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Abstract

This thesis addresses some problems of molecular electronics, such as the accurate

calculation of binding energies, electronic transport through molecules containing aro-

matic rings and geometrical evolution of atomic sized metallic contacts.

Besides the theoretical background, which is necessary for the understanding of the

results, I present calculations of binding energies for anthracene and pyrene derivatives

placed on a graphene surface with the help of density functional theory (DFT). It will

be shown that the results obtained by the van der Waals density functional, which

are closer to reality than the local density approximation (LDA), give an easy way

to understand the relation between the binding energy and structural features of the

molecules. These energies are around 1 eV or more, which makes them ideal functional

groups for non-covalent anchoring. We also found that the binding energies increase

with the increasing number of attached groups or with their electron a�nity. Results

are compared with experimental studies of these molecules.

Following this I will describe a study of conductivity as a function of the length of

three families of molecules. These families are the acene, phenanthrene and �uorene

series. These are organic molecules, with aromatic benzene rings being their simplest

building blocks. The phenanthrene and �uorene series are insulators with a measur-

able β factor, and the acenes show a non-decaying, oscillatory behaviour as a function

of molecule length.

Finally I will show how an atomic sized monatomic metallic junction can be mod-

eled by using DFT and classical molecular dynamics together. This is a self-contained

study in the sense, that from a couple of atomic con�gurations we will arrive at con-

ductance histograms made of hundreds of conductance traces. We found that the

historgrams show a good and the traces an excellent agreement with experimental

results. Furthermore I show that the idealistic junction geometries give completely

wrong results.
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Chapter 1

Introduction

1.1 General

Technological advances in the twentieth century accelerated in a never seen before

pace, and partly due to the ever increasing use of computers. Whether research and

development will have the same momentum or not in the future, depends much on

how we can further extend our computational capabilities through nanotechnology.

Today's trends still follow the law that Gordon Moore observed in the mid 1960s,

that the number of transistors per unit area in practical applications doubles approx-

imately every two years [1]. The size of the current silicon based transistors is now

down to just tens of nanometers, but it is clear that the exponential trend of minia-

turization cannot be sustained for long in this direction because of practical limits of

the �top-down� fabrication methods. In the original paper, Moore anticipated only a

10-year long period for the observed trend, which in reality has proven to be much

longer, in part due to the fact that his law had become a directive for developments.

Nevertheless, the ultimate size limit to fabricate sensible electronic circuits is the

atomic scale, which is predicted, and determined to be reached within the next 20

years.

10
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1.2 Molecular electronics

The above described goal is expected to be ful�lled by nanoelectronics, and one of its

branches, on which this thesis is focused, is the �eld of molecular electronics (ME),

where electronic circuits are constructed in a �bottom-up� fashion, with speci�cally

designed molecules taking the roles of both the active components and of the intercon-

nects. Present-day ME could be described simply as the study of electron transport

at the single-molecule scale. Single molecule devices are very appealing candidates for

future applications, because besides their ultimately small size, they have the potential

to be fast and cheap electronic circuit elements with very low power consumption.

Most theoretical and experimental studies have concentrated on themetal-molecule-

metal (MMM) junctions, such as illustrated on Figure 1.1.

Figure 1.1: Some experimental methods for forming atomic-size metal contacts: (a)
when scanning tunneling microscope (STM) is used, the tip and surface metals may
di�er. (b) In mechanically controlled break junctions (MCBJ) the contact is formed
by breaking a thin metal wire when its ends are pulled apart. This will be explained in
more detail in Chapter 7. (c) In electro-migration a narrow metal contact is prepared
on a substrate and the contact is then broken by driving a strong current through
it. (d) Atomic contacts may also be formed electrochemically, by immersing the
electrodes together with a counter electrode in an electrolyte solution. In (a) and (b)
it is easy to open or close the contact many times. In (c) and (d) it is easy to use the
substrate as a �gate electrode� for molecules introduced in the contact. In (d) also
electrochemical gating may be possible. Figure is from [2].

From the physics point of view the molecules in such MMM contacts are speci�c

kinds of quantum dots. As very small objects they have discrete electronic spectra and

single-electron charging energies reaching the electronvolt range. However, molecules

are more than �just� quantum dots. The word �dot� carries with it the impression

of a relatively structureless, even quasi-zero-dimensional object. Yet, the long-term
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goal of ME is precisely to take advantage of the endless variability of chemical com-

pounds to design molecules having just the right properties for use as single-molecule

electronic components. Furthermore molecules can have multiple conformations and

they could be used as recti�ers or switches. ME is to a considerable degree chemistry,

something that physicists tend to know little about. In particular the synthesis of the

desired molecules can only be made by trained synthetic chemists. On the other hand,

most chemists are not traditionally used to dealing with transport studies, and thus

successful molecular electronics research often requires the close interaction between

physicists and chemists. This makes ME a good example of an interdisciplinary �eld

and creates a bridge between researchers of two distinct �elds.

In the last couple of years and especially since the rise of graphene [3] one can think

of graphene-molecule-graphene (GMG) junctions [4]. Graphene with its low resistance

is a very attractive candidate and also o�ers di�erent attachment methods [5, 6] than

metallic electrodes, like shown on Figure 1.2. It is a very stable material, its Young's

modulus is 1 TPa [7], has a very high thermal conductivity (above 3, 000 WmK−1 [8]),

completely impermeable to any gases [9]. A review about graphene can be read in

Ref. [10].

Although in molecular electronics some pioneering studies had been done before,

it had not entered into mainstream research until approximately a decade ago, when

it really took o�. This is partly due to the development of theoretical computational

tools like density functional theory (DFT) codes, codes for calculating electronic

transport and high resolution experimental techniques such as scanning tunneling

microscopy (STM), and mechanically controllable break-junction (MCBJ) measure-

ments. These theoretical and experimental tools combined together enabled the com-

munity to begin to understand the practical and phenomenological rules of this �eld.

Nowadays the community is still actively searching for useful molecular components,

controlling mechanisms, methods to assemble these molecular scale devices and other
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Figure 1.2: Two graphene electrodes bridged by a highly conducting molecules. The
side edges of the graphene ribbons are irrelevant, because the conductance is controlled
by the molecular properties.

challenges in molecular electronics [11, 12], but even if success is not guaranteed, there

are many positive outcomes to surface, chemical sciences and to many other �elds.

Other approaches to miniaturize or extend nowadays electron-

ics:

Quantum computing

A quantum computer is a computational device that makes direct use of quantum

mechanical phenomena, such as superposition and entanglement, to perform oper-

ations on data. Many realizations have been proposed including silicon-based and

[13], superconductor-based [14] devices, trapped ion quantum computer, quantum

dot charge based semiconductor quantum computer [15] and so on.

Biological computing,

rather than focusing on increasing the speed of individual computing operations, fo-

cuses on the use of massive parallelism, or the allocation of tiny portions of a com-
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puting task to many di�erent processing elements.

This �eld was initially developed by Leonard Adleman [16], who demonstrated in

1994 a proof-of-concept use of DNA as a form of computation. DNA computing is

fundamentally similar to parallel computing in the sense, that it takes advantage of the

many di�erent molecules of the DNA to try many di�erent possibilities at once. For

certain specialized problems, DNA computers are faster and smaller than any other

computer built so far. Furthermore, particular mathematical computations have been

demonstrated to work on a DNA computer. As an example, Aran Nayebi [17] has

provided a general implementation of Strassen's matrix multiplication algorithm on a

DNA computer, although there are still problems with scaling. In addition, Caltech

researchers have created a circuit made from 130 unique DNA strands, which is able

to calculate the square root of numbers up to 15.

For further details see the review article by Nancy Forbes [18].
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Thesis outline

In this thesis I will show how combinations of the most advanced theoretical tools,

namely density functional theory (DFT), tight-binding scattering theory and classical

molecular dynamics are used to investigate the properties of molecular scale compo-

nents. It is very important to detail every used tools and explain their advantage over

alternatives and more importantly their limitations.

First I will explain the basics of density functional theory and how I used it for

each topic. This is followed by a study of binding energies. Next I will introduce

single particle transport (SPT) and �nally with the description of classical molecular

dynamics I will be able to explain how can one utilize DFT, SPT and MD to generate

conductance histograms.

For the theoretical background I used my predecessors [19], [20] PhD thesis and

also a couple of reviews.



Chapter 2

Density functional theory

In order to design and understand the behaviour of molecular electronic devices it

is necessary to possess a tool to give us reliable information about its molecular,

structural and electronic properties. In this chapter I will give a brief summary of

the density functional theory (DFT) and the SIESTA (Spanish Initiative for Elec-

tronic Simulations with Thousands of Atoms) code [21] that I have used during my

PhD studies, which has served as a theoretical tool to investigate the structures of

molecules, their binding energies, charge densities, band structures (and so on) both

qualitatively and quantitatively. SIESTA is a set of methods and a complete software

package that can be used to perform DFT calculations with considerable number of

atoms (∼ 1000) within hours, days or weeks.

The fundamental assertion of density functional theory is, that any physical prop-

erty of a complex system, consisting of many interacting particles, can be expressed

as a functional of the ground-state density of the system. The proof of the existence

of such a functional was �rst presented by Hohenberg and Kohn [22]. The proof is

amazingly simple, however it does not provide us with any hint of the actual form

of the functional, but then the ansatz, proposed by Kohn and Sham [23] opened the

door towards applications to realistic physical systems. Density functional theory has

16
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since become a standard tool in theoretical physics and molecular chemistry.

This chapter is going to present a short overview of the foundations and numerical

applications of DFT. The literature is quite broad, excellent reviews and books deal

with the subject with considerably more detail, see for example [24, 25].

Since modern density functional theory is often discussed in relation to the Hartree-

Fock model and the corresponding extensions to it, a solid appreciation of the related

physics is a crucial ingredient for a deeper understanding of the things to come. I will

begin by posing the general many body problem and the possible solution to it via

the Hartree-Fock method and then I'll show the Hohenberg-Kohn theorems and the

Kohn-Sham ansatz. The second part sums up the most widely used functionals of

the exchange and correlation energy, which are of paramount importance in practical

numerical calculations. The �nal section will deal with localized basis sets and pseudo-

atomic orbitals which de�ne the Hilbert space of the numerical calculations presented

in this thesis.

2.1 The many-body problem

A solution to the many body problem has been sought by many generations of physi-

cists. The task is to �nd the eigenvalues and eigenstates of the full Hamilton operator

of a general system:

H =

system speci�c︷ ︸︸ ︷
−
∑
i

~2

2mi

∇2
Ri
− 1

4πε0

∑
ij

Zje
2

|ri −Rj|
+

1

4πε0

1

2

∑
i 6=j

ZiZje
2

|Ri −Rj|
−

−
∑
i

~2

2me

∇2
ri

+
1

4πε0

1

2

∑
i 6=j

e2

|ri − rj|︸ ︷︷ ︸
universal

. (2.1)

Here mi, Zi and Ri is the mass, atomic number and position of the i-th atom in
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the solid. The position of the i-th electron is denoted by ri and me is the mass of

a single electron. The atomic masses are roughly three orders of magnitude bigger

then the electronic mass, hence we can employ the Born-Oppenheimer approximation

[26] and decouple the electronic wave function and the motion of the nuclei. In other

words we solve the Schrödinger equation only for the electronic degrees of freedom.

Once we know the electronic structure of a system we can calculate classical forces on

the nuclei and minimize these forces to �nd the ground-state geometry.

Note that one can go beyond the fully classical nuclear treatment by considering

the nuclear coordinates quantum mechanically in the potential obtained by the elec-

tronic Schrödinger equation. This treatment can allow us to include phonons in our

calculations [24]. One can perform a formal derivation by expanding the second term

in equation (2.1) and obtaining the electron-phonon interaction term, that couples

the nuclear and the electronic Schrödinger equations.

We can separate the Hamiltonian (2.1) into two parts. The �rst part contains

the kinetic terms of the nuclei and the repulsive electrostatic potential between the

nuclei and the attractive potential felt by the electrons due to the positively charged

nuclei. This part is system speci�c and will determine the geometric properties of

the physical problem. The second part of the Hamiltonian contains terms which only

depend on the electrons. This part is universal in all problems. Hence we can rewrite

the Hamiltonian for the electronic degrees of freedom as

H =
∑
i

Vext(ri)−
∑
i

~2

2me

∇2
ri

+
1

4πε0

1

2

∑
i 6=j

e2

|ri − rj|
(2.2)

where Vext contains the second term in (2.1).

The corresponding time independent Schrödinger equation will read

HΨ(r1, r2 . . . ri . . . ) = EΨ(r1, r2 . . . ri . . . ). (2.3)
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It is convenient to work with Hartree atomic units. This means that in the following

we adopt the convention that the length scale is set by the Bohr radius of the hydrogen

atom a0, the energy scale is set by the ground state of the hydrogen atom, the mass

scale is set by the electron mass me, the charge scale is set by the elementary charge

of the electron e, the angular momentum scale is set by the reduced Planck's constant

~, and the electric force scale is set by 1/4πε0.

Once we solved the Schrödinger equation (2.3) and we know the wave function Ψ

we can calculate all physical quantities we are interested in. Note however that even

for moderate system sizes, for example a couple of atoms, the diagonalization of the

general problem is practically impossible even on a modern supercomputer.

The virtue of density functional theory is that it expresses the physical quantities

in terms of the ground-state density. The electronic density of a general many body

state characterized by a wave function Ψ(r1, r2 . . . ri . . . ) is de�ned as

ρ(r) =

ˆ
dr2dr3 . . . dri . . . |Ψ(r, r2 . . . ri . . . )|2. (2.4)

2.2 Hartree and Hartree-Fock method

So far we denoted the wavefunction Ψ the most general way. In the Hartree method

we assume the simplest case, namely, when the wavefunction is the product of the

single particle wavefunctions ΨH = Φ1(r1, s1)Φ2(r2, s2) . . .ΦNe(rNe , sNe), and these

states must be di�erent according to the Pauli-principle, where Ne is the number of

particles in the system. The one-electron functions are called spin orbitals Φi(ri, si) =

Φi(ri)η(si) and the spin orbitals are orthonormalized η†(si)η(sj) = δij

By invoking the variational method, one can derive a set of Ne-coupled equations.

Solution of these equations yields the Hartree wave function and energy of the system.

The self-consistently solvable equation system from (2.2) will be



CHAPTER 2. DENSITY FUNCTIONAL THEORY 20

−∇2Φi(r) + Vext(ri)Φi(r) +
Ne∑
j 6=i
j=1

ˆ
dr′
|Φj(r

′)|2

|r− r′|
Φi(r) = εiΦi(r) (2.5)

with the condition that the wavefunction Ψ must be normalized and the total energy

of the system is going to be the sum of single particle energies

EH =
Ne∑
i

εi

The electron density of this system is

ne(r) =
Ne∑
i=1

|Φi(r)|2

The Hartree�Fock (HF) method assumes that the exact, N-body wave function of

the system can be approximated by a single Slater determinant (in the case where

the particles are fermions) or by a single permutation (in the case of bosons) of N

spin-orbitals

ΨHF =
1√
Ne!

∣∣∣∣∣∣∣∣∣∣∣∣∣

Φ1(r1, s1) Φ1(r2, s2) . . . Φ1(rNe , sNe)

Φ2(r1, s1) Φ2(r2, s2) . . . Φ2(rNe , sNe)

...
... . . . ...

ΦNe(r1, s1) ΦNe(r2, s2) . . . ΦNe(rNe , sNe)

∣∣∣∣∣∣∣∣∣∣∣∣∣
and for particle exchange it switches its sign.

The equation system for HF is

−∇2Φi(r) + Vext(ri)Φi(r) +
1

2

Ne∑
j 6=i
j=1

ˆ
dr′
|Φj(r

′)2|
|r− r′|

Φi(r)−

1

2

Ne∑
j 6=i
j=1

ˆ
dr′

Φ∗j(r
′)Φi(r

′)

|r− r′|
Φj(r)δij = εiΦi(r) (2.6)
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The extra term compared to (2.5) is the exchange contribution or the Fock-term.

This term takes into account the e�ect of the con�gurations where we exchange two

electrons, which are indistinguishable. This correlation is due to the Pauli principle

and thus it a�ects only electrons with the same spin state, and electrons with opposite

spin are completely uncorrelated. To obtain a more accurate description of these

systems we have to go beyond this approximation.

2.3 The Hohenberg-Kohn theorems and the Kohn-

Sham ansatz

In Hartree-Fock the exchange part only approximately can be obtained from the

density dependent potential, for that we need the density-density correlation function.

P. Hohenberg and W. Kohn [22] showed that there is a tight, unequivocal relation

between the ground state energy and the density ne(r) of an interacting electron

system. The Hohenberg-Kohn theorems are two very simple yet powerful statements

that put the electronic density ρ0(r) of the ground-state Ψ0 in the centre of interest.

• The �rst theorem: The external potential Vext(r) is (to within a constant) a

unique functional of ρ(r); since, in turn Vext(r) �xes the hamiltonian H we see

that the full many particle ground state is a unique functional of ρ(r) .

• The second theorem : FHK [ρ], the functional that delivers the ground state

energy of the system, delivers the lowest energy if and only if the input density

is the true ground state density, ρ0. The density itself is a quantity that can be

varied to �nd the ground state energy for a given external potential.

The proofs of the theorems can be found in Appendix 9.1 for non-degenerate systems.

However, they are valid for more general systems as well [27, 28].
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As a consequence of the �rst theorem the whole Hamiltonian of the system is

determined by the ground-state density. According to the second theorem the func-

tional E[ρ] determines the ground-state density and also the ground-state energy of

the system up to a constant.

The energy functional can be written more explicitly in the form of

E[ρ] =

ˆ
(drVext(r)ρ(r) + T [ρ] + Eint[ρ]), (2.7)

where the last two terms, the kinetic and internal interaction energies, are usually

handled together as one functional FHK [ρ] = T [ρ]+Eint[ρ], because these are universal,

independent of the environment, and only depends on the charge density.

We can see now that by obtaining the ground-state density one can in principle

gain crucial information concerning the investigated system. The exact form of the

functional is not known, we don't know how to express it in a general form. To remedy

this we have to resort to a trick introduced by Kohn and Sham [23].

2.3.1 The Kohn-Sham ansatz

According to Kohn and Sham we can replace the original Hamiltonian of the system by

an e�ective Hamiltonian of non-interacting particles in an e�ective external potential

which has the same ground-state density as the original system. Since there is no

clear recipe for doing this, this step is simply an ansatz, but it is considerably easier

to solve a non-interacting problem. The energy functional of the Kohn-Sham ansatz,

in contrast to (2.7), will have the form

EKS[ρ] = Tnon[ρ] +

ˆ
Vext(r)ρ(r)dr + EHartree[ρ] + Exc[ρ]. (2.8)

EHartree[ρ] =
1

2

ˆ
ρ(r)ρ(r′)

|r− r′|
drdr′
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Exc[ρ] = Eint[ρ]− EHartree[ρ] + T [ρ]− Tnon[ρ]

Here Tnon is the kinetic energy of the non-interacting system (which is not the same

as T in (2.7) for the interacting system). EHartree is the classical Coulomb term of the

electron gas with density ρ. Exc takes into account the further many-body quantum

e�ects.

The �rst three terms of (2.8) can be trivially cast into functional form. However

there does not exist an exact functional form in general for Exc. In the last couple of

decades there has been considerable e�ort invested into �nding better and better ap-

proximations to it. Current functionals can be used for predicting physical properties

in a wide range of solid state systems and molecules.

If we take the functional derivatives of the last three terms of (2.8) then we can

de�ne an e�ective single particle potential Veff :

Veff (r) = Vext(r) +
δ

δρ
(EHartree[ρ] + Exc[ρ]). (2.9)

Using this potential we can write down a single particle Hamiltonian:

HKS = Tnon + Veff . (2.10)

The corresponding Schrödinger equation

HKSΨKS = EΨKS, (2.11)

is called the Kohn-Sham equation. The density ρKS0 corresponding to the ground-state

ΨKS
0 by de�nition minimizes the Kohn-Sham functional subject to the orthonormal-

ization constraints

〈ψi| ψj〉 = δij,
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and has been obtained by a self-consistent calculation. One has to note that the

excited states obtained by solving the Kohn-Sham equation will not have any physical

meaning in general. The only exception being the highest eigenvalue which can be

shown to be minus one times the ionization energy [28]. However the rest of the Kohn-

Sham spectrum can still be useful as starting points for perturbational approaches or

for more precise numerical calculations.

We can see now that the Kohn-Sham approach indeed opens up density functional

theory towards applications, but we also have to be careful since the exact form of the

exchange and correlation term is still not known and in strongly correlated systems

usually the method fails to reproduce the correct results. This is the case for example

in Mott insulators [29]. If on the other hand one wishes to deal with systems where

correlation e�ects are less important, like in group IV and II-V semiconductors, sp-

bonded metals, insulators and molecules with covalent and/or ionic bonding, density

functional theory proved to be the most powerful method. The following section of

this chapter will deal with a couple of examples for approximating Exc.

2.4 Functionals of exchange and correlation

Despite the fact that there has been enormous e�ort invested in �nding the ideal func-

tional, density functional theory still lacks the precision to calculate the correlation

energy of many problems to the accuracy of other methods, such as con�guration

interaction or quantum Monte-Carlo methods (see Sec. (2.10)), but one has to note

on the other hand, that currently DFT is by far the least resource demanding method

to reproduce other physical quantities with su�cient accuracy.

