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Preface 

During my doctoral studies, I applied and developed statistical methods which resulted in 

remedies for problems in the pharmaceutical quality control process and in high-pressure 

experimentation. 

To provide appropriate statistical approaches some insight is needed into the areas of the 

considered fields, and thus discussion of the literature of those fields is essential part of my 

thesis, besides the literature of the applied methods.  

In the first part of the thesis, after the literature review, I present statistical methods used in 

the field of pharmaceutical quality control, more specifically in stability studies. This part 

considers the application of univariate and multivariate control charts and some newly 

developed statistical tests, as well. My work in this field contributes to the scientific 

advancement by correcting the suggested methods that can be found in the literature and 

suggesting new advanced methods to increase the effectiveness of quality control in 

pharmaceutical stability studies.  

In the second part of my thesis, after the literature review, I present the application of 

designed experiments and other statistical techniques to evaluate data obtained in high-

pressure experiments. My work in this field contributes to the scientific advancement by 

presenting the model construction method and showing that designed experiment can be and 

should be applied in such experiments to increase the efficiency of the experimental studies. 

This part also contains the correction of an already existing, widely applied physical-chemical 

formula that is connected to solubility.  
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I. Applied statistics in the pharmaceutical stability studies 

I. 1 Literature review 

I. 1.1 Stability studies: tools of quality control 

According to the definition of FDA (U.S. Food and Drug Administration), shelf life is the 

period during which a drug product remains suitable for the intended use. The length of this 

period determined during registration of the drug product is referred to as claimed shelf life. It 

is required for the products from the on-going manufacturing process to have period of shelf 

life the same or longer than that of the claimed shelf life. If this requirement is not fulfilled, a 

deviation procedure must be initialized by the producer company and the root cause is to be 

found. Also, regulatory authorities such as the FDA might issue a recall of the concerned 

products from the market.  

The shelf life is determined based on specifications of USP/NF (United States Pharmacopeia 

and National Formulary). The specifications are given for different chemical, physical and 

biological attributes of available drugs. For example, the specification limit for the amount of 

active ingredient is usually established at 90% of the nominal. The drug is stable until the 

relevant attributes stay within the specification limits. If the drug maintained its stability 

throughout the period of shelf life, the regulatory requirements regarding the shelf life are 

fulfilled and the drug is safe to use.  

Stability studies are conducted to monitor different attributes of the drug products. Data 

obtained in stability studies are used to estimate the shelf life. Two phases may be 

distinguished in which stability studies are conducted: pre-approval and post-approval. Post-

approval studies are also called on-going stability studies.  
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The pre-approval stability studies are conducted before the registration of the drug product 

and usually, three batches are considered for stability studies. The aim of the pre-approval 

stability studies is to obtain the claimed shelf life. In pre-approval studies, the samples are 

collected from the produced batch and are held under regulated conditions (temperature and 

humidity) throughout the study. During the study relevant chemical, biological, and physical 

attributes are measured at certain time points. The required storage conditions and the 

required frequency of the measurement can be found in the ICH Q1A guide [1]. The required 

time points of the measurements are 0, 3, 6, 9, 12, 18, 24 months and from that point, if 

necessary, it is suggested to measure the sample once a year. As repetitions are not required, a 

single stability study for approval purposes typically includes six to eight data, based on the 

length of shelf life.   

On-going stability studies are conducted after the drug is registered and produced already for 

the patients. The aim of these studies is to monitor the quality of the production and to test 

whether the quality of the produced drugs is maintained, that is, the shelf life is at least as 

long as the claimed shelf life. In on-going studies, typically one batch a year is considered for 

a stability study. Although there is not an official guideline regarding the on-going stability 

studies, the ICH Q1A guide may be and convenient to be applied for on-going stability 

studies as well. As the regulations regarding the on-going studies are less strict it is a typical 

practice to measure less frequently than it is suggested in the ICH guide. This results in 

samples obtained in stability studies with extremely small sample sizes. My work in this area 

is mostly considered to overcome the difficulties raised by this small sample size.  

I. 1.2 Evaluation of stability studies suggested by ICH 

The data collected during a stability study are evaluated in order to estimate the shelf life. The 

statistical methods to be used in the evaluation process are included in the ICH Q1E Guide 

[2].   The ICH Q1E Guide, similarly to the ICH Q1A Guide, considers the pre-approval 

situation, however, it is used in the practice for the on-going situation as well.  

The following methods are considered in the guide: a method for the estimation of shelf life 

and one for the test of poolability of regression lines obtained in different stability studies.  

The estimated shelf life is obtained by calculating the confidence band for the regression 

curve. The time point at which the one-sided 95% confidence band intersects the specification 

limit is the estimated shelf life. The idea behind this method is that the true value of the 

measured attribute is then within the specification with 95% confidence. It should be noted, 

that the confidence interval approach has received several criticisms (Kiermeier et al. [3], 
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Chow and Shao [4], and Komka et al. [5]) and tolerance interval may be a better approach. 

Nevertheless, the regulations still use the confidence interval approach, and thus it is to be 

followed in practice. The statistical intervals are discussed later, in Section I. 1.3.1.2. 

In the test for the poolability of regression lines, it is tested whether regression lines from 

different stability studies have the same true slope or intercept or both. The considered 

stability studies are those in which the same attribute is monitored for different batches of the 

given drug. The test is performed by ANCOVA. The confidence interval calculation for 

estimating the shelf life is adjusted according to the ANCOVA model that is found to be 

appropriate by the ANCOVA method. shelf life 

I. 1.3 Additional methods to use in the evaluation of stability studies 

The ICH Q1E Guide considers the ANCOVA method and the confidence interval approach to 

be used in the evaluation of stability studies. However, it lacks the support to solve some 

problems that may arise in the evaluation process.   

A crucial part that is not considered in the guide is the detection of out-of-trend (OOT) points 

within a study. If a point is measured with systematic error (i.e. distortion or bias), it is an 

OOT point (also called outlier). The presence of OOT points in a single study distorts the 

estimation of the shelf life, potentially resulting in a batch with inferior quality being accepted 

and a batch with acceptable quality being rejected. 

Another important part, which is not considered in the guide, is the detection of model 

misspecification. The trend in the studies is assumed to be linear in most cases because it is 

usually appropriate in stability studies and the model selection is rather difficult due to the 

limited number of data available. Thus, other models (e.g. logarithmic trend) are seldom 

considered. The ICH Q1E Guide mentions the possibility of application of other models: 

“The relationship can be represented by a linear or non-linear function on an arithmetic or 

logarithmic scale. In some cases, a non-linear regression can better reflect the true 

relationship.”. 

However, it does not advise the practitioners on how to test whether the linear model is 

appropriate and how to proceed if the linear model is found to be not appropriate. If the 

relationship is not linear two kinds of error occur in the evaluation: the estimation of the 

regression curve and its confidence interval are distorted, and the application of the 

ANCOVA method which assumes linear trends is not appropriate. Both result in biased 

estimation of the shelf life. 
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The two problems above may come up both in pre-approval and post-approval stability 

studies. The third problem is the detection of OOT batches, which is relevant only for on-

going stability studies. OOT batches differ from those batches that are produced earlier in an 

in-control process. Detection of such batches is essential as they are signs of an out-of-control 

process, which induces unpredictable production and results in products with questionable 

quality. It should be noted that the ICH Q1E guide is intended to be used for pre-approval 

stability studies, and thus it is not its role to suggest methods for OOT batch detection as it is 

required only on post-approval studies. Regardless, there are not any officially suggested 

remedies for the detection of OOT batches.  

Methods that can be used to detect the occurrence of the problems listed above, namely OOT 

point, OOT batch, and model misspecification are discussed in the following part of this 

chapter. First, the general discussion that can be found in the literature about each problem is 

presented, then more specifically the suggested methods for the case of stability studies are 

discussed.  

I. 1.3.1 Out-of-trend point detection 

In a stability study, the given chemical, biological or physical attribute of the drug is 

monitored, that is the attributes are measured at different time points. The trend of the changes 

in the attributes is usually assumed to be linear: 

          (1) 

where   is the expected value of the measured attribute at the given time point,  ,    is the 

intercept and    is the slope. Out-of-trend (OOT) points do not follow the expected trend 

based on the earlier (non-OOT) points, that is they have an expected value which differs from 

 .  

Figure 1 illustrates a situation in which two confidence bands (dashed lines) can be obtained 

based on the points used in the estimation of the regression line.  
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Figure 1: Linear fits and confidence bands, based on which point is used at 12 months 

The measured attribute here, is the active pharmaceutical ingredient (API) content as a 

percent of the nominal value. The black line and its lower 95% confidence band are obtained 

by using the points of 1, 2, 3, 4 and 5, while the blue line and its 95% confidence band are 

obtained by using the points of 1, 2, 3, 4 and 6. The point of 6 is actually an OOT point, 

however, visual inspection does not help to detect the OOT nature (in most cases, “eye-

balling” should not be considered at all as a base of a decision). In this example, the biased 

shelf life is found to be longer due to the presence of the outlier point, which may result in a 

batch with inferior quality being accepted. The application of outlier detection by statistical 

tools is essential to prevent bias in the estimation of the shelf life and false decision regarding 

the quality of the monitored batch.  

Control charts are generally applied to follow a process and detect OOT points when the data 

are collected sequentially in time. In the case of the stability study, the process is the 

monitorization of the given attribute, and the points that are collected belong to the analytical 

measurement at different time points.  

The control chart approach can also be used for OOT batch detection, where the process is the 

on-going production and the collected points (pairs of points) belongs to the regression curves 

obtained in the stability studies conducted for different batches. The discussion of the 

application of the control charts in pharmaceutical stability studies requires a brief 

introduction of the control chart method along with the specific control charts required for 

OOT point and OOT batch detection.  
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I. 1.3.1.1 Control charts 

Control charts are one of the basic tools in quality control widely applied in any area of 

industry. ISO 9000 defines quality control as: 

“A part of quality management, focused on fulfilling quality requirements”. 

One of the main pillars of fulfilling and maintaining quality requirements is a predictable 

process. Predictable (also called in-control) processes result in products with known quality 

with a given confidence. Control charts are applied to monitor some chosen measure of the 

quality throughout the on-going production to detect a potential change in the expected 

quality. If the expected quality is changed, the process is no longer in-control and the quality 

of the future products is unpredictable. This may result in products with inferior quality 

reaching the customers.  

In the following, the most important aspects of the control charts and the control charts that 

are connected to the problem of the OOT point detection are discussed briefly. More detailed 

discussion about control charts can be found in the work of Montgomery [6]. 

 

The control chart approach was introduced by Shewhart [7]. To construct the control limits 

with which one decides whether an observation is OOT or not, Shewhart suggested the ±3  

approach. If a statistic (e.g. mean, individual measurement) obtained from the measurement(s) 

of a sample from the monitored process falls within the limits of      – where   is the 

standard error of the statistic and   is the expected value of the measured attribute – the 

process is in-control. When the process is in fact in-control, the statistic of the measured 

sample falls within the limits of      with 99.73% probability, while it falls outside the 

limits with 0.27%. If the process is out-of-control, the probability of falling inside the limits 

decreases, while the probability of falling outside the limits increases. This phenomenon is 

used to detect OOT points: if a point falls outside the control limits, the point is an OOT and 

the process is out-of-control. The most basic and earliest control charts are called Shewhart 

control charts.  

The significance level used in the control chart affects both the type I and type II errors. When 

the significance level is chosen, risk analysis should be carried out, to investigate the potential 

effects of undetected out-of-control processes (type II error) and in-control processes falsely 

detected as out-of-control (type I error). Undetected out-of-control processes may result in 

products with inferior, unacceptable quality being accepted. For example, it could harm the 

patients‟ health in the case of the pharmaceutical industry. When a process is detected as out-
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of-control, investigations called “deviations” are typically initialized in the pharmaceutical 

industry and the root cause (assignable cause) of the deviation is to be found. Type I error 

means unnecessary waste of energy and time to find an inexistent cause. The nature of the 

process and the effects of the deviation from the desired quality on the customers should be 

considered when the significance level is chosen. 

The approach of the Shewhart control charts is appropriate and unbiased if the parameters (  

and  ) are known. In the practice, these parameters are estimated in a long run of the 

production, while a sufficient number of samples (typically more than 20) are measured. This 

is called Phase I study of the control chart. After enough samples are collected Phase I closes 

and Phase II starts. In Phase II, the estimated parameters are applied to calculate the control 

limits for the control chart for further production.  

When the uncertainty of the estimates of the parameters is not negligible, the Shewhart 

approach, i.e. application of      to obtain the control limits, is biased and the probability 

of type I error is not corresponding to the chosen   value. This occurs when the number of the 

samples collected in Phase I is not sufficiently large. In this case, the probability of type I 

error in the Shewhart approach is actually greater than the desired significance level (Saleh et 

al. [8] and Jensen et al. [9]) based on which, the   value is taken. The extent of the difference 

between the desired and the actual type I error is based on the number of samples collected in 

Phase I. In pharmaceutical stability studies, the use of extremely small sample size is a 

frequent phenomenon, and thus the application of alternative approaches is required to 

maintain the desired type I error rate. My work focuses on the application of control charts in 

Phase II, followed by an extremely short Phase I in pharmaceutical stability studies.  

Individuals control chart  

The typical approach to monitor a process is to take multiple elements at different time points 

and use a statistic that is derived from the measurements (e.g. average and standard deviation) 

at each time point to check whether the investigated point is an OOT. In some cases, it is not 

possible or not cost-effective to perform multiple sampling or multiple measurements. In 

stability studies, it is not required (although recommended) to obtain repeated and they are 

omitted in practice. For such a situation the Shewhart control chart for individual 

measurements may be applied. The control limits are obtained as: 

     ̅    ̂  (1) 

     ̅    ̂  (2) 
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where  ̅ is the estimated expected value of the process, obtained as the average of the 

individual measurements in Phase I and  ̂  is the estimated variance of the points.  ̂  may be 

obtained using the standard deviation of the earlier individual measurements as a group but 

other calculations are also discussed for example by Cryer and Ryan [10]. The multiplier of 

three in the calculation of the limits implies, that the parameters are taken as known 

(estimated with negligible uncertainty) and the  -value suggested by Shewhart is used to 

maintain 0.27% type I error probability. When a new point in Phase II falls outside the limits 

(    and    ), the point is marked as an OOT.  

Regression control chart 

The regression control chart method was first introduced by Mandel [11]. The control chart is 

used when the expected value changes with time and the change can be described by a linear 

model:  

           (3) 

where   is the     matrix (column vector) of the   number of measured values (  ),    is 

the true intercept,    is the true slope,   is the     matrix of the values of the independent 

variable (  , the time points in stability studies) and   is the vector of the errors (  ). The 

errors are independent, identically distributed normal random variables with zero mean and 

variance   
 . The estimators of the parameters and the errors are: 

 ̂      ̅     ̅ (4) 

 ̂     
   

   
 (5) 

 ̂           (6) 

where  ̅  ∑   
 
     ,  ̅  ∑   

 
     ,     ∑ (    ̅) 

     ,     ∑ (    ̅)  
    and   is 

the number of observations in the given sample. The control limits are calculated as: 

     ̂    ̂  (7) 

     ̂    ̂  (8) 

where  ̂ is the estimated expected value of the dependent variable at a given  ,  ̂  is the 

residual standard deviation and   is chosen based on whether standard normal or Student‟s t-

distribution is used.  

Rather few studies can be found in the literature regarding the application of the regression 

control chart. Tsai and Chen [12] applied the chart to monitor the process of stencil printing, 

while Ozkul and Karaoglan [13] used it in the determination of Young‟s modulus of 

reinforced concrete. Zhang [14] suggested a different approach to the regression control chart, 
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the cause-selecting control chart (CSC). In CSC the relationship between two quality 

characteristics that come from the first and the last step of the process establishes the 

reference line for the control chart. In CSC both the input and the output quality can be 

monitored. In the listed studies, the application of the Shewhart approach (known parameters) 

and therefore the substitution of   with   for the required probability of type I error, is 

justified by the large sample size. Moreover, if the parameters are known (that is the linear 

model is known), the differences between the reference line and the measured values can be 

monitored by more complex control charts such as the EWMA chart [14]. The EWMA chart 

uses the exponentially weighted moving average – calculated from all of the historical points 

– to detect OOT nature of the points.  

I. 1.3.1.2 Control charts suggested in the literature to detect out-of-trend observation in 

stability studies 

The Pharmaceutical Research and Manufacturers of America (PhRMA) Statistics and 

Stability Expert Teams [15] suggested two methods to detect OOT points within a single 

study of a batch.  

In the first method, called the by-time-point method, the tolerance interval (discussed in the 

following section) is calculated using the points of the earlier batches at the same time point 

as the investigated data. The upper and lower limits,     and     are obtained by the 

following equations for each time point: 

     ̅     (9) 

     ̅     (10) 

where  ̅ is the average of the measured values of the earlier batches at the given time point 

and   is the standard deviation of those points.   is to be obtained for the required confidence 

level and coverage at the given time point. If the investigated point falls outside at the 

corresponding time point, it is detected as an outlier.  

In the second suggested method, the regression control chart is used assuming known 

intercept and slope and residual variance (Shewhart approach). It is suggested to calculate the 

control limits as the confidence limits: the expected value (estimated from the fitted model) 

    , where   is the square root of the residual variance and   is taken from the normal 

quantiles table. 

Torbovska and Trajkovic [16] presented example calculations in which both the Shewhart 

approach and the tolerance interval calculations were applied for the by-time-point and the 

regression control method as well. For the regression control chart, they suggested fitting a 
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line to the first three data points in a study (Phase I), calculate the limits for the 4th point, 

decide whether the 4th point is an outlier (Phase II), and repeat the process up to the last time 

point.  

Yu et al. [17] suggested the tolerance interval approach in the regression control chart method 

and the by-time-point method as well. 

Critique of the suggested control chart methods 

Both the application of the Shewhart approach and the tolerance interval approach is 

questionable.  

The Shewhart approach assumes known parameters, which might be justified in processes 

where sufficiently many samples are collected in Phase I. However, it is not justified in the 

case of detection of single OOT points in stability studies, as the monitoring should start as 

soon as possible. In this case, three points are required to estimate the regression line and 

Phase II may start at the 4th point. Estimates of the parameters with negligible uncertainty 

cannot be obtained from three data, and thus application of the Shewhart approach is 

inappropriate.  

The discussion about the application of the tolerance interval requires a summary of the three 

statistical intervals. The three statistical intervals are the confidence, prediction, and tolerance 

interval.  

 The confidence interval gives the limits within which the expected value of the 

measured attribute can be found with the given confidence.  

 The prediction interval gives the limits within which a single new observation (or 

sequential new observations) can be found with a given probability. The interval 

considers both the uncertainty of the estimated expected value of the measured 

attribute and that of the new point as well. Therefore, this approach is to be applied in 

control charts when the parameters are estimated with non-negligible uncertainty due 

to an insufficient number of data points in Phase I.  

 The tolerance interval gives the limit within which a certain proportion of the 

population can be found with a given confidence. This interval is useful to obtain 

information on the whole population, however, for monitoring a single point, it is not 

appropriate.  
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Therefore, the application of the tolerance interval approach in control charts to test 

consecutive points individually is inappropriate and prediction interval is to be used when the 

parameters are estimated with non-negligible uncertainty. 

I. 1.3.2 Out-of-trend batch detection 

During the stability studies, the relevant attributes are monitored over time and a regression 

curve is fitted on the collected data (stability dataset of a batch). The general approach is to 

accept the linear relationship between time and the measured attribute, provided that there is 

no theoretical consideration that suggests otherwise. 

The quality of an OOT batch deviates from the expected quality more than it can be explained 

by the random error. The quality of a batch may be represented by the regression curve fitted 

on the data collected in the stability study. The presence of an OOT batch (OOT regression 

curve) indicates that the production is out-of-control, and thus it cannot be assumed that the 

quality of the production is maintained. Out-of-control production is unacceptable and 

potentially harmful to the health of the patients, and detection of such OOT nature is crucial.  

Similarly, to the case of detection of OOT point, control charts can be used to detect the OOT 

nature of a batch. One approach to detect OOT batch is to monitor the parameters of the 

estimated lines, i.e. the intercepts and slopes. This method is analogous with the individuals 

control chart, however, here, it is two (correlated) variables that are to be monitored 

simultaneously. 

I. 1.3.2.1 Control charts to monitor linear trends  

When the regression line is defined in the form of Eq. (3), the intercept and the slope are 

correlated. When correlated variables are to be monitored, the general approach is the 

multivariate control chart. The multivariate    chart proposed by Hotelling [18] applies the 

   statistic (which is a multivariate t test) to detect outlier set of parameters. The    statistic 

is generally calculated as: 

   (    )    (    )  (11) 

where   is the     vector of the parameters (true intercept and slope),    is the     vector 

of the estimated parameters in the investigated sample and   is the covariance matrix of the 

parameters. (    )  is the transpose of the     vector of      and     is the inverse of 

the covariance matrix. Details about matrix operations can be found for example in Draper 

and Smith [19]. For the univariate linear model case:  

  [
  

  
] (12) 
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where   
  and   

  are the variance of the slope and the intercept, respectively,    
 =   

  is the 

covariance term between the slope and the intercept,   
  and   

  are the estimated intercept and 

slope of the investigated batch and    and    are the true slope and intercept of the earlier 

lines. 

The distribution of    depends on whether   and   are known or estimates with non-

negligible uncertainty. When they are unknown, two approaches may be considered 

depending on the estimation of   . In the first approach, the collected points within the studies 

are only used to fit the regression line to obtain    and    for each batch. Then, variances in   

are estimated as the sample variances and covariance of the obtained    and    values. In the 

second approach, the data within each batch are used to estimate the variances in   through 

the residual standard error.  

