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Summary

Adaptation and confidence in

nonparametric Bayes

Nonparametric models, due to their high flexibility, are widely used in statis-
tics for modelling the underlying phenomena of the observed data. There
exists a rich collection of nonparametric statistical methods to make inference
about the chosen model. The performance of the inference techniques usually
depends to a great extent on certain characteristics of the nonparametric
model, for instance regularity, sparsity, etc. However, these characteristics
are usually unknown, they have to be extracted from the data, giving rise to
adaptation techniques. Furthermore, in practical applications it is of great
importance to quantify how confident we are in the derived results.

Bayesian nonparametric techniques are widely used in practical applica-
tions due to their conceptual simplicity. The most commonly used adaptive
Bayesian approaches are the hierarchical and the empirical Bayes methods.
In this thesis we focus mainly on the theoretical, asymptotic aspects of the
adaptive Bayesian techniques. To carry out our analysis we consider the
problem of estimating the unknown signal in the inverse signal-in-white-
noise-model. This is a relatively tractable model and at the same time it
can be used as a platform to investigate more complex statistical problems.

In the first half of the dissertation we study how fast the posterior
distribution concentrates around the truth for adaptive Bayesian techniques
in nonparametric settings. First we consider a class of rescaled Gaussian
priors, widely used in Bayesian practice. We characterize the behaviour of the
scaling hyperparameter, and show that both the empirical and hierarchical
Bayes methods achieve the optimal posterior contraction rate over a range
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Summary

of regularity classes. However, the preceding range is limited, depending on
the regularity of the unscaled prior. Rough priors cannot be scaled to yield
optimal performance for smooth truths.

Then we analyse a class of prior distributions indexed by a hyperparam-
eter that quantifies the regularity. We prove that both adaptive Bayesian
methods succeed in automatically selecting the regularity hyperparameter
optimally, resulting in optimal convergence rates for truths with Sobolev or
analytic smoothness. The Bayesian techniques for both choices of the prior
distributions are illustrated by simulation examples.

In the second half of the thesis we focus on the uncertainty quantification
of the Bayesian procedures. In Bayesian nonparametrics it is common
to characterize the remaining uncertainty of the posterior distribution by
plotting a credible set, i.e. a set collecting a large fraction (typically 95%) of
the posterior mass. However the frequentist interpretation of these sets is
rather unclear, it is not known in general to what extent we can trust the
credible sets from a frequentist point of view.

We consider the same family of Gaussian prior distributions indexed by
a regularity hyperparameter as above and choose the hyperparameter by
the marginal likelihood empirical Bayes method. Then we take a central
set of prescribed posterior probability in the posterior distribution of the
chosen regularity. We show that such an adaptive Bayes credible set gives
correct uncertainty quantification of “polished tail” signals, in the sense of
high probability of coverage of such truths. On the negative side we show by
theory and example that adaptation of the prior necessarily leads to gross
and haphazard uncertainty quantification for some true parameters that are
still within the Sobolev regularity scale.

Finally we propose a new empirical Bayes method based on risk esti-
mation. The new method corrects some aspects of the standard adaptive
Bayesian techniques and provides credible sets with better coverage proper-
ties than the hierarchical and marginal likelihood empirical Bayes approaches.
We illustrate our theoretical results by a numerical example.
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Symbols

Rd d-dimensional vector of real numbers
∅ empty set
S1 ∪ S2 union of S1 and S2

S1 ∩ S2 intersection of S1 and S2

Sc complement of S
a ∈ S a is an element of S
|S| cardinality of set S
P statistical model: collection of probability distributions
θ0 unknown true signal/function of interest
Pθ0 ,Eθ0 , varθ0 probability distribution, expected value and variance cor-

responding to θ0

X(n), X
(n)
t observed data with noise level n

T (X(n)) estimator
N(µ, σ2) normal distribution with mean µ and variance σ2

IΓ(a, b) inverse gamma distribution
L(·, ·), L loss function
d(·, ·), d metric/distance
N(ε,A, d) covering number of the set A with ε-balls relative to the

metric d
‖ · ‖p Lp-norm for 1 ≤ p ≤ ∞
‖ · ‖, ‖ · ‖2 L2- or `2-norm
h(P,Q), h Hellinger distance between the measures P and Q
KL(P‖Q),KL Kullback-Leibler divergence between P and Q
R(g(θ), T (Xn)) risk function
rn,Θ, rn,β, rn minimax risk
β smoothness or regularity of the truth θ0

p degree of ill-posedness in linear mildly ill-posed inverse
problem
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Symbols

‖ · ‖β Sobolev norm for β > 0
Sβ, Sβ(M) Sobolev space and Sobolev ball for β,M > 0
Θβ(M) hyper-rectangle for β,M > 0

Θβ
s (M, ε) self-smilar functions for β,M, ε > 0

Θpt(L0, N0, ρ) polished tail sequences for L0, N0, ρ > 0
‖ · ‖Aγ analytic norm for γ > 0
Aγ , Aγ(M) analytic space and Analytic ball for γ,M > 0
an, bn sequences of real numbers
an . bn an ≤ Cbn for some universal constant C > 0
an � bn |an/bn| is bounded away from 0 and infinity as n→∞
an ≈ bn an/bn → 1 as n→∞
an � bn an/bn → 0 as n→∞
a ∨ b maximum of the real numbers or sets a and b, in case a

is the empty set it is defined as b
a ∧ b minimum of the real numbers or sets a and b, in case a

is the empty set it is defined as b
X ∼ F the random variable X has distribution F
[X]1 quadratic variation of the random variable X
Wt Wiener process
α, τ, ν regularity and scaling hyperparameters
Π(·),Πα(·) prior distributions

Π(·|X(n)),Πα(·|X(n)) posterior distributions
α̂n, τ̂n, ν̂ estimators of the hyperparameters
αn, τn, νn deterministic upper bounds for the hyperparameters
αn, τn, νn deterministic lower bounds for the hyperparameters

Πα̂n(·|X(n)) empirical Bayes posterior distribution
λ(α), λ(τ) hyperprior densities

Ĉn confidence set

ĈEn , Ĉ
H
n , Ĉ

R
n credible sets basod on various Bayesian techniques

B(α; θ0), Bn(α) bias for fixed hyperparameter α
W (α) centered posterior mean for fixed hyperparameter α
G, H, V, W various stochastic processes
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Chapter 1

Introduction

In this chapter we give a broad introduction to Bayesian nonparametrics,
focusing mainly on the theoretical aspects. We start by introducing the
concept of statistical modelling and the behaviour of statistical procedures
when used with large amounts of data. Then we compare the two big
paradigms of statistics; the classical, or also known as frequentist statistics,
and the Bayesian paradigm. In our work, we take a combined perspective to
get a better understanding of the differences and similarities of these two
contrasting approaches. We investigate various frequentist characteristics
of Bayesian procedures, for instance consistency, rate of convergence, un-
certainty quantification and adaptation, which we introduce in this chapter
rigorously. In our work we consider highly flexible statistical models, known
as nonparametric models, with as few restrictions as possible. Linear inverse
models play a significant role in nonparametric statistical modelling due
to the wide area of applicability. In this chapter we give also a detailed
description of inverse problems, which will be used in the later chapters to
carry out our analysis.

1.1 Statistical modelling

Statistical science encompasses the study of data collection, analysis of the
observed data, and interpretation and presentation of the derived results. In
this thesis we do not address the problem of experimental design or data
collection, for this we recommend the book of Montgomery [2008]. We focus
mainly on the theoretical aspects of data analysis and the interpretation of
the results. Furthermore, we illustrate our theoretical findings with simulated
data.

1



1. Introduction

The core concept of data analysis is modelling. A model is an explanation,
an approximation of a phenomena of interest. Without the use of models it
is hard to imagine how it would be possible to accomplish complex tasks,
for instance space traveling, or finding cures for diseases. However, due to
the complex nature of real world problems, a model will never account for
every detail. An often cited quote of the famous British statistician George
Box is that “essentially, all models are wrong, but some are useful” (Box
and Draper [1987]).

A classical, sometimes also called frequentist, statistical model P is a
collection of probability distributions. In frequentist modeling an observation
X is assumed to be generated by some fixed, true probability distribution
P0 belonging to some model P. Usually the possible distributions are
characterized by a parameter θ (with P0 = Pθ0 for a particular value θ0)
belonging to the set of parameters Θ, that is

P = {Pθ: θ ∈ Θ}. (1.1)

The parameter set Θ can be arbitrary, for instance a finite dimensional
set Θ ⊆ Rk or some function space. The model (1.1) can be viewed as a
collection of possible explanations of the random observation X.

Our goal is to find the distribution that fits best the observation X
from the model (1.1). Using data analysis we can make inference about
the parameter θ. For instance, give an estimator for the parameter or a
functional of it, provide a confidence set to describe the uncertainty of the
estimator, etc. We provide a detailed description of inference techniques
based both on frequentist and Bayesian approaches in Sections 1.3 and 1.4,
respectively. Before this, we focus on the asymptotic behaviour of statistical
procedures, since the following sections rely mainly on asymptotic techniques.

1.2 Asymptotic statistics

In most of the cases the accuracy of a data analysis crucially depends on the
amount and quality of the information that is available. More observations
or more precise measurements typically lead to a more reliable analysis.
In asymptotic statistics we deal with the large sample behaviour of the
statistical procedure. We use the superindex (n) to denote the sample size
or the precision of the data X(n). The value n in asymptotic problems is
considered to be “large enough” or to tend to infinity. Asymptotic statistical
methods can be applied both to approximate and to study the quality

2



1.2. Asymptotic statistics

of statistical procedures. In the following we discuss in more detail two
particular statistical concepts (statistical hypothesis testing and estimator
classification) where asymptotic theory plays an important role.

Building new theories is the core of scientific development. Statistical
hypothesis testing is a statistical method to decide on the validity of a theory.
Hypothesis testing starts with the computation of a test statistic, which is a
measurable function of the data. The test statistic is constructed to make
the distinction between the default- (null -) and the alternative hypotheses
possible. The next step is to determine the critical value of the test statistic
corresponding to the default hypothesis. The critical value is a cutoff value
representing the boundary between the null- and the alternative hypotheses.
In case the test statistic exceeds this critical value the null hypothesis is
rejected, otherwise it is accepted (or more precisely not rejected).

The problem is that in most of the cases the critical value is not available.
The distribution of the test statistic can be very complex and the model is
usually only an approximation of the underlying true statistical phenomena.
Therefore in practice an approximated critical value is sufficient. Using the
asymptotic distribution of the test statistic one can give an estimator for
the critical value.

Suppose for example that we observe some independent identically dis-
tributed (iid) sample X(n), generated from some probability distribution
Pθ ∈P with corresponding density function pθ. Assume furthermore that
we have good reason to believe that θ = θ0, which we choose as the null
hypothesis. Under the null hypothesis (and under the fulfillment of certain
regularity conditions) the maximum likelihood estimator θ̂n satisfies that
the test statistic

√
n(θ̂n − θ0) has an asymptotically Gaussian distribution

with mean zero and variance equal to the inverse Fisher information. Then
using the limiting normal distribution one can give an approximation for the
critical value of the test.

Asymptotic theory is also often applied for classifying estimators. In
many cases there are multiple competing statistical procedures for the same
problem. There are only a limited number of statistical problems where
an indisputable optimal procedure exists. This could be caused by the
complexity of the problem or the simple fact that there is no in an overall
sense best solution. Asymptotic optimality theory may help in these cases
by providing simplified optimality criteria. For instance one can compare
asymptotic rather than exact variances of estimators. All in all asymptotic
theory can provide insight in the statistical problem and help in better
understanding the underlying phenomena.

3



1. Introduction

Although the above mentioned theoretical and practical advantages of
asymptotic methods are very tempting, one has to be aware of the limitations
of asymptotic techniques. In most of the asymptotic literature only the
limiting distribution is given, without the quantification of the error term.
In practice these results can not be used for approximations. Furthermore,
there might be multiple asymptotically optimal procedures, which have quite
different finite-sample-size behaviour. For more detailed description of the
subject we refer to van der Vaart [1998] and Ibragimov and Hasminski [1981].

After introducing the basic concept of asymptotic statistics we compare
the two main competing statistical approaches, the frequentist and the
Bayesian. In Section 1.3 we talk about frequentist inference in more detail,
focusing mainly on the asymptotical aspects of the procedures. Then in
Section 1.4 we introduce the Bayesian methodology and investigate it from
a frequentist perspetive.

1.3 Frequentist inference

Point estimations are arguably the most commonly used form of frequentist
inference. Assume that in an experiment or random trial we observe the data
X(n), generated from the distribution Pθ0 . Lets denote by X (n) the set of
all possible outcomes of this experiment. Consider a function g: Θ 7→ Γ (for
some arbitrary space Γ, for instance Rk or the space of continuous functions),
and assume that we are interested in the function value g(θ0). Since the
true value g(θ0) is usually unknown, one can use the observed data to give
an estimation for g(θ0). A point estimator is a random variable T (X(n)) ,
given by some measurable function T : X (n) 7→ Γ.

Since the estimator can vary along the observations, a natural way to
interpret closeness of the estimator T (X(n)) to the estimand g(θ0) is in
average. First we consider a loss function L: Γ × Γ 7→ R+ ∪ {0}, which
intends to quantify the amount by which the estimator T (X(n)) deviates
from the true value g(θ0). It is common to choose the loss function L to
be a metric (or distance) d. Then to measure how accurate the estimator
T (X(n)) of the true value g(θ0) is, we define the risk function

R
(
g(θ0), T (X(n))

)
= Eθ0L

(
g(θ0), T (X(n))

)
, (1.2)

where Eθ0 denotes the expectation with respect to the distribution Pθ0 . The
risk function averages out the deviation of the estimator from the truth with
respect to the measure Pθ0 .
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1.3. Frequentist inference

The choice of a meaningful loss L highly depends on the considered
model and is far from obvious. This was already observed by Gauss, who
preferred the squared error loss function for its simplicity; see Lehmann and
Casella [1998]. For instance in Γ ⊂ Rk the L2-norm (or also known as the
Euclidean norm) induces a natural squared distance

L(x, y) = ‖x− y‖22 for x, y ∈ Γ ⊂ Rk.

This loss function gives a remarkable insight into the problem in many
particular cases. However, in nonparametric problems for visualization
purposes the L∞-norm (or supremum norm) is preferred in many cases.

In probability theory it is of great interest to estimate the probability
distribution Pθ0 itself. A very commonly applied measures of distances
between probability distributions are the Kullback-Leibler divergence and
the Hellinger metric. The Kullback-Leibler divergence is a non-symmetric
measure between the distributions P and Q. For absolute continuous distri-
butions with density functions p and q the Kullback-Leibler divergence is
defined as

DKL(P‖Q) =

∫ ∞
−∞

log
p(x)

q(x)
p(x)dx. (1.3)

The Hellinger distance between the distributions P and Q (possessing density
functions p and q, respectively) is given as

h2(P,Q) =
1

2

∫ ∞
∞

(
√
p(x)−

√
q(x))2dx = 1−

∫ ∞
∞

√
p(x)q(x)dx. (1.4)

The Kullback-Leibler divergence and the Hellinger distance are connected
through the inequality

DKL(P‖Q) ≥ 2h2(P,Q).

In the thesis we focus mainly on these very commonly used losses. In
the next section we deal with the performance evaluation of the estimators.
The above introduced risk function (1.2) forms the bases of the definition of
the optimality criteria.

1.3.1 Consistency, convergence rate

Since one can construct a large number of estimators for every single sta-
tistical problem, some selection criteria have to be introduced to find the
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1. Introduction

ones that perform better. A basic requirement for a point estimator is
consistency, i.e. it should be able to identify the truth g(θ0) as the number
of observations approaches infinity. Estimators known to be inconsistent
should seldom be used in practice, because they are unreliable even if an
infinite amount of information were available. More formally we say that
an estimator T (X(n)) is (asymptotically) consistent for estimating g(θ0) if it
converges to g(θ0) in probability, according to the underlying distance d:

Pθ0
(
d(g(θ0), T (X(n))) > ε

)
→ 0, (1.5)

for all ε > 0.
In practice the true parameter θ0 is usually not known. Therefore, we

require (1.5) to hold for every possible value of the parameter θ0 ∈ Θ. We
note that in case the loss function is a metric in (1.2) the disappearance of
the risk R(g(θ0), T (X(n)))→ 0 implies asymptotic consistency (1.5), see for
instance Markov’s or Chebishev’s inequality for special choices of the loss
function. However, in most cases there are numerous consistent estimators,
of varying accuracy, and our goal is to find, in some sense, the best one.

As a first attempt one would like to find an estimator which minimizes
(1.2) for all θ ∈ Θ. However, except in some trivial examples this is impossible.
First of all for any θ ∈ Θ one has the trivial estimator T (X(n)) = g(θ), which
gives zero risk for this particular choice of the parameter. Furthermore, there
typically does not exist any estimator which has zero risk for all θ ∈ Θ at
the same time, except of the trivial case where g is a constant function.

Following from the argument above, one has to introduce a weaker
requirement for the estimator than minimal risk for all θ ∈ Θ simultaneously.
A less restrictive criterion is asking for low risk only in an overall sense. A
commonly used measure for the precision of the estimator is the maximum
of the risk functions over the set Θ

sup
θ∈Θ

R
(
g(θ), T (X(n))

)
. (1.6)

The estimator T (X(n)) minimizing (1.6) is called a minimax estimator and
the corresponding risk value is the minimax risk over Θ

rn,Θ = inf
T

sup
θ∈Θ

R
(
g(θ), T (X(n))

)
. (1.7)

For more detailed description of the topic we refer to Lehmann and Casella
[1998].
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1.3. Frequentist inference

1.3.2 Confidence sets

A more subtle inference technique is to provide a set of possible parameter
values Ĉn ⊂ {g(θ): θ ∈ Θ}, instead of a single value T (X(n)). A simple point
estimator has a limited applicability in practice, since it does not provide any
information about its uncertainty. The estimator can be very close to, or far
away from the true parameter g(θ0), without us knowing the actual distance.
One would like to have some sort of quantification for the reliability of the
estimator. Confidence sets are a type of set estimates intended to quantify
the accuracy of the estimator. The size of the set quantifies the level of
uncertainty of the estimator.

The set estimator Ĉn = Ĉn(X(n)) collects the most likely values of g(θ)
corresponding to our observations X(n). A set Ĉn is said to be a confidence
set with 1− α confidence level if

inf
θ∈Θ

Pθ
(
g(θ) ∈ Ĉn

)
≥ 1− α.

Next we allow the data size to tend to infinity and study the asymptotic
behaviour of confidence sets. A pointwise asymptotic 1− α level confidence
set satisfies for all θ0 ∈ Θ

lim inf
n→∞

Pθ0
(
g(θ0) ∈ Ĉn

)
≥ 1− α.

However, the preceding definition has very limited applicability in practice.
The sample size n for which the confidence set has high coverage depends on
the unknown parameter θ0. In other words, we know that for large enough
n the confidence set contains the true parameter with high probability, but
what “large enough” means highly depends on the unknown parameter itself.
Therefore pointwise asymptotic confidence sets provide only theoretical
quantification of the uncertainty. In practice these sets are essentially
uninformative.

To deal with this problem a stronger, uniform requirement has to be
introduced. A confidence set Ĉn has asymptotically uniform 1−α confidence
level if

lim inf
n→∞

inf
θ∈Θ

Pθ
(
g(θ) ∈ Ĉn

)
≥ 1− α.

Confidence sets with the preceding uniform property are also called honest
confidence sets over the parameter set Θ for the function g.
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1. Introduction

1.4 Bayesian statistics

The Bayesian paradigm is very different from the frequentist approach
discussed in Section 1.1 and 1.3. Bayesian statisticians do not believe in the
existence of a fixed underlying truth. They rather consider a whole set of
possible explanations with different probabilities. More formally, in Bayesian
statistics, it is assumed that the parameter θ is a random variable in the
model (1.1). Thus, there is no formal distinction between the observation
X and the parameter θ. At first sight this could seem unnatural, especially
compared to the classical approach. However, there are certain situations
where this perspective is reasonable.

Next we give a formal introduction of the Bayesian terminology used
throughout this thesis. The joint distribution (θ,X(n)) can be derived with
the combination of the model X(n)|θ ∼ Pθ and the marginal distribution of θ
on Θ, the so-called prior distribution Π. Conditioning the joint distribution
(θ,X(n)) on the observation X(n) one gets the posterior distribution by using
Bayes formula

Π(A|X(n)) =

∫
A pθ(X

(n))dΠ(θ)∫
Θ pθ(X

(n))dΠ(θ)
, (1.8)

for any measurable set A ⊂ Θ, where pθ is the density function of the
distribution Pθ with respect to some dominating measure.

We exemplify the use of the preceding notions on a toy-example. Suppose
that we observe a sample X(n) = (X1, X2, ..., Xn) of n independent and
identically distributed observations from a normal distribution with known
variance σ2

0 and unknown mean θ. Furthermore assume that the parameter
θ possesses a Gaussian prior distribution with mean zero and variance σ2.
Formally we have

X(n)|θ ∼ N(θ, σ2
0) and θ|σ2 ∼ N(0, σ2). (1.9)

Then using Bayes formula (1.8) the posterior distribution Π(·|X(n)) fol-
lows also a Gaussian distribution with mean σ−2

∑
iXi/(1/σ

2
0 + n/σ2) and

variance (1/σ2
0 + n/σ2)−1.

The posterior incorporates the prior knowledge and the information given
by the data, hence it can be used to make inference. The model (1.1) can be
viewed as a collection of possible descriptions of the origin of the data. The
posterior distribution indicates to what extent we believe in the different
explanations, given the observations.
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1.4. Bayesian statistics

The Bayesian framework allows scientists to reflect their expert (subjec-
tive) knowledge in the statistical analysis via the prior distribution. More
prior mass is attached to more plausible sources of the data, while less
likely scenarios attain smaller prior mass. Subjectivity can be reflected in
frequentist statistics as well, for instance the choice of the model (1.1) is
far from obvious, but we can also mention the selection of the estimators,
the formulation of the hypotheses, etc. However, Bayesian statistics implies
subjectivity more naturally.

A popular aspect of Bayesian statistics is its conceptual simplicity. After
assigning a prior distribution to the model (1.1) the posterior distribution
follows straightforwardly. Furthermore, the resulting posterior distribution is
more descriptive than a simple point estimator. Bayes procedures typically
do not produce only estimates of the unknown quantity of interest, but
can be used to quantify uncertainty. A credible set is a measurable set
of parameter values that receives a large (typically 95%) fraction of the
posterior mass. By plotting this set one can visualize the uncertainty in the
posterior distribution.

Part of the Bayesian community sees in de-Finetti’s theorem another
support of the Bayesian paradigm. Before giving the statement we first
introduce the notion of exchangeability. A sequence of random variables
X1, X2, ... is exchangeable if any permutation of the random variables has the
same distribution. Exchangeability is a less restrictive requirement for the
data than independence and equality in distribution. For instance in case of
random sampling without replacement the sample will be exchangeable, but
not independent. It was shown by Hewitt and Savage [1955] (an extension of
the original paper of de Finetti [1931]) that any infinite exchangeable sequence
of random variables in a Polish space is the (not necessarily countable)
mixture of independent and identically distributed sequences of random
variables. Considering the combining measure as the prior distribution this
result can be viewed (from certain perspective) as a support for Bayesian
statistics.

Finally, we mention a decision theoretical result in favor of Bayesian
statistics. An admissible procedure is a procedure such that there does
not exist any other procedure, which performs uniformly better (attains
smaller risk (1.2) for every parameter value θ0). In Wald [1950] it was shown
that any admissible statistical procedure is either a Bayesian or a limit of
Bayesian procedures.

Standard textbooks in the topic are Bernardo and Smith [1994], Gelman
et al. [2013] and Press [2009]. After introducing the Bayesian paradigm
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1. Introduction

in this section, we turn our attention to the frequentist interpretation of
Bayesian techniques. In the next section we provide some basic facts about
Bayesian methods from a frequentist point of view.

1.4.1 Frequentist interpretation

In the past there was a very intense philosophical debate between frequentist
and Bayesian statisticians. In Bayesian statistics it is not required to assume
the existence of a single true distribution, like in the frequentist paradigm.
Bayesian statisticians report their subjective belief on the parameter values
rather than provide an objective, universal answer. Thus the outcome of their
analysis could (and most likely will) vary from scientist to scientist, leading
possibly to contradictory conclusions. This is to some extent controversial
to the scientific tradition, whose principle is the universality and clarity of
the derived results. However, in applications the practical aspects (often)
receive more attention and the philosophical aspects fall in the background.
The choice of the method highly depends on the general tradition of the
particular field. implementational simplicity also play an important role.

To resolve the tension between the frequentist and the Bayesian paradigm
and to put to rest the philosophical debate one can adopt a hybrid perspective.
In this thesis we analyse the Bayesian methodology from a frequentist point
of view. We assume that the data X(n) are sampled from a true distribution
Pθ0 ∈P. Then we endow the parameter set Θ with a prior distribution and
derive the corresponding posterior distribution. We are interested in the
frequentist properties of the posterior distribution and focus mainly on its
asymptotic behaviour.

Considering objectivity and general validity, the choice of the prior distri-
bution should not have overwhelming influence on the posterior. Otherwise
we put too much emphasis on our subjective belief and ignore completely
our observations. Therefore the overpoweringly dominant prior distributions,
that overcome the information contained in the data, will be banned.

An asymptotic formulation of objectivity is posterior consistency. A
posterior distribution is asymptotically consistent if most of its mass concen-
trates on an arbitrary small neighbourhood of the true parameter θ0 for large
enough sample size n. Posterior consistency is an indispensable requirement
of the frequentist community to acknowledge and recognize results based on
Bayesian methods.

Consistency is a relatively weak and general condition, without providing
any information about the accuracy of the procedure. A finer property of
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1.4. Bayesian statistics

the posterior distribution is its contraction rate εn. It quantifies how quickly
the posterior distribution concentrates its mass around the true parameter
θ0 according to a given metric d, formally

Πn(θ: d(θ, θ0) ≤ εn|X(n))
Pθ0→ 1.

Using the posterior distribution one can construct frequentist point estimators
that have a convergence rate at least as fast as the posterior contraction
rate. A possible construction is to take the center of the “smallest” ball of
posterior mass at least 3/4; see Belitser and Ghosal [2003]. Furthermore,
following from Ghosal et al. [2000] in the case of a bounded metric d whose
square is convex (for instance the Hellinger-distance or total variation metric)
the posterior mean typically also attains the εn convergence rate.

As was pointed out in Section 1.3.2 confidence sets are very important in
frequentist statistics to quantify the uncertainty of an estimator. However,
due to the lack of the theoretical results or to the issue of computational
complexity, the construction of confidence sets is not always possible. The
Bayesian counterpart of confidence sets are credible sets. Due to the heavy
computational machinery supporting Bayesian methods (see Section 1.4.2),
the construction of credible sets is sometimes to a certain extent more feasible
than the construction of confidence sets. The question naturally arises
whether credible sets can replace confidence sets, or provide a misleading
quantification of the accuracy. Therefore, the analysis of the frequentist
coverage of Bayesian credible sets is essential in cases when one wants to
report credible sets as measures of the uncertainty of statistical procedures.

For a more detailed description of the subject we recommend the lecture
notes of Kleijn [2013]. In the next section we give a brief introduction to
Bayesian computation techniques. In the following chapters we illustrate our
theoretical findings with numerical examples using the methods introduced
in Section 1.4.2.

1.4.2 Computational tools

For certain combinations of model (1.1) and prior distribution Π the com-
putation of the posterior distribution is very elementary. We say that the
prior distribution is conjugate to the likelihood if the prior and the resulting
posterior are in the same family of distributions; see for instance (1.9).

In practical applications, however, the situation is usually different. In
many cases no explicit formulation for the posterior distribution is known.
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The development of sampling algorithms such as Markov chain Monte Carlo
(MCMC) methods gave a solid background to deal with this problem. MCMC
methods are designed to generate a sample from a distribution P based
on the construction of Markov chains with stationary distribution equal
to P . With the help of these algorithms one can draw samples which
are approximately from the posterior distribution without having to know
explicitly the distribution itself. We note that although the so generated
sample is not iid, it can still be used to approximate any attribute of interest,
for instance the posterior mean, median, credible set, etc.

MCMC algorithms are very popular in practical applications because they
are relatively easy to implement and to analyse. Perhaps the most commonly
used MCMC algorithms are Metropolis-Hastings algorithms. This family of
algorithms is designed to draw samples from a probability distribution if its
density is known merely up to a constant multiplier. Using draws from a
posterior is sometimes the only way to approximate the normalizing factor
of the posterior or the posterior spread, making this method indispensable
in many Bayesian applications. A special case of the Metropolis-Hastings
algorithm is the Gibbs sampler. This algorithm was designed to obtain draws
from complex multidimensional distributions whose conditional distributions
of each variable are available and easy to sample from. For further reading
about MCMC methods we refer to the books Gilks et al. [1995], Brooks et al.
[2011] and references therein. Recent years have also seen the development
of new approximate algorithms to carry out the inference in practice, like
approximate Bayesian computation (ABC), expectation propagation and
Laplace approximation.

After comparing the frequentist and Bayesian paradigms in general
settings, we turn our attention to more concrete problems. In this thesis we
focus on nonparametric models, which usually provide a flexible description
of the underlying phenomena of interest. In the next section we introduce
the concept of nonparametric model and provide a couple of examples to
demonstrate it.

1.5 Nonparametric statistics

The analysis of a particular problem of interest starts with modelling the
underlying phenomena. The choice of the family of distributions in the
statistical model P (given in (1.1)) is of high importance and is far from
obvious. Having experience with similar problems to the analyzed one and a
thorough knowledge of the circumstances could help to choose a reasonable
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1.5. Nonparametric statistics

model for the underlying phenomena.
In practice typically simpler models are preferred for computational

convenience and for their easier interpretation. In the case where a finite
dimensional parameter θ describes the class P we refer to the model as
being parametric. For instance, measurement errors are often believed to be
normally distributed; the number of damages in the portfolio of an insurance
company are often assumed to follow a Poisson distribution. However, if such
information is not available, then using parametric models is too restrictive
and can result in misleading conclusions.

General models with as few assumptions as possible usually provide a
better description of the underlying phenomena. Nonparametric models rely
on no- or few assumptions on the shape of the underlying distribution. We
talk about nonparametric models in our setting if the parameter θ in (1.1)
is infinite dimensional, for instance if it is an infinite sequence or a function.
These models are more flexible since they do not rely on an artificially chosen
parametrized form for the unknown signal θ0. For a detailed introduction to
nonparametric statistics we refer to the book of Wasserman [2006].

It is common to consider nonparametric models with some smoothness
or regularity assumption on the characterizing parameters θ ∈ Θ. The
smoothness assumption can be given in various ways. In this thesis we
consider two frequently used smoothness spaces: the Sobolev and the Hölder
space.

Let φi(t) denote an orthonormal basis and consider functions in the form

θ(t) =
∑
i

θiφi(t),

where θi is the ith coefficient in the series expansion. The Sobolev ball
Sβ(M) with radius M > 0 and positive regularity parameter β ∈ R (on the
domain [0, 1]) is defined as

Sβ(M) = {θ ∈ L2[0, 1]:
∑
i

a2
i θ

2
i ≤M}, (1.10)

with a2
i ≈ i2β . For integer regularity parameters β there exists an equivalent

representation of the Sobolev classes. Consider the special case where the
orthonormal basis (φi) is the Fourier basis, ai = (i−1)β if i is odd and ai = iβ

if i is even. Then Sβ(M) also denotes the set of functions θ: [0, 1] 7→ R with
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β − 1 absolute continuous derivatives and∫ 1

0
[θ(β)(t)]2dt ≤ π2βM, (1.11)

where θβ(t) denotes the βth derivative of the function θ(t).
Another widely considered class of smooth functions is the Hölder class.

For positive radius M and smoothness β = m + α (where m ∈ N and
0 < α ≤ 1) a Hölder ball of β smooth functions is defined as

Hβ(M) = {θ ∈ C[0, 1]: sup
x,y∈[0,1]

‖θ(m)(x)− θ(m)(y)‖ ≤M |x− y|α}. (1.12)

To illustrate some nonparametric problems we present three of the most
basic nonparametric models: the signal in Gaussian white noise model,
the nonparametric regression model and the density function estimation
problem. For more detailed description of the models and various estimation
techniques we refer to Tsybakov [2004] and references therein.

1.5.1 Signal-in-white-noise model

Assume that we observe a random function X
(n)
t defined by the stochastic

differential equation

dX
(n)
t = θ0(t)dt+

1√
n
dWt, t ∈ [0, 1], (1.13)

where θ0 ∈ L2[0, 1] is the unknown function of interest andWt is the Brownian
motion. The goal is to make inference about the function θ0 belonging to
some given function space Θ. We are interested in the asymptotic behaviour
of an estimator as n→∞.

For computational convenience the sequence representation of the pre-
ceding model is preferred in many particular situations. Let φi stand for an
orthonormal basis of L2[0, 1] and consider the notation

θ0,i =

∫ 1

0
θ0(t)φi(t)dt, Xi =

∫ 1

0
φi(t)dXt, Zj =

∫ 1

0
φi(t)dWt.

Following from the orthonormality of the basis functions φi the random
variables Zi are independent and follow a standard normal distribution.
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Therefore an equivalent formulation of the model (1.13) is

Xi = θ0,i +
1√
n
Zi, i = 1, 2...

where by slightly abusing our notation θ0 = (θ0,1, θ0,2, ...) ∈ `2 denotes
the unknown infinite sequence of interest, X(n) = (X1, X2, ...) the noisy
observations and Zj are independent standard normal random variables.
This model often serves as a platform to investigate the behavior of statistical
procedures; see for instance Donoho [1994], Tsybakov [2004], Belitser and
Ghosal [2003], Castillo [2008], Freedman [1999], Cox [1993].

The minimax estimation rate (1.7) corresponding to the Sobolev class
(1.10) with regularity parameter β is (up to a constant) n−β/(1+2β) with
respect to the L2-loss. There are several nonparametric estimators achieving
the preceding rate. Perhaps the most well known and simplest one is
the projection estimator. As the name indicates we get the estimator by
projecting the observations X(n) = (X1, X2, ...) into a lower dimensional
subspace. The Fourier coefficients θ0 = (θ0,1, θ0,2, ...) are estimated with the
first n1/(1+2β) components of the observed signal X(n).

1.5.2 Nonparametric regression

Suppose that we observe n independent pairs of random variables (Xi, Yi)
satisfying

Yi = θ0(Xi) + Zi, Xi ∈ [0, 1],

where θ0 is the unknown function of interest and Zi given Xi are independent
identically distributed random variables with mean zero. The function θ0 is
assumed to belong to some function space Θ and our goal is to estimate θ0.

An analytically easily tractable particular case is fixed design regression,
where Xi are chosen to be i/n. In another often studied specific case, the
random variables Zi are taken to be conditionally independent Gaussian
given Xi. In this case the nonparametric regression model is asymptotically
equivalent to the signal-in-white-noise model, see Brown and Low [1996].

It is common to assume that the regression function belongs to some
Hölder class with smoothness parameter β as defined in (1.12). The corre-
sponding pointwise minimax rate is, up to a constant multiple, n−β/(1+2β)

while the uniform minimax rate defined with the loss function L∞ is, up to
a constant, (n/ log n)−β/(1+2β). There are various nonparametric estimators,
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which can achieve the preceding minimax rates up to a constant multiplier,
see for instance the Nadaraya-Watson estimator and the local polynomial
estimator (both with appropriate bandwidths parameter). If the true func-
tion lies in a Sobolev class Sβ(M), both the projection estimator and the
penalized least square estimators achieve the corresponding minimax rate
n−β/(1+2β) with respect to the L2-norm.

1.5.3 Density function estimation

Consider the case where we observe n random variables distributed according
to a density function p0. We might consider a parametric model if we have a
well established belief that the underlying distribution belongs to a specific
parametric family of distributions. However, in many cases such prior
information is not available. By introducing only relatively weak restrictions
on the densities, for instance continuity or Lipschitz-continuity, we get a
nonparametric problem. It was shown by Nussbaum [1996] that this model
is asymptotically equivalent to the signal-in-white-noise model.

When estimating density functions arguably the most commonly applied
estimation technique considers the Parzen-Rosenblatt estimator (commonly
referred to as kernel density estimators). It can be shown that for appropri-
ately chosen kernels and bandwidth parameters one can achieve the minimax
rate n−β/(1+2β) corresponding to Sβ(M) and the L2 loss function.

1.6 Bayesian nonparametrics

Nonparametric problems have received an increasing amount of attention
of Bayesian statisticians in recent years. Bayesian nonparametrics is an
expanding branch of statistics, both from a theoretical and an applied point
of view. For a detailed introduction to the topic we recommend the books
of Ghosal and van der Vaart [2013], Ghosh and Ramamoorthi [2003] and
Hjort et al. [2010].

For parametric models the celebrated Bernstein-von Mises theorem de-
scribes the asymptotic behaviour of the posterior distribution. It states
that under some regularity conditions on the likelihood function and for
prior distribution satisfying the so called support condition, the posterior is
asymptotically normal centered around the maximum likelihood estimator
with variance equal to the inverse of the Fisher information. A prior satisfies
the support condition if it is absolutely continuous in a neighborhood of the
true parameter θ0 with a continuous positive density at θ0.
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It follows from the Bernstein-von Mises theorem that under remarkably
weak assumptions the posterior distribution is consistent and achieves the
optimal parametric contraction rate. Furthermore, another consequence of
the theorem is that the frequentist confidence sets and Bayesian credible sets
coincide asymptotically. Hence one can report credible sets for quantifying
the uncertainty of the procedure. Unfortunately this positive result does not
hold in nonparametric models in general.

1.6.1 Consistency

In high-dimensional or nonparametric models posterior consistency can fail
even for priors satisfying the support condition. There are certain priors
which are so dominant that even an infinite amount of data cannot “correct”
them if they are concentrated in the wrong place. For instance, consider
the example by Freedman [1963] where the task is to estimate an unknown
probability mass function of an infinite dimensional multinomial model.
Assume that the true distribution p0 is geometric with parameter 1/4. It
was shown that there exists a prior distribution Π which gives positive
mass to every neighbourhood of p0 but the posterior concentrates around a
geometric distribution with parameter 3/4. Furthermore it can be shown
that this deceptive behaviour of the posterior distribution is rather general;
topologically speaking almost every pair (p0,Π) leads to inconsistency. For
further examples see for instance the work of Diaconis and Freedman [1986]
and Kim and Lee [2001].

Despite the negative examples above, there are certain relatively general
positive results for posterior consistency. Doob’s consistency theorem (Doob
[1949]) states that, prior-almost surely, the posterior distribution is consistent.
This result is very useful in countable parameter spaces or in cases where the
prior is equivalent to the Lebesgue measure. However, in general we can not
be certain whether the true parameter θ0 falls into the prior-null set, possibly
resulting in inconsistency. In nonparametric models it is not uncommon for
the prior-null set to be fairly large. Freedman [1965] shows that the set of
“troublesome” priors can be very large, topologically speaking.

Schwartz’s theorem (Schwartz [1965]) deals with the problem of prior-
null sets. The theorem handles every true parameter θ0 separately in a
statistically separable model. A model is called statistically separable if for
every neighbourhood U of θ0 there exists an exponentially powerful test
for θ = θ0 against the complementary hypothesis θ /∈ U . If, furthermore,
the prior satisfies certain support conditions (any small Kullback-Leibler
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neighbourhood of the truth receives positive prior mass), then the posterior
distribution is consistent for θ0 ∈ Θ. For further references on consistency
we refer to the review paper Ghosal [2000].

1.6.2 Contraction rates

In the preceding section we have mentioned that in a nonparametric setting
it is more difficult to achieve posterior consistency than in a parametric
one. A more descriptive property of the posterior distribution is the rate
at which it concentrates (contracts) around the true parameter. In regular
parametric models, it follows from the Bernstein-von Mises theorem that the
optimal posterior contraction rate is automatically achieved. However, in
nonparametric problems it is more complicated to check whether a consistent
posterior attains the optimal concentration rate or if it behaves sub-optimally.

Contraction rates of Bayesian procedures in an abstract setting were
first addressed by Le Cam [1986]. He considered the convergence rates of
formal Bayes estimators, i.e. minimizers of the expectation (with respect
to the posterior distribution) of a specific loss function. Related methods
were applied in the paper of Ghosal et al. [2000] dealing with the contraction
rates of posterior distributions in the nonparametric setting. Suppose that
we observe n independent and identically distributed observations X(n) =
{X1, X2, ..., Xn}. Theorem 2.1 of Ghosal et al. [2000] gives the contraction
rate of the posterior distribution with respect to the Hellinger distance h(·, ·),
given in (1.4), under three conditions. In the first and second conditions
we assume that the prior distribution puts most of its mass in a not too
large subset Pn of the model P; the size of the set is determined by its
entropy number. The entropy number (denoted by N(εn,Pn, d)) gives the
number of small εn-radius balls required to cover the set Pn with respect
to a given metric d. The preceding two conditions are called the remaining
mass- and the entropy condition, respectively. The third condition (also
known as the prior mass condition) requires the prior distribution to put a
sufficient amount of mass in a small neighbourhood (defined in terms of the
Kullback-Leibler divergence, given in (1.3)) of the true distribution P0 ∈P.

Theorem 1.6.1 (Theorem 2.1 of Ghosal et al. [2000]). Suppose that for a
sequence εn with εn → 0 and nε2

n →∞, a constant C > 0 and sets Pn ⊂P,
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we have

logN(εn,Pn, h) ≤ nε2
n

Π(P\Pn) ≤ exp(−(C + 4)nε2
n)

Π(P : −P0(log
p

p0
) ≤ ε2

n, P0(log
p

p0
)2 ≤ ε2

n) ≥ exp(−Cnε2
n).

Then for sufficiently large M , we have that Π(P : h(P, P0) ≥Mεn|X(n))→ 0
in Pn0 -probability.

We note that if the densities in the model are uniformly bounded, then
the Hellinger distance may be replaced with the L2-distance.

In the literature there exist a couple of more general or specialized
versions of Theorem 1.6.1 adapting to the special features of the problem.
For instance Ghosal and van der Vaart [2001] allow two rates εn, εn in the
conditions of theorem 1.6.1, in Ghosal and van der Vaart [2007] non-iid
observations are considered and van der Vaart and van Zanten [2008] deals
with the special case of Gaussian process priors. Another similar approach for
determining the convergence rate of posterior distributions (under somewhat
stronger conditions) was given by Shen and Wasserman [2001].

A natural question is whether the posterior distribution achieves the
optimal contraction rate around the true function corresponding to a certain
class of smooth functions. To define optimality we note that for a given
a posterior distribution with contraction rate εn one can construct point
estimators with the same convergence rate; see Section 1.4.1. Therefore the
frequentist minimax convergence rate corresponding to the given class of
smooth functions gives a lower bound on the optimal rate of contraction.

There is an extensive amount of papers considering minimax posterior
contraction rates in various nonparametric settings. We give a (far from
complete) list of articles considering different choices of prior distributions. In
these articles, the optimal posterior contraction rate is achieved (sometimes
up to a logaritmic factor) for the basic nonparametric models introduced in
Section 1.5.

In density function estimation, priors based on log-spline models give
optimal posterior concentration rates; cf. Ghosal et al. [2000]. In practice,
Gaussian process priors are very popular, since they are generally relatively
easy to handle and in the same time optimal contraction rates can be achieved
in various problems; see for instance van der Vaart and van Zanten [2008]
and the references therein. Dirichlet mixtures of normal distributions can
also be used for density estimation; cf. Ghosal and van der Vaart [2001],
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Shen et al. [2013].

1.6.3 Coverage of credible sets

It is well known that in contrast with the finite dimensional regular case,
in infinite-dimensional models, asymptotically, Bayesian credible sets are
not automatically frequentist confidence sets. In other words, under the
assumption that the data are actually generated from a “true” distribution,
it does not hold by any means that the credible set contains the truth with
high probability. This complicates the frequentist interpretation of Bayesian
credible sets as a means of uncertainty quantification in nonparametric
models and calls for further analysis.

The earliest literature focused on negative examples, showing that for
many combinations of truths and priors, Bayesian credible sets can have very
bad or at least misleading frequentist behavior, see for instance Cox [1993],
Freedman [1999] and Johnstone [2010]. (An exception is Wahba [1983], who
showed encouraging simulation results.) If these negative results are the
rule rather than the exception then many data analysts would mistrust the
posterior spread as a measure of uncertainty.

The good news is that credible sets do not have bad frequentist coverage
all the time. In the papers of Leahu [2011], Knapik et al. [2011, 2013] this
matter was investigated in the setting of the canonical (inverse) signal-in-
white-noise model, where, essentially, the unknown parameter was a function
with a fixed regularity and the (Gaussian) prior had a fixed regularity as well.
The main message in these papers is that Bayesian credible sets typically
have good frequentist coverage in case of undersmoothing (using a prior
that has in its support functions which are less regular than the truth), but
can have coverage zero and be far too small in the other case. Simulation
studies corroborate these theoretical findings, and show that the problem of
misleading uncertainty quantification is a very practical one.

