two-spin interaction J . A relatively large contribution comes from

the single-site variation (Fig. 6.6 (e)). The interplay of the two-spin and four-spin

interactions make the δE12 curve unconventional: it is �at over a large region around

90◦. The sum of the single-site and two-site variations (δEtot) �ts well the second

derivative of the band energy (Fig. 6.6 (f)). An additional oscillation of δEband can

be seen in the range of ϑ ∈ [0, 30◦], which is not reproduced by δEtot. The reason

for this can be similar as we assumed in the case of the Mn trimer.

Returning back to the local DM vector, its con�guration dependence was also

investigated numerically for the Cr trimer in Ref. [80] based on two distinct

parametrization that can be found in Refs. [30] and [55]. Similar to our work, in
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Ref. [30] the KKR Green's function calculations were applied, but they obtained the

parameters of the spin model by �tting the band energy of 10 000 random magnetic

con�gurations. They used the perfect bulk geometry without relaxation. In Ref. [55]

a full potential KKR method with 17.5% inward relaxation for the magnetic atoms

was applied, and the parameters of the spin model were obtained by �tting the

derivative of the total energy of 252 properly chosen magnetic con�gurations. For

the parameters of the fourth-order spin model (6.1) from these references together

with we presented based on the perturbation method (PM) (Table 6.3) see Table 6.5.

Most notably, all the methods resulted in a strong AFM two-spin isotropic coupling

PM Ref. [30] Ref. [55]
J �135.56 �144.9 �88.10
B 13.13 �8.84 �10.20
T 23.20 14.12 16.12

Table 6.5. Parameters of the four-spin Heisenberg model for the Cr trimer on Au(111)
based on the perturbation method (PM), on Ref. [30], and on Ref. [55]. All values are given
in meV units.

J , but with large di�erences. Similar arguments hold for the three-site interaction

T , however, the biquadratic interaction B has opposite sign in the PM spin model

as compared to Refs. [30,55]: it is positive in our case but negative in the references.

After all, the con�guration dependent DM vector is also calculated by Eq. (6.11)

based on the two parametrization from the references, and plotted in Fig. 6.7. The
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Figure 6.7. Con�guration dependent DM vector from Ref. [80].

curves after Refs. [30] and [55] are fairly similar, which can be inferred from the

quite similar B and T parameters. Unfortunately, this �gure shows big di�erences

with the local DM vector we calculated in Fig. 6.6(b). As can be seen in Eq. (6.11),

the in-plane component is proportional to (B + T/2), so, due to both B and T are

positive in the PM, we obtained a relatively large magnitude for Dc y
13 at ϑ = 45◦.
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However, because of B is negative in Refs. [30] and [55], the magnitude of Dc y
13 be-

comes much smaller, and also reverses sign, since |B| > |T/2| in these cases. The

out-of-plane component of the DM vector being proportional to (B − T ) displays

the opposite di�erence, because B and T have the opposite sign in Refs. [30, 55],

and due to that their contributions are additive. In our case B and T have the same

sign, resulting in a much smaller magnitude for the out-of-plane component of the

con�guration dependent DM vector at 90◦.
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Conclusions and outlook

In this thesis I have investigated magnetic nanoclusters on the surface of transition

metals with special attention paid for the determination of the magnetic interac-

tions and the magnetic ground state. For this reason I used classical Heisenberg

spin Hamiltonians extended by tensorial spin-spin interactions, which include the

Dzyaloshinskii�Moriya (DM) interaction and the symmetric traceless exchange ten-

sor (two-site magnetic anisotropy) due to the relativistic spin-orbit coupling. The

self-consistent electronic structure of the clusters and the parameters of the spin

models have been determined based on the Korringa�Kohn�Rostoker Embedded

Cluster method (KKR-ECM). Beyond the relativistic torque method (RTM) and

the spin-cluster expansion (SCE) technique used by now routinely to determine ten-

sorial bilinear spin-spin interactions, I developed a perturbation scheme relying on

the KKR Green's function formalism to evaluate the isotropic two-spin and four-spin

interactions, and implemented it in the KKR-ECM code.

I applied the RTM to study the magnetic properties of Fe chains on the Re(0001)

substrate. For all the considered chains strong antiferromagnetic couplings between

the nearest-neighbor spins were observed, which in the case of the �ve-atom-long

chain led to a nearly collinear antiferromagnetic ground state with the spins approx-

imately aligned perpendicular to the chain and to the surface normal. As the length

of the chain is increased, the frustration of the isotropic exchange interactions at

farther neighbors transforms the ground state into a spin-spiral state, with a single

modulation period observable in the 15-atom-long chain. Similar periodicity could

also been inferred from the Fourier transform of the isotropic interactions. The ex-

perimental investigations in Ref. [12] also concluded on a spin-spiral ground state of

40-atom-long Fe chains, although with a smaller period.