There are numerous proposed forms for the exchange [30] and correlation energy

in the literature. The �rst successful and yet simple form was the Local Density

Approximation (LDA), which depends only on the density, thus it is a local functional.
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Then the next step was the Generalized Gradient Approximation (GGA), including

the derivative of the density it also contains information about the neighborhood and

therefore it is semi-local. One of the latest, and most universal functional is the van

der Waals density functional (vdW-DF), which contains non-local terms too. There

are systems where the LDA yielded remarkably good results while in others the GGA

proved to be better, but none of these can give reliable results where the electronic

orbitals don't overlap and dispersion forces are important, like in the case of two

neutral atoms. At these systems the vdW-DF proves to be very accurate [31].

2.4.1 Local Density Approximation

In the LDA, as mentioned before, the exchange-correlation functional only depends on

the local density. This suggests that this approximation is going to give good results

for systems where the density is locally relatively smooth. Hence the functional in

the LDA can be cast in the form:

ELDA
xc [ρ] =

ˆ
drρ(r)

(
εhomx (ρ) + εhomc (ρ)

)
, (2.12)

here the terms εhomx and εhomc are the exchange and correlation energy densities for

the homogeneous electron gas. The exchange energy εhomx can be found analytically

and it is present in many textbooks (see for example [24]):

εhomx = − 3

4π
3
√

3π2ρ. (2.13)

On the other hand correlation energy must be determined, even for the simple case of

the homogeneous electron gas by means of numerical methods. The �rst calculations

obtaining the correlation energy has been performed by Ceperley and Alder [32] using

the quantum Monte-Carlo method. Perdew and Zunger �tted this numerical data to

analytical expressions [33], and found:
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εhomc (ρ) =

 −0.048 + .0.031ln(rs)− 0.0116rs + 0.002rsln(rs) if rs < 1

−0.1423/(1 + 1.9529
√
rs + 0.3334rs) if rs > 1

(2.14)

where rs = ( 3
4πρ

)1/3 is the average electron radius of the homogeneous electron gas.

Alternative parametrizations for the correlation energy also exist. The functional

proposed by Hedin and Lundquist [34], or the functional by Vosko, Wilk and Nusair

[35] preceded the parameterization of Perdew and Zunger [36]. However the latter is

the most commonly used one.

The LDA is in some sense the simplest form one could imagine for the exchange

and correlation energies. It is a simple yet powerful functional and it is known to

be accurate for graphene and carbon nanotubes or where the electron density is not

rapidly changing. For example, a larger error is expected for atoms with d- and f-type

orbitals.

However LDA also has many pitfalls: it predicts the HOMO level too high so the

band gap becomes small with a considerable error and provides a poor description

of electron-rich species such as anions where it is often unable to bind an additional

electron, erroneously predicating species to be unstable[37][36].

2.4.2 Generalized gradient approximation

The Generalized Gradient Approximation extends the LDA by including the deriva-

tives of the density into the functional form of the exchange and correlation energies.

In this case there exists no closed form for the exchange part of the functional, hence it

has to be calculated along with the correlation contributions using numerical methods.

Just as in the case of the LDA there exist many parameterizations for the exchange

and correlation energies in GGA [38, 39, 40, 41]. Here I will only discuss the functional

form proposed by Perdew, Burke and Ernzerhof [38]. This parameterization gives sep-
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arate expressions for the exchange EGGA
x [ρ] and the correlation energy EGGA

c [ρ]. The

correlation energy is parameterized according to

EGGA
c [ρ] =

´
dr
(
εhomc (ρ) +H(ρ)

)
, (2.15)

H(ρ) = e2

a0
γln

(
1 + β

γ
t2 1+At2

1+At2+A2t4

)
,

A = β
γ

(
exp

(
−εhomc

γ

)
− 1
)−1

.

Where t = |∇ρ|/(2kTFρ) is the dimensionless density gradient, kTF =
√

4kF/π is the

Thomas-Fermi screening wave vector, β = 0.066725, γ = (1− ln(2))/π2 and a0 is the

Bohr radius.

The exchange term is expressed as

EGGA
x [ρ] =

ˆ
drρ(r)εhomx (ρ)Fx(s), (2.16)

Fx(s) = 1 + κ− κ
1+µs2/κ

, (2.17)

with s = |∇ρ|/(2kFρ) the reduced density gradient, where kF = 3π2ρ is the Fermi

wave vector, κ = 0.804 and µ = 0.21951. Note that in contrast to the correlation

term, in the exchange term the dimensionless density gradient is normalized with the

Fermi wave length instead of the Thomas-Fermi screening wavelength.

2.4.3 Hybrid Functionals

LDA and GGA are the two most commonly used approximations to the exchange

and correlation energies in density functional theory. There are also several other

functionals, which go beyond LDA and GGA. Some of these functionals are tailored

to �t speci�c needs of basis sets used in solving the Kohn-Sham equations (Eq. (2.11))

and a large category is the so called hybrid functionals which combine the LDA and

GGA forms [30].
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The exchange contributions are signi�cantly larger in absolute numbers than the

corresponding correlation e�ects and therefore, an accurate expression for the ex-

change functional in particular is a prerequisite for obtaining meaningful results from

DFT.

Hybrid functionals incorporate a portion of exchange from Hartree-Fock theory

with exchange and correlation from other sources (ab initio or empirical). The exact

exchange energy functional is expressed in terms of the Kohn-Sham orbitals rather

than the density, so is termed an implicit density functional.

A hybrid exchange-correlation functional is usually constructed as a linear combi-

nation of the Hartree-Fock exact exchange functional

EHF
x =

1

2

∑
i,j

ˆ ˆ
Ψ∗i (r1)Ψ∗j(r1)

1

r12

Ψi(r2)Ψj(r2), dr1dr2,

and any number of exchange and correlation explicit density functionals. The param-

eters determining the weight of each individual functional are typically speci�ed by

�tting the functional's predictions to experimental or accurately calculated thermo-

chemical data.

B3LYP One of the most commonly used versions is B3LYP, which stands for Becke

[39], 3-parameter, Lee-Yang-Parr [42].

EB3LY P
xc = ELDA

xc + a0(EHF
x − ELDA

x ) + az(E
GGA
x − ELDA

x ) + ac(E
GGA
c − ELDA

c )

where a0 = 0.20, ax = 0.72 and ac = 0.81. The three parameters de�ning B3LYP

have been taken without modi�cation from Becke's original �tting of the analogous

B3PW91 functional to a set of atomization energies, ionization potentials, proton

a�nities, and total atomic energies.
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HSE The HSE (Heyd-Scuseria-Ernzerhof) [43] exchange-correlation functional uses

an error function screened Coulomb potential to calculate the exchange portion of the

energy in order to improve computational e�ciency, especially for metallic systems

Meta hybrid GGA The M06 suite of functionals [44, 45] are a set of four meta-

hybrid GGA DFT functionals. They are constructed with empirical �tting of their

parameters, but constraining to the uniform electron gas.

2.4.4 VdW exchange-correlation functional

Van der Waals forces arise when dipoles (or higher multipoles) are induced in the

atom's electron cloud, and even without a sign�cant overlap between the orbitals

the atoms start to attract each other (See Appendix 9.2 for further explanation).

These long-range electron correlation e�ects are absent from local and semi-local

density functionals such as LDA and GGA, which describe the asymptotic behavior

of the interaction energy between non-polar systems. Moreover, the position of the

van der Waals minimum is described by most of the current functionals in a rather

erratic manner: LDA strongly overbinds, some GGA functionals lead to repulsive

interaction potentials, while others predict a minimum with an unreliable well depth.

The separation of electron-electron interactions to short- and long-range components

provides a satisfactory framework for treating both of the above mentioned problems.

Out of the various schemes that have been proposed to add dispersion to current

DFT approximations [46, 47, 48, 49], the method proposed by Dion et al. [50] is very

appealing since it is based directly on the electron density ρ(r)

Exc[ρ(r)] = EGGA
x [ρ(r)] + ELDA

c [ρ(r)] + Enl
c [ρ(r)], (2.18)

where the exchange energy EGGA
x is described through the semi-local GGA and the

correlation energy has a local part ELDA
c described in the LDA.
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The brief derivation of the form of Enl
c , which is used in SIESTA, can be found

in Appendix (9.2.1) or in full length in Ref. [51], but it is worth presenting here the

form, which is then evaluated:

Enl
c [ρ(r)] =

1

2

¨
ρ(r)ρ(r′)φ(q0, q

′
0, R)d3rd3r′, (2.19)

where R = |r− r′|, φ(r, r′) is a kernel function and q0, q
′
0 are the values of a universal

functional q0[n(r), |∇n(r)|], evaluated at r and r′.

The shape of φ guarantees that

• Enl
c is strictly zero for any system with constant density

• the interaction between any two molecules has the correct R−6 dependence for

large separations R (Eq. 9.9).

Using a direct evaluation of (2.19) this vdW functional has been applied successfully

to a variety of systems, including interactions between pairs of atoms and molecules,

molecules adsorbed on surfaces, molecular solids, and biological systems [52].

2.5 The pseudopotential approximation

As mentioned in the �rst section, besides the Born�Oppenheimer approximation we

may need another simpli�cation to solve the many-body Schrödinger equation for

practical applications1. The idea is to remove the core electrons from the calculations

by converting their e�ects into an external potential. There are several criteria for

choosing appropriate pseudopotentials whose shape or form are chosen to maintain the

accuracy within the given model. Their purpose is mainly computational: without

pseudopotentials the calculations would take much longer, making it impossible to
1Like huge organic molecules hanging between metallic electrodes.
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obtain results for realistic systems. Pseudopotentials can also be generated by taking

into account relativistic corrections, which can be important for heavier elements [53].

To generate pseudopotentials we will use the Kohn�Sham formalism to solve the

many-electron problem for a single atom. From the single atom solutions we can

calculate the pseudopotential that can replace the e�ect of the core electrons. For

general use we have to assume that even when the atom is not alone in vacuum but

is in a complex environment surrounded by other atoms, the pseudopotential is still

applicable.

The solution of the one electron Schrödinger equation with a central (attractive

nuclear) potential V (r) is:

ψnlm(r, ϕ, ϑ) =
1

r
Rnl(r)Ylm(ϕ, ϑ) (2.20)

with εnl eigenenergy, where Ylm(ϕ, ϑ) are the normalised spherical harmonics and

Rnl(r) and εnl satis�es the radial Schrödinger equation:

−1

2

d2

dr2
Rnl(r) +

[
l(l + 1)

2r2
+ V (r)

]
Rnl(r) = εnlRnl(r), (2.21)

where the quantum numbers are m = −l, ..., l, l = 0, ..., n − 1 and n = 1, 2, .... If we

consider the corresponding many-electron Schrödinger equation within DFT then the

equation (2.21) transforms to the Kohn�Sham equation with the e�ective potential

Veff [n](r), where n(r) = n(r, ϕ, ϑ) =
∑

nlm fnlm|ψnlm(r, ϕ, ϑ)|2 is the electron density

given by the �lled Kohn�Sham orbitals. The fnml occupancy factor has the value

one (in the case of half �lled orbitals), two or zero. Generally n(r) is not spherically

symmetric2, but for an isolated atom we can integrate out the angular dependence
2Averaging n(r) for all the degenerate ground states will give a spherically symmetric density in

an isotropic environment.
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[54]:

n(r) =

ˆ
n(r, ϕ, ϑ)r2 sinϑdϑdϕ =

=
∑
nlm

fnlm|Rnl(r)|2
ˆ
|Ylm(ϕ, ϑ)|2 sinϑdϑdϕ =

∑
nlm

fnlm|Rnl(r)|2.

This purely radially dependent density generates an e�ective potential that is also

only radially dependent. Hence, the Kohn�Sham equation takes the form:

−1

2

d2

dr2
Rnl(r) +

[
l(l + 1)

2r2
+ Veff [n](r)

]
Rnl(r) = εnlRnl(r), (2.22)

where the attractive nuclear potential is also included into the e�ective potential.

By solving the Kohn�Sham equation we �nally obtain the Kohn�Sham orbitals and

the self-consistent e�ective potential that contains all of the interaction between the

electrons. The next step is to remove the non-interacting core electrons by solving

the reverse problem: if one knows a few valence wavefunctions RPS
nl (r) (later called

pseudowavefunction), and eigenvalues εPSnl , then what is the corresponding potential

assuming there are no core electrons? The equation for the potential is the inverse

Schrödinger equation:

V PS
nl = εPSnl −

l(l + 1)

2r2
+

1

2RPS
nl (r)

d2

dr2
RPS
nl (r). (2.23)

Note that the resulting potential (later referred to as the pseudopotential) depends

on the n and l quantum numbers. In what follows, n is �xed and denotes the valence

shell only. The pseudowavefunction RPS
nl (r) and eigenenergies εPSnl are obtained from

the real solution of (2.22). The main idea is that within a given radius we replace the

oscillating part of Rnl(r) with a smooth parametrised curve. In this thesis all SIESTA

calculations have been performed with pseudopotentials that were generated by the

Troullier�Martins method [55, 56] in which the pseudowavefunction is split into two
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regions by a cut-o� distance and de�ned as the following

RPS
nl (r) =


Rnl(r) r > rc

rlep(r) r < rc,

(2.24)

where rc is the cut-o� radius parameter that has to be adjusted properly and

p(r) = a0 + a2r
2 + a4r

4 + a6r
6 + a8r

8 + a10r
10 + a12r

12,

where the ai coe�cients are determined from the following conditions:

• norm-conservation, i.e.

ˆ rc

0

d3r|Rnl(r)|2 =

ˆ rc

0

d3r|RPS
nl (r)|2,

• the corresponding valence eigenvalues have to be the same

εPSnl = εnl,

• smoothness

Rnl(rc) = RPS
nl (rc)

and for i = 1, 2, 3, 4

[
diRnl(r)

dri

]
r=rc

=

[
diRPS

nl (r)

dri

]
r=rc

.

By these conditions one can calculate the unknown coe�cients and (2.24) can be

substituted into (2.23) to obtain the explicit form of the pseudopotential:
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V PS
nl (r) =


Veff [n](r) r > rc

εPSnl + (l+1)p′(r)
r

+ 1
2
(p′(r) + p′′(r)) r < rc.

This is called `screened pseudopotential', because it includes e�ects from all the elec-

trons through the self-consistent potential. In order to make it transferable to other

environments one has to partition o� the contribution of the valence electrons. This

can be done by making the assumption that the exchange-correlation potential is ad-

ditive and separable to a core and a valence term, and in this way it is possible to

de�ne the ion pseudopotential:

V ion
nl (r) = V (r) + V PS

nl (r)− VHartree[n(val)](r)− Vxc[n(val)](r),

where n(val) is the valence part of the full self-consistent charge density.

This pseudopotential is local in the radial part, but depends on the quantum

number l, therefore it is called semi-local. Since V ion
nl (r) is applicable only when the

angular part of the wave function (2.20) is Ylm(ϕ, ϑ), generally the ion pseudopotential

is written in an abstract way with |Ylm〉〈Ylm| projectors:

V̂ ion
n =

n−1∑
l=0

+l∑
m=−l

V ion
nl (r)|Ylm〉〈Ylm|.

However, it is useful to further separate this pseudopotential into a general local part

V loc
n (r) and a semi-local part V̂ SL

n in the following way:

V̂ ion
n = V loc

n (r) +
n−1∑
l=0

+l∑
m=−l

δVnl(r)|Ylm〉〈Ylm|︸ ︷︷ ︸
V̂ SLn

,

where δVnl(r) is constructed in a way that it is zero beyond the cut-o� radius. This is

reasonable since beyond the cut-o� radius the pseudopotential is the original e�ective

potential, which is local. Generally in a DFT calculation, one has to calculate matrix
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elements 〈ϕi|V̂ ion
n |ϕj〉 with N basis functions. For each l this costs the evaluation of

N(N +1)/2 multi center integrals that are not separable. For this reason, in practice,

the semi-local part is reformulated with the so called Kleinman�Bylander projectors,

such that:

V̂ ion,(KB)
n = V loc

n (r) +
n−1∑
l=0

+l∑
m=−l

∣∣ψPSnlmδVnl〉〈δVnlψPSnlm∣∣
〈ψPSnlm|δVnl|ψPSnlm〉︸ ︷︷ ︸
V̂ KBn

,

where
〈
δVnlψ

PS
nlm

∣∣ operates upon a wave function as:

〈
δVnlψ

PS
nlm

∣∣ ϕ〉 =

ˆ
δVnl(r)ψ

PS∗
nlm (r)ϕ(r)dr

and ψPSnlm(r) = 1
r
RPS
nl (r)Ylm(ϕ, ϑ). One can verify that V̂ SL

n

∣∣ψPSnlm〉 = V̂ KB
n

∣∣ψPSnlm〉, and
therefore one can assume that for an atomic wave function |ψ′nlm〉, where for exam-

ple the atom is not isolated, they are still approximately equal, i.e. V̂ SL
n |ψ′nlm〉 ≈

V̂ KB
n |ψ′nlm〉. The computational advantage lies in the fact that the

〈
δVnlψ

PS
nlm

∣∣ vectors
can be expanded with the atomic basis functions (see section 2.7) and therefore ob-

taining the matrix elements of the Kleinman�Bylander projectors is straightforward.

2.6 Periodic structure with localised basis set

The natural basis set for periodic structure calculations is the plane wave basis set

because it is by itself periodic. This is not true for the localised basis sets that will be

employed in this thesis. In order to perform transport calculations we need a tight-

binding Hamiltonian that is built from localised basis functions, but often we apply

periodic boundary conditions as well. The exact form of the basis functions will be

discussed in the next section.

In the case of an in�nite periodic structure the system is described by its unit

cell, which is given by the atoms in the unit cell and the a1, a2, a3 lattice vectors.
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Two points r1 and r2 in the system are equivalent if their di�erence can be written as

r2−r1 = dm, wherem =(m1,m2,m3) ∈ Z3 and dm = m1a1 +m2a2 +m3a3. Therefore

the basis set covering the whole structure has to be constructed in a way that it

obeys this equivalence. By de�nition localised basis set means that it is limited to a

domain in real space, usually centred around an atom. Let us introduce a {ϕl}l=1,2,...,M

localised basis set within the unit cell and extend this to the whole space by de�ning

a new{ϕl,m}l=1,2,...,M,m∈Z3 basis set, where ϕl,m(r) = ϕl(r− dm). With this extended

basis set one can expand any wave function in the whole periodic structure as:

|ψ〉 =
∑
m∈Z3

M∑
j=1

cj,m|ϕj,m〉.

|ψ〉 can be substituted into the Schrödinger equation to obtain:

∑
m∈Z3

M∑
j=1

(〈ϕi,n|H|ϕj,m〉︸ ︷︷ ︸
[Hnm]ij

−ε 〈ϕi,n| ϕj,m〉︸ ︷︷ ︸
[Snm]ij

)cj,m = 0,

which can be simply written in matrix form with indices n,m:

∑
m∈Z3

|dn−dm|<2R

(Hnm − εSnm)cm = 0.

where R is the radius of the largest basis function. This is an M dimensional matrix

equation with an in�nite sum. However, the summation can be reduced by the con-

dition that the basis set is localised. If the centres of the basis functions are far from

each other then the overlap and the Hamiltonian matrix elements are negligible and

we can omit them in the summation. This gives the reason for the |dn − dm| < 2R

condition. Furthermore, Hnm and Snm describe a periodic system, so the general so-

lution can be obtained by the discrete Bloch-theorem which gives the ansatz for the

solution: Furthermore this can be used with any k ∈ R3 wave vector taken from the

Brillouin zone (BZ). By substituting the ansatz into the matrix equation, one can
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obtain the k dependent equations:

 ∑
m∈Z3

|dn−dm|<2R

Hnme
ik(dm−dn)


︸ ︷︷ ︸

H(k)

cn = ε


∑
m∈Z3

|dn−dm|<2R

Snme
ik(dm−dn)


︸ ︷︷ ︸

S(k)

cn.

By translational invariance these equations are the same for every n and therefore we

can set n to zero and neglect it in the notation. The solutions also depend on the k

vector, therefore the matrix equation is generally written as:

H(k)C(k) = S(k)C(k)ε(k)

where

H
(k)
ij =

∑
m∈Z3

|dm|<2R

eikdm

ˆ
ϕ∗i (r)Hϕj(r− dm)dr (2.25)

and

S
(k)
ij =

∑
m∈Z3

|dm|<2R

eikdm

ˆ
ϕ∗i (r)ϕj(r− dm)dr.

Since the k vector is a continuous parameter the number of the equations is still

in�nite.

To complete a DFT calculation we need to calculate the charge density for which

we need to know all the �lled states of the system. Once the k-dependent ψ(k)
i (r)

wave function is determined from

ψ
(k)
i (r) =

∑
m∈Z3

|dm|<2R

M∑
j=1

C
(k)
ji ϕj(r− dm)
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the charge density can be calculated by the following integral:

n(r) =
V

(2π)3

ˆ
BZ

dk
∞∑
i=1

f
(k)
i |ψ

(k)
i (r)|2,

where f (k)
i is the occupancy number for k, which equals to the Fermi distribution

function with energy ε(k)
i , V is the volume of the unit cell and the domain of integration

is the Brillouin zone (BZ). Practically, this integral is approximated by a summation

over a set of k-points and weights taken from the so called irreducible BZ (IBZ) which

can represent the full BZ by exploiting the symmetry of the lattice structure.

2.7 SIESTA basis set

The previous section showed why it is technically important that the basis function

is limited to a �nite domain. The equation (2.25) also indicated that the shorter

the R the faster it is to calculate the Hamiltonian and the overlap matrix elements,

resulting in matrices that will be sparser, which accelerates the solution of the general

eigenvalue problem. The computational time to solve the general eigenvalue problem

scales with the cube of the number of the basis functions, therefore we want to use

as few basis functions as possible but also maintain the highest accuracy. Due to

the fact that one of the most resource-expensive parts of the calculations is to obtain

the matrix elements by performing the 3D integrals in (2.25), the so called Gaussian

based localised orbitals are very popular, because their integrals can be calculated

analytically. However, the Gaussian functions are usually di�erent from the atomic

orbitals, therefore one has to either use a lot of Gaussian basis functions, or contract a

small number of them to approximate the usual shape of the atomic orbitals, and use

that as a basis function. In this way one can keep the number of the basis functions

small and still keep the integrals analytical.

