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1 Introduction 

Stiffened plates appear in several engineering structures, especially in long-span bridge 

decks, in cold-formed steel members, in aerospace structures and in ship structures. 

Longitudinal stiffeners of large welded plate girders appear as either open or closed stiffeners. 

Since the stiffened plates are slender, buckling is always crucially important. The buckled 

shape is the deformed shape after buckling has occurred. In the elastic or linear buckling 

analysis a perfect model is analysed, and buckling modes are determined in the critical state. 

The critical buckling load is the load level at which bifurcation occurs, and the state of the 

structure at that point is referred as the critical state.  

Nowadays, the critical load is widely used in design procedures. The typical design 

procedure for steel structures is to reduce the elastic or plastic capacity by considering the 

effect of buckling. Current design calculations for the prediction of buckling capacity consist 

of two main steps: (a) linear buckling analysis, and (b) reduction factor calculation, where the 

reduction factor is based on the critical load.   

The reduction factor is typically calculated from the relative slenderness, which is 

calculated from the critical load by the generic formula as follows: 

�̅� = √𝑓𝑦 𝜎𝑐𝑟⁄              (1) 

where 𝑓𝑦 is the yield strength of the material and 𝜎𝑐𝑟 is the critical stress (which is the 

result of the linear buckling analysis). 

Buckling in stiffened plates has two characteristic appearances: local-plate buckling of 

plate panels between stiffeners, or buckling of the stiffeners, as illustrated in Fig. 1. In the 

presented research the focus is on the buckling of the stiffeners. 

 
(a)                              (b) 

Figure 1: Buckling modes from linear buckling analyses: (a) plate-buckling, (b) stiffener buckling. 
 

In the current European approach to calculate the capacity to stiffener buckling, the 

behavior is assumed to be the combination of two behavior modes: plate-like behavior and 

column-like behavior (see EN 1993-1-5 [1]). To distinguish between the behavior modes, 

first, critical stress to plate-like (𝜎𝑐𝑟,𝑝) and to column-like (𝜎𝑐𝑟,𝑐) mode must be calculated, 

then the 𝜉 parameter is introduced, as follows: 

𝜉 =
𝜎𝑐𝑟,𝑝

𝜎𝑐𝑟,𝑐
− 1    𝑏𝑢𝑡    0 ≤ 𝜉 ≤ 1           (2) 

If 𝜉  is zero, the behaviour is assumed to be column-like. If 𝜉 equals one, the behaviour is 

assumed to be plate-like, while if 𝜉 is between zero and one, the behaviour is assumed to be 

interactive. From the critical stresses the relative slenderness values are calculated (either �̅�𝑝 

or �̅�𝑐), then the reduction factors, separately to plate-like buckling (𝜌) and for column-like 

buckling (𝜒𝑐) are determined. The reduction factor for the column-like behavior is calculated 
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by an Ayrton-Perry formula, as is usually done in the European practice for column design. 

The reduction factor for the plate-like behavior is calculated by the classic Winter-formula, as 

typical in plate design. Then, the (𝜌𝑐) final reduction factor for the interactive behavior is 

interpolated from: 

𝜌𝑐 = (𝜌 − 𝜒𝑐)𝜉(2 − 𝜉) + 𝜒𝑐               (3) 

Finally, the normal (compression) resistance of the stiffened plate is calculated as: 

𝑁𝑅𝑑 = (𝜌𝑐𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐 + 𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓) 𝑓𝑦 𝛾𝑀0⁄            (4) 

where 𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐 is the effective area of the whole internal part of the stiffened plate and 

𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓 is the total effective area of the first and last plate elements, as shown in Fig 2. 

 

Figure 2: Separation of compressed plate into middle and edge parts. 

The plate-like and column-like buckling behaviours are illustrated in Fig. 3. When the 

deformation of the middle cross-section is very similar to that of a simple plate without 

stiffeners, the buckled shape has a behavior called plate-like, see Fig.3.a, while in the case of 

column-like buckling behaviour the whole model behaves as a compressed column with 

practically negligible cross-section deformations, see Fig.3.b. 

 

(a)         (b) 

Figure 3: Buckling shapes illustrating the plate-like and column-like buckling behavior modes. 

