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I Abstract

The control of autonomous unmanned ground (UGV) and air (UAV) vehicles are part
of the non-linear dynamic control methods. It integrates the knowledge of various fields,
and its research is in the center of the international trends. Its main topic is the control
of various vehicles (mobile robot agents) based on common grounds including modeling,
identification, path design considering the under-actuated fashion of the agents and the
obstacles, navigation based on special sensors, movement analysis and sensor-fusion, fast
communication for control and system optimization, as well as the coordinated control of
several vehicles in formation considering static and moving obstacles.

The main goal of this research is to develop control methods based on common system
engineering grounds for ground and air vehicles. Movement in formation, optimal strategy
selection, remote connection, control and navigation should be also considered to be part
of the research.

Based on experience it can be seen that autonomous embedded control systems can be
designed for autonomous mobile robot agents, obstacle avoidance of vehicles in traffic,
quadrotor copters and propelled aeroplanes and their movement in formation with the use
of modern control method development tools, embedded microprocessors and GPS/IMU
sensors.
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II Kivonat

Az önálló működésre képes embernélküli földi (UGV) és légi (UAV) járművek irányítása a
nemlineáris dinamikus rendszerek irányításelméletének körébe tartozik, integrálja számos
más terület tudását, kutatása a nemzetközi trendek középpontjában áll. Központi témája a
különféle járművek (mobilis robot ágensek) egységes elvek alapján történő modellezése,
identifikációja és irányítása, az ágensek alulaktuált jellegét és az akadályokat is figyelembe
vevő pályatervezés, a speciális érzékelőkre, mozgásanalízisre és szenzorfúzióra alapuló
navigáció, a gyors irányítási célú kommunikáció és a rendszeroptimalizálás, valamint több
jármű formációban haladásának koordinált irányítása statikus és mozgó akadályok esetén.

A kutatás fő célja a földi és légi járművek esetére egységes rendszertechnikai elvek
alapján tervezhető irányítási módszerek kifejlesztése. Megvizsgálandók a formációban
haladás, a koalíciók közötti optimális stratégiaválasztás, a távolról történő kapcsolattartás
és navigáció lehetőségei.

A tapasztalatok alapján autonóm beágyazott irányítási rendszerek fejleszthetők ki auto-
nóm mobilis robot ágnesek irányítására, közúti járművek akadályelkerülésére, 4-rotoros
helikopterek és motoros repülőgépek irányítására és formációban haladására, korszerű
irányítástechnikai fejlesztőeszközök, beágyazott processzorok és GPS/IMU szenzorok
felhasználásával.
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kai tudást, amit a közös munka során kaphattam.

Köszönöm dr. Kiss Bálint vezetésével az Irányítástechnika Tanszéknek az ott tölött
éveket és a rengeteg szakmai fejlődési lehetőséget.
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Chapter 1

Introduction

Research and development of unmanned vehicles is highly prospering these days. Control
of such vehicles integrates the knowledge of various fields, and its research is at the center of
international trends. Beside military applications, civilian solutions are gaining popularity
rapidly. Although most of the available consumer devices and industrial equipment has
some autonomous features, the growing demand on fully autonomous vehicles both in
air or land increased the need for more reliable, more robust control algorithms. The
main research topic is the control of various vehicles (mobile robot agents) based on
common grounds including modeling, identification, path design considering the under-
actuated fashion of the agents and the obstacles on the path, navigation based on special
sensors, movement analysis and sensor-fusion, fast communication for control and system
optimization, as well as the coordinated control considering static and moving obstacles.

To provide full autonomy to the vehicle, on-board processing would be ideal so the
vehicle can operate without the direct contact for a base station. Although on-board com-
puters have reduced computation availability, recent developments of the silicon industry
are turning this trend to a new direction. Today’s microcomputer and microcontroller
solutions are powerful enough to support control methods with complicated calculations.
Currently available sensors are smaller and cheaper than their predecessors thus giving
the possibility of gathering detailed information on the environment on-board the vehicle.
This supports the latest calculation methods to determine the current and predict the future
state of the unmanned vehicle.

This work discusses the latest hierarchical control methods and introduces refined
calculations and algorithms in both attitude and position control for quadrotor UAVs, fixed
wing UAVs and general UGVs.

The control of autonomous unmanned ground (UGV) and air (UAV) vehicles is part of
the non-linear dynamic control methods.

In the domain of nonlinear control algorithms, the most popular technique is the
backstepping approach, although several other methods are elaborated including sliding
mode, described in the conference paper of Boubadallah and Siegwart [1] and feedback
linearization control algorithms introduced by Das, Subbarao and Lewis in their work
[2]. This thesis however presents refined Backstepping Control (BSC) and the differences
between Euler Angle and Quaternion based calculations. In the domain of quadrotor UAVs
a full state backstepping algorithm is discussed which was introduced in the paper of
Madani and Benallegue [3]. While the modeling and control of fixed wing UAVs builds on
the literature of Cook [4] or Setevens and Lewis [5], Control Lyapunov Function based
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BSC and non-integrating BSC methods presented building on the PhD Thesis of Harkegard
[6] and Peddle [7]. Dynamic models of fixed wing aircraft that are used for simulations are
found in the MSc Thesis of Blaauw [8].

Popular control methods of unmanned ground vehicles are using PID-type control of
line keeping [9], potential field technique [10] and nonlinear time-optimal control [11].
This thesis discusses a modified kinematic control method with an approach to estimate the
errors caused by the sliding effect. While in most cases this sliding effect is not considered
in kinematic models, like in the work of De Luca and coworkers [12], the method of
Arogeti and Berman [13] is a remarkable exception. Their work is based on the research of
Scherer and Weiland [14] in the field of peak-to-peak L∞ (or generalized H2) disturbance
effects in single variable (SISO) systems.

Since state estimation is an important step in the used modeling and control methods,
a complete chapter is dedicated for nonlinear state estimation that is based on sensor
fusion. Popular approaches in state estimation are based on EKF (Extended Kalman Filter)
described in the book Theory and Design of Control Systems II. by Lantos [15], sigma-
point estimators like UKF (Unscented Kalman Filter) introduced in the paper of van der
Merwe, Wan and Julier [16] and simmetry-preserving observers (SPO) using Lie-Group
technique shown in the article by Bonnabel and coworkers [17]. In this dissertation an
improved EKF method is introduced for UAVs based on the WGS-84 standard of GPS
navigation.

Before any of these control methods could be discussed, the dynamic models of the
vehicles are introduced respectively. Simplifications, where needed, are pointed out in
respect of the chosen model or control method. The introduced models are not only needed
to introduce the control methods, but they are also necessary for building an adequate
simulation environment to support development of real life applications without the risk of
harming people or equipment. Feeding collected telemetry data from real life applications,
the simulation can help refine both the models and control methods. This technique also
can be used to prove the working of the control algorithms.

1.1 Major research directions, results
The main goal of this research is to develop control methods based on common system
engineering grounds for ground and air vehicles.

Based on experience it can be seen that autonomous embedded control systems can
be designed for autonomous mobile robot agents, obstacle avoidance of vehicles in traf-
fic, quadrotor copters and propelled aeroplanes with the use of modern control method
development tools, embedded microprocessors and GPS/IMU sensors.

Throughout the work the most important academic results of the control industry were
studied and the results were used for this research, which was based on the control of three
different types of unmanned vehicles - Quadrotor UAVs, Fixed wing UAVs and Unmanned
Ground Vehicles. My main research was based on navigation and state estimation of
vehicles, sensor fusion, hierarchical (on the upper level kinematic and on the lower lever
dynamic model based) control of ground vehicles and input-output linearization based
control of quadrotor helicopters.
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1.2 Organization
This work consists of six main chapters. While this chapter introduce the System Engineer-
ing Fundamentals of Vehicles, the following chapters 2, 3 and 4 present the research on
the control of three different type of unmanned vehicles. They will discuss the different
methods of low level (attitude) control to route/mission planning methods of quadrotor
UAVs, fixed wing UAVs and finally unmanned ground vehicles. Chapter 5 introduces the
nonlinear state estimation discussed in the highlight of UAV control. At the end of the
dissertation the Bibliography and a list of my scientific publications can be found.

1.3 System Engineering Fundamentals of Vehicles
Vehicles and robots are designed for transportation and manipulation tasks respectively.
They can change the position or orientation of bodies in space. The transportation task can
be formulated as the motions to some significant distance in comparison with the size of
the moved bodies. Manipulation is to make any other change of the position and orientation
of the bodies.

Vehicles are engineering systems used for transportation. They can be categorized in
function of the environment where they perform the transportation, e.g. on the ground,
in the water, in the air. A car or ground vehicle is a wheeled motor vehicle used for
transporting passengers or cargo, which also carries its own engine or drive motor. An
aircraft is a vehicle which is able to fly by being supported by the air. The most important
type of aircraft are the airplanes and helicopters, in which the lift and thrust are supplied
by control surfaces and one or more engine driven rotors.

The manipulation of an object can be solved using robots. A robot is an automatically
guided machine, able to do tasks on its own. A robot is a re-programmable multi-functional
manipulator designed to move materials, parts, tools, or specialized devices through
variable programmed motions for the performance of a variety of tasks.

The bridge between the vehicles and robots is represented by the mobile robots which
are robots that have the capability to move around in their environment and are not fixed
to one physical location. Similarly to vehicles, they are categorized in the function of the
environment in which they travel. Robots are usually called autonomous or unmanned if
they have no driver (pilot). Autonomous engineering systems can perform desired tasks in
partially known environments without continuous human supervision.

Nowadays almost all automatic control problems are solved using digital computers or
micro-controllers. Most of vehicle and robot control algorithms require high computational
costs and the sampling periods in order of milliseconds or even less. Hence such fast
microprocessors should be applied that support floating point operations at hardware level.
Many of these types of processors are available these days at relatively low cost. The
industrial microcontrollers beside the capability of fast computation also offers on-chip
interfaces for sensors and actuators that can be used in automation.

There are a wide range of different type of sensors that facilitate the localization of
vehicles in spaces such as the satellite based Global Positioning System based sensors,
inertial sensors, laser or ultrasound based distance sensors, stereo vision systems. For
precise localization of vehicles the signals from different (GPS, IMU, magnetometer,
image etc.) sensors can be combined using sensor fusion techniques. The inertial system
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provides short term data, while the GPS based sensor corrects accumulated errors of the
inertial system.

Common for many vehicles that the degree of freedom is six (3D position and 3D
orientation) while the number of available actuators is smaller hence the vehicles are
underactuated. For ground vehicles the actuators are the brake, acceleration and steering.
For ships (typically) the longitudinal thruster and the steering are the actuators. For a fixed
wing aircraft the elevator, rudder and ailerons together with a (propeller) thruster while for
a quadrotor helicopter the four (brushless DC) motors play the role of the actuators.

All in these cases the system is a nonlinear dynamic system that integrate the properties
of the rigid body and extensions depending on the specialty of the limited actuators.

The control of vehicles and robots is a great challenge and it represents an important
field of control engineering research in the past decades. The possibility to increase the
autonomy of vehicles and robotic systems are facilitated by the new results and tools
offered by the related technologies.

At this introductory level we summarize here some often used system engineering
results regarding the dynamic model of rigid bodies and the characterization of the ori-
entation for kinematic models based on the DCM (Direct Cosine Matrix), the Rodrigues
formula, the navigational Euler angles and the quaternions. The proof of these results can
be found in many standard works, see for example [18] and [15]. More special results
will be discussed in later chapters for nonlinear control of autonomous vehicles.

1.3.1 Dynamic Model Based on Newton–Euler Equations
Consider a rigid body moving relative to an inertial coordinate system KI . To the rigid
body an own coordinate system KB is fixed in the center of gravity (COG) which is moving
together with the rigid body. The velocity, acceleration, angular velocity and angular
acceleration are defined relative to the inertial frame. The differentiation rule in moving
coordinate system gives the relation between the formal (componentwise) derivatives in
the moving frame and the derivatives in the inertial frame. Especially a = v̇+ω× v where
a, v, ω are the acceleration of COG, the velocity of COG and the angular velocity of the
rigid body, respectively. The total external force Ftotal and the total external torque Mtotal
are acting in COG.

All vectors are expressed in the basis of the moving frame KB which will be shown
by the simplified notation a,v,ω,Ftotal,Mtotal ∈ KB. Their components in KB are a =
(ax,ay,az)

T , v = (U,V,W )T , ω = (P,Q,R)T , Ftotal = (FX ,FY ,FZ)
T , Mtotal = (L̄,M,N)T .

The rigid body has mass m and inertia matrix Ic belonging to COG.
The dynamic model of the rigid body is given by Newton’s force equation ma =

m(v̇+ω×v) = Ftotal , and Euler’s moment equation Icω̇ +ω× (Icω) = Mtotal , from which
follows

v̇ = −ω× v+
1
m

Ftotal, (1.1)

ω̇ = −I−1
c ω× (Icω)+ I−1

c Mtotal. (1.2)
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Let us compute first the inverse of the inertia matrix:

Ic =

 Ix −Ixy −Ixz
−Ixy Iy −Iyz
−Ixz −Iyz Iz

⇒ I−1
c =

 I1 I2 I3
I2 I4 I5
I3 I5 I6

 . (1.3)

det(Ic) = IxIyIz−2IxyIxzIyz− IxI2
yz− IyI2

xz− IzI2
xy,

I1 = (IyIz− I2
yz)/det(Ic),

I2 = (IxyIz + IxzIyz)/det(Ic),

I3 = (IxyIyz + IxzIy)/det(Ic), (1.4)

I4 = (IxIz− I2
xz)/det(Ic),

I5 = (IxIyz + IxyIxz)/det(Ic),

I6 = (IxIy− I2
xy)/det(Ic).

Then we can continue with the computation of −ω× (Icω):

−ω× (Icω) =

 0 R −Q
−R 0 P
Q −P 0

 Ix
−Ixy
−Ixz

P+

 −Ixy
Iy
−Iyz

Q+

 −Ixz
−Iyz

Iz

R


=

 (−RIxy +QIxz)P+(RIy +QIyz)Q+(−RIyz−QIz)R
(−RIx−PIxz)P+(RIxy−PIyz)Q+(RIxz +PIz)R

(QIx +PIxy)P+(−QIxy−PIy)Q+(−QIxz +PIyz)R


=

 (0)PP+ IxzPQ− IxyPR+ IyzQQ+(Iy− Iz)QR− IyzRR
−IxzPP− IyzPQ+(Iz− Ix)PR+(0)QQ+ IxyQR+ IxzRR
IxyPP+(Ix− Iy)PQ+ IyzPR− IxyQQ− IxzQR+(0)RR

 .

Dynamic model of the rigid with equations

U̇ = RV −QW +FX/m,

V̇ = −RU +PW +FY/m, (1.5)
Ẇ = QU−PV +FZ/m,

Ṗ = PppPP+PpqPQ+PprPR+PqqQQ+PqrQR+PrrRR+ I1L̄+ I2M+ I3N,

Q̇ = QppPP+QpqPQ+QprPR+QqqQQ+QqrQR+QrrRR+ I2L̄+ I4M+ I5N,

Ṙ = RppPP+RpqPQ+RprPR+RqqQQ+RqrQR+RrrRR+ I3L̄+ I5M+ I6N,

(1.6)

where the parameters P∗∗,Q∗∗,R∗∗ are weighting factors for the products of the components
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of ω defined by

Ppp = −IxzI2 + IxyI3,

Ppq = IxzI1− IyzI2 +(Ix− Iy)I3,

Ppr = −IxyI1 +(Iz− Ix)I2 + IyzI3,

Pqq = IyzI1− IxyI3, (1.7)
Pqr = (Iy− Iz)I1 + IxyI2− IxzI3,

Prr = −IyzI1 + IxzI2,

Qpp = −IxzI4 + IxyI5,

Qpq = IxzI2− IyzI4 +(Ix− Iy)I5,

Qpr = −IxyI2 +(Iz− Ix)I4 + IyzI5,

Qqq = IyzI2− IxyI5, (1.8)
Qqr = (Iy− Iz)I2 + IxyI4− IxzI5,

Qrr = −IyzI2 + IxzI4,

Rpp = −IxzI5 + IxyI6,

Rpq = IxzI3− IyzI5 +(Ix− Iy)I6,

Rpr = −IxyI3 +(Iz− Ix)I5 + IyzI6,

Rqq = IyzI3− IxyI6, (1.9)
Rqr = (Iy− Iz)I3 + IxyI5− IxzI6,

Rrr = −IyzI3 + IxzI5.

For many aircraft, because of symmetry in the form, can be assumed that Kxy = Kyz = 0
and a lot of terms are zero in I−1

c and in P∗∗,Q∗∗,R∗∗ so that simplifications in the dynamic
model are possible. However this is no more valid if the load is asymmetrical or varying.

The above equations do not consider the position and orientation of the rigid body,
although many problems need also them, for example if a designed path has to be realized
by the control. It means that rc ∈ KI and the orientation of KB relative to KI are also
important. Hence we have to deal also with the kinematic part of the motion equation. For
the description of the orientation the Euler (roll, pitch, yaw) angles and the quaternions are
especially important.

1.4 Orientation Description by Rotations and Quaternion
According to [18] and [15], in the navigation of robots and vehicles the common practice
is to use homogeneous transformations for describing the pose (position and orientation)
of moving objects and rotations or quaternions for characterizing their orientation.

The kinematic differential equations use the frames of ECI (Earth Centered Inertia),
ECEF (Earth Centered Earth Fixed), NED (North, East, Down) and Body (vehicle body)
coordinate systems. In the sequel they will be referred by the letters i, e, n and b, respec-
tively.
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1.4.1 Homogeneous Transformations

Let us consider first two orthonormed coordinate systems (frames) denoted by K and K′

and let their basis vectors be i, j,k and i′, j′,k′, respectively.
Since r = r′+ p and r, p ∈ K and r′ ∈ K′ therefore

r = ρxi+ρy j+ρzk, p = pxi+ py j+ pzk, r′ = ρ ′xi′+ρ ′y j′+ρ ′zk
′,

i′ = r11i+ r21 j+ r31k, j′ = r12i+ r22 j+ r32k, k′ = r13i+ r23 j+ r33k,
(1.10a)

r = (r11ρ ′x + r12ρ ′y + r13ρ ′z + px)i+
+(r21ρ ′x + r22ρ ′y + r23ρ ′z + py) j+
+(r31ρ ′x + r32ρ ′y + r33ρ ′z + pz)k.

(1.10b)

These relations can also be described in matrix form: ρx
ρy
ρz

=

 r11 r12 r13
r21 r22 r23
r31 r32 r33

 ρ ′x
ρ ′y
ρ ′z

+

 px
py
pz

 ,

↑ i′ ↑ j′ ↑ k′︸ ︷︷ ︸
described in
i, j, k basis

(1.11)

r = Rr′+ p. (1.12)

Adding to them the identity 1 = 1 then the change of the orientation R between K
and K′ and the position vector p between the origins can be reduced to a homogeneous
transformation T : 

ρx
ρy
ρz
1

=


r11 r12 r13 px
r21 r22 r23 py
r31 r32 r33 pz
0 0 0 1




ρ ′x
ρ ′y
ρ ′z
1

 , (1.13)

(
r
1

)
=

(
R p
0T 1

) (
r′

1

)
=:
(

l m n p
0 0 0 1

) (
r′

1

)
=: T

(
r′

1

)
, (1.14)(

r
1

)
= T

(
r′

1

)
. (1.15)

Here (rT 1)T ∈ R4 and (r′T 1)T ∈ R4 denote the homogeneous coordinates of r ∈ R3 and
r′ ∈ R3.
Notice that for example i′ = r11i+ r21 j+ r31k⇒< i′, i >= r11 is the cosine of the angle
between the unit vectors of i′ and i etc. hence R can be rightly called the Direct Cosine
Matrix (DCM).
The homogeneous transformation T has two important properties:

i) T gives the orientation and position of K′ relative to K.

ii) T makes it possible to determine the coordinates in K of the point P if we know its
coordinates in K′.
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It is useful to provide the homogeneous transformation T with indices in order to
emphasize that the components of l,m,n, p belonging K′ should be given in the basis of K:
TK,K′ . It is apparent that the order of the indices is important in the interpretation.

The sequence of homogeneous transformations can be described by the product of
homogeneous transformations:

T1T2 =

[
R1 p1
0T 1

] [
R2 p2
0T 1

]
=

[
R1R2 R1 p2 + p1

0T 1

]
. (1.16)

1.4.2 Orientation Description Using Elementary Rotations

Let us consider first the change of orientation. Let us assume that K and K′ originally
coincided but K′ has been rotated around some axis of K by the angle ϕ and consider the
state after the rotation. In order to simplify the relations the following convention will be
introduced hereafter:

Cϕ := cos ϕ, Sϕ := sin ϕ, Cαβ := cos(α +β ), C12 := cos(q1 +q2) etc. (1.17)

Using (1.11) the elementary rotations are as follows:

Rot (z,ϕ) =
(
i′rot j′rot k′rot

)
=

 Cϕ −Sϕ 0
Sϕ Cϕ 0
0 0 1

 , (1.18)

Rot (y,ϕ) =
(
i′rot j′rot k′rot

)
=

 Cϕ 0 Sϕ

0 1 0
−Sϕ 0 Cϕ

 , (1.19)

Rot (x,ϕ) =
(
i′rot j′rot k′rot

)
=

 1 0 0
0 Cϕ −Sϕ

0 Sϕ Cϕ

 . (1.20)

1.4.3 Rodrigues formula

Let t be a general direction vector, ‖t‖ = 1. Let us assume that K and K′ originally
coincided, but K′ has been rotated around t by the angle ϕ .

Let x be the point to be rotated having projections xt = t < t,x > and xt⊥ = x− xt =
x−t < t,x >. Here < t,x >= tT x = xT t denotes the scalar product. Let the rotated image of
xt⊥ in the plane orthogonal to t be denoted by xrot

t⊥ . Since xt does not change during rotation,
hence xrot = xt + xrot

t⊥ . On the other hand xt⊥ and t× xt⊥ are two orthogonal directions in
the plane orthogonal to t, furthermore ‖t× xt⊥‖ = ‖t‖ · ‖xt⊥‖ · sin(90◦) = ‖xt⊥‖, hence
xrot

t⊥ = xt⊥ cosϕ + t × xt⊥ sinϕ , and as a consequence xrot = t < t,x > +(x− t < t,x >
)cosϕ + t× xsinϕ .

The rotation is a linear transformation Rot(t,ϕ) whose matrix is Rot(t,ϕ):

xrot = Rot(t,ϕ)x = xcosϕ + t < t, x > (1− cosϕ)+ t× xsinϕ, (1.21)
Rot (t,ϕ) =Cϕ I +(1−Cϕ)[t ◦ t]+Sϕ [t×], (1.22)
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which is the so-called Rodrigues formula [19]. Using the matrices of the dyadic product
[t ◦ t] = t · tT and the vector product [t×] it yields

Rot(t,ϕ)=

 Cϕ +(1−Cϕ) tx tx (1−Cϕ) tx ty−Sϕ tz (1−Cϕ) tx tz +Sϕ ty
(1−Cϕ) tx ty +Sϕ tz Cϕ +(1−Cϕ) ty ty (1−Cϕ) ty tz−Sϕ tx
(1−Cϕ) tx tz−Sϕ ty (1−Cϕ) ty tz +Sϕ tx Cϕ +(1−Cϕ) tz tz

 . (1.23)

The inverse of the rotation is the rotation around t by the angle −ϕ . Since [t ◦ t] is
symmetric, [t×] is skew-symmetric, cos(−ϕ) = cos(ϕ) and sin(−ϕ) =−sin(ϕ) hence

Rot(t,ϕ)]−1 = [Rot(t,ϕ)]T . (1.24)

Therefore in case of orthonormed coordinate systems the inverse of the orientation
matrix R is the transpose of the matrix R from which it follows that the inverse of the
homogeneous matrix T can be easily computed:

R−1 = RT , (1.25)

T =

[
R p
0T 1

]−1

=

[
RT −RT p
0T 1

]
. (1.26)

The orientation part R in the homogeneous transformation T contains 3×3 = 9 ele-
ments. However they are not independent because i′, j′,k′ is an orthonormed basis therefore
‖i′‖= ‖ j′‖= ‖k′‖= 1 and < i′, j′ >=< i′,k′ >=< j′,k′ >= 0, which are 6 conditions for
the 9 elements. Thus the orientation can be described by 9−6 = 3 free parameters. In the
case of Rodrigues formula these are t and ϕ where t is a unit vector having only 2 free
parameters.

In the navigation practice of vehicles the names of the angles for z and x rota-
tions are exchanged in the transformation RPY and simply called Euler angles: RK,K′ =
RPY (ψ,ϑ ,ϕ) which can easily be determined. It is also a common practice to use
RT

K,K′ = RPY T (ψ,ϑ ,ϕ) =: S(ϕ,ϑ ,ψ) but in this case S transforms vectors from K into
K′. Notice that in the navigation practice ϕ is the roll angle and ψ is the yaw angle,
respectively.

1.4.4 Kinematic Model Using Euler (RPY) Angles
In case of Euler (RPY) angles we can parametrize the relative orientation by the rotation
angles Ψ,Θ,Φ around the z,y,x axes, respectively:

RKI ,KB = Rot(z,Ψ)Rot(y,Θ)Rot(x,Φ)

=

 CΨ −Sψ 0
SΨ CΨ 0
0 0 1

 CΘ 0 SΘ

0 1 0
−SΘ 0 CΘ

 1 0 0
0 CΦ −SΦ

0 SΦ CΦ


=

 CΨ −Sψ 0
SΨ CΨ 0
0 0 1

 CΘ SΘSΦ SΘCΦ

0 CΦ −SΦ

−SΘ CΘSΦ CΘCΦ

⇒
=

 CΨCΘ CΨSΘSΦ−SΨCΦ CΨSΘCΦ +SΨSΦ

SΨCΘ SΨSΘSΦ +CΨCΦ SΨSΘCΦ−CΨSΦ

−SΘ CΘSΦ CΘCΦ

 . (1.27)
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Since Ψ,Θ,Φ can be considered as the joint variables of an RRR fictitious robot arm hence
the relation between the angular velocity ω = ωxiB +ωy jB +ωzkB and the joint velocities
Ψ̇,Θ̇,Φ̇ can be used, but in the formula the joints axes are t1 = k for Ψ̇, t2 = j for Θ̇ and
t3 = i for Φ̇, respectively. For the computation of the partial angular velocities the partial
products are already present in the above formulas, hence we can select the appropriate
row and write it in the appropriate column of the “Jacobian”: ωx

ωy
ωz

 =

 −SΘ 0 1
CΘSΦ CΦ 0
CΘCΦ −SΦ 0

 Ψ̇

Θ̇

Φ̇

 .

The determinant of the “Jacobian” matrix is det =−CΘ and its inverse is

[ ]−1 = − 1
CΘ

 0 −SΦ −CΦ

0 −CΘCΦ CΘSΦ

−CΘ −SΘSΦ −SΘCΦ

=

 0 SΦ/CΘ CΦ/CΘ

0 CΦ −SΦ

1 TΘSΦ TΘCΦ

 .
Assume that the position of the COG is rc = XciI +Yc jI +ZckI in the basis of KI . Then

using the chosen parametrization ω = PiB +Q jB +RkB, v = UiB +V jB +WkB and the
order Φ̇,Θ̇,Ψ̇ we obtain the following kinematic equations: Ẋc

Ẏc
Żc

 = RKI ,KB(Φ,Θ,Ψ)

 U
V
W

 , (1.28)

 Φ̇

Θ̇

Ψ̇

 =

 1 TΘSΦ TΘCΦ

0 CΦ −SΦ

0 SΦ/CΘ CΦ/CΘ

 P
Q
R

=: F(Φ,Θ)ω. (1.29)

1.4.5 Kinematic Model Using Quaternion
The critical vertical pose of the rigid body at Θ = ±π/2 is singular configuration in
Euler (RPY) angles hence some applications prefer the use of quaternion for orientation
description.

The quaternion is the pair q = (s,w) ∈ R1×R3 consisting of a scalar s and a vector w.
The conjugate is q̃ = (s,−w) and the norm is ||q||= s2 +wT w. In the set Q of quaternions
scalar multiplication and addition is defined as usual. The quaternion product is a new
operation:

q1⊗q2 = (s1,w1)⊗ (s2,w2) = (s1s2−wT
1 w2,w1×w2 + s1w2 + s2w1) (1.30)

It follows from the Rodrigues formula that Rot(t,ϕ),‖t‖= 1, can be identified by an
appropriately chosen unit quaternion q:

Rot(t,ϕ) =Cϕ I +(1−Cϕ)[t ◦ t]+Sϕ [t×]↔ q = (Cϕ/2, tSϕ/2), (1.31)

q∗ (0,r)∗ q̃ = (0,Rot(t,ϕ)r). (1.32)

On the other hand t2 =< t, t >= 1 hence < t ′, t >+< t, t ′ >= 0⇒ t⊥t ′ thus t, t× t ′, t ′ is
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an orthogonal basis and ω = λ1t +λ2t× t ′+λ3t ′. Notice that prime denote time derivative
here.

Lemma 1.1. ω = ϕ ′t +(1−Cϕ)t ′× t +Sϕt ′.

Lemma 1.2. If q = (s,w) = (Cϕ/2, tSϕ/2), ‖q‖= 1 then

ω = 2
(
−ws′+(−[w×]+ sI)w′

)
. (1.33)

The proofs of the above two lemmas can be found in [15] and [18]

Remarks:

1. Since ‖q‖2 = s2 +w2 = 1⇒ 2(wT w′+ ss′) = 0 hence(
ω

0

)
= 2

[
−w −[w×]+ sI

s wT

](
s′

w′

)
. (1.34)

2. The matrix in the above equation is orthogonal:[
−wT s

[w×]+ sI w

][
−w −[w×]+ sI

s wT

]
= I. (1.35)

3. The time derivative of the quaternion can be expressed by ω and q in bilinear form:(
s′

w′

)
=

1
2

[
−wT s

[w×]+ sI w

](
ω

0

)
=

1
2

(
−ωT w

ωs−ω×w

)
,(

s′

w′

)
=−1

2

[
0 ωT

−ω [ω×]

](
s
w

)
, (1.36)(

s′

w′

)
=

1
2

[
−wT

sI +[w×]

]
ω. (1.37)

1.4.6 Conversion Between Orientation Descriptions

1) Since a×(b×c) = b < a,c >−c < a,b > and for ||t||= 1 yields t×(t×x) = [ttT − I]x
hence ttT = [t×]2 + I and by (1.31) and substitution into the the series form of the
complex exp(z) function follows

Rot(t,ϕ) = I +(1−Cϕ)[t×]2 +Sϕ [t×] (1.38)
Rot(t,ϕ) = exp([t×]ϕ) (1.39)

2) If the unit quaternion q = (s,w) is known then ϕ can be determined from s and the
rotation axis t from w and R from the Rodrigues formula.