The approach in SIESTA is di�erent [21]; it treats the basis functions completely
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numerically, therefore the integrals are also calculated numerically on a grid. One of

the advantages of this approach is that the basis function can have any shape that

suits the problem. Additionally, since every function is represented on a grid, the

evaluation of the Hartree and the exchange-correlation potential is straightforward.

The most naturally expected basis functions are the single atomic orbitals themselves,

because no less number of basis functions can be used, and they are exact at least

for an isolated atom. A basis set that uses single atomic orbitals as basis functions is

called a single-ς (SZ) basis set. Since the radial component of the real orbitals has an

in�nitely long tail, it is not convenient to use localised basis function, so usually the

radial parts of the basis functions are obtained by solving a modi�ed version of the

Schrödinger equation:

−1

2

d2

dr2
ϕnl(r) +

[
l(l + 1)

2r2
+ V ion

nl (r)

]
ϕnl(r) = (εnl + δε)ϕnl(r)

where V ion
nl (r) is the corresponding pseudopotential and δε is the con�nement energy

shift that ensures that at some radius r = Rnl
c , ϕ(Rnl

c ) = 0 where Rnl
c is then called

the radius of the basis function. The choice of a proper δε is a compromise: if it

is very small then Rnl
c is very large, therefore the basis function takes into account

e�ects from a large volume, but it is likely that the matrices will be less sparse and

the computation will take longer. On the other hand, if δε is large then the radius is

small; therefore the basis function may not cover places where there is a considerable

amount of charge density. For example, δε limits the chemical bond distance that can

be calculated with the basis set. The single-ς basis set is the simplest one. Bene�cially,

it is fast and able to provide qualitatively acceptable results, however for quantitative

analysis it is not recommended.

There are multiple-ς basis sets that associate more than one basis functions to

a single orbital. Since they contain more basis functions they are generally more

accurate. For example, if there are two basis functions per orbital then it is called
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a double-ς basis set. The two functions are generated by the split valence scheme,

which gives some freedom for the core part which is determined by a cut-o� radius

rs. The �rst function is simply the single-ς function ϕSZnl (r) = ϕnl(r) and the second

function is

ϕDZnl (r) =


rl(anl + bnlr

2) r < rs

ϕSZnl (r) r > rs

,

where the anl and bnl are determined by the continuity and derivative continuity

conditions at rs.

It is reasonable to assume that due to the surrounding external electric �eld, for

example caused by the neighbouring atoms, the real orbitals will be polarised. This

polarisation can be covered by including the isolated atomic orbitals from the next

empty subshell into the basis set. Extending the double-ς basis set with polarisation,

yields the so called double-ς polarised (DZP) basis set. In this thesis the DZ and DZP

basis set will be used as standard and δε = 0.02 Ry.

2.8 Hellmann�Feynman theorem

One very useful application of DFT is to calculate the ground state energy of di�erent

atomic con�gurations, i.e. potentially DFT can give us the energy as a function of

atomic coordinates. This is very useful, for example in molecular structure optimisa-

tions or binding energy calculations.

In structural optimisation the key quantity is the force. The force could be calcu-

lated numerically by taking the approximate numerical derivatives of the total energy

with respect to the positions. However, the derivatives of the total energy can be

obtained by calculating the expectation value of the derivatives of the Hamiltonian

which is the applied method in SIESTA. This is based on the Hellmann�Feyman
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theorem [57], which formally, for a force acting on an atom takes the form:

F = −∂E
∂R

= − ∂

∂R
〈Ψ0|H|Ψ0〉 = −〈Ψ0|

∂H

∂R
|Ψ0〉, (2.26)

where Ψ0 represents the ground state wave function for the current atomic con�g-

uration, and R denotes the position of the atom the force is acting on. Although,

the wave function does depend on the atomic coordinates, due to normalisation, the

terms containing the wave function derivatives with respect to R vanish, yielding the

Hellmann�Feynman theorem.

The use of a local (con�guration dependent) basis set gives rise to an additional

term due to the derivative of the basis set with respect to the atomic positions, the

so called Pulay forces [58].

2.9 Calculation in practice

Now we have got everything to begin the calculation. Once we constructed the atomic

con�guration of the system, we need the appropriate pseudopotentials for each ele-

ment, which can be di�erent for every exchange-correlational functional. Also a suit-

able choice of the basis set has to be made for each element present in the calculation.

The larger the basis set is, the more accurate our calculation is, but also the longer

it takes to calculate. With a couple of test calculations we can optimize the accuracy

and computational cost.

There are other input parameters, that set the accuracy of the calculation, such as

the �neness and density of the grid points, on which the wavefunctions are evaluated

or energy convergence tolerances, and for periodic systems the Brillouin zone sampling

for the k-space integral. Another type of computational parameters are the conver-

gence controlling parameters, such as the Pulay parameters, which are responsible for

accelerating or maintaining the stability of the convergence of the charge density. The
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Initial guess

n(r)

Calculate E�ective Potential
V (r) = Vext(r) + VHartree[ρ] + Vxc[ρ]

Solve KS Equations(
−1

2
∇2 + V (r)

)
ψi(r) = εiψi(r)

Calculate Electron Density

n(r) =
∑

i fi|ψi(r)|2

Self-consistent?

Compute Energy, Forces, Stresses

no

yes

Figure 2.1: A typical �ow of a DFT self-consistent calculation.

next step is to generate the initial charge density assuming no interaction between

atoms. Since the pseudopotentials are known this step is simple and the total charge

density will be the sum of the atomic densities.

The self-consistent calculation (Fig. 2.1) starts by calculating the Hartree potential

and the exchange correlation potential. Since the density is represented in real space,

the Hartree potential is obtained by solving the Poisson equation with the multi-

grid [59, 60] or fast Fourier-transform [59, 61] method, and the exchange-correlation

potential is obtained by performing the integrals given in Sec. 2.4. After we solved the

Kohn-Sham equations and obtained a new density n(r) we start the next iteration.

The iteration ends when the necessary convergence criteria are reached. As a result we
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obtain the ground state Kohn�Sham orbitals and the ground state energy for a given

atomic con�guration. For structural optimisation the procedure described above is in

another loop, which is controlled by the conjugate gradient [62, 59] method for �nding

the minimal ground state energy and the corresponding atomic con�guration.

Comparing the energy of two di�erent atomic con�guration

Intuitively when calculating the binding energy we take a con�guration, where the

objects are bound and compare its total energy to a con�guration's total energy

where the objects are separated and there is no overlap between the orbitals. If the

underlying basis set is the same, as in a plane wave code, then our comparison has

a meaning. In the case of localized basis sets, as it is in SIESTA, there is basis set

superposition error (BSSE) present and we have to correct for di�erent basis sets of

the two con�gurations'.

In quantum chemistry, calculations using �nite basis sets are susceptible to BSSE.

As the atoms of interacting molecules (or of di�erent parts of the same molecule)

approach one another, their basis functions overlap. Each monomer "borrows" func-

tions from other nearby components, e�ectively increasing its basis set and improving

the calculation of derived properties such as energy. If the total energy is minimized

as a function of the system geometry, the short-range energies from the mixed basis

sets must be compared with the long-range energies from the unmixed sets, and this

mismatch introduces an error. Other than using in�nite basis sets, two methods exist

to eliminate the BSSE. In the chemical Hamiltonian approach (CHA) [63], basis set

mixing is prevented a priori, by replacing the conventional Hamiltonian with one in

which all the projector-containing terms that would allow mixing have been removed.

In the counterpoise method [64] (CP), the BSSE is calculated by re-performing all

the calculations using the mixed basis sets, and the error is then subtracted a poste-

riori from the uncorrected energy. (The mixed basis sets are realized by introducing
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Figure 2.2: Calculating the binding energy with the Counterpoise method. The empty
shapes are basis sets with atoms present and the �lled grey shapes are without atoms,
they are ghost states. The binding energy of the two molecules correctly is Ebinding =
Ee − (Ea + Eb).

"ghost orbitals", basis set functions which have no electrons or protons.) Though

conceptually very di�erent, the two methods tend to give similar results [65].

2.10 Alternatives to DFT

2.10.1 Post Hartree-Fock methods

Con�gurational Interaction

Con�guration interaction (CI) is a post-Hartree�Fock linear variational method for

solving the nonrelativistic Schrödinger equation within the Born�Oppenheimer ap-

proximation for a quantum chemical multi-electron system. HF provides optimal

molecular orbitals (at least with a large basis), but in CI the con�gurations built

from the molecular orbitals are themselves coupled due to instantaneous electron cor-

relation.

Due to the long CPU time and immense hardware required for CI calculations,

the method is limited to relatively small systems. The scaling of CI with the number

N of orbitals goes as CI ∼ N7, which is much worse than DFT.
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Coupled Cluster

Coupled cluster (CC) is a numerical technique used for describing many-body systems.

It essentially takes the basic Hartree�Fock method and constructs multi-electron wave-

functions using the exponential cluster operator to account for electron correlation.

Some of the most accurate calculations for small to medium sized molecules use this

method [66].

The method was initially developed by Fritz Coester and Hermann Kümmel [67]

in the 1950s for studying nuclear physics phenomena, but became more frequently

used when in 1966 Ji°i �íºek (and later together with Josef Paldus) [68] reformulated

the method for electron correlation in atoms and molecules. Scaling of CC is ∼ N6.

2.10.2 Møller-Plesset perturbation theory

While the con�guration interaction method is clearly a rigorous way to add correlation

to the HF results, the method is computationally very demanding because of the

large number of excited Slater determinants that need - at least in principle - to be

included. Another commonly used estimate of the correlation energy is based on

perturbation theory rather than variational calculations and is usually referred to

as Møller-Plesset perturbation theory [69], MPN, where N stands for the order of

the perturbation included in the calculations. It is not clear how to reach the exact

result with this approach. In fact, the perturbation expansion has been shown not to

converge as N becomes larger in some cases. Still, MP2 and MP4 are commonly used

approximations.

Again the scaling of MPN is worse than DFT, but better than or same as CI

or CC MP2 ∼ N5 recovers 80-90% of correlation, MP4 ∼ N6 recovers 95-98% of

correlation.
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2.10.3 QMC

Quantum Monte Carlo (QMC) [70, 71] is essentialy an accurate calculation of the

properties of assemblies of interacting quantum particles using random sampling of the

full many-body Schrödinger wave function. In one way or another, the Monte Carlo

method handles the many-dimensional integrals that arise. QMC allows a direct

representation of many-body e�ects in the wave function, at the cost of statistical

uncertainty that can be reduced with more simulation time. For bosons, there exist

numerically-exact and polynomial-scaling algorithms. For fermions, there exist very

good approximations and numerically exact exponentially scaling quantum Monte

Carlo algorithms, but none that are both.

Its accuracy is around 0.04 eV (1 kcal/mol ). It has a high prefactor but other-

wise scales somewhere between N2 and N3. Furthermore the algorithms used in the

calculations are massively parallel.

2.10.4 GW approximation

The GWA [72] may be thought of as a generalization of the Hartree-Fock approxima-

tion (HFA) but with a dynamically screeneed interaction. The GW self-energy has

the same form as the exchange operator in the HFA with the bare Coulomb poten-

tial substituted by a screened Coulomb interaction. It is more physical and useful

to regard the GWA as a Hartree-Fock approximation with a frequency-dependent

screening which cures the most serious de�ciency of the HFA. The GWA has been

applied with success to many systems ranging from alkali metals [73], semiconductors

[74], transition metals [75], metal surfaces to clusters [76].



Chapter 3

Polycyclic Aromatics Adsorbed onto

Graphene

In the previous chapter I have explained the theoretical foundations of DFT. In this

one we will see how these can help us to understand the binding energies of pyrene

and anthracene derivatives to a graphene surface. The results were calculated with

the recent vdW-DF and to illustrate the contributions from van der Waals forces, I

will also present cacluations obtained with the LDA, for which such terms are missing.

In the �eld of molecular-scale electronics the functionalization of graphene and

carbon nanotubes (CNTs) o�ers a potential route towards assembling electric cir-

cuits [4, 77] and by increasing their solubility in water or organic solvents it has

potential applications in biochemistry and materials science [78]. For solubilization

covalent bonding of substituents to graphene or CNTs is an approach that has been

widely exploited. However, this can have the undesirable e�ect of altering the in-

trinsic electronic properties of the graphene or CNT by breaking their extended con-

jugation. Alternatively, supra-molecular (non-covalent) functionalization via π − π

stacking has only a minimal e�ect on the electronic properties of graphene or CNTs

[79, 80, 81, 82]. In this context, a range of polycyclic aromatics have been studied

47
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experimentally, including anthracene [83, 84, 85, 86], phenanthrene [87, 88], pyrene

[79, 80, 89, 90, 91, 92, 93, 94], tetracene [88], pentacene [94], and diazapentacene

[95]. Pyrene and functionalized pyrenes have been of particular interest, due to their

appealing photoactive properties. Recent ab initio calculations [96, 97] have focused

on the adsorption of planar unsaturated aromatic molecules onto a range of small-

diameter CNTs. The results are sensitive to the chirality of the CNTs and to the

orientation of the adsorbed molecule. In the following I will show our study of the op-

posite limit, when planar molecules are adsorbed onto graphene, which can be viewed

as a large-diameter CNT, whose curvature is su�ciently large to allow its surface to

be regarded as almost planar, at least on the length-scale of the adsorbed molecule.

From both theoretical and practical viewpoints, the understanding of the parame-

ters (e.g. the number of rings, type and number of functionalising groups) that govern

the stacking of anthracenes to graphene is central for applications of graphene in de-

vices and as a functional material. Results are presented for the binding energetics

of anthracene and pyrene based families of molecules, which suggest that the high,

non-covalent binding energy makes these candidates ideal for anchoring functional

molecules to graphene and CNT surfaces.

In the case of these molecules both π− π stacking and van der Waals interactions

make major contributions to the binding energies. Note that the nature of the two

interactions is completely di�erent: π − π interaction comes from the overlap of the

π orbitals and van der Waals interactions from quantum-�uctuations of the electrons

around the atoms (see Appendix 9.2). Therefore to highlight their distinct contri-

butions, we have performed two sets of calculations: �rst using vdW-DF, which is a

universal non-local density functional applicable to arbitrary geometries and secondly

using the LDA. Since the former contains both vdW and π − π interactions, whereas

the latter includes only π − π interactions, the di�erences in their predicted binding

energies is a measure of the vdW contribution.
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Figure 3.1: Anthracene derivatives with their names in the same order as they appear
in Table 3.2.

In the following I will present calculations for anthracene and pyrene and their

derivatives. In Fig. 3.1 and 3.2 one can see the exact molecule conformation, which

were used in the calculations. This work has been done in collaboration with Dr.

Steven W. D. Bailey.

3.1 Calculation method

In the calculations to ensure an accurate comparison between the LDA and vdW-

DF methods we used extended double zeta polarized basis sets of pseudo atomic

orbitals and the atomic forces were relaxed to less than 20meV/Å to describe the π−π

interactions in both methods. Basis set superposition errors (BSSE, see Sec. 2.9) are

avoided by retaining 'ghost states' at the positions of atoms which are adsorbed or

desorbed as prescribed in the counterpoise method [98, 99]. For example, to compute

the binding energy of pyrene to graphene the distance d between the graphene plane
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Figure 3.2: Pyrene derivatives with their names in the same order as they appear in
Table 3.3.

and the pyrene atom at x = y = 0 is incrementally decreased from a separation of

3.4Å in the case of LDA and of 3.6Å in the case of the vdW-DF and at each increment

the atomic coordinates are relaxed to a force tolerance of 20 meV/Å to accurately locate

the total energy minimum by detecting and eliminating any local energy minima. For

a system constructed from pyrene (P) and graphene (G) the total energy ET
PG({r})

and the values of the relaxed atomic coordinates r at each increment are stored. The

coordinates corresponding to the lowest total energy are then used to calculate the

total energy ET
Pg({r}) of pyrene in the presence of the graphene ghost states (g) and

then the total energy ET
pG({r}) of the graphene, in the presence of the pyrene ghost

states ( p ). The binding energy EB
PG({r}) is then given by

EB
PG({r}) = ET

PG({r})− ET
Pg({r})− ET

pG({r}).
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In Sec. 3.2.2 I'll explain how the optimal lateral position was found.

3.2 Results and discussions

In what follows, results obtained using vdW-DF are shown in bold font and results

obtained using LDA are shown in normal font and bracketed.

3.2.1 Benchmark with mono-, bi- and trilayer graphene

To benchmark our calculations of binding energies of functionalized anthracene and

pyrene units on a graphene monolayer, we �rst computed the average binding energy

per carbon atom EB
G [{r}] of an A-B stacked graphene bilayer. We obtained a binding

energy per carbon atom of EB
G ({r}) = 48 (31) meV/C, both of which compare well

with experimental results [100, 101], which range from 30 to 50 meV/C. The average

separation of the sheets was found to be 3.45 (3.20)Å. These results illustrate that

the longer-ranged vdW interactions increase the binding energy and simultaneously

increase the bilayer spacing. For the case of a graphene trilayer, with ABA stacking

we �nd EB
G ({r}) = 51 (31) meV/C. In the presence of the long-range vdW interactions,

this represents a 6% increase whereas the LDA result is almost unchanged. The

addition of further layers does not change EB
G ({r}) signi�cantly.

3.2.2 Binding energy changes for in-plane rotation and shift

Calculations to establish the position and orientation of the two families of adsorbed

anthracene and pyrene derivatives on a graphene sheet also reveal that A-B stacking

of the carbon atoms (see Figure 3.3) is usually the most favorable con�guration. This

is illustrated in Table 3.1, which shows changes in the total energy of pyrene, 1-

methylpyrene and 10-anthracenemethanol when rotated or displaced relative to the

A-B-stacked con�guration. To calculate the energy barriers to rotation in the xy
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Figure 3.3: Pyrene is A-B stacked at an average distance d = 3.44 (3.10)Å from the
graphene sheet. The bond between two carbon atoms abond ∼ 1.45 (1.44)Å.

Rotated derivatives EB
DIFF ({r}) in eV

at 10o rotation at 20o rotation
pyrene +0.01, (+0.04) +0.02, (+0.05)

1-pyrenecarboxaldehyde +0.02, (+0.04) +0.02, (+0.05)
10-anthracenemethanol +0.02, (+0.04) +0.02, (+0.04)

Shifted derivatives EB
DIFF ({r}) in eV

shift in x shift in y
pyrene +0.01,(+0.02) +0.01, (+0.03)

1-pyrenecarboxaldehyde +0.02,(+0.03) +0.02, (+0.04)
10-anthracenemethanol +0.02,(+0.02) +0.02, (+0.04)

Table 3.1: This table shows EB
DIFF ({r}) for the three molecules due to rotations of

10o and 20o or displacements parallel to the graphene surface of
√

3
4

abond along the x
axis and of 1

2
abond along the y axis. The vdW-DF results are in bold font and the

LDA results in bracketed normal font.

plane about the atom at x = y = 0 and to displacements of
√

3
4

abond in the x and

of 1
2
abond in the y directions as shown in Figure 3.3, we computed the total energy

of the system at each new position. Table 3.1 shows the results for the total energy

di�erences EB
DIFF ({r}) due to these deviations from the A-B stacked con�guration

and demonstrates that A-B stacking is the most energetically favorable geometry.

The decrease in binding energy due to a displacement from A-B stacking is typically

smaller for the vdW-DF than for LDA and since these energies are comparable with

room temperature (0.025 eV) the molecules will be mobile over the graphene surface.
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anthrarobin 1-pyrenecarboxaldehyde

Figure 3.4: The left image shows the position of the functional group on anthrarobin
(or 1,2,10-anthracene) index (n) and the right image is for 1-pyrenecarboxaldehyde.

3.2.3 Binding energies of anthracene and pyrene derivatives

The main results of our calculations of binding energies for anthracene and pyrene

derivatives on a graphene sheet are presented in Tables 3.2, 3.3 and 3.4. To clarify

the position of functional groups of the anthracene and pyrene derivatives relative to

the graphene sheet, we have assigned an index (n) to each peripheral carbon atom,

as shown in Figure 3.4 for anthrarobin and for 1-pyrenecarboxaldehyde.

Tables 3.2 and 3.3 show the binding energies EB and the average separation

< d > [Å] of the molecular and graphene planes for each molecule. In Table 3.2

the �rst �ve anthracene derivatives are those which were studied experimentally by

Ref. [83], where the maximum coverage of each molecule on single-walled carbon

nanotubes (SWNTs) was measured. The results of these measurements are shown

in the right-most column. If for the moment we ignore the experimental coverage

for anthrarobin, then both LDA and vdW-DF predict that the two highest measured

coverages [83] (9,10-anthracenedicarbonitrile and 10-anthracenemethanol) correspond

to the two highest binding energies, predicted in the present work; the lowest coverage

(anthracene) corresponds to the lowest predicted binding energy and the intermediate

coverage (9,10-dibromoanthracene) corresponds to the intermediate binding energy.