For the 15-atom-long Fe chain on Re(0001) the spin components in the xz plane

were found to follow a right-handed rotation in the spin spiral. Regarding the rota-

tion in the xy plane, calculations based on a spin model containing tensorial two-spin

interactions yielded a right-handed rotation, while the optimal homogeneous planar

spin-spiral state obtained from band energy calculations in the spirit of the magnetic

force theorem indicated a left-handed chirality. In order to check the DM interac-

tions derived from the RTM, I introduced a technique using suitable combinations
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of rotated two-spin con�gurations that, in case of tensorial spin-spin interactions,

provides the two-spin DM vectors. These DM vectors showed remarkable di�erences

as compared to those calculated via the RTM. Most importantly, the z component

of the newly derived DM vectors was found opposite in sign as compared to those

obtained from the RTM, supporting thus the chirality of the optimal homogeneous

planar spin-spiral state related to the xy plane. The di�erence between the two sets

of two-site DM vectors was assigned to the emergence of chiral four-spin interac-

tions in the spin-model that appear in di�erent combinations in the corresponding

expressions of the two-site DM vectors.

Motivated by recent experiments and theoretical explanation of Yu�Shiba�

Rusinov states [7], I performed a systematic study of Mn and Fe adatoms, dimers

and chains along di�erent crystallographic directions (x=[110], y=[001], u=[111])

on a Nb(110) surface. In this case, I determined the magnetic interactions using

the spin-cluster expansion (SCE). The ground state of the Mn and Fe dimers on

Nb(110) is mainly determined by the sign of the isotropic interaction, where other

spin model parameters, namely the DM interaction and the tilting of the easy di-

rection, only slightly in�uence the ferromagnetic (FM) or antiferromagnetic (AFM)

alignment of the spins in the dimers. The same argument holds for the Mn and Fe

chains along u and y directions, where the ground state is the FM or the alternating

AFM con�guration if the NN isotropic interaction is FM or AFM, respectively, with

slight deviations at the ends of the chains. This was attributed to the relatively

weak SOC in the Nb substrate. The Fe chains along the x=[110] direction display a

spin-spiral ground state caused by the frustration of the NN and second NN AFM

isotropic couplings, and the wavelength of the spin spiral in the Fe x15 chain has

been quantitatively well reproduced by the Fourier transform of the isotropic and

DM interactions.

Based on the orbital decomposition of the isotropic exchange interaction for the

dimers, I have concluded that the in-plane orbitals, describing direct exchange, have

the strongest relative contribution if the magnetic atoms are packed along the closest

sites. The dz2 orbital mediating the exchange through the substrate Nb atoms has a

signi�cant contribution for dimers along all considered crystallographic directions,

while the dyz orbital in�uences the isotropic exchange stronger if the dimer is oriented

along the lobes of this orbital. These contributions can be quantitatively traced

back to the di�erent hybridization of the atomic orbitals between ferromagnetic and

antiferromagnetic spin con�gurations observable in the LDOS. The fully occupied

majority spin channels have been demonstrated to contribute less to the magnetic

interactions than the partially occupied minority spin channels in the dimers. The

higher occupation of the minority band of Fe compared to Mn leads to a larger

variation of the nearest-neighbor (NN) isotropic exchange interaction with the local
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environment, i.e. in the sequence of a (i) dimer, (ii) at the edge of a chain and (iii)

at center of a chain along the same crystallographic direction.

In the case of the Mn and Fe dimers, I also compared the isotropic exchange in-

teractions to the band energy di�erences between the ferromagnetic FM and AFM

con�gurations. As based on the Lloyd formula, the band energy di�erences showed a

nice agreement with the isotropic interactions derived from the SCE. For the chains

we applied a similar procedure using the FM and the alternating AFM spin con�g-

urations and made a qualitative estimation for the isotropic exchange interactions

along the chain. These values nicely reproduced the considerable increase of the

interactions at the edge of the Fe chains as compared to the center of the chains,

which we attributed to the lowering of the symmetry and a corresponding increase

of the hybridization at the edge atoms.

Finally, I investigated equilateral Mn and Cr trimers on Au(111) surface, where

I also applied the new perturbation method (PM) introduced in Sec. 3.5. For the

Mn trimer I found that the isotropic two-spin interaction from the PM �ts quite

well with that obtained from the SCE, however, the RTM provides around the half

of it. We have demonstrated that the presence of four-spin interactions a�ect the

two-spin interactions obtained from the RTM signi�cantly. Based on a comparison

between the band energy and the model energy of di�erent methods, it is evident

that the SCE provides the best isotropic two-spin interaction, and including four-spin

interactions makes the �t better for both the PM and the SCE. It should, however,

be noted that for the Mn and Cr trimers the biquadratic interaction is about 2 and 6

times larger from the PM than from the SCE, respectively. Compared with previous

studies for the Cr trimer on Au(111) [30,55], we have obtained the opposite sign for

the biquadratic interaction.