3) However this two level computation is superfluous. It follows from (1.32) that if the unit
quaternion q = (s,w) is known then the rotation matrix can be immediately determined
from it:

R := I +2s[w×]+2[w×][w×]. (1.40)
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4) The differential equation for Euler (RPY) angles and quaternion have already been
discussed above but the case of DCM form is not considered although it may be
important for modern control approaches. Let us consider now the case when K1 and
K2 are two orthogonal frames, the relative orientation is R1,2 and the relative angular
velocity of K2 with respect to K1 let ω2

1,2 expressed in the basis of K2. Then the time
derivative of the rotation matrix can be derived by using the differentiation rule in
moving coordinate system in the following form:

R−1
1,2

dR1,2

dt
= [ω2

1,2×] (1.41)

from which follows Ṙ1,2 = R1,2[ω
2
1,2×].



Chapter 2

Control of Quadrotor UAVs

In this section I present an overview of the Quadrotor UAV concept. The research field
of quadrotor unmanned aerial vehicles (UAVs) is highly prospering these days. Although
the field was mainly motivated by possible military applications, civilian usage is emerg-
ing quickly. Several military and civilian professionals are interested in developing an
autonomous mini unmanned outdoor quadrotor helicopter. The benefits of such a system
are significant, in the near future the quadrotor may be able to precisely follow a predefined
path while performing a measurement series such as surveillance above a predefined terri-
tory. In the control of quadrotor helicopters, several control algorithms can be considered,
including linear and nonlinear algorithms of soft-computing algorithms. In the domain of
nonlinear control algorithms, the most popular technique is the backstepping approach,
although several other methods are elaborated including sliding mode [1] and feedback
linearization control algorithms [2]. A full state backstepping algorithm is presented in [3].

These pieces of research not only differ from each other on the control algorithm, but
also on the types of simplification of the dynamic model of the helicopter. Several methods
exist for dynamic models that retain the basic behavior of the vehicle. Some neglect the
rotor dynamics assuming the transients of the rotors are fast compared to those of the
helicopter, some others do not consider the aerodynamics or the gyroscopic effect.

2.1 Dynamic model of quadrotors

2.1.1 Kinematic model of aerial vehicles
Let us assume that a frame (coordinate system) KE fixed to the Earth can be considered as
an inertial frame of reference. In our case it may be the NED frame considered to be fixed.

The frame fixed to the center of gravity of the helicopter KH can be described by
its position ξ = (x,y,z)T and orientation (RPY angles) η = (Φ,Θ,Ψ)T relative to KE .
Translational and angular velocities v and ω of the helicopter are given in KH .

The orientation can be described by the (orthonormal) matrix Rt in the following way:

Rt =

CΘCΨ SΦSΘCΨ−CΦSΨ CΦSΘCΨ +SΦSΨ

CΘSΨ SΦSΘSΨ +CΦCΨ CΦSΘSΨ−SΦCΨ

−SΘ SΦCΘ CΦCΘ

 . (2.1)

The relation between ξ̇ and η̇ and translational and angular velocities v and ω of the
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helicopter take the form

ξ̇ = Rtv, ω = Rrη̇ (2.2)

where the (non-orthonormal) matrix Rr and its inverse are

Rr =

1 0 −SΘ

0 CΦ SΦCΘ

0 −SΦ CΦCΘ

 ,R−1
r =

1 SΦTΘ SΦTΘ

0 CΦ −SΦ

0 SΦ/CΘ CΦ/CΘ

 , (2.3)

and the derivative of ω can be written as

ε = ω̇ = Rrη̈ + Ṙrη̇ . (2.4)

Notice that the kinematic model is similar for both fixed wing and quadrotor UAVs.

2.1.2 Dynamic model
The concept of the quadrotor helicopter can be seen in Fig. 2.1. The helicopter has four
actuators (four brushless DC motors) which exert lift forces fi proportional to the square
of the angular velocities Ωi of the actuators. The rotational directions of the propellers are
shown in the sketch.

f
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Fig. 2.1. Concept of the quadrotor helicopter

Applying Newton’s laws, the translational and rotational motions of the helicopter in
KH are described by

∑Fext = mv̇+ω× (mv),

∑Text = Icω̇ +ω× (Icω),
(2.5)

where Ic is the inertia matrix of the helicopter and it is supposed that it can be described
by a diagonal matrix Ic = diag(Ix, Iy, Iz). ∑Fext and ∑Text represent the forces and torques
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respectively applied to the quadrotor helicopter expressed in KH . These forces and torques
are partly caused by the rotation of the rotors (F and T ), the aerodynamic friction (Fa and
Ta), the gravitational effect (Fg) in the translational motion and the gyroscopic effect (Tg)
in the rotational motion:

∑Fext = F +Fa +Fg,

∑Text = T +Ta +Tg.
(2.6)

The helicopter has four actuators (four brushless DC motors) which exert a lift force
proportional to the square of the angular velocities Ωi of the actuators ( fi = bΩ2

i ). The
BLDC motors’ reference signals can be programmed in Ωi. The resulting torque and lift
force are

T =

 lb(Ω2
4−Ω2

2)
lb(Ω2

3−Ω2
1)

d(Ω2
2 +Ω2

4−Ω2
1−Ω2

3)

 ,

f = f1 + f2 + f3 + f4 = b
4

∑
i=1

Ω
2
i ,

(2.7)

where l, b, d are helicopter and rotor constants. The force F can then be rewritten as
F = (0,0, f )T .

The gravitational force points to the negative z-axis, hence Fg = −mRT
t (0,0,g)

T

=−mRT
t G. The gyroscopic effect can be modeled as

Tg =−(ω× k)Ir(Ω2 +Ω4−Ω1−Ω3) =−ω× (IrΩr) (2.8)

where Ir is the rotor inertia and k is the third unit vector.
The aerodynamic friction at low speeds can well be approximated by the linear formulas

Fa =−Ktv and Ta =−Krω .
Using the equations above we can derive the motion equations of the helicopter:

F = mRT
t ξ̈ −KtRT

t ξ̇ −mRT
t G,

T = IcRrη̈ + Ic

(
∂Rr

∂Φ
Φ̇+

∂Rr

∂Θ
Θ̇

)
η̇+

+KrRrη̇ +(Rrη̇)× (IcRrη̇ + IrΩr).

(2.9)

2.1.3 Simplified dynamic model
A simplified model of the quadrotor helicopter can be obtained by neglecting certain effects
and applying reasonable approximations. For slow helicopter motion it is reasonable to
neglect all the aerodynamic effects, namely, Kt and Kr are approximately zero matrices.
Slow motion in lateral directions means little roll and pitch angle changes, therefore Rr
can be approximated by a 3-by-3 unit matrix. Such simplification cannot be applied to Rt .

Consequently, the dynamic equations in (2.9) become

F ≈ mRT
t ξ̈ −mRT

t G,

T ≈ Icη̈ + η̇× (Icη̇ + IrΩr).
(2.10)
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The six equations are the ones that can be found in [1], [20]. Because of their importance
in later use in this work they will be repeated here.

mẍ≈ (CΦSΘCΨ +SΦSΨ) f ,
mÿ≈ (CΦSΘSΨ−SΦCΨ) f ,
mz̈≈CΦCΘ f −mg,

IxΦ̈≈ Θ̇Ψ̇(Iy− Iz)− IrΘ̇Ωr +T1,

IyΘ̈≈ Ψ̇Φ̇(Iz− Ix)− IrΦ̇Ωr +T2,

IzΨ̈≈ Φ̇Θ̇(Ix− Iy)+T3.

(2.11)

2.1.4 Rotor dynamics
The four BLDC motors’ dynamics can be described as

L
dik
dt

= um,k−Rik− keΩk,

IrΩ̇k = kmik− krΩ
2
k− ks,

(2.12)

where ke, km and ks represent the back emf constant, the motor torque constant and the
friction constant, respectively. For negligible motors’ inductance (2.12) can be rewritten to

Ω̇k =−kΩ,0− kΩ,1Ωk− kΩ,2Ω
2
k + kuum,k. (2.13)

2.2 Limited state input/output linearization
Considering x and y are constant and only hovering and attitude variables have to be
controlled, i.e. q = (Φ,Θ,Ψ,z)T , q̇ = (Φ̇,Θ̇,Ψ̇, ż)T and τ = (T T , f )T , then the system will
be of the form

H(q)q̈+h(q, q̇) = τ (2.14)

that is a fully actuated robot. Such system can be linearized without zero dynamic resulting
in decoupled double integrators that can be further stabilized by low level PID control.
This algorithm is equivalent to Computed Torque Technique (CTT), see Chapter 4 in [18].
Instead of low level PID also sliding mode control can be applied with elimination of
chattering if disturbances or non-modeled dynamics are present, see Chapter 2 in [18]. The
approach can be generalized for first stabilizing the height and computing an appropriate
Φd and Θd for moving to xd and yd and then stabilizing the attitude for the computed
Φd,Θd and prescribed Ψd , see later on.

2.3 Standard integral backstepping
In order to compensate disturbance effects in steady state the usual way is adding the error
integrals to the control components. Hence we present first a standard integral backstepping
control (IBC) approach which will be used many times in the sequel. By our knowledge
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the first publication in this field appeared in [21] for motor control and later it became
popular also in quadrotor helicopter control.

Let us consider the simple single variable system (a and b may be nonlinear)

ẋ1 = x2

ẋ2 = a+bu
(2.15)

and define the errors and their derivatives as follows:

e1 = x1d− x1⇒ ė1 = ẋ1d− ẋ1

e2 = x2d− x2⇒ ė2 = ẋ2d− ẋ2
(2.16)

The virtual control x2d will be chosen as

x2d := c1e1 +λ

∫ t

0
e1(τ)dτ︸ ︷︷ ︸

p1

+ẋ1d ⇒

ẋ1d = x2d− c1e1−λ p1

(2.17)

Then the error derivatives satisfy the following relations:

ė1 =−c1e1−λ p1 + e2

ė2 = ẋ2d− ẋ2 = c1ė1 +λe1 + ẍ1d− (a+bu)
= c1(−c1e1−λ p1 + e2)+λe1 + ẍ1d− (a+bu)
=:−c2e2− e1

(2.18)

The form ė2 = −c2e2− e1 was prescribed from stability reason. It will be assumed that
c1,λ ,c2 > 0. Using the two equivalent forms of ė2 it follows

0 = (1− c2
1 +λ )e1 +(c1 + c2)e2− c1λ p1 + ẍ1d− (a+bu)

u =
1
b

[
(1− c2

1 +λ )e1 +(c1 + c2)e2− c1λ p1 + ẍ1d−a
] (2.19)

Let us consider now the following Lyapunov function V and its derivative:

V =
1
2

λ p2
1 +

1
2

e2
1 +

1
2

e2
2⇒

dV
dt

= λ p1 ṗ1 + e1ė1 + e2ė2

dV
dt

= λ p1e1 + e1(−c1e1−λ p1 + e2)+ e2(−c2e2− e1).

(2.20)

Leaving the canceling terms it remains

dV
dt

=−c1e2
1− c2e2

2 ≤ 0. (2.21)

Hence, by using LaSalle’s stability theorem, the closed loop system with integrator back-
stepping control is globally asymptotically stable (GAS) if c1,λ ,c2 > 0.

Algorithm for controller parameter design: Within stability an important question is how
to choose the controller’s parameters for prescribed speed (closed loop eigenvalues) of the
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control transients. By (2.18) and the use of the control law (2.19) the closed loop is ė1
ė2
ṗ1

=

 −c1 1 −λ

−1 −c2 0
1 0 0

 e1
e2
p1

 , (2.22)

hence the characteristic equation is

s3 +(c1 + c2)s2 +(1+ c1c2 +λ )s+λc2 = 0. (2.23)

If the closed loop eigenvalues are prescribed by s1 =−a1, s2 =−a2, s3 =−a3 and a1 ≥
a2 ≥ a3 then the characteristic polynomial is

s3 +(a1 +a2 +a3)s2 +(a1a2 +a1a3 +a2a3)s+a1a2a3 (2.24)

and by comparison of the coefficients yields

c3
2− (a1 +a2 +a3)c2

2 +(a1a2 +a1a3 +a2a3−1)c2

−a1a2a3 = 0,
λ = a1a2a3/c2, c1 = a1 +a2 +a3− c2.

(2.25)

Because of the ordering of the ai values the largest c2 > 0 solution of the cubic polynomial
has to be chosen.

Example: If a1 = a2 = 10 and a3 = 1 (which is a typical choice in SI units for Ts = 0.01s
sampling time and integral control) then the characteristic polynomial is s3+21s2+119s+
100 and c2 = 11.0486, c1 = 9.9514 and λ = 9.0509 with the prescribed eigenvalues
eig(A) = (−10,−10,−1)T .

2.4 Full state backstepping control
A full state backstepping algorithm is presented in [3], where the control law is obtained
step by step through three virtual subsystems’ stabilization. The quadrotor dynamic model
described in Section 2.1 is similar to that in this work. In [1], [22] and [20], a backstepping
algorithm is applied to simplified helicopter dynamic model. These are the base of the
algorithm that is presented in this section.

The following parts focus on the construction of such an algorithm that is capable
of explicitly handling all the effects appearing in (2.9), while being ignorant to realistic
measurement noises.

2.4.1 Applying backstepping algorithm to the helicopter
The control algorithm has evolved from the results of [1] and [20]. The algorithm presented
in this part intends to exploit the advantages of both approaches.
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First, we have to reformulate the equations (2.9) and (2.12).

ξ̈ = fξ +gξ uξ ,

η̈ = fη +gηuη ,

Ω̇k = fΩ,k +gΩ,kuΩ,k,

(2.26)

where fξ , gξ and uξ are

fξ =−G− 1
m

RtKtRT
t ξ̇ ,

gξ =
1
m

diag(rt,3),

uξ = ( f , f , f )T ,

(2.27)

while fη , gη and uη stand for

fη = (IcRr)
−1
[
−Ic

(
∂Rr

∂Φ
Φ̇+

∂Rr

∂Θ
Θ̇

)
η̇−

−KrRrη̇− (Rrη̇)× (IcRrη̇ + IrΩr)

]
,

gη = (IcRr)
−1,

uη = T,

(2.28)

and fΩ,k, gΩ,k and uΩ,k yield

fΩ,k =−kΩ,0− kΩ,1Ωk− kΩ,2Ω
2
k ,

gΩ,k = ku,

uΩ,k = um,k.

(2.29)

Since the vector F contains only one nonzero element, hence

gξ uξ =
1
m

rt,3 f =
1
m

diag(rt,3)uξ (2.30)

where rt,3 is the third column of Rt .
Since the helicopter is underactuated, the concept is that the helicopter is required

to track a path defined by its (xd,yd,zd,Ψd) coordinates. The helicopter’s roll and pitch
angles are stabilized to 0 internally. The control algorithm can be divided into three main
parts. At first, the translational part of the vehicle dynamics is controlled, which then
produces the two missing reference signals to the attitude control system. The third part is
responsible for generating the input signals of the BLDC motors. The hierarchical structure
of the controller is shown in Fig. 2.2, where indexes d and m denote desired and measured
values, respectively.

Kalman filters can tolerate the difference of measurement frequencies of the position
and orientation (GPS or vision system) and acceleration and velocity (IMU). The sampling
time of the motor control is set to 10ms.
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ξd -
ξm -
ξ̇m -
η̇m q-

Position

Control

-Φd ,Θd
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-
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-

Ωm q

-

-

Attitude

Control
T -f

- Rotor

Control
-u

Fig. 2.2. The hierarchical structure of the controller

2.4.2 Position control
The concept of backstepping control will be explained for position control. First, let us
define the path tracking error

qξ 1 = ξd−ξ ⇒ q̇ξ 1 = ξ̇d− ξ̇ (2.31)

Applying Lyapunov’s theorem we construct a positive definite function whose time deriva-
tive is negative definite:

V (qξ1
) =

1
2

qT
ξ1

qξ1
, (2.32)

V̇ (qξ1
) = qT

ξ1
q̇ξ1

= qT
ξ1
(ξ̇d− ξ̇ ). (2.33)

If we were free to choose
ξ̇ = ξ̇d +Aξ1

qξ1
(2.34)

then the time derivative of the Lyapunov function would be

V̇ (qξ1
) =−qT

ξ1
Aξ1

qξ1
< 0 (2.35)

if the matrix Aξ1
was positive definite. Therefore, introducing a virtual tracking error

qξ2
:= ξ̇ − ξ̇d−Aξ1

qξ1
=−q̇ξ1

−Aξ1
qξ1

(2.36)

and an augmented Lyapunov function

V (qξ1
,qξ2

) =
1
2

(
qT

ξ1
qξ1

+qT
ξ2

qξ2

)
, (2.37)
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we are able to find the actual lift force f needed. The augmented Lyapunov function’s time
derivative is

V̇ (qξ 1,qξ 2) = qT
ξ 1q̇T

ξ 1 +qT
ξ 2q̇T

ξ 2 = qT
ξ 1(−qξ 2−Aξ 1qξ 1)+

+qT
ξ 2(ξ̈ − ξ̈d−Aξ 1(−qξ 2−Aξ 1qξ 1)) =

= −qT
ξ1

Aξ1
qξ1
−qT

ξ2
qξ1

+qT
ξ2
( fξ +gξ uξ )−

−qT
ξ2
[ξ̈d−Aξ1

(qξ2
+Aξ1

qξ1
)].

(2.38)

We are now free to choose

uξ := g−1
ξ
[qξ1
− fξ + ξ̈d−Aξ1

(qξ2
+Aξ1

qξ1
)−Aξ2

qξ2
] =

= g−1
ξ
[qξ 1− fξ + ξ̈d−Aξ 1(−q̇ξ 1)−Aξ 2(−q̇ξ 1−Aξ 1qξ 1)] =

= g−1
ξ
[ξ̈d− fξ +(I3 +Aξ2

Aξ1
)qξ1

+(Aξ2
+Aξ1

)q̇ξ1
]

(2.39)

where I3 is a unit matrix. It could be assumed here that ξ̈d is negligible as in [1]. However,
the further goal is that the helicopter tracks certain waypoints, which means that it is in
continuous motion. Therefore, ξ̈d does have an important role in the control. If Aξ 2 is
positive definite then, after eliminating the canceling terms, the time derivative of the
Lyapunov function is

V̇ (qξ1
,qξ2

) =−qT
ξ1

Aξ1
qξ1
−qT

ξ2
Aξ2

qξ2
< 0. (2.40)

Applying the control law (2.39) to (2.26) results in

ξ̈ = ξ̈d +(I3 +Aξ2
Aξ1

)qξ1
+(Aξ2

+Aξ1
)q̇ξ1

, (2.41)

which is equivalent to

0 = (I3 +Aξ2
Aξ1

)qξ1
+(Aξ2

+Aξ1
)q̇ξ1

+ q̈ξ1
. (2.42)

Assuming positive definite and diagonal Aξ1
, Aξ2

matrices with diagonal elements aξ1,i,
aξ2,i, the characteristic equations have the form

s2 +(aξ2,i +aξ1,i)s+(1+aξ2,iaξ1,i) = 0, (2.43)

which guarantees stability.
This means that the errors exponentially converge to zero if the calculated values of fξ

and gξ are close to the real ones.
Algebraic manipulations can be performed in gξ uξ . Multiplying the formula of (2.39)

in brackets by m
f instead of the reciprocal of the appropriate element of gξ yields an

expression for the third column of Rt . Since this change has no effect on the stability, then
if the entire controlled system is stable, gξ has to be convergent and its limit is (0,0,1)T .
Therefore, the reference signals Φd and Θd can be obtained as follows. First we modify gξ
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and uξ :

g̃ξ =
1
m

 f 0 0
0 f 0
0 0 CΦCΘ

 , (2.44)

ũξ =

CΦSΘCΨ +SΦSΨ

CΦSΘSΨ−SΦCΨ

f

=

uξx

uξy

f

 . (2.45)

We can extract f as before and then we obtain uξx and uξy using the elements of g̃ξ and

SΦd = SΨuξx−CΨuξy

SΘd =
CΨuξx +SΨuξy

CΦ

(2.46)

yield Φd and Θd . The reason why these signals can be considered as reference signals is
that as the helicopter approaches the desired coordinates, they converge to zero. Conversely,
if the helicopter follows the appropriate attitude and lift force, it will get to the desired
position and orientation.

2.4.3 Attitude control
The design is similar to that described in the previous part. Again, let us define the attitude
error

qη1 = ηd−η , (2.47)

and introduce a virtual tracking error

qη2 = η̇− η̇d−Aη1qη1 =−q̇η1−Aη1qη1. (2.48)

Following the same steps the result is T = uη where

uη = g−1
η [η̈d− fη +(I3 +Aη2Aη1)qη1 +(Aη2 +Aη1)q̇η1]. (2.49)

2.4.4 A simplified control of the position and attitude
According to (2.9) and (2.10), a change in fξ , fη and gη results in simpler controller
equations that are formally identical to (2.39) and (2.49):

fξ =−G,

fη =−I−1
c [η̇× (Icη̇ + IrΩr)] ,

gη = I−1
c .

(2.50)

A further simplification is to assume that the second derivatives of the reference signals
are zero (ξ̈d = 0 and η̈d = 0), thus these terms disappear from the control laws. In the
following sections it will be shown that these simplifications do not deteriorate the overall
performance of the control system.
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2.4.5 Rotor control
There is a slight difference in the calculation of um compared to the other inputs since in
the third equation of (2.26) only the first derivative of Ωk appears. This means that there is
no need for the virtual error qm2 and the Lyapunov function remains V (qm1) =

1
2qT

m1
qm1 .

However, it is worth including the derivative of qm1 similarly as in the previous sections
because of the error dynamics. Then

um = g−1
m [Ω̇d− fm +(I4 +Am2Am1)qm1+

+(Am2 +Am1)q̇m1 ]
(2.51)

with qm1 and fm being

qm1 =


Ω1d −Ω1
Ω2d −Ω2
Ω3d −Ω3
Ω4d −Ω4

 and fm=


fm,1
fm,2
fm,3
fm,4

 . (2.52)

Since the four motors are considered to be identical, gm can be any of gm,k-s and therefore
it is a scalar. It is worth noticing that since T and f are linear combinations of Ω2

k , hence
Ωkd are the element-wise square roots of

Ω2
1d

Ω2
2d

Ω2
3d

Ω2
4d

=


0 −(2lb)−1 −(4d)−1 (4d)−1

−(2lb)−1 0 (4d)−1 (4d)−1

0 (2lb)−1 −(4d)−1 (4d)−1

(2lb)−1 0 (4d)−1 (4d)−1

(T
f

)
(2.53)

The time derivative of the Lyapunov function becomes

V̇ (qm1) = qT
m1

q̇m1 =

=−qT
m1
[(I +Am2Am1)qm1− (Am2 +Am1)q̇m1] =

=−qT
m1
(I +Am2 +Am1)

−1(I +Am2Am1)qm1 < 0

(2.54)

if Am1 and Am2 are positive definite matrices.

2.4.6 Tuning of controller parameters
The parameters of the controllers are related to coefficients of low order characteristic
polynomials or elements of positive definite diagonal matrices, hence their choice is simple.
The numerical values are immediately related to the speed of the control. It should also
be taken into account that the increased speed of the control can cause saturation in the
actuators. Simulation experiments can help in parameter tuning.

2.4.7 State estimation
The control algorithms need the state variables that may be unmeasured or noisy, hence
they have to be estimated from the available sensor measurements.



24 2.5 Path design and tracking

For indoor application a marker based vision system generated the position and orien-
tation measurements.

For outdoor applications the state estimation is based on sensor fusion of GPS, IMU
and magnetometer. The approach is presented in Chapter 5. The quaternion and 3xEKF
(Extended Kalman Filter) based technique can well-tolerate the large difference between
IMU and GPS sampling frequencies and can be applied for any type of outdoor vehicles.

The efficiency of the method was demonstrated for real flight data of a fixed wing
propeller driven UAV, however the method can also be applied for outdoor quadrotor
UAVs considered in this chapter. Beside unit quaternion, the orientation (attitude) is also
presented in the form of Euler roll, pitch, yaw (Φ,Θ,Ψ) angles. The biases of the sensors
are online corrected.

2.5 Path design and tracking
The typical motion of the quadrotor helicopter can be fit together from takeoff, hover-
ing, attitude change in fixed position and motion along a straight line in fixed direction.
These sections must be connected with continuous acceleration or possibly with smooth
acceleration (continuous jerk).

In order to spar power the goal is to design path in Cartesian space with continu-
ous/smooth linear and angular accelerations. It can be assumed that the prescribed infor-
mation for the path is given in the form of the sequences {ξ}n

1 and {Ψ}n
1. Therefore the

path information is a sequence of 4-dimensional vectors with scalar components. Hence,
the path design problem can be reduced to the path design of a fictitious robot with the
joint vector q = (x,y,z,Ψ)T or its subset, then it can be solved by repeating path design in
a single scalar variable with bounded and continuous/smooth second order derivative. For
the two cases different algorithms will be presented.

2.5.1 Path design with continuous acceleration

The path can be divided into B′→ B→ B′′→C sections in the normalized time t ∈ [−τ,T ]
where the scalar y(t) is of fourth order if t ∈ [−τ,τ) and linear if t ∈ [τ,T ). In order to
obtain smooth solution it is required

y(t) =
a0

12
t4 +

a1

6
t3 +

a2

2
t2 ++a3t +a4

a0 =−
3
4

vCB− vBB′

τ3 , a1 = 0, a2 =
3
4

vCB− vBB′

τ

a3 =
vCB + vBB′

2
, a4 = B+

3
16
(
vCB− vBB′

)
τ

(2.55)
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Path design algorithm in q:

1. Step 1: Prepare the computation of path coefficients:

yB′ = q(T − τ), qB := qC, qC := qD

Ti =
qCi−qBi

q′i,max
, ∀i

T = max{max{Ti},2τ}

vBB′ :=
qB−qB′

τ
, vCB :=

qC−qB

T

(2.56)

Computation of the coefficients a0, . . . ,a4 (can be vectorized). Set the standardized
time to t :=−τ .

2. Step 2: Repeat while t < T − τ:

q(t) =
{

P4(t) if t ∈ [−τ,τ)
P1(t) if t ∈ [τ,T − τ)

t := t +∆

(2.57)

Here P4(t) and P1(t) denote polynomials of given order, ∆ is the step-size (sampling
time). The actual path position ξd(t) comes immediately from the first three components of
q(t). The last component of q(t) is defining the desired yaw angle Ψd(t) for the orientation.
The remaining Euler angles Φd(t) and Θd(t) are the result of real time computations (see
above) and the desired orientation matrix can be determined by substituting them into
Rt(t).

2.5.2 Path design with continuous jerk
In case of the motion along a straight line in fixed direction, the yaw angle Ψd must be
constant on the traveling portion instead of to be linear as above, while the acceleration has
to be smooth, i.e. the jerk is continuous. For this purpose a special path design is suggested
where the scalar y(t) is of fifth order satisfying

y(t) =
a0

60
t5 +

a1

24
t4 +

a2

6
t3 +

a3

2
t2 +a4t +a5

ÿ(−τ0) = ÿ(τ0) = 0, ẏ(−τ0) = ẏ(τ0) = 0,
y(−τ0) = qB, y(τ0) = qC ⇒ a1 = a3 = 0,

a0 =
45
4

qC−qB

τ5
0

, a2 =−
15
4

qC−qB

τ3
0

,

a4 =
15
16

qC−qB

τ0
, a5 =

1
2
(qC +qB)

(2.58)

Due to practical consideration τ0 = n ·τ is allowed where n is an integer number. The main
difference to the previous algorithm is that here y(t) = qC is constant on the traveling part.

Since the path evaluations are performed in normalized time, hence a precise technique
was elaborated to convert paths obtained for different τ and τ0 values to absolute time by
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taking into consideration also the sampling time, such that the desired paths remains con-
tinuous/smooth. Notice that small spikes in the acceleration could cause large torque/force
signals.

2.5.3 The tracking algorithm with filtering and multiple differentia-
tion

The purpose of the control design is to track a predefined trajectory with the smallest pos-
sible tracking error. In practice a navigation point must be approximated with a predefined
accuracy considering the positions and orientations.

The conditions for position tracking ensures that the helicopter will remain in the
proximity of the navigation points while keeping the motion continuous which is supported
by the path design.

On the other hand, the orientation control algorithm needs the derivatives of Φd and Θd
by the time. For robust filtering and differentiation a fictitious control system (integrator
plant 1/s, first order serial compensator F1/(s+F2) and outer unity feedback) was designed.
Denote α anyone of the two angles to be differentiated, then

α̇1 = α2 (2.59)
α̇2 = F1(r−α1)−F2α2 (2.60)
y1 = α1 (2.61)
y2 = α2 (2.62)

where r is the input signal to be differentiated, y1 is the filtered signal and y2 is the
numerically differentiated input. The obtained term can be cascaded considering y2 as the
input for the next term. Then the state equation of the composite member is as follows:

α̇1 = α2 (2.63)
α̇2 =−F1α1−F2α2 +F1r (2.64)
α̇3 = α4 (2.65)
α̇4 = F1α2−F1α3−F2α4 (2.66)
y1 = α1 (2.67)
y2 = α2 (2.68)
y3 = α4 (2.69)

where y1 is the filtered input r f , y2 is the first derivative dr and y3 is the second derivative
ddr.

2.6 Adaptive control
The standard IBC can be extended in the direction of parameter and disturbance force
identification.
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2.6.1 Modeling the parameter changes

Denote θ = θ̂ + θ̃ the unknown parameter vector then it follows:

a+bu = â+ b̂u+∑
i

∂a
∂θi

∣∣
θ̂i

θ̃i +∑
i

∂b
∂θi

∣∣
θ̂i

θ̃iu︸ ︷︷ ︸
ã+b̃u

u :=
1
b̂
[(1− c2

1 +λ1)e1 +(c1 + c2)e2− c1λ1 p1 + ẍ1d− â]

(2.70)

Prescribing as usual from stability point of view ė2 :=−c2e2− e1 then

ė2 + c2e2 + e1 = [. . .− â− b̂u− ã− b̃u] (2.71)

Taking into consideration the chosen form of u and canceling the equivalent terms we
obtain for the parameter identification the relation:

ė2 =−c2e2− e1−∑
i

∂a
∂θi

∣∣
θ̂i

θ̃i−∑
i

∂b
∂θi

∣∣
θ̂i

θ̃iu (2.72)

From application point of view, a typical reason of parameter change is the change of
the mass. Such situation arises if some load will be dropped (parcel, food etc.) in civil
application or some missile will be fired in military application.

In both cases the remaining mass of the quadrotor is changing which will have an
influence to the control properties. It will be assumed that the change of the center of
gravity (COG) can be neglected or can be considered as a vertical disturbance, and the
controller is able to reprogram itself if this information is available.