If the longitudinal stiffener is part of a cold-formed steel member, the relevant current 

design procedures are quite different. Typically three major buckling modes are distinguished, 

such as global (e.g., flexural, flexural-torsional or lateral-torsional buckling), local (including 

plate buckling, shear buckling, crippling), and distortional, and the buckling of a longitudinal 

stiffener is identified as distortional buckling. As a generalization of this idea, recently, the 

modal decomposition is introduced: a deformation is described by deformation modes: global 

(G), distortional (D), local (L), and other (O). Originally GDLO decomposition appears in the 

generalized beam theory (GBT) [2-4]. Later, as an extension to the semi-analytical finite strip 

method [5], the constrained finite strip method (cFSM) has been proposed with general modal 

decomposition features, see e.g. Refs. [6-8]. More recently the cFSM was extended in to the 

constrained finite element method (cFEM), in which the ‘finite strip’ is transformed into a 

shell ‘finite element’. cFEM is a shell finite element calculation, but the modal decomposition 

(separation of behavior modes) is possible by applying constraints and can be utilized to 

determine the participation of the characteristic deformation modes (G, D, L, etc.) in a 

deformed shape of the member. 
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In the research summarized here stiffener buckling of longitudinally stiffened plates is 

discussed. The completed research is mainly theoretical and entirely based on numerical 

analysis. The concluded scientific results are summarized in four theses. 

2. Modal analysis of the longitudinally stiffened plates by applying the cFEM   

The first topic is the modal analysis of longitudinally stiffened plates. The main questions 

are as follows: (i) how the deformation modes can/should be defined, (ii) what we can learn 

from the modal decomposition results, and (iii) whether a design approach similar to the one 

used for cold-formed steel members can be applied to stiffened plates in general. To answer 

these questions, large number of numerical analyses (i.e., modal linear buckling analysis) 

have been completed, by using the cFEM technique, considering both simple plate and closed 

trapezoid stiffeners, see Fig 4. 

  
Figure 4: Geometric parameters of the models in the parametric studies: plates with simple and 

trapezoid stiffeners 

First, the deformation modes are defined. Global deformation is interpreted as a deformed 

shape mode when the cross-sections remain practically rigid but move in the transverse 

direction. Local deformation mode is usually described when the junction lines of the 

connecting plate elements remain straight and the plate elements between these junction lines 

are deformed. Distortional deformation mode is somehow between G and L, with some cross-

section distortion and with the displacement of some parts of the cross-section. The number 

and shape of the various modes are dependent on the type (i.e. simple plate or trapezoid) and 

number of stiffeners. Sample modes are shown in Fig. 5, where global bending (GB1), global 

torsion (GT), distortional (D), and a few primary local (LP) modes are shown. 

   

GB1 (2 stiffeners) GT (2 stiffeners) LP1 (2 stiffeners) 

  
D1 (3 stiffeners) 

 
LP1 (3 stiffeners) 

 
LP2 (3 stiffeners) 

 
 

D1 (10 stiffeners) D4 (5 stiffeners) 

Figure 5: Deformation mode samples (G, D, L) for plates with simple and trapezoid stiffeners 
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2.1 Constrained buckling analysis of buckled shapes of simple and trapezoid 

stiffeners 

 Parametric studies have been completed to analyse the modal buckling behaviour of the 

longitudinally stiffened plates with simple and trapezoid stiffeners. The material used in the 

analysis is steel, by considering a large number of various geometric parameters. Two types 

of supporting are considered, as in [1]: “plate-like” supports (when the plate is supported 

along all its four edges by simple supports) and “column-like” supports (when the plate is 

supported at its transverse edges only, while the longitudinal edges are left free). The studies 

were completed by performing linear buckling analyses, considering three types of loading: 

compression, bending and shear. The calculated buckling modes are identified, that is the 

participation percentages from the various deformation modes are calculated by using cFEM. 

2.2 Results, conclusions 

The results are illustrated in Fig. 6, where (first) buckling modes of plates with simple 

stiffeners are shown, with plate-like support (PL), compression load (N), where 700-mm is 

the plate width, 12 mm is the plate thickness, and 15×4 mm is the size of the stiffener (700-

12-15/4). The diagram shows how the G-D-L participations are changing as the number of 

stiffeners is increasing. 

 

Figure 6: G, D and L participations and critical stresses diagram with number of stiffeners for an 

example-stiffened plate 

 

Based on a large number of similar analysis results, the following observations were made. 

 In most of the cases, the stiffener buckling or the behaviour can be described as a 

combination of the major deformation modes, with non-negligible contribution of all the 

G, D and L modes. 

 The existence and the number of the stiffeners have obvious influence on the critical load 

values, as well as on the buckled shape. However, even if two buckled shapes look 

identical, the G-D-L participations might significantly be different, depending on the 

parameters, mostly on the number of stiffeners. 
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 The importance of G, D and L modes are influenced by the loading type and by the main 

geometric parameters of the stiffened plate. The most important observations were that for 

plates supported along all the four edges, L participation is decreasing while D 

participation is increasing as the number of stiffeners increases and G participation is 

usually significant, up to 40-50% in many cases. 

 “plate-like” support might lead to a buckled shape that is visually similar to the buckled 

shape of a simple unstiffened plate, but “plate-like” buckled shape of stiffened plates is 

usually very far from being pure local-plate buckling. 