Based on the spin Hamiltonian containing two-spin and four-spin isotropic inter-

actions, we determined the two-spin rotation energies and derived explicit expres-

sions for three types of con�guration dependent two-site interactions termed as the

isotropic, Dzyaloshinskii�Moriya and anisotropy interactions in Refs. [57, 58]. We

demonstrated that the con�guration dependence of the interactions originates en-

tirely from the four-spin interactions. For equilateral Mn and Cr trimers on Au(111),

we have evaluated these con�guration dependent interactions and the two-spin vari-

ations of the energy along a continuous path from the ferromagnetic to the co-planar

Néel state and established a strong dependence of the parameters from the tilting

angle ϑ. From the two-spin rotation energies we derived the second derivative of the

energy with respect to ϑ and found a good comparison with that obtained numeri-

cally from the band energy.

In Monte Carlo simulations using Metropolis algorithm one needs to evaluate

the energy di�erence of a �nite single spin variation, the calculation of which is not
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possible based on the local spin model parameters. In spin dynamics simulations the

local Weiss �elds need to be determined, which can not be deduced from the two-

spin variations of the energy only. For non-stationary states, namely, nonvanishing

linear terms appear in the Taylor expansion of the energy that need to be included

in the local spin Hamiltonian [59]. Clearly enough, these linear terms also contribute

to the local Weiss �elds. In Ref. [59] it was as well shown that the local tensorial

terms can be obtained from the derivative of the corresponding local Weiss �elds.

The above �ndings imply that the local spin model parameters can hardly be applied

for the purpose of statistical simulations of magnetic structures. On the other hand,

second-order local spin Hamiltonians obtained from the Taylor expansion around

stationary spin-con�gurations can describe low-energy excitations in complex mag-

netic systems. Such calculations of the magnon spectrum were presented for Cr

monolayers on Au(111) in 120◦ Néel state [32] or for skyrmionic structures with

various topological charges [86].

Triggered by the large experimental and theoretical interest on nanomagnet-

superconductor heterostructures, even for the systems considered in Chapters 4 and

5, in collaboration with Bendegúz Nyári, Balázs Újfalussy and László Szunyogh I

have spent several months between July 2020 and March 2021 to implement the

relativistic spin-polarized KKR solution of the Bogoliubov�de Gennes equations

[87, 88] into the KKR-ECM code for �nite embedded clusters. This development

has been followed by a comprehensive study of the Yu�Shiba�Rusinov states of an

Mn adatom and Mn dimers on the Nb(110) surface. We also applied the new code

to search for zero-bias peaks from single magnetic impurities on superconducting

surfaces. The two corresponding manuscripts are under publication (see papers [VI]

and [VII] after the thesis statements). As part of my employment in the Wigner

Research Centre for Physics (Hungary), I will use the new method to track down

the most relevant e�ects in these heterostructures. I will focus on the hybridization

of the Yu�Shiba�Rusinov states and bands induced by a magnetic cluster on a

superconducting host, and also on the Majorana bound states in longer magnetic

chains, which can be a key element in solid state quantum computing.
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Thesis statements

1. I investigated the magnetic properties of �nite close-packed Fe chains on

Re(0001) surface using a classical spin model, where the parameters were deter-

mined by the relativistic torque method. From the minimization of the energy

an antiferromagnetic ground state was found for the 5-atom-long chain, while

in the case of the 10- and 15-atom-long chains the formation of spin spirals

was inferred. Based on the Fourier transform of the isotropic interactions, I

demonstrated that the spin-spiral formation was the consequence of the frus-

tration of the isotropic couplings in the chains. The chirality of the spin spirals

were determined by the Dzyaloshinskii�Moriya (DM) interactions between the

Fe atoms. Moreover, the spin spirals appeared to be tilted with respect to the

plane of the surface due to the interplay of the DM interactions and the mag-

netic anisotropy as I showed by using a simpli�ed spin model. These results

can be found in Sections 4.2 and 4.3, and are published in paper [I].