2.6.2 Mass and vertical force identification
Let us consider the identification of the mass m and a disturbance force Dz:

z̈ =−g+
Dz

m︸ ︷︷ ︸
a

+
CΦCΘ

m︸ ︷︷ ︸
b

u

m = m̂+ m̃⇒ ṁ = 0 = ˙̂m+ ˙̃m⇒ ˙̃m =− ˙̂m

Dz = D̂z + D̃z⇒ Ḋz = 0 = ˙̂Dz +
˙̃Dz⇒ ˙̃Dz =− ˙̂Dz

(2.73)
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Using the general results above, it follows:

∂a
∂m

m̃ =− 1
(m̂)2 D̂zm̂,

∂a
Dz

D̃z =
1
m̂

D̃z (2.74)

∂b
∂m

m̃u =− 1
(m̂)2 m̃CΦCΘu (2.75)

=−CΦCΘ

(m̂)2
m̂

CΦCΘ

[. . .+ z̈d− (−g+
D̂z

m̂
)︸ ︷︷ ︸

â

]m̃ (2.76)

ėz2 =−cz2ez2− ez1 +
m̃
m̂

D̂z

m̂
− D̃z

m̂
(2.77)

+[. . .+ z̈d +g− D̂z

m̂
]
m̃
m̂
⇒ (2.78)

ėz2 =−cz2ez2− ez1−
D̃z

m̂
+[. . .+ z̈d +g] (2.79)

Using Lyapunov theory:

V =
1
2

λz p2
z +

1
2

e2
z1 +

1
2

e2
z2 +

1
2γz1

1
m̂

m̃2 +
1

2γz2

1
m̂

D̃2
z (2.80)

dV
dt

= λz pzez1 + ez1ėz1 + ez2ėz2 −
m̃

γz1m̂
˙̂m− D̃z

γz2m̂
˙̂Dz (2.81)

Substituting ėz1 = −cz1ez1−λz pz + ez2 from standard theory and ėz2 from above it
follows:

dV
dt

=−cz1e2
z1
− cz2e2

z2
(2.82)

+
m̃
m̂

{
ez2[(1− c2

z1
+λz1)ez1 + . . .+ z̈d +g]}− 1

γz1

˙̂m
}

(2.83)

+
D̃z

m̂

{
− ez2−

1
γz2

˙̂Dz
}

(2.84)

Making the braces to zero then the stability condition is satisfied by dV
dt = −cz1e2

z1−
cz2e2

z2 ≤ 0 and an adaptation law is obtained for mass and disturbance force identification.

Adaptation law:

˙̂m = γz1ez2

[
(1− c2

z1
+λz1)ez1 +(cz1 + cz2)ez2− cz1λz1 pz

+z̈d +g
]

˙̂Dz =−γz2ez2

(2.85)
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2.7 Simulation tests
The mechanical parameters of the helicopter and the BLDC motors with the rotors are
based on the planned dimensions, the masses of purchased elements. These values are
summarized in Table 2.1.

Table 2.1: The physical parameters of the helicopter and the motors

Parameter Value
l 0.23m
b 1.759 ·10−5kg m
d 1.759 ·10−6kgm2

Ix, Iy 1.32 ·10−2kgm2

Iz 2.33 ·10−2kgm2

Ir 5.626 ·10−5kgm2

m 1.4kg
Kt diag([0.1, 0.1, 0.15])Ns/m
Kr diag([0.1, 0.1, 0.15])Nsm
kΩ,0 94.37s−2

kΩ,1 3.02s−1

kΩ,2 0.005
ku 139.44V/s2

For path design with continuous acceleration (in x,y,z directions) τ = 5 and q̇i,max =
0.07 were chosen, while for path design with continuous jerk (only for Ψ) τ0 = 5τ and
traveling time T according to the values obtained for x,y,z directions were chosen (all
values are in SI units).

2.7.1 IBC with known system parameters
As a final result of the integration of all the components of the integrating backstepping
control (IBC) the tracking of a complex trajectory is consisting of a general 3D line
followed by a pentagon in horizontal plane is presented in Fig. 2.3 for known helicopter
mass.

2.7.2 Estimation of the initial helicopter mass
In some cases the initial mass of the helicopter is unknown, for example because it was
changed after the last flight. Hence the parameter estimation can help to obtain reliable
values of the mass for the IBC control. The estimation results are shown in Fig. 2.4 for
unknown helicopter mass. The starting value was 1.5mreal .

Beside the mass estimation also the position trajectory and the errors ez1, ez2 and
∫

ez1
are shown because of their influence of the helicopter behavior. It can be seen that the
position in z-direction can become zero (and also negative), hence the integration of the
ez1 component should be switched out for large errors. The signal IMODE shows whether
the integration is running (1) or switched out (0). This concept is applied also for other
control situations.
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2.7.3 Estimation of varying mass and vertical disturbance force
The estimation results of the varying mass and the vertical disturbance force are shown in
Fig. 2.5 together with the position and the integral errors. The error integration is switched
out if ez1 is larger than 0.01m which is typical during the initial phase of parameter
estimation.

2.7.4 Attitude and Rotor Control
The desired Φd and Θd is produced by the position control system and has to be differenti-
ated several times by the cascaded fictitious control systems for use in the attitude IBC
control.

The rotor controls have also IBC principle but some modifications were necessary
because of the (only) first order dynamics. Controller parameter design for IBC rotor
control was discussed earlier.

The attitude control transients and the angular velocities and driving torques of the
motors are shown in Fig. 2.6.
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Fig. 2.3. The position and attitude of the helicopter using IBC control for known helicopter
mass
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Fig. 2.4. Estimation of the initial helicopter mass and the order of errors

0 20 40 60 80 100 120 140 160 180 200
1.4

1.5

1.6

1.7

1.8
m and mhat [kg]

m
mhat

0 20 40 60 80 100 120 140 160 180 200

t [s]

-5

0

5
Dz and Dzhat [N]

Dz
Dzhat

(a) Mass and Force Estimation

0 20 40 60 80 100 120 140 160 180 200
-2

0

2

4
Position [m]

x
y
z

0 20 40 60 80 100 120 140 160 180 200

t [s]

-0.01

0

0.01

0.02
intez1 [ms]

(b) Position and Integral Error

Fig. 2.5. Estimation of the mass and the vertical disturbance force
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Fig. 2.6. Attitude and Rotor Control

2.8 Embedded Control Realization
The hierarchical structure of the controller has already been shown in Fig. 2.2.

2.8.1 Control architecture
For embedded realization a hardware architecture was developed in the earlier work [18]
that is shown in Fig. 2.7.
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Fig. 2.7. Embedded controller architecture

The control loop of the helicopter requires accurate position and orientation informa-
tion. A primary sensor for this is Crossbow MNAV100CA containing GPS and inertial
measurement unit (IMU) which provides 3D acceleration and angular velocity and magne-
tometer measurements together with pressure and temperature information. It contains also
9 servo PWM outputs (not used here). Crossbow’s MICRO-VIEW software is also included
to assist users with calibration, control, data collection and overall system development.
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Part of the architecture is the motor control unit. The rotors are driven by brushless DC
(BLDC) motors. The motor controllers and the sensory unit are conected to the CPU via
CAN bus.

The on-board computer is a phyCORE-MPC555 equipped with a floating point unit and
the controller can be developed at MATLAB/Simulink level. The internal bus is CAN 2.0.
The hardware architecture contains an RF channel providing bidirectional communication
between the quadrotor and the ground station including also a camera unit. The ground
station sends commands and reference path information to the CPU. The helicopter sends
status information to the ground.

2.8.2 Hardware-in-the-loop test
Because of the complexity of flying systems, it is inevitable to verify their control systems
thoroughly before flight. Before implementing the control algorithm on the embedded
target, it was tested using hardware-in-the-loop method (HIL). The tests were aided by
a dSPACE DS1103 board on which the helicopter model and the sensory system’s mea-
surements were emulated while further experiments included the real control architecture
and software realizing the control algorithm and the 3xEKF based state estimation. The
scheme of the tests can be seen in FigureFig. 2.8.

MPC555

Path- Tracking -
Control -

DS1103

Plant
-

�IMU�Estimatorq
-

-

Fig. 2.8. Hardware-in-the-loop test setup

Based on the HIL test the controller parameters were chosen for Ts = 10ms sampling
time according to Table 2.2. The scheme of the HIL test can be found in Chapter 6 of [18].

Table 2.2: The physical parameters of the controller

Parameter Value
Aξ1

diag(2, 1.6, 1.6)
Aξ2

diag(1.2, 1.2, 1.2)
Aη1 diag(12, 12, 12)
Aη2 diag(8, 8, 8)
Am1 diag(0.04, 0.04, 0.04, 0.04)
Am2 diag(0.016, 0.016, 0.016, 0.016)

2.8.3 Reachable sampling time for the control algorithm
Preliminary calculations showed that the MPC555 is theoretically capable of performing
the computation of the control inputs every 10ms. However, Execution Profiling shows that
calculating the control inputs using double precision floating point numbers takes slightly
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more than 20ms. Using single precision numbers does not cause significant deterioration
in the calculations, however, it saves about 5ms.

2.9 Summary
From the often used nonlinear control algorithms the input-output linearization, the back-
stepping control (BSC) and the sliding mode control play important role in engineering
practice. All these methods are model based. In this chapter I concentrated on the popular
method of backstepping control with integrator error extension (IBSC) and applied it to
the control of Quadrotor UAVs where the actuators are four (brushless) DC motors which
exert lift forces fi proportional to the square of the angular velocities Ωi of the actuators.
The system is underactuated because the degree of freedom (DOF) is six (3D position and
3D orientation) while the number of actuators is only four. In such cases not every path
can be exactly realized and the main goal is to approximate the motion having small error
to the path. The path plays the role of the reference signal (desired value) of the control
system. The main results are as follows.

Thesis Group 1: I applied a complex and an approximating nonlinear dynamic model of
quadrotor helicopters for control purposes (dynamic model, simplified dynamic model and
rotor dynamics) and developed model based IBSC control algorithms satisfying nonlinear
Lyapunov stability. The hierarchical control is state dependent and consists of position
control, attitude (orientation) control and rotor control components. Path design methods
were presented satisfying continuous acceleration or continuous jerk. I generalized the
IBSC method for adaptive model parameter and disturbance force identification.
The results were published in [S2], [S3].

Thesis 1.1: I developed a complex nonlinear dynamic model assuming known mass,
diagonal inertia matrix and ΣFext = F +Fa +Fg resulting force and ΣText = T +Ta +Tg
resulting torque where, respectively, F = (0,0, f )T and T are the actuator force and torque,
Fa and Ta are the aerodynamic friction, Fg is the gravity and Tg is the gyroscopic effect in
the helicopter body coordinate system. The initial NED0 Flat Earth coordinate system is a
quasi inertial system. The relative orientation is described by the navigation Euler angles.
The simplified dynamic model approximates the relation between the derivatives of the
Euler angles Φ̇,Θ̇,Ψ̇ and the angular velocity by the unite matrix and neglect the friction
effects. For constant x and y and if only hovering and attitude variables are controlled by
τ = (T T , f )T then the subsystem has the form H(q)q̈+h(q, q̇) = τ which is similar to a
fully actuated robot with q = (Φ,Θ,Ψ,z)T that can be linearized without zero dynamics.

Thesis 1.2: I developed a standard integral backstepping (IBSC) method for the sample
system ẋ1 = x2, ẋ2 = a+bu (a and b may be nonlinear) based on the principle of virtual
control at low level. High level control u guarantees Lyapunov stability with positive
definite V and negative semidefinite dV

dt ≤ 0 from which by LaSalle’s stability theorem
follows global asymptotical stability (GAS). I have shown that the closed loop characteristic
equation is

s3 +(c1 + c2)s2 +(1+ c1c2 +λ )s+λc2 = 0

with c1,c2,λ > 0, and presented a method how to find the parameters of the characteristic
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equation if the roots s1,s2,s3 are prescribed.

Thesis 1.3: By using the state variables ξ = (x,y,z)T , η = (Φ,Θ,Ψ)T and Ωk, k = 1,2,3,4
the dynamic model of the system to be controlled can be brought to the form

ξ̈ = fξ +gξ uξ , η̈ = fη +gηuη , Ω̇k = fΩ,k +gΩ,kuΩ,k, k = 1,2,3,4.

I developed a hierarchical structure for the controller consisting of Position Control,
Attitude Control and Rotor Control parts. I generalized the standard IBSC for the design
of these controller parts.

1. Denote qξ 1 = ξd−ξ the tracking error and qξ 2 = ξ̇− ξ̇d−Aξ 1qξ 1 the virtual tracking
error, respectively, then for the position control the control law

uξ = g−1
ξ
[ξ̈d− fξ +(I3 +Aξ 2Aξ 1)qξ 1 +(Aξ 2 +Aξ 1)q̇ξ 1]

stabilizes the system if Aξ 1,Aξ 2 > 0 and diagonal. Since uξ = ( f , f , f )T hence f
can be determined and from it also the reference signals Φd and Θd can be computed
by direct formulas.

2. Denote qη1 = ηd−η the attitude (orientation) tracking error and qη2 = η̇− η̇d−
Aη1qη1 the virtual attitude tracking error, respectively, then for the attitude control
the control law

uη = g−1
η [η̈d− fη +(I3 +Aη2Aη1)qη1 +(Aη2 +Aη1)q̇η1]

stabilizes the system if Aη1,Aη2 > 0 and diagonal. The output of the attitude con-
troller is the driving torque T .

3. For the simplified dynamic model in the control laws the simplified fξ , · · · ,gη

functions have to be used.

4. For rotor control in the dynamic model only the first derivative of Ωk appears and
hence there is no need to the virtual error qm2. From T and f the reference signal
squares Ω2

id can be determined by a linear formula. Then qm1, fm and um can be
computed and the latter is used as motor input voltage in the servos of the propellers.

Thesis 1.4: The control laws need the reference signal (desired value, path, guidance etc.).
Since quadrotor UAVs perform usually paths in Cartesian space with continuous/smooth
linear and angular accelerations, it can be assumed, that the prescribed path information can
be reduced to sequences {ξ}n

1 and {Ψ}n
1 which is equivalent to a sequence in a fictitious

joint vector q = (x,y,z,Ψ)T or its subset, then it can be solved by repeating path design in a
single scalar variable with bounded and continuous acceleration. For these purposes I have
developed a path design algorithm in q(t) with continuous acceleration and a second one
with continuous jerk (smooth acceleration). The remaining Euler angles Φd(t) and Θd(t)
are the result of real time computations. For robust real time filtering and differentiation I
developed a fictitious control system (integrator plant 1/s, first order serial compensator
F1/(s+F2) and outer unity feedback). The obtained term can be cascaded if necessary.
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Thesis 1.5: The standard IBSC can be extended in the direction of parameter and distur-
bance force identification. First I developed a model of the parameter changes. Denote
θ = θ̂ + θ̃ the unknown parameter then, prescribing ė2 :=−c2e2− e1, c2 > 0 because of
stability reason,

a+bu = â+ b̂u+∑
i

∂a
∂θi
|
θ̂i

θ̃i +∑
i

∂b
∂θi
|
θ̂i

θ̃iu︸ ︷︷ ︸
ã+b̃u

u :=
1
b
[(1− c2

1 +λ1)e1 +(c1 + c2)e2− c1λ1 p1 + ẍ1d− â]

ė2 =−c2e2− e1−∑
i

∂a
∂θi
|
θ̂i

θ̃i−∑
i

∂b
∂θi
|
θ̂i

θ̃iu

From application point of view, a typical reason of parameter change is the change of
the mass. Such situation arises if some load will be dropped (parcel, food etc.) in civil
application or some missile will be fired in military application. It is assumed that change
of the COG can be neglected or can be considered as a vertical disturbance force, and the
controller is able to reprogram itself in real time. For the unknown new mass m and the
unknown vertical disturbance force Dz it is assumed that m = m̂+ m̃⇒ ṁ = 0⇒ ˙̃m =− ˙̂m,
and similarly, Dz = D̂z + D̃z ⇒ Ḋz = 0⇒ ˙̃Dz = − ˙̂Dz. Using the general results I have
derived explicit formulas for the parameter changes and ėz2:

z̈ =−g+
Dz

m︸ ︷︷ ︸
a

+
CΦCΘ

m
u︸ ︷︷ ︸

b

,
∂a
∂m

m̃ =− D̂z

m̂2 m̃,
∂a

∂Dz
D̃z =

1
m̂

D̃z

∂b
∂m

m̃u =−CΦCΘ

m̂2 m̃u =−CΦCΘ

m̂2
m̂

CΦCΘ

[. . .+ z̈d− (−g+
D̂z

m̂
)︸ ︷︷ ︸

â

]m̃

ėz2 =−cz2ez2− ez1−
D̃
m̂
+[. . .+ z̈d +g]

Using the Lyapunov function V penalizing the errors and the parameter changes in the
model, I have shown that

V =
1
2

λz p2
z +

1
2

e2
z1 +

1
2

e2
z2
+

1
2γz1

1
m̂

m̃2 +
1

2γz2

1
m̂

D̃2
z

dV
dt

=−c2
z1e2

z1− c2
z2e2

z2 +
m̃
m̂
{ez2[(1− c2

z1 +λz1)ez1 + · · ·+ z̈d +g]− 1
γz1

˙̂m}

+
D̃z

m̂
{−ez2−

1
γz2

˙̂Dz}

Making the braces zero, it follows the stability of the closed loop with parameter tuning
and The Adaptation Laws:

˙̂m = γz1ez2[(1− c2
z1 +λz1)ez1 +(cz1 + cz2)ez2− cz1λz1 pz1 + z̈d +g]

˙̂Dz =−γz2ez2
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I have experimentally proved the efficiency of the adaptation laws. I have shown by using
simulation that the unknown initial mass can be determined after a short transient. Similarly,
I have shown that if the mass has changed and a vertical disturbance force is present then
their new values can also be determined after short transients. However, since identification
needs error in the system, and the integral of the error can be large during the transients
causing saturation in the actuator, hence for large transient errors it is useful to switch off
the integration.



Chapter 3

Fixed wing UAV control

Many researches deal with the control of airplanes, especially with the control of fixed wing
UAVs, VSA (Variable Stability) and VTOL (Vertical Takeoff and Landing) aircraft. The
control approaches are often model-based and use linearization or different Lyapunov kind
techniques. From the large domain of the field this chapter summarizes the fundamentals
of the flat earth dynamics of airplanes and concentrates on some special techniques of the
control and mission design.

There are excellent books dealing with aircraft dynamic modeling and control, see
the book of Cook [4], and Stevens and Lewis [5]. Another approach from the direction
of robotics can be found in [18]. Most aircraft are underactuated and the actuator models
including control deflections and thrust play an important role. From the nonlinear control
methods this chapter concentrates on the Control Lyapunov Function (CLF) and the
Backstepping Contol (BSC) based techniques.

The CLF method for attitude control was elaborated by Harkegard in his PhD Thesis
[6]. A standard CLF based backstepping method was formulated for a sample system
described by two scalar state variables and solved using nonlinear state feedback in the
presence of constant reference signal. This method was applied for the control of the
pitch and yaw channels in the stability axes coordinate system of the airplane under some
assumptions. The roll channel was controlled by using simple PID method. The reference
signals were supplied by the high level linear position and velocity controls for the low
level subsystems.

The (non-integrating) BSC method was developed by Peddle in his PhD Thesis [7] for
the stabilization and control of UAV flights. It was tested for an aerobatic aircraft CAP-232
fitted with a methanol engine and a VTOL airplane. Dynamic models with aerodynamic
and thrust parameters for other aircraft like the Sekwa UAV and the variable stability
aircraft SU VSA can be found in the MSc Thesis of Blaauw [8].

Simulation results with the Sekwa UAV using also (non-integrating) BSC method
were published by Lungu in the journal paper [23]. In this work the attitude control was
divided in three subtasks assuming known constant reference signals. The stability of the
composite system was not considered.

It is well known that integral component in the control can help to decrease the
disturbance effects and parameter varying. Hence the chapter presents a hierarchical
control system with high linear position and velocity control and low level integrating BSC
control for the attitude. The stability will be proved for the composite system. Mission
(path) design for typical motion sections will also be considered. To discuss the problems,
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at the beginning the fundamentals of the flat earth dynamic model will be summarized.
The structure of the chapter is as follows. Section 3.1 presents the dynamic model of

the aircraft and the parametrization of the different effects. Section 3.2 shows examples
for parametrization of the force/torque effects for Beaver aircraft and small size UAVs.
Section 3.3 and 3.4 deals with the attitude and altitude control using integrating BSC
method. Section 3.5 presents the reference trajectory design for UAVs. In Section 3.6 two
simulation results are presented, while Section 3.7 concludes this chapter.

3.1 Dynamic Model of Airplanes
Dynamic modeling of airplanes is a well elaborated field, see for example the books of
Cook [4], and Stevens and Lewis [5]. Because of limited number of pages only the flat
earth model will be considered. It will be assumed that the reader is familiar with the
notations and fundamental results. We present here an approach from the direction of
robotics regarding Euler (roll, pith, yaw) angles, rigid body dynamics, Jacobian matrix etc.,
see for example [18] for the details.

3.1.1 Navigation Fundamentals
The NED frame of GPS navigation fixed at start time as NED0 is considered an inertial
frame. Further important frames are yet the body frame, the stability and the wind axes
frames. In the indexing they will be denoted by n, b, s and w.

Orientation matrices will be denoted by Rb
a = Rb,a transforming vectors from frame Ka

to frame Kb by rb = Rb
ara. Elementary rotations are denoted by Rot(x,φ) etc. COG is the

center of gravity, α is the angle of attack and β is the sideslip angle.
In case of Euler (RPY) angles:

AKn,Kb = Rot(z,Ψ)Rot(y,Θ)Rot(x,Φ) =: BT
b

=

 CΨCΘ CΨSΘSΦ−SΨCΦ CΨSΘCΦ +SΨSΦ

SΨCΘ SΨSΘSΦ +CΨCΦ SΨSΘCΦ−CΨSΦ

−SΘ CΘSΦ CΘCΦ

 (3.1)

Here the usual notations CΨ = cos(Ψ), SΨ = sin(Ψ) etc. are used.
Since Ψ,Θ,Φ can be considered as the joint variables of an RRR fictitious robot

arm hence the relation between the angular velocity ωb = Pib +Q jb +Rkb and the joint
velocities Φ̇,Θ̇,Ψ̇ can be determined using the robot’s (inverse) “Jacobian”: Φ̇

Θ̇

Ψ̇

=

 1 TΘSΦ TΘCΦ

0 CΦ −SΦ

0 SΦ/CΘ CΦ/CΘ

 P
Q
R

 (3.2)

3.1.2 Wind-Axes Coordinate System
Partly from aerodynamic, partly from control engineering reasons, some further coordinate
systems have to be introduced beside Kn and Kb.

The cross section of a wing surface in the free air current has some deviation from
free-stream direction which is in strong relation with the motion direction of the aircraft.
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Two forces are acting to the wing: lift (L) and drag (D). The lift force is orthogonal to
the free-stream direction while the drag force is parallel to it. The angle of attack α is the
angle between chord line and free-stream direction.

The aerodynamic forces are caused by the relative motion of the airplane to the air.
In case of free-stream they are invariant to rotation around the velocity of the air current,
hence the dominant aerodynamic forces depend on the angle of attack α and the sideslip
angle β . Their interpretation to relative wind is shown in Fig. 3.1. The first rotation defines
the stability axis, and the angle of attack is the angle between the body-fixed x-axis and the
stability x-axis.

Fig. 3.1. Interpretation of angle of attack and slideslip angle with respect to relative wind

The xW and zW axes of the frame KW have, respectively, −D and −L direction, further-
more yW is the direction of sideforce. The orientation matrix (in the usual convention of
robotics) is

AKB,KW = Rot (y,−α)Rot (z,β ) =: ST ⇒ (3.3)

ST =

 CαCβ −CαSβ −Sα

Sβ Cβ 0
SαCβ −SαSβ Cα

 (3.4)

rB = ST rW , rW = SrB. (3.5)

The true airspeed vW has only xW component vT hence the speed of the airplane to be
manipulated by the pilot is

vB =

 U
V
W

= ST vW =

 CαCβ vT
Sβ vT

SαCβ vT

 , (3.6)

from which follows

vT =
√

U2 +V 2 +W 2, tanα =W/U, sinβ =V/vT . (3.7)

In NED frame the vector of gravity acceleration is g = gscal(0,0,1)T where gscal ≈
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9.81m/s2, hence the gravity force in BODY frame is FBg = mRT
KNED,Kb

g = mBbg. On the
other hand, the gravity effect in wind-axes coordinate system is FWg = mSFBg.

3.1.3 Wind Effect Modeling

Let Kb be the body frame with origin in the aircraft COG. Denote respectively vb = vb
b =

(u,v,w)T the velocity and ωb = ωb
n,b = (P,Q,R)T the angular velocity relative to Kn (i.e.

the ground) and let vb
r = (ur,vr,wr)

T be the velocity in the body frame with respect to the
surrounding air, then for constant wind velocity in Kn yields:

vn
r = vn

b− vn
wind ⇒

dvn
r

dt
=

dvn
b

dt
⇒ (3.8)

v̇b
r +ωb× vb

r = v̇b +ωb× vb =
1
m
{ f b

thrust + f b
aero + f b

g } (3.9)

v̇b
r =

1
m
{ f b

thrust + f b
aero + f b

g }−ωb× vb
r (3.10)

Using Rb
w = Rot(y,−α)Rot(z,β ) =: S−1, d

dt (S
−1) =−S−1ṠS−1 and the transforma-

tions vw = Svb
r = (1,0,0)TVa and vb

r = S−1vw = (ur,vr,wr)
T = (CαCβ ,Sβ ,SαCβ )

TVa it
follows

Sv̇b
r = S

d
dt
(S−1vw) =−ṠS−1vw + v̇w (3.11)

v̇w− ṠS−1vw +ωw× vw =
1
m

S f b
ext =

1
m

f w
ext (3.12)

Since |vb
r |= |vw|=Va = ((vb

r )
T vb

r )
1/2 is a scalar hence V̇a = (vb

r )
T v̇b

r/Va. Using (vb
r )

T

ωb× vb
r = 0 it yields

(1,0,0)TV̇a +(0, β̇Va, α̇CβVa)
T +(0,Rw,−Qw)

TVa (3.13)

=
1
m
( f w

aero +(CαCβ ,−CαSβ ,−Sα)
T FT +mgw) (3.14)

resulting in the force equations in wind axis frame that is the basis for thrust force (FT )
design for position control:

V̇a =
CαCβ

mVa
FT +

(vb
r )

T

Va
{ 1

m
Rb

w f w
aero +Rb

n f n
g } (3.15)

α̇ =
1

mCβVa
{ f w

aero−SαFT +mgw3 +mQw} (3.16)

β̇ =
1

mVa
{ f w

aero−CαSβ FT +mgw2−mRw} (3.17)

3.1.4 Aerodynamic Forces and Torques
The external force FB (without gravity effect) and the external torque TB can be decomposed
into FBA,TBA aerodynamic (A) and FBT ,TBT thrust (T) components in the coordinate system
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of the airplane, and similarly in the wind-frame:

FB =
(

Fx Fy Fz
)T

= FBA +FBT , (3.18)

TB =
(

L̄ M N
)T

= TBA +TBT , (3.19)

FW = SFB =

 −D
Y
−L

+SFBT = FWA +FWT , (3.20)

TW = STB = TWA +TWB. (3.21)

The (non gravity) forces and torques depend on the wing reference area Swa, the free-stream
dynamic pressure q̄ = 1

2ρv2
T , different dimensionless coefficients CD,CL, . . . ,Cn and, in

case of the torques, on the wing span b and the wing mean geometric chord c̄:

Dstab = q̄SwaCD drag, (3.22)
Lstab = q̄SwaCL lift, (3.23)

Y = q̄SwaCY sideforce, (3.24)
L̄ = q̄SwabCl rolling moment, (3.25)

M = q̄Swac̄Cm pitching moment, (3.26)
N = q̄SwabCn yawing moment. (3.27)

The CD,CL, . . . ,Cn dimensionless coefficients depend in first line on the angles α and β ,
the control surfaces and the Mach-number. The Mach-number at a point by air convention
is the local air speed divided by the speed of sound in case of freestream of air. Notice that
the CD,CL, . . . ,Cn dimensionless coefficients are usually defined in the stability frame, and
can be transformed to the wind-axes frame:

(−CDW ,CYW ,−CLW )T = Rot(z,β )T (−CD,CY ,−CL)
T (3.28)

Fig. 3.2. Control surfaces of conventional airplane

Fig. 3.2 shows the control surfaces of a conventional airplane, called elevator, aileron
and rudder. For secondary flight control additional flaps are used. The control inputs belong-
ing to elevator, aileron, rudder and flap may be denoted by δe,δa,δr and δ f , respectively.

To find the state equations of vT ,α and β , the differentiation rule in moving frame can
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be used for ωW = Sωb: mv̇T

mβ̇vT
mα̇vTCβ

=

 −D
Y
−L

+

 CαCβ

−CαSβ

−Sα

FT

+m

 gW1
gW2
gW3

+

 0
−Rw
Qw

mvT .

(3.29)

Assume the resulting total (aerial, thrust and gravity) external forces have the form in
COG of Kb as follows:

Fx = q̄SwaCX +FT −SΘmgscal, (3.30)
Fy = q̄SwaCY +SΦCΘmgscal, (3.31)
Fz = q̄SwaCZ +CΦCΘmgscal, (3.32)

where FT is thrust force, gscal is gravity acceleration and

(CX ,CY ,CZ)
T = Rot(y,−α)(−CD,CY ,−CL)

T (3.33)

Similarly, (−CDW ,CYW ,−CLW )T can be transformed to (CX ,CY ,CZ)
T by using

Rot(y,−α)Rot(z,β ) = S−1.
With the definition Rot(y,−α) =: (S0)

−1 the angular velocity in the stability frame
can be easily determined by ωs = S0ωb⇔ (ps,qs,rs)

T = S0(p,q,r)T for use in the torque
model. The dimensionless torque parameters are as follows:

(Cl,Cm,Cn)
T =:

L1(δe,δa,δr)
T +L2(

psb
2Va

,
qsc̄
2Va

,
rsb
2Va

)T +L3(α,β )T (3.34)

The second term belonging to L2 is an angular velocity dependent damping term which
is linear in ωb.