Stover and Brill [20] applied multivariate    
chart to monitor the set of slope and intercept, 

using the first approach to estimate  . The parameters (intercept and slope) and the variances 

are estimated from the samples in Phase I and the    statistic is obtained as: 

   
(  

   ̅ )
 
   (  

   ̅ )
 
    (  

   ̅ )(  
   ̅ )   

         
  (15) 

where  ̅  and  ̅  are the estimates of the true intercept and slope, obtained by averaging the 

intercepts and slopes of the earlier lines.   ,    and    
 (=   

 )   are estimates of   
 ,   

  and 

   
 (=   

 ), and are obtained by calculating the sample variances and sample covariance of the 

intercepts and slopes of the earlier lines.  

 

The upper control-limit (   ) for the chart is obtained as: 

    
 (   )(   )

 (   )
         (16) 

where   is the number of batches used to calculate the estimates  ̅ ,  ̅ ,   ,    and    
 , and 

         is the upper-sided critical  -value with degrees of freedoms of   and     at   

significance level.  

Kang and Albin [21] discussed the application of the multivariate    chart to monitor linear 

trends when the parameters are known. The    statistic is calculated according to Eq. (11). 
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They used the second approach to calculate the covariance matrix  , using the residual 

variance to obtain the elements of the matrix:    
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where    is the residual variance,     ∑ (    ̅)  
    and   is the number of observations 

in each sample. The calculations are appropriate only if the number of observations and the 

allocation of the observations agree in each sample. If the parameters (true slope and intercept 

and residual variance) are known,    is distributed according to      
  and the         

  

and this method can be applied for Phase II study.  

Although Phase I is not in the focus of my work, the derivation of the control limits and the 

distribution of    by Kang and Albin [21] for Phase I is also utilized in my work in 

Section I. 2.3, and thus it is briefly discussed here. For Phase I, when the error variance and 

the true slope and true intercept are unknown, Kang and Albin suggested using the second 

approach (using the residual standard error) to estimate   with  : 

  (
 

 
  )

[
 
 
 
    ̅̅ ̅ (

 

 
 

 ̅ 

   
)     ̅̅ ̅ (

 ̅

   
 )

    ̅̅ ̅ (
 ̅

   
 )    ̅̅ ̅ (

 

 
 

 ̅ 

   
)
]
 
 
 
 

 (20) 

where   is the number of earlier batches and    ̅̅ ̅ is the average of the squared residual standard 

errors obtained from the lines of the earlier batches.   
  is obtained for a sample as: 

  
  

∑ (   (       ))
  

   

   
 (21) 

 

Then the test statistic for the trends in Phase I: 

   (    ̂ )   (    ̂ )  (22) 

where  ̂ is obtained by substituting    and    with their estimates calculated as the average of 

the intercepts and slopes of the lines in Phase I, respectively. Kang and Albin derived that 

     follows a  -distribution with degrees of freedoms of 2 and  (   ), where   is the 

number of the regression lines (batches) in Phase I and   is the number of points in each 

batch. The points are required to be present at the same set of time points in each batch and 

thus    values are fixed in each batch. As discussed by Mahmoud and Woodall [22], the 
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distribution of    differs from the one suggested by Kang and Albin. The reason for that is 

that the matrix of the estimated parameters of the investigated batch (  ) is not independent of 

the sample covariance matrix ( ) (as it includes the information from the investigated line) 

and therefore    does not follow an  -distribution but a Beta-distribution instead. This is the 

same situation as the one that occurs in the univariate case for internally studentized residuals 

which has   (tau)-distribution instead of  -distribution due to the residual and the sample 

residual variance being dependent (discussed in Section I. 3.3.1). 

Mestek et al. [23] also suggested the application of the    chart for monitoring calibration 

curves. In this approach, it is not the slope and the intercept that is used, but the expected 

values of the measured attribute at the different concentrations (   values). The method was 

concluded to be more sensitive to detect outlier observations than to detect outlier lines.  

The application of simultaneous univariate control charts was also suggested to detect outlier 

trends. Kang and Albin [21] proposed the EWMA chart combined with the R (range) chart to 

monitor the average of the differences between the reference line and the measured values in 

the investigated sample. Kim et al. [24] proposed to apply three EWMA charts separately for 

slope, intercept, and residual variance. In this method, the    values are centered, so the 

estimated parameters in the linear model are independent. This approach removes the need for 

   chart and allows for the application of simultaneous univariate EWMA charts. The 

application of EWMA chart when the parameters are estimated from a sample with an 

insufficient number of data is questionable regarding the in-control and out-of-control 

performance (Jones et al. [25]). Zou et al. [26] proposed a self-starting EWMA chart for trend 

monitoring, when the parameters of the lines are estimated with samples of a small sample 

size. Gupta et al. [27] suggested the application of X-bar chart to monitor the independent 

transformed parameters of the slope and the intercept and application of S
2 

(sample variance) 

chart to monitor the sample residual variance. Application of methods in which the    values 

are to be centered requires fixed    values in every sample, otherwise, the expected value of 

the estimated transformed parameters differ in the samples.  

I. 1.3.2.2 Control charts suggested in the literature to detect out-of-trend batch in 

stability studies  

Despite the importance of OOT batch detection in pharmaceutical stability studies, the topic is 

barely investigated. PhRMA Statistics and Stability Expert Teams [15] proposed the slope-

control-chart method to monitor the slopes of the batches in order to test whether the expected 

value of the slope of the investigated batch agrees with that of the earlier batches. Regression 
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lines are fitted separately for each batch using data up to the time point of the most recent 

measurement of the investigated batch, so that the    values are fixed. The slopes of the 

historical batches are used to calculate the control limits using the following equations: 

     ̅      (23) 

     ̅      (24) 

where     and     are the upper and lower control limits, respectively,  ̅  is the average of 

the slopes of the historical batches,    is the standard deviation of those slopes and   is 

obtained for the required confidence and coverage of the tolerance interval based on the 

number of historical batches. If the slope of the investigated batch is out of the tolerance 

interval, the batch is detected as OOT. 

Torbovska and Trajkovic [16] applied the Shewhart approach, that is known variance and 

known regression parameters were assumed. In their method, the control limits are also only 

calculated for the slope. The limits are obtained as: 

              (25) 

              (26) 

where    is the expected value of the slope, estimated by the average of the slopes of the 

earlier batches,      is the two-sided critical value of the standard normal distribution at   

significance level, and    is estimated as the standard deviation of the earlier slopes. If the 

slope of the investigated batch falls outside the limits, the batch is marked as OOT. 

Yu et al. [17] suggested the application of the slope-control-chart method in the mixed-effects 

model framework. In the mixed-effects model, the true intercept and slope of the  th 

batch,     and    , respectively, are defined as: 

                (      

 ) (27) 

                (      

 ) (28) 

where    and    are the global expected values of the intercept and slope, respectively, and 

    

  and     

  are the variance of the trues intercepts and slopes of the batches, respectively.  

Yu et al. proposed to use tolerance interval calculation separately for the intercept and slope, 

and detect OOT nature of a batch if its estimated slope or intercept falls outside the tolerance 

limits. 

Critique of the suggested control chart methods 

There are two questionable points regarding the suggested methods. Monitoring only the 

slope implies that the intercept is known to be unchanged or is assumed to be unchanged. This 
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approach goes against the idea of process monitoring for quality assurance. OOT nature of the 

intercept may affect the quality of the drug product to a great extent and the omission of its 

monitoring is questionable. Secondly, the application of tolerance interval to detect OOT 

batch is also questionable. As it was discussed in connection with the OOT detection in  

Section I. 1.3.1.2, to detect whether a new observation is OOT, the prediction interval is to be 

used. It also should be noted, that the Shewhart approach used by Torbovska and Trajkovic 

[20] is inappropriate as it assumes known parameter and residual variance, which is rarely the 

case in stability studies, due to the insufficient number of stability data (and stability studies). 

Application of mixed-effects model as suggested by Yu et al. [17], might be promising if 

batch-to-batch variation is assumed to be present. However, the check of the assumption of 

the parameters following normal distribution might be difficult due to the typically low 

number of historical stability studies.  

I. 1.3.3 Detection of model misspecification 

In stability studies, the relationship between the measured attribute and time is usually 

assumed to be linear. That is because it is the simplest model and might be appropriate in a lot 

of cases. When the measured attribute is the active ingredient and it is known to follow the 

zero-order kinetic, the linear trend is appropriate. However, for other measured attributes, 

there might not be any theoretical idea to support any initial model to be fitted, and sound 

statistical methods are required to verify the appropriateness of linear or any other type of 

model. Also, the ANCOVA method to test the poolability of the batches and the methods for 

OOT detection both of a single point and a batch requires the assumption of a linear 

relationship between time and the measured attribute. If linearity is not fulfilled the methods 

suggested are inappropriate to use without modifications in the calculations. In this section, 

techniques that are studied in the literature to detect model misspecification are discussed. It 

should be noted, that model selection methods are omitted from the discussion, as the aim 

here is not to select the seemingly best model from among candidate models, but to test 

whether the linear or any other initially fitted model is appropriate (following the established 

practice in the evaluation of pharmaceutical stability studies). 

I. 1.3.3.1 Literature review of the methods used to detect model misspecification  

The aim of model verification is to test whether a candidate model is an appropriate fit for the 

given dataset. It is checked whether there are detectable discrepancies between the 

observations and the fitted model at a given probability. Acceptance of the null hypothesis of 

no discrepancy means that no evidence was found against the adequacy of the model. 
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Rejection of the null hypothesis means that there is (at least one piece of) evidence against the 

adequacy of the fitted model at a given significance level. A model with linear function can be 

written as 

             (29) 

where   is the     matrix (column vector) of the   number of measured values (  ),    is 

the true intercept,    is the true slope,   is the     matrix of the values of the independent 

variable (  , the time points in stability studies) and   is the vector of the errors (  ). In this 

work, this model is referred to as a linear model (although in statistics linear model is a family 

of models (that are linear in the parameters), which includes the model defined in Eq. (29)).  

Model verification is generally performed by residual analysis. Discussion about the residual 

analysis can be found for example in the works of Pagan and Hall [28], Draper and Smith 

[19], and Neter et al. [29]. One of the aims of residual analysis is to test the assumptions of 

the errors: 

 the errors have a normal distribution 

 the errors have a common variance 

 the errors are independent of each other 

Also, it is assumed that the relationship between the dependent and independent variables is 

known, and it is linear in the linear regression case. 

If the assumption of independent and identically distributed errors with normal distribution is 

fulfilled (i.e. no evidence was found against it), the fitted model may be considered 

appropriate. The errors (  ) are obtained as the elements of the vector of   (      ). As 

the true model (   and   ) is not known and estimated by a sample, only the estimates of 

errors, the ordinary residuals (  ̂) may be tested.  Besides the ordinary residuals, other types of 

residuals can be used in the analysis. The generally tested residuals are: 

 ordinary residuals 

 standardized residuals 

 internally studentized residuals 

 externally studentized residuals. 

 

A brief discussion of these residuals is given in the following. Pierce and Kopecky [30] 

showed that as the sample size approaches infinity, the distribution of the ordinary residuals 

approaches the distribution of the errors. Thus, the test of the assumptions of the errors by 

testing the ordinary residuals is appropriate when the sample size is sufficiently large. 
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However, when the sample size is small, the distribution of the residuals may differ from that 

of the error terms to a great extent. The ordinary residuals are not identically distributed as 

their variance depends on the allocation of the independent variable (  ). When the 

observation is closer to the centrum of the bulk of the data they have a larger variance, while 

observations closer to the edge have a smaller variance. Behnken and Draper [31] called it the 

ballooning effect. Besides not having common distribution, the residuals are correlated (Cook 

and Weisberg [32]). Accordingly, in small samples, ordinary residuals should not be used in 

residual analysis. 

The standardized residuals (  ̂
 ) are obtained by dividing the ordinary residuals with the 

residual standard deviation ( ): 

  ̂
  

 ̂ 

 
  (30) 

where 

  √(∑   ̂
  

   ) (   )   (31) 

and   is the number of observations used to fit the regression line and   is the number of 

parameters in the fitted model, equals two in the linear case. If the ordinary residuals were 

independent and normally distributed variables, standardization would result in a standard 

normal distributed random variable, which would be convenient for outlier detection. 

However, as the ordinary residuals are not independent nor normally distributed variables, the 

standardized residuals are not standard normal distributed either. Gray and Woodall [33] 

showed based on Shiffler‟s work [34] that the standardized residuals are bounded and the 

bounds depend on the sample size. The bounded distribution of the standardized residuals in a 

small sample differs to a great extent from the continuous normal distribution of the errors. 

Thus, the application of standardized residuals in residual analysis is inappropriate for small 

samples.  

 

The internally studentized residuals are obtained by adjusting the standardized residuals in a 

way that they have unit standard deviation: 

   
 ̂ 

 √    
  (32) 

   is called the leverage or potential of the  th observation and obtained by the formula 

(Draper and Smith [19]): 

   
 

 
 

(    ̅) 

∑ (    ̅)  
   

   (33) 
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where   is the number of observations used to fit the regression line,    is the value of the 

independent variable of the  th observation, and  ̅ is the average of    values. The presented 

formula for calculation of    is appropriate only if the fitted model is linear. The general 

calculation of leverage, which includes matrix calculations can be found in the work of 

Draper and Smith [19]. In the calculation of the internally studentized residual (Eq. (32))   ̂ 

and   are not independent. This results in the internally studentized residuals being bounded 

(similarly to the standardized residuals) and more specifically, being tau distributed 

(Thompson [35]). The bounded tau distribution differs to a great extent from the continuous 

distribution of the errors when the sample size is small. Thus, internally studentized residuals 

should not be used in residual analysis when the sample size is small. 

The fourth type of the generally considered residuals is the externally studentized residuals. 

The distribution of the externally studentized residuals is more familiar for the practitioners; 

they follow Student‟s t-distribution. The externally studentized residuals (  ) are calculated as: 

   
 ̂ ( )

 ( )√    ( )
    (34) 

where  ( ) is the residual standard deviation estimated from the fit without the  th observation 

(hence the ( ) notation) and calculated according to Eq. (31) while the given point is left out 

from the fitting.   ̂( ) is the difference between the  th observation and the regression curve 

estimated without the  th observation.   ̂( ) is usually called deleted residual. The √    ( ) 

term in Eq. (34) is the adjustment of the deleted residuals so they have a common, unit 

standard deviation.   ( ) is obtained by the formula: 

  ( )  
 

 ( )
 

(    ̅( ))
 

∑ (    ̅( ))
  

       

   (35) 

where  ( ) is the number of observations used to fit the regression line ( th observation 

excluded),    is the value of the independent variable of the  th observation, and  ̅( ) is the 

average of the values of the independent variable of the observations used in the fitting ( th 

observation excluded). While the externally studentized residuals are correlated, they have a 

normal distribution which is convenient for residual analysis. 

The distribution and behavior of the discussed types of residuals depend on the sample size. 

Methods in residual analysis which generally assume a sufficiently large sample size may not 

be appropriate and may be ineffective for small samples. Razali and Wah [36] studied the 

power of the most widely applied test for normality including the Shapiro-Wilk test [37]. It 

was shown, that the tests have rather low effectiveness when the sample size is the smallest 
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that is investigated, 10. Different plotting techniques may also be used to visually investigate 

the behavior of the residuals (e.g. QQ plot [38] and standardized PP plot [39]). However, 

visual inspections are subjective; any visual discrepancies found by the practitioner should 

only raise suspicion for the presence of potential discrepancies. Therefore, the decision should 

not be based on visual inspections only. A deeper discussion about different graphical 

methods can be found for example in the work of Chambers [40].   

Besides the non-negligible discrepancies between the theoretical and the true distribution of 

the residuals in small samples, another phenomenon raises difficulties in residual analysis. 

This phenomenon is supernormality (first discussed by Gentleman and Wilk [41]). 

Supernormality means that the residuals obtained from a falsely fitted model might seem 

more normal than the errors would. That is, even if a wrong model is fitted the residuals tend 

to have quasi-normal behavior. Because of supernormality, tests of the residuals might be 

rather inefficient (Das and Imon [42]). 

Statistical tests which partition the initial dataset and compare certain statistics of the 

partitions to detect model misspecification are usually applied in the literature. The original 

lack of fit test was developed by Fisher [43]. The test requires to have repeated measurements 

that is to have more than one observation at least at one given   . Instead of including every 

repetition in the model fitting, the lack of fit test applies only the average of the repeated 

measurements. This way, two independent estimators of the residual variance can be 

obtained: one from the fitting (residual sample variance) and one from pooling the sample 

variances of the repetitions. The latter is referred to as pure error and is independent of the 

fitted model. If the fitted model is appropriate, the ratio of the residual sample variance and 

the pure error follows an F-distribution. The expected value of the ratio is one, and a 

significantly greater null statistic indicates lack of fit, i.e. model misspecification. Extension 

of the lack of fit test for cases when no repeated measurements are available was discussed for 

example by Shillington [44], and Christensen [45], while Neill and Johnson [46] gave a 

review on this topic. In such cases, the pure error is substituted with a sample variance 

estimated from near exact replicates. Another test for model misspecification was developed 

by Utts [47] which is called the rainbow test. The test aims to detect whether curvature is 

needed to describe the data. In the method, the initial dataset is partitioned into two datasets: 

one with the observations located around the center of the bulk of the points ( ̅), and the other 

with observations on the edges of the bulk of the points. If the fitted model is correct the 

residual sample variance estimated from each dataset is an unbiased estimator of the residual 
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variance. The general   test utilizing the extra sum of squares (discussed for example by 

Neter et al. [29]) is applied in the test. When the extra sum of squares method is applied 

generally, a misspecified model is considered to be incomplete. That is, the fitted model is 

considered to be a part of the true model and at least one parameter is left out from the fitted 

model. Due to the assumption of this nested nature between the falsely selected and the true 

model, the   test is one-sided.  

Robust statistics may also be applied to detect model misspecification. In most cases, robust 

statistics are used to overcome (to some extent) the effect of the presence of outliers or 

heteroskedasticity (non-constant error variance) and deviation from the assumed error 

distribution which would result in biased estimators (Huber [48]). In regression analysis, 

robust standard error may be used to calculate inferences for the model, e.g. confidence 

intervals for the parameters and confidence band for the curve. The most widely used 

formulas for the robust standard error are based on the work of White [49]. While using the 

robust standard error to calculate inferences is not a solution when a falsely selected model is 

fitted, it can be used to test whether model misspecification is present at all (King and Roberts 

[50]). The information matrix test developed by White [51] compares the robust standard 

error with the standard error obtained using least-squares estimation. The test statistic follows 

a chi-squared distribution as the sample size approach infinity. For small sample sizes 

different approaches were suggested (e.g. Chesher and Spady [52], Davidson and MacKinnon 

[53], Horowitz [54]) to obtain critical values for the information matrix test. However, the 

study of the appropriateness of the different approaches does not concern sample sizes smaller 

than 25. Thus, the application of the test for sample sizes even smaller is questionable. An 

extensive discussion about the application and misconceptions about the robust standard error 

is provided by King and Roberts [50].  

Outlier detection is also part of the residual analysis; however, it is not used for model 

verification. In outlier detection one usually assumes that the form of the fitted model is 

correct, but the estimation of the parameters in the model might be biased due to outlier 

points. Some of my developed methods (discussed in Section I. 2.4.1) are inspired by the 

technique briefly discussed in the following.  

Snedecor and Cochran [55] proposed a test to check if the expected value of a deleted 

observation at    agrees with that of the fitted model at   . This method tests whether the 

expected value of the externally studentized residuals is zero. In the approach, an observation 

is detected as an outlier when 
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 |  |          (36) 

where    is the externally studentized residual calculated at    and        is the upper critical  

 -value with degrees of freedom   at     significance level. To detect outlier observations in 

a dataset, each point is to be tested. The externally studentized residuals are not independent 

of each other, and the significance level used in each test is to be adjusted accordingly. The 

technique that is applied is based on the Bonferroni inequality (see for example in the work of 

Dunn [56]), which states that for   test with   significance level, the probability of falsely 

rejecting the null hypothesis is increased from the desired value of   to a maximum of   , 

where      . If the desired overall significance level of outlier detection is 0.05 (  ) and 

there are five observations (five tests to be performed), the critical   values are to be taken at 

      .  

In the literature, there cannot find any model verification method suggested specifically for 

stability studies, and thus no such section is provided. 
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I. 2 Results: revised and suggested additional methods to use in the 

evaluation of stability studies  

I developed an adjusted regression control chart, which is discussed first in this section. The 

adjustment of the chart is based on which ANCOVA model is appropriate to describe the 

relationship of the linear trends of the batches. Secondly, I employed the by-time-point 
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method and the multivariate T
2
 control chart for OOT point and batch detection in stability 

studies, respectively. In both methods, the focus of my work is on the Phase II monitoring of 

the process. I also developed different test statistics to detect model misspecification, which is 

presented thirdly. 

I. 2.1 Detection of out-of-trend data: Regression control chart with prediction limits 

The difficulty in the process monitoring of stability studies (monitoring the change in the 

measured attribute) is that the number of data per study is limited. In a single study maximum 

of 8-10 data points are collected and OOT detection should be started as early in the study as 

possible. The time points of the measurements for on-going stability studies are usually taken 

from ICH Q1A guide, that is the measurements are performed at the following time points: 0, 

3, 6, 9, 12, 18, 24, 36 months (can be further extended if the estimation of shelf life requires 

it). The estimation of the parameters of the regression chart (true line and residual variance) is 

performed in Phase I. Processes with linear change, require at least three data points in this 

phase to estimate the parameters. Data in Phase I are required to be in-control, that is to be 

non-OOT. Here, it is assumed to be fulfilled, and the focus is on Phase II monitoring. Phase II 

starts after the estimated parameters of the chart are defined. The first candidate point for 

investigation is the 4th one in the study. In Phase II it is tested whether the new observed 

point follows the trend which is estimated in Phase I. However, the uncertainty of the 

estimation from three points in Phase I is rather high. In Shewhart control charts the 

uncertainty of the estimates is neglected and parameters of the process (expected value and 

variance of the monitored attribute) are taken as known. The same approach may be 

implemented for the regression control chart, and in that case, the control chart is called in my 

work as the Shewhart regression control chart. 