2. In order to test the validity of the spin-model results, I calculated the ab

initio band energy of homogeneous spin spirals for the 15-atom-long Fe chain

on Re(0001) as a function of the wavenumber and the tilting angle. While

the wavenumber of the lowest-energy homogeneous spin spiral was in good

agreement with that obtained from the spin-model simulations, it turned out

that the two spin-spiral states had opposite chirality related to the normal-

to-plane component of the DM vectors. In order to resolve this contradiction,

I developed a rotational scheme to evaluate the DM vectors by mapping a

considerably larger region in the spin-con�guration space than in the case of

the torque method. Indeed, it turned out that the z-component of these DM

vectors had the sign in accordance with the chirality of the spin spiral obtained

from the band energy calculations. I explained the di�erent results for the DM

vectors by the e�ect of emergent fourth-order chiral interactions. These results

can be found in Sections 4.4, 4.5 and 4.6, and are published in paper [I].

3. I calculated the electronic and magnetic properties of Mn and Fe adatoms

and clusters on Nb(110) surface. In terms of a classical spin model with pa-

rameters calculated from the spin-cluster expansion, I determined the ground
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state of Mn and Fe dimers, as well as monatomic chains along di�erent crys-

tallographic directions. The dimers turned out to have almost collinear, either

ferromagnetic or antiferromagnetic, con�gurations with very small canting an-

gle. I developed analytical approximations for calculating these canting angles

and obtained good agreement with the numerical simulations. In agreement

with available experiments, I showed that the strong nearest neighbor isotropic

interactions lead to almost collinear spin con�gurations in the ground state of

the chains, except the Fe chains along the [110] direction, which has a spin-

spiral ground state due to the frustration of the isotropic couplings. These

results can be found in Sections 5.1, 5.2 and 5.3, and are published in papers

[II] and [III].

4. For the nearest neighbor Mn and Fe dimers on Nb(110) along three di�er-

ent crystallographic directions, I analyzed the calculated isotropic couplings

in terms of local density of states as projected onto symmetry adapted orbitals

and corresponding band energy di�erences. I demonstrated that the band en-

ergy di�erence between the ferromagnetic (FM) and antiferromagnetic (AFM)

con�gurations �ts almost perfectly the isotropic coupling calculated by the

spin-cluster expansion. Moreover, the band energy sorted out according to

canonical orbitals and the orbital decomposition of the isotropic coupling are

also related qualitatively well to each other. I showed that the nearest neigh-

bor isotropic couplings are more sensitive to the coordination number for the

Fe chains than for the Mn chains, which was understood by the di�erence of

the band energies between the FM and the alternating AFM con�gurations.

These results can be found in Section 5.4 and are published in paper [II].

5. I developed a non-relativistic perturbation technique to determine isotropic

two-spin and four-spin interactions within the framework of the Korringa�

Kohn�Rostoker Green's function (KKR-GF) formalism and implemented it

into the Embedded Cluster KKR code. I applied the new method to equilat-

eral Mn and Cr trimers deposited on the Au(111) surface and compared the

parameters with those obtained by using the torque method and the spin-

cluster expansion. I showed explicitly that the two-site exchange couplings

derived from the torque method are a combination of two-spin and four-spin

(in general, any higher-order) interactions. Using a statistical approach based

on random con�gurations I demonstrated that the spin-cluster expansion and

the perturbation method adequately map the band energy, but the torque

method remarkably underestimates the isotropic interaction for both trimers.

The perturbation technique is described in the �rst part of Section 3.5, while
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the results can be found in Section 6.1. These results have not been published

yet.

6. Based on the spin Hamiltonian containing two-spin and four-spin isotropic

interactions, I determined the two-spin rotation energies and derived explicit

expressions for three types of con�guration dependent two-site interactions

termed as the isotropic, Dzyaloshinskii�Moriya and anisotropy interactions in

Refs. [57,58]. I showed that the con�guration dependent Dzyaloshinskii�Moriya

and anisotropy interactions appear only for non-collinear spin con�gurations

and are the consequence of the four-spin (higher-order) interactions. I calcu-

lated these quantities for equilateral Mn and Cr trimers along a continuous

path from a ferromagnetic to a co-planar Néel state, and demonstrated that the

parameters strongly depend on the con�guration. I argued that the con�gura-

tion dependent parameters can only be used to quantify the second derivative

of the energy, but they are not suited to de�ne a spin-model, i.e. to directly

determine the energy of the system. The derivations and the results can be

found in Subsection 3.5.3 and in Section 6.2. The criticism of the con�guration

dependent Dzyaloshinskii�Moriya interaction is published in paper [IV]. The

numerical results have not been published yet.
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Appendix A

Tilted spin spirals

[Thesis statement 1]