3.1.5 Gyroscopic Effect of Rotary Engine
If the airplane has a spinning rotor then its angular moment has also to be taken into
consideration. Assume the angular moment of the spinning rotor is h = (hx,hy,hz)

T and
constant. Typically h = (IpΩp,0,0)T where Ip is the inertia moment and Ωp is the angular
velocity of the spinning motor. The influence of the spinning rotor to the motion equation
is −I−1

c (ω×h) =: (P′h,Q
′
h,R
′
h)

T .
If the airplane has [x,z] plane symmetry then Ixy, Iyz = 0, consequently I2, I5 = 0, and

if h = (IpΩp,0,0)T , i.e. hx = IpΩp, then P′h = I3Qhx, Q′h = −I4Rhx, R′h = I6Qhx are the
gyroscopic effects. Here the elements of I−1

c are denoted by I1, . . . , I6 from the diagonal to
the right.
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3.1.6 Flat Earth State Equations of Airplane
Using the motion equations of rigid body and taking into consideration the gravity, thrust
and aerodynamic effects the state equations of the airplane can be obtained in compact
form:
Force equations in body frame:

U̇ = RV −QW +
q̄Swa

m
CX +

FT

m
+gB1 ,

V̇ = PW −RU +
q̄Swa

m
CY +gB2,

Ẇ = QU−PV +
q̄Swa

m
CZ +gB3 .

(3.35)

Force equations in wind-axes frame:

v̇T =− q̄Swa

m
CDW +

FT

m
CαCβ +gW1,

α̇ =− q̄Swa

mvTCβ

CL +Q−Tβ (CαP+SαR)

− FT

mvTCβ

Sα +
1

vTCβ

gW3,

β̇ =
q̄Swa

mvT
CYW +SαP−CαR− FT

mvT
CαSβ

+
1
vT

gW2.

(3.36)

Torque equations:

Ṗ =PppPP+PpqPQ+PprPR+PqqQQ
+PqrQR+PrrRR+P′h
+ q̄Swa(bI1Cl + c̄I2Cm +bI3Cn) ,

Q̇ =QppPP+QpqPQ+QprPR+QqqQQ
+QqrQR+QrrRR+Q′h
+ q̄Swa(bI2Cl + c̄I4Cm +bI5Cn) ,

Ṙ =RppPP+RpqPQ+RprPR+RqqQQ
+RqrQR+RrrRR+R′h
+ q̄Swa(bI3Cl + c̄I5Cm +bI6Cn) .

(3.37)

Kinematic equations:

Φ̇ = P+TΘ(SΦQ+CΦR),

Θ̇ =CΦQ−SΦR,

Ψ̇ =
SΦQ+CΦR

CΘ

.

(3.38)
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Navigation equations:

p = (xe,ye,−H)T ⇒ ṗ = BT (U,V,W )T

ṗ = BT (vTCαCβ ,vT Sβ ,vT SαCβ )
T

ẋN = CΨCΘU +(CΨSΘSΦ−SΨCΦ)V
+(CΨSΘCΦ +SΨSΦ)W,

ẏE = SΨCΘU +(SΨSΘSΦ +CΨCΦ)V
+(SΨSΘCΦ−CΨSΦ)W,

Ḣ =§ΘU−CΘSΦV −CΘCΦW.

(3.39)

Acceleration sensor equations:

ax = U̇−RV +QW −gB1 →
q̄Swa

m
CX +

FT

m
,

ay = V̇ −PW +RU−gB2 →
q̄Swa

m
CY ,

az = Ẇ −QU +PV −gB3 →
q̄Swa

m
CZ.

(3.40)

Attitude (orientation) equations:

Rn
b(Φ,Θ,Ψ) = Rot(z,Ψ)Rot(y,Θ)Rot(x,Φ)

=

 CΨCΘ CΨSΘSΦ−SΨCΦ CΨSΘCΦ +SΨSΦ

SΨCΘ SΨSΘSΦ +CΨCΦ SΨSΘCΦ−CΨSΦ

−SΘ CΘSΦ CΘCΦ

 (3.41)

Here the usual notations CΨ = cos(Ψ), SΨ = sin(Ψ) etc. were used.
Remark:

i) In the above state equations it is assumed that the orientation, angular velocity etc. are
defined relative to the Kn inertia frame (see the use of capital letters). In the sequel, low
case letters will be used for them to show that the Flat Earth inertia frame is NED0,
typically fixed at the start. The absolute value of velocity is denoted by V := vT .

ii) It was taken into consideration in the sensor equations that the acceleration sen-
sor of the IMU measures the sum of the real acceleration and the negative gravity
acceleration.

iii) The above state equations are valid for any type of aircraft. The main differences are
in the modeling of the aerodynamic and thrust forces/torques. We shall discuss this
problem for fixed wing UAVs in the sequel.
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3.2 Parametrization of Aerodynamic and Thrust Forces
and Moments

Without information about the dependence of the aerodynamic and thrust coefficients on
the states and control inputs, the dynamic model is not defined because of the missed
information about CX ,CY ,CZ,Cl,Cm,Cn or CD,CL. Different approaches are known for
their parametrization, however polynomial forms are the simplest ones. Of course the
coefficients of the parametrization have to be determined based on wind-tunnel test-
ing and test-flight measurements. For identification of the parameters well elaborated
techniques [24] and the MATLAB function collection SIDPAC can be suggested (see
http://www.aiaa.org/publications/support materials).

3.2.1 Parametrization of the Beaver Aircraft
For illustration consider the DHC-2 Beaver aircraft in the FDC 1.4 Simulink Toolbox for
Flight Dynamics and Control Analysis, see http://www.xs4all.nl/∼
rauw/fdcreport/FDC14_preview_007.pdf [25], [26]. It is an example where many pa-
rameters appear in the parametrization.

The aerodynamic forces/torques are defined as Faero = d · p1(x, ẋ,uaero), where d =
qdynSwadiag([1,1,1,b, c̄,b]), qdyn = (1/2)ρV 2 and uaero = (δe,δa,δr,δ f )

T . The
force/torque coefficients of the dynamic model are the coefficients of the polynomials.
Notice that the state variables V = (vT ,α,β , p,q,r) together with the control surfaces
appear in the polynomial approximations. Since CY depends also on β̇ therefore the state
equation becomes explicit.

The engine power P varies also with the altitude due to changes in air density. The
propeller can be assumed to be an ideal pulling disc. The non-dimensional pressure increase
in the propeller slipstream d pt is related to the engine power P by the formulas. The power
P depends on the manifold pressure pz, the engine speed n (RPM) and the air-density
ρ . The propulsive effects are assumed in the form Fprop = d · p2(x,d pt) containing the
polynomials for the propulsive force and torque coefficients.

The identification of the model parameters can be performed using test-flight data and
robust identification techniques (Bayes estimator, Least-Squares, nonlinear state estimator
etc.), see [24].

Similar approaches can be suggested for parametrization and identification of unknown
small-scale airplane models.

3.2.2 Parametrization of Small UAVs
Let us consider the aerobatic aircraft CAP 232 fitted with a GMS methanol engine.
The main data set is available in [7] containing inertia data (m, Ix, Iy, Iz), geometry data
(b, c̄,Swa), the aspect ratio A = b/c̄ and the efficiency factor e defining the relation

between drag and lift forces by CD = CD0 +
C2

L
πAe . Nonzero coefficients for the aerody-

namic model are in groups (CLα
,CLq,CLδe

), (Cmα
,Cmq,Cmδe

), (CYβ
,CYp,CYr ,CYδa

,CYδr
),

(Clβ ,Clp,Clr ,Clδa
,Clδr

), and (Cnβ
,Cnp,Cnr ,Cnδa

,Cnδr
). The propulsion can be considered

with a time constant τth = 0.25s and a static gain limiting the maximum thrust in Tmax =
70N.
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Further parameters are available there also for a variable stability aircraft and a VTOL
(Vertical Takeoff and Landing) aircraft in the wind axes coordinate system, see Appendix
C in [8].

3.2.3 Parametrization of Sekwa UAV
The dimensionless parameters of the Sekwa UAV used in this work can be found in [8].

The geometry and inertia parameters are the wing span b = 1.7, the mean geometric
chord c̄ = 0.248, the wing reference area Swa = 0.39, the aspect ratio Asr = 0.39, the
mass m = 3.20, the inertia moments Ix = 0.192, Iy = 0.055, Iz = 0.251 and the air density
ρ = 1.2041 at 20°C, all in standard SI units. The COG of Sekwa UAV can vary along the xb
axis based on the parameter ∆cgp ∈ [0,100] in percent (%). Some force/torque coefficients
depend on it by a first or second order polynomial. In this work this possibility will not
be used, i.e. ∆cgp = 0 is assumed. The maximal thrust force is assumed 40 N, the actuator
time constant is 0.25 sec. The Oswald efficiency and the parasitic drag are eOsw = 0.85
and CD0 = 0.0183, respectively.

The angular velocity in the stability frame is changed to ps
qs
rs

= Rot(y,−α)T

 P
Q
R

=

 CαP+SαR
Q

−SαP+CαR

 (3.42)

Denote Asr and eosw the wings aspect ratio and the Oswald efficiency factor, respectively.
Then the longitudinal and lateral stability derivatives are shown in Tab. 3.1 and Tab. 3.2,
respectively. The dimensionless forces in stability and wind frames can be determined as
follows:

CL =CL0 +CLαα (3.43)

CD =CD0 +
C2

L
πAsreOsw

(3.44)

CY =CY δaδa +CY δrδr +CY p
bps

2Va
+CY r

brs

2Va
+CY β β (3.45)

CDW =CDCβ −CY Sβ (3.46)

CYW =CYCβ +CDSβ (3.47)

CLW =CL +CLδeδe +CLq
c̄qs

2Va
(3.48)
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Table 3.1: Longitudinal stability and control derivatives

Cm0 0
Cmq −1.6945
Cmα −0.12875
Cmδe −0.45827
CL0 0.0633
CLq 4.0543
CLδe 1.65243
CLα 4.3

Table 3.2: Lateral stability and control derivatives

CY β −0.54013
Clβ −0.23809
Cnβ 0.065812
CY p −0.2114
Cl p −0.48479
Cnp −0.002061
CY r 0.24094
Clr 0.17042
Cnr −0.035424
CY δa −0.093965
Clδa −0.35203
Cnδa 0.0018335
CY δr 0.36772
Clδr 0.1056
Cnδr −0.047785
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Let us consider now the the parametrization of the dimensionless torque parameters: Cl
Cm
Cn

=

 0 Clδa
Clδr

Cmδe
0 0

0 Cnδa
Cnδr

 δe
δa
δr


+

 Clp 0 Clr
0 Cmq 0

Cnp 0 Cnr

 psb
2V
qsc̄
2V
rsb
2V


+

 0 Clβ
Cmα

0
0 Cnβ

( α

β

)
(3.49)

= L1(δe,δa,δr)
T +L2(

psb
2V

,
qsc̄
2V

,
rsb
2V

)T +L3(α,β )T (3.50)

Notice that the second term belonging to L2 is usually an angular velocity dependent
damping term linear in ωb:

L2

 b
2V 0 0
0 c̄

2V 0
0 0 b

2V )

 Cα 0 Sα

0 1 0
−Sα 0 Cα

 P
Q
R

 (3.51)

Simplifying the details in notations the main structure of the motion equations can be
formulated in the following forms:

mv̇ =−ω× (mv)+ fv +gv1uv +gv2uω (3.52)
Jω̇ =−ω× (Jω)+ fω −Dωω +Gωuω (3.53)

As can be seen the position equation is coupled with the attitude equation since it
depends on both from uv = FT and uω = (δe,δa,δr)

T hence the nonlinear position control
is a complex problem. Fortunately, the orientation equation is not coupled thus the attitude
control is less complex. Notice also that the total system is underactuated.

The identification of the model parameters can be performed using test-flight data and
robust identification techniques (Bayes estimator, Least-Squares, nonlinear state estimator
etc.). Notice that the problem is simpler in the stability axis model.

3.3 Attitude Control of Fixed Wing UAVs
For aerial vehicles the attitude control can be based on the Euler angles, the orientation
(DCM) matrix R (or the Lie group SE(3) in modern assumption), the general rotations
Rot(t̄,ϑ), ‖t̄‖= 1 and the unique norm quaternions q = (Cϑ/2,Sϑ/2t̄). Popular approaches
often use the log(q) function.
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3.3.1 Euler angles
The Euler (roll, pitch, yaw) angles based orientation description is defined as follows:

Rn
b(Φ,Θ,Ψ) = Rot(z,Ψ)Rot(y,Θ)Rot(x,Φ)

=

 CΨCΘ CΨSΘSΦ−SΨCΦ CΨSΘCΦ +SΨSΦ

SΨCΘ SΨSΘSΦ +CΨCΦ SΨSΘCΦ−CΨSΦ

−SΘ CΘSΦ CΘCΦ

 (3.54)

Notice that the gravity acceleration in Kb and Kw are respectively gb = (Rn
b)

T (0,0,1)T gscal
and gw = Rw

b gb.

3.3.2 Quaternion exponential and logarithm
The fundamentals for quaternions can be found in many resources, see for example [18].
First the main relations are summarized.

A quaternion consists of a scalar and a vector: q = (s, w̄) ∈ R1×R3. It can be identified
also with q = (s, w̄) = (q0,q1,q2,q3) ∈ R4. The conjugate is q? = (s,−w̄), the norm square
is ‖q‖2 = s2 + w̄T w̄. Quaternion product is defined by

q1⊗q2 = (s1s2− w̄T
1 w̄2,s1w̄2 + s2w̄1 + w̄1× w̄2). (3.55)

Considering only unit norm quaternions in the sequel a multiplicative unit e = (1, 0̄)
can be introduced with respect to quaternion multiplication where e = q⊗ q? = q?⊗ q
thus the inverse q−1 = q? can be identified. Denote [ω×] the matrix of the vector product.
The orientation matrix R and general rotation Rot(t̄,φ) can be described by unit norm
quaternion according to ([S6])

R = I +2s[w̄×]+2[w̄×][w̄×], (3.56)
Rot(t̄,φ) ⇐⇒ ϑ : q = (Cϑ/2,Sϑ/2t̄), (3.57)

q⊗ (0, r̄)⊗q? = (0,Rr̄). (3.58)

The quaternion satisfies the new kinetic equation as follows:

d
dt

(
s
w̄

)
=

1
2

[
−w̄T

sI3 +[w̄×]

]
ω =: T (q)ω. (3.59)

Let us consider now the gerneralization of exp(q) and log(q). Using ez = ∑
∞
n=0

zn

n!
and the scalar and vector part of q = (s, w̄) it follows e = (1, 0̄),(0, w̄),(0, w̄)⊗ (0, w̄) =
(−|w̄|2,0),(0, w̄)⊗(0, w̄)⊗(0, w̄) = (0,−|w̄|2w̄),(0, w̄)⊗(0, w̄)⊗(0, w̄)⊗(0, w̄) =
(−|w̄|4,0),etc.

Since s is scalar hence

exp(q) = ese(0,w̄) = es
(

cos(|w̄|),sin(|w̄|) w̄
|w̄|

)
(3.60)
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Let log(q) = (a, b̄) then

elog(q) = ea (cos(|b̄|),sin(|b̄|)b̄/|b̄|
)
= q = (s, w̄) (3.61)

s = ea cos(|b̄|), w̄ = ea sin(|b̄|)b̄/|b̄| (3.62)

||q||2 = s2 + |w̄|2 = e2a(cos2(|b̄|)+ sin2(|b|) b̄T b̄
|b̄|2

) = e2a (3.63)

a = ln(||q||) (3.64)

log(q) =
(

ln(‖q‖), w̄
|w̄|

arccos(s/‖q‖)
)

(3.65)

Using this with unit norm quaternions we get:

log(q) = (0,
1
2

t̄ϑ)⇒ d
dt

log(q) = (0,
1
2

t̄ϑ̇) (3.66)

Remark: Since |t̄|2 =< t̄, t̄ >= 1⇒ t̄ ⊥ t̄ ′ hence t̄, t̄ ′× t̄, t̄ ′ build orthogonal basis (prime
denotes derivation here). On the other hand, ω = t̄ϑ ′+(1−Cϑ )t̄ ′× t̄ + Sϑ t̄ ′, see [18].
therefore ω = t̄ϑ ′ is only an approximation.

3.3.3 Standard Integral Backstepping Control using Euler angles
It is clear that the attitude control and some other problems can be brought to the following
form:

ẋ1 = g0x2

ẋ2 = f1 +g1u
(3.67)

For attitude control x1 = (φ ,θ ,ψ)T , x2 = (p,q,r)T , g0 is the matrix in the kinematic
equation, f1+g1u =−I−1

c (ωB×(IcωB))+ I−1
c TB where u = TB is the total torque and both

g0 and g1 are invertible matrices.
Let z1 = xd

1−x1 be the error and ξ1(t) =
∫ t

0 z1(τ)dτ the error integral. Let the Lyapunov
function and its derivative be

V1 =
1
2

zT
1 z1 +

1
2

ξ
T
1 Λ1ξ1, Λ1 = Λ

T
1 > 0

V̇1 = zT
1 ż1 +ξ

T
1 Λ1z1

(3.68)

Let v1 be the virtual control and z2 := v1− x2⇔ x2 = v1− z2 then

ż1 = ẋd
1−g0(v1− z2) = żd

1−g0v1 +g0z2

V̇1 = zT
1 (ẋ

d
1−g0v1 +g0z2)+ zT

1 Λ1ξ1

v1 := g−1
0 (ẋd

1 +Λ1ξ1 +A1z1), A1 = AT
1 > 0

V̇1 =−zT
1 A1z1 + zT

1 g0z2

(3.69)

As can be seen, the stability condition for z1 is not satisfied, hence let us continue with the
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stabilization of the full system.

ż2 = v̇1− ẋ2 = v̇1− f1−g1u

V2 =V1 +
1
2

zT
2 z2⇒ V̇2 = V̇1 + zT

2 ż2

V̇2 =−zT
1 A1z1 + zT

1 g0z2 + zT
2 (v̇1− f1−g1u)

u := g−1
1 (v̇1− f1 +A2z2 +gT

0 z1), A2 = AT
2 > 0

ż2 = v̇1− f1−g1u =−A2z2−gT
0 z1

V̇2 =−zT
1 A1z1− zT

2 A2z2 < 0

(3.70)

The full system with the IBSC is globally asymptotically stable (GAS). The closed loop
system with the IBC controller is as follows: ż1

ż2

ξ̇

=

 −A1 g0 −Λ1
−gT

0 −A2 0
I 0 0

 z1
z2
ξ

 (3.71)

In order to realize the controller, the control signal u and all the variables in it should
be computable. It means that beside the error z1 = xd

1− x1 and the error integral ξ1 also
the virtual control v1 and its derivative v̇1 etc. have to be determined. The state variables
for controller may be the results of high quality state estimation based on sensor fusion.
The derivatives ẋd

1 and ẍd
1 need to be continuous and smooth which can be assured with

appropriate path design or filtering and numerical derivation. Moreover u needs v̇1 and v̇1

needs dg−1
0

dt . Let us consider the details of IBSC attitude control algorithm:

g0 =

 1 Tθ Sφ TθCφ

0 Cφ −Sφ

0 Sφ/Cθ Cφ/Cθ


g−1

0 =

 1 0 −Sφ

0 Cφ Cθ Sφ

0 −Sφ CθCφ


dg−1

0
dt

=

 0 0 −Cφ φ̇

0 −Sφ φ̇ −Sθ Sφ θ̇ +CθCφ φ̇

0 −Cφ φ̇ −SθCφ θ̇ −Cθ Sφ φ̇


(φ̇ , θ̇ , ψ̇)T = g0(p,q,r)T

v1 = g−1
0 (ẋd

1 +Λ1ξ1 +A1z1)

v̇1 =
dg−1

0
dt

(ẋd
1 +Λ1ξ1 +A1z1)

+g−1
0 (ẍd

1 +Λ1z1 +A1ż1)

u := g−1
1 (v̇1− f1 +A2z2 +gT

0 z1)

(3.72)

According these formulas the algorithm for computing control deflections is the fol-
lowing:
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1) The result of the IBSC attitude control algorithm is the driving torque u = TB in the
basis of the body frame KB:

u = TB = diag([q̄Swab, q̄Swac̄, q̄Swab])︸ ︷︷ ︸
D

 l
m
n

 (3.73)

Here (l,m,n)T is the sum of two effects:

(l,m,n)T = L1(δ )+L2(p̂, q̂, r̂,α,β , . . .) (3.74)

where p̂ = pb/(2V ), q̂ = qc̄/V , r̂ = rb/(2V ) and the factors L1 and L2 are linear in
their variables with coefficients of the aircraft dynamic model. Therefore

L1(δ ) = D−1u−L2(p̂, q̂, r̂,α,β , . . .) (3.75)

which is a linear equation for δ that can be solved easily.

2) In many cases the parametrization of the force/torque effects is given in the wind axes
frame, see [8], [23]. Since TB = ST TW and TW = D(l,m,n)T = D(L1 +L2) therefore

L1(δ ) = D−1Su−L2(p̂, q̂, r̂,α,β , . . .) (3.76)

The characteristic equation can be used for robust controller parameter design. However
the kinematic differential equations are singular for Θ = ±π/2 and cannot be used for
attitude control in its neighborhood, where cos(θ) =

√
ẋ2 + ẏ2/

√
ẋ2 + ẏ2 + ż2.

3.3.4 Attitude control without the use of quaternion logarithm
Let Kn and Kb be the earlier introduced inertia and body frames, respectively. A new frame
Kd will be introduced which is the prescribed (desired) frame for the body COG. It is the
result of the path design and the goal is to match Kb and Kd after the control transients
satisfying Kb = Kd . Since Rb

n = Rd
nRb

d hence

Rb
d = (Rd

n)
−1Rb

n⇐⇒ qd,b = q−1
n,d⊗qn,b = qd,n⊗qn,b, (3.77)

Rb
d = I3 (goal) ⇐⇒ q∞

d,b = (±1, 0̄) (3.78)

which means that (±1, 0̄) should be equilibrium state. Notice that two solutions are possible
and the shortest rotation angle should be chosen during the transients.

The quaternion error and the angular velocity error will be defined as

qe := q∞
d,b−qd,b = (1, 0̄)− (sd,b,−w̄d,b) = (1− sd,b, w̄d,b) (3.79)

ω
b
d,b = ω

b
n,b−Rb

dω
d
n,d (3.80)

Here qe is the difference of two quaternions hence ‖qe‖ 6= 1 while ‖qd,b‖= 1 thus qd,b
satisfies the quaternion differential equation.
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The system to be controlled consists of two parts (J = Ic):

q̇e = (−ṡd,b, ˙̄wd,b) = T (−sd,b, w̄d,b)ω
b
d,b =: Teω

b
d,b, (3.81)

Jω̇b =−[ωb×]Jωb + f (x)−D(x)ωb +G(x)u. (3.82)

Notice that the original backstepping control (BSC) cannot be applied because Te is of
type 4×3 and not invertible. Therefore some modifications are necessary.

Using Ṙ = R[ω×] and (3.80) the time derivative of ωb
d,b can be determined for use in

Jω̇b
d,b:

ω̇
b
d,b = ω̇

b
n,b− Ṙb

dω
d
n,d−Rb

dω̇
d
n,d (3.83)

= ω̇
b
n,b−Rb

d[ω
d
b,d×]ω

d
n,d−Rb

dω̇
d
n,d. (3.84)

Multiplying the result by the inertia matrix it follows

Jω̇
b
d,b = − [ωb

n,b×]Jω
b
n,b + f (x)−D(x)(ωb

d,b +Rb
dω

d
n,d)

+G(x)u− JRb
dω̇

d
n,d

(3.85)

= − [ωb
n,b×]Jω

b
n,b + f (x)−D(x)(ωb

d,b +Rb
dω

d
n,d)

− JRb
dω̇

d
n,d +G(x)u+ J[ωb

n,b×]R
b
dω

d
n,d

(3.86)

where it was used that

Rb
d[ω

d
b,d×]ω

d
n,d = Rb

d[(ω
d
n,d−ω

d
n,b)×]ω

d
n,d =−[ωb

n,b×]R
b
dω

d
n,d.

Here ωb
n,b−Rb

dωb
n,d can be considered to be the angular velocity error. Let the first

Lyapunov function be V1 =
1
2qT

e qe then V1 is positive definite and

V̇1 = qT
e q̇e = qT

e Teω
b
d,b = qT

e Te(ω
b
n,b−Rb

dω
d
n,d) (3.87)

Choose kq > 0 ∈ R1 and define the virtual control as

z = ω
b
d,b + kqT T

e qe⇒

ż = ω̇
b
d,b + kq

d
dt
(T T

e qe)
(3.88)

V̇1 =−kqqT
e TeT T

e qe +qT
e Tez (3.89)

Here V̇1 is not negative because of the second term.
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With the earlier results for ωb
n,b and ω̇b

d,b yields

ω
b
n,b =z− kqT T

e qe +Rb
dω

d
n,d (3.90)

z =ω
b
n,b−Rb

dω
d
n,d + kqT T

e qe (3.91)

Jż =Jω̇
b
d,b + kqJ

d
dt
(T T

e qe)

= − [ωb
n,b×]Jω

b
n,b + f (x)−D(x)ωb

n,b

− JRb
dω̇

d
n,d +G(x)u+ J[ωb

n,b×]R
b
dω

d
n,d

+ kqJ
d
dt
(T T

e qe)

(3.92)

Now it is possible to prescribe T T
e qe and choose the control u using Lyapunov theory.

Define the 3D vector by T T
e qe := 1

2w̄d,b and let V2 be the new Lyapunov function, then

V2 =V1 +
1
2

zT Jz (3.93)

V̇2 =−kqqT
e TeT T

e qe +qT
e Tez+ zT Jż (3.94)

The use of the above form of ωb
n,b allows of separating a damping term −zT D(x)z for

stabilization. Hence the control can be chosen as

u = G−1[JRb
dω̇

d
n,d− f (x)+D(x)(Rb

dω
d
n,d− kqT T

e qe)

+[ωb
n,b×]Jω

b
n,b− J[ωb

n,b×]R
b
dω

d
n,d−T T

e qe−
kq

2
J ˙̄wd,b− kωz]

(3.95)

where kω > 0 ∈ R1. With this control law a lot of terms are canceled in V̇2 and with the
remaining terms yields

V̇2 =−kqqT
e TeT T

e qe− zT (D(x)+ kω I3)z (3.96)

Here we used a special choice for the matrix TeT T
e which is only positive semidefinit.

However, qT
e TeT T

e qe =
1
4w̄T

d,bw̄d,b =
1
4(1− s2

d,b)≥
1
8((1− sd,b)

2 + w̄T
d,bw̄d,b)≥ 1

8‖qe‖2.
Similarly, if the wind velocity is bounded below by Va > βv > 0, xmin = (βv,0,0)T )

and the eigenvalue satisfies λmin{D(xmin} ≥ βD > 0, then

V̇2 ≤−
kq

8
‖qe‖2− (βD + kω)‖z‖2 (3.97)

and the equilibrium point (qe,z) = (0,0) is uniformly exponentially stable (UES).
Control law without the use of log(q):
The quaternion based BSC attitude control law consists of (3.88) and (3.95). The case

qe− = (−1+ sd,b, w̄d,b) can be proved similarly.

3.3.5 Attitude control using quaternion logarithm
Let Kn and Kb be the earlier introduced inertia and body frames, respectively. A new
frame Kd will be introduced which is the prescribed (desired) frame for the body COG.
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Notice that this is a difference to [27] where the term ωw
d,w is also needed in the stability

investigation. At us ωb
d,b is the result of the path design and the goal is to match Kb = Kd

after the control transients. Since Rb
n = Rd

nRb
d hence Rb

d = (Rd
n)
−1Rb

n⇔ qd,b.
The goals of the attitude control are to make qd,b→ (1, 0̄) and ωb

d,b→ 0̄. To assure
them a control law has to be chosen for which the closed loop is stable. Let kq > 0 and
kω > 0 be scalar gains and use the property d

dt log(qd,b) = (0, 1
2 t̄d,bϑ̇d,b) =

1
2(0,ω

b
d,b). Let

V1 be the selected Lyapunov function and V̇1 its time derivative:

V1 = kq(log(qd,b))
T log(qd,b)+

1
2
(ωb

d,b)
T Jω

b
d,b (3.98)

V̇1 = kq(log(qd,b))
T (0,ωb

d,b)+(ωb
d,b)

T Jω̇
b
d,b (3.99)

The angular velocity error is ωb
d,b = ωb

n,b−Rb
dωd

n,d hence

Jω̇
b
d,b = − [ωb

n,b×]Jω
b
n,b + f (x)−D(x)ωb

n,b

− JRb
dω̇

d
n,d +G(x)u+ J[ωb

n,b×]R
b
dω

d
n,d

(3.100)

Hence the log(q) based control law can be chosen as follows.
Control law using quaternion logarithm:

u = G−1{ [ωb
n,b×]Jω

b
n,b− f (x)+D(x)ωb

n,b + JRb
dω̇

d
n,d

− J[ωb
n,b×]R

b
dω

d
n,d−

kq

2
t̄d,bϑd,b− kωω

b
d,b−λ1

∫ t

0
ω

b
d,bdτ }

(3.101)

With this control law a lot of terms are canceled in V̇1 and (for λ1 = 0) with the remaining
terms yields V̇1 = −kω |ωd,b|2 which is negative semi-definite hence the closed loop is
uniformly stable. Uniform asymptotic stability can be proved by using the Matrosov
theorem [18], [27].

3.4 Altitude control of fixed wing UAVs
The goal of the position (altitude) control is to assure small errors in height (H =−zD),
velocity absolute value (V = vT ) and lateral (y) direction. As mentioned, the NED frame
Kn can be considered to be an inertia frame. The Kb body frame axes are directed forward,
right wing and down directions and Kw is the wind-axes frame. The force equations are
considered in wind-axes frame. For the state variables needed in the controller the state
estimation (SE) method can be used based on sensor fusion of IMU, magnetometer and
GPS sensors.

3.4.1 Control concept
Assume that the appropriate path has already been designed (see in section 3.5) and
the aircraft is directed with high precision in the desired orientation (as in subsection
3.3.5 already presented). From engineering point of view it seems to be enough to assure
precisely the prescribed velocity in the reached orientation and the system will approach
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the path also in position and velocity. However the subsystem is underactuated (δth = FT
is the only actuator for position control) hence the position errors during the maneuvering
cannot be exactly compensated that can cause problems.

The state equation of the velocity has the form

v̇T =− q̄Swa

m
CDW +

FT

m
CαCβ +gW1 =: f0 +g0FT (3.102)

Let the desired path signals for Kb relative to Kn be xd,yd,zD,d, ẋd, ẏd, żD,d, ẍd, ÿd, z̈D,d , then
the following control law will assure small velocity error in the reached orientation.

FT = 1/g0{v̇T,d− f0 +a1v(vT,d− vT )+λ1v

∫ t

0
(vT,d− vT )dτ} (3.103)

With this dynamic inversion control the closed loop velocity error ev = vT,d− vT and its
characteristic equation are as follows:

v̇T = v̇T,d +a1v(vT,d− vT )+λ1v

∫ t

0
(vT,d− vT ) (3.104)

ëv +a1vėv +λ1vev = 0 ⇔ s2 +a1vs+λ1v = 0 (3.105)

Parameters for stability can be easily chosen.