 In the case of buckled plates with “column-like” supports, if subjected to pure 

compression, the G deformation modes are always dominant. However, in the case of 

wide plates (and especially in the case of other loading types) other modes have important 

effect, as illustrated in Fig. 7.  

  

CL, N, 700-12-40/5, 2 stiffs  

σcr=189.9 N/mm2 

G=73.9%, D=0.5%, L=25.6% 

CL, N, 2500-12-40/10, 5 stiffs 

σcr=72.1 N/mm2 

 G=31.1%, D=51.4%, L=17.4% 

  

CL, N, 700-12-40/5, 5 stiffs  

σcr=356.1 N/mm2 

G=87.7%, D=3.8%, L=8.4% 

CL, N, 2500-12-40/10, 21 stiffs 

σcr=212.2 N/mm2 

 G=47.8%, D=49.7%, L=2.5% 

Figure 7: Sample buckled shapes and (GDL) participations: simple (right) and trapezoid stiffeners 

(left), column-like support, N load. 

3. Linear buckling analyses of compressed plates with trapezoid stiffeners, plate-like 

and column-like buckling behaviour 

The second topic is the linear buckling analysis of longitudinally stiffened plates with 

trapezoid stiffeners. The background of this topic is that in the EN1993-1-5 analytical formula 

are provided for the calculation of the (𝜎𝑐𝑟,𝑝 and 𝜎𝑐𝑟,𝑐) critical stresses, but nowadays 

numerical tools (typically based on shell finite element method) are widely used, too. It has 

been reported in the recent literature that the various calculation methods sometimes lead to 

considerably different critical stress results, and though the problems have partially been 

discussed, here a more comprehensive discussion is given.  

The main questions are as follows: (i) what is the consequence of using shell FEM, instead 

of using the EN1993-1-5 formulae, for the calculation of 𝜎𝑐𝑟,𝑝 and 𝜎𝑐𝑟,𝑐, (ii) what is the effect 

of the supposedly small details of the support conditions, and (iii) what is the effect of the 

torsional rigidity of closed stiffeners.  

To answer these questions, parametric studies were completed on the critical stress of 

stiffened plates that are subjected to in-plane compression forces. Linear buckling analyses 

have been performed by using various models and various support conditions. Two computer 
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programs have been employed. One is a general purpose finite element software package, 

ANSYS [9]. The other one is an own developed program with the special feature of being 

able to do modal analyses by using the constrained finite element method (cFEM). In this 

latter case the G, D and L participation is used to automatically select buckling modes of 

stiffeners buckling. Column-like or plate-like buckling were studied separately. The 

‘numerical’ results from shell finite element analyses (σcr,c,num; σcr,p,num) are systematically 

studied, and also compared to the ‘analytical’ results from the relevant Eurocode formulae 

(σcr,c,EC; σcr,p,EC), respectively. (It is to note that the Ansys analyses were performed by Dr. 

Balázs Kövesdi, while the cFEM analyses were performed by the Author.) 

The strategy to separately study plate-like and column-like buckling was as follows. First a 

large number of possible geometries has been defined. Geometries were chosen by changing: 

the length of the investigated stiffened plate panel, the number of stiffeners (ns), the distance 

between the longitudinal stiffeners (w), the width and thickness of the analysed plate (b, tp) 

and the cross-section of the longitudinal stiffeners. Then, the σcr,c,EC; σcr,p,EC critical stresses 

are calculated, from which the 𝜉 factor is determined. To study the plate-like behaviour, those 

geometries are selected where 𝜉 is equal to or only slightly smaller than 1; to study the 

column-like behaviour, those geometries are selected where 𝜉 is close to 0. Finally, in most of 

the studies only those geometries are considered where the number of stiffeners is more than 

two. (These subsets of the geometries are denoted here as ‘Set 2’.) 
 

3.1 Numerical studies on critical stresses for plates with plate-like buckling 

behaviour 

-The effect of end supports on the critical stresses 

Either a single stiffened panel, or three panels (‘3-span’) is modelled. In the first case (Fig. 

8) the panel ends are supported in four different ways: ‘free’ stiffener ends, ‘rigid’ support 

when the nodes of the panel ends are connected by rigid constraint equations, ‘diaph’ in 

cFEM when all the plate edges against translation are supported perpendicularly to the plate 

elements, and ‘diaph’ in Ansys when a transverse plate is placed at the panel ends. In the 3-

span model ‘rigid’ end supports are applied at the model ends, and internal supports at the 

location of the stiffeners are modelled by simple vertical supports on the plate. The ‘3-span’ 

model can be considered to be the most realistic one. 

  
Figure 8: Support types in FE calculations for the Plate-like behavior 
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Sample buckled shapes are shown in Fig. 9, where the critical stress values are 

systematically compared. Fig. 10 shows that in the case of ‘diaph’ support type results from 

both Ansys and cFEM are practically identical, whereas in the case of other supports, the 

comparison of ‘rigid’ vs. ‘3-span’ shows that the average difference is 21.4%. 