In this appendix we consider the spin-spiral states from section 4.3, and summarize

why the ground state becomes tilted away from the xy plane due to the y component

of the DM vectors. We will consider a simpli�ed spin model consisting of N sites

where the interactions are homogeneous along the chain, with Kyy < 0 anisotropy

accounting for the easy y direction andDy DM interaction between NN spins. We will

compare the energies of harmonic spin-spiral con�gurations as de�ned in Eq. (4.4),

simplifying the description to two parameters δ and α. It is assumed that a spin-

spiral state with a speci�c δ value is formed by the frustration of the isotropic

exchange interactions, as was discussed in Sec. 4.3, and only the dependence of the

grand potential of the spin model on the α parameter is considered. This is given

by the expression

Ω (α) = Ω0 +
N∑

i=1

Kyy (cosα sin [i (π+δ)+ϕ0])
2

−
N−1∑

i=1

Dy(sinα sin [i (π+δ)+ϕ0] cos [(i+1) (π+δ)+ϕ0]

− cos [i (π+δ)+ϕ0] sinα sin [(i+1) (π+δ)+ϕ0]) , (A.1)

where now Ω0 describes the contributions which do not depend on α, such as the

isotropic interactions. For N ≥ 3, the average of sin2 [i (π + δ) + ϕ0] with respect

to atomic indices equals 1/2, and using a simple addition formula it is possible to

arrive at

Ω (α) = Ω0 +
1

2
NKyy cos2 α− (N − 1)Dy sinα sin δ. (A.2)

One can obtain the value of α minimizing the grand potential by di�erentiation,
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α = arcsin

(
−N − 1

N

sin δDy

Kyy

)
(A.3)

for |(N − 1) sin δDy/NKyy| ≤ 1, and

α = ±π
2

(A.4)

otherwise. This indicates that for an arbitrarily small value of Dy, the most preferred

state is tilted away from the xy plane where α = 0. We note that including the z

component of the DM vectors in�uences the dependence of the grand potential on

the α parameter, but does not change this qualitative conclusion.
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Appendix B

Dimer spin model ground state

[Thesis statement 3]

Here we describe how the angles ϑAD in Table 5.1 were determined. Consider Hamil-

tonian Eq. (3.1), for the dimer N = 2,

H = −J (~e1~e2)− ~D (~e1 × ~e2)− ~e1JS12~e2 + ~e1K1
~e1 + ~e2K2

~e2, (B.1)

and assuming C2 symmetry which holds for all considered dimers. The following

equation for the on-site anisotropy has to be true for any ~e1 and ~e2 vectors:

~e1K1
~e1 + ~e2K2

~e2 =



−e2x
−e2y
e2z


K

1



−e2x
−e2y
e2z


+



−e1x
−e1y
e1z


K

2



−e1x
−e1y
e1z


 , (B.2)

because after the C2 rotation around the z axis the following spin vector components

are exchanged:
e1x ↔ −e2x
e1y ↔ −e2y
e1z ↔ e2z.

(B.3)

From Eq. (B.2), the following relations for the K components can be read down:



Kxx

1 = Kxx
2 Kxy

1 = Kxy
2 Kxz

1 = −Kxz
2

Kyx
1 = Kyx

2 Kyy
1 = Kyy

2 Kyz
1 = −Kyz

2

Kzx
1 = −Kzx

2 Kzy
1 = −Kzy

2 Kzz
1 = Kzz

2


 (B.4)

There is no constraint on the isotropic interaction.
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The DM vector is transformed into:

~D (~e1 × ~e2) = ~D






−e2x
−e2y
e2z


×



−e1x
−e1y
e1z





 = − ~D (~e2 × ~e1) , (B.5)

from which Dz = 0, but the other two components need not vanish.

The symmetric part of the exchange tensor takes the form:

~e1J
S~e2 =



−e2x
−e2y
e2z


 JS



−e1x
−e1y
e1z


 = ~e2J

S~e1 ⇒ JS =



JS,xx JS,xy 0

JS,xy JS,yy 0

0 0 JS,zz.


 (B.6)

The consequence is that in general 11 parameters describe the Hamiltonian of

the system: J , two DMI components (Dx and Dy), three two-site anisotropy param-

eters (due to Js being traceless), and �ve on-site anisotropy parameters. Minimizing

the energy with respect to the spin directions in the general case is not possible in a

closed form. However, after some simpli�cations the directions can be well approxi-

mated.

First of all, taking into account only J and D, the spins will be con�ned to the

plane perpendicular to the DM vector. The ground state (GS) angle (ϑ) between

the spins can be determined analytically:

E = −J cosϑ−D sinϑ = −
√
J2 +D2

(
J√

J2+D2 cosϑ+ D√
J2+D2 sinϑ

)

= −
√
J2 +D2 sin (ϑ+ β) ,

(B.7)

where β = arccos
D√

J2 +D2
, so the GS angle in the FM case:

ϑD = 90◦ − arccos
D√

J2 +D2
= arcsin

D√
J2 +D2

, (B.8)

and in the AFM case

ϑD = 180◦ − arcsin
D√

J2 +D2
. (B.9)

Now consider only the isotropic interaction and the e�ective anisotropy. It should

be noted that the easy directions do not have to be parallel to each other at the sites,

because A
i
is not diagonal in the basis of the global Cartesian directions in general.