3.4.2 Computation details
The derivative of the absolute value of the velocity vector v̇T,d is needed for velocity
control. Since the magnitude is a scalar hence it is the same in every frame:

vT,d =
√

ẋ2
d + ẏ2

d + ż2
D (3.106)

v̇T,d =
ẋd ẍd + ẏd ÿd + żD,d z̈D,d

vT,d
(3.107)

If the thrust force FT has already been determined then the new values of α and β can
be computed from the remaining part of the wind-axes differential equations for use in the
attitude control. The integration of these differential equations will assure also the first
derivatives of these angles. Second derivatives can be computed by using fictitious closed
loop systems for differentiation.

3.5 Reference Trajectory Design
The mission design (path design, guidance) is an important task of the control system.
Since the aircraft is underactuated, i.e. to realize the desired 3D position and 3D orientation
there are only 4 actuators (δe,δa,δr,δth), hence not every prescribed reference path can
be exactly realized. Therefore in many cases the maneuvers are put together from simple
selectable sections that have to be connected smoothly (differentiable). The typical sections
of a designed path and the detailed path design methods based on are as follows.
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3.5.1 Straight line motion
The task is to connect the points P1 and P2 by straight line. Let the unit direction vector
be r̂ = (P2−P1)/‖P2−P1‖ then the position vector P(t) along the straight line is P(t) =
P1 + p(t)r̂ where

p(t) = p(t1)+ v(t1)(t− t1)+
a0

2
(t− t1)2 (3.108)

v(t) = v(t1)+a0(t− t1) (3.109)
a(t) = a0 = const (3.110)

Since a0 = ∆v/∆t and ∆p = v(t1)∆t+ ∆v
2∆t (∆t)2 hence the time needed to move between

the two prescribed points is

∆t =
∆p

v(t1)+ ∆v
2

(3.111)

3.5.2 Circle motion
Denote r̂1 and r̂2 the two orthogonal unit vectors of the plane, n the normal vector of the
plane, and let pc be the center of the circle in the plane and R the radius of the circle.
Assume that the arc angle θ is measured from the vertical axis r̂2 of the plane then the
radial unit vector is r̂ = Sθ r̂1 +Cθ r̂2 and the tangential unit vector orthogonal to it is
t̂ =Cθ r̂1−Sθ r̂2, respectively. The point p on the circle arc in the plane and its derivatives
can be written as follows:

p = pc +R(Sθ r̂1 +Cθ r̂2) = pc +Rr̂ (3.112)

v = ṗ = Rθ̇(Cθ r̂1−Sθ r̂2) = R θ̇ t̂ (3.113)

a = v̇ = R
(
θ̈ t̂− θ̇

2r̂
)

(3.114)

J = ȧ = R
(...

θ t̂−3θ̇ θ̈ r̂− θ̇
3t̂
)

(3.115)

where J is the jerk. Introducing the notations ω = θ̇ , ε0 = θ̈ = const and
...
θ = 0 then it

yields:

θ(t) = θ(t1)+ω(t1)(t− t1)+
ε0

2
(t− t1)2 (3.116)

ω(t) = ω(t1)+ ε0(t− t1) (3.117)

∆t =
∆θ

ω(t1)+ ∆ω

2

(3.118)

Notice that for example for a circle in a vertical plane r̂2 = k, i.e. the third unit vector
in the inertial frame.

3.5.3 Spiral motion
Denote p the position along k, Pc the center and R the radius of the circle, ψ the heading, r̂ =
Cψ i+Sψ j the radial unit vector and t̂ =−Sψ i+Cψ j the tangential unit vector, respectively,
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and assume ṗ = v = const and ω̇ = ε0 = const.

P = Pc +Rr̂+ pk (3.119)
dP
dt

= Rψ̇ t̂ + ṗk =: Rω t̂ + v0k (3.120)

a = Rω̇ t̂−Rω
2r̂ (3.121)

da
dt

=−R(3ε0ω r̂+ω
3t̂) (3.122)

where da/dt is the jerk. The kinematic components satisfy:

p(t) = p(t1)+ v0(t− t1) (3.123)
ω(t) = ω(t1)+ ε0(t− t1) (3.124)

ψ(t) = ψ(t1)+ω(t1)(t− t1)+
ε0

2
(t− t1)2 (3.125)

∆t =
∆ψ

ω(t1)+ ∆ω

2

(3.126)

3.5.4 Linear and angular velocity to the same axis
In this case the total motion, called screw motion, is the superposition of two components,
the first is a straight line motion with constant velocity and the second is a rotation with
constant angular velocity. This is similar to spiral motion but the radius is zero. Especially
important is the case as the vehicle moves with constant velocity in a direction while
performs rotation with constant angular velocity around the velocity direction itself

3.5.5 Smooth Connection of Elemental Sections and Centrifugal Force
Compensation

For smooth connections of the different time varying sections polynomial approximations
are now applied. It can be assumed that the path, velocity, acceleration and jerk, i.e. the
p(t),v(t),a(t) = v̇(t), j(t) = v̈(t) functions are known for the previous and the next section,
the time instant is t0 and the two sections should be smoothly connected between t0−Tp
and t0 +Tp. Polynomial approximations are determined to assure smooth (differentiable)
functions after connection.

The other problem is to find the Euler angles from this functions. The concept will be
shown only for the rotation of the Kb frame around the zn axis of Kn that is the problem of
the determination of ψ . In this case the optimal choice is that xb is the tangent of p(t) and
hence ψ(t) = arctan(vy/vx), ψ̇(t) = 1

1+(vy/vx)2 (v̇yvx− vyv̇x)/(vx)
2, etc. It can be seen that

to find ψ(t), ψ̇(t), ψ̈(t)) also the jerk is necessary. The problems for the other Euler angles
can be solved similarly.

For the connection of a straight line motion and the rotation in the horizontal plane the
lift force L (vertical) cannot compensate the centrifugal force acting in the horizontal plane.
Hence, in order to decrease the position error, the Euler angle Φ will be set to compensate
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this effect caused by Ψ for UAVs:

LCΦ = mg, LSΦ = mV 2/R ⇒ TΦ =V 2/(gR) (3.127)

where R is the radius of the circle and V is the velocity.

3.6 Simulation experiment

3.6.1 Control experiment without the use of log(q)
In this section the testing of the elaborated control algorithms will be presented. For
simulation a MATLAB based software package has been elaborated consisting of path
design, attitude and altitude control and the simulation of the nonlinear dynamic model of
the Sekwa UAV [8].

Path design can always be performed in Euler angles since conversion from Euler angles
to quaternion and backward is always possible. Moreover, numerically stable formulas
exist from the NASA to the conversions and to manage the qe± case and to save the actual
sign of the scalar part of the quaternion in real time. However, for Euler angles based
attitude control the path should avoid Θ =±π/2. The path design is general but here only
a simple path will be considered.

In the simulation experiment the desired speed of the aircraft is constant 30m/s, the
start position is (0,0,−100)T m. The prescribed path consists of a linear section in North
direction by 150m followed by a circle arc rotating the UAV to East direction with radius
50m. It is followed by a linear motion in East direction by 30m. Then a circle arc follows
in the vertical plane increasing the pitch angle to 45◦ with a radius of 50m. It is followed
by a linear section in the direction of the pitch angle by 150m.

The path design for the desired behavior of Kb with respect to Kn were performed with
the elaborated algorithms.The correction of the roll angle Φ to support the covering of the
centrifugal effect during rotation around the vertical axis of the path is inserted according
to the suggested approach.

The sampling time of control was Ts = 0.01s. The interval for smooth connections of
the sections was Tp = 25Ts. The integration of the state equations was performed by Euler
method with step length Ts.

The controller parameters for attitude control were a1 = 9.9514, a2 = 11.0486 and
λ1 = 90.509. The controller parameters for altitude control were chosen a1v = 12 and
λ1v = 24 (all in SI units).

From the results the position, velocity, navigation angles and control signals will be
presented.

Fig. 3.3 together with Fig. 3.4 show the 3D positions under control. The order of error
is approximately 5m in height, the relative error is 2.5%.

The velocity can be seen in Fig. 3.5, the velocity error is small and α and β are also
small.

The attitude transients are shown in Fig. 3.6, they are well damped and the errors are
small.

The control signals are presented in Fig. 3.7 for attitude and in Fig. 3.8 for velocity
control, their form and domain are acceptable.
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Fig. 3.6. Path and motion Euler angles during control

3.6.2 Control experiment with the use of log(q)
For simulation a MATLAB based software package has been elaborated consisting of path
design, attitude and altitude control and the simulation of the nonlinear dynamic model of
the Sekwa UAV [8].

Considering the presence of the Immelmann figure in the desired path having singularity
in Θ = π/2 for Euler angles here only the log(q) based attitude control will be considered.

The path design itself can always be performed in Euler angles since conversion from
Euler angles to quaternion and backward is always possible. Moreover, numerically stable
formulas exist from the NASA to the conversions and to manage the qe± case and to save
the actual sign of the scalar part of the quaternion in real time. However, for Euler angles
based attitude control the path should avoid Θ =±π/2.

In the simulation experiment the desired speed of the aircraft is constant 30m/s, the
start position is (0,0,−100)T m. The motion starts in North direction and finishes in North
direction after maneuvers including also Immelmann figure.
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The path design for the desired behavior of Kb with respect to Kn were performed with
the elaborated algorithms . The correction of the roll angle Φ to support the centrifugal
effect during rotations around vertical axis of the path was inserted by (3.127) according to
the suggested method.

The sampling time of control was Ts = 0.01s. The (halve) time interval for smooth
connections of the path sections was Tp = 25Ts. The integration of the state equations was
performed by Euler method with step length Ts.

The actuator dynamics is modeled by different time constants, namely Tde = 5Ts,
Tda = 5Ts, Tdr = Ts, Tth = 25Ts for δe, δa, δr, δth, respectively. The control algorithms
present command signals for the 1st order actuator models.

The controller parameters for attitude control were a1 = 9.9514, a2 = 11.0486 and
λ1 = 90.509. The controller parameters for altitude control were chosen a1v = 12 and
λ1v = 24 (all in SI units).

From the results let stand here for illustrations some details of the path and the realized
motion by using log(q) based control.
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Fig. 3.9 shows the position components under control. The order of error is small in
height (H = −zD), and y direction. The relatively larger transient error in x direction is
related to the larger time constant of the thrust actuator.
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Fig. 3.10. The Euler angles under log(q) based control

Fig. 3.10 shows the Euler angles of the path and the realized motion. Since the inverse
trigonometric functions are multiple valued hence continuous branches were chosen for
the Euler angles. For this purpose some modifications were necessary in the MATLAB
function packages. As can also be seen Φ was modified in the appropriate domain of Ψ to
assure the necessary centrifugal forces during rotations.

Fig. 3.11 illustrates the angular velocity components under log(q) based control. The
large values in p are caused by the quick reaction to φ in order to present the necessary
centrifugal force. The other components are normal for high speed UAVs.

Fig. 3.12 presents the velocity, angle of attack and side slip angle during control.
As can be seen, the velocity error is smaller than 0.05m/s and the value of α and β is
acceptably small for a high speed UAV.
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Fig. 3.13 shows the dimensionless aerial forces in the wind axis frame. The forces can
be transformed to the body frame resulting CX , CY , CZ for use in the motion equation of vb.
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Fig. 3.14. The scalar and vector components of the quaternion under log(q) based control

Fig. 3.14 presents the scalar and vector components of the quaternion under log(q)
based control. Although not illustrated here, the norm of the quaternion remains 1 during
integration of its state equation.

Fig. 3.15. Sekwa UAV 3D path and motion under log(q) based control

Fig. 3.15 shows the prescribed and realized paths in 3D form. As can be seen the
orientation and position errors are small. Larger errors during the transients are partially
caused by the large time constant in the 1st order thrust actuator dynamics.

3.7 Summary
This chapter dealt with the control of autonomous (unmanned) fixed wing aircraft having
maneuvering ability. The speed was in the order of 30m/s which means that a distance of
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100m can be performed within nearly 3s. In this respect the motion is relatively high speed
for UAVs. Because of the unmanned character the acceleration is not limited, it may be
as well 2-3g. Maneuvers can be put together from elementary sections and can frequently
vary in time, the transition between the sections must be smooth and short.

Model based nonlinear control gives real chance to have satisfactory solution of the
complex problem, but a reliable nonlinear dynamic model of the aircraft is needed for
control design, furthermore the model is underactuated and the actuators δe,δa,δr,δth have
also dynamics. The control of the aircraft under such conditions is a big challenge for
control design. The main results are as follows.

Thesis Group 2: I applied a complex nonlinear dynamic model for fixed wing UAVs and
elaborated four type control algorithms for the autonomous (unmanned) control, three
for the attitude (orientation) control and a common one for position control. The path
design can be performed in position and Euler angles of the body frame, and the orientation
(attitude) can be converted to unit quaternion (if necessary). Outside the singularity of Euler
angles, I developed a model based IBSC attitude control satisfying nonlinear Lyapunov
stability. For the general case of maneuvers, I developed two quaternion based nonlinear
attitude control methods, one control law without the use of the quaternion logarithm and
a second using log(q). Both methods assure Lyapunov stability of the closed loop. The
position control algorithm assures small errors in height, velocity and lateral motion during
maneuvers. The path design method can select maneuvers from a palette and put them
together smoothly at their boundaries.
The results were published in [S6], [S7], [S8].

Thesis 2.1: Using Flat Earth approximation, NED0 = Kn is a quasi inertial frame. Further
important frames are the body frame Kb fixed to the COG, the stability axis frame KS
obtained rotating Kb by Rot(y,−α) =: S−1

0 , and the wind axis frame KW obtained rotating
Kb by Rot(y,−α)Rot(z,β ) =: S−1, where α is the angle of attack and β is the sideslip
angle. With these notations the own results are as follows.

1. I have extended the Newton-Euler equations of rigid body with the aerial (A) and
thrust (T) effects that are simpler in the stability axis frame than in the wind axis one.
Using the geometrical parameters b, c̄,Swa and the dynamic pressure q̄ = 1

2ρv2
T , the

dimensionless aerial force and torque effects can be transformed to the body frame
and scaled:

FBA = q̄SwaRot(y,−α)(−CD,CY ,−CL)
T

TBA = q̄Swadiag(b, c̄,b)Rot(y,−α)(Cl,Cm,Cn)
T

where CD is the drag force, CL is the lift force and CY is the sideforce in the stability
axis frame. It was assumed that the thrust force FBT acts in xb directions through the
COG and has no effect on the torque.

2. Using literature studies, I have developed a dynamic model for a sample UAV for
testing the efficiency of the control algorithms. The model considers the aspect ratio
Asr, the Oswald efficiency eOsw and models the dimensionless forces and torques in
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the stability axis frame as follows:

CL =CL0 +CLαα

CD =CD0 +
C2

L
πAsreOsw

CY =CY δα
δα +CY δrδr +CY p

bps

2Va
+CY r

brs

2Va
+CY β β Cl

Cm
Cn

=

 0 CLδα
CLδr

Cmδe 0 0
0 Cnδa Cnδe

 δe
δa
δr

+

+

 Cl p 0 Clr
0 Cmq 0

Cnp 0 Cnr




psb
2Va
qsc̄
2Va
rsb
2Va

+

 0 Clβ
Cmα 0

0 Cnβ

( α

β

)

= L1(δe,δa,δr)
T +L2(

psb
2Va

,
qsc̄
2Va

,
rsb
2Va

)T +L3(α,β )T

where (ps,qs,rs)
T = S−1

0 (P,Q,R)T is the angular velocity of the stability axis frame.
The elements of the matrices are given in tables for the Sekwa UAV used to check
the efficiency of the control algorithms. The torque equation is linear in the actuator
signals (δe,δa,δr)

T hence the attitude control reduces to torque vector design. The
second term belonging to L2 is usually an angular velocity dependent damping therm
linear in ωb and has stabilizing character.

3. I have shown that the main structure of the motion equations has the following form
(J = Ic):

mv̇ =−ω× (mv)+ fv +gv1uv +gv2uω

Jω̇ =−ω× (Jω)+ fω −Dωω +Gωuω

As can be seen, the position equation is coupled with the attitude equation since it
depends on both uv = FT and uω = (δe,δa,δr)

T , hence the nonlinear position control
is a complex problem. Fortunately, the orientation equation is not coupled thus the
attitude control is less complex. From engineering point of view, a good conception
may be to find first a good solution of the attitude control problem, and secondly,
to find the appropriate thrust force δth needed to move the UAV in the stabilized
direction.

Thesis 2.2: For weakly maneuvering UAVs the singularity point Θ =±π/2 can be avoided.
In this case the system has the form

x1 = g0x2, x2 = f1 +g1u

where x1 = (Φ,Θ,Ψ)T and x2 = (P,Q,R)T , g0 is the matrix in the kinematic equations,
f1 + g1u = −(Ic)

−1(ωB× (Icω))+ I−1
c TB where u = TB is the total torque and both g0

and g1 are invertible matrices. I have developed IBSC for the control, with z1 = xd
1− x1,

ξ1(t) =
∫ t

0 z1(τ)dτ the error integral, v1 := g−1
0 (ẋd

1 +Λ1ξ1 +A1z1) virtual control, z2 :=
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v1− x2 and control signal

u = g−1
1 (v̇1− f1 +A2z2 +gT

0 z1)

satisfying closed loop global asymptotic stability (GAS) if A1,Λ1,A2 > 0 (positive definite).

I developed formulas for v̇1 and dg−1
0

dt needed in u.
The result of the IBSC is the driving torque u = TB in the basis of the body frame:

u = TB = q̄Swadiag(b, c̄,b)︸ ︷︷ ︸
D

(l,m,n)T

(l,m,n)T = L1δ +L2(p̂, q̂, r̂,α,β , . . .)

L1δ = D−1u−L2(p̂, q̂, r̂,α,β , . . .)

which is a linear equation for δ that can be solved easily. Here p̂ = psb
2Va

etc. If the
force/torque effects are parametrized in the wind axis frame then u=TB = S−1D(l,m,n)W ⇒
(l,m,n)W = D−1Su = L1W δ +L2W from which δ can be determined.

Thesis 2.3: For highly maneuvering fixed wing UAVs I have developed a quaternion based
nonlinear attitude control law satisfying nonlinear Lyapunov stability. Special is that the
path is designed for the origin of the body axis (COG) frame in the form of the desired
value of the velocity vd,b and the desired value of the angular velocity ωd,b. The method
exploits that the path orientation can always be developed in Euler angles and then can
easily be converted to the desired quaternion. Since also the derivatives of the desired Euler
angles are designed hence also the derivatives of the desired quaternion can be computed
from them. A new frame Kd was introduced which is the desired frame for the body COG.
The goal is to match Kb and Kd after the control transients satisfying Kb = Kd . Since
Rb

n = Rd
nRb

d hence

Rb
d = (Rd

n)
−1Rb

n⇔ qd,b = q−1
n,d⊗qn,b = qd,n⊗qn,b

Rb
d = I3 (goal)⇔ q∞

d,b = (±1, 0̄)

which means that (±1, 0̄) should be equilibrium state. Notice that two solutions are possible
and the shortest rotation angle shuld be chosen during the transients. The quaternion error
and the angular velocity error are defined as

qe := q∞
d,b−qd,b = (1, 0̄)− (sd,b,−w̄d,b) = (1− sd,b, w̄d,b)

ω
b
d,b = ω

b
n,b−Rb

dω
d
n,d

Here qe is the difference of two quaternions hence ||qe|| 6= 1 while ||qd,b|| = 1 thus qd,b
satisfies the quaternion differential equations. The system to be controlled consits of two
parts:

q̇e := (−ṡd,b, ˙̄wd,b) = T (−sd,b, w̄d,b)ω
b
d,b =: Teω

b
d,b

Jω̇b =−[ωb×]Jωb + f (x)−D(x)ωb +G(x)u

Notice that the original BSC control cannot be applied because Te is of type 4×3 and not
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invertible. Therefore some modifications are needed.
I have shown that

Jω̇
b
d,b =−[ω

b
n,b×]Jω

b
n,b + f (x)−D(x)(ωb

d,b +Rb
dω

d
n,d)

− JRb
dω̇

d
n,d +G(x)u+ J[ωb

n,b×]R
b
dω

d
n,d

Since ωb
n,b−Rb

dωb
n,d is the angular velocity error between the vehicle and the path hence

the virtual error may be chosen z = ωb
n,b−Rb

dωb
n,d + kqT T

e qe where k1 > 0 scalar and
ż = ω̇b

d,b + kq
d
dt (T

T
e qe)⇒ Jż = Jω̇b

d,b + kqJ d
dt (T

T
e qe).

I have proved that by choosing the Lyapunov functions V1 =
1
2qT

e qe and V2 =V1 +
1
2zT Jz

together with the virtual control T T
e qe := 1

2w̄d,b and kω > 0 scalar, the BSC attitude control
law

u = G−1[JRb
dω̇

d
n,d− f (x)+D(x)(Rb

dω
d
n,d− kqT T

e qe)

+ [ωb
n,b×]Jω

b
n,b− J[ωb

n,b×]R
b
dω

d
n,d−T T

e qe−
kq

2
J ˙̄wd,b− kωz]

satisfies the stability conditions V̇2 =−kqqT
e TeT T

e qe− zT (D(x)+ kω I3)z≤ 0.

Thesis 2.4: I developed a log(q) based attitude (orientation) control algorithm for highly
maneuvering fixed wing UAVs. I gave an own derivation of the known formulas for the
exponent and logarithm of quaternions having form q = (s, w̄) ∈ R1×R3:

exp(q) = ese(0,w̄) = es(cos(|w̄|),sin(|w̄|) w̄
|w̄|

)

log(q) = (ln ||q||,arccos(s/||q||) w̄
|w̄|

)

q = (Cθ/2,Sθ/2t̄)⇒ log(q) = (0,arccos(s)
w̄
|w̄|

) = (0,
1
2

θ t̄)

d log(q)
dt

= (0,
1
2

θ
′t̄)

Novelty is, that the last formula is only valid if the unit axis t̄ can be considered constant.
In reality t̄, t̄ ′× t̄, t̄ ′ is an orthogonal basis (prime denote here derivative) in which ω =
θ ′t̄+(1−Cθ )t̄ ′× t̄+Sθ t̄ ′. Hence the log(q) based attitude control is only an approximating
method, useful only if t̄ is slowly varying along the desired path.
Based on these formulas I developed a log(q) based attitude control algorithm. The goals
of the attitude control are to make qd,b→ (1, 0̄) and ωb

d,b→ 0̄. Using the above (approxi-
mating) result yields d

dt log(qd,b) = (0, 1
2θ ′t̄) = (0, 1

2ωb
d,b). With the Lyapunov functions

V1 and its derivative and the earlier form of Jω̇b
d,b:

V1 = kq(log(qd,b))
T log(qd,b)+

1
2
(ωT

d,bJω
b
d,b

V̇1 = kq(log(qd,b))
T (0,ωb

d,b)+(ωb
d,b)

T Jω̇
b
d,b
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Using the following log(q) based attitude control law:

u = G−1{[ωb
n,b×]Jω

b
n,b− f (x)+D(x)ωb

n,b + JRb
dω̇

d
n,d

− J[ωb
n,b×]R

b
dω

d
n,d−

kq

2
t̄d,bθd,b− kωω

b
d,b−λ1

∫ t

0
ω

b
d,bdτ}

where kq,kω ,λ1 > 0 scalars, a lot of terms are canceled in V̇1 and (for λ1 = 0) with the
remaining terms yields V̇1 =−kω |ωb

d,b|
2 which is negative semidefinite hence the closed

loop is uniformly stable.

Thesis 2.5: I developed a position control algorithm for maneuvering fixed wing UAVs.
The goal is to assure small errors in height (H =−zD), velocity absolute value and lateral
(y) direction. It is assumed that the attitude control has already stabilized the motion
direction and it is enough to assure precisely the prescribed velocity of the underactuated
system in the reached orientation. I have shown that the responsible dynamic subsystem in
wind-axes is:

v̇T =− q̄Swa

m
CDW +

FT

m
CαCβ +gW1 =: f0 +g0FT

α̇ =− q̄Swa

mvTCβ

CL +Q−Tβ (CαP+SαR)− FT

mvTCβ

Sα +
1

vTCβ

gW3

β̇ =
q̄Swa

mvT
CYW +SαP−CαR+

FT

mvT
CαSβ +

1
vT

gW2

Let the desired path signals for Kb relative to Kn be xd,yd,zD,d, ẋd, ẏd, żD,d, ẍd, ÿd, z̈D,d , then
the following control law does assure small velocity error in the reached orientation:

FT := 1/g0{v̇T,d− f0 +α1v(vT,d− vT )+λ1v

∫ t

0
(vT,d− vT )dτ}

ëv +α1vėv +λ1vev = 0↔ s2 +α1vs+λ1v = 0

Parameters for stability can be easily chosen. The desired velocity and its derivative are
needed for position control. Since the magnitude is a scalar hence the desired velocity and
its derivative is in every frame the following:

vT,d =
√

ẋ2
b + ẏ2

d + ż2
D,d ⇒ v̇T,d =

ẋd ẍd + ẏd ÿd + żD,d z̈D,d

vT,d

The second derivatives needed can be computed by using fictitious closed loop systems for
differentiations. The new values of α and β can be computed from the remaining part of
the wind-axes differential equations for use in FT .

Thesis 2.6: The mission design (path design, guidance) is an important part of the control
systems. Since the 6D position and orientation can be influenced by only the 4 actuators
δe,δa,δr,δth hence not every prescribed reference path can be exactly realized. The good-
ness of the control can be measured by the errors and the obtained magnitude of the angle
of attack and the sideslip angle in the closed loop control. In this respect the own results
are the following.
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1. I developed a path design method for maneuvering aerial vehicles, where elementary
maneuvers can be selected from a palette and put together smoothly at their boundary.
The palette consists of straight line motion, circle motion, spiral motion and screw
motion (linear motion with constant velocity and rotation around it with constant
angular velocity). All these motions are general in space (the directions and circle
planes are general). The velocities and accelerations (linear or angular) and the
variable change (position or arc) can be prescribed and from them the time needed
for the motion can be computed.

2. The path design is running for the origin of the Kb frame (novelty) hence easier as
it would run for the origin of the KW frame (typical in practice). The elementary
maneuvers satisfy that during the motion the rotation axis t̄ is constant. I developed
a path design method for maneuvering aerial vehicles, where elementary maneuvers
can be selected from a palette and put together smoothly at their boundaries.

3. I developed a simulation system for testing the control algorithms. The simulations
experimentally proved the efficiency of the control laws.



Chapter 4

Ground vehicle control

Vehicle control based on the kinematic model is a popular approach delivering speed and
steering angle commands for the existing robust low level control subsystems. If problems
arise and a driver is present then the necessary corrections can be performed manually
using the available visual information and the observed difference between the path and
the car’s motion. However, in case of unmanned ground vehicles (UGVs) this modification
is no more possible.

In the chapter an approach is presented to estimate the errors in real UGV situations
where the road-tire contacts generate special sliding effects in the dynamic behavior of the
UGV. These effects are usually not considered in the kinematic modeling where the side
motion of the vehicle is neglected and nonholonomic constraints are assumed for the front
and rear wheels, see e.g. De Luca and coworkers [12].

A remarkable exception is the approach of Arogeti and Berman [13] whose method can
also manage the sliding effects involved in the kinematic model in the form of disturbances.
Their method is based on the results of Scherer and Weiland [14] for decreasing the peak-to-
peak L∞ (or generalized H2) disturbance effects in single variable (SISO) systems. Arogeti
and Berman involved the sliding effects in the kinematic model and presented a modified
path following kinematic control method. Since the kinematic and dynamic models are
coupled through the sliding effects therefore a realistic testing cannot be performed without
an appropriate dynamic control method. The paper [13] demonstrates using simulation
that with the modified kinematic control the slip angles remain in realistic and acceptable
domains. Unfortunately, it cannot be pointed out from [13] what was the dynamic control
method during the test. Similarly, no data was shown about the path following errors.

Small improvements can be detected with respect to two other popular dynamic control
methods (low level PID cruise control and lane-keeping control based on potential field
control).

In this chapter the similar problem is considered but the main goal is to show what is
the order of the lateral error if the steering angle of the modified kinematic control is saved
in the low level dynamic control, and if it is large, how can it be decreased by dynamic
control. Since kinematic and dynamic models are coupled through the slip angles hence
realistic dynamic control of the velocity and the acceleration is needed for correct analysis
of the lateral error (the slip angles depend on the velocities and the steering angle). For this
purpose a dynamic control was also developed which is based on nonlinear input-output
linearization (dynamic inversion).

Other popular methods exist using PID-type control of linekeeping [9], potential field
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technique [10] and nonlinear time-optimal control [11].

4.1 Modified Kinematic Control
For the kinematic and dynamical investigations in this work the well known two wheel
bicycle model will be used, see Fig. 4.1. The notations are as usual, i.e. front (F) and rear
(R) are wheels, longitudinal (l), and transversal (t) stand for forces, M is the moment, CoG
is the center of gravity, v is velocity, β stands for the side slip angle, α denote the slip
angles of the wheels, ψ is the orientation (heading), and δw is the steering angle in the
figure. The other parameters are geometrical ones and L := lR + lF . From the frames x0
and y0 is the inertia system, xCoG and yCoG is the body system and xw and yw is the front
wheel system. In this case front wheel steering and rear wheel accelerating are assumed.

CoG
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CoGx

b

y
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Fa

Rl

Fl

0
x

0
y

lRF

tRF

lFF

tFF

wx

wy wd
CoGv

wv

wRv

Fig. 4.1. The two wheel (bicycle) structure

For path design and kinematic modeling the coordinate system will be fixed to the
middle point of the rear axle instead of the CoG. Kinematic models satisfying the non-
holonomic constraints can be brought to chain form and stabilized by state feedback
[12].

The convergence of error decaying strongly depends on the speed variable v̄ = ẋ =
cos(ψ)v that depends also on the orientation ψ . Furthermore, the singularities of the chain
transformation should be avoided during path design.

The modified form will be discussed in two steps. First the error definition is modified
and after it the slip angles will be taken into consideration.



4 Ground vehicle control 75

4.1.1 Modified error definition for the chain form
In order to eliminate the dependence of the control u on the orientation, the basic paper of
Arogeti and Berman [13] defines the tracking error by

e1 = f (x)− y
e2 = f ′(x)cos(ψ)− sin(ψ)

e3 = f ′′(x)cos2(ψ)− tan(δw)

L

(
f ′(x)sin(ψ)+ cos(ψ)

) (4.1)

where e1 represents the position error, e2 is the orientation error and e3 is the steering error.
Denote v the absolute value (magnitude) of the velocity in the middle point of the rear

axle (i.e. v̄ := v) which makes a great difference to the original method because v does not
depend on the orientation ψ .

