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his subject and students made Professor Gábor Stépán another figure to follow; I am

thankful for what I learnt from him, and his guidance in my studies and early research

activity. Finally I thank the support of my family, my sister, my mother and my fa-

ther. Their support and encouragement provided a firm background for conducting

my studies.

The data presented in Chapter 6 was provided- and its use licensed by the British

Oceanographic Data Centre (BODC). The source of data for locations #1-5 is the

Institute of Oceanographic Sciences, United Kingdom; the source of data for location

#6 is specified by BODC ID 202418 and cruise ID CD83. I wish to thank the BODC

and the sources for making the data available for me.

The studentship given by the College of Physical Sciences of the University of

Aberdeen is gratefully acknowledged.



Abstract

This thesis is concerned with long-range sound propagation in deep water. The main

area of interest is the stability of acoustic ray paths in wave guides in which there

is a transition from single to double duct sound speed profiles, or vice-versa. Sound

propagation is modelled within a ray theoretical framework, which facilitates a dynam-

ical systems approach of understanding long-range propagation phenomena, and the

use of its tools of analysis. Alternative reduction techniques to the Poincaré sections

are presented, by which the stability of acoustic rays can be graphically determined.

Beyond periodic driving, these techniques prove to be useful in case of the simplest

quasiperiodic driving of the ray equations. One of the techniques facilitates a special

representation of ray trajectories for periodic driving. Namely, the space of sectioned

trajectories is partitioned into nonintersecting regular and chaotic regions as with the

Poincaré sections, when quasiperiodic and chaotic trajectories are represented by curve

segments and area filling points, respectively. In case of the simplest quasiperiodic

driving – speaking about the same technique – regular trajectories are represented by

curves similar to Lissajous curves, which are opened or closed depending on whether

the two driving frequencies involved make relative primes or not. It is confirmed for a

perturbed canonical profile that the background sound speed structure controls ray sta-

bility. It is also demonstrated for a particular double duct profile, when the singularity

of the nonlinearity parameter for the homoclinic trajectory associated with this profile

refers to the strong instability of corresponding perturbed trajectories. Furthermore,

the influence of the background is found to persist for wave guides with transition.

Therefore, the stability characteristics of the perturbed system/wave guide can still be

predicted by the unperturbed one. The modelling and characterisation of transitions is

supported by a case study of the Mediterranean Outflow into the North Atlantic. It is

demonstrated for relevant (long-range) transition scenarios that the dynamics of rays

is governed by the constancy of action, except when rays undergo certain conditions

typical to single to double duct transition scenarios which results in a jump in its value.
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Chapter 1

Introduction

In an experiment reported by Sheldrake & Smart (2000) researchers monitored the

anticipatory behaviour of a dog called Jaytee regarding the animal’s expectation of

its owner’s return home. ‘His owner, Pam Smart (PS) traveled at least 7 km away

from home [...]. In experiments in which PS returned at randomly-selected times,

Jaytee was at the window 4 per cent of the time during the main period of her absence

and 55 percent of the time when she was returning. [...] When PS returned at non-

routine times of her own choosing, Jaytee also spent very significantly more time at

the window when she was on her way home. His anticipatory behaviour usually began

shortly before she set off. Jaytee also anticipated PS’s return when he was left at PS’s

sister’s house or alone in PS’s flat. In control experiments, when PS was not returning,

Jaytee did not wait at the window more and more as time went on.’ The authors

hypothesized that animals that show such and similar behaviour invoke the effect of

morphic resonances that take place in morphic fields. In a more general context, the

development of any subject of biology (animals, plants, etc.) in which patterns may be

recognised depends on morphic fields, which are seen as media for storing information

and rules of development (switching on and off genes that coordinate certain processes,

for example) that are represented to the subject via morphic resonances. These fields

as stores of the ‘common resources’ do themselves evolve, and can be passed down

to offsprings of individuals, or – be accessed by other individuals as a non-proximity

effect, which is the key in this theory to explaining the alleged telepathic capacity of

animals. Also, considering such opportunity for keeping in touch, it has been proposed

that, for instant, ‘if rats of a particular breed learn a new trick in Harvard, then rats

of that breed should be able to learn the same trick faster all over the world, say in

Edinburgh and Melbourne’.
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Whatever the truth is regarding this matter, it is known that whales use sound to

communicate and navigate underwater, for which the medium is the water itself. The

very low frequency vocalisation of whales (15-35 Hz) is spectacularly far-reaching as

well (spanning multimegameter ranges), which allows for the integrity of a population

spread over vast regions of the oceans. The communications function of vocalisation

was recognised relatively early, but evidence for echo-locating by sound has been found

just recently. Christopher Clark obtained tracks of whales remotely monitoring them by

acoustic means, and subsequently superimposed these tracks onto topographic maps of

the ocean (Clark & Gagnon 2004). It looked as though whales were slaloming between

underwater mountains stretching several hundred miles apart from each other peak-

to-peak, which he claimed to be circumstantial evidence for echo-locating by whales.

For similar purposes as with whales, man has become interested in using underwater

sound too.

Although the science of underwater acoustics goes back to Leonardo Da Vinci, it

became a very hot topic for research in the past century, and this has been unchanged

up to the present. Leonardo suggested measuring the speed of sound with the use

of two widely separated boats instrumented by a bell lowered into the water from

one- and a pipe for listening from the other boat. This experiment had to wait to be

done until a Swiss physicist and a French mathematician, Daniel Colladon and Charles

Sturm actually carried it out on the Lake Geneva in 1826. They arrived at a result

(1435 m/s) that is just 3 meters per second off from the speed accepted today in those

conditions. With the first and second world wars studies in underwater acoustics were

hugely accelerated for the purpose of antisubmarine warfare, something that continued

at no slower pace during the cold war. After that period, the science and technology

developed for military purposes finds now use in civilian – commercial and scientific

ventures. The American Sound Surveillance System (SOSUS) that was deployed by the

U.S. Navy for the long-range detection of submarines – thanks to a ‘dual-use initiative’

– is now operating to monitor natural processes of oceanographic interest, possibly

to assist battle the increasingly alarming effects of climate change (Vents Program

n.d., web page). It is the same facility that Clark used to track whales in the North

Atlantic. Other applications of underwater sound as pursued and envisaged today

include navigation, communication, marine resources management, seismic monitoring

and other scientific probing of the oceans, etc., within the framework of a global,

integrated acoustic ocean observatory system (Howe 2004).

The long-range application of underwater sound is usually associated with the deep

ocean and very low frequencies. The reason for this is that the acoustic energy is
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strongly attenuated by the interaction of sound with the ocean boundaries, and with

increasing frequency in a viscous medium. But is it enough that the water be deep

to preclude boundary interaction at a sufficient rate? In fact this is just an indirect

requirement, so as to a deep water sound speed structure could prevail in creating a

so-called ocean sound channel discovered by Ewing & Worzel (1948), also called the

sound ranging and fixing (SOFAR) channel. This is constituted by a sound speed

versus depth profile whereby sound is confined in between the conjugate depths at long

ranges, i.e. depths of equal sound speed above and below the ‘all-range’ sound channel

axis at the depth of minimal sound speed. The first theoretical description of sound

speed profiles (Section 2.1) was given by Munk (1974), along with an analysis of axial

ray arrivals with a view towards application. For a conclusion Munk pointed out the

fundamental role of the up-down asymmetry of such canonical profiles.

Pulse propagation is presented most naturally by ray diagrams (Appendix B) – a

(most simply 2D) chart of acoustic ray paths in the physical space (or plane) in which

the propagation takes place. (An example of a canonical profile introduced by Munk

and corresponding ray paths can be found in the upper panels of Figure 4.1.) Indeed

this simple view is taken by ocean acoustic tomography which is used to map out the

thermal properties of the ocean interior. Similarly to medical tomography by the use of

electromagnetic waves, acoustic tomography too performs an inversion of pulse arrivals

for the properties of the medium through which the sound pulses were transmitted.

The mathematical formulation of the inversion problem for fully 3D distributions is

given by the projection-slice theorem (Wikipedia n.d. Projection-slice theorem, online

content)(Gaskill 1978). For ocean acoustic tomography, further objectives include the

reconstruction of horizontal plane distributions or range-averaged sound speed profiles.

As proposed by Munk & Wunsch (1979) and Munk et al. (1995) presented in a mono-

graph, and else, by some procedure that involves regular inversion it is possible to

remotely monitor meso-scale fluctuations [of order O(100 km) characteristic lengths]

of the ocean, from which information one could possibly infer the dynamics of various

oceanographic processes, including perhaps those that are responsible for- or play a

role in climate change. The fact that the meso-scale and other processes just to be

observed by means of acoustic tomography have a limiting effect on the resolution of

pulse arrivals casted a shadow over the hopes for swift and large-scale progression of

the tomographic technology. In order to find out the limitations of the technology,

numerous field tests were carried out, some of which we will refer to in the following.

By the analysis of the various data sets obtained, the one that leads to ray chaos was

identified as a mechanism that imposes limitations on long-range application.
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The tomographic problem is certainly just one example for the ‘reality’ (Tappert

2003) and effects of ray chaos, and in other applications, depending on the problem,

similar or different effects are expected under conditions to be defined. The dynamical

systems approach of analysis is arguably a very powerful one with unique contribution

to understanding such phenomena. For our study of ray stability we too largely rely

on techniques developed for the analysis of dynamical systems, whereby we assess a

set of ocean environments where a sound speed profile with one minimum transforms

into one with two minima over some range, or vice versa. Our study is independent of

application and the results are intended for general benefit. However, to describe the

subject, in the following we pursue a selective survey of the ocean acoustic tomography

and related literature as the origins of our interest. Topics to be covered in order of

discussion include:- long range propagation experiments, modelling of sound propa-

gation (parabolic equation techniques, path integral methods, and others), stochastic

modelling of environmental uncertainties, analysis of experimental data and evaluation

of various prediction techniques/propagation models, travel time analysis, ray dynam-

ics and ray chaos, finite frequency effects of ray chaos, normal mode-ray equivalence,

influence of the background sound speed structure on the stability of rays – followed

by an outline of the thesis in the end.

After initial evaluation tests there were two notable tests carried out along with

nearly synoptic CTD (conductivity, temperature, density) data collection by ship sur-

veys, namely, the SLICE89 experiment and the Acoustic Engineering Test (AET) of

the Acoustic Thermometry of Ocean Climate (ATOC) programme (ATOC n.d., web

page), both taking place in the North Pacific. The advantage of the complementary

CTD data is that a pointwise comparison of the predicted and measured wave fields

can thus be facilitated. In case of the SLICE89 experiment a moored broadband point

source transmitted coded acoustic pulses of 250 Hz centre frequency, and receptions

were registered by a moored sparse vertical line array (VLA) of hydrophones in 1000

km distance. The signals were designed to measure travel times with 1 ms precision.

The sound transmission was continued over 9 days in July 1989, with a rate of 1 pulse

per every hour, and on the seventh day of the experiment, for a 21 hour long period,

pulses were transmitted – 6 per hours.

The typical output of VLA data analysis or computer simulations of pulse propaga-

tion is a travel time versus depth diagram, examples of which are shown in Figure 1.1.

The diagram in the top panel, for instant, was obtained by the integration of ray equa-

tions (to be dealt with in details in Chapter 4). An alternative numerical technique

to obtain similar diagrams, and possibly test against ray predictions, is based on one
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Figure 1.1: Predicted and measured travel times against hydrophone depths for the

SLICE89 experiment. The marker size is proportional with peak intensities. This

figure has been taken from (Worcester et al. 1994)
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of the various parabolic wave equations (PE) (Section 3.4). The simplest of these, the

standard PE was introduced into underwater acoustics by Tappert (1977). Solutions

of this equation obtained by the split-step Fourier algorithm (Hardin & Tappert 1973)

is often referred to as the full wave solution, however, there is a phase error involved

here as compared with the exact solution of the Helmholtz equation. Tappert & Brown

(1996) studied the asymptotic phase errors of a class of PEs that are suitable for the

split-step algorithm through respective ray equations (in the infinite frequency limit),

and found the c0-insensitive (reference sound speed) equation superior in its class with

true second order accuracy. For range-independent applications, Rypina et al. (2006)

devised a transformation based on the action-angle formalism of the ray equations

(Section 5.31) by which phase errors are completely eliminated. Although there is no

asymptotic equivalence between the transformed PE and the (mode-based) Helmoholtz

equation, numerical simulation results have been reported to show remarkable corre-

spondence. For range-dependent applications of the ray or wave equations, a model

of sound speed fluctuations can be taken into account in a deterministic manner (or

with the generation of an ensemble for statistical calculations). One which describes

internal wave induced sound speed fluctuations consistent with the Garrett & Munk

(GM) spectrum (1972,1975) was devised by Colosi & Brown (1998) and is commonly

used for such numerical tests.

In contrast with the development of numerical simulation of wave equations, Munk

& Zachariasen (1976) and a monograph edited by Flatté (1979) presented a statistical

theory of sound propagation through a randomly fluctuating ocean. They arrived at

analytical expressions for the mean square phase and intensity fluctuations and their

spectra for cw sound (constant frequency wave field) employing the supereikonal ap-

proximation (a path integral approach) and assuming a homogeneous and isotropic

fluctuation field, again, consistent with the GM spectrum. For test problems solved

and measurement data considered in order to evaluate their expressions, correspon-

dence with PE solutions was reported to be reasonable. For other observables, however,

the theory did not offer so accurate predictions. By combining path integral and PE

techniques improvement of the theory was provided by Flatté & Rovner (2000) as a

new approach to the effects of internal waves on sound propagation, such as:- temporal

and spatial coherence, coherent bandwidths and regimes of fluctuation (saturated, un-

saturated, or partially saturated). It is a ray-based analytical approach with capability

of accounting for diffraction effects too. The authors pointed out that the formulae

derived depend on the background structure and the internal wave model parameters.

Despite improvement in others, predictions of pulse spread (widening of the initial
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wave packet at reception) in the SLICE89 and AET measurements remained a weak

point. Along these lines, Colosi and coauthors spent much effort to develop the theory

of sound propagation through random internal wave induced fluctuations in terms of

saturation, multipath scintillation, entropy, and other statistical measures (Colosi &

Baggeroer 2004)(Morozov & Colosi 2005)(Colosi 2006). Other statistical approaches

include the following.

Tindle (2002) developed a method based on a Hankel transform-generalised WKB

solution to calculate wave fronts. The resulting ray theory is valid for low frequen-

cies and handles well caustics and cusps. The calculation can be performed rapidly

and results correspond well with normal-mode results. A stochastic model for wave

propagation in wave guides with uncertainty proposed by Finette (2006) represents

the wave and sound speed fields by a polynomial chaos expansion, which constitutes

a PE-based framework. The method is tested for an isospeed model with homoge-

neous and isotropic perturbation superimposed. The results are compared with Monte

Carlo simulation results of a deterministic PE. Voronovich & Ostashev (2006a) derived

equations for the mean field and correlation function of low frequency wave fields in

random media using Chernov’s method. Although the general equations were found to

be difficult to tackle numerically, certain assumptions allowed for simplifications with

which solutions could already be generated, which were subsequently averaged over ray

paths. With this, the horizontal coherence length of the wave field was estimated for

the GM spectrum. In a paper by the same authors (2006b) the mean field was calcu-

lated analytically, in turn, by using the theory of multiple scattering (no limitations

on frequency), in terms of a sum of normal modes that attenuate exponentially. The

extinction coefficients of the modes were found to be linearly related to the spectra of

random inhomogeneities, which can therefore be retrieved by measuring these coeffi-

cients – the authors inferred. They also calculated the mean field in 2D as well as 3D,

so as to give indications of the validity of the commonly pursued 2D studies.

Ray-based (no diffraction effects) statistical descriptions of sound propagation are

due to Brown & Viechnicki (1998) and Virovlyansky et al. (2007). The former work

builds on the internal wave model that describes the GM spectrum to sufficient accu-

racy, devised partly with such application in mind (Colosi & Brown 1998). The authors

found that stochasticity enters the ray equations through the term ∂δc/∂z (vertical

gradient of the perturbation field), that is, through the second equation for the ray

slowness p (4.12), and also that the spatial variation of this term is delta correlated,

with which the equations take a very simple form involving Gaussian random variables,

the Langevin form of stochastic ordinary differential equations (SODE). For the indica-
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tion of propagation characteristics two nondimensional measures were introduced, the

acoustic Péchlet number (stochastic ray scattering/deterministic ray refraction) and

another one that relates the effect of stochastic scattering to that of wave diffraction.

Simulation results for the ray SODEs that allow for employing special stochastic simu-

lation techniques were compared with full wave simulation results. Virovlyansky et al.

(2007) considered a similar but idealised setup, and furthermore the SODEs derived are

based on the action-angle formalism. The action as a function of range, I(r), in tune

with former results, was found to approximate well a random Wiener process, allowing

for the same Langevin form of equations. Within this framework travel time spread

and bias (displacement of pulse peak due to perturbation) – of eminent importance for

tomography (Spiesberger 1985) – were estimated for a periodically perturbed canonical

waveguide.

Having reviewed some of the wave propagation theory literature, we now turn our

attention back to the tomography tests. Along with the description of the SLICE89

measurement, Duda et al. (1992) provided a travel time fluctuation statistics of the

data sets referred to above. Contributions to the fluctuation were identified as uncor-

related broadband fluctuation of 40 (ms)2 variance, and low frequency fluctuation of 2

(ms)2 variance. The latter was hypothesised to be accountable for internal wave mo-

tion and tides. By comparing measurements to ray predictions facilitated by the nearly

synoptic CTD data of meso-scale structure, Worcester et al. (1994) diagnosed consis-

tency within the limits of measurement accuracy as for the sound speed. Based on this,

they confirmed the hypothesised effects of internal waves, and also argued that a delay

of late arrivals is partially due to diffraction effects. Flatté & Vera (2003) compared

results obtained by path integral techniques and PE simulations for the SLICE89- and

a canonical wave guide scenario. They calculated the root mean square (rms) fluctu-

ation of intensity, travel time bias and spread, and rms fluctuation in vertical arrival

angle for 250 Hz pulse centre frequency and 1000 km range. They found:- that figures

for intensity fluctuation agree well for the SLICE89 but not the canonical scenario, a

good agreement for bias on the first couple of hundred kms, and that the pulse spread

is generally greater by the path integral approach. The authors concluded that the

path integral approach yields reliable results for travel time variance for the purpose

of monitoring internal wave motion by tomographic means up to 1000 km of range.

The AET experiment (besides the similarities in the setup) was different in that

the centre frequency of the broadband signals was 75 Hz, and that the signal transmis-

sion spanned a larger – 3250 kilometres of range. Experimentally constructed travel

time diagrams showed the same feature as with the SLICE89 experiment, namely that
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resolvable early arrivals abruptly moved into an unresolvable finale. Because the travel

times generally differ from estimates based on nearly synoptic CTD data and a priori

estimates of variability, Worcester et al. (1999) suggested that the equation used to

calculate the sound speed by CTD data needs refinement. Conversely, measurements

of sound speed from ray arrivals and reception end (group delay of adiabatic mode 1)

was estimated to have 0.05 m/s precision. The precision of measurement of change

in temperature over six days – an objective of tomography – was 0.006 ◦C. It was

concluded that travel times of the perturbed- relative to unperturbed rays was partic-

ularly sensitive at conjugate depths, i.e. at ray turnings. The numerical studies by PE

simulation conducted by Wolfson & Spiesberger (1999) suggested furthermore that for

such scenarios scattering solely can cause the 1 km vertical broadening of the reception

finale.

A series of studies relating to the AET experiment was also carried out by Colosi

and coauthors. Colosi & Flatté (1996) performed PE simulations of broadband pulse

propagation of 75 Hertz centre frequency over 1000, 2000, and 3000 kms, and noticed

that propagation through internal waves is strongly nonadiabatic, and that because

of local mode coupling (‘lower mode numbers coupled into neighbouring higher mode

numbers or vice versa’) modal arrivals are biased towards each other. The travel time

spread and bias was found to grow respectively as r2 and r3/2 (the symbol r denoting

range), which leads to the broadening of the reception finale relative to the perfectly

stratified case. The synthesis of experimental higher modes resulted in a coherent

wavefront, nevertheless, with O(2) smaller variance of travel time fluctuation than with

individual modes. They concluded that nonadiabatic modal inversion is necessary for

tomography. Virovlyansky et al. (2007) commented on these results by discussing

the mechanism of synthesizing modes that results in a coherent wave front despite the

severe distortion of the pulse carried by individual high modes. A paper by Colosi et al.

(1999) focused on the stable early arrivals in the AET data. Their observation was that

the rms travel time fluctuation was 11-19 ms, the rms time spread was 0-5.5 ms, the

rms pulse termination time was 22 ms, and that the probablity density function (PDF)

of intensity was closer to lognormal (as opposed to exponential) in association with

partially saturated regime of propagation. That is, path integral-based predictions

are generally acceptable except the O(2) too large pulse spread and fully saturated

propagation. Colosi et al. (2001) reviewed and confirmed these results in the light of

new analysis carried out by slightly different parameters of the used algorithms. There

were found 1.7 peaks per wave front on average due to multipathing (the existence

of a multitude of eigenrays that connect the source and a point of observation), with
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lognormal PDF. As for the finale, in terms of peak scintillation the PDF yielded as

lognormal, and in terms of the full wave field – as exponential. In an even more recent

paper Colosi et al. (2005) analysed the finale of the AET and a similar data set. For

the other experiment the centre frequency was 28 Hz and the range was about 5000

km. The subject of analysis included the:- phase (a 2D phase unwrapping technique

was employed), intensity, complex envelope variability as functions of depth and time,

and results were presented in terms of:- mean field, variance, PDF, covariance, spectra,

coherence ‘lengths’. The observation was compared with predictions derived from two

models:- a random multi-path model of frequency and wave number spectra, and a

broadband multi-path model of scintillation index and coherence. Most notably the

observed PDF was exponential.

A comprehensive analysis of the AET data was performed by Beron-Vera et al.

(2003) as well. These authors found their ray-based predictions in generally good

agreement with observation with regards to:- travel time spread, peak intensity PDF,

vertical extension of scattered energy in the finale, and the time of transition from

the temporally resolved to the unresolved receptions. Most importantly they showed

that multipathing that corresponds with resolved arrivals are nonlocal temporally and

spatially, and suggested this as the reason for the path integral approach based on

some perturbation technique being mistaken regarding its predictions. Their argument

involved the earlier finding of Brown (1998) and Beron-Vera et al. (2004), namely

that the phase space of quasiperiodically driven ray equations (in association with

internal wave motion) is partitioned into nonintersecting regular and chaotic regions.

This statement was supported by the extension of the KAM-theorem (Section 4.1.4)

for such systems, and as a consequence they pointed out that eigenrays in general will

include both chaotic and regular rays.

On the signal processing side, Wage et al. (2003,2005) pursued Fourier analyses of

the modal structure of tomographic receptions, utilising the mode resolving capability

of the AET array. The authors suggested that tomography should be based on overall

mode statistics, and also that with advanced signal processing techniques limitations

of tomography may be somewhat relaxed.

Along with efforts spent on matching observational data with predictions of various

models and related issues, part of the literature is devoted to working out explanations

of observed phenomena. The following papers focus on travel time effects.

Duda & Bowlin (1994) proposed an explanation for the poor ray identifiability in

the reception finale. They identified a depth dependent parameter of the background,

the relative curvature, c ∂2c/∂z2

(∂c/∂z)2
where c = c(r, z) is the speed of sound, and pointed out
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that ray and wave front timing is influenced by unpredictable wave front triplications

and caustics which are typical for large values of the relative curvature at ray turning.

They also suggested that the higher mean value of this parameter of the background at

the sound channel axis is responsible for chaotic near-axial rays in association with the

unresolvable finale. For the analysis conducted by Simmen et al. (1997) ray-based com-

putations were found to reproduce all obvious arrival patterns for the SLICE89 scenario

that show up as a result of PE simulations at 250 and 1000 Hz frequencies. The authors

arrived at the conclusions that the time of transition from resolvable to unresolvable

receptions depend on the background and parameters of the internal wave model, that

the energy scattering by depth is a refraction effect only, and noticed that ray turn-

ing spread (10 km horizontally and 100 m vertically on average) significantly affects

tomography. Virovlyansky (2000b,2003) developed an analytic approach to study ray

stochastic behaviour based on the action-angle formalism of ray equations. Solutions

of the resulting SODE and hence the difference between perturbed and unperturbed

ray travel times were derived, and travel time spread and bias – estimated. Within this

framework he also attempted a theoretical explanation for the stable early arrivals. In

their papers Smirnov et al. (2002,2005) presented their findings that the travel time

as a function of take-off angle and range in range-independent wave guides displays a

scaling law, some features of which persist for chaotic rays when periodic perturbation

is introduced, namely, that the travel time roughly depends on the ‘placement’ of ray

end points and the ray identifier (number of turning points). Travel time differences for

rays with the same identifier and depth of reception is also analysed, including the gap

for the regular and irregular constituents of the multipath. The focusing of travel times

before this gap is explained with a property of the dynamical system called stickiness,

whereby chaotic trajectories keep close to regular regions in phase space for long ‘pe-

riods’. Flatté & Vera (2002) conducted a sensitivity study of differences in travel time

for frozen and evolving internal wave structures, varying the ray launch angle, back-

ground structure, and perturbation strength. The study revealed that differences for

individual rays could be great, but the arrival pattern is rather robust. Makarov et al.

(2004) obtained analytical solutions for action-angle variables and travel times using

purpose designed (range-independent) background profiles, and demonstrated how to

determine perturbation properties from ray clusters of micromultipathing, hence, their

use in tomography to experimentally study internal wave effects. Godin (2007) showed

that perturbed rays scatter primarily along the unperturbed wave front, and that the

ratio of scatter along and across the wave front equals that of the ray length and cor-

relation length of perturbation. He also attempted a theoretical explanation for the
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stability of perturbed wave fronts by appealing to Fermat’s principle and ‘dimensional

considerations’.

Underlying the travel time and wave field effects due to the perturbation of the

wave guide, ray chaos has been identified as the governing mechanism. A multitude of

papers presented studies on this latter topic from a rather fundamental point of view.

The discovery of ray chaos in wave propagation problems of geophysics when the media

is laterally inhomogeneous is due to Palmer et al. (1988), which was exposed in terms of

Hamiltonian dynamics. Brown et al. (1991) derived an area preserving mapping for an

idealised wave guide represented by a bilinear profile whose gradient above the channel

axis is a periodic function of range. It was indicated that the degree of stochasticity,

the extension of irregular regions in phase space, depends on the perturbation strength,

whose values were found to be comparable with those found in the ocean sound channel

due to internal wave motion. Abdullaev (1991) demonstrated the fractal properties of

irregular rays in a periodically perturbed wave guide in terms of ray cycle and pulse

speed as functions of ray launch parameters. In another paper with a flavour of ap-

plication (1993) he gave a formula for the transverse displacement of rays through a

medium with cross flow within the framework of an adiabatic analysis. A third paper

by the same author (1994) presented a mapping for rays in a 3D downward refracting

wave guide with reflection from a rough bottom. Rays launched under shallow angles

showed a tendency of irregularity as a random function of the angle; and the diffusion

of rays caused by the rough bottom interaction resulted in a ‘nearly isotropic distri-

bution of ray directions’. Smith et al. (1992b) introduced the tool of power spectra

for the study of ray stability, the concept of predictability horizon, and predicted the

exponential proliferation of eigenrays with range where there is ray chaos. The same au-

thors (1992a) proposed a model of meso-scale structure as a superposition of baroclinic

modes of the linearised quasigeosthropic vorticity equation and pursued a parametric

study regarding ray stability in such environments. Consistent with observation they

found near-axial rays chaotic, and steep rays regular for a variety of parameter values

(number of modes, horizontal perturbation scale, perturbation strength, etc.). Yan

(1993) derived a criterion of local instability of ray trajectories and argued that double

duct (dd) profiles (profiles with two minima) support ray chaos more as opposed to

single duct (sd) profiles, as local instabilities of rays occur more frequently in those

environments. This paper received comments from Tappert (1996) subsequently, who

argued that Yan’s criterion does not provide a necessary condition for chaos in fact,

and that ray chaos originates from nonlinear resonance effects and not a recurrence of

local instabilities. To support this claim he points out that there exists chaos in Hamil-
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tonian systems when no local instability occurs at all. Tappert & Tang (1996) actually

computes the complete set of eigenrays at long ranges in a wave guide that supports

ray chaos, and they establish that eigenrays proliferate exponentially with range, and

that chaotic eigenrays tend to form clusters with stable envelope. Wolfson & Tappert

(2000) derived a PE for horizontal plane propagation problems, and corresponding ray

equations which are formulated in a stochastic framework due to meso-scale structure.

They calculated Maximal Lyapunov Exponents (MLE) analytically, which were found

to agree with numerical estimates, i.e. that rays diverge exponentially at that rate.

They drew a similar conclusion to other authors, namely that there is a predictability

horizon for acoustic tomography for which inversion is based on pointwise accurate

prediction of the wave field, that is, beyond this range stable wave fronts cease to exist

and pointwise comparison of predictions with experimental data – using even the most

sophisticated model – is not possible for fundamental reasons. Wolfson & Tomsovic

(2001) studied a very similar scenario where they assessed the ray intensity density to

be lognormal, and found that a fraction of the ray density retains a much more stable

characteristic than the typical ray, which may be the reason for greater than antici-

pated stability of the wave field – they speculated. Wiercigroch et al. (1995,1998a)

pursued a bifurcation analysis of a Hamiltonian system in connection with a period-

ically perturbed canonical wave guide in terms of perturbation strength and internal

wave length.

Following a discussion of the fundamentals of ray chaos in the context of Hamilto-

nian dynamics, Brown et al. (2003) in their review article continued with the topics

of:- ray intensity statistics, semiclassical breakdown, wave chaos, and the connection

between ray chaos and mode coupling due to range-dependence. We quote now a

selection of articles on these matters with a similar agenda.