The ground state will be determined as a function of two anisotropy parameters:

the easy-axis anisotropy A and half of the angle between the easy directions at the

two sites α. To minimize the energy of the system, the spins have to lie in the plane

determined by the easy axes on the two sites. Then the orientation of the spins can
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be described with the angle variables ϑ1 and ϑ2 shown below:

1 2

ϑ1 ϑ2

FM dimer: 1 2

ϑ1

ϑ2

AFM dimer:

E = − |J | cos (ϑ1 + ϑ2)− A
(
cos2 (ϑ1 − α) + cos2 (ϑ2 − α)

)
(B.10)

From minimizing the energy one can easily conclude that in the ground state ϑ1 =

ϑ2 ≡ ϑA/2, where we de�ne ϑA to be the GS angle of the spins. The energy expression

can be transformed to

E =− |J | cosϑA − A cos (ϑA − 2α) + c

=− J cosϑA − A (cosϑA cos 2α + sinϑA sin 2α) + c

= (− |J | − A cos 2α) cosϑA − A sin 2α sinϑA + c, (B.11)

where c is a constant term. This can be minimized in the very same way as in

Eq. (B.7), and the GS angle is

ϑFMA = arcsin
A sin 2α√

(|J |+ A cos 2α)2 + (A sin 2α)2
,

ϑAFMA =180◦ − ϑFMA . (B.12)

Note that while A is assumed to be positive, the tilting angle of the spins from the

equilibrium direction is determined by the sign of α, analogously to the sign of D

for the DMI. This means that not only the DMI but also anisotropy prefers a chiral

alignment of the spins in the dimer.

Finally, consider the following set of parameters: J , Am > 0, Ah > 0, αx, αy, Dx

and Dy, and assume that the isotropic interaction dominates. Am and Ah are the

anisotropy energies of the medium and hard directions relative to the easy direction,

respectively. The easy direction is tilted from z by αx towards the x and by αy

towards the y direction; see the ex and ey components of the easy direction for the

considered dimers in Tab. B.1. Since the easy direction is close to the z axis in

all dimers, and the main anisotropy axes are perpendicular to each other due to

the matrix being symmetric, we will assume that the medium and hard axes lie

approximately in the y-z and x-z planes, respectively. The energy can be written as

E = − |J | cos (ϑ1 + ϑ2)±Dx sin (ϑ1y + ϑ2y)∓Dy sin (ϑ1x + ϑ2x)

− Am
(
cos2 (ϑ1y − αy) + cos2 (ϑ2y − αy)

)
− Ah

(
cos2 (ϑ1x − αx) + cos2 (ϑ2x − αx)

)
,

(B.13)
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where ϑx/y labels the tilting angle of the spin towards x/y from z, and the upper and

the lower signs of D correspond to the FM and AFM cases depending on the sign

of J . Due to the isotropic interaction dominating in the system, small perturbations

of the collinear con�guration are assumed, and the e�ect of {Ah, Dy} and {Am, Dx}
can be decomposed. For small angles, the tilting angle may be written as ϑFM ≈√
ϑ2
x + ϑ2

y. The parameters {Ah, Dy} describe a canting in the x-z plane, where again
a minimum is found for ϑ1x = ϑ2x ≡ ϑADx/2. This leads to the energy expression

E = − |J | cosϑADx − Ah cos (ϑADx − 2αx)∓Dy sinϑADx + c, (B.14)

which can be rewritten as

E = (−J − Ah cos 2αx) cosϑADx − (Dy + Ah sin 2αx) sinϑADx + c. (B.15)

Then, similarly to previous cases, the GS angle becomes

ϑADx,FM/AFM = arcsin
±Dy + Ah sin 2αx√

(|J |+ Ah cos 2αx)
2 + (±Dy + Ah sin 2αx)

2
, (B.16)

where + (−) signs stand for the FM (AFM) case, and

ϑADy,FM/AFM = arcsin
∓Dx + 2Am sin 2αy√

(|J |+ Am cos 2αy)
2 + (∓Dx + Am sin 2αy)

2
(B.17)

for the parameters {Am, Dx}. One can sum up the two e�ects via

ϑFMAD =
√
ϑ2
ADx,FM + ϑ2

ADy,FM,

ϑAFMAD =180◦ −
√
ϑ2
ADx,AFM + ϑ2

ADy,AFM. (B.18)

Table B.1 contains the obtained GS angles and the easy directions as unit vector

components. Depending on the dimer, the chiral contributions from the DMI and the

orientation of the easy axis may be constructive or destructive; the latter case can

be observed when ϑD or ϑA deviates from the collinear alignment more than ϑAD.