Interestingly, this ordering does not follow the order of the electron a�nities (Ta-
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Molecule on a graphene sheet EB
AG [eV ] < d > Å Coveragea

anthracene -1.03, (-0.56) 3.45, (3.12) 2%
anthracene on bi-layer graphene -1.06, (-0.56) 3.45, (3.12) 2%

anthrarobin -1.21, (-0.70) 3.44, (3.13) 0.03%
9,10-dibromoanthracene -1.12, (-0.59) 3.50, (3.20) 5%

9,10-anthracenedicarbonitrile -1.23, (-0.65) 3.44, (3.16) 6%
10b-anthracenemethanol -1.20, (-0.67) 3.44, (3.18) 6%
9,10-di�uoroanthracene -1.15, (-0.62) 3.44, (3.19)
9,10-dichloroanthracene -1.14, (-0.61) 3.45, (3.19)
9,10-diiodoanthracene -1.07, (-0.58) 3.55, (3.20)
deca�uoroanthracene -1.35, (-0.67) 3.44, (3.12)

1,2-dihydroxyanthracene -1.16, (-0.72) 3.44, (3.20)
decahydroxyanthracene -1.61, (-1.30) 3.44, (3.12)

aData for coverage on the sidewalls of SWNTs reported in reference [83]. The con-
centration was estimated from the relative absorbance of the vibronic bands of free
anthracene in a standard solution and in a solution of the SWNT adsorption adduct.
bRefers to the numbering system relative to the graphene sheet.

Table 3.2: This table shows the binding energies (EB
AG [eV]) to graphene of anthracene

derivatives and their average distances < d > Å from the graphene sheet. The
coverage results are found in reference [83]. The vdW-DF results are in bold font and
the LDA results in bracketed normal font. Some molecules are shown in Figure 3.4.

Molecule on a graphene sheet EB
PG [eV ] < d > Å

pyrene −1.09, (-0.61) 3.45, (3.18)
pyrene on a graphene bi-layer −1.12, (-0.61) 3.45, (3.20)

1-pyrenecarboxaldehyde −1.22, (-0.66) 3.44, (3.12)
2-pyrenecarboxaldehyde −1.23, (-0.65) 3.44, (3.17)

1-chloropyrene −1.15, (-0.69) 3.45, (3.24)
1-aminopyrene −1.19, (-0.69) 3.44, (3.20)
1,6-dithiapyrene −1.14, (-0.72) 3.55, (3.17)

1-pyrenebutyric acid −1.54, (-0.93) 3.48, (3.20)
1-pyrenebutyric acid conformer −1.30, (-0.73) 3.49, (3.12)

1-methylpyrene −1.20, (-0.69) 3.44, (3.22)
2-pyreneacetaldehyde −1.23, (-0.70) 3.50, (3.21)
1-pyrenemethanol −1.25, (-0.72) 3.45, (3.23)

1-pyrenecarboxylic acid −1.35, (-0.78) 3.50, (3.23)
1-pyrenebutanol −1.24, (-0.72) 3.44, (3.20)

Table 3.3: This table shows the binding energies of pyrene derivatives attached to
graphene and their average distances from the graphene sheet. The vdW-DF results
are in bold font and the LDA results in bracketed normal font.
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ble 3.6) for these molecules, since the electron a�nity of 9,10-dibromoanthracene is

higher than that of 9-anthracenemethanol, due to the presence of the electron with-

drawing bromine substituents. In contrast, the binding energies calculated for the

9,10-dihalo-anthracene derivatives shown in Table 3.2 increase with the order of the

predicted electronegativity for each halogen, because of the associated decrease in the

vdW radii (see Table 3.5). The latter leads to a decrease in the distance < d > from

the graphene surface and an associated increase in the binding energy.

3.2.4 Dependence on the functional group's position and elec-

trona�nity

To understand the high binding energy of anthrarobin we refer to Table 3.4, which

shows the changes to the binding energy when a single �OH group is attached to

di�erent carbons of the anthracene molecule. As shown in Figure 3.4, anthracene

possesses 10 possible attachment sites. For n =2, 4, 5, 7 and 10, the hydrogen in

the �OH sits above the centre of a hexagon of the graphene sheet and so does the

carbon atom to which it is attached to. Therefore we refer to this attachment sites as

Cover hex. For n =1, 3, 6, 8 and 9, the hydrogen in the �OH group sits over a carbon

atom of the graphene and so does the carbon atom, therefore we refer to this set of

attachment sites as Cover carbon. So if the carbon atom on the anthracene molecule

sits above one of the graphene's carbon atom then the hydrogen in the attached -OH

group does as well and if the carbon is in the center of a hexagon then the hydrogen

is too.

Table 3.4 shows that the position of the �OH hydrogen and its separation, dz[Å]

from the nearest carbon in the case of Cover carbon attachment and from the hexagon

plane in the case of Cover hex attachment, strongly in�uences the binding energy of the

n-hydroxyanthracene derivatives shown in the results. For the set of Cover carbon, the

distances dz between each H atom and their nearest graphene carbon atom are smaller
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Index(n) 4En
B eV -OH orientation dzÅ

1 −0.06, (-0.11) Cover carbon 3.30, (2.90)
2 −0.04, (-0.06) Cover hex 3.31, (3.08)
3 −0.06, (-0.09) Cover carbon 3.30, (2.94)
4 −0.05, (-0.05) Cover hex 3.31, (3.18)
5 −0.04, (-0.05) Cover hex 3.32, (3.09)
6 −0.06, (-0.10) Cover carbon 3.30, (2.90)
7 −0.05, (-0.05) Cover hex 3.31, (3.10)
8 −0.06, (-0.10) Cover carbon 3.30, (2.90)
9 −0.06, (-0.08) Cover carbon 3.30, (2.98)
10 −0.05, (-0.05) Cover hex 3.31, (3.09)

Table 3.4: This table shows data for n-hydroxyanthracene adsorbed on a graphene
sheet. The change in binding energy 4En

B due to the �OH group substitution of a
hydrogen on the anthracene skeleton is de�ned by 4En

B = En
B −E0

B, where E
0
B is the

binding energy of anthracene −1.03, (-0.56) eV . The index n denotes the positions
of peripheral carbon atoms as shown on the left picture of Figure 3.4. The vdW-DF
results are in bold font with the LDA results in bracketed normal font.

Element H F O N C Cl S Br I
RvdW [Å] 1.09 1.47 1.52 1.55 1.70 1.75 1.80 1.85 1.98

Table 3.5: The van der Waals radii (RvdW [Å]) of the elements used in this study.

than those of the Cover hex set and their binding energies are greater. More precisely,

the values of dz are 3.31−3.32Å for Cover hex and 3.30 Å for Cover carbon . Furthermore

the average contribution to the binding energy for Cover hex is 0.04 − 0.05 eV and for

Cover carbon is 0.06 eV. Since anthrarobin possesses two Cover hex hydrogens and one

Hover carbon , it's binding energy should be 0.06 + 0.04 + 0.05 = 0.16 eV greater than

that of anthracene, which yields a predicted binding energy of −1.19 eV, which is

close to the computed value of −1.21 eV.

Applying the above argument to 1,2-dihydroxyanthracene yields a binding energy

of −1.13 eV compared to a calculated value of −1.16 eV, and for the theoretical

example of decahydroxyanthracene gives a predicted value of −1.56 eV compared to

Element H N O C S I Br F Cl
Electron a�nity [eV] 0 0.73 1.47 1.59 2.08 3.07 3.38 3.42 3.64

Table 3.6: The electron a�nity of the elements used in this study.
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−1.61 eV. Clearly as more �OH groups are added, the binding energy increases in a

predictable fashion.

Table 3.2 also shows that compared with the non-functionalized host (hydrogen

terminated), the binding energy is always increased by the presence of either electron-

donating or electron-accepting substituents. To understand this behavior, we �rst

compare the two extremes of anthracene (donor) and deca�uoroanthracene (acceptor).

In anthracene, the hydrogen atoms all donate fractions of an electron directly onto

the ten outer carbon atoms, which in the nomenclature of Hunter and Sanders [102]

are therefore, π rich (i.e. negatively charged). Five of these ten atoms (indexed

1, 3, 6, 8, 9 in Table 3.2) are π − π stacked directly above carbon atoms of the

graphene substrate. Therefore, these atoms contribute to inter-layer repulsion. In the

case of deca�uoroanthracene, the polarity of these sites is reversed, resulting in these

sites contributing to inter-layer attraction. We �nd that (compared to the hydrogen

terminated anthracene) all the substituents (whether electron donating or accepting)

reduce the net negative charge or even reverse the sign of the net charge transferred

onto the anthracene host at the points of attachment, which is consistent with the

values for electron a�nity in Table 3.6. Therefore, all the substituents in Tables 3.2

and 3.4 decrease the π− π repulsion at these sites. Consequently, the overall result is

always an increase in the binding energy.

The Cover carbon carbons possess an opposite sign to these hydrogen atoms and

consequently, in addition to a reduction in π − π repulsion, there is an additional

attraction, which is highly dependent upon the separation dz. This additional attrac-

tion is also present in the Cover hex con�gurations and is also seen to depend upon

the separation dz. As in the above result for a graphene tri-layer the use of the

vdW-DF shows an increase in the binding energy from −1.03 eV when anthracene is

adsorbed onto a graphene mono-layer to −1.06 eV on a graphene bi-layer, which is a

3.2% increase. The e�ect of adsorption onto a graphene bi-layer with LDA, even with
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extended basis sets, is negligible.

In Figure 3.4 the possible anchor sites on the pyrene skeleton are de�ned by a

position index (n) in the schematic of 1-pyrenecarboxaldehyde. The above explana-

tion of the �OH group interaction can also be applied to 1-pyrenecarboxaldehyde.

This has a Cover carbon con�guration and therefore a stronger binding energy than 2-

pyrenecarboxaldehyde with a Cover hex con�guration. The result for 1-pyrenecarboxylic

acid also demonstrates the e�ect of the �OH group.

The results show that out of the molecules, which were used in Zhang et al. study

[83] 9,10-anthracenedicarbonitrile has the highest binding energy, EB
AG = −1.23 eV

when using the vdW-DF but is placed lower than either anthrarobin or 10-anthracene-

methanol for the LDA results. This illustrates the importance of the detailed atomic

alignment of the substituent over the graphene sheet (see the images in Figures 3.5

and 3.6). The nitrogen in the �CN group lies over a carbon atom at a separation

of 3.37Å (compared to 3.50Å for one of the central anthracene carbons). This at-

traction towards the surface is not seen in the case of the LDA calculation for 9,10-

anthracenedicarbonitrile and there is therefore less attraction due to the increased

separation. This situation is reversed in the case of anthrarobin where for LDA cal-

culations the hydrogen atoms in the �OH groups are strongly directed towards the

surface carbon atoms and are farther from the surface in the vdW-DF calculations as

seen in Table 3.4.

In reference [83], Zhang et al. calculated an anomalously low coverage (0.03%) for

anthrarobin on SWNTs based on the experimentally-measured �uorescence intensity

of the adsorptive adduct relative to free anthrarobin. The coverage of other derivatives

in that study was estimated based on UV-vis absorption spectra; no bands in the

absorption spectra could be detected for the adsorption of anthrarobin. However,

the authors do not discuss the possibility that if anthrarobin is strongly bound to

the SWNTs (as may be the case based on our calculations on graphene in Table 3.2)
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quenching of the �uorescence would be expected due to an electronic interaction in the

excited state, which would give an apparent low coverage on the SWNTs. Fluorescence

quenching studies of SWNT-anthracene adducts have been reported before in [84, 85,

86] .

In Table 3.3 the binding energies of a number of pyrene derivatives are presented.

As expected, due to the larger footprint of pyrene the binding energy EB is higher

than for that of anthracene. Nevertheless it is interesting to note that some anthracene

derivatives have higher binding energy than pyrene and should therefore displace it

from a graphene surface.

Long side groups

In addition to �OH groups, longer-chain substituents can also lead to high binding

energies. This e�ect is even more apparent using the vdW-DF and is illustrated as

follows. The high binding energy of 1.54, (−0.93) eV obtained for 1-pyrenebutyric

acid can be understood by calculating the binding energy of an alternative conformer

in which the C3H6COOH chain is directed away from the graphene surface which

reduces the binding energy to −1.30, (−0.73) eV. This e�ect is also observed for 1-

pyrenebutanol, where the side chain is again directed away from the graphene surface.

These examples demonstrate that the interaction of side chains with the surface can

signi�cantly increase the binding energy.

Exclusion, breaking the π cloud

Finally, note that the high binding energy of 1,6-dithiapyrene is a special case. In

this strong electron donor [103] two CH units in the pyrene ring are substituted by

sulphur atoms, as shown in Table 3.3. The A-B geometry is replaced by an o�-set

arrangement, which favors a π − σ attractive interaction [102].

Following the previous argument this should produce a large binding energy but
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the larger vdW radius of the sulphur atoms interacts strongly with the graphene sheet

which causes the sheet to warp and the sulphur atoms to be de�ected away from the

surface twisting the pyrene skeleton and pushing the derivative away from the surface.

This has the e�ect of reducing the binding energy to a relatively low value of −1.14 eV

as the average distance from the graphene plane increases to 3.55Å (see Table 3.3).

3.3 Summary and conclusions

We conducted a systematic analysis of the binding energetics of anthracene- and

pyrene-based families of molecules adsorbed onto graphene. DFT calculations show

that for all derivatives studied, the binding energy is increased by the presence of

either electron donating or electron accepting substituents. In most cases the func-

tionalization of anthracene increases the binding energy of the derivative to a value

greater than that of unsubstituted pyrene. There is, therefore, the prospect that

anthracene derivatives could displace pyrene on a graphene surface. This has implica-

tions for the choice of anchor groups for functional molecules on graphene and CNT

surfaces.

The binding energy is sensitive to the conformation of longer side groups relative

to the graphene surface and can be signi�cantly enhanced when such groups lie par-

allel to the surface. The �CN and �OH groups are the most e�ective substituents

for enhancing binding to graphene, due to secondary attractive interactions with the

graphene. Having identi�ed the �OH group as a special case, note that if the results in

reference [83] for the derivatives with �OH groups are ignored, then the experimental

adsorption coverages follow the same order as both the electron a�nities and our com-

puted binding energies (i.e. 9,10-anthracenedicarbonitrile > 9,10-dibromoanthracene

> anthracene).

I showed a comparison between the less accurate LDA and found that the inclusion
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of vdW interactions signi�cantly increase both the binding energy and inter-layer

separation compared with bare LDA. Consequently the π − π electronic coupling

between planar aromatics and graphene is weaker than that predicted by LDA. This

means that the latter will tipically overestimate the elctrical conductance of single

molecules bound to CNT or graphene electrodes by planar aromatic anchors [104,

105]. vdW interactions also have a signi�cant e�ect on the geometry of the system,

because the interaction between the graphene and atoms with larger vdW radius

(see Table 3.5) causes the sheet to warp and also de�ects the atoms away from the

surface. This breaks the π − π conjugation by distorting the anthracene or pyrene

skeleton and increases the average separation. Binding energies are also sensitive to

the conformation of longer side groups: binding enegy is higher if these groups lie

parallel to the surface. This is potentially useful for the design of single-molecule

electronic devices, where electrically inert side groups are often added to functional

backbones to increase solubility.
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1-pyrenebutyric acid 1-pyrenebutyric acid conformer

1,6-dithiapyrene 9,10-dichloroanthracene

Figure 3.5: Adsorption geometries predicted by DFT with LDA XC.

9,10-anthracenedicarbonitrile 1-aminopyrene

1-pyrenebutyric acid 1-pyrenebutyric acid conformer

9,10-di�uroanthracene 9,10-dichloroanthracene

9,10-dibromoanthracene 9,10-diiodoanthracene

Figure 3.6: Adsorption geometries predicted by DFT with vdW XC.



Chapter 4

Single particle transport

In molecular electronics one of the biggest challenges is how to connect the molecule

to metallic or any other electrodes to probe its electronic properties. The contacts

between the molecule and the electrodes are usually a signi�cant part of the molecular

system. Therefore the electronic properties are determined by not only the molecular

properties, but also the contacts themselves. The contact introduces scattering pro-

cesses from the electrode to the molecule and from the molecule to the electrode. A

system like this is not periodic, so the band structure is no longer su�cient to describe

its electronic properties. For this reason a general approach is required to understand

and calculate the scattering processes between the electrodes that are interconnected

with a molecule.

The goal of this chapter is to review the Landauer formalism in a general form. I

will begin the discussion with a short derivation of the Landauer formula. Following

a simple one dimensional example I will present a general methodology to describe

transport in mesoscopic conductors of arbitrarily complex geometry. The method

presented here assumes negligible interaction between carriers and the absence of

inelastic processes.

63
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Figure 4.1: A mesoscopic scatterer connected to contacts by ballistic leads. The
chemical potential in the contacts is µL and µR respectively. If an incident wave packet
hits the scatterer from the left than it will be transmitted with probability T = tt∗

and re�ected with probability R = rr∗. Charge conservation requires T +R = 1.

4.1 The Landauer formula

The Landauer formula [106, 107] is the standard way to describe transport phenomena

in ballistic mesoscopic systems. The applicability of the method holds for phase

coherent systems, in other words where a single wave function is su�cient to describe

the electronic �ow. The Landauer formula relates the conductance of a mesoscopic

sample to the transmission properties of electrons passing through it.

Let us start by considering a mesoscopic scatterer connected to two electron reser-

voirs or contacts by means of two ideal ballistic leads as depicted in Fig. 4.1. All

inelastic relaxation processes are limited to the reservoirs [108]. The reservoirs are

at a slightly di�erent chemical potential µL − µR = δE > 0. The slight mismatch

of chemical potentials will drive electrons from the left reservoir to the right. For

simplicity I �rst only deal with the case where in the leads only �one channel is open�

e.g. where only one electron is allowed to travel in a given direction (left or right) at

a given energy. To calculate the current in such a system we start by analyzing the
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incident electric current δI generated by the chemical potential mismatch of δE:

δI = ev
∂n

∂E
δE, (4.1)

where v is the group velocity, ∂n/∂E is the density of states in the lead in the energy

window de�ned by the chemical potentials of the contacts. In one dimension the

density of states is:
∂n

∂E
=

1

2π

∂k

∂E
=

1

vh
. (4.2)

This is quite crucial since it simpli�es (4.1) to:

δI =
e

h
δE =

e2

h
δV, (4.3)

where δV is the voltage generated by the potential mismatch. From (4.3) it is clear

that in the absence of a scattering region, the conductance of a quantum wire with

one open channel is e2/h. This is a quite remarkable number since this conductance

quantum is approximately G0 = 2e2/h ' 77.5µS or in resistance units 12.9 kΩ that

is not an extreme quantity, it appears on the circuit board of everyday electrical

appliances.

If we consider now a scattering region then the current collected in the right contact

is going to be:

δI =
e2

h
TδV, (4.4)

where T is the transmission coe�cient of the scattering region depicted in Figure 4.1.

This is the well-known Landauer formula, relating the conductance of a mesoscopic

scatterer to the transmission probability of the electrons traveling through it. It

describes the linear response conductance, hence it only holds for small bias voltages

(δV ≈ 0). For larger �nite bias one needs to revise the formulation, and to do so

would be beyond the scope of this thesis.
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The Landauer formula has been generalized for the case of more than one open

channel by Büttiker [107]. In this case the transmission coe�cient is replaced by the

sum of all the transmission probabilities describing electrons incoming from the left

contact and arriving to the right contact. The Landauer formula (4.4) for many open

channels hence becomes:

δI/δV = G =
e2

h

∑
i,j

|ti,j|2 =
e2

h
Tr(tt†), (4.5)

where tij is the transmission amplitude describing scattering from the j-th channel of

the left lead to the i-th channel of the right lead and G is the conductance.

With the de�nition of transmission amplitudes tij one can introduce similarly re-

�ection amplitudes which describe scattering processes where the particle is scattered

back to the same lead as it came from, hence rij describe the probability of a parti-

cle arriving in channel j is re�ected back to channel i of the same lead. Combining

re�ection and transmission amplitudes one can de�ne an object, called the S matrix,

which connects states coming from the left lead to those in the right lead and vice

versa:

S =

 r t′

t r′

 . (4.6)

Here r and t describe electrons coming form the left and r′ and t′ describe electrons

coming from the right. As (4.5) suggests r,t and r′,t′ are matrices for more than one

channel, and could be complex for example in the presence of a magnetic �eld. On

the other hand charge conservation demands the S matrix to be unitary SS† = I.

The S matrix is a central object of scattering theory. It is useful not just in describing

transport in the linear response regime, but also in other problems, such as to describe

adiabatic pumping [109].
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Figure 4.2: Simple tight-binding model of a one-dimensional scatterer attached to one
dimensional leads.

4.2 One dimensional scattering

Before presenting the generalized methodology, it is going to be useful to calculate

the scattering matrix of a simple system. In this section I will deal with two pieces of

one dimensional tight binding semi-in�nite leads connected by a coupling element α.

Both leads are equal with ε0 on-site potentials and −γ hopping elements between the

sites (see Figure 4.2). Let us derive the transmission and re�ection coe�cients for a

particle traveling in the left lead towards the scattering region. This seems to be a

very simple system, however, it turns out that all scattering processes can be reduced

back to this topology of one-dimensional setups.

The corresponding Hamiltonian is an in�nite matrix of the form:

H =



. . . −γ

(−γ)∗ ε0 −γ

(−γ)∗ ε0 α

α∗ ε0 −γ

(−γ)∗ ε0 −γ

(−γ)∗
. . .


=

HL Vc

V †c HR

 , (4.7)

where we introduced the Hamiltonian of the left (right) leads HL (HR) respectively

and the coupling interaction Vc.

For real γ, the dispersion relation corresponding to the leads introduced above is
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of the following form [110, 111, 108]:

E(k) = ε0 − 2γ cos k (4.8)

where we introduced the quantum number k or as commonly referred to as the

wavenumber. Di�erentiating the dispersion relation we get another useful quantity,

the group velocity:

v =
1

~
∂E

∂k
. (4.9)

In order to obtain the scattering amplitudes we need to calculate the Green's

function of the system. The Green's function for a system obeying the Schrödinger's

equation

(E −H)Ψ = 0, (4.10)

is de�ned via

(E −H)G = I. (4.11)

where I is the identity matrix.