Seplveda et al. (1992) studied the validity of semiclassical theory beyond a range

where classical chaos is ‘fully developed’, and attempted an explanation for this phe-

nomenon. Cerruti & Tomsovic (2002) considered the same problem: ray chaos versus

wave field stability, and pursued a semiclassical analysis of it. Sundaram & Zaslavsky

(1999) presented results on the dispersion of a wave packet in the paraxial limit, namely

that ray chaos enhances dispersion and wave coherence effects suppress it. Virovlyan-

sky & Zaslavsky (2000) evaluated the coarse-grained Wigner function by a ray-based

approach which represents a spatially smoothed wave field, with a consequence of

no singularities at caustics and also no need for the calculation of eigenrays. They

demonstrated that smoothing over large enough scales, predictions are valid at longer

ranges. Hegewisch et al. (2005) proposed smoothing in a different spirit for better ray-
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wave correspondence. They argued that the fine-scale of the sound speed perturbation

complicates ray dynamics which is, however, ‘unseen’ to waves. Therefore, for better

correspondence, employing some filtering technique, they smoothed the perturbation

structure reducing thereby microfolds of the wave front.

Along the lines of the above cited papers by Colosi & Flatté (1996) and Virovlyansky

(1999), Virovlyansky & Zaslavsky (1999) provided an analytical description of normal

mode amplitudes in the geometrical optics limit, and described so-called mode-medium

resonances as the wave counterpart of ray-medium resonances that lead to ray chaos,

whereby the overlapping of modes, or mode coupling, is analogous to the overlapping

of resonances as presented by Chirikov (1960). A similar approach was taken by Vi-

rovlyansky (2000a), who – to add to previous conclusions – established that regular

and irregular mode amplitude constituents correspond with regular and irregular rays,

and that smoothing over the mode number can be seen analogous to the incoherent

ray summation (Section 3.5) in evaluating mode intensities, which procedure resulted

in ‘accurate figures for surprisingly long ranges’. Smirnov et al. (2004) studied ray

chaos manifestation at finite frequencies in periodically perturbed wave guides. They

confirmed the previous finding that the coexistence of regular and chaotic rays causes

the focusing of acoustic energy along wave front segments in association with stick-

iness. They also found that energy distribution over normal modes is ‘surprisingly’

periodic with range, even for modes contributed to predominantly from chaotic rays,

which was interpreted from a mode-medium resonance point of view; or, that a mode

solely excited initially can break up and subsequently be completely restored at a later

point, when the coarse-grained Wigner function would also be concentrated over a

small area of phase plane. Udovydchenkov & Brown (2008) considered modal group

arrivals, contributions to a transient wave field by individual modes. They noticed

that for sufficiently weak range-dependence of the wave guide the coupling of modes

is predominantly local in mode number. Three types of contribution to modal group

time spread was also established:- that of the reciprocal bandwidth (or minimal pulse

width), deterministic dispersive contribution that is proportional with bandwidth and

grows like r, and scattering induced contribution that grows like r3/2. The latter two

were found to be proportional with the wave guide invariant β, a property of the back-

ground sound speed profile, and that asymptotic theory-based results agree well with

full wave simulations and exact mode theory results.

One aspect that groups a number of articles together is the dependence of various

propagation characteristics on the background structure. Such articles have already

been cited above – those by Duda & Bowlin (1994) in connection with the relative
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curvature, that by Yan (1993) who predicted dd profiles to be more prone to ray chaos,

and those by Simmen et al. (1997) and Flatté & Rovner (2000). Other articles are

cited as follows. In a review article by Smirnov et al. (2001) ray chaos is exposed in

terms of ray-medium resonances, and the dependence on the background is discussed.

It was reiterated that the coexistence of regular and chaotic rays leads to gaps in travel

time records, something which is not the case without range-dependence. (An analog

phenomenon is also cited, such as the ‘particle accelerator’). Using the empirically

established meso-scale structure in association with the AET experiment, the authors

show that this range-dependent structure creates local wave guides, in between which

near-axial rays jump irregularly and hence their instability. Two articles that form part

of the foundation of the study in this thesis were published by Beron-Vera & Brown

(2003,2004), respectively on the influence of the background on ray and travel time

stability in weakly range-dependent sound channels. They demonstrated that MLE’s

and travel times correlate with values of the nonlinearity parameter α (Section 5.3), a

property of the background sound speed profile. Brown et al. (2005), in turn, showed

that β = α when β is evaluated using asymptotic mode theory.

The objective of this thesis is to pursue an environmental study, i.e. an analysis

of how the background structure influences ray stability. Environments of particular

interest are related to dd profiles. Stability of rays which pass through transitions

over range between wave guides characterised by sd and dd profiles is examined and

general features of the dynamics are to be described. Results are intended for better

understanding the ocean environment so as to assist the improvement of the application

of underwater sound in general. However, to indicate the reality of ray chaos, here

we refer an important publication. As for a possible experimental manifestation of

finite frequency wave chaos, Tappert (2003), using a Gaussian beam approximation,

showed that the width of a narrow-angle beam increases exponentially (explosively)

for a chaotic ray.

Finally we give an outline of the thesis.

In Chapter 2 a concise description of the natural environment of acoustical conducts

is given. In Chapter 3 we provide an overview of the various approaches of compu-

tational ocean acoustics, including mode theory, PE simulations, and ray methods –

already mentioned. Chapter 4 is devoted to the formulation of the sound propagation

problem in a Hamiltonian dynamics framework, a brief summary of results in this field,

and a customised exposure of methods of analysis, e.g. an attempt to solve a problem of

visualisation with new representation. For this latter the work by Brown et al. (1991)

was seminal, which presented an alternative reduction technique to that of the Poincaré
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section. Employing the numerical scheme devised by Colosi & Brown (1998), Chapter

5 introduces a realistic model of internal wave induced sound speed perturbation, to

be superimposed on a canonical and a dd sound speed profile, and presents results for

ray stability in such wave guides. In there we confirm the influence of the background

for a canonical profile and establish it for a double duct profile as well by appealing to

the action-angle coordinates – an approach which have been many ways exploited for

a deeper insight into propagation problems. A case study of transition is presented in

Chapter 6, namely, that of the Mediterranean Outflow into the North Atlantic Ocean.

This is done by analysing a data set representative of the outflow effect in question, for

which some concepts of Oceanography will be needed to introduce. This is followed by

an outline of the modelling framework for transitions and a method of analysis that

invokes the idea of ‘launching basins’. The scenario of very long-range transitions is

studied further in detail in an adiabatic analysis framework. In Chapter 7 we draw

conclusions. – Would the whales navigate ‘warily’ in the Eastern North Atlantic?!



Chapter 2

Acoustical oceanography

In this chapter a brief outline of factors that determine underwater sound propagation

in the oceans is given. The discussion is far from complete, and it is little more than

the minimum that will be necessary for the interpretation of our modelling framework

used in latter chapters. Here we rely on the authoritative summary provided by Etter

(2003), and others.

2.1 Physical properties of seawater

Relevant properties of seawater are temperature, pressure, and salinity. These three

determine the single most important material property for sound propagation: the

speed of sound. Other chemical properties such as the concentration of magnesium

sulfate and boric acid play an important role in attenuation effects.

Temperature. Surface temperatures in the world’s oceans have a zonal distribu-

tion, so that isotherms, curves of constant temperature, are oriented in an east-west

direction. This is mainly due to the different amount of sunlight received at different

latitudes. Anomalies occur at regions of upwelling through wind action above the wa-

ter, or near major current systems. With depth, the temperature structure is layered.

This results in horizontal stratification, i.e. the layered structure of density too, which

determines the stability of the water column.

Deep water temperature versus depth profiles at mid latitudes can be divided into

three parts. The upper part, down to a few tens of meters from the water surface,

is called the surface mixed layer. Here the temperature variation is small because of

turbulent mixing due to wind action. The stronger the wind action, the deeper the

surface mixed layer. Below this, there is a significant temperature gradient, called the

thermocline, which turns then into the deep isothermal layer with vanishing tempera-
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ture gradient, attaining about 2◦C. At high latitudes the temperature profile tends to

be more uniform.

Salinity. In the distribution of salinity, on the other hand, other than that is due

to an excess of evaporation over precipitation regarding the surface, resulting in more

saline and fresher water respectively in equatorial and arctic waters, there is no such

orderly structure as was for temperature. This is an indication of the complex motion

of – what is called – the water masses in the ocean.

Water masses are associated with different combinations of temperature and salin-

ity, which refers to the origin of the water. Accordingly, different water masses can be

identified in temperature-salinity diagrams (Section 6.1). After formation, these water

masses are spreading out horizontally as well as laterally to occupy appropriate layers

of density. Since the sound speed is closely related to the local water mass structure, a

knowledge of this structure can greatly enhance the understanding of global variability

in sound speed.

Sound speed. The dependence of sound speed on temperature, pressure, and salinity

is fundamental. It can also be expressed through other material parameters, so that

for example:

c2 =
γ

Kρ
or c2 =

(
∂g
∂p

∣∣∣
T

)2
∂g
∂T

∣∣
p(

∂2g
∂p∂T

)2

− ∂2g
∂p2

∣∣∣
T

∂2g
∂T 2

∣∣∣
p

, (2.1)

where γ is the ratio of specific heats at constant pressure and constant volume, K is

the isothermal compressibility, and ρ is density. On the other hand, g = g(p, T, S) is

the Gibbs thermodynamical potential, a fundamental parameter of the material, from

which a series of other empirically relevant parameters can be derived in derivative

terms (Feistel & Hagen 1995). (Expressions for the state function, entropy, and the

speed of sound are derived in Appendix C.) The symbols p, T , S denote pressure,

temperature and salinity, respectively.

In practice the sound speed is preferred to be expressed in terms of independent

fundamental variables explicitly. [Pressure is often replaced by water depth; formu-

lae for conversion are given by Mackenzie (1981), and by Leroy & Parthiot (1998).]

When sound speed is not measured directly by velocimeters, it can be calculated using

data obtained by CTD casts (which acronym stands for conductivity, temperature and

depth). Commonly used formulae include those – amongst others – given by Grosso

(1974), Chen & Millero (1977), and also by Fofonoff & Millard (1983) in their report

for UNESCO. These formulae are given in polynomial forms, including various num-

bers of terms. Further to simplicity versus complexity, all have their own domains of
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applicability making them competitive. For very long-range propagation, in particular,

it is important that the sound speed is calculated with high accuracy. In fact, previous

formulae were found to overpredict sound speed at high pressures and low temperatures

(Dushaw et al. 1992), which was later corrected for by Millero & Li (1994) in their

new formula.

A theoretical account of sound speed structure in the ocean is due to Munk (1974).

It is presented next closely following the referenced work, and retaining the notation

therein.

The stability of the water column in a stratified ocean is conveniently studied by

the buoyancy frequency,

n2(z) = gρ−1∂zρP , (2.2)

which is the frequency of the oscillation of a water parcel displaced vertically, under

ideal conditions. (For this occurrence – and further in the present discussion – g denotes

the constant of gravitational acceleration.) The orientation of the depth coordinate z is

positive downward. For the positive values of the buoyancy frequency the water column

is stable, and for its complex values it is unstable. In the definition (2.2) the potential

density ρP is the density of the water parcel if it was moved from the state of initial

pressure p to some reference pressure p0 adiabatically. The potential temperature TP

and potential sound speed CP are defined similarly. With this, the pressure dependence

of density or temperature is eliminated, so that ρP = ρP (TP , S), and therefore

n2(z) = −g(a∂zTP − b∂zS), (2.3)

where a and b are coefficients of thermal expansion and saline contraction, respectively.

The potential gradient in fractional sound speed can be written as:

C−1∂zCP = α∂zTP + β∂zS. (2.4)

The Turner number is introduced by the ratio:

Tu = b∂zS(a∂zTP )−1, (2.5)

which gives the relative contributions of salt and potential temperature to the stability

of the water column. Further quantities are defined as:

G =
α

a

s(Tu)

g
, s(Tu) =

1 + cTu

1− Tu
, c =

aβ

αb
, (2.6)

with which (2.4) yields as:
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C−1∂zCP = −Gn2(z). (2.7)

Given that the variation of G is small ocean-wide, the potential sound speed profile is

determined solely by the stratification, which is regarded the most fundamental aspect

of ocean structure.

The total gradient of sound speed is the sum of adiabatic and potential gradients:

∂zC = ∂zCA + ∂zCP , (2.8)

where the fractional sound speed gradient in an adiabatic isohaline ocean is constant:

C−1∂zCA ≈ α∂zTA + γ∂zp = γA. (2.9)

Therefore,

C−1∂zC ≈ −Gn2(z) + γA. (2.10)

Note that α = ∂TP
CP ≈ ∂TA

CA.

With positive α, β, γ, the sound speed increases with temperature, salinity and

pressure. At a depth z1, where Gn2(z1) = γA, the sound speed has a minimum. The

depth of minimum defines the so-called sound channel axis. Above this the buoyancy

frequency and so temperature dominates, resulting in decreasing sound speed towards

positive depths, and below, with vanishing buoyancy towards the nearly isothermal

deep water, the gradient is a positive constant, and the sound speed is increasing with

increasing pressure.

With the assumptions of an exponentially stratified ocean, i.e.

n = n0e
−z/B and Tu = constant, (2.11)

the canonical sound speed profile can be written as:

C = C1[1 + ε(η + e−η − 1)], η = 2(z − z1)/B, ε = BγA/2. (2.12)

Here, C1 is the minimal sound speed; n0 is the surface extrapolated value of the buoy-

ancy frequency. The assumption of exponential stratification holds in much of the

world’s oceans, except the surface mixed layer, at high latitudes, and the Equator

amongst others. The condition of constant Turner number can also be violated with

the intrusion of water masses. This latter will be discussed in depth in Chapter 6

through the example of the Mediterranean outflow.
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2.2 Geometry of the waveguide

The ocean with characteristic sound speed distribution and boundaries is seen as a

wave guide for sound propagation. The simplest way to illustrate the gross feature

of sound propagation can be done by ray diagrams, in which the direction of energy

propagation is indicated by the orientation of ray paths. The ray paths are determined

by the sound speed structure – similarly as with optical rays and the index of refraction

– governed by Snell’s law, which links the local values of ray grazing angle and sound

speed between two points. In two dimensions it can be expressed as:

cos θ

c
= constant. (2.13)

Hence, in a wave guide described by a Munk profile, ascending rays are refracted

downward and descending rays are refracted upward. This mechanism produces a

tunnelling ‘motion’ of rays about the sound channel axis.

Considering the source of sound, if it is approximated well as a point source, given

the horizontal stratification of the ocean, it is common to utilize cylindrical symmetry

when modelling propagation. The vertical axis of symmetry goes through the source

point, and rays in a vertical plane are considered only. This is called the vertical slice

problem.

The ray paths are not only determined by the sound speed structure, but they are

confined by the boundaries too: the water surface and the sea floor. If the sound speed

at the surface is smaller than at the bottom, there can be rays which interact with the

surface but not the bottom (and so the other way round).

Interaction with both the surface and bottom is generally possible. In an acoustical

sense we speak about shallow water propagation if there is significant interaction with

the boundaries. Otherwise, it can be defined hypsometrically, based on whether the

bottom is constituted by a continental shelf (with about 200 m water depth) or not.

Evidently, propagation which is deep water propagation in one sense can be shallow

water propagation in the other sense.

Interaction with the surface has a number of effects on sound propagation. The most

obvious one is the reflection of rays. If the water surface was perfectly smooth, it would

act as a perfect reflector with near zero loss of the acoustic energy. In fact, however,

surface gravity waves are always present generated by wind. Models which predict

average wave heights in a developed ocean as a function of wind speed, the duration of

the wind, and the fetch (the distance along open water over which the wind acts from

the same direction) are available [e.g. (Pierson & Moskowitz 1964)]. From a rough
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surface rays are scattered, and energy is lost. Waves also generate air bubbles near the

surface. The air having different acoustic properties, with a tendency of the bubbles to

resonate, the effective sound speed of the water can be significantly modified. Due to

the scattering of waves from the bubbles and other suspended particles, sound is much

more attenuated as well. (Leighton 1994)

Image interference is another effect associated with surface interaction. The surface

acting as a pressure release boundary (Kinsler et al. 1982), the phase is shifted, and

hence waves travelling along direct paths and also along surface reflected paths – inter-

fere, resulting in zeros and peaks in acoustic intensity (the Lloyd mirror effect). This

effect diminishes with increasing surface roughness. Also, the vertically moving surface

contributes with its own spectrum to the spectrum of a reflected signal. When there

are wind action induced surface currents as well, a shift in frequency can be registered

at reception.

There are similar aspects of bottom interaction, but the situation is generally more

complicated there. It is only simpler in that it can be considered as a stationer bound-

ary. Otherwise, the bathymetry can be very different within short distances, as well

as the composition of the sea bed, which is usually a layered structure with different

acoustic properties of each layer. Sound is usually not simply reflected from the bot-

tom, but penetrates it, refracted and may be also reflected, and then transmitted back

into the water. The propagation within the sea bed is very lossy, and associated with

compressional and shear waves as well.

For advanced propagation codes a large number of input data that specify boundary

properties is needed, which can significantly affect the outcome. For our computations

boundaries are modelled most simply as perfect reflectors. Within a dynamical frame-

work of analysis, an attempt of theoretically accounting for the behaviour of reflecting

rays failed even despite extreme simplicity. Hence in our presentation we will put an

emphasize on long-range deep ocean propagation in an acoustical sense.

2.3 Dynamical features

Fluctuations in the state of the medium can also significantly affect propagation char-

acteristics. These dynamical features are often categorised according to typical time

and space scales. Commonly recognised space scales are referred to as ‘large’ (> 100

km), ‘meso’ (100 m-100 km), and ‘fine’ (< 100 m).

Large scale dynamical features include global currents, which can be either wind-

driven or thermohaline – governed by the same geostrophic relation, however, which
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expresses the balance between the Coriolis and pressure forces. The wind-driven cur-

rents are restricted to near the surface, except when they are confined by the ocean

basin and forced to upwelling or downwelling. Thermohaline currents, on the other

hand, are associated with the formation of water masses and their subsequent spread-

ing out to occupy appropriate layers of density. Global ocean models draw out a picture

of a current system which is constituted by several interconnected loops that wander

around the entire ocean basin. These currents can drift and bend the paths of sound

propagation.

Other features such as oceanic fronts, eddies, and internal waves are classified as

meso-scale features. The oceanic fronts can be defined as transition zones between

different water masses, with an abrupt change in water temperature, salinity, and

sound speed. Hence, they are of strong acoustical relevance. Special oceanic fronts

are associated with eddies. By their origin they usually peal off from a main current,

and constitute a separate water mass entity with a gyre, and wander about until they

loose their identity through dissipation and equalisation of imbalances. Cold-core Gulf

Stream eddies, for example, form on the south of the Gulf Stream, with typical sizes

of 100-300 m. Each year an estimated 6-8 such eddies form, which can persist for even

a year (Lai & Richardson 1977).

Internal waves are of particular importance for long-range sound propagation. Us-

ing a thermistor array lowered into the water, measurements reveal fluctuations in the

vertical temperature and hence density structure. The associated motion of an iso-

density surface, or an interface that separates layers of different densities, is referred

to as an internal wave. Surface waves can be seen as limit cases of internal waves, and

thus, wind acting on the surface – as one type of the generating effects. Amplitudes de-

pending on depth are determined by the stratification. With smaller density gradients,

the amplitude increases, and so, in-depth gravity waves (i.e. the internal waves) can

have several times greater amplitudes as surface waves. Horizontal wave lengths can

range from a few hundred meters to many kilometers; the frequencies of free internal

waves range between inertial frequencies (depending on latitude) and the buoyancy

frequency. A statistical model of free internal waves was proposed by Garrett & Munk

(1972,1975) which will be introduced in Chapter 5. Due to their effect on the sound

speed distribution, acoustic propagation is affected. This is manifested in acoustic

wave amplitude and phase variation, temporal and spatial instability of acoustic paths

(Flatté 1979), the explosion of beams (Tappert 2003), etc.

In our studies we are concerned with the effects of oceanic fronts and internal waves

on the stability of acoustic ray paths. In particular, we focus on fronts associated with
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double duct sound speed profiles and their transition into single duct profiles. The

formation of such a front in the North Atlantic as a result of co-mingling Atlantic and

Mediterranean waters will be discussed in Chapter 6, with a subsequent analysis of the

effects of idealised model transition zones on ray stability.

At long-range propagation where commonly generated wave lengths are long, fine

scale features do not play a role, and hence their discussion is omitted here.



Chapter 3

Theory and modelling of wave

propagation

3.1 The wave equation

Most generally small amplitude sound propagation in compressible fluid media is de-

scribed by the linear wave equation:

∂2φ

∂t2
= c2∇2φ +

λ + µ

ρ0

∂

∂t
∇2φ, (3.1)

which is now written in terms of the velocity potential, φ. It depends on the following

parameters:- c – the speed of sound, λ and µ – moduli of volumetric and shear vis-

cousity, ρ0 – density of reference state. The symbol ∇ = [∂/∂x, ∂/∂y, ∂/∂z] = ∂/∂r

denotes the nabla differential operator (written in a Cartesian coordinate system for

this instance). The second term on the right hand side (RHS) vanishes for inviscid flu-

ids. Fundamental equations of fluid mechanics that the wave equation (3.1) is derived

from include the equations of motion, continuity, state, and energy balance. Along the

line of derivation (see details in Appendix A) the most important assumption of linear

acoustics is that variables that determine the state of the medium are infinitesimally

perturbed relative to some static reference state, which assumption implies the reduc-

tion of the number of equations from four to only one. In fact, similar wave equations

derived for different variables are related by transformations of variables. The wave

equation for the displacement potential, for example, reads as:

∂2ψ

∂t2
= c2∇2ψ. (3.2)

Here the following definitions were considered:
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u = ψ∇T and v =
∂u(r, t)

∂t
. (3.3)

Note that because of infinitesimal u’s, initial and momentary configurations are not

distinguished. Also, the term of dissipation from the RHS of (3.1) is omitted. Field

attenuation can be taken into account by expanding c into having a real as well as

an imaginary part, the latter determining the rate of exponential attenuation. For a

reference see (Jensen et al. 2000, p. 33.) or (Clay & Medwin 1998, A3.2.1.). Similarly,

the equation for the more intuitive variable, the pressure, can be found in the form:

∂2p

∂t2
= c2∇2p, (3.4)

where the connection is given by the formula:

p = −ρ
∂2ψ

∂t2
. (3.5)

Clearly, the variation of (reference) density is assumed to be negligible, which assump-

tion is already built into (3.1).

Transformation between time and frequency domains is facilitated by the Fourier

transform pairs:

f(t) =
1

2π

∫ ∞

−∞
f(ω)e−iωtdω, (3.6)

f(ω) =

∫ ∞

−∞
f(t)e−iωtdt. (3.7)

Applying (3.7) on (3.2) yields the Helmholtz equation, in which differentiation acts

over spatial coordinates only:

[∇2 + k2(r)]ψ(r, ω) = 0. (3.8)

Here, k = ω/c is the wave number, the number of pressure wave peaks over unit length.

When sound source(es) are present, the wave equation and the Helmholtz equation

are amended by adding a term to the RHS, f(r, t) or f(r, ω), which is referred to as

inhomogeneity. This can be accounted for by an additional mass injection term in the

equation of continuity. In case of a point source when the inhomogeneity is represented

by the delta function δ(r − r0) (r0 denoting the location of the source) the particular

solution of the Helmholtz equation gω(r, r0) is termed as the Green’s function. For

homogeneous media with a constant wave number k, the Green’s function is found to

be
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gω(r, 0) =
eikr

4πr
, where r = |r− r0|. (3.9)

For a solution, boundary conditions relevant to a certain scenario are applied. Then

the solution takes the form of a sum,

Gω(r, r0) = gω(r, r0) + Hω(r), (3.10)

that of the Green’s function and the homogeneous solution, together satisfying the

radiation and boundary conditions. This sum is called the general Green’s function.

An analytic solution for the boundary value problem in general does not exist

in a closed form, except for some special cases. In practice, however, prediction is

desired to be made for the most various propagation scenarios, and therefore one has

to resort to numerical methods. Preliminary to the application of some numerical

algorithm, the wave equation is analytically treated. In case of different classes of

propagation phenomena, a set of assumptions can imply a new form of the equation(s),

which is then more tangible for some numerical method. In fact, the introduction

of the Helmholtz equation was already one step in this direction. Its treatment to

facilitate more specific computational methods, such as:- wave number integration,

normal modes- and parabolic equation techniques, and ray methods – is the subject

of the present chapter, one-one section devoted to each. Our main source here is the

text by Jensen et al. (2000). Note that ray methods are considered last in this review,

partly in order to single it out as the most important one from our point of view.

3.2 Wave number integration

Let us consider a stratified ocean, when the sound speed is varying with depth only,

and the density is constant. Also, the sound source is a vertical line array. With this

configuration the wave field is independent of the azimuthal angle; hence the problem

is cylindrically symmetric, and the Laplace operator in (3.8) can be detailed as:

∆ = ∇2 =
1

r

∂

∂r
r

∂

∂r
+

∂2

∂z2
. (3.11)

Now, r is the distance from the axis of cylindrical symmetry. The stratified media

is seen to be partitioned into N layers separated from each other and the boundaries

by N + 1 interfaces. (See Figure 3.1.) For each layer the displacement potential

ψm, m = 1, . . . , N , satisfies the Helmholtz equation,
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Figure 3.1: Horizontally stratified environment. This figure has been reproduced from

(Jensen et al. 2000, Fig. 4.3)

[
1

r

∂

∂r
r

∂

∂r
+

∂2

∂z2
+ k2

m(r)

]
ψm(r, ω) = fs(z, ω)

δ(r)

2πr
, (3.12)

where km(z) = ω/cm(z) is the medium wave number for layer m. To solve this equation

the separation of variables is achieved by applying another integral transform. The

depth separated wave equation yields by using the second of the Hankel transform

pair:

f(r, z) =

∫ ∞

0

f(kr, z)J0(krr)krdkr, (3.13)

f(kr, z) =

∫ ∞

0

f(r, z)J0(krr)rdr, (3.14)

such that

[
d2

dz2
− [k2

r − k2
m(r)]

]
ψm(kr, ω) =

fs(z)

2πr
. (3.15)

In the above, J0 is the Bessel function of the first kind, and kr is the horizontal wave

number. Now the wave equation simplifies to an ordinary differential equation with

the depth coordinate as the only independent variable.

The concept of wave number integration relies on the possibility that the depth

separated wave equation has a solution in closed form. This being the case for each

layer, the solution for the full water column can be specified by matching boundary

conditions at the interfaces and the wave guide boundaries. Subsequently the inverse
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Hankel and Fourier transforms, (3.13) and (3.6), are applied to obtain the wave field

in time domain.

In a layer of constant medium wave number the homogeneous depth separated

equation can be satisfied with functions of exponential form, and the Green’s function

for a point source yields as given above by (3.9). Only that it facilitates a crude,

stepwise approximation of the sound speed profile. To achieve some level of smoothness

with fitting the sound speed profile, the n2-linear fluid layer is an option for modelling

while analytical solution still exists. Here, the wave number assumes the form of

k2
m(z) = ω2(az + b), (3.16)

with a, b parameters to match profile segments across interfaces. The solution then is

sought in terms of Airy functions of the first (Ai) and second kind (Bi) in the following

forms (indices are omitted from now on):

ψ+(kr, z) = Ai(ζ), (3.17)

ψ−(kr, z) = Ai(ζ)− iBi(ζ), (3.18)

with

ζ = (ω2a)−2/3[k2
r − ω2(az + b)]. (3.19)

The field is obtained subsequently by evaluating the inverse Hankel transformation

(3.13) over a linear combination of independent solutions:

ψ(r, z) =

∫ ∞

0

{A+Ai(ζ) + A−[Ai(ζ)− iBi(ζ)]}J0(krr)krdkr. (3.20)

The particular solution in a layer with a point source fs(z, ω) = Sωδ(z − zs), on the

other hand, yields as:

ψ̂(r, z) = −Sω

4π

∫ ∞

0

J0(krr)krdkr

×





2(ω2a)−1/3[Ai(ζs)−iBi(ζs)]Ai(ζ)
Ai′(ζs)[Ai(ζs)−iBi(ζs)]−Ai(ζs)[Ai′(ζs)−iBi′(ζs)]

,

a(z − zs) ≤ 0
2(ω2a)−1/3Ai(ζs)[Ai(ζ)−iBi(ζ)]

Ai′(ζs)[Ai(ζs)−iBi(ζs)]−Ai(ζs)[Ai′(ζs)−iBi′(ζs)]
,

a(z − zs) ≥ 0

(3.21)

In the above, Sω is the frequency dependent source strength, the Fourier transformed

source signal.
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Conditions at the interfaces and boundaries can be stated in terms of the vertical

displacement ∂ψ/∂z, and the pressure given by (3.5). The former is detailed for the

homogeneous solution [in spirit of (3.3)] as follows:

∂ψ

∂z
= −(ω2a)−1/3

∫ ∞

0

{A+Ai′(ζ) + A−[Ai′(ζ)− iBi′(ζ)]}J0(krr)krdkr, (3.22)

where the prime denotes differentiation. This is performed similarly for the particular

solution. Equations are obtained then considering that between fluid layers the dis-

placement and pressure is continuous. As for the wave guide boundaries we refer to

the simplest models. On the surface where the water is limited by the atmosphere the

pressure is zero, which is called the pressure release boundary; the sea bottom, in turn,

can be modelled as rigid boundary, where the vertical displacement is zero. Note that

because the conditions hold for all ranges, the integral kernels can be set equal. This

yields a system of 2N linear equations for 2N unknown A+’s and A−’s. Algorithms

for solving the system of simultaneous equations and subsequently carrying out the

inverse Hankel transformation comprise an extensive literature.