Due to the small sample size, I take two considerations into account to calculate the control 

limits. First, as the residual variance is estimated from a small sample, Student‟s t-distribution 

should be used and not the standard normal distribution. Second, as the regression line is 

fitted on a small dataset, the uncertainty of the fitted line should be taken into account, as 

well. When these considerations are employed, the control limits (     ) are calculated as: 

       ̂               (37) 

where  ̂  is the estimated value of the measured attribute (calculated from the estimated 

regression line fitted without the data point under investigation) at the time point of the 

investigated observation   ,         is the one-sided critical value of the Student‟s  -distribution 

at     significance level with degrees of freedom of  , and       is the standard error of 
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prediction that has degrees of freedom of  .   is calculated as the number of data points used 

to fit the regression line minus two.       includes the uncertainty of the measurement of the 

new point and the uncertainty of the regression line ( ̂ ), as well and calculated as: 

      √          
 (    ̅)    √(  

 

 
 

(    ̅) 

∑ (    ̅)  
   

) (38) 

where    is the square root of the residual sample variance (represent the uncertainty of the 

new point),   
  is the sample variance of the mean of the data used in the fitting and   

  is the 

sample variance of the slope.    are the time points of the data used in the fitting,  ̅ is the 

mean of the values of   ,  
  is the time point of the data under investigation, and   is the 

number of data points used to fit the regression line. The control limits actually give the 

prediction interval, that is, the interval within which a single new observed value falls with 

    probability. When the investigated point is found to be non-OOT, it should be included 

in the fitting when the next point in the study is investigated. This results in refitted regression 

line and recalculated control limits for the next investigation. As more points are used in the 

fitting, the uncertainty of the estimated parameters decreases, and the efficiency of OOT 

detection increases.  

The control limits given in Eq. (37) can be used when no historical information is available. 

However, in the usual case, there are available data from earlier stability studies (might be 

already closed or in the monitoring phase). The exceptions are the situation in which the drug 

product just started to be distributed to the patients and there are no historical batches in the 

on-going process. Another case is when the analytical measurement changed (that is residual 

variance is changed) and historical data cannot be used. The method which uses the control 

limits in Eq. (37) may be improved by using information from historical batches in order to 

decrease the uncertainty of the estimation of the regression control chart parameters. As the 

uncertainty of the parameters decreases, the detection of OOT points in the currently 

monitored batch becomes more effective.  

The original idea of using ANCOVA models in the stability study is to obtain a better 

estimation for the claimed shelf life in pre-approval stability studies. Here, I use the 

ANCOVA method, to obtain more precise estimates for the control chart parameters. The 

ANCOVA method tests the poolability of the batches, that is, whether the intercept and slope 

of each batch estimate a common true intercept and true slope. The tests can be performed 

sequentially. First, the null hypothesis of the common slope is tested:           , that is, the 
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expected values of the slopes are equal.  If is the first hypothesis is accepted, the null 

hypothesis of common intercept is tested:           , that is, the expected values of the 

intercepts are equal. It is important to include not only historical batches but the monitored 

batch as well in the tests. This way, the obtained information (based on the appropriate 

ANCOVA model) from historical batches are justified to use in the regression control chart 

for the monitored batch. ICH Q1E guide considers three ANCOVA models in the process of 

evaluation of stability study results (Table 1). The details of the ANCOVA method can be 

found in the ICH Q1E guide and Buncher and Tsay [57].  

Table 1: Candidate ANCOVA models in pharmaceutical stability studies 

Model D 

(Separate lines) 

C 

(Parallel lines) 

A 

(Single common line) 

Common 

estimator(s) 
- Slope Slope and intercept 

Individual 

estimator(s) 
Slope and intercept Intercept - 

 

I. 2.1.1 Calculation of the control limits for the regression control chart in the different 

cases of the ANCOVA models 

I applied the information that can be obtained from historical batches, to estimate the 

regression line of the investigated batch. With increasing information, the uncertainty of the 

estimated regression line decreases and so does the uncertainty of the control limits. The more 

information is obtained from the historical batches, the more the uncertainty decreases. The 

amount of information that can be obtained depends on the poolability of the regression lines, 

that is which ANCOVA model is found to be appropriate based on the given dataset. 

ANCOVA model D 

When the null hypothesis of common slope in ANCOVA is rejected, model D is to be used. In 

model D, there is no connection between the estimated intercepts or slopes of the regression 

lines from different studies (batches), that is neither the true intercepts nor the true slopes 

agree. However, if one assumes that the residual variance does not change with time (over 

studies) then each residual sample variance estimates the same residual variance. Then the 

residual sample variances can be pooled and a more precise pooled estimate is obtained (due 

to higher degrees of freedom). Homogeneity of residual variances can be usually assumed, but 

also it can be verified for example with Bartlett‟s test [58].  

The pooled residual sample variance is calculated as: 
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∑      
  

   

∑   
 
   

 (39) 

where    
  is the residual sample variance obtained from the  th batch,   is the number of 

available batches, and    is the degree of freedoms of the corresponding    
 .    is calculated as 

the number of data points used to fit the regression line in the  th batch minus two. 

Then, the control limits for the regression control chart in the case of model D (  ) are 

obtained by substituting    with         in Eq. (38):  

    ̂       ∑   
 
           √(  

 

 
 

(     ̅) 

∑ (    ̅)  
   

) (40) 

In this calculation, the critical  -value is decreased compared to the one with individual 

sample variances (Eq. (37)). That is because, the critical  -value decreases with the increasing 

value of degrees of freedom. The degrees of freedom is increased from    to ∑   
 
    due to the 

use of pooled sample variance (       
 ) instead of the sample variance obtained only by the 

current batch (     ). Calculation of    results in narrower control limits (on average) 

compared to the limits calculated with individual sample variances. This means, that the 

detection of OOT results becomes more probable at a given significance level. 

ANCOVA model C 

When the null hypothesis of common slope in ANCOVA is accepted but the null hypothesis 

of the common regression line is rejected, model C (parallel lines) is to be used. In this 

situation, each slope estimates the same true slope. The true slope can be estimated using 

every batch, resulting in a commonly estimated slope, which is a more efficient estimator than 

the individual slopes. The common slope is calculated as (Chow and Liu [59]): 

        
∑     

 
   

∑   
 
   

 (41) 

where    is the estimated slope of the regression line fitted on the data of the  th batch and    

is the weight of the  th batch. The weights are obtained as: 

   ∑ (     ̅ )
   

   
  (42) 

where     is the  th time point of the data in the  th batch,  ̅  is the average of the values of     

in the  th batch and    is the number of data in the  th batch. That is, the common slope is the 

average of the weighted individual slopes, where the weights are obtained by the allocations 

of the points within each study. The investigated batch (without the point under investigation) 

can also be included in the estimation of the common slope.  
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The variance of the common slope can be obtained by the following formula: 
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∑     
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where    (  ) is the variance of the  th slope: 

   (  )  
   

 

  
 (44) 

and    
  is the residual variance of the  th batch. From Eq. (43) and Eq. (44): 
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Finally, provided that the residual variances are the same for every batch (   
 =  

 ), the 

variance of the common slope is obtained by: 
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When        
  – calculated according to Eq. (39) – is used as the estimator of   

 , the sample 

variance of the common slope is: 

        

  
       
 

∑   
 
   

 (47) 

The regression line in the investigated batch should be fitted by using the common slope 

estimator,        . Therefore  ̂  in the investigated batch differs from that of model D, 

where the slopes were estimated individually. Also         is different from that of model C 

as the common slope estimator is used in the fitting of historical lines, as well and thus the 

residual sample variances differ. 

 

 

The standard error of prediction is obtained by substituting   
  with         

  and    with 

        in Eq. (38): 
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where   is the number of data in the investigated batch (for which the regression control chart 

being applied) used in the fitting,    is the number of data in the  th batch,   ̅ is the average of 

the time points of the data used in the fitting in the investigated batch,    the time point of the 

investigated data,     is the time point of the  th data in the  th batch and  ̅  is the average of 

the time points of the data in the  th batch. 

The control limits in the regression control chart in the case of model C (  ) are obtained 

similarly to Eq. (37):  

    ̂                 √(  
 

 
 

(    ̅) 

∑ ∑ (     ̅ )
   

   
 
   

) (49) 

The degree of freedom used in this method    is obtained by subtracting one from the number 

of data points of each batch for each estimated intercept and one more for the commonly 

estimated slope: 

   ∑ (    ) 
       (50) 

The decreased value of the third term in the parenthesis in Eq. (49) compared to that in Eq. 

(40) and the decreased value of  -value (due to increased degrees of freedom) result in a 

narrower interval of the control limits compared to that of the model D. Accordingly, OOT 

detection is more efficient when model C can be applied instead of model D. 

ANCOVA model A 

In this model, the batch-to-batch variation is negligible and each regression line estimates the 

same true line. The control limits for the regression control chart in the case of model A (  ) 

can be calculated as: 

    ̂            √(  
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∑ ∑ (     ̅ )
   

   
 
   

) (51) 

where    is the number of data points in the  th batch that are used in the fitting (the 

investigated point is to be excluded) and the degrees of freedom (  ) is calculated as 

∑   
 
     .  ̅  is the average of the time points of all data used in the fitting (   ).  ̂  is 

calculated from the line fitted on all of the data. The interval of the control limits is the 

narrowest (on the average) compared to that of model C or D. Therefore, if model A is the 

true model, the detection of OOT point is the most probable if the limits are used as defined in 

Eq. (51).  
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The process from obtaining new data to calculating the control limits based on the availability 

of previous studies and the results of the ANCOVA tests is summarized in the following 

flowchart: 

 

 

I. 2.1.2 Consequences of a falsely selected ANCOVA model 

The significance level used in the ANCOVA method affects both the probability of type I and 

type II errors in the tests of the ANCOVA and the test of OOT detection. Type II error occurs 

for example if the null hypothesis of the common slope is accepted while actually, the true 

slopes differ. In this case, the control limits of model C are used instead of the limits of model 

D, which results in a narrower interval than the true situation (model D) would require. That 

is, if the significance level is 0.05, the interval actually covers less than 95% of the future 

observations. This results in more frequent false alarms in the OOT detection. On the other 
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hand, the narrowed interval decreases the chance of accepting an OOT point as non-OOT 

(decreases type II error rate of OOT detection), which is advantageous.  

In the case of type I error in the ANCOVA tests, for example, the null hypothesis of the 

common slope is rejected, when actually they estimate the same common slope. It results in 

model D being used instead of model C. In this case, the false alarm rate of OOT detection 

does not change but the probability of detecting an OOT point decreases. The reason for the 

decreased probability of OOT detection is that the information is not considered, which could 

be gained using the estimated common slope in the calculation of the control limits.    

If the increased rate of false alarm of OOT detection (which is present if type II error occurs 

in the ANCOVA test) is unacceptable, the significance level used in the ANCOVA test should 

be increased (from the typically used 0.05 level). When the significance level used in the 

ANCOVA test is increased in order to prevent the false alarm rate of OOT detection from 

increasing, then the probability of OOT detection is decreasing. The observer should consider 

this effect and adjust the significance level in the ANCOVA accordingly. It should be noted, 

that the Q1E guide states to use 0.25 significance level in the ANCOVA method in pre-

approval stability studies. In pre-approval studies, the ANCOVA method is used together with 

the confidence interval calculation to obtain the claimed shelf life. Here, the ANCOVA 

method is used together with the regression control chart to obtain the control limits. Thus, 

while, the two approaches are mathematically the same, they are intended for different 

purposes, and the application of different significance levels is justified. 

I. 2.1.3 Discussion of the applied significance level in the regression control chart 

The OOT detection is affected more by the significance level applied in the test of OOT 

detection than it is affected by the choice of the significance level in the ANCOVA test. 

Typically, the control limits on control charts are chosen so that 99.73% of the measured data 

from an in-control process falls within them (the same as 0.0027 significance level or 6σ 

range). These limits are arbitrary
1
 and any other range can be justified. What should be kept in 

mind when choosing the limits is that it affects both the rate of false alarm, that is an in-

control process falsely detected as out-of-control, and the rate of type II error, that is an out-

of-control process falsely found to be in-control. A wider interval of the limits induces a 

higher type II error rate and smaller false alarm rate in the OOT detection.  

                                                      
1
 Shewhart studied numerous distributions and proposed the ±3σ range based on the fact that random 

variables from different distributions fall within the ±3σ range with approximately 99% probability 
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Not detecting and falsely accepting OOT points distorts the estimation of the shelf life of the 

monitored batch. Distorted estimation of shelf life might result in falsely accepted batches 

with inferior quality or in-control batches falsely concluded to have inferior quality. The 

former case might have a harmful effect on the patients‟ health, while the latter might result in 

the recall of products from the manufacturing period which is represented by the investigated 

batch. The risky nature of the process (both from patients‟ health and financial perspective) 

demands the construction of an interval with a narrower range than the 99.73% approach to 

decrease the type II error rate in OOT detection in the regression control chart. Thus, I suggest 

using a significance level of 0.05. 

I. 2.1.4 Comparison of the type I error rate in the Shewhart regression control chart and 

my proposed regression control chart 

I conducted a simulation study to compare the false alarm rate in the Shewhart regression 

control chart – where the limits are obtained as  ̂         – and the proposed method (limits 

defined in Eq. (37)) when applied in pharmaceutical stability studies to detect OOT points 

within a study. The significance level is 0.05 in the investigation. This means, that the 

probability of false alarm is 5% when the process is in-control and the applied method is 

appropriate. The difference between the two methods is based on whether the uncertainty of 

the estimation of the chart parameters is taken into account. The Shewhart method does not 

take this uncertainty into account while the proposed method does. The degree of uncertainty 

depends on the number of data point used to fit the regression line, the allocation (time points) 

of those data (  ) and the time point of the tested data (  ). The following time points are 

considered (based ICH Q1A guide): 0, 3, 6, 9, 12, 18, 24, 36 months. The false alarm rate of 

the test of the first data in Phase II is investigated when the number of data in Phase I is 

increased. The idea behind the way of the investigation is that when an investigated data is 

found to be non-OOT, the parameters of the chart should be re-estimated utilizing the new 

point, as well resulting in new chart parameters with smaller uncertainty. For generalization, 

the model of the known regression line is     and the residual variance (  
 ) is 1. It should 

be noted, that only the approach with limits of       (that is the information from the 

historical studies are not used) is compared here with the Shewhart approach. The regression 

control charts with adjusted control limits based on the ANCOVA models, follow the same 

theoretical approach as the limits defined in Eq. (37) (prediction interval) and thus should give 

the same results regarding the type I error probability. 

The steps of the simulation were the following: 
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1.   ( =3, 4, 5, 6, 7) number of Phase I data were simulated (each for 1 000 000 times) at 

time points (  ) being the first   elements of   ( =0, 3, 6, 9, 12, 18, 24, 36 months). 

The expected value is the known regression line at    and the variance is   
 . 

2. From the Phase I datasets the reference lines were estimated in the form of 

 ̂        .  

3. A single, in-control, Phase II data was simulated for each Phase I dataset at the time 

point of the (   )th element of  . The expected value of the simulated point is the 

known regression line at the time point of the investigated data and the variance is   
 .  

4. Control limits were calculated from each Phase I dataset for the time point of the 

investigated data. 

5. The false alarm rates for each case of   number of Phase I data is found by the rate of 

the investigated data falling outside the limits  

For example, for the first 1 000 000 runs,  =3 data is simulated with the expected value of the 

known regression line and variance of   
 , one at each time point of 0, 3, and 6 months. A 

single data of Phase II is simulated at the time point of 9 months for each Phase I dataset. The 

false alarm rate is estimated by the rate of the data falling outside the limits from the 

1 000 000 simulations.  

The results of the study are given in Table 2 and illustrated in Figure 2.  

Table 2: False alarm rate in the investigated methods 

Time point (month) 9 12 18 24 36 

Shewhart method 0.48 0.34 0.33 0.27 0.29 

Proposed method 0.049 0.049 0.050 0.050 0.049 

The 1 000 000 simulation sets allowed for the results to be accurate to three decimal places. 

The desired false alarm rate of 0.05 is marked with a black line on the graph. The false alarm 

rate in my proposed approach agrees with the applied significance level, regardless of the 

number of Phase I data and the time point of the investigated data. In the case of the Shewhart 

method, the false alarm rate is biased and does not agree with the significance level. The bias 

is caused by the uncertainty that is not taken into account. The degree of uncertainty decreases 

with the increasing number of Phase I data, and it increases when the investigated data are 

further away from the Phase I dataset. The combination of these two effects defines the extent 

of the bias in the false alarm rate. The false alarm rate at 36 months, should be closer to 0.05 

than the rate at 24 months due to more Phase I data available. However, the effect of the time-
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gap being 12 months from the Phase I dataset is greater, which causes the false alarm rate to 

increase. 

 

Figure 2: False alarm rate of regression control chart in stability studies 

When the Shewhart method is used, the false alarm rate ranges from 0.29 to 0.48. In the worst 

case, when 3 Phase I data are available (the investigated point is at 9 months), the false alarm 

rate is 0.48, which is almost ten times the desired level of 0.05. It means that on average 

around every 2nd (1/0.48) test results in detection of a non-OOT data as OOT, instead of 

every 20th
 
(1/0.05)

 
test. Quesenberry [60] exquisitely described the problem of too frequent 

false alarm rate: 

“When a charting program gives too many false alarms time will be spent searching for non-

existent assignable causes. The likely result will be that the charts are soon ignored. At this 

point, management is likely to conclude that the SPC program is an expensive failure.” 

It can be concluded, that while the proposed method performs appropriately and keeps the 

0.05 false alarm rate, the extent of distortion of the Shewhart method is unacceptable and the 

method should not be used in pharmaceutical stability studies.  

I. 2.1.5 Statistical effectiveness of the proposed method 

The effectiveness of a statistical method can be characterized by statistical power. Statistical 

power is the probability of rejecting a false null hypothesis. I used statistical power 

calculation to study the effectiveness of OOT point detection. In the regression control chart 

the null hypothesis is that the expected value of the point under investigation is the same as 

the expected value of the regression curve at the corresponding time point. That is, the point is 

non-OOT. If the point is in fact OOT the null hypothesis is false and it is desired to reject it. 
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Statistical power gives the probability of detecting OOT nature, if it exists. It can be derived 

from the probability of type II error ( ) which gives the probability of accepting a false null 

hypothesis, i.e. not detecting the OOT nature and accepting it as non-OOT. The power is 

obtained as: 

          (52) 

When the null hypothesis is true (the point is non-OOT), the random variable (    

 ̂ )       (the standardized difference of the new point and the value estimated from the 

regression line) follows a Student‟s  -distribution. However, when the null hypothesis is not 

true, it follows a non-central  -distribution (   ) with noncentrality parameter ( ) calculated 

as: 

          (53) 

where   is the extent of the OOT nature (i.e. it is the shift from the expected value) and       

is the square root of the variance of prediction. Then the probability of type II error is the 

probability of the random variable with non-central  -distribution falling into the range of the 

acceptance: 

   (  (     )     (   )   (     ))  (54) 

That is, the integral of the density function of    (   ) from the lower critical (central)  -

value to the upper critical (central)  -value gives  . 

In my proposed regression control chart, it is to be investigated whether a single new data 

point follows the estimated (in-control) trend of the given attribute over time. The power of 

this test (OOT detection) is studied in the following part.  

When the ANCOVA models are considered in the calculation of the control limits of the 

control chart, the power of OOT detection is obtained by: 

         (  (     )     (  
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where   depends on which ANCOVA model is used: it is 
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 for model A. When no historical 

batches are available and thus the ANCOVA test cannot be applied,   is the same as for 

model D, as it can be seen in Eq. (38) and Eq. (40). 
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The power of the method for different ANCOVA models depends on some common and 

some unique factors. The common factors are: 

 the degrees of freedom ( ) of the estimator of the square root of the residual variance 

   (i.e. degrees of freedom of        , or    if no historical batches available) 

 the number of data points within the study used to fit the regression line ( ) 

 the time point of the investigated data (  )  

 the significance level used in the construction of control limits.  

 the ratio of the extent of the OOT nature (that is the shift from the expected value) 

and the square root of the residual variance (    , referred to as standardized shift 

from now on).  

For model A and B power depends also on the time points of the data of the historical batches 

that are used in the estimation of the common slope (model B) or the common regression line 

(model A). Finally, for model A power depends also on the number of data in historical 

batches that are used in the estimation of the common regression line.  

In the following, results of the power calculation based on Eq. (55) for different situations are 

presented. In the study, the OOT test is performed on the first point which is obtained after   

number of Phase I data are already available in the monitored batch. The power of these tests 

in different situations is calculated and compared. The idea behind the way of the 

investigation is that when a new data is found to be non-OOT, the parameters of the chart 

should be re-estimated utilizing the new point as well. In the investigation, the following time 

points are considered (based ICH Q1A guide): 0, 3, 6, 9, 12, 18, 24, 36 months. The 

significance level is chosen to be 0.05. 

The power of OOT detection was calculated for the following situation. 

 The number of Phase I data in the investigated batch ( ) was increased from 3 to 7 

with the corresponding time points taken from 0, 3, 6, 9, 12, 18, 24 months. For 

example, when  =3, the time points of the data are 0, 3, 6 months, meanwhile when 

 =7 the time points are 0, 3, 6, 9, 12, 18, 24 months. 

 The time point of the investigated data (Phase II) was increased from 9 to 36 months 

according to  . For example, when  =3, the time point of the investigated data is 9 

months, meanwhile when  =7 the time point of the investigated data is 36 months. 