The formal solution to (4.11) can be written as:

G = (E −H)−1. (4.12)

(4.12) is singular if the energy E is equal to an eigenvalue of the Hamiltonian H. To

get rid of this singularity one considers in practice the limit

G± = lim
η→0

(E −H ± iη)−1 (4.13)

to be the solution of (4.11). Here η is a positive number, and G+(G−) is the retarded

(advanced) Green's function, respectively. In this thesis I will only use retarded

Green's functions and hence choose the + sign.
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The retarded Green's function for an in�nite, one dimensional chain with the same

parameters as the leads de�ned above is according to Ref. [111]:

g∞jl =
eik|j−l|

i~v
(4.14)

where j, l are the labels of the sites in the chain. In order to obtain the Green's

function of a semi-in�nite lead we need to introduce the appropriate boundary con-

ditions for the Green's function (4.14). The boundary conditions of termination at a

given point i0 (i.e. a chain for which the i ≥ i0 points are absent) could be achieved

by adding a wave function to the Green's function. To get the appropriate boundary

condition thus we have to add

ψi0jl = −e
ik(j+l−2i0)

i~v
. (4.15)

The Green's function gjl = g∞jl + ψi0jl will have the following simple form at the

boundary j = l = i0 − 1:

gi0−1,i0−1 =
e−ik

γ
. (4.16)

If we consider the case of decoupled leads or α = 0, the total Green's function of

the scattering region will be simply given by:

g =

 e−ik

γ
0

0 − eik

γ

 =

gL 0

0 gR

 . (4.17)

We call this g the decoupled Green's function.

If we now switch on the interaction then in order to get the Green's function of

the coupled system G we need to make use of the Dyson's equation:

G−1 = (g−1 − V ). (4.18)
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Here the operator V describing the interaction connecting the two leads in this present

simple situation will have the form:

V =

 0 Vc

V †c 0

 =

 0 α

α∗ 0

 . (4.19)

The solution to the Dyson's equation (4.18) reads:

G =
1

α2 − γ2e−i2k

γe−ik α

α∗ γe−ik

 . (4.20)

The only remaining step is to calculate the transmission and re�ection amplitudes

from the Green's function (4.20). This is done by making use of the Fisher-Lee

relation [112, 108] which relates the scattering amplitudes of a scattering problem to

the Green's function of the problem. The Fisher-Lee relations for our case read:

r = G1,1v − 1, (4.21)

for the re�ection amplitude and

t = G12ve
ik. (4.22)

These amplitudes correspond to particles incident form the left. If one would consider

particles coming from the right then similar expressions could be recovered for the

transmission t′ and re�ection r′ amplitudes.

Since we are now in the possession of the full scattering matrix we can use the

Landauer formula (4.4) to calculate the zero bias conductance.

This concludes our simple example. Before I present a generalized method to deal

with an arbitrary scattering region and any number of one-dimensional semi-in�nite

leads, let us quickly summarize the procedure. The �rst step was to calculate the
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Green's function describing the surface sites of the leads. From that we saw that

the Green's function of all the leads form the total Green's function of the system

in the case of no interaction between the leads. The total Green's function in the

presence of a scatterer is obtained by Dyson's equation. Once we have recovered

the full Green's function we can calculate the scattering amplitudes building up the

scattering matrix of the system by means of the Fisher-Lee relation. The knowledge

of the scattering matrix leads directly to the conductance of the sample in the zero-

bias limit by virtue of the Landauer formula. Later on we will see that the setup

considered in this section, despite the fact that it looks simple, is quite general, since

all types of scattering regions can be reduced back to the case of two one dimensional

leads, using a technique called decimation.

4.3 Generalization of the scattering formalism

In this section let us generalize the approach presented in the previous section to

fairly general systems. I will follow the derivation of Lambert, which is presented in

[113]. First the surface Green's function of crystalline leads is computed. Then the

technique of decimation is introduced to reduce the dimensionality of the scattering

region. Finally the scattering amplitudes are recovered by means of a generalization

of the Fisher-Lee relation.

4.3.1 Hamiltonian and Green's function of the leads

Let us assume now that a given number of leads is connected to a scattering region of

arbitrary geometry and the z is the direction of the transport. Furthermore, assume

that the leads are semi-in�nite and crystalline, meaning that the structure of the

Hamiltonian describing them can be written as a generalization of a one dimensional
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Figure 4.3: Schematic representation of a semi-in�nite generalized lead. Slices of
states described by the Hamiltonian H0 are connected via generalized hopping H1.
The direction z is de�ned to be parallel to the axis of the chain. One can assign for
each slice an individual z value.

lead and can be cast in the form:

H =



. . . H1 0

H†1 H0 H1 0

0 H†1 H0 H1

0 H†1
. . .


, (4.23)

where H0 and H1 (see Fig. 4.3) are in general complex matrices and the only restric-

tion is that the full Hamiltonian H should be Hermitian (see Figure 4.3). The nature

of the slices need not be speci�ed at this stage. They can describe a single band atom

in an atomic chain, an atomic plane or a more complex cell.

Our �rst goal in this section is to calculate the Green's function of such a lead

for general H1 and H0. In order to do that one has to calculate the spectrum of the

Hamiltonian by solving the Schrödinger equation of the lead

H0Ψz +H1Ψz+1 +H†1Ψz−1 = EΨz. (4.24)

where Ψz is the wave function describing the slice at position z. Let the quantum

numbers corresponding to the degrees of freedom within a slice be µ = 1, 2, . . . ,M

and the corresponding components of Ψz be Ψµ
z . For example in the following sections

these enumerate the atomic sites within the slice and the valence orbitals (spd) at a
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site. The Schrödinger equation may then be solved by introducing the Bloch state,

Ψz =
√
nke

ikzφk, (4.25)

where nk is an arbitrary constant and φk is a normalized M-component vector. Sub-

stituting (4.25) into the Eq. (4.24) gives

(H0 + eikH1 + e−ikH†1 − E)φk = 0. (4.26)

The task is to compute the Green's function g of such a structure, for all real

energies. For a given energy E, �rst we need to determine all possible values (both

real and complex) of the wavevectors k by solving the secular equation

det(H0 + eikH1 + e−ikH†1 − E) = 0. (4.27)

In contrast to conventional band-theory, where the problem is to compute the M

values of E for a given (real) choice of k, here our aim is to compute the complex

roots of Eq. (4.27) for a given (real) choice of E. Consider �rst the case where H1 is

not singular! Note that for real k, conventional band-theory yields M energy bands

En(k), n = 1, . . . ,M , with En(k + 2π) = En(k).

One could use a root-�nding algorithm to �nd all the roots of Eq. (4.27), for

a given energy E. This would require an enormous numerical e�ort since the wave

numbers k are in general complex. For numerical purposes it is more convenient to

map Eq. (4.26) onto an equivalent eigenvalue problem by introducing the matrix H

H =

−H−1
1 (H0 − E) −H−1

1 H†1

I 0

 (4.28)

where I is the M dimensional identity matrix.

For a slice Hamiltonian H0 of sizeM×M (4.28) will yield 2M eigenvalues eikl and



CHAPTER 4. SINGLE PARTICLE TRANSPORT 74

eigenvectors φkl of size M . We can sort these states into four categories according to

whether they are propagating or decaying and whether they are left going or right

going. A state is propagating if it has a real wave number kl and is decaying if it has

an imaginary part. If the imaginary part of the wave number is positive then we say

it is a left decaying state, if it has a negative imaginary part it is a right decaying

state. The propagating states are sorted according to the group velocity of the state

de�ned by

vkl =
1

~
∂Ek,l
∂k

. (4.29)

If the group velocity vkl of the state is positive than it is a right propagating state,

if it is negative than it is a left propagating state. I summarize these categories in

Table 4.1.

Left Right
Decaying Im kl > 0 Im kl < 0

Propagating Im (kl) = 0, vkl < 0 Im (kl) = 0, vkl > 0

Table 4.1: Sorting the eigenstates into left and right propagating or decaying states
according to the wave number and group velocity.

For convenience, from now on I will denote the kl wave numbers which belong

to the left propagating/decaying set of wave numbers by k̄l, and the right propa-

gating/decaying wave numbers will remain plainly kl. Thus φkl is a wave function

associated to a �right� state and φk̄l is associated to a �left� state. Note that if H1 is

invertable, there must be exactly the same number M of left and right going states,

whereM is the dimension of a single slice in the Hamiltonian, (4.23). We will see later

on that in the case when H1 is singular, we can introduce an e�ective Hamiltonian

for which the above statement will hold as well.

The solutions to the eigenproblem (4.26) at a given wave number k will form an

orthogonal basis set, however, the eigenstates φkl obtained by solving the eigenproblem

(4.28) at a given energy E will not generally form an orthogonal set of states. In other

words we have �vertical� orthogonality but we do not have �horizontal� orthogonality.
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This is a crucial thing to note since we will have to deal with the nonorthogonality

when constructing the Green's function. It is going to be useful to introduce the duals

to the φkl and φk̄l in a way that they should obey:

φ̃†kiφkj = φ̃†
k̄i
φk̄j = δij. (4.30)

This yields the generalized completeness relation:

∑
l

φ̃†klφkl =
∑
l

φ̃†
k̄l
φk̄l = I. (4.31)

Once we are in possession of the whole set of eigenstates at a given energy we can

venture forth and calculate the Green's function �rst for the in�nite system, and then,

by satisfying the appropriate boundary conditions, for the semi-in�nite leads at their

surface. Since the Green's function satis�es the Schrödinger equation when r 6= r′,

we can build up the Green's function from the mixture of the eigenstates φkl and φk̄l

gz,z′ =


∑
l

φkle
ikl(z−z′)w†kl z ≥ z′∑

l

φk̄le
ik̄l(z−z′)w†

k̄l
z′ ≥ z

(4.32)

The task now is to obtain the w vectors. The ansatz (4.32) must be continuous at

z = z′ and should ful�ll the Green's equation (4.11). The �rst condition is expressed

as ∑
l

φklw
†
kl

=
∑
l

φk̄lw
†
k̄l
, (4.33)

and the second condition after some algebra yields

∑
l

H†1

(
φkle

−iklw†kl − φk̄le
−ik̄lw†

k̄l

)
= −I. (4.34)

Now let us make use of the dual vectors de�ned in (4.30)! Multiplying (4.33) by φ̃kp



CHAPTER 4. SINGLE PARTICLE TRANSPORT 76

we get: ∑
l

φ̃†kpφk̄lw
†
k̄l

= w†kp (4.35)

and similarly multiplying by φ̃k̄p :

∑
l

φ̃†
k̄p
φklw

†
kl

= w†
k̄p

(4.36)

Using the continuity equation (4.33) and equations (4.35) and (4.36), the Green's

equation (4.34) becomes:

∑
l,p

H†1

(
φkle

−iklφ̃†kl − φk̄le
−ik̄lφ̃†

k̄l

)
φk̄pw

†
k̄p

= I. (4.37)

This immediately gives us an expressions for w†k:

w†k = φ̃†kV
−1, (4.38)

where V is de�ned as

V =
∑
l

H†1

(
φkle

−iklφ̃†kl − φk̄le
−ik̄lφ̃†

k̄l

)
. (4.39)

The wave number k in (4.38) refers to both left and right type of states. Substituting

(4.38) into (4.32) we get the Green's function of an in�nite system:

g∞z,z′ =


∑
l

φkle
ikl(z−z′)φ̃†klV

−1 z ≥ z′∑
l

φk̄le
ik̄l(z−z′)φ̃†

k̄l
V−1 z′ ≥ z

(4.40)

In order to get the Green's function for a semi-in�nite lead we have to add a

wave function to the Green's function in order to satisfy the boundary conditions at

the edge of the lead, in the same manner as we did in the case of one dimensional
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scattering. The boundary condition here is that the Green's function must vanish at

a given z = z0 place. In order to achieve this we simply add

∆ =
∑
lp

φk̄le
ik̄l(z−z0)φ̃†

k̄l
φkpe

ikp(z−z0)φ̃†kpV
−1 (4.41)

to the Green's function (4.40) so that g = g∞ + ∆. This yields the surface Green's

function for a semi-in�nite lead going left:

gL =

(
I −

∑
l,p

φk̄le
−ik̄lφ̃†

k̄l
φkpe

ikpφ̃†kp

)
V−1, (4.42)

and for a right going:

gR =

(
I −

∑
l,p

φkpe
ikpφ̃†kpφk̄le

−ik̄lφ̃†
k̄l

)
V−1. (4.43)

4.3.2 E�ective Hamiltonian of the scattering region

Usually when dealing with a scattering problem one only needs to describe the surface

of the system. The Fisher-Lee relation [112] expresses the transmission and re�ection

amplitudes as a function of the Green's function of the surface sites of the system,

hence the inside of the scattering region is somewhat redundant, we do not need to

know the Green's function between two internal points. On the other hand when one

couples the leads and the scatterer via the Dyson's equation, in practice, one has to

invert a matrix of the size of the scatterer plus the surface sizes of the leads. If we

could describe the Hamiltonian by an e�ective Hamiltonian coupling the surface sites,

we could achieve faster algorithms to calculate the scattering amplitudes.

Let us consider again the Schrödinger equation

∑
j

HijΨj = EΨi. (4.44)
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Now let us separate from (4.44) the l-th degree of freedom in the system:

HilΨl +
∑
j 6=l

HijΨj = EΨi (i 6= l), (4.45)

HllΨl +
∑
j 6=l

HljΨj = EΨl (i = l). (4.46)

From (4.46) we can express Ψl as:

Ψl =
∑
j 6=l

HljΨj

E −Hll

. (4.47)

Putting (4.47) into (4.45) we get:

∑
j 6=l

[
HijΨj +

HilHljΨj

E −Hll

]
= EΨi (i 6= l). (4.48)

We can think of (4.48) as an e�ective Schrödinger equation, where the number of

degrees of freedom is decreased by one compared to (4.44). We can hence introduce

a new e�ective Hamiltonian H ′ as:

H ′ij = Hij +
HilHlj

E −Hll

. (4.49)

This Hamiltonian is the decimated Hamiltonian. The decimation procedure de-

scribed above is nothing but a simple Gauss elimination. An important thing to note

is that the decimated Hamiltonian is a function of the energy E. Hence it suits very

well to the method presented in the previous section. A similar procedure to reduce

the size of the scattering region was proposed in [114], the proposed method therein

focuses on the Green's function rather than the Hamiltonian. Using decimation we
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can reduce our original scattering problem, which was described by the Hamiltonian

H =


HL VL 0

V †L Hscatt VR

0 V †R HR

 , (4.50)

to an e�ectively equivalent Hamiltonian

H =

HL Vc

V †c HR

 . (4.51)

where I denoted the semi-in�nite leads byHL andHR, the Hamiltonian of the scatterer

by Hscatt. The coupling Hamiltonians VL and VR couple the original scattering region

to the leads. After decimation the scattering region dissappears and we are left

with the e�ective coupling Hamiltonian Vc which describes now the whole scattering

process.

We have reduced our system to the point where applying the same steps as we did

in the case of the one-dimensional scattering, we can calculate the Green's function

of the whole system. The surface Green's function is given by the Dyson's equation:

G =

g−1
L Vc

V †c g−1
R


−1

=

G00 G01

G10 G11

 . (4.52)

Here gL and gR are the surface Green's functions of the leads de�ned by (4.42) and

(4.43)

4.3.3 Scattering Matrix

We have arrived at a point where we have all the necessary ingredients to the cal-

culation of the scattering amplitudes. A generalization of the Fisher-Lee relation
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[112, 113], assuming that states are normalized to carry unit �ux, will give the trans-

mission amplitude from the left lead to the right lead as:

thl = φ̃†khG01VLφkl

√∣∣∣∣vhvl
∣∣∣∣, (4.53)

where φkh is a right moving state vector in the right lead and φkl is a right moving

state vector in the left lead. vh and vl are the corresponding group velocities. The

re�ection amplitudes in the left lead reads:

rhl = φ̃†
k̄h

(G00VL − I)φkl

√∣∣∣∣vhvl
∣∣∣∣. (4.54)

Here all states are in the left lead. State φk̄h is a left moving state, φkl is a right

moving state and VL is the V operator de�ned by (4.39) for the left lead.

Similarly we can de�ne the scattering amplitude for particles coming from the

right:

t′hl = φ̃†
k̄h
G10VRφk̄l

√∣∣∣∣vhvl
∣∣∣∣, (4.55)

r′hl = φ̃†kh(G11VR − I)φk̄l

√∣∣∣∣vhvl
∣∣∣∣. (4.56)

Here the group velocities and state vectors are de�ned similarly as for electrons coming

from the left, with the obvious note that what was left before is right.

The scattering matrix is de�ned as the collections of transmission and re�ection

amplitudes connecting propagating states only. The S matrix built up from transmis-

sion and re�ection coe�cient in such a manner is unitary.
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4.4 Calculation in practice

The method presented so far in this chapter is quite powerful, and has been used

in many areas of mesoscopic transport in the last decade. It has been successfully

applied to molecular electronics [115, 116, 117], spintronics [118, 113] and mesoscopic

superconductivity [119, 120, 121]. The method has also been extended for �nite bias

employing the non equilibrium Green's function technique [122].

A hamiltonian, which describes our system, can be created manually or can be an

output of a numerical calculation, such as HF, DFT or density functional tight-binding

method.



Chapter 5

Conductance of ribbonlike molecular

wires

Carbon based electronics is developing at a rapidly accelerating pace, in part driven

by the desire to develop sub-10 nm electronics. On the one hand, measurement of

the electrical properties of single molecules sandwiched between metal contacts has

recently become an experimental reality [123, 124, 125, 126, 127, 128, 129, 130, 131,

132] and has allowed a range of fundamental issues to be addressed, such as geometry

[133] and conformation controlled [134, 116, 135, 136, 137] electron transport and

single molecule sensing [138]. On the other hand, the recently discovered ability to

isolate graphene �akes [139, 140, 141] has generated an explosion of interest in top-

down approaches to carbon based nanoelectronics.

Ideal molecules for single-molecule electronics are those, which have high conduc-

tance and are stable within the junction. One such family of molecules with high

conductance are the ladder type molecules, which consist of a series of fused benzene

rings. These structures are the one dimensional analogue of graphene and represent

the ultimate graphene nanoribbon. We investigated three such series of molecules,

the acenes, phenanthrenes and �uorenes (Fig. 5.1). These are rigid structures and

82
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therefore remove the dependence of conductance on ring rotation [142]. The theoret-

ical properties of the in�nite acenes [143, 144] and polyphenanthrenes [145] are well

established, with the acenes showing a very small bandgap and metallic like behaviour

compared to the polyphenanthrene, which shows a large bandgap and semi-conducting

behaviour. Other theoretical work on �nite acene molecules [146] suggests that they

are strongly interacting electronic systems with unusual ground states. Experimen-

tal measurements on diaminoacenes [147] show a non-exponential dependence in the

measured conductance as a function of length. Typical low voltage measurements,

where the Fermi energy lies in the HOMO-LUMO (HL) gap such as those in alkane

[148] chains show a measurable beta factor. Previous theoretical calculations [149]

on 3, 4 and 5 ring acenes and phenanthrenes show large HL gaps and a decrease in

conductance with length, which obeys an exponential decrease.

In the following I will show calculations for these molecules to �nd the band gap,

their conductance when placed between gold electrodes and �nally I'll present a Hückel

type model for the longer acenes. This work has been done in collaboration with Dr.

Iain M. Grace.

5.1 Acenes, �uorenes and phenanthrenes

Early studies of the electronic structure of these molecules provide a foretaste of funda-

mental properties shared by graphene ribbons. For example, a theoretical prediction

that polyacenes should exhibit interesting magnetic phases [143] was followed by a

study of zigzag graphene ribbons, which predicted an antiferromagnetic ground state

[150]. More recently, it was predicted that the ground state of acenes with eight or

more benzene rings should be antiferromagnetic with unpaired electrons of opposite

spins localized on the edges of the molecules [146, 151]. The resulting polyradical is

highly reactive, which is consistent with the fact that to date, acenes with eight or
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Figure 5.1: The molecules: (a) �uorenes and (b) phenanthrenes, and two types of
acenes, which we will call (c) para and (d) meta acenes. The molecules consist of
n=2, 3, and 4 fused benzene rings. Length of unit cell: auc=8.295 Å, 4.3567 Å, and
2.44 Å

more fused rings have not been synthesized.

The aim of our study on these molecules was to examine their electrical con-

ductance, attached by thiol anchor groups to gold electrodes. As emphasized in an

experimental study [147] of diaminoacenes, electrical conductance depends both on

the electronic structure of the molecule and on the position of the anchor group.

Therefore for the acene family I present results with two positions of the thiol anchor

groups, namely, the �para� and �meta� positions indicated in Figs. 5.1c and 5.1d.

To summarize our results, we have found that acenes are the most attractive

candidates for low-resistance molecular-scale wires because the low-bias conductance

of the �uorene- and phenanthrene-based families is shown to decrease exponentially

with length, with inverse decay lengths of β = 0.29 −1 and β = 0.37 −1, respectively.

In contrast, the conductance of the acene-based series is found to oscillate with length

due to quantum interference. The period of oscillation is determined by the Fermi

wave vector of an in�nite acene chain and is approximately 10 Å. Details of the
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Figure 5.2: A typical Gold-acene-Gold setup. The leads consist of 3 by 3 atomic
periodic unit cells. The molecule connects to the Gold via the thiol groups. The thiol
groups can be facing an atom (top), the bond between two atoms (bridge) or the
space between three atoms (hollow) of the lead.

oscillations are sensitive to the position of thiol end groups and in the case of �para�

end groups, the conductance is found initially to increase with length.