 
Figure 9: Sample buckled shapes by Ansys and cFEM 

 
Figure 10: comparison of critical values for various end restraints-all the geometries 

- The effect of torsional rigidity  

Since trapezoidal stiffeners are known to have large torsional rigidity, it is assumed that 

torsional rigidity of the stiffener has effect on the buckling behaviour. To reduce this rigidity 

we need to make it possible for the cross-section to twist without developing in-plane shear 

strains by defining the trapezoid shape stiffeners from two halves, and along the line between 

the two halves, the relative longitudinal translational displacements are allowed. This model is 

termed (‘with slice’), Fig.11 left, while the original one is termed ‘no slice’. The effect of 

torsional rigidity of the stiffeners is shown in Fig. 11 right where ‘no slice’ models lead to 

higher critical stress values (20.2% in average, for the considered set of geometries).  

 

 
Figure 11: Relative displacements between the two halves in ‘with slice’ model (left) and Comparison 

of critical values, ‘no slice’ and ‘with slice’ models. (right) 
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-Comparison of EN 1993-1-5 and FEM results for plate-like buckling behaviour 

The critical stresses from FE calculations (σcr,p,num) were compared to the plate-like critical 

stresses taken from Annex A of EN 1993-1-5 named σcr,p,EC. If the plate edges are supported 

in a specific way (as ‘free’ in Fig. 12) and the stiffeners’ torsional rigidities are eliminated, 

the difference between the EC3 results and shell FE results is negligible. However, if 

stiffeners’ torsional rigidities are considered, and the edge supports are realistically 

considered, the Eurocode formulae significantly underestimate the critical stress to plate-like 

behaviour. 

 
Figure 12: Comparison of critical values, EC3 vs. numerical values. 

3.2 Numerical studies on critical stresses for plates with column-like buckling 

behaviour 

  -The effect of end supports and torsional rigidity of stiffeners  

In order to ensure pure column-like behaviour, the longitudinal edges of the models are 

unsupported. The applied shell FEM options are as follows:  

 analysis by Ansys, ‘3-span’ model, ‘rigid’ end-support type, without slice, 

 analysis by cFEM, ‘1-span’ model, ‘diaph’ end support type, without slice, 

 analysis by cFEM, ‘1-span’ model, ’free’ end support type, without slice, 

 analysis by cFEM, ‘1-span’ model, ’free’ end support type, with slice. 

Fig. 13 shows comparison of some options for the calculation of the critical buckling stress 

related to column-like buckling behavior. It proves that the effect of the various options is 

small, the average difference is less than 1%, which means that the effect of the end support 

conditions and the effect of slicing the stiffeners are negligibly small. 

 
(a)  (b)  (c) 

Figure 13: Comparison of critical stresses related to column-like buckling behavior. 
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-Comparison of EN 1993-1-5 and FEM results for column-like buckling behaviour 

The shell-model based critical values have been compared to the ones calculated by 

EN1993-1-5 (which is the well-known Euler-formula). Fig. 14 shows that the difference is 

small but systematic, the average difference is approx. 4%. Fig. 15 shows that the deformed 

shape deviates from the buckled shape of a real column (with rigid cross-section). The 

difference is due to the presence of distortional (D) deformation modes, in many cases the 

contribution of D modes is considerable, up to 30-40%. The observed tendency is: the wider 

the panel, the larger the D contribution is in the column-like buckling mode. Still, in most of 

the cases the critical stress calculation by the Euler-formula is practically precise. 

 

Figure 14: Comparison of critical stresses related to column-like buckling, EC3 vs. numerical values. 

  

 

Figure 15: Deformed shape – deviations from the buckled shape of a column. 

 

4. Eurocode-based design for the resistance of plate-like and column-like buckling 

behavior of longitudinally stiffened plates with closed-section stiffeners 

The third topic is the analysis of the reduction factor calculation, separately to plate-like 

and column-like behaviour. The main questions are as follows: (i) whether the current 

Eurocode procedure is accurate, (ii) whether the Winter-formula (as in EN1993-1-5) to 

calculate the reduction factor for plate-like behaviour is correct, (iii) whether the Ayrton-

Perry-formula (as in EN1993-1-5) to calculate the reduction factor for column-like behaviour 

is correct, (iv) whether enhanced formulae exist to calculate the reduction factors. 

To answer the above questions, numerical studies have been performed. Numerically 

determined capacity results are collected for large number of stiffened plates with trapezoidal 

longitudinal stiffeners. The capacity results were obtained by advanced, so-called GMNI 
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analyses, i.e. nonlinear shell finite element analyses with considering imperfections. (It is to 

note that the GMNIA results were calculated by Ansys, by Dr. Balázs Kövesdi.) Then the 

GMNI capacity prediction results are evaluated separately to plate-like and column-like 

behaviour, comparing them to capacity prediction from EN 1993-1-5. Reduction factors have 

also been back-calculated from the GMNI results, comparing them to the current reduction 

factors from EN1993-1-5.  