The transformation to the chain form is completed by the control signal

w =
[(

f ′′′(x)cos3(ψ)−3
f ′′(x)cos(ψ)sin(ψ) tan(δw)

L

− f ′(x)cos(ψ) tan2(δw)

L2 +
sin(ψ) tan2(δw)

L2

)
v−u

]
× Lcos2(δw)

f ′(x)sin(ψ)+ cos(ψ)

(4.2)

where u is the stabilizing state feedback.
The new chain form is

ė1 = e2v, ė2 = e3v, ė3 = u (4.3)

The physical interpretation of e1 is the vehicle lateral error and e2 is the orienta-
tion (heading) error. Along the path e1 and e2 are zero hence the reference value of the
orientation is tan(ψr(x)) = f ′(x), i.e.

ψr(x) = arctan( f ′(x)) (4.4)

Considering e3 for e2 = 0 it yields f ′(x)sin(ψr)+cos(ψr) = tan(ψr)sin(ψr)+cos(ψr) =
1/cos(ψr) and one obtains for e3 = 0:

tan(δwr) = L f ′′(x)cos3(ψr) (4.5)

4.1.2 Kinematic control in the presence of sliding effects
The earlier discussion assumed rolling without side motion (slipping) of the wheels.
Considering the bicycle model, the velocity vector vR, the slip angles αR and αF and
denoting the projection of the velocity vector in x-direction of the car by v= |vR|cos(αR)⇔
|vR|= v/cos(αR), then the kinematic equations in the presence of sliding effects can be
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written as follows:

ẋ =
cos(ψ +αR)

cos(αR)
v = (cos(ψ)− tan(αR)sin(ψ))v

ẏ =
sin(ψ +αR)

cos(αR)
v = (sin(ψ)− tan(αR)cos(ψ))v

ψ̇ =
tan(δw−αF)+ tan(αR)

L
v

δ̇w = w

(4.6)

The design objective is to follow the prescribed reference path yd = f (x). Using (4.1),
(4.2) and (4.6) the tracking error can be written in the form consisting of two components: ė1

ė2
ė3

=

 e2v
e3v
u

+
 g1(ψ, f ′,αR)

g2(ψ,δw, f ′, f ′′,αR,αF)
g3(ψ,δw, f ′, f ′′, f ′′′,αR,αF)

v
(4.7)

The functions g1, g2 and g3 are nonlinear functions defined in [13]. The vehicle heading
ψr and steering angle δwr along the path are given in (4.4) and (4.5). This second nonlinear
term (4.7) can be linearized in a small neighborhood of the desired path and the zero slip
angles resulting in

ė =

 0 1 0
0 0 1
0 0 0


︸ ︷︷ ︸

A

ve+

 0
0
1


︸ ︷︷ ︸

B2

u

+

 ḡ11(ψr) 0
ḡ21(ψr,δwr) ḡ22(ψr,δwr)

ḡ31(ψr,δwr, f ′′′) ḡ32(ψr,δwr)


︸ ︷︷ ︸

B1(t)=B1(ψr,δwr, f ′′′)

v
[

αr
αF

]
︸ ︷︷ ︸

d(t)

(4.8)

4.1.3 Robust kinematic control
For an LTI systems of class ė = Ae+Bd, z =Ce, e ∈ Rn, d ∈ Rm and z ∈ Rp Scherer and
Weiland [14] developed a method for the design of a control u satisfying peak–to–peak
performance, i.e. ||z||∞ ≤ γ||d||∞ for given γ > 0 based on LMI technique.

The functions gi and ḡi j are listed in Arogeti and Berman [13] without derivation.
Because of the central role of these functions their validity was also checked by the
author of this work. The derivation of the generalized kinematic control can be found in
Appendix A. In the sequel some detected errors of the above paper are also corrected,
especially the correct order of the terms to find upper bounds for B1(t)BT

1 (t)< B̄1B̄T
1 , ∀t.

The model (4.8) consists of two parts. The first part is the new chain form ė=Aev+B2u
according to (4.3), while the second B1(ψr,δwr, f ′′′)vd(t) can be treated as an unknown
model disturbance. The matrix B1(·) is a function of the reference path thus all its elements
are bounded, i.e. they are in L∞, thus the robust design approach should be based on the
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nonstandard L∞ valued performance optimization.
First we considered the 3×3 type matrix B1(t)B1(t)T along the path and determined a

constant matrix B̄1 satisfying B1(t)BT
1 (t)< B̄1B̄T

1 for ∀t.
Consider for e(0) = 0 the linear time-varying system

ė(t) = Av(t)e(t)+B2u(t)+B1v(t)d(t)
z(t) =Ce(t)+Du(t)

(4.9)

with the input u ∈ R, d ∈ Rq and the controlled output z and the bounds

0 < η1 < v(t)< η2 < ∞

B1(t)BT
1 (t)< B̄1B̄T

1
(4.10)

Using the state feedback u(t) = Ke(t)v(t) the closed loop system will be

ė(t) = (A+B2K)v(t)e(t)+B2u(t)+B1v(t)d(t)
z(t) = (C+DKv(t))e(t) = C̄e(t)

(4.11)

Based on the results of [14] and using the bounds in (4.10) it was shown in [13] that
given the system (4.11) and a scalar γ > 0, assume there exist 0 < λ ∈ R, 0 < Q ∈ Rn×n

and Y ∈ Rp×n such that the two LMIs are satisfied, i.e.[
(QAT +AQ+Y T BT

2 +B2Y )η1 +λnQ B̄1η2
B̄T

1 η2 −γIm

]
< 0 (4.12)[

λQ QCT +Y T DT

CQ+DY γIp

]
> 0 (4.13)

Then, for control gains given by K =Y Q−1, the closed loop system norm satisfies ||Lcl||∞ <
γ , and the system is internally asymptotically stable. Notice yet that the two LMIs are
coupled in Q and Y that determine the state feedback K.

4.2 Applied Dynamic Control
The dynamic model of the vehicle will be considered in the frame fixed to CoG while
the origin of the frame used for kinematic control is at the middle point of the rear axle.
Fortunately, the two frames are parallel. For simplicity denote vG the absolute value of the
velocity at CoG. The angles β , αF , αR are usually called the vehicle body side slip angle,
the tire slide slip angle front and the tire slide slip angle rear, respectively.

The tire slip angles are defined by

tan(αR) =
lRψ̇− vG sin(β )

vG cos(β )
(4.14)

tan(δW −αF) =
lF ψ̇ + vG sin(β )

vG cos(β )
(4.15)

The forces acting at the origin of the coordinate system of the front wheel are the
longitudinal force FlF and the transversal force FtF . It should be underlined that in the state
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equations of the dynamic modeling the transversal forces are described by the Pacejka’s
equations [28] in order to obtain reliable results for the lateral errors. On the other hand,
during the dynamic control design, as usual in the vehicle control literature, the lateral
forces are approximated by the cornering stiffnesses, in order to omit nonlinear dynamic
optimization in real time.

4.2.1 Input affine dynamic model for control design
For dynamic control design it is assumed that the transversal components are FtF = cFαF
and FtR = cRαR, respectively, where the cornering stiffnesses cF and cR are constants.
Assuming small δW−αF , αR and β and using the approximations tan(δW−αF)≈ δW−αF ,
tan(αR)≈ αR, sin(β )≈ β and cos(β )≈ 1 it follows

αF = δW −β − lF ψ̇

vG
, αR =−β +

lRψ̇

vG
(4.16)

Applying the usual notations cos(β ) =Cβ , sin(β ) = Sβ , and the differentiation rule in
moving frames, then the kinematic model and based on it the dynamic model of the car
can be derived.

v̄COG =
(

Cβ Sβ 0
)T vG (4.17)

āCOG = ˙̄vCOG +ω× v̄COG (4.18)

=

 Cβ −vGSβ

Sβ vGCβ

0 0

 ( v̇G

β̇

)
+

 −Sβ

Cβ

0

 ψ̇vG (4.19)

Taking into account the direction of the forces, dividing by the mass mv of the car, and
considering only the nontrivial components of āCOG, the acceleration is obtained:

āCOG =
1

mv

(
Fx
Fy

)
=

1
mv

(
FlFCδw−FtFSδw +FlR
FlFSδw +FtFCδw +FtR

)
(4.20)

4.2.2 Nominal dynamic control saving kinematic steering angle
Because forward axle steering and rear axle driving are assumed in this work therefore the
(e.g. industrial) low level dynamic control can be modeled in such a simple form that the
rear longitudinal force is determined from the state equation and the steering angle of the
kinematic control is used as steering angle of the dynamic control. This approach will be
called nominal control. The driving force in nominal control is

FlR = mv(v̇cx− vcyψ̇)+FtFSδw (4.21)

The differentiation of vcx can be approximated by a fictitious control loop, see also [9], but
with other choice of the parameters in the fictitious controller.
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4.2.3 Differential Geometry Based Control Algorithm
It is useful to introduce the rear (Sh = FtR) and front (Sv = FtF) side forces where

Sh = cR(−β + lRψ̇/vG), (4.22)
Sv = cF(δw−β − lF ψ̇/vG). (4.23)

It is clear that steering angle δw can be determined for control implementation by

δw =
1

cF
Sv +β + lF ψ̇/vG (4.24)

Assuming small angles the input affine model arises as

ẋ =


−x3 +Sh/(mvx4)

x3
−ShlR/Iz

0
x4C12
x4S12

+


1/(mvx4) −x1/(mvx4)
0 0

lF/Iz 0
0 1/mv
0 0
0 0

u, (4.25)

ẋ = A(x)+B(x)u, y = (x5,x6)
T =C(x), (4.26)

x = (β ,ψ, ψ̇,vG,X ,Y )T , u = (Sv,FlR)
T , y = (X ,Y )T . (4.27)

Here we used the notation C12 = cos(x1 + x2) etc. and X and Y are the coordinates of the
CoG in the inertia frame.

It can be shown [18] that the above approximated dynamic model has vector relative
degrees r1 = r2 = 2. Thus (the observable subsystem) has the form(

ÿ1
ÿ2

)
= q(x)+S(x)u (4.28)

S(x) =
1

mv

[
−S12 C12 + x1S12
C12 S12− x1C12

]
, (4.29)

q(x) =
1

mv

(
−S12
C12

)
Sh. (4.30)

Hence the system can be input-output linearized by an internal nonlinear feedback and the
resulting system consists of two double integrators:

u := S−1[v−q(x)], (4.31)
ÿi = vi, i = 1,2 (4.32)

The stability of the zero dynamics was proven in [18]. The details can be found in Ap-
pendix B.
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First we assume a prescribed stable and sufficiently quick error dynamics

(ÿdi− ÿi)+α1i(ẏdi− ẏi)+λi(ydi− yi) = 0 (4.33)

Let us use the notation wi := ydi +(α1iẏdi + ÿdi)/λi, then

ÿi = vi = λiwi−α1iẏi−λiyi (4.34)

Observe that λiwi depends only on the reference signal and its derivatives (feed forward
from the reference signal) and −α1iẏi−λiyi is the state feedback stabilizing the system
where α1i and λi are positive for stable error dynamics. Let λ1 = λ2 := λ , α11 =α12 = 2

√
λ

(or similar ones) where λ > 0, then two decoupled linear systems are arising whose
characteristic equation and differential equation are, respectively,

s2 +2
√

λ s+λ = 0⇒ s1,2 =−
√

λ , (4.35)
ÿi +α1iẏi +λiyi = λiwi. (4.36)

The DGA Control Algorithm can be summarized in the following steps:

wi := ydi +
1
λi
(α1iydi + ÿdi), i = 1,2, (4.37)

ȳ1 := λ1w1−α11(x4C12)−λ1x5, (4.38)
ȳ2 := λ2w2−α12(x4S12)−λ2x6, (4.39)
Sh := cR [−x1 +(lRx3/x4)] , (4.40)
u1 :=−Sh +mv [(x1C12−S12)ȳ1 +(x1S12 +C12)ȳ2] , (4.41)
u2 := mv(C12ȳ1 +S12ȳ2), (4.42)
δw := (u1/cF)+ x1 +(lFx3/x4), (4.43)
FlR := u2. (4.44)

Notice, because not all state variables can be measured, a state estimator has to be
implemented in order to supply the necessary state information for the controller. This
problem was discussed in Chapter 5, pp. 189-195 of [18].

4.2.4 Flatness control
A nonlinear system ẋ = f (x,u), x ∈ Rn, u ∈ Rm is said to be differentially flat if there
exists a vector y = (y1, . . . ,ym)

T ∈ Rm called the flat output and vector valued functions
and integers such that y = h(x,u, u̇, . . . ,u(r)), x = A(y, ẏ, . . . ,y(rx)), and u = B(y, ẏ, . . . ,y(ru)),
see [29] and [18]. Notice that y and u have equal dimension.

The two wheels (bicycle) vehicle dynamic model can be approximated by using the
flat outputs y1 = Vx and y2 = lFmVy− Izψ̇ , and the controls u1 = Tm−Tb and u2 = δw,
respectively.
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4.2.4.1 Flatness proof for front wheel or rear wheel driven cars

A sketch of the flatness proof can be found for front steering and front driving in the recent
paper [30]. Since rear wheel driving is used in the kinematical part of this work hence a
generalization for both driving cases will be given.

In order to show the similarities and/or differences, here a similar notation is used as
in the cited paper. Most of the notations are evident: for simplicity we omit the index w
in δw; Vx and Vy are the velocity components of CoG; instead of l (longitudinal) and t
(transversal) indexes of forces the indexes x and y will be used. It will be assumed that the
braking forces satisfy Tbr = rTb f , r ∈ [0,1], hence the total braking force is Tb = (1+ r)Tb f
and thus

Tb f =
1

1+ r
Tb, Tbr =

r
1+ r

Tb (4.45)

Denote the tire effective radius R, the wheel inertia Iω and the wheel angular velocities
ω f and ωr, respectively. The wheel angular velocities are assumed to be measured by
odometers.

For front wheel driven car yields:

Fx f =
1
R

(
−Iω ω̇ f +Tm−Tb f

)
(4.46)

Fxr =
1
R
(−Iω ω̇r−Tbr) (4.47)

For rear wheel driven car yields:

Fx f =
1
R

(
−Iω ω̇ f −Tb f

)
(4.48)

Fxr =
1
R
(−Iω ω̇r +Tm−Tbr) (4.49)

The basic dynamic motion equations are as follows:

m(V̇x− ψ̇Vy) = Fx f cos(δ )−Fy f sin(δ )+Fxr (4.50)
m(V̇y + ψ̇Vx) = Fx f sin(δ )+Fy f cos(δ )+Fyr (4.51)

Izψ̈ = lF
(
Fy f cos(δ )+Fx f sin(δ )

)
− lRFyr (4.52)

Assuming as usual small angles and lateral forces approximated by using cornering stiffness
the above equations can be simplified.

For front wheel driven car:

V̇x = ψ̇Vy−
Iω

mR
(ω̇r + ω̇ f )+

1
mR

(Tm−Tb)+
cF

m
Vy + lF ψ̇

Vx
δ − cF

m
δ

2 (4.53)

V̇y =−ψ̇Vx−
cF

m
Vy + lF ψ̇

Vx
− cR

m
Vy− lRψ̇

Vx
+

1
mR

(Tm−Tb f )δ +
cFR− Iω ω̇ f

mR
δ (4.54)

ψ̈ =
1
Iz

[
−lFcF

Vy + lF ψ̇

Vx
+ lRcR

Vy− lRψ̇

Vx
+

lF
R
(Tm−Tb f )δ +

lF
R
(cFR− Iω ω̇ f )δ

]
(4.55)
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For rear wheel driven car:

V̇x = ψ̇Vy−
Iω

mR
(ω̇r + ω̇ f )+

1
mR

(Tm−Tb)+
cF

m
Vy + lF ψ̇

Vx
δ − cF

m
δ

2 (4.56)

V̇y =−ψ̇Vx−
cF

m
Vy + lF ψ̇

Vx
− cR

m
Vy− lRψ̇

Vx
− 1

mR
Tb f δ +

cFR− Iω ω̇ f

mR
δ (4.57)

ψ̈ =
1
Iz

[
−lFcF

Vy + lF ψ̇

Vx
+ lRcR

Vy− lRψ̇

Vx
− lF

R
Tb f δ +

lF
R
(cFR− Iω ω̇ f )δ

]
(4.58)

As can be seen, the differences in the two driving modes are in V̇y and ψ̈ . Moreover,
if u1 = Tm−Tb is already known then for u1 > 0⇒ Tm = u1, Tb = 0 while for u1 ≤ 0⇒
Tm = 0, Tb = −u1 can be chosen and Tb f , Tbr can also be computed using the selected
value of r.

Hence the two driving modes can be standardized using the notation γ(u1) = Tm−Tb
for rear wheel driven car and γ(u1) =−Tb for front wheel driven car, respectively.

With the notations

f (x) =

 ψ̇Vy− Iω

mR(ω̇r + ω̇ f )

−ψ̇Vx− cF
m

Vy+lF ψ̇

Vx
− cR

m
Vy−lRψ̇

Vx
1
Iz

(
−lFcF

Vy+lF ψ̇

Vx
+ lRcR

Vy−lRψ̇

Vx

)
 (4.59)

g(x) =


1

mR
cF
m

Vy+lF ψ̇

Vx

0 cF R−Iω ω̇ f
mR

0 lF
IzR

(cFR− Iω ω̇ f )

 , g1 =

 0
1

mR
lR
IzR

 , g2 =

 −cF
m

0
0

 (4.60)

the state equation can be written as follows:

ẋ = f (x)+g(x)u+g1γ(u1)u2 +g2u2
2 (4.61)

It remains to prove the flatness of the system for the outputs y1 =Vx and y2 = lFmVy−
Izψ̇ . Using the earlier results and adding zero in special form yields

ẏ2 =lF

[
−mψ̇Vx− cF

Vy + lF ψ̇

Vx
− cR

Vy− lRψ̇

Vx
+

1
R

γ(u1)δ +
cFR− Iω ω̇ f

R
δ

]
(4.62)

+

[
lFcF

Vy + lF ψ̇

Vx
− lRcR

Vy− lRψ̇

Vx
− lF

R
γ(u1)δ −

lF
R
(cFR− Iω ω̇ f )δ

]
(4.63)

+(lFcR− lFcR)
Vy− lRψ̇

Vx
(4.64)

Now we can cancel the appropriate positive and negative terms in pair and obtain

ẏ2 =−lFmψ̇Vx− (lF + lR)cR
Vy− lRψ̇

Vx
(4.65)

Multiplying with y1 =Vx it follows

y1ẏ2 =
[
−lFmy2

1 +(lF + lR)cRlR
]

ψ̇− (lF + lR)cR
y2 + Izψ̇

lFm
(4.66)
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from which ψ̇ and Vy can be determined:

ψ̇ =− lFmy1ẏ2 +(lF + lR)cRy2

(lF + lR)cR(Iz− lF lRm)+(lFmy1)2 (4.67)

Vy =
y2 + Izψ̇

lFm
=

y2

lFm
− Iz

lFm
lFmy1ẏ2 +(lF + lR)cRy2

(lF + lR)cR(Iz− lF lRm)+(lFmy1)2 (4.68)

Hence x = (Vx,Vy, ψ̇)T = A(y1,y2, ẏ2) and rx = 1.
Unfortunately, to the flatness property of u we need also ÿ2:

ÿ2 =−lFmψ̈Vx− lFmψ̇V̇x−
(lF + lR)cR(V̇y− lRψ̈)

Vx
+

(lF + lR)cR(Vy− lRψ̇)V̇x

V 2
x

(4.69)

The following form will be derived:[
ẏ1
ÿ2

]
= ∆(y1,y2, ẏ2)

[
u1
u2

]
+Φ(y1,y2, ẏ2) (4.70)

Using (4.60) and (4.61) for the derivatives of the state variables and the structure of
(4.69), then the following choice can be made:

∆11 =g11 =
1

mR
(4.71)

∆12 =g12 =
cF

m
Vy + lF ψ̇

y1
(4.72)

∆21 =
cR(lF + lR)(Vy− lRψ̇)− lFmψ̇y2

1

mRy2
1

(4.73)

∆22 =
lRcR(lF + lR)− lFmy2

1
y1

lFcFR− lF Iω ω̇ f

IzR
(4.74)

+
cR(lF + lR)(Vy− lRψ̇)− lFmψ̇y2

1

y2
1

cF(Vy + lF ψ̇

my1
(4.75)

− cR(lF + lR)
y1

RcF − Iω ω̇ f

mR
(4.76)

Φ1 = f1(x)+g21δ
2 = ψ̇Vy−

Iω

mR
(ω̇r + ω̇ f )−

cF

m
u2

2 (4.77)

Φ2 =− lFmy1 [ f3(x)+g13γ(u1)u2] (4.78)

− (lF + lR)cR

y1
[ f2(x)+g12γ(u1)u2] (4.79)

+
(lF + lR)cR(Vy− lRψ̇)− lFmψ̇y2

1

y2
1

[
f1(x)+g21u2

2
]

(4.80)

+
(lF + lR)cRlR

y1
[ f3(x)+g13γ(u1)u2] (4.81)
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The determinant of the matrix ∆ satisfies

det(∆) = ∆11∆22−∆21∆12 (4.82)

=
(Iω ω̇ f − cFR)

[
l2
Fy2

1m2− cR(lF + lR)lRlFm+ cRIz(lF + lR)
]

IzR2y1m2 6= 0 (4.83)

Then taking into consideration that for typical cars RcF/Iω is around 104 and if Iz > lFm
then cR(lR+ lF)(Iz− lFm)+ l2

Fm2y2
1 6= 0, hence neglecting the non-dominant terms γ(u1)u2

and u2
2 in Φ the control u can be determined from the flatness variables and their derivatives:

u = B(y1,y2, ẏ1, ẏ2, ÿ2) = ∆
−1
([

ẏ1
ÿ2

]
−Φ

)
, ru = 2 (4.84)

Remark: Based on this initial value the control can be further improved by considering
the nonlinear terms in Φ and finding the fix point in iterations.

4.2.4.2 Flatness based control algorithm

For the different flatness variables linear reference systems can be prescribed:[
ẏ1
ÿ2

]
=

[
ẏre f

1 + k1pey1 + k1I
∫

ey1dt
ÿre f

2 + k2pey2 + k2I
∫

ey2dt + k2Dėy2

]
(4.85)

where ey1 = yre f
1 − y1 = V re f

x −Vx and ey2 = ere f
y2 − y2 and yre f

2 = lFmV re f
y − Izψ̇

re f . The
reference signals can be obtained from the high level path design, or in our case from the
kinematic control. The angular velocities of the axels can be measured by odometers. All
the signals are typically superposed with noises hence reliable filtering and differentiation
are needed.

For this purpose Savitzky-Golay filters, fictitious control loops or algebraic estimation
can be suggested [31]. From the later two typical methods are presented. Denote y(t) the
noisy function to be filtered or differentiated, T is the sampling time. The integration can
be performed by the trapezoidal rule.

Filtering using integration:

ŷ(t) =
2!
T 2

∫ t

t−T
[−3(t− τ)+2T ]y(τ)dτ (4.86)

Numerical differentiation using integration:

ˆ̇y(t) =− 3!
T 3

∫ t

t−T
[2(t− τ)−T ]y(τ)dτ (4.87)

The steps of the Flatness Control Algorithm (FCA):

1. Reading the signals V re f
x , V re f

y , ψ̇re f from the kinematic control level (or path
design) and the signals y1, y2, ẏ2 from the dynamic system (or its model).

2. Computation of the signals ŷre f
1 = V re f

x , ˆ̇yre f
1 = ˆ̇V re f

x , ŷre f
2 = lFmV̂ re f

y − Iz ˆ̇ψre f ,

ˆ̇yre f
2 = lFm ˆ̇V re f

y − Iz ˆ̈ψre f , ˆ̈yre f
2 = lFm ˆ̈V re f

y − Iz
.̂..
ψ

re f
.
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3. Computation of the tracking errors êy1 = ŷre f
1 −y1, êy2 = ŷre f

2 −y2, ˆ̇ey2 = ˆ̇yre f
2 − ẏ2.

4. Determine the control signals by

u =

[
Tω

δ

]
= (4.88)

=∆
−1(y1,y2, ẏ2)

([
ẏre f

1 + k1pey1 + k1I
∫

ey1dt
ÿre f

2 + k2pey2 + k2I
∫

ey2dt + k2Dėy2

]
−Φ(y1,y2, ẏ2)

)
(4.89)

5. Provide the control signals to the dynamic system.

4.3 Numerical Results
In the sequel the dynamic control part in the hierarchy will be limited to the nominal
control and the DGA methods. Flatness control will not be investigated here, but can be
based on the above developed algorithm.

In order to have comparable results with the approach of Arogeti and Berman [13], we
have chosen similar path and vehicle parameters in our experiments, namely lR = 1.35,
lF = 1.35, mv = 1600 and Izz = 2200 (belonging to COG), all in SI units.

The road-tire relation was described by Pacejka’s model:

Fti = 2DM sin{CM arctan[BMαi−EM (4.90)
× (BMαi− arctan(BMαi)))]}, i ∈ {R,F} (4.91)

(αi should be substituted in degree, not in radian). The parameters are BM = 0.239,
CM = 1.19, DM = 3600 [N] and EM = −0.678. After linear approximation the corner-
ing stiffnesses are cR = cF = 1.1896 ·105 in N/rad.

The reference path is given by

yd = 2sin(0.25x)+0.25x+1, x ∈ [0,60]m (4.92)

which is a straight line with additional slalom.
The velocity limits are η1 = 8.5 m/s and η2 = 9.5 m/s.

4.3.1 Checking the available data
For the LMIs the matrices C and D weighting the performance and the magnitude of the
control and the disturbance weighting parameter λ were chosen in the referred paper by

C =


1 0 0
0 1 0
0 0 3
0 0 0

 , D =


0
0
0

1/v(t)

 (4.93)

where D(4) was corrected to make C̄ constant which is necessary to the cited theory.
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We have corrected the formula for the disturbance bounds and obtained that the
Frobenius norm should be used. With its use the supremum of the Frobenius norm of
B1(t)BT

1 (t) along the path is 1.8174 and its square root is 1.3446, so that its upper bound
can be chosen as

B̄1 = 1.3446

 1 0 0
0 1 0
0 0 1

 (4.94)

which is in good correspondence (1.35I3) of the referred paper.
Using the above cited paper’s result 1.35I3, the solutions of the two LMIs have also

been determined:

Q =

 12.9587 −3.4709 −0.4358
−3.4709 2.1682 −1.1092
−0.4358 −1.1092 1.4821

 (4.95)

Y =
[

1.0548 −0.9856 −0.9252
]

(4.96)

K =
[
−1.9357 −6.7468 −6.2429

]
(4.97)

The state feedback K = [ −1.9 −6.7 −6.2 ] is in good correspondence with the solution
of this work and will be used later on.

4.3.2 The nonlinear dynamic model and the DGA control
The kinematic control and the dynamic control are running in different frames, and the
dynamic modeling too. The velocity computation between them is as usual. Denote vK
the velocity vector at the origin of the kinematic frame (origin on the rear axle) and vC
the velocity of the origin of the dynamical frame (at the CoG), respectively. Using two
dimensional vectors, the transformations between them are as follows:

vC = vK +

[
0 −1
1 0

]
lRψ̇ (4.98)

aC = v̇C +

[
0 −1
1 0

]
ψ̇vC (4.99)

vF = vK +

[
0 −1
1 0

]
Lψ̇ = vC +

[
0 −1
1 0

]
lF ψ̇ (4.100)

aK = v̇K +

[
0 −1
1 0

]
ψ̇vK (4.101)

From the velocities of the axles the slip angles can be determined and used to find
the lateral forces by Pacejka’s Magic Formula. For rear driving (FxR = FlR, FyR = FtR) and
front steering (which is assumed, FxF = FlF = 0, FyF = FtF ) the dynamic motion equations
for plane motion are given as

mvaC =

[
Cδw −Sδw

Sδw Cδw

][
0

FyF

]
+

[
FxR
FyR

]
(4.102)

Izzψ̈ = lFFyFCδw− lRFyR (4.103)
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The differential equations (4.103) of the dynamic model and those consisting of (4.6)
for the kinematic model are parallel running. From the differential equations the state
equations can easily be formed.

For DGA control the higher order derivatives of the desired path by the time are needed.
For this purpose the function movingslope is used which is available in MATLAB
environment. This method of John D’Errico (woodchips@rochester.rr.com) uses filter to
determine the slope of a curve stored as an equally spaced sequence of points. With 3 point
window the method is similar to the derivation. It was used three times assuming constant
speed 9 m/s along the prescribed path. Notice, that two path design is necessary, one for
the K–frame origin and another for the C–frame origin.

The continuous time models and the DGA controller were discretized by Euler method
with sampling time TS = 0.01 sec and used in the realization.
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Fig. 4.2. Kinematic and nominal control results

4.3.3 Simulation results
Simulation experiments were performed with high level modified kinematic control and
low level nominal and DGA controls. Kinematic and dynamical controls are running
parallel, the latter supplies the kinematic control with the slipping angles.

The path design is performed in K-frame and the path is transformed to the C-frame
using (4.101). The constant state feedback matrix K = Y Q−1 is computed offline from the
solution of the LMIs (4.13). The nominal dynamic control is based on (4.21). The DGA
control was deeply described in the steps of the DGA Control Algorithm.

Denote Xc = (vB,xc,yc,ψ, ψ̇,δW )T the state and Uc = (FlR, δ̇w = w)T the control of
the C-frame. Let Xk = (x,y,ψ,δw)

T be the state and Uk = (vr,u,w = δ̇w)
T the control of

the K-frame, i.e. the middle point of the rear axle. The kinematic control is based on Xk
and the slip angles αR = α1 and αF = α2 are determined from the dynamic control using
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Pacejka’s magic formula. Non-measurable state variables can be determined in real time
by the fusion of a common sensory system and state estimation for all the control methods.
Since they are common for all the controllers, hence in the simulation they are emulated
by the integration of the dynamics of Xc. Two position vectors can be computed for the
CoG, pcc from Xc and another pck from Xk.

The cycle of the simulation for one sampling instant Ts repeats the following steps:

1. Reading Xc and pcc. Compute vR,vF ,αR,αF ,β from Xc.

2. Reading Xk and pck. Compute the path yd(x) = f (x) and its derivatives f ′(x), f ′′(x),
f ′′′(x).

3. Determine the kinematic error e = (e1,e2,e3)
T .

4. Compute the kinematic control, i.e. choose vr and use the state feedback matrix to
compute the kinematic control u = K ∗ e∗ vr and w = δ̇w.

5. Integrate the kinematic state equation by computing the derivatives at the right side
of the DE and using Euler method for the new Xk and pck.

6. Determine the transversal forces FR = F1 and FF = F2 using Pacejka’s formula.

7. Perform numerical differentiations for the necessary variables and compute the new
internal states needed to them.

8. Compute the control outputs FlR and w= δ̇w for nominal control, and Sh, u1, u2 =FlR
and w = δ̇w for the DGA algorithm, respectively.