5.2 Details of the calculation

The molecules in the calculations are the ones on Fig. 5.1. One might also want

to consider the water soluble version of these molecules, by decorating with hydroxil

groups (-OH) on the sides or with two longer sidechains with polar headgroups at

the end but we know that the latter has negligible e�ect on the transport [132]. The

molecules were attached to gold leads, which consist of (111) layers of the fcc gold Fig.

5.2. Each layer is built up from 3x3 atoms. I have used a double-zeta basis, Troullier-

Martins pseudopotentials [56] and the LDA with Perdew-Zunger parameters [36] to

describe the exchange correlation. The molecular coordinates were relaxed until all

forces on the molecules were less than 0.02 eV/Å. As a result of the DFT calculation

we get the Hamiltonian matrix, and after that we coumpute the Greens function, the

scattering matrix and the transmission coe�cient T(E) in the zero-bias limit, as it

was explained in Chapter 4. Fig. 5.3 shows the di�erence between the calculated

transport of the hollow and top contact positions. The hollow position shows higher

T(E) values in the HL gap, because the sulphur atom is closer to the surface of the
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Figure 5.3: Comparison between the transmission probabilities of hollow and top
contact positions for the 8-acene molecule. The position of the thiol groups on the
gold surface changes the coupling between the electrode and the molecule, but doesn't
alter the position of the peaks. See section 5.3 for further explanation. Fermi energy
is at zero .

gold lead, and due to these stronger couplings the HOMO resonance is broader. From

this result in the following I assume that it is enough to show results only with hollow

contacts, because the di�erent positioning alters only the coupling strength to the

leads. The contact geometry doesn't alter the exact position of the peaks in the

transmisson curves.

Bandstructure and HL gap To understand the length dependence of T(E) for

these three families of molecules, Fig. 5.4 shows the band structure calculated for

an in�nite �uorene, acene and phenanthrene chain, and Fig. 5.5 shows the length

dependence of the HL gap for the three types of molecules. In all cases the HL gap

decreases with length, but the behavior of the acene family is di�erent from that of

the �uorene and phenanthrene. In the case of the former the gap vanishes at large

lengths, while for the latter it stays �nite. The in�nite �uorene and phenanthrene

molecules have a �nite gap of 2.2 eV and 2.1 eV, and there is no gap for the in�nite

acene molecule.

Position of the Fermi energy and conductance By increasing the length of the

molecules the Fermi energy tends to go toward the middle of the HL gap in the case of
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Figure 5.4: Band structure of in�nite �uorene, acene and phenanthrene as a function
of the wave vector parallel to the backbone of the chains. The calculation was spin
unpolarized. The Fermi wavevector is kF = 0.6151Å−1.

Figure 5.5: HL gaps of �uorenes, acenes and phenanthrenes plotted as a function of
the length of the molecules. The gap for the in�nite long molecules is also shown on
the right side of the �gure.
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Figure 5.6: Energy dependence of the transmission probability T(E) for �uorenes and
phenanthrenes.

�uorenes and phenanthrenes (Fig. 5.6.) but in the case of acenes (Fig. 5.7) the LUMO

peak approaches the Fermi energy, while the HL gap shrinks rapidly. We have also

calculated the conductance around the Fermi energy (we integrated the transmisson

values from−4kBT to 4kBT ) of �uorenes and phenanthrenes plotted against the length

of the molecules (Fig. 5.8.), and as expected, they follow an exponentially decaying

rule. The �uorenes have a decay constant of β = 0.29Å−1 and the phenanthrenes

have β = 0.37Å−1. Meanwhile in the case of acenes the conductance oscillates, and

therefore no β value can be calculated. The oscillations on the curve show a Fabry-

Perot resonator-like behaviour, because at certain lengths the LUMO's proximity to

the HOMO creates interferences and hence creates antiresonances. The wavevector

corresponding to the Fermi level is kF = 0.6151Å−1 and using

2π

kF
= ∆L =

λ

2

we get a �resonator size� of λ/2 ' 10.21Å. By removing the thiol endings from the

molecule it can be shown that the HOMO belongs to the sulphur atoms (Fig. 5.10.).
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Figure 5.7: Energy dependence of the transmission probability T(E) for para- and
meta-acenes.

Figure 5.8: (On the top) Length dependence of conductance around the Fermi energy.
βflu = 0.29Å−1, βphe = 0.37Å−1. The number of benzene rings n in �uorenes are [2:12]
(red curve), for phenanthrenes [2:17] (blue curve) and for the acenes are [2:23] (green
curve for meta and black for para). The bottom �gure shows the �rst couple of points
only.
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5.3 Hückel model for this junction

To understand the origin of the above-mentiond interference e�ects, we have con-

structed a Hückel model of the acene molecules attached to one-dimensional leads,

shown in Fig. 5.9, where the molecule is replaced by a ladder-like backbone. The end

atoms of the ladder have modi�ed onsite and hopping parameters to represent the

contacts between the leads and the molecule. This model is a generalization of the

tight-binding model introduced in Ref. [152] to describe Fano resonances and can be

analyzed analytically using the same methodology. As shown in Fig. 5.10 with this

model we are able to reproduce the main features of the T(E) curves of longer acenes.

Since the HOMO belongs to the S atoms, the position of the resonances is sensitive

to the boundary condition at the contacts, including the contact type (top, hollow, or

other) and the choice of end group. As illustrated in Fig. 5.10, for the longer n = 11

para-acenes, even the double antiresonances at E − EF ≈ −0.1eV are reproduced.

5.4 Summary

Transport calculations based on density-functional theory can both underestimate and

overestimate the electrical conductance of single molecules, particularly in the weak

coupling limit (Ref. [153]). Nevertheless, systematic trends in families of molecules

can be predicted as I have shown it here. I have calculated the room-temperature,

zero-bias conductance of three ribbonlike families of molecules. The conductance

of the �uorenes and phenanthrenes decays exponentially with length, whereas the

conductance of the acene series is an oscillatory function of the length. These results

suggest that acenes are attractive candidates for low-resistance wires in molecular-

scale electronic circuits.
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Figure 5.9: Simpli�ed tight-binding model of the acene molecule coupled to leads. ε
and γ are the onsite and hopping parameters of the lead, γL−S connects the molecule
with the leads, εS is the onsite energy for the two anchor atoms at the end of molecule,
εC is the onsite energy for the sites of the ladder, representing the atoms of the
molecules, γ is the hopping parameter between the ladder sites lengthwise and γα
sidewise.

Figure 5.10: 11-acene with and without thiol ending and the ladder model on Fig.
5.9 with the parameters of ε0 = 0.0, γ0 = 1.0, γL−S = 0.26, εS = 0.066, εC = −0.47,
γ1 = 0.505, γα = 0.366.



Chapter 6

Classical molecular force �elds

Classical molecular mechanics simulation is a very e�ective tool for linking the mi-

croscopic physical picture to macroscopic or measurable quantities. For example, the

microscopical picture is a breakjunction process, and the macroscopic quantity is the

current that is being measured. At this point we have the theoretical capacity to

calculate the conductance of a given junction geometry, and we can also determine

the optimal junction geometry for a given constraint, for example for a given lead-lead

distance. However, in an STM-BJ or MCBJ measurement there is no static constraint;

the STM tip is slowly retracting, or the gap between the wires is increasing, therefore

forcing the atoms or molecules to change their optimal contact geometry. To follow,

for instance, the evolution of the junction geometry we need a series of calculations,

and most of the time it is impossible to deliver it with codes that are based on any

ab-initio theory. In these cases molecular dynamics with a well parametrised classical

force �eld can be very e�cient and still accurate enough.

In the following I will describe the tools that I used in the classical molecular dy-

namics framework. Detailed descriptions and explanations can be found in references

[154, 155, 156]

92
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6.1 General approach

The goal of a molecular mechanics simulation is to calculate the microscopic geomet-

rical evolution of atoms of a particular system and then, if necessary, calculate the

corresponding macroscopic, measurable quantities. Generally, the key quantities in

these simulations are the total energies and the forces acting on each atom, that drive

the system into a new con�guration. In Chapter 2 we discussed how an ab-initio calcu-

lation would yield the total energy or the forces. According to the Born�Oppenheimer

theorem the electronic structure relaxation is much faster than the timescale of the

atomic movements. Therefore once the forces are known for a given atomic con-

�guration, we can neglect the fact that they originated either from a full quantum

mechanical calculation, or just from a model with some parameters. These classical

parametrised forces are sometimes simply called force �elds or interaction potentials.

Formally the classical total energy is expressed as a sum of interaction potentials:

U(r1, r2, ..., rN) =
N∑
i=1

U
(ext)
i (ri) +

∑
p∈Interactions

Up(rp1 , rp2 , ...), (6.1)

where U (ext)
i (ri) is the external potential acting on the i-th particle, and Up(rp1 , rp2 , ...)

is the potential which takes into account some interactions between p1, p2,... particles.

In most cases these interactions are short ranged. Therefore the interactions can

be limited to the neighbouring atoms. Typical internal interactions are the pair-

potentials that can describe a chemical bond or van der Waals and Coulomb potential

type interactions.

In principle, the potential form above is complete, but for technical reasons the

interactions are split into two-body and other many-body terms. In a typical STM-BJ

or MCBJ experiment one usually has metals, molecules, the interaction between these
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and external �elds, so we can express the full potential (6.1) in the following form:

U = Uext + Uintramolecular + Umetal + Uintermolecular, (6.2)

where Uext =
∑N

i=1 U
(ext)
i , the Uintramolecular potential describes the individual molecule

(or molecules if we consider more), the Umetal potential describes the electrodes, or

surfaces and the Uintermolecular describes the interaction between the di�erent atoms

(or higher level objects). Usually the Uintramolecular potential is constructed from

intramolecular interactions, which are functions of atomic distances, angles, dihe-

dral angles and so on. The Umetal potential is a many-body type potential and

the Uintermolecular potential is constructed from intermolecular interactions, such as

Coulomb or Lennard-Jones type potentials.

In the next three sections I will de�ne these potentials explicitly.

6.2 Empirical Force Fields

Empirical Force Field (EFF) methods are mainly applicable for systems at or around

their equilibrium con�guration. Due to their empirical nature, EFF methods require

that the parameters used in their potential functions are �tted against a suite of data,

which can be gathered from experimental results and/or from quantum calculations

(a.k.a. training set). One commonly used approach is to initially model the system

with an assumed force �eld, and express or simulate measurable quantities as a func-

tion of the force �eld parameters. By comparison with the real life measurements one

can adjust these parameters to �t the experiments. The force �eld resulting from this

�tting procedure can obviously be no more reliable than the data used in its training

set. Furthermore, as the force �eld describes the system in an empirical rather than

fundamental fashion, it should only be applied to systems similar to the ones present

in the training set. As such, the quality and diversity of the training set de�ne the
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transferability of the EFF method.

With a few exceptions, current EFF methods are only trained for systems in which

the bonds remain within about 75% of their equilibrium value. For this reason, these

EFF methods cannot describe reactive systems. Furthermore in most cases the shape

of the potential functions applied in these methods, like the harmonic description of

the bond length/bond energy relationship, would make it impossible to �nd parameter

values that accurately describe the bond energy towards the dissociation limit.

6.2.1 Intramolecular force �eld terms

The intramolecular force �elds have been developed to describe the geometrical re-

sponse of a molecule for energies that are smaller than a typical binding energy. They

provide �exibility for the molecule with realistic elasticity, and they also keep the

topology and the main geometrical features of the original structure. A typical exam-

ple is the harmonic bond interaction, i.e. each bond in the molecule is replaced by a

spring. Formally the potential for a given bond is:

Ubond(rij) =
k

2
(rij − d)2,

where k is the spring constant, d is the optimal bond length and rij is the distance

between the atom i and atom j (see Figure 6.1(b)).

The angular springs give a harmonic constraint for di�erent angles in the molecule,

formally:

Uangle(ϑ) =
kϑ
2

(ϑ− ϑ0)2,

or sometimes it is more practical to deal with the cosines,

Uangle(ϑ) =
kϑ
2

(cosϑ− cosϑ0)2,
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Figure 6.1: Demonstration of two, three and four atom arrangements with bond (a),
bond angle (b), dihedral angle (c) and inversion angle (d). (Figure is taken from
[157].) rij are the distances between atoms, θ is the angle between two atom pairs or
surfaces and Φ is the angle between a surface and the vector pointing from one atom
to the another. (Soemtimes the angle is di�erence from equilibrium the position).

where ϑ is the angle de�ned in the molecule between bonds or planes (Figure 6.1(a)

and (c)), ϑ0 is the corresponding optimal angle, and kϑ is the spring constant for the

angle1. The de�ned angles are typically angles between two bonds shared by an atom,

dihedral angles or inversion angles. They are shown in Figure 6.1(b), (c) and (d).

By summing these harmonic potentials we can obtain the total potential for the

molecule:

Umolecule =
∑

b∈bonds

Ubond +
∑

a∈angles

Uangle +
∑

d∈dihedral

Udihedral +
∑

i∈inversion

Uinversion,

which can describe the molecule's structural behaviour close to equilibrium. For

example, it can give a good estimation for the vibrational properties of the molecule

[158].

Whilst the harmonic parametrisations are the simplest ones, sometimes other ad-

vanced expressions are used. For example, the anharmonicity of a bond can be well

modelled with the Morse potential:

UMorse(r) = Eb[(1− e−λ(r−d))2 − 1], (6.3)

1Note that the dimensions of the di�erent force constants, like k and kϑ are di�erent.
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where r is the distance between the atoms, λ is the Morse constant, d is the equilibrium

bond length, and Eb is the binding energy2. The relation between the Morse-constant

and the force constant can be obtained by Taylor expansion around the equilibrium

bond length, and it yields:

λ =

√
k

2Eb
,

which is very practical, because once the harmonic force �eld parameters and the bind-

ing energy are known, one can introduce the Morse potential instead of the harmonic,

which allows atoms to leave the bonded con�guration.

The potentials are constructed such that the optimal con�guration has zero po-

tential energy. For example in the case of the Morse potential (6.3) it would be the

equilibium binding distance. Their range Dint ∼ 1− 3Å is typically around twice the

involved atoms' van der Waals radius.

6.2.2 Intermolecular force �eld terms

The intermolecular potentials describe the interactions between non-bonded atoms

and molecules. These interactions can be weak chemical bonds but are more often long

range physical interactions. The major di�erences between this and the intramolecular

potentials is that they do not have a �xed topology. Also one can introduce a cuto�

distance, so that the weakly interacting parts are excluded saving computational

time. Furthermore, their interaction range is usually longer than that of the bond

interactions 2 − 3Å < Dint. Most often they are in the form of pair potentials, for

which a good example is the Lennard�Jones potential:

ULJ(r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]

= ε

[(rm
r

)12

− 2
(rm
r

)6
]
,

2Binding energy in the classical sense, i.e. measured from the bottom of the well. Considering
the quantum mechanical properties of the well, the binding energy is measured from the zero point
energy.
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where ε is the depth of the potential well, σ is the �nite distance at which the inter-

particle potential is zero, r is the distance between the particles, and rm is the distance

at which the potential reaches its minimum. At rm, the potential function has the

value −ε. The distances are related as rm = 21/6σ, which can describe, for example,

the intermolecular van der Waals interactions. The Morse potential can also be used

to describe interactions between atoms belonging to di�erent molecules, as the tail

of the potential vanishes over large distances. One can also introduce three body

interactions, which depend on the angle closed by three atoms. Usually it is multiplied

by a decaying function to ensure that the potential energy goes smoothly to zero as

the atoms move apart. A potential such as this is the screened harmonic potential:

Usc-angle(ϑjik) =
kϑ
2

(ϑjik − ϑ0)2e
−
[
rij
ρ1

+
rik
ρ2

]
,

where ϑjik is the angle between rij = ri−rj and rik, where ri denotes the position of the

atom i etc., rij = |rij|, kϑ is the angular force constant, and ρ1 and ρ2 are characteristic

distances controlling the exponential decay. Interactions with an exponential tail

can have a relatively short cut-o� distance, however, the van der Waals interaction

or Coulomb interaction for example, require a very large cut-o�, or more advanced

methods, such as summation in k-space, to make sure that these interactions are

accurate enough and there aren't any steps in the energy curves [159].

6.2.3 Many-body and metallic force �eld terms

Intra- and intermolecular potentials are usually not used for materials such as metals

or covalent crystalline structures where atoms are strongly bound to each other, but

under some circumstances bonds break or new bonds are being formed3. The many-

body force �elds are more popular for such systems, because they are able to describe
3For example: diamond-graphite transformation.
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bonding, rebonding processes with a single set of parameters.

A commonly used form of many-body potential is the bond order potential, which

is mainly used for covalent crystal structures like carbon systems or semiconductor

materials. Formally the potential between atom i and atom j takes the form:

UBO
ij = Urepulsive(rij) + γijUattractive(rij),

where Urepulsive(rij) and Uattractive(rij) are repulsive and attractive potential functions,

which together result in a Morse potential like function. However, the exact shape of

the potential can be controlled by the factor γij, which is a complicated function of

the environment of the atoms i and j. Typically, as the number of covalent bonds of

the i-th and j-th atom increase with their neighbors, γij decreases and therefore the

i-j bond is weakened4.

A further common form of the many-body potential is the metal potential, which

has several parametrisations or tabulations of functions. Generally, the metal poten-

tials can be written as:

Umetal =
N∑

i=1,j>i

Vij(rij) +
N∑
i=1

F (ρi),

where N is the number of the interacting atoms, Vij(rij) is a parametrised pair po-

tential between atoms i and j and F (ρi) is the energy cost of embedding an atom to

a location where the bulk electron density is ρi, which is expressed as:

ρi =
N∑
j 6=i

ρij(rij),

where ρij(rij) is a parametrised density for a given bond. For example, with the

Sutton�Chen potential [160] the necessary quantities are parametrised with 5 param-

4For this reason they are sometimes called bond sharing potentials.
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eters:

Vij(rij) = ε

[
a

rij

]n
,

ρij(rij) =

[
a

rij

]m
,

F (ρi) = −cε√ρi,

where the parameters are n,m, a, c, ε and they have to be given for each pair of

species. Generally, for the Embedded Atom Model (EAM) potentials these functions

are tabulated and are interpolated for general evaluation. These many-body potentials

can describe the electrode part of the junction very well [161, 162, 163].

6.2.4 Abel-Terso� force �eld

The concept of bond order/bond energy relation, as �rst formulated by Terso� [164],

allows for the construction of EFF methods that can, in principle, handle connectivity

changes. This concept was used by Brenner [165, 166] to construct the Reactive Bond

Order (REBO) potential, an EFF method for hydrocarbon systems, allowing, for

the �rst time, dynamical simulations of reactions in large (>�>100 atoms) systems.

Over the years, REBO has enjoyed widespread application, but its transferability is

limited as it is based on a relatively small training set. Because of its exclusion of

all non-bonded interactions these force �elds are very successful to model short range

covalent bonding, but usually they are not designed to give reliable results in the van

der Waals regime [167, 168]. For example from one of our studies of CNTs �lled with

C60 molecules [168], we could see that the structure and some vibrational modes were

reproduced correctly, but the buckyballs started to coagulate only at the temperature

of 2500-3000K opposed to 700-800K, which can be seen in experiments.

The Abel-Terso� force �eld [164], which we used to model indium break junctions

(see Chapter 7) was developed especially for the modeling of elements of the III-IV
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column in the periodic table. The total energy is:

E =
1

2

∑
i 6=j

Uij,

with

Uij = f(rij)
[
Ae−λrij − bijBe−µrij

]
,

bij = (1 + γnLnij)
− 1

2n ,

Lij =
∑
k 6=i,j

f(rij)g(ϑkij),

where A and B are constants, rij is the distance between the atom i and j, and the

ϑkij is the bond angle between atoms k and j around atom i. The smooth cut-o�

function is de�ned as:

f(r) =


1 r < R

1
2

+ 1
2

cosπ r−R
S−R R ≤ r < S

0 S ≤ r

and the angle dependent function is

g(ϑ) = 1 +
c2

d2
− c2

d2 + (h− cosϑ)2
.

6.2.5 ReaxFF

All these aforementioned models are suitable for very speci�c type of materials, but to

investigate the interaction between di�erent kind of materials, like molecules on metal

surface, one needs to use more complicated models that can handle both materials

accurately. Thats why I thought it is worth to put this subsection here even though

I cannot show any results.
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ReaxFF (for �reactive force �eld�) is a force �eld developed by Adri van Duin,

William A. Goddard and co-workers at the California Institute of Technology to

bridge the gap between quantum chemical (QC) and empirical force �eld (EFF) based

computational chemical methods. ReaxFF eschews explicit bonds in favor of bond

orders, which allows for continuous bond formation/breaking and aims to be as gen-

eral as possible and has been parameterized and tested for hydrocarbon reactions,

transition-metal-catalyzed nanotube formation, and high- energy materials.

The Brenner potential [166], a bond order/bond energy relationship lies at the

center of the ReaxFF-potential. Bond orders are obtained from interatomic distances

and are continually updated at every MD or energy minimization iteration, thus allow-

ing for connectivity changes. These bond orders are incorporated in all valence terms

(i.e. energy contributions dependent on connectivity, like valence angle and torsion

angle energy) ensuring that energies and forces associated with these terms go to zero

upon dissociation. Furthermore, ReaxFF describes non-bonded interactions between

all atoms, irrespective of connectivity. Excessive short-range repulsive/attractive non-

bonded interactions are circumvented by inclusion of a shielding term in the van der

Waals and Coulomb interaction.