4.1 Numerical studies on plate-like behaviour 

To study the plate-like behaviour, those geometries have been selected the behaviour of 

which is dominantly plate-like. For the reduction factors, the relative slenderness is necessary. 

The numerical slenderness value obtained by FEM stresses (Ansys, ‘3-pan’ model) is 

calculated as follows: 

numpcr

y
nump

f

,,

,


       (5) 

while, the analytical slenderness (Eurocode-based) slenderness value is: 

ECpcr

y
ECp

f

,,

,


   (6) 

-Evaluating the Eurocode results 

First the GMNIA capacity results are compared to those calculated by closely following 

the EC procedure (i.e., using the analytical formulae to calculate the critical stresses). Fig.16 

shows a good agreement of EC-based resistances and the GMNIA-based resistances, with 

average difference of 1.6%. However, the good agreement must be due to the resultant of two 

opposing inaccuracies: the EN1993-1-5 formulation underestimates the critical stress (as 

shown earlier), but overestimates the resistance-to-critical relationship, i.e. the Winter-

formula must be inaccurate.  

  
Figure 16: Comparison of resistances, EC3 vs GMNIA values 

 

-Evaluating Winter-curve for plate-like buckling behavior 

It is to mention that the applicability of the Winter-formula has recently been questioned, 

see e.g. [10]. Furthermore, Sinur [11] and Martin et al. [12] showed that if the critical plate 
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buckling stress is calculated using numerical tools, the current buckling curve can provide 

unconservative resistances and the design method needs improvement. 

From the GMNIA-based 𝑁𝑅𝑑 resistance values the 𝜌𝑐,𝐺𝑀𝑁𝐼 reduction factors for the plate-like 

buckling behaviour can be back-calculated by rearranging Eq. (4) into Eq. (7). 

𝜌𝑐,𝐺𝑀𝑁𝐼 = (𝑁𝑅𝑑𝛾𝑀0 𝑓𝑦⁄ − 𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓)/𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐          (7) 

In Fig. 17 the back-calculated 𝜌 values are plotted in the function of relative slenderness. 

These points are compared with Winter-curve which is used in the current Eurocode for plate-

like buckling behaviour. The 𝜌𝑐,𝐺𝑀𝑁𝐼 values lay (mostly) below the Winter-curve, and the 

difference is significant which means that the EC3 formula systematically overestimates the 

reduction factor to pure plate-like behaviour. 

 
Figure 17: The ρ reduction factors, GMNIA values vs. Winter-curve. 

As a result, Winter-formula can/should be replaced by some other buckling formula. 

Reduction factor for distortional buckling in EN 1993-1-3 or distortional buckling curve of 

columns in the Direct Strength Method can be proposed as more accurate formulae. In Fig. 18 

these two formulae are plotted in addition to the GMNIA-based 𝜌 values and the Winter-

curve. Both curves seem to provide a much better prediction for the 𝜌 coefficient. 

   
Figure 18: The ρ reduction factors, EC3 and GMNIA values, with distortional curves. 
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4.2 Numerical studies on column-like behaviour 

To study the column-like behaviour, those geometries have been selected the behaviour of 

which is dominantly column-like. The numerical slenderness value obtained by FEM stresses 

(Ansys ‘3-span’ model) for the column-like buckling is calculated as follows: 

numccr

y
numc

f

,,

,


   (8) 

while the analytical (Eurocode-based) slenderness value is: 

ECccr

y
ECc

f

,,

,


   (9) 

For each considered plate geometry two cases are distinguished, depending on the existance 

of supports along the longitudinal edges. In the case of plates with supported longitudinal 

edges (which is the more realistic support condition), the reduction factors for column-

buckling can be estimated, by rearranging Eq. (3): 

𝜒𝑐,𝑒𝑠𝑡 =
𝜌𝑐−𝜌.𝜉.(2−𝜉)

1−𝜉.(2−𝜉)
                         (10) 

If the plate is not supported along its longitudinal edges, pure column-like behaviour can be 

assumed (though this is a less practical support condition), therefore the (χc,num) reduction 

factor to column buckling can directly be calculated from the capacity by Eq. (11), as follows.  

 
y

cult

numc
fA

N




,

,  (11) 

In Fig.19 all the geometries are considered, and the European buckling curves ‘c’ and ‘d’ 

are also shown for reference. The data points are located mostly between these two curves, 

which proves that the current Eurocode procedure to calculate the reduction factor for pure 

column-like behavior is practically precise. 

 
Fig. 19: Reduction factors (χc.num) to pure column-like behavior. 