9. Model the saturation of the control forces between ±8000N.

10. Integrate the dynamic state equation by computing the derivatives at the right side of
the DE and using Euler method for computing the new Xc and pcc.

11. Storing the new states Xc, pcc and the new control signals Uc for dynamic control,
and the new states Xk, pck and the new control signals Uk for kinematic control.

Fig. 4.2 and Fig. 4.4 show that the kinematic level works well in the presence of
acceptable rear and front slip angles, see also Fig. 4.3 and Fig. 4.5. The steering angles are
in acceptable domains. From the lower part of Fig. 4.2 can be seen the main result that if
the steering angle is saved in the dynamic control (e.g. modeling an industrial controller
with quick transients) then lateral errors of order 1m can be observed which may be critical
in case of UGVs if no visual information for correction is available. This can be seen
deeper in Fig. 4.6 for both dynamical control forms. For DGA it can also be seen that,
although the nonlinear input–output linearization (DGA) can well stabilize the system, it
cannot essentially decrease the lateral error.
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4.4 Summary
A popular approach in the industrial control of ground vehicles (cars etc.) is to develop
kinematic control (without the use of mass, inertia etc. in the model) and apply the control
outputs as reference signals for the low level internal industrial control system. The main
goal of this chapter was to test what is the order of the resulting error in the closed loop
system, and how can the error be decreased.

For the design of the kinematic controller a robust method is the use of the two wheel
bicycle model together with the cornering stiffness approximation of the force and torque
and assuming bounded disturbance in H∞ sense for the nonmodeled effects. The method is
well prepared in the literature in the original chain form kinematic modeling. The kinematic
control is state feedback computed by LMI technique.

In new chain form kinematic model x,y,ψ,δw are the position, orientation and steering
angle, respectively, w is the derivative of the steering angle, αF ,αR are the side slip angles
of front and rear wheels, and the transversal forces are approximated by FyF = cFαF and
FyR = cRαR where cL and cR are the cornering stiffness.

For checking the error boundaries in closed loop, a dynamic control is also necessary
which may be dynamic model based and can use modern techniques like differential
geometry or flatness based nonlinear control. The results are as follows.

Thesis Group 3: I elaborated and analyzed a modified chain form model that can take
into consideration the sliding effects in kinematic control design. The goal is to follow
a desired reference path yd = f (x), the errors are the vehicle lateral error e1, orientation
(heading) error e2 and the derivative of the third error component e3 depends immediately
on the kinematic control u. The kinematic controller can be designed using LMI technique.
At the low level three types of controllers were considered: i) nominal control saving the
steering angle of the kinematic control as reference signal, ii) nonlinear I/O linearization
(DGA) method, iii) flatness control. It was demonstrated by simulation that the high level
kinematic control based approaches can have lateral errors in the order of 1m in maneuvers
that may cause problems for UGVs without visual information.
The results were published in [S1], [S4].

Thesis 3.1: For the modified chain form model the body frame is Kk with the origin at the
middle point of the rear axle (instead of Kc with origin in the COG). The kinematic model
is

ẋ = (cos(ψ)− tan(αR)sin(ψ))v, ẏ = (sin(ψ)− tan(αR)cos(ψ))v

ψ̇ =
tan(δW −αF)+ tan(αR)

L
v, δ̇w = w

where v = |vR|cos(αR) is the magnitude of the velocity of Kk. The reference signals
are ψr = arctan( f ′(x)) and δwr = arctan(L f ′′(x)cos3(ψr)). The positions, orientation and
steering errors are e1, e2 and e3, respectively .
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I have shown that the errors consist of two components: ė1
ė2
ė3

=

 e2v
e3v
u

+
 g1(ψ, f ′,αR)

g2(ψ,δw, f ′, f ′′,αR,αF)
g3(ψ,δw, f ′, f ′′, f ′′′,αR,αF)

v

The functions gi and ḡi j are listed in a paper of Arogeti and Berman (2012) without
derivation. Because of the central role of these functions their validity was also checked.
Some detected errors of the above paper are also corrected, especially the correct order
of the terms to find upper bounds for B1(t)BT

1 (t) < B̄1B̄T
1 , ∀t. The second term can be

linearized in small neighborhood of the desired path and the zero slip angles, resulting in

ė =

 0 1 0
0 0 1
0 0 0


︸ ︷︷ ︸

A

ve+

 0
0
1


︸ ︷︷ ︸

B2

u+

 ḡ11(ψr) 0
ḡ21(ψr,δwr) ḡ22(ψr,δwr)

ḡ31(ψr,δwr, f ′′′) ḡ32(ψr,δwr)


︸ ︷︷ ︸

B1(t)=B1(ψr,δwr, f ′′′)

v
[

αR
αF

]
︸ ︷︷ ︸

d(t)

Assuming 0 < η1 < v(t)< η2 < ∞, first I analyzed the 3×3 type matrix B1(t)B1(t)T along
the path and determined a constant matrix B̄1(η1,η2) satisfying B1(t)BT

1 (t) < B̄1B̄T
1 for

∀t. The form of the kinematic system is a linear time-varying system ė(t) = Av(t)e(t)+
B2u(t)+B1v(t)d(t), z(t) =Ce(t)+Du(t) with the input u ∈ R, d ∈ R2 and the controlled
output z ∈ Rp, for which the results of Arogeti and Berman (2012) can be applied:
Let γ,λ > 0 scalars, 0 < Q ∈ Rn×n and Y ∈ Rp×n such that the two LMIs are satisfied, i.e.[

(QAT +AQ+Y T BT
2 +B2Y )η1 +λnQ B̄1η2

B̄T
1 η2 −γIm

]
< 0[

λQ QCT +Y T DT

CQ+DY γIp

]
> 0

Then, for control gains given by K =Y Q−1, the closed loop system norm satisfies ||Lcl||∞ <
γ , and the system is internally asymptotically stable.
The transformation to the chain form is completed by computing input signal w =: δ̇w.

w =
[(

f ′′′(x)cos3(ψ)−3
f ′′(x)cos(ψ)sin(ψ) tan(δw)

L

− f ′(x)cos(ψ) tan2(δw)

L2 +
sin(ψ) tan2(δw)

L2

)
v−u

]
× Lcos2(δw)

f ′(x)sin(ψ)+ cos(ψ)

where u is the stabilizing state feedback. Notice that w is the control signal for the high
level kinematic control while the integral of δw serves as nominal control for the low level
nonlinear system. The two loops are running parallel in the experiments.

Thesis 3.2: I developed a differential geometry based low level control algorithm (DGA)
for test purposes. Using the Sh = FyR and Sv = SyF side forces and the steering angle δw =
1

cF
Sv+β + lF ψ̇/vG together with the state x = (β ,ψ, ψ̇,vG,X ,Y )T , input u = (Sv,FxR) and

output y = (X ,Y )T then the UGV can described by the input affine model ẋ = A(x)+B(x)u,
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y =C(x) having relative degrees r1 = r2 = 2. The observable subsystem is[
ÿ1
ÿ2

]
= q(x)+S(x)u

and the resulting system with u := S−1(x)(v−q(x)) consists of two double integrators with
stable zero dynamics. Choosing a sufficiently quick error dynamics (ÿdi− ÿi)+α1i(ẏdi−
ẏi)+λi(ydi− yi) = 0 and parameters λ1 = λ2 := λ , α11 = α12 = 2

√
λ , a stable system

appears having closed loop characteristic equation s2 + 2
√

λ s+λ = 0⇒ s1,2 = −
√

λ .
Based on it an (8-step) DGA Control Algorithm was elaborated for the low level control
system.

An alternative technique for low level control may be flatness control (FCA) if the
nonlinear system satisfies the differentially flat property.

A nonlinear system ẋ = f (x,u), x ∈ Rn, u ∈ Rm is said to be differentially flat if there
exists a vector y = (y1, . . . ,ym)

T ∈ Rm called the flat output and vector valued functions
and integers r, rx and ru such that y = h(x,u, u̇, . . . ,u(r)), x = A(y, ẏ, . . . ,y(rx)), and u =
B(y, ẏ, . . . ,y(ru)).

Thesis 3.3: I have shown that the two wheel (bicycle) vehicle dynamic model with the
velocity components Vx and Vy of the COG and small angles and lateral forces can be
brought to the form

ẋ = f (x)+g(x)u+g1γ(u1)u2 +g2u2
2

where x = (Vx,Vy, ψ̇)T ), u = (u1,u2)
T , u2 = δw is the steering angle, γ(u1) = Tm− Tb

for rear wheel driven car and γ(u1) = −Tb for front wheel driven car, Tm is the driving
force, Tb is the braking force, Tbr = rTb f , r ∈ [0,1] is the braking force distribution, and
Tb = (1+ r)Tb f is the total braking force. If u1 = Tm− Tb is already known then for
u1 > 0⇒ Tm = u1, Tb = 0 while for u1 ≤ 0⇒ Tm = 0, Tb = −u1 can be chosen and
Tb f , Tbr can be computed using the selected value of r.
I have shown for both type of drives the flatness output can be chosen as y1 = Vx and
y2 = lFmVx− Ixψ̇ , and from them ẏ2 and y1ẏ2 and ÿ2 can be determined and it yields[

ẏ1
ÿ2

]
= ∆(y1,y2, ẏ2)

[
u1
u2

]
+Φ(y1,y2, ẏ2)

where the functions ∆ and Φ can be computed from the available variables together with
det(∆). Then taking into consideration that for typical cars RcF/Iω is around 104 and
if Iz > lFm then cR(lR + lF)(Iz− lFm)+ l2

Fm2y2
1 6= 0⇒ det(∆) 6= 0, hence neglecting the

non-dominant terms γ(u1)u2 and u2
2 in Φ the control u can be determined from the flatness

variables and their derivatives:

u = B(y1,y2, ẏ1, ẏ2, ÿ2) = ∆
−1
([

ẏ1
ÿ2

]
−Φ

)
, ru = 2 (4.104)

Based on this initial value the control can be further improved by considering the nonlinear
terms in Φ and finding the fix point in iterations.
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I have shown that for the different flatness variables linear reference systems can be
prescribed: [

ẏ1
ÿ2

]
=

[
ẏre f

1 + k1pey1 + k1I
∫

ey1dt
ÿre f

2 + k2pey2 + k2I
∫

ey2dt + k2Dėy2

]

where ey1 = yre f
1 − y1 = V re f

x −Vx and ey2 = ere f
y2 − y2 and yre f

2 = lFmV re f
y − Izψ̇

re f . The
reference signals can be obtained from the high level path design, or in our case from the
kinematic control. The angular velocities of the axes can be measured by odometers. All
the signals are typically superposed with noises hence reliable filtering and differentiation
are needed.
Based on the results I presented a (four step) Flatness Control Algorithm (FCA) as an
alternative method for low level UGV control.

Thesis 3.4: I elaborated a simulation system to perform experiments for evaluating the
errors using high level kinematic based control while the physical environment is a realistic
low level dynamic model based control (precise tire-road model etc.). The cycle of the
simulation were formulated as an 11-steps algorithm. The experiments demonstrate:

i) The high level modified kinematic control method can well tolerate the sliding angles
in the realistic domain of less than 15 degree and the path errors remain small at
kinematic level.

ii) Using the nominal control it was experimentally proven the fact that if the steering
angle of the kinematic control is used as the reference signal for the low level (e.g.
industrial) steering control then this approach may cause problems for UGVs because
the lateral error is in the order of 1m. This may be critical in the lack of visual
information since no driver is present to make corrections.

iii) Simple methods, like nonlinear input–output linearization in the form of the DGA
dynamic control with own reference signals (i.e. the path), can stabilize the vehicle
but cannot considerably decrease the lateral error.



Chapter 5

Nonlinear State Estimation with Sensor
Fusion

State estimation for UAVs (Unmanned Aerial Vehicles) is an intermediate important step
in modeling and control. This chapter concentrates on the state estimation only. Popular
approaches are based on EKF (Extended Kalman Filter) [15], sigma-point estimators
among them UKF (Unscented Kalman Filter) [16] and symmetry-preserving observers
(SPO) using Lie-Group technique [17]. A comparison of the methods can be found in
[32]. Novel methods of tuning the error state coveriance matrix were suggested in [33] and
[34]. State estimation for a sailplane was considered in [35] and [36]. In this chapter an
improved EKF method will be presented for an UAV based on the kinematic differential
equations of navigation according to the WGS-84 standard of GPS.

The kinematic differential equations use the frames of ECI (Earth Centered Inertia),
ECEF (Earth Centered Earth Fixed), NED (North, East, Down) and Body (vehicle body)
coordinate systems. In the sequel they will be referred by the letters i, e, n and b, respec-
tively.

ECEF is moving together with the earth. Its sidereal rotation rate relative to ECI is
ωE = 7.2921151467 ·10−5rad/s. The earth can be approximated by a rotational ellipsoid.
In ECEF frame each point P can be characterized by a vector r = (x,y,z)T from the origin
to the point. However, in ECEF the point can also be identified by the geodetic coordinates
p = (ϕ,λ ,h)T , which are the latitude, longitude and height, respectively, and (x,y,z)T can
be determined from them. Conversion methods amongst them are available.

First the intersection of the plane through P and the z- axis with the rotational ellipsoid
can be determined. The intersection is an exemplar of the rotated ellipse. The height h of
the point P is the shortest distance from the ellipse which defines the point Q on the ellipse.
In point Q the tangent of the ellipse can be determined. The line through Q orthogonal to
the tangent intersects the z-axis in the point R = (0,−c). The QR section is the normal to
the tangent, its length is N.

GPS navigation is performed relative to ECEF while the IMU (3D acceleration and 3D
angular velocity) sensors measure relative to ECI. We prefer the use of INS navigation.
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5.1 INS Navigation
The orientation of the Kn frame relative to Ke, i.e. the mapping from Kn to Ke, can be found
by using two rotations:

Rn
e = Rot(z,λ )Rot(y,−(π

2
+ϕ) (5.1)

The orientation matrix Rb
n (attitude, DCM) is the transformation from Kb to Kn. It can

also be described by Euler (roll, pitch, yaw) angles φ ,θ ,ψ or unit quaternion q = (s,w)
where s = q0 ∈ R1 and w = (q1,q2,q3)

T ∈ R3 yielding

Rn
b = Euler(φ ,θ ,ψ) = I3 +2s[w×]+2[w×][w×] (5.2)

Here [w×] is the matrix of vector product. The quaternion product is q1⊗q2 = (s1s2−
wT

1 w2,w1×w2 + s1w2 + s2w1).
There are different techniques for orientation characterization, however conversion

between them is possible [37]. Especially, let Rn
b and q the orientation description of Kb

relative to Kn and denote ωb
n,b = (P,Q,R)T =: ω the angular velocity of the vehicle relative

to Kn.

5.1.1 Differential equations of the orientation descriptions

d
dt

φ

θ

ψ

=

1 Tθ Sφ TθCφ

0 Cφ −Sφ

0 Sφ/Cθ Cφ/Cθ

P
Q
R

 (5.3)

q̇ =
1
2

[
0 −ωT

ω −[ω×]

](
s
w

)
=

1
2

[
−ωT w

sω−ω×w

]
=

1
2

[
−ωT

sI3 +[ω×]

]
ω =: T (q)ω (5.4)

Here we used the short notations S,C,T for sin,cos, tan.

5.1.2 Long distance INS navigation
In case of long distance INS navigation the NED frame cannot be considered fixed, i.e. it
is a wandering NED frame. The orientation of the body frame will be considered relative
to the moving NED.

Denote M and N the cross-directional curvatures and R their average value:

M =
a(1− e2)

(1− e32S2
ϕ)

3/2 , N =
a√

1− e32S2
ϕ

, R =
√

MN (5.5)

Denote f̃ b the 3D measurement of the acceleration sensor of the IMU and ba its
bias then its value in the NED frame is fn = Rn

b( f̃ b− ba). Notice that f n contains also
the gravity effect gn =

(
0 0 γ

)T whose approximation by the simple Rogers model is
γ(h) = g0(R/(R+ h))2 where h is the height and g0 = 9.81425 is an average value for
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h = 0. Similarly, denote ω̃b the 3D measurement of the angular velocity sensor of the IMU
and bω its bias. Notice that the IMU measures the acceleration and the angular velocity
relative to ECI. Since ωb

i,b = Rb
n(ω

n
i,e +ωn

e,n)+ωb
n,b therefore for constant bias yields:

ω := ω
b
nb = ω̃−bω −Rb

n(ω
n
ie +ω

n
en) (5.6)

ω
n
ie +ω

n
en =

 Cϕ

0
−Sϕ

ωe +

 ve/(N +h)
−vN/(M+h)
−veTϕ/(N +H)

 (5.7)

where ϕ is the geodetic latitude.

Kinetic equations of GPS with IMU [38]

 ϕ̇

λ̇

ḣ

=

 1
M+h 0 0

0 1
(N+h)Cϕ

0
0 0 −1


 vN

vE
vD

 (5.8)

v̇N
v̇E
v̇D

= f n +gn +


−vE

[
2ωe +

vE
(N+h)Cϕ

][
2ωe +

vE
(N+h)Cϕ

]
vNSϕ + vD

[
2ωe +

vE
(N+h)Cϕ

]
Cϕ

− vN
M+h −2vEωeCϕ −

v2
E

N+h

 (5.9)

q̇ =
1
2

[
−wT

sI3 +[w×]

]
· (ω̃b−bω − [I−2s[ω×]+2[ω×][ω×]](ωn

ie +ω
n
en)) (5.10)

The derivatives of the constant biases are simply ḃa = 0 and ḃω = 0.
Notice that in the above kinematic equations the ’position’ vector p = (ϕ,λ ,h)T

represents the real position vector r = (x,y,z)T from ECEF to BODY in abstract form
eliminating the large order of the components of r. Its derivative Rn

e ṙ = v = (vN ,vE ,vD)
T is

the relative velocity of the vehicle to the (rotating) ECEF frame expressed in the basis of
the NED frame. The quaternion q represents the relative orientation of the BODY frame to
the NED frame. However, the IMU measurements are relative to ECI but expressed in the
BODY frame. In the presented concept the NED frame plays the central role hence the
navigation is called INS navigation.

5.1.3 Nonlinear state equations of long distance INS navigation
In the presence of GPS sensor it is useful to formulate the state equation in the NED frame.
The state equation was already shown for the choice of state x = (pT ,vT ,qT ,bT

a ,b
T
ω)

T ,
input u = (ãT , ω̃T )T and output y = (pT ,vT )T . From the system noises ãnoise is additively
contained in f̃ b and ω̃noise is additively contained in ω̃ , respectively. The outputs con-
tain additive noises p̃noise and ṽnoise, respectively. The nonlinear state equations of INS
navigation have the form
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ẋ = f (x,u,nx) (5.11)

y = h(x,ny) =

[
I3 0 0 0 0
0 I3 0 0 0

]
=Cx+ny (5.12)

If the state estimation is performed in discrete time then the state equations have to be
converted from continuous to discrete time by using Euler method or similar ones. If the
state estimation uses EKF then the state equations should be linearized by the variables in
every multiple of the sampling time. During linearizing the task is to find the derivatives
of the right sides fp, fv, fq of the state equation by their variables. During derivation the
curvatures M, N, R can be assumed constants. The requested form is:

δ ẋ = A(t)δx+B(t)δu+Bn(t)Nx (5.13)
δy =C(t)δx+ny (5.14)

In order to increase the precision the state estimator can internally contain the inte-
gration of the state equations. The estimated state can overwrite the computed state. The
derivatives can be used in the EKF (inner loop) running with the high sampling frequency
of the IMU.

If the motion is limited to the close neighborhood of the initial stationary place of the
vehicle then the INS navigation can be simplified. In this case the motion is limited to the
neighborhood if the initial NED frame (called NED0) which will be considered to be a
(quasi) inertial system (Flat Earth Navigation)

5.1.4 Integrating magnetic sensor measurements
Let us assume that the vehicle is standing and magnetometer and IMU measurements
are available. The magnetic field measurement is Hb = (Hb

x ,H
b
y ,H

b
z )

T which can be
transformed in the NED frame by Rn

b that is:

Hn = Rn
bHb =

 CψCθ CψSθ Sφ −SψCφ CψSθCφ +SψSφ

SψCθ SψSθ Sφ +CψCφ SψSθCφ −CψSφ

−Sθ Cθ Sφ CθCφ

 Hb
x

Hb
y

Hb
z

 (5.15)

Hn
x = (Cθ Hb

x +Sθ Sφ Hb
y +SθCφ Hb

z )Cψ +(−Cφ Hb
y +Sφ Hb

z )Sψ

=: a1Cψ +a2Sψ (5.16)

Hn
y = (Cφ Hb

y −Sφ Hb
z )Cψ +(Cθ Hb

x +Sθ Sφ Hb
y +SθCφ Hb

z )Sψ

=: b1Cψ +b2Sψ (5.17)
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In stationary situation the accelerometer measures the negative gravity acceleration
which would be in NED frame (0,0,−1)T if it is scaled in G, hence, transforming in
BODY we obtain

ã = f̃ =−
[
−Sθ Cθ Sφ CθCφ

]T (5.18)
φ = atan2(ay,az), θ = atan2(−Cφ ax,az) (5.19)

and therefore a1,a2,b1,b2 are computable.
On the other hand, the geometrical and magnetic North directions in NED frame are

not coinciding, the difference between them is the magnetic declination angle δ , hence we
can form an electronic compass as follows:

Tδ =
Hn

y

Hn
x
=

b1Cψ +b2Sψ

a1Cψ +a2Sψ

⇒ Sψ(−Tδ a2 +b2) =Cψ(Tδ a1 +b1) (5.20)

Tψ =
Tδ a1 +b1

−Tδ a2 +b2

atan−−→ ψ (5.21)

Specially, δ = 3.8202 ·π/180[rad] at Budapest Ferihegy. Notice that a function
wrldmagm is available in MATLAB for determining δ anywhere from GPS coordinates
and the actual date, furthermore this function is updated in every fifth year.

5.2 State Estimation Using EKFs
The most popular state estimator is the extended Kalman filter (EKF). However, its stability
is not guaranteed and it needs the derivatives of the nonlinear functions in the discrete time
model which is a hard problem with increasing dimension of the state vector.

EKF is a stochastic state estimation method based on the linearization of the discrete
time state equations in every integer multiple of the sampling time. First the EKF algorithm
will be summarized. Then the derivatives of the state equations will be given for INS
navigation. Finally the application of EKF will be demonstrated in vehicle navigation.

5.2.1 The EKF algorithm
Consider the discrete time nonlinear system in the form

xk+1 = f (xk,uk,wk), yk = g(xk,zk) (5.22)

where w is the system noise and z is the measurement noise. It is assumed that w and z are
not correlated and have zero mean, their covariance matrices Rv,k−1 and Rz,k are known.
The mean value of the input state x0 and its covariance matrix S0 should also be known.
The EKF algorithm can be performed by introducing the following notations:
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Ak−1 =
∂ f (x̂k−1,uk−1,0)

∂x
, Bw,k−1 =

∂ f (x̂k−1,uk−1,0)
∂w

,

Ck =
∂g(x̄k,0)

∂x
, Cz,k =

∂g(x̄k,0)
∂ z

(5.23)

where x̂k is the estimated and x̄k the predicted value of xk. The well-known two steps
(Prediction, Time Update) can be found for example in [15] or [37]. Notice that Sk is the
covariance matrix of xk− x̂k while Mk is the covariance matrix of xk− x̄k. The differentia-
tions in (5.23) are parts of the time update step. A collection of the necessary derivatives
of App, Apv etc. for INS navigation can be found in [37].

5.2.2 Observation model
It will be assumed that for the state estimation IMU (3D accelerometer and 3D angular ve-
locity sensor) and 3D magnetometer, both based on MEMS technology, and a GPS receiver
are available. The state estimation is solved by their fusion taking into consideration the
different sampling frequencies. The measured or computed output observation is assumed
in the form y = g(x)+ny.

The output mappings

y1 = g1(x)+ny1 =
[
Tδ −1 0

]
Rn

bHb +ny1 (5.24)

y2 = g2(x)+ny2 = Rn
b(ã

b−ba)+ny2 (5.25)

y3 = g3(x)+ny3 = Rn
b
[
Tδ −1 0

]T
+ny3 (5.26)

y4 = g4(x)+ny4 = p+ny4 (5.27)
y5 = g5(x)+ny5 = v+ny5 (5.28)

These mappings reflect the following concept:

• Equation (5.24) is equivalent to Tδ Hn
x = Hn

y , see also 5.1.4 section.

• Equation (5.25) is the image of the acceleration sensor measurement removing its
bias which is the acceleration minus the gravity acceleration gn = (0,0,γ)T in NED
frame, i.e. f n.

• Equation (5.26) assumes that the direction of the xB axis is equal to the direction of
the velocity vb = (U,V,W )T in body frame, i.e. V =W = 0. This assumption means
that the kinematic angle of attack and the kinematic side slip angle are both zero. This
is only an approximation whose error is removed to the noise ny3. Critical may be
for quickly maneuvering unmanned vehicles (UAVs, UGVs etc.) that the zero mean
assumption of EKF cannot be well satisfied. Notice that g3 = (Rn

b,11,R
n
b,21Rn

b,31)
T

which is a unit vector.

• y4 and y5 are immediately the GPS measurements.
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The output measurements

y1 = 0 (5.29)

y2 =

v̇N
v̇E
v̇D

−gn−


−vE

[
2ωe +

vE
(N+h)Cϕ

]
Sϕ + vNvD

M+h[
vE

(N+h)Cϕ
+2ωe

]
vNSϕ + vD

[
2ωe +

vE
(N+h)Cϕ

]
Cϕ

− vN
M+h −2vEωECϕ −

v2
E

N+h

 (5.30)

y3 =
[
vN/ ||v || vE/ ||v || vD/ ||v ||

]T (5.31)

y4 = p (5.32)

y5 = v (5.33)

The following noise covariance matrices can be suggested:

covn1 = (
[
Tδ −1 0

]
Rn

b)covH̃b(
[
Tδ −1 0

]
Rn

b)
T (5.34)

covn2 = Rn
bcovãb(Rn

b)
T (5.35)

covn3 = ||covω̃b ||2

s1 0 0
0 s2 0
0 0 s3

 (5.36)

5.3 Implementation Concept of INS Navigation
We suggest the following EKF based state estimation concept for long distance INS
navigation using sensor fusion:

• The realization consists of the continuous integration of the kinematic equations
driven by the IMU sensors and three EKFs (EKF1, EKF2, EKF3). Sampling time of
IMU, magnetometer and GPS may be for example 20ms, 50ms and 500ms, respec-
tively. The declination angle δ and the magnetic force Hn in NED can be computed
from the GPS position using the wrldmagm function in MATLAB. Gravity ac-
celeration can be determined from GPS position using Rogers or Schwartz&Wei
model.

• Sensor data are filtered and partly differentiated real time before use. For filtering the
Savitzky-Golay (polynomial) FIR smoothing filter can be applied which is supported
in MATLAB function sgolay. Differentiation can be solved based on its outputs
and realized in a function diffsgolay.

• Since the sampling time Tm of the 3D magnetometer is near to the sampling time
T of the IMU (Tm > T ) hence H̃b will be re-sampled with T which simplify the
realization. Then we will have IMU and magnetometer data with the same frequency.
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• The integration of the kinematic state equations in INS is performed for the whole
state x = (pT ,vT ,qT ,bT

a ,b
T
ω)

T using Euler or Runge-Kutta methods (RK2, RK4).

• EKF1 is used for orientation estimation based on unit quaternion. It works with sam-
pling time T , uses x1 = (qT ,bT

ω)
T and the sensor inputs of IMU and magnetometer.

Output mappings of the observation model are g1,g2, output measurements are y1,y2
while output noises are n1,n2. The estimated state x̂1 of EKF1 overwrites the actual
value of portion x1 of the running kinematic equations.

• EKF2 is used for estimating the whole state. It works with sampling time TGPS of
GPS measurements, uses x = (pT ,vT ,qT ,bT

a ,b
T
ω)

T and the sensor inputs of IMU,
magnetometer and GPS position and velocity. Output mappings of the observation
model are g1,g2,g3, output measurements are y1,y2,y3 while output noises are
n1,n2,n3. The estimated state x̂ of EKF2 overwrites the actual value of x of the
running kinematic equations.

• EKF3 is used to correct the whole state in an external loop. Its work is divided into
two steps.

The main step is performed if GPS measurement is obtained. It takes the difference of
the computed position and velocity (determined through integration of the kinematic
equations) and the measured GPS position and velocity. The difference is called
δy = (δ pT ,δvT )T and used as output measurement to produce δ x̂. This correction
will be added to the actual value of the whole state of the running kinematic equations:
x := x+δ x̂. After the correction was made then δ x̂ is zeroed for the next GPS step.

Since TGPS is large relative to T = TIMU hence the linear behavior of EKF3 would
be inaccurate for application. Hence a finer step Tc = TGPS/nc will be chosen such
that Tc is integer multiple of T . For example, Tc = 100ms can be chosen in the above
example where nc = 5. In every integer multiple of Tc a correction step will be
performed in order to compensate the difference between linear approximation and
nonlinear behavior.

The goal of the correction is to update the state and the covariances in EKF3. The
base of the correction is the rule for time varying linear systems ẋ = A(t)x+B(t)n,
in our case with noise input, by which

xk+1 = Φkxk +Γknk (5.37)

Φk = eAkTc , Γk =
∫ Tc

0
eAkσ dσBk ≈ΦkTcBk (5.38)

Hence, if the state and noises are not correlated and the noises have zero mean then
the resulting state covariance matrix (S) and the noise covariance matrix (Q) can be
computed recursively:

Sk+1 = ΦkSkΦ
T
k , Qk+1 = Qk +(ΦkBk)T 2

c covn(ΦkBk)
T (5.39)

If the GPS measurement arrives the EKF3 performs the corrected prediction and
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time update steps for the outer loop. After the correction a re-initialization follows
according to S0 := In and Q0 := 0n×n where n = dimx.

5.4 Experimental Results Using UAV Flight Data
The concept of state estimation using three level Extended Kalman Filters were tested
for real flight data of a moving UAV. The sensor was of type mNAV100CA integrating
IMU, magnetometer and GPS using MEMS technology. The UAV was remotely controlled
from the ground and the commands were performed by the control system of the UAV. We
obtained the logged flight data from MTA SZTAKI Systems and Control Laboratory in the
frame of a cooperation.

As a consequence of the on-board control system the UAV is moving dominantly in
the direction of the body xB axis so that the angle of attack is approximately zero and the
error of output mapping g3(x) is relatively small which can positively influence the quality
of state estimation.

On the other hand, because of quickly varying remote commands, i.e. reference signals,
the control signals are also quickly varying and the same is valid also for the IMU sensor
signals. The acceleration can be 2G or higher during the transients which makes the state
estimation more difficult.