6.3 Time evolution and minimisation

To complete this brief review of classical molecular forces, we will discuss some time

integration and structural optimisation methods. Since the total potential is given

by the analytical expression (6.2), it is straightforward to obtain analytical formulae

for the forces. In practice, when the simulation algorithm evaluates the potential for

a given interaction, then typically it also calculates the corresponding contributing

forces for the atoms participating in the interaction. Formally the total force acting
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on an atom can be obtained as the negative gradient of the total energy:

Fi = −∂U(r1, r2, ..., rN)

∂ri
.

Once we have a computational algorithm to evaluate the forces for a given atomic

arrangement we can make various classical mechanical investigations. For example, we

can perform a structural optimisation to �nd the local potential minimum e�ciently.

We can also evaluate the forces in a time integration procedure to solve the Newton

equation:
d2ri
dt2

=
Fi

mi

,

where mi is the mass of the atom i and to numerically solve this equation we often

replace the second derivative with a second order �nite di�erence. One of the simplest

methods to integrate the Newton equation is the Verlet algorithm where the time

development of the positions of the atoms is given as:

ri(t+ h) = 2ri(t)− ri(t− h) + h2Fi(t)

mi

,

where ri(t) is the position of the atom i at time t, h is a very small time step, and Fi(t)

is the force evaluated at time t [158, 59]. The error for each time step is of the order

h4. In order to calculate future positions, we need the positions in the current and

the previous time steps, and therefore, the �rst step has to be calculated di�erently

with initial positions and velocities:

ri(h) = ri(0) + hvi(0) + h2Fi(0)

2mi

,

which has an error of order h3. The velocities in each time step can be calculated

with a �nite di�erence:

vi(t) =
ri(t+ h)− ri(t− h)

2h
,
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which has an error of order h2. These simple formulations of the positions and ve-

locities show numerical instability [169] when one tries to perform a simulation with

large time steps. To increase the numerical stability of the Verlet algorithm two pop-

ular forms have been developed. Both forms are an algebraical rearrangement of the

original form above. One is the velocity-Verlet algorithm in which the positions and

the velocities are calculated with the equations:

ri(t+ h) = ri(t) + hvi(t) + h2Fi(t)

2mi

,

vi(t+ h) = vi(t) + h
Fi(t+ h) + Fi(t)

2mi

.

The other, is the leapfrog form in which the velocities and the positions are evaluated

at alternating time steps with the equations:

vi(t+ h/2) = vi(t− h/2) + h
Fi(t)

mi

,

ri(t+ h) = ri(t) + hvi(t+ h/2),

where the �rst equation has to be calculated before the second one.

The integration of the Newton equations, starting with initial positions and ve-

locities, accurately describes the behaviour of a completely isolated system. It also

conserves the total energy during the whole simulation and for this reason it is called

the constant energy thermostat. In our desired real situations, for example in a break-

junction measurement, the constant energy thermostat is not an adequate model,

because the environment allows a rapid heat exchange between the molecules and

the surrounding materials. Therefore, the constant temperature thermostat (NVT,

constant number of particles N , constant volume V and constant temperature T ) is a

more realistic model. In order to keep the temperature constant during the simulation
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we have to add an extra constraint to the Newton equations. The simplest method for

this is to rescale the velocities at each time step to ensure a constant kinetic energy:

v′i = vi

√
3kBTtN∑N
j=1 miv2

i

,

where Tt is the target temperature, N is a number of the atoms in the simulation and

v′i is the rescaled velocity of the atom i. An additional way to keep the temperature

constant is to modify the Newton equations by adding a friction term:

mir̈i = Fi − ξ(T )ṙi,

where ξ(T ) is the friction parameter, which will be negative if the system is colder

than T and positive if it is warmer, formally:

ξ(T ) = γ

(
1− Tt

T

)
,

where Tt is the target temperature, T = 1
3kB

1
N

∑N
j=1miv

2
i , and γ is a friction strength

parameter. This is the so called Berendsen thermostat. A di�erent formulation gives

the Nose�Hoover thermostat where there is an extra di�erential equation for the

friction parameter :

dξ

dt
=

(
N∑
i=N

v2
i − 3NkBTt

)
/Q,

where the Q parameter controls the rate of the change of the friction parameter.

We have seen in the previous chapters, that a frequently occurring task is to

�nd the optimal con�guration of a molecular structure. For structural optimisation

one of the simplest algorithms is the steepest-descent method, because it is easy to

implement and easy to demonstrate. Mathematically, structural optimisation is a

multidimensional minimum searching problem. The problem can be visualised by a
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landscape with hills and valleys, where a given molecular structure corresponds to

a point in this landscape. An optimal structure belongs to the minimum point of

a valley. The idea of the steepest-descent method is to start from a point in the

side of the valley of the local minimum we are looking for, and to search for it in the

section of the gradient direction. After several iterations we get to the minimum of the

valley, i.e. the multidimensional local minimum is found. There are several advanced

methods based on this idea, which are called conjugate gradient (CG) methods. The

main modi�cation is that they do not search along the gradient direction, but instead

I choose direction in a more e�cient way [62, 59, 158].

Structural optimisation is a typical starting step of a molecular dynamics simula-

tion, because often the initial atomic arrangement has an unrealistic potential energy

that has to be relaxed to a more realistic one. After this �rst step, in the case of

Nose�Hoover or Berendsen thermostats, there is a short equilibration period while

the system reaches the target temperature and then the simulation can begin.

Solving the Newton equations above, or �nding of the optimal structure with clas-

sical forces, is much easier and faster computationally than solving the corresponding

quantum mechanical problem. However, the main technical challenge is to �nd an

appropriate parametrisation of the force �elds and obtain the force �eld parameters.

In the next chapter we will tackle this problem for indium.



Chapter 7

Simulation of break-junction

experiments

For calculating the conductivity of atomically thin contacts one has to be able to

reproduce speci�c geometries. A good starting point can be the information de-

duced from experiments or from surface properties, with which ideal geometries can

be created. As I will show in this chapter, for reproducing experimental conduc-

tance histograms, this might be insu�cient and geometries should be obtained from

a dynamical evolution of the system.

In a stretching simulation the geometries used for electron transport calculations

are sequential and that is why this task is not tractable with the computationally

intensive DFT. As we saw in the previous chapter classical molecular dynamics with

the appropriate force �eld can be used to replace DFT in certain cases.

As discussed before, the force �eld parameters are one of the key ingredients to

perform molecular mechanics simulations. In the literature there are few well estab-

lished force �elds with extensive parameter set databases for atoms or atomic groups

that occur frequently in organic molecules [170, 171, 172, 173, 174, 175, 176]. There

are also few force �elds and parameter sets for metals or crystalline materials [164],

107



CHAPTER 7. SIMULATION OF BREAK-JUNCTION EXPERIMENTS 108

however, the interactions between these materials and molecules are not as frequently

studied, because parametrising these interactions can be complicated [177]. For ex-

ample, if we intend to perform an STM-BJ or mechanically controlled break-junction

(MCBJ) measurement simulation with molecules [161] we need to consider interac-

tions between the metal wire surface and the �exible molecule. Therefore, it is better

to �rst test the capability of the theoretical tool set with a cleaner system that has no

molecules involved and is therefore experimentally transparent. Electronic transport

study of Au has been done before using semi-empirical potentials derived from the

e�ective medium theory [178, 163] and on Pt, Ag, Ni junctions with thermopower

calculations as well can be found in Ref. [179, 180].

In this chapter I demonstrate a self-contained methodology for predicting conduc-

tance histograms of atomic junctions, in which DFT is used to estimate both quan-

tum transport properties and force�eld parameters for a classical molecular dynamics

simulation. The methodology is veri�ed by detailed comparison with experimental

measurements of transport through atomic-sized indium nanojunctions, where indi-

vidual channel transmission eigenvalues are obtained by �tting the superconducting

subgap features in the I-V curves for a large statistical ensemble of nanocontacts.

This work has been done in collaboration with Dr. Dávid Zsolt Manrique (Lan-

caster University, UK), Dr. László Oroszlány (Eötvös Univeristy, Budapest), and with

Professor András Halbritter and Dr. Péter Makk from the (Budapest University of

Technology and Economics), who provided us with reliable experimental results and

feedback in our theoretical progress.



CHAPTER 7. SIMULATION OF BREAK-JUNCTION EXPERIMENTS 109

7.1 Experimental method

Figure 7.1: Schematics of the MCBJ measurement. (Figure is taken from [181].)

The experiments were performed by the MCBJ technique at liquid helium tempera-

ture (T = 1.3−4.2 K) and indium is superconductor at T = 3.41 K. The fundamental

idea of an MCBJ measurement is illustrated in Figure 7.1. A piezo actuator repeatedly

bends a bar that forces the indium wire to elongate by approximately a few nanome-

ters. With enough elongation and adjustment the wire can be prepared to repeatedly

break and reconnect. During the repeated opening and closing of the nanojunctions

the evolution of the I-V characteristic is monitored, and the captured conductance

versus electrode-separation traces are analysed by conductance histograms. To con-

struct conductance histograms, thousands of conductance versus electrode separation

traces were measured. The typical frequency of the piezo actuator is around a few

hundred Hertz, which indicates a very slow contact displacement velocity compared

to the temperature scale. Later, this allowed us to move the electrodes adiabatically

in the simulations.

To gain more information beyond conductance, the individual transmission prob-

abilities of the open conductance channels were determined by �tting the current-
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voltage characteristics of a large number of independent junctions in the supercon-

ducting state (see Appendix 9.3 for further details).

7.2 Method of �tting to indium

The theoretical investigations were performed in three main steps. First we parametrised

the Abel-Terso� classical many-body potential (see Sec. 6.2.4) to DFT level calcula-

tions. Secondly, in order to simulate breaking events, a classical MD simulation has

been performed with the resulting interatomic force �eld. Finally, the conductance

and channel transmission coe�cients were calculated using the method discussed in

Sec. 2.9 and Sec. 4.4 for each con�guration in the MD run, thus obtaining the con-

ductance histograms and the evolution of the transmission eigenvalues. This method

proved to be a well balanced trade-o� between the fast MD simulations, and the

more accurate, but computationally more demanding, DFT based dynamics. The

MD calculations were performed using the IMD package [182].

Since we were interested in a holistic approach to both the geometrical structure,

and transport properties of narrow atomic contacts, we needed a classical interatomic

potential that was consistent with the DFT method used for calculating the conduc-

tance. For this reason we performed our own force �eld parametrisation. I shall note

that the previous parametrisation [183] of indium was �tted primarily to reproduce

bulk properties, not to produce reliable contact geometries and in our case it indeed

failed to reproduce realistic con�gurations far from the bulk case.

In our systematic �tting procedure we �rst calculated DFT total energies for ide-

alised clusters of indium as shown in Figure 7.2. The total energies were recorded

for uniformly rescaled versions of the clusters, thereby generating enough data for

the �t. Subsequently, the resulting parameters were �ne tuned by �tting to the to-

tal energies of randomly arranged atomic clusters. The �t was performed with the
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Figure 7.2: Idealised cluster con�gurations used for the �tting of the Terso� potential
to DFT calculations. These structures were volumetrically rescaled and then the total
energy was calculated to produce the total energy curves in Figure 7.3.

A 505.2 eV c 15.81
B 25.33 eV d 0.9494
λ 2.122 −1 h −0.5589
µ 0.741 −1

γ 0.005524 R 7
n 1.5748 S 7.15

Table 7.1: Fitted Terso� potential parameters.

single component Terso� function detailed in Sec. 6.2.4, and the �tted parameters

can be seen in Table 7.1 and some example of the total energies calculated by DFT

and the corresponding �tted Terso� potential is shown in Figure 7.3. The parameters

obtained from this �tting procedure reproduce also the bulk structure.

7.3 Breakjunction simulation

The simulations started from an ideal contact con�guration with cuboid electrodes

containing layers of 6x6 atoms stacked along the (001) direction, applying periodic

boundary conditions in all three spatial directions. The middle part was carved to

a pyramid shape, the atoms in this region were allowed to move. For the consistent

transport calculations we included into the scattering region (or extended molecule)
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Figure 7.3: Total energy as a function of interatomic distance calculated by DFT
(symbols) and the corresponding �ts by Terso� potentials (lines) for four demonstra-
tive geometries chosen from Fig. 7.2 (pyramid, corner, trimer, dimer). One set of
parameters was used to �t the Terso� potential simulaneously to all curves.

two additional unit cells at both sides (Fig 7.4).

From this starting position both �xed sides were repeatedly pulled 8Å apart and

then pushed back again, and several cycles of this 'pushing and pulling' were per-

formed. In each pushing/pulling step three sub-steps were performed. First, we ran

a simulation with the Nose�Hoover thermostat (constant particle number, volume

and temperature NVT) for 20 − 35 fs with 0.05 − 0.1 fs timestep, at a temperature

of 0.1 − 1 K (10−5 − 10−4 eV). 1 The purpose of this was to randomise the junc-

tion structure to obtain a statistical ensemble of the possible junction con�gurations.

Then the �xed layers were pushed back or pulled apart with 0.01Å stepsize, and we

performed a geometry optimisation (with the conjugate gradient method) to simulate

the adiabaticity of the process, and equilibrate the energy changes caused by the ge-

ometry modi�cations. Repeating these three sub-steps we recorded the coordinates.

The 6x6 block of indium considered was a su�cient compromise. We performed test

simulations on larger blocks of indium and found that the junction evolution was not

signari�cantly di�erent. However, for the DFT and transport calculations this about

10x6x6 block of indium was still a convenient target, therefore we were able to perform
1The di�erence in the experimentally used temperature and the theoretical one shows that the

employed model with these parameters are not perfect. We can still expect other properties to be
correct.
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Figure 7.4: Top picture is the initial con�guration of the scattering region (extended
molecule) for the MD calculation. The atoms in the center are allowed to move, but
the 2 unit cells on the left and right are �xed. The bottom picture is for the DFT and
transport calculation, where 2 extra unit cells were attached to the leads on both left
and right sides.
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Figure 7.5: The picture shows an example of the evolution of the junction geometry.
These con�gurations are obtained from the MD.

thousands of such calculations.

With the given junction geometries from each snapshot of the junction develop-

ment (see Figure 7.5.), we calculated the Hamiltonian H and overlap matrix S for

every step of the pushing and pulling simulation. All of the DFT calculations were

performed with the LDA and the PZ exchange-correlation functional, periodic bound-

ary conditions in all directions, and an SZ basis set only in order to accelerate the

calculations. We also performed a series of test calculations with DZ and DZP basis

sets and found that the calculations did not improve the �nal outcome of the sim-

ulation. From the Hamiltonians and the overlap matrices obtained, we calculated

the transmission amplitudes as discussed in Chapter 4, and the individual channel

transmission coe�cients Ti were given as the eigenvalues of the tt† matrix.

7.3.1 Conductance histograms

Figure 7.6 demonstrates both the experimentally-measured, and theoretically-simulated

conductance traces and histograms. Figures 7.6(a) and (b) show examples of exper-
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imental conductance traces, and the conductance histogram constructed from 5000

individual traces, respectively. The experimental histogram shows a sharp peak at

∼ 1.1 G0, a smaller peak at ∼ 1.7 G0, and two broader peaks at ∼ 2.5 G0 and ∼ 4 G0.

The theoretical histogram in Figure 7.6(d) is constructed from 200 independently sim-

ulated conductance traces (opening and closing), from which examples are presented

in Figure 7.6(c). The simulated histogram clearly reproduces the �rst peak of the

experimental histogram, and also shows recognisable humps at higher conductances

around ∼ 1.5 G0, ∼ 2.5 G0 and ∼ 4 G0, close to the experimental peaks. The simu-

lated traces show noticeable conductance plateaus, however, it is evident that they

are noisier than the experimental ones, and in contrast to the sharp experimental

conductance jumps, the calculated traces exhibit a smoother transition between the

plateaus. This indicates that the simulations are not precisely capturing the dynamics

of the transition between di�erent atomic con�gurations, which may originate from

the error in the force �eld or not optimal pulling strategy. However, the measured

and calculated histograms are similar, and therefore the simulation may provide a

realistic ensemble of junction con�gurations.

7.3.2 Statistical analysis of the transmission eigenvalues

For a deeper comparison of the simulated data and the experimental junction con�g-

urations, we performed a detailed statistical analysis of the individual channel trans-

mission coe�cients. Our collaborating experimentalists have measured the current-

voltage characteristics of more than 500 independent junctions in the superconduct-

ing state, and by �tting the subgap structures they have determined the transmission

probabilities, Ti, for the open conductance channels of all these junctions.

Figure 7.7 shows the statistical distribution of the transmission probabilities for

the �rst four channels as a function of the total conductance. The experimental data

(orange squares) shows that the scattering of the most transparent channel is almost
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Figure 7.6: The top panels show demonstrative experimental conductance traces (a)
and the conductance histogram (b) for indium junctions. The bottom panels show ex-
amples of simulated conductance traces (c) and a theoretical conductance histogram
based on 200 traces (d). Below, on the panels some atomic con�gurations are shown
(e1-e4) corresponding to the positions on the simulated traces denoted by stars. (Fig-
ure is from [184].)
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an order of magnitude higher than the other channel transmissions. This means that

in spite of the stochastic nature of contact rupture, the evolution of the channel trans-

missions as a function of the total conductance is a well-de�ned function. The channel

transmissions are also determined along all points of the simulated 200 traces2 (blue

dots). The experimentally measured, and theoretically simulated, channel transmis-

sions show remarkable agreement. This agreement is further demonstrated in Figure

7.8, where both the experimental and theoretical channel transmissions are averaged

at di�erent conductance values. The precise coincidence of the measured and cal-

culated evolution of the transmission eigenvalues gives a strong indication that the

simulations provide a realistic ensemble of junction con�gurations. This agreement

allows us to identify the typical atomic con�gurations, which are responsible for the

di�erent peaks in the histogram. After a detailed analysis of the atomic arrangements

along the theoretical conductance traces, we have found a clear matching between the

four distinct conductance regions around the peak positions (the four coloured areas

in Figures 7.6(b) and (d)) with some typical contact con�gurations shown in Figure

7.6(e1-e4). The region of the fourth peak (green area) is typically related to con�gura-

tions with 3 or 4 atoms in the smallest cross section (Figure 7.6(e1)), which we denote

by N-3-N' or N-4-N' con�guration (the middle number is the number of atoms in the

smallest cross section, whereas N and N' are the number of neighbouring atoms in the

junction on either sides). The third peak (orange area) corresponds to arrangements

with 2 atoms in the smallest cross section (N-2-N' con�guration, Figure 7.6(e3)). The

small peak at ∼ 1.7 G0 (blue area) is mainly related to a monomer con�guration with

a single atom in the smallest cross section (N-1-N', Figure 7.6(e2)). The position of

the �rst peak (red area) is clearly related to a dimer con�guration, where a chain of

two atoms connects the two electrodes (N-1-1-N', Figure 7.6(e4)).

2Which was altogether 10000 points.
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Figure 7.7: The transmission eigenvalues, Ti, for the �rst four conductance channels
are plotted as functions of the total conductance, G = 2e2

h

∑
i Ti for a large ensemble

of junctions with di�erent conductances (T1 > T2 > T3...). The experimental data
(orange squares) are obtained by �tting the subgap features in the I-V curves. The
theoretical channel transmissions are calculated along all the points of 200 simulated
traces. For better visibility only 500 random points are plotted from this ensemble of
data (blue circles). (Figure is from [184].)

7.3.3 Ideal geometries

The alternative approach to the one that I just described here to �nd out the most

typical junction con�gurations is to choose a small number of selected geometries by

hypothesis, perform only DFT calculations on those geometries without molecular

dynamics or relaxation, and compare the results with the experiments. Therefore,

to compare our method with the hypothetical approach, we have performed DFT

calculations on some ideal structures as well.

The red lines in Figure 7.8 demonstrate the opening of the conductance channels

as the distance between the apex atoms of an ideal (001) oriented dimer con�guration
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Figure 7.8: The orange squares and blue circles respectively show the average of
the experimental and theoretical channel transmissions plotted in Figure 7.7. The
red/green lines respectively show the channel transmissions during the stretching of
ideal dimer/monomer con�gurations. The geometries of these ideal con�gurations are
demonstrated in the insets. (Figure is from [184].)
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is varied (the ideal geometry is demonstrated in the inset of the top left panel in

Figure 7.8). At the optimised separation, the conductance of the dimer con�guration

is found to be ∼ 1 G0 (red circle), in agreement with the simulated traces (e.g. Figure

7.6(e4)). The transmission probabilities of the �rst two channels for this geometry

show reasonable agreement with the experiment, whereas the almost zero transmission

of the third channel is far below the experimental data. As a second example, the

green curves show the opening of the conductance channels for an ideal (001) oriented

monomer con�guration (see inset in the top right panel of Figure 7.8). For this

arrangement the conductance at the optimal separation is∼ 2.5 G0 (green circle). This

value is signi�cantly above the conductance of monomer con�gurations obtained by

molecular dynamics simulations. This discrepancy has a simple geometrical origin: in

a monomer con�guration the conductance is sensitive to the number of neighbouring

atoms, due to the �nite leakage current between the electrodes. In the MD-based

traces, the conductance is typically lower than the ideal case, because the middle

atom usually has 2 or 3 neighbours on each contact, whereas the ideal geometry is

de�ned to have 2x4 neighbours. The evolution of the channel transmissions for these

two geometries further supports our statement that at G < 1.1 G0 the dimer is the

more realistic con�guration. At higher conductances the dimer is no longer realistic,

but the transmissions of an ideal monomer con�guration also strongly deviate from

the experimental data.