 

5. Buckling of compressed longitudinally stiffened plates with closed-section 

stiffeners: two new mathematical models for resistance prediction 

The current Eurocode procedure to calculate the compressive capacity of a longitudinally 

stiffened plate is relatively complex. Furthermore, the procedure, as it is now, involves 

inaccuracies. In a more general sense, the existence of pure plate-like and pure column-like 
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behaviour, if realistic supports are considered, is questionable. Therefore, as the fourth topic, 

the intention was to find a simple and accurate mathematical model is for the capacity 

prediction of longitudinally stiffened compressed plates. The primary aim of the mathematical 

model is to be able to study the tendencies of the behaviour, however, the mathematical 

model can potentially be utilized as a design model (after proper reliability adjustments).  

In order to reach this intended aim, the GMNIA results from the previous studies have 

been collected into a larger database, with considering all the geometries irrespective of 

whether the EC-based categorization of the behaviour is plate-like or column-like. In fact, 

such categorization was intentionally avoided. Furthermore, it was decided that the model 

would use reduction factor, which is based on the critical stress calculated from a shell finite 

element linear buckling analysis (with considering realistic support conditions). To find an 

analytical expression for the reduction factor, some candidate formulae have been tested, 

where the candidate formulae have been selected on the basis of the previous experiences and 

existing design codes.  

Finally, two approaches were followed leading to two mathematical models: one is 

inspired by the Direct Strength Method (DSM) [13], the other one is based on the Effective 

Width Method (EWM) [14]. In both mathematical models a single formula is applied to get 

the reduction factor. In the DSM-inspired approach the reduction factor is applied on the 

gross cross-section resistance to get the buckling resistance, and the reduction factor is 

calculated by a Winter-type formula. In the EWM-based approach the reduction is applied on 

the effective cross-section, and only on the middle part of it (i.e., on the stiffeners), and the 

reduction factor is calculated by an Ayrton-Perry-type formula.  

 

5.1 The first model: DSM-like approach with a Winter-type curve  

 The proposed process to predict the resistance is consisted of the following steps: 

1. The 𝜎𝑐𝑟,𝑝 (or 𝜎𝑐𝑟,𝑝,𝑛𝑢𝑚) critical buckling stress is calculated by numerical analysis, 

presumably by shell finite element analysis (i.e. linear buckling analysis). 

2. The non-dimensional slenderness �̅�𝑝 is calculated by  

    �̅�𝑝 = √
𝑓𝑦

𝜎𝑐𝑟,𝑝
               (12) 

3. The 𝜎𝑐𝑟,𝑐 critical stress for a single stiffener is calculated by Eq. (13). 

  𝜎𝑐𝑟,𝑐 =
𝜋2𝐸𝐼𝑠𝑙

𝑎2𝐴𝑠𝑙
  (13) 

where 𝐼𝑠𝑙 is the second moment of area of the gross cross section of the stiffener and the 

adjacent parts of the plate, relative to the out-of-plane bending of the plate; 𝐴𝑠𝑙 is the gross 

cross-sectional area of the stiffener and the adjacent parts of the plate, and a is the buckling 

length. 

4. The 𝜉 stress ratio parameter is calculated by the following equation (observe, the 

equation is similar to Eq. (2), but without upper limit): 

 𝜉 =
𝜎𝑐𝑟,𝑝

𝜎𝑐𝑟,𝑐
− 1                               (14) 

5. The 𝜌𝑐,𝑊 reduction factor is calculated by a new, Winter-type formula: 
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𝝆𝒄,𝑾 =
𝝀𝒑−𝝀𝒑𝟎,𝑾+𝟏

(𝝀𝒑−𝝀𝒑𝟎,𝑾+𝟏)𝒆𝑾
      if  𝝀𝒑 > 𝝀𝒑𝟎,𝑾,   otherwise 𝝆𝒄,𝑾 = 𝟏        (15) 

where �̅�𝑝0,𝑊 and eW are two parameters that need to be determined. It is to notice that 

�̅�𝑝0,𝑊 has a physical meaning because it is the length of the plateau of the curve if plotted 

in a �̅�𝑝0,𝑊 vs. 𝜌𝑐,𝑊 coordinate system. 

6. The 𝑁𝑅𝑑,𝐷𝑆𝑀 compression resistance of the stiffened plate is calculated by  

𝑁𝑅𝑑.𝐷𝑆𝑀 = 𝜌𝑐,𝑊. 𝑓𝑦. 𝐴𝑔 (16) 

where 𝐴𝑔 is the total area of the gross cross-section of the plate elements including the 

stiffeners, and 𝜌𝑐,𝑊 is the reduction factor we are seeking.  