In all considered dimers, the approximate value of θAD taking both the anisotropy

and DMI into account agrees well with the value θSD determined from numerical

simulations.
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Table B.1. Ground state spin angles in degree units from SCE spin model of Mn and
Fe dimers on Nb(110). The easy direction unit vector components are given for the �rst
spin, which always has smaller x or y coordinate. The direction on the second spin may
be obtained by a C2 rotation. ϑSD is obtained from numerical spin dynamics calculations,
the other angles represent di�erent levels of approximations discussed in appendix B.

ϑSD ϑD ϑA ϑADx ϑADy ϑAD exe1 eye1 eze1
Mn x-1NN 179.93 179.94 179.84 0.10 0.00 179.90 �0.0355 0.0000 0.9994
Mn x-2NN 179.04 179.29 179.66 0.96 0.00 179.04 �0.0231 0.0000 0.9997
Mn x-3NN 178.16 176.55 179.69 �1.82 0.00 178.18 �0.0072 0.0000 1.0000
Mn y-1NN 0.36 0.40 0.03 0.00 �0.37 0.37 0.0000 �0.0451 0.9990
Mn y-2NN 172.24 170.44 179.55 0.00 �7.86 172.13 0.0000 �0.0293 0.9996
Mn y-3NN 178.04 171.39 178.40 0.00 �1.95 178.05 0.0000 �0.0237 0.9997
Mn u-1NN 179.46 179.41 179.90 �0.47 0.26 179.46 �0.0711 �0.0969 0.9927
Mn u-2NN 5.24 5.34 0.26 �5.25 �0.51 5.27 0.0390 �0.1049 0.9937
Mn u-3NN 172.90 172.60 179.35 2.84 6.53 172.88 0.0083 �0.0649 0.9979
Fe x-1NN 178.04 177.98 177.65 1.96 0.00 178.04 �0.0105 0.0000 0.9999
Fe x-2NN 178.93 178.76 179.94 1.07 0.00 178.93 0.0060 0.0000 1.0000
Fe x-3NN 173.94 171.73 179.94 �6.07 0.00 173.93 0.0020 0.0000 1.0000
Fe y-1NN 0.05 0.12 0.04 0.00 �0.07 0.07 �0.0000 �0.0177 0.9998
Fe y-2NN 0.01 0.09 2.03 0.00 �0.02 0.02 �0.0000 �0.0104 0.9999
Fe y-3NN 174.67 169.13 179.60 0.00 5.28 174.72 0.0000 0.0073 1.0000
Fe u-1NN 4.00 4.06 0.09 �3.75 �1.43 4.01 0.0482 �0.0841 0.9953
Fe u-2NN 4.95 4.91 0.32 �4.95 0.52 4.98 0.0534 �0.0590 0.9968
Fe u-3NN 177.60 177.73 179.66 0.14 2.40 177.59 0.0296 �0.0294 0.9991
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Appendix C

Two-spin variations of the four-spin

interaction energy for equilateral

trimers

[Thesis statement 6]

In order to compare Eqs. (6.3) and (6.13), we derived twice the �rst one with respect

to the tilting angle ϑ. First we give an alternative form for the energy of the Neél

states (which contains c′ 6= c):

E(ϑ) =
9

2
J sin2 ϑ+

(
3

2

)3

(B + T ) sin4 ϑ− 2

(
3

2

)2

(B + T ) sin2 ϑ+ c′ . (C.1)

Based on the following Eqs.,

d2

dx2
sin2 x =

d

dx
sin 2x = −2 cos 2x = 2

(
cos2 x− sin2 x

)
= 2− 4 sin2 x , (C.2)

d2

dx2
sin4 x = 4

d

dx
sin3 x cosx

= 12 sin2 x cos2 x− 4 sin4 x = 4 sin2 2x− 4 sin2 x cos2 x− 4 sin4 x

= 4 sin2 2x− 4 sin2 x , (C.3)
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the second derivative of Eq. (C.1) becomes

d2

dϑ2
E(ϑ) =9J − 18J sin2 ϑ− 9 (B + T ) + 18 (B + T ) sin2 ϑ

+ 4 · 27

8
(B + T ) sin2 2ϑ− 4 · 27

8
(B + T ) sin2 ϑ

=9 (J −B − T ) +

(
−18J +

9

2
B +

9

2
T

)
sin2 ϑ+

27

2
(B + T ) sin2 2ϑ

(C.4)

This result clearly di�ers from the two-spin variation energy Eq. (6.13).