3.3 Normal modes

To illustrate the use of this technique the problem is set out similarly as in the previous

section, except that we allow for variation with depth in density too. To start with,

the same simple boundaries are assumed, namely: pressure release surface and rigid

bottom. With a point source in the water, the Helmholtz equation for pressure takes

the following form:

1

r

∂

∂r

(
r
∂p

∂r

)
+ ρ(z)

∂

∂z

(
1

ρ(z)

∂p

∂z

)
+ k2p = −δ(r)δ(z − zs)

2πr
. (3.23)

Next the separation of variables is performed when the solution of the homogeneous

equation is sought in form of a product: p(r, z) = Φ(r)Ψ(z). Having substituted this

into-, and divided both sides of (3.23) by – we find that

1

Φ

[
1

r

d

dr

(
r
dΦ

dr

)]
+

1

Ψ

[
ρ(z)

d

dz

(
1

ρ(z)

dΨ

dz

)
+ k2Ψ

]
= 0. (3.24)

As the two terms on the LHS depend only either on r or z, the equation can only be

satisfied if these terms equal the same constant. This way the second term results in

the modal equation:
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ρ(z)
d

dz

(
1

ρ(z)

dΨm

dz

)
+ (k2 − k2

rm)Ψm = 0, (3.25)

in which krm is the separation constant. In addition, the mode shape functions have

to satisfy the equations

Ψ(0) = 0 and Ψ′(D) = 0 (3.26)

for the stated boundary conditions.

The modal equation is a classical Sturm-Liouville problem with known properties.

For a nonsingular problem there exist an infinite series of kr1 > kr2 > . . . eigenvalues,

analogous to the eigenfrequencies of a vibrating string, and corresponding Ψm(z) mode

shapes. The m’th mode has m roots, and is orthogonal to any other one:

∫ D

0

Ψm(z)Ψn(z)

ρ(z)
= 0, for m 6= n. (3.27)

They are also arbitrary to within a multiplicative constant, and for convenience they

are scaled so that

∫ D

0

Ψ2
m(z)

ρ(z)
= 1. (3.28)

For the given problem the modes form a complete set, and thus any function can

be represented by a linear combination of them. Hence, the solution is sought in such

a form:

p(r, z) =
∞∑

m=1

Φm(r)Ψm(z). (3.29)

Substituting this into (3.23), and utilising the modal equation (3.25), we find that

∞∑
m=1

{
1

r

d

dr

(
r
dΦm(r)

dr

)
Ψm(z) + k2

rmΦm(r)Ψm(z)

}
= −δ(r)δ(z − zs)

2πr
. (3.30)

Next, the operator

∫ D

0

Ψm(z)(·)
ρ(z)

dz (3.31)

is applied. Because of the orthogonality property (3.27) only the m’th term remains

from the sum, yielding:

1

r

d

dr

[
r
dΦm(r)

dr

]
+ k2

rnΦm(r) = −δ(r)Ψm(zs)

2πrρ(zs)
. (3.32)
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The solution of this equation can be given in terms of the Hankel function:

Φm(r) =
i

4ρ(zs)
Ψm(zs)H

(1,2)
0 (krmr). (3.33)

For the final solution – due to the radiation condition, i.e. that waves are travelling

away from the source but not towards it – the Hankel function of the first kind is

chosen, and hence we express the wave field as:

p(r, z) =
i

4ρ(zs)

∞∑
m=1

Ψm(zs)Ψm(z)H
(1)
0 (krmr). (3.34)

An alternative approach starts with the spectral integral representation:

p(r, z) =

∫ ∞

0

G(z, zs, kr)J0(krr)krdkr

=
1

2

∫ ∞

−∞
G(z, zs, kr)H

(1)
0 (krr)krdkr, (3.35)

where the general Green’s function satisfies the depth separated equation:

ρ(z)

[
G′(z)

ρ(z)

]′
+ [k(z)2 − k2

r ]G(z) = −δ(z − zs)

2π
, (3.36)

and generalised boundary conditions:

fT (k2
r)G(0) +

gT (k2
r)

ρ(0)

dG(0)

dz
= 0, (3.37)

fB(k2
r)G(D) +

gB(k2
r)

ρ(D)

dG(D)

dz
= 0, (3.38)

superscripts T and B referring to the top and bottom respectively.

This approach gains its utility from a special property of the integral kernel in

(3.35). It is straightforward to show that the modal expansion of the Green’s function

that satisfies the depth separated equation (3.36) can be written as:

g(z) =
1

2πρ(zs)

∑
m

Ψm(zs)Ψm(z)

k2
r − k2

rm

. (3.39)

In this representation it can be seen that the Green’s function has singularities at the

modal wave numbers. In addition, certain boundary conditions may introduce further

subtleties. For an example let us consider a simple wave guide introduced by Pekeris.

As illustrated in Figure 3.2, the wave guide consists of a water layer of finite depth D

on top, and a fluid half space below. The density and the sound speed in the water
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Figure 3.2: Schematic of the Pekeris wave guide. This figure has been reproduced from

(Jensen et al. 2000, Fig. 5.5)

and the bottom have different constant values. For such a wave guide it can be shown

that the bottom boundaries are described by the equations:

fB(k2
r) = 1 and gB(k2

r) = ρb/

√
k2

r −
(

ω

cb

)2

. (3.40)

As the horizontal wave number appears in the equation of the boundary condition, and

enters through the square root function, it introduces a branch cut in the complex plane

of kr for the presently considered wave guide. On the two sides of the branch cut, the

vertical wave number is defined by different formulae, which leads to the discontinuity

of the integral kernel across the branch cut.

The choice of the branch cut is somewhat arbitrary; a choice called the EJP branch

cut is illustrated in Figure 3.3. In this same figure the associated modal wave numbers

as poles are also indicated, and the integration path proposed to perform the trans-

formation under (3.35). Given that with this choice of the path the integral kernel is

analyticl, we can apply the residue theorem (schematically written) as follows:

∮
=

∫ ∞

∞
+

∫

C∞
+

∫

CEJP

= 2πi

M∑
m=1

res(krm). (3.41)

Because of the decaying property of the Hankel function, as the radius of the semicircle

goes to infinity, the associated integral tends to zero. Hence, the wave field is expressed

as the residues of a finite number of poles minus the branch cut integral. In fact,

considering the boundary value problem of (3.36)-(3.38) and its solution to be found

in standard literature, the residues can be put in terms of the mode shape functions as

already seen under (3.34). This time, however, there is a finite number of modes only,
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Figure 3.3: Location of eigenvalues for the Pekeris wave guide using the EJP branch

cut. This figure has been reproduced from (Jensen et al. 2000, Fig. 5.6)

and also the branch cut integral. Although, the latter is generally negligible in the far

field.

Numerical computation of the mode shapes requires the discretisation of the depth

coordinate, which yields a series of its discrete values: Ψj = Ψ(zj). With this the

differential expressions in the modal equation and the boundaries can be replaced by

algebraic expressions. This is done by using some differential scheme which involves the

linear combination of a few neighbouring Ψj’s. Doing this for all zj, and assembling

the resulting linear equations in a matrix form, we are given a standard eigenvalue

problem in the form:

(A− k2
rI)x = 0, (3.42)

where I is the identity matrix, and x involves all the Ψj’s. The search for the eigenvalue

is always a root finding procedure. For real kr’s standard procedures can be used, but

there are algorithms available for problems with complex valued solutions as well.

3.4 Parabolic equations

Our starting point is the Helmholtz equation written for the acoustical pressure in

cylindrical coordinates:
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∂2p

∂r2
+

1

r

∂p

∂r
+

∂2p

∂z2
+ k2

0n
2p = 0. (3.43)

Here we have assumed constant density and azimuthal symmetry; k0 = ω/c0 is the

reference wave number, and n(r, z) = c0/c(r, z) is the index of refraction. We are

looking for the solution in form of a one-way travelling wave solution in cylindrical

coordinates:

p(r, z) = ψ(r, z)H
(1)
0 (k0r). (3.44)

In this, the Hankel function satisfies the Bessel differential equation,

d2H
(1)
0 (k0r)

dr2
+

1

r

dH
(1)
0 (k0r)

dr
+ k2

0H
(1)
0 (k0r) = 0, (3.45)

but it will be replaced by its asymptotic form for k0r À 1:

H
(1)
0 (k0r) ≈

√
2

πk0r
ei(k0r−π

4
). (3.46)

The trial solution (3.44) substituted into (3.43), making use of the Hankel function

property given by (3.45), yields the equation:

∂2ψ

∂r2
+

(
2

H
(1)
0 (k0r)

∂H
(1)
0 (k0r)

∂r
+

1

r

)
∂ψ

∂r
+

∂2ψ

∂z2
+ k2

0(n
2 − 1)ψ = 0. (3.47)

With the far field assumption, k0r À 1, and the corresponding approximation (3.46)

we obtain the simplified elliptic wave equation:

∂2ψ

∂r2
+ 2ik0

∂ψ

∂r
+

∂2ψ

∂z2
+ k2

0(n
2 − 1)ψ = 0. (3.48)

Finally the paraxial approximation is introduced:

∂2ψ

∂r2
¿ 2ik0

∂ψ

∂r
, (3.49)

with which we arrive at the standard parabolic equation (PE):

2ik0
∂ψ

∂r
+

∂2ψ

∂z2
+ k2

0(n
2 − 1)ψ = 0. (3.50)

A phase error analysis considering stratified media reveals that the standard PE

is a narrow angle PE in comparison with other PEs that may be obtained through

a generalised derivation using operator formalism. Although it has to be noted that

while a standard PE is a 10◦ equation for one application – meaning that a certain
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critical phase error is reached at a 10◦ propagation angle to the horizontal –, it can be

a 20◦ equation for another one with less stringent requirements.

Applying the Fourier transformation over the depth variable, the range separated

form of the standard PE is obtained as follows:

∂ψ

∂r
+

k2
0(n

2 − 1)− k2
z

2ik0

ψ = 0. (3.51)

The latter is recognised as a first order linear ordinary differential equation whose

solution is known in an exponential form:

ψ(r, kz) = ψ(r0, kz)e
− k2

0(n2−1)−k2
z

2ik0
(r−r0)

. (3.52)

This is then transformed back to the z-domain yielding the field solution as:

ψ(r, z) = e
ik0
2

(n2−1)(r−r0)

∫ ∞

−∞
ψ(r0, kz)e

− i(r−r0)
2k0

k2
zeikzzdkz. (3.53)

Finally the range increment is introduced as ∆r = r− r0, and the symbols F and F−1

denote the Fourier and inverse Fourier transformations, respectively. With this, the

field solution is rewritten in a compact form as:

ψ(r, z) = e
ik0
2

[n2(r0,z)−1]∆rF−1
{

e
− i∆r

2k0
k2

zF{ψ(r0, z)}
}

, (3.54)

which forms the basis of the split-step range marching algorithm proposed by Hardin

& Tappert (1973) for solving the standard one-way PE. The exponential form (3.52) is

valid for a constant n, but errors incurred by range-dependency can be controlled by

the step size ∆r. With appropriate choice of the depth increment, in turn, F and F−1

can be performed by efficient FFT algorithms.

The initial condition or starting field can be generated in several ways. Considering

a point source, a so-called analytical starter, the Gaussian source has the following

form:

ψ(0, z) = Ae−
(z−zs)2

W2 . (3.55)

In here, A is the effective source level and W – the beam width. It was originally

proposed by Tappert (1977) for use with the standard PE. The determination of pa-

rameters A and W is done by matching the solution of the PE for a homogeneous

media in the far field with the known analytical solution of the Helmholtz equation.

Omitting the derivation, the result is:

A =
√

k0, W =

√
2

k0

. (3.56)



Theory and modelling of wave propagation 37

3.5 Ray methods

We start with the Helmholtz equation written for the pressure in cartesian coordinates:

∇2p +
ω2

c2(r)
p = 0. (3.57)

The solution is sought in a form of a ray series:

p(r) = eiωτ(r)

∞∑
j=0

Aj(r)

(iω)j
, (3.58)

which is generally divergent, but in some cases can be shown to be approximating the

exact solution. We produce differentials of the above expression such that:

∇p = eiωτ

[
iω∇τ

∞∑
j=0

Aj

(iω)j
+

∞∑
j=0

∇Aj

(iω)j

]
and (3.59)

∇2p = eiωτ

{
[−ω2(∇τ)2 + iω∇2τ

] ∞∑
j=0

Aj

(iω)j

}

+ eiωτ

{
2iω∇τ

∞∑
j=0

∇Aj

(iω)j
+

∞∑
j=0

∇2Aj

(iω)j

}
. (3.60)

Next, it is substituted into the Helmholtz equation (3.57), which is satisfied if the

terms of like order in ω are equal. Subsequently, this condition yields an infinite series

of equations for τ and all the Aj’s:

O(ω2) : |∇τ |2 = c−2(r), (3.61)

O(ω) : 2∇τ · A0∇T + (∇2τ)A0 = 0, (3.62)

O(ω1−j) : 2∇τ · Aj∇T + (∇2τ)Aj = −∇2Aj−1, j = 1, 2, . . . (3.63)

The equation (3.61), leading order in ω, is called the eikonal equation, and the equa-

tions for matching lower order terms in ω, (3.62) and (3.63), are known as the transport

equations. Note that the transport equations are coupled in a recursive manner. In

practice, only (3.62) is retained, what is referred to as the high frequency approxima-

tion, valid when the acoustic wave length 2π/k is smaller than all length scales that

characterise variations in c.

Solutions to the eikonal and transport equations are obtained in terms of a set of

spatial curves {r(s)}, the acoustic ray paths, where s is defined as a metric parame-

ter. The rays are defined by the so-called ray equations, which assume the following

canonical form:
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dr

dt
= H∇T

p , (3.64)

dp

dt
= −H∇T

r , (3.65)

in which the Hamiltonian takes the form of

H(r,p) =
p2 − c(r)−2

2
. (3.66)

Here, the independent variable t and the ray slowness vector p are defined as:

ds

dt
=

1

c
, (3.67)

p = τ∇T . (3.68)

Noting that

dr

ds
= cτ∇T = cp, (3.69)

which is equation (B.5) of Appendix B, the Hamiltonian formalism is simply justified

as

dr

dt
=

dr

ds

ds

dt
= p; (3.70)

and on the other hand, the far sides of the connection

p2

2
=

(τ∇)2

2
=

c−2

2
, (3.71)

established by using the eikonal equation – is differentiated with respect to t, which

implies that

dp

dt
=

(c−2)∇T

2
. (3.72)

Note that we utilised here (3.70) straightaway, as well as the chain rule. A further

equation for the eikonal can also be obtained:

dτ

dt
= τ∇ · dr

dt
= p2 = L. (3.73)

Thus, the derivative turns out to equal the Lagrangian function. Note that the Hamil-

tonian 3.66 is constantly zero since ∂tτ = 0, and that H = T + V while L = T − V .

These points will be clarified in the next chapter in the context of the Hamilton–Jacobi

equation (4.49).
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For the derivation of an alternative form of the ray equations – readily in terms

of the more intuitive metric parameter s – the reader is referred to Section B.1 of

Appendix B. This approach is based on the picture that the rays are perpendicular

to any level surface of the eikonal, which is in fact the meaning of (3.69). Also, the

eikonal, as a time-like quantity, can be seen as the travel time of an acoustic pulse. In

terms of a single ray, the previous interpretation is supported by manipulating (3.73)

with the use of (3.68) and the eikonal equation to yield the connection:

dτ

ds
=

1

c
. (3.74)

Thus, the travel time between two points along a ray can be calculated by the integral:

τ(s)− τ(0) =

∫ s

0

c−1(r(s′))ds′. (3.75)

In association with the transport equation, an ordinary differential equation for A0(s)

in terms of a single ray can be similarly obtained. Coincidentally, its solution is formally

identical to the solution given in the end of Appendix B for the problem of a travelling

pulse:

A0(s) = A0(0)

∣∣∣∣
c(s)J(0)

c(0)J(s)

∣∣∣∣
1
2

, (3.76)

in which J is the Jacobian (B.15).

As for initial conditions we consider the Green’s function given for homogeneous

media (3.9), by which

τ 0(s) =
s

c0

and A0(s) =
1

4πs
, (3.77)

and note that the Jacobian for spherical coordinates is known (Weisstein n.d. Spherical

Coordinates, online content)(Arfken 1985, p. 102-111) to yield in the form of

J = −s2 cos θ. (3.78)

Here, the ray take-off angle θ is measured from the horizontal. With this

lim
s→0

A(s)|J(s)|1/2 =
1

4π
| cos θ|1/2, (3.79)

and finally assembling (3.75), (3.76), (3.77) and (3.79), the pressure field in terms of a

ray is written as:

p(s) =
1

4π

∣∣∣∣
c(s) cos θ

c(0)J(s)

∣∣∣∣
1/2

eiω
∫ s
0 c−1(r(s′))ds′ . (3.80)
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Subsequently, the full wave field is calculated as a sum of contributions along each

ray that connects the source and a particular point in space. When the exponential

phase term of (3.80) is omitted, the sum is referred to as incoherent, and in full – as

coherent. The contributing rays are called eigenrays, and a number of algorithms exist

for their computation. Special cases include when an infinite number of rays encounter

at a point, or no eigenrays exists at all. The former is called caustics, and the latter

is referred to as a shadow zone. The wave field is certainly not infinitely intense in

the point of caustic, and sometimes it also happens that there is wave field intensity

where ray theory predicts a shadow zone. To deal with these special cases a number

of approaches have been proposed.



Chapter 4

Ray dynamics

4.1 The fundamentals

4.1.1 Description of the ray model

In this section ray models for deep ocean ducted propagation are introduced. For these,

acoustic rays are confined to wave guides with one and two sound speed minima. First

the ray equations are introduced, and then two sound speed profiles that create such

wave guides. Dynamical features are also considered, resulting in the variation of sound

speed with range, which is a feature of particular interest for the subsequent analysis

ray stability.

The discussion continues on from the end of the previous chapter with the Hamil-

tonian formulation of the ray equations. Here, however, we will consider only two

dimensional propagation scenarios, that is, the vertical slice problem. For this, the

horizontal range variable r, and the depth variable z are retained, assuming that the

rays are not refracted out of the vertical plane. In case of the azimuthal or cylindrical

symmetry the eikonal equation (3.61) takes the simpler form of

(
∂τ

∂r

)2

+

(
∂τ

∂z

)2

= c−2(r, z). (4.1)

To solve this equation in terms of a set of rays, it is rewritten as:

∂τ

∂r
−

√
c−2(r, z)−

(
∂τ

∂z

)2

= 0. (4.2)

It will be shown in Section 4.1.3 [refer to (4.49), the Hamilton–Jacobi equation] that

the associated ray equations yield in the following canonical form:
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z′ =
∂H

∂p
, p′ = −∂H

∂z
, (4.3)

for which the Hamiltonian is implied by (4.2) as:

H(r, z, p) = −
√

c−2(r, z)− p2. (4.4)

In this formulation z and p are called the conjugate coordinates, whereas the range r

acts as the independent variable of the dynamical system. Also, p = ∂zτ is defined

as the vertical component of the ray slowness vector τ∇, while the Hamiltonian from

(4.2) H = −∂rτ turns out to be minus the horizontal component.

The ray tangent z′ is defined by the first of the canonical equations. It can be

formulated alternatively in terms of the components of the ray slowness vector, or the

ray angle:

z′ =
∂zτ

∂rτ
= tan ϕ. (4.5)

Expanding tan2 ϕ as (sin−2 ϕ− 1)−1, and expressing the fraction of the components of

the ray slowness vector from (4.1), we easily find the following connection:

pc = sin ϕ. (4.6)

Replacing the Helmholtz equation with the standard PE (3.50), the solution is

proposed again in form of a ray series (3.58). From the resulting eikonal equation the

Hamiltonian is found to be:

H(r, z) =
c0

2
p2 +

1− n2(r, z)

2c0

. (4.7)

Here, p = ∂zτ is similarly defined as with the true rays. Now, if the ray series is

modified as:

ψ(r, z) = eik0S(r,z)

∞∑
j=0

Aj(r, z)

(ik0)j
, (4.8)

the new Hamiltonian assumes the following form:

H(r, z) =
p2

2
+

1− n2(r, z)

2
, (4.9)

and this time p = z′ denotes the ray tangent, which definition is in fact constituted

by the first of the canonical equations. This form is found to be analogous to the

Hamiltonian of mechanical systems whereby the first and second terms are related to

the kinetic and potential energy, respectively.
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It follows from the Hamilton–Jacobi equation that

∂zτ

∂rτ
= − p

H
, (4.10)

and from the condition of orthogonality (3.69) that

p =
dz

dr
=

∂zτ

∂rτ
. (4.11)

Now, it is clear that the latter holds only for small p’s, that is, the property of orthog-

onality is closely related to the paraxial approximation.

For convenience we further approximate the paraxial rays by linearising the po-

tential function. In terms of the normalised sound speed C = n−1 it is obtained as

V = [1− C−2]/2 ≈ C − 1, with which the ray equations turn out to be:

z′ = p and p′ = −∂zC. (4.12)

The solutions of the ray equations are governed by the sound speed structure. A

stratified ocean can be described by a single sound speed versus depth profile. As

already noted, one which is taken to represent the conditions in much of the world’s

oceans is the Munk profile (Munk 1974), given by the formula:

CM(z) = 1 + ε(e−η + η − 1), where η = 2(z − za)/B. (4.13)

As shown in Fig. 4.1 this describes a single duct wave guide created by a minimum in

the sound speed profile at z = za. Constants that we take here are:- c0 = 1.49 km/s,

ε = 0.0057, za = 1 km and B = 1 km. The double duct profile we use for simulations

was taken in the Eastern North Atlantic (Wiercigroch et al. 1998b):

Cdd =

{ ∑4
i=0 aiz

i z < 1.5

b + c(z − 1.5) z > 1.5
(4.14)

Note that the experimental data was fitted by the lowest order polynomial that can

have two minima. The linear part approximates the asymptote due to the thermocline.

Coefficients are:- a0 = 1.49323, a1 = −0.0471063, a2 = 0.147473, a3 = −0.145517,

a4 = 0.045226, b = 1.49222, c = 0.023624. (These coefficients are certainly dimensional

quantities.) A discussion on the occurrence of such profiles will be presented in Section

6.1.

With the model of a stratified ocean, the ray system is separable, which in the

above cases allows for analytical solution by integration. If the sound speed is range-

dependent, this is not the case. Range-dependency is the true character of the ocean,
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Figure 4.1: Examples of ray paths (middle panel) and ray trajectories (left panel)

with both Munk and double duct profiles, shown on the left. Initial conditions were:

(z0, ϕ0) = (1 km,−5◦) – Munk, (z0, ϕ0) = (1.3 km,−5◦) – double duct. Perturbation

parameters were: A = 0.01, R = 10 km – unchanged for all computations with the

periodic perturbation

and leads to substantial difference in propagation behaviour. Range dependency con-

verts the autonomous 2D system (4.3) into a driven system and is a necessary condition

for ray chaos (Palmer et al. 1988). The simplest way to take variability in range into

account is given by the following sound speed perturbation (Wiercigroch et al. 1998b):

δC = A
2z

B
e−

2z
B sin

(
2πr

R

)
. (4.15)

The perturbation is superimposed onto the background, e.g. C = CM + δC. Equation

(4.15) is a single mode approximation of an internal wave field (to be introduced in

Section 5.1 of the next chapter) which is periodic in range and decays exponentially

with depth. The perturbation strength is controlled by A; R is the internal wave

length. In Figure 4.1 examples of perturbed ray paths and ray trajectories are shown,

with each of the profiles introduced above – shown on the left.
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Figure 4.2: Portraits of Poincaré sections with Munk (left) and double duct profiles

(right). Initial conditions – highlighted by markers – were: z0 = 1 km, −ϕ0 = 1, . . . , 12◦

– Munk, z0 = 1.3 km, −ϕ0 = 1, . . . , 15◦, z0 = 0.35 km, ϕ0 = −0.5, 0◦, z0 = 0.325 km,

ϕ0 = −7,−7.5,−8◦ and z0 = 0.2 km, ϕ0 = 1, 2◦ – double duct

4.1.2 Poincaré section

One benefit of having a model with a simple harmonic perturbation is that we can

construct the stroboscopic Poincaré section of the ray trajectories. The trajectory is

sampled at ranges which are multiples of the wavelength of the harmonic perturbation

(Guckenheimer & Holmes 1983). Figure 4.2 shows Poincaré sections for the ray system

with the above introduced Munk and double duct sound speed profiles. The associated

Poincaré return map, which converts one stroboscopic point to the next, is unique and

area preserving. This is justified as follows. We consider the dynamical system as an

initial value problem:

ẋ = f(x, t), x0 = x(x0, 0). (4.16)

[In this chapter we retain the common notation in the study of dynamical systems,

with t for time and (q,p) for the conjugate variables. The usual bold typesetting for

vectorial quantities is not employed here.] The solution x = {q, p} depends on the

independent variable as well as the initial conditions. Since f is periodic, we can write

that f(·, t) = f(·, t − nT ), where T is the period of forcing, and n is any integer.

Next, a series of new variables are introduced: τn = t− nT ; or in a recursive manner:
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τn = τn−1− T . With this, due to the periodic property of f , a series of identical initial

value problems can be generated:

ẋn = f(xn, τn), x0n = xn(x0n, 0), (4.17)

certainly, with identical form of the sought-for functions xn(x0n, τn) too. Now we utilize

the recursive formula τn = τn−1 − T and write that

xn−1(x0n−1, τn + T ) = xn(x0n, τn). (4.18)

If τn is set to be zero here, the right hand side is found to be the general form of the

initial condition under (4.17). Using this connection, and leaving the subscript of the

sought-for function being invariant, the following map yields:

x0n = x(x0n−1, T ). (4.19)

The above result is the Poincaré return map itself. As intuition suggests, it is obtained

by evaluating the sought-for function with respect to the independent variable at time

T , the period of perturbation. The associated picture is that two stroboscopic points,

with the measure of T apart from one another along the time coordinate, are linked by

a trajectory segment. In terms of the ray depth and ray tangent coordinates we write

that

{zn+1, pn+1} = P(zn, pn), P = {Pz,Pp}. (4.20)

Next, it is shown that the Poincaré return map of a one-degree-of-freedom Hamil-

tonian system is an are preserving mapping – a result attributed to Liouville. First the

deformation gradient of the flow X, and the Jacobi determinant J0 are introduced as:

X =
∂x(x0, t)

∂x0

, (4.21)

and with this,

J0 = det(X). (4.22)

Here the subscript of J0 refers to the initial configuration at t = 0 with which the

Jacobian is associated. This quantity is found to be the factor by which an infinitesimal

volume of phase space is modified over time. It can be shown that the evolution of the

Jacobian is governed by the following differential equation (Béda n.d.):

J̇0 = J0div(f(x, t)). (4.23)
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The divergence of a one-degree-of-freedom Hamiltonian flow can easily be shown to be

zero due to the canonical form of the equations:

div(f) =
∂

∂q

(
∂H

∂p

)
− ∂

∂p

(
∂H

∂q

)
= 0, (4.24)

and hence the Jacobian is constantly unity. (Clearly, initially the Jacobian has to be

unity since it gives the ratio of phase space volumes which are identical, as will later

be shown in terms of the identity matrix.) Now, as the Poincaré return map yields

by taking the solution x(x0, t) at T with respect to time, its Jacobian derives similarly

from the Jacobian of the flow; i.e. the mapping inherits the area preserving property

of the flow.

Extended phase space. Now we will look at the Poincaré sections from a different

perspective, in terms of sectioned trajectories in a bounded phase space. Henceforth,

and continuing in the following subsection, we closely follow Lichtenberg & Lieberman

(1982). To start we note that the Hamiltonian of the autonomous system is constant.

In order to show this, the Hamiltonian H(q, p, t) is differentiated as follows:

Ḣ =
∂H

∂q
q̇ +

∂H

∂p
ṗ +

∂H

∂t
. (4.25)

Using the the canonical form of the ray equations (4.3), the first two terms on the right

cancel each other, and the equation reduces to Ḣ = ∂H/∂t. If H does not depend

explicitly on t, i.e. the system is autonomous, then Ḣ = 0, and H is a constant

depending on the initial conditions. In this case H is said to be a constant of motion.

Suppose now that the one-degree-of-freedom system is non-autonomous. Then we

introduce the following new variables of a two-degree-of-freedom system:

q̄1 = q1, p̄1 = p1, q̄2 = t, p̄2 = −H. (4.26)

If we parameterise the flow by time, so that the new independent variable τ = t, we

find that the two-degree-of-freedom system retains the Hamiltonian structure by means

of the canonical form of the equations:

˙̄qi =
∂H̄

∂p̄i

, ˙̄pi = −∂H̄

∂q̄i

, i = 1, 2, (4.27)

when the new Hamiltonian is implied as

H̄(q̄, p̄) = H(q̄1, p̄1, q̄2) + p̄2. (4.28)



Ray dynamics 48

The equations for q̄2 and p̄2 respectively reproduce (4.25) and the identity of time and

the new independent variable. Due to the definition of the new variables (4.26), H̄ is

clearly constantly zero. This is an example of how a non-autonomous system can be

transformed into an autonomous one of one greater degree of freedom, which conclusion

can be extended to any N degree-of-freedom non-autonomous system. Also note that

given a Hamiltonian periodic in range, p̄2 can be defined by the time modulo the period

T , thereby setting bounds on p̄2 and so the phase space itself. For this reason it is

commonly termed as a cylindrical phase space.