The nonparametric counterpart of the Bernstein-von Mises theorem was
also investigated in various nonparametric settings; see for instance in context
of survival analysis Kim and Lee [2004], Kim [2006, 2009], the Gaussian white
noise model Leahu [2011], Castillo and Nickl [2013], and in nonparametric
regression and density function estimation Castillo and Nickl [2013]. Using
the results of the preceding papers one can construct of credible sets with
good coverage properties. However, in the construction a weaker topology is
used than the standard L2-norm, making the interpretation of the credible
sets somewhat harder, perhaps less natural.
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The methods described in Sections 1.5 and 1.6 typically depends on
certain (unknown) characteristics of the underlying model. In the next
section we investigate how one can overcome this dependence.

1.7 Adaptation

It is common to characterize nonparametric classes by a few hyper-
parameters, describing for instance the regularity, the shape, or the sparsity
of the model. The optimal statistical procedure in many cases crucially
depends on the exact value of these parameters. However, in practical
applications the hyper-parameters are usually not known. In this thesis
we focus on estimators which do not rely on any knowledge about these
hypeparameters, but adapt to them.

More specifically, in Section 1.5 we consider three nonparametric prob-
lems, where the function of interest belonged to a function class indexed by
a known smoothness parameter β. Then in Section 1.5 and Section 1.6 we
mention the existence of estimators (based both on frequentist and Bayesian
techniques) which achieve the optimal minimax convergence rate correspond-
ing to the particular smoothness class. However, in practical applications
the smoothness parameter is usually not available, hence the usefulness of
such estimators is limited. In practice one would like to have estimators
which are optimal for a broad collection of submodels simultaneously.

To formalize the loose statements of the previous paragraph we consider
a collection of submodels Θβ of the parameter set Θ indexed by a hyper-
parameter β ∈ B. The hyper-parameter is usually a finite dimensional
parameter describing some feature of the class, for instance smoothness level,
radius, sparsity, etc. One would like to find an estimator, which attains the
minimax concentration rate rn,β corresponding to Θβ for every β ∈ B. An
estimator T (X(n)) is called adaptive in a minimax sense, if for all β ∈ B

sup
θ∈Θβ

R
(
g(θ), T (X(n))

)
≤ C(β)rn,β, (1.14)

where C(β) is a positive constant depending only on β.
The theory of adaptive estimation in frequentist statistics is fairly devel-

oped, see for instance the work of Bickel [1982], Lepskii and Spokoiny [1997],
Goldenshluger and Nemirovski [1997], Cavalier et al. [2001], Efromovich and
Pinsker [1996] and Hogg and Lenth [1984] and further references therein.
Bayesian adaptation is, however, not developed to that extent, but has been
getting more and more attention in recent years. The goal is to construct
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prior distributions such that the corresponding posterior distributions achieve
the optimal contraction rate over a collection of submodels. Nonparametric
priors typically involve one or more tuning parameters, or hyper-parameters,
that determine the degree of regularization. The contraction rate of the
corresponding posterior then highly depends on the choice of these hyper-
parameters. Usually the best choice of the hyperparameter crucially depends
on the unknown regularity parameter β of the estimand. Unless we are an
oracle it is impossible to select the best hyper-parameter by ourselves, hence
one should apply a data driven method for the choice of the hyper-parameter.
Probably the two most well known adaptive Bayesian techniques are the
hierarchical (full) Bayes and the empirical Bayes methods.

1.7.1 Hierarchical Bayes

In the hierarchical (full) Bayes method to incorporate the uncertainty about
the hyper-parameter we endow it with a hyper-prior distribution. Then in the
Bayesian procedure this multilevel, so called hierarchical prior distribution
is applied. The method is fully Bayesian. The frequentist behavior of such
methods has been studied for instance in the signal-in-white-noise model
(Belitser and Ghosal [2003]), for density estimation (Ghosal et al. [2008],
Lember and van der Vaart [2007], Kruijer et al. [2010], Rousseau [2010],
Scricciolo [2006], van der Vaart and van Zanten [2009]) and nonparametric
regression (de Jonge and van Zanten [2010, 2012]). It was found that
for appropriately chosen priors the full Bayes method can yield adaptive,
rate-optimal recovery of the unknown parameter of interest.

To demonstrate the hierarchical Bayes method we consider again our
toy-example (1.9), but this time with unknown variance σ2 for the prior
distribution. Assume that the hyper-parameter σ2 follows an inverse gamma
distribution with parameters a, b. Formally we write

X(n)|θ ∼ N(θ, σ2
0), θ|σ2 ∼ N(0, σ2) and σ2|a, b ∼ IΓ(a, b).

For this specific choice of the priors the computation of the marginal posterior
θ|X(n) is straightforward; the posterior density function is proportional to

f(θ) ∝ (θ2/2 + b)−1/2−a exp
(
−

n∑
i=1

(Xi − θ)2

2σ2
0

)
.

However, by choosing a less fortunate hyper-prior for the hyper-parameter
(for example uniform distribution on (1, 2)) the marginal posterior distri-
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bution might not have a closed form expression and only approximation
techniques (like MCMC method) can be applied.

Since the hierarchical Bayes method is fully Bayesian, it preserves con-
ceptual simplicity. For a given hierarchical prior distribution the hierarchical
posterior distribution follows straightforwardly. For sampling from the poste-
rior distribution or computing the normalizing factor of the posterior one can
use the computational tools described in Section 1.4.2. However, following
from the multilevel structure of the prior distribution the MCMC algorithms
might be rather slow and hence in practical applications they may not be
feasible.

1.7.2 Empirical Bayes

Although recent years have seen a huge increase in the application of hier-
archical Bayesian methods for practical problems, expressing honest prior
information for the hyper-parameter in certain situations can be very chal-
lenging; see for instance Petrone et al. [2013]. A tempting answer to this
problem is to estimate the hyper-parameter from the data using a frequentist
technique. This approach is referred to as the empirical Bayes method in
the literature.

We return again to our toy-example (1.9) with unknown variance hyper-
parameter σ2. In the empirical Bayes method instead of endowing σ2 with a
prior distribution, which can result very complicated posterior distributions
in certain cases, we use a frequentist estimator for σ2. Then the empirical
Bayes posterior distribution takes the form

Πσ̂2
n
(θ|X(n)) = Πσ2(θ|X(n))

∣∣∣
σ2=σ̂2

n

∼ N(σ̂−2
n

∑
i

Xi

1/σ2
0 + n/σ̂2

n

,
1

1/σ2
0 + n/σ̂2

).

The usefulness of the empirical Bayes approach in practical applications
is twofold. On one hand, if we lack of knowledge or intuition for the choice
of the prior distribution for the hyper-parameter, then a data driven choice
might lead to better inference. On the other hand, working with one less
layer in the prior distribution will fairly simplify the method. The new
technique is often computationally convenient and therefore commonly used
in practice, see for instance Favaro et al. [2009] for Bayesian nonparametrics
for species variety, McAuliffe et al. [2006] for empirical Bayes techniques for
Dirichlet mixture models and Rasmussen and Williams [2006] for empirical
Bayes methods in combination with Gaussian process priors for machine
learning.

23



1. Introduction

The term empirical Bayes is used in various ways (see Robbins [1956],
Efron and Morris [1972], Zhang [2005], Jiang and Zhang [2009] for the original
and alternative uses). Perhaps the most natural estimator for the hyper-
parameter is based on maximizing the marginal Bayesian likelihood function.
This method is of interest by its close relation to the full, hierarchical Bayes
method. These two methods differ only in that empirical Bayes takes the
MLE for the (univariate) marginal Bayesian likelihood, whereas hierarchical
Bayes equips the (univariate) parameter of this marginal likelihood with a
prior. In other words the empirical Bayes technique can be viewed as an
approximation of the hierarchical Bayes method wherein the hyper-parameter
is set to its most plausible value, instead of being integrated out. Ideally the
empirical Bayes approach would achieve the same inference as the hierarchical
Bayes method, but without specifying the hyper-prior distribution. However,
this phenomena does not hold in general. It was shown in Scott and Berger
[2010] that in the case of variable selection in regression model there exists
an asymptotic discrepancy between the empirical and hierarchical Bayes
techniques. The recent article Petrone et al. [2013] deals with the asymptotic
agreement (or merging) of these two adaptive Bayesian techniques and
reports positive results in the case of regular parametric models.

The theoretical performance of empirical Bayes methods in nonparametric
problems has been studied in only a limited number of special cases; see for
instance Belitser and Enikeeva [2008], Zhang [2005], Johnstone and Silverman
[2004], Johnstone and Silverman [2005]. The general understanding of the
empirical Bayes techniques appears difficult at this time. One of the main
goals of this thesis is to contribute to the fundamental understanding of the
empirical Bayes procedure.

In the following chapters we focus on the frequentist evaluation of adaptive
Bayesian techniques in a specific nonparametric setting, the linear inverse
problem. Before introducing the model where we carry out our analysis in
the rest of the thesis, we present in the next section a brief description of
Gaussian processes on Hilbert spaces. This general definition of Gaussian
processes is required for the precise introduction of the inverse signal-in-
white-noise model in Section 1.9.

1.8 Gaussian processes

Gaussian processes play a very important role in Bayesian nonparamet-
rics. They have been adopted as building blocks in the construction of
various nonparametric priors in a wide range of statistical problems; see
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for instance Lenk [1999], Choudhuri et al. [2007], Tokdar and Ghosh [2007],
van der Vaart and van Zanten [2008] and references therein. For connection
with machine learning and additional references we refer to the webpage
“http://www.gaussianprocess.org/”.

In the following we first give the formal definition of Gaussian processes.
Next we introduce the general definition of Gaussian random variables on
separable Banach spaces and as a special example on Hilbert spaces. Then
we point out the connection between these definitions. After this we collect
some of the advantageous properties of Gaussian distributions and end the
section with a few examples of Gaussian processes.

Before introducing Gaussian processes we first give the definition of
multivariate Gaussian distribution. A random vector X ∈ Rk is said to be
multivariate-normally (multivariate Gaussian) distributed with parameters
θ and Σ, notation Nk(θ; Σ), if it has the same distribution as the vector
θ + LZ, for a matrix L with Σ = LLT and Z = (Z1, ..., Zk)T a vector whose
coordinates are independent standard Gaussian random variables.

A Gaussian stochastic process W = (Wt: t ∈ T ) is a collection of random
variables Wt indexed by a set T such that each finite subset has a multivariate
normal distribution. The indexing set T can be arbitrary, for instance a
finite dimensional subspace, a function space or more generally any given
Hilbert space. A Gaussian process can be thought of as the generalization
of the multivariate normal distribution to infinite dimensions. Any finite
dimensional distribution of such a process is determined by its mean function
µ:T 7→ R and covariance kernel K:T × T 7→ R, given as

µ(t) = EWt and K(s, t) = EWtWs, t, s ∈ T.

The mean function determines the location of the center while the covariance
function controls among others the smoothness, the stationarity and the
periodicity of the Gaussian process.

We call a Borel measurable random element W with values in a separable
Banach space (B, ‖ · ‖) Gaussian if the random variable b∗W is normally
distributed for any element b∗ of the dual space B∗ of B. The dual space
B∗ is the space of all continuous linear functionals on B. In case the mean
of every such variable b∗W is zero then we talk about a zero-mean Gaussian
random variable.

From basic functional analysis we know that any Hilbert space (H; 〈·, ·〉)
is a Banach spaces with respect to the induced norm ‖x‖ =

√
〈x, x〉. A

Gaussian distribution N(ν,Λ) on the Borel sets of a separable Hilbert space
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H is characterized by its mean ν ∈ H and the covariance operator Λ:H 7→ H,
for some positive semi-definite, self-adjoint and trace class linear operator
(a compact operator with summable eigenvalues

∑
i λi < ∞). A random

element G in H is N(ν,Λ) distributed if and only if the stochastic process
(〈G, h〉:h ∈ H) is Gaussian process with

E〈G, h〉 = 〈ν, h〉 and cov(〈G, h1〉, 〈G, h2〉) = 〈h1,Λh2〉.

One of the most commonly considered choice of the index set of the
Gaussian process (Wt: t ∈ T ) is T ⊂ R. Here the trajectories t 7→Wt belong
to the function space (f :T 7→ R). We give a list of important examples of
Gaussian processes in this case. Probably the most well known and applied
Gaussian process is the Wiener process (or Brownian motion). This process
has independent and stationary increments (shifting in time or space does not
change the distribution of increments), but the process itself is not stationary.
The Ornstein-Uhlenbeck process is a statitionary Gaussian process which
can be considered as the continuous time analogue of the AR(1) process.
By integrating the Brownian motion (using a Riemann-Liouville fractional
integral) one can introduce additional regularity to the trajectories. The
former process is called Riemann-Liouville process.

Finally, we collect various advantageous properties of Gaussian processes
to give a possible explanation of their remarkable popularity in Bayesian
statistics. In Bayesian nonparametrics mathematical tractability, computa-
tional advantages (fast and easily implementable MCMC algorithms) and
good large sample behaviour play an important role in the construction
of prior distributions. Gaussian processes in general satisfy all the above
mentioned requirements. Considering objectivity of the prior distribution
(see Section 1.4.1) it is common to require full or at least large topological
support. The covariance function of the Gaussian process can be chosen
such that the trajectories form a dense subset on the space of continuous
functions. Furthermore by appropriate choice of the covariance kernel the
Gaussian process concentrates more around the smoothness class of interest.

1.9 Inverse problems

Generally speaking in an inverse problem one aims to convert indirect, noisy
observed measurements X(n) into information about an object or system
we are interested in. In this mathematical framework the unknown object
of interest is usually modeled as a function θ0 while the indirectness of the
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problem is expressed with the help of an operator K. Thus the observations
are represented as the noisy version of Kθ0. The complication is that in
many practical problems the transformation K is not invertible or the noise
corrupting the observations makes it impossible to use naive, standard
estimators. We refer to these particular settings as ill-posed problems.

Nonparametric ill-posed inverse problems arise in many fields of science,
for instance in astronomy (detection of exoplanets, blurred images of the
Hubble Space Telescope), geophysics (reflection seismology, location of earth-
quakes), mathematical finance (recovering the volatility of the stock from the
derivative prices), medical image analysis (medical ultrasonography, X-ray
tomography), genomics (gene expressions) to mention but a few.

In many cases some form of regularization is required, meaning that one
has to introduce additional information to solve ill-posed inverse problems.
This extra information takes usually the form of a penalty for complexity,
for instance preferring smoother functions. The fundamental understanding
of frequentist methodology is quite well developed. There are several regular-
ization methods attaining optimal convergence rates, including the spectral
cut-off method or the classical Tikhonov regularization. For a more detailed
description of inverse problems and corresponding frequentist approaches we
refer to the review papers Cavalier [2008, 2011] and references therein.

In the Bayesian framework, regularization can be incorporated by ap-
propriate choice of the prior distribution. Together with the numerous
advantages of Bayesian procedures (described in Section 1.4) this gives a
possible explanation to the recently increasing popularity of the Bayesian
approach in the context of inverse problems, see for instance Gao et al. [2008],
Oh and Kwon [2001], Orbanz and Buhmann [2008] and Lashkari et al. [2012].
Theoretical papers on the fundamental properties of Bayesian methodology
in nonparametric inverse problems started to appear only recently and only
in limited number, leaving a lot of aspects of it still unclear. In the context
of the inverse signal-in-white-noise model see for instance Agapiou et al.
[2013], Knapik et al. [2011, 2013], Ray [2013] and Florens and Simoni [2012],
for density deconvolution Sarkar et al. [2013], and for a review paper on the
topic Stuart [2010] and further references therein.

In the next sections we formulate the popular inverse signal-in-white-noise
model, mentioned earlier and its equivalent sequence representation. Then
we introduce a basic, nonadaptive Bayesian procedure based on Gaussian
prior distributions. Finally, we address adaptivity, which lies at the core of
the present thesis.
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1.9.1 Inverse signal-in-white-noise model

We consider the problem of estimating the unknown parameter θ0 belong-
ing to the separable Hilbert space H1 from the observed noisy data X(n)

generated from the model

X(n) = Kθ0 +
1√
n
Z. (1.15)

Here K:H1 7→ H2 is a known, injective, continuous linear operator into
another separable Hilbert space H2 and Z is the Gaussian white noise. The
realizations of the Gaussian white noise Z do not belong to the Hilbert space
H2, hence we interpret the model in the process formulation; see Bissantz
et al. [2007]. This means that we consider Z = (Zh: h ∈ H2) as a mean zero
Gaussian process with covariance function

EZh1Zh2 = 〈h1, h2〉2, (1.16)

also known as the iso-Gaussian process of the Hilbert space H2.
This model can be viewed as an idealized version of other statistical

problems, like inverse fixed design regression and density estimation. Tak-
ing the identity transformation as a special choice of the operator K one
recuperates the signal-in-white-noise model introduced in Section 1.5.1.

1.9.2 Sequence representation

To make the problem computationally more feasible one often considers
the discretized version of the model (1.15). For a compact operator K the
singular value decomposition (SVD) provides a convenient basis. It follows
from the spectral theorem that if the self-adjoint operator KTK:H1 7→ H1

is compact then it has countably many positive eigenvalues (κ2
i ) and a

corresponding orthonormal basis of H1 of eigenfunctions (φi). The conjugate
orthonormal basis (ei) of the range of K in H2 is defined then as κiei = Kφi.
The sequence θ0,i = 〈θ0, φi〉, identifies the element θ0 ∈ H1 and the image of
θ0 can be written as Kθ0 = K

∑
i θ0,iφi =

∑
i κiθ0,iei. By slightly abusing

our notation we also denote the sequence representation (θ0,1, θ0,2, ...) by θ0.
Using the abbreviation Xi = Xei the model (1.15) is statistically equiva-

lent to recovering the unknown sequence of interest θ0 ∈ `2 from the noisy
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observation X(n) = (X1, X2, ...) satisfying

Xi = κiθ0,i +
1√
n
Zi, i = 1, 2, ... (1.17)

where κ2
i are the eigenvalues of the operator KTK and Zi are independent

standard normal random variables following from (1.16).
One can see that to introduce the sequence representation of the model

(1.15) one does not necessarily require the compactness of operator K. It is
sufficient to assume that the eigenfunctions (φi) of the self-adjoint operator
KTK form an orthonormal basis of H1. By introducing this generalization
we allow K to be the identity operator and include the signal in Gaussian
white noise model as special case.

The case κi → 0 corresponds to ill-posed inverse problems. The degree
of ill-posedness can be quantified by the decay rate of the sequence κi. In
the thesis we focus on mildly ill-posed inverse problems, where the decay is
polynomial

C−2i−2p ≤ κ2
i ≤ C2i−2p. (1.18)

In general the difficulty of the inverse problem increases with the degree
of ill-posedness. This is corroborated by the increasing minimax rates
n−β/(1+2β+2p) in the parameter p for some fixed Sobolev ball Sβ(M); see
Cavalier [2011]. There are several regularization methods which attain these
rates, including classical Tikhonov regularization and Bayes procedures with
Gaussian priors.

1.9.3 Bayesian approach for inverse problems

In the Bayesian set-up the model (1.15) is viewed as the conditional distribu-
tion of X(n) given the parameter θ0. Inference on the unknown parameter θ0

begins by postulating a prior distribution for θ0. We consider the conjugate
situation where we take the prior to be a Gaussian measure on H1.

We choose the zero mean Gaussian distribution N(0,Λ) for the prior dis-
tribution Π. Furthermore we assume that the eigenfunctions of the operators
KTK and Λ coincide. The prior distribution in the series representation can
then be formulated as an infinite dimensional Gaussian distribution with
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mean zero and variance λi

Π(·) =
∞⊗
i=1

N(0, λi). (1.19)

A natural choice of the variance λi is i−1−2α, mimicking the polynomial decay
of the Sobolev classes Sβ(M); see for instance Freedman [1999], Knapik et al.
[2011] and Ray [2013]. We denote this prior distribution by Πα, where the
hyper-parameter α stands for the regularity level of the prior.

Under the model (1.17) described above and the prior (1.19) the coor-
dinates (θ0,i, Xi) of the vector (θ0, X

(n)) are independent, and hence the
conditional distribution of θ0 given X(n) factorizes over the coordinates as
well. The computation of the posterior distribution reduces to countably
many posterior computations in conjugate normal models. Therefore (see
also Knapik et al. [2011]) the posterior distribution corresponding to the
prior Πα is given by

Πα(·|X(n)) =
⊗

N
( ni−1−2ακi

1 + ni−1−2ακ2
i

Xi,
i−1−2α

1 + ni−1−2ακ2
i

)
. (1.20)

It was shown in Freedman [1999], Knapik et al. [2011] and Ray [2013]
that by choosing the hyper-parameter α to be exactly equal to the regularity
parameter β of the Sobolev ball where the true sequence lies, the poste-
rior distribution will attain the minimax rate of convergence n−β/(1+2β+2p).
However, by choosing a different hyper-parameter than the true regularity
parameter β the posterior distribution will achieve a sub-optimal contraction
rate; see Castillo [2008]. Furthermore, following from Cox [1993], Freedman
[1999] and Knapik et al. [2011], unless one slightly undersmoothes the prior
distribution one obtains credible sets with zero coverage, which provide
highly misleading quantification for the uncertainty.

1.9.4 Adaptation in inverse problems

Similar to the Bayesian method described in the preceding section, many of
the existing methods for nonparametric inverse problems are not adaptive, in
the sense that they rely on knowledge of the regularity (e.g. in Sobolev sense)
of the unknown parameter of interest to select the appropriate regularization.
In the last decade, however, several methods have been developed in frequen-
tist literature that achieve the minimax convergence rate without knowledge
of the regularity of the truth. This development parallels the earlier work
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on adaptive methods for the direct nonparametric problem to some extent,
although the inverse case is usually technically more demanding. Adaptive
methods typically involve a data-driven choice of a tuning parameter in order
to automatically achieve an optimal bias-variance trade-off, as in Lepski’s
method for instance Lepskii [1990, 1991, 1992, 1993].

For nonparametric inverse problems, the construction of an adaptive
estimator based on a properly penalized blockwise Stein’s rule has been
studied in Cavalier et al. [2001], cf. also Cai [2002]. This estimator is
adaptive both over Sobolev and analytic scales. In Cavalier et al. [2002]
the data-driven choice of the regularizing parameters is based on unbiased
risk estimation. The authors consider projection estimators and derive the
corresponding oracle inequalities. For θ0 in the Sobolev scale they obtain
asymptotically sharp adaptation in a minimax sense, whereas for θ0 in
analytic scale, their rate is optimal up to a logarithmic term. Yet another
approach to adaptation in inverse problems is the risk hull method studied
in Cavalier and Golubev [2006]. In the preceding paper the authors consider
spectral cut-off estimators and provide oracle inequalities. An extension
of their approach is presented in Marteau [2010a]. The link between the
penalized blockwise Stein’s rule and the risk hull method is presented in
Marteau [2010b].

Adaptation properties of Bayes procedures for mildly ill-posed nonpara-
metric inverse problems have only been studied recently in the literature;
see Ray [2013]. At the same time several results are available for the direct
problem, i.e. the case that κi = 1 for every i, or, equivalently, p = 0 in (1.18).
In the paper Belitser and Ghosal [2003] it is shown that in this case adaptive
Bayesian inference is possible using a hierarchical, conditionally Gaussian
prior. Other recent papers also exhibit priors that yield rate-adaptive proce-
dures in the direct signal-in-white-noise problem (see for instance van der
Vaart and van Zanten [2009], de Jonge and van Zanten [2010], Shen and
Ghosal [2013]), but it is important to note that these papers use general the-
orems on contraction rates for posterior distributions (as given in Ghosal and
van der Vaart [2007] for instance) that are not suitable to deal with the truly
ill-posed case in which ki → 0 as i→∞. The reason is that if these general
theorems are applied in the inverse case, we only obtain convergence rates
relative to the (squared) norm θ0 7→

∑
κ2
i θ

2
0,i, which is not very interesting.

Obtaining rates relative to the `2-norm is much more involved and requires
a different approach. Extending the testing approach of Ghosal et al. [2000],
Ghosal and van der Vaart [2007] would be one possibility, cf. the recent work
of Ray [2013], although it seems difficult at this time to obtain sharp results
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in this manner. In this thesis we follow a more pragmatic approach, relying
on partly explicit computations in a relatively tractable setting.

1.9.5 Examples

In this section we collect some particular examples of the model (1.15) to
illustrate our theoretical findings through simulation studies.

Voltera operator

Consider the inverse signal-in-white-noise problem where we observe the
process (Xt: t ∈ [0, 1]) given by

Xt =

∫ t

0

∫ s

0
θ0(u) du ds+

1√
n
Wt, (1.21)

with W a standard Brownian motion; the aim is to recover the function
θ0. By slightly abusing our notation, we define Xi =

∫ 1
0 ei(t) dXt, for the

orthonormal basis functions ei(t) =
√

2 cos((i− 1/2)πt). It can be verified
that the observations Xi satisfy (1.17), with κ2

i = ((i− 1/2)2π2)−1 ( p = 1
in (1.18)), and θ0,i the Fourier coefficients of θ0 relative to the basis ei; see
Halmos [1982].

Deconvolution

Periodic deconvolution is a standard nonparametric inverse problem arising
in signal and image processing; see for instance Johnstone et al. [2004].
Consider the circular deconvolution problem where the observed process Xt

satisfies

dXt = θ0 ∗ µ(t)dt+
1√
n
Wt, t ∈ [0, 1],

where µ ∈ L2[0, 1] is some known convolution kernel, θ0 ∈ L2[0, 1] is the
unknown one-periodic function of interest and Wt is the Brownian motion.
Using singular value decomposition one can get back the serie representation
(1.17). The SVD basis of the convolution kernel is the Fourier basis φj(t) =
e2jπit. For appropriate choice of the kernel µ one can get a mildly ill-posed
inverse problem. For instance in the simulation studies we consider µ given
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in the form

µ(t) =
∞∑
j=1

j−2pφj(t), t ∈ [0, 1]. (1.22)

1.10 Overview

In this thesis we focus on the frequenstist aspects of adaptive Bayesian
approaches. In the first part (Chapter 2-3) we examine the contraction rates
of posterior distributions for various choices of data driven, conditionally
Gaussian prior distributions in the context of nonparametric inverse problems.
Then, in the second part of the thesis (Chapter 4-5), we study the frequentist
interpretation of Bayesian credible sets. Chapter 2-5 are mainly based on
the papers Knapik et al. [2012] and Szabo et al. [2013a,b]; Szabo et al.
[2013] with some additional material, which is not contained in the preceding
references. Our results are illustrated in every chapter by a simulation
study to demonstrate that the raised problems and solutions are not purely
academic, but have relevance in practical applications as well.

1.10.1 Chapter 2

Rescaled Gaussian priors are widely applied in practical applications. There-
fore the theoretical investigation of their performance is of great importance.
In Chapter 2 we consider the Gaussian prior Πα introduced in Section 1.9.4
extended with an additional scaling hyper-parameter τ > 0. Considering a
deterministic scaling parameter it was shown in Knapik et al. [2011] and
Ray [2013] that for a given base prior Πα and regularity level β > 0 there
exists an optimal choice of the hyper-parameter τ , such that the posterior
distribution attains the minimax contraction rate n−β/(1+2β+2p). This oracle
scaling parameter however has limited use in practice since it depends on
the unknown regularity level β. We consider two data driven methods for
choosing the scaling parameter: the marginal likelihood empirical Bayes and
the hierarchical Bayes method.

In the empirical Bayes method we plug the commonly used likelihood-
based empirical Bayes estimator for the hyper-parameter τ̂n into the posterior
distribution. In the full Bayes approach we endow the hyper-parameter with
the conjugate inverse gamma distribution. As a first step we investigate
the asymptotic performance of the estimator τ̂n. The estimator plays an
important role not only in the understanding of empirical Bayes, but also
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in the hierarchical Bayes case. Then we turn our attention on the adaptive
recovery of the full parameter.

In general, our results are in favour of empirical and hierarchical Bayes
results. In the language of function estimation we find that both adaptive
Bayesian methods attain the optimal contraction rate if the unscaled prior
oversmoothes or only slightly undersmoothes the unknown function of inter-
est. In other cases sub-optimal convergence rates are obtained. This chapter
is an extension of the paper Szabo et al. [2013a], which treats the direct case
(p = 0 in (1.18)).

1.10.2 Chapter 3

The main contributon of Chapter 2 are the analysis techniques introduced to
examine the frequentist behaviour of adaptive Bayesian techniques for the
popular rescaled Gaussian priors. It is shown that the posterior can achieve
the optimal contraction rate for a wide, but not full, range of regularity
classes. However, one could be also interested in the existence of a fully
adaptive Bayesian based method without any restriction on the regularity
of the truth.

In Chapter 3 we consider data driven choices of the regularity parameter
α of the prior distribution Πα defined in (1.19). First we investigate the
asymptotic behaviour of the regularity hyperparameter α in data driven
methods. This plays a crucial role in the analysis of adaptive Bayesian
techniques. Then we show that both the marginal likelihood empirical Bayes
and the hierarchical Bayes methods (for various choices of the hyper-prior
distributions) result in optimal posterior contraction rates (up to a slowly
varying term), both in the case of Sobolev classes and of analytic classes.
This chapter is based on the paper Knapik et al. [2012]. An earlier version
of the manuscript was also published in the PhD thesis Knapik [2013], based
also on the joint work from Knapik et al. [2012].

1.10.3 Chapter 4

The increasing popularity of the applications of Bayesian approaches in
practical problems is partially due to the fact that it provides not just point
estimators, but also a credible set quantifying the remaining uncertainty of
the posterior distribution. In this chapter we investigate Bayesian credible
sets constructed from the rate adaptive procedures introduced in Chapter 3
from a frequentist perspective.

34



1.10. Overview

We show that, in accordance with the already existing literature in
frequentist statistics, there do not exist adaptive credible sets with honest
coverage in general. In order to obtain positive results we consider the case
where an additional (fairly general) constraint, the polished tail property,
is introduced. We show that the preceding condition is not too restrictive
either from a statistical or from a topological point of view. Next we present
the construction of credible sets which gives honest coverage over polished
tail sequences. Then we consider various regularity classes and show that on
their intersection with polished tail sequences the size of the credible sets
achieves the corresponding (near) optimal minimax rate. This chapter is
based on Szabo et al. [2013b]

1.10.4 Chapter 5

In Chapter 5 we consider the specific problem where we have prior information
that the regularity parameter of the truth lies in the interval [D, 2D], for
some known, positive parameter D. In Robins and van der Vaart [2006] it
was shown that under this assumption and by considering quadratic loss
function there exist honest and adaptive confidence sets. We investigate the
performance of adaptive Bayesian credible sets in this setting.

First we show that the arguably most commonly used adaptive Bayesian
techniques, the hierarchical and marginal likelihood empirical Bayes method
will perform sub-optimally in the sense that there exist certain oddly behaving
true parameters for which the coverage of the credible sets will tend to zero.
Then we introduce a new empirical Bayes method based on risk estimation
which does not have this problem and provides rate adaptive credible sets
with honest coverage.

The moral of the story is that if one intends to evaluate the performance
of a Bayesian procedure with respect to a specific metric then the applied
adaptation procedure should be adequate for that metric. As an example
we evaluate the performance of the posterior mean with respect to the mean
integrated square error. In this case the marginal-likelihood function based
methods might perform sub-optimally, caused by its close relation to the
Kullback-Leibler divergence, rather than to the L2-loss. The contents of this
chapter is based on Szabo et al. [2013].
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1.11 Notation

For β, γ > 0, the Sobolev norm ‖θ‖β, the analytic norm ‖θ‖Aγ and the
`2-norm ‖θ‖ of an element θ ∈ `2 are defined by

‖θ‖2β =

∞∑
i=1

i2βθ2
i , ‖θ‖2 =

∞∑
i=1

θ2
i , ‖θ‖2Aγ =

∞∑
i=1

e2γiθ2
i .

The corresponding Sobolev space and Sobolev balls are denoted by Sβ =
{θ ∈ `2: ‖θ‖β <∞} and

Sβ(M) = {θ ∈ `2: ‖θ‖2β ≤M}, (1.23)

respectively. Furthermore, the analytic space and analytic balls are defined
by Aγ = {θ ∈ `2: ‖θ‖Aγ <∞} and

Aγ(M) = {θ ∈ `2: ‖θ‖Aγ ≤M},

respectively. Finally the hyper-rectangle of order β > 0 and (square) radius
M > 0 is

Θβ(M) = {θ ∈ `2: θ2
i ≤Mi−1−2β, for all i = 1, 2, ...}. (1.24)
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Chapter 2

Gaussian priors with scaling
hyper-parameter

2.1 Introduction

Recent years have seen increasing use of Bayesian methods in high-
dimensional or nonparametric statistical problems. It is known from both
theory (e.g. Ghosal et al. [2000], Ghosh and Ramamoorthi [2003], Castillo
[2008]) and practice (e.g. Rasmussen and Williams [2006], Hjort et al. [2010])
that the (asymptotic) performance of such methods is sensitive to the fine
properties of the prior that is employed. This dependence can be alleviated
by adapting the prior to the data through one or more tuning parameters,
so-called hyper-parameters. In the case of function estimation such parame-
ters can for instance describe the degree of regularity of a prior, a length
scale, or a bandwidth.

Two tuning methods, the hierarchical- and the empirical Bayes techniques,
are widely used. We focus on the important case that the hyper-parameter
is a scale parameter of a Gaussian prior. This situation was first considered
in work on spline smoothing (see Wahba [1983]), where the posterior mean
for a (multiply integrated, scaled and released) Brownian motion as a prior
for an unknown function is a penalized least squares estimator, and choosing
the scale parameter of the prior is equivalent to choosing the smoothing
parameter (that multiplies the penalty). For further applications of rescaled
Gaussian priors in Bayesian practice see for instance Choudhuri et al. [2007],
Lenk [1991] and Wood and Kohn [1998].

We consider the scaled Gaussian priors in the particular case of the
inverse signal-in-white-noise model, which allows tractable formulas. In view
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2. Gaussian priors with scaling hyper-parameter

of the close relation between this model and many other nonparametric
models, it is expected that our findings can be generalized. However, since
we deliberately consider a particular method, this does not follow from
general results on equivalence of experiments and thus will require further
investigation.

The term empirical Bayes is used in various ways; see Section 1.7.2. In our
situation it means determining a suitable value of a (scaling) parameter of a
prior from the data, which could still refer to different methods. Specifically,
we study the maximum likelihood estimator (MLE) for the scale parameter
based on the marginal Bayesian likelihood (see (2.5) below). This method
is in close relation to the “full” (hierarchical) Bayes method. Within our
framework these methods perform equivalently, as we show in Section 2.2.3.

We investigate the behavior of the empirical Bayes method in a frequentist
set-up: the method is (empirical) Bayesian, but it is evaluated under the
assumption that the data are generated under a given “true” parameter.
In this situation minimax optimal rates can be used as a benchmark for
performance. However, in this chapter, it is not our primary aim to construct
minimax estimators, or even to exhibit priors that lead to minimax posterior
means. Rather the particular (scaled) priors and specific likelihood-based
empirical Bayes method for choosing the scaling parameter are the starting
points. We aim at establishing their performance, as they are natural and
widely applied choices.

The results of this chapter are a step towards a more general understand-
ing of empirical Bayes methods. They concern the behaviour of the empirical
Bayes scaling parameter and contraction of resulting plug-in posterior distri-
bution. We study contraction of the full posterior distribution rather than a
summary measure, such as a posterior mean. The full posterior is important
for the use of the Bayesian method for uncertainty quantification, for instance
through credible sets. Understanding the behaviour of the empirical Bayes
scaling parameter will also be essential in this investigation.

The paper Knapik et al. [2011] consider the performance of posterior
distributions based on the same priors, but with deterministic scaling. It
turned out that for a given base prior and a given true regularity level there
is an optimal scaling rate. It is natural to compare the empirical Bayes
method, which gives a data-dependent rate, to the performance with this
optimal rate, which would be available to an oracle. Here we found the
following somewhat surprising result. It is known that the oracle procedure
fails to be minimax if the regularity of the true parameter is higher than a
level dependent on the unscaled prior (see van der Vaart and van Zanten
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[2007], and the next section). However, it turns out that the empirical Bayes
method fails to follow the oracle if the regularity of the true parameter
exceeds an even lower bound. This finding may motivate the investigation of
different empirical Bayes schemes, for instance one can choose the regularity
parameter of the prior data-driven (see Chapter 3) or investigate different
estimators of the hyerparameter than the maximum likelihood empirical
Bayes method (see Chapter 5). On the positive side our results show that
empirical Bayes works adequately if the base prior does not (or only little)
undersmooth the true parameter.

In the next section we give a precise description of the problem, and
state our main findings. In Section 2.3 we illustrate the results with some
simulations and pictures. Sections 2.4 and 2.5 contain the proofs.

2.2 Main results

2.2.1 Setup

To be able to derive concrete results we consider a relatively tractable
nonparametric model: the inverse Gaussian sequence model, or, equivalently
the inverse signal-in-white-noise model, and sometimes called the inverse
normal means model; introduced in Section 1.9.2.

We assume we observe a sequence X(n) = (X1, X2, . . .) satisfying

Xi = κiθ0,i +
1√
n
Zi, i = 1, 2, . . . , (2.1)

for θ0 = (θ0,1, θ0,2, . . .) an unknown element of `2 = {θ ∈ R∞: ‖θ‖2 =
∑

i θ
2
i <

∞}, known sequence κi and Z1, Z2, . . . independent, standard normal random
variables. We restrict ourselves to the mildly ill-posed inverse problem (1.18).
We denote the “true” distribution of X(n) by Pθ0 and the corresponding
expectations by Eθ0 . All results refer to this distribution, although in the
next paragraphs we adopt a Bayesian point of view in which the parameter
is random to motivate the posterior distribution and the empirical Bayes
likelihood.

This model is equivalent to the functional formulation of the inverse

signal-in-white-noise model, in which we observe the process (X
(n)
t : 0 ≤ t ≤ 1)

given by

X
(n)
t =

∫ t

0
Kθ0(s) ds+

1√
n
Wt, t ∈ [0, 1],
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2. Gaussian priors with scaling hyper-parameter

with θ0 ∈ L2[0, 1] an unknown function, K: L2[0, 1] 7→ L2[0, 1] a known
linear operator and W a standard Brownian motion. Indeed, if ei is an

orthonormal basis of L2[0, 1], then the variables Xi =
∫ 1

0 ei(s) dX
(n)
s satisfy

(2.1), with θ0,i = 〈θ0, ei〉 and κ2
i the Fourier coefficients of θ0 and KTK

relative to the basis ei, respectively. In Section 2.3 we illustrate our findings
by simulated data in this setting.

The variance of the errors in (2.1) is taken equal to the known value
1/n. It is clear from the inverse signal-in-white-noise representation that a
possible parameter σ2, changing the variance in σ2/n, would be ’estimable’
without error from the data, e.g. by n times the quadratic variation [X(n)]1 of

the signal (X
(n)
t : 0 ≤ t ≤ 1). Thus it is no loss of generality not to introduce

such an additional parameter in the model; taking it equal to unity simplifies
the notation. A different situation would arise, were the signal observed only
on a discrete time set. We guess that similar phenomena will occur in this
different model, but to verify this will require significant additional technical
work. Including an additional variance parameter would be natural in this
work.

We assume that the true θ0 is β-regular in the sense that it belongs to a
hyper-rectangle Θβ(M) (defined also in (1.24)):

Θβ(M) = {θ ∈ `2: θ2
i ≤Mi−1−2β, for all i = 1, 2, ...} (2.2)

for some (unknown) β,M > 0. In the case that the θ0,i’s are the Fourier
coefficients of some unknown function, this roughly means assuming that the
function has “regularity” of the order β. The minimax risk for this model in
the case of the direct (not inverse) problem where κi = 1 is given in Donoho
et al. [1990]. A slight variation of their proof gives the following.

Proposition 2.2.1. For all β,M > 0,

inf
θ̂n

sup
θ0∈Θβ(M)

Eθ0‖θ̂n − θ0‖2 ≈M
1+2p

1+2β+2pn
− 2β

1+2β+2p ,

where the infimum is over all estimators.

Proof. The problem of estimating (θi) based on the data (2.1) is equivalent
to estimating (θi) based on independent X1, X2, . . . with Xi ∼ N(θi, n

−1κ−2
i ).

As explained in Donoho et al. [1990] (who consider identical variances instead
of σ2

i = n−1κ−2
i depending on i, but this does not affect the argument) the

minimax estimator for a given hyper-rectangle is the vector of estimators
T = (T1, T2, . . .), where Ti is the minimax estimator in the problem of
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estimating θi based on the single Xi ∼ N(θi, σ
2
i ), for each i, where it is

known that θ2
i ≤Mi: = Mi−1−2β. Furthermore, Donoho et al. [1990] show

that in these univariate problems the minimax risk when restricting to
estimators Ti(Xi) that are linear in Xi is at most 5/4 times bigger than the
(unrestricted, true) minimax risk, where the former linear minimax risk is
easily computed to be equal to Miσ

2
i /(Mi + σ2

i ). Thus the minimax risk in
the present situation is up to a factor 5/4 equal to

∞∑
i=1

Miσ
2
i

Mi + σ2
i

=

∞∑
i=1

i−1−2βMn−1κ−2
i

i−1−2βM + n−1κ−2
i

.

Using the assumption (1.18) and Lemma 6.0.4 (with l = 1, m = 0, r =
1 + 2β + 2p, s = 2p, and Mn instead of n), we can evaluate this as the right
side of the proposition.

In the Bayesian set-up the model (2.1) is viewed as giving the conditional
distribution ofX given the parameter θ0, inference on the unknown parameter
θ0 begins by postulating a prior distribution for θ0. We consider the family
of priors

Πτ =
∞⊗
i=1

N(0, τ2i−1−2α) (2.3)

on R∞, where α > 0 is a fixed parameter and τ > 0 is a scaling parameter
that will be set by an empirical Bayes approach. In other words, under
the prior Πτ the coordinates θ0,i of θ0 are independent, centered Gaussian
variables with variances τ2i−1−2α. The parameter α determines the speed
at which the variances tend to zero. It can be interpreted as the baseline
“regularity” of the unscaled prior. Indeed, for fixed τ > 0 and any s < α, the
prior Πτ gives full mass to the Sobolev space Hs = {θ ∈ `2:

∑
i θ

2
i i

2s <∞}.
In this chapter we stick to this prior. The fact that the prior does give

mass zero to the Sobolev space of order α motivated Zhao [2000] (also see
Brown and Zhao [2009]) to consider various modifications, such as block
dependent priors. Another alternative would be to mix priors of the form
(2.3) over the value of α. Estimating α by empirical or hierarchical Bayes
(with τ = 1 fixed) is considered in Chapter 3.

Under the (conditional) model (2.1) and the prior (2.3) the coordinates
(θ0,i, Xi) of the vector (θ0, X

(n)) are independent, and hence the conditional
distribution of θ0 given X(n) factorizes over the coordinates as well. Thus
the computation of the posterior distribution reduces to countably many
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posterior computations in conjugate normal models. It is straightforward to
verify that the posterior distribution Πτ (·|X(n)) is given by

Πτ (·|X(n)) =

∞⊗
i=1

N
( nτ2κ−2

i

nτ2 + i1+2ακ−2
i

Xi,
τ2κ−2

i

nτ2 + i1+2ακ−2
i

)
. (2.4)

In the empirical Bayes approach we subsequently replace the hyper-parameter
τ by a data-driven choice τ̂n. In the Bayesian setting described by the
conditional distributions θ| τ ∼ Πτ and X(n)| (θ, τ) ∼ ⊗iN(θi, 1/n), it holds
that

X(n)| τ ∼
∞⊗
i=1

N(0, τ2i−1−2α + 1/n).

The corresponding log-likelihood for τ (relative to an infinite product of
N(0, 1/n)-distributions) is given by

`n(τ) = −1

2

∞∑
i=1

(
log
(

1 +
τ2n

i1+2ακ−2
i

)
− τ2n2

i1+2ακ−2
i + τ2n

X2
i

)
. (2.5)

We shall prove that with Pθ0-probability going to one, `n attains a global
maximum on (0,∞), and denote the point where this is attained by τ̂n. (If
the point of global maximum is not unique, any global maximum can be
chosen.) Outside the event on which `n has a global maximum, τ̂n can be
set to an arbitrary value.

The empirical Bayes posterior is now defined as the random measure
Πτ̂n(·|X) obtained by substituting τ̂n for τ in the posterior distribution (2.4),
i.e.

Πτ̂n(B|X) = Πτ (B|X)
∣∣∣
τ=τ̂n

for measurable subsets B ⊂ `2. The results presented in the next subsection
concern the rate at which the empirical Bayes posterior contracts to the true
parameter θ0. Furthermore, we characterize the behavior of τ̂n itself.

If the true parameter satisfies next to (2.2) also the reverse inequality
(θ2
i ≥ mi−1−2β with a constant m ≤ M), then it turns out that τ̂n has a

precise behavior, and the performance of the posterior can be established
by uniformity arguments. The more difficult case is to consider τ̂n and
Πτ̂n(·|X(n)) under general θ0 in the rectangle described by (2.2).
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2.2.2 Main results

If the prior is not rescaled, i.e. we use the prior Πτ for some fixed value of
τ , then the posterior (2.4) contracts to θ0 at the optimal rate n−β/(1+2β+2p)

if and only if α = β; for references see Section 1.9.4. That is, the Bayesian
procedure performs optimally if and only if the “regularities” of the prior
and the unknown parameter match.