 The standardized shift (    ) of the investigated data were increased from 0 to 50. 

 The number of historical batches was increased from 0 to 9 
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The number of possible outcomes of the time point of historical data and the number of data 

in each historical batch is excessive due to potentially missing data at any time point. To 

simplify the investigation, the historical batches are assumed to have 4 data points at 0, 3, 6 

and 9 months. When more historical data are available, the information that can be obtained 

from them increases which results in more effective OOT detection. 

 

Figure 3: Power curves for different number of historical batches in the case of model D 

Power curves for model D can be seen in Figure 3 with different numbers of historical 

batches available. The power curve gives the probability of detecting an OOT nature with a 

given standardized shift. The values of power were calculated with Eq. (55) for the defined 

situations. Each power curve starts from 0.05 power at zero shift. That is because the 

probability of refusing the null hypothesis, when there is no shift (that is the null hypothesis is 

true) is actually the probability of type I error. The type I error equals the significance level 

which is 0.05 in this study, therefore data with zero shift (non-OOT data) is found to be OOT 

in 5% of the cases. The greater is the difference between the expected value of the OOT data 

and that of the true line (shift), the greater is the chance to detect the OOT nature. The typical 

concern in the practice is the shift where the curve reaches 80 or 90% probability of detection 

(power of 0.8 and 0.9 respectively). To follow this practice, the shift that can be detected with 

80 and 90% probability is summarized in Table 3-6. In the Hist. column the number of 

historical batches (each with 4 data points at 0, 3, 6, 9 months) is defined. It can be seen for 

example, in the case of model D, when the investigated point is at 9 months and there is one 

historical batch, the shift that can be detected with 80% probability is 7.8  . That is, if the 

residual variance in the investigated process is for example 1, the detectable shift is 7.8. In 

practice, the residual variance is not known in the investigated situations, but if one estimates 
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it by the residual sample variance, an approximate idea can be obtained on the detectable 

shifts in the investigated process. 

Comparing the results of the different models with each other it is found that the shifts that 

can be detected with a given probability are decreasing from model D to model A. The 

decrease is in the range of 7% - 45% when the detectable shifts in model A is compared to 

those of model D. It is explained by the fact that the information that can be gained from the 

given number of historical batches is the greatest in model A and the smallest in model D. 

That is because, in the case of model D obtaining information from historical batches results 

in increasing degrees of freedom (i.e. decreasing uncertainty) of the estimated sample 

variance, while in the model A and B it also results in decreasing uncertainty of the fitted 

regression line. When more information is obtained, the uncertainty decreases which results in 

a smaller detectable shift. 

In the case of model D, the detectable shifts at a given probability at the 12-month time point 

are smaller compared to the corresponding values at the 9-month time point due to more data 

are used to fit the regression line. However, at the next investigated point, at 18-month the 

detectable shift at a given probability is mostly increased compared to those of the 12-month 

time point.  Although more data are used in the fit of the regression line for the investigation 

of the 18-month time point, the distance between the investigated data and the historical 

dataset is increased from 3 months to 6 months which decreases the statistical power. The 

source of this phenomenon can be found in Eq. (55). The same explanation can be given for 

the detectable shifts with a given probability at 36 months being greater than the results at 24 

months. The detectable shift is determined by the value of   (Eq. 55), which contains two 

terms. When the number of points within the batch that are used to fit the regression line 

increases,   decreases, decreasing the detectable shift at a given probability. However, when 

the distance of the new investigated point increases compared to the case of the tests of the 

earlier points, the second term in   increases, potentially resulting in an overall increased 

value of   which increases the detectable shift at a given probability. In the cases of model C 

and A, the connection between the detectable shift and the function of the investigated time 

point is more complex than in the case of model D. That is because the effect of the number 

of historical batches and the effect of the time point of the investigated data interact with each 

other through the term   in Eq. (55). Generally, it can be concluded that in the investigated 

situations the detectable shift is the smallest at the first or second time point in the stability 

study and increases as the study progresses. When no historical batches are available the 

detectable shift decreases as the study progresses. 
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When the number of historical batches increases, the shift that can be detected with given 

probability decreases, as more information can be gained. Comparing the results of zero 

historical batch with those of the other cases where historical batches are available, it can be 

concluded that the impact of the presence of historical batches is enormous on OOT detection 

especially at early time points of the study. Applying information from one historical batch in 

the case of model D results in 74% decrease in the detectable shift compared to the case of no 

historical batches. In the case of model A, the decrease is even greater: the detectable shift is 

decreased by 85% when the available batch is increased from zero to one. More historical 

batches decrease the detectable shift even more, but at a much smaller rate when compared to 

the change from zero to one historical batch.  

Table 3: Values of      when no historical batches are available 

Hist. 80% power 90% power 

Investigated time point (month) 

9 12 18 24 36 9 12 18 24 36 

0 29.8 8.9 7.1 5.8 5.8 38.3 10.8 8.4 6.8 6.7 

 

Table 4: Values of      in the case of model D 

Hist. 80% power 90% power 

Investigated time point (month) 

9 12 18 24 36 9 12 18 24 36 

1 7.8 5.9 5.9 5.2 5.4 9.2 7.0 6.9 6.0 6.2 

2 6.4 5.3 5.5 4.9 5.1 7.5 6.2 6.4 5.7 5.9 

3 6.0 5.1 5.3 4.8 5.0 6.9 5.9 6.1 5.6 5.8 

4 5.8 4.9 5.2 4.7 5.0 6.7 5.7 6.0 5.5 5.8 

5 5.6 4.8 5.1 4.7 4.9 6.5 5.6 5.9 5.4 5.7 

6 5.6 4.8 5.0 4.6 4.9 6.4 5.5 5.8 5.3 5.6 

7 5.5 4.7 5.0 4.6 4.9 6.3 5.5 5.8 5.3 5.6 

8 5.4 4.7 4.9 4.6 4.9 6.2 5.4 5.7 5.3 5.6 

9 5.4 4.7 4.9 4.6 4.9 6.2 5.4 5.7 5.3 5.6 
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Table 5: Values of      in the case of model C 

Hist. 80% power 90% power 

Investigated time point (month) 

9 12 18 24 36 9 12 18 24 36 

1 5.2 4.8 5.1 4.8 5.1 6.1 5.6 5.9 5.6 5.9 

2 4.2 4.1 4.5 4.4 4.8 4.9 4.8 5.2 5.1 5.5 

3 3.9 3.9 4.1 4.2 4.6 4.5 4.5 4.8 4.9 5.3 

4 3.7 3.7 4.0 4.0 4.4 4.3 4.3 4.6 4.7 5.1 

5 3.6 3.6 3.8 3.9 4.3 4.2 4.2 4.4 4.5 5.0 

6 3.6 3.5 3.7 3.8 4.2 4.1 4.1 4.3 4.4 4.9 

7 3.5 3.5 3.6 3.8 4.2 4.1 4.0 4.2 4.3 4.8 

8 3.5 3.4 3.6 3.7 4.1 4.0 4.0 4.2 4.3 4.7 

9 3.5 3.4 3.5 3.6 4.0 4.0 3.9 4.1 4.2 4.7 

 

Table 6: Values of      in the case of model A 

Hist. 80% power 90% power 

Investigated time point (month) 

9 12 18 24 36 9 12 18 24 36 

1 4.3 4.5 4.9 4.7 5.0 5.0 5.2 5.7 5.5 5.7 

2 3.6 3.8 4.3 4.3 4.7 4.2 4.4 5.0 5.0 5.4 

3 3.3 3.5 4.0 4.1 4.5 3.9 4.1 4.6 4.8 5.2 

4 3.2 3.4 3.8 4.0 4.3 3.7 3.9 4.4 4.6 5.0 

5 3.1 3.3 3.7 3.9 4.3 3.6 3.8 4.3 4.5 4.9 

6 3.1 3.2 3.6 3.8 4.2 3.6 3.7 4.1 4.4 4.8 

7 3.0 3.2 3.5 3.7 4.1 3.5 3.6 4.0 4.3 4.7 

8 3.0 3.1 3.4 3.6 4.0 3.5 3.6 4.0 4.2 4.7 

9 3.0 3.1 3.4 3.6 4.0 3.5 3.6 3.9 4.1 4.6 
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I. 2.2 Detection of out-of-trend data: By-time-point method with prediction limits 

As I have discussed in the critique of the previously suggested by-time-point method, the 

prediction interval is to be used with Student‟s  -distribution to detect OOT nature of a single 

point. That is because, the number of historical batches is typically small, and the uncertainty 

of the estimates of the parameters are to be taken into account. In the by-time-point method, 

the point under investigation is compared to the points at the same time point from the earlier 

studies. That is, the earlier points of the current study are not included in the test, only the 

investigated one. My suggestion for the control limits (which actually gives the prediction 

interval) at a given time point is calculated as: 

      ̅    (      ) 
  √  

 

 
  (56) 

where  ̅  is the average of the points from earlier studies at the  th time point,    is the 

standard deviation of those values,   is the number of those values and  (      ) 
is the critical 

value of the Student‟s  -distribution with   two-sided significance level and degrees of 

freedom of   . If the investigated point falls outside the limits it is detected as OOT.  

If the batches have the same set of true parameters – that is, a single line is appropriate to 

describe all of the points from every study – then I suggest using a more precise estimator of 

the square root of variance, the pooled standard deviation (       (   )).        (   ) is 

obtained as: 

       (   )  √
∑     

  
   

∑   
 
   

 (57) 

and it is substituted with    in Eq. (56). In this case,  (      )
 is also substituted with  (    ∑   ) 

in Eq. (56). The increased degrees of freedom results in a more efficient OOT detection. The 

assumption of the common parameters may be tested with the ANCOVA method (if the 

trends are linear). 

The advantage of the by-time-point is that it does not require any assumption regarding the 

fitted model. However, if the fitted model is appropriate, the method presumably performs 

worse than the regression control chart which takes the trend and thus the points at the other 

time points into account as well. 
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I. 2.3 Detection of out-of-trend batch: Hotelling T
2
 control chart  

The difficulty in process monitoring in pharmaceutical production is that rather few batches 

are considered for stability study. Typically, one study is performed per year. Due to the small 

sample size – where a sample, in this case, means a set of data collected during a stability 

study or the estimated line itself – statistical methods which assume known parameters 

(known parameters of the regression line and residual variances) cannot be applied for the 

case of stability studies. In the following, cases are considered where the allocation of the 

points (   values) equals in every study. 

The least-square estimates for the slope (  ) and the intercept (  ) in the  th batch (sample) 

are: 

  ( )  
∑ (    ̅)

  
   

   

   
   (58) 

and    

  ( )   ̅    ( ) ̅  (59) 

where     is the  th measured value in the  th batch,     ∑ (    ̅)  
    and  

 ̅  ∑    
  

   
  . For the application of the T

2
 control chart method, it is assumed that the 

estimators in every sample follow a bivariate normal distribution with the mean vector  

  (      )  (60) 

and variance-covariance matrix 

  (
  

    
 

   
   

 ) (61) 

where   
  and   

  are the variances of the estimated intercept and slope, respectively and 

   
 (    

 ) is the covariance of the estimated slope and intercept. The fulfillment of this 

assumption is difficult to be tested due to the low number of available studies. However, 

normality is usually an appropriate approximation in production processes.   

I employed the approach of Stover and Brill [20], so the estimates of the variances in   are 

obtained using only the estimated slopes and intercepts and the information from the residuals 

from the fits (residual sample variance) are left out. The test statistic,    is obtained as: 

   (    ̂)    (    ̂) (62) 

where     ̂ is a     vector and obtained as: 

    ̂   *
  
   ̅ 

  
   ̅ 

+ (63) 
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where  ̅  and  ̅  are the averages of the intercepts and slopes of the earlier batches, 

respectively, and   
  and   

  are the intercept and slope of the investigated batch. (    ̂)  is 

the transpose of the column vector: 

(    ̂)  ,  
   ̅   

   ̅ - (64) 

The estimation of the covariance matrix   is  , and     is its inverse: 

    *
  
    

     
 +

  

 
 

   ( )
*

  
     

      
 + (65) 

where   
  and   

  are the sample variances of the intercepts and slopes of the earlier batches, 

respectively, and    (=   ) is the sample covariance of the estimated slope and intercept 

calculated as ∑ (  ( )   ̅ )(  ( )   ̅ )
 
    (   ), where the subscript   refers to the  th 

earlier batch and there are   earlier batches. The term    ( ) is the determinant of   and 

calculated as: 

   ( )    
   

     
  (66) 

Performing the matrix multiplications,    is obtained as: 

   
(  

   ̅ )
 
  
  (  

   ̅ )
 
  
   (  

   ̅ )(  
   ̅ )   

  
   

      
  (67) 

The equation differs from that of Stover and Brill [20] (Eq. (15)) by the standard deviations 

being squared both in the denominator and numerator. It should be noted, however, that 

Stover and Brill [20] refer to    and    as variances, and thus the equations actually agree.  

The upper control limit for the control chart is to obtained as: 

    
 (   )(   )

 (   )
         (68) 

where          is the upper critical   value at   level with degrees of freedoms of   and    . 

If    is found to be outside the control limit, the investigated line is detected as OOT. 

In the following, I suggest another approach to monitor linear trends in stability studies, 

which is a result of a later research and has not been published yet, and thus not part of any of 

my thesis statements. The method does not require the allocation of the time points in the 

studies to agree, which is a rarely considered situation in the literature. This approach also 

assumes that a common line can be fitted for the data collected in every earlier study, and 

therefore are only appropriate in that case. 

The parameters are estimated in this method as well with non-negligible uncertainty, and thus 

the test statistic is calculated as in Eq. (22) with a difference in the calculation of the sample 

covariance matrix  .  
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Here,   is calculated as: 

   (  )   ( ̂) (69) 

where  ( ̂) is the estimated variance-covariance matrix of the slope and intercept of the 

common line fitted on the samples in Phase I. Using the residual sample variance,  ( ̂) is 

obtained as 
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where     ∑ (    ̅)  
    ,  ̅  ∑   

 
     ,   is the number of data points  

(measurements) in Phase I and   
  is the residual sample variance. The sample  

covariance matrix of the slope and intercept of the batch under investigation  (  ) is obtained 

by: 
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where the subscript   refers to the batch under investigation and the residual  

sample variance (  ) from the Phase I line is used here as well. Then   in Eq. (69) is 

calculated as: 
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 (72) 

Based on Kang and Albin [21] it can be shown that    is distributed according to         

when   is obtained as in Eq. (72), and thus the upper-control limit for the multivariate chart is 

          where          is the upper critical   value at   level with degrees of freedoms of   

and    .  
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I. 2.4 Detection of model misspecification  

The difficulty of model verification or detection of model misspecification in pharmaceutical 

on-going stability studies is that the number of collected data is limited to 4-8 in a single 

study. Identifying discrepancies between a falsely fitted model and the observations might be 

impossible in such a small sample. The seeming goodness of fit of different models might 

differ only slightly, but the selection of the right model might have a serious effect on the 

estimation of shelf life.  

Although model verification by statistical methods (discussed in Section I. 1.3.3.1) is well 

settled in the literature, those methods assume a relatively large sample size. In the case of 

stability studies, the sample size is extremely small and the appropriateness and efficiency of 

the widely applied methods are questionable. To overcome this difficulty, I worked out four 

different tests. These methods use information from historical samples (e.g. data from 

historical stability studies) and thus they need to be available. In general, these tests can be 

applied for any process where the regression estimation is performed on independent small 

samples. Besides stability studies, frequently performed construction of single calibration 

curves for an analytical measurement is another case where the methods can be useful. The 

independent variable is chosen to be the time in this work as it is in the case of stability 

studies, but it can be substituted with any other quantity, like concentration (as is the case in 

the construction of calibration curves).  

My developed methods are applicable in situations in which fitting is performed on extremely 

small independent samples. For example, if there are three samples (e.g. three stability studies 

or calibration datasets) each with six observations, the proposed methods can be applied to 

test the adequacy of the fitted model. It is assumed that the true models have the same form 

(e.g. they are all linear models) but it is not required that the parameters of the models agree. 

In the case of linear models, it means that the true slope or true intercept can vary from 

sample to sample. Also, the residual variances (  
 ) need to agree in every sample and each 

sample is required to have at least four points. The assumption of the common residual 

variance can be justified for example when the same analytical measurement (instrument) is 

used for obtaining observations in each sample, and it also can be tested with Bartlett‟s test 

[59] for example.  

When the form of the fitted model is not appropriate, all the observations are actually outliers 

compared to the falsely selected model. Accordingly, the goal of the investigation is to detect 
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outlier nature. However, an outlier nature can also be present when the model is correct. 

 

That is, two situations may be distinguished:  

 Outlier nature is present while the form of the fitted model agrees with the 

form of the true model but the expected values of some observations are 

biased. This is the theoretical situation when outlier detection methods are 

used. Observations with such an outlier nature are referred to as ordinary 

outlier here. 

 Outlier nature is present while the form of the fitted model does not agree with 

the form of the true model therefore the expected values of the observations are 

all biased compared to the falsely selected model. That is, the model is 

misspecified and the outlier nature would not occur if the appropriate model 

were fitted.  

When the sample size is extremely small it is rather difficult to distinguish between cases of 

ordinary outlier nature and misspecified model.  

The idea in the developed methods is the following: observations at each value of the 

independent variable from the different samples are grouped (observations from every sample 

at each    form a group. For example, in stability studies, observations from the different 

studies at each time point are grouped, while in the calibration process, observations at the 

same concentrations are to be grouped. Then, it is tested for each group, whether it is an 

outlier, based on certain statistics derived from the data in the group. If the model is 

misspecified, each group is in fact outlier, and finding of outlier nature by the test is desired. 

However, it is a possibility that the model is correct but a group is an outlier due to a single 

ordinary outlier observation in the group. Finding outlier nature of that group in this situation 

is undesired. The influence of ordinary outlier observation on the group is smaller and more 

negligible when the number of non-outlier observations increases in the group. To decrease 

the chance of false alarm due to ordinary outlier observations, I suggest considering a group 

for testing only if at least three observations are available in that group. If one considers only 

the groups with an even greater number of observations, the chance of detection of model 

misspecification when it is only an ordinary outlier that is present, further decreases. Figure 4 

illustrates the grouping method: points obtained in the same study are colored the same and 

each blue ellipse marks a group eligible for testing.  
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Figure 4: Construction of groups: each blue ellipse marks a group eligible for testing 

Based on ICH Q1A Guide the time points in a stability study are considered to be 

  *                   + months. It should be noted that the zero time point is 

mathematically not appropriate if the fitted model is for example logarithmic as the logarithm 

of 0 is not defined. For these cases, I suggest adjusting the zero time point to the exact time 

point when the observation is obtained. Another solution is an arbitrary choice of a 

sufficiently small (greater than zero) time point. For such cases, I suggest taking the zero time 

point to be 0.05 months, which equals to 1.5 days.  

In the following  (        ) represents the  th element of the values of  

  *                      +. The groups are to be formed and the test statistics are to be 

calculated for each  , provided that there are at least three observations. In Figure 4 the 

eligible groups are those at   ,   ,   ,    and    (  *         +). 

I. 2.4.1 Developed test statistics to detect model misspecification 

Testing the averages of the adjusted deleted residuals 

The adjusted deleted residuals (  ) are obtained in each sample by the following formula: 

   
  ̂( )

√    ( )

 (73) 

where   ( ) is calculated as: 

  ( )  
 

 ( )
 

(    ̅( ))
 

∑ (    ̅( ))
  

       

 (74) 

where  ( ) is the number of observations used to fit the regression line (observation at   

excluded),    is the  th observation,    is the time point at  , and  ̅( ) is the average of the 

time points of the observations used in the fitting (observation at   excluded). 
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The adjusted deleted residuals follow a normal distribution with zero mean and residual 

variance   
  if the fitted model is correct (Section I. 1.3.3.1). The test statistic is formulated by 

averaging the    values at   over the samples and dividing the average by the sample 

standard error. As the deleted residuals are obtained by excluding the corresponding points 

from the fits, two independent estimates of the standard error can be obtained. It can be 

estimated by the sample variance of the adjusted deleted residuals or the residual variance 

obtained in the fitting when observations at   are excluded.  

When the sample standard error is estimated by the sample variance of the adjusted deleted 

residuals, the test statistic is obtained as: 

   
 ̅ 

   
 √  

 (75) 

while when it is estimated from the fits, the test statistic is calculated as: 

  
  

 ̅ 

       ( ) √  

 (76) 

where  ̅  is the average of the adjusted deleted residuals at  ,    is the number of samples in 

which observation is present at   and    
 is the sample standard deviation of the adjusted 

deleted residuals at  . When there is no observation in a given sample at  , the sample does 

not contribute to the calculation of  ̅ ,    and    
.        ( ) is the square root of the pooled 

residual sample variance. It is obtained by pooling the residual sample variances obtained 

from all fits when observations at   are excluded: 

 ( )  √
∑ [(  ( )   )  ( )

 ] 
   

∑ (  ( )   ) 
   

 (77) 

where   is the number of samples,   ( ) is the number of observations in the  th sample 

without the observation at  ,   is the number of parameters to be estimated in the model 

(    for linear model) and   ( )
  is the residual sample variance in the  th sample when 

observation at   is excluded. When there is no available observation in a given sample at  , 

then   ( )     and   ( )
    

 . 

If the fitted model is correct both    

  and        ( )
  estimate the true error variance (  

 ) 

independently from  ̅  and are     
   (   

  ) and     
   (       ( )

 ) distributed, 

respectively.  ̅  values are normally distributed with an expected value of zero and variance 

of   
    . Accordingly,    is a ratio of a normal distributed and a √    

    (   

 )   
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distributed random variable, while   
  is a ratio of a normal distributed and a 

√    
   (       ( )

 )    distributed random variable. Therefore, both statistics follow a 

Student‟s  -distribution:  

      ( (   

  )) (78) 

  
    ( (       ( )

 ))  (79) 

where  (   

  )       and  (       ( )
 )  ∑ (  ( )   ) 

   . 