The above transformation suggests that the trajectories of a perturbed ray system

live in a 4D phase space. Although, since the Hamiltonian H̄(q̄, p̄) is constantly zero,

one of the new variables can be expressed as a function of the rest, say,

p̄2 = p̄2(q̄1, q̄2, p̄1), (4.29)

which particular functional form stands for the original Hamiltonian H(q, p, t). This

means that the trajectories, are, in fact, confined to a 3D volume in the 4D phase

space. Furthermore, if the 3D volume is bounded we can conveniently set a surface

of intersection at q̄2 = 0 which the trajectory pierces through repeatedly, and plot the

points of intersection onto the sectioning surface, which is now the original phase plane

spanned by q and p. Note that for a general surface of intersection, only intersections of

the same sense are counted, that is, for example, when the trajectory pierces through

the surface from left to right. If there is a further constant of motion exists:

I(q̄, p̄) = constant, (4.30)

the relation of the variables that it implies can be combined by (4.29) and q̄2 = 0, so

that it would yield the relation:

p = p(q), (4.31)

which suggests that the section of the trajectory is a curve on the sectioning surface.

In association with such, so-called invariant curves, it is common to speak about tori in

the cylindrical phase space that trajectories wind around. Conversely we can say that

if the section of the trajectory fills an area, there is no other constant of the motion

in addition to the Hamiltonian H̄. This provides a graphical means to determine the

existence of constants of the motion, and hence – stability.

To make the link, it is noted that the points of intersection on the sectioning surface

q̄2 = 0 are the stroboscopic points, and their plot is understood as the trajectory of the
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Poincaré return map. The above analysis concludes that the closed loops in Figure 4.2

refer to regular motion. So that we could discuss features in this figure in more details,

we have to present some more theory.

4.1.3 The canonical transformation equations

and action-angle variables

The Lagrangian formulation of mechanics is based on a variational principle, namely,

the least action principle:

δ

∫
Ldt = 0, (4.32)

in which the Lagrangian function is formulated in terms of the kinetic and potential

energy:

L(q, q̇, t) = T (q̇)− V (q, t). (4.33)

In here, q = {qi} and q̇ = {q̇i} are the vector position and velocity coordinates involving

coordinates of the respective degrees of freedom. The Euler-Lagrange differential equa-

tion of the variational problem takes the following form (Wikipedia n.d. EulerLagrange

equation, online content)(Kósa 1975):

d

dt

∂L

∂q̇i

− ∂L

∂qi

= 0. (4.34)

The connection of the Lagrangian and Hamiltonian functions,

H(q, p, t) =
∑

i

q̇ipi − L(q, q̇, t), (4.35)

can easily be verified. For this, first we take the differential of the Hamiltonian accord-

ing to (4.35):

dH =
∑

i

∂H

∂qi

dqi +
∑

i

∂H

∂pi

dpi +
∂H

∂t
dt

=
∑

i

(
pi − ∂L

∂q̇i

)
dq̇i +

∑
i

q̇idpi (4.36)

−
∑

i

(
d

dt

∂L

∂q̇i

)
dqi − ∂L

∂t
dt.
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In the above, (4.34) is substituted in the scope of the third summation. This equation

can only be satisfied if the momentum is defined as:

pi =
∂L

∂q̇i

. (4.37)

With this and the agreement of coefficients of the rest of the differential terms we

obtain the canonical form of Hamilton’s equations (4.3) in a vector sense, and that

∂L

∂t
= −∂H

∂t
. (4.38)

Next, a transformation between the canonical variables (q, p) and a new set of

variables (q̄, p̄) is proposed, so that their relation is given by a function which depends

on one old and one new variable. The description of motion can be formulated by

the variational principle (4.32) in each coordinate system, when the integral kernel can

differ by at most a complete differential, that is,

∑
i

piq̇i −H(q, p, t) =
∑

i

p̄i ˙̄qi − H̄(q̄, p̄, t) +
d

dt
F1(q, q̄, t). (4.39)

The differential of F1 can be expanded in the following form:

d

dt
F1(q, q̄, t) =

∑
i

∂F1

∂qi

q̇i +
∑

i

∂F1

∂q̄i

˙̄qi +
∂F1

∂t
. (4.40)

When the latter two equations are compared and coefficients of q̇i and ˙̄qi are required

to vanish separately, we find that

pi =
∂F1

∂qi

, (4.41)

˙̄pi = −∂F1

∂q̄i

, (4.42)

H̄(q̄, p̄, t) = H(q, p, t) +
∂

∂t
F1(q, q̄, t). (4.43)

Other generating functions with different combinations of the old and new variables

can be generated by Legendre-transformations. One example we cite here as:

F2(q, p̄, t) = F1(q, q̄, t) +
∑

i

q̄ip̄i, (4.44)

for which the canonical transformation equations obtained are:
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pi =
∂F2

∂qi

, (4.45)

q̄i =
∂F2

∂p̄i

, (4.46)

H̄(q̄, p̄, t) = H(q, p, t) +
∂

∂t
F2(q, p̄, t). (4.47)

As an example of the latter introduced generating function,

F2 = p̄1q1 + p̄2t (4.48)

clearly implies the transformation (4.26).

These transformation equations can form a basis of solving Hamilton’s equations

in some special cases. There are two scenarios regarding the Hamiltonian: whether it

explicitly depends on time, or not. When it does, F2 could facilitate a transformation

whereby the new Hamiltonian is constantly zero: H̄ = 0. In this case the canoni-

cal equations yield zero derivatives of the new variables, therefore they are constants

through the motion. If they are set to be the initial conditions of the old variables, the

transformation between the two sets of variables can be seen such that they give the

solution of the original problem in terms of the initial values. Equation (4.45) can be

then substituted into (4.47) to obtain a partial differential equation for the generating

function:

H

(
∂F2

∂q
, q, t

)
+

∂F2

∂t
= 0, (4.49)

which is found to be the the Hamilton–Jacobi equation appearing under (4.2). In there,

the eiknal took the place of F2, which is commonly referred to as Hamilton’s principal

function in this context. When H does not depend explicitly on time, on the other

hand, H̄ can be set to be constant too, with which (4.47) yields the Hamilton–Jacobi

equation in a simplified form:

H

(
∂F2

∂q
, q

)
= E. (4.50)

Unless these equations can be completely separated, there is no common procedure

to solve them. If it is separable for the time-independent Hamiltonian, there exist

N constants of motion which decouple the N degrees of freedom in some coordinate

system. For this result the solution of the Hamilton–Jacobi equation is assumed to be

separated, so that
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S =
∑

i

Si(qi, α1 . . . αN), (4.51)

in which F2 is replaced by a more common symbol S. The α’s are the new constant

momenta associated with the N constants of motion. If now the Hamiltonian can be

written in a separated form as:

H =
∑

i

Hi

(
∂Si

∂qi

, qi

)
, (4.52)

the Hamilton–Jacobi equation splits into N equations, one for each Si:

Hi

(
∂Si

∂qi

, qi

)
= αi. (4.53)

The relation between the new and old variables is given by the canonical transformation

equations. Since the new momenta p̄i = αi are constants, by the canonical form of the

equations,

˙̄pi = −∂H̄

∂q̄i

= 0, (4.54)

the new Hamiltonian depends only on the momenta: H̄(α). A trivial solution is ad-

mitted for the coordinates too as their derivatives are found to be constant due to the

constant α’s:

˙̄qi =
dH̄

dαi

= constant, (4.55)

which on integration yields the solution in a linear form:

q̄i = ωit + βi. (4.56)

The choice of the separation constants is arbitrary; instead of α’s we could just as

well chose any N quantities which are independent functions of them:

Ii = Ii(α). (4.57)

These equations can then be inverted for the α’s to form the generating function

associated with the I’s:

Ŝ(q, I) = S(q, α(I)), (4.58)

when the new Hamiltonian reads as
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Ĥ(I) =
∑

i

αi(I). (4.59)

For completely separable periodic systems a special choice of I’s as functions of the

α’s is very useful. The system is periodic either in the sense that qi and pi are periodic

functions of time with the same period (libration), or that qi is a periodic function of

pi (rotation). The action variables Ii are then defined through the action integral using

(4.45) for pi:

Ii =
1

2π

∮
pidqi =

1

2π

∮
∂Si(qi, α)

∂qi

dqi. (4.60)

The I’s being the new constant momenta the conjugate coordinates θi assume the linear

form (4.56), which on integration over one period of the oscillation yield ∆θi = ωiTi.

(The periods of the motion in the different degrees of freedom need not be the same.)

In the same time, according to (4.46) and having obtained the new generating function

Ŝ(q, I) by (4.60),

dθi =
∂

∂qi

∂Ŝ

∂Ii

dqi, (4.61)

by which, interchanging derivatives, the formulation of the integral of ∆θi reads as

∆θi =
∂

∂Ii

∮
∂Ŝ

∂qi

dqi =
∂

∂Ii

∮
pidqi = 2π, (4.62)

and hence we find that

ωiTi = 2π. (4.63)

That is, the constant ωi is the radian frequency of the oscillation in the corresponding

degree of freedom.

4.1.4 Perturbed dynamics

In this section the basic ideas and results of perturbed Hamiltonian dynamics are intro-

duced. For simplicity, we consider a one-degree-of-freedom system with a Hamiltonian

H = H0(I) + εV (I, θ, t), (4.64)

where ε ¿ 1 and V [max(V ) ∼ H0] is periodic with the period of driving T = 2π/Ω.

The action and angle variables, I and θ, are as defined in the pervious section, in the

context of the unperturbed integrable system. Consequently, the potential function
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can be expanded into a double Fourier series with respect to θ and t, such that in

complex formalism it reads as:

V (I, θ, t) =
1

2

∞∑

k=−∞

∞∑

l=−∞
Vk,l(I)ei(kθ−lΩt), with V−k,−l = V ∗

k,l, (4.65)

where ( )∗ denotes complex conjugate. With this, the canonical equations of motion

for the action-angle variables yield as

İ = − iε

2

∑

k,l

kVk,l(I)ei(kθ−lΩt), (4.66)

θ̇ = ω(I) +
ε

2

∑

k,l

∂Vk,l(I)

∂I
ei(kθ−lΩt), (4.67)

where the frequency of oscillation of the unperturbed motion is

ω =
dH0

dI
. (4.68)

In case the condition of resonance is satisfied, that is

k0ω(I0)− l0Ω = 0, (4.69)

the evolution of the action (4.66) is locally independent of time, and thus the motion

appears to be unstable. This is called the problem of small denominators, which sug-

gests that it is a mathematical difficulty rather than physical instability of motion.

(Note that in the local approximation the differential equation with the sum of ex-

ponential terms on the right is integrable.) If the system is nonlinear, the frequency

depends on the action, i.e. ω = ω(I), which allows for a dense set of resonant solutions

for various combinations of k and l. From this, the complexity of phase space meaning

the intermingling of resonant and non-resonant trajectories should be clear.

A more fruitful analysis of resonance can be facilitated by a technique of secular

perturbation theory. The secularities in association with resonance are removed by

introducing a coordinate system which rotates relative to the original one defined by

(p, q) with a frequency of l0Ω. Assuming the resonance isolated from other resonances,

only Vk,l’s with k = ±k0 and l = ±l0 are retained. With this, the canonical equations

simplify as:

İ = εk0V0 sin(k0θ − l0Ωt + φ), (4.70)

θ̇ = ω(I) + ε
∂V0

∂I
cos(k0θ − l0Ωt + φ), (4.71)
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where

Vk0,l0 = V0e
iφ. (4.72)

Next, the frequency is approximated to the first order as:

ω(I) = ω0 + ω′∆I, (4.73)

where

ω0 = ω(I0), ω′ =
dω(I0)

dI
, and ∆I = I − I0 ¿ I0. (4.74)

These substituted- and the first order small term in ε neglected in (4.71) – further

simplify the canonical equations:

∆̇I = −εk0V0 sin(ψ), (4.75)

ψ̇ = k0ω
′∆I, (4.76)

in which the new phase variable is defined as:

ψ = k0θ − l0Ωt + φ− π. (4.77)

Here it is assumed that ω′ > 0. In fact, equations (4.75) and (4.76) are of the canonical

form too, and thus (∆I, ψ) are conjugate variables. Moreover, one finds that the

equations are formally identical with those of the nonlinear pendulum (Lichtenberg &

Lieberman 1982, Equ. 1.3.6), with the Hamiltonian found to be

H̄ =
1

2
G(∆I)2 − F cos(ψ), (4.78)

in which

G = k0ω
′(I0) and F = εk0V0. (4.79)

This suggests the picture that motion in terms of the phase ψ, in the vicinity of

resonance, is complete with libration around elliptic fixed points, and rotation beyound

separatrices which connect hyperbolic fixed points mediating two elliptic ones. A sketch

of the scenario with k0 = 6 and l0 = 1 is presented in Figure 4.3.

The k0 number of elliptic fixed points and corresponding structure of trajectories

that represent libration in phase is referred to as a chain of islands. Such island

structure is present in the phase space of the periodically perturbed ray system too.
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Figure 4.3: Six-fold island structure for k0 = 6 and l0 = 1

For the Munk profile, the chain of five islands corresponding with winding number

k0/l0 = 5/1 is particularly visible on the left in Figure 4.2.

The validity of the above approximations are to be related with the nonlinearity

parameter (Zaslavsky 2005, Equ. 3.41.)(Lichtenberg & Lieberman 1982, Equ. 2.4.28.)

defined as:

α =
I

ω
ω′, (4.80)

whose condition is that differences in the action and frequency (Zaslavsky 2005, p. 32.)

be small:

max ∆I

2I0

=

(
F

G

)1/2
1

I0

≈
( ε

α

)1/2

¿ 1, (4.81)

max ∆ω

ω0

=
(FG)1/2

k0

1

ω0

≈ (εα)1/2 ¿ 1. (4.82)

This is to say that

ε ¿ α ¿ ε−1. (4.83)

The first inequality requires sufficient nonlinearity, and the second one restricts the time

of validity. Note that for (4.81) and (4.82) it is assumed that V0 ∼ H0 ∼ ω0I0. However,

for resonances of large k0’s or l0’s the order of magnitude of V0 can be much smaller

than that of H0, in which case to maintain these results, the mentioned difference

can be factored into ε. To illustrate this point we refer to Figure 4.4. In there,

Poincaré sections in blue, red and green are to do with resonances of winding numbers

k0/l0 = 9/2, 14/3 and 43/9, respectively. Note that the width of resonances shrink

with increasing k0 or l0.
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Figure 4.4: Chains of islands to do with primary- (blue, red, green) and secondary res-

onances (light blue). The winding numbers in association with the primary resonances

in order of mention are: k0/l0 = 9/2, 14/3 and 43/9

In the said figure, the fourth section in light blue evidences secondary resonance.

This effect is given rise by resonance between the (primary) phase motion and the per-

turbation, which suggests a similar island structure within a primary island. The self-

similarity implied is in fact recursive, resulting in the cascade of primary-, secondary-,

tertiary-, and higher order resonances ad infinitum. This picture can give rise of an

intuition of stochasticity developing around separatrices of nonlinear Hamiltonian sys-

tems. Note that this breakdown of the approximation is consistent with the restriction

on the time of validity that condition (4.82) implies.

The Kolmogorov–Arnold–Moser (KAM) theorem. A mathematically rigorous state-

ment regarding the perturbation problem in Hamiltonian systems was provided by

Kolmogorov (1954), which was subsequently proved by Arnol’d (1963), and indepen-

dently by Moser (1962). Their approach concerned the perturbation of the tori on

which the unperturbed trajectories exists – and subsequently the intersection of such

tori with some surface of section, the KAM-curves –, rather than the perturbation
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of individual trajectories as with perturbation theory. This way the KAM-theorem

establishes results regarding the stability of orbits for infinite times.

The main result is that for sufficiently small perturbations the majority of the

tori preserve their topology suffering only slight deformation, and those tori which

are destroyed occupy a phase space volume of vanishing measure as the perturbation

strength goes to zero. That is, the stochastic regions of phase space about what is a

separatrix in the described approximation is bounded by KAM-curves.

Conditions of the theorem – without details – include the nondegeneracy condition

which is essentially a condition of nonlinearity, the condition of isoenergetic nondegen-

eracy, sufficient smoothness of the Hamilonian, etc.

Chirikov’s overlap criterion. In Figure 4.5 an overview on the effect of increasing

perturbation is presented. On top, for sufficiently small perturbations, separatix chaos

prevails. With increasing perturbation all KAM-curves in between two resonances

might be destroyed, which give way to global stochasticity when trajectories can wander

around the associated resonant trajectories widely in phase space. This behaviour is

referred to as the overlapping of resonances. A further barrier that the perturbation

can overthrow is that when periodic trajectories of primary resonance become unstable.

It was first attempted by Chirikov (1960) to determine the condition of transition

to global stochasticity. The idea is that when two separatrices derived as above touches

each other, the stochastic regions must be overlapping. This approach is motivated by

the following.

Let us consider a particular resonance for reference defined by (k0 = 1, l0), I0 and

ω0 = ω(I0), and another one defined by (k0 = 1, l0+1), I0+δI and ω(I0+δI) ∼= ω0+δω,

the measures δI and δω being the distance between resonances with respect to the

action and frequency, respectively. The combination of resonance conditions for the

two implies that

δω = Ω; (4.84)

and on the other hand we have:

δω = ω′δI. (4.85)

Considering this latter and (4.73), the following parameter can be alternatively intro-

duced:

KCh =
∆I

2δI
=

∆ω

δω
. (4.86)
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Figure 4.5: Illustration for the transition to global stochasticity with the increase of

perturbation strenghth. This figure has been reproduced from (Lichtenberg & Lieber-

man 1982, Fig. 4.1.)

Utilising, say, (4.82) and (4.84), the condition of overlapping separatrices can approx-

imately be given as:

KCh = (εα)1/2ω0

Ω
> 1. (4.87)

For other scenarios of matching resonances the criterion takes different forms. As

to which two/set of resonances should be considered when applying the criterion – is

a matter of guesswork. As suggested here, these are usually the neighbouring lowest

order resonances (k0 = 1 or l0 = 1) because they are the largest in width, even though

they are certainly not neighbouring in an absolute sense. Another point is that the

overlapping of separatrices should not be a necessary condition for global stochasticity,

and indeed, experience reveals that it occurs for KCh’s well below unity. Improvement

of the overlap criterion was pursued by Chirikov (1979).
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Quasiperiodic driving. The simplifying assumption of a periodic Hamiltonian allows for

the straightforward application of the KAM-theorem, but it does not in fact provide a

good approximation to realistic perturbations which are not sinusoidal in general. One

model of the perturbation due to internal wave motion (Colosi & Brown 1998), to be

introduced in the following chapter, involves a sum of N harmonic terms in range, which

may also have some depth structure. For generality, the σi, i = 1, 2 . . . N frequencies

are assumed to be incommensurable, for which reason it is regarded to constitute a

quasiperiodic driving of the ray equations. Following Brown (1998), this one-degree-of-

freedom non-autonomous system is then transformed into an N + 1 degree-of-freedom

system:

q̇i =
∂H̄

∂pi

, ṗi = −∂H̄

∂qi

, i = 1, 2 . . . N + 1, (4.88)

where the new variables are defined as

pi = −H/σi, qi = σit i = 1, 2 . . . N (4.89)

pN+1 = p, qN+1 = q. (4.90)

This transformation implies the generating function:

F2 = pN+1q +
N∑
i

σipit, (4.91)

by which the new Hamiltonian is found to be:

H̄(q1 . . . qN+1, p1 . . . pN+1) = H(qN+1, pN+1, q1 . . . qN) +
N∑
i

σipi. (4.92)

The first N equations of (4.88) for qi and pi respectively reproduces the identity of the

old and new independent variables and (4.25), while the last equations reproduce the

old equations for q and p. Note that each of the qi coordinates can be defined modulo

2π, and therefore the 2(N + 1)D phase space made bounded. Also, the condition

of periodicity of the new Hamiltonian suffices, and thus the KAM-theorem applies

guaranteeing the existence of a dense set of regular trajectories for sufficiently small

perturbation. This can be analysed in terms of the existence of constants of motion.

Besides H̄ the motion has N − 1 additional constants, qi/σi − qN/σN , which are in

involution. The existence of one more constant renders the trajectory regular. It is

difficult to demonstrate in a graphical manner for many degrees-of-freedom systems,

but feasible for very few degrees of freedom. Here we study the N = 2 case, when only
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Figure 4.6: Multiply sectioned trajectories for a model with quasiperiodic perturbation.

The internal wave lengths are R1 = 7 km and R2 = 13 km, and the phase sift is rϕ = 5

km

two modes of the internal waves are taken into account. The model is an extension of

(4.15), where the additional mode has the same depth variation as the first mode but

with wavelength R2 and a phase shift rϕ:

δC(r, z) =
2z

B
e−

2z
B

[
A1 sin

(
2πr

R1

)
+ A2 sin

(
2π(r + rϕ)

R2

)]
. (4.93)

As was discussed for an autonomous system, the Hamiltonian H̄ is a constant of motion,

therefore the trajectories of a 2(N + 1) = 6 dimensional phase space live in a 5D

volume now. The trajectories are then sectioned by a 4D hyper-surface of section

whose coordinates are z, p, mod(r, R1), mod(r, R2). This is achieved by first viewing

the trajerctories at integer multiples of R1, and then only considering points which

satisfy the inequality |mod(r, R2)− r0| < δ. Here, r0 is an arbitrary constant between

0 and R2, and δ controls the accuracy of the numerical procedure. Since the chaotic

and regular trajectories have one and two more constants of motion respectively, their

sections respectively fill a 3D volume or lie on a 2D surface. Restricting the visualization

to the z–p plane, these seem as area filling points or continuous curves, respectively.

Results for a model with the two mode perturbation introduced above, superimposed

on a Munk profile are presented in Figure 4.6.
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4.2 Reduction techniques for graphical

studies of ray stability

In the previous section we saw how the Poincaré section of ray trajectories provides

a practical way to reduce the dimensionality of the system in order to visualize the

solution, with preserving all the important features of the dynamics. Following Bódai

et al. (n.d.), in this section other possibilities of reduction are explored.

A model with a bilinear sound speed profile was studied by Brown et al. (1991)

in which for convenience the zero of the depth coordinate is set at the channel axis.

To model perturbation, the sound speed gradient above the channel axis is a periodic

function of range which results in the following potential for the Hamiltonian:

V (r, z) =

{
gz[1 + (ε/2) cos(kr)] z > 0

−hz z < 0

For such a simple model, analytical solutions can be found for ray paths above and

below the channel axis and from these the authors derived an area preserving return

map:

ρn+1 = ρn + φn + γφn+1 + ε sin(ρn), (4.94)

φn+1 = φn + ε{sin(ρn) + sin[ρn + φn + ε sin(ρn)]}. (4.95)

Here, φn = 2kϕn/g and ρn = krn, where ϕn’s are the positive ray angles at the channel

axis separated by one ray cycle, and rn is the corresponding range. (See Figure 4.7.)

From the construction of the model, it follows that the surface of intersection is at the

channel axis. Note that only the upward going ray paths are considered (hence the

return map). The choice of such a surface of intersection to reduce dimensionality is

one alternative to that of the Poincaré section.

With general models of the sound speed profile when the resulting ray system is

non-integrable, the map associated with a surface of intersection at the axis depth

cannot be obtained analytically. Yet they exist, and we can treat them symbolically,

i.e.

{rn+1, pn+1} = M∗(rn, pn), M∗ = {M∗
r,M∗

p}. (4.96)

This alternative map can also be presented graphically. Note, however, that regarding

a generally unbounded phase space the evolution parameter, range, is monotonically
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Figure 4.7: A propagation scenario for the ocean model with the bilinear profile. The

envelope of the perturbed profile is indicated by dashed lines

increasing at subsequent intersections, and it is desirable to achieve some kind of com-

pression. For this purpose the range modulo the wavelength of the range variation

can be used in case of periodic perturbation, and the trajectories of a modified map

M are plotted. This is shown for our previous example (left panel of Figure 4.2) in

Figure 4.8. The map M preserves all important features of the Poincaré return map.

Invariant curves indicate regular motion; the invariant curves and the area filling sec-

tions of chaotic ray trajectories belong to nonintersecting regions in the space of M;

resonant trajectories are associated with fixed points of M. Furthermore, the mapping

is area preserving too. It can be easily justified in terms of the equivalent two-degrees-

of-freedom system obtained by the transformation (4.26). When we are interested in

the area preserving property associated with the surface of intersection spanned by the

tangent of the ray angle and range, it is enough to retain equations in their degrees

of freedom only, and formulate the Jacobian by these two variables. To analyse the

evolution of the Jacobian by (4.23), the divergence too is taken in the retained degrees

of freedom. It is found that the divergence is zero, since p̄′1 does not depend on p̄1, and

q̄′2 = 1, and therefore the Jacobian is constantly unity similarly as with the Poincaré

return map.

The existence of the two maps discussed above, P and M, relies on the fact that

for a periodic perturbation it is possible to make the 3D phase space cylindrical and

so bounded. In any other case, i.e. non-periodic driving or no driving at all, these

maps are not uniquely defined. Only M∗ is well defined, but there is no obvious way

to compress the range variation and so it does not support graphical studies.

For an ocean model with no variation of sound speed with range, the ray trajectories

give a unique partition of the ray tangent-depth phase space. Hence the dynamics can

be conveniently studied by the 2D phase portrait. Figure 4.9 displays ray trajectories

which sample the phase portrait for a Munk profile. [Note that instead of the ray
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Figure 4.8: An alternative to the Poincaré section of the ray trajectories. Initial

conditions are: z0 = za and ϕ0 = −k/2, k = 2, . . . , 24◦

tangent, the more intuitive ray angle is plotted as introduced by (4.5).] Now, it is

possible to reduce the dynamics using intersections with a surface in two ways. The

surface of intersection is again at the channel axis, but both positive and negative

going ray intersections are allowed. Then, the ray tangent pn may be either positive or

negative; the range rn is monotonically increasing.

The first technique is plotting the ray tangent, pn, the value at the current intersec-

tion against the difference between this value and the one at the previous intersection,

pn − pn−1. The second technique is plotting pn against the difference between the cor-

responding range and the one at the previous intersection, rn−rn−1. Figure 4.10 shows

representations of the unperturbed ray system with each reduction technique. The first

reduction technique (Figure 4.10a), which ignores range, extracts information provided

by the phase portrait (Figure 4.9). The points that represent sectioned trajectories lie

on a straight line of gradient 1/2, due to the symmetry of the phase portrait. This

follows from pn = −pn−1, thus pn−pn−1 = −2pn−1 = 2pn, and so pn/(pn−pn−1) = 1/2.

The second reduction technique (Figure 4.10b), involving the range values in turn,

provides information about the lengths of the upper and lower loops of the ray paths:

they are monotonic smooth functions of the ray take-off angles.

We now apply these techniques to the harmonically driven ray system. Results are

shown in Figure 4.11. Note that values are taken only at every other intersection, i.e.
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Figure 4.9: Ray trajectories without perturbation. Initial conditions are: z0 = za and

ϕ0 = −k/2, k = 2, 3, . . . , 24◦

the plots are of p2n against either p2n − p2n−1 or r2n − r2n−1. These representations

preserve two features of P and M. Closed loops and area filling points respectively

indicate regular and chaotic motion. Resonant trajectories are associated with a finite
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Figure 4.10: Two representations of the unperturbed ray system: (a) the ray angle

plotted against the difference in ray angle between subsequent intersections, and (b)

the ray angle plotted against the difference in range between subsequent intersections.

Initial conditions are: z0 = za and ϕ0 = −k/2, k = 2, 3, . . . , 24◦
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Figure 4.11: Two representations of the perturbed ray system: (a) the ray angle plotted

against the difference in ray angle between subsequent intersections, and (b) the ray

angle plotted against the difference in range between subsequent intersections. Initial

conditions are: z0 = za and ϕ0 = −k/2, k = 2, 3, . . . , 24◦. Blow-ups of figures on the

left are displayed on their right

number of points in the centre of islands. Both primary and secondary resonances are

indicated. The third feature of nonintersecting regular and chaotic regions does not

apply. Closed loops may intersect other loops or the area filled by points due to chaotic

motion. That is, points on the plot need not belong to one trajectory uniquely, and so

there are no associated unique mappings. In fact, the mappings between subsequent

points are two-valued mappings with both reduction techniques. This was revealed by

continued research since the submission of this thesis, which is presented in Appendix

D.
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Figure 4.12: A further representation of the perturbed ray system. Initial conditions

are: z0 = za and ϕ0 = −k/2, k = 2, 3, . . . , 24◦

It is worth noting that the loops and area filling points in Figure 4.11 are confined

by envelopes. The envelopes lie along curves already seen in Figure 4.10, and their

width clearly depends on the perturbation strength.

At last, a third representation, shown in Figure 4.12, is to plot the differences of

successive ray tangents against the differences of the corresponding ranges, at every

other intersection, i.e. p2n − p2n−1 = ∆p against r2n − r2n−1 = ∆r. This plot preserves

the main features of the one seen in Figure 4.11b, however, the range on the vertical axis

has been doubled due to taking differences of successive tangents. Another difference

is that loops are replaced with simple curve segments, and no curve segment overlaps

any other nor does it merge into the chaotic sea. The space associated with this

representation is partitioned into nonintersecting regular and chaotic regions. In fact,

the mapping that converts one point to the next is a two-valued mapping, but this

time the ambiguous points belong to the same ray trajectory.

Quasiperiodic driving. If there are two or more internal waves whose periods are in-

commensurable, the driving is said to be quasiperiodic. Otherwise, it is periodic with

the period which is the smaller of the smallest common multiple or the largest common

divisor of all the periods involved. For higher mode numbers this period can be very

large, so that the application of maps P and M is not feasible. It is often the case for

N = 2 already. Therefore, such systems need different treatment. For simplicity, we

consider again just two waves, and describe the sound speed perturbation by (4.93).