This relationship changes if the parameter τ = τn is chosen to tend to
zero or infinity with n. Two situations arise: if the prior does not under-
smooth the unknown parameter too much, then the optimal rate can still be
attained, whereas in the other case the posterior gives suboptimal recovery
no matter the scaling (Knapik et al. [2011], van der Vaart and van Zanten
[2007]). More precisely,

(i) If θ0 satisfies (2.2) for β ≤ 1 + 2α, then for the choice τ = τn =
n(α−β)/(1+2β+2p), and every Mn →∞,

Πτn(θ: ‖θ − θ0‖ > Mnn
− β

1+2β+2p |X(n))
Pθ0→ 0.

(ii) If β > 1 + 2α, then this posterior probability tends to 1 for some θ0

satisfying (2.2).

The optimal rescaling rate τn = n(α−β)/(1+2β+2p) in case (i) depends on the
unknown parameter β that measures the smoothness of the true parameter.
We therefore call it the oracle rescaling rate. Our aim is to compare the
performance of the empirical Bayes procedure to that of the oracle procedure.

Remarkably, the performance of the empirical Bayes procedure cuts the
range β ≤ 1 + 2α, where optimal deterministic scaling is possible, into two
subregimes. If β < 1/2 + α, then the empirical Bayes posterior matches the
oracle procedure and contracts at the optimal rate n−β/(1+2β+2p) to θ0. On
the other hand, if 1/2 +α ≤ β < 1 + 2α, then the empirical Bayes procedure
performs strictly worse than the oracle. The message is that smooth priors
perform well from the perspective of contraction rates; if empirical Bayes
scaling is used, then a good prior should under-smooth the truth by at most
1/2 level of regularity.

Besides the empirical Bayes posterior, we study the empirical Bayes
rescaling rate τ̂n itself. In our first theorem we give upper and lower bounds
for its magnitude. For given nonzero θ0 consider the functions hn: (0,∞)→
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(0,∞) defined by

hn(τ) =
∞∑
i=1

(τ2n)
2α+2p

1+2α+2p i1+2αθ2
0,i

(i1+2ακ−2
i + τ2n)2

. (2.6)

For fixed n the function hn is positive on (0,∞) and tends to zero as τ →∞,
by dominated convergence, for any nonzero θ0 ∈ `2. Therefore, for positive
constants l < L we can define

τn = sup
{
τ > 0:hn(τ) ≥ l/n

}
, (2.7)

τn = sup
{
τ > 0:hn(τ) ≥ L/n

}
. (2.8)

In the next theorem we show that τ̂n belongs with probability tending to
one to the interval [τn, τn], provided l is chosen sufficiently small and L
sufficiently big.

The function hn and the bounds τn ≤ τn depend on the unknown true
parameter θ0. For typical θ0 the upper and lower bounds have the same
order of magnitude. In particular, this is true for θ0 satisfying the exact
asymptotic behavior θ2

0,i ≈ Mi−1−2β, in which case, for some constants d
depending on α, β, M and l (see Section 2.4.4),

τn ≈


dn

α−β
1+2β+2p , if β < α+ 1/2,

d n
−1

4+4α+4p (log n)
1/2+α+p
2+3α+2p , if β = α+ 1/2,

d n
−1

4+4α+4p , if β > α+ 1/2.

(2.9)

The cut-off at β = α+ 1/2 is clearly visible in this bound.
The exact asymptotic behavior θ2

0,i ≈ Mi−1−2β may be considered a
worst case for θ0 belonging to the hyper-rectangle (2.2). For general θ0 that
are not “in the boundary” of any rectangle (for any β), the behaviour of τ̂n,
may be complicated, but we shall see in (the proof of) Theorem 2.2.3 that
the lower and upper bounds τn and τn are sufficiently sharp to analyze the
behaviour of the empirical Bayes posterior distribution of θ.

Theorem 2.2.2. Suppose (2.2) holds. If θ0 6= 0, then the constants l and
L in (2.7) and (2.8) can be chosen such that Pθ0(τn < τ̂n < τn)→ 1. If in
addition θ2

0,i ≥ mi−1−2β for some m > 0, then τn and τn are of the same

order. Moreover, if θ2
0,i ≈ Mi−1−2β, then τ̂n/τn tends in probability to a

constant, and τn satisfies (2.9). Finally, if θ0 = 0, then τ̂n = OP (1/
√
n).
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2.2. Main results

The worst case upper bound τn in (2.9) has the same order as the optimal
rescaling rate n(α−β)/(1+2β+2p) if β < 1/2 + α, but not if β ≥ 1/2 + α. The
theorem shows that the empirical Bayes procedure selects the common order
whenever the lower and upper bounds have the same order, in particular
when θ2

0,i ≈Mi−1−2β . Hence in the latter case the empirical Bayes procedure
selects the proper oracle scaling rate if β < α + 1/2, but not in the other
case, i.e. only if the baseline “regularity” α of the prior is sufficiently large
compared to the regularity β of the truth θ0. This suggests that the empirical
Bayes posterior will match the oracle only in the case β < α + 1/2, and
performs sub-optimally if β ≥ α + 1/2. The following theorem, which is
the main result of this chapter, states that this is true under the general
assumption (2.2).

Theorem 2.2.3. If θ0 satisfies (2.2), then

Πτ̂n(θ: ‖θ − θ0‖ ≤Mnεn,α,β|X(n))
Pθ0→ 1,

for every sequence Mn →∞, where

εn,α,β =


n−β/(1+2β+2p), if β < 1/2 + α,

n−β/(1+2β+2p)(log n)(1/2+p)/(1+2β+2p), if β = 1/2 + α,

n−(1/2+α)/(2+2α+2p), if β > 1/2 + α.

Furthermore, if in addition θ2
0,i ≥ mi−1−2β for some m > 0, then, for all

sufficiently small m0 > 0,

Πτ̂n(θ: ‖θ − θ0‖ < m0εn,α,β|X(n))
Pθ0→ 0.

Finally, if β > 1/2 + α, this is true for any θ0 6= 0 that satisfies (2.2).

The first assertion of the theorem shows that the empirical Bayes pro-
cedure attains the optimal rate if β < 1/2 + α, but a slower rate in the
other cases. The rate n−(1/2+α)/(2+2α+2p) in the case that β > 1/2 + α is
the optimal rate for the value β = 1/2 + α at the cut point. If (2.2) holds
for some β > 1/2 + α, then it also holds for β = 1/2 + α. Therefore an
interpretation is that the empirical Bayes procedure with a prior of regularity
α is incapable to exploit regularity (2.2) in the true function θ0 beyond level
1/2 +α. The second and third assertions of the theorem show that the rates
are sharp. The third, final assertion shows in a very strong sense that the
deterioration of the rate in the third case is caused completely by the prior.
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2. Gaussian priors with scaling hyper-parameter

The good news is that the empirical Bayes procedure repairs any amount
of prior over-smoothing, at least as far as contraction rates are concerned.

2.2.3 Hierarchical Bayes

Instead of substituting a random value for τ̂n into the posterior distribution
for θ, the hierarchical Bayes approach models τ with a prior distribution λ,
and next performs a full Bayes analysis with the mixture prior

∫∞
0 Πτ dλ(τ)

on θ. Here Πτ is the prior on θ with scale τ , as given in (2.3). Besides a
posterior distribution on θ, this also yields a posterior distribution for τ ,
which can be written in the form

Π
(
τ ∈ B|X(n)

)
=

∫
B e

`n(τ) dλ(τ)∫
e`n(τ) dλ(τ)

,

for `n the marginal log likelihood of X(n) given τ , given in (2.5). By definition
the empirical Bayes value τ̂n is the point of maximum of the integrand in the
integrals on the right. Thus the two methods are closely related. The link is
made formal in the following theorem, which implies that the hierarchical
Bayes method copies both the good and the bad behaviour (sub-optimality
if β ≥ α+ 1/2) of the empirical Bayes method.

We restrict to the inverse Gamma distribution as a prior for τ2. Inspection
of the proof shows that the theorem goes through for many other priors λ.
Define τn and τn as before by (2.7) and (2.8), where the constant L in (2.8)
is chosen sufficiently large.

Theorem 2.2.4. If 1/τ2 ∼ Γ(a, b) for some constants a, b > 0 and θ0 6= 0
satisfies (2.2), then, for sufficiently large M (and L in (2.8)),

Π
(
τn/2 ≤ τ ≤Mτn|X(n))

Pθ0→ 1.

As a consequence the posterior distribution of θ relative to the prior∫∞
0 Πτ dλ(τ) has the same properties as Πτ̂n(·|X(n)) given in Theorem 2.2.3.

2.3 Some Simulation Results

To illustrate the main results we simulated data from the Voltera operator
model (1.21)

dX
(n)
t =

∫ t

0
θ0(u) du dt+

1√
n
dWt, t ∈ [0, 1],
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2.3. Some Simulation Results

Figure 2.1: The true function, its transform, the primitive function of the
transform, and the noisy observation of the primitive function.

for n = 106 and the true function θ0 given by

θ0(t) =
∑
i

θ0,i

√
2 cos((i− 1/2)πt).

The Fourier coefficients of this function are given by θ0,i = i−1.5 sin(i),
corresponding to a true regularity level as in (2.2) given by β = 1. Figure 2.1
shows the function θ0, its linear transformation Kθ0, the primitive of Kθ0,
and the noisy observation X(n).

We put the Gaussian prior (2.3) on (the Fourier coefficients of) θ0, with
prior regularity level α = 1, and determined an appropriate scaling parameter
τ̂n by the empirical Bayes method. The left panel of Figure 2.2 shows the
true signal θ0 (black) and the posterior mean (red). The right panel shows
the empirical log-likelihood for τ .

The empirical Bayes reconstruction is satisfying. To illustrate that the
scale parameter τ of the prior really matters, we also computed the posterior
means with scaling parameter 50 times larger and 50 times smaller than
the empirical Bayes value. This leads to under-smoothing (purple), and
over-smoothing (green), respectively, as shown in Figure 2.3.

In an attempt to visualize the cut-off at β = α + 1/2 we repeated the
procedure for various prior regularities α near β, every time choosing the
scaling by the empirical Bayes method. The results are shown in Figure 2.4.
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2. Gaussian priors with scaling hyper-parameter

Figure 2.2: Left panels: the true signal θ0 (black) and the posterior mean
(red). Right panels: the empirical log-likelihood for τ , with indicated point
of maximum τ̂n. The prior smoothness α = 1 is equal to the true regularity
of the signal. We have n = 102, 104, 106, 108, and 1010, from top to bottom.
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2.3. Some Simulation Results

Figure 2.3: The true function (black) and empirical Bayes constructions with
scaling 50 times the maximum likelihood estimator (purple), the maximum
likelihood estimator divided by 50 (green), and the maximum likelihood
estimator (red). The prior smoothness α = 1 is equal to the true regularity
of the signal.

The theory claims that big values α (i.e. over-smoothing) work fine, as they
can and will be corrected by the choice of the scale parameter τ̂n, but values
α below β − 1/2 cannot be corrected, and lead to suboptimal reconstruction.
This is illustrated in Figure 2.4, in which the prior smoothness increases from
β to β + 1 in the top panels, and decreases from β to β − 0.8 in the bottom
panels. The last reconstruction, for α = β − 0.8, is clearly not satisfactory.

The theory says that the empirical and hierarchical Bayes methods do
not differ much. We illustrate this in Figure 2.5, which is the hierarchical
Bayes version of Figure 2.2. Instead of the likelihood for τ , the picture shows
the posterior distribution of this parameter in the right panel. We used the
inverse Gamma distribution for the square scaling parameter τ2, which is
conjugate to the Gaussian location family. The posterior distribution was
computed by a Gibbs sampler. Finally Figure 2.6 is the hierarchical Bayes
counterpart of Figure 2.4. The estimates are computed based on the same
(simulated) datasets, and show the same pattern: an undersmoothed base
prior (right panels in the bottom row) cannot be corrected by Bayesian
(posterior) averaging over a scale parameter, whereas overmoothed base
priors (top row) can.
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2. Gaussian priors with scaling hyper-parameter

Figure 2.4: Top panel from left to right: true signal and empirical Bayes
posterior means for the priors with regularities α = β, β+ 0.5, β+ 1. Bottom
panel: true signal and posterior means for the priors with regularities
α = β, β − 0.5, β − 0.8.

2.4 Proof of Theorem 2.2.2

In the proof we take κ2
i = i−2p. The general case follows similarly, but is a bit

lengthier and harder to read. Every term of the series (2.5) that defines `n is
a smooth function of τ . With the help of the dominated convergence theorem,
it is straightforward to see that the function `n is (Pθ0-a.s.) continuously
differentiable on (0,∞), with derivative given by the series of term-wise
derivatives. It will be convenient first to substitute ν1+2α+2p = τ2n, and
then differentiate with respect to ν. The resulting derivative map Mn is
given by

Mn(ν) =
1 + 2α+ 2p

2

( ∞∑
i=1

nν2α+2pi1+2α+2p

(i1+2α+2p + ν1+2α+2p)2
X2
i

−
∞∑
i=1

ν2α+2p

i1+2α+2p + ν1+2α+2p

)
.

(2.10)
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2.4. Proof of Theorem 2.2.2

Figure 2.5: Left panels: the true signal θ0 black and the hierarchical Bayes
posterior mean (blue). Right panels: MCMC sample of size 3000 from the
posterior distribution of τ after a burn-in period of size 3000. The prior
smoothness α = 1 is equal to the true regularity of the signal. We have
n = 102, 104, 106, 108, and 1010, from top to bottom.
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2. Gaussian priors with scaling hyper-parameter

Figure 2.6: Top panel from left to right: true signal and hierarchical Bayes
posterior means for the priors with regularities α = β, β+ 0.5, β+ 1. Bottom
panel: true signal and posterior means for the priors with regularities
α = β, β − 0.5, β − 0.8.

In the new parametrization the upper and lower bounds become

νn = sup
{
ν ≥ 0:nh(ν) ≥ L

}
,

νn = sup
{
ν ≥ 0:nh(ν) ≥ l

}
,

for the function h: (0,∞)→ (0,∞) given by

h(ν) =
∞∑
i=1

ν2α+2pi1+2αθ2
0,i

(i1+2α+2p + ν1+2α+2p)2
. (2.11)

In the following subsections we prove that if the constants l, L > 0 are
sufficiently small and large, respectively, then with probability tending to 1,

(i) the function Mn is strictly negative and bounded away from 0 on
(νn,∞),

(ii) larger than any given constant on (νn/2, νn),

(iii) bounded below by a fixed constant on (0, νn/2).
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2.4. Proof of Theorem 2.2.2

Property (i) shows that the primitive function of Mn (and hence the log
marginal Bayesian likelihood `n) is decreasing on (νn,∞), whence an absolute
maximum is taken to the left of νn. The pair of properties (ii) and (iii)
imply that the primitive function of Mn increases more on (νn/2, νn) than
it possibly decreases on (0, νn/2). Thus an absolute maximum of `n is taken
to the right of νn. We conclude that the absolute maximum of `n is taken
in the interval [νn, νn], which is the first assertion of Theorem 2.2.2.

Because the constant in (iii) may be negative, it does not follow that
Mn is nonnegative throughout (0, νn/2). Thus our proof does not exclude
additional local maxima on this interval. In fact such local maxima may
exist for irregular θ0, as we illustrate in Section 2.4.6.

We consider the special cases that θ2
0,i ≥ mi−1−2β for a constant m > 0,

θ2
0,i ≈ Mi−1−2β, or θ0 = 0, separately in Sections 2.4.4 and 2.4.5. In

particular, in Section 2.4.4 we derive concrete bounds on νn and νn in these
cases. In particular it is seen that νn . n1/(1+2β+2p) under (2.2).

2.4.1 Asymptotic behavior of Mn on (νn,∞)

In this section we prove that if l in the definition of νn is small enough, then

lim sup
n→∞

sup
ν≥νn

Eθ0Mn(ν) < 0, (2.12)

sup
ν≥νn

|Mn(ν)− Eθ0Mn(ν)|
Pθ0→ 0. (2.13)

This shows that Mn is negative throughout [νn,∞) with probability tending
to one, so that the empirical likelihood is strictly decreasing on this interval.

For the proof of (2.12) we note that, since Eθ0X
2
i = i−2pθ2

0,i + 1/n,

2

1 + 2α+ 2p
Eθ0Mn(ν) = nh(ν)−

∞∑
i=1

ν−1(
(i/ν)1+2α+2p + 1

)2 ,
for h defined in (2.11). By considering Riemann sums (cf. Lemma 6.0.2 in
the appendix) we see that for ν →∞ the second term on the right converges
to the positive constant cα: =

∫∞
0 (x1+2α+2p + 1)−2 dx. By the definition of

νn we have nh(ν) ≤ l for ν ≥ νn. It follows that (2.12) is satisfied for l < cα.
For the proof of (2.13) it suffices, by Corollary 2.2.5 in van der Vaart and
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2. Gaussian priors with scaling hyper-parameter

Wellner [1996] applied with ψ(x) = x2, to show that varθ0 Mn(νn)→ 0 and∫ diamn

0

√
N(ε, (νn,∞), dn) dε→ 0,

where dn is the semi-metric defined by d2
n(ν1, ν2) = varθ0(Mn(ν1)−Mn(ν2)),

diamn is the diameter of (νn,∞) relative to dn, and N(ε,B, d) is the minimal
number of d-balls of radius ε needed to cover the set B.

The random variables X2
i are independent and varθ0 X

2
i = 2/n2 +

4i−2pθ2
0,i/n. Hence, by (2.2),

varθ0 Mn(ν) .
∞∑
i=1

ν4α+4pi2+4α+4p(1 + ni−2pθ2
0,i)

(i1+2α+2p + ν1+2α+2p)4
.
(
1 + nh(ν)

)1

ν
. (2.14)

(The first part can be handled by splitting the sum in the parts i ≤ ν
and i > ν and bound i1+2α+2p + ν1+2α+2p below by ν1+2α+2p and i1+2α+2p,
respectively; for the second part we use the inequality xy/(x+ y)2 ≤ 1, valid
for xy > 0, and the definition of h.) For ν ≥ νn we have that nh(ν) is
bounded by l, and hence the right side is bounded by a multiple of 1/ν.

It follows that varθ0 Mn(νn)→ 0 as required. Furthermore, combination
with the triangle inequality shows that the dn-diameter of the set [νn,∞) is
bounded by a multiple of 1/

√
νn.

Next we consider the covering number N(ε, [νn,∞), dn). Because the
dn-diameter of the set [ν,∞) is bounded above by a multiple of 1/

√
ν, for a

large enough constant A the interval [A/ε2,∞) is included in a single dn-ball
of radius ε. For the remaining interval we have

[νn, A/ε
2] ⊂

I⋃
i=0

[A/(2i+1ε2), A/(2iε2)]

for I . 1 + (log(A/(ε2νn)))+. By Lemma 2.4.1 (below) on each of the
relevant intervals [A/(2i+1ε2), A/(2iε2)] appearing on the right:

dn(ν1, ν2) . 2iε2|ν1 − ν2|.

It follows that N(ε, [A/(2i+1ε2), A/(2iε2)], dn) . 1/ε. Putting things to-
gether we obtain

N(ε, [νn,∞), dn) .
1

ε

(
1 +

(
log

1

ε2νn

)
+

)
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2.4. Proof of Theorem 2.2.2

and hence ∫ diamn

0

√
N(ε, (νn,∞), dn) dε . (νn)−1/4 → 0.

This concludes the proof of (2.13).

Lemma 2.4.1. For any 0 < ν1 < ν2 <∞,

varθ0(Mn(ν1)−Mn(ν2)) .
1

ν3
1

(
1 +

ν2

ν1

)4α+4p−2(
1 + nh(ν1)

)
|ν1 − ν2|2.

Proof. The random variables X2
i are independent and varθ0 X

2
i = 2/n2 +

4i−2pθ2
0,i/n. Hence, by (2.2), the left hand side is bounded by a constant

times

∞∑
i=1

( ν2α+2p
1

(i1+2α+2p + ν1+2α+2p
1 )2

− ν2α+2p
2

(i1+2α+2p + ν1+2α+2p
2 )2

)2
×

i2+4α+4p(1 + ni−2pθ2
0,i).

The function fi: (0,∞) → (0,∞) defined by fi(ν) = ν2α+2p/(i1+2α+2p +
ν1+2α+2p)2 has derivative satisfying |f ′i(ν)| . ν2α+2p−1/(i1+2α+2p +
ν1+2α+2p)2, which is bounded above by (ν1 ∨ ν2)2α+2p−1/(i1+2α+2p +
ν1+2α+2p

1 )2 on the interval [ν1, ν2]. Furthermore, from Cauchy-Schwartz-
Bunyakovsky inequality and Fubini’s theorem we get that

∞∑
i=1

(
fi(ν1)− fi(ν2)

)2
≤
∞∑
i=1

(∫ ν2

ν1

f ′i(ν)dν
)2

≤
∞∑
i=1

(ν2 − ν1)

∫ ν2

ν1

(f ′i(ν))2dν

= (ν2 − ν1)

∫ ν2

ν1

∞∑
i=1

(f ′i(ν))2dν

≤ (ν2 − ν1)2 sup
ν∈[ν1,ν2]

∞∑
i=1

(f ′i(ν))2

(2.15)

Therefore, by applying the inequality (2.15) and the upper bound for
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2. Gaussian priors with scaling hyper-parameter

f ′i(ν) we get that

d2
n(ν1, ν2) . |ν1 − ν2|2(ν1 ∨ ν2)4α+4p−2

∑
i

i2+4α+4p(1 + ni−2pθ2
0,i)

(i1+2α+2p + ν1+2α+2p
1 )4

.

We can bound this in the same way as (2.14).

2.4.2 Asymptotic behavior of Mn on (0, n1/(3+6α+6p)]

In this section we show that if θ0 6= 0, then there exists a constant K > 0 such
that with Pθ0-probability tending to 1, it holds that Mn(ν) ≥ Kν2α+2pn1/3

on (0, n1/(3+6α+6p)].
For ν1+2α+2p ≤ n1/3 we have

2

(1 + 2α+ 2p)ν2α+2p
Mn(ν) ≥

∞∑
i=1

ni1+2α+2p

(i1+2α+2p + n1/3)2
X2
i −

∞∑
i=1

1

i1+2α+2p
.

Since Eθ0X
2
i = 1/n+ θ2

0,i and 2xy ≥ x+ y for x, y ≥ 1, the expected value
of the right-hand side is bounded below by

∞∑
i=1

i1+2α+2p

(i1+2α+2p + n1/3)2
+

1

4
n1/3

∞∑
i=1

θ2
0,i

i1+2α+2p
−
∞∑
i=1

1

i1+2α+2p
,

which, for n large enough, is bounded below by a constant times n1/3 if
θ0 6= 0. Since varθ0 X

2
i = 2/n2 + 4i−2pθ2

0,i . 1/n2 + 1/(ni1+2β+2p), the
variance is bounded by a constant times

∞∑
i=1

i2+4α+4p

(i1+2α+2p + n1/3)4
+ n

∞∑
i=1

i1+4α−2β

(i1+2α+2p + n1/3)4
,

which is (easily) bounded by n1/3 for n large enough. The proof of the
statement is now completed by an application of Chebychev’s inequality.

2.4.3 Asymptotic behavior of Mn on (n1/(3+6α+6p), νn)

In this section we show that if the constant L in the definition of νn is
chosen large enough, then Mn is bounded uniformly below by a fixed (nega-
tive) constant on (n1/(3+6α+6p), νn) and by an arbitrarily large constant on
(νn/2, νn), with probability tending to 1.

56



2.4. Proof of Theorem 2.2.2

Since X2
i ≥ i−2pθ2

0,i + 2i−pθ0,iZi/
√
n, we have

2

1 + 2α+ 2p
Mn(ν) ≥ nh(ν) + 2

√
nH(ν)−

∞∑
i=1

ν2α+2p

i1+2α+2p + ν1+2α+2p
,

for h given in (2.11) and

H(ν) =

∞∑
i=1

ν2α+2pi1+2α+pθ0,i

(i1+2α+2p + ν1+2α+2p)2
Zi. (2.16)

The last term on the right tends to −
∫∞

0 (x1+2α+2p + 1)−1 dx, as ν →∞. It
suffices to prove that the sum nh(ν) + 2

√
nH(ν) of the remaining terms has

the desired properties.
We have that

varθ0 H(ν) =

∞∑
i=1

ν4α+4pi2+4α+2pθ2
0,i

(i1+2α+2p + ν1+2α+2p)4
.

1

ν
h(ν). (2.17)

We shall show that the sequence of random variables

Gn: =
1

n1/(6+12α+12p)
sup

n1/(3+6α+6p)≤ν≤νn

|H(ν)|√
h(ν)/ν

tends in probability to zero. Then for every ν ≥ n1/(3+6α+6p),

nh(ν) + 2
√
nH(ν) ≥ nh(ν)− 2

√
nh(ν)Gn ≥

{
−G2

n, ν > 0,

nh(ν)/2, nh(ν) ≥ 16G2
n,

because f(x) = x − 2
√
xg possesses minimal value −g2 on (0,∞) and is

bounded below by x/2 for x ≥ 16g2. It follows that the left side is bounded
below on (n1/(3+6α+6p), νn) by a negative constant that tends to zero, and is
“big” whenever nh(ν) is big.

The definition of νn implies that nh(νn) ≥ L. Furthermore, for any ν in
[νn/2, νn],

h(ν) =

∞∑
i=1

ν2α+2pi1+2αθ2
0,i

(i1+2α+2p + ν1+2α+2p)2
≥
∞∑
i=1

(νn/2)2α+2pi1+2αθ2
0,i

(i1+2α+2p + ν1+2α+2p
n )2

,

where the right hand side is equal to 2−2α−2ph(νn). It follows that nh(ν) ≥
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2. Gaussian priors with scaling hyper-parameter

2−2α−2pL for any ν in [νn/2, νn], whence nh(ν) ≥ 16G2
n with probability

tending to 1, and hence nh(ν) + 2
√
nH(ν) ≥ nh(ν)/2 ≥ 2−2α−2pL/2. This

can be made arbitrarily large by choice of L.
Finally we prove that Gn → 0 in probability. The process H(ν)/

√
h(ν)/ν

is Gaussian. Lemma 2.4.2 (below) shows that on the interval [ν, 2ν] its
intrinsic metric is bounded above by a multiple of | · |/ν. It follows that the
covering number of this interval relative to the Gaussian metric is bounded
above by a multiple of 1/ε. Since νn is bounded by a power of n, the interval
(1, νn] can be covered with O(log n) intervals of this type, and hence has
covering number bounded above by a multiple of log n/ε. By Corollary 2.2.5
in van der Vaart and Wellner [1996], applied with ψ(x) = ex

2 − 1, it follows
that

Eθ0 sup
1<ν<νn

∣∣∣∣∣ H(ν)√
h(ν)/ν

− H(νn)√
h(νn)/νn

∣∣∣∣∣ .√log log n.

Together with the fact that varθ0 H(ν) . h(ν)/ν, this shows that Gn is of
the order OP (n−1/(6+12α+12p)

√
log logn).

Lemma 2.4.2. For any 0 < ν1 < ν2 <∞,

varθ0

( H(ν1)√
h(ν1)/ν1

− H(ν2)√
h(ν2)/ν2

)
.

1

ν2
1

(ν2

ν1

)2+6α+6p
|ν1 − ν2|2.

Proof. The left side of the lemma is equal to

∞∑
i=1

( ν
1/2+2α+2p
1√

h(ν1)(i1+2α+2p + ν1+2α+2p
1 )2

− ν
1/2+2α+2p
2√

h(ν2)(i1+2α+2p + ν1+2α+2p
2 )2

)2
i2+4α+2pθ2

0,i.

The function gi defined by gi(ν) = ν1/2+2α+2ph(ν)−1/2(i1+2α+2p +
ν1+2α+2p)−2 has derivative satisfying |g′i(ν)| .
ν2α+2p−1/2h(ν)−1/2(i1+2α+2p + ν1+2α+2p)−2

[
1 + ν|h′/h(ν)|

]
. Since it

can be checked that |h′(ν)| ≤ h(ν)/ν, the factor 1 + ν|h′/h(ν)| is uniformly
bounded. Therefore, by Cauchy-Schwartz-Bunyakovsky inequality and
Fubini’s theorem similarly to (2.15), the left side of the lemma is bounded
by

|ν1 − ν2|2
∑
i

sup
ν1≤ν≤ν2

ν4α+4p−1

h(ν)(i1+2α+2p + ν1+2α+2p)4
θ2

0,ii
2+4α+2p.
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The sum is bounded by

∑
i supν1≤ν≤ν2

ν4α+4p−1θ20,ii
2+4α+2p

(i1+2α+2p+ν1+2α+2p)4

infν1≤ν≤ν2 h(ν)
≤

∑
i

(ν1∨ν2)2α+2p−2θ20,ii
1+2α

(i1+2α+2p+ν1+2α+2p
1 )2∑

i

ν2α+2p
1 i1+2αθ20,i

(i1+2α+2p+ν1+2α+2p
2 )2

.

Because (R + x2)/(R + x1) ≤ x2/x1 if x2 ≥ x1 and R > 0, we can replace
the denominator (i1+2α+2p + ν1+2α+2p

1 )2 in the series in the numerator by
the denominator of the series in the denominator at the cost of a factor
(ν2/ν1)2+4α+4p, after which the two series cancel.

2.4.4 Asymptotic behavior for special choices of θ0

For θ2
0,i = Mi−1−2β and κi = i−p the function h given by (2.11) satisfies, as

ν →∞,

h(ν) = M
∞∑
i=1

ν2α+2pi2(α−β)(
i1+2α+2p + ν1+2α+2p

)2
≈M


ν−1−2β−2pcα,β, β < 1/2 + α,

ν−1−2β−2p log ν, β = 1/2 + α,

ν−2−2α−2pcα,β, β > 1/2 + α,

(2.18)

(cf. Lemma 6.0.2) for the constants cα,β defined by

cα,β =

{∫∞
0

x2(α−β)

(x1+2α+2p+1)2
dx, β < 1/2 + α,∑∞

i=1 i
2α−2β, β > 1/2 + α.

In this case the definition of νn readily gives that

νn ≈


(Mcα,βn/l)

1
1+2β+2p , if β < 1/2 + α,

(Mn log n/l)
1

1+2β+2p , if β = 1/2 + α,

(Mcα,βn/l)
1

2+2α+2p , if β > 1/2 + α.

(2.19)

Furthermore, by its definition νn satisfies the same equation with L instead
of l.

If θ0 satisfies the one-sided inequality θ2
0,i ≤Mi−1−2β (or θ2

0,i ≥ mi−1−2β)
and κi = i−p, then the function h can be upper bounded as previously (or
lower bounded with m instead of M , respectively). By its definition the
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upper bound νn can then be upper bounded by the right side of (2.19) (or νn
can be lower bounded by this expression with m replacing M , respectively).
Thus given both the upper and lower bound on θ0, the two quantities νn
and νn have the same order.

Finally assume again that θ2
0,i ≈Mi−1−2β and κi = i−p. Relation (2.13)

is then valid also with νn replacing νn: supν≥νn |Mn(ν)−Eθ0Mn(ν)| → 0 in
probability, in all three cases. Since ν̂n is a zero of Mn and is contained in
[νn, νn], it follows that Eθ0Mn(ν)|ν=ν̂n → 0 in probability. Again employing

(2.18), we conclude that Mnν̂−1−2β−2p
n cα,β − cα or Mnν̂−1−2β−2p

n log ν̂n− cα
or Mnν̂−2−2α−2p

n cα,β − cα tends to zero in probability in the three cases,
respectively, for the constants cα,β defined previously and

cα =

∫ ∞
0

1

(x1+2α+2p + 1)2
dx.

This readily gives that τ̂n/τn tends to a constant in probability.

2.4.5 The special case θ0 = 0

If θ0 = 0, then the expected value Eθ0Mn(ν), given at the beginning of
Section 2.4.1, tends to a negative constant as ν →∞, and is 0 only at ν = 0.
Thus it is negative and bounded away from zero on every interval [ν,∞) for
ν > 0.

Furthermore, in this case the function h vanishes and hence the compu-
tations in Section 2.4.1 show that varθ0 Mn(ν) . 1/ν for every ν > 0, and
that the upper bound on varθ0(Mn(ν1)−Mn(ν2)) given by Lemma 2.4.1 is
valid without the factor (1 + nh(ν1)) in its right side. Similar arguments as
in Section 2.4.1 then show that Mn tends to its expectation uniformly on
every sequence of intervals [νn,∞) with νn →∞.

Combination of these findings shows that Pθ0(ν̂n ≤ νn) → 1 for every
νn →∞. This is equivalent to nτ̂2

n being bounded in probability.

2.4.6 Example: multiple local maxima

We construct a fixed parameter θ0 and a subsequence nj → ∞ such that,
with probability tending to 1, the random map Mnj is strictly negative
somewhere in the interval [0, νnj ]. We fix 0 < β < α+ 1/2 and for (large)
positive constants A, B and C to be determined later and j ∈ N,we set
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νj = Aj and nj = Bν1+2β+2p
j and define θ0 by

θ0,i =

{
i−1/2−β if νj ≤ i ≤ 2νj for some j ∈ N,
0 otherwise.

We shall show that by choosing the constants A, B and C sufficiently
large, we can ensure that njh(νj/C) becomes arbitrarily small (positive) and
njh(νj) > L for j large enough. The latter implies that νj/C < νj < νnj ,
and the former that Eθ0Mnj (νj/C) is smaller than a negative constant.
Using (2.14) we then also get that varθ0 Mnj (νj/C) . 1/νj → 0, and the
claim follows by Chebychev’s inequality.

To upper bound njh(νj/C) we split the sum in the definition of h into
three parts. The sum over the indices i < 2νj−1 is bounded by

nj

(νj
C

)−2−2α−2p
2νj−1∑
i=1

i2α−2β . nj

(νj
C

)−2−2α−2p
ν1+2α−2β
j−1

= A−1−2α+2βBC2+2α+2p.

The second sum is over the indices νj < i < 2νj and is bounded by

nj

(νj
C

)2α+2p
2νj∑
i=νj

i−2−2α−2β−4p . nj

(νj
C

)2α+2p
ν−1−2α−2β−4p
j = BC−2α−2p.

Finally, since νj < νj+1, we have the same bound for the sum over i > νj + 1:

nj

(νj
C

)2α+2p
∞∑

i=νj+1

i−2−2α−2β−4p . nj

(νj
C

)2α+2p
ν−1−2α−2β−4p
j+1 ≤ BC−2α−2p.

We conclude that njh(νj/C) . A−1−2α+2βBC2+2α+2p +BC−2α−2p. For the
lower bound we note that

njh(νj) ≥ nj
2νj∑
i=νj

ν2α+2p
j i2(α−β)

(i1+2α+2p + ν1+2α+2p
j )2

≥ 1

4
njν

2α+2p
j

2νj∑
i=νj

i−2−2α−2β−4p & njν
2α+2p
j ν−1−2α−2β−4p

j = B.

To complete the construction, observe that by choosing B large enough we
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2. Gaussian priors with scaling hyper-parameter

can ensure that njh(νj) > L. By next choosing C large enough and then A
large enough we can make njh(νj/C) arbitrarily small.

2.5 Proof of Theorem 2.2.3

It is convenient to continue to work with the parametrization ν1+2α+2p =
τ2n. Slightly abusing notation we denote by Πν the same prior as Πτ for
ν1+2α+2p = τ2n and similarly for the posterior, so

Πν(·|X(n)) =
∞⊗
i=1

N
( ν1+2α+2pκ−1

i

i1+2ακ−2
i + ν1+2α+2p

Xi,
ν1+2α+2pκ−2

i /n

i1+2ακ−2
i + ν1+2α+2p

)
.

In this notation the empirical Bayes posterior is

Πν̂n(·|X(n)) = Πν(·|X(n))
∣∣∣
ν=ν̂n

,

where ν̂n is the (or rather a) zero of the random function Mn on (0,∞)
defined by (2.10). For computational convenience we assume that κi = i−p,
the more general case 1.18 follows similarly.

Because ‖θ − θ0‖2 =
∑

(θi − θi,0)2, we have, with θ̂ν,i =
ν1+2α+2p(i1+2α+2p + ν1+2α+2p)−1i−pXi the posterior mean,∫
‖θ − θ0‖2 Πν(dθ|X(n)) =

∑
i

(θ̂ν,i − θ0,i)
2 +

1

n

∞∑
i=1

ν1+2α+2pi2p

i1+2α+2p + ν1+2α+2p
.

(2.20)
By Markov’s inequality the left side divided by (Mnεn)2 is an upper bound
on Πν(θ: ‖θ − θ0‖ ≥ Mnεn|X(n)), for any Mnεn > 0. We like to show that
the latter probability evaluated at ν = ν̂n tends to zero for the appropriate
rate εn = εn,α,β and any Mn →∞. By Theorem 2.2.2 with probability going
to 1, the empirical Bayes rescaling rate ν̂n belongs to the interval [νn, νn].
Therefore, to prove Theorem 2.2.3 it suffices to show that the expectation of
the supremum of this expression over ν ∈ [νn, νn] is of the appropriate order
ε2
n. We shall first show that the supremum of the expectations has the right

order, and next that the expectation of the supremum has the same order.

2.5.1 Posterior risk for scaling in [νn, νn]

The second term of (2.20) is deterministic. The expectation of the first term
can be split in square bias and variance terms. We find that the expectation
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2.5. Proof of Theorem 2.2.3

of (2.20) is given by

∞∑
i=1

i2+4α+4pθ2
0,i

(i1+2α+2p + ν1+2α+2p)2
+

1

n

∞∑
i=1

ν2+4α+4pi2p

(i1+2α+2p + ν1+2α+2p)2

+
1

n

∞∑
i=1

ν1+2α+2pi2p

i1+2α+2p + ν1+2α+2p
.

In this section we prove that the supremum of this expression over ν ∈ [νn, νn]
is bounded by a constant times n−2β/(1+2β+2p) + ν1+2p

n /n. In Section 2.4.4
it was seen that under (2.2) the upper bound νn is bounded above by the
right side of (2.19), which shows that ν1+2p

n /n ≈ ε2
n,α,β, the (square) order

claimed in Theorem 2.2.3. The first term n−2β/(1+2β+2p) is smaller than this
order, in all three cases.

The series in the second and third terms are bounded by a multiple of
ν1+2p (and asymptotic to ν1+2p times a constant as ν → ∞), and hence
the suprema of these terms over ν ∈ [νn, νn] are bounded by a multiple of
ν1+2p
n /n.

The first series is decreasing in ν and hence it suffices to consider it at
ν = νn. Its terms are bounded above by θ2

0,i. Therefore, in view of (2.2), we

have for N ≈ n1/(1+2β+2p),

∑
i>N

i2+4α+4pθ2
0,i

(i1+2α+2p + ν1+2α+2p
n )2

≤
∑
i>N

θ2
0,i .Mn−2β/(1+2β+2p).

By the definition of νn (and continuity of the series) we have, for ν ≥ νn,

ν1+2ph(ν) ≡
∞∑
i=1

ν1+2α+4pi1+2αθ2
0,i

(i1+2α+2p + ν1+2α+2p)2
≤ L

n
ν1+2p. (2.21)

(The function h is as in (2.11).) As a first consequence we have

∑
i≤νn

i2+4α+4pθ2
0,i

(i1+2α+2p + ν1+2α+2p
n )2

≤
∑
i≤νn

ν1+2α+4p
n i1+2αθ2

0,i

(i1+2α+2p + ν1+2α+2p
n )2

≤ (L/n)ν1+2p
n ≤ (L/n)ν1+2p

n ,

It remains to consider the terms between νn and N . For ν ≤ i ≤ 2ν and any
ν > 0 we have that ν1+2α+4pi1+2α/(i1+2α+2p + ν1+2α+2p)2 ≥ 1/(21+2α+4p +
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1 + 21+2p). Therefore, as a second consequence of (2.21),

1

21+2α+4p + 1 + 21+2p

∑
ν<i≤2ν

θ2
0,i ≤

∑
i

ν1+2α+4pi1+2αθ2
0,i

(i1+2α+2p + ν1+2α+2p)2
≤ L

n
ν1+2p,

for ν ≥ νn. For L large enough that νn2L ≥ N we have

∑
νn<i≤N

i2+4α+4pθ2
0,i

(i1+2α+2p + ν1+2α+2p
n )2

≤
L∑
l=1

∑
νn2l−1<i≤νn2l

θ2
0,i .

L∑
l=1

L

n
(νn2l−1)1+2p.

For νn2L ≈ N this is bounded above by a multiple of LN1+2p/n .
n−2β/(1+2β+2p).

2.5.2 Uniform result for the posterior risk

In this section we bound the quantity

Eθ0 sup
ν∈[νn,νn]

∣∣∣∑
i

(θ̂ν,i − θ0,i)
2 − Eθ0

∑
i

(θ̂ν,i − θ0,i)
2
∣∣∣.

Using the explicit expressions for the θ̂ν,i we see that the random variable in
the supremum is the absolute value of V(ν)/n− 2W(ν)/

√
n, where

V(ν) =
∑
i

ν2+4α+4pi2p

(i1+2α+2p + ν1+2α+2p)2
(Z2

i − 1),

W(ν) =
∑
i

ν1+2α+2pi1+2α+3pθ0,i

(i1+2α+2p + ν1+2α+2p)2
Zi.

We deal with the two processes separately.
By comparison with Riemann sums (cf. Lemma 6.0.2) we see that

varθ0 V(ν) ≈ ν1+4p
∫∞

0 x4p/(x1+2α+2p + 1)4 dx as ν →∞. By Lemma 2.5.1
below the standard deviation metric of V is bounded above by a multi-
ple of | · |ν2p−1/2 on the interval [ν, 2ν]. Therefore the covering number of
this interval relative to the standard deviation metric is bounded above by
a multiple of ν1/2+2p/ε. Covering the interval [νn, νn] with the intervals
(2−m−1νn, 2

−mνn], for m = 0, 1, 2, . . ., we see that its covering number is

bounded above by
∑

m(2−mνn)1/2+2p/ε . ν
1/2+2p
n /ε. By Corollary 2.2.5 in
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van der Vaart and Wellner [1996] applied with ψ(x) = x2, it follows that

Eθ0 sup
νn≤ν≤νn

|V(ν)| . ν1/2+2p
n +

∫ ν
1/2+2p
n

0

√
ν

1/2+2p
n /ε dε . ν1/2+2p

n .

Divided by n this yields ν
1/2+2p
n /n ≤ ν1+2p

n /n.
It remains to deal with the process W. The variance of the process is

equal to

varθ0 W(ν) =
∞∑
i=1

ν2+4α+4pi2+4α+6pθ2
0,i

(i1+2α+2p + ν1+2α+2p)4
(2.22)

and since i1+2α+4pν1+2α/(i1+2α+2p+ν1+2α+2p)2 ≤ 1 the sum in the preceding
display from one to ν can be bounded by a multiple of ν1+4ph(ν), for h given
in (2.11). To bound the sum from ν to infinity we separate two cases.

First we assume that 2p < 1+2α. Then for any ν < i the ith term on the
right side of (2.22) is bounded above by a multiple of ν2+4α+4pi−2−4α−2pθ2

0,i.
For every ν < i the ith term in the definition of h(ν) is bounded below by
constant times ν2α+2pi−1−2α−4pθ2

0,i. Since by assumption 2p < 1 + 2α we
can conclude that the sum from ν to infinity of the right hand side of (2.22)
is bounded above by ν1+4ph(ν) . ν1+4p

n .
In the second case we assume that 2p ≥ 1 + 2α. From assumption (2.2)

∞∑
i=ν

ν2+4α+4pi2+4α+6pθ2
0,i

(i1+2α+2p + ν1+2α+2p)4
. ν2+4α+4p

∞∑
i=ν

i−3−4α−2p−2β,

which is smaller than a multiple of ν2p−2β . Then we separate again two cases.
If 1 + 2α ≥ 2β, then the power of ν is non-negative (2p− 2β ≥ 0), hence it is

bounded above by a multiple of n
2p−2β

1+2p+2β (times (log n)2p−2β if 1/2 +α = β),
by applying the upper bound for νn given in (2.21). If 1 + 2α < 2β, then we
can give an upper bound for the right hand side of the preceding display by
replacing 2β with 1 + 2α, i.e. ν2p−2β ≤ ν2p−1−2α, where the power of ν is
positive. Using the upper bound for νn in this case we can conclude that the

sum is bounded above by constant times n
2p−1−2α
2+2α+2p . Dividing W by

√
n and

using again the upper bound (2.21) for νn we get that for every ν ∈ [νn, νn]
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the variance of the process is bounded above by a multiple of

δ4
n,β,α: =


n
− 1+4β

1+2β+2p , if β > 1/2 + α ,

(log n)
1+4p

1+2β+2pn
− 1+4β

1+2β+2p , if β = 1/2 + α ,

n
− 3+4α

2+2α+2p , if β < 1/2 + α.