Some parts of the sensor signals are shown in Fig. 5.1- 5.2 where the above effects
(quick changes, oscillations) can be well detected. Beside the original sensor signals the
filtered ones using sgolay are also shown. In case of the GPS velocity the derivatives can
also be determined and used latter for computing f n, the image of ãb in the NED frame.
Notice that this signal can be computed from the GPS signals as well. If the orientation
Rn

b will be determined using the estimated quaternion then the transformation can be
performed and the difference of the two values (fn-fncomp) has to be small if the
estimated orientation is acceptable. Small error can prove good orientation estimation.

Some parts of the results of the state estimation using EKF1, EKF2 and EKF3 with
inner integration of the long distance kinematic equations in INS assumption are shown
in Figs. 5.2-5.3. Estimated variables are denoted by ’h’ in the name. Experiments using
real vehicle’s data show that real time implementation of the state estimation methods is
possible on low-cost architectures.

The results in Fig. 5.4 show that the measured and the estimated velocities are similar
except on places where a,ω or H are quickly varying. Other type direct computation of Rn

b
shows that not the estimation but the GPS sensor itself is responsible for the differences,
namely the applied GPS version on the UAV cannot follow quick changes. Except of these
places, fnGPSh and fnIMU are also similar, see Fig. 5.5 Moreover, the computed U,V,W
behave also according to g3 in (5.26), hence the chosen measurement covariances can well
tolerate the nonzero-mean character of noises.
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Fig. 5.1. IMU acceleration and angular velocity
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Fig. 5.2. Magnetic Field and GPS Position
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Fig. 5.3. Estimated psi and quaternion
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Fig. 5.4. Estimated velocity and height
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Fig. 5.5. Measured/computed acceleration and computed velocity
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5.5 Nonlinear state equations of Flat Earth navigation
If the motion is limited to the close neighborhood of the initial stationary place of the
vehicle then the INS navigation can be simplified. In this case the motion is limited to the
neighborhood if the initial NED frame (called NED0) which will be considered to be a
(quasi) inertial system.

Let us use the standard notations of robotics. Assume two frames K1 and K2. Then
the orientation and position of K2 with respect to K1 can be described by the matrix R12
and the vector p12, respectively. The columns of R12 contain the components of i2, j2,k2
expressed in the basis of i1, j1,k1 and the components of p12 are also given in the basis of

K1. They can be placed into the homogeneous transformation T12 =

[
R12 p12
0T 1

]
.

With this rule of indexing the following relations are valid without approximation
which make it also possible to depict the motion of the vehicle relative to a chosen NED0
in its North, West and Down (or height) directions:

Tn0b = T−1
en0

TenTnb =⇒ Rn0b = R−1
en0

Ren

Rn,b︷︸︸︷
Rn

b (5.40)

pn0b = R−1
en0

(
peb− peb0

)
(5.41)

where index 0 belongs to the stationary state, Ren and Ren0 can be determined from latitude
and longitude and the position peb can be determined from latitude, longitude and height
unless it is not immediately measured by the GPS receiver.

Notice that usual GPS receiver software either measures the latitude ϕ , longitude λ

and height h or the position of the body relative to ECEF expressed in the basis of ECEF,
i.e. peb. The velocity v of the body relative to ECEF is determined in the basis of the NED
frame by the GPS receiver software.

For short distance navigation we can assume R−1
en0

Ren ≈ I (i.e. latitude and longitude
are approximately constant and the motion of the NED frame can be neglected). Denoting
the position difference vector by

p = (x,y,z)T := RT
e,n0

(
peb− peb0

)
= pn0b− pn0b0 (5.42)

and taking into consideration that v = (vN ,vE ,vD)
T is approximately its derivative, we can

formulate the kinematic equations in Flat Earth frame.

Continuous time state equations in Flat Earth navigation

ṗ = v (5.43)

v̇ = Rn
bā+

[
0 0 1

]T g0 (5.44)

q̇ =−1
2


0 P̄ Q̄ R̄
−P̄ 0 −R̄ Q̄
−Q̄ R̄ 0 −P̄
−R̄ −Q̄ P̄ 0

q =: Ω̄q (5.45)

ḃa = wba (5.46)

ḃω = wbω
(5.47)
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where we assumed constant gravity acceleration g0 in NED and neglected the effect
−(2ωn

ie +ωn
en)× v in the acceleration and Rb

n(ω
n
ie +ωn

en) in the angular velocity, moreover
we used the notations

ā = ãb−ba− ãnoise (5.48)

ω̄ = ω̃
b−bω − ω̃noise =:

(
P̄ Q̄ R̄

]
(5.49)

Introducing state x=(pT ,vT ,qT ,bT
a ,b

T
ω)

T , input u=(ãT , ω̃T )T and output y=(pT ,vT )T ,
the continuous time nonlinear state equations will have the usual form

ẋ = f (x,u,nx) (5.50)

y = h(x,ny) =

[
I3 0 0 0 0
0 I3 0 0 0

]
=Cx+ny (5.51)

Assuming constant ω̄ between two sampling instants and neglecting the noise, we
are able to integrate the differential equation of q by using exp(Ω̄T ) which can easily be
determined in our case:

Ω̄int =


0 −P̄T/2 −Q̄T/2 −R̄T/2

P̄T/2 0 R̄T/2 −Q̄T/2
Q̄T/2 −R̄T/2 0 P̄T/2
R̄T/2 Q̄T/2 −P̄T/2 0

 , ϑ =
1
2

√
(P̄T )2 +(Q̄T )2 +(R̄T )2

(5.52)

eΩ̄int = I4 cos(ϑ)+ sin(ϑ)Ω̄int (5.53)

Here we used left side rule for integration however other methods (trapezoidal rule etc.)
can also be applied to obtain Ω̄ and ϑ , especially during post-processing for identification
purposes. As a consequence, using Euler method except for q, the discrete time state
equations can be determined.

Discrete time state equations in Flat Earth navigation

pk+1 = pk +T vk

vk+1 = vk +T
{

Rn
b(q)ā+

[
0 0 1

]T g0

}
qk+1 =

[
I4 cos(ϑ)+ sin(ϑ)Ω̄int

]
qk (5.54)

ba,k+1 = ba,k +Twba,k

bω,k+1 = bω,k +Twbω ,k

5.6 Summary
In this chapter an improved EKF method was presented based on MEMS sensors containing
IMU (3D acceleration and 3D angular velocity sensors), 3D magnetometer sensors and
GPS sensors according to the WGS-84 standard. The goal was the fusion of these sensors
to tolerate the large difference between IMU and GPS frequencies and estimate the system
states for the different type of control algorithms in large distance and short distance
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navigation of vehicles.

Thesis Group 4: I have developed an EKF based technique for sensor fusion that can
well tolerate the different measurement frequencies and can be applied for any type of
vehicles both in long distance and short distance missions, large and small height, and
height dependent gravity acceleration. Three EKFs participate in the state estimation. The
efficiency of the state estimation was demonstrated for a fixed wing UAV based on real
flight data.
The results were published in [S5].

Thesis 4.1: I have elaborated the kinetic differential equations in which the orientation
can be described by quaternion (converted to Euler angles for the user), the gravity can be
described by the Roger model (or the Schwartz-Wei model for large height), and the GPS
position and velocity equations take into consideration that the acceleration sensor (acc)
measures the real acc plus the negative gravity acc, the IMU has unknown biases and the
geomertical and magnetic North directions differ. EKF1 solves the quaternion estimation,
EKF2 improves the orientation if GPS is present, and EKF3 determines the remaining state
variables including the biases in an external loop if GPS measurements are available.

Thesis 4.2: I developed a set of output mappings and another set for output measurements to
formulate the INS navigation conceptions and distributed them among the EKFs. Because
TGPS >> TIMU thus EKF3 would be inaccurate, hence a subdivision and LTV approach was
introduced to improve the state (S) and noise (Q) covariance matrices. It was experimentally
demonstrated by using real flight data that the elaborated state estimation method can well
satisfy the practical concepts formulated in the output mappings and measurements.



Chapter 6

Conclusions

The autonomous unmanned aerial (UAV) and the car-like ground (UGV) vehicles are
nonlinear dynamic systems. Their control integrates the knowledge of various fields, and
their research is in the center of the international trends. The main topic is the control of
various vehicles (mobile robot agents) based on common principles including modeling,
identification, path design, movement analysis and navigation using GPS/IMU sensor-
fusion, fast communication for control and system optimization. The main goal of the
research was to develop modern control design methods for the embedded control of
quadrotor helicopters, propeller driven fixed wing airplanes and car-like robots taking
into consideration the underactuated character of the nonlinear systems, i.e. the degree of
freedom (DOF) is less than the number of actuators. For such systems not every path can
be realized and the goal is to decrease the errors.

For quadrotor UGVs I applied a complex and an approximating nonlinear dynamic
model for control purposes (dynamic model, simplified dynamic model and rotor dynamics)
and I developed model based integral backstepping (IBSC) control algorithms satisfying
nonlinear Lyapunov stability. The control is state dependent and consists of hierarchical
position, orientation (attitude) and rotor control components. Path design methods were
presented satisfying continuous acceleration or continuous jerk. I generalized the IBSC
method for adaptive model parameter and disturbance force identification.

For fixed wing UAVs I applied a complex nonlinear dynamic model and I have elabo-
rated four type control algorithms for the autonomous (unmanned) control, three for the
attitude (orientation) control and a common one for position control. The path design
can always be performed in position and Euler angles of the vehicle’s body frame, and
the orientation (attitude) can be converted to unit quaternion (if necessary). Outside the
singularity of Euler angles, I developed a model based IBSC attitude control satisfying
nonlinear Lyapunov stability. For the general case of highly maneuvering (acrobatic) UAVs,
I developed two quaternion based nonlinear attitude control methods, one control law
without the use of the quaternion logarithm and a second using log(q). Both methods
satisfy Lyapunov stability of the closed loop. The position control algorithm assures small
errors in height, velocity and lateral motion during maneuvers. The path design method
can select maneuvers from a palette and put them together smoothly at their boundaries.

For car-like UGVs I elaborated and analyzed a modified chain form model that can take
into consideration the sliding effects in kinematic control design. The goal is to follow a
desired reference path, the errors are the vehicle lateral error, the orientation (heading) error
and a third error component which depends immediately on the kinematic control. The
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high-level kinematic controller can be made robust using LMI technique. For the low level
I developed three types of controllers: i) nominal control saving the steering angle of the
high-level kinematic control as reference signal for the low level, ii) differential geometry
based nonlinear I/O linearization (DGA) method, iii) flatness-based control for the low
level. I have proved that both front wheel and rear wheel driven car-like robots satisfy
the differentially flat properties. I have demonstrated by simulation that the high-level
kinematic control-based approach can have lateral errors in the order of 1m in high-speed
maneuvers that may cause problems for UGVs without visual information during lane
changing or overtaking.

For state estimation I have developed an EKF based technique for sensor fusion that
can well tolerate the different measurement frequencies and can be applied for any type
of vehicles both in long distance and short distance missions, large and small height, and
height dependent gravity acceleration. Three EKFs participate in the state estimation. The
efficiency of the state estimation was demonstrated for a fixed wing UAV based on real
flight data.
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Appendix A

Derivation of the Generalized Kinematic
Control

A.1 The original chain form of car-like robots
The original chain form of car-like robots uses the notations θ for the orientation and φ for
the steering angle, respectively. These notations differ to Fig. 4.1 but used here because the
popularity of these notations in the literature. The kinematic model without slipping is as
follows:

ẋ = cos(θ)v =: v̄⇒ v = v̄/cos(θ)⇒ ẋ = v̄
ẏ = sin(θ)v = tan(θ)v̄

θ̇ =
tan(φ)

L
v =

tan(φ)
Lcos(θ

v̄

φ̇ = w

Using the geometric path definition yd := f (x) and the component errors

e1 := f (x)− y
e2 := f ′(x)− tan(θ))

e3 := f ′′(x)− tan(φ)
Lcos3(θ)

the error derivatives satisfy the so called chain form:

ė1 = f ′(x)ẋ− ẏ = [ f ′(x)− tan(θ)]v̄ = e2v̄

ė2 = f ′′(x)ẋ− 1
cos2(θ)

θ̇ = [ f ′′(x)− tan(φ)
Lcos3(θ)

]v̄ = e3v̄

ė3 = f ′′′(x)ẋ− 1
cos2(φ)

φ̇
1

Lcos3(θ)
− tan(φ)

L
(−3)

1
cos3(θ)

(−sin(θ))θ̇

= [ f ′′′(x)−3
tan2(φ) tan(θ)

L2 cos4(θ)
]v̄− 1

Lcos2(φ)cos3(θ)
w =: u

i



ii A.1 The original chain form of car-like robots

For the chain form the control u can be developed and from it w can be determined:

w := {[ f ′′′(x)−3
tan2(φ) tan(θ)

L2 cos4(θ)
]v̄−u}Lcos2(φ)cos3(θ)

where w is the derivative of the steering angle that can be integrated to obtain the steering
angle. Notice that the above technique of de Luca and coworkers [12] cannot manage the
slipping effects.
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A.2 Kinematic modeling and control in case of slipping
Arogeti and Berman [13] had generalized the above method to take into consideration the
slipping effects. The slip angle α1 belongs to the rear wheel while α2 belongs to the front
wheel and (x,y) are the coordinates of the rear wheel center in the inertial system. The
reference path can be prescribed by the function yd = f (x), it may be a curve for example
a straight line around which a slalom is performed. Kinematic control assumes a compact
velocity (v̄) and angular velocity (w) control, and the time dependence is the consequence
of them. In the cited paper the velocity was chosen in such a way that it does not depend
on the orientation: v̄ = v/cos(α1). The kinematic equations are as follows:

ẋ = cos(θ +α1)
v

cos(α1)
=

cos(θ +α1)

cos(α1)
v = [cos(θ)− sin(θ) tan(α1)]v

ẏ =
sin(θ +α1)

cos(α1)
v = [sin(θ)+ cos(θ) tan(α1)]v

θ̇ =
v
L
[tan(φ −α2)− tan(α1)] =

v
L
[tan(φ)− tan(φ)+ tan(φ −α2)− tan(α1)

=
v
L

tan(φ)+
v
L
[− tan(φ)+ tan(φ −α2)− tan(α1)]

φ̇ = w

Using the geometric path definition yd := f (x) and the new component errors

e1 := f (x)− y
e2 := f ′(x)cos(θ)− sin(θ)

e3 := f ′′(x)cos2(θ)− tan(φ)
L

[ f ′(x)sin(θ)+ cos(θ)]

the error derivatives satisfy a nonlinear relation from which the linear chain form can be
separated:

ė1 = f ′(x)ẋ− ẏ = f ′(x)[cos(θ)− sin(θ) tan(α1)]v− [sin(θ)+ cos(θ) tan(α1)]v
= [ f ′(x)cos(θ)− sin(θ)]v− [ f ′(x)sin(θ)+ cos(θ)] tan(α1)v
= e2v+g1v

ė2 = f ′′(x)ẋcos(θ)+ f ′(x)(−sin(θ))θ̇ − cos(θ)θ̇
= f ′′(x)[cos(θ)− sin(θ) tan(α1)]vcos(θ)

− [ f ′(x)sin(θ)+ cos(θ)]{ v
L

tan(φ)+
v
L
[− tan(φ)+ tan(φ −α2)− tan(α1)]}

= [ f ′′(x)cos2(θ)− tan(φ)
L

( f ′(x)sin(θ)+ cos(θ))]v

+{− f ′′(x)sin(θ)cos(θ) tan(α1)

− [ f ′(x)sin(θ)+ cos(θ)]
1
L
[− tan(φ)+ tan(φ −α2)− tan(α1)}v

= e3v+g2v

(A.1)
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ė3 = f ′′′(x)ẋcos2(θ)+ f ′′(x)2cos(θ)(−sin(θ))θ̇ − 1
Lcos2(φ)

φ̇ [ f ′(x)sin(θ)+ cos(θ)]

− tan(φ)
L

[ f ′′(x)ẋsin(θ)+ f ′(x)cos(θ)θ̇ − sin(θ)θ̇ ]

= f ′′′(x)[cos(θ)− sin(θ) tan(α1)]vcos2(θ)− 1
Lcos2(φ)

w[ f ′(x)sin(θ)+ cos(θ)]

− tan(φ)
L

[ f ′′(x)[cos(θ)− sin(θ) tan(α1)]vsin(θ)

+{−2 f ′′(x)cos(θ)sin(θ)− tan(φ)
L

[ f ′(x)cos(θ)− sin(θ)]}

×{ v
L

tan(φ)+
v
L
[− tan(φ)+ tan(φ −α2)− tan(α1)]}

= f ′′′(x)cos3(θ)v−3
tan(φ)

L
[ f ′′(x)cos(θ)sin(θ)]v− tan2(φ)

L2 [ f ′(x)cos(θ)− sin(θ)]v

− 1
Lcos2(φ)

w[ f ′(x)sin(θ)+ cos(θ)]

+{− f ′′′(x)cos2(θ)sin(θ)v+
tan(φ)

L
f ′′(x)sin2(θ)}v tan(α1)

+{2 f ′′(x)cos(θ)sin(θ)+
tan(φ)

L
[ f ′(x)cos(θ)− sin(θ)]}

×{ v
L
[tan(φ)− tan(φ −α2)+ tan(α1)]}

= u+g3v

u = f ′′′(x)cos3(θ)v−3
tan(φ)

L
[ f ′′(x)cos(θ)sin(θ)]v− tan2(φ)

L2 [ f ′(x)cos(θ)− sin(θ)]v

− 1
Lcos2(φ)

w[ f ′(x)sin(θ)+ cos(θ)]

w = {[ f ′′′(x)cos3(θ)−3
tan(φ)

L
f ′′(x)cos(θ)sin(θ)

− tan2(φ)

L2 ( f ′(x)cos(θ)− sin(θ))]v−u}× Lcos2(φ

f ′(x)sin(θ)+ cos(θ)

The nonlinear function g3 is chosen in such a way that it contains the sliding effects which
are zero near to the reference paths and for small sliding angles.

g3 = {− f ′′′(x)cos2(θ)sin(θ)+
tan(φ)

L
f ′′(x)sin2(θ)

+
2 f ′′(x)cos(θ)sin(θ)

L
+

tan(φ)[ f ′(x)cos(θ)− sin(θ)]
L2 }× tan(α1)

+{2 f ′′(x)cos(θ)sin(θ)
L

+
tan(φ)[ f ′(x)cos(θ)− sin(θ)]

L2 }

× [tan(φ)− tan(φ −α2)]

(A.2)

Notice that u may be a robust stabilizing feedback from the errors and the derivative of the
steering angle w can be determined from it.



Appendix B

Stability Proof for DGA Control of Cars

B.1 Input Affine Model for Small Angles

For small angles and FlF = 0 it follows v̇G = Fx/(mv)≈ FlR/(mv) and β̇ + ψ̇ = Fy/(mvvG)
≈ (FtF +FtR)/(mvvG). Based on these approximations an input affine model can be derived.
It is useful to introduce the rear (Sh = FtR) and front (Sv = FtF) side forces where

Sh = cR(−β + lRψ̇/vG), (B.1)
Sv = cF(δw−β − lF ψ̇/vG). (B.2)

It is clear that Sv can be considered to be an internal input because δw can be determined
from it by

δw =
Sv

cF
+β +

lF ψ̇

vG
. (B.3)

Assuming small angles, the input affine model arises in the form

ẋ =


−x3 +Sh/(mvx4)

x3
−ShlR/Iz

0
x4C12
x4S12

+


1/(mvx4) −x1/(mvx4)

0 0
lF/Iz 0

0 1/mv
0 0
0 0

u,

ẋ = A(x)+B(x)u, y = (x5,x6)
T =C(x), (B.4)

x = (β ,ψ, ψ̇,vG,X ,Y )T , u = (Sv,FlR)
T , y = (X ,Y )T .

v
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B.2 Differential Geometry Based Control Algorithm
The following algorithm is based on input-output linearization. First it will be shown that
the approximated dynamic model has vector relative degrees. The proof is as follows:

y1 = X = x5,

ẏ1 = Ẋ = ẋ5 = x4C12,

ÿ1 = ẋ4C12 + x4(−S12)(ẋ1 + ẋ2)

=
1

mv
u2C12− x4S12

[
−x3 +

Sh

mvx4
+

1
mvx4

u1−
x1

mvx4
u2 + x3

]
=− 1

mv
S12Sh−

1
mv

S12u1 +
1

mv
(C12 + x1S12)u2,

y2 = Y = x6,

ẏ2 = x4S12,

ÿ2 = ẋ4S12 + x4C12(ẋ1 + ẋ2)

=
1

mv
u2S12 + x4C12

[
−x3 +

Sh

mvx4
+

1
mvx4

u1−
x1

mvx4
u2 + x3

]
=

1
mv

C12Sh +
1

mv
C12u1 +

1
mv

(S12− x1C12)u2.

Using usual notations for I/O linearization it yields:

S(x) =
1

mv

[
−S12 C12 + x1S12
C12 S12− x1C12

]
, (B.5)

det = (−S12)(S12− x1C12)−C12(C12 + x1S12) =−1,

S−1 = mv

[
x1C12−S12 C12 + x1S12

C12 S12

]
, (B.6)

q(x) =
1

mv

(
−S12
C12

)
Sh. (B.7)

Since S(x) is nonsingular therefore the vector relative degrees r1, r2 exist and satisfy
r1 = r2 = 2. Thus (the observable subsystem) has the form(

ÿ1
ÿ2

)
= q(x)+S(x)u. (B.8)

Hence the system can be input-output linearized by the internal nonlinear feedback

u := S−1[v−q(x)], (B.9)

and the resulting system consists of two double integrators:

ÿi = vi, i = 1,2. (B.10)

The stability of the zero dynamics will be discussed later.
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B.2.1 External State Feedback Design
First we assume a prescribed stable and sufficiently quick error dynamics

(ÿdi− ÿi)+α1i(ẏdi− ẏi)+λi(ydi− yi) = 0 (B.11)

where ydi is the reference signal for output yi and ei = ydi− yi is the error. Then it follows

ÿi = ÿdi +α1i(ẏdi− ẏi)+λi(ydi− yi) = vi, (B.12)

ÿi +α1iẏi +λiyi = λi[ydi +
1
λi
(α1iẏdi + ÿdi)︸ ︷︷ ︸

wi

] = ÿdi +α1iẏdi +λiydi, (B.13)

ÿi = vi = λiwi−α1iẏi−λiyi. (B.14)

Observe that λiwi depends only on the reference signal and its derivatives (feed forward
from the reference signal) and −α1iẏi−λiyi is the state feedback stabilizing the system
where α1i and λi are positive for stable error dynamics. Let λ1 = λ2 := λ , α11 =α12 = 2

√
λ

where λ > 0, then two decoupled linear systems are arising whose characteristic equation
and differential equation are, respectively,

s2 +2
√

λ s+λ = 0⇒ s1,2 =−
√

λ , (B.15)
ÿi +α1iẏi +λiyi = λiwi. (B.16)

The remaining part is to find a simple form for the composite (internal and external)
feedback. Using (B.6), (B.9), (B.14) and the approximated model it follows:

(
u1
u2

)
= mv

[
x1C12−S12 C12 + x1S12

C12 S12

]
ȳ1︷ ︸︸ ︷

λ1w1−α11(x4C12)−λ1x5+
1

mv
S12Sh

λ2w2−α12(x4S12)−λ2x6︸ ︷︷ ︸
ȳ2

− 1
mv

C12Sh

 .

Let us consider the two controller outputs separately:

u1 = mv[(x1C12−S12)(ȳ1 +S12Sh/mv)+(C12 + x1S12)(ȳ2−C12Sh/mv)],

u2 = mv[C12(ȳ1 +S12Sh/mv)+S12(ȳ2−C12Sh/mv)].

Taking into consideration that

(x1C12−S12)S12Sh− (C12 + x1S12)C12Sh =−Sh (B.17)

and omitting the canceling terms in u2 we obtain the resulting composite (internal and
external) feedback control algorithm in the following simplified form:

DGA Control Algorithm

Path:
yd1(t) = Xd(t), ẏd1(t) = Ẋd(t), ÿd1(t) = Ẍd(t),
yd2(t) = Yd(t), ẏd2(t) = Ẏd(t), ÿd2(t) = Ÿd(t),
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State:

x = (β ,ψ, ψ̇,vG,X ,Y )T ,

Control:

wi := ydi +
1
λi
(α1iydi + ÿdi), i = 1,2,

ȳ1 := λ1w1−α11(x4C12)−λ1x5,

ȳ2 := λ2w2−α12(x4S12)−λ2x6,

Sh := cR [−x1 +(lRx3/x4)] ,

u1 :=−Sh +mv [(x1C12−S12)ȳ1 +(x1S12 +C12)ȳ2] ,

u2 := mv(C12ȳ1 +S12ȳ2),

δw := (u1/cF)+ x1 +(lFx3/x4),

FlR := u2.

Notice that because not all state variables can be measured a state estimator has to be
implemented in order to supply the necessary state information for the controller. This
problem was discussed in Lantos-Márton (2011), Springer, London, pp. 189-192 [18]
by using GPS and IMU sensors and a special simplified (2D) technique (different from
Chapter 5 of the dissertation).

B.2.2 Stability Proof of Zero Dynamics
It was already proven that the position errors ei = ydi− yi are exponentially decaying by
using the developed control algorithm. On the other hand the car is underactuated therefore
error can arise in the orientation which depends on the side slip angle β = x1 and the
angular rate ψ̇ = r = x3. Making them small then the orientation error will also be small.

Remember that along the path the angle between the path velocity vector and the
x-direction of the (quasi) inertial system is ψd = arctan(ẏd/ẋd) and the side slip angle is
zero, while for the car the angle between the car velocity vector and the x-direction yields
ψ + β = arctan(ẏ/ẋ) and β may be nonzero. Since the position error is exponentially
decaying therefore the orientation error depends essentially on β . Hence we introduce the
nonlinear state transformation T (x) and determine the Jacobian matrix and its determinant
to check non-singularity:

z =T (x) =


x5

x4C12
x6

x6S12
x1
x3

 , (B.18)
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dT
dx

=


0 0 0 0 1 0

−S12x4 −S12x4 0 C12 0 0
0 0 0 0 0 1

C12x4 C12x4 0 S12 0 0
1 0 0 0 0 0
0 0 1 0 0 0

 , (B.19)

∣∣∣∣dT
dx

∣∣∣∣= 1 ·

∣∣∣∣∣∣∣∣∣∣
0 0 0 1 0

−S12x4 0 C12 0 0
0 0 0 0 1

C12x4 0 S12 0 0
0 1 0 0 0

∣∣∣∣∣∣∣∣∣∣
(B.20)

= 1 · (−1) ·1 · (−1)
∣∣∣∣ −S12x4 C12

C12x4 S12

∣∣∣∣= (−S2
12x4−C2

12x4) =−x4. (B.21)

The determinant was developed by the fifth, sixth, first and third row (according to the
original numbering).

We shall assume that the following conditions are satisfied:

0 < vG,min ≤ vG ≤ vG,max, (B.22)
−π < β < π. (B.23)

The second condition can be made stronger if the car moves in the path direction
because in this case β ∈ (−π/2, π/2). By the assumptions it follows that vG = x4 is
nonzero, assuring that the coordinate transformation is nonsingular, and x4 and β are
bounded.

After the coordinate transformation the new variables are

zo = (z11,z12,z21,z22)
T , (B.24a)

zu = (x1,x3)
T = (β ,r)T . (B.24b)

The stability of zo is evident by the controller construction. The stability of the zero
dynamics zu has to be proven. We shall show that the zero dynamics is dominantly linear
but the sate matrix contains the velocity x4 = vG and the state equation contains additional
bounded “disturbances”. However the stable system maps this disturbances into bounded
signals.

Let us consider the state equations for x1 = β and x3 = ψ̇ = r under the developed
control u1 and u2. Using earlier results it follows

ȳ1 = λ1w1−α11(x4C12)−λ1x5

= λ1(w1− x5)−α11(x4C12)

= λ1(yd1− x5)−α11(x4C12)+α11ẏd1 + ÿd1,

ȳ2 = λ2w2−α12(x4S12)−λ2x6

= λ2(yd2− x6)−α12(x4S12)+α12ẏd2 + ÿd2,
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which are bounded signals. Therefore the developed control can be written as

u1 =−Sh +mv

du1(t)︷ ︸︸ ︷
[(x1C12−S12)ȳ1 +(x1S12 +C12)ȳ2],

u2 = mv (C12ȳ1 +S12ȳ2)︸ ︷︷ ︸
du2(t)

,

where du1(t) and du2(t) are also bounded signals. Using these results we obtain

ẋ1 =−x3 +
1

mvx4
Sh +

1
mvx4

u1−
x1

mvx4
u2

=−x3 +
1

mvx4
Sh +

1
mvx4

[−Sh +mvdu1(t)]−
x1

mvx4
mvdu2(t)

=−x3 +

d1(t)︷ ︸︸ ︷
1
x4
[du1(t)− x1du2(t)],

ẋ3 =−
lR
Izz

Sh +
lF
Izz

u1

=− lR
Izz

Sh +
lF
Izz

[−Sh +mvdu1(t)] =−
lR + lF

Izz
Sh +

lFmv

Izz
du1(t)︸ ︷︷ ︸

d2(t)

=− lR + lF
Izz

cR[−x1 +
lR
vG

x3]+d2(t)

=
(lR + lF)cR

Izz
x1−

(lR + lF)cRlR
vG

x3 +d2(t).

By introducing the notations

A =
(lR + lF)cR

Izz
> 0, b = (lR + lF)cRlR > 0, (B.25)

it follows (
ẋ1
ẋ3

)
=

[
0 −1
A − b

vG

](
x1
x3

)
+

(
d1(t)
d2(t)

)
. (B.26)

For constant velocity vG = x4 the characteristic equation is∣∣∣∣ s 1
−A s+ b

vG

∣∣∣∣= s
(

s+
b

vG

)
+A = s2 +

b
vG

s+A = 0, (B.27)

which proofs the stability of the zero dynamics because A,b> 0. Notice that the convolution
of the decaying exponential matrix with the bounded disturbances results in bounded signal.

For nonconstant vG = x4 the Lyapunov function

V =
1
2
(Ax2

1 + x2
3) =

1
2
(Aβ

2 + r2) (B.28)
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can be chosen and LaSalle’s theorem can be applied. Since

V̇ = Ax1ẋ1 + x3ẋ3 = Ax1(−x3)+ x3

(
Ax1−

b
vG

x3

)
=− b

vG
x2

3 ≤ 0, (B.29)

therefore E = {(x1,x3)
T : V̇ = 0}= {(x1,0)T}. Its maximal invariant set M ⊂ E satisfies

x3 = 0. Since trajectories starting in M remain also in M, therefore x3 ≡ 0 and ẋ3 ≡ 0, from
which follows 0 = Ax1 and x1 = 0. Hence the maximal invariant set is the single point
M = {(0,0)T} and by LaSalle’s theorem the system is asymptotically stable for vG 6= 0.
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