Figure 4.13 shows the representation of the ray dynamics using the last reduction tech-

nique introduced above. Regular and chaotic motions are respectively indicated by
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Figure 4.13: The representation of the ray system with a two mode perturbation model

applying the third graphical technique. The perturbation parameters are: A1 = A2 =

0.01, R1 = 7 [km], R2 = 13 [km], rϕ = 5 [km]. Initial conditions are: z0 = za and

ϕ0 = −1,−2, . . . ,−12◦. The curve with ϕ0 = −5◦ is magnified

either curves similar to the Lisajous curves or area filling points. The curves of regular

motion intersect either other such curves or merge into the chaotic sea, therefore, the

property of nonintersecting regular and chaotic partition of the space associated with

the representation does not hold with quasiperiodic driving. The blown-up curve in

Figure 4.13, which is similar to a Lisajous curve, is not closed. It is generally found

(results not presented here) that such curves are not closed for wavelengths that make

relative primes, and closed when their largest common divisor is greater than one. In

our example wavelengths of 7 and 13 km do make relative primes.

For the applied perturbation a fraction of the Poincaré sections of periodically

perturbed ray trajectories are regular, and the region that they belong to is immersed

into a chaotic sea in phase space (Figure 4.2). This is consistent with predictions of

the KAM-theorem and Chirikov’s resonance overlap criterion. We have seen that other

representations of the dynamics, supposedly associated with mappings such as M and

the third representation, provide graphical means for drawing the same conclusion.

More realistic models of the perturbation involve a sum of N range-periodic inter-

nal wave modes. Most generally the corresponding Hamiltonian is assumed to have

quasiperiodic range-dependency, which means that the internal wave lengths are al-

lowed to be incommensurate. It was shown by Brown (1998) that for such systems the

KAM-theorem has implications similar to those cited above for systems with a range-

periodic Hamiltonian. The result was demonstrated for the simplest case, N = 2, when
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multiple sectioning of the trajectories yielded figures similar to Poincaré sections of pe-

riodically perturbed trajectories (Figure 4.6). The procedure is detailed at the end of

the previous section. It is pointed out here that given a certain range of simulation,

the number of points to plot is increasing with increasing δ. The accuracy, however,

whether these points in phase space are close to the sectioning surface is decreasing. In

contrast, with the approach presented above, the points which constitute the magnified

curve in Figure 4.13 lie on the surface of intersection at the axis depth to within the

accuracy of a root-finding procedure, and the range of simulation solely determines the

number of points to plot. Furthermore, Figure 4.13 supports the idea of nonintersect-

ing regular and chaotic regions in the phase space of the ray equations, i.e. a dense set

of stable solutions. Note the cascade of sections of regular orbits.

It is pointed out that increasing N implies higher dimensionality of the problem.

Brown (1998) associated this with the higher [2(N +1)] dimensional phase space of the

equivalent autonomous system. Here it is manifested by the following. We consider

regular trajectories in the representation of the third reduction technique in case of N

= 0, 1, 2. With no perturbation (N = 0), sectioning the trajectories results in single

points; with harmonic perturbation (N = 1) the sections of trajectories are curve

segments. In case of the simplest quasiperiodic perturbation (N = 2) the increasing

dimensionality is indicated by the intersecting sections of regular trajectories (Figure

4.13).

4.3 Numerical approach

In the last section stability of acoustic rays was analysed by graphical means, through

Poincaré sections and alternative reduction techniques. Stability can be established

by some quantitative analysis too, which is the subject of this section. In the section

heading we referred to it as a ‘numerical approach’ to studying ray stability, the ap-

proach that we embraced in our assessment of ray stability for more complex ocean

models to be presented in forthcoming chapters. It is discussed next closely following

Bódai et al. (2008).

Recall the initial value problem (4.16) and the definition of the deformation gradient

(4.21) stated in terms of the vertical slice problem:

x′ = f(x, r), x0 = x(x0, 0), (4.97)

X =
∂x(x0, r)

∂x0

. (4.98)
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To analyse the divergence of nearby trajectories two different versions of the varia-

tional equations can be derived respectively for the deformation gradient X and the

perturbation δx. Equation (4.97) is differentiated with respect to x0 which implies that

∂

∂x0

(
∂x

∂r

)
=

∂f(x, r)

∂x
· ∂x

∂x0

. (4.99)

Differentiation with respect to variables r and x0 is interchangeable due to their inde-

pendence. Utilising this results in the variational equation written for the deformation

gradient:

X ′ =
∂f(x, r)

∂x
·X. (4.100)

The ‘initial’ condition for the variational equation yields in form of the identity matrix

by differentiating the initial condition of the original system. Differentiation of the left

hand side yields the new definiendum: X(x0, 0) = ∂x(x0, 0)/∂x0, and differentiation

of the right hand side yields the new definien: ∂x0/∂x0 = I, hence, X(x0, 0) = I.

A small perturbation of the dependent variables is introduced in tune with complete

differentials as:

δx =
∂x

∂x0

δx0 = X · δx0. (4.101)

It is worth mentioning that the above expression constitutes a linear mapping between

initial and actual values of the perturbation. Differentiating with respect to r, and

utilising (4.100), one obtains a system of differential equations for the perturbation

too:

δx′ =
∂f(x, r)

∂x
· δx. (4.102)

Equation (4.100) is to define a measure of stability, the Lyapunov exponents; (4.102)

will be applied to a simplified calculation. They are both linear systems of differential

equations, with an identical nonconstant coefficient matrix. First, local stability is

analysed by the coefficient matrix.

At any range, a system with some constant coefficient matrix A can be associated

with (4.102). When the coefficient matrix A is obtained by evaluating ∂f(x, r)/∂x at

that particular range, the two systems are qualitatively equivalent at this point locally.

Hence, the local stability of the original system can be analysed by the associated one.

For such a system the solution is known in a closed exponential form: Σn
i=1ciui exp(λir),

where λi and ui are respectively eigenvalues and eigenvectors of the coefficient matrix

A, and ci are constants determined by initial condition. The eigenvalues determine
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stability, such that the solution is unstable when there is at least one eigenvalue with

positive real part. (Weisstein n.d. First-Order Ordinary Differential Equation, online

content)(Arfken 1985, p. 440-445)

The coefficient matrix in case of the above introduced ray system of Hamiltonian

(4.7) is found to be:

[
0 c0

− 1
c0

∂2V
∂z2 0

]

with eigenvalues λ1,2 = ±
√
−∂2V

∂z2 . The eigenvalues come in either a plus-minus real

pair, or as complex conjugates. For the latter, a small neighbourhood of phase space

volume is rotating around the reference trajectory in the phase space of ray trajectories;

for the former, the phase space volume is stretching in one direction and shrinking in

another one. By the exponential form of the solution, the real positive eigenvalue

is regarded as the Exponential Increment of Local Instability (EILI); with complex

conjugate eigenvalues this is zero. Thus,

EILI : Re

√
−∂2V

∂z2
. (4.103)

Yan (1993) arrived at an equivalent form of the criterion for local instability.

Long range instability, on the other hand, is analysed by the deformation gradient.

The exponential form Σn
i=1ciui exp(λir) which locally approximates the perturbation

δx is derived from the general solution which is in form of a matrix exponential: eAr.

According to the eigen decomposition theorem, eigenvalues of the matrix exponential

are exponentials of the eigenvalues of matrix A (Weisstein n.d. Eigen Decomposition,

online content)(Press et al. 1992, p. 51-63):

λX,i = eλir. (4.104)

Since ∂xf(x, r) generally varies with range, eigenvalues of the deformation gradient

do not have such a simple exponential form. However, the above representation is

suitable to motivate the following formula for the average exponential growth of its

singular values, called Lyapunov exponents:

νi = lim
r→0

ln(si)

r
. (4.105)

The singular values si are the square roots of the real eigenvalues of the matrix X ·XT ,

which are always nonnegative. They give the measure of the principal axes of the error

ellipsoid associated with the stretching and shrinking of phase space volume. Note
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Figure 4.14: Exponential increment of local instability (above) and asymptotic eval-

uation of Maximal Lyapunov Exponent (bellow) of three rays: on the sides, the two

rays from Fig. 4.1, in between, a ray in case of the double duct profile with initial

conditions (z0, ϕ0) = (0.325 km,−7◦) already cited in Fig. 4.2, as well as the other two

rays

also the following property of the singular values. Recall that the the Jacobian of

the one-degree-of-freedom Hamiltonian flow is constantly unity due to its initial value:

J0(x0, 0) = det(I) = 1, which follows from (4.23) and (4.24). Thus, det(X · XT ) =

det(X)det(XT ) = det2(X) = 1 too. That is, s2
1s

2
2 = 1, and also s1s2 = 1. Therefore,

ln(s1) = − ln(s2). The last equality suggests that the Lyapunov exponents come in a

plus-minus pair, i.e. ν1 = −ν2. That is, the larger is either zero or positive, denoting

stable or chaotic motion.

In practice, it is not feasible to calculate the Lyapunov exponents by the above

formula (4.105), but different numerical algorithms may be employed. The algorithm

applied to underwater acoustics by Smith et al. (1992b) will now be discussed.

Equations (4.102) along with the original equations (4.97) are integrated to find

the perturbation, by which the distance between reference and perturbed trajectories

is approximated by the following measure: d = |δz|+ |δp|. By the latter definition it is

clear that the variational equation must be nondimensional. These equations for the

ray system are taken to be:
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Figure 4.15: Maps of the MLE for the Munk (left) and double duct profiles (right),

with resolution given by a grid of 200× 200 initial conditions in a regime: 0 < z0 < 4

km and −15◦ < ϕ0 < 15◦

δz′ = δp, (4.106)

δp′ = −R2∂z,zV (r, z)δz, (4.107)

where R, the internal wave length was chosen as normalisation constant for creating

nondimensional variables from r and z. Initial conditions are chosen arbitrarily, but so

that d(0) = 1. The larger or Maximal Lyapunov Exponent (MLE) is then approximated

by taking

νL =
ln(d)

r
(4.108)

at some sufficiently large r. The calculation might need to be reinitialized to avoid

overflow problems. Note that the Gram-Schmidt technique (Alligood et al. 1997)

treats the MLE separately from the others, and only the measure d is approximated

above, which is
√

δz2 + δp2 originally. Nondimensionalization of depth and range was

achieved dividing by the internal wave length; and p is already nondimensional.
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Figure 4.14 illustrates the application of the short and long term concepts of stability

via three examples. The left upper and lower diagrams correspond with a stable ray.

There is no local instability, and the MLE estimate apparently converges to zero, but

very slowly. The case presented in the middle pair is an interesting one with periodic

recurrent local instabilities, yet it is of a stable ray having zero MLE. The third pair of

diagrams corresponds with a chaotic ray; aperiodic recurrent local instabilities go with

a nonzero MLE. Furthermore, this pair illustrates the difficulties with the finite range

estimation of the MLE as the asymptotic value is not clear. It is concluded thus that

recurrence of local instabilities is not a sufficient condition for long term instability.

Note the regular pattern of recurrence in the stable case, as opposed to the apparently

irregular pattern of the chaotic one.

Based on these calculations we can develop a method to explore the space of initial

conditions with respect to stability by numerical means. This is done by estimating

the MLE associated with a grid of initial conditions. Figure 4.15 presents results for

models using the two sound speed profiles introduced earlier. The equations were

integrated over a range of 6000 km again. Reflection of rays from a flat sea surface and

sea bottom was taken into account by reversing the ray angle and the sign of δp; the

ranges of the points of reflection were determined exactly employing a trick devised

by Hénon (1982). The integration was carried out using fourth order Runge-Kutta

integrator with a fixed step size of 0.1 km.



Chapter 5

A more descriptive model

5.1 Internal wave induced sound speed perturba-

tion

In the previous chapter the ray equations included a very simple driving term to model

horizontal variability, harmonically varying with range and exponentially decaying with

depth. It was interpreted as an approximation of a single mode of internal wave motion.

To depart from this highly idealised picture in the present chapter a physically realistic

model of internal waves is introduced, and, as presented in (Bódai et al. 2009), an

analysis of ray stability in single and double channel wave guides is pursued using this

model.

Horizontal variability of the sound speed field can partly be accounted for the

undulation of iso-density surfaces, a result of vertical water parcel displacement due to

internal wave motion. We recall the fundamental law of ocean structure (2.7) which

establishes this connection such as:

δc ≈ c
µ

g
N2ζ. (5.1)

In the above, ζ will be later defined as the vertical displacement: a perturbation

quantity; and parameters appearing in (2.7) are lumped together in the nondimensional

parameter µ (taken to be 24.5 in computations). Hence, in the following it will be

sufficient to describe the kinematics of internal wave motion.

We start with the equations of motion for inviscid incompressible rotating flow

(Flatté 1979, p. 47.)(Eriksen 1976, p. 53.):
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ρDtv + f k̂× v = −p∇T + ρgk̂, (5.2)

Dtρ + ρ(∇ · v) = 0, (5.3)

∇ · v = 0, (5.4)

however variation in density is allowed for. Equation (5.2) is Euler’s equation in a

rotating frame, where f = 2Ω sin(lattitude) is the Coriolis parameter with Ω = 2π/day,

the angular speed of the Earth, and k̂ is the unit vector directed upward from the

surface of Earth.1 Our computations were carried out for a latitude of 30◦. Equation

(5.3) expresses the law of continuity, and (5.4) is required for incompressibility. The

symbol Dt( ) = ∂t( ) + v · ( )∇T defines the material time derivative. The depth

coordinate z is positive downward, and let its 0 level coincide with the water surface.

A decomposition of the density and pressure into static and time-varying parts is

proposed next, such that

p = p0 + p′ and ρ = ρ0 + ρ′, (5.5)

where time-varying parts are denoted by primes, and the static parts are defined by

the equations of hydrostatics:

p0∇T = ρ0gk̂. (5.6)

Utilising this and neglecting all second-order small terms, the original system of equa-

tions reduces to the following linear system:

ρ0∂tu− fv = −∂xp
′, (5.7)

ρ0∂tv + fu = −∂yp
′, (5.8)

ρ0∂tw = −∂zp
′ + ρ′g, (5.9)

∂tρ
′ + w∂zρ0 = 0, (5.10)

∂xu + ∂yv + ∂zw = 0. (5.11)

The solution of the linear equations is sought in form of a plane wave, whereby all

the variables have equal phase, and some depth variation, that is:

1In the vertical direction gravitational and pressure forces are dominating, and the vertical com-

ponent of centrifugal forces is included in the gravitation; in horizontal directions the Coriolis forces

generally dominate over centrifugal forces (Wells 1986, p. 194.)
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w = W (z)ei(kxx+kyy−ωt), etc. and k2 = k2
x + k2

y. (5.12)

Eliminating all terms but W in (5.7)-(5.11), and identifying g∂zρ0/ρ0 as the buoyancy

frequency squared n2(z), we have:

∂zzW +

(
n2 − ω2

ω2 − f 2

)
k2W = −n2

g
∂zW. (5.13)

It can be shown (Flatté 1979, p. 48.) that the term on the right is always negligible.

According to measurements the longest vertical internal wave lengths are of 1000 m

magnitude, which means kV = 1 km−1 minimal vertical wave number. In this extremal

case the ratio of (minus) the term on the right and one of the terms on the left is

estimated as:

n2

g

∂zW

∂zzW
≈ n2

gkV

< 4× 10−4. (5.14)

With this we may write the equation for the approximate modes of the vertical particle

velocity as follows:

∂zzW +

(
n2 − ω2

ω2 − f 2

)
k2W = 0, (5.15)

which, by integration, is also the equation for the modes of the vertical particle dis-

placement ζ.

To solve the modal equations, appropriate boundary conditions must be set. At

the bottom with zero velocity this is W (H) = 0. It can be argued (Flatté 1979, p.

49.) that a similar condition is approximately true at the surface, such that W (0) = 0.

With these the modal equation poses a classical Sturm-Liouville problem when only

discrete values of ω and corresponding k lead to a solution, and so an infinite series

of modes W (j, k, z) with mode numbers j = 1, 2, . . . satisfy the equations. The modes

are orthogonal so that

∫ H

0

(n(z)2 − f 2)W (j, k, z)W (i, k, z)dz = 0 when i 6= j. (5.16)

As the modes are undefined up to a constant multiplier, an orthonormaility condition

can be set as (Brown & Viechnicki 1998):

∫ H

0

(n(z)2 − f 2)W (j, k, z)W (i, k, z)dz = δji. (5.17)

The modal equation (5.15) has an identical form to Bessel’s equations when the buoy-

ancy frequency n(z) assumes an exponential form (2.11), and the solution can be found
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in terms of Bessel functions of the first and second kind (Flatté 1979, p. 53.). With

arbitrary stratification the modal equation can be solved numerically; or, for compu-

tational efficiency, an approximate analytical solution can be employed. The one to be

used in our computations, given by Colosi & Brown (1998), takes the following form:

Vj(ξ) = (1/n0)(2/B)1/2 sin(jπξ) and kBn0/
√

ω2 − f 2 = jπ, (5.18)

where

V (z) = (n(z)/n0)
1/2W (z), (5.19)

ξ(z) =
1

n0B

∫ H

z

n(z′)dz′, and (5.20)

n0B =

∫ H

0

n(z)dz. (5.21)

The modes are normalised so that the orthonormaility condition (5.17) is approximately

satisfied with n2 − f 2 ≈ n2. Assuming exponential stratification, a condition of the

approximation is found in the form: (2jπ)2 À (n0/n)2.

With the modes that form a complete set, a statistical description of the vertical

displacement can be given:

〈ζ2〉 =
1

2

∫ ∫ ∑
j

G(j, kx, ky)W
2(j, k, z)dkxdky. (5.22)

In the above G(j, kx, ky) represents the internal wave spectrum, first determined empir-

ically by Garrett & Munk (1972,1975). The pair of angle brackets 〈·〉 denotes average.

The errors that the approximate modes described above would introduce for small

mode numbers can be compensated for by choosing appropriate spectral weights when

matching experimental data. The internal wave spectrum consistent with the approx-

imations of the vertical modes are given by Colosi & Brown (1998) as:

G(j, kx, ky) =
2B3n2

0E

π2M

1

j2 + j2∗

kj

√
k2

x + k2
y

(k2
x + k2

y + k2
j )

2
, (5.23)

where kj = (f/n0)(πj/B), M =
∑∞

j=1(j
2 + j2

∗)
−1 ≈ 1

2
j−2
∗ (πj∗ − 1) is a normalisation

constant, and j∗ = 3 and E = 6.3× 10−5 are empirical dimensionless constants. With

this, the vertical displacement is obtained explicitly in the following form:

ζ(x, y, z, t) = Re

[∫ ∫ ∑
j

g(j, kx, ky)W (j, k, z)ei(kxx+kyy−ω(j,k)t)dkxdky

]
, (5.24)
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where g(j, kx, ky) is a complex Gaussian random variable with zero mean and variance:

〈g(j, kx, ky)g
∗(j′, k′x, k

′
y)〉 = G(j, kx, ky)δ(kx − k′x)δ(ky − k′y).

For our purposes, the spectrum is required in a vertical slice of the ocean and frozen

in time. This can be obtained by integrating with respect to, say, ky, and substituting

at, say, zero time. The arbitrary choice between kx and ky is partially justified by

the horizontal isotropy already built into G(j, kx, ky) = G(j, k), which is valid if the

rotation of the Earth is neglected. Taking a frozen slice is justified by pointing to

the greatly different time scales of the internal wave and acoustic phenomena. This

spectrum was originally derived by Brill & Dozier (1985):

G(j, kx) =

∫ ∞

−∞
G(j, kx, ky)dky =

I(j, kx)

j2 + j2∗

2B3n2
0E

π2M
, (5.25)

where

I(j, kr) =
kj

k2
r + k2

j

+
1

2

k2
r

(k2
r + k2

j )
3/2

ln




√
k2

r + k2
j + kj

√
k2

r + k2
j − kj


 . (5.26)

Finally we mention that Colosi & Brown (1998) pointed out that the formulation

of the vertical displacement given by (5.24) suggests that its field can be numerically

generated by a multidimensional (inverse) Fast Fourier Transformation. The formula

we consider for the frozen vertical slice problem is assembled as:

ζ = Re

[
2B

π

(
E

M

)1/2 (n0

n

)1/2

(∆kr)
1/2

∑
j

sin(jπξ(z))

(j2 + j2∗)1/2

∑

kr

I1/2(j, kr)e
iφ(j,kr)eikrr

]
,

(5.27)

where ∆kr is the step size of the discretised formula of integration over the variable

kr; φ(j, kr) are randomly chosen phase angles. The depth of the ocean is taken to be

H = 4 km. To perform the numerical Fourier transformation, the variable of range

and the horizontal wave number are discretised as rk = kh and kr,k = 2πk/(Nh),

k = 0 . . . N − 1, where h = 0.1 km is the step size of the fourth order Runge-Kutta

integrator applied to the ray system, and N is some power of 2. The upper limit of

range yielding as Nh is desired to exceed 5000 km, the range of ray tracing performed

for our results. To obtain the minimal N now it has to be 6553.6 km, with which

N = 216. (The MathWorks n.d. fft, Matlab Help article online) For our computations

we used a maximum vertical mode number of 50. The minimal value of kr here is set to

be 2π/100 km. The (inverse) numerical Fourier transform was actually carried out by

Matlab routine ifft. With all the above indicated values the introduction of an ad hoc
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Figure 5.1: Examples of ray paths (middle panel) and ray trajectories (left panel) with

both Munk (above) and double duct profiles (below), shown on the left. The magenta

and blue curves are respectively associated with the unperturbed and perturbed sys-

tems. Initial conditions were: (z0, ϕ0) = (1 km, 4◦) – Munk, (z0, ϕ0) = (1.3447 km, 4◦)

– double duct. Perturbation parameters as specified in the text – unchanged for all

computations

division by 5 was necessary at (5.27) to achieve approximately the same amplitudes of

the wave forms of the perturbation field as those presented by Colosi & Brown (1998).

5.2 Stability characteristics of single and double

duct wave guides

In Figure 5.1 ray instability is indicated in a very simple way by the separation of

the perturbed ray paths from the unperturbed ones. The diagrams give a sense of its

measure as well if we consider that the rate of ray separation is greater for the double

duct profile. In turn, we can retain the exact definition of stability, which is stated in

terms of infinitely close ray trajectories, with an exponential rate of separation in the

sense of some metric of phase space. The measures of local and long range stability,

defined above as the EILI (4.103) and the MLE (4.108) are used in this section again

to describe the stability characteristics of wave guides.
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Figure 5.2: Two examples with the double duct profile to indicate the use of the Expo-

nential Increment of Local Instability (upper) and the Maximal Lyapunov Exponent

(lower). Initial conditions for the two rays were z0 = 1.3447 km and ϕ0 = 2, 3◦ in order

The use of these measures is illustrated in Figures 5.2 and 5.3. Note the different

windows of range for the diagrams of the EILI (upper panels) and MLE (lower panels).

The rays in these figures were launched from the channel axis of the lower duct of the

double duct profile. The rays taken for the diagrams in Figure 5.2 are trapped in the

lower duct, but those in Figure 5.3 – with a sufficiently large launching angle – escape,

similarly to the ray shown in Figure 5.1. These examples suggest that when there

are irregularly recurrent local instabilities the rays are unstable in a long-range sense

too; although peak values of the EILI do not seem to correlate well with measures of

the MLE. If no local instabilities occur at all, the rays are found to be asymptotically

stable, however, the measure of the MLE is not necessarily zero, as chaos is present

‘everywhere’ in phase space where the perturbation is not strictly zero. This latter is

due to local resonances (Tappert 1996).

The full picture of the stability characteristics of an ocean environment can again

be represented by mapping out the plane of ray launching parameters with respect to

the MLE, as was seen in the end of the previous section. Doing this for the Munk

and double duct profiles results in the diagrams in the lower panels of Figure 5.4,

along with unperturbed trajectories (upper panels) which sample the phase portrait
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Figure 5.3: Two examples with the double duct profile to indicate the use of the

exponential increment of local instability (upper) and the Maximal Lyapunov Exponent

(lower). Initial conditions in order: z0 = 1.3447 km and ϕ0 = 4.5, 5◦

of the ray systems constructed by using the named profiles. This is to indicate that

the unperturbed trajectories constitute a skeleton of the MLE maps. It is pointed

out that the larger the maximal ray angle of a ray trapped in a sound channel the

more unstable it is. For the double duct profile, rays escaping one or the other duct

– winding about the homoclinic trajectories of the unperturbed system – are highly

chaotic. Trajectories staying in the upper duct for very long ranges are also much more

unstable than those in the lower duct. This effect is due to the much larger strength of

perturbation there. (Refer to the exponential scaling of the perturbation strength in

the vertical direction via the buoyancy frequency n.) It is also noted that the scale of

instability in general is an order of magnitude larger for the double duct profile than

it is for the Munk profile.

5.3 The influence of the background

In Figure 5.4 the unperturbed trajectories are colour coded, which results in a repre-

sentation of the phase portrait in good agreement with the tones of the MLE maps.
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Figure 5.4: Below, MLE maps for the Munk (left) and double duct profiles (right),

with resolution given by a grid of 200× 200 initial conditions in a regime: 0 < z0 < 4

km and −15◦ < ϕ0 < 15◦. Note the different scales of color maps. Above, unperturbed

trajectories colour coded by the nonlinearity parameter

Following Beron-Vera & Brown (2003) this colour code has been set with a reference

to the absolute value of the nonlinearity parameter,

α =
I

ω

dω

dI
, (5.28)

in which the action is defined by the following integral:

I(H) =
1

2π

∮
p(z,H)dz =

1

π

∫ z+

z−

√
2[H − C(z) + 1]dz. (5.29)
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Here we expressed the action I as a function of the Hamiltonian and the momentum

coordinate by using (4.9). The integration boundaries z±(H) are the vertical coordi-

nates of the upper (+) and lower (−) turning points of a ray double loop, while ω is

the (spatial) angular frequency associated with it.

In accordance with discussions in Section 4.1.3, we consider the following mixed

variable generating function based on the action integral, and the canonical transfor-

mation equations to relate old and new variables:

Ŝ(z, I) =

∫ z

z−

√
2[Ĥ(I)− C(ξ) + 1]dξ, (5.30)

θ = ∂I Ŝ, p = ∂zŜ. (5.31)

It is noted that the new Hamiltonian Ĥ(I) depends only on the action coordinate as

one of the new variables; this is obtained by inverting (5.29) for H. With this, the new

system is given by the equations,

θ′ = ∂IĤ = Ĥ ′(I), I ′ = −∂θĤ = 0, (5.32)

which can be trivially solved: the action is constant, and the angle variable is linearly

increasing with the independent variable. The equation for the angle variable can also

be seen as the definition of the angular frequency ω = Ĥ ′(I).

To calculate

α =
IĤ ′′(I)

Ĥ ′(I)
= −I(H)I ′′(H)

I ′2(H)
, (5.33)

we need to generate the action as well as its first and second differentials. Note that if

g(y) =

∫ b(y)

a(y)

f(y, x)dx = F (y, b(y))− F (y, a(y)), then

g′(y) = F ′
y(y, b(y))− F ′

x(y, b(y))b′(y)− (F ′
y(y, a(y))− F ′

x(y, a(y))a′(y))

=

∫ b(y)

a(y)

f ′y(y, x)dx + f(y, b(y))b′(y)− f(y, a(y))a′(y).

Thus, it is proposed to carry out a similar integral to the action integral (5.29) as for

I ′, but now with an integral kernel such as p′z(z, H) = [2(H − C + 1)]−1/2. Although,

since this function is singular at z±, a numerical integration procedure would not be

feasible. This holds for I ′′ too. Therefore, I(H) is generated at discrete values of

H by applying the Matlab numerical integrator quad instead, and its differentials are

generated numerically using simple algebraic differential schemes. [Refer to (5.29).]



A more descriptive model 85

Values of z±, for each H, are found by a root finding procedure according to their

definition: that the ray angle of the trajectory for some H is zero, i.e. p(z±, H) =√
2[H(I)− C(z±) + 1] = 0. Outliers of numerically generated values of α are filtered

out. [At a later point it came to our attention that Brown et al. (2003) suggest the

calculation of α through the evaluation of the integral for the ray cycle distance is

convenient numerically, and they do not refer to difficulties similar to our experience

due to the singularity of the internal kernel at the turning depths.]

For the autonomous trajectories in Figure 5.4, the colour code for each profile

matches the upper boundary colour of the colour map with the largest value of α out

of those calculated for the sampling trajectories. The homoclinic orbits for the double

duct profile are treated separately and coloured by black. This will be clarified soon.

As the actual value of the nonlinearity parameter is not a matter of interest just now,

we chose not to include a colour bar.

By choosing the same colour map for the nonlinearity parameter and the MLE

in Figure 5.4, the agreement of colours in the upper and lower panels indicates the

correlation of these measures associated with unperturbed and perturbed rays with

the same launching parameters.

Since α is a one-to-one function of the Hamiltonian, i.e. α = α(H), which is a

constant of motion in the unperturbed case, the colour code of one trajectory is clearly

unique. If so, results for the phase portrait can be represented along a line which cuts

through all the trajectories. This way the correspondence of α and the MLE can be

indicated more easily than with the agreement of colours. For simplicity we chose the

z = 0 line, which corresponds with a fan of rays launched from that depth, and plot

α against the take-off angle. In accordance with Figure 5.4, the MLE is plotted in

a similar manner for reference. Refer to Figure 5.5. Note that in case of the double

duct profile the nonlinearity parameter has a singularity for the homoclinic trajectory

(being the reason of separate treatment when assigning colour codes). This indicates

extreme sensitivity of the neighbouring trajectories to perturbation, which is confirmed

by the corresponding peak of the MLE. Also, correspondence between α and the MLE

is observed generally, except for rays which are launched with a large take-off angle

and regularly interact with the boundaries.