Furthermore, by the lemma below the standard deviation metric of
W/
√
n is bounded above by a multiple of | · | ν−1δ2

n,β,α on an interval [ν, 2ν]
with ν ≥ νn. By the same reasoning as in the preceding paragraph this
shows that the metric entropy of the interval [νn, νn] relative to the standard
deviation metric is bounded above by log(n)δ2

n,β,α/ε. By Corollary 2.2.5 in

van der Vaart and Wellner [1996] applied with ψ(x) = ex
2 − 1, it follows that

Eθ0 sup
νn≤ν≤νn

|W(ν)| . δ2
n,β,α +

∫ δ2n,β,α

0

√
log
(
δ2
n,β,α log(n)

1

ε

)
dε,

where the right hand side is bounded above by a multiple of
√

log nδ2
n,β,α �

ε2
n,α,β.

Lemma 2.5.1. For any 0 < ν1 < ν2 <∞,

varθ0(V(ν1)− V(ν2)) ≤ (ν4p−1
1 ∨ ν4p−1

2 )
(ν2

ν1

)2+8α+8p
|ν1 − ν2|2,

varθ0(W(ν1)−W(ν2)) ≤ nδ4
n,β,αν

−2
1 |ν1 − ν2|2.

Proof. The left side of the first inequality of the lemma takes the
form

∑
i(hi(ν1) − hi(ν2))2, for the function hi equal to hi(ν) =√

2ν2+4α+4pi2p/(i1+2α+2p + ν1+2α+2p)2. The derivative of this function satis-
fies |h′i(ν)| . ν1+4α+4pi2p/(i1+2α+2p + ν1+2α+2p)2. The assertion follows by
similar, but simpler, arguments as in the proof of Lemma 2.4.1.

The left side of the second inequality of the lemma can be written
in the form

∑
i(hi(ν1) − hi(ν2))2i2+4α+6pθ2

0,i, this time for the function

hi given by hi(ν) = ν1+2α+2p/(i1+2α+2p + ν1+2α+2p)2. The derivative of
this function satisfies |h′i(ν)| . ν2α+2p/(i1+2α+2p + ν1+2α+2p)2. By Cauchy-
Schwarz-Bunyakovsky inequality and Fubini’s theorem the left side of the
lemma is bounded by a multiple of

|ν1 − ν2|2
∑
i

sup
ν1<ν<ν2

ν4α+4pi2+4α+6pθ2
0,i

(i1+2α+2p + ν1+2α+2p)4
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The series in the right side is bounded by nδ4
n,β,αν

−2
1 , similarly to the bound

for the variance of the process W(ν) given in (2.22).

2.5.3 Proof that the rates in Theorem 2.2.3 are sharp

If θ1, θ2, . . . are independent Gaussian variables with means µi and variances
σ2
i , then Chebychev’s inequality shows that ‖θ−µ‖2 =

∑
i(θi−µi)2 satisfies,

for any c > 0,

P
(
‖θ − µ‖2 ≤

∑
i

σ2
i − c

√
2
∑
i

σ4
i

)
≤ 1

c2
.

Because a Gaussian distribution gives most probability to a ball of given
radius if this is centered at its mean (by Anderson’s lemma), this inequality
remains true if µ is replaced by a different element of `2.

Under the posterior distribution Πν(·|X(n)) the coordinates
θ1, θ2, . . . are independent Gaussian variables with variances
σ2
i = n−1ν1+2α+2pi2p/(i1+2α+2p + ν1+2α+2p), and, for positive constants
dα, cα, as ν →∞,∑

i

σ2
i =

1

n

∑
i

ν1+2α+2pi2p

(i1+2α+2p + ν1+2α+2p)
≈ dα

ν1+2p

n
,

∑
i

σ4
i =

1

n2

∑
i

ν2+4α+4pi4p

(i1+2α+2p + ν1+2α+2p)2
≈ cα

ν1+4p

n2
.

It follows that, for d < dα, uniformly in ν ≥ νn, for any c > 0,

Πν

(
θ: ‖θ − θ0‖2 ≤

dν1+2p

n
− c
√
cαν1+4p

n

)
≤ 1

c2
.

For ν ≥ νn and c = (d/
√
cα)ν

1/2
n /2 we have dν1+2p − c

√
cαν

1/2+2p ≥
dν1+2p

n /2, and hence

sup
ν≥νn

Πν

(
θ: ‖θ − θ0‖2 ≤ dν1+2p

n /(2n)
)
.

1

νn
. (2.23)

Because Pθ0(ν̂n ≥ νn)→ 1, the empirical Bayes posterior probability of the
event in the left side is with probability tending to one bounded by the
supremum, and hence tends to zero.

Under the assumption that θ2
0,i ≥ mi−1−2β the sequence ν1+2p

n /n was

67



2. Gaussian priors with scaling hyper-parameter

seen to be of the order ν1+2p
n /n in Section 2.4.4. Because ν1+2p

n /n ≈ ε2
n,α,β,

the second assertion of Theorem 2.2.3 follows by (2.23).
If θ0 6= 0, then there exists i ∈ N such that

h(ν) ≥ ν2α+2pi1+2α

(i1+2α+2p + ν1+2α+2p)2
≈ i1+2α

ν2+2α+2p
, (2.24)

as ν →∞. In view of its definition it follows that νn & n1/(2+2α+2p). Again
using (2.23) we obtain a lower bound on the order of the square rate equal to
ν1+2p
n /n ≈ n−(1+2α)/(2+2α+2p). For β > 1/2 + α this rate is equal to ε2

n,α,β.

(In the other case it is a valid lower bound, but strictly smaller than ε2
n,α,β

and hence of less interest.)

2.6 Proof of Theorem 2.2.4

As noted following (2.24), if θ0 6= 0, then νn ≥ νn tends to infinity as n→∞
at least at the rate n1/(2+2α+2p). (The corresponding sequences τn ≥ τn
can tend both to zero or infinity, depending on α and θ0.) Let τn(ν) be
the solution to ν1+2α+2p = nτ2, and let Ln(τ) = exp `n(τ) be the marginal
likelihood.

In Section 2.4 (see (i)–(iii) in its introduction) it was seen that Mn(ν) =
(d/dν)`n

(
τn(ν)

)
satisfies, for positive constants c1, c2, c3,

Mn(ν)


≤ −c1, for ν ≥ νn,
≥ c2, for ν ∈ [νn/2, νn],

≥ −c3, for ν ∈ [0, νn/2].

Furthermore, the constant c2 can be chosen arbitrarily large by choosing L
in (2.8) large enough, while the constant c3 is fixed.

For τn(ν) ≥ Mτn and τn(ν1) = 2τn, we have ν ≥ M2/(1+2α+2p)νn and
ν1 = 22/(1+2α+2p)νn. Choose M ≥ 2. Since both are greater than νn, it
follows that

`n
(
τn(ν)

)
− `n

(
τn(ν1)

)
≤ −c1(ν − ν1) ≤ −c4νn,

for c4 = c1(M2/(1+2α+2p) − 22/(1+2α+2p)). Consequently Ln(τ) ≤
Ln(2τn)e−c4νn for τ ≥Mτn. Since also Ln(τ) ≥ Ln(2τn), for τ ∈ [τn, 2τn],
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we find

Π(τ ≥Mτn|X(n)) ≤
∫∞
Mτn

Ln(τ) dλ(τ)∫ 2τn
τn

Ln(τ) dλ(τ)
≤ λ(Mτn,∞)e−c4νn

λ(τn, 2τn)
.

Here c4 can be made arbitrarily large by choice of a large M , and νnτ
2
n =

ν2+2α+2p
n /n is bounded away from 0. If Γ: = 1/τ2 possesses a Gamma

distribution with shape a and rate b, then

λ(τn, 2τn) = P
( 1

4τ2
n

≤ Γ ≤ 1

τ2
n

)
≈


(

1
τ2n

)a
, if τn →∞,(

1
τ2n

)a−1
e−b/(4τ

2
n), if τn → 0,

1, if 0� τn �∞.

In all cases this is much bigger than e−c4νn if M and hence c4 is chosen big
enough. Arguing, if necessary, along subsequences, we conclude that the
right side of the second last display tends to zero.

The analysis of the left tail is similar, but slightly more complicated,
because the different lower bounds on Mn on the two subintervals of [0, τn].
The difference `n

(
τn(ν1)

)
− `n

(
τn(ν)

)
is bounded below by c2(ν1 − ν) if

νn/2 ≤ ν ≤ ν1 ≤ νn, and bounded below by c2(ν1 − νn/2) − (νn/2 − ν)c3

if ν ≤ νn/2 ≤ ν1 ≤ νn. If c2 > 2c3 the difference can be seen to be
bounded below by c5νn if both 3νn/4 ≤ ν1 ≤ νn and ν1 − ν ≥ c6νn, for
c5 = (c2/4−c3/2)∧c2c6. Let ν̃n = (1/4)1/(1+2α+2p)νn, so that τn(ν̃n) = τn/2,
and ν1 =

(
(3/4)1/(1+2α+2p)

)
νn. Then for ν ≤ ν̃n we have ν1 − ν ≥ c6νn,

for c6 = (3/4)1/(1+2α+2p) − (1/4)1/(1+2α+2p) and ν1 ≥ 3νn/4 and hence
`n
(
τn(ν1)

)
− `n

(
τn(ν)

)
≥ c5νn. Consequently Ln(τ) ≤ Ln

(
τn(ν1)

)
e−c5νn for

τ ≤ τn/2. Since τn/2 ≤ τn(ν1) ≤ τn, we also have that Ln(τ) ≥ Ln
(
τn(ν1)

)
on
[
τn(ν1), τn

]
. It follows that

Π(τ ≤ τn/2|X(n)) ≤
∫ τn/2

0 Ln(τ) dλ(τ)∫ τn
τn(ν1) Ln(τ) dλ(τ)

≤ λ(0, τn/2)e−c5νn

λ(τn(ν1), τn)
.

Here τn(ν1) = τn((3/4)1/(1+2α+2p)νn) = (3/4)τn. The right side tends to
zero by the same arguments as before, provided that c5 is sufficiently big.
This can be achieved by choosing L and hence c2 sufficiently big.

The final assertion of the theorem follows by the arguments in Section 2.5.
These show that the posterior distributions Πτ (·|X(n)) have the desired
properties uniformly for τ ∈ [τn, τn]. The latter interval can be stretched to
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2. Gaussian priors with scaling hyper-parameter

[τn/2,Mτn] by merely notational changes to the arguments as given.
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Chapter 3

Gaussian priors with
regularity hyper-parameter

3.1 Introduction

Our focus in this chapter is on the ability of Bayesian methods to achieve
adaptive, rate-optimal inference in mildly ill-posed nonparametric inverse
problems. Nonparametric priors typically involve one or more tuning param-
eters, or hyper-parameters, that determine the degree of regularization. In
practice there is a widespread use of empirical Bayes and full (hierarchical)
Bayes methods to automatically select the appropriate values of such param-
eters. These methods are generally considered to be preferable to methods
that use only a single, fixed value of the hyper-parameters. In the inverse
problem setting it is known from the recent paper Knapik et al. [2011] that
using a fixed prior can indeed be undesirable, since it can lead to convergence
rates that are sub-optimal, unless by chance the statistician has selected a
prior that captures the fine properties of the unknown parameter (like its
degree of smoothness, if it is a function).

Theoretical works that support the preference for empirical or hierarchical
Bayes methods started to appear only recently. It has until now been
unknown whether these approaches can indeed robustify a procedure against
prior mismatch. In the preceding chapter we have shown that the widely
applied rescaled Gaussian prior distributions lead to adaptive posterior
contraction rate only for a limited range of regularity classes, while for
overly smooth signals these approaches behave sub-optimally. In the present
chapter we show that other, properly constructed empirical and hierarchical
Bayes methods can lead to adaptive, rate-optimal procedures in the context
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3. Gaussian priors with regularity hyper-parameter

of nonparametric inverse problems for a whole range of regularity classes.
We study this problem in the context of the canonical signal-in-white-

noise model introduced in Section 1.9.2 and investigated in Chapter 2 as well.
For completeness and self-containedness we recall the model briefly. We
assume that we observe a sequence of noisy coefficients X(n) = (X1, X2, . . .)
satisfying

Xi = κiθ0,i +
1√
n
Zi, i = 1, 2 . . . , (3.1)

where Z1, Z2, . . . are independent, standard normal random variables, θ0 =
(θ0,1, θ0,2, . . .) ∈ `2 is the infinite-dimensional parameter of interest, and (κi)
is a known sequence satisfying

C−2i−2p ≤ κ2
i ≤ C2i−2p. (3.2)

Minimax lower bounds for the rate of convergence of estimators for θ0 are
well known in this setting. For instance, the lower bound over Sobolev balls
of regularity β > 0 is given by n−β/(1+2β+2p) and over certain “analytic balls”
the lower bound is of the order n−1/2 log1/2+p n (see Cavalier [2011]).

To obtain rate-adaptive Bayes procedures for the model (3.1) we consider
a family (Πα:α > 0) of Gaussian priors for the parameter θ. These priors are
indexed by a parameter α > 0 which quantifies the “regularity” of the prior
Πα (details in Sections 1.9.4 and 3.2). Instead of choosing a fixed value for
α (which is the approach studied in Knapik et al. [2011] and Chapter 2) we
view it as a tuning-, or hyper-parameter and consider two different methods
for selecting it in a data-driven manner. In Chapter 2 the prior regularity
was fixed and the prior “weight” (scale) was adjusted, while in the present
chapter the “shape” (regularity) of the prior is adapted.

The approach typically preferred by Bayesian statisticians is to endow
the hyper-parameter with a prior distribution itself. This results in a full,
hierarchical Bayes procedure. The paper Belitser and Ghosal [2003] follows
the same approach in the direct problem. We prove that under a mild
assumption on the hyper-prior on α, we obtain an adaptive procedure
for the inverse problem using the hierarchical prior. Optimal convergence
rates are obtained (up to lower order factors), uniformly over Sobolev and
analytic scales. For tractability, the priors Πα that we use put independent,
Gaussian prior weights on the coefficients θ0,i in (3.1). Extensions to more
general priors, including non-Gaussian densities or priors that are not exactly
diagonal (as in Ray [2013] for instance) should be possible, but would require
considerable additional technical work.
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A second approach we study consists in first “estimating” α from the data
and then substituting the estimator α̂n for α in the posterior distribution
for θ corresponding to the prior Πα. In this chapter we prove that the
likelihood-based empirical Bayes method that we propose has the same
desirable adaptation and rate-optimality properties in nonparametric inverse
problems as the hierarchical Bayes approach.

The estimator α̂n for α that we propose is the commonly used likelihood-
based empirical Bayes estimator for the hyper-parameter. Concretely, it is
the maximum likelihood estimator for α in the model in which the data is gen-
erated by first drawing θ from Πα and then generating X(n) = (X1, X2, . . .)
according to (3.1), i.e.

θ|α ∼ Πα, and X(n)| (θ, α) ∼
∞⊗
i=1

N
(
κiθi,

1

n

)
. (3.3)

A crucial element in the proof of the adaptation properties of both procedures
we consider is understanding the asymptotic behavior of α̂n. In contrast to
the typical situation in parametric models (see Petrone et al. [2013]) this
turns out to be rather delicate, since the likelihood for α can have complicated
behavior. We are able, however, to derive deterministic asymptotic lower
and upper bounds for α̂n. In general these depend on the true parameter θ0

in a very complicated way. To get some insight into why our procedures work
we show that if the true parameter has nice regular behavior of the form
θ0,i � i−1/2−β for some β > 0, then α̂n is essentially a consistent estimator
for β (see Lemma 3.2.1). This means that in some sense, the estimator
α̂n correctly “estimates the regularity” of the true parameter (see Belitser
and Enikeeva [2008] for work in a similar direction). Since the empirical
Bayes procedure basically chooses the data-dependent prior Πα̂n for θ, this
means that asymptotically, the procedure automatically succeeds in selecting
among the priors Πα, α > 0, the one for which the regularity of the prior
and the truth are matched. This results in optimal convergence rates.

The remainder of the chapter is organized as follows. In Section 3.2
we first describe the empirical and hierarchical Bayes procedures in detail.
Then we present a theorem on the asymptotic behavior of estimator α̂n for
the hyper-parameter, followed by two results on the adaptation and rate of
contraction of the empirical and hierarchical Bayes posteriors over Sobolev
and analytic scales. These results all concern global `2-loss. In Section 3.2.3
we briefly comment on rates relative to other losses. Specifically we discuss
contraction rates of marginal posteriors for linear functionals of the parameter
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3. Gaussian priors with regularity hyper-parameter

θ. We conjecture that the procedures that we prove to be adaptive and
rate-optimal for global `2-loss, will be sub-optimal for estimating certain
unbounded linear functionals. A detailed study of this issue is outside the
scope of the present thesis. The empirical and hierarchical Bayes approaches
are illustrated numerically in Section 3.3. We apply them to simulated data
from an inverse signal-in-white-noise model, where the problem is to recover
a signal from a noisy observation of its primitive. Proofs of the main results
are presented in Sections 3.4–3.7.

3.2 Main results

3.2.1 Description of the empirical and hierarchical Bayes
procedures

We assume that we observe the sequence of noisy coefficients X(n) =
(X1, X2, . . .) satisfying (3.1), for Z1, Z2, . . . independent, standard normal
random variables, θ0 = (θ0,1, θ0,2, . . .) ∈ `2, and a known sequence (κi) sat-
isfying (3.2) for some p ≥ 0 and C ≥ 1. We denote the distribution of the
sequence X(n) corresponding to the “true” parameter θ0 by Pθ0 , and the
corresponding expectation by Eθ0 .

For α > 0, consider the product prior Πα on `2 given by

Πα =
∞⊗
i=1

N
(
0, i−1−2α

)
. (3.4)

It is easy to see that this prior is “α-regular”, in the sense that for every
α′ < α, it assigns mass 1 to the Sobolev space Sα

′
. Using a Gaussian

prior with a fixed regularity, optimal convergence rates are obtained if and
only if the regularity of the prior and the truth are matched (α = β, see
Section 1.9.4). Since the latter is unknown, choosing the prior that is
optimal from the point of view of convergence rates is typically not possible
in practice. Therefore, we consider two data-driven methods for selecting
the regularity of the prior.

The first is a likelihood-based empirical Bayes method, which attempts
to estimate the appropriate value of the hyper-parameter α from the data.
In the Bayesian setting described by the conditional distributions (3.3), it
holds that

X(n)|α ∼
∞⊗
i=1

N
(

0, i−1−2ακ2
i +

1

n

)
.
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The corresponding log-likelihood for α (relative to an infinite product of
N(0, 1/n)-distributions) is easily seen to be given by

`n(α) = −1

2

∞∑
i=1

(
log
(

1 +
n

i1+2ακ−2
i

)
− n2

i1+2ακ−2
i + n

X2
i

)
. (3.5)

The idea is to “estimate” α by the maximizer of `n. The results ahead
(Lemma 3.2.1 and Theorem 3.2.2) imply that with Pθ0-probability tending
to one, `n has a global maximum on [0, log n) if θ0,i 6= 0 for some i ≥ 2. (In
fact, the cited results imply the maximum is attained on the slightly smaller
interval [0, (log n)/(2 log 2)− 1/2− p]). If the latter condition is not satisfied
(if θ0 = 0 for instance), `n may attain its maximum only at ∞. Therefore,
we truncate the maximizer at log n and define

α̂n = argmax
α∈[0,logn]

`n(α).

The continuity of `n ensures the argmax exists. If it is not unique, any value
may be chosen. We will always assume at least that θ0 has Sobolev regularity
of some order β > 0. Lemma 3.2.1 and Theorem 3.2.2 imply that in this
case α̂n > 0 with probability tending to 1. An alternative to the truncation
of the argmax of `n at log n could be to extend the definition of the priors
Πα to include the case α =∞. The prior Π∞ should then be defined as the
product N(0, 1)⊗ δ0 ⊗ δ0 ⊗ · · · , with δ0 the Dirac measure concentrated at
0. However, from a practical perspective it is more convenient to define α̂n
as above.

The empirical Bayes procedure consists in substituting α̂n for α in the
posterior distribution Πα(·|X(n)), given in (1.20). The empirical Bayes
posterior is the random measure Πα̂n( · |X(n)) defined by

Πα̂n(B|X(n)) = Πα(B|X(n))
∣∣∣
α=α̂n

(3.6)

for measurable subsets B ⊂ `2. Note that the construction of the empirical
Bayes posterior does not use information about the regularity of the true
parameter. In Theorem 3.2.3 below we prove that it contracts around the
truth at an optimal rate (up to lower order factors), uniformly over Sobolev
and analytic scales.

The second method we consider is a full (hierarchical) Bayes approach
where we put a prior distribution on the hyper-parameter α. We use a prior
on α with a positive Lebesgue density λ on (0,∞). The hierarchical prior
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3. Gaussian priors with regularity hyper-parameter

for θ is then given by

Π =

∫ ∞
0

λ(α)Πα dα. (3.7)

In Theorem 3.2.5 below we prove that under mild assumptions on the prior
density λ, the corresponding posterior distribution Π( · |X(n)) has the same
desirable asymptotic properties as the empirical Bayes posterior (3.6).

3.2.2 Adaptation and contraction rates for the full parame-
ter

Understanding of the asymptotic behavior of the maximum likelihood esti-
mator α̂n is a crucial element in our proofs of the contraction rate results for
the empirical and hierarchical Bayes procedures. The estimator somehow
“estimates” the regularity of the true parameter θ0, but in a rather indi-
rect and involved manner in general. Our first theorem gives deterministic
upper and lower bounds for α̂n, whose construction involves the function
hn: (0,∞)→ [0,∞) defined by

hn(α) =
1 + 2α+ 2p

n1/(1+2α+2p) log n

∞∑
i=1

n2i1+2αθ2
0,i log i

(i1+2ακ−2
i + n)2

. (3.8)

For positive constants 0 < l < L we define the lower and upper bounds as

αn = inf{α > 0:hn(α) > l} ∧
√

log n, (3.9)

αn = inf{α > 0:hn(α) > L(log n)2}. (3.10)

One can see that the function hn and hence the lower and upper bounds
αn and αn depend on the true θ0. We show in Theorem 3.2.2 that the
maximum likelihood estimator α̂n is between these bounds with probability
tending to one. In general the true θ0 can have very complicated tail behavior,
which makes it difficult to understand the behavior of the upper and lower
bounds. If θ0 has regular tails however, we can get some insight in the nature
of the bounds. We have the following lemma, proved in Section 3.4.

Lemma 3.2.1. For any l, L > 0 in the definitions (3.9)–(3.10) the following
statements hold.

(i) For all β,M > 0, there exists c0 > 0 such that

inf
θ0∈Sβ(M)

αn ≥ β −
c0

log n
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for n large enough.

(ii) For all γ,M > 0,

inf
θ0∈Aγ(M)

αn ≥
√

log n

log log n

for n large enough.

(iii) If θ2
0,i ≥ mi−1−2γ for some m, γ > 0, then for a constant C0 > 0 only

depending on m and γ, we have αn ≤ γ + C0(log log n)/log n for all n
large enough.

(iv) If θ0,i 6= 0 for some i ≥ 2, then αn ≤ (log n)/(2 log 2)− 1/2− p for n
large enough.

We note that items (i) and (iii) of the lemma imply that if θ0,i � i−1/2−β ,
then the interval [αn, αn] concentrates around the value β asymptotically.
In combination with Theorem 3.2.2 this shows that at least in this regular
case, α̂n correctly estimates the regularity of the truth. The same is true in
the analytic case, since item (ii) of the lemma shows that αn →∞ in that
case, i.e. asymptotically, the procedure detects the fact that θ0 has infinite
regularity.

Item (iv) implies that if θ0,i 6= 0 for some i ≥ 2, then αn <∞ for large n.
Conversely, the definitions of hn and αn show that if θ0,i = 0 for all i ≥ 2,
then hn ≡ 0 and hence αn =∞.

The following theorem asserts that the point(s) where `n is maximal is
(are) asymptotically between the bounds just defined, uniformly over Sobolev
and analytic scales. The proof is given in Section 3.5.

Theorem 3.2.2. For every M > 0 the constants l and L in (3.9) and (3.10)
can be chosen such that

inf
θ0∈B(M)

Pθ0

(
argmax
α∈[0,logn]

`n(α) ∈ [αn, αn]
)
→ 1,

where B(M) = Sβ(M) or B(M) = Aγ(M).

With the help of Theorem 3.2.2 we can prove the following theorem,
which states that the empirical Bayes posterior distribution (3.6) achieves
optimal minimax contraction rates up to a slowly varying factor, uniformly
over Sobolev and analytic scales. We note that posterior contraction at
a rate εn implies the existence of estimators, based on the posterior, that
converge at the same rate. See for instance the construction in Section 1.4.1.
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Theorem 3.2.3. For every β, γ,M > 0 and Mn →∞ we have

sup
θ0∈Sβ(M)

Eθ0Πα̂n

(
‖θ − θ0‖ ≥MnLnn

−β/(1+2β+2p)
∣∣X(n)

)
→ 0

and

sup
θ0∈Aγ(M)

Eθ0Πα̂n

(
‖θ − θ0‖ ≥MnLn(log n)1/2+pn−1/2

∣∣X(n)
)
→ 0,

where (Ln) is a slowly varying sequence.

So indeed we see that both in the Sobolev and analytic cases, we
obtain the optimal minimax rates up to a slowly varying factor. The
proofs of the statements (given in Section 3.6) show that in the first
case we can take Ln = (log n)2(log log n)1/2 and in the second case
Ln = (log n)(1/2+p)

√
logn/2+1−p(log logn)1/2. These sequences converge to

infinity but they are slowly varying, hence they converge slower than any
power of n.

The full Bayes procedure using the hierarchical prior (3.7) achieves the
same results as the empirical Bayes method, under mild assumptions on the
prior density λ for α.

Assumption 3.2.4. Assume that for every c1 > 0 there exist c2 ≥ 0, c3 ∈ R,
with c3 > 1 if c2 = 0, and c4 > 0 such that

c−1
4 α−c3 exp(−c2α) ≤ λ(α) ≤ c4α

−c3 exp(−c2α)

for α ≥ c1.

One can see that many distributions satisfy this assumption, for instance
the exponential, gamma and inverse gamma distributions. Careful inspection
of the proof of the following theorem, given in Section 3.7, can lead to weaker
assumptions, although these will be less attractive to formulate. Recall the
notation Π( · |X(n)) for the posterior corresponding to the hierarchical prior
(3.7).

Theorem 3.2.5. Suppose the prior density λ satisfies Assumption 3.2.4.
Then for every β, γ,M > 0 and Mn →∞ we have

sup
θ0∈Sβ(M)

Eθ0Π
(
‖θ − θ0‖ ≥MnLnn

−β/(1+2β+2p)
∣∣X(n)

)
→ 0
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and

sup
θ0∈Aγ(M)

Eθ0Π
(
‖θ − θ0‖ ≥MnLn(log n)1/2+pn−1/2

∣∣X(n)
)
→ 0,

where (Ln) is a slowly varying sequence.

The hierarchical Bayes method thus yields exactly the same rates as the
empirical method, and therefore the interpretation of this theorem is the
same as before. We note that already in the direct case p = 0 this theorem
is an interesting extension of the existing results of Belitser and Ghosal
[2003]. In particular we find that using hierarchical Bayes we can adapt to a
continuous range of Sobolev regularities while incurring only a logarithmic
correction of the optimal rate.

3.2.3 Discussion on linear functionals

It is known already in the non-adaptive situation that for attaining optimal
rates relative to losses other than the `2-norm, it may be necessary to set the
hyper-parameter to a value different from the optimal choice for `2-recovery
of the full parameter θ. If we are for instance interested in optimal estimation
of the (possibly unbounded) linear functional

Lθ =
∑

liθi, (3.11)

where li � i−q−1/2 for some q < p, then if θ0 ∈ Sβ for β > −q the optimal
Gaussian prior (3.4) is not Πβ, but rather Πβ−1/2. The resulting, optimal

rate is of the order n−(β+q)/(2β+2p) (see Knapik et al. [2011], Section 5).
An example of this phenomenon occurs when considering global L2-loss

estimation of a function versus pointwise estimation. If for instance the
θi are the Fourier coefficients of a smooth function of interest f ∈ L2[0, 1]
relative to the standard Fourier basis ei and for a fixed t ∈ [0, 1], li = ei(t),
then estimating θ relative to `2-loss corresponds to estimating f relative to
L2-loss and estimating the functional Lθ in (3.11) corresponds to pointwise
estimation of f in the point t (in this case q = −1/2).

Theorems 3.2.3 and 3.2.5 show that the empirical and hierarchical Bayes
procedures automatically achieve a bias-variance-posterior spread trade-off
that is optimal for the recovery of the full parameter θ0 relative to the
global `2-norm. As conjectured in a similar setting in Knapik et al. [2011]
this suggests that the adaptive approaches might be sub-optimal outside
the `2-setting. In view of the findings in the non-adaptive case we might
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expect, however, that we can slightly alter the procedures to deal with linear
functionals. For instance, it is natural to expect that for the linear functional
(3.11), the empirical Bayes posterior Πα̂n−1/2(·|X(n)) yields optimal rates.

Matters seem to be more delicate, however. A combination of elements
of the proof of Theorem 5.1 of Knapik et al. [2011] and Theorem 4.3.1 lead
us to conjecture that for every β > −q there exists a θ0 ∈ Sβ such that along
a subsequence nj ,

Eθ0Πα̂nj−1/2

(
θ: |Lθ0 − Lθ| ≥ mn−(β+q)/(1+2β+2p)

j |X(nj)
)
→ 1,

as j →∞ for a positive, small enough constant m > 0. In other words, there
always exist “bad truths” for which the adjusted empirical Bayes procedure
converges at a sub-optimal rate along a subsequence. For linear functionals
(3.11) the empirical Bayes posterior Πα̂n−1/2(·|X(n)) seems only to contract
at an optimal rate for “sufficiently nice” truths, for instance of the form
θ0,i � i−1/2−β.

Similar statements are expected to hold for hierarchical Bayes procedures.
This adds to the list of remarkable behaviours of marginal posteriors for linear
functionals, cf. also Rivoirard and Rousseau [2012], for instance. Further
research is necessary to shed more light on these matters.

3.3 Numerical illustration

We consider simulated data from the Voltera operator model (1.21) for θ0 the
function with Fourier coefficients θ0,i = i−1.5 sin(i), so we have a truth which
essentially has regularity 1. In the following figure we plot the true function
θ0 (black curve) and the empirical Bayes posterior mean (red curve) in the left
panels, and the corresponding normalized likelihood exp(`n)/max(exp(`n))
in the right panels (we truncated the sum in (3.5) at a high level). Figure 3.1
shows the results for the empirical Bayes procedure with simulated data for
n = 102, 104, 106, 108, and 1010, from top to bottom. The figure shows that
the estimator α̂n does a good job in this case at estimating the regularity
level 1, at least for large enough n. We also see, however, that due to the
ill-posedness of the problem, a large signal-to-noise ratio n is necessary for
accurate recovery of the function θ.

We applied the hierarchical Bayes method to the simulated data as well.
We chose a standard exponential prior distribution on α, which satisfies
Assumption 3.2.4. Since the posterior can not be computed explicitly, we
implemented an MCMC algorithm that generates (approximate) draws from
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3.3. Numerical illustration

Figure 3.1: Left panels: the empirical Bayes posterior mean (red) and the
true curve (black). Right panels: corresponding normalized likelihood for α.
We have n = 102, 104, 106, 108, and 1010, from top to bottom.
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3. Gaussian priors with regularity hyper-parameter

the posterior distribution of the pair (α, θ). More precisely, we fixed a large
index J ∈ N and defined the vector θJ = (θ1, . . . , θJ) consisting of the first J
coefficients of θ. (If θ has positive Sobolev regularity, then taking J at least
of the order n1/(1+2p) ensures that the approximation error ‖θJ − θ‖ is of
lower order than the estimation rate.) Then we devised a Metropolis-within-
Gibbs algorithm for sampling from the posterior distribution of (α, θJ) (e.g.
Tierney [1994]). The algorithm alternates between draws from the conditional
distribution θJ |α,X(n) and the conditional distribution α| θJ , X(n). The
former is explicitly given by (1.20). To sample from α| θJ , X(n) we used a
standard Metropolis-Hastings step. It is easily verified that the Metropolis-
Hastings acceptance probability for a move from (α, θ) to (α′, θ) is given
by

1 ∧ q(α
′|α)p(θJ |α′)λ(α′)

q(α|α′)p(θJ |α)λ(α)
,

where p( · |α) is the density of θJ if θ ∼ Πα, i.e.

p(θJ |α) ∝
J∏
j=1

j1/2+αe−
1
2
j1+2αθ2j ,

and q is the transition kernel of the proposal chain. We used a proposal chain
that, if it is currently at location α, moves to a new N(α, σ2)-distributed
location provided the latter is positive. We omit further details, the imple-
mentation is straightforward.

The results for the hierarchical Bayes procedure are given in Figure 3.2.
The figure shows the results for simulated data with n = 102, 104, 106, 108,
and 1010, from top to bottom. Every time we see the posterior mean (in red)
and the true curve (black) on the left and a histogram for the posterior of α
on the right. The results are comparable to what we found for the empirical
Bayes procedure.

3.4 Proof of Lemma 3.2.1

In the proofs we assume for brevity that we have the exact equality κi = i−p.
Dealing with the general case (3.2) is straightforward, but makes the proofs
somewhat lengthier.

(i). We show that for all α ≤ β−c0/ log n, for some large enough constant
c0 > 0 that only depends on l, β, ‖θ0‖β and p, it holds that hn(α) ≤ l, where
l is the given positive constant in the definition of αn.
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3.4. Proof of Lemma 3.2.1

Figure 3.2: Left panels: the hierarchical Bayes posterior mean (blue) and
the true curve (black). Right panels: histograms of posterior for α. We have
n = 102, 104, 106, 108, and 1010 from top to bottom.
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3. Gaussian priors with regularity hyper-parameter

The sum in the definition (3.8) of hn can be split into two sums, one over
indices i ≤ n1/(1+2α+2p) and one over indices i > n1/(1+2α+2p). The second
sum is bounded by

n2
∑

i≥n1/(1+2α+2p)

i−1−2α−4p−2β(log i)i2βθ2
0,i.

Since the function x 7→ x−γ log x is decreasing on [e1/γ ,∞), this is further
bounded by

‖θ0‖2β
1 + 2α+ 2p

n
1+2α−2β
1+2α+2p log n.

The sum over i ≤ n1/(1+2α+2p) is upper bounded by∑
i≤n1/(1+2α+2p)

i1+2α−2βi2βθ2
0,i log i.

Since the logarithm is increasing we can take (log n)/(1 + 2α+ 2p) outside
the sum and then bound i1+2α−2β above by n(1+2α−2β)/(1+2α+2p)∨0 to arrive
at the subsequent bound

‖θ0‖2β
1 + 2α+ 2p

n
0∨ 1+2α−2β

1+2α+2p log n.

Combining the bounds for the two sums we obtain the upper bound

hn(α) ≤ ‖θ0‖2βn
− 1∧2(β−α)

1+2α+2p ,

valid for all α > 0. Now suppose that α ≤ β − c0/ log n. Then for n large
enough, the power of n on the right-hand side is bounded by

n
− 1∧2(c0/ logn)

1+2β+2p = e
− 2c0

1+2β+2p .

Hence given l > 0 we can choose c0 so large, only depending on l, β, ‖θ0‖β
and p, that hn(α) ≤ l for α ≤ β − c0/ log n.

(ii). We show that in this case we have hn(α) ≤ l for α ≤√
log n/(log log n) and n ≥ n0, where n0 only depends on ‖θ0‖Aγ . Again we

give an upper bound for hn by splitting the sum in its definition into two
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3.4. Proof of Lemma 3.2.1

smaller sums. The one over indices i > n1/(1+2α+2p) is bounded by

n2
∑

i>n1/(1+2α+2p)

i−1−2α−4pe−2γi(log i)e2γiθ2
0,i.

Using the fact that for δ > 0 the function x 7→ x−δe−2γx log x is decreasing
on [e1/δ,∞) we can see that this is further bounded by

‖θ0‖2Aγ
1 + 2α+ 2p

e−2γn1/(1+2α+2p)
n

1+2α
1+2α+2p log n.

The sum over indices i ≤ n1/(1+2α+2p) is bounded by

log n

1 + 2α+ 2p

∑
i≤n1/(1+2α+2p)

i1+2αe−2γie2γiθ2
0,i.

Since the maximum on (0,∞) of the function x 7→ x1+2α exp(−2γx) equals
exp((1 + 2α)(log((1 + 2α)/2γ)− 1)), we have the subsequent bound

‖θ0‖2Aγ
1 + 2α+ 2p

e(1+2α) log((1+2α)/2γ)log n.

Combining the two bounds we find that

hn(α) ≤ ‖θ0‖2Aγ
(
n

2α
1+2α+2p e−2γn

1
1+2α+2p

+ n
− 1

1+2α+2p e
(1+2α) log 1+2α

2γ

)
for all α > 0. It is then easily verified that for the given constant l > 0, we
have hn(α) ≤ l for n ≥ n0 if α ≤

√
log n/ log log n, where n0 only depends

on ‖θ0‖Aγ .
(iii). Let γn = γ + C0(log logn)/(log n). We will show that for n large

enough, hn(γn) ≥ L(log n)2, provided C0 is large enough. Note that

∞∑
i=1

n2i1+2γnθ2
0,i log i

(i1+2γn+2p + n)2
≥ c2

4

∑
i≤n1/(1+2γn+2p)

i2(γn−γ) log i.

By monotonicity and the fact that bxc ≥ x/2 for x large, the sum on the
right is bounded from below by the integral∫ n1/(1+2γn+2p)/2

0
x2γn−2γ log x dx.
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3. Gaussian priors with regularity hyper-parameter

This integral can be computed explicitly and is for large n bounded from
below by a constant times

log n

1 + 2γn + 2p
n

2γn−2γ+1
1+2γn+2p .

It follows that, for large enough n, hn(γn) is bounded from below by a
constant times c2n2(γn−γ)/(1+2γn+2p). Since (log log n)/(log n) ≤ 1/4 for n
large enough, we obtain

n2(γn−γ)/(1+2γn+2p) ≥ n
1

logn
(log logn)

2C0
1+2γ+C0/2+2p = (log n)2C0/(1+2γ+C0/2+2p).

Hence for C0 large enough, only depending on c and γ, we indeed have that
and hn(γn) ≥ L(log n)2 for large n.

(iv). If θ0,i 6= 0 for i ≥ 2, then

hn(α) &
1 + 2α+ 2p

n1/(1+2α+2p) log n

n2i1+2α

(i1+2α+2p + n)2
.

Now define αn such that i1+2αn+2p = n. Then by construction we have
hn(αn) & n1−(1+2p)/(1+2αn+2p). Since αn → ∞ the right side is larger
than L log2 n for n large enough, irrespective of the value of L, hence
αn ≤ αn ≤ (log n)/(2 log 2)− 1/2− p.

3.5 Proof of Theorem 3.2.2

With the help of the dominated convergence theorem one can see that the
random function `n is (Pθ0 − a.s.) differentiable and its derivative, which we
denote by Mn, is given by

Mn(α) =

∞∑
i=1

n log i

i1+2ακ−2
i + n

−
∞∑
i=1

n2i1+2ακ−2
i log i

(i1+2ακ−2
i + n)2

X2
i .

We will show that on the interval (0, αn + 1/ log n] the random function
Mn is positive and bounded away from 0 with probability tending to one,
hence `n has no local maximum in this interval. Next we distinguish two
cases according to the value of αn. If αn > log n, then the inequality α̂n ≤ αn
trivially holds. In the case αn ≤ log n we show that for a constant C1 > 0
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3.5. Proof of Theorem 3.2.2

we a.s. have

`n(α)− `n(αn) =

∫ α

αn

Mn(γ) dγ ≤ C1
n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p
(3.12)

for all α ≥ αn. Then we prove that for any given C2 > 0, the constant L
can be set such that for γ ∈ [αn − 1/ log n, αn] we have

Mn(γ) ≤ −C2
n1/(1+2αn+2p)(log n)3

1 + 2αn + 2p

with probability tending to one uniformly. Together with (3.12) this means
that on the interval [αn− 1/ log n, αn] the function `n decreases more than it
can possibly increase on the interval [αn,∞). Therefore, it holds with proba-
bility tending to one that `n has no global maximum on (αn − 1/ log n,∞).

We only present the details of the proof for the case that θ0 ∈ Sβ. The
case θ0 ∈ Aγ can be handled along the same lines. Again for simplicity we
assume κi = i−p in the proof.

3.5.1 Mn(α) on [αn,∞)

In this section we give a deterministic upper bound for the integral of Mn(α)
on the interval [αn,∞).

We have the trivial bound

Mn(α) ≤
∞∑
i=1

n log i

i1+2α+2p + n
.

An application of Lemma 6.0.3.(i) with r = 1 + 2α + 2p and c = β + 2p
shows that for β/2 < α ≤ log n,

Mn(α) .
1

1 + 2α+ 2p
n1/(1+2α+2p) log n.

For α ≥ log n we apply Lemma 6.0.3.(ii), and see that Mn(α) . n2−1−2α−2p.
Using the fact that x 7→ 2−xx3 is decreasing for large x, it is easily seen that
n2−1−2α−2p . (log n)3/(1 + 2α+ 2p)3 for α ≥ log n, hence

Mn(α) .
(log n)3

(1 + 2α+ 2p)3
.

By Lemma 3.2.1 we have β/2 < αn for large enough n. It follows that the
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integral we want to bound is bounded by a constant times

n1/(1+2αn+2p) log n

∫ logn

αn

1

1 + 2α+ 2p
dα+ log3 n

∫ ∞
logn

1

(1 + 2α+ 2p)3
dα.

This quantity is bounded by a constant times

n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p
.

3.5.2 Mn(α) on α ∈ [αn − 1/ log n, αn]

In this section we show that the process Mn(α) is with probability
going to one smaller than a negative, arbitrary large constant times
n1/(1+2αn+2p)(log n)3/(1 + 2αn + 2p) uniformly on the interval [αn −
1/ log n, αn]. More precisely, we show that for every β,R,M > 0, the
constant L > 0 in the definition of αn can be chosen such that

lim sup
n→∞

sup
θ0∈Sβ(M)

sup
α∈[αn−1/ logn,αn]

Eθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p)(log n)3
< −R

(3.13)

sup
θ0∈Sβ(M)

Eθ0 sup
α∈[αn−1/ logn,αn]

(1 + 2α+ 2p)|Mn(α)− Eθ0Mn(α)|
n1/(1+2α+2p)(log n)3

→ 0.

(3.14)

The expected value of the normalized version of the process Mn given
on the left-hand side of (3.13) is equal to

1 + 2α+ 2p

n1/(1+2α+2p)(log n)3

( ∞∑
i=1

n2 log i

(i1+2α+2p + n)2
−
∞∑
i=1

n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

)
. (3.15)

We write this as the sum of two terms and bound the first term by

1 + 2α+ 2p

n1/(1+2α+2p)(log n)3

∞∑
i=1

n log i

i1+2α+2p + n
.

We want to bound this quantity for α ∈ [αn− 1/ log n, αn]. By Lemma 3.2.1,
β/4 < αn−1/ log n for large enough n, so this interval is included in (β/4,∞).
Taking c = β/2 + 2p in Lemma 6.0.3.(i) then shows that the first term is
bounded by a multiple of 1/(log n)2 and hence tends to zero, uniformly over
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3.5. Proof of Theorem 3.2.2

[αn − 1/ log n, αn]. We now consider the second term in (3.15), which is
equal to hn(α)/(log n)2. By Lemma 3.5.1 for any θ0 ∈ `2 and n ≥ e4 we
have

hn(α)

(log n)2
&

1

(log n)2
hn(αn) = L,

where the last equality holds by the definition of αn. This concludes the
proof of (3.13).

To verify (3.14) it suffices, by Corollary 2.2.5 in van der Vaart and
Wellner [1996] (applied with ψ(x) = x2), to show that

sup
θ0∈Sβ(M)

sup
α∈[αn−1/ logn,αn]

varθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p)(log n)3
→ 0, (3.16)

and

sup
θ0∈Sβ(M)

∫ diamnn

0

√
N(ε, [αn − 1/ log n, αn], dn) dε→ 0,

where dn is the semimetric defined by

d2
n(α1, α2) = varθ0

((1 + 2α1 + 2p)Mn(α1)

n1/(1+2α1+2p)(log n)3
− (1 + 2α2 + 2p)Mn(α2)

n1/(1+2α2+2p)(log n)3

)
,

diamnn is the diameter of [αn − 1/ log n, αn] relative do dn, and N(ε,B, d)
is the minimal number of d-balls of radius ε needed to cover the set B.

By Lemma 3.5.2

varθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p)(log n)3
.
n−1/(1+2α+2p)

(log n)4

(
1 + hn(α)

)
, (3.17)

(with an implicit constant that does not depend on θ0 and α). By the
definition of αn the function hn(α) is bounded above by L(log n)2 on the
interval [αn − 1/ log n, αn]. Together with (3.17) it proves (3.16).

The last bound also shows that the dn-diameter of the set [αn −
1/ log n, αn] is bounded above by a constant times (log n)−1, with a con-
stant that does not depend on θ0 and α. By Lemma 3.5.3 and the fact
that hn(α) ≤ L(log n)2 for α ∈ [αn − 1/ log n, αn], we get the upper bound,
α1, α2 ∈ [αn − 1/ log n, αn],

dn(α1, α2) . |α1 − α2|,

with a constant that does not depend on θ0. Therefore N(ε, [αn −
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1/ log n, αn], dn) . 1/(ε log n) and hence

sup
θ0∈Sβ(M)

∫ diamn

0

√
N(ε, [αn − 1/ log n, αn], dn) dε .