The tests of    and   
  are two-tailed tests. When    or   

  exceeds the critical  -values with 

degrees of freedom of      and ∑ (  ( )   ) 
   ) respectively at a given significance level, 

the group at   is marked as an outlier, that is model misspecification is present. It should be 

noted (as it was discussed at the beginning of this section), that the source of distorted test 

statistics can be ordinary outlier nature as well. To decrease the chance of false conclusion of 

model misspecification when actually it is ordinary outlier nature that is present, it is proposed 

to test    and   
  only in cases where     . 

At each time point where at least three observations are available, the test statistics are to be 

calculated. The decision is to be made by comparing each of the values of    or   
  to the 

critical  -values. The critical values may vary from time point to time point due to the varying 

value of    and   ( ). Similarly to the adjusted deleted residuals, the test statistics obtained at 

different time points are not independent. Considering the Bonferroni adjustment, the critical 

values are  (        ) and  (          ), lower and upper values respectively, where   is 

the number of tests to be performed (the number of available    (or   
 ) values). I propose the 

application of 0.01 overall significance level (  ), which results in 0.01 false alarm rate. That 

is, the probability of falsely rejecting an appropriate model - based on    (or   
  if that is the 

applied test statistic) exceeding the critical values in at least one group - is 1%. 

Testing the extra sum of squares when grouped observations are excluded 

The extra sum of squares method can be applied to measure the reduction in the error sum of 

squares when one or more observations are deleted from the fit. If a group of points is found 

to be OOT, model misspecification is detected based on the idea discussed at the beginning of 

Section I 2.4. The test statistic      at a given   (provided that     ) corresponds to the 

situation when observations at   are deleted in every sample.      has an   distribution and 

is obtained as: 
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  (   ∑ (  ( )   ) 
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where    is the sum of the residual sum of squares from every fit when all observations are 

included.   ( ) is the sum of the residual sum of squares from every fit when observations at 

  are excluded,   ( ) is the number of observations in the  th sample when observations at   

are excluded,    is the number of samples in which observation is present at   and   is the 

number of parameters to be estimated in the model.    is obtained by fitting a regression line 

on each sample separately and summing the squared residuals from the fits: 

   ∑    
 
     (81) 

  ( ) is obtained by fitting a regression line in each sample, while the observation at   is 

excluded and summing the squared residuals from the fits: 

  ( )  ∑    ( )
 
     (82) 

When there is no available observation in a sample at   then    ( )     . Contrary to the 

generally applied extra sum of squares method, my proposed test is not one-sided. That is 

because in this case it is not assumed that the falsely fitted model is nested into the true 

model. The test is more general here: it is to be tested whether the form of the fitted model is 

correct. This more general approach requires a two-sided test.      values are to be compared 

to the upper and lower critical   values with degrees of freedom of    and ∑ (  ( )   ) 
     

at      significance level. 

Over-samples rainbow test 

The developed over-samples rainbow test is based on Utts‟s rainbow test (discussed in  

Section I. 1.3.3.1). Each sample is divided into two subsamples: one with observations at the 

earliest and the latest time points (wing observations) and another with observations at the 

mid-range of the time points (mid-range observations). The idea behind the method is that if 

the linear model is not correct and there is a curvature, the linear fit on the mid-range points 

will provide a better fit than the linear fit on the whole range of the points. The test statistic 

(   ) is obtained as: 

    
(      ) ∑    

 
   

    ∑ (        ) 
   

 (83) 

and it follows an  -distribution with degrees of freedom of ∑    
 
    and ∑ (        

   

 ): 

     (∑    
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   )  (84) 
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where    is the sum of the residual sum of squares from every fit when all observations are 

included and     is the sum of the sum of squares from each sample (    ) when the fittings 

are performed on the mid-range observations.    is the number of observations in the  th 

sample,     is the number of wing observations in the  th sample and   is the number of 

parameters to be estimated in the model. When the model is misspecified and there is a 

curvature, the expected value of the test statistic increases. Accordingly, a one-sided test is to 

be applied, where the test statistic is to be compared with the upper critical   value at    

significance level. The significance level is not required to be adjusted as only one test 

statistic (   ) is calculated for a dataset.  

The selection of the mid-range observation in each sample can be performed in different 

ways. Two ways are considered here:  

 mid-range observations are obtained from the initial sample sets by excluding two 

observations: one at the earliest and one at the latest time point in each sample; for that 

each sample must contain at least 5 observations, so that, at least three mid-range 

observations are available and fitting can be performed on them. The test statistics is 

referred to as    . 

 mid-range observations are obtained from the initial sample sets by excluding three 

observations: one at the earliest and two at the latest two time points in each sample; 

for that each sample must contain at least 6 observations, so that, at least three mid-

range observations are available and fitting can be performed on them. The test 

statistics is referred to as     . 

I. 2.4.2 Efficiency of the proposed tests 

My developed tests presented in Section I. 2.4.1 may be applied to detect model 

misspecification. Decisions based on statistical tests are always exposed to the possibility of a 

false decision. The significance level defines the chance of falsely rejecting the null 

hypothesis (type I error). In my methods, I applied 0.01 overall significance level, which 

means that when one of the proposed test statistics is applied, the chance of detecting model 

misspecification when the model is actually appropriate (that is the probability of type I error) 

is 1%. The other case of false decision occurs when model misspecification is present but it 

cannot be detected and the model is accepted as appropriate. This is the type II error and   is 

the rate of its occurrence. The efficiency of candidate test statistics can be compared by their 

power which is the probability of detecting model misspecification when it exists and can be 
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obtained as    . The higher is the power of a test for a given situation the more efficient the 

test statistic is, i.e. the more frequently it can detect model misspecification when it is present. 

Power depends on the dataset (number of samples, number of data in each sample, residual 

variance), the form of the fitted model and the form of the true model as well. Accordingly, a 

comparison study, which answers the question of which test is the most efficient (has the 

highest power) in any situation, may not be performed. However, some general insight may 

be gained about the efficiency of the proposed methods by studying situations that resemble 

those that occur in the practice. The time points of the measurements are considered to be 

  *                      + months (based on ICH Q1A guide with adjustment of 0-

month time point to 0.05 months). I considered two main scenarios: 

 Registration: there is a single measurement at each time point, and there are three 

samples available. That is, there are 24 observations, 8 in each sample. This situation 

occurs in the practice at the registration phase of the drug product. 

 Post-approval: the number of observations in each sample is limited to six in order to 

make the situation resembling post-approval stability studies, where missing 

observations are usually present. Observation at 0.05 months is always available in 

each sample as it is in the practice, while the time points of the other five observations 

are randomly generated from the remaining time points (                  

months). Only one observation is allowed at a given time point in a sample. The 

number of samples considered in the investigation is three and four. 

I further considered two situations within each of the described scenarios: 

 A situation that resembles monitoring an active pharmaceutical ingredient (API) 

content. The true model is         ( ) and the falsely fitted model is linear in 

each sample. Figure 5 shows the true model, the interval within which 95% of the 

observations fall (coverage) when the residual variance (  
 ) is 1, and the fitted mean 

line (in the case when there are observations at every time point). The mean line gives 

the mean trend of the falsely selected linear model. 

 A situation that resembles monitoring pH. The true model is  

       (      ) and the falsely fitted models are linear in each sample. Figure 

5 shows the true model, the interval within which 95% of the observations fall when 

the residual standard error is 0.05, and the fitted mean line (in the case when there 

exist observations at every time point). 
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Figure 5: True trend curves in the API and the pH case with 95% coverage of potential 

observations and the fitted mean lines 

The effect of the residual variance is studied in the following way:  

 In the API cases, the residual standard deviation (  ) is considered to be 1 and 0.5. 

 In the pH cases, the residual standard deviation (  ) is considered to be 0.05 and 

0.025.  

The magnitude of the residual standard deviations was chosen to resemble the practice: in the 

analytical measurements usually, the upper bound for relative standard deviation (RSD) is 

1%. Based on that bound, the standard deviation of the measurements in the range of 90-100 

(API case) and 6-7 (pH case) is 1 and ~0.05 respectively. It should be noted that the variation 

of the observations is caused by the analytical measurement and the sampling as well. 

Therefore, an even larger variation of observations might be observed in the practice.  

Each situation was simulated 100 000 times and the tests based on the test statistics defined in 

Section I. 2.4.1 (  ,   
 ,     ,     and     ) were performed in each situation with an 

overall significance level of 0.01 in each test. The power is obtained for each test by counting 

the cases where model misspecification was detected and dividing it by the number of all 

cases, 100 000. Besides the developed test statistics, the Shapiro-Wilk test on the residuals at 

0.01 significance level was also performed in each situation. The test was chosen as it is the 

most widely applied method in the practice to check the assumption of the normality of the 

errors, and thus the appropriateness of the fitted model. 

Simulation results 

An investigation before the efficiency study was carried out in order to show that the 

suggested methods are statistically adequate. A method is adequate when the test statistic 
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follows its theoretically defined distribution. It can be checked by comparing the significance 

level with the probability of type I error that is observed in a simulation study. If the observed 

type I error agrees with the significance level, the method is appropriate. The found 

probability of type I error is obtained as the number of cases in which the test detects an 

appropriate model as misspecified, divided by the number of total cases. The type I error 

depends only on the significance level applied in the methods, and it does not depend on the 

true model, the number of samples and observations, or the value of the residual variance. 

Three samples were generated in each step, each with the true model being         and 

  
   . Table 7 shows the probability of type I error found for the different methods, based 

on 1 000 000 simulated samples (batches) of three.  

Table 7: Found probability of type I error (%) 

Nominal 

level (%) 
     

                

5 4.87 4.88 4.90 4.99 5.01 

1 1.00 0.99 1.01 1.01 1.00 

0.1 0.095 0.099 0.100 0.100 0.107 

 

It should be noted that application of Bonferroni inequality (in the cases of   ,   
  and     ) 

ensures only that the applied overall significance level is not greater than the nominal one. 

That is, the expected value of the found probability of type I error may be smaller than the 

nominal one. Despite the presence of this phenomenon, the found probabilities are sufficiently 

close to the nominal levels, that is the methods are statistically appropriate.  

The simulation results of the efficiency study (the probability of detection of model 

misspecification when it is present, i.e. power (%)) for the registration scenario are shown in 

Table 8, while for the post-approval scenarios are shown in Table 9 and Table 10. In the 

tables, API refers to the situation in which the true trend of the active pharmaceutical 

ingredient is 

        ( ), while pH refers to the situation in which the true trend of pH is 

       (      ). For example, in the registration phase (i.e. all the 8 data are available 

at time points of 0.05, 3, 6, 9, 12, 18, 24 and 36 months) at the API case, when     , the 

probability of detecting that the falsely selected linear model is not appropriate is 96.4% when 

  
  is applied (Table 8). 

Generally, the Shapiro-Wilk test (SW) is less efficient than the developed methods, and also it 

is rather ineffective. The only exception is in the registration phase of API when        
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(87.6%). There are cases where the power is smaller than the nominal significance level (1%). 

This behavior of the test, which is the result of the residuals being correlated, was also 

observed by Weisberg [61]. 

For the registration scenario (Table 8) it can be concluded that    is inefficient in most cases, 

while   
  almost always detect model misspecification in the API case.     and      can be 

considered efficient in the API case with at least 82.1% and 70.3% probability of detection of 

model misspecification, respectively. In the pH case, the tests are generally less efficient.   
  

and     perform reasonably well with 74.5% and 70.6% probability of detection respectively 

when        . When           the efficiency of   
 ,     and      is more than 99%. It 

should be noted that while      is efficient in the API case, it is inefficient in the pH case. It 

is difficult to name a single factor which is responsible for the test statistics being more 

efficient in the API case. The nature of the true curve (logarithmic, exponential, polynomial, 

etc.), how well the curvature agrees with the trend of the fitted line and how each observation 

contributes to the shape of the curve might be considered as possible factors.  

By comparing the results of the registration case with those of the post-approval cases it can 

be stated that the tests are less efficient in the post-approval situation. It is the effect of having 

only six observations instead of eight in each sample. More observation makes the 

discrepancy between the observations and the falsely fitted curve more detectable. When three 

samples are available (Table 9) the test statistics have poor efficiency in the pH case.    and 

     are also inefficient in the API case, while   
  performs well with 88.4% and >99.9% 

power in that case. Overall, when four samples are available in the post-approval situation 

(Table 10), the efficiency is higher compared to the cases of three samples. In the case of four 

samples      is still inefficient or has low efficiency, while    can be considered efficient 

(78.6%) in the API case when       . Generally, in the pH case, the test statistics are 

inefficient or have low efficiency in most cases. However, when four samples are available 

and            
  and     can be considered efficient with ~80% detection of model 

misspecification.  

An interesting fact should be pointed out: in the four samples case of the pH situation, at 

smaller sigma   
  is more effective than    , while at larger sigma     is the more effective 

one. This phenomenon shows that the power of the different tests is influenced by the nature 

of the data in different ways, and thus it is difficult to make a general conclusion about the 

efficiency of the methods. 
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In this study, I aimed to investigate the effectiveness of the presented tests in extreme 

situations (i.e. small sample size and rather few samples). It can be concluded that in these 

situations   
  and     perform reasonably well, and these methods are more effective in the 

detection of model misspecification, than the Shapiro-Wilk test. These tests may be applied 

when it is required to test the appropriateness of the fitted model. When the sample size and 

the number of samples increase, the uncertainty of the fitted models decreases which may 

result in an even higher power. Accordingly, when more samples or greater sample sizes are 

available the other test statistics might be sufficiently effective as well. 

Table 8: Power (%) of the different tests in the registration phase 

 Registration 

 API pH 

   1 0.5 0.05 0.025 

   8.2 27.1 14.1 43.1 

  
  96.4 >99.9 74.5 99.4 

     70.3 >99.9 15.0 28.2 

    82.1 >99.9 70.6 99.5 

     53.7 99.7 61.7 99.0 

SW 8.9 87.6 4.2 37.8 

Table 9: Power (%) of the different tests in the post-approval phase with three samples 

 Post-approval - 3 samples - 6 observations 

 API pH 

   1 0.5 0.05 0.025 

   12.3 35.5 10.5 21.5 

  
  88.4 >99.9 32.3 45.9 

     45.9 99.0 5.1 6.9 

    39.0 96.1 26.8 57.6 

     8.7 35.0 9.9 28.9 

SW 0.9 14.8 0.7 3.5 

Table 10: Power (%) of the different tests in the post-approval phase with four samples  

 Post-approval - 4 samples - 6 observations 

 API pH 

   1 0.5 0.05 0.025 

   28.3 78.6 22.5 44.3 

  
  97.5 >99.9 60.4 79.4 

     62.7 >99.9 11.1 19.2 

    59.0 99.8 42.2 82.5 

     14.6 61.0 16.3 52.6 
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SW 1.4 16.5 0.4 0.7 

 

 

I. 2.4.3 Application in stability studies of an active pharmaceutical ingredient content 

The application of   
  on a real dataset is demonstrated and compared to the results of the 

generally applied residual analysis in the following.   
  is chosen as it was found to be one of 

the two best methods (  
  and    )  in the efficiency study. The data are obtained in 

numerous stability studies of a certain API. The values of the API content represent the 

percent of the nominal content. The data can be found in Table 11. 

Table 11: API content (%) obtained in the stability studies 

Time point  

(month) 
Study 1 Study 2 Study 3 Study 4 Study 5 

0 98.2 99.7 99.8 101.8 99.1 

3 - - - - - 

6 94.3 96.9 95.8 98.2 95.3 

9 - - - - - 

12 91.8 94.0 92.5 96.1 91.0 

18 92.1 94.9 91.5 96.5 89.5 

24 89.7 91.2 89.2 93.3 89.8 

36 87.1 87.7 86.0 90.4 87.4 

The linear model is typically the initial one that is fitted by the statistical software used in 

stability studies to evaluate the stability data. Thus, a linear model was fitted to the data in 

each study. The coefficients of the fitted models are summarized in Table 12.  

Table 12: Coefficients of the fitted linear models 

Coefficient Study 1 Study 2 Study 3 Study 4 Study 5 

intercept 96.7 99.1 98.3 100.8 96.9 

slope -0.283 -0.318 -0.367 -0.295 -0.306 

The observations with the fitted lines are plotted in Figure 6 and Figure 7. In most cases, the 

lines seem to be appropriate to describe the observations. The goodness of the fit is not 

convincing in Study 5 (Figure 6), however, it should raise concern regarding that sample and 

not the goodness of the linear fit. The same conclusion can be made regarding the goodness of 

the linear fits based on the adjusted R
2
 values (Table 13). 
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Figure 6: Linear fit on the dataset of Study 5 

 

Figure 7: Linear fits on the datasets of Study 1-4 

Plotting the residuals against the predicted values might help realize the inappropriateness of 

the fitted model. The plot of the residuals against the predicted values (Figure 8) shows no 

sign of discrepancy between the observations and the fitted model; the residuals scatter 

around zero in a near-constant range. The plot of the externally studentized residuals against 

the predicted values (Figure 9) however, might raise suspicion that the fitted model is not 

appropriate or the assumption of the homoscedastic might not be fulfilled. However, the 

evidence based on eyeballing is not convincing and the decision should not be based only on 

these plots. 
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Figure 8: Residuals against the predicted values 

 

Figure 9: Studentized residuals against the predicted values 

The p-values of the Durbin-Watson test (DW) to detect autocorrelation and the Shapiro-Wilk 

test (SW) to detect non-normality of the errors (both performed on the ordinary residuals) can 

be found in Table 13. The small p-value of the DW test confirms that deviation is present in 

Study 5. Based on the other p-values, deviations (e.g. model misspecification) cannot be 

detected. 

Table 13: Adjusted R
2
 and p-values of SW and DW 

 Study 1 Study 2 Study 3 Study 4 Study 5 

adjusted R
2
 0.90 0.94 0.94 0.93 0.79 

DW 0.442 0.462 0.074 0.952 0.002 

SW 0.84 0.79 0.42 0.77 0.60 

The normality test can be performed on the whole dataset of the residuals and the externally 

studentized residuals as well. On the normal probability plots (Figure 10), no discrepancy can 

be observed between the residuals and the theoretical normal distribution. The Shapiro-Wilk 
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test performed on the residuals and the externally studentized residuals result in p-values of 

0.83 and 0.25, respectively. Thus, model misspecification cannot be detected. 

 

Figure 10: Normal probability plots of residuals and studentized residuals 

Considering the investigation of the residuals, there is no strong evidence against the 

appropriateness of the fitted linear model. However, further investigation of Study 5 might be 

required.  

Application of   
  provides another way to test the appropriateness of the linear models. There 

are six eligible time points with at least three measurements, and thus six   
  values are 

calculated. The calculated values can be found in Table 14.  

Table 14: Calculated test statistics 

Time point (month) 0 6 12 18 24 36 

  
  4.04 -0.70 -3.29 0.31 -0.35 1.81 

The applied overall significance level is 0.01. To maintain this level, the significance level 

used in the test of   
   in each time is to be corrected according to the Bonferroni adjustment. 

Thus, the significance level used in each test is 0.01/6. The degrees of freedom in each test is 

calculated as ∑ (  ( )   )   
   , where   ( ) equals five in each case. Thus, the two-sided 

critical t-values with degrees of freedom of 15 and at 0.01/6 significance level equal to ±3.82. 

  
  at the time point of 0 month exceeds the critical value, that is, model misspecification is 

detected, and a more appropriate model is to be fitted. In reality, there are numerous more 

investigated stability studies connected to the presented dataset from which it can be deduced 

(even from the tests of normality of the residuals) that the trends are in fact not linear, but 

exponential. The aim of this study was to show that in some cases, the suggested methods in 

this paper may detect more efficiently if model misspecification is present. If the false 

selection of the linear model is not detected, the estimation of the shelf life, the ANCOVA 

applied in the estimation of shelf life and the methods used to detect OOT nature are biased, 

resulting in unreliable quality control.  
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I. 3 Short summary of Chapter I. 

The pharmaceutical guide ICH Q1E, which is intended to give statistical support on 

evaluation of stability studies lacks a few important perspectives: out-of-trend (OOT) point, 

OOT batch and model misspecification detection. Some suggestion was given in the literature 

for the mentioned problems; however, they lack the rigorous statistical handling.   

I revised the earlier suggested Shewhart regression control chart for OOT point detection, and 

suggested a more appropriate approach to calculate the control limits. I also adjusted the 

calculations based on the ANCOVA model found to be appropriate for the given dataset. The 

adjusted formulas result in more probable OOT detection, when it exists at all. I also showed 

that the earlier suggested Shewhart approach results in an unacceptable level of type I error.  

I revised and applied the by-time-point method and multivariate control chart method to 

detect OOT observation, and OOT batch, respectively.   

I developed statistical tests, which may be used to detect model misspecification even when 

the sample size is extremely small. From the four developed methods, two, namely   
  and 

    were found to be appropriate regarding the effectiveness of model misspecification 

detection in the investigated simulation studies.  

All of the revised and developed methods serve the purpose to decrease fault decisions in 

pharmaceutical quality control in the decision of acceptability of the drug products. Thus, the 

application of new tests should be considered in the evaluation of pharmaceutical stability 

studies. 
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II. Applied statistics in high-pressure experiments with 

supercritical CO2 

II. 1 Literature review 

II. 1.1 Supercritical CO2 and gas antisolvent fractionation based optical resolution  

Supercritical carbon dioxide (scCO2) has already been applied in the industry as an extraction 

solvent, a solvent in dyeing and impregnation processes and as a reaction medium. Due to its 

favorable properties (non-flammability, non-toxicity, pressure- and temperature-dependent 

parameters), several other application possibilities have also been developed (from polymer 

foaming through micronization to the application of carbon dioxide as a coolant). A review of 

the application of scCO2 in the industry is available by Knez et al. [62]. 