 

In order to find the desired formula, the GMNIA-based reduction factors are back-

calculated from the Nult compression resistance of the stiffened plate: 

𝜌c,𝐺𝑀𝑁𝐼 (𝐷𝑆𝑀) =
𝑁𝑢𝑙𝑡/𝑓𝑦

𝐴𝑔
              (17) 

The observation is that these two parameters �̅�𝑝0,𝑊 and eW are mostly dependent on the ξ 

stress ratio value. Therefore, first the GMNIA results were ordered into groups based on the 

stress ratio, and then �̅�𝑝0,𝑊 and eW parameter values have been determined to each group by 

curve fitting. More precisely, the (ρc,GMNI(DSM) - ρc,W) difference has been calculated for each 

data point in the group, then the sum of the absolute values of these differences has been 

minimized. This minimization is repeated group by group, leading to quasi-optimal �̅�𝑝0,𝑊 and 

eW values for each ξ range. In Fig. 20 the curve from Equation (15) (ρc,W) is plotted for one 

range (with �̅�𝑝0,𝑊 and eW values after optimal minimization) 

 

Since the goal is to define the parameters not only for some ranges, but for all ξ values, 

finally, equations for the parameters are determined, by a constrained minimization problem. 

as a continuous function of the ξ stress ratio, as follows: 

 

 

curve 

fitting 

 

 

 

curve 

fitting 

 

               Figure 20: GMNIA-based reduction factors and the desired curve for one ξ range 
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𝑒𝑊 = 𝑚𝑎𝑥 {
−0.251 ln(𝜉) + 2.284    

0.053 ln(𝜉) + 2.018  
}  but 𝑒𝑊 ≤ 3  (18) 

�̅�𝑝0,𝑊  = 𝑚𝑎𝑥 {
0.494

0.117 𝑙𝑛(𝜉) + 0.512  
} (19) 

5.2 The second model: EWM-like approach with an Ayrton-Perry-type curve 

 The same process is followed as in the case of DSM-inspired approach, however, with 

some important differences: 

1) The resistance is calculated by the following formula:  

𝑁𝑅𝑑.𝐸𝑊𝑀 = 𝑓𝑦(𝜌𝑐,𝐴𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐 + 𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓) (20) 

where 𝜌𝑐,𝐴 is the reduction factor we are seeking, 𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐 and 𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓 are the effective 

area of the entire internal part and the total effective area of the edge plate elements, 

respectively, see Fig. 2. 
 

From this the GMNIA-based reduction factors, ρc,GMNI (EWM), are back-calculated from the Nult 

compression resistance of the effective areas. 

𝜌𝑐,𝐺𝑀𝑁𝐼(𝐸𝑊𝑀) =
𝑁𝑢𝑙𝑡/𝑓𝑦−𝐴𝑒𝑑𝑔𝑒,𝑒𝑓𝑓

𝐴𝑐,𝑒𝑓𝑓,𝑙𝑜𝑐
               (21) 

2) The reduction factor has a generalized form of the classic Ayrton-Perry formula 

𝝆𝒄,𝑨 =
𝟏

𝝓+√𝝓𝟐−�̅�𝒑
𝒆𝑨

   if  𝝀𝒑 > 𝝀𝒑𝟎,𝑨, otherwise 𝝆𝒄,𝑨 = 𝟏                                              (22) 

with 

𝜙 = 0.5(1 + 𝛼(�̅�𝑝 − �̅�𝑝0,𝐴) + (�̅�𝑝
𝑒𝐴) , if  𝜆𝑝 > 𝜆𝑝0,𝐴          (23) 

The three parameters (𝛼, �̅�𝑝0,𝐴 and 𝑒𝐴) are mostly dependent on ξ. In the same way, they 

were arranged into ξ ranges and by error minimization (ρc,GMNI(EWM) - ρc,A) 0, equations were 

established, as follows:   

𝑒𝐴 = 𝑚𝑎𝑥 {
−0.470 ln(𝜉) + 1.098    

0.317 ln(𝜉) + 0.596   
}  but 𝑒𝐴 ≤ 2 (24) 

 

�̅�𝑝0,𝐴  = 0.539(𝜉)0.146  but �̅�𝑝0,𝐴 ≥ 0.2  (25) 

 

𝛼 = 𝑚𝑖𝑛 {
0.020 ln(𝜉) + 0.915 but  𝛼 ≥ 0.7  

0.668(𝜉)−0.488 } (26) 

5.3 Evaluation of modified modified Winter-formula and Ayrton-Perry-type formula 

The comparison of the ρc,GMNI(DSM) and ρc,W reduction factors for the first model and 

between the ρc,GMNI(EWM) and ρc,A reduction factors for the second model, are shown in Fig. 21. 

Standard deviations values are 5.3% and 5.1%, respectively. However, both models are more 

precise than the current European design method (EN 1993-1-5). It can also be concluded, by 

a detailed evaluation of the models’ behaviour and results, that the Ayrton-Perry formula is 

more precise than the one based on the Winter formula. 
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Figure 21: Comparison of the reduction factor values (DSM, Winter), (EWM, Ayrton-Perry). 