Calculations for α etc. have been performed for boundary interacting unperturbed

rays as well; results are presented in Figure 5.6. Diagrams on the left/right correspond

with the Munk/double duct profile. From top to bottom in order, diagrams of (π

multiple of) the action, the wavelength of the ray double loop, and the absolute value

of α are displayed. As discussed above, the spatial angular frequency is ω = H ′(I) =
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Figure 5.5: In the top left and right panels the nonlinearity parameter is displayed

respectively for the Munk and the double duct profile (lower duct); below – the MLE

to indicate agreement. Note the different scales for the different profiles

1/I ′(H), and thus the wavelength is λ = 2π/ω = 2πI ′(H). This way the diagram of

the action can give an idea of the wavelengths, bearing in mind that the Hamiltonian is

closely quadratic with the take-off angle ϕ0 for its small values. Recall that H = p2
0/2,

p0 = tan ϕ0, and that tan(x) ∼ x for small x’s.

The calculation of the wavelength via the action is in agreement with results ob-

tained by ray tracing. This is explained as follows. An angle variable conjugate to the

modified action is defined by using the same generating function (5.30) and canonical

transformation equations (5.31). Such an angle variable will have a greater rate of

change than that of the original one, because of the diminishing action. However, this

does not lead to contradiction because the new angle covers π radian from the sea

bottom to the water surface in terms of depth, that is, in shorter ranges.

For the Munk profile rays launched within a range of about [12.6◦ 13.4◦] of the

take-off angle are interacting only with the surface; for larger take-off angles rays are

interacting with the bottom too. The range of only surface interaction is much larger

for the double duct profile regarding the upper duct; rays trapped in the lower duct do
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Figure 5.6: In the top left and right panels the nonlinearity parameter is displayed

respectively for the Munk and the double duct profile (lower duct); below – the MLE

to indicate agreement. Note the different scales for the different profiles

not interact with the boundaries. Rays launched from the axis of the lower duct with

a take-off angle greater than 15.9◦ can interact with the bottom. See the unperturbed

trajectories in the top panels of Figure 5.4.

As noted already, the action and therefore the wavelength is decreasing due to

boundary interaction, whereas α is increasing extensively. This is a feature which is no

way in agreement with the stability of perturbed, boundary interacting rays. The clue

for this might be the fact that the procedure for calculating α assumes equivalence

between ‘impacting nonlinearity’ and ‘medium nonlinearity’. That is, it converts a

combination of the two into a pure medium nonlinearity. The poor agreement, however,

prompts that the former is irreducible to the latter, and is an essentially different factor

in determining ray stability.



Chapter 6

Transitions

6.1 Occurrence

Having discussed dynamical tools suitable to study orbit stability, we are in a position

now to address questions concerning changes in stability characteristics of acoustic

ray paths with irregularities of the canonical wave guide. One such irregularity that

we have seen earlier is the increase of sound speed at about the depth of the sound

channel axis, thus replacing a single duct with a double duct structure concerning

sound propagation. To demonstrate its impact, following Wiercigroch et al. (1998b)

and Yan (1993), a sound speed profile of such characteristic found in the North Atlantic

(4.14) was employed in our numerical studies. This section is devoted to a discussion of

how such double duct type of irregularity and corresponding transition between single

and double duct sound speed profiles come about, with the support of evidence via the

interpretation of measurement data.

The assumptions under (2.11) that form the basis of the canonical wave guide

model consider a static ocean with vertical mixing ceased. However, sometimes this

is a too strong approximation depending on the measure of imbalance due to the

coexistence of water masses. Formation or conditioning of water takes place at the

water surface, whose properties – temperature, salinity and consequently density – are

then ‘communicated’ to depth along isopycnals, surfaces of constant potential densities.

This is seen as a density driven motion of water, also referred to as ‘thermohaline’.

Eventually the water masses loose their identity with their spreading and mixing with

other waters, but the time and range scales of these processes are so great that the

picture of a uniformly static ocean is fundamentally mistaken.

The example of coexisting water masses that we intend to study here is due to

the discharge of Mediterranean Water into the Eastern North Atlantic. Data acquired
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Figure 6.1: Locations of deployment of CTD casts in the Eastern North Atlantic in

association with the data analysed. The locations are numbered by #1-6 from left to

right in order

in this region has been obtained1 in order to establish a modelling framework. The

cast locations are ordered along a meridian of a South West-North East orientation

originating near the Straight of Gibraltar, with roughly equidistant spacing (except for

location #6), and they are indicated by red markers in Figure 6.1. Using the CTD

data the sound speed has been calculated- and resulting sound speed profiles plotted

in Figure 6.2. The calculation is based on a formula which defines sound speed as a

derivative of the Gibbs thermodynamical potential (C.34), whose functional form was

experimentally fitted by a high order multivariate polynomial. This powerful approach

is due to Feistel & Hagen (1995), and it was implemented in Matlab by Reissmann

(Feistel 2004, see ‘Interactive Discussion’ on the Publisher’s web site). In fact, those

in Figure 6.2 are sound speed versus pressure profiles; with a convenient choice of the

pressure unit as decibar, however, approximate numerical values of depth in meters

1The data set has been obtained from- and its use is licensed by the British Oceanographic Data

Centre (BODC)
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Figure 6.2: Sound speed profiles constructed from CTD data in association with loca-

tions indicated in Figure 6.1, ordered in the same left to right manner

are suggested. For exact calculations to construct sound speed versus depth profiles,

formulae relating pressure and depth are available, e.g. (Feistel & Hagen 1995), but for

our purposes accuracy is not an important measure. Markers in colour are to indicate

depths with reference to diagrams to be introduced below, with a spacing of 100 dBar

in pressure, down to a depth of about 2500 m.

It is evident from Figure 6.2 that nearer the Straight of Gibraltar, the source of the

warmer, more saline Mediterranean Water, the irregularity in the canonical structure

is stronger than further into the North Atlantic. Indeed, in a range of 1000-2000 km

it seems to dissolve completely, realising a transition between double duct and single

duct sound speed profiles.

For a reference, the series of (potential) temperature and salinity profiles are also

provided in Figures 6.3 and 6.4 respectively. The potential temperature (measured in

degrees Celsius) is calculated from the adiabatic condition:

σ(T, p, S) = σ(Tp, p0, S), (6.1)

provided (C.21) that
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Figure 6.3: Potential temperature profiles constructed from CTD data in association

with locations indicated in Figure 6.1, ordered in the same left to right manner

σ(T, p, S) = − ∂g

∂T

∣∣∣∣
p,S

. (6.2)

Equation (6.1) can be solved by employing, for example, a Newton-Raphson root find-

ing procedure. Alternatively, the potential temperature may be obtained as a derivative

of the enthalpy, such as:

Tp(S, σ, p0) =
∂h

∂σ

∣∣∣∣
p0,S

− 273.15, (6.3)

which – along with (6.2) – can then be used for direct calculations. For this, h(S, σ, p)

is fitted with a high order multivariate polynomial too, based on its connection with

the Gibbs potential (Feistel & Hagen 1995). In the Matlab code provided by Reiss-

mann, our choice for numerical calculations, the latter approach has been implemented.

Salinity is given in units of PSU, the practical salinity unit, the conductivity ratio of

a sea water sample to a standard KCl solution as proposed in a report for UNESCO

(1985). As for a reference pressure, the standard choice of atmospheric pressure was

made, that is, p0 = 0 dBar. (Input and output values of the algorithms implemented in

Matlab are measured in the stated units.) In accordance with the sound speed profiles,
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Figure 6.4: Salinity profiles constructed from CTD data in association with locations

indicated in Figure 6.1, ordered in the same left to right manner

a bias towards greater values of both temperature and salinity is evident at appropriate

depths.

For the purpose of following the spreading and mixing of the Mediterranean Water

over range, a further representation is introduced now. It has been argued by oceanog-

raphers that water masses of different origin are characterised by different combinations

of temperature and salinity, but the density alone is not suitable for the purpose of

distinction (Sverdrup et al. 1942, p. 141.). As proposed by Helland-Hansen (1916),

the salinity is commonly correlated against the potential temperature, resulting in the

so-called T-S diagram – a powerful tool of oceanography. Clearly, the T-S curve can

be parameterised by pressure or depth.

Sverdrup et al. (1942, p. 143.) emphasized a distinction between the concepts of

water type and water mass with a reference to T-S diagrams. The former is charac-

terised by a point, a special combination of temperature and salinity, and the latter –

by a segment of the T-S curve. Only in the special case of uniform water of extensive

volume the two concepts are interchangeable. To point out such features of the data

set in question, a series of T-S diagrams was constructed, and presented in Figure 6.5.

In these diagrams a very short segment of the T-S curve over extensive depths shows

that the bottom water is largely uniform, and can thus be seen to constitute a water
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Figure 6.5: T-S diagrams constructed from CTD data in association with locations

indicated in Figure 6.1, ordered in the same left to right manner starting in the bottom

row

type. At lesser depths the T-S curve is characterised by several straight and curved

segments. A simple explanation of these features can be given in terms of mixing of two

and three different water types, respectively. To give a sense of the dynamics involved,

a set of diagrams is reproduced from (Sverdrup et al. 1942, Fig. 35.) in Figure 6.6.

In there, profiles of salinity and potential temperature – and T-S curves in turn – are

presented in three stages over time (that is range in our case) when mixing takes place.

Here the assumption is that the water types on top and bottom (at particular depths)

are continuously regenerated. Theory to explain the physics of mixing in double dif-

fusive fluids (the salt fingers effect), mixing due to shear between density interfaces



Transitions 94

Figure 6.6: Profiles of salinity and potential temperature – and T-S curves in turn – in

three stages over time when mixing takes place. This figure has been reproduced from

(Sverdrup et al. 1942, Fig. 35.)

or breaking of internal waves and other mechanisms have been presented by Turner

(1973, Chapters 8, 9, 10).

Turning to our example again, the T-S curves in Figure 6.5, if plotted in the same

diagram (Figure 6.7), useful information can be extracted from the data. It is evident

that the T-S curves closely fit together except for sections which represent the core

of what is left over of the Mediterranean Water at any one range, and at shallow

depths of the mixed layer. Other water masses present at all ranges are identified from

the diagram as:- the North Atlantic Central Water just below the mixed layer, the

North Atlantic Deep Water below the core of the Mediterranean Water, and lastly,

the largely uniform Antarctic Bottom Water (von Arx 1962, Figure 7–10b). In this

collective diagram curves of constant potential density are plotted as well. For this

we used Equation (C.20), and the readily calculated potential temperature (6.3) (a

convenient choice to determine on the first place in order to subsequently obtain all

other potential variables in a straightforward manner), with which:

ρp(T, p, S, p0) = ρ(Tp, p0, S), where ρ(T, p, S) =

(
∂g

∂p

∣∣∣∣
T,S

)−1

. (6.4)

Now, wherever the T-S curve makes a negative angle with a curve of constant ρp,

the water column is revealed as stable. To justify this, we refer to the formula of

the buoyancy frequency (2.2) and note that the parameterisation of a T-S curve with

respect to depth is monotonic. The water column is evidently stable at the selected

locations, except for very week instabilities at locations #1 and #2 at certain depths
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Figure 6.7: Collective diagram of T-S curves presented in Figure 6.5. Constant poten-

tial density curves are indicated in gray

between 1500-1800 m. As for reference, see the very small negative vertical gradients

of ρp in the last two panels of Figure 6.8.

Considering that the discharged Mediterranean Water bears properties of temper-

ature about 13 ◦C and salinity of 38.6 ppt (von Arx 1962, p. 194.), at location #1

evidently it is strongly mixed with local water types already. If a marker was to be put

in Figure 6.7 to indicate the discharged water type, labelled, say, as ‘C’, it would lie

above the top border off the diagram. Instead, we reproduce this diagram in Figure 6.9

in a schematic fashion, this time with water type C in view. Other markers labelled as

‘A’ and ‘B’ we can put on the points of the parting of the different T-S curves below

and above the core layer, respectively. In a diagram like this, points A, B, C define a

triangle within which each point is associated with a certain composition of the three

water types. In the depicted outflow scenario, water types A and B are continuously

regenerated, and water type C is dissolved over range departing from its source. At any
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Figure 6.8: Potential density profiles constructed from CTD data in association with

locations indicated in Figure 6.1, ordered in the same left to right manner

range, the core layer of water type C is identified as the layer (of particular density)

which conserves most of the original water type. With the condition of conserving heat

and salt content, the rate at which this water type is conserved in that layer, xC , is

given by the distance between the parallel lines of AB and the one that is tangential

to the T-S curve. Note that in point C, xC = 1. The rates at which water types A

and B are present in this composition, xA and xB, yield as the length of line segments

bordered by the sides of the triangle and the point of tangency. Note that with respect

to xA and xB, AB is of unit length, and also that xA + xB + xC = 1. Over range,

the point of tangency sweeps through the curve of the core layer (dashed curve in dia-

gram), which is indicative of the relative strength of mixing above and below. (Clearly,

if mixing above and below takes place at the same rate, the straight line of the core

layer links point C with the midpoint of AB.) This method of following spreading

and mixing water masses was proposed by Wüst (1935), which he called what is best

translated as the ‘core layer method’.

From Figure 6.5 it can also be seen how the core layer is getting thinner over range

as the markers are moving off the associated ‘bulge’ of the T-S curve. Also, markers

are moving surface-ward on the closely fitting segments of the T-S curve above the
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Figure 6.9: A schematic reproduction of a T-S diagram from Figure 6.7

core layer, which indicates that the same water type is found deeper and deeper with

range. It implies that the isopycnals are sloping, which is probably due to a variation

in conditioning of surface water with decreasing latitude. (See the collective diagrams

in Figure 6.10 for how the subsurface water is of increasing temperature and salinity

with range.)

To assess the impact of water mass intrusion on the sound speed structure, the

profiles of potential density are considered now. Unlike the sound speed, the potential

density is increasing with salinity, but decreasing with temperature. By the set of

diagrams presented in Figures 6.8 and 6.10d it can be argued that the higher salinity

of the Mediterranean Water balances out its higher temperature in determining the

potential density, and, in turn, the stratification via the buoyancy frequency. Therefore,

for numerical simulations of rays undergoinf transition we retain the same exponential

stratification (2.11) which was used to derive the canonical profile. In the light of this, it

is argued that the intrusion of water masses has an impact on the sound speed structure



Transitions 98

0 10 20

0

1,000

2,000

3,000

4,000

5,000

potential temperature [◦C]

p
re

ss
u
re

[d
B

a
r]

35 36 37
salinity [PSU]

1500 1520 1540

0

1,000

2,000

3,000

4,000

5,000

sound speed [m/s]

p
re

ss
u
re

[d
B

a
r]

1026 1027 1028
potential density [kg/m3]

(a)

(c)

(b)

(d)

Figure 6.10: Collective diagrams of profiles of thermodynamic variables of oceano-

graphic interest presented above in Figures 6.3, 6.4, 6.2, 6.8, respectively. Colour code

same as in Figure 6.7

dominantly through the Turner number. In fact, this measure can be read off of the T-

S diagram as a constant multiple of the tangent of the T-S curve [c.f. (2.5)], assuming

constant values for the coefficients of thermal expansion and saline contraction, a and

b, respectively. Clearly, as was suggested by Munk (1974), significant deviation from

a constant value of Tu in the considered scenario are associated with the core of the

Mediterranean Water.
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Other examples of discharge of warmer and more saline water from basins due to

similar topographic and climatic conditions include the Red Sea and the inner part of

the Gulf of California (Sverdrup et al. 1942, p. 147.).

Double duct to single duct transition scenarios (or vice versa) can also occur due to a

warm core eddy. Such eddies are permanently formed, for example, from the discharged

Mediterranean Water in the Gulf of Cadiz. In 1978 an eddy of such origin was found in

the Western Atlantic, estimated to have taken three years to cross the Atlantic, without

significantly mixing on the way (Wells 1986, p. 143.). Such a transition scenario was

taken to be the test case for the assessment of adiabatic mode theory in (Jensen et al.

2000, Figure 5.17.), where the range of transition was 100 km of order. In the following,

we start with the study of these short-range transition scenarios.

6.2 Modelling and analysis

Wave guides with single or double duct sound speed structures imply topologically

different phase portraits of the unperturbed ray system. In the dynamical modelling

of transitions, gradually moving from, say, a single to a double duct profile, it is this

change of topology that we are concerned with. Thus, instead of studying ray models

based on accurate sound speed measurement data, the aim is to establish a sufficiently

simple model which performs the basic effect. The following analysis, as proposed in

(Bódai et al. 2008,2009), which is the assessment of the wave guide with respect to

ray stability, is pursued by using the numerical approach to ray stability as introduced

earlier. On the basis of that, it is done in terms of constructing launching basins –

an ad hoc representation of ray launching parameters to indicate different types of ray

behaviour that can result. We start the analysis and develop the ideas using a single

mode perturbation model, and continue with the internal wave induced perturbation

model.

Smooth transitions between single and double duct sound speed profiles are mod-

elled here by using a simple scheme which takes a weighted average of the profiles at

each end of the transition, where the weight varies with range. The formula for the

single to double duct case can be constructed as:

Cbg = xCdd + (1− x)CM , (6.5)

in which the range dependence enters via

x =
1 + f(r)

2
. (6.6)
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Figure 6.11: A transition scenario with the defining single and double duct profiles on

the ends and intermediate ones amidst

The weight function f(r) goes from −1 to +1 over some range. In our computation

we used a segment of the sinus function for this purpose:

f(r) =





−1 r < rt − π/(2a)

+1 r > rt + π/(2a)

sin(a(r − rt)) otherwise

(6.7)

Alternatively, the sinus function can be replaced by a straight line; or, the hyperbolic

tangent function can be taken for the weight function: f(r) = tanh(a(r − rt)). A

transition scenario with the defining single and double duct profiles on the ends and

intermediate ones is presented in Figure 6.11.

Results from previous sections suggest that the stability characteristics of acoustic

rays in wave guides with single and double duct profiles is considerably different. Refer

to Figures 4.15 and 5.4 – the MLE maps that provided a complete description of the

stability characteristics of the considered wave guides, exposed to single-mode and

internal wave induced sound speed perturbation, respectively. Regarding the former

case, it is clear that some rays will retain the same stability, i.e. remain stable or

unstable, but there are others which switch stability. Figure 6.12 demonstrates in two

ways what happens when an initially stable ray becomes unstable after transition. A

transition scenario with parameters rt = 200 km and a = 0.03 km−1 is considered. In

the topmost diagram it is indicated by the divergence of initially closely spaced rays,

with a difference of 0.1◦ in the take-off angles of neighbouring rays. The associated

distance between ray trajectories is evidentally increasing after transition. Directly

below it, the switch of stability is shown by local instabilities triggered by transition. In

the bottommost panel the weight function is plotted for a reference of the environmental

conditions.
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Figure 6.12: Initially stable ray becomes unstable after transition. Initial conditions

are: z0 = 1 km and ϕ0 = 5◦; perturbation is achieved by differences of 0.1◦ (green) and

0.2◦ (red) in take off angle. The parameters of the transition scenario was chosen as:

a = 0.03 km−1 and rt = 200 km

Next, for a thorough analysis of the changes that transitions can trigger, we need

to consider the following.

When there is no transition, either the Poincaré sections or the map of the MLE

can be used to define those depths and ray angles for which rays launched with those

parameters are stable. These regions in the case of either the Munk or the double duct

profile are enclosed by Poincaré sections of chaotic rays belonging to global stochas-

ticity. The space of initial conditions is thus divided into two regions (not connected,

however). When there is a transition, we are interested in the same question: Where

are the points in the plane of initial conditions from where rays launched are stable even

after transition, i.e. points associated with stable-to-stable matches of ray segments?

The regions associated with various types of behaviour, e.g. stable-to-stable matches

of ray segments etc., define a partition of the space of initial conditions. These regions

we will refer to as launching basins.
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Figure 6.13: Map of the MLE for double duct profile projected to the plane of initial

conditions (left), and launching basins (right)

It is not straightforward to infer the launching basins graphically. Instead, we take

a numerical approach, and first calculate a grid of the MLE for the backward going pre-

transition ray segments. The result of doing this is already presented in Figure 4.15,

simply as the map of the MLE for the Munk profile. (The reverse direction does not

matter, since a ray which is stable/unstable in the forward direction is stable/unstable

in the backward direction too.) The same is performed for the forward going post-

transition ray segments, from a range just after the transition region. For convenience,

this is taken to be r = 260 km, which is a multiple of the internal wave length R. Results

of doing this is also presented in the said figure. Now, if it is considered to shoot rays

from zero range in the forward direction, and is desired to know whether it results

in stable rays even over the transition region, it is proposed to perform a backward

projection of the MLE map associated with the double duct profile. Similarly, if rays

were to shoot from over the transition region in the backward direction, we project the

MLE map associated with the Munk profile in the forward direction. The former is

performed first. It is done by tracing out rays from a range of 260 km to zero range. To

construct the projected image of the MLE map at zero range, the phase space points

there are colour coded with respect to the values of the MLE in the phase space points

at r = 260 km, which are linked by ray segments spanned in between those ranges.

Such an image is shown in Figure 6.13 (left).
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Concerning the four types of ray behaviour – besides the projected image of the

MLE map for the double duct profile – the MLE map for the Munk profile has to be

considered as well. These two indicate ray stability in the forward and backward going

directions, respectively, the combination of whose is aimed to be represented by the

launching basins. Furthermore, ray stability is retained in a qualitative sense. This is

done by setting up a threshold when any ray with a MLE below/above this threshold is

regarded stable/unstable. The threshold here set is 0.05 (10km)−1. Hence, two colours

are retained for each of the mentioned images, whose combination in a single figure

draws out the launching basins. Figure 6.13 (right) shows the launching basins for the

discussed transition scenario.

Note that the launching basins do not provide information about ray behaviour in

the transition region. Second, their construction required ray tracing over very long

ranges, thousands of kilometers, however, their use is not necessarily restricted to those

scales – a scale over which an average of stability can be defined will do. Note, that

for the stable ray it is not a matter of concern at all. Third, with the introduction of

a threshold the plot of launching basins became simpler with large connected regions,

originally which was supposed to have a very intricate pattern due to the intermingling

regular and chaotic motion. It is pointed out in particular that with the projection

of the MLE map for the double duct profile, the region of launching parameters that

result in stable rays trapped in the lower duct is preserved to be connected.

Now we turn our attention to the more realistic case with the internal wave induced

perturbation model, and consider the same transition scenario as for the ambient con-

ditions. First, following the structure above, an example of change in ray dynamics

triggered by the transition is shown. Then, the idea of launching basins is applied to

support a thorough analysis, in an appropriately modified fashion, however.

In Figure 6.14 a similar behaviour is observed as in Figure 6.12, but now the pre-

transition ray segment is not stable in a strict sense, just very weakly unstable. If

not by the small rate of ray separation (topmost panel), it can be argued by the local

instabilities that show up ‘from time to time’ (middle panel).

It is noted that in an ocean environment like the one described by the presently

considered perturbation model, rays are predominantly unstable. Hence, it is desirable

to retain the concept of stability in a quantitative sense when assessing an environment.

When we appeal to the idea of launching basins, instead of the four types of ray

behaviour, we are looking at the combination of ray segments of different strengths

of instability in general terms. Accordingly, results to be presented in the rest of this
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Figure 6.14: An example to show change of ray dynamics when the sound speed profile

undergoes transition. Transition parameters are: rt = 200 km and a = 0.03 1/km.

Initial conditions are: z0 = 1.3447 km and ϕ0 = 4◦

section involve only the projected images of MLE maps. In terms of some application,

however, a threshold can be set to define the very launching basins.

To step further and establish similar correspondence between the perturbed and

unperturbed systems (as was demonstrated for range-independent backgrounds in the

previous section, Figure 5.4), here we carry out the projection of the trajectories of

unperturbed ray double loops (top panels of the said figure) too. For this, beginning

with the double duct end at r = 260 km again, each trajectory is discretised to obtain

initial conditions for the backward ray tracing required by the projection procedure.

The resulting data points at the other side of the transition region, at zero range, are

then connected again when plotted – except for those that ended up far from each

other, and as a result sampling the curve too crudely. (Refer to the bottom panel of

Figure 6.14 where the weight function is displayed to indicate how transition takes

place.) The colour code of each trajectory is retained. Results of these procedures are

shown in Figure 6.15.
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It can be seen that the projected trajectories constitute a skeleton of the projected

MLE maps, and the colour codes with reference to the nonlinearity parameter and the

MLE are in agreement. It can be seen as well that the circular shape of trajectories in

the lower duct is preserved more through transition, and the trajectories of the upper

duct are rather stretching out around it.

In Figure 6.16 a series of diagrams visualize the evolution of the trajectories through

projection, taking equidistant slices (10 km’s apart) in the transition region, which is

now taken roughly as [140,260] km. It can be followed (starting from the bottom

right, advancing towards the left and upward, up to the top left) how some double

duct trajectories are becoming more like Munk trajectories, especially the outer ones –

those of the largest loops. In fact, this is what happens to the trajectories of the lower

duct too – but not those of the upper duct – due to the fact that this is the one whose

axis is more in line with the axis of the Munk profile.

The forward projection of the MLE map for the Munk profile and corresponding

unperturbed trajectories is performed as well. Ray tracing is performed from r = 140

to 400 km. Results are presented in Figure 6.17. General features observed for the

backward projection case hold. It is also noted that the construction of launching basin

plots is irreversible.

6.3 Long-range transitions

Here we start with the direct application of launching basins when the range of tran-

sition is of the scale that is intended to represent the outflow scenario described in

Section 6.1. At the attempt of interpreting results obtained by doing this, we present

a new approach which better suits the study of long-range transition scenarios.

In Figure 6.18 diagrams similar to those is Figure 6.15 are shown, but this time

the transition parameters are: a = 0.0016 km−1 and rt = 1000 km, which create a

transition region spanning over almost 2000 km. Clearly, the correspondence of results

by the perturbed and unperturbed systems is robust to the variation of the parameter

a. The most obvious difference between this figure and Figure 6.15, however, is that the

projected trajectories of the double duct profile2 assume shapes which seem to exactly

match various trajectories of the Munk profile. Other projected trajectories, on the

other hand, do not constitute a ‘round loop’, but give the impression of trajectories

which have been ‘flattened out’ almost completely; although they stay close by various

2The ‘trajectories of a profile’ is a short hand for the trajectories of a ray system which is specified

by a certain profile. This expression is adapted in the following discussion.
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Figure 6.16: The evolution of unperturbed trajectories for the double duct profile in the

process of projection through transition. The slices are taken just within the transition

region

Munk trajectories too. These projected trajectories lie in a certain band which is

created by some limiting trajectories of critical parameters. (Note, however, that such

limiting trajectories have not been sought for at this point and are not displayed in the

figure in discussion.)

To elaborate on the notion of limiting trajectories, we introduce now archetypal

single and double duct profiles. To maintain clarity, they are defined by the simplest

polynomial form that is necessary to create respectively one and two minima of the

profiles:
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Figure 6.19: A transition scenario with the defining single and double duct polynomial

profiles on the ends and intermediate ones amidst

Csd = 3z2/2− 0.2 (6.8)

Cdd = z4 − z2/2 (6.9)

Both profiles are symmetrical. The single duct (sd) profile is virtually a parabola,

and the polynomial for the double duct (dd) profile involves only the two smallest even

order terms. The minimum of the former coincides with the local maximum of the

latter at z = 0 km. It is noted, however, that the axis depth of either profile can be

easily shifted with an offset term.

Next we illustrate the effect of increasing offset of the Munk profile axis. The

transition scenario to be used for this purpose is defined by the same weighting function
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Figure 6.20: Trajectories of the polynomial profiles
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Figure 6.21: Projected trajectories of the double duct polynomial profile. The offset of

the single duct axis is za = 1, 1.025, 1.05, 1.1 km in order

as before (a = 0.0016 km−1 and rt = 1000 km), and by the two newly introduced

polynomial profiles whose axes are lowered by 1 km. The archetypal and intermediate

profiles in the transition region are shown in Figure 6.19; trajectories of the archetypal

profiles are displayed in Figure 6.20.

The increasing offset effect is illustrated by the series of diagrams in Figure 6.21.

The axis of the sd profile is lowered increasingly, while the dd profile is unchanged; the

diagrams display projected trajectories of the dd profile. (In order to match realistic

frequencies, the profiles used for ray tracing, Csd and Cdd were divided by a factor of 20.

Also, they have been lowered by 1 km.) In the case of coinciding minimum and local

maximum of the sd and dd profiles, the inner limiting trajectory vanishes. On the other

hand, for increasing offset of the sd channel axis, the inner limiting trajectory encloses
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an increasing measure of area, while the outer limiting trajectory seemingly remains

unchanged. This picture suggests a functional relation between, say, the Hamiltonian

of either of the limiting trajectories and the offset. It is reasonable then to ask: what

does determine this relation?

To answer the latter question we first point out that in terms of the mechanical

analogy, the long-range transition means that the Hamiltonian is slowly varying –

quasistatically in the extreme case. Recall also that in an oscillatory system the action

being defined by (5.29) turned out to be a constant of motion and a one to one function

of the Hamiltonian. Now, if the Hamiltonian is not constant but slowly varying in

comparison with the period of oscillation, the action is said to be an adiabatic constant

of motion. Back to our problem – the finding that through long-range transition

trajectories when projected assume shapes which closely match the shape of trajectories

of intermediate profiles is due to this fact.

With the fluid mechanical interpretation of Hamiltonian dynamics, the image of

projected trajectories are seen as material lines, when the motion of the material parti-

cles is governed by the now quasistatic Hamiltonian flow. With the displacement of the

particles due to the flow, the material lines are displaced too. Now, what was referred

to earlier as the ‘projection of trajectories’ is the ‘displacement of material lines’ with

the new interpretation. If the material line is defined by a trajectory initially – the

adiabatic constancy being true for each particle of it – it is expected that the material

line is defined by- or closely matches a trajectory of some intermediate profile through

transition too, because it is constituted by particles of approximately equal actions.

This behaviour is reflected in Kelvin’s generalised vortex theorem, which is stated

formally in the following integral form (Zeidler 2004, p. 484.):

∮

Γ

pdq =

∮

Ft(Γ)

pdq, (6.10)

where Ft : x0 → x(t) maps the initial location of particles with their location in phase

space at time t, and Γ is a closed curve of the material line. Although, it is noted

that this theorem holds for non-quasistatic flows as well, and Γ does not have to be a

trajectory.