The presented gas antisolvent fractionation process belongs to the group of micronization 

procedures. It can be considered environmentally friendlier than conventional crystallization 

procedures due to the decreased use of organic solvents. Esfandiari [63] discussed different 

high-pressure antisolvent processes including the batch type gas antisolvent process. In the 

case of a typical batch gas antisolvent precipitation experiment, a concentrated solution of the 

target material is filled into an autoclave, which is then pressurized with carbon dioxide. 

During this phase, the organic solvent is mixed with the introduced antisolvent, resulting in 

the reduction of the solubility of the solute. Precipitation occurs in a matter of seconds or 

minutes under very large oversaturation. The organic solvent and other dissolved components 

are extracted by rinsing the autoclave with pure supercritical carbon dioxide. After 

depressurization, a dry-appearing product can be collected, often with a narrow particle-size 

distribution and a micron-range mean particle size. While the goal of the antisolvent 

precipitation is to quantitatively obtain the previously dissolved component in a solid form, 

gas antisolvent fractionation (GASF) aims to selectively precipitate one or more components 

by the addition of the pressurized carbon dioxide, while keeping the other component(s) 

dissolved and extractable (Kőrösi et al. [64]). The GASF technique can be efficiently used in 

diastereomeric salt-based optical resolutions, as studied in Bánsághi et al. [65] and Zodge et 

al. [66] and in the purification of scalemic mixtures as well (Kőrösi et al. [67]). The efficiency 

of GASF based optical resolution is influenced by various operational parameters, such as 

temperature, pressure, the used organic solvent and antisolvent and their ratio. The effects of 

the operational parameters in GASF based optical resolution have been investigated 

individually in a few studies already (e.g. Catchpole et al. [68], Lőrincz et al. [69], Zodge et 

al. [70]). The downside of the individual investigation of the factors is that it cannot reliably 
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describe the response surface, as only main effects can be studied, while interactions cannot 

be estimated. Also, as it is discussed later, some parameters are correlated, and thus study the 

factors individually will not reveal the true nature of the effects. Moreover, such investigation 

is less effective when compared to a designed experiment. Although, designed experiments 

were conducted for example by Kőrösi et al. [64], regression analysis was not performed in 

this work either.  

In my work, I have performed the statistical evaluation of experiments obtained in GASF 

based optical resolution of ibuprofen with (R)-1-methylbenzylamine as resolving agent using 

different organic solvents and CO2 as antisolvent. I aimed to describe the performance or 

effectiveness of the GASF process with a mathematical model containing relevant factors.  

II. 1.2 The Hansen solubility parameters 

In the statistical evaluation I have performed, I used the so-called solubility parameters. 

Solubility parameters are physical-chemical indexes that characterize the intermolecular 

forces in substances. Application of solubility parameters enables to predict to what extent 

two substances can be mixed. The concept of solubility parameters was first discussed by 

Hildebrand and Scott [71]. The Hildebrand solubility parameter is defined as: 

  .
  

 
/
 

   

   (85) 

where   is the Hildebrand solubility parameter (MPa
0.5

),    is the molar energy of 

vaporization (J/mol),   is the molar volume (cm
3
/mol) and (    ) 

    is the square root of the 

cohesive energy density. For non-associating, non-polar liquids the cohesive energy density 

can be approximated by the internal pressure, which allows for estimation of the Hildebrand 

solubility parameter with an equation of state. Although the Hildebrand parameter is a widely 

applied, and convenient index for dissolution in liquids with non-polar and slightly polar 

nature (e.g. solubility of polymers in organic solvents), the application of the parameter is 

limited due to the lack of capability to differentiate between the types of intermolecular 

interactions. Hansen [72] extended the concept of the Hildebrand solubility parameter by 

partitioning the molar energy of vaporization into three components: 

                (86) 

where the subscripts indicate the type of the intermolecular interaction with which the 

component contributes to the total molar energy of vaporization:   stands for the dispersion,   

for the polar and   for the hydrogen-bonding interaction.  
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The Hansen components (i.e. Hansen parameters) are defined as the square root of the ratio of 

the contribution of the corresponding component of    and the molar volume ( ), that is: 
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The Hansen solubility parameter is defined as: 

   √  
    

    
    (90) 

where    is the total Hansen parameter (MPa
0.5

), and   
  (MPa) is the contribution of the 

dispersion forces,   
  (MPa) is the contribution of the dipole forces and   

  (MPa) is the 

contribution of the hydrogen-bonding forces to the total Hansen parameter.  

The closer the values of the solubility parameters of different substances the better the 

dissolution of the components in each other. Hansen [72] developed the equation for 

„distance‟ between Hansen parameters of two components:  

   √ (       )  (       )  (       )    (91) 

where the values with the subscript of 1 correspond to one of the components in the mixture, 

and the values with the subscript of 2 correspond to the other component in the mixture. 

Smaller    indicates substances that dissolve each other better, compared to those with higher 

  . If the triple of the Hansen components is plotted in a 3D Cartesian coordinate system with 

axes of   ,    and   , substances with the same solubility in a given solvent are located on an 

ellipsoid around the point corresponding to the solvent. When the scale of the axis of    is 

half of the scales of the other two axes, the ellipsoid becomes a sphere, which is referred to as 

Hansen solubility sphere.  

II. 1.2.1 Temperature and pressure correction of the Hansen solubility parameters 

The solubility parameters were originally developed for ambient temperature and pressure. 

For the extension of the application of the parameters for non-ambient conditions, different 

formulas were suggested. Marcus [73, 74] derived the formula for supercritical water and 

supercritical methanol, while the most widely applied temperature and pressure correction 

(including the supercritical region) of the Hansen parameters is derived by Williams et al. 

[75], based on the works of Hildebrand and Scott [71] and Hansen and Beerbower [76]. It 
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should be noted that Williams et al. [75] discussed the formulas using scCO2 as an example 

and the generalization of the formulas for different substances is questionable. Nonetheless, 

these formulas are applied widely in the literature regardless of the substance for which the 

correction is used.  

According to Williams et al. [75] the parameters for non-ambient conditions are calculated as 

follow: 
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where      ,       and       are the reference Hansen parameters (MPa
0.5

) and      (cm
3
/mol) 

is the molar volume at the reference temperature      (°C) and reference pressure      (MPa). 

It can be seen from the formulas that increasing pressure (through the molar volumes) and 

decreasing temperature result in increased values of the Hansen components. Reference 

values for numerous liquids can be found in the work of Hansen [77]. The reference values 

for the solvents and the antisolvent used in my work can be found in Table 15.  

Table 15: Reference values of the Hansen components 

       (MPa
0.5

)       (MPa
0.5

)       (MPa
0.5

) 

CO2 15.6 5.2 5.8 

methanol 15.1 12.3 22.3 

ethanol 15.8 8.8 19.4 

n-propanol 16.0 6.8 17.4 

In most cases, these values are given for      = 25 °C and      = 0.1 MPa. An exception is the 

reference values of CO2, which are given for      = 25 °C and      = 39.13 cm
3
/mol and thus 

     = 91.7 MPa.  

II. 1.2.2 Calculation of the Hansen components in mixtures 

Each of the Hansen components of the mixture of scCO2 and the co-solvent is calculated as 

suggested by Barton [78]: 

  ∑      (95) 



76 

 

where   is the Hansen parameter of the mixture,    is the Hansen parameter of the  th 

component in the mixture and    is the volume fraction of the  th component.  

The volume fractions, when there are two components in the mixture is obtained as: 

   
    

     (    )  
  (96) 

and 

   
    

     (    )  
    (97) 

where    and    are the mole fractions of the first and second component respectively, and    

and    are the molar volume of the first and second components respectively. 

II. 1.3 Applied statistical methods 

II. 1.3.1 Statistical tools in model building 

The observations in the considered experiments follow a normal distribution with 

corresponding expected value and variance. Thus, the ordinary least squares (OLS) method 

can be applied for the estimation of the coefficients in the regression model. Two stages of 

model building are considered and discussed: model selection and residual analysis. In the 

phase of model selection, the aim is to find a model, which suitably describes and predicts the 

behavior of the observed system, while it remains as simple as possible. Afterward, a 

candidate model is selected, residual analysis is used to check the assumptions of the OLS 

method, to verify the adequacy of the selected model and to identify outlier data.  

II. 1.3.1.1 Model selection 

There are two basic philosophies behind model selection. First, one would want the model to 

describe the given data as well as possible and has as high predictive accuracy as possible. 

This can be achieved by adding more and more parameters and different functions of the 

parameters (quadratic terms, cross-products, logarithms, etc.) to the model. On the other hand, 

one would want the model to be simple with as few terms as possible. This way the model is 

easier to handle, calculate with, and understand the behavior of the observed system (Draper 

and Smith [19]). Also, as Occam‟s razor (i.e. principle of parsimony) states, the simplest 

solution tends to be the correct one, therefore it is preferable to choose the simplest one. 

However, there is no perfect model that could be selected in any situation. As Box and Draper 

[79] describe:  

"The most that can be expected from any model is that it can supply a useful approximation to 

reality: All models are wrong; some models are useful".  



 

77 
 

It is the task of the practitioner to choose an appropriate model in view of the above-

mentioned philosophies. 

Different statistical methods can be used to select the most suitable model. The best subset 

method gives information about the goodness of fit of all possible models that can be built by 

the parameters. Afterward, the preferable model can be chosen by considering the goodness of 

fit (i.e. descriptive power) and the number of terms in the model. Different indicators to 

describe the goodness of fit are discussed in detail in Kutner et al. [80]. Other methods like 

stepwise regression and backward elimination could also be used, however, they are more 

constrained and give less freedom in choosing from candidate models. A more detailed 

discussion about the different methods can be found in Draper and Smith [19]. 

One of the statistics that can be used to describe the goodness of fit is the adjusted R
2
. The 

higher the adjusted R
2
 the higher is the descriptive power of the model. However, adjusted R

2
 

is a random variable, a higher R
2
 may be observed only by chance when actually there is no 

practical difference in the expected values. Two models with adjusted R
2
 relatively

 
close to 

each other may be compared based on the residual variances of the models. Significantly 

lower residual variance indicates better goodness of fit (significantly higher adjusted R
2
). The 

statistical comparison of variances is carried out with  -test. 

A more sensitive test to compare models is based on the test of the extra sum of squares (see 

for example in Kutner et al. [80]). The extra sum of squares measures the reduction in the 

error sum of squares of a given model when terms are added to it. That is, the test is only 

applicable for models, where the estimated parameters in the first model (reduced model) are 

also present in the second model (full model) and the second model also has extra estimated 

parameters.  -test is used to test the null hypothesis that the expected value of the extra error 

sum of squares is zero, i.e. adding the extra terms to the model does not increase the 

descriptive power significantly. The test statistic is obtained as: 

   
(       ) (   )

    (   )
    (98) 

where     is the error sum of squares of the reduced model,   is the number of estimated 

parameters in the reduced model,     is the error sum of squares of the full model,   is the 

total number of estimated parameters in the full model and   is the number of data points. If 

the test statistic,    does not exceed the upper critical  -value at 0.05 significance level with 

degrees of freedoms of (   ) and (   ) the null hypothesis is accepted, and thus, there is 

no significant difference between the two models that can be detected. 
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More advanced methods may also be applied to select a model from candidate models. 

Akaike Information Criterion (AIC), first suggested by Akaike [81], estimates the information 

loss when candidate models are compared to each other. The smaller the AIC is the more the 

candidate model is preferred. However, the model with the smallest AIC, does not necessarily 

mean that the model is the actual estimate for the true model, it only indicates that it is the 

model with the greatest information when compared to the other candidate models. Bayesian 

Information Criterion (BIC), derived by Schwarz [82], is a similar approach to AIC. The 

difference is that it applies the Bayesian framework and penalizes models with extra estimated 

parameters more than AIC. An even more advanced method originated from algorithmic 

coding theory, is the minimum description length (MDL), discussed for example in Hansen 

and Yu [83]. It translates the rule of Occam‟s razor into the language of informatics by 

describing the data based on each candidate model by bites as a code and select the preferred 

model to which the shortest code belongs.  

II. 1.3.1.2 Residual analysis  

Checking assumptions 

Assumptions of the regression methods have to be fulfilled, otherwise, the estimates of the 

regression parameters might be biased or the statistical tests of the estimates might be 

inappropriate. The fulfillment of the assumption of the independent identically normal 

distributed errors is those to be tested. In cases where the assumptions are not fulfilled, other 

statistical regression methods (e.g. Generalized Linear Regression, Nonparametric 

Regression) are to be used.  Fulfilled assumptions are indicators of a proper model, therefore 

checking them also supports the verification of the model. In most cases, the assumptions are 

checked by the normal probability plot, a residual plot in which residuals are plotted against 

the predicted value, and by statistical tests. Some of the most applied methods are mentioned 

in Section I. 1.3.3.1. A more detailed discussion of the tests of the assumptions can be found 

for example in Draper and Smith [19] for linear models. 

Outlier data detection 

Identifying and removing outlier data is of importance, as they make the model estimation 

biased. A single point can be outlier in two ways: it can be outlier in the space of the 

dependent variable or in the space of the independent variables. When a point is outlier in the 

space of the independent variable it is called influential. Influential points affect the parameter 

estimation to a large extent compared to the other points. This behavior is disadvantageous 

and detection of such points is of importance as well.  
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As discussed by Kutner et al. [80] plotting studentized residuals against predicted values is a 

way to identify potential outlier data in the space of dependent variable. The calculation of 

studentized residuals (both internally and externally) can be found in Section I. 1.3.3.1. The 

points should scatter around zero approximately within a constant width band. Usually, values 

higher than 2.5 should be checked more closely as there is a great chance that these points are 

outliers. The application of internally studentized residuals is justified if the sample size is 

sufficiently large. Other derived statistics for outlier detection can be found in Section I. 

1.3.3.1 and in Barnett and Lewis [84] and Cook and Weisberg [32] for example. Tóth et al. 

[85] studied the effectiveness of different methods for outlier detection and suggested a new 

approach using the R
2
 and Q

2
 statistics derived from the ordinary and deleted residuals 

respectively.   

Mahalanobis distance (  ) is used to identify data that are outlier in the space of the 

independent variables. The Mahalanobis distance for the  th observation (  ) is calculated as: 

   (    ̅)    (    ̅)    (99) 

where    is a     vector containing the values of the independent variables of the  th 

observation,  ̅ is a     vector containing the averages of the values of the independent 

variables over every observation, and   is the sample covariance matrix of the independent 

variables.   is calculated as: 

  
 

   
∑ (    ̅)(    ̅)  

     (100) 

Critical values for    based on its distribution may be obtained from Penny [86]. Also, 

plotting    against predicted values allows for visual examination. Points, which are far from 

the rest may be considered outliers.  

Cook‟s distance (  ) measures the combined influence of the allocation of the observation in 

the space of the dependent and the independent variables, as well. The    for the  the 

observation is calculated as suggested by Cook [87]: 

   
( ̂( )  ̂)

 
( ̂( )  ̂)

(   )  
   (101) 

where  ̂( ) is the     vector of the fitted values of the observations when the  th observation 

is excluded from fitting,   is the number of observations,  ̂ is the     vector of the points of 

the fitted values of the observations, when all observations are included in the fitting,   is the 

number of estimated parameters and   
  is the residual sample variance. When    is large it 

implies, that the  th observation affects the parameter estimation to a large extent, which is 
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undesired. Cook and Weisberg [32] suggests that data with    higher than 1 should be flagged 

as an outlier and omitting the data should be considered. 

II. 1.3.2 Ridge regression 

Ridge regression was first suggested by Hoerl and Kennard [88]. It is a special case of 

Tikhonov regularization (Tikhonov and Arsenin [89]), which is intended to provide a remedy 

to ill-posed problems and to prevent overfitting. The ill-posed problem in regression analysis 

can occur in connection with the     matrix (where   is an     matrix containing values of 

1 in the first column and the values of the independent variables in the further columns), 

which may be close to singular, which results in unreliable parameter estimation typically 

with large standard errors. The     matrix is ill-posed when there is a dependency between 

some columns of  , that is when some predictors are correlated. The presence of correlated 

factors is called multicollinearity. For example, if the height of a man is to be described by a 

model employing the length of the left arm and the length of the left leg, the     matrix will 

be ill-posed as the factors are correlated. A more severe case of ill-posed     matrix if the 

model employs the length of the left arm and the length of the right arm as parameters since 

the correlation between these two variables are approximately 1 (perfect correlation) and thus 

the     matrix is singular. The more severe the ill-condition of the     matrix, the more 

severe the consequences, which include inflated standard errors, inflated estimated 

coefficients and thus the value of the coefficients may be estimated with a false sign. The 

desired characteristic of the     matrix is the orthogonality, which occurs when the 

correlations between the factors are zero. Experiments performed based on a certain type of 

designed experiments results in orthogonal     matrix. More on designed experiments is 

discussed in Section II. 1.3.3. Multicollinearity does not affect the goodness-of-fit of an OLS 

model and such a model can be used to describe the dataset at hand. However, when 

multicollinearity is present, prediction from the OLS model may be biased. If the model is to 

be used to predict new observations, the effects of multicollinearity need to be decreased with 

ridge regression for example. Multicollinearity may be identified using correlation 

coefficients between the original factors or using variance inflation factor (VIF), which 

measures the estimated increase of the coefficient‟s estimations due to multicollinearity.  

Ridge regression overcome (ideally) the problem of ill-conditioned     matrix by introducing 

penalty in the estimation of the coefficients. This type of regularization is called L2 

regularization. In the ordinary least-square method, the coefficients are estimated as: 

 ̂  (   )      (102) 



 

81 
 

where  ̂ is the     matrix of the coefficients, where   is the number of coefficients and    

is the transpose of   which is an     matrix containing values of 1 in the first column and 

the values of the independent variables in the further columns. 
   is the     matrix of the 

observations. In ridge regression, the penalty is introduced by adding a matrix with a very 

small constant as diagonal elements (penalty) to the     matrix (more precisely to a similar 

matrix obtained by the transformation of the independent variables). This results in biased 

parameter estimators of the fitted model. While ridge regression makes the parameter 

estimations biased, it decreases the effects of multicollinearity, resulting in smaller standard 

errors of the estimates. Also due to the regularization effect the estimated parameters shrink 

towards zero.  

In ridge regression, the predictor variables are transformed by centering and scaling. The 

transformed variables are obtained as: 

   
  

     ̅ 

√   
  (103) 

where    
  is the transformed value of the  th predictor of the  th observation (   ),  ̅  is the 

average of the     values for the  th predictor and     ∑ (     ̅ )
 

 . From the    
  values F 

matrix is formed as: 
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  (104) 

where   is the number of parameters in the model. The parameters in the ridge model are 

estimated as: 

 ̂     
  (       )

       (105) 

where  ̂     
  is the (   )    matrix containing the estimated parameters except for the 

intercept,    is the identity matrix of size    ,     actually gives the correlation matrix of 

the predictors and   is the penalty introduced into the estimation. It should be noted that 

 ̂     
  contains the coefficients corresponding to the model in which the parameters are 

centered and scaled.   varies between zero and one and with that, the estimated parameters 

vary as well. When    , the least-square estimates are obtained. The larger the value of  , 

the larger the bias in the estimation and the more the effects of the multicollinearity are 

decreased. Different methods and indexes were suggested to obtain optimal  . From those, 

ridge trace approach (Marquardt and Snee [90]) and cross-validation (Stone [91]) are 
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considered here. In the ridge trace approach, the coefficients are plotted against  , and thus 

ridge traces of the coefficients are obtained. The curves typically change to a great extent at   

values close to zero and with increasing   they tend to stabilize, and slowly approach zero. 

The   is chosen visually at the value, where the ridge traces are stabilized. Cross-validation is 

a resampling procedure and is generally applied to check how well an estimate describes the 

investigated population. In the case of regression analysis, it can be applied to check, how 

well the fitted model describes the measured values. In the regression case, k-fold cross-

validation technique randomly partitions the dataset into k subsets with approximately equal 

sizes. Different statistics can be applied to, one of them is the mean squared prediction errors, 

discussed for example by Allen [92]. Regression fitting is performed on the dataset while 

excluding one subset at a time and the estimated mean squared prediction errors for the  th 

subset (     ) are calculated by the following equation: 

      
∑.     ̂   

/
 

  
  (106) 

where     values are the observations in the  th subset,  ̂ is the regression line estimated by 

the dataset without the  th subset,  ̂   
 is the values of the regression line at the predictor 

values of     and     is the number of observations in the  th subset. The estimate of the 

expected value of      and the standard error of      may be calculated as      
̅̅ ̅̅ ̅̅ ̅̅ ̅ and 

∑(           
̅̅ ̅̅ ̅̅ ̅̅ ̅)

 
   where   is the number of subsets. A more precise estimation of 

     may be obtained by using leave-p-out cross-validation. It splits the datasets as in k-fold 

cross-validation, but instead of splitting once randomly, it returns all the possible subsets that 

can be obtained by leaving out p observations randomly. The function     ( ) can be 

plotted at different   values.     ( ) increases with increasing   and the interval of optimal 

  may be found where the      is not changed to a too large extent compared to the case of 

   , that is the least-square estimation case. 