1

log n
→ 0.

3.5.3 Mn(α) on (0, αn + 1/ log n]

In this subsection we prove that if the constant l in the definition of αn is
small enough, then

lim inf
n→∞

inf
θ0∈`2

inf
α∈(0,αn+1/ logn]

Eθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p) log n
> 0 (3.18)

sup
θ0∈`2

Eθ0 sup
α∈(0,αn+1/ logn]

(1 + 2α+ 2p)|Mn(α)− Eθ0Mn(α)|
n1/(1+2α+2p) log n

→ 0. (3.19)

This shows that Mn is positive throughout (0, αn + 1/ log n] with probability
tending to one uniformly over `2.

Since Eθ0X
2
i = κ2

i θ
2
0,i + 1/n, the expected value on the left-hand side of

(3.18) is equal to

1 + 2α+ 2p

n1/(1+2α+2p) log n

∞∑
i=1

n2 log i

(i1+2α+2p + n)2
− hn(α). (3.20)

We first find a lower bound for the first term. Since αn ≤
√

log n by
definition, we have α� log n for all α ∈ (0, αn + 1/ log n]. Then it follows
from Lemma 6.0.7 that for n large enough, the first term in (3.20) is bounded
from below by 1/12 for all α ∈ (0, αn+1/ log n]. Next note that by definition
of hn and Lemma 3.5.1, we have

sup
α∈(0,αn+1/ logn]

hn(α) ≤ Kl,

where K > 0 is a constant independent of θ0. So by choosing l > 0 small
enough, we can indeed ensure that (3.18) is true.

To verify (3.19) it suffices again, by Corollary 2.2.5 in van der Vaart and
Wellner [1996] applied with ψ(x) = x2, to show that

sup
θ0∈`2

sup
α∈(0,αn+1/ logn]

varθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p) log n
→ 0, (3.21)
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and

sup
θ0∈`2

∫ diamn

0

√
N(ε, (0, αn + 1/ log n], dn) dε→ 0,

where dn is the semimetric defined by

d2
n(α1, α2) = varθ0

((1 + 2α1 + 2p)Mn(α1)

n1/(1+2α1+2p) log n
− (1 + 2α2 + 2p)Mn(α2)

n1/(1+2α2+2p) log n

)
,

diamn is the diameter of (0, αn + 1/ log n] relative to dn, and N(ε,B, d) is
the minimal number of d-balls of radius ε needed to cover the set B.

By Lemma 3.5.2

varθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p) log n
. n−1/(1+2α+2p)

(
1 + hn(α)

)
, (3.22)

with a constant that does not depend on θ0 and α. We have seen that
on the interval (0, αn + 1/ log n] the function hn is bounded by a con-
stant times l, hence the variance in (3.21) is bounded by a multiple of
n−1/(1+2αn+2/ logn+2p) ≤ e−(1/3)

√
logn → 0, which proves (3.21).

The variance bound above also imply that the dn-diameter of the set
(0, αn + 1/ log n] is bounded by a multiple of e−(1/6)

√
logn. By Lemma 3.5.3,

the definition of αn and Lemma 3.5.1,

dn(α1, α2) . |α1 − α2|(log n)
√
n−1/(1+2αn+2/ logn+2p) . |α1 − α2|,

with constants that do not depend on θ0. Hence for the covering number of
(0, αn + 1/ log n] ⊂ (0, 2

√
log n) we have

N(ε, (0, αn + 1/ log n], dn) .

√
log n

ε
,

and therefore

sup
θ0∈`2

∫ diamnn

0

√
N(ε, (0, αn + 1/ log n], dn) dε . (log n)1/4e−(1/12)

√
logn → 0.

3.5.4 Bounds on hn(α), variances and distances

In this section we prove a number of auxiliary lemmas used in the preceding.
The first one is about the behavior of the function hn in a neighborhood of
αn and αn.
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Lemma 3.5.1. The function hn satisfies the following bounds:

hn(α) & hn(αn), for α ∈
[
αn −

1

log n
, αn

]
and n ≥ e4,

hn(α) . hn(αn), for α ∈
[
αn, αn +

1

log n

]
and n ≥ e2.

Proof. We provide a detailed proof of the first inequality, the second one
can be proved using similar arguments.

Let

Sn(α) =
∞∑
i=1

n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

be the sum in the definition of hn. Splitting the sum into two parts we get,
for α ∈ [αn − 1/ log n, αn],

4Sn(α) ≥
∑

i≤n1/(1+2α+2p)

i1+2αn−2/ lognθ2
0,i log i

+ n2
∑

i>n1/(1+2α+2p)

i−1−2αn−4pθ2
0,i log i.

In the first sum i−2/ logn can be bounded below by exp(−2). Furthermore,
for i ∈ [n1/(1+2αn+2p), n1/(1+2α+2p)], we have the inequality

i1+2αnθ2
0,i log i ≥ n2i−1−2αn−4pθ2

0,i log i.

Therefore Sn(α) can be bounded from below by a constant times∑
i≤n1/(1+2αn+2p)

i1+2αnθ2
0,i log i+ n2

∑
i>n1/(1+2αn+2p)

i−1−2αn−4pθ2
0,i log i

≥
∑

i≤n1/(1+2αn+2p)

n2i1+2αnθ2
0,i log i

(i1+2αn+2p + n)2
+

∑
i>n1/(1+2αn+2p)

n2i1+2αnθ2
0,i log i

(i1+2αn+2p + n)2
.

Hence, we have Sn(α) & Sn(αn) for α ∈ [αn − 1/ log n, αn].
Next note that for n ≥ e4 we have 2(1+2αn−2/ log n+2p) ≥ 1+2αn+2p.

Moreover, n−1/(1+2αn−2/ logn+2p) & n−1/(1+2αn+2p). Therefore

1 + 2α+ 2p

n1/(1+2α+2p) log n
&

1 + 2αn + 2p

n1/(1+2αn+2p) log n
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for α ∈ [αn−1/ log n, αn] and for n ≥ e4. Combining this with the inequality
for Sn(α) yields the desired result.

Next we present two results on variances involving the random function
Mn.

Lemma 3.5.2. For any α > 0,

varθ0
(1 + 2α+ 2p)Mn(α)

n1/(1+2α+2p)
. n−1/(1+2α+2p)(log n)2

(
1 + hn(α)

)
.

Proof. The random variables X2
i are independent and varθ0 X

2
i = 2/n2 +

4κ2
i θ

2
0,i/n, hence the variance in the statement of the lemma is equal to

2n2(1 + 2α+ 2p)2

n2/(1+2α+2p)

∞∑
i=1

i2+4α+4p(log i)2

(i1+2α+2p + n)4

+
4n3(1 + 2α+ 2p)2

n2/(1+2α+2p)

∞∑
i=1

i2+4α+2p(log i)2θ2
0,i

(i1+2α+2p + n)4
.

(3.23)

By Lemma 6.0.8 the first term is bounded by

2n(1 + 2α+ 2p) log n

n2/(1+2α+2p)

∞∑
i=1

i1+2α+2p log i

(i1+2α+2p + n)2

≤ 2(1 + 2α+ 2p) log n

n2/(1+2α+2p)

∞∑
i=1

n log i

i1+2α+2p + n
.

Lemma 6.0.3.(i) further bounds the right hand side of the above display
by a multiple of n−1/(1+2α+2p)(log n)2 uniformly for α > c, where c > 0
is an arbitrary constant. For α ≤ c we get the same bound by applying
Lemma 6.0.4 (with m = 2, l = 4, r = 1 + 2α+ 2p, and s = 2r) to the first
term in (3.23). By Lemma 6.0.8, the second term in (3.23) is bounded by

4n−2/(1+2α+2p)(1 + 2α+ 2p)(log n)

∞∑
i=1

n2i1+2αθ2
0,i log i

(i1+2ακ−2
i + n)2

= 4n−1/(1+2α+2p)(log n)2hn(α).

Combining the upper bounds for the two terms we arrive at the assertion of
the lemma.
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Lemma 3.5.3. For any 0 < α1 < α2 <∞ we have that

varθ0

((1 + 2α1 + 2p)Mn(α1)

n1/(1+2α1+2p)
− (1 + 2α2 + 2p)Mn(α2)

n1/(1+2α2+2p)

)
. (α1 − α2)2(log n)4 sup

α∈[α1,α2]
n−1/(1+2α+2p)

(
1 + hn(α)

)
,

with a constant that does not depend on α and θ0.

Proof. The variance we have to bound can be written as

n4
∞∑
i=1

(fi(α1)− fi(α2))2(log i)2 varθ0 X
2
i ,

where fi(α) = (1 + 2α+ 2p)i1+2α+2pn−1/(1+2α+2p)(i1+2α+2p + n)−2. For the
derivative of fi we have f ′1(α) = 2f1(α)(1/(1+2α+2p)+log n/(1+2α+2p)2)
and for i ≥ 2,

|f ′i(α)| =
∣∣∣2fi(α)

( 1

1 + 2α+ 2p
+ log i+

log n

(1 + 2α+ 2p)2
− 2i1+2α+2p log i

i1+2α+2p + n

)∣∣∣
≤ 8fi(α)

(
log i+ (log n)/(1 + 2α+ 2p)2

)
.

It follows that the variance is bounded by a constant times

(α1 − α2)2n4 sup
α∈[α1,α2]

(1 + 2α+ 2p)2
(

∞∑
i=1

i2+4α+4p(log i)2
(
1 ∨ log i+ (log n)/(1 + 2α+ 2p)2

)2
n2/(1+2α+2p)(i1+2α+2p + n)4

varθ0 X
2
i

)
.

Since varθ0 X
2
i = 2/n2 + 4κ2

i θ
2
0,i/n, it suffices to show that both

n2 sup
α∈[α1,α2]

(1 + 2α+ 2p)2
(

∞∑
i=1

i2+4α+4p(log i)2
(
1 ∨ log i+ (log n)/(1 + 2α+ 2p)2

)2
n2/(1+2α+2p)(i1+2α+2p + n)4

) (3.24)
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and

n3 sup
α∈[α1,α2]

(1 + 2α+ 2p)2
(

∞∑
i=1

i2+4α+2p(log i)2θ2
0,i

(
1 ∨ log i+ (log n)/(1 + 2α+ 2p)2

)2
n2/(1+2α+2p)(i1+2α+2p + n)4

) (3.25)

are bounded by a constant times (log n)4 supα∈[α1,α2] n
−1/(1+2α+2p)(1 +

hn(α)).
By applying Lemma 6.0.8 twice (once the first statement with r =

1 + 2α+ 2p and m = 1 and once the second one with the same r and m = 3
and ξ = 1) the expression in (3.25) is seen to be bounded above by a constant
times

(log n)3 sup
α∈[α1,α2]

(
n−2/(1+2α+2p)(1 + 2α+ 2p)

∞∑
i=1

n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

)
.

The expression in the parentheses equals hn(α)n−1/(1+2α+2p) log n. Now fix
c > 0. Again, applying Lemma 6.0.8 twice implies that we get that (3.24) is
bounded above by

(log n)3 sup
α∈[α1,α2]

(2n−2/(1+2α+2p)

1 + 2α+ 2p

∞∑
i=1

ni1+2α+2p log i

(i1+2α+2p + n)2

)
.

Using the inequality x/(x+ y) ≤ 1 and Lemma 6.0.3.(i), the expression in
the parenthesis can be bounded by a constant times n−1/(1+2α+2p) log n for
α > c. For α ≤ c, Lemma 6.0.4 (with m = 2 or m = 4, l = 4, r = 1+2α+2p,
r0 = 1 + 2c+ 2p, and s = 2r) gives the same bound (or even a better one)
for (3.24). The proof is completed by combining the obtained bounds.

3.6 Proof of Theorem 3.2.3

As before we only present the details of the proof for the Sobolev case
θ0 ∈ Sβ(M). The analytic case can be dealt with similarly. Again, we
assume the exact equality κi = i−p for simplicity.
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By Markov’s inequality and Theorem 3.2.2,

sup
θ0∈Sβ(M)

Eθ0Πα̂n

(
‖θ − θ0‖ ≥Mnεn

∣∣Y )
≤ 1

M2
nε

2
n

sup
θ0∈Sβ(M)

Eθ0 sup
α∈[αn,αn∧logn]

Rn(α) + o(1),
(3.26)

where

Rn(α) =

∫
‖θ − θ0‖2 Πα(dθ|X(n))

is the posterior risk. We will show in the subsequent subsections that for
εn = n−β/(1+2β+2p)(log n)2(log logn)1/2 and arbitrary Mn → ∞, the first
term on the right of (3.26) vanishes as n → ∞. Note that by the explicit
posterior computation (1.20), we have

Rn(α) =
∞∑
i=1

(θ̂α,i − θ0,i)
2 +

∞∑
i=1

i2p

i1+2α+2p + n
, (3.27)

where θ̂α,i = nip(i1+2α+2p + n)−1Xi is the ith coefficient of the posterior
mean. We divide the Sobolev-ball θ0 ∈ Sβ(M) into two subsets

Pn = {θ0 ∈ Sβ(M): αn ≤ (log n)/ log 2− 1/2− p},
Qn = {θ0 ∈ Sβ(M): αn > (log n)/ log 2− 1/2− p},

and show that on both subsets the posterior risks are of the order ε2
n.

3.6.1 Bound for the expected posterior risk over Pn

In this section we prove that

sup
θ0∈Pn

sup
α∈[αn,αn]

Eθ0Rn(α) = O(ε2
n). (3.28)

The second term of (3.27) is deterministic. The expectation of the first
term can be split into square bias and variance terms. We find that the
expectation of (3.27) is given by

∞∑
i=1

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
+ n

∞∑
i=1

i2p

(i1+2α+2p + n)2
+

∞∑
i=1

i2p

i1+2α+2p + n
. (3.29)
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Note that the second and third terms in (3.29) are independent of θ0, and
that the second is bounded by the third. By Lemma 6.0.4 (with m = 0,
l = 1, r = 1 + 2α+ 2p and s = 2p) the latter is for α ≥ αn further bounded
by

n
− 2α

1+2α+2p ≤ n−
2αn

1+2αn+2p .

In view of Lemma 3.2.1.(i), the right-hand side is bounded by a constant
times n−2β/(1+2β+2p) for large n.

It remains to consider the first sum in (3.29), which we divide into three
parts and show that each of the parts has the stated order. First we note
that ∑
i>n1/(1+2β+2p)

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
≤

∑
i>n1/(1+2β+2p)

θ2
0,i ≤ ‖θ0‖2βn−2β/(1+2β+2p).

(3.30)
Next, observe that elementary calculus shows that for α > 0 and n ≥
e, the maximum of the function i 7→ i1+2α+4p/ log i over the interval
[2, n1/(1+2α+2p)] is attained at i = n1/(1+2α+2p), for α ≤ log n/(2 log 2) −
1/2− p. It follows that for α > 0,

∑
i≤n1/(1+2α+2p)

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2

=
θ2

0,1

(1 + n)2
+

1

n2

∑
2≤i≤n1/(1+2α+2p)

((i1+2α+4p)/ log i)n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

≤
θ2

0,1

(1 + n)2
+ n

− 2α
1+2α+2phn(α).

We note that for α > log n/(2 log 2)− 1/2− p the second term on the right
hand side of the preceding display disappears and for θ0 ∈ Pn we have that
αn is finite. Since n1/(1+2αn+2p) ≤ n1/(1+2α+2p) for α ≤ αn, the preceding
implies that

sup
θ0∈Pn

sup
α∈[αn,αn]

∑
i≤n1/(1+2αn+2p)

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
.
M

n2
+ Ln

− 2αn
1+2αn+2p log2 n.

By Lemma 3.2.1, αn ≥ β − c0/ log n for a constant c0 > 0 (only depending
on β,M, p). Hence, using that x 7→ x/(c+ x) is increasing for every c > 0
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the right-hand side is bounded by a constant times n−2β/(1+2β+2p) log2 n.
To complete the proof we deal with the terms between n1/(1+2αn+2p)

and n1/(1+2β+2p). Let J = J(n) be the smallest integer such that (αn/(1 +
1/ log n)J ≤ β. One can see that J is bounded above by a multiple of
(log n)(log log n) for any positive β. We partition the summation range
under consideration into J pieces using the auxiliary numbers

bj = 1 + 2
αn

(1 + 1/ log n)j
+ 2p, j = 0, . . . , J.

Note that the sequence bj is decreasing. Now we have

n1/(1+2β+2p)∑
i=n1/(1+2αn+2p)

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
≤

J−1∑
j=0

n1/bj+1∑
i=n1/bj

θ2
0,i ≤ 4

J−1∑
j=0

n1/bj+1∑
i=n1/bj

nibjθ2
0,i

(ibj+1 + n)2
,

and the upper bound is uniform in α. Since (bj − bj+1) log n = bj+1− 1− 2p,
it holds for n1/bj ≤ i ≤ n1/bj+1 that ibj−bj+1 ≤ n1/ logn = e. On the same
interval i2p is bounded by n2p/bj+1 . Therefore the right hand side of the
preceding display is further bounded by a constant times

J−1∑
j=0

n1/bj+1∑
i=n1/bj

nibj+1θ2
0,i log i

(ibj+1 + n)2
≤

J−1∑
j=0

n2p/bj+1−1
n1/bj+1∑
i=n1/bj

n2ibj+1−2pθ2
0,i log i

(ibj+1 + n)2

≤
J−1∑
j=0

n2p/bj+1−1hn

(
αn

(1 + 1/ log n)j+1

)
n1/bj+1

log n

bj+1

≤ (log n)

J−1∑
j=0

n(1+2p−bj+1)/bj+1hn(bj+1/2− 1/2− p)

≤ (log n)n
− 2β/(1+1/ logn)

1+2β/(1+1/ logn)+2p

J−1∑
j=0

hn(bj+1/2− 1/2− p).

In the last step we used the fact that by construction, bj/2 − 1/2 − p ≥
β/(1 + 1/ log n) for j ≤ J . Because bj/2− 1/2− p ≤ αn for every j ≥ 0, it
follows from the definition of αn that hn(bj/2− 1/2− p) is bounded above
by L(log n)2, and we recall that J = J(n) is bounded above by a multiple of
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(log n)(log log n). Finally we note that

n
− 2β/(1+1/ logn)

1+2β/(1+1/ logn)+2p ≤ en−2β/(1+2β+2p).

Therefore the first sum in (3.29) over the range [n1/(1+2αn+2p), n1/(1+2β+2p)]
is bounded above by a multiple of n−2β/(1+2β+2p)(log n)4(log logn), in the
appropriate uniform sense over Pn. Putting the bounds above together we
conclude (3.28)

3.6.2 Bound for the centered posterior risk over Pn

We show in this section that for the set Pn we also have

sup
θ0∈Pn

Eθ0 sup
α∈[αn,αn]

∣∣∣ ∞∑
i=1

(
θ̂α,i − θ0,i

)2 − Eθ0

∞∑
i=1

(
θ̂α,i − θ0,i

)2∣∣∣ = O(ε2
n),

for εn = n−β/(1+2β+2p)(log n)2(log logn)1/2. Using the explicit expression
for the posterior mean θ̂α,i we see that the random variable in the supremum
is the absolute value of V(α)/n− 2W(α)/

√
n, where

V(α) =
∞∑
i=1

n2κ−2
i

(i1+2ακ−2
i + n)2

(Z2
i − 1), W(α) =

∞∑
i=1

ni1+2ακ−3
i θ0,i

(i1+2ακ−2
i + n)2

Zi.

We deal with the two processes separately.
For the process V, Corollary 2.2.5 in van der Vaart and Wellner [1996]

implies that

E sup
α∈[αn,∞)

|V(α)| . sup
α∈[αn,∞)

√
varV(α) +

∫ diamn

0

√
N(ε, [αn,∞), dn) dα,

where d2
n(α1, α2) = var(V(α1) − V(α2)) and diamn is the dn-diameter of

[αn,∞). Now the variance of V(α) is equal to

varV(α) = 2n4
∞∑
i=1

i4p

(i1+2α+2p + n)4
,

since varZ2
i = 2. Using Lemma 6.0.4 (with m = 0, l = 4, r = 1 + 2α+ 2p

and s = 4p), we can conclude that the variance of V(α) is bounded above by
a multiple of n(1+4p)/(1+2α+2p). It follows that the diameter of the interval
diamn . n(1+4p)/(1+2αn+2p). To compute the covering number of the interval
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[αn,∞) we first note that for 0 < α1 < α2,

var
(
V(α1)− V(α2)

)
=
∞∑
i=2

(
n2i2p

(i1+2α1+2p + n)2
− n2i2p

(i1+2α2+2p + n)2

)2

varZ2
i

≤ 2
∞∑
i=2

n4i4p

(i1+2α1+2p + n)4
≤ 2n4

∞∑
i=2

i−4−8α1−4p . n42−8α1 .

Hence for ε > 0, a single ε-ball covers the whole interval [K log(n/ε),∞)
for some constant K > 0. By Lemma 3.6.1, the distance dn(α1, α2) is
bounded above by a multiple of |α1−α2|n(1+4p)/(2+4αn+4p)(log n). Therefore
the covering number of the interval [αn,K log(n/ε)] relative to the metric
dn is bounded above by a multiple of (log n)n(1+4p)/(2+4αn+4p)(log(n/ε))/ε.
Combining everything we see that

E sup
α∈[αn,∞)

|V(α)| . n
1+4p

2+4αn+4p (log n).

By the fact that x 7→ x/(x + c) is increasing and Lemma 3.2.1.(i), the
right-hand side divided by n is bounded by

n
− 2αn

1+2αn+2p (log n) . n−2β/(1+2β+2p)(log n).

It remains to deal with the process W. The basic line of reasoning is
the same as followed above for V. An essential difference however is the
derivation of a bound for the variance of W, of which we provide the details.
The rest of the proof is left to the reader. The variance W(α)/

√
n is given

by

var

(
W(α)√

n

)
=

∞∑
i=1

ni2+4α+6pθ2
0,i

(i1+2α+2p + n)4
.

We show that uniformly for α ∈ [αn, αn], this variance is bounded above by
a constant (which depends only on ‖θ0‖β) times n−(1+4β)/(1+2β+2p)(log n)2.
We note that on the set Pn the upper bound αn ≤ log n/ log 2− 1/2− p is
finite.
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For the sum over i ≤ n1/(1+2α+2p) we have

∑
i≤n1/(1+2α+2p)

ni2+4α+6pθ2
0,i

(i1+2α+2p + n)4

≤
θ2

0,1

n3
+

1

n3

∑
2≤i≤n1/(1+2α+2p)

n2i1+2α+6p(log i)−1i1+2αθ2
0,i log i

(i1+2α+2p + n)2

≤
‖θ0‖2β
n3

+ (1 + 2α+ 2p)
n4p/(1+2α+2p)

(log n)n2

∑
i≤n1/(1+2α+2p)

n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

≤
‖θ0‖2β
n3

+ n
− 1+4α

1+2α+2phn(α).

(3.31)

We note that the second term on the right hand side of the preceding
display disappears for α > log n/(2 log 2) − 1/2 − p. We have used again
the fact that on the range i ≤ n1/(1+2α+2p), the quantity i1+2α+6p(log i)−1

is maximal for the largest i. Now the function x 7→ −(1 + 2x)/(x + c)
is decreasing on (0,∞) for any c > 1/2. Moreover hn(α) ≤ L(log n)2 for
any α ≤ αn, thus the preceding display is bounded above by a multiple of
n−(1+4αn)/(1+2αn+2p)(log n)2. Using Lemma 3.2.1.(i) this is further bounded
by a constant times n−(1+4β)/(1+2β+2p)(log n)2.

Next we consider sum over the range i > n1/(1+2α+2p). We distinguish
two cases according to the value of α. First suppose that 1 + 2α ≥ 2p. Then
i−1−2α+2p(log i)−1 is decreasing in i, hence

∑
i>n1/(1+2α+2p)

ni2+4α+6pθ2
0,i

(i1+2α+2p + n)4

≤ 1

n

∑
i>n1/(1+2α+2p)

n2i−1−2α+2p(log i)−1i1+2αθ2
0,i log i

(i1+2α+2p + n)2

≤ 1 + 2α+ 2p

n(2+4α)/(1+2α+2p) log n

∑
i>n1/(1+2α+2p)

n2i1+2αθ2
0,i log i

(i1+2α+2p + n)2

≤ n−
1+4α

1+2α+2phn(α).

As above, this is further bounded by a constant times the desired rate
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n−(1+4β)/(1+2β+2p)(log n)2. If 1 + 2α < 2p, then

∑
i>n1/(1+2α+2p)

ni2+4α+6pθ2
0,i

(i1+2α+2p + n)4
≤ n

∑
i>n1/(1+2α+2p)

i−2−4α−2p−2βi2βθ2
0,i

≤ ‖θ0‖2βn
2p−2β

1+2α+2p
−1
.

Since αn ≥ β − c0/ log n, we have 1 + 2α > 2β for large enough n, for any
α ∈ [αn, αn]. Since we have assumed 1 + 2α < 2p, this implies that 2p > 2β.
Therefore the right hand side of the preceding display attains its maximum
at α = αn. Using again that αn ≥ β− c0/ log n, it is straightforward to show
that for α ∈ [αn, αn],

n
2p−2β

1+2α+2p
−1 ≤ n

2p−2β
1+2αn+2p

−1 ≤ e4c0n
− 1+4β

1+2β+2p .

3.6.3 Bound for the expected and centered posterior risk
over Qn

To complete the proof of Theorem 3.2.3 we show that similar results to
Sections 3.6.1 and 3.6.2 hold over the set Qn as well:

sup
θ0∈Qn

sup
α∈[αn,∞)

Eθ0Rn(α) = O(ε2
n), (3.32)

sup
θ0∈Qn

Eθ0 sup
α∈[αn,∞)

∣∣∣ ∞∑
i=1

(
θ̂α,i − θ0,i

)2 − Eθ0

∞∑
i=1

(
θ̂α,i − θ0,i

)2∣∣∣ = O(ε2
n). (3.33)

For the first statement (3.32) we follow the same line of reasoning as in
Section 3.6.1. The second and third terms in (3.29) are free of θ0, and hence
the same upper bound as in Section 3.6.1 apply. The first term in (3.29)
is also treated exactly as in Section 3.6.1, except that n1/(1+2αn+2p) ≤ 2 if
θ0 ∈ Qn and hence the sum over the terms i < n1/(1+2αn+2p) need not be
treated, and we can proceed by replacing αn by log n/(2 log 2)− 1/2− p in
the definition of J and the sequence bj .

To bound the centered posterior risk (3.33) we follow the proof given in
Section 3.6.2. There the process V(α) is already bounded uniformly over
[αn,∞), whence it remains to deal with the process W(α). The only essential
difference is the upper bound for the variance of the process W(α)/

√
n. In

Section 3.6.2 this was shown to be bounded above by a multiple of the desired
rate (log n)2n−(1+4β)/(1+2β+2p) for α ∈ [αn, αn ∧ (log n/ log 2 − 1/2 − p)],
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which is α ∈ [αn, log n/ log 2 − 1/2 − p] on the set Qn. Finally, for α ≥
log n/ log 2− 1/2− p we have

∞∑
i=1

ni2+4α+6pθ2
0,i

(i1+2α+2p + n)4
≤
θ2

0,1

n3
+

∞∑
i=2

ni−1−2αθ2
0,i

i1+2α+2p + n

≤
‖θ0‖2β
n3

+
∞∑
i=2

i−1−2α−2βi2βθ2
0,i

≤
‖θ0‖2β
n3

+ 2−1−2α‖θ0‖2β ≤
‖θ0‖2β
n3

+ 22p
‖θ0‖2β
n2

. n−(1+4β)/(1+2β+2p)(log n)2.

(3.34)

This completes the proof.

3.6.4 Bounds for the semimetrics associated to V and W

The following lemma is used in Section 3.6.2.

Lemma 3.6.1. For any αn ≤ α1 < α2 the following inequalities hold:

var
(
V(α1)− V(α2)

)
. (α1 − α2)2n(1+4p)/(1+2αn+2p)(log n)2,

var

(
W(α1)√

n
− W(α2)√

n

)
. (α1 − α2)2n

− 1+4β
1+2β+2p (log n)4,

with a constant that does not depend on α and θ0.

Proof. The left-hand side of the first inequality is equal to

n4
∞∑
i=1

(fi(α1)− fi(α2))2i4p varZ2
i ,

where fi(α) = (i1+2α+2p + n)−2. The derivative of fi is given by f ′i(α) =
−4i1+2α+2p(log i)/(i1+2α+2p + n)3, hence the preceding display is bounded
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above by a multiple of

(α1 − α2)2n4 sup
α∈[α1,α2]

∞∑
i=1

i2+4α+8p(log i)2

(i1+2α+2p + n)6

≤ (α1 − α2)2n3(log n)2 sup
α∈[α1,α2]

1

(1 + 2α+ 2p)2

∞∑
i=1

i1+2α+6p

(i1+2α+2p + n)4

. (α1 − α2)2(log n)2 sup
α∈[α1,α2]

n(1+4p)/(1+2α+2p),

with the help of Lemma 6.0.8 (with r = 1 + 2α + 2p, and m = 2), and
Lemma 6.0.4 (with m = 0, l = 4, r = 1 + 2α+ 2p, and s = r + 4p). Since
α ≥ αn, we get the first assertion of the lemma.

We next consider W/
√
n. The left-hand side of the second inequality in

the statement of the lemma is equal to

∞∑
i=1

(fi(α1)− fi(α2))2nθ2
0,i varZi,

where now fi(α) = i1+2α+3p/(i1+2α+2p + n)2. The derivative of this fi
satisfies |f ′i(α)| ≤ 2(log i)fi(α), hence we get the upper bound

4(α2 − α1)2 sup
α∈[α1,α2]

∞∑
i=1

ni2+4α+6pθ2
0,i log2 i

(i1+2α+2p + n)4
.

The proof is completed by arguing as in (3.31) or (3.34).

3.7 Proof of Theorem 3.2.5

Again we only provide details for the Sobolev case. Let An be the event that
α̂n ∈ [αn, αn]. Then with α 7→ λn(α|X(n)) denoting the posterior Lebesgue

104



3.7. Proof of Theorem 3.2.5

density of α, we have

sup
θ0∈Sβ(M)

Eθ0Π(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X(n))

≤ sup
θ0∈Sβ(M)

Pθ0(Acn) + sup
θ0∈Sβ(M)

Eθ0

∫ αn

0
λn(α|X(n)) dα 1An

+ sup
‖θ0‖β≤R

Eθ0

∫ ∞
αn

λn(α|X)×

Πα(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X) dα 1An .

(3.35)

By Theorem 3.2.2 the first term on the right vanishes as n→∞, provided
l and L in the definitions of αn and αn are chosen small and large enough,
respectively. We will show that the other terms tend to 0 as well.

Observe that λn(α|X(n)) ∝ Ln(α)λ(α), where Ln(α) = exp(`n(α)), for
`n the random function defined by (3.5). In Section 3.5.3 we have shown
that on the interval (0, αn + 1/ log n]

`′n(α) = Mn(α) &
n1/(1+2α+2p) log n

1 + 2α+ 2p
,

on the event An. Therefore on the interval (0, αn] we have

`n(α) < `n(αn) ≤ `n
(
αn +

1

2 log n

)
− Kn1/(1+2αn+2p)

1 + 2αn + 2p

for some K > 0 and on the interval [αn + 1/(2 log n), αn + 1/ log n],

`n(α) ≥ `n
(
αn +

1

2 log n

)
.

For the likelihood Ln we have the corresponding bounds

Ln(α) < exp
(
−Kn

1/(1+2αn+2p)

1 + 2αn + 2p

)
Ln

(
αn +

1

2 log n

)
for α ∈ (0, αn] and

Ln(α) ≥ Ln
(
αn +

1

2 log n

)
for α ∈ [αn+1/(2 log n), αn+1/ log n] on the event An. Using these estimates
for Ln we obtain the following upper bound for the second term on the
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right-hand side of (3.35):

sup
θ0∈Sβ(M)

Eθ0

∫ αn
0 λ(α)Ln(α) dα∫∞
0 λ(α)Ln(α) dα

≤ sup
θ0∈Sβ(M)

Eθ0 exp
(
−Kn

1/(1+2αn+2p)

1 + 2αn + 2p

)
×

Ln

(
αn + 1

2 logn

) ∫ αn
0 λ(α) dα

Ln

(
αn + 1

2 logn

) ∫ αn+1/ logn

αn+1/(2 logn) λ(α) dα

≤ sup
θ0∈Sβ(M)

exp
(
−Kn

1/(1+2αn+2p)

1 + 2αn + 2p

)(∫ αn+1/ logn

αn+1/(2 logn)
λ(α) dα

)−1
.

(3.36)

From Lemma 3.2.1 we know that αn ≥ β/2 for large enough n, hence by
Assumption 3.2.4, Lemma 3.7.1, and the definition of αn,∫ αn+1/ logn

αn+1/(2 logn)
λ(α) dα ≥ C1(2 log n)−C2 exp

(
−C3 exp(

√
log n/3)

)
for some C1, C2, C3 > 0. Therefore the right hand side of (3.36) is bounded
above by a constant times

exp
(
−Kn

1/(1+2
√

logn+2p)

1 + 2
√

log n+ 2p

)
(log n)C2 exp

(
C3 exp

(√log n

3

))
.

It is easy to see that this quantity tends to 0 as n→∞.
In bounding the third term on the right hand side of (3.35) we replace

the supremum over θ0 ∈ Sβ(M) by the suprema over the sets Pn and Qn
defined in the beginning of Section 3.6. The supremum over Qn is bounded
above by

sup
θ0∈Qn

Eθ0 sup
α∈[αn,∞)

Πα(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X(n)).

This goes to zero, as follows from Section 3.6.3 and Markov’s inequality. The
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supremum over Pn we write as

sup
θ0∈Pn

Eθ0

(∫ αn

αn

λn(α|X(n))Πα(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X(n)) dα

+

∫ ∞
αn

λn(α|X(n))Πα(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X(n)) dα

)
1An .

(3.37)

The first term in (3.37) is bounded above by

sup
θ0∈Pn

Eθ0 sup
α∈[αn,αn]

Πα(‖θ − θ0‖ ≥MnLnn
−β/(1+2β+2p)|X(n)).

This goes to zero, following from Sections 3.6.1 and 3.6.2 and Markov’s
inequality. In Section 3.5.1 we have shown that the differentiated log-
likelihood function Mn on the interval [αn,∞) can increase maximally by a
multiple of

n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p
.

Moreover, in Section 3.5.2 we have shown that for α ∈ [αn − 1/ log n, αn],

`′n(α) = Mn(α) < −Mn1/(1+2αn+2p)(log n)3

1 + 2αn + 2p

on the event An, and R can be made arbitrarily large by increasing the
constant L in the definition of αn. Therefore the integral of Mn(α) on
[αn − 1/ log n, αn − 1/(2 log n)] is bounded above by

−R
2

n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p
,

and by choosing a large enough constant L in the definition of αn it holds
that for some N > 0,

`n(α) ≤ `n
(
αn −

1

2 log n

)
−N n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p

for α ∈ [αn,∞), and

`n(α) ≥ `n
(
αn −

1

2 log n

)
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for α ∈ [αn − 1/ log n, αn − 1/(2 log n)]. These bounds lead to the following
bounds for the likelihood:

Ln(α) ≤ Ln
(
αn −

1

2 log n

)
exp
(
−N n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p

)
for α ∈ [αn,∞), and

Ln(α) ≥ Ln
(
αn −

1

2 log n

)
for α ∈ [αn − 1/ log n, αn − 1/(2 log n)]. Similarly to the upper bound for
the second term of (3.35) we now write

sup
θ0∈Pn

Eθ0

∫ ∞
αn

λn(α|X(n)) dα ≤ sup
θ0∈Pn

Eθ0

∫∞
αn
λ(α)Ln(α) dα∫∞

0 λ(α)Ln(α) dα

≤ sup
θ0∈Pn

exp
(
−N n1/(1+2αn+2p)(log n)2

1 + 2αn + 2p

) ∫∞
αn
λ(α) dα∫ αn−1/(2 logn)

αn−1/ logn λ(α) dα
.

Since αn ≥ αn ≥ β/2 for n large enough, Assumption 3.2.4 and Lemma 3.7.1
imply that ∫∞

αn
λ(α) dα∫ αn−1/(2 logn)

αn−1/ logn λ(α) dα
≤ C4(log n)C5 exp

(
C6α

C7
n

)
.

Since αn ≤ log n/(2 log 2)− 1/2− p for θ0 ∈ Pn, the right-hand side of the
preceding display is bounded above by

C4 exp
(
−2C9(log 2)(logn)

)
(log n)C5 exp

(
C6

( log n

2 log 2
− 1

2
− p
)C7
)
,

which tends to zero for any fixed constant C7 smaller than 1.

Lemma 3.7.1. Suppose that for c1 > 0, c2 ≥ 0, c3 ∈ R, with c3 > 1 if
c2 = 0, and c4 > 0, the prior density λ satisfies

c−1
4 α−c3 exp(−c2α) ≤ λ(α) ≤ c4α

−c3 exp(−c2α)

for α ≥ c1. Then there exist positive constants C1, . . . , C6 and C7 < 1
depending on c1 only such that for all x ≥ c1, every δn → 0, and n large
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enough ∫ x+2δn

x+δn

λ(α) dα ≥ C1δ
C2
n exp

(
−C3 exp

(x
3

))
and ∫∞

x λ(α) dα∫ x−δn
x−2δn

λ(α) dα
≤ C4δ

−C5
n exp(C6x

C7).

Proof. The proof only involves straightforward calculus. First we deal with
polynomially decaying prior. It is easy to see that∫ x+2δn

x+δn

λ(α) dα & δn(x+ 2δn)−c2 ,

which is bounded below like in the assertion of the lemma for x ≥ c1, large
enough n and appropriately chosen constants, where c1 is some fixed positive
constant.

The left hand side of the latter inequality is bounded above by a constant
times

1

c2
x1−c2 1

δn
(x− δn)c2 .

1

δn
x.

Furthermore one can see that the right hand side of the preceding display is
bounded above like in the assertion of the lemma for appropriately chosen
constants.

Next we deal with exponentially decaying priors. We see that for n large
enough∫ x+2δn

x+δn

λ(α) dα &
∫ x+2δn

x+δn

exp
(
−c3(x+ 2δn)

)
dα ≥ δn exp(−2c3x),

which is bounded below like in the assertion of the lemma for large enough
n and C4 and small enough C2.

The left hand side of the latter inequality is bounded above by a multiple
of ∫∞

x exp(−c3α) dα∫ x−δn
x−2δn

exp
(
−c3(x− δn)

)
dα

. exp(−c3x)
1

δn
exp(c3x) = (δn)−1.
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Chapter 4

Coverage of Bayesian
credible sets

4.1 Introduction

In Bayesian nonparametrics, posterior distributions for functional parameters
are often visualized by plotting a center of the posterior distribution, for
instance the posterior mean or mode, together with upper and lower bounds
indicating a credible set, i.e. a set that contains a large fraction of the posterior
mass (typically 95%). The credible bounds are intended to visualize the
remaining uncertainty in the estimate. In this chapter we study the validity
of such bounds from a frequentist perspective in the case of priors that are
made to adapt to unknown regularity.

It is well known that in infinite-dimensional models Bayesian credible sets
are not automatically frequentist confidence sets, in the sense that under the
assumption that the data are in actual fact generated by a “true parameter”,
it is not automatically true that they contain that truth with the prescribed
probability level. However, credible sets do not always have bad frequentist
coverage. In case of undersmoothing (using a prior that is less regular than
the truth) Bayesian credible sets typically have good frequentist coverage;
see Section 1.6.3 for a more detailed description.

The solution to undersmooth the truth, which gives good uncertainty
quantification, is unattractive for two reasons. First it leads to a loss in
the quality of the point estimate, e.g. by the posterior mode or mean.
Second the true regularity of the functional parameter is never known and
hence cannot be used to select a prior of the right regularity. Therefore, in
practice it is common to try and “estimate” the regularity from the data
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4. Coverage of Bayesian credible sets

and thus to adapt the method to the unknown regularity. Bayesian versions
of this approach can be implemented using empirical or hierarchical Bayes
methods. Empirical Bayes methods estimate the unknown regularity using
the marginal likelihood for the data in the Bayesian setup; see Sections 1.7.2
and 4.2 for a precise description. Hierarchical Bayes methods equip the
regularity parameter with a prior and follow a full Bayesian approach; see
Section 1.7.1 for a detailed description.

In the present chapter we concentrate on the empirical Bayes approach.
In the context of the inverse signal-in-white-noise model this method has
been shown to be rate-adaptive, in the sense that the posterior contracts at a
(near) optimal rate around the truth for a range of true regularities, without
using information about this regularity (see Chapters 2 and 3). However,
the preceding chapters only address contraction of the posterior, and do
not investigate frequentist coverage of credible sets, which is perhaps more
important than rate-adaptiveness to validate the use of these methods in
applications. In the present chapter we study whether the empirical Bayes
method, which is optimal from the point of view of contraction rates, also
performs well from the perspective of coverage. In particular, we investigate
to which extent the method yields adaptive confidence sets.

Bayesian credible sets cannot of course beat the general fundamental
limitations of adaptive confidence sets. As pointed out by Low [1997], it is in
general not possible to construct confidence sets that achieve good coverage
across a range of nested models with varying regularities and at the same
time possess a size of optimal order when the truth is assumed to be in one
of the particular sub-models. Similar statements, in various contexts, can be
found in Juditsky and Lambert-Lacroix [2003], Cai and Low [2004], Robins
and van der Vaart [2006],Genovese and Wasserman [2008], and Hoffmann
and Nickl [2011].

We show in this chapter that for the standard empirical Bayes procedure
(which is rate-adaptive), there always exist truths that are not covered
asymptotically by its credible sets. These bad news are alleviated by the fact
that there are only few of these “inconvenient truths” in some sense. For
instance, the minimax rate of estimation does not improve after removing
them from the model; they form a small set in an appropriate topological
sense; and they are unlikely under any of the priors. The good news is that
after removing these bad truths, the empirical Bayes credible sets become
adaptive confidence sets with good coverage.

Our results are inspired by recent (non-Bayesian) results of Giné and
Nickl [2010], Hoffmann and Nickl [2011] and Bull [2012]. These authors also
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remove a “small” set of undesirable truths from the model and focus on
so-called self-similar truths. Whereas these papers use theoretical frequentist
methods of adaptation, in the present chapter our starting point is the
Bayesian (rate-adaptive) procedure. This generates candidate confidence
sets for the true parameter (the credible sets), that are routinely used in
practice. We next ask for which truths this practice can be justified and for
which are not. Self-similar truths, defined appropriately in our setup, are
covered, but also a more general class of parameters, which we call polished
tail sequences.

The remainder of this chapter is structured as follows. In the next
section we describe the setting: the signal-in-white-noise model and the
adaptive empirical Bayes procedure. In Section 4.3 the associated credible
sets are constructed and analyzed. A first theorem exhibits truths that
are not covered asymptotically by these sets. The second theorem shows
that when these “inconvenient truths” are removed, the credible sets yield
adaptive, honest confidence sets. The theoretical results are illustrated in
Section 4.4 by a simulation study. Proofs are given in Sections 4.5–4.10. In
Section 4.11 we conclude with some remarks about possible extensions and
generalizations.

4.2 Statistical model and adaptive empirical
Bayes procedure

We formulate and prove our results in the canonical setting of the mildly
ill-posed inverse signal-in-white-noise model. As usual we reduce it to the
sequence formulation; see Section 1.9.2 and Chapters 2 and 3.

The observation is a sequence X(n) = (X1, X2, ...) satisfying

Xi = κiθ0,i +
1√
n
Zi, i = 1, 2, . . . , (4.1)

where θ0 = (θ0,1, θ0,2, ..) ∈ `2 is the unknown parameter of interest, the κi’s
are known constants satisfying

C−2i−2p ≤ κ2
i ≤ C2i−2p, (4.2)

and the Zi are independent and standard normal random variables.
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For α > 0 define a prior measure Πα for the parameter θ0 in (4.1) by

Πα =
∞⊗
i=1

N(0, i−1−2α). (4.3)

The corresponding posterior distribution Πα(·|X(n)) for θ is

Πα(·|X) =
∞⊗
i=1

N
( nκ−1

i

i1+2ακ−2
i + n

Xi,
κ−2
i

i1+2ακ−2
i + n

)
, (4.4)

see also Section 1.9.4 The prior (4.3) put mass 1 on Sobolev spaces and
hyper-rectangles of every order strictly smaller than α (see Section 1.11
for definitions) and hence expresses a prior belief that the parameter is
regular of order (approximately) α. Indeed it is shown in Knapik et al. [2011]
that if the true parameter θ0 in (4.1) belongs to a Sobolev space of order
α, then the posterior distribution contracts to the true parameter at the
minimax rate n−2α/(1+2α+2p) for this Sobolev space. A similar result can be
obtained for hyper-rectangles. On the other hand, if the regularity of the
true parameter is different from α, then the contraction can be much slower
than the minimax rate.