With the conclusion that material lines are associated with trajectories of the all-

range profiles in transition, we realise that the identification of these material lines

can be achieved simply by the identification of the z± upper or lower ray turning

depths, and that it facilitates a simple representation of unperturbed ray behaviour in

transition by tracing out the z±(x) curves of constant actions.
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Figure 6.22: Symmetric pitchfork bifurcation scenario constituted by trivial or zero

action curves using the archetypal single and double duct polynomial profiles. The

pitch fork is shifted down by 1 km

Trivial constant action curves are those of zero action. They are associated with

fixed points of the phase portraits, which points are found by equilibrium conditions in

association with the minima of the all-range sound speed profiles. The formula yields

simply as:

x(z) =
C ′

dd

C ′
dd − C ′

sd

. (6.11)

First we apply this for the symmetrical configuration (Figure 6.21a):

x =
−4/3

4z2 − 7/3
. (6.12)

It is noted that the z = 0 km curve is a valid solution too. The two curves together

describe a pitchfork bifurcation scenario, when the critical value of x – seen as a

bifurcation parameter now – is x = 4/7. Branches of the bifurcation curves in Figure

6.22 are colured blue and red to indicate stable (centre type) and unstable (saddle

type) equilibria, respectively. In the nonsymmetrical case, with a 0.1 km offset of the

single duct channel axis, the formula of the bifurcation curve takes the altered form of

x =
−4/3z + 4/30

4z3 − 7/3z + 4/30
. (6.13)
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Figure 6.23: A bifurcation scenario constituted by trivial or zero action curves using

the archetypal single and double duct polynomial profiles when the offset of the single

duct profile is set to be 0.1 km. The pitch fork is shifted down by 1 km

It is pictured in Figure 6.23, where the same colour code is retained to indicate the

stability of equilibria. This time bifurcation occurs at (x, z) = (0.296,−0.1936km),

found by the condition of local minimum of x(z) – in which point x′(z) = 0. The

relevant root of a third order polynomial is found by using Matlab function fzero.

Inclusion of the factor of 20 mentioned earlier does no have an effect on this result.

Intuitively, further constant action curves (CAC) must lie close by the zero action

curves in blue. For the pitchfork bifurcation scenario (PBS) it is clear thus why material

lines from the two wells of the double duct profile cannot preserve shapes of trajectories:

‘their way being barred’ by branches of the pitchfork. With the misalignment of the

channel axes, this barrier is opening up. Furthermore, by the series of diagrams in

Figure 6.21, it is expected that the greater the offset is, constant action curves of a

wider ‘jet’ can ‘flow’ freely in the full span of x.

Next, we trace out CAC’s to present all types of behaviour in transition sce-

narios, with special interest in the limiting curves which create boundaries between

the sets of curves of the different types. It is performed for transition scenarios us-

ing the original profiles, with offsets of the axis of the Munk profile such as:- za =

0.8371, 0.95, 1, 1.1, 1.2, 1.3 km. Results are presented in Figures 6.24 and 6.25.
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Figure 6.24: A series of constant action diagrams with the original Munk and double

duct profiles, with an offset of:- za = 0.8371, 0.95, 1, 1.1 km in order

Speaking in terms of either of the above referenced figures, the algorithm of tracing

out CAC’s included the followings. On the dd side of transition the depth coordinate

is sampled so that trajectories trapped by either duct as well as some of those orbiting

around all three fixed points are considered. The action corresponding with these tra-
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Figure 6.25: Constant action diagrams with the original Munk and double duct profiles,

with an offset of: za = 1.2 km (left) and za = 1.3 km (right)

jectories is evaluated. The transition variable x is discretised in the interval of [0,1],

and at each point of its subsequent discrete values depths are found with respect to all

trajectories associated with the previously found constant action values. This proce-

dure is continued for the trajectories up to the other side of the transition region (up

to x=0, advancing in the reverse direction), or a boundary created at the local max-

ima of the all-range profiles or the corresponding upper or lower turning points of the

homoclinic trajectories. These boundary curves are displayed in red in the diagrams.

Trivial constant action curves – referred to as bifurcation curves above – are also dis-

played, and coloured green. These latter are determined by simple considerations: by

evaluating (6.11). As for the nontrivial ones, equating I(H) with a constant under

(5.29) yields H, which in turn implies z±. The colour code of these curves is assigned

according to the action and a chosen colour map.

Note that finding the depth of ray turning corresponding with a particular action

is a root finding procedure. For efficient computation one might consider the Newton–

Raphson algorithm first. This requires the evaluation of the action integral as well as its

first derivative with respect to the upper turning depth. We recall that such a derivative

was also required for the computation of α, and it was pointed out there to be difficult

to obtain via differentiating the action integral itself. It can be easily overcome again
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Figure 6.26: Constant action diagram (bottom left in Figure 6.26 – za = 1 km) mag-

nified to show discontinuity of action overt the boundaries in red

by employing iterative root finding procedures which approximates the derivative by

algebraic schemes. Matlab function fzero implements one such procedure. The root

finding initialised by the depth values at the previous x’s was found to be a convergent

procedure in any encountered case.

Those CAC’s which are bounded, i.e. not running from x = 0 to 1 (or the other way

back), are separated by limiting constant action curves (LAC) from those which are

not bounded. These are displayed in magenta in the diagrams, and they are in contact

with- or grazing a boundary in red. Boundaries of the CAC’s imply that the action as

a function of the transition variable x and depth z is discontinuous along these curves;

that is, the ‘left’ and ‘right’ limits of the action are different. In Figure 6.26, curves in

different colours on the two sides of the boundary clearly show this. Furthermore, the

LAC’s contact the boundaries in the points where the action over these boundaries has

a minimum. Figure 6.27, in association with Figure 6.24d, shows an example of this

when za = 1.1 km. Clearly, the critical curve grazes the boundary on the side where

the action values are taken from. Note also that they always run from x = 0 to 1.

Because of the nature of boundaries, tracing out CAC’s from both x = 0 to 1 and

1 to 0 is necessary in order to sample the x-z plane well. To initialise this procedure,
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Figure 6.27: Action over the saddle type branch of the bifurcation curve, which is in

contact with the CAC where the minimum of the action occurs (za = 1.1 km)

sampling values of depth at x = 0 or 1 has to be first defined. It can be easily seen

that the range of these values are bracketed by the ‘roots’ of the LAC’s at x = 0 or 1.

Nontrivial points of grazing occur for za’s from within a certain range of its values.

The diagrams in Figure 6.24 – with the exception of that for the PBS – represent

such cases. With lowering the axis of the Munk profile, ‘up’ to a limiting value of

za, the point of grazing is shifting along the boundary. Further lowering the axis, as

suggested by Figure 6.25, the critical curve takes root with the boundary in red at

x = 1 invariably. The condition which defines this limiting value is that the action

over the boundary is minimal at x = 1, with a zero directional derivative. (Note that

further lowering the axis it is still minimal but not with a zero derivative.) Inspection

of the series of diagrams in Figure 6.24 and 6.25 suggests that this value falls between

1.1 and 1.2.3 What is then the lower limit of za regarding such nontrivial grazing

points?

Considering the PBS, it is reasonable to think that it is a limit case, because the

pair of critical curves just vanish with the closing up of the bifurcation curve. However,

if the channel axes are just a little misaligned, an interesting scenario presents itself.

3With continued research this value was determined to four digits accuracy as 1.1458 km.
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Figure 6.28: A special scenario for za = 0.8373 km

(See Figure 6.28.) Now the lower branch of the bifurcation curve x(z) is not monotonic,

but there exists a pair of maximum and minimum, in between which it is a saddle type

branch of the bifurcation curve. This possibility is due to the fact that the upper and

lower branches of the pitchfork are asymmetric, and so the minimum of x(z) does not

coincide with the trivial branch of z = za. Note that the trivial branch is a straight

line which connects the points of minima and local maxima of the Munk and double

duct profiles, respectively. The explanation that it happens so is outlined as follows:

{h = a(x)f(z) + b(x)g(z), f ′(za) = 0, g′(za) = 0} ⇒

h′z(x, za) = 0.

In fact, because of this asymmetry, a similar boundary exists for the PBS like that

labelled as 2a in Figure 6.28.

With the small misalignment, the picture of bounded and unbounded CAC’s is

significantly complicated. The main point to be made here is that trajectories of

the lower duct of the dd profile in a certain measure of vicinity of the fixed point

cannot be projected regularly, but only those from a certain band are ‘let through’ the

‘gates’ created by the opening of the bifurcation curve and the dashed boundary. This

situation is pictured in Figure 6.28 by sampling the ‘jets’ of CAC in question, bracketed

by pairs of boundaries such as 1a-2a and 1b-2b. (The LAC’s have not been traced out;
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Figure 6.29: Constant action diagrams constructed by means of root finding (left) and

ray tracing (right) (za = 1 km)

they are grazing the boundaries perhaps in a nontrivial manner for this value of za.)

Note that this scenario is not possible for the symmetric polynomial profiles.

Again, inspection of diagrams in Figure 6.24 suggests that the limiting value of

za regarding the above described special behaviour falls between 0.8371 or 0.8373 and

0.95 km.4 The condition that defines it is that an inflexion takes the place of the pair

of minimum and maximum of the bifurcation curve, i.e. x′(z) = 0 and x′′(z) = 0.

With this we covered all types of possible behaviour; offset of the Munk axis in the

other direction does not yield new behaviour.

To fully explain features shown up in Figure 6.21, we are yet to address the ques-

tion of displaced material lines from one to the other side of the transition region, in

association with bounded CAC’s. Before this enquiry, to justify the relevance of the

above discussed diagrams, we reconstruct the one with za = 1 km based on numerical

simulations of the ray system. For this, material lines are followed in a similar man-

ner as was done for Figures 6.18 and 6.21, and at discrete values of range the depth

of the upper and lowermost sample particles of the material lines are recorded and

plotted. The corresponding discrete values of x are found by the relation under (6.6).

For bounded CAC’s ray tracing is performed in the forward and reverse directions as

4With continued research this value was determined to four digits accuracy as 0.8380 km.
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Figure 6.30: Projected trajectories of single and double duct profiles to the opposite

sides of the transition region

well, just up to the boundary. Results of this, presented in Figure 6.29, are in striking

agreement with results obtained by the root finding procedure.

The reason for ray tracing in the forward and reverse directions both is that when a

material line passes through a boundary, there are no unique upper and lower turning

depth values beyond that boundary. Nevertheless, being the matter of interest this

time, we can analyse ray behaviour for this ‘irregular projection’ as follows. In the left

panel of Figure 6.30 we displayed a double duct trajectory in blue, whose projected

image at x = 0 in the same colour is displayed in the right panel. If we pick a

closely matching trajectory of the Munk profile (in magenta), and project that in the

forward direction to the double duct side, we find that the projected image (in magenta)

closely matches the double duct trajectory chosen in the first place. The result of this

numerical experiment suggests that material lines passing through a critical point in

transition suffer a sudden change of action. The critical point is associated with the

boundary curves, where the locally defined period of the ray increases infinitely. This

violates the condition of adiabatic constancy of the action, and results in its jump.

A related finding is that by means of ray tracing we could not recover the regu-

larly and irregularly projected trajectories in the vicinity of the fixed point of the dd
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Figure 6.31: Projected trajectories of the polynomial double duct profile, for a very

small, 0.02 km offset of the single duct profile

profile predicted by Figure 6.28. Also, with a misalignment of 0.02 km of axes using

the polynomial profiles, the unbounded CAC’s go through a very narrow gate. The

corresponding material lines, however, do not match the shape of trajectories having

passed through transition. This is demonstrated by Figure 6.31. The explanation is

again that the frequency of the motion drops critically close to the saddle type branch

of the bifurcation curve. Therefore, this special behaviour of the idealised model does

not have significance regarding the underwater application.



Chapter 7

Conclusions

Through the connection with nonlinear dynamics, ray theory has proven to be a power-

ful means of investigating underwater sound propagation phenomena. Our study of ray

stability provided a basis of assessing a class of environments – those with transition

in the background structure. In Chapter 4 the conjugate concepts of short- and long-

range stability were considered, as well as the dichotomy of graphical versus numerical

analysis techniques. This latter was dealt with in terms of a comparative analysis of

a periodically perturbed canonical and double duct wave guide: Poincaré sections and

maps of MLE’s constructed drew out a similar picture of stability characteristics of

each wave guide (Figures 4.2 and 4.15). It is concluded however that such a graphical

analysis technique like the construction of Poincaré sections is not viable for geophysi-

cally realistic scenarios when the lateral variability of the medium is more complicated.

Other graphical techniques have been explored as well, with limited advantages found,

however. The three reduction techniques presented in Section 4.2 did all support the

stability check for a simply quasiperiodically driven ray system, but not with more

added modes of an internal wave model. The third of them showed a special property

for the periodically driven scenario, namely the existence of nonintersecting regular and

chaotic regions in its ‘phase space’, similarly as with the PS’s (Figure 4.12). Further

analysis to what is presented in the core text suggests that this technique is associated

with a two-value mapping, i.e. to every combinations of differences in the range and

momentum coordinates there exist two range values considering one trajectory. As for

the other two techniques, associated mappings are two valued as well, but this time

nonuniqueness enters with two different rays satisfying conditions to do with a point in

the mapping’s space (Appendix D). More work is proposed to mathematically prove

the two-valuedness of mappings, and to explore if there exists a hierarchy of reduction

techniques for the increasing number of internal wave modes. If this is the case, it is
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anticipated however that the stability check is increasingly unfeasible with the num-

ber of modes to carry out numerically, similarly as with another known technique by

multiply sectioning trajectories (Figure 4.6). Other properties of the third mapping

proposed to investigate include:- the loss of information on the winding number, that

fixed points regarding primary resonances fall on the contour of the envelope, and thta

the shape and width of the envelope depend on the perturbation strength.

Just before the submission of this thesis continuing research uncovered the fact that

the existence of local instabilities is not a necessary condition for chaos in Hamiltonian

systems (Tappert 1996). For this reason we had to revisit conclusions such that the

appearance of local instabilities indicate long-range instability triggered by transitions

(in connection with Figure 6.12, for example). We still believe that irregular recurrences

of local instability go with chaos without exception, or with exceptions that are not

relevant practically, therefore those conclusions are retained in the text. We find it

intriguing however that the practical use of short- and long-range stability measures

show some correspondence, but theoretical considerations reject an intuitive statement.

It would be desirable therefore to clarify these matters with some further work.

The comparison of stability characteristics for perturbed single and double duct

wave guides shows a clear dependence on the background. As was found by other au-

thors as well (Yan 1993), the extension of chaotic sea in phase space for a double duct

profile is significantly greater than for a canonical Munk profile, for instant, – provided

the same perturbation superimposed. This holds in the case of either a single-periodic

perturbation model (Figure 4.15), or a multi-mode internal wave induced perturba-

tion model too (Figures 5.4 and 5.5). With the latter, the nonlinearity parameter, a

property of the background, has been found to correlate well with the Maximal Lya-

punov Exponents. We confirmed this for a canonical profile, and a double duct profile

taken in the Eastern North Atlantic as well. This analysis revealed a singularity of

the nonlinearity parameter as for the homoclinic trajectories of the dd profile, which is

associated with a stronger tendency for instability of rays in such environments. Our

study (end of Chapter 5) led to the conclusion that the interaction of rays with the

wave guide boundaries cannot be taken into account with a modified way of calculating

the nonlinearity parameter. The reason, we speculate, is the incomparable nature of

medium nonlinearity to do with the sound speed profile and the nonlinearity attributed

to the reflection of rays.

In Chapter 6 we described an oceanographic effect that results in a double duct

sound speed structure, namely the discharge of warmer and more saline water from

a relatively confined basin – the European Mediterranean in our example –, which
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water finds an equilibrium at a depth where an approximately canonical profile would

normally have its minimum, thus increasing the local sound speed there. The evidence

in the form of sound speed data collected in the Eastern North Atlantic reveals also

that mixing of the discharged water over long ranges realises a transition from a double

to single duct profile (Figure 6.2 in association with Figure 6.1). Shorter range tran-

sitions, on the other hand, can be associated with warm core meso-scale eddies, for

example. The change of stability characteristics triggered by these transitions is the

main concern of this thesis. As an ad hoc analysis technique we introduced the concept

of launching basins, which is to map out favourable launching parameters of rays when

they are considered to shoot through a transition region. This is done by mapping

together the maps of MLE’s that describe the stability characteristics on each side of

the transition region. Thus, the stability within the transition region is not considered,

and this technique is therefore intended for the analysis of rather short-range transition

scenarios. For single periodic and multi-mode perturbation either we found that the

projection of maps of MLE’s does not in general destroy connected stable regions of

phase space (Figures 6.13 and 6.15). As this projection procedure is required for the

construction of LB’s, it means that a connected set of launching parameters can result.

As for stable-to-stable combination of ray segments in particular it is certainly auspi-

cious. Due to uncertainties as to the ‘homogeneity’ of stability along a ray (stickiness),

and that long-range stability is evaluated by considering much longer ranges than that

is any realistic geographically, the use of LB’s in a quantitative sense is questionable.

However, considering stable-to-stable combinations only would indeed mean use in a

qualitative sense.

We demonstrated that the influence of the background persists with transitions in

the background too – let it either be a short or long-range transition scenario (Figures

6.15 and 6.18). That is, the projection of autonomous trajectories persisted to form

a skeleton of the projected MLE maps, when values of the MLE and the nonlinearity

parameter certainly still agreed. This suggests a very efficient way of predicting LB’s

based on the background. When doing this for the long-range transition scenario,

projected trajectories of, say, the double duct profile become Munk trajectory alikes

(which is not perfectly the case for short-range scenarios) – a feature that asks for an

explanation. Also, in this case the stability of rays within the transition region would

be a concern too. For these reasons we pursued a more detailed dynamical study of

long-range transitions which was presented in Section 6.3.

It has been realised that unperturbed ray dynamics for long-range transition sce-

narios can be associated with motion in quasistatically changing dynamical systems.
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On this basis, rays from one to another end of the transition region were traced in a

simple manner considering the adiabatic constancy of the action (Figure 6.24, etc.).

This allowed for a bifurcation analysis of (special) constant action curves in the ver-

tical plane of range versus depth, as a means of assessing the continuity of rays in a

changing environment. As a result we determined values of the Hamiltonian (related

to ray launching parameters) – or conditions in general –, for which rays preserve the

value of action, and other values of the Hamiltonian for which there is a jump in action

at some critical point in transition. A parametric study varying the misalignment of

single and double channel axes was also conducted. Conditions for qualitative changes

of the bifurcation diagram – which may be seen a secondary bifurcation effect – and

the measure of misalignment that satisfy these conditions are given.

A practical application of these results is possible wherever ray chaos affects sys-

tem performance. With acoustic tomography it is so the case, as ray chaos imposes

limitation on the identifiability of rays and resolvability of travel times needed in or-

der to invert this data for medium properties. In many applications conditions for

effective signal processing are likewise related with the predictability of the wave field.

Backscatter sensing is another type of application where this should be the case.

It can be said generally that ray chaos compromise system performance, and there-

fore it is avoidable. Considering the differences in setup and goals of different applica-

tions, however, ray chaos does not affect them the same way. Nevertheless, it makes

sense to asses a marine environment before a particular application is considered to

assess overall performance. In this second stage of assessment the extent to which the

same environment can be accommodated is determined.

The diagrams of launching basins and constant action curves in case of short and

long-range transition scenarios, respectively, can be seen as design charts or ‘road

maps’ to ‘navigate away’ from regions of unstable rays. Whether a fan of rays in case of

tomography- (note that the appropriate LB is connected) or a single one is considered in

connection with beam forming for backscatter sensing – the LB designates manageable

launching parameters: under what aperture rays launched from a certain depth will be

stable and identifiable beyound a relatively short transition region. Otherwise, for an

unstable ray the predictability horizon, beyound which ray chaos inhibitively develops,

depends on the particular application. If the transition region is much longer, it is the

diagram of constant action curves that provides information on ‘safe ways’.

It can be that a particular application inhibits the sudden jump of action. In

that case ray trajectories enclosed by limiting ones are allowed only, which limiting

trajectories correspond with the limiting action curves as determined in Section 6.3: by
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the condition of minimal action over the saddle type branch of the bifurcation curve.

Or, it might be the case that the nonlinearity parameter may not exceed a certain

value anywhere along the ray path. Then another pair of limiting action curves can

be determined from this condition: which are tangential to some level contour of the

nonlinearity parameter over the x-z plane. (Certainly, except special cases, constant

alpha curves will not coincide with constant action curves.)

In this spirit, given a particular condition for an application, a crude ‘road map’

can be drawn out instantly based on the background sound speed structure. For

certain accuracy/predictability requirements of the application, how ‘narrow’ the road

is depends on the perturbation strength. This is something however that seems to

be possible to reliably predict, as the perturbation strength or the total energy of the

internal waves can be taken constant or typical under well defined conditions (deep

water, latitude, etc.). (It is assumed here that within reasonable ranges the correlation

coefficient between the measure of instability and the nonlinearity parameter scales

linearly with the perturbation strength – or in some simple way which is straightforward

to establish generally.)

With a view to further work, regarding the transition between the notions of short

and long-range transitions, the limitations of the adiabatic analysis framework would

be a matter of interest too. For this point we recall the fact that for shorter transition

regions the adiabatic constancy of action does not hold. A related issue is the corre-

spondence of adiabatic analysis and ray tracing results (Figure 6.29) in the vicinity

of the boundaries and away. Furthermore, a more in-depth study of the relation of

perturbed and unperturbed systems would be desirable – the way the projected un-

perturbed trajectories provide a skeleton of the projected MLE map. The observation

here is that jump in action goes together with stable-to-unstable combination of ray

segments (Figure 6.18). However, whereas in case of the unperturbed system there

are sharp boundaries of predicted launching basins (critical values of the Hamiltonian,

etc.), it is diffused with perturbation superimposed.



Appendix A

The wave equation

The derivation of the governing equation of small pressure wave propagation in elastic

media is based on the following set of equations of fluid mechanics and thermodynamics:

Equation of motion: ρ

(
∂v

∂t
+ (v∇) · v

)
= T · ∇T + ρgk (A.1)

Continuity:
∂ρ

∂t
+∇ · (ρv) = 0 (A.2)

State equation: f(p, ρ, T, S) = 0 (A.3)

Energy equation: ρ

(
∂u

∂t
+ (u∇) · v

)
= T : V + ρq −∇ · h (A.4)

To constitute a well defined problem for the motion and state of the continuum, this

set of coupled algebraic and differential equations requires a set of boundary and initial

conditions. Details of the individual equations follow.

Equation (A.1) is Cauchy’s first equation of motion, which is Newton’s second

law applied to continua. It states that the change of momentum is due to internal and

external forces. The body force due to gravitation of matter is the only type of external

force involved now in the equation, when g, the gravitational acceleration is taken to

be constant. The internal forces are represented by T which is Cauchy’s stress tensor.

This treatment sets Cauchy’s first equation of motion free from any assumption with

respect to material properties. Note that the nabla differential operator ∇ possesses

vector properties. In particular, at algebraic operation it acts as a row vector, when

the entries constitute differential operators with respect to the spatial variables.

Equation (A.3) involves the state function of the matter, f , which is the only one of

the above set which has an assumption regarding material property. The state equation
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expresses a restriction of synoptic values of the state variables:- p – pressure, ρ – density,

T – temperature. Further dependence of state is introduced by the variation of salinity

(S), which can be significant in seawater.

In equation (A.4), the symbol u stands for the internal energy density. On the left,

V =
1

2
(v∇+∇TvT ) (A.5)

denotes the strain rate. With tensorial notation T : V reads as tijvij. The energy

equation itself states that the rate of the internal energy of a material particle equals

the mechanical performance of internal forces, the performance of the heat source, and

the rate of conducted heat. Associated quantities are: q, the specific performance of

the heat source, and h, the heat flow vector.

It is pointed out that a well formed problem of four equations can determine the

form of four functions only. In the equations above, however, more nontrivial functions

appear. As for the strain rate (A.5) provides the needed relation; in the following T,

u, h are to be expressed in terms of v, p, ρ, T . Therefore, further equations have to

be introduced for completeness. Note that the distribution of salinity S(r) is a given

function.

First, the Navier-Poisson law of a Newtonian fluid is introduced:

T = −pI + λVII + 2µV (A.6)

This is a constitutive equation, and as such it links dynamical and kinematical quanti-

ties. Symbols involved are identified such that: I is the (second order) identity tensor,

λ and µ are the coefficients of volumetric and shear viscosity in order, and VI is the

first scalar invariant of V, i.e.

VI =
∂u

∂x
+

∂v

∂y
+

∂w

∂z
= ∇ · v. (A.7)

In the above expression, [u, v, w]T are the (Cartesian) components of v. Note that T is a

symmetric tensor. This is understood such that the constitutive equation incorporates

Cauchy’s second equation of motion, which is known to simplify for non-polar materials

in a way that it expresses the symmetry of the stress tensor.

We turn now our attention to the energy equation. First we treat the term of heat

conduction assuming that Fourier’s law holds:

h = kT∇T −→ ∇ · h = k∆T. (A.8)
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In here, k is the coefficient of thermal conductivity, and ∆ = ∇ · ∇T is the Laplace

operator.

Next is the internal energy u to be put in terms of the sought-for functions. Gen-

erally, it depends on two of the state variables, now the specific volume v = 1/ρ and

temperature (and salinity). With this, terms from the left hand side of (A.4) are

detailed as follows:

∂u

∂t
=

∂u

∂v

∂v

∂t
+

∂u

∂T

∂T

∂t
+

∂u

∂S

∂S

∂t
and (A.9)

u∇ =
∂u

∂v
(v∇) +

∂u

∂T
(T∇) +

∂u

∂S
(S∇). (A.10)

Note that the equations of fluid mechanics were formulated with an Eulerian descrip-

tion, i.e. the sought-for functions depend on the spatial variables of the momentary

configuration r and time t. On the other hand, the spatial variables of the initial

configuration are collectively denoted by R. With these, the motion of the continuum

is described by the function r(R, t). The velocity yields by derivation with respect

to time: v(R, t) = ∂r/∂t; and similarly does the acceleration: a(R, t) = ∂v(R, t)/∂t.

Derivation with respect to time in association with the initial configuration is referred

to as the material time derivative. The motivation of the terminology is that the

material particle can be identified through the motion of the continuum by its spa-

tial coordinates on the initial configuration. When Newton’s second law is applied to

fluid mechanics the acceleration as the material time derivative of velocity is expressed

as follows: a = ∂(v(r(R, t), t))/∂t = ∂v/∂t + (v∇) · v. This suggests a scheme for

expressions of material time derivatives when Eulerian description is used such that:

˙( ) = ∂( )/∂t + (v∇) · ( ). Clearly, the left of the equation of motion involves the

acceleration as the material time derivative of velocity, and so does the energy equa-

tion involve that of the internal energy. Now, when (A.9) and (A.10) are substituted

into the energy equation, their terms add up to involve the material time derivative of

the specific volume (to be evaluated below), temperature, and salinity. The latter is

related to molecular diffusion which is a very slow process in comparison with other

processes involved in the acoustic phenomena to be considered. The associated terms,

therefore, are omitted.

Next, we look at the coefficient functions of the derivatives. According to the ‘first

Tdσ equation of Thermodynamics’ [which is a combination of the first fundamental

equation of Thermodynamics (C.1) and the third Maxwell relation] (Wikipedia n.d.

Thermodynamic potential, online content)(Alberty 2001),
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∂u(v, T, S)

∂T
= cv, (A.11)

which expression defines the isochoric specific heat. This is a material property which

is to be determined experimentally. Note, however, that for the purpose of the present

derivation v is to be taken out by ρ. As for the other coefficient,

∂u(v, T, S)

∂v
= T

∂p(v, T, S)

∂T
− p. (A.12)

The derivative term on its right can be put in terms of the state function as

∂p(v, T, S)

∂T
= −

[
∂f(p, ρ, T, S)

∂T

(
∂f(p, ρ, T, S)

∂p

)−1
]

. (A.13)

Finally,

∂v

∂t
+ (v∇) · v = − 1

ρ2

(
∂ρ

∂t
+ (ρ∇) · v

)
, that is (A.14)

v̇ = −ρ̇/ρ2. (A.15)

Substituting (A.8)–(A.14) into (A.4), the energy equation too involves only the sought-

for functions: v, p, ρ, T .

In what follows we introduce the assumptions that are required to derive the equa-

tions which govern the acoustic phenomena. The most fundamental of all is the one

that sound propagation is the propagation of small perturbations of the variables which

are superimposed onto a static part of them. The latter yield as the static solution of

the cited equations of fluid dynamics:

v0 = 0, (A.16)

−p0∇T + ρ0g = 0, (A.17)

f(p0, ρ0, T0, S) = 0, (A.18)

ρ0q −∆T0 = 0. (A.19)

Boundary conditions imposed to the original problem hold. It is emphasized that the

static solution (v0, p0, ρ0, T0) depends only on the spatial variables. Small perturbations

of the variables (v′, p′, ρ′, T ′), which are the time dependent parts of them, will be

treated as infinitesimally small quantities mathematically. Hence, we write that
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v = v0 + v′, (A.20)

p = p0 + p′, (A.21)

ρ = ρ0 + ρ′, (A.22)

T = T0 + T ′. (A.23)

The above formulae are substituted into the equations of motion and continuity, and

(A.16)–(A.19) are used to simplify them. The result is the following:

ρ0
∂v

∂t
= −p′∇T + ρ′g + (λVII + 2µV) · ∇T , (A.24)

∂ρ′

∂t
+∇ · (ρ0v) = 0. (A.25)

The above system of partial differential equations (PDE) is converted into a single

second order PDE by taking the partial derivative of (A.24) with respect to time,

taking the gradient of (A.25), and subtracting one from the other. This results in the

following equation:

ρ0
∂2v

∂t2
= −∂p′

∂t
∇T +

∂ρ′

∂t
∇T +∇ · (ρ0v)∇T − ∂ρ′

∂t
g +

∂

∂t
(λVII + 2µV) · ∇T . (A.26)

Let us consider now the energy equation (A.4) together with (A.8)–(A.14), (A.5)

and (A.6). Decomposition of the variables by (A.20)–(A.23) is performed. On the right

of the equation T : V simplifies to be −pVI after neglecting the second order small

terms. Next we consider the heat conduction term. According to (A.19) the static part

of it is neglected by the approximation: (ρ0 + ρ′)q ≈ ρ0q = ∆T0. The dynamical part

with the temperature perturbation is neglected by the assumption that the relative

measure of k allows for it. That is, k being small enough allows for no heat conduction

between material particles due to the propagation of, say, pressure perturbations.