The two-spin variation can be calculated directly from spin model Eq. (3.51).

The �rst order variation reads

δE1

δϑ
=−

∑

j=2,3

J (~e11~sj) +B
∑

j=2,3

(~e11~sj) (~s1~sj)

+
T

2

∑

(k,j)∈
{(2,3),(3,2)}

[(~e11~sk) (~sj~sk) + (~e11~sj) (~s1~sk)] ,
(C.5)

and the two-spin variation is

δE12

δϑ2
=− J (~e11~e12) +B (~e11~e12) (~s1~s2) +B (~e11~s2) (~s1~e12) +

T

2
(~e11~e12) (~s1~s3)

+
T

2
(~e11~s2) (~s3~e12) +

T

2
(~e11~s3) (~e12~s3) +

T

2
(~e11~e12) (~s1~s3) +

T

2
(~e11~s3) (~s1~e21) .

(C.6)

By substituting the ~s and δ~s vectors along the path de�ned in Eq. (6.2), one can

arrive at

δE12 =

{
−J
(

sin2 ϑ− 1

2
cos2 ϑ

)

+B

(
sin2 ϑ− 1

2
cos2 ϑ

)(
cos2 ϑ− 1

2
sin2 ϑ

)
+B

(
−3

2
cosϑ sinϑ

)2

+T

(
sin2 ϑ− 1

2
cos2 ϑ

)(
cos2 ϑ− 1

2
sin2 ϑ

)
+

3

2
T

(
−3

2
cosϑ sinϑ

)2
}
δϑ2

=

{
J

2
− T

2
− B

2
− 3

2
J sin2 ϑ+

(
9

8
B +

45

32
T

)
sin2 2ϑ

}
δϑ2, (C.7)

so the two-spin variation of Eq. (6.13) can be obtained directly from the Hamiltonian

without decomposing it.

To get the total second-order energy variation, Eq. (C.5) has to be varied with

respect to the �rst spin, too, because it still contains ~s1, and due to the change of
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the transverse vectors,

δ~e11 = −~s1δϑ. (C.8)

δE11 =
∑

j 6=1

J (~s1~sj) δϑ
2 −

∑

j

B (~s1~sj)
2 δϑ2 +

∑

j

B (~e11~sj)
2 δϑ2

− 1

2

∑

j,k

T (~s1~sk) (~sj~sk) δϑ
2 − 1

2
T (~s1~sj) (~s1~sk) δϑ

2 +
1

2

∑

j,k

T (~e11~sj) (~e11~sk) δϑ
2

=

{
2J

(
cos2 ϑ− 1

2
sin2 ϑ

)
− 2B

(
cos2 ϑ− 1

2
sin2 ϑ

)2

+ 2B

(
−3

2
cosϑ sinϑ

)2

−T
(

cos2 ϑ− 1

2
sin2 ϑ

)2

− T
(

cos2 ϑ− 1

2
sin2 ϑ

)2

+ T

(
−3

2
cosϑ sinϑ

)2
}
δϑ2,

(C.9)

which due to

(
cos2 ϑ− 1

2
sin2 ϑ

)2

= 1− 3 sin2 ϑ+
9

4
sin4 ϑ = 1− 3

4
sin2 ϑ− 9

16
sin2 2ϑ, (C.10)

⇓

δE11 =

{
2J − 2B − 2T +

(
−3J +

3

2
B +

3

2
T

)
sin2 ϑ+

(
9

4
B +

27

16
T

)
sin2 2ϑ

}
δϑ2.

(C.11)

The total energy variation can be calculated as follows:

δE =
∑

i,j

δEij +
∑

i

δEii = 6δE12 + 3δE11 (C.12)

=

{
9 (J −B − T ) +

(
−18J +

9

2
B +

9

2
T

)
sin2 ϑ+

27

2
(B + T ) sin2 2ϑ

}
δϑ2,

(C.13)

which is identical with Eq. (C.4) multiplied by δϑ2. This is obvious, since

∂E ({~s})
∂ϑ

=
∑

i

∂E ({~s})
∂~si

∂~si
∂ϑ

(C.14)

and

∂2E ({~s})
∂ϑ2

=
∑

i,j

∂~sj
∂ϑ

∂E ({~s})
∂~sj∂~si

∂~si
∂ϑ

=
∑

i

∂~si
∂ϑ

∂E ({~s})
∂~si∂~si

∂~si
∂ϑ︸ ︷︷ ︸

δEii
δϑ2

+ 2
∑

j>i

∂~sj
∂ϑ

∂E ({~s})
∂~sj∂~si

∂~si
∂ϑ︸ ︷︷ ︸

δEij
δϑ2

.

(C.15)
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