The sub-optimality in the case the true regularity is unknown can be
overcome by a data-driven choice of α. The empirical Bayes procedure
consists in replacing the fixed regularity α in (4.4) by (for given A, possibly
dependent on n)

α̂n = argmax
α∈[0,A]

`n(α), (4.5)

where `n is the marginal log-likelihood for α in the Bayesian setting: θ|α ∼
Πα and X| (θ, α) ∼ ⊗iN(κiθi, 1/n). This is given by

`n(α) = −1

2

∞∑
i=1

(
log
(

1 +
n

i1+2ακ−2
i

)
− n2

i1+2ακ−2
i + n

X2
i

)
. (4.6)

If there exist multiple maxima, any one of them can be chosen.
The empirical Bayes posterior is defined as the random measure Πα̂n(·|X)

obtained by substituting α̂n for α in the posterior distribution (4.4), i.e.

Πα̂n(·|X) = Πα(·|X)
∣∣∣
α=α̂n
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In Chapter 3 this distribution is shown to contract to the true parameter
at the (near) minimax rate within the setting of Sobolev balls, and also at
the near optimal rate in situations of supersmooth parameters. Extension
of these results shows that the posterior distribution also performs well for
many other models, including hyper-rectangles. Thus the empirical Bayes
posterior distribution manages to recover the true parameter by adapting to
unknown models.

We now turn to the main question of this chapter: can the spread of the
empirical Bayes posterior distribution be used as a measure of the remaining
uncertainty in this recovery?

4.2.1 Notational assumption

We shall from now on assume that the first coordinate θ0,1 of the parameter
θ0 is zero. Because the prior (4.3) induces a N(0, 1) prior on θ0,1, which
is independent of α, the marginal likelihood function (4.6) depends on X1

only through a vertical shift, independent of α. Consequently the estimator
α̂n does not take the value of θ0,1 into account. While this did not cause
problems for the minimax adaptivity mentioned previously, this does hamper
the performance of credible sets obtained from the empirical Bayes posterior
distribution, regarding uniformity in the parameter. One solution would be
to use the variances (i+ 1)−1−2α in (4.3). For notational simplicity we shall
instead assume that θ0,1 = 0, throughout the remainder of the chapter.

4.3 Main results: asymptotic behavior of credible
sets

For fixed α > 0, let θ̂n,α be the posterior mean corresponding to the prior
Πα (see (4.4)). The centered posterior is a Gaussian measure that does not
depend on the data and hence for γ ∈ (0, 1) there exists a deterministic
radius rn,γ(α) such that the ball around the posterior mean with this radius
receives a fraction 1− γ of the posterior mass, i.e. for α > 0,

Πα

(
θ: ‖θ − θ̂n,α‖ ≤ rn,γ(α)|X

)
= 1− γ. (4.7)

In the exceptional case that α = 0 we define the radius to be infinite. The
empirical Bayes credible sets that we consider in this chapter are the sets
obtained by replacing the fixed regularity α by the data-driven choice α̂n.
Here we introduce some more flexibility by allowing the possibility of blowing
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up the balls by a factor L. For L > 0 we define

Ĉn(L) = {θ ∈ `2: ‖θ − θ̂n,α̂n‖ ≤ Lrn,γ(α̂n)}. (4.8)

By construction Πα̂n(Ĉn(L)|X) ≥ 1− γ iff L ≥ 1.
We are interested in the performance of the random sets Ĉn(L) as

frequentist confidence sets. Ideally we would like them to be honest in the
sense that

inf
θ0∈Θ0

Pθ0
(
θ0 ∈ Ĉn(L)

)
≥ 1− γ,

for a model Θ0 that contains all parameters deemed possible. In particular,
this model should contain parameters of all regularity levels. At the same
time we would like the sets to be adaptive, in the sense that the radius
of Ĉn(L) is (nearly) bounded by the optimal rate for a model of a given
regularity level, whenever θ0 belongs to this model. As pointed out in the
introduction, this is too much to ask, as there do not exist confidence sets
with this property, Bayesian or non-Bayesian. For the present procedure we
can explicitly exhibit examples of “inconvenient truths” that are not covered
at all.

Theorem 4.3.1. For given positive integers nj with n1 ≥ 2 and nj ≥ n4
j−1

for every j, β > 0 and M > 0, define θ0 = (θ0,1, θ0,2, ...) by

θ2
0,i =

2−1−2βMn
− 1+2β

1+2β+2p

j , if n
1

1+2β+2p

j ≤ i < 2n
1

1+2β+2p

j , j = 1, 2, . . . ,

0, otherwise.

Then the constant M > 0 can be chosen such that Pθ0(θ0 ∈ Ĉnj (Ln))→ 0 as

j →∞ for every Ln � n(1/2+p)/((1+2β+2p)(2+2β+2p)).

Proof. See Section 4.9.

By construction the (fixed) parameter θ0 defined in Theorem 4.3.1 belongs
to the hyper-rectangle Θβ(M), and in this sense is a “good” truth, because it
is “smooth”. However, it is an inconvenient truth, as it tricks the empirical
Bayes procedure, making it choose the “wrong” regularity α, for which
the corresponding credible set does not cover θ0. The intuition behind
this counter example is that for a given sample size or noise level n the
empirical Bayes procedure, and any other statistical method, is able to judge
the coordinates θ0,1, θ0,2, . . . only up to a certain effective dimension Nn,
fluctuations in the higher coordinates being equally likely due to noise as
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to a nonzero signal. Now if (θ0,1, . . . , θ0,Nn) does not resemble the infinite
sequence (θ0,1, θ0,2, . . .), then the empirical Bayes procedure will be tricked
in choosing a smoothness α̂n that does not reflect the smoothness of the
full sequence, and failure of coverage results. The particular example θ0 in
Theorem 4.3.1 creates this situation by including “gaps” of 0-coordinates. If
the effective dimension is at the end of a gap of such 0-coordinates, then the
empirical Bayes procedure will conclude that θ0 is smoother than it really is,
and make the credible set too narrow.

A more technical explanation can be given in terms of a bias-variance
trade-off. For the given truth in Theorem 4.3.1 the bias of the posterior
mean is of “correct order” n−β/(1+2β+2p) corresponding to Θβ(M), but (along
the subsequence nj) the spread of the posterior is of strictly smaller order.
Thus the posterior distribution is overconfident about its performance. See
Section 4.9 for details.

Intuitively it is not surprising that such bad behaviour occurs, as non-
parametric credible or confidence sets always necessarily extrapolate into
aspects of the truth that are not visible in the data. Honest uncertainty
quantification is only possible by a-priori assumptions on those latter aspects.
In the context of regularity this may be achieved by “undersmoothing”, for
instance by using a prior of fixed regularity smaller than the true regularity.
Alternatively we may change the notion of regularity and strive for honesty
over different models. In the latter spirit we shall show that the empirical
Bayes credible sets Ĉn(L) are honest over classes of “polished” truths.

Definition 4.3.2. A parameter θ ∈ `2 satisfies the polished tail condition
if, for fixed positive constants L0, N0 and ρ ≥ 2,

∞∑
i=N

θ2
i ≤ L0

ρN∑
i=N

θ2
i , ∀N ≥ N0. (4.9)

We denote by Θpt(L0, N0, ρ) the set of all polished tail sequences θ ∈ `2
for the given constants L0, N0 and ρ. As the constants N0 and ρ are fixed
in most of the following (e.g. at N0 = 2 and ρ = 2) we also use the shorter
Θpt(L0). (It would be possible to make a refined study with N0 and L0

tending to infinity, for instance at logarithmic rates, in order to cover a
bigger set of parameters, eventually. The result below would then go through
provided the constant L in the credible sets Cn(L) would also tend to infinity
at a related rate.)

The condition requires that the contributions of the blocks (θN , . . . , θρN )
of coordinates to the `2-norm of θ cannot surge over the contributions of
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4. Coverage of Bayesian credible sets

earlier blocks as N →∞. Sequences θ of exact polynomial order θ2
i � i−1−2β

on the ‘boundary’ of hyper-rectangles are obvious examples, but so are the
sequences θi � iqe−ζi

c
and the sequences θ2

i � (log i)qi−1−2β. Furthermore,
because the condition is not on the individual coordinates θi, but on blocks
of coordinates of increasing size, the set of polished tail sequences is in fact
much larger than these coordinatewise regular examples suggest.

In particular, the set includes the ‘self-similar’ sequences. These were
defined by Picard and Tribouley [2000], and employed by Giné and Nickl
[2010] and Bull [2012], in the context of wavelet bases and uniform norms.
An `2 definition in the same spirit with reference to hyper-rectangles is as
follows.

Definition 4.3.3. A parameter θ ∈ Θβ(M) is self-similar if, for some fixed
positive constants ε, N0, and ρ ≥ 2,

ρN∑
i=N

θ2
i ≥ εMN−2β, ∀N ≥ N0. (4.10)

We denote the class of self-similar elements of Θβ(M) by Θβ
s (M, ε). The

parameters N0 and ρ are fixed and omitted from the notation.
If we think of θ as a sequence of Fourier coefficients, then the right side

of (4.10) without ε is the maximal energy at frequency N of a sequence in a
hyper-rectangle of radius

√
M . Thus (4.10) requires that the total energy in

every block of consecutive frequency components is a fraction of the energy
of a typical signal: the signal looks similar at all frequency levels. Here
the blocks increase with frequency (with lengths proportional to frequency),
whence the required similarity is only on average over large blocks.

Self-similar sequences are clearly polished tail sequences, with L0 = ε−1.
Whereas the first refer to a particular regularity class, the latter do not. As
the latter are defined by self-referencing, they might perhaps be considered
‘self-similar’ in a generalized sense. We show in Theorem 4.3.5 that the
polished tail condition is sufficient for coverage by the credible sets (4.8).

One should ask how many parameters are not polished tail or self-similar.
We give three arguments that there are only few: topological, minimax, and
Bayesian.

The topological argument follows Giné and Nickl [2010]. Similar to their
Proposition 4 it can be shown that the set of non self-similar functions is
nowhere dense in an appropriate topology on Θβ(M). Admittedly, such
a statement depends on the chosen topology. While this is argued to be
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4.3. Main results: asymptotic behavior of credible sets

natural by Giné and Nickl [2010], considering matters relative to the `2-norm
topology gives a slightly different picture. From the proof of Theorem 4.3.1
it is clear that the lack of coverage is due to the tail behavior of the non
self-similar (or non polished tail) truth in the statement of the theorem.
Hence by modifying the tail behavior of an arbitrary sequence θ we can
get a non self-similar sequence with asymptotic coverage 0. Similarly, every
element of Θβ(M) can be made self-similar by modifying its tail. So in fact
we see that with respect to the `2-norm, both the self-similar and the bad,
non self-similar truths are dense in Θβ(M).

The minimax argument for the neglibility of non polished tail sequences
is that restriction to polished tail (or self-similar) truths does not reduce the
statistical difficulty of the problem. We show below (see Proposition 4.3.6)
that restriction to self-similarity changes only the constant in the minimax
risk for hyper-rectangles and not the order of magnitude or the dependence
on the radius of the rectangle. Similarly the minimax risk over Sobolev balls
is reduced by at most a logarithmic factor by a restriction to polished tail
sequences (see Proposition 4.3.11).

A third type of reasoning is that polished tail sequences are natural
once one has adapted the Bayesian setup with priors of the form (4.3). The
following proposition shows that almost every realization from such a prior
is a polished tail sequence for some N0. By making N0 large enough we can
make the set of polished tail sequences have arbitrarily large prior probability.
This is true for any of the priors Πα under consideration. Thus if one believes
one of these priors, then one accepts the polished tail condition.

Recall that Θpt(L0, N0, ρ) is the set of θ ∈ `2 that satisfy (4.9).

Proposition 4.3.4. For every α > 0 the prior Πα in (4.3) satisfies
Πα

(
∪N0Θpt((2 + α)/α,N0, 2)

)
= 1.

Proof. Let θ1, θ2, . . . be independent random variables with θi ∼
N(0, i−1−2α), and let ΩN be the event {

∑
i≥N θ

2
i > (2/α + 1)

∑2N
i=N θ

2
i }.

By the Borel-Cantelli lemma it suffices to show that
∑

N∈N Πα(ΩN ) <∞.
We have that

E
(2 + α

α

2N∑
i=N

θ2
i −

∑
i≥N

θ2
i

)
=

2 + α

α

2N∑
i=N

1

i1+2α
−
∑
i≥N

1

i1+2α

≥ 2

α

2N∑
i=N

1

i1+2α
−
∫ ∞

2N
x−1−2αdx

≥ (2−2α/α− 2−2α/(2α))N−2α.
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4. Coverage of Bayesian credible sets

Therefore, by Markov’s inequality, followed by the Marcinkiewitz-Zygmund
and Hölder inequalities, for q ≥ 2 and r > 1,

Πα(ΩN ) . N2αqE
∣∣∣( 2N∑
i=N

(θ2
i − Eθ2

i )−
∑
i>2N

(θ2
i − Eθ2

i )
∣∣∣q

. N2αqE
(∑
i≥N

(θ2
i − Eθ2

i )
2
)q/2

. N2αq
∑
i≥N

E(θ2
i − Eθ2

i )
qir(q/2−1)

(∑
i≥N

i−r
)q/2−1

.

Since E(θ2
i − Eθ2

i )
q � i−2qα−q, for −2qα − q + r(q/2 − 1) < −1

(e.g. q > 2 and r close to 1) the right side is of the order
N2αqN−2qα−q+r(q/2−1)+1N−(r−1)(q/2−1) = N−q/2. This is summable for
q > 2.

The next theorem is the main result of this chapter. It states that when
the parameter is restricted to polished tail sequences, the empirical Bayes
credible ball Ĉn(L) is an honest, frequentist confidence set, if L is not too
small. This theorem will later be complemented by additional results to
show that Ĉn(L):

• has good asymptotic coverage of polished tail sequences.

• has radius rn,γ(α̂n) of minimax order over a range of regularity classes.

Recall that Θpt(L0) is the set of all polished tail sequences θ ∈ `2 for the
given constant L0, and A is the constant in (4.5).

Theorem 4.3.5. For any A,L0, N0 there exists a constant L such that

inf
θ0∈Θpt(L0)

Pθ0
(
θ0 ∈ Ĉn(L)

)
→ 1. (4.11)

Furthermore, for A = An ≤
√

log n/(4
√

log ρ ∨ e) this is true with a slowly
varying sequence (L: = Ln . (3ρ3(1+2p))An works).

Proof. See Section 4.5.

The theorem shows that the sets Ĉn(L) are large enough to catch any
truth that satisfies the polished tail condition, in the sense of honest confi-
dence sets. With the choice L as in the theorem their coverage in fact tends
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to 1, so that they are conservative confidence sets. In Knapik et al. [2011]
it was seen that for deterministic choices of α, the constant L cannot be
adjusted so that exact coverage 1− γ results; and L in (4.11) may have to
be larger than 1. Thus credible sets are not exact confidence sets, but the
theorem does indicate that their order of magnitude is correct in terms of
frequentist confidence statements.

As the credible sets result from a natural Bayesian procedure, this
message is of interest by itself. In the next subsections we complement this
by showing that the good coverage is not obtained by making the sets Ĉn(L)
unduly large. On the contrary, their radius Lrn,γ(α̂n) is of the minimax
estimation rate for various types of models. In fact, it is immediate from
the definition of the radius in (4.7) that rn,γ(α̂n) = OP (εn), whenever the
posterior distribution contracts to the true parameter at the rate εn, in the
sense that for every Mn →∞,

Eθ0Πα̂n

(
θ: ‖θ − θ0‖ > Mnεn|X

)
→ 0.

Such contraction was shown in Theorem 3.2.3 to take place at the (near)
minimax rate εn = n−β/(2β+2p+1) uniformly in parameters ranging over
Sobolev balls Sβ(M), adaptively in the regularity level β. In the next
subsections we refine this in various ways: we also consider other models,
and give refined and oracle statements for the behaviour of the radius under
polished tail or self-similar sequences.

Generally speaking the size of the credible sets is (near) optimal whenever
the empirical Bayes posterior distribution is (near) optimal. This is true
for many but not all possible models, for two reasons. On the one hand,
the choice of priors with variances i−1−2α, for some α, is linked to a certain
type of regularity in the parameter. The corresponding Bayesian procedure
cannot be expected to be optimal for every model. Secondly the empirical
Bayes procedure (4.5), linked to the likelihood, although minimax over the
usual models, may fail to choose the optimal α for other models. Other
empirical Bayes procedures sometimes perform better.

The radius rn,γ(α) of the credible sets are decreasing in α. Hence if the
empirical Bayes choice α̂n in (4.5) is restricted to a bounded interval [0, A],
then the credible set Ĉn(L) has radius not smaller than rn,γ(A), which is
bigger than necessary if the true parameter has greater “regularity” than A.
By the second statement of the theorem this can be remedied by choosing
A dependent on n, at the cost of increasing the radius by a slowly varying
term.
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4. Coverage of Bayesian credible sets

For `2-confidence sets, as the credible sets considered in the present
chapter, there is an additional possibility of adapting the radius to double a
coarsest smoothness level (Juditsky and Lambert-Lacroix [2003], Cai and
Low [2004], Robins and van der Vaart [2006]). This type of adaptation is
considered in Chapter 5; in the present chapter in fact we do not have a
coarsest regularity level. In Chapter 5 we show that this type of adaptation
can be incorporated in the Bayesian framework, but requires an empirical
Bayes procedure not based on the likelihood as in (4.5).

4.3.1 Hyper-rectangles

The hyper-rectangle Θβ(M) of order β and radius M is defined in (1.24). The
minimax risk for this model is a multiple of M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p),
where the constant depends on C and p in (4.2) only; see Proposition 2.2.1.
Furthermore, this order does not change if the hyper-rectangle is reduced to
self-similar sequences.

Proposition 4.3.6. Assume (4.2). For all β,M, ε > 0,

inf
θ̂n

sup
θ0∈Θβs (M,ε)

Eθ0‖θ̂n − θ0‖2 �M
1+2p

1+2β+2pn
− 2β

1+2β+2p ,

where the infimum is over all estimators.

Proof. First we note that the self-similar functions Θβ
s (M, ε) are sandwiched

between Θβ(M) and the set{
θ:
√
εMρ1+2βi−1/2−β ≤ θi ≤

√
Mi−1/2−β, for all i

}
.

Likewise the minimax risk for Θβ
s (M, ε) is sandwiched between the minimax

risks of these models. The lower model, given in the display, is actually
also a hyper-rectangle, which can be shifted to the centered hyper-rectangle
Θβ((1 −

√
ερ1+2β)2M/4). By shifting the observations likewise we obtain

an equivalent experiment. The `2-loss is equivariant under this shift. There-
fore the minimax risks of the lower and upper models in the sandwich
are proportional to (1−

√
ερ1+2β)2M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p)/4 and

M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p), respectively, by Proposition 2.2.1.

Theorem 4.3.5 shows that the credible sets Ĉn(L) cover self-similar pa-
rameters in Θβ(M), and more generally parameters satisfying the polished
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tail condition, uniformly in regularity parameters β ∈ [0, A] and also uni-
formly in the radius M (but dependent on ε in the definition of self-similarity
or L0 in the definition of the polished tail condition).

Straightforward adaptation of the proof of Theorem 3.2.3 shows that
the empirical Bayes posterior distribution Πα̂n(·|X) contracts to the true
parameter at the minimax rate, up to a logarithmic factor, uniformly over
any hyper-rectangle Θβ(M) with β ≤ A. This immediately implies that
the radius rn,γ(α̂n) is at most a logarithmic factor larger than the minimax
rate, and hence the size of the credible sets Ĉn(L) adapts to the scale of
hyper-rectangles. Closer inspection shows that the logarithmic factor in this
result arises from the bias term and is unnecessary for the radius rn,γ(α̂n).
Furthermore, this radius also adapts to the constant M in the optimal
manner.

Proposition 4.3.7. For every β ∈ (0, A] and M > 0,

inf
θ0∈Θβ(M)

Pθ0

(
rn,γ(α̂n) ≤ KM

1/2+p
1+2β+2pn

− β
1+2β+2p

)
→ 1.

The proof of this proposition and of all further results in this section is
given in Section 4.6.

This encouraging result can be refined to an oracle type result for self-
similar true parameters. Recall that Θβ

s (M, ε) is the collection of self-similar
parameters in Θβ(M).

Theorem 4.3.8. For all ε there exists a constant K(ε) such that, for all
M ,

inf
θ0∈Θβs (M,ε)

Pθ0

(
r2
n,γ(α̂n) ≤ K(ε) inf

α∈[0,A]
Eθ0‖θ̂n,α − θ0‖2

)
→ 1. (4.12)

The theorem shows that for self-similar truths θ0 the square radius
of the credible set is bounded by a multiple of the mean square error
infα∈[0,A]Eθ0‖θ̂n,α − θ0‖2 of the best estimator in the class of all Bayes

estimators of the form θ̂n,α, for α ∈ [0, A]. The choice α can be regarded

as made by an oracle with knowledge of θ0. The class of estimators θ̂n,α is
not complete, but rich. In particular, the proposition below shows that it
contains a minimax estimator for every hyper-rectangle Θβ(M) with β ≤ A.
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Proposition 4.3.9. For every β ∈ (0, A] and M > 0,

inf
α∈[0,A]

sup
θ0∈Θβ(M)

Eθ0‖θ̂n,α − θ0‖2 .M
1+2p

1+2p+2β n
− 2β

1+2β+2p .

Within the scale of hyper-rectangles it is also possible to study the
asymptotic behaviour of the empirical Bayes regularity α̂n and corresponding
posterior distribution. For parameters in Θβ

s (M, ε) the empirical Bayes
estimator estimates β, which might thus be considered a ‘true’ regularity β.

Lemma 4.3.10. For any 0 < β ≤ A− 1 and M ≥ 1, there exist constants
K1 and K2 such that Pθ0(β−K1/ log n ≤ α̂n ≤ β+K2/ log n)→ 1 uniformly

in θ0 ∈ Θβ
s (M, ε).

Inspection of the proof of the lemma shows that the constant K2 will
be negative for large enough M , meaning that the empirical Bayes estimate
α̂n will then actually slightly undersmooth the ‘true’ regularity. (Perhaps
the latter ought to be defined to be smaller than β in this case.) This
undersmoothing is clever, and essential for the coverage of the empirical
Bayes credible sets, uniformly over all radii M .

4.3.2 Sobolev balls

The Sobolev ball Sβ(M) of order β and radius M is defined in (1.23). The
minimax risk for this model is well known to be of the same order as for
the hyper-rectangles considered in Section 4.3.1 (see Cavalier et al. [2002] or
Cavalier [2008]). A restriction to polished tail sequences decreases this by at
most a logarithmic factor.

Proposition 4.3.11. Assume (4.2). For all β,M > 0,

inf
θ̂n

sup
θ0∈Sβ(M)∩Θpt(L0)

Eθ0‖θ̂n − θ0‖2 &M
1+2p

1+2β+2pn
− 2β

1+2β+2p (log n)
− 2+4p

1+2β+2p ,

where the infimum is over all estimators.

Proof. The set Sβ(M) ∩ Θpt(L0) contains the set {θ ∈
`2: εMi−1−2β(log i)−2 ≤ θi ≤ ε′Mi−1−2β(log i)−2}, for suitable ε < ε′.
This is a translate of a hyper-rectangle delimited by the rate sequence
Mi−1−2β(log i)−2. The minimax risk over this set can be computed as in
the proof of Proposition 4.3.6.
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By Theorem 3.2.3 the empirical Bayes posterior distribution Πα̂n(·|X)
(with A set to log n) contracts to the true parameter at the minimax rate,
up to a logarithmic factor, uniformly over any Sobolev ball Sβ(M). This
implies that the radius rn,γ(α̂n) is at most a logarithmic factor larger than
the minimax rate, and hence the size of the credible sets Ĉn(L) adapts to
the Sobolev scale. Again closer inspection shows that the logarithmic factors
do not enter into the radii, and the radii adapt to M in the correct manner.
The proof of the following theorem can be found in Section 4.7.

Theorem 4.3.12. There exists a constant K such that, for all β ∈ [0, A],
M and L0,

inf
θ0∈Sβ(M)

Pθ0

(
r2
n,γ(α̂n) ≤ KM

1+2p
1+2β+2pn

− 2β
1+2β+2p

)
→ 1.

Thus the empirical Bayes credible sets are honest confidence sets, uni-
formly over the scale of Sobolev balls (for β ∈ [0, A] and M > 0) intersected
with the polished tail sequences, of the minimax size over every Sobolev ball.

If A in (4.5) is allowed to grow at the order
√

log n, then these results
are true up to logarithmic factors.

4.3.3 Supersmooth parameters

Classes of supersmooth parameters are defined by, for fixed N,M, c, d > 0,

C00(N0,M) = {θ ∈ `2: sup
i>N0

|θi| = 0 and sup
i≤N0

|θi| ≤M1/2}, (4.13)

S∞,c,d(M) = {θ ∈ `2:
∞∑
i=1

eci
d
θ2
i ≤M}. (4.14)

The minimax rate over these classes is n−1/2, or n−1/2 up to a logarithmic
factor. Every class C00(N0,M) for fixed N0 and arbitrary M consists of
polished tail sequences only.

If the empirical Bayes regularity α̂n in (4.5) is restricted to a compact
interval [0, A], then it will tend to the upper limit A whenever the true
parameter is in one of these supersmooth models. Furthermore, the bias of
the posterior distribution will be of order O(1/n), which is negligible relative
to its variance at α = A (which is the smallest over [0, A]). Coverage by the
credible sets then results.

More interestingly, for α̂n in (4.5) restricted to [0, log n], it is shown in
Theorem 3.2.3 that the posterior distribution contracts at the rate n−1/2 up
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4. Coverage of Bayesian credible sets

to a lower order factor, for θ0 ∈ S∞,c,1. Thus the empirical Bayes credible
sets then adapt to the minimal size over these spaces. Coverage is not
automatic, but does take place uniformly in polished tail sequences, by
Theorem 4.3.5.

The following theorem extends the findings on the sizes of the credible
sets.

Theorem 4.3.13. There exists a constant K such that, for An =√
log n/(4 log ρ)

inf
θ0∈C00(N0,M)

Pθ0

(
r2
n,γ(α̂n) ≤ Ke(3/2+3p)

√
logN0

√
lognn−1

)
→ 1. (4.15)

inf
θ0∈S∞,c,d(M)

Pθ0

(
r2
n,γ(α̂n) ≤ e(1/2+p)

√
logn log lognn−1

)
→ 1. (4.16)

4.4 Simulation example

We investigate the uncertainty quantification of the empirical Bayes credible
sets in an example. Assume that we observe the process

Xt =

∫ t

0

∫ s

0
θ0(u) du ds+

1√
n
Wt, t ∈ [0, 1],

where W denotes a standard Brownian motion and θ0 is the unknown
function of interest. It is well known and easily derived that this problem
is equivalent to (4.1), with θ0,i the Fourier coefficients of θ0 relative to the
eigenfunctions ei(t) =

√
2 cos(π(i− 1/2)t) of the Volterra integral operator

Kθ(t) =
∫ t

0 θ(u), du, and κi = 1/(i− 1/2)/π the corresponding eigenvalues,
see Section 1.9.5. In particular that p = 1 in (4.2), i.e. the problem is mildly
ill posed.

For various signal-to-noise ratios n we simulate data from this model
corresponding to the true function

θ0(t) =

∞∑
i=1

(i−5/2 sin(i))
√

2 cos(π(i− 1/2)t). (4.17)

This function θ0 is self-similar with regularity parameter β = 2. In Figure 4.1
we visualize 95% credible sets for θ0 (gray), the posterior mean (blue) and
the true function (black), by simulating 1000 draws from the empirical Bayes
posterior distribution and plotting the 95% draws out of the 1000 that are
closest to the posterior mean in L2-sense. The credible sets are drawn for
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4.4. Simulation example

Figure 4.1: Empirical Bayes credible sets. The true function is drawn in
black, the posterior mean in red and the credible set in grey. We have
n = 10, 103, 5× 104 and 106, respectively.

n = 10, 103, 5× 104 and 106, respectively. The pictures show good coverage,
as predicted by Theorem 4.3.5. We note that we did not blow up the credible
sets by a factor L > 1.

To illustrate the negative result of Theorem 4.3.1 we also computed
credible sets for a “bad truth”. We simulated data used the following
function:

θ0(t) =
∞∑
i=1

θ0,i

√
2 cos(π(i− 1/2)t),

where

θ0,i =



8 for i = 1,

2, for i = 3,

−3.5, if i = 50,

i−3/2 if 24j < i ≤ 2× 24j , for j ≥ 3,

0, else.

Figure 4.2 shows the results, with again the true function θ0 in black, the
posterior mean in blue, and the credible sets in gray. The noise levels are
n = 10, 103, 5 × 104 and 106, respectively. As predicted by Theorem 4.3.1
the coverage is very bad along a subsequence. For certain values of n the
posterior mean is far from the truth, yet the credible sets very narrow,
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4. Coverage of Bayesian credible sets

suggesting large confidence in the estimator.

Figure 4.2: Empirical Bayes credible sets for a non self-similar function. The
true function is drawn in black, the posterior mean in red and the credible
sets in grey. From left to right and top to bottom we have n = 10, 103, 5×104

and 106.

4.5 Proof of Theorem 4.3.5

The proof of Theorem 4.3.5 is based on a characterization of two deterministic
bounds on the data-driven choice α̂n of the smoothing parameter. Following
Chapters 2 and 3 define a function hn = hn(·; θ0) by

hn(α; θ0) =
1 + 2α+ 2p

n1/(1+2α+2p) log n

∞∑
i=1

n2i1+2α(log i)θ2
0,i

(i1+2α+2p + n)2
, α ≥ 0. (4.18)

Next define

αn(θ0) = inf{α ∈ [0, A]:hn(α; θ0) ≥ 1/(16C8)}, (4.19)

αn(θ0) = sup{α ∈ [0, A]:hn(α; θ0) ≤ 8C8}. (4.20)

An infimum or supremum over an empty set can be understood to be A
or 0, respectively. The value A is as in (4.5). If it depends on n, then this
dependence is copied into the definitions.
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The following theorem shows that uniformly in parameters θ0 that satisfy
the polished tail condition, the sequences αn(θ0) and αn(θ0) capture α̂n
with probability tending to one. Furthermore, these sequences are at most
a universal multiple of 1/ log n (or slightly more if A depends on n) apart,
leading to the same rate n−α/(1+2α+2p), again uniformly in polished tail
sequences θ0.

Theorem 4.5.1. For every L0 ≥ 1,

inf
θ0∈Θpt(L0)

Pθ0
(
αn(θ0) ≤ α̂n ≤ αn(θ0)

)
→ 1, (4.21)

sup
θ0∈Θpt(L0)

n−2αn(θ0)/(1+2αn(θ0)+2p)

n−2αn(θ0)/(1+2αn(θ0)+2p)
≤ K3,n, (4.22)

for log n ≥ 2 + 4An + 2p and

K3,n ≤ c (29C16L2
0ρ

3+6An+4p)1+2p,

for some universal constant c.

Proof. The proof of (4.21) is similar to proofs given in Chapters 2 and 3.
However, because the exploitation of the polished tail condition and the
required uniformity in the parameters are new, we provide a complete proof
of this assertion in Section 4.10. Here we only prove the inequality (4.22).

Let Nα = n1/(1+2α+2p) and set

Θj =

ρj∑
i=ρj−1+1

θ2
i .

Then the polished tail condition (4.9) implies that Θj ≤ L0 Θj′ for all j ≥ j′,
whence

hn(α; θ) =
1

Nα logNα

∞∑
i=1

n2i1+2αθ2
i log i

(i1+2α+2p + n)2

≤ 1

Nα logNα

∞∑
j=1

Θj
n2ρj(1+2α)j log ρ

(ρ(j−1)(1+2α+2p) + n)2
.

We get a lower bound if we swap the j and j − 1 between numerator and
denominator. [The term (j − 1) log ρ that then results in the numerator is
a nuisance for j = 1; instead of (j − 1) log ρ = log ρj−1 we may use log 2 if
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j = 1, as the term i = 1 does not contribute.]
Define Jα to be an integer with

ρJα(1+2α+2p) ∼ n, i.e. Jα ∼
log n

(log ρ)(1 + 2α+ 2p)
.

Under the polished tail condition

∑
j>Jα

Θj
n2ρj(1+2α)j log ρ

(ρ(j−1)(1+2α+2p) + n)2
≤ L0ΘJα

∑
j>Jα

n2ρ−j(1+2α+4p)j(log ρ)ρ2(1+2α+2p)

. L0ΘJαn
2ρ−Jα(1+2α+4p)Jα(log ρ)ρ2(1+2α+2p)

� L0ΘJαnJα(log ρ)ρ2(1+2α+2p)−Jα2p.

The constant in . is universal. [We have
∑

j>J jx
j = xJ+1(J + 1)

(
(1 −

x)−1− (1− x)−2/(J + 1)
)

for 0 < x < 1, and x = ρ−(1+2α+4p) ≤ ρ−1 ≤ 1/2.]
The Jαth term of the series on the left side is

ΘJα

n2ρJα(1+2α)Jα log ρ

(ρ(Jα−1)(1+2α+2p) + n)2
� ΘJα

n2nJαρ
−Jα2p log ρ

(ρ−(1+2α+2p)n+ n)2
.

Up to a factor L0ρ
2(1+2α+2p)/(ρ−(1+2α+2p) +1)2 � L0ρ

2(1+2α+2p) this has the
same order of magnitude as the right side of the preceding display, whence

hn(α; θ) . (1 + L0ρ
2+4α+4p)

1

Nα logNα

Jα∑
j=1

Θj
n2ρj(1+2α)j(log ρ)

(ρ(j−1)(1+2α+2p) + n)2
.

Because ρj(1+2α+2p) + n ≤ 2n for j ≤ Jα, we also have

hn(α; θ) ≥ 1

Nα logNα

Jα∑
j=1

Θjρ
(j−1)(1+2α) log(ρj−1 ∨ 2)

4

≥ 1

Nα logNα

ρ−(1+2α)

8

Jα∑
j=1

Θjρ
j(1+2α)j(log ρ ∧ 1).

(Note that log 2 ≈ 0.69 ≥ 1/2 and j − 1 ≥ j/2 for j ≥ 2.)
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Now fix α1 ≤ α2. Then Jα2 ≤ Jα1 and ρ1+2α1 ≤ ρ1+2α2 and

hn(α1; θ)

hn(α2; θ)

.
Nα2 logNα2

Nα1 logNα1

(1 + L0ρ
2+4α1+4p)(

∑Jα2
j=1 +

∑Jα1
j=Jα2

)Θjρ
j(1+2α1)j(log ρ)

ρ−(1+2α2)
∑Jα2

j=1 Θjρj(1+2α2)j(log ρ ∧ 1)

.
Nα2 logNα2

Nα1 logNα1

(1 + L0ρ
2+4α1+4p)ρ(1+2α2)

(
1 +

L0ΘJα2

∑Jα1
j=Jα2

ρj(1+2α1)j

ΘJα2
ρJα2 (1+2α2)Jα2

)
.
Nα2 logNα2

Nα1 logNα1

(1 + L0ρ
2+4α1+4p)ρ(1+2α2)

(
1 + L0

ρJα1 (1+2α1)Jα1

ρJα2 (1+2α2)Jα2

)
� Nα2 logNα2

Nα1 logNα1

(1 + L0ρ
2+4α1+4p)ρ(1+2α2)

(
1 + L0

Jα1

Jα2

)
=
Nα2

Nα1

1 + 2α1 + 2p

1 + 2α2 + 2p
(1 + L0ρ

2+4α1+4p)ρ(1+2α2)
(

1 + L0
1 + 2α2 + 2p

1 + 2α1 + 2p

)
.

[We use
∑J

j=I x
j = xI(xJ−I+1 − 1)/(x − 1) ≤ xJx/(x − 1) . xJ , for x =

ρ1+2α ≥ ρ.]
Since αn ≤ αn, there is nothing to prove in the trivial cases αn = An

or αn = 0. In the other cases it follows that hn(αn; θ0) ≥ 1/(16C8) and
hn(αn; θ0) ≤ 8C8. Then the left side of the preceding display with α1 = αn
and α2 = αn is bounded from below by 1/(128C16). After taking the
(1 + 2p)th power of both sides and rearranging the inequality we get

(28C16)1+2p(1+L0ρ
2+4An+4p)1+2pρ(1+2An)(1+2p)(1 + L0)1+2p

& N1+2p
αn

/N1+2p
αn

= N
−2αn
αn /N−2αn

αn
.

This concludes the proof of Theorem 4.5.1.

We proceed to the proof of Theorem 4.3.5.
For notational convenience denote the mean of the posterior distribution

(4.4) by θ̂α, and the radius rn,γ(α) defined by (4.7) by r(α). Furthermore,
let

W (α) = θ̂α − Eθ0 θ̂α, and B(α; θ0) = Eθ0 θ̂α − θ0, (4.23)

be the centered posterior mean and the bias of the posterior mean, respec-
tively. The radius r(α) and the distribution of the variable W (α) under θ0
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are free of θ0. On the other hand, the bounds αn and αn do depend on θ0,
but we shall omit this from the notation. Because the radius of the credible
set is defined to be infinite if α̂n = 0, it is not a loss of generality to assume
that αn > 0. For simplicity we take A in (4.5) independent of n, but make
the dependence of constants on A explicit, so that the general case follows
by inspection.

We prove below that there exist positive parameters C1, C2, C3 that
depend on C,A, p, L0, ρ only such that, for all θ0 ∈ Θpt(L0),

inf
αn≤α≤αn

r(α) ≥ C1n
− αn

1+2αn+2p , (4.24)

sup
αn≤α≤αn

‖B(α; θ0)‖ ≤ C2n
− αn

1+2αn+2p , (4.25)

inf
θ0∈Θpt(L0)

Pθ0

(
sup

αn≤α≤αn
‖W (α)‖ ≤ C3n

− αn
1+2αn+2p

)
→ 1. (4.26)

We have θ0 ∈ Ĉn(L) if and only if ‖θ̂α̂ − θ0‖ ≤ Lr(α̂), which is implied by
‖W (α̂)‖ ≤ Lr(α̂)− ‖B(α̂; θ0)‖, by the triangle inequality. Consequently, by
(4.21) of Theorem 4.5.1, to prove (4.11) it suffices to show that for L large
enough

inf
θ0∈Θpt(L0)

Pθ0
(

sup
αn≤α≤αn

‖W (α)‖ ≤ L inf
αn≤α≤αn

r(α)− sup
αn≤α≤αn

‖B(α; θ0)‖
)
→ 1.

This results from the combination of (4.24), (4.25) and (4.26), for L such
that C3 ≤ LC1 − C2.

We are left to prove (4.24), (4.25) and (4.26).
Proof of (4.24). The radius r(α) is determined by the requirement that

P
(
Un(α) < r2(α)

)
= 1 − γ, for the random variable Un(α) =

∑
i si,n,αZ

2
i ,

where si,n,α = κ−2
i /(i1+2ακ−2

i + n) and (Zi) is an i.i.d. standard normal
sequence. Because α 7→ si,n,α is decreasing in α, the map α 7→ r(α) is
non-increasing, and hence the infimum in (4.24) is equal to r(αn). In view
of (4.2) and Lemma 6.0.4 the expected value and variance of Un(α) satisfy,
for n ≥ e1+2α+2p,

EUn(α) =
∞∑
i=1

si,n,α ≥
1

C4

∞∑
i=1

i2p

i1+2α+2p + n
≥ 1

C4(31+2α+2p + 1)
n
− 2α

1+2α+2p ,

varUn(α) = 2
∞∑
i=1

s2
i,n,α ≤ 2C8

∞∑
i=1

i4p

(i1+2α+2p + n)2
≤ 10C8n

− 1+4α
1+2α+2p .
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4.5. Proof of Theorem 4.3.5

We see that that the standard deviation of Un(α) is negligible compared to
its expected value. This implies that all quantiles of Un(α) are of the order
EUn(α). More precisely, by Chebyshev’s inequality we have that P(U < r2) =
1−γ implies that EU − (1−γ)−1/2 sdU ≤ r2 ≤ EU +γ−1/2 sdU . For α ≤ A
the expectation EUn(α) is further bounded below by C1,1n

−2α/(1+2α+2p),
for C1,1 = C−4(31+2A+2p + 1)−1. Furthermore, sdUn(α) is bounded above
by C1,2,nn

−2α/(1+2α+2p), for C1,2,n =
√

10C4n−(1/2)/(1+2A+2p) → 0. Hence
for large enough n we have C1,1/2 ≥ (1− γ)−1/2C1,2,n, whence (4.24) holds
for C2

1 = C1,1/2 and sufficiently large n. If An depends on n, then so does
C1,1 = C1,1,n, but since An ≤

√
log n/4 by assumption, we still have that

C1,2,n � C1,1,n, and the preceding argument continues to apply.

Proof of (4.25). In view of the explicit expression for θ̂α and (4.2),

∥∥B(α; θ0)
∥∥2

=
∞∑
i=1

i2+4ακ−4
i θ2

0,i

(i1+2ακ−2
i + n)2

≤ C8
∞∑
i=1

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
. (4.27)

The first term of the sum is zero following from our assumption θ0,1 = 0.
Since the right-hand side of the preceding display is (termwise) increasing
in α, the supremum over α is taken at αn. Because the map x 7→ x−1 log x
is decreasing for x ≥ e and takes equal values at x = 2 and x = 4, its
minimum over [2, N1+2α+4p] is taken at N1+2α+4p if N1+2α+4p ≥ 4. There-
fore, for 2 ≤ i ≤ N we have that i1+2α+4p ≤ N (1+2α+4p) log i/ logN if
N ≥ 41/(1+2α+4p). Applied with Nα = n1/(1+2α+2p) this shows that, for
n ≥ 4(1+2α+2p)/(1+2α+4p),

∑
2≤i≤Nα

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
≤ n−2α/(1+2α+2p)hn(α; θ0).

This bounds the initial part of the series in the right side of (4.27). For
θ0 ∈ Θpt(L0), the remaining part can be bounded above by

∑
i≥Nα

θ2
0,i ≤ L0

ρNα∑
i=Nα

θ2
0,i ≤ L0(ρ1+2α+2p + 1)2hn(α; θ0)N−2α

α ,

as is seen by lower bounding the series hn(α; θ0) by the sum of its terms
from Nα to ρNα. Using the inequality hn(αn; θ0) ≤ 8C8 we can conclude
that ∥∥Bn(αn; θ0)

∥∥2 ≤ (L02ρ2+4A+4p + 1)8C8n−2αn/(1+2αn+2p).
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This concludes the proof of (4.25), with C2
2 = (L02ρ2+4A+4p + 1)8C8.

Proof of (4.26). Under Pθ0 the variable Vn(α) = ‖W (α)‖2 is dis-
tributed as

∑
ti,n,αZ

2
i , where ti,n,α = nκ−2

i /(i1+2ακ−2
i + n)2 and Zi: =√

n(Xi − Eθ0Xi) are independent standard normal variables. This rep-
resentation gives a coupling over α and hence supαn≤α≤αn ‖W (α)‖2 is dis-

tributed as supαn≤α≤αn
∑
ti,n,αZ

2
i =

∑
ti,n,αnZ

2
i , since the coefficients ti,n,α

are decreasing in α. By Lemma 6.0.4,

EVn(α) =
∞∑
i=1

ti,n,α ≤ C6
∞∑
i=1

ni2p

(i1+2α+2p + n)2
≤ C65n

− 2α
1+2α+2p ,

(4.28)

varVn(α) = 2
∞∑
i=1

t2i,n,α ≤ 2C12
∞∑
i=1

n2i4p

(i1+2α+2p + n)4
≤ 10C12n

− 1+4α
1+2α+2p .

Again the standard deviation of Vn(α) is of smaller order than the mean.
By reasoning as for the proof of (4.24), we obtain (4.26) with the constant√

6C6, but with the rate n−α/(1+2α+2p) evaluated at αn rather than αn.
Although the last one is smaller, it follows by (4.22), that the square rates
are equivalent up to multiplication by K3,n (which is fixed if A is fixed).
Thus (4.26) holds with C2

3 = 6C6K3,n.

4.6 Proofs for hyper-rectangles

In this section we collect proofs for the results in Section 4.3.1. Throughout
the section we set Nα = n1/(1+2α+2p), and use the abbreviations of the
preceding section.

4.6.1 Proof of Theorem 4.3.8

By (4.21) the infimum in (4.12) is bounded from below by

inf
θ0∈Θβs (M,ε)

Pθ0

(
sup

αn≤α≤αn
r(α) ≤ K inf

α∈[0,A]
Eθ0‖θ̂α − θ0‖2

)
− o(1).

Here the probability is superfluous, because r(α), αn and αn are deterministic.
We separately bound the supremum and infimum inside the probability
(above and below) by a multiple of M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p).