After   is chosen, the corresponding coefficients are to be transformed, so the conventional 

model can be given in which the predictors are not centered and scaled. The coefficients to be 

used in the conventional model: 

  (     )    (     )
  √     (107) 

where   (     )
  are the elements of  ̂     

 . The ridge model is then: 

 ̂    (     )  ∑  (     ) ̅   (108) 

where   (     ) is calculated as  ̅  ∑  (     ) ̅ . 
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II. 1.3.3 D-optimal designed experiments 

Design of experiments (DOE) is a statistical tool which is used to obtain information about 

the dependent variable by simultaneously varying the levels of the predictors. DOE basically 

defines the levels of the factors to be set to achieve the most efficient estimation of the 

dependent variable. The basic types of DOE achieve orthogonal     matrix resulting in the 

smallest possible standard error of the estimated parameters of the fitted model, when a given 

number of experiments are performed. Detailed discussion about DOE and the different types 

of DOE can be found in Box et al. [93]. Here, a special type of DOE, the optimal designs and 

specifically the D-optimal design are discussed.  

Optimal designs, discussed by Kiefer [94] for example, are applied, when orthogonality 

cannot be achieved. This occurs for example, when the number of experiments that can be 

performed is limited and cannot reach the number of experiments that are required to reach 

orthogonality. Another typical case is when the design space (a multidimensional region 

defined by the range of the factor settings) is limited, that is, experiments at some 

combinations of the factor settings cannot be performed due to some limitation. These 

limitations could arise from physical, chemical, and economic considerations for example.  

In optimal designs, the factor settings are defined in order to achieve a best possible value of a 

chosen statistical attribution connected to the estimation of the parameters. Detailed 

information on optimal designs can be found in Goos and Jones [95]. In the D-optimal design, 

the factor settings are defined so that the determinant of the     matrix is maximized, which 

minimizes the variances of the estimated parameters. That is, D-optimal design intends to 

approach the state of orthogonality as much as possible. For the definition of the factor 

settings in the design some input is required: the number of experiments that can be 

performed, the parameters to be included in the fitted model and a defined design space 

within which experiments can be performed or a defined set of candidate factor settings at 

which experiments can be performed. The fourth input would be the type of optimal design to 

be used. From the provided candidate points in the design space, the algorithm of the D-

optimal design chooses the desired number of points to approach orthogonality as closely as 

possible when the model with the pre-defined parameters in it is estimated.   
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II. 2 Results: Model construction and application of D-optimal design  

II. 2.1 Selectivity as the dependent variable 

The effectiveness of the GASF experiments, involving the precipitation of diastereomeric 

salts, considered in this work can be quantified by selectivity. Selectivity (or resolvability), as 

suggested by Fogassy et al. [96], was calculated as the product of the enantiomeric excess and 

the yield. All of the experiments were conducted with a molar ratio of 0.5 between the 

resolving agent and the racemate. The yields (both of the raffinate, i.e. the crystalline product 

and the extract) were referred to a theoretical maximal mass assuming complete insolubility 

of the salts and complete extraction of the unreacted enantiomers. The formulas for 

calculating selectivity are the following: 

           (109) 

           
          

                        
  (110) 

         
        

             
  (111) 

   |
     

     
|   (112) 

In the above formulas,   stands for selectivity, while the subscript i indicates that the formula 

is the same for the raffinate and the extract. The yield, marked by   is defined in different 

ways for the raffinate and the extract. In the formulas,   denotes the mass (g) of the product 

or starting material specified by the subscript words. The enantiomeric excess (  ) of the 

acids (ibuprofen or mandelic acid) in the products was determined based on capillary 

electrophoretic measurements. In the formula,   stands for the quantity (e.g. mass, 

concentration, chromatographic peak area) of the enantiomers specified in the subscripts. The 

diastereomeric salts forming in the reaction of the acids and the enantiomerically pure (R)-1-

methylbenzylamine decomposed under the circumstances of the analyses. Hence,    is 

suitable to describe the average enantiomeric excess of the acid found in the solid product. In 

the following statistical evaluations, selectivity is used as the dependent variable. 

II. 2.2 Evaluation of the experimental data: application of the total Hansen parameter 

In my work, I performed model construction to describe the selectivity of GASF based optical 

resolution experiments in different organic solvents. The considered parameters in the model 

are temperature, pressure and the total Hansen parameter. The total Hansen parameter was 
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obtained using the Hansen components (according to Eq. (90)), which were calculated for the 

organic solvent–scCO2 mixture as described in Section II. 1.2.2, and also temperature and 

pressure correction were performed by the equations defined in Section II. 1.2.1. As the 

approach of the application of the Hansen parameter in model building is not presented in the 

literature for GASF based optical resolution process, this is the first step of the development 

of such a model. Thus, only the potential of the model to describe observed values of 

selectivity in different solvents is investigated.  

II. 2.2.1 Experiments with methanol 

The dataset contains 34 data points that were obtained in experiments with methanol as the 

organic solvent (Lőrincz et al. [69]). The pressure, temperature and Hansen solubility 

parameter were varied in the experiments in a non-designed structure; in the sense that the 

experiments were not performed according to a designed experiment (DOE).  

My aim was to find an appropriate model to describe selectivity (S) as a function of 

temperature (T), pressure (p) and the total Hansen parameter (δ). The data can be found in 

Table 16. 

Table 16: Data of experiments with methanol 

# p (MPa) T (ᵒC) δ (MPa
0.5

) S (-) # p (MPa) T (ᵒC) δ (MPa
0.5

) S (-) 

1 15 45 12.0 0.541 18 21 45 13.4 0.254 

2 15 45 12.2 0.388 19 15 35 13.2 0.399 

3 15 45 12.4 0.328 20 15 55 11.5 0.303 

4 15 45 12.4 0.328 21 10 35 12.2 0.444 

5 15 45 12.6 0.152 22 20 55 12.5 0.243 

6 15 45 12.9 0.002 23 20 35 14.1 0.325 

7 10 45 11.2 0.439 24 20 45 13.3 0.249 

8 11 45 11.5 0.519 25 15 45 12.4 0.350 

9 12 45 11.8 0.502 26 10 45 11.2 0.458 

10 13 45 12.0 0.434 27 13 45 12.0 0.402 

11 14 45 12.2 0.442 28 13 45 12.0 0.426 

12 15 45 12.4 0.378 29 15 45 12.3 0.433 

13 16 45 12.6 0.333 30 15 45 12.3 0.435 

14 17 45 12.8 0.255 31 10 45 11.2 0.433 

15 18 45 13.0 0.374 32 15 45 12.4 0.354 

16 19 45 13.0 0.258 33 20 45 13.3 0.219 

17 20 45 13.3 0.295 34 15 45 12.4 0.328 

Model selection 

The following effects were considered in the candidate models: linear effects of temperature 

(T), pressure (p) and Hansen parameter (δ), quadratic effects of temperature (T
2
) and pressure 

(p
2
) and the interaction of temperature and pressure (p*T). The choice of the candidate effects 
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is arbitrary and represents the preferences and expectations of the experimenters. The 

difficulty that might arise in the description and prediction of GASF based optical resolution 

with a single model is that the process is composed of three subprocesses (salt formation, 

precipitation, extraction). The idea is that the Hansen parameter may refer to the effect of the 

solvent mixture (i.e. solubility of the compounds) on the chemical equilibrium, the 

precipitation and the extraction phase, while temperature and pressure describe the effects of 

the operating parameters that are realizing most likely in connection with the chemical 

equilibrium. 

It is straightforward that no general model can be established, which gives accurate prediction 

for selectivity in any GASF process. However, if a model is found to describe the selectivity 

of a GASF process it can be assumed that the parameters in that model are those that 

generally affect selectivity in GASF processes. If it is known, which parameters affect the 

response of a process the most, the study of a yet uninvestigated system (other racemates, 

other resolving agents, other solvents) or optimization of an already investigated system 

becomes more energy-, and material-efficient.   

The ten best (based on the adjusted R
2 

values) models obtained from the best subset method 

can be seen in Table 17. Every row belongs to a certain model and the + signals mark those 

terms that are included in that model.  

Table 17: Candidate models for further comparison 

# Adjusted R
2
 Number of effects p  T δ  p*T p

2
 T

2
 

1 0.73 4 + + +   +   

2 0.72 5 + + + + +   

3 0.72 5 + + +   + + 

4 0.71 6 + + + + + + 

5 0.70 3 + + +       

6 0.69 4 + + + +     

7 0.69 4 + + +     + 

8 0.68 4 +   +   + + 

9 0.68 5 + + + +   + 

10 0.68 3 +   +     + 

Based on the discussion of the philosophies of model selection in Section II. 1.3.1.1, greater 

adjusted R
2
 and a smaller number of effects are desired. Therefore #1 and #5 were chosen for 

further comparison. The earlier was chosen due to its high adjusted R
2
 value and the latter was 

chosen because of its simplicity (and reasonably high R
2
 value). Model #1 has a residual 

variance of 0.003282 with 29 degrees of freedom while model #5 has a residual variance of 
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0.003591 with 30 degrees of freedom. The two R
2
 values are relatively close to each other, a 

comparison is desirable. To compare the two models, the test of the extra sum of squares is 

performed. The full model is model #1 and the reduced model is model #5. The    is 

calculated according to Eq. (98) and it is 3.83. The critical  -value at 0.05 significance level 

with degrees of freedom of 1 and 30 is 4.17. As    is smaller than the critical  -value, the null 

hypothesis is accepted, and thus there is no significant difference in the descriptive power of 

the two models that can be detected. This result supports the choice of the simpler model with 

only linear terms in it, namely p, T and the Hansen solubility parameter (model #5). It is 

worth noting, that the model #4 which contains only linear effects is not significantly worse 

than a model containing quadratic effects or interactions. It is rarely the case in chemical 

processes unless the dependent variable is studied only in a narrow region of the independent 

variables, which usually results in a small change in the dependent variable. The interesting 

thing here, is that the selectivity in fact changes in a rather wide interval (0.1-0.5) and the 

linear model is still a sound approach to describe the response.  

Residual analysis 

I carried out residual analysis on the selected model in order to detect outlier data and to 

check assumptions of regression analysis and adequacy of the model.  

The normality of the residuals was examined by the normal probability plot (Figure 11). The 

data fit well to the red line representing the theoretical normal distribution behind the dataset 

and no alarming deviation can be seen. The Shapiro-Wilk test verifies the normality of 

residuals, p=0.98. The constant variance of the errors can be verified by the studentized 

residuals plot (Figure 12). 

 

Figure 11: Normal probability plot of residuals 
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Figure 12: Studentized residuals against the predicted values 

In order to detect outlier data studentized residuals, I examined the Mahalanobis distances and 

Cook‟s distances. Figure 12 shows the studentized residuals against the predicted values. 

Thought the point #6 and #15 are a bit extreme compared to the rest, but based just on this 

plot there is no strong reason to flag these points as outliers. A potential anomaly may be seen 

in the plot as if the residuals had a curve trend. A curve pattern would suggest a need for a 

quadratic term in the model. However, the presence of the pattern is not convincing, it should 

not necessarily give rise to concern. Figure 13 shows the Mahalanobis distances against the 

predicted values. Based on visual examination, point #6 may be an outlier in the dimension of 

the independent variables as it has a somewhat larger Mahalanobis distance than the other 

points. 

 

Figure 13: Mahalanobis distances against predicted values 

The Cook‟s distances against the predicted values are plotted in Figure 14. Cook‟s distance of 

point #6 is evidently higher than those of the other points and also higher than 1 which is the 

suggested limit according to Cook and Weisberg [32] to flag a point as an outlier.  
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Figure 14: Cook’s distances against predicted values 

Based on the above observations, point #6 is dropped from the dataset. It is not evident 

whether the point is an outlier only in the space of the independent variables or both in the 

space of the independent variables and the dependent variable. Added experiences could be 

conducted with the same factor settings or factor settings close to those of point #6 in order to 

test the outlier nature in the space of the dependent variable. Also, these added experiences 

would reduce the influential point nature of point #6 as well. After point #6 is dropped from 

the initial data set, the evaluation of the remaining data was carried out from the beginning. 

The details are not showed here, but the same model was chosen in the model selection phase 

as before, the assumptions of the analysis and the model adequacy were verified by residual 

analysis and no further outlier data were detected.  

Model fitting 

Based on the model selection method and residual analysis, I fitted a model that contains the 

temperature, the pressure and the Hansen solubility parameter. The fitted model is the 

following:  

                               (113) 

where   is pressure (MPa),   is temperature (°C),   is Hansen solubility parameter (MPa
0.5

) 

and   is selectivity (-). The predicted values against the measured values can be seen in 

Figure 15. 
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Figure 15: Predicted selectivity against observed selectivity 

The maximum deviation between the measured selectivity and selectivity predicted by the 

fitted model is around 0.1 which is an acceptable uncertainty in these experiments. It should 

be noted, that multicollinearity is present as the total Hansen parameter is to some extent 

temperature and pressure-dependent. The correlation of the  -  pair is 0.86 while that of the 

 -   pair is -0.365. While prediction outside the observed design space prediction may be 

inaccurate due to multicollinearity, the model is appropriate to describe the observed values. 

II. 2.2.2 Experiments with ethanol 

Application of designed experiments 

I used the information obtained by the evaluation of the experiments with methanol in the 

application of designed experiments for the case in which the organic solvent is ethanol. I 

considered the three factors that were found to be appropriate to describe selectivity in the 

methanol experiments: pressure, temperature and the total Hansen parameter (HSP). 

However, due to the fact that the solubility parameter itself depends on the other two 

controlled parameters (temperature and pressure) the settings of the experiments in a designed 

experiment is not straightforward.  

Three parameters define HSP beside the organic solvent itself: carbon-dioxide–organic 

solvent ratio in the mixture, pressure and temperature. In order to tune HSP at any given set of 

pressure and temperature combination, the ratio of the solvent mixture is to be set. However, 

this ratio is constrained by the solubility of the ibuprofen and the solubility of the 

diastereomeric salt in the organic solvents. As experiments were designed with constant 

apparent concentrations of both the ibuprofen and of the salts in the GASF crystallizer, 

decreasing the amount of the organic solvent was limited by the solubility of the components 

in it. Increasing the amount of the organic solvent, which results in increased solubility of all 
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components of interest, was limited as well since no fractionation would be possible without 

diastereomeric salt precipitation. In practice due to the constraint, the design space is limited 

as HSP cannot be set to any values in the design space defined by temperature and pressure. 

One solution might be to decrease the range of the design space so that HSP can be varied 

between a chosen maximum and minimum, but it was undesired. To overcome the problem, I 

applied D-optimal design to approach orthogonality as much as possible.  

The expectation of the experimenters was that the selectivity of the antisolvent process can be 

described in ethanol as well by the linear effect of HSP, temperature and pressure. Moreover, 

to give space to other possible effects in the model the quadratic effects of temperature and 

pressure and the interaction of temperature and pressure were also desired to be evaluated. 

The experiment in an orthogonal design with which those effects can be estimated would 

contain 18 points (2×3
2
). The settings of the three factors in a 2×3

2 
design

 
can be seen in the 

first three columns of Table 18. Due to the limitation of the Hansen parameter at the 

corresponding temperature and pressure, the applicable settings of the factor can be seen in 

the fourth column. These settings are the closest to the settings of those in the third column 

that is practically achievable.  

Table 18: Candidate and chosen points for D-optimal design 

# p (MPa) T (ᵒC) δ* (MPa
0.5

) δ (MPa
0.5

) 

1 15 40 12 12.3 

2 15 40 14 13.3 

3 15 45 12 12.0 

4 15 45 14 12.9 

5 15 35 12 12.8 

6 15 35 14 13.7 

7 20 45 12 12.8 

8 20 45 14 13.7 

9 20 35 12 13.6 

10 20 35 14 14.0 

11 20 40 12 13.2 

12 20 40 14 14.0 

13 10 40 12 12.0 

14 10 40 14 12.4 

15 10 45 12 12.0 

16 10 45 14 12.1 

17 10 35 12 12.0 

18 10 35 14 12.8 

The experimenters preferred to reduce the number of experiments to 14. The D-optimal 

design method was used to construct a design with 14 points (chosen from among the 

practically achievable 18 points of the 2×3
2 

design) which allows the evaluation of quadratic 
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effects of temperature and pressure as well as linear effects of the parameters and cross-

product of temperature and pressure. TIBCO Statistica software was used to create the D-

optimal design with sequential algorithm (Dykstra [97]). The coloring in Table 18 marks the 

chosen points. Experiment #3, #8 and #17 were selected two times by the optimizing 

algorithm in order to attain D-optimality.  

The experimental results can be found in Table 19. There are varying differences between the 

Hansen values defined in the designed experiment (Table 18, δ column) and those are set in 

the experiments (Table 19, δ column). The reason for that it is hard to set the parameter to an 

exact value, therefore what was achieved in the experiments may differ from the ones defined 

in the design. The actual values that were set during the experiments were recorded and I 

performed the evaluation with the recorded values.  

Table 19: Data of the experiments with ethanol 

p (MPa) T (ᵒC) δ (MPa
0.5

) S (-) 

10 45 12.24 0.033 

10 40 12.70 0.107 

15 40 13.58 0.024 

20 45 13.99 0.012 

15 35 13.95 0.078 

20 45 14.03 0.000 

15 35 13.93 0.088 

10 35 12.02 0.559 

15 45 12.07 0.466 

10 35 12.02 0.517 

15 45 12.08 0.416 

15 40 12.54 0.477 

20 35 13.82 0.456 

20 40 13.43 0.416 

Model selection, residual analysis 

I found that the simplest model, which is linear in all the parameters is appropriate to describe 

the data, comparison is not needed with other models. The adjusted R
2 

is 0.99 while the 

residual variance is 0.000519. Note, that this residual standard variance is much smaller than 

the ones in the experiments with methanol as the solvent (s
2
=0.003). The experiments with 

methanol were performed for a long time with a difference of days or even weeks in the time 

points of the measurement. This may lead to uncontrolled factors (e.g. environmental 

conditions, changes in the quality of the chemical substances) appearing during this period to 

increase the variability of the measurements. The experiments with ethanol were performed 
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within a few days, and thus the measurements are less affected by the variability caused by 

uncontrolled factors.  

I carried out residual analysis with the selected model, but the details are not shown here. The 

assumptions of the regression analysis are verified, there was no sign of the model being 

inadequate. Also, no data was found to be an outlier. 

Model fitting 

The selectivity of the antisolvent fragmentation of ibuprofen from ethanol can be described by 

the temperature, the pressure and the Hansen solubility parameter. The fitted model is the 

following: 

                               (114) 

where   is pressure (MPa),   is temperature (°C),   is Hansen solubility parameter (MPa
0.5

) 

and   is selectivity (-). The predicted selectivity against the observed values can be seen in 

Figure 16. 

 

Figure 16: Predicted selectivity against observed selectivity 

Although the correlation of the independent variables in this experiment is somewhat smaller 

than those in the experiments with methanol, they are still large: 0.72 for the  -  pair and 

0.22 for the  -  pair. And thus, prediction and the estimation of the coefficients may be 

inaccurate, but the model is still appropriate to describe the observed selectivity in the 

experiment.  

It should be noted, however, that the lack of observations in the middle range of selectivity 

might make the extrapolation for that range questionable. However, the observations at low 

selectivity and those at higher selectivity still vary in the range of 0.0-0.1 and 0.4-0.55 which 

may be considered together as a reasonable range of selectivity, to support the appropriateness 

of the linear model for the whole interval.  
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Based on the results of experiments with methanol and ethanol, it can be stated that the 

description of the selectivity using only linear terms of temperature, pressure and the Hansen 

total parameter within the observed design space is a sound approach, which is also 

convenient due to its simplicity. The design space, regarding the temperature and pressure, 

maybe narrow, which is convenient to approximate response surface with a linear plane, but 

the variability in selectivity is rather great (0.0-0.5), which results in a sound description of 

the selectivity of the process. The applicability of such a model suggests the potential to 

describe GASF processes more generally, than the organic solvent-specific models presented 

in this section.  

II. 2.3 Evaluation of the experimental data: application of the Hansen components 

As the basic approach of the utilization of the total Hansen component in a model to describe 

selectivity was found to be appropriate, I took a more advanced approach, which may lead to 

a more generalized model. In this approach, instead of the total Hansen parameter, the Hansen 

components were applied to discount for the effects of the intermolecular forces in solubility 

individually. Moreover, I revised the temperature and pressure correction of the Hansen 

components in order to make them more accurate and as opposed to the original equations, 

make them substance-specific. The Hansen components as predictor variables were calculated 

for the organic solvent–CO2 mixture for each experiment as described in Section II. 1.2.2, and 

temperature and pressure correction were performed with the new suggested equations. 

Additionally, ridge regression was used to overcome the effects of multicollinearity present in 

the regression fitting, so the obtained models may be used to predict as well and not just as a 

description of the observed values.  

II. 2.3.1 Revised temperature and pressure correction of the Hansen components of 

methanol, ethanol and n-propanol 

Recall the formulas of Williams for temperature and pressure correction of the Hansen 

components: 

        .
    

 
/
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        .
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Williams derived these equations using physical-chemical approaches. The derivation of the 

formula of    does not employ any assumption regarding the quality of the liquid, therefore 

can be used universally, while the formula of    was derived for normal (nonassociating or 

van der Waals) liquids. It is not evident that the formula for    is universal and thus should be 

applied with caution. In the derivation of the formula for    the hydrogen bonding 

contribution to the total cohesive energy is applied. This contribution may be estimated by 

measuring the difference in the heat of vaporization of the investigated liquid (which shows 

strong hydrogen bonding, e.g. alcohols) and that of the hydrocarbon (or other nonpolar) 

homomorph. Bondi and Shimkin [98] showed that the approach may be applied with 

negligible error in the temperature range of 0 K and the boiling point of the substance. The 

values in Table 20 (from Bondi and Simkin [99]) was used by Williams in his derivation of 

the formula for   . The hydrogen-bonding parameter in the table,    is actually the hydrogen 

bond increment in the molar heat of vaporization caused by the given functional group. The 

constant in the exponent of Eq. (117) is to be obtained by the following formula: 

   
      

   
    (118) 

In Williams‟ calculation   is 0.00132 and obtained by taking the average of    /   values 

and the average of the hydrogen-bonding parameters over the different functional groups in 

Table 20 and substituting them in the numerator and denominator of Eq. (118), respectively. 