 

6. New scientific results 
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Thesis 1 

I applied modal decomposition for longitudinally stiffened plates for the first time. I 

showed how the global (G), distortional (D) and local (L) deformation modes can be 

interpreted for stiffened plates, with either simple open or closed trapezoidal stiffeners. 

I completed numerical studies by using the constrained finite element method, with 

considering large number of stiffened plate geometries and various in-plane loads. Based on 

the numerical results I concluded that stiffener buckling is always a combination of G, D and 

L deformation modes, and I showed how the importance of G, D and L modes are influenced 

by the loading type and by the main geometric parameters of the stiffened plate. The most 

important observations are that by considering stiffened plates supported along all the four 

edges, L participation is decreasing while D participation is increasing as the number of 

stiffeners increases, and G participation is usually significant up to 40-50% in many cases; 

whereas in the case of plates with no supports along the longitudinal edges, even if the plate is 

subjected to pure compression, the D deformation modes have non-negligible effect, 

especially if the plate is wide. 

Related publications: [MZH1], [MZH5] 
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I completed large number of parametric numerical studies on the linear buckling analyses 

of compressed plates with trapezoid stiffeners for plate-like and column-like behaviour. 
 

- I showed that the end support details of the nominally pinned boundaries of the plates 

have significant effect on the plate-like critical loads up to 21.4%. I showed that the end 

support details have negligible effect on the column-like critical loads. 

- I proposed an approach to study the effect of torsional rigidity of the stiffeners on the 
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stiffeners has large effect on the plate-like critical load (which is 20.2% in average, for 

the considered set of geometries). I also showed that the torsional rigidity of the 

stiffeners has negligible effect on the column-like critical load.  

- I showed that the results of the approximate formulae of the Eurocode for the 

calculation of critical stress to plate-like buckling and the results of shell finite element 

linear buckling analysis can be practically identical, but only if the plate edges are 

supported in a particular way, and if the torsional rigidity of the stiffeners is eliminated. 

I also showed that if the stiffeners’ torsional rigidities are considered, and if the edge 

supports are realistically considered, the EN 1993-1-5 formulae significantly 

underestimate the critical stress to plate-like behaviour. 

- I showed that if the critical load to pure column-like buckling is calculated by shell 

finite element analysis on a model with unsupported longitudinal edges, the calculated 

critical load is slightly smaller than the one predicted by analytical formula for column 

buckling. I showed that this difference is due to the presence of the distortional 

deformation modes. I also showed that this difference is typically negligible, but can be 

significant (up to 30-40%) in the case of wide plates with large number of stiffeners. 

Related publications: [MZH2], [MZH3] 
 

Thesis 3 

I evaluated the capacity prediction of the current European design recommendation in EN 

1993-1-5 (EC3) to pure plate-like and pure column-like behaviour of longitudinally stiffened 

plates with trapezoid stiffener, and subjected to pure longitudinal compression. For this 

evaluation I used a large number of capacity results from the literature, calculated by 

advanced shell finite element analyses, considering geometric and material nonlinearity and 

imperfections (GMNIA).  

- I showed that the EC3 formula systematically overestimates the reduction factor to pure 

plate-like behaviour. I proposed more accurate formulae. 

- I showed that the current EC3 design procedure for plate-like behaviour is precise if the 

critical stress is calculated by the formulae given in the current EC3. However, I showed 

that the virtually good agreement of EC3-based capacities and GMNIA-based capacities 

is due to the resultant of two opposing inaccuracies: the EC3 calculation procedure 

underestimates the critical stress and overestimates the reduction factor. 

- I analysed the pure column-like behaviour by two approaches, by using capacity data 

obtained with and without supports along the longitudinal edges of the shell finite 

element model. I showed that the reduction factor calculation in the current EC3 is 

practically precise.  

Related publications: [MZH2], [MZH3] 

 

Thesis 4 

I proposed two new analytical models for the calculation of compression resistance to 

stiffener buckling of plates with longitudinal trapezoid stiffeners. One is based on a 

generalized Ayrton-Perry formula, the other is based on a Winter-type formula. The new 

models have been worked out by using a large number of capacity results from the literature, 
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calculated by advanced shell finite element analyses, considering geometric and material 

nonlinearity and imperfections. I showed how the new models were achieved, by the 

systematic analysis of the available capacity results. 

I statistically evaluated the results of the two proposed calculation models. I showed that 

both models are more precise and more general than the current European design method (as 

in EN 1993-1-5). I showed that for the available data the two models give very similar 

capacity predictions: the difference is smaller than 5%, and in two-third of the cases the 

difference is less than 1%. Nevertheless, I concluded that the model based on the Ayrton-

Perry formula is slightly more precise than the one based on the Winter formula.  

Related publications: [MZH4], [MZH6] 
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