As was argued in the proof of (4.24) the radius r(α) is nonincreasing in
α and hence its supremum is r(αn). Also similarly as in the proof of (4.24),
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but now using the upper bound

EUn(α) ≤ C4
∞∑
i=1

i2p

i1+2α+2p + n
≤ C4(3 + 2/α)n

− 2α
1+2α+2p ,

by Lemma 6.0.4, we find that

sup
α∈[αn,αn]

r(α)2 ≤ C4(3 + 2/αn)n−2αn/(1+2αn+2p). (4.29)

The sequence αn tends to β, uniformly in θ0 ∈ Θβ(M) by (4.37) (below),
whence (3+2/αn) ≤ (4+2/β). A second application of (4.37), also involving
the precise definition of the constant K1 shows that preceding display is
bounded above by a multiple of M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p).

With the notation as in (4.23) the minimal mean square error in the
right side of the probability is equal to

inf
α∈[0,A]

Eθ0‖θ̂n,α − θ0‖2 = inf
α∈[0,A]

[∥∥B(α; θ0)
∥∥2

+ Eθ0
∥∥W (α)

∥∥2
]
. (4.30)

The square bias and variance terms in this expression are given in (4.27)
and (4.28). By (4.2) the square bias is bounded below by

1

C8

∞∑
i=1

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
≥ 1

4C8

ρNα∑
i=Nα

θ2
0,i ≥

εM

4C8
N−2β
α , (4.31)

for θ0 ∈ Θβ
s (M, ε). By Lemma 6.0.4 the variance term Eθ0

∥∥W (α)
∥∥2

in (4.30)
is bounded from below by

1

C6

∞∑
i=1

ni2p

(i1+2α+2p + n)2
≥ 1

C6
(31+2A+2p + 1)−2N−2α

α . (4.32)

The square bias is increasing in α, whereas the variance is decreasing; the
same is true for their lower bounds as given. It follows that their sum
is bounded below by the height at which the two curves intersect. This
intersection occurs for α solving

εM

4C2
N−2β
α = (31+2A+2p + 1)−2N−2α

α . (4.33)

Write the solution as α = β−K/ log n, in terms of some parameter K (which
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may depend on n as does the solution). By elementary algebra we get that

N−2α
α ≡ n−

2α
1+2α+2p = n

− 2β
1+2β+2p

(
e

2K
1+2β−2K/ logn+2p

) 1+2p
1+2β+2p , (4.34)

N−2β
α ≡ n−

2β
1+2α+2p = n

− 2β
1+2β+2p

(
e

2K
1+2β−2K/ logn+2p

)− 2β
1+2β+2p .

Dividing the first by the second, we see from (4.33) that K is the solution to

e
2K

1+2β−2K/ logn+2p = (31+2A+2p + 1)2 εM

4C2
. (4.35)

Furthermore, (4.34) shows that the value of the right side of (4.30)
at the corresponding α = β − K/ log n is equal to a constant times
M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p), where the constant multiplier depends only
on β, ε and A.

4.6.2 Proof of Proposition 4.3.9

In view of (4.30), (4.27) and (4.28) and (4.2),

inf
α∈[0,A]

Eθ0‖θ̂n,α − θ0‖2 ≤ C8
∞∑
i=1

i2+4α+4pθ2
0,i

(i1+2α+2p + n)2
+ C6

∞∑
i=1

ni2p

(i1+2α+2p + n)2
.

By Lemma 6.0.4 and the definition of the hyper-rectangle Θβ(M) one can
see that the right hand side of the preceding display for α ≤ β is bounded
from above by

5C8MN−2β
α + 5C6N−2α

α . (4.36)

Then choosing α = β −K/ log n with constant K satisfying

e
2K

1+2β−2K/ logn+2p = M,

we get from (4.34) that (4.36) is bounded above by constant times
M (1+2p)/(1+2β+2p)n−2β/(1+2β+2p).
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4.6.3 Proof of Lemma 4.3.10

We show that

inf
θ0∈Θβ(M)

αn(θ0) ≥ β −K1/ log n, (4.37)

sup
θ0∈Θβs (M,ε)

αn(θ0) ≤ β +K2/ log n, (4.38)

hold for log n ≥ (4K1)∨ (logN0)2∨4(1+2p) and constants K1,K2 satisfying

e2K1/(1+2β−2K1/ logn+2p) = 288Me2A+3C8, (4.39)

εMe2K2/(1+2A+2p) = (ρ1+2A+2p + 1)28C8. (4.40)

Proof of (4.37). If θ0 ∈ Θβ(M), then hn(α; θ0) is bounded above by

M

Nα logNα

∞∑
i=1

n2i2α−2β(log i)

(i1+2α+2p + n)2
≤ M9e2A+3

Nα logNα

∫ Nα

1
x2α−2β log x dx, (4.41)

by Lemma 6.0.5 with l = 2, m = 1, s = 2α− 2β and hence c = lr − s− 1 =
1 + 2α+ 2β + 4p ≥ 1, for n ≥ e4+8α+8p. Because the integrand is increasing
in α, we find that

sup
α≤β−K/ logn

hn(α; θ0) ≤M9e2A+3 sup
α≤β−K/ logn

N−1
α

∫ Nα

1
x−2K/ logn dx

≤M9e2A+3 sup
α≤β−K/ logn

N
−2K/ logn
α

1− 2K/ log n

≤M18e2A+3e−2K/(1+2β−2K/ logn+2p),

for 2K/ log n ≤ 1/2. By its definition αn ≥ β−K/ log n if the left side of the
preceding display is bounded above by 1/(16C8). This is true for K ≥ K1

as given in (4.39).

137



4. Coverage of Bayesian credible sets

Proof of (4.38). By Lemma 4.6.1 (below), for θ0 ∈ Θβ
s (M, ε), and

n ≥ N1+2A+2p
0

inf
β+K/ logn≤α≤A

hn(α; θ0)

≥ inf
β+K/ logn≤α≤A

εM

(ρ1+2α+2p + 1)2
n(2α−2β)/(1+2α+2p)

≥ εM

(ρ1+2A+2p + 1)2
e2K/(1+2A+2p).

By its definition αn ≤ β+K/ log n if the right side is greater than 8C8. This
happens for large enough K ≥ K2 as indicated.

Lemma 4.6.1. For θ0 ∈ Θβ
s (M, ε) and n ≥ N1+2α+2p

0 ∨ e4,

hn(α; θ0) ≥ n(2α−2β)/(1+2α+2p) εM

(ρ1+2α+2p + 1)2
.

Proof. The function hn(α; θ0) is always bounded below by

1

Nα logNα

∑
Nα≤i≤ρNα

n2i1+2α(log i)θ2
0,i

(i1+2α+2p + n)2
≥ N2α

α

(ρ1+2α+2p + 1)2

∑
Nα≤i≤ρNα

θ2
0,i.

For θ0 ∈ Θβ
s (M, ε) we can apply the definition of self-similarity to bound the

sum on the far right below by εMN−2β
α , for Nα ≥ N0.

4.6.4 Proof of Proposition 4.3.7

The proposition is an immediate consequence of (4.29), (4.34) and (4.37).

4.7 Proof of Theorem 4.3.12

It follows from the proof of Lemma 3.2.1 that, for θ0 ∈ Sβ(M),

hn(α; θ0) ≤Mn
− 1∧2(β−α)

1+2α+2p .

The right hand side is strictly smaller than 1/(16C8) for α ≤ β − 2K/ log n
with K satisfying

e2K/(1+2β−2K/ logn+2p) = 16C8M.
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By the definition of αn we conclude that αn ≥ β −K/ log n. The theorem
follows by combining this with (4.29).

4.8 Proof of Theorem 4.3.13

Proof of (4.15). For α ≤
√

log n/(3
√

logN0) and
√

log n ≥ (3
√

logN0)(1 +
2p), we have that

Nα ≥ e
logn

1+2
√
logn/(3

√
logN0)+2p ≥ e

√
logN0

√
logn.

Since also N2α
0 ≤ e(2/3)

√
logN0

√
logn, the function hn(α; θ0) is bounded above

by, for θ0 ∈ C00(N0,M),

(logN0)N2+2α
0 M/(Nα logNα) ≤ (logN0)N2

0Me−(1/3)
√

logN0
√

logn.

Since this tends to zero, it will be smaller than 1/(16C8), for large enough n,
whence αn ≥

√
log n/(3

√
logN0), by its definition. Assertion (4.15) follows

by substituting this into (4.29).
Proof of (4.16). As before we give an upper bound for hn(α; θ0) by

splitting the sum in its definition into two parts. The sum over the indices
i > Nα is bounded by

1

Nα logNα
n2
∑
i>Nα

i−1−2α−4p(log i)θ2
0,i.

Since the function f(x) = x−1−2α−4p log x is monotonely decreasing for
x ≥ e1/(1+2α+4p), we have N−1

α i−1−2α−4p(log i) ≤ N−2−2α−4p
α (logNα) =

n2N2α
α logNα, for i > Nα. Hence the right side is bounded by a multiple of

N2α
α

∞∑
i>Nα

θ2
0,i ≤ ne−cN

d
α

∞∑
i>Nα

ecN
d
αθ2

0,i ≤ ne−cN
d
αM.

The sum over the indices i ≤ n1/(1+2α+2p) is bounded by

N−1
α

∑
i≤Nα

i1+2αθ2
0,i ≤ N−1

α e
1+2α
d

log 1+2α
cd M,

since the maximum on (0,∞) of the function x 7→ x1+2α exp(−cxd) equals
((1 + 2α)/(cd))(1+2α)/d. Combining the two bounds we find that for α ≤
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4. Coverage of Bayesian credible sets

√
log n/ log log n and sufficiently large n the function hn(α; θ0) is bounded

from above by a multiple of

Mn exp
(
− ce(d/3)

√
logn log logn

)
+M exp

(3
√

log n

2d
−
√

log n log logn

3

)
.

Since this tends to zero, the inequality hn(α; θ0) < 1/(16C8) holds for large
enough n (depending on p, C, c, d and M), whence αn ≥

√
log n/ log logn.

Combining with (4.29), this proves (4.16).

4.9 Proof of Theorem 4.3.1

From the proof of Theorem 4.5.1 it can be seen that the lower bound in
(4.21) is valid also for non self-similar θ0:

inf
θ0∈`2

P
(
αn(θ0) ≤ α̂n

)
→ 1.

In terms of the notation (4.23) we have that θ0 ∈ Ĉn(L) if and only if
‖θ̂α̂ − θ0‖ ≤ Lr(α̂), which implies that

∥∥B(α̂; θ0)
∥∥ ≤ Lr(α̂) +

∥∥W (α̂)
∥∥.

Combined with the preceding display it follows that Pθ0
(
θ0 ∈ Ĉn(L)

)
is

bounded above by

Pθ0

(
inf
α≥αn

∥∥B(α, θ0)
∥∥ ≤ L sup

α≥αn
r(α) + sup

α≥αn

∥∥W (α)
∥∥)+ o(1). (4.42)

The proofs of (4.26) and (4.29) show also that

sup
θ0∈Θβ(M)

sup
α≥αn(θ0)

r(α) ≤ Cβn
− αn

1+2αn+2p , (4.43)

inf
θ0∈Θβ(M)

P
(

sup
α≥αn(θ0)

∥∥W (α)
∥∥ ≤ C3n

− αn
1+2αn+2p

)
→ 1. (4.44)

We show below that αnj (θ0) ≥ 1/2 + β along the subsequence nj . By
combining this with (4.44) and (4.43) we see that the expression to the
right side of the inequality in (4.42) at n = nj is bounded above by a

constant times Ln
−(1/2+β)/(2+2β+2p)
j . Since α 7→ ‖B(α; θ0)‖2 is increasing,

the infimum on the left side of the inequality is bounded from below by

‖B(β + 1/2; θ0)‖2. Now in view of (4.27), with Nj = n
1/(1+2β+2p)
j (and an
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abuse of notation as Nα was used with a different meaning before),

∥∥B(α; θ0)
∥∥2 ≥ 1

C8

∑
Nj≤i<2Nj

i2+4α+4pθ2
0,i

(i1+2α+2p + nj)2
≥ 1

4C8

∑
Nj≤i<2Nj

θ2
0,i,

for α ≥ β, since nj ≤ i1+2α+2p for i ≥ Nj . Using the definition of θ0 we see
that this is lower bounded by a multiple of

Njn
−(1+2β)/(1+2β+2p)
j = n

−2β/(1+2β+2p)
j .

Thus we deduce that the expression to the left of the inequality sign in (4.42)
is of larger order than the expression to the right, whence the probability
tends to zero along the subsequence nj .

Finally we prove the claim that αnj ≥ 1/2 + β, by showing that

hnj (α; θ0) < 1/(16C8) for all α < 1/2 + β. We have that hnj (α; θ0) ≤
A1 +A2 +A3 for

A1 =
1 + 2α+ 2p

n
1/(1+2α+2p)
j log nj

∑
i≤2Nj−1

Mi2α−2β log i,

A2 =
1 + 2α+ 2p

n
1/(1+2α+2p)
j log nj

∑
Nj≤i<2Nj

n2
j i

1+2α(log i)N−1−2β
j M2−1−2β

(i1+2α+2p + nj)2
,

A3 =
1 + 2α+ 2p

n
1/(1+2α+2p)
j log nj

∑
i≥Nj+1

Mn2
j i
−2−2α−4p−2β(log i).

For α < 1/2 + β, so that i2α−2β ≤ i,

A1 . n
− 1

1+2α+2p

j N2
j−1 . n

2
1+2β+2p

− 4
2+2β+2p

j−1 ,

since n4
j−1 ≤ nj . This tends to zero. By Lemma 6.0.6 the third term satisfies

A3 .
logNj+1

log nj
n

1+4α+4p
1+2α+2p

j N
−(1+2α+2β+4p)
j+1 .

Because n4
j ≤ nj+1, this is also easily seen to vanish as j →∞. The term

i1+2α+2p + nj in the denominator of the sum in A2 can be bounded below
both by i1+2α+2p and by nj , and there are at most Nj terms in the sum.
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4. Coverage of Bayesian credible sets

This shows that

A2 .
n
−1/(1+2α+2p)
j

log nj
Nj

( n2
j

N1+2α+4p
j

∧ (2Nj)
1+2α

)
log(2Nj)N

−1−2β
j M

.M
(
n

1+2β−2α
1+2β+2p

− 1
1+2α+2p

j ∧ n
1+2α−2β
1+2β+2p

− 1
1+2α+2p

j

)
.

The exponents of nj in both terms in the minimum are equal to 0 at α = β.
For α ≥ β the first exponent is negative, whereas the second exponent is
increasing in α and hence negative for α < β. It follows that A2 .M .

Putting things together we see that lim supj→∞ supα≤β+1/2 hnj (α; θ0)
can be made arbitrarily small by choosing M sufficiently small.

4.10 Proof of (4.21) in Theorem 4.5.1

With the help of the dominated convergence theorem one can see that the
random function `n is differentiable and the derivative is given by

Mn(α) =
∞∑
i=1

n log i

i1+2ακ−2
i + n

−
∞∑
i=1

n2i1+2ακ−2
i log i

(i1+2ακ−2
i + n)2

X2
i . (4.45)

The proof of (4.21) consists of the following steps:

(i) In Section 4.10.1 we show that with probability tending to one, uni-
formly over θ0 ∈ `2, the function Mn is strictly positive on the interval
(0, αn),

(ii) In Section 4.10.2 we show that on the interval [αn, An) the process
Mn is strictly negative with probability tending to one, uniformly over
θ0 ∈ Θpt(L0).

Steps (i) and (ii) show that Mn has no local maximum on the respective
interval.

4.10.1 Mn on (0, αn]

We can assume αn > 0, which leads to the inequality hn(α; θ0) ≤ (16C8)−1

for every α ∈ (0, αn]. For the proof of (i) above it is sufficient to show that
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the following hold:

lim inf
n→∞

inf
θ0∈`2

inf
α∈(0,αn]

Eθ0
Mn(α)(1 + 2α+ 2p)

n
1

1+2α+2p log n
>

1

48C4
, (4.46)

sup
θ0∈`2

Eθ0 sup
α∈(0,αn]

|Mn(α)− E0Mn(α)|(1 + 2α+ 2p)

n
1

1+2α+2p log n
→ 0. (4.47)

The expectation in (4.46) is equal to

1 + 2α+ 2p

n
1

1+2α+2p log n

( ∞∑
i=1

n2 log i

(i1+2ακ−2
i + n)2

−
∞∑
i=1

n2i1+2α(log i)θ2
0,i

(i1+2ακ−2
i + n)2

)
≥ 1 + 2α+ 2p

C4n
1

1+2α+2p log n

∞∑
i=1

n2 log i

(i1+2α+2p + n)2
− C4hn(α; θ0).

By Lemma 6.0.7 (with g = 2, r = 1+2α+2p and log n ≥ (8 log(3e/2))2∨4(1+
2p) log(3e/2)) the first term of the preceding display is bounded from below
by 1/(12C4) for all α ∈ (0, αn) ⊂ (0,

√
log n/4). Inequality (4.46) follows, as

the second term is bounded above by C4/(16C8), by the definition of αn.
To verify (4.47) it (certainly) suffices by Corollary 2.2.5 in van der Vaart

and Wellner [1996] applied with ψ(x) = x2, to show that for any positive
α ≤ αn ≤ An

varθ0
Mn(α)(1 + 2α+ 2p)

n1/(1+2α+2p) log n
≤ K1e

−(3/2)
√

logn, (4.48)∫ diamn

0

√
N(ε, (0, αn], dn) dε ≤ K2e

−(9/8)
√

logn(log n), (4.49)

where dn is the semimetric defined by

d2
n(α1, α2) = varθ0

(Mn(α1)(1 + 2α1 + 2p)

n1/(1+2α1+2p) log n
− Mn(α2)(1 + 2α2 + 2p)

n1/(1+2α2+2p) log n

)
,

diamn is the diameter of (0, αn] relative to dn, N(ε,B, dn) is the minimal
number of dn-balls of radius ε needed to cover the set B, and the constants
K1 and K2 do not depend on the choice of θ0 ∈ `2.

By Lemma 3.5.2 the variance in (4.48) is bounded above by a multiple
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4. Coverage of Bayesian credible sets

of, for any α ∈ (0, αn) ⊂ (0,
√

log n/4),

n−1/(1+2α+2p)
(
1 + hn(α; θ0)

)
≤ n−1/(1+2

√
logn/4+2p)

(
1 + (16C8)−1

)
≤
(
1 + (16C8)−1

)
e−(3/2)

√
logn,

for log n ≥ (6(1 + 2p))2. Combination with the triangle inequality shows
that the dn-diameter of the set (0, αn) is bounded by a constant times
e−(3/4)

√
logn. To verify (4.49) we apply Lemma 3.5.3 according to which, for

any 0 < α1 < α2 <∞,

varθ0

((1 + 2α1 + 2p)Mn(α1)

n1/(1+2α1+2p) log n
− (1 + 2α2 + 2p)Mn(α2)

n1/(1+2α2+2p) log n

)
. (α1 − α2)2(log n)2 sup

α∈[α1,α2]
n−1/(1+2α+2p)

(
1 + hn(α; θ0)

)
.

We see that for α1, α2 ∈ (0, αn] the metric dn(α1, α2) is bounded above
by constant times (log n)e−(3/4)

√
logn|α1 − α2|. Therefore the coverage

number of the interval (0, αn) is bounded above by a constant times
(e−(3/4)

√
logn(log n)3/2)/ε, which leads to the inequality∫ diamn

0

√
N(ε, (0, αn], dn) dε . e−(9/8)

√
logn(log n)3/4,

where the multiplicative constant does not depend on the choice of θ0.

4.10.2 Mn(α) on α ∈ (αn, An]

To prove that `n is strictly decreasing on (αn, An] it is sufficient to verify
the following:

lim sup
n→∞

sup
θ0∈Θpt(L0)

sup
α∈(αn,An]

Eθ0
Mn(α)(1 + 2α+ 2p)

n
1

1+2α+2phn(α; θ0) log n
< − 3

8C4
,

(4.50)

sup
θ0∈Θpt(L0)

Eθ0 sup
α∈(αn,An]

|Mn(α)− Eθ0Mn(α)|(1 + 2α+ 2p)

n
1

1+2α+2phn(α; θ0) log n
→ 0. (4.51)

We shall verify this under the assumption that αn < An, using that in this
case hn(α; θ0) ≥ 8C8, for all α ∈ [αn, An], by the definition of αn.
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In view of (4.2) the expectation in (4.50) is bounded above by

(1 + 2α+ 2p)C4

n
1

1+2α+2p 8C8 log n

∞∑
i=1

n2 log i

(i1+2α+2p + n)2
− C−4.

Inequality (4.50) follows by an application of Lemma 6.0.4 (with s = 0,
r = 1 + 2α+ 2p, l = 2, m = 1 and hence c = 1 + 4α+ 4p ≥ 1).

To verify (4.51) it suffices, by Corollary 2.2.5 in van der Vaart and
Wellner [1996] applied with ψ(x) = x2, to show that

varθ0
(1 + 2α+ 2p)Mn(α)

n
1

1+2α+2phn(α; θ0) log n
≤ K1e

−(3/2)
√

logn, (4.52)

∫ diamn

0

√
N(ε, [αn, An], dn) dε ≤ K2(log n)5/4L

1/2
0 e−(7/8)

√
logn,

where this time dn is the semimetric defined by

d2
n(α1, α2) = varθ0

( Mn(α1)(1 + 2α1 + 2p)

n
1

1+2α1+2phn(α1; θ0) log n
− Mn(α2)(1 + 2α2 + 2p)

n
1

1+2α2+2phn(α2; θ0) log n

)
,

and the constants K1 and K2 do not depend on θ0 ∈ Θpt(L0).
By Lemma 3.5.2 the variance (4.52) is bounded above by a multiple of

n−1/(1+2α+2p)
(
1 + hn(α; θ0)

)
/hn(α; θ0)2 . e−(3/2)

√
logn,

for α ∈ [αn, An], since hn(α; θ0) ≥ 8C8 and An ≤
√

log n/4. Combination
with the triangle inequality shows that the dn-diameter of the set [αn, An)
is of the square root of this order.

By Lemma 4.10.1 below the present metric dn is bounded above similarly
to the metric dn in Section 4.10.1. The entropy number of the interval
(0, αn) ⊂ (0,

√
log n) is bounded above by L0(log n)5/2e−(1/4)

√
logn. Therefore

the corresponding entropy integral can also be bounded in a similar way by

a multiple of L
1/2
0 (log n)5/4e−(7/8)

√
logn.

Lemma 4.10.1. For any θ0 ∈ Θpt(L0), and any 0 < αn ≤ α1 < α2 ≤ An,

varθ0

[Mn(α1)(1 + 2α1 + 2p)

n
1

1+2α1+2phn(α1; θ0)
− Mn(α2)(1 + 2α2 + 2p)

n
1

1+2α2+2phn(α2; θ0)

]
≤ KL2

0|α1 − α2|2(log n)4e−(1/2)
√

logn,
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where the constant K does not depend on θ0 ∈ Θpt(L0).

Proof. The left hand side of the lemma can be written n4
∑∞

i=1

(
fi(α1) −

fi(α2)
)2

varθ0 X
2
i , for

fi(α) =
(1 + 2α+ 2p)

n1/(1+2α+2p)

i1+2ακ−2
i log i

(i1+2ακ−2
i + n)2hn(α; θ0)

. (4.53)

The absolute value of the derivative f ′i(α) is equal to

fi(α)
∣∣∣ 2

1 + 2α+ 2p
+

2 log n

(1 + 2α+ 2p)2
+ 2 log i− 4

(log i)i1+2ακ−2
i

i1+2ακ−2
i + n

− h′n(α; θ0)

hn(α; θ0)

∣∣∣
. L0ρ

1+2αfi(α)(log i+ log n),

by Lemma 4.10.2. Writing the difference fi(α1)− fi(α2) as the integral of
fi(α), applying the Cauchy-Schwarz-Bunyakovszkij inequality to its square,
interchanging the sum and integral, and substituting varθ0 X

2
i = 2/n2 +

4κ2
i θ

2
0,i/n, we can bound the variance in the lemma by a multiple of

(α1 − α2)2n4L2
0ρ

2+4α2 sup
α∈[α1,α2]

∞∑
i=1

fi(α)2(log i+ log n)2
( 2

n2
+

4κ2
i θ

2
0,i

n

)
.

The series splits in two terms by the last plus sign on the right. Using
Lemma 6.0.4 with s = 2 + 4α + 4p, l = 4, r = 1 + 2α + 2p and m = 4 or
m = 2 on the first part, and the inequality nir(r log i)m/(ir +n)2 ≤ (log n)m

for n ≥ e4, with r = 1 + 2α+ 2p and m = 3 and m = 1 on the second part,
we can bound the preceding display by a multiple of

(log n)4L2
0ρ

2+4α2 sup
α∈[α1,α2]

n−1/(1+2α+2p)
(
1 + hn(α; θ0)

)
/hn(α; θ0)2.

We complete the proof by using that hn(α; θ0) ≥ 8C8 for
√

log n/(4
√

log ρ) ≥
An ≥ α ≥ α1 ≥ αn.

Lemma 4.10.2. For θ0 ∈ Θpt(L0), n ≥ e(log(ρN0)/3)2 and α ≤
√

log n/4,

h′n(α; θ0) ≤ 48ρ1+2αL0(log n)hn(α; θ0).
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Proof. The derivative hn(α; θ0) can be computed to be

2(1 + logN)hn(α; θ0)

1 + 2α+ 2p
+

1

N logN

∞∑
i=1

2n2(log i)2(n− i1+2α+2p)i1+2αθ2
0,i

(i1+2α+2p + n)3
.

The series in the second term becomes bigger if we bound (n −
i1+2α+2p)/(i1+2α+2p +n) by 1. Next the series can be split in the terms with
i ≤ N and i > N . In the first one factor log i can be bounded by logN , and
hence this part is bounded above by (logN)hn(α; θ0). For θ0 ∈ Θpt(L0) the
second part is bounded above by

2n2

N logN

∑
i>N

(log i)2i−1−2α−4pθ2
0,i ≤ 6n2N−2−2α−4p(logN)

∑
i>N

θ2
0,i

≤ 6L0(logN)ρ1+2α
∑

N/ρ≤i<N

i1+2αθ2
0,i

≤ 48L0ρ
1+2α(log n)hn(α, θ0),

in view of Lemma 6.0.6 with m = 2 and k = 1 + 2α+ 4p ≥ 1, for n ≥ 4 and
N ≥ e3

√
logn ≥ ρN0.

4.11 Concluding remarks

A full Bayesian approach, with a hyper-prior on α, is an alternative to the
empirical Bayesian approach employed here. As the full posterior distribution
is a mixture of Gaussians with different means, there are multiple reasonable
definitions for a credible set. Based on the work on rates of contraction
in Chapters 2 and 3 we believe that their coverage will be similar to the
empirical Bayes sets considered in the present chapter.

Rather than balls one may, in both approaches, consider sets of different
shapes, for instance bands if the parameter can be identified with a function.
It has already been noted in the literature that rates of contraction of func-
tionals, such as a function at a point, are suboptimal unless the prior is made
dependent on the functional. Preliminary work suggests that adaptation
complicates this situation further, except perhaps when the parameters are
self-similar.

The question whether a restriction to polished tail or self-similar sequences
is reasonable from a practical point of view is open to discussion. From the
theory and the examples in this chapter it is clear that a naive or automated
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(e.g. adaptive) approach will go wrong in certain situations. This appears to
be a fundamental weakness of statistical uncertainty quantification: honest
uncertainty quantification is always conditional on a set of assumptions. To
assume that the true sequence is of polished tail type is reasonable, but it is
not obvious how one would communicate this assumption to a data-analyst.
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Chapter 5

Risk-based empirical Bayes
method

5.1 Introduction

In Bayesian nonparametrics it is common to visualize the uncertainty of the
posterior distribution with the help of credible sets. These sets are often
used in practical applications to quantify the uncertainty of a given estimate.
However, the frequentist interpretation of these sets at the moment is rather
unclear. In the present chapter we investigate the asymptotic frequentist
behaviour of Bayesian credible sets in the context of the signal-in-white-noise
model; see Section 1.5.1. We consider the sequence formulation

Xi = θ0,i +
1√
n
Zi, for all i = 1, 2, ... (5.1)

where X(n) = (X1, X2, ...) is the observed infinite sequence, Zi are indepen-
dent standard normal distributed random variables and θ0 = (θ0,1, θ0,2, ..) is
the unknown infinite dimensional parameter of interest.

We assume that the true signal θ0 belongs to a collection of nested
sub-models ∪β∈[D1,D2]Θ

β, for fixed D1 and D2, and Θβ2 ⊂ Θβ1 for β1 < β2.

Considering any norm ‖ · ‖ a confidence set Ĉn corresponding this norm is
called honest over ∪β∈[D1,D2]Θ

β if, for a level α > 0,

lim inf
n→∞

inf
θ0∈ΘD1

Pθ0(θ0 ∈ Ĉn) ≥ 1− α
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and rate adaptive if for all β ∈ [D1, D2]

lim inf
n→∞

inf
θ0∈Θβ

Pθ0(‖Ĉn‖ ≤ Cβrn,β) ≥ 1− α, (5.2)

where rn,β denotes the minimax rate corresponding the norm ‖ · ‖ and class
Θβ, and the constant Cβ depends only on the parameter β.

It was shown in Juditsky and Lambert-Lacroix [2003] and Robins and
van der Vaart [2006] that the size of honest confidence sets over ∪β∈[D1,D2]Θ

β

is bounded below by the maximum of the minimax rate of estimation of
θ ∈ Θβ and the minimax testing rate εn,D1 of θ ∈ Θβ against the alternative
hypothesis θ ∈ ΘD1 , ‖θ − Θβ‖ ≥ εn,D1 . Usually the testing rate εn,D1

depends only on the largest sub-model ΘD1 and it is typically not bigger
than the rate of estimation rn,D1 (over the sub-model ΘD1). Therefore for
the existence of honest and adaptive confidence sets over a collection of
sub-models ∪β∈[D1,D2]Θ

β we require that the minimax estimation rate over

the smallest sub-model ΘD2 is not smaller than the minimax testing rate of
θ0 ∈ ΘD2 against the largest sub-model ΘD1 , i.e. εn,D1 ≤ rn,D2 .

As a first example, consider the supremum-norm and the corresponding
Sobolev ball

Θβ
∞(M) = {θ ∈ `2: sup |θiiβ| ≤M}.

The minimax testing rate for θ0 ∈ Θβ
∞(M), β > D1, against the largest

submodel ΘD1
∞ (M) is of order (n/ log n)−D1/(1+2D1), see (3.128) of Ing-

ster and Suslina [2003]. Furthermore the minimax rate for estimating

θ0 ∈ Θβ
∞(M) is constant times (n/ log n)−β/(1+2β), see (2.87) of Ingster and

Suslina [2003]. Following from the lower bound introduced by Juditsky and
Lambert-Lacroix [2003] and Robins and van der Vaart [2006] the size of a

honest confidence sets over Θβ
∞(M), with β > D1, is bounded from below by

(n/ log n)−D1/(1+2D1) � (n/ log n)−β/(1+2β). Therefore honesty and adaptiv-
ity can not hold at the same time for any choice of the parameters D1 < D2.
Similar results were concluded for the L∞-loss in various other settings, see
for instance Cai and Low [2004], Genovese and Wasserman [2008] and Low
[1997]. To achieve honesty and adaptivity at the same time for L∞-loss some
additional constraints have to be introduced, see for instance Hengartner
and Stark [1995], Picard and Tribouley [2000], Giné and Nickl [2010], Bull
[2012].
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However, the situation is rather different if we consider the `2-norm

‖θ‖ = (
∞∑
i=1

θ2
i )

1/2

and Sobolev balls

Sβ(M) = {θ ∈ `2:
∑
i

θ2
i i

2β ≤M}.

In this case the minimax testing rate for θ0 ∈ Sβ(M), β > D1, against the
alternative hypothesis SD1(M) is of order n−D1/(1/2+2D1); see Theorem 2.1
or 3.1 of Ingster [1984] or (3.128) of Ingster and Suslina [2003]. Furthermore
following from Pinsker [1980] the minimax rate for estimating θ0 ∈ Sβ(M)
is a constant multiplier of n−β/(1+2β). These bounds suggest that the
size of the honest confidence sets for β ∈ [D1, D2] can be of the order
n−β/(1+2β) ∨ n−D1/(1/2+2D1). For β ≤ 2D1 this means the minimax bound
n−β/(1+2β) while for β > 2D1 a sub-optimal rate n−D1/(1/2+2D1). In our
work we focus on the special case D2 = 2D1 where the size of the honest
confidence sets are bounded from below by the minimax rate n−β/(1+2β),
hence adaptation is possible. The existence of honest and adaptive confidence
sets over ∪β∈[D,2D]S

β(M) were shown in Robins and van der Vaart [2006].
In the present chapter we investigate whether Bayesian methods can

reproduce the frequentist results and provide adaptive and honest confidence
sets for the L2-loss over the collection of Sobolev balls ∪β∈[D,2D]S

β(M).
First we consider the empirical Bayes method based on marginal likelihood
estimation of the regularity and show that although the size of the credible
sets achieve the optimal rate, the honesty requirement will not be fullfilled.
We construct certain oddly behaving signals θ0 for which the marginal
likelihood empirical Bayes method provides credible sets with coverage
tending to zero, i.e. honesty in (5.2) fails. A technical explanation of the
preceding phenomenon relies on the bias-variance trade-off. In the marginal
likelihood empirical Bayes method, for certain irregular signals θ0 the bias
can dominate the posterior spread and the variance of the posterior mean,
which leads to a coverage probability close to zero.

Next, we consider the hierarchical Bayes method with a uniform hyper-
prior over [D, 2D]. We show that the full Bayes method performs similarly
to the marginal likelihood empirical Bayes method, in the sense that the
hierarchical Bayes credible sets are not honest over ∪β∈[D,2D]S

β(M). This
result is perhaps not surprising in the light of Chapters 2 and 3 where we
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5. Risk-based empirical Bayes method

have investigated the close relationship of these two techniques. The choice
of the hyper-prior is not crucial, other “typical” hyper-priors will perform
similarly as well.

The negative results stated above show that the standard Bayesian
techniques fail to achieve the frequentist limits. However, by modifying the
empirical Bayes procedure one can construct optimally behaving credible
sets. We introduce a new empirical Bayes method based on risk estimation,
which provides honest credible sets and achieves adaptivity as well. As the
first step of the technique we give an estimator for the squared bias and
compute the posterior variance. Then we balance out these two quantities
to get high coverage and at the same time optimal size for the credible sets.
The method is based on the results of Robins and van der Vaart [2006].

The main message of this chapter is that the choice of the statistical
method has to be in accordance with the goal one wants to achieve. For
instance if one evaluates the performance of the posterior mean with the
mean integrated squared error then it could happen that the likelihood based
procedures attain sub-optimal behaviour. A possible explanation of this
phenomenon relies on that the mean integrated squared error is connected to
the L2-loss function, while the likelihood based methods, like the marginal
likelihood empirical Bayes method and the hierarchical Bayes method, are
related to the Kullback-Leibler divergence.

As mentioned above it is not possible to be honest and rate adaptive at
the same time considering the L2-loss function over the whole range of sub-
models ∪β>DSβ(M). However, by removing an asymptotically negligible
set of signals from the collection of nested sub-models ∪β>DSβ(M) the
construction of honest and adaptive confidence sets is possible, see Bull and
Nickl [2013]. Extending our new, risk based empirical Bayes method into
the direction of Bull and Nickl [2013] we expect to achieve similar statement.
However, this matter is beyond the scope of the present chapter, further
research is necessary for a definite answer. A slightly different direction to
achieve honesty is to introduce additional constraints on the signals, similarly
to the L∞-loss case; see Chapter 4.

The remainder of the chapter is organized as follows. In Section 5.2 we
describe in details the marginal likelihood empirical Bayes and full Bayes
procedures and state that the credible sets based on the preceding techniques
have frequentist coverage tending to zero for certain true signals. Then we
introduce a new empirical Bayes technique, which provides adaptive and
honest confidence sets. In Section 5.3 we demonstrate both the negative and
the positive findings by simulating the credible sets for an irregular, oddly
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behaving function. The proofs of the theorems of Section 5.2 are given in
Sections 5.4, 5.5 and 5.6. The proofs of additional auxiliary lemmas are
deferred to Section 5.7.

5.2 Main result

5.2.1 Model

To make inference about the unknown sequence θ0 in the signal-in-white-noise
model (5.1) we endow it with a prior distribution

Πα(·) =
∞⊗
i=1

N(0, i−1−2α), (5.3)

where the parameter α > 0 denotes the regularity level. The corresponding
posterior distribution θ|X ∼ Πα(·|X(n)) can be easily computed

Πα(·|X(n)) =
∞⊗
i=1

N
( n

i1+2α + n
Xi,

1

i1+2α + n

)
. (5.4)

The optimal choice of the hyper-parameter α = β leads to posterior con-
traction rate n−β/(1+2β), while for other choices we get sub-optimal contrac-
tion rate; see Section 1.9.4 for references. Since the regularity parameter
β ∈ [D, 2D] of the truth θ0 is usually not available one has to use a data
driven method to choose α.

5.2.2 Marginal likelihood empirical Bayes method

The first adaptive Bayes method we deal with is the marginal likelihood
empirical Bayes method. In the Bayesian setting, described by the conditional
distributions θ|α ∼ Πα and X(n)| (θ, α) ∼ ⊗iN(θi, 1/n), it holds that

X(n)|α ∼
∞⊗
i=1

N(0, i−1−2α + 1/n).

The corresponding log-likelihood `n(α) (relative to an infinite product of
N(0, 1/n)-distributions) is given in (3.5) (with κi = 1 for all i).

We consider the maximum likelihood estimator, i.e. the estimator α̂n
which maximizes the preceding marginal log-likelihood function in the interval
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5. Risk-based empirical Bayes method

[D, 2D], formally

α̂n = arg max
α∈[D,2D]

`n(α).

Then the empirical Bayes posterior is defined as the random measure
Πα̂n(·|X(n)) obtained by substituting α̂n for α in the posterior distribu-
tion given in (5.4), i.e.

Πα̂n(A|X(n)) = Πα(A|X(n))
∣∣∣
α=α̂n

(5.5)

for measurable subsets A ⊂ `2.
The construction of the credible set works identically as in Section 4.3.

For fixed α > 0 the posterior distribution (5.4) is Gaussian with variance
independent of the data, hence for given γ ∈ (0, 1) there exists a deterministic
radius rn,γ(α) such that the ball around the posterior mean θ̂n,α contains
1− γ fraction of the posterior mass:

Πα(θ: ‖θ − θ̂n,α‖ ≤ rn,γ(α)|X(n)) = 1− γ. (5.6)

In the empirical Bayes method we replace the fixed parameter α with the
estimator α̂n. We investigate the resulting credible ball (possibly) blown up
by a constant multiplier L > 0

ĈEn (L) = {θ: ‖θ − θ̂n,α‖ ≤ Lrn,γ(α̂n)}. (5.7)

In Chapter 4 we have shown that the radius of the empirical Bayes credible
sets (5.7) is rate adaptive over a collection of Sobolev balls ∪β∈[0,2D]S

β(M).
Here we are interested wether the credible sets are also honest at the same
time over ∪β∈[D,2D]S

β(M). Unfortunately the answer is negative to this
question. By slightly adapting Theorem 4.3.1 we can show that for an
arbitrary parameter β ∈ [D, 2D) there exists a sequence θ0 ∈ Sβ(M) such
that the coverage of the marginal likelihood empirical Bayes credible sets
tends to zero along a subsequence.

Theorem 5.2.1. Take any fixed parameter D > 0 and arbitrary β ∈ [D, 2D).
Then take a sequence of positive integers nj such that n1 ≥ 2 and nj ≥ n4

j−1,
let K > 0 and define the sequence θ0 = (θ0,1, θ0,2, ...) by

θ2
0,i =

{
Kn−1

j , if n
1/(1+2β)
j ≤ i < 2n

1/(1+2β)
j for any j = 1, 2, ...

0, else.
(5.8)
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The constant K can be chosen such that for every L > 0 the coverage of the
credible set ĈEnj (L) defined in (5.7) tends to zero along the subsequence nj,

i.e. Pθ0(θ0 ∈ ĈEnj (L))→ 0 as j tends to infinity.

Proof. See Section 5.4.

The main difference between Theorem 5.2.1 and Theorem 4.3.1 is that
in the present setup we have the prior information that the true smoothness
lies in the interval β ∈ [D, 2D). However, the maximizer of the marginal
likelihood function can easily fall outside this interval, for instance in the
case of very smooth functions. Therefore, in Theorem 5.2.1 we are not
concerned with the asymptotic performance of the global maximizer of the
likelihood function like in Theorem 4.3.1, but rather the local maximizer in
the interval [D, 2D). This calls for a separate proof.

5.2.3 Hierarchical Bayes

In the hierarchical, full Bayes method the hyper-parameter α in (5.3) is
endowed with a prior distribution. Since the true regularity parameter β lies
in the set [D, 2D] we use a uniform hyper-prior distribution over [D, 2D],
but other hyper-priors on [D, 2D] with density functions bounded away from
zero provide similar results. Then the hierarchical prior distribution takes
the form

Π(dθ) =

∫ 2D

D
(1/D)Πα(dθ)dα.

We consider a ball around the hierarchical posterior mean θ̂n with radius
r̂n,γ such that it accumulates a fraction 1 − γ of the posterior mass. In
the construction of the hierarchical Bayes credible sets we introduce some
additional flexibility by (possibly) blowing up the ball with a constant factor
L

ĈHn (L) = {θ: ‖θ − θ̂n‖ ≤ Lr̂n,γ}. (5.9)

Similarly to the marginal likelihood empirical Bayes method the hierar-
chical Bayes method also chooses for certain oddly behaving sequences θ0 a
sub-optimal hyper-parameter by concentrating the hyper-posterior distribu-
tion around it. Therefore, the hierarchical Bayes credible sets (5.9) will not
be honest either.
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Theorem 5.2.2. For any positive parameter D > 0 and arbitrary β ∈
[D, 2D) there exists a positive constant K such that for every L > 0 the
hierarchical Byes credible sets defined in (5.9), have frequentist coverage
tending to zero along the subsequence nj for the sequence θ0 defined in (5.8).

Proof. See Section 5.5.

In our setup the main difference between the marginal likelihood empirical
Bayes technique and the hierarchical Bayes method is that the former is
conditionally Gaussian given the observations while the latter has much
more complicated distribution. In the proof of Theorem 5.2.2 we use the
results on the asymptotic behaviour of the maximum likelihood estimator
α̂n, but the different natures of the posterior distributions require separate
analysis.

5.2.4 Risk based empirical Bayes method

The main problem with the marginal likelihood empirical Bayes method is
that the estimator maximizes the likelihood function instead of minimizing
the estimated mean squared error of the posterior mean. This could cause
a wrong bias-variance trade-off and therefore bad coverage result. In the
present section we aim to correct this problem and give another estimator
for the hyper-parameter which provides adaptive and honest empirical Bayes
credible sets over ∪β∈[D,2D]S

β(M). The idea of our estimator relies on the
technique introduced by Robins and van der Vaart [2006].

First we give an estimator for the squared norm of the bias B2
n(α; θ0) =

‖θ0 − Eθ0 θ̂n,α‖2 =
∑∞

i=1 i
2+4αθ2

0,i/(i
1+2α + n)2 with fixed hyper-parameter

α:

B̂2
n,kn(α) =

kn∑
i=1

i2+4α

(i1+2α + n)2
(X2

i −
1

n
),

where the sequence kn will be specified later. One can observe that the
expected value of the preceding estimator is

B2
n,kn(α; θ0): = Eθ0B̂

2
n,kn(α) =

kn∑
i=1

i2+4αθ2
0,i/(i

1+2α + n)2. (5.10)

Hence for θ0 ∈ Sβ(M) the bias of the estimator B̂2
n,kn

(α) is bounded above
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by

∞∑
i=kn+1

i2+4αθ2
0,i/(i

1+2α + n)2 ≤ (kn + 1)−2β
∞∑

i=kn+1

i2βθ2
0,i ≤Mk−2β

n .

(5.11)

For the choice kn = n1/(1/2+2D) the right hand side of the previous display
is further bounded from above by Mn−4D/(1+4D) for any β ∈ [D, 2D].

With the help of the preceding estimator B̂n,kn(α) we define

α̃n = inf{α ≥ D: B̂n,kn(α) ≥ C1n
−α/(1+2α)} ∧ ((2D − C0/ log n) ∨D),

(5.12)

with

C1 > 0 and C0 = (1 + 4D)2 log(48C−2
1 γ−1)/2 ∨ 0. (5.13)

The parameter C1 controls the degree of under smoothing; a smaller choice for
the parameter C1 results in a smaller estimator for the regularity parameter
α̃n. The parameter C0 controls the behaviour of the estimator close to the
upper bound 2D. It is a monotonically decreasing function of C1.

We use this estimator in the empirical Bayes procedure and define the
risk based empirical Bayes posterior by substituting α̃n defined in (5.12) for
α in the posterior (5.4). The risk based empirical Bayes credible sets are
constructed as

ĈRn (L): = {θ: ‖θ − θ̂n,α̃n‖ < Lrn,γ(α̃n)}, (5.14)

where L is a scaling parameter and α̃n is the new estimator of the hyper-
parameter. We show that the credible sets defined in (5.14) are honest and
rate adaptive over the collection of Sobolev balls ∪β∈[D,2D]S

β(M).