Ideal con�gurations can only give realistic results for con�gurations where the

conductance does not depend signi�cantly on the precise structure of the neighbour

electrodes (e.g. dimer). For such con�gurations the channel transmissions may show

deviations from the experiment, most probably due to the presence of unrealistic

symmetries of the ideal con�guration. Furthermore, simulations of ideal geometries

are not able to describe transitions between di�erent con�gurations. By contrast,

molecular dynamics simulations are able to sort out the statistically relevant ensemble
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of con�gurations, and can provide excellent agreement with the experimental data

even on the level of individual channel transmissions.

7.4 Summary of the indium MCBJ investigation

The following results were obtained by studying the evolution of the indium break-

junction process both experimentally and theoretically with a combination of the

three theoretical methods previously discussed (MD, DFT, SPTt). Experimentalists

were able to measure not only the current and full conductance of the nano junctions,

but from the subgap features of the I-V characteristics they were also able to extract

the channel decomposition of the transmission coe�cient, and found that they show

a well de�ned development during the stretching process. Based on the combined

MD-DFT-SPT simulation we found that the theoretical conductance traces do not

give perfect plateaus. However, statistically the plateaus are similar to the experi-

mental plateaus, which is re�ected by the fact that the theoretical and experimental

conductance histograms compare well. Furthermore, the theoretical simulations of

the individual channel conductance traces show excellent agreement with the exper-

imental data. Based on the comparisons we can conclude that classical molecular

dynamics simulations are able to provide a realistic statistical ensemble of contact

con�gurations, even though the �ne details of the transition between di�erent junc-

tion con�gurations may not be captured precisely. This correspondence enabled the

identi�cation of typical junction arrangements, which are providing a major contri-

bution to the conductance histograms.

So far this was a proof of principle that classical MD with a well parametrized

force�eld is able to produce realistic geometries.



Chapter 8

Summary of the thesis

Through my whole thesis the focus was on di�erent aspects of molecular electronics.

The �rst topic laid the foundations for all the following chapters, namely the density

functional theory, also discussing its capability, accuracy, limitations and alterna-

tives. In the second chapter I investigated the adsorption of anthracene and pyrene

derivatives onto a graphene surface using DFT within the SIESTA software package.

The procedure consisted of 3 steps, �rst we relaxed the geometry for the individual

molecules and then they were placed on top of graphene, where by further relax-

ation we found the equilibrium separation and �nally with the counterpoise method

the binding enregies were obtained. Graphene is a very hot topic nowadays due to

its many advantages compared to other widely used materials, it is very cheap and

highky accesible, and the non-covalent functionalisation of its surface (CNTs included)

is a promising route to assembling circuits. This would already justify the necessity

of the binding energy calculations, but the emphasis was also on the improvement

of the recent vdW-DF over the LDA and with which the relationship between the

structure of the molecules and their binding energies was easily understood. From

the result within the given accuracy of the method (±0.05 eV), I can conclude that ev-

ery substituent donates or accepts electrons from the anthracene or pyrene backbone
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according to its electron a�nity, there by lowering or increasing the binding energy

respectively.

After introducing DFT, I described the theoretical background of SPT. The tech-

nique is based on Green's functions to calculate the transmission and re�ection am-

plitudes within the Landauer-Büttiker framework. With this powerful combination

of DFT and SPT, I predicted electronic transport through narrow ribbons made of

poly aromatic rings and identi�ed a very good conducting family of molecules, namely

the acenes. The conductance of acenes as a function of the number of rings or length

shows an oscillatory behavior. To explain the e�ects of the coupling sites and describe

the oscillations I presented a Hückel type model.

In the above calculations the nuclei were stationary in time. In the last part of

the thesis I introduced classical interaction potentials in order to e�ciently model the

dynamics of atoms in atomic sized contacts. The training set for the parametrization

of the force �eld was from DFT calculations and this closed methodology ensures that

dynamics driven by classical forces will give the best possible geometries. Also the

usage of classical force �elds enables us to cross the typical DFT time or length scales

by three to �ve orders of magnitudes.

With DFT, SPT and MD we had the three theoretical tools needed to simulate

mechanically controllable break junctions of indium. We used random contact geome-

tries, then pulled them apart by very small steps and after each step the atoms were

allowed to move and evolve into another con�guration. We got the Hamiltonian from

DFT for each geometrical snapshot and with the transport calculation we acquired

a single point on a conductance trace. From these traces we created conductance

histograms and transmission channel evolution curves. We found that the theoret-

ical histograms are in a good, and the channel evolution curves are in an excellent

agreement with experimental ones.

It is clear that the applications presented in this thesis represent only the beginning
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of how we might use the combination of the three computational tools discussed here,

and in the future combined they may be used for designing and studying more complex

and interesting systems. With break junction techniques experimentalists are able to

test the electronic properties of the designed molecules, which stimulates the design

and the further theoretical investigation of molecules with useful functions. Since

the simulations are very powerful, we can construct not only a single element break

junction system, but we can also include molecules with solvent present and study

the e�ect of solvation shells.



Chapter 9

Appendix

9.1 The Hohenberg-Kohn theorems

The �rst theorem

• The ground-state density ρ0(r) uniquely determines, except for a constant, the

external potential Vext(r). There is a one-to-one correspondence between the two

quantities (up to a constant term in the potential)

Let us assume that two external potentials V (1)
ext (r) and V

(2)
ext (r) di�er by more than

a constant yet they yield the same ground-state density ρ0(r). Let us denote the

Hamiltonians corresponding to the external potentials by H(1) and H(2). Since the

Hamiltonians are di�erent they will have di�erent ground-state wavefunctions Ψ(1)

and Ψ(2), but, as assumed, will have the same ground state density. Since Ψ(2) is not

the ground state of H(1) we have

E(1) = 〈Ψ(1)|H(1)|Ψ(1)〉 < 〈Ψ(2)|H(1)|Ψ(2)〉. (9.1)

We assume here non degenerate ground states. This is not true in general but degen-

eracies can be incorporated into the formulation of the problem, see [28] for example.
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Rewriting the last term of Eq. (9.1) as

〈Ψ(2)|H(1)|Ψ(2)〉 = 〈Ψ(2)|H(2)|Ψ(2)〉+ 〈Ψ(2)|H(1) −H(2)|Ψ(2)〉 (9.2)

= E(2) +

ˆ
dr
(
V

(1)
ext (r)− V

(2)
ext (r)

)
ρ0(r),

we get

E(1) < E(2) +

ˆ
dr
(
V

(1)
ext (r)− V

(2)
ext (r)

)
ρ0(r). (9.3)

We can arrive at a similar expression if we start by considering E(2) instead of E(1):

E(2) < E(1) +

ˆ
dr
(
V

(2)
ext (r)− V

(1)
ext (r)

)
ρ0(r). (9.4)

Adding (9.3) and (9.4) we get to the contradiction E(1) + E(2) < E(1) + E(2). Hence

there cannot be two external potentials which di�er by more than a constant and give

the same ground state density. The opposite can be proved similarly.

The proof of the second theorem

• FHK [ρ], the functional that delivers the ground state energy of the system, de-

livers the lowest energy if and only if the input density is the true ground state

density, ρ0. The density itself is a quantity that can be varied to �nd the ground

state energy for a given external potential.

The second Hohenberg-Kohn theorem is proven just as simply as the �rst one. Let

us consider the expression for the total energy of the system with the density ρ:

E[ρ] = T [ρ] + Eint[ρ] +

ˆ
drVext(r)ρ(r). (9.5)

The internal part of this functional T [ρ] +Eint[ρ] contains the kinetic energies T and

the internal interaction energy of the electrons Eint. This part is completely universal

by de�nition. Let us consider a system with the ground-state density ρ0 and with the
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corresponding external potential Vext and wavefunction Ψ0. The �rst theorem tells us

that ρ0 will determine the Hamiltonian H as well. For any density ρ and wavefunction

Ψ other than the ground state we have

E0 = 〈Ψ0|H|Ψ0〉 < 〈Ψ|H|Ψ〉 = E. (9.6)

Thus the ground-state density ρ0 minimizes the functional in Eq. (9.5). It follows

that if we know the functional T [ρ] + Eint[ρ] then by minimizing Eq. (9.5) we get

the ground-state of the system and can calculate all ground-state properties we are

interested in. Note that the second theorem in its original form presented by Ho-

henberg and Kohn in [22] assumes that the density is v-representable. This means

that the densities considered should be expressed as the ground-state of some external

potential Vext. Not all densities full�ll this criterion, for example the excited states

of smooth external potentials can not be ground-states of other su�ciently smooth

external potentials. For further examples see [28].

9.2 Van der Waals interaction

Electrons are mobile, and at any one instant they might �nd themselves towards one

end of the molecule or atom, making that end slightly negative. The other end will be

temporarily short of electrons and so becomes positive. An instant later the electrons

may well have moved up to the other end, reversing the polarity of the molecule (Fig.

9.1).

This constant "sloshing around" of the electrons in the molecule causes rapidly

�uctuating dipoles even in the most symmetrical molecule, such as homoatomic

molecules - molecules of noble gases, like helium, which consist of a single atom.

Therefore between molecules and atoms with closed electron shells there is a weak,

binding interaction. In other words quantum-�uctuations induce dipole moment in
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Figure 9.1: Electron �uctuating in an atom.

one atom and this polarises the closed shell of another atom and induces a dipole

moment in that one too. This kind of binding is named after van der Waals, but its

quantum mechanical interpretation was given by F. London [185].

Consider two noble gas atoms sitting in points RA, RB and the distance between

them is R = |RB −RA|. The nuclei are �xed, we are only interested in the state of

the electrons. We denote the coordinate vector of electrons around atom A with r(A)
i

and around atom B with r(B)
i . The system's Hamiltonian is:

H = HA +HB +Hint,

whereHA andHB are the Hamiltonians of the free electrons andHint is the interaction

between them. Assuming that there is the same number of electrons Z on each atom,

HA = −
Z∑
i=1

∇2
i +

1

2

Z∑
i,j=1
i 6=j

ẽ2

|r(A)
i − r

(A)
j |
−

Z∑
i=1

Zẽ2

|r(A)
i −RA|

contains the kinetic energy, interactions between electrons belonging to atom A and

the Coulomb interaction between electrons and the nucleus of atom A. The Hamilto-

nian for atom B can be written the same way. The Coulomb interaction between the

nuclei and electrons of the two atoms

Hint =
Z2ẽ2

|R|
−

Z∑
i=1

(
Zẽ2

|RB − r
(A)
i |

+
Zẽ2

|RA − r
(B)
i |

) +
1

2

Z∑
i,j=1

ẽ2

|r(A)
i − r

(B)
j |

.

Introducing r̃
(A)
i = r

(A)
i −RA and r̃

(B)
i = r

(B)
i −RB, which means that we measure

electron coordinates from their equilibrium position, we obtain
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Hint =
Z2ẽ2

|R|
−

Z∑
i=1

(
Zẽ2

|R− r̃
(A)
i |

+
Zẽ2

|R− r̃
(B)
i |

) +
1

2

Z∑
i,j=1

ẽ2

|̃r(A)
i − r̃

(B)
j −R|

.

Assuming that the electron clouds' extension is smaller than the distance between

the two atoms, then the above interaction can be expanded around r̃
(A)
i and r̃

(B)
j

1

|̃r(A)
i − r̃

(B)
j −R|

=
1

R
−
∑
α

(r̃
(A)
iα −r̃

(B)
jα )

∂

∂Rα

1

R
+

1

2

∑
αβ

(r̃
(A)
iα −r̃

(B)
jα )(r̃

(A)
iβ −r̃

(B)
jβ )

∂2

∂Rα∂Rβ

1

R
+. . .

and using
∂

∂Rα

1

R
= −nα

R2
,

∂2

∂Rα∂Rβ

1

R
=

1

R3
[3nαnβ − δαβ]

where nα = Rα/R is the α component of the unit vector n in the direction of R. The

following terms appear:

d(A) = −e
Z∑
i=1

r̃
(A)
i , d(B) = −e

Z∑
i=1

r̃
(B)
i

dipole moment and

Q
(A)
αβ = −e

Z∑
i=1

[3r̃
(A)
iα nαr̃

(A)
iβ nβ − δαβ r̃

(A)
iα r̃

(A)
iβ ] (9.7)

quadrupole moment and their interaction.

The mean values of these are going to be zero, because of the spherical chargedis-

tribution of the completely closed outer shell. The �rst non-vanishing term is in the

second order of the perturbation. To determine this term let's see the expression

coming from the aforementioned quadrupole moment in Eq. (9.7)

Hint = − ẽ
2

R3

∑
ij

[3(r̃
(A)
i · n)(r̃

(B)
j · n)− r̃

(A)
i · r̃

(B)
j ]. (9.8)
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The �rst term of Eq. (9.8) doesn't give any contribution. The non-vanishing

second term is like the interaction of the induced dipole moments of the electron

clouds. This contribution is always negative, therefore the two atoms always attract

each other and

E = −6
ẽ2

R
(
a0

R
)5 (9.9)

This function goes with R−6 and because a0 is smaller than the usual distance

between atoms, its order of magnitude is much smaller than the ẽ
R
Coulomb energy

9.2.1 Derivation of vdW-DF1

To obtain an expression for the nonlocal part Enl
c we use the adiabatic-connection

�uctuation-dissipation theorem (ACFDT) [187, 33], so the full exchange-correlation

functional Exc can be written as a functional of one-electron orbitals

Exc = −
ˆ
d3rd3r′

ˆ ∞
0

du

2π

ˆ 1

0

dλ

λ
(χλ(r, r

′, iu)Vλ(r, r
′)− ρ(r)δ(r− r′)), (9.10)

where ρ(r) is the electron density and Vλ(r, r′) = λ
|r−r′| is the elctron-electron repulsion

potential scaled by the coupling strength λ. The orbital dependence enters Eq. (9.10)

through χλ(r, r
′, iu), the non-local frequency-dependent full Kubo density-response

function (see Mahan's book for further details [188]).

If χλ is replaced by the non-interacting response function χλ=0, then Eq. (9.10)

becomes equal to the exchange energy Ex, and hence we can express the correlation

energy Ec through the di�erence Exc − Ex as

Ec = −
ˆ
d3rd3r′

ˆ ∞
0

du

2π

ˆ 1

0

dλ

λ
(χλVλ − χ0V0). (9.11)

1For this section I used partly Andris Guians's derivation [186].
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Figure 9.2: Diagrammatic representation of Eq. (9.11). The diagrams with shaded
and empty bubbles correspond to fully interacting and non-interacting linear response
functions, respectively.

Eqs. (9.10) and (9.11) are derived in the framework of the many-body perturbation

theory, where it is common to use diagrams in order to give an intuitive image to the

complicated integral expressions. Along these lines the two terms of Eq. (9.11) can

be represented by the diagrams shown in Fig. 9.2.

The long-range part in Eq. (2.18) is derived using a number of approximations

1. the so-called full potential approximation χλ ≈ χλ=1, which is well-justi�ed

for the long-range interactions if they are dominated by terms included in the

random-phase approximation (Appendix 9.2.3.),

2. the plasmon-pole approximation that allows to relate the linear response func-

tions to the electron density (Appendix 9.2.2.),

3. the expansion of the correlation energy expression in powers of the dynamic

structure factor.

These simpli�cations are essential for removing the hidden orbital dependence in Eq.

(9.11) and hence reducing its complexity. As a result, the long-range part of the

correlation energy Enl
c can be expressed in the form of

Enl
c [ρ(r)] =

1

2

¨
ρ(r)ρ(r′)φ(q0(r), q′0(r′), R)d3rd3r′, (9.12)

where R = |r − r′|, and φ(q0(r), q′0(r′)) is a kernel function. Sometimes it can be

convenient to express the kernel function in terms of di�erent variables, namely, as
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φ = φ(D, δ) with D =
q0+q′0

2
R and δ =

q0−q′0
q0+q′0

. This rearrangement makes the storage

and plotting of the function simpler.

However, the double spatial integral poses prohibitive computational demands for

the very large scale simulations required in soft-matter and biomolecular problems.

For such systems, an algorithm was suggested and already implemented in SIESTA,

which improves the e�ciency and the scaling with the system size [51].

If q0 and q′0 in Eq. (9.12) were �xed values, independent of r and r′, Enl
c would

be a simple convolution, like the Coulomb energy, that could be evaluated by Fourier

methods. Therefore, a key step for an e�cient implementation is to expand the kernel

φ as

φ(q0, q
′
0, R) '

∑
αβ

φ(qα, qβ, R)pα(q0)pβ(q′0),

where qα are �xed values, chosen to ensure a good interpolation of function φ.

9.2.2 Plasmon-pole model for the dielectric function

The plasmon is a quasiparticle resulting from the quantization of plasma oscillations,

they are collective oscillations of the free electron gas density, for example, at optical

frequencies. plasmons can be described in the classical picture as an oscillation of free

electron density with respect to the �xed positive ions in a metal.

According to Ref. [189], the dielectric function can be written with the inclusion

of the plasma frequency

ε = 1 +
ω2
p

ω2
q − ω2

p − ω2
,

where

ω2
q = ω2

p +
k2
F q

2

3
+
q4

4
,
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with ω2
p = 4πρ and kF = (3π2ρ)1/3, where ρ is the electron density.

The nonlocal correlation energy is expanded to the second order in terms of the

quantity S = 1− ε−1, leading to the expression

Enl
c ≈

ˆ ∞
0

du

4π
tr[S2 − (

∇S · ∇V
4π

)2], (9.13)

where u = −iω and V = |r − r′|−1 is the interelectronic Coulomb interaction.

Eq. (9.13) gives the correct asymptotic form of the dispersion interaction between

molecules [190].

9.2.3 Random phase approximation

It was introduced by Bohm and Pines [191, 192, 193] between 1951-1953, to help the

incorporation of the microscopic quantum mechanical interactions between electrons

in the theory of matter.

RPA accounts for the weak screened Coulomb interaction, and it is commonly

used for describing the dynamic linear electronic response of electron systems. In

RPA electrons are assumed to respond only to the total electric potential V (r) which

is the sum of the external perturbing potential Vext(r) and a screening potential Vsc(r).

The external perturbing potential is assumed to oscillate at a single frequency ω, so

that the model yields via a self-consistent �eld (SCF) method a dynamic dielectric

function.

The contribution to the dielectric function from the total electric potential is

assumed to average out, so that only the potential at wave vector k contributes.

This is what is meant by the random phase approximation. The resulting dielectric

function, also called the Lindhard dielectric function [194, 195], correctly predicts a

number of properties of the electron gas, including plasmons [188]. In a seminal paper

Murray Gell-Mann and Keith Brueckner showed that the RPA can be derived from
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Figure 9.3: Feynman diagrams illustrating the random phase approximation.

a summation of leading-order chain Feynman diagrams in a dense electron gas. The

consistency in these results became an important justi�cation and motivated a very

strong growth in theoretical physics in the late 50's and 60's.

At the electron-hole pair collision free propagation we consider only a special set

of interactions, such as shown on Figure 9.3.

9.2.4 Spectator diagrams

This concept means that the energy diagrams can be split into parts attributed to

the non-overlapping regions by cutting interaction lines. This observation underlines

the genuine non-locality and the many-body nature of the van der Waals interaction.

9.3 The subgap structure of an SNS junction

There is nowadays clear evidence that the SGS can be understood in terms of multiple

Andreev re�ections (MAR), as �rst proposed by Klapwijk et al. [196]. A qualitative

explanation of the SGS in superconducting contacts in terms of MAR is illustrated

in Fig. 9.5. Single quasi-particle processes as those illustrated in Fig. 9.5(a) are

only possible when eV > 2∆ in order for the transferred quasi-particle to reach the

available states onthe right superconductor. The probability of these type of processes

is proportional to the contact transmission and they give a contribution to the current-
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Figure 9.4: Schematic explanation of an Andreev re�ection process. Figure is from
[198], where also a thorough explanation is given.

voltage relation as indicated schematically in the lower right panel in Fig. 9.5 or in. At

lower bias voltages current is possible due to Andreev processes. The simplest Andreev

process is depicted in Fig. 9.5(b) (or in the case of normal-superconductor contact on

Fig. 9.4), where two quasi-particles are transmitted with a probability proportional to

the square of the normal transmission, creating a Cooper pair on the right side. These

processes give a contribution to the IV with a threshold at eV = ∆. At even lower

biases higher order Andreev processes can give a contribution. In general, a nth order

process in which n quasiparticles are transmitted gives a contribution proportional to

the nth power of the transmission and with a threshold at eV > 2∆/n. By �tting

these features (see Fig. 9.7), the transmission probabilities of the various channels

can be determined with high accuracy [197].
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Figure 9.5: Schematic explanation of subgap structure in superconducting contacts.
Figure is from [198], where also a thorough explanation is given.

Figure 9.6: The dc current-voltage characteristic of a SNS contact for di�erent values
of the normal transmission at zero temperature. Figure is from [199] The two relevant
features of these curves are the subgap structure for eV < 2∆ and the excess current
for eV � ∆. As can be observed, the subgap structure becomes progressively more
pronounced with decreasing transmission. Eventually, when T � 1 the current steps
at positions eV ∼ 2∆/n can be clearly resolved.
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Figure 9.7: Superconducting IV curves on the last plateau for Pb atomic contacts
fabricated using the STM technique (taken from Ref. [200]). The channel transmis-
sions obtained in the �tting procedure were: for curve a: T1 = 0.955, T2 = 0.355,
T3 = 0.085, T4 = 0.005; curve b: T1 = 0.89, T2 = 0.36, T3 = 0.145, T4 = 0.005;
curve c: T1 = 0.76, T2 = 0.34, T3 = 0.27, T4 = 0.02; curve d: T1 = 0.65, T2 = 0.34,
T3 = 0.29, T4 = 0.12; curve e: T1 = 0.026.
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