The left of the energy equation can be rewritten in the following form:

ρ

(
∂u(p, v, S)

∂p
ṗ +

∂u(p, v, S)

∂v
v̇

)
. (A.27)

Now, looking at continuity (A.2), and the expression VI = ∇ · v, we find that

VI = −ρ̇/ρ. (A.28)

Utilizing (A.15), (A.27) and (A.28), the energy equation (A.4) can be rewritten in a

rearranged form as:
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∂u(p, v, S)

∂p
ṗ = −

(
∂u(p, v, S)

∂v
+ p

)
v̇, (A.29)

whose more common form in the theory of differential equations reads as:

∂u(p, v, S)

∂p
dp = −

(
∂u(p, v, S)

∂v
+ p

)
dv. (A.30)

The above equation is a first order exact ODE, provided that

(
2
∂2u(p, v, S)

∂p∂v
+ 1

)(
∂u(p, v, S)

∂v
+ p

)−1

(A.31)

is zero. If it is a function either of the forms: F (p), F (p, v), F (v), then (A.30) is a

non-exact first order ODE, with associated integration factors which are some other

functions of the same variables. (Weisstein n.d. Exact First-Order Ordinary Differ-

ential Equation, online content)(Ross 2004, Section 3.3) Note that u(p, v, S) has an

empirical relevance in association with cv and f , or some other material properties.

The solution of (A.30) can be expressed as follows:

γ∗(p, v, S) = γ∗(p0, v0, S). (A.32)

The above form of the solution is given by the parameter of S. The graph of γ∗(p, v, S)

(for a given S) is termed as an equipotential level contour in potential theory. Such a

contour is referred to as an adiabatic in the thermodynamical context.

Since v = 1/ρ (and v0 = 1/ρ0), in (A.32) v (and v0) can be taken out by 1/ρ (and

1/ρ0), and hence we write the solution with the appropriate adiabatic:

γ(p, ρ, S) = γ(p0, ρ0, S). (A.33)

Note that γ depends on one fewer variables than f , which is interpreted by the con-

traction of the thermodynamical degrees of freedom due adiabatic change of state.

Next, let the operator ∇T apply on each side of (A.33):

∂γ(p, ρ, S)

∂p
p∇T +

∂γ(p, ρ, S)

∂ρ
ρ∇T +

∂γ(p, ρ, S)

∂S
S∇T = (A.34)

∂γ(p0, ρ0, S)

∂p
p0∇T +

∂γ(p0, ρ0, S)

∂ρ
ρ0∇T +

∂γ(p0, ρ0, S)

∂S
S∇T .

On the basis of:- (A.17), (A.18), (A.19), (A.21), (A.22), that ∇ is a linear operator,

that substitution by (p, ρ, S) and (p0, ρ0, S) approximately result in the same value,

the above equation simplifies as:
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∂γ(p0, ρ0, S)

∂p
p′∇T +

∂γ(p0, ρ0, S)

∂ρ
ρ′∇T = 0. (A.35)

In a rearranged form it reads as:

p′∇T =

[(
∂γ(p0, ρ0, S)

∂p

)−1
∂γ(p0, ρ0, S)

∂ρ

]
ρ′∇T . (A.36)

To make the above connection of the pressure and density gradients more concise we

define the following function:

c2 df
=

[(
∂γ(p0, ρ0, S)

∂p

)−1
∂γ(p0, ρ0, S)

∂ρ

]
. (A.37)

Note that c depends on the spatial variables only. Taken now the rate of (A.36), it is

used to cancel the first two terms on the right of (A.26). We also apply the connection

of the pressure and density gradients (A.35) and (A.37), which results in the new form

of the equation:

ρ0
∂2v

∂t2
= c2(∇ · (ρ0v)∇T )− ∂ρ′

∂t
g +

∂

∂t
(λVII + 2µV) · ∇T . (A.38)

Two approximations are yet to be introduced now. We assume that the gravitation

of matter does not have a significant effect on the acoustic phenomena due to the

relatively small measure of g. Secondly, we assume that the static distribution of the

density has a relatively small gradient in comparison with that of its perturbation.

Therefore, ρ0 can be taken out of the scope of ∇.

Finally the velocity potential φ is defined:

v
df
= φ∇T (A.39)

The definition substituted into (A.38) yields a new form of the equation:

ρ0
∂2φ

∂t2
∇T = c2ρ0∆φ∇T +

∂

∂t
(λ∆φ + 2µ∆φ)∇T . (A.40)

With this, the final form of the wave equation reads as

∂2φ

∂t2
= c2∆φ +

(λ + 2µ)

ρ0

∂

∂t
∆φ. (A.41)

The reason of the latter implication is that the boundaries that define the particular

acoustic phenomenon are such that they result in the same solution for either of the

latter two equations.



Appendix B

Acoustic rays in the view of

travelling wave fronts

B.1 Ray equations

In this section we cite two approaches to establish the ray equations. One of them

starts with Fermat’s principle:

∫ sB

sA

1

c(r(s))
ds = Min! (B.1)

It defines a ray path as a spatial curve r(s) through which the sound travels from

point A to point B in the shortest time. The solution of the variational problem

given by (B.1) is equally defined by the associated Euler-Lagrange differential equation

(Wikipedia n.d. EulerLagrange equation, online content)(Kósa 1975):

d

ds

(
1

c

dr

ds

)
= −c∇T

c2
. (B.2)

In this, the speed of sound is, again, parameterised by the arc length: c(r(s)). Equiv-

alent to the boundary conditions of the variational problem (sA and sB), the ray

equations take initial conditions in the following form:

r(0) = r0 and
dr(0)

ds
= ṙ0. (B.3)

The other approach takes the eikonal equation for its starting point:

(τ∇)2 = c−2. (B.4)
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In here, τ(r) is referred to as the eikonal, and its level surfaces – as wave fronts. The

idea now is that the rays are perpendicular to the wave fronts. This is equivalent with

saying that the rays are tangential to the gradients of the level surfaces:

dr

ds
= c∗τ∇T . (B.5)

The factor c∗ depends on the spatial coordinates. It turns out to be c if the condition

(
drs

ds

)2

= 1, (B.6)

(a result of r being parameterised by the arc length) is considered along with (B.4) and

(B.5). To derive the ray equations first we divide both sides of (B.5) by c, and then

differentiate them with respect to the arc length. The derivation is presented by the

following sequence of expressions when the explanation/equation used is given on the

right at each step:

d

ds

(
1

c

dr

ds

)
(B.5)

d

ds
(τ∇T ) (chain rule)

(∇T∇τ) · dr

ds
(B.5)

c(∇T∇τ) · τ∇T (f ′g′ = (f(g))′)
c

2
(τ∇)2∇T (B.4)

c

2
(c−2)∇T ((f(g))′ = f ′g′)

−c∇T

c2

The first and last formulae of the above sequence constitute the ray equations. Through

the derivation from the eikonal equation it is clear that there exists a set of initial

conditions for the ray equations which yields rays that are all perpendicular to the

wave fronts.

B.2 The form of the solution

The solution of the wave equation is proposed in the following form:

φ(r, t) = ϕ(τ(r), t). (B.7)

Derivative terms in the wave equation are then detailed as follows:
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φ∇ =
∂ϕ

∂τ
τ∇, (B.8)

∆φ = (φ∇) · ∇T =
∂2ϕ

∂τ 2
(τ∇)2 +

∂ϕ

∂τ
∆τ, (B.9)

∂φ

∂t
=

∂ϕ

∂t
, (B.10)

∂2φ

∂t2
=

∂2ϕ

∂ t2
. (B.11)

Having in mind (B.4), if one plugs these into (A.41), the following equation results for

ϕ:

∂2ϕ

∂ t2
=

∂2ϕ

∂τ 2
+

∆τ

(τ∇)2

∂ϕ

∂τ
. (B.12)

Clearly, by the proposed form of the solution we deal with a 1D instead of a 3D

problem. This reduction is possible if the initial conditions for φ are given in a form:

φ0(r) = ϕ0(τ(r)) and φ̇0(r) = ϕ̇0(τ(r)). (B.13)

In this case, ∆τ/(τ∇)2 – when paramiterised – implies the same functional form for

all rays. In what follows, however, we deal with a problem when the latter condition

do not satisfy but the solution is still assumed in the above form. This is the problem

of travelling wave fronts as discontinuities of the wave field.

B.3 Travelling wave fronts

To proceed we will need the following formula (Jensen et al. 2000, p. 187.):

∆τ =
1

J

d

ds

(
J

c

)
. (B.14)

In the above the spatial coordinates are parameterised by the arc length when one

particular ray is considered, e.g. J(r(s)). To produce the Jacobi determinant J , r is

assumed to depend also on δ and α which are the declination and azimuthal take-off

angles of the ray, respectively:

J =

∣∣∣∣
∂r

∂{s, δ, α}

∣∣∣∣ . (B.15)

Suppose now that the Jacobian and the sound speed depends on r through the eikonal.

Using the chain rule, the differential term on the right of (B.14) can be detailed as

follows:
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d

ds

(
J

c

)
=

d

dτ

(
J

c

)
dτ

ds
. (B.16)

Using (B.5) and the eikonal equation (B.4), details of the second differential on the

right can also be given as:

dτ

ds
= τ∇ · dr

ds
=

1

c
. (B.17)

The above equation indicates the fact that the eikonal is the time of flight. With

(B.14), (B.16), and the eikonal equation (B.4), the coefficient function with the eikonal

in (B.12) can be put in terms of the Jacobian and the sound speed:

∆τ

(τ∇)2
=

c

J

d

dτ

(
J

c

)
, (B.18)

and the equation itself can be rewritten as:

∂

∂t

(
J

c

∂ϕ

∂t

)
− ∂

∂τ

(
J

c

∂ϕ

∂τ

)
= 0. (B.19)

An equivalent first order system of PDEs is proposed in the following form:

J

c

∂ϕ

∂t
+

∂ψ

∂τ
= 0, (B.20)

∂ψ

∂t
+

J

c

∂ϕ

∂τ
= 0. (B.21)

In a matrix form it reads as:

[
ϕ̇

ψ̇

]
+ A ·

[
ϕ′

ψ′

]
=

[
0

0

]
, where A =

[
0

(
J
c

)−1

J
c

0

]
. (B.22)

Note that the dot ˙( ) denotes differentiation with respect to time and the prime ( )′

with respect to the eikonal.

Next, we are looking for the eigenvalues λ1,2 of A, which are the roots of the

characteristic equation,

det(A− λI) = 0; that is, λ2 − 1 = 0, and so λ1,2 = ±1. (B.23)

The eigenvectors s1,2 derive from the same equation, As = λs, as the eigenvalues:

s1 =

[
1
J
c

]
and s2 =

[
1

−J
c

]
(B.24)
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These eigenvectors are set to be column vectors of a matrix with which we define

new variables ξ and η:

[
ϕ

ψ

]
=

[
1 1
J
c
−J

c

] [
ξ

η

]
; (B.25)

i.e.

ϕ = ξ + η, (B.26)

ψ =
J

c
(ξ − η). (B.27)

Producing the appropriate differentials by the above equations, we can write the

system of equations for ξ and η in a canonical form which is suitable for the application

of the method of characteristics (Hilbert & Courant 1989, Chapter VI.):

ξ̇ + ξ′ =
1

2

(
J

c

)−1 (
J

c

)′
(η − ξ), (B.28)

η̇ − η′ =
1

2

(
J

c

)−1 (
J

c

)′
(η − ξ). (B.29)

The characteristics, to be introduced now, are a set of curves which partition the

space spanned by the variables of the eikonal and time. In fact, we have to speak about

two sets of the characteristics, one associated with the variable ξ with parameter sξ,

and the other – with parameter η with sη. Hence we write that:

ξ = ξ(τ(sξ), t(sξ)), (B.30)

η = η(τ(sη), t(sη)). (B.31)

Using the chain rule the differentials can thus be expanded as follows:

ξ′s = ξ̇t′s + ξ′τ ′s, (B.32)

η′s = η̇t′s + η′τ ′s. (B.33)

The form of the characteristics are determined by comparing (B.28) with (B.32) and

(B.29) with (B.33) with respect to the coefficients:

t′s = 1, t(0) = 0 −→ t = sξ

τ ′s = 1, τ(0) = ω+ −→ τ = ω+ + sξ

t′s = 1, t(0) = 0 −→ t = sη

τ ′s = −1, τ(0) = ω− −→ τ = ω− − sη

(B.34)
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Note that

ω+ = τ − t, and (B.35)

ω− = τ + t. (B.36)

Secondly, compare the mentioned equations by their other sides too. We have in mind

now that as we took the case of a travelling pulse, there is only a single characteristic

in each set along which ξ and η are nonzero. Thus, it is only the initial moment

when we have to count with a nonzero value of ξ or η respectively at (B.29) or (B.28),

therefore, in this special case the system splits. Subsequently then the following ODEs

are integrated:

ξ′s = −1

2

[(
J

c

)−1 (
J

c

)′]
ξ, (B.37)

η′s =
1

2

[(
J

c

)−1 (
J

c

)′]
η. (B.38)

The integration is performed by substitution of sξ (or sη) by τ . It is detailed for (B.38):

∫ η

η0

1

η
dη =

∫ sη

0

1

2

[(
J

c

)−1 (
J

c

)′]
dsη = (B.39)

−
∫ τ

ω−

1

2

[(
J

c

)−1 (
J

c

)′]
dτ. (B.40)

For the negative sign refer to (??). Result of the integration is obtained in the following

form:

ξ(τ, t) = ξ0(τ − t)

[
J(τ − t)

c(τ − t)

c(τ)

J(τ)

]1/2

, (B.41)

η(τ, t) = η0(τ + t)

[
J(τ + t)

c(τ + t)

c(τ)

J(τ)

]1/2

. (B.42)

Initial conditions come from a symmetry condition: ξ0 = η0 = ϕ0/2. Note that J and

c are assumed to be parameterised by τ in their present appearance. With this, the

above solution of the wave equation suggests a picture of a pulse which is travelling out

in either direction from the source point, always at a speed which is the local speed of

sound. The scaling of the pulse height along the ray is also indicated. It is emphasized



Acoustic rays in the view of travelling wave fronts 141

that the given form of the solution does not apply for general initial conditions ξ0 and

η0, only when they represent a pulse. It is also pointed out that the form of the above

solution is identical to that of the transport equation which arises when the solution

of the wave equation is proposed in the form of a ray series. (Hilbert & Courant 1989,

Chapter VI.)(Jensen et al. 2000, equ. 3.33)



Appendix C

Derivation of thermodynamical

functions from the Gibbs potential

C.1 The state function

We start the derivation with the first law of Thermodynamics:

u̇ = Q + P, (C.1)

the statement that the internal energy of a material particle (u) changes at a rate which

equals the rate at which heat is transferred to- and generated ‘within’ the particle (Q),

plus the mechanical performance of forces responsible for deformation (P ). Specifically,

within the limitations of acoustical phenomena, in case of (sea) water as newtonian

fluid, the latter has been obtained (Appendix A) as:

P = −pv̇. (C.2)

As for the heat, it is related to the entropy (σ) by the following definition:

Q = T σ̇. (C.3)

In the context of a different definition, we have seen that

Q = k∆T (C.4)

is negligible for the acoustic phenomena, therefore σ̇ is negligible too, i.e. the change

of state is an isentropic or adiabatic process approximately.
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In what follows, for a reference to:- the definition/transformation of thermody-

namic potentials, Tdσ equations of Thermodynamics, and Maxwell’s relations – see

(Wikipedia n.d. Thermodynamic potential, online content)(Alberty 2001).

Next, we detail the left of (C.1) as follows:

u̇ =
∂u

∂σ

∣∣∣∣
v

σ̇ +
∂u

∂v

∣∣∣∣
σ

v̇, (C.5)

with which the following two expressions for the temperature and pressure (to be used

in the next section) are clearly consistent with (C.1), (C.2), (C.3) and (C.5):

T =
∂u

∂σ

∣∣∣∣
v

, (C.6)

p = − ∂u

∂v

∣∣∣∣
σ

. (C.7)

The enthalpy (h) and the Gibbs potential (g) are defined next:

h = u + pv, (C.8)

g = h− Tσ, that is (C.9)

g = u + pv − Tσ, (C.10)

where the latter implies that:

ġ =

(
∂u

∂p

∣∣∣∣
T

+
∂(pv)

∂p

∣∣∣∣
T

− ∂(Tσ)

∂p

∣∣∣∣
T

)
ṗ

+

(
∂u

∂T

∣∣∣∣
p

+
∂(pv)

∂T

∣∣∣∣
p

− ∂(Tσ)

∂T

∣∣∣∣
p

)
Ṫ . (C.11)

In the same time we have:

ġ =
∂g

∂p

∣∣∣∣
T

ṗ +
∂g

∂T

∣∣∣∣
p

Ṫ . (C.12)

With the condition of consistency, agreement of coefficients of ṗ in(C.12) and (C.11)

implies that:

∂g

∂p

∣∣∣∣
T

=
∂u

∂p

∣∣∣∣
T

+ v + p
∂v

∂p

∣∣∣∣
T

− T
∂σ

∂p

∣∣∣∣
T

. (C.13)

Consider now the identity:-



Derivation of thermodynamical functions from the Gibbs potential 144

∂u

∂p

∣∣∣∣
T

=
∂u

∂v

∣∣∣∣
T

∂v

∂p

∣∣∣∣
T

, (C.14)

the fourth Maxwell equation,

∂σ

∂p

∣∣∣∣
T

= − ∂v

∂T

∣∣∣∣
p

, (C.15)

and the first Tdσ equation of Thermodynamics [which is a combination of the first

fundamental equation of Thermodynamics (C.1) and the third Maxwell relation],

∂u

∂v

∣∣∣∣
T

= T
∂p

∂T

∣∣∣∣
v

− p, (C.16)

and that

∂v

∂p

∣∣∣∣
T

∂p

∂T

∣∣∣∣
v

= − ∂v

∂T

∣∣∣∣
p

. (C.17)

The latter is obtained by differentiating both sides of

v = v(p(v, T ), T ) (C.18)

with respect to T – which results in:

0 =
∂v

∂p

∣∣∣∣
T

∂p

∂T

∣∣∣∣
v

+
∂v

∂T

∣∣∣∣
p

. (C.19)

With (C.14), (C.15), (C.16) and (C.17) – (C.13) simplifies as:

∂g

∂p

∣∣∣∣
T

= v(p, T ), (C.20)

which is the state function itself, as a derivative of the Gibbs potential.

C.2 Entropy

Here we assume an expression of the entropy straightaway, such that:

σ = − ∂g

∂T

∣∣∣∣
p

, (C.21)

and show that it implies a trivially true identity. For this, let us substitute (C.21) and

(C.20) into a rearranged form of (C.10):

u = g − T
∂g

∂T

∣∣∣∣
p

− p
∂g

∂p

∣∣∣∣
T

. (C.22)



Derivation of thermodynamical functions from the Gibbs potential 145

The latter combined with (C.10) again results in the following equation:

u = u + pv − Tσ

− T

(
∂u

∂T

∣∣∣∣
p

+ p
∂v

∂T

∣∣∣∣
p

− σ − T
∂σ

∂T

∣∣∣∣
p

)
(C.23)

− p

(
∂u

∂p

∣∣∣∣
T

+ v + p
∂v

∂p

∣∣∣∣
T

− T
∂σ

∂p

∣∣∣∣
T

)
.

On the other hand we have:

∂u

∂T

∣∣∣∣
p

=
∂u

∂σ

∣∣∣∣
v

∂σ

∂T

∣∣∣∣
p

+
∂u

∂v

∣∣∣∣
σ

∂v

∂T

∣∣∣∣
p

, and (C.24)

∂u

∂p

∣∣∣∣
T

=
∂u

∂σ

∣∣∣∣
v

∂σ

∂p

∣∣∣∣
T

+
∂u

∂v

∣∣∣∣
σ

∂v

∂p

∣∣∣∣
T

. (C.25)

On substitution of (C.6) and (C.7) into these the above two-, and then the resulting

equations into (C.23), we end up with a trivial identity; therefore, our assumption

(C.21) was correct.

C.3 The speed of sound

The definition of sound speed from Appendix A (A.37) is quoted here as:

c2 =




(
∂γ

∂p

∣∣∣∣
ρ

)−1
∂γ

∂ρ

∣∣∣∣
p


 . (C.26)

By inspection we can say that c2 is given by the derivative of p with respect to ρ along

an adiabatic of constant γ; or formally:

c2 =
∂p

∂ρ

∣∣∣∣
σ

. (C.27)

Also, considering that ρ = 1/v, the above can be put as:

c2 = −
(

1

v2

∂v

∂p

∣∣∣∣
σ

)−1

. (C.28)

The derivative term on the right, utilising the definition of the state function (C.20),

is detailed as:

∂v

∂p

∣∣∣∣
σ

=
∂2g

∂p2

∣∣∣∣
T

+
∂2g

∂p∂T

∂T

∂p

∣∣∣∣
σ

. (C.29)
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Next we consider the second Maxwell equation of Thermodynamics:

∂T

∂p

∣∣∣∣
σ

=
∂v

∂σ

∣∣∣∣
p

, (C.30)

and also the following identity:

∂v

∂σ

∣∣∣∣
p

=
∂v

∂T

∣∣∣∣
p

∂T

∂σ

∣∣∣∣
p

=
∂2g

∂p∂T

∂T

∂σ

∣∣∣∣
p

. (C.31)

Utilising (C.21), from

∂T

∂σ

∣∣∣∣
p

=

(
∂σ

∂T

∣∣∣∣
p

)−1

it follows that (C.32)

∂T

∂σ

∣∣∣∣
p

= −
(

∂2g

∂T 2

∣∣∣∣
p

)−1

. (C.33)

Finally, with the use of (C.20), (C.29), (C.30), (C.31) and (C.33) – (C.28) implies the

definition of sound speed as a derivative of the Gibbs potential:

c2 =

(
∂g
∂p

∣∣∣
T

)2
∂g
∂T

∣∣
p(

∂2g
∂p∂T

)2

− ∂2g
∂p2

∣∣∣
T

∂2g
∂T 2

∣∣∣
p

. (C.34)



Appendix D

Two-valued mappings

In this appendix numerical studies of the three representations from Section 4.2 are

presented. The objective of these studies is to demonstrate that the three reduction

techniques lead to two-valued mappings, and eventually a formal proof of this and

other properties would be desirable.

The three representations as mappings are recasted here as:-

{p2n, p2n − p2n−1} −→ {p2(n+1), p2(n+1) − p2(n+1)−1}, (R1∗)

{r2n − r2n−1, p2n} −→ {r2(n+1) − r2(n+1)−1, p2(n+1)}, (R2∗)

{r2n − r2n−1, p2n − p2n−1} −→ {r2(n+1) − r2(n+1)−1, p2(n+1) − p2(n+1)−1}. (R3∗)

From a theoretical point of view it makes no difference if we consider the following

representations instead:-

{p2n, p2n+1 − p2n} −→ {p2(n+1), p2(n+1)+1 − p2(n+1)}, (R1)

{r2n+1 − r2n, p2n} −→ {r2(n+1)+1 − r2(n+1), p2(n+1)}, (R2)

{r2n+1 − r2n, p2n+1 − p2n} −→ {r2(n+1)+1 − r2(n+1), p2(n+1)+1 − p2(n+1)}. (R3)

This will make numerical studies convenient. The formulae or rules of these mappings

are determined by M. (In fact this is M∗, and so in the following – unless otherwise

specified.) Next, let this mapping be decomposed as:

M = M− ◦M+, (D.1)

whereM−/M+ is the mapping between subsequent positive/negative to negative/positive

going intersections [2n −→ 2n + 1/2n + 1 −→ 2(n + 1)].
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For the uniqueness of mappings R1, R2, R3, the existence of a homeomorphism

is required between the space of these mappings and, say, that of M, as the latter is

already established to be a unique mapping. That is, considering R2, for instant, the

pair of equations:

pk = c1, (D.2)

M−
r (rk, pk)− rk = c2, (D.3)

will have a unique solution (rk, pk) for any ‘feasible’ pair of constants c1 and c2 ∈ [0, R].

(Here we changed for a simpler indexing: from 2n to k.) For a demonstration that it

is not the case in general, see Figure D.1 [c1 = 7.5 and c2 = tan(5◦)]. Equation (D.2)

yields the solution for pk explicitly. This plugged into (D.3) leads to a nonlinear equa-

tion for rk. The solution of this equation is illustrated in Figure D.1 in graphical terms.

The blue curve in the diagram is the graph of the mapping M−
r (rk, pk) substituted at

pk = c1; the curve in red is a straight line of gradient one with which intersects the

ordinate at c2. Clearly, for some fixed values of p2, there is an interval of the values of

c1 when the red curve intersects the blue one twice. At the limit values of this interval

the red curve is tangential to the blue one with a unique solution of rk. It is suggested

thus that in general for a point in the space of R2 there exist two corresponding points

in that of M; i.e. the mapping in association with R2 – apart from the boundary of its

space and may be elsewhere – is expected to be a two-valued mapping. It is illustrated

in Figure D.2 that these two pairs of (rk, pk) generally belong to different trajectories

of M. The corresponding ‘sections’ in the space of R2 are shown in Figure D.3. If

mod(mod(r2n+1, R) − mod(r2n, R)) is taken instead of simply r2n+1 − r2n, a similar

diagram results shown in Figure D.4. In the latter (rk, pk) = (c1, c2) is highlighted

by the green marker, which falls just on the intersection of the curves. This modified

representation was constructed to justify that M can be used for the proof instead of

M∗.

Turning to R3 next, the corresponding equations are as follows:

M−
p (rk, pk)− pk = c2, (D.4)

M−
r (rk, pk)− rk = c1. (D.5)

In the first step pk is expressed explicitly from (D.5) as a function of rk for some fixed

value of c1. The graph of this function is shown in blue in Figure D.5. Next, using

these results, pk+1 is calculated as M−
p (rk(pk), pk) – a function of pk. This latter is
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featured in blue in Figure D.6 – a closed loop which is seen to be parameterised by

rk. Figure D.6 is also to illustrate the solution of (D.4) in graphical terms, by the

intersections of a closed loop and a straight line. Because of these special properties

(something possibly to use for the proof) we can expect again that within a range of

the values of c2, generally, there are two solutions of equations (D.4) and (D.5). The

points of intersection are highlighted by markers in green.

The same way as with (D.5), by fixing c2, a functional relation between pk and

rk can be obtained from (D.4) as well. The graph of this is plotted in red in Figure

D.5. The points of intersection of the blue and red curves are highlighted by markers in

green, which indeed correspond with those in Figure D.6. Now, if the trajectories of M
initialised in these points are calculated and plotted, we find that the trajectories (dis-

continuous curves in figure) are identical. The identity is evident in the representation

of R3 and a similar modification of it as with R2 (Figures D.7 and D.8).

Denoting the range component of the two solutions by r1 and r2, we can also notice

that

mod(r1, R) + mod(r2, R) = R (D.6)

holds generally. Based on this, the proof that in case of R3 the two values of the

two-valued mapping belong to the same trajectory can be outlined as follows. Lemma

1: (D.6) holds for the intersecting points of a trajectory of M and the solution of (D.4)

(which is the condition for constant differences of ray tangents p). Lemma 2: (D.6)

holds for the intersecting points of a trajectory ofM and the solution of (D.5) (which is

the condition for constant differences of ranges r). Then Lemma 1 and Lemma 2 imply

the Theorem: that the trajectories are identical, because there are no two distinct

trajectories for which (D.6) is true in the same time.
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0 2 4 6 8 10
0
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4

6

8

10

mod(rk, R)

 

 

mod(rk, R) + c2

M−

r (rk, c1)

Figure D.1: Graphical representation of solving the system of equations (D.2) and

(D.3)
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M(k)(r1, p1), k = 1, 2, ...

M(k)(r2, p2), k = 1, 2, ...

(mod(r2, R), p2)

(mod(r1, R), p1)

Figure D.2: A demonstration that generally the solutions of the system of equations

(D.2) and (D.3) belong to distinct trajectories
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Figure D.3: Two rays as represented by R2
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Figure D.4: A demonstration that a modification of R2 using the modulo function in

case of range conveniently makes no important difference. The marker in green (which

are two overlapping markers in fact) corresponds with similar markers in Figures D.1

and D.2
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0 2 4 6 8 10
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p (rk, pk) − pk = c2

(mod(r2, R), p2)(mod(r1, R), p1)

M(k)(r2, p2), k = 1, 2, ...

Figure D.5: Graphical representation of solving the system of equations (D.4) and

(D.5), and a demonstration that generally the solutions of these equations belong to

identical trajectories
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Figure D.6: Graphical representation of solving the system of equations (D.4) and

(D.5)
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Figure D.7: Two rays as represented by R3
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Figure D.8: A demonstration that a modification of R3 using the modulo function in

case of range conveniently makes no important difference. The marker in green (which

are two overlapping markers in fact) corresponds with similar markers in Figures D.5

and D.6
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