Theorem 5.2.3. For arbitrary positive parameters D,M,C1 and γ the cred-
ible sets defined in (5.14) with the constant factor L ≥

√
2(1 + 31+4D)(

√
5 +√

(2C2
1 ∨M)) are honest

lim inf
n→∞

inf
θ0∈SD(M)

Pθ0
(
θ0 ∈ ĈRn (L)

)
≥ 1− γ. (5.15)
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Furthermore the radius of the credible set is rate adaptive: for all β ∈ [D, 2D]

lim inf
n→∞

inf
θ0∈Sβ(M)

Pθ0
(
rn,γ(α̂n) ≤ Kn−β/(1+2β)

)
≥ 1− γ (5.16)

with

K =
√

4 + 1/D exp
(√(1 + 2β) log(2M) ∨ C0

(1/2 + 2D)2

)
.

Proof. See Section 5.6.

The scaling parameter L, similarly to C1 (given in (5.12)), also controls
the degree of under smoothing. It can be seen that a smaller choice of the
parameter C1 results in a smaller value for the scaling factor L. At the same
time the radius of the credible ball (5.16) is monotonically increasing as C1

goes to zero.

5.3 Simulation study

To illustrate our findings we consider the functional formulation of the
signal-in-white-noise model

X
(n)
t =

∫ t

0
θ0(s)ds+ (1/

√
n)Wt, t ∈ [0, 1],

where X
(n)
t is the noise observation, θ0 the unknown function of interest and

Wt denotes the Wiener process; see Section 1.5.1. Then we simulate data
from this model for θ0 given by its Fourier coefficients

θ0,i =


sin(i)10−1.7, if i = 10..20,

3 sin(i)100−1.7, if i = 100..150,

i−1.2, if i = 44j ...2× 44j for any j = 2, ...,

0, else.

with respect to the eigen basis φi(t) =
√

2 cos((i− 1/2)πt). We note that the
function θ0 is contained in the Sobolev ball Sβ

′
(M) with any β′ < β: = 1.2

and sufficiently large M . Furthermore we assume the prior knowledge that
β ∈ [1, 2].

In Figure 5.1 we visualize the 95% marginal likelihood empirical Bayes
credible sets defined in (5.7) for n = 102, 104, 105, 106, 5× 106 and 5× 107,
respectively. The true function is drawn in black, the posterior mean in
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Figure 5.1: Marginal likelihood empirical Bayes credible sets for unregular
function. The true function is drawn in black, the posterior mean in red and
the credible set in grey. We have n = 102, 104, 105, 106, 5× 106 and 5× 107.

red and the grey area is the collection of the 95% closest out of 800 draws
to the posterior mean from the posterior distribution, which gives a good
indication of the 95%-credible set. In the simulation study we do not blow
up the credible sets by a constant factor, i.e. we worked with L = 1 in all
three cases. The figure indicates that the credible set fails to cover the true
function along a subsequence.

To demonstrate that the hierarchical Bayes method has bad coverage
performance along a subsequence we plot the credible set given in (5.9) in
Figure 5.2. Since the posterior distribution can not be computed explicitly
we used an MCMC method generating draws from the hierarchical posterior
distribution. As a first step we truncate the infinite dimensional vector θ0

to its first N = n1/(1/2+2D) coefficients θN0 . This way the approximation
‖θ − θN‖ is of smaller order than the contraction rate. Then we apply a
Metropolis within Gibbs sampling algorithm for sampling draws (α, θN )
from the posterior distribution. We alternate between draws θN |(α,X(n))
which can be done explicitly and α|(θN , X(n)). For the latter we use stan-
dard Metropolis-Hastings algorithm with uniform proposal distribution over
[D, 2D] for α. We choose a 3200 iteration long burn in period and then
sample 800 draws. Then we keep the 95% closest to the posterior mean
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5. Risk-based empirical Bayes method

Figure 5.2: Hierarchical Bayes credible sets. The true function is drawn in
black, the posterior mean in blue and the credible sets in grey. We have
n = 102, 104, 105, 106, 5× 106 and 5× 107.

(blue) to illustrate the credible set (grey). The implementation is straight-
forward hence we omit further description of the algorithm. One can see
that similarly to the marginal likelihood empirical Bayes method the true
function (in black) will not be included in the credible sets for n = 104, 106

and 5× 106.
Finally in an attempt to illustrate the better coverage property of the risk

based empirical Bayes credible sets we use the same simulated data as in the
preceding two cases and plot in Figure 5.3 the corresponding 95%-credible
set. In the particular example we choose the parameter C1 (given in (5.12))
to be C1 = 4, hence the constant C0 defined in (5.13) is 120. In the example
we take C0 to be zero, because this way we avoid very conservative credible
sets, i.e. credible sets from overly under smoothed posterior distributions
(α̃n = D). It can be clearly seen that the grey areas cover the true function
θ0 plotted in black even in the critical cases n = 104, 106 and 5× 106 where
the other two Bayesian procedures have failed.
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Figure 5.3: Risk based empirical Bayes credible sets. The true function is
drawn in black, the posterior mean in green and the credible sets in grey.
We have n = 102, 104, 105, 106, 5× 106 and 5× 107.

5.4 Proof of Theorem 5.2.1

Following from Chapter 3 we define the function

hn(α; θ0) =
1 + 2α

n1/(1+2α) log n

∞∑
i=1

n2i1+2α log(i)θ2
0,i

(i1+2α + n)2
, (5.17)

and introduce the variable

αn = inf{α > 0:hn(α; θ0) > l} ∧
√

log n.

From Section 3.5.3 follows that with probability tending to one the likelihood
function is monotonically increasing for α ≤ αn + 1/ log n, hence the maxi-
mum in [D, 2D] is taken for some α ≥ αn ∧ 2D. Furthermore in Section 4.9
it was shown that αnj ≥ 1/2 + β.

Lets introduce the notation θ̂nj ,α, Bn(α; θ0) = ‖Eθ0 θ̂n,α − θ0‖ and

Wn(α) = θ̂n,α − Eθ0 θ̂n,α for the posterior mean, the `2-norm of the bias
and the centered posterior mean corresponding to the posterior distribution
(5.4), respectively. We note that the centered posterior mean Wn(α) is free
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of θ0. From (4.42) follows that Pθ0(θ0 ∈ ĈEn (L)) is bounded above by

Pθ0
(

inf
α≥αn∧2D

Bn,kn(α; θ0) ≤ L sup
α≥αn∧2D

rn,γ(α) + sup
α≥αn∧2D

‖Wn(α)‖
)

+ o(1).

(5.18)

In Section 4.9 it was shown that in the direct case (p = 0) the bias term

is bounded below by constant times n
−β/(1+2β)
j for α ≥ (αnj ∧2D) ≥ β. The

proof of (4.26) also shows that

inf
θ0∈`2

Pθ0( sup
α≥α1

‖θ̂n,α − Eθ0 θ̂n,α‖2 ≤ 6n−2α1/(1+2α1))→ 1. (5.19)

Furthermore, following from the proofs of (4.24) and (4.29), we have for any
compact interval [α1, α2] and for n ≥ (10(1 + 31+2α2)/(1− γ))1+2α2 that

cn−α2/(1+2α2) ≤ inf
α∈[α1,α2]

rn,γ(α) ≤ sup
α∈[α1,α2]

rn,γ(α) ≤ Cn−α1/(1+2α1),

(5.20)

with

c = (1 + 31+2α2)−1/2/
√

2, and C =
√

3 + 2/α1.

Then by substituting α1 = αnj ∧ 2D into (5.19) and (5.20) we have that
the radius and the centered posterior mean are both bounded above by a

multiple of n
−(αnj

∧2D)/(1+2(αnj
∧2D))

j . The latest term has a faster decaying

rate than n
−β/(1+2β)
j following from αnj ≥ 1/2 + β and β < 2D, which

concludes the proof.

5.5 Proof of Theorem 5.2.2

In the proof we adapt the notations of Section 5.4. Furthermore we define
the variable αn and the interval In as

αn = inf{α > 1/ log n:hn(α; θ0) > (log n)4} ∧ log n,

In = [αn ∧ (2D − 1/ log n), αn ∧ 2D].
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From triangle inequality we have

Pθ0
(
‖θ̂nj − θ0‖ ≤ Lr̂nj ,γ

)
≤

Pθ0

(
Bnj (αnj ∧ 2D, θ0) ≤ ‖θ̂nj − θ̂nj ,αnj∧2D‖+ ‖Wnj (αnj ∧ 2D)‖+ Lr̂nj ,γ

)
,

To prove that the right hand side of the preceding display tends to zero
it is sufficient to show that there exist positive constants C1, C2, C3, C4 such
that

B2
nj (αnj ∧ 2D; θ0) ≥ C1n

−2β/(1+2β)
j , (5.21)

Pθ0
(
‖W (αnj ∧ 2D)‖2 ≤ C2ε

2
nj

)
→ 1, (5.22)

Pθ0
(

sup
α∈Inj

‖θ̂nj − θ̂nj ,α‖2 ≤ C3ε
2
nj

)
→ 1, (5.23)

Pθ0
(
r̂2
nj ,γ ≤ C4ε

2
nj

)
→ 1, (5.24)

where ε2
nj = n

−(1+2β)/(2+2β)
j ∨ n

−4D/(1+4D)
j tends to zero faster than

n
−2β/(1+2β)
j . We note that (5.23) can be replaced by a weaker assertion

but for the proof of (5.24) we need it in the present form. The proofs of
assertions (5.21) and (5.22) follow from the proof of Theorem 5.2.1 and
(5.19) with α1 = αnj ∧ 2D, respectively. For the proofs of assertions (5.23)
and (5.24) we refer to Sections 5.5.1 and 5.5.2, respectively.

5.5.1 Proof of assertion (5.23)

By Jensen’s inequality, Fubini’s theorem and triangle inequality one can
obtain that

sup
α1∈Inj

‖θ̂nj − θ̂nj ,α1‖ = sup
α1∈Inj

‖
∫ 2D

D
λ(α|X(n))

(
θ̂nj ,α − θ̂nj ,α1

)
dα‖

≤ sup
α1∈Inj

∞∑
i=1

∫ 2D

D
λ(α|X(n))

(
θ̂nj ,α,i − θ̂nj ,α1,i

)2
dα

≤ sup
α1,α2∈Inj

‖θ̂nj ,α1 − θ̂nj ,α2‖2
∫
α∈Inj

λ(α|X(n))dα

+ sup
α1,α2∈[D,2D]

‖θ̂nj ,α1 − θ̂nj ,α2‖2
∫
α/∈Inj

λ(α|X(n))dα.

(5.25)
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Next we show that both terms on the right hand side of (5.25) are bounded
above by constant times ε2

nj with Pθ0-probability tending to one.
Starting with the first term, we bound the integral part above by one.

Furthermore we have

sup
α1,α2∈Inj

‖θ̂nj ,α1 − θ̂nj ,α2‖2 ≤ sup
α1,α2∈Inj

‖Eθ0 θ̂nj ,α1 − Eθ0 θ̂nj ,α2‖2

+ 2 sup
α∈Inj

‖θ̂nj ,α − Eθ0 θ̂nj ,α‖2.
(5.26)

From (5.19), Lemma 6.0.9 and the inequality αnj ≥ 1/2 + β the second

term on the right hand side of (5.26) is bounded above by a multiple of ε2
nj

with Pθ0-probability tending to one. The first term on the right hand side
of (5.26) can be written as supα1,α2∈Inj

∑∞
i=1(fi(α1)− fi(α2))2 for fi(α) =

njθ0,i/(nj + i1+2α). The derivative of fi(α) is −2 log(i)i1+2αnjθ0,i/(nj +
i1+2α)2. Writing the difference as the integral of f ′i(α), applying Cauchy-
Schwartz-Bunyakovszkij inequality to its squares and then interchanging the
sum and the integral we get that the first term on the right hand side of
(5.26) is bounded above by a multiple of

sup
α∈Inj

∞∑
i=1

n2
jθ

2
0,i(log i)2i2+4α

(nj + i1+2α)4
. (5.27)

Using the definition of θ0 given in (5.8) and the lower bounds i1+2α and nj
for the term nj + i1+2α in the denominator, the expression in the preceding
display is bounded from above by constant times∑

1≤i≤2n
1/(1+2β)
j−1

n−2
j (log i)2i1+8D−2β

+
∑

i>n
1/(1+2β)
j

n2
j (log i)2i

−(3+4(αnj
∧(2D−1/ lognj))+2β)

.

The first term is bounded above by a multiple of

(log nj−1)2n
(2+8D−2β)/(1+2β)
j−1 /n2

j , which tends to zero faster than n−1
j

following from the assumptions β ∈ [D, 2D) and nj ≥ n4
j−1. By Lemma

6.0.6 the second term of (5.28) is bounded above by

n2
j (log nj)

2n
−(2+4(αnj

∧(2D−1/ lognj))+2β)/(1+2β)

j
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which is further bounded by a multiple of n
−4D/(1+4D)
j ≤ ε2

nj following from
αnj ≥ 1/2 + β and β ∈ [D, 2D).

It remained to deal with the second term on the right hand side of (5.25).
Following the same line of reasoning as before the supremum term can be
bounded above by a multiple of (log nj)

2. In Section 5.5.3 we prove that

Eθ0

∫
α/∈Inj

λ(α|X(n))dx . exp(−c1n
1/(1+4D)
j ) log nj , (5.28)

for some small enough constant c1. Therefore by applying Markov’s inequality
one can obtain that the second term on the right hand side of (5.25) has
smaller rate than any polynomial with Pθ0-probability tending to one, which
concludes the proof.

5.5.2 Proof of assertion (5.24)

First we give a lower bound for the hierarchical posterior probability of the
credible ball centered around the hierarchical posterior mean with radius
r̂nj ,γ .

Π(θ: ‖θ − θ̂nj‖ < r̂nj ,γ |X(n))

≥
∫
α∈Inj

λ(α|X(n))Πα(θ: ‖θ − θ̂nj‖ < r̂nj ,γ |X(n))dα.

Then by applying triangle inequality one can observe that the right hand
side of the preceding display is bounded below by∫
α∈Inj

λ(α|X(n))Πα(θ: ‖θ − θ̂nj ,α‖+ ‖θ̂nj − θ̂nj ,α‖ < r̂nj ,γ |X(n))dα

≥ inf
α∈Inj

Πα(θ: ‖θ − θ̂nj ,α‖+ ‖θ̂nj − θ̂nj ,α‖ < r̂nj ,γ |X(n))

∫
α∈Inj

λ(α|X(n))dα.

(5.29)

From assertion (5.28) and by applying Markov’s inequality follows that the
integral is bigger than (1− γ)/(1− γ/2) with Pθ0-probability tending to one.
Therefore to prove (5.24) it is sufficient to show that there exists some large
enough constant C such that with Pθ0-probability tending to one

inf
α∈Inj

Πα(θ: ‖θ − θ̂nj ,α‖+ ‖θ̂nj − θ̂nj ,α‖ < Cεnj |X(n)) ≥ 1− γ/2. (5.30)
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By applying (5.20) and Lemma 6.0.9 one can observe that for a fixed
hyper-parameter α ≥ αnj ∧(2D−1/ log nj) the radius of the 1−γ/2-credible
ball is bounded above by

n
−2α/(1+2α)
j ≤ n

−
2(αnj

∧(2D−1/ lognj))

1+2(αnj
∧(2D−1/ lognj))

j . ε2
nj .

Together with (5.23) this concludes the proof.

5.5.3 Proof of assertion (5.28)

First we deal with the hyper-posterior probability of α ≤ αnj∧(2D−1/ log nj).
For convenience we introduce the notation νnj : = αnj ∧ (2D− 1/ log nj). By
replacing αn with νnj and taking p = 0 in the second paragraph of the proof
of Theorem 3.2.5 we get that

Eθ0

∫ νnj

D
λ(α|X)dα ≤ exp

(
− Knj

1/(1+2νnj )

1 + 2νnj

)
/
(∫ νnj+1/ lognj

νnj+1/(2 lognj)
λ(α)dα

)
.

(5.31)

Since by definition [νnj + 1/(2 log nj), νnj + 1/(log nj)] ⊂ [D, 2D] the denom-
inator on the right hand side of (5.31) is equal to 1/(2D log nj). There-
fore the right hand side of (5.31) is bounded above by a multiple of
exp(−K1nj

1/(1+4D)) log nj .
Next we show that the hyper-posterior probability of α ≥ αnj tends to

zero as well. It is sufficient to deal with the case αnj ≤ 2D. Similarly to the
previous case it follows from the proof of Theorem 3.2.5 that there exists a
constant N such that

Eθ0

∫ 2D

αnj

λ(α|X)dα

≤ exp
(
−N nj

1/(1+2αnj )(log nj)
2

1 + 2αnj

)
/
(∫ αnj−1/(2 lognj)

αnj−1/(lognj)
λ(α)dα

)
,

which tends to zero exponentially fast also, because the denominator is equal
to 1/(2D log nj).
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5.6 Proof of Theorem 5.2.3

As a first step we investigate the behaviour of the new estimator of the
hyper-parameter α̃n. We introduce the notation

αn = inf{α ≥ D: B2
n,kn(α; θ0) ≥ (C2

1/2)n−
2α

1+2α } ∧ ((2D − C0/ log n) ∨D),

(5.32)

αn = inf{α ≥ D: B2
n,kn(α; θ0) ≥ 2C2

1n
− 2α

1+2α } ∧ ((2D − C0/ log n) ∨D),

(5.33)

where B2
n,kn

(α; θ0) is defined in (5.10). The next lemma says that with high
probability the estimator α̃n is going to be in the interval [αn, αn].

Lemma 5.6.1. For every positive γ and C1 and the constant C0 defined in
(5.13) we have

lim inf
n→∞

inf
θ0∈SD(M)

Pθ0(αn < α̃n < αn) ≥ 1− γ/2. (5.34)

Furthermore for all β ∈ [D, 2D]

inf
θ0∈Sβ(M)

αn > β − [(1/2 + β) log(2M) ∨ C0]/ log n (5.35)

Proof. See Section 5.7.

Now we are ready to deal with the honest coverage assertion (5.15). From
Lemma 5.6.1 we have

inf
θ0∈SD(M)

Pθ0(θ0 ∈ Ĉn(L))

≥ inf
θ0∈SD(M)

Pθ0
(

sup
αn≤α≤αn

‖θ̂n,α − θ0‖ ≤ L inf
αn≤α≤αn

rn,γ(α)
)
− γ/2 + o(1).

Lets denote by Bn(α; θ0) the norm of the bias ‖Eθ0 θ̂n,α − θ0‖ and by Wn(α)

the centered posterior mean θ̂n,α − Eθ0 θ̂n,α. From triangle inequality follows
that for (5.15) it suffices to prove

inf
θ0∈SD(M)

Pθ0
(

sup
αn≤α≤αn

‖Wn(α)‖

≤ inf
αn≤α≤αn

Lrn,γ(α)− sup
αn≤α≤αn

Bn(α; θ0)
)
→ 1.
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To establish the preceding convergence we show that

inf
α∈[αn,αn]

rn,γ(α) > (2
√

1 + 31+4D)−1n−αn/(1+2αn), (5.36)

sup
α∈[αn,αn]

Bn(α; θ0) ≤
√

1 + (2C2
1 ∨M)n−αn/(1+2αn), (5.37)

inf
θ∈SD(M)

Pθ0

(
sup

αn≤α≤αn
‖Wn(α)‖ ≤

√
6n−αn/(1+2αn)

)
→ 1. (5.38)

Assertion (5.38) follows from (5.19). For assertion (5.36) following from
(5.20) it suffices to prove that

n−2αn/(1+2αn) ≤ 4n−2αn/(1+2αn). (5.39)

If αn = 2D − C0/ log n or αn = D, then necessarily αn = 2D − C0/ log n or
αn = D holds, respectively and therefore n−αn/(1+2αn) = n−αn/(1+2αn). For
αn < 2D − C0/ log n and D < αn we have

(C2
1/2)n−2αn/(1+2αn) ≤ B2

n,kn(αn; θ0) ≤ B2
n,kn(αn; θ0) ≤ 2C2

1n
−2αn/(1+2αn).

The assertion then follows from αn ≤ αn and the monotonically decreasing
property of f(α) = n−1/(1+2α).

To prove assertion (5.37) we divide the sum in Bn(α; θ0) into two parts,
from one to kn = n1/(1/2+2D) and from kn + 1 to infinity. From (5.11)
we get that the second sum is bounded above by n−4D/(1+4D). To bound
the sum from one to kn we distinguish two cases. For αn > D we have
B2
n,kn

(αn, θ0) ≤ 2C2
1n
−2αn/(1+2αn) and for αn = D

B2
n,kn(D; θ0) =

kn∑
i=1

i2+4Dθ2
0,i

(i1+2D + n)2
≤

n1/(1+2D)∑
i=1

i2+2Di2Dθ2
0,i

n2
+

kn∑
i=n1/(1+2D)

i2Dθ2
0,i

i2D

≤ n−
2D

1+2D ‖θ0‖D ≤Mn−
2D

1+2D . (5.40)

Finally we prove assertion (5.16). Since α̃n ∈ [αn, αn] with probability
bigger than 1− γ/2, from (5.20) follows that with probability bigger than
1− γ/2 the radius of the empirical Bayes credible ball is bounded above by
(3 + 2/D)1/2n−αn/(1+2αn). Then by applying assertion (5.35) and Lemma
6.0.9 we can conclude the proof.
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5.7 Proof of Lemma 5.6.1

First we deal with assertion (5.34) and show separately that both αn ≥ α̃n
and αn ≤ α̃n hold with probability bigger than 1 − γ/4 uniformly over
SD(M).

We start with the upper bound αn ≥ α̃n. Following from the definition
of α̃n we have to deal only with the case αn < 2D − C0/ log n, where

B2
n,kn(αn; θ0) ≥ 2C2

1n
−2αn/(1+2αn) (5.41)

holds. Then it is sufficient to prove that for α ≤ αn and n ≥ (M ∨
4C2

1 )(1+2D)(1+4D)

varθ0
(
B̂2
n,kn(α, θ0)

)
≤ 5n−8D/(1+4D), (5.42)

because then by (5.41) and (5.42)

B̂2
n,kn(αn)− C2

1n
− 2αn

1+2αn ≥ C2
1n
− 2αn

1+2αn + B̂2
n,kn(αn)−B2

n,kn(αn; θ0)

> C2
1n
− 2αn

1+2αn −
√

20/γn−
4D

1+4D

holds with probability bigger than 1− γ/4 following from (5.10) and Cheby-
shev’s inequality. From Lemma 6.0.9 and αn ≤ 2D − C0/ log n one can
see that the right hand side of the preceding display is bounded below by
(C2

1e
2C0/(1+4D)2/4 −

√
20/γ)n−4D/(1+4D), which is positive following from

the definition of C0 and therefore αn ≥ α̃n.
To show assertion (5.42) we note that varθ0 X

2
i = 2θ2

0,i/n + 4/n2 and

B2
n,kn

(α; θ0) is monotonically increasing, hence

varθ0
(
B̂2
n,kn(α)

)
=

kn∑
i=1

i4+8α

(i1+2α + n)4

(2θ2
0,i

n
+

4

n2

)
≤

2B2
n,kn

(αn; θ0)

n
+

4kn
n2

,

(5.43)

for all α ≤ αn. By the choice kn = n2/(1+4D) the second term on the right
hand side of (5.43) is bounded above by 4n−8D/(1+4D). The first term of
(5.43) for αn > D is bounded by a multiple of n1/(1+2αn)−2 and for αn = D
it is bounded by Mn−(1+4D)/(1+2D) following from (5.40). Since both of
the preceding rates are faster than n−8D/(1+4D) this concludes the proof of
assertion (5.42).

Next we deal with the lower bound α̃n ≥ αn, which holds trivially for
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αn = D. Assume that αn > D and denote the set of parameters satisfying
this inequality by Θn ⊂ SD(M). From triangle inequality we have

sup
α∈[D,αn]

B̂2
n,kn(α)− C2

1n
− 2α

1+2α

≤ sup
α∈[D,αn]

(
|B̂2

n,kn(α)−B2
n,kn(α; θ0)| − (C2

1/2)n−
2α

1+2α
)

+ sup
α∈[D,αn]

(
B2
n,kn(α; θ0)− (C2

1/2)n−
2α

1+2α
)
.

(5.44)

For θ0 ∈ Θn following from the definition of αn the second term on the right
hand side is non-positive. Next we show that

sup
α∈[D,αn]

(
|B̂2

n,kn(α)−B2
n,kn(α; θ0)| − (C2

1/2)n−
2α

1+2α
)

≤ (4/γ)n−4D/(1+4D) − (C2
1/2)n

− 2αn
1+2αn ,

(5.45)

with probability bigger 1 − γ/4. Then by Lemma 6.0.9 one can obtain
that the right hand side of (5.45) and hence the right hand side of (5.44) is
bounded above by [24/γ − (C2

1/2)e2C0/(1+4D)2 ]n−4D/(1+4D) < 0. Therefore
with probability bigger than 1− γ/4 the lower bound αn ≤ α̃n holds.

To prove (5.45) following from Markov’s inequality it suffices to show
that for large enough n (depending only on D,C1 and γ)

sup
θ0∈Θn

Eθ0 sup
α∈[D,αn]

|B̂2
n,kn(α)−B2

n,kn(α; θ0)| ≤ 6n−4D/(1+4D).

By Corollary 2.2.5 van der Vaart and Wellner [1996] applied with ψ(x) = x2

the preceding inequality holds if

n8D/(1+4D) sup
θ0∈Θn

sup
α∈[D,αn]

varθ0
(
B̂2
n,kn(α)

)
≤ 5 (5.46)

sup
θ0∈Θn

∫ diamn

0

√
N(ε, [D,αn], dn)dε→ 0, (5.47)

where dn is the semimetric defined by

d2
n(α1, α2) = n8D/(1+4D) varθ0

(
B̂2
n,kn(α1)− B̂2

n,kn(α2)
)
,

N(ε,A, d) is the covering number of the set A with ε-balls relative to the
semimetric d and diamn is the diameter of the interval [D,αn] relative to dn.
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The first assertion (5.46) follows immediately from (5.42). From triangle
inequality one can observe that the diameter diamn is bounded above by
2
√

5. Furthermore for any θ0 ∈ Θn and α ∈ [D,αn]

sup
θ0∈Θn

B2
n,kn(α; θ0) ≤ 2C2

1n
−2α/(1+2α) ≤ 2C2

1n
−2D/(1+2D).

Therefore from Lemma 5.7.1 follows that for αn ≥ α2 > α1 the semi-metric
satisfies dn(α1, α2) . log(n)n−1/[2(1+4D)(1+2D)]|α1 − α2|. Then the covering
number is bounded above by

N(ε, [D,αn], dn) . log(n)n−1/[2(1+4D)(1+2D)]/ε,

hence the integral

sup
θ0∈Θn

∫ 2
√

5

0

√
N(ε, [D,αn], dn)dε→ 0.

It remained to prove assertion (5.35). We have

sup
θ∈Sβ(M)

B2
n,kn(β − C1

log n
, θ0)

≤
∑

1≤i≤n
1

1+2β−2C1/ logn

i
2+2β− 4C1

logn i2βθ2
0,i

n2
+

∞∑
i>n

1
1+2β−2C1/ logn

i2βθ2
0,i

i2β

≤ ‖θ0‖2βn
− 2β

1+2β−2C1/ logn ≤Me−2C1/(1+2β)n
− 2β−2C1/ logn

1+2β−2C1/ logn .

For eC1 ≥ (2M)1/2+β the constant multiplier on the right hand side is
bounded above by 1/2. Since the function B2

n,kn
(α; θ0) is monotonically

increasing and fn(α) = n−2α/(1+2α) is strictly monotonically decreasing
one can conclude that for α < β − C1/ log n the inequality B2

n,kn
(α; θ0) <

2C2
1n
−2α/(1+2α) holds and hence αn ≥ β − [(2C2

1 + β) log(2M) ∨ C0]/ log n.

Lemma 5.7.1. For any D ≤ α1 < α2 ≤ 2D we

sup
θ0∈SD(M)

varθ0
(
B̂2
n,kn(α1)− B̂2

n,kn(α2)
)

. (α2 − α1)2(log n)2(B2
n,kn(α2; θ0)/n+ n−

1+4D
1+2D )
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Proof. The left hand side of the inequality in the lemma is equal to

kn∑
i=1

( i2+4α1

(i1+2α1 + n)2
− i2+4α2

(i1+2α2 + n)2

)2
varθ0 X

2
i . (5.48)

Furthermore the derivative of the function fi(α) = i2+4α(i1+2α+n)−2 satisfies

|fi(α)′| ≤ 4n log(i)i2+4α(i1+2α + n)−3.

Applying varθ0 X
2
i = 2θ2

0,i/n + 4/n2, the preceding upper bound for
|fi(α)′| and Cauchy-Schwartz-Bunyakovszkij inequality, similarly to (5.27)
we get that (5.48) is bounded above by a multiple of

(α2 − α1)2 log2(n) sup
α∈[α1,α2]

1

n

kn∑
i=1

n2i4+8αθ2
0,i

(i1+2α + n)6

+ (α2 − α1)2 log2(n) sup
α∈[α1,α2]

1

n2

kn∑
i=1

n2i4+8α

(i1+2α + n)6
.

One can obtain that the first term on the right hand side is bounded above
by constant times (α2 − α1)2 log2(n) supα∈[α1,α2]B

2
n,kn

(α; θ0)/n, while the

second term by a multiple of (α2−α1)2(log n)2n−2+1/(1+2α). The assertion of
the lemma follows from the monotonically increasing property of B2

n,kn
(α; θ0).
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Chapter 6

Appendix

Lemma 6.0.2. For r, s, t ≥ 0 with st > 1 consider f(x) = x−r(xs + 1)−t

and set fν =
∑∞

i=1 ν
−1f(k/ν). Then as ν →∞,

(i) if r < 1, then fν �
∫∞

0 f(x) dx.

(ii) if r = 1, then fν � log ν.

(iii) if r > 1, then fν � νr−1
∑∞

i=1 i
−r.

Proof. Assertion (iii) is an immediate consequence of the fact that∑∞
i=1 i

−r((k/ν)s + 1)−t →
∑∞

i=1 i
−r, by the dominated convergence the-

orem. For assertions (i) and (ii) we note that, since f is decreasing,∫ ∞
1/ν

f(x) dx ≤ fν ≤
1

ν
f(1/ν) +

∫ ∞
1/ν

f(x) dx.

The integral converges at ∞ by the assumption that st > 1. In case (i) it
also converges at 0, while ν−1f(1/ν) � νr−1 → 0 as ν →∞. In case (ii), we

have for every ε > 0, since
∫ b
a x
−1 dx = log(b/a),

log(εν)

(εs + 1)t
≤
∫ ε

1/ν
f(x) dx ≤ log(εν).

This shows that
∫∞

1/ν f(x) dx � log ν. Finally ν−1f(1/ν)→ 1 in this case.

Lemma 6.0.3. Let c > 0 and r ≥ 1 + c.
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(i) For n ≥ 1

∞∑
i=1

n log i

ir + n
≤
(

2 +
2

c
+

2

c2 log 2

)n1/r log n

r
.

(ii) If r > (log n)/(log 2), then for n ≥ 1

∞∑
i=1

n log i

ir + n
≤
(

1 +
2

c
+

2

c2 log 2

)
(log 2)n2−r.

Proof. First consider r ≤ (log n)/(log 2), which implies that n1/r ≥ 2. We
split the series in two parts, and bound the denominator ir + n by n or ir.
Since log i is increasing, we see that

bn1/rc∑
i=1

log i ≤ n1/r log n

r
.

Since f(x) = x−γ log x is decreasing for x ≥ e1/γ , we see that i−r log i is
decreasing on interval

[
dn1/re,∞

)
for n ≥ e. Therefore

∞∑
i=dn1/re

n log i

ir
≤ n logdn1/re

dn1/rer
+ n

∫ ∞
dn1/re

log x

xr
dx.

Since dxe/x ≤ 2 for x ≥ 1, and n1/r ≥ 2,

n
logdn1/re
dn1/rer

≤ 2 log n1/r ≤ n1/r log n

r
.

Moreover∫ ∞
dn1/re

log x

xr
dx ≤

∫ ∞
n1/r

log x

xr
dx = n−1+1/r (r − 1) log n1/r + 1

(r − 1)2
.

Since r ≥ 1 + c, we have

log n1/r

r − 1
≤ 1

c
· log n

r
,

1

(r − 1)2
≤ log n1/r

(r − 1)2 log 2
≤ 1

c2 log 2
· log n

r
.

This proves (i) for the case r ≤ (log n)/(log 2).
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We now consider r > (log n)/(log 2), which implies that n1/r < 2. We
have

∞∑
i=2

n log i

ir + n
≤ n

∞∑
i=2

log i

ir
≤ n2−r log 2 + n

∫ ∞
2

x−r log x dx,

by monotonicity of the function f defined above (with γ = r). We have∫ ∞
2

x−r log x dx = 21−r (r − 1) log 2 + 1

(r − 1)2
,

and since r ≥ 1 + c

log 2

r − 1
≤ log 2

c
,

1

(r − 1)2
≤ 1

c2
,

which finishes the proof of (ii).
To complete the proof of (i), we consider the function f(x) = 2−xx and

note that it is decreasing for x > 1/ log 2. Therefore n2−r = (n2−rr)/r ≤
(log n)/(r log 2), for n ≥ 3. Since 1 ≤ n1/r, we get the desired result.

Lemma 6.0.4. For any l,m, r, s ≥ 0 with c: = lr − s − 1 > 0 and n ≥
e(2mr/c)∨r,

(3r + 1)−l
(
log n/r

)m
n−c/r ≤

∞∑
i=1

is(log i)m

(ir + n)l
≤ (3 + 2c−1)

(
log n/r

)m
n−c/r.

The same upper bound holds for m = 0, r ∈ (0,∞) and n ≥ 1.

Proof. We deal with the upper bound by splitting the sum in the parts
i ≤ n1/r and i > n1/r. In the first range we bound the sum by

n1/r∑
i=1

n−lis(log i)m ≤ n1/rn−l+s/r
(log n)m

rm
,

by monotonicity of the function f(x) = xs(log x)m.
Suppose that m > 0. The derivative of the function f(x) = x−c/2(log x)m

is f ′(x) = x−c/2−1(log x)m−1(m−c(log x)/2), hence it is monotone decreasing
for x ≥ e2m/c. Since n1/r ≥ e(2m/c)∨1, the function f is decreasing on interval
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[n1/r,∞). Therefore, we bound the sum over the second range by

∞∑
i=n1/r

is−rl(log i)m ≤ n−c/(2r) (log n)m

rm

∞∑
i=n1/r

i−c/2−1.

Since c > 0, i−c/2−1 is decreasing. We get

∞∑
i=n1/r

i1/2+s−rl ≤ n(1/2+s−rl)/r +

∫ ∞
n1/r

x−c/2−1 dx

= n−(c/2+1)/r +
2

c
n−c/(2r)

≤ (1 + 2c−1)n−c/(2r).

In the case m = 0, we use monotonicity of is−rl for all i ≥ 1.
For the lower bound on the sum we only use the part n1/r ≤ i ≤ 3n1/r

and note that on this interval (ir + n)l ≤ nl(3r + 1)l. Therefore, we get

∞∑
i=1

is(log i)m

(ir + n)l
≥

3n1/r∑
i=n1/r

≥ (3r + 1)−lnl/r
3n1/r∑
i=n1/r

is(log i)m.

The function f(x) = xs(log x)m is strictly monotone increasing hence the
right hand side of the preceding display is bounded from below by (3r +
1)−l

(
log n/r

)m
n−c/r.

The series in the preceding lemma changes in character as s decreases to
−1, with the transition starting at −1 + O(1/ log n). This situation plays
a role in the proof of the key result (4.22), and is handled by the following
lemma.

Lemma 6.0.5. For any l,m, r ≥ 0 and s ∈ R with c: = lr − s− 1 > 0 and
n ≥ e(2mr/c)∨(4r),

∞∑
i=2

is(log i)m

(ir + n)l
≤ e|s|+m+23(1 + 2c−1)n−l

∫ n1/r

1
xs(log x)m dx.

Proof. For N = n1/r the series is bounded above by I + II, for

I = n−l
∑
i≤N

is(log i)m, II =
∑
i>N

is−rl(log i)m.
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We treat the two terms separately.
Because the function f :x 7→ xs(log x)m is monotone or unimodal on

[2, N ], the sum I is bounded by 2f(µ) +
∫ N

2 f(x) dx, for µ the point of
maximum. As the derivative of log f is bounded above by |s|+m, it follows
that f(x) ≥ e−|s|−mf(µ) in an interval of length 1 around the point of
maximum, and hence f(µ) is bounded by e|s|+m times the integral.

By Lemma 6.0.6, with k = rl − s− 1 = c, the term II is bounded above
by (1 + 2c−1)(logN)mN−c, for N ≥ e2m/c. This is bounded by the right
side of the lemma if

(logN)mN s+1 ≤ (1 + |s|)em+2

∫ N

1
xs(log x)m dx.

For |s+ 1| ≤ 1/ logN , we have N s+1 ≤ e and xs/x−1 ≥ e−1 for x ∈ [1, N ].
The former bounds the left side by (logN)me, while the latter gives that

the integral on the right is bounded below by e−1
∫ N

1 x−1(log x)m dx =
e−1(m+ 1)−1(logN)m+1, whence the display is valid. For s+ 1 ≥ 1/ logN ,
we bound the integral below by the integral of the same function over
[
√
N,N ], which is bounded below by (log

√
N)m(N s+1−N (s+1)/2)/(s+1) ≥

(log
√
N)mN s+1/(4(s+ 1)), as (3/4)N s+1 ≥ N (s+1)/2 if s+ 1 ≥ 1/ logN . As

also (1 + |s|)/(1 + s) ≥ 1, this proves the display. For s+ 1 ≤ −1/ logN , we
similarly bound the integral below by (log

√
N)m(N (s+1)/2−N s+1)/|s+1| ≥

(log
√
N)mN s+1/(4|s+ 1|).

Lemma 6.0.6. For k > 0, m ≥ 0, and N ≥ e2m/k,∑
i>N

i−1−k(log i)m ≤ (1/N + 2/k)(logN)mN−k.

Proof. Because the function x 7→ x−1 log x is decreasing for x ≥ e, we have
i−k/2(log i)m ≤ N−k/2(logN)m for ik/(2m) > Nk/(2m) ≥ e if m > 0. If m = 0
this inequality is true for every i > N ≥ 1. Consequently, the sum in the
lemma is bounded above by N−k/2(logN)m

∑
i>N i

−1−k/2. The last sum is

bounded above by N−1−k/2 +
∫∞
N x−1−k/2 dx = (1/N + 2/k)N−k/2.

Lemma 6.0.7. For any p ≥ 0, r ∈ (1, (log n)/(2 log(3e/2))], and g > 0,

∞∑
i=1

ng log i

(ir + n)g
≥ 1

3 · 2g
n1/r(log n/r).
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Proof. In the range i ≤ n1/r we have ir + n ≤ 2n, thus

∞∑
i=1

ng log i

(ir + n)g
≥ 1

2g

bn1/rc∑
i=1

log i ≥ 1

2g

∫ bn1/rc

1
log x dx ≥ 1

2g

∫ (2/3)n1/r

1
log x dx,

since n1/r ≥ 2 and bxc ≥ 2x/3 for x ≥ 2. The latter integral equals
(2/3)n1/r

(
log((2/3)n1/r) − 1

)
+ 1. Since log n ≥ 2 log(3e/2)r implies that

(log n)/(2r) ≥ log(3e/2), we have

2

3
n1/r

(
log
(2

3
n1/r

)
− 1
)

=
2

3
n1/r

(1

r
log n− log

3e

2

)
≥ 1

3r
n1/r log n.

Lemma 6.0.8. Let m, i, r, and ξ be positive reals. Then for n ≥ em

nir
(
r log i

)m
(ir + n)2

≤ (log n)m, and
nξ
(
r log i

)ξm
(ir + n)ξ

≤ (log n)ξm.

Proof. Assume first that i ≤ n1/r, then the left hand side of the first
inequality is bounded above by

n2
(
r log n1/r

)m
n2

= (log n)m.

Next assume that i > n1/r. The derivative of the function f(x) = x−c(log x)m

is f ′(x) = x−c−1(log x)m−1
(
−c(log x)+m

)
, hence f(x) is monotone decreas-

ing for x ≥ em/c. Therefore the function i−r(log i)m is monotone decreasing
for i ≥ em/r and since by assumption i > n1/r, we get that for n ≥ em the
function f(i) = i−r(log i)m takes its maximum at i = n1/r. Hence the left
hand side of the inequality is bounded above by

n
(
r log i

)m
i−r ≤ nrm

(
log n1/r

)m
n−1 = (log n)m.

The second inequality can be proven similarly.

Lemma 6.0.9. For the function fn(α) = n−2α/(1+2α), α ∈ [D, 2D], K > 0
and n ≥ eK/4 we have

e2K/(1+4D)2fn(α) ≤ fn(α−K/ log n) ≤ e2K/(1/2+2D)2fn(α),

e−2K/(1+2D)2fn(α) ≤ fn(α+K/ log n) ≤ e−2K/(1+4D)2fn(α).
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Proof. Since (log fn(α))′ = −2(log n)/(1 + 2α)2 we have

log
fn(α−K/ log n)

fn(α)
≥ (−K/ log n)(−2 log n)/(1 + 2α)2 ≥ K/(1 + 4D)2,

log
fn(α−K/ log n)

fn(α)
≤ K/(1 + 2α− 2K/ log n)2 ≤ K/(1/2 + 2D)2,

where the second inequality in the second line holds for n ≥ eK/4. The
second part of the lemma follows similarly.
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Giné, E. and Nickl, R. (2010). Confidence bands in density estimation. Ann.
Statist. 38(2), 1122–1170. 112, 118, 119, 150

Goldenshluger, A. and Nemirovski, A. (1997). On spatially adaptive esti-
mation of nonparametric regression. Mathematical methods of Statistics
6(2), 135–170. 21

Halmos, P. (1982). A Hilbert Space Problem Book . Graduate Texts in
Mathematics. Springer. 32

Hengartner, N. W. and Stark, P. B. (1995). Finite-sample confidence en-
velopes for shape-restricted densities. Ann. Statist. 23(2), 525–550. 150

Hewitt, E. and Savage, L. J. (1955). Symmetric measures on Cartesian
products. Trans. Amer. Math. Soc. 80, 470–501. 9

Hjort, N., Holmes, C., Mller, P. and Walker, S. (2010). Bayesian nonpara-
metrics. Cambridge University Press, Cambridge. 16, 37

Hoffmann, M. and Nickl, R. (2011). On adaptive inference and confidence
bands. Ann. Statist. 39(5), 2383–2409. 112

Hogg, R. V. and Lenth, R. V. (1984). A review of some adaptive statistical
techniques. Communications in Statistics - Theory and Methods 13(13),
1551–1579. 21

Ibragimov, I. A. and Hasminski, R. Z. (1981). Statistical estimation, vol-
ume 16 of Applications of Mathematics. Springer-Verlag, New York.
Asymptotic theory, Translated from the Russian by Samuel Kotz. 4

Ingster, Y. and Suslina, I. A. (2003). Nonparametric goodness-of-fit testing
under Gaussian models, volume 169. Springer. 150, 151

Ingster, Y. I. (1984). Asymptotic minimax nonparametric testing for inde-
pendent sample density hypothesis. Zapiski Nauchnykh Seminarov POMI
136, 74–96. 151

185



References

Jiang, W. and Zhang, C.-H. (2009). General maximum likelihood empirical
Bayes estimation of normal means. Ann. Statist. 37(4), 1647–1684. 24

Johnstone, I. M. (2010). High dimensional Bernstein-von Mises: simple
examples. IMS Collections 6, 87–98. 20

Johnstone, I. M., Kerkyacharian, G., Picard, D. and Raimondo, M. (2004).
Wavelet deconvolution in a periodic setting. Journal of the Royal Statistical
Society, Series B 66, 547–573. 32

Johnstone, I. M. and Silverman, B. W. (2004). Needles and straw in haystacks:
empirical Bayes estimates of possibly sparse sequences. Ann. Statist. 32(4),
1594–1649. 24

Johnstone, I. M. and Silverman, B. W. (2005). Empirical Bayes selection of
wavelet thresholds. Ann. Statist. 33(4), 1700–1752. 24

Juditsky, A. and Lambert-Lacroix, S. (2003). On nonparametric confidence
set estimation. Math. Meth. of Stat 19(4), 410–428. 112, 122, 150

Kim, Y. (2006). The Bernstein−von Mises theorem for the proportional
hazard model. Ann. Statist. 34(4), 1678–1700. 20

Kim, Y. (2009). A Bernstein−von Mises theorem for doubly censored data.
Statistica Sinica 19, 581–595. 20

Kim, Y. and Lee, J. (2001). On posterior consistency of survival models.
Ann. Stat. 29(3), 666–686. 17

Kim, Y. and Lee, J. (2004). A Bernstein−von Mises theorem in the non-
parametric right-censoring model. Ann. Statist. 32(4), 1492–1512. 20

Kleijn, B. (2013). Bayesian Statistics. University of Amsterdam lecture
notes. 11

Knapik, B. T. (2013). Bayesian Asymptotics: Inverse Problems and Irregular
Models. Asmterdam. 34
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