Table 20: Hydrogen-bonding parameter and its temperature derivative 

functional group 

   (cal/mol),  

hydrogen-bonding parameter 

   /    

(cal/mol°C) 

-OH (aliphatic) 4650 ± 400 -10 

-NH2 (aliphatic) 1350 ± 200 -4.5 

-CN (aliphatic) 550 ± 200 -7.0 

-COOH (aliphatic) 2750 ± 250 -2.9 

Therefore, Williams‟ formula for the temperature and pressure correction of    applies a 

generalization in which the hydrogen-bonding strength is taken as the average of the 

hydrogen-bonding strength of the investigated functional groups in Table 20, independently 

of the functional groups actually present in the substance for which the formula is used. To 

obtain more accurate and substance-specific values for methanol, ethanol and n-propanol, I 

revised the formulas of Williams.  

Similarly to Williams‟ approach, I considered the results of Bondi and Simkin [99] as well. 

Bondi and Simkin used experimental data from Rossini [100] and Fiock [101] to obtain    
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parameters for different alcohols (including methanol, ethanol and n-propanol) at different 

temperatures. The corrected data for methanol, ethanol and n-propanol can be found in the 

erratum [102] of Bondi and Simkin [99] and are showed here in Table 21. 

 

Table 21:    (cal/mol) values from the erratum of Bondi and Simkin at different temperatures 

 T (°C) 

Alcohol 0 30 60 90 120 150 

methanol 5500 5350 5200 4900 4500 3850 

ethanol 5600 5450 5200 4800 4400 3850 

n-propanol 5900 5600 5200 4900 4300 3800 

The hydrogen-bonding parameter for the -OH group in Table 20 is actually the average of the 

hydrogen-bonding parameters of ten different alcohols (from which only methanol, ethanol 

and n-propanol are considered here) at an arbitrary temperature of 100 °C.    /   in Table 

20 is the slope of the common regression line, fitted on the    values of the different alcohols 

for different temperatures. In Bondi‟s works [99, 102] the data are available for each alcohol 

and for a range of temperature, and thus liquid specific    and    /   values can be obtained 

for any temperature within the range. 

I applied four modifications to the formulas of Williams to obtain    and    /   specifically 

for methanol, ethanol and n-propanol at different temperatures. First, only the hydrogen-

bonding parameter for the -OH group is considered as the other functional groups are not 

relevant for aliphatic alcohols in Hansen parameters. Secondly, a regression curve is fitted on 

values in Table 21 for each alcohol instead of the common line to enable the calculation of 

   /   separately for each alcohol. Thirdly, based on the visualization of the observation in 

Table 21 a linear model may not be appropriate to describe the relationship between 

temperature and   , and due to the small sample sizes, it is hard to test the appropriateness of 

the linear fits. However, when a linear model is fitted for each solvent, the mid-range 

observations tend to be above the estimated line while the earliest and latest points tend to be 

below the estimated line. This suggests the need for a quadratic term and thus a quadratic 

model is used instead of the linear one. Finally, the temperature effect on    and    /   is 

taken into account instead of using only the values estimated at 100 °C. 

Based on the data in Table 21 the quadratic models describing the effect of temperature on    

for the three alcohols are: 

  (        )                            (119) 
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  (       )                          (120) 

  (        )                          (121) 

where   is the temperature (°C) for which the Hansen parameter    is calculated.  

 

 

From that, the temperature derivates are: 

   (        )                       (122) 

   (       )                    (123) 

   (        )                    (124) 

In Table 22 the values of    and        are given using the above equations for methanol 

ethanol and n-propanol for the temperature range relevant for the evaluated GASF 

experiments. While the values of    are rather close to each other at a given temperature, the 

differences in the derivatives are not negligible.  

Table 22: Estimated values of    (cal/mol) and        (cal/mol°C) 

  Temperature (°C) 

Solvents  35 40 45 50 55 

methanol 
    5378 5351 5321 5288 5251 

        -4.99 -5.68 -6.37 -7.06 -7.75 

ethanol 
   5405 5366 5324 5279 5232 

        -7.59 -8.10 -8.62 -9.14 -9.65 

n-propanol 
   5547 5490 5432 5372 5310 

        -11.14 -11.50 -11.86 -12.21 -12.57 

Recall the formula derived by Williams: 

             [  (      )    .
    

 
/
   

]    (125) 

where   is obtained by Eq. (118). In Williams‟ approach,   is universal and equals to 

0.00132, while in the formulas I have derived are obtained by calculating   with the liquid 

specific values of   (       ) and    (       )    from Eq. (119) – Eq. (121) and Eq. (122)–

Eq. (124), respectively. Accordingly, the formulas are: 

  (    )        (    )     [
             

                      (      )    .
    (    )

 
/
   

]  (126) 

  (    )        (    )     [
             

                      (      )    .
    (    )

 
/
   

]     (127) 

  (    )        (    )     [
             

                       (      )    .
    (    )

 
/
   

]  (128) 



98 

 

It should be noted, that    and        are estimated based on observations at the 

temperature range of 0 °C – 150 °C. While estimation by interpolation is justified, the derived 

formulas might be questionable above 150 °C, and extrapolation should be applied with 

caution. The calculated values of the hydrogen-bonding component are plotted against the 

temperature and pressure in Figure 17. It is apparent how the decrement in the component in 

the dimension of the temperature differs for the alcohols. It is the result of the application of 

the alcohol-specific   in the formula for temperature and pressure correction. This 

phenomenon suggests that the generalization that is used in the formula of Williams et al. 

[75] is an inappropriate approximation. The components are much less affected by pressure, 

and while it is not apparent by the plot, the    increases with increasing pressure. In the 

considered temperature and pressure range the solvents are in the liquid phase, and a similar 

pressure effect can be observed in Figure 2 in the work of Williams et al. [75] for liquid CO2.  

 

Figure 17: Calculated hydrogen-bonding component at different pressure and temperature 

 

II. 2.3.2 Experiments with methanol, ethanol and n-propanol 

The experiments that I evaluated in order to fit a mathematical model to describe selectivity, 

using the Hansen components are summarized in Table 23, while the data can be found in the 

supplementary tables. Some of the experimental results were obtained in the work of Lőrincz 

et al. [69] (and used in the evaluation process in Section II. 2.2) while some of them are 

unpublished.    

Table 23: Summary of the considered experiments 

Organic 

solvent 
Resolving agent 

Number of 

experiments 
Temperature (°C) Pressure (MPa) 

methanol (R)-1-methylbenzylamine 40 35-55 10-21 
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ethanol (R)-1-methylbenzylamine 19 35-45 10-20 

n-propanol (R)-1-methylbenzylamine 27 35-45 10-20 

The data obtained in the experiments are evaluated to find a relationship between the Hansen 

solubility components and the selectivity of the process. My aim was to describe the results 

from the three solvents with a single equation.  

 

Model fitting 

Considering model selection and residual analysis, I found the following model to be 

appropriate to describe selectivity, using the OLS method: 

                                                     (129) 

where   is the selectivity,   is the pressure (MPa),   is the temperature (°C),   ,    and    are 

the Hansen solubility parameters (MPa
0.5

) and   is an alcohol-dependent parameter:     for 

methanol,         for ethanol and         for propanol. The effect of    is included in 

the model but it was found to be non-significant (p=0.47). The correlations of the continuous 

variables can be found in Table 24.  

Table 24: Correlation matrix of the independent variables in Eq. (129) 

              

  1.00 -0.06 0.76 0.71 0.54 

   1.00 -0.56 -0.48 -0.50 

     1.00 0.94 0.83 

      1.00 0.87 

       1.00 

Due to the high correlations present in the experimental design, the true nature of the effects 

of the independent variables in the description of selectivity is not necessarily reliable. For 

example, with decreasing temperature,    increases (Eq. (93)) and thus it may be that the 

effect of    which is found to be positive, is actually the effect of temperature being realized. 

Thus, it cannot be reliably stated whether increment of    increase the selectivity 

independently from the temperature. To decrease the potential effects of multicollinearity, and 

thus increase the reliability of the identification of the true nature of the effects, I applied 

ridge regression. I chose λ, the bias introduced into the estimation by examination of the ridge 

trace and estimated      values based on the 10-fold cross-validation method using the 
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„glmnet‟ package in R. The ridge trace can be seen in Figure 18, while the estimated      

values and their ±1 standard error range can be seen on Figure 19. 

 

Figure 18: Ridge trace of the coefficients 

 

 

Figure 19: Estimated      values with their ±1 standard error range 

λ= 0.005 were chosen based on the value at which in the ridge trace plot the coefficients are 

somewhat stabilized, while the increase in      is acceptable.  

The estimated ridge model is then: 

                                                    (130) 

where      for methanol and           for ethanol and            for propanol. The 

model suggests that the selection of the alcohol has a negligible effect on selectivity when 

methanol, ethanol, and n-propanol are considered. It is worth noting, that the sign of the 

coefficient of    is changed when ridge regression is applied instead of the OLS model. The 
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goodness-of-fits can be observed in Figure 20 and Figure 21. The plots show the predicted 

selectivity against the observed values for the least-squares model and the ridge model.  

 

Figure 20: Predicted against the observed values using the OLS model 

 

Figure 21: Predicted against the observed values using the ridge model 

The plot of the ridge model looks less appropriate; it is the effect of the bias that is introduced 

in the ridge estimation. The purpose of this plot is to show, that the introduced bias is not too 

great, and the description of the observed values by the ridge model remained meaningful. 

It can be stated that the goodness-of-fit of the ridge model is acceptable with a maximum 

deviation of 0.2. It should be noted that the results for the different solvents were obtained in a 

wide range of time, and thus uncontrolled factors may affect the variability to a great extent.  

To examine the predictive accuracy of the ridge model, 40 observations were selected 

randomly as the validation set, and the remaining 46 points were used as the training set. The 

selectivity obtained from the ridge model with λ= 0.005 estimated from the training set was 

plotted against all of the observed values (Figure 22). 
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Figure 22: Selectivity predicted by the training set (red) against all the observed values 

The predictive accuracy for new observations is acceptable of the ridge model, with a 

maximum deviation of around 0.25 for the observed training and validate set. Thus, the ridge 

model in Eq. (130) is appropriate to describe the dataset and to use it to predict selectivity.  
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II. 3 Short summary of Chapter II. 

I found that a simple model employing the linear effects of temperature, pressure, and the 

total Hansen parameter is appropriate to describe the selectivity of a gas antisolvent 

fractionation based optical resolution. The model was shown to be appropriate in two 

different organic solvents for the description of the measured selectivity. I also applied D-

optimal designed experiments to study a GASF process. It is found to be a useful approach to 

decrease the number of experiments typically used in non-designed experiments and also 

resulted in reduced mean squared deviation from 0.000519 to 0.003.  

After the foundation of the simple model, I aimed for a more advanced equation, which 

employs the Hansen components so that the intermolecular forces can be considered 

individually. I also suggested new formulas for substance-specific calculation of the 

temperate and pressure correction of the Hansen components, increasing the accuracy of these 

parameters. A simple linear model once again was found to be appropriate to describe the 

observed selectivity. However, multicollinearity is present in the dataset. To decrease the 

effects of multicollinearity, I used ridge regression to obtain a more reliable estimation of the 

coefficient. The goodness-of-fit of the ridge model and the good prediction accuracy imply 

that the model provides an appropriate estimation of the coefficients.  

The applied statistical techniques, namely (D-optimal) DOE, least squares regression analysis, 

and ridge regression allowed for an advanced study of the GASF based optical resolution 

processes and may be applied in further investigation of different GASF processes to help to 

mathematically describe, predict and optimize them.  
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Summary 

In my work, I used applied statistics to solve problems that arise in pharmaceutical stability 

studies and high-pressure experimentation. My contribution to those fields is the presentation 

and suggestion of new techniques to detect certain anomalies and to serve various better than 

those that are suggested or used in the literature. 

The purpose of on-going pharmaceutical stability studies is to check whether the on-going 

production provides at least the same quality of the drugs as the quality claimed during the 

registration of the product. The official guide (ICH Q1E) is available to help to evaluate 

stability data, the purpose of the guide is to give help for stability studies conducted for the 

registration phase. However, additional important statistical methods that are crucible in the 

evaluation of stability studies are not considered in the guide. Also, the appropriateness of the 

methods suggested in the literature for problems that may arise in the evaluation of stability 

studies is questionable. I revised two methods presented in the literature, which were 

suggested to use in on-going stability studies. 

The first method is the detection of out-of-trend (OOT) results within one batch, that is 

detection of outlier points in a study. When outlier points are present in stability studies, the 

estimate of the shelf life is distorted, which may result in products with inferior quality 

reaching the patients. The suggested regression control chart in the literature for stability 

studies is an adequate method, however, the approach, which is used to calculate the control 

limits is not sound. In the suggested method the parameters (intercept, slope and residual 

variance) of the true line are assumed to be known, which is unjustified as the sample size 

rarely exceeds eight points in a single study. Another approach suggested in the literature is 

the by-time-point method, which is also suggested to be used with known parameters. I 

showed that both of the methods (regression control chart and by-time-point) that assume 

known parameters or apply tolerance interval are inappropriate to use in pharmaceutical 

stability studies. 

I suggested a new approach that uses the prediction interval and does not assume known 

parameters, that is, it takes the uncertainty of the estimates into account in the calculation of 

the control limits. I showed by a simulation study that the earlier suggested approach results 

in a probability of the type I error that deviates from the desired probability to a great extent. 

The probability of the type I error in the earlier approach almost reaches 50 %, which means 

that on average in every 2nd control chart the first point is detected as an outlier. This is an 

unacceptable level which shortly would result in the ignoration of the control chart method in 



 

107 
 

the process of quality control. My proposed method was shown to maintain the chosen, 

desired probability of type I error. Moreover, I advanced the detection of outlier points, by 

using information from stability data from earlier studies. I suggested calculations of the 

control limits depending on the ANCOVA model, which is found to be appropriate to 

describe the relation of the regression lines of the stability studies. I showed by power 

calculation that applying information from even just one earlier batch, considerably increases 

the effectiveness of the OOT detection. Also, I found that the approach, which takes the 

appropriate ANCOVA model into account improves the effectiveness of OOT detection even 

further. The application of my suggested method results in an increased probability of 

detection of outlier points, while the probability of type I error is maintained at the desired 

level.  

I also revised the by-time-point method and suggested the application of prediction interval 

and calculation that takes the uncertainty of the estimates into account.  

The second literature method to be applied in on-going stability studies is intended to detect 

OOT batch. The quality of the drug produced in OOT batches deviates from the quality of the 

drug produced in an in-control process. Undetected OOT batch may result in products with 

inferior quality reaching the patients. The suggested method in the literature to be used in 

pharmaceutical stability studies is the slope control chart, which is used to monitor the slopes 

of the regression lines obtained from stability data in each batch. The tolerance interval 

approach is used in the calculation of the control chart.  

I revised the suggested slope control chart method and suggested a multivariate approach in 

which the slope and the intercept of the batches are monitored in a Hotelling‟s T
2
 chart. The 

calculation of the control limits takes the uncertainty of the parameter (expected value of the 

intercept and slope, and their covariance) estimates into account and uses the prediction 

interval approach instead of the tolerance interval.  

I suggested a third method, besides the detection of OOT point and OOT batch to use in 

pharmaceutical studies to improve the evaluation process. The purpose of this method is to 

detect whether model misspecification is present. When the model is misspecified, that is, the 

form of the fitted model does not agree with the form of the true model, the estimated shelf 

life is distorted, which results in unreliable quality control. In the literature, there is no method 

suggested to be used to overcome the problem of model misspecification in stability studies. 

The difficulty in the case of stability studies is that the sample size in a study is extremely 
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small, and thus the methods generally applied in the literature for detection of model 

misspecification are inappropriate. 

I developed four test statistics that may be applied to test the appropriateness of the fitted 

model. The tests utilize information from earlier batches. It is not required for the regression 

lines to have the same set of true parameters (e.g. true slope and intercept) but the common 

residual variance is required. I showed by a simulation study, that the derived test statistics 

follow the distribution defined by me, and thus the probability of type I error agrees with the 

chosen, desired one. I also conducted a simulation study to investigate the effectiveness of the 

tests in different situations. I found that two of the tests have acceptable effectiveness in the 

detection of model misspecification, and thus should be applied in pharmaceutical stability 

studies to verify the appropriateness of the fitted model. 

 

In the second part of my work, I used applied statistics in the evaluation of experimental data 

obtained in the gas antisolvent fractionation (GASF) based optical resolution of ibuprofen. 

The work aimed to construct a mathematical model describing the selectivity of the GASF 

process. It was known before, that the selectivity can be affected by temperature, pressure, the 

ratio of the organic solvent, and the antisolvent (supercritical CO2). GASF processes include 

three subprocesses: diastereomeric salt formation, precipitation, and extraction. The idea was 

that the temperature and pressure might mostly affect the chemical reaction, while the Hansen 

solubility parameter might mostly affect the subprocess of precipitation and extraction. Thus, 

a mathematical model including the temperature, pressure, and the Hansen parameter might 

be able to describe the selectivity of GASF processes.  

First, I evaluated a dataset obtained in a GASF based optical resolution of ibuprofen using 

methanol as the organic solvent. I applied model selection and residual analysis methods, a 

linear model containing the linear effects of the temperature, pressure, and the total Hansen 

component were found to be appropriate to describe selectivity.  

Secondly, the GASF experiment was performed using ethanol as the solvent. A similar model 

was expected to be obtained as the model in the case of methanol. I applied the design of 

experiments method to define the factor settings. Due to the restricted nature of the design 

space, I used D-optimal design, to approach orthogonality as closely as possible. The design 

was constructed in a way, that the linear effects of the factors (temperature, pressure, and 

Hansen parameter), the quadratic effects of temperature and pressure, and the interaction of 

temperature and pressure can be estimated. The evaluation of the experiments which were 
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performed according to the D-optimal design resulted in a linear model with linear effects of 

the temperature, pressure, and the Hansen parameter, similar to the model in the case of 

methanol  

These findings imply that the selectivity of GASF processes may be generally described using 

temperature, pressure, and the Hansen parameter. Although Hansen parameters were 

investigated before in the literature in connection with high-pressure experimentations, such a 

mathematical model was never defined before, and the effects of the factors were studied only 

individually. The results made an advancement to our knowledge regarding GASF processes. 

My presented work can be used to study new GASF processes more effectively, using 

designed experiments employing the temperature, pressure, and the Hansen parameter as 

factors. Also, experimental results of GASF processes can be evaluated in a more complex 

way than studying only the individual effects of the factors following the presented model 

construction method. 

After that the simple equation was found to be appropriate to describe selectivity in two 

different cases (methanol and ethanol as solvents), I applied more advanced approaches to 

further investigate GASF processes. New data were available, which included results from a 

new investigated system, in which the organic solvent was n-propanol. My new aim was to 

use the Hansen components, which partition the total Hansen parameter according to the 

different intermolecular forces in model building to describe and potentially predict 

selectivity. Also, I intended to construct the model in a way that it can be used to describe all 

observations regardless of the organic solvent, which is used in the experiment.  

Application of the Hansen components requires temperature and pressure correction of the 

reference values of the components. I found that the widely applied formula for the correction 

of one of the components,    use crude approximation and not substance-specific. I derived 

new substance-specific formulas for temperature and pressure correction of    for methanol, 

ethanol, and n-propanol. 

The difficulty in the construction of a model that can describe and potentially predict 

selectivity is that the predictors are correlated, that is multicollinearity is present. To 

overcome this problem, which may result in increased value and uncertainty of the 

coefficients in the equation, besides the ordinary least square (OLS) regression, I applied 

ridge regression. An OLS model including the linear effects of the temperature, pressure, and 

the Hansen components were found to be appropriate to describe selectivity. Due to the 

presence of multicollinearity this model may not be appropriate to define the individual true 
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effects of the factors based on the coefficients. In the ridge model, one of the Hansen 

components (  ) changed sign, while the coefficients of the other two components (     ) 

shrank toward zero as the result of the ridge method. In the ideal situation, the effects of 

multicollinearity are decreased with the ridge estimation to the point where the ridge model 

presumably reveals the true nature of the effects of the factors. I showed that when the dataset 

was partitioned into a training set and validation set, the model fitted on the data in the 

training set is appropriate to predict the data in the validation set with acceptable accuracy. 

The application of the Hansen components in the model building and the ridge regression to 

overcome the problem caused by multicollinearity may be used to further advance the 

prediction of GASF processes. I showed, that a simple equation is appropriate to describe and 

predict selectivity in the investigated systems, which implies that different systems may be 

described and predicted similarly with an equation including temperature, pressure, and the 

Hansen components.  
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Supplementary 

In the tables p is pressure, T is temperature, VCO2 is the molar volume of scCO2, Valcohol is the 

molar volume of the alcohol, Θalcohol is the volume fraction of the alcohol in the mixture, and 

δd(mix), δp(mix) and δh(mix) are the Hansen components for the mixture and S is the selectivity. 

Table 25: Experiments with ibuprofen as racemate and methanol as co-solvent 

p 

(MPa) 

T  

(°C) 

VCO2  

(cm
3
/mol) 

Valcohol 

(cm
3
/mol) 

Θalcohol 

(-) 

δd(mix) 

(MPa
0.5

) 

δp(mix) 

(MPa
0.5

) 

δh(mix) 

(MPa
0.5

) 

S  

(-) 

15 45 59.32 40.88 0.052 9.57 4.64 5.49 0.2911 

21 45 53.00 40.61 0.053 10.91 4.89 5.77 0.3741 

13 45 63.45 40.98 0.050 8.85 4.49 5.31 0.4017 

13 45 63.45 40.98 0.050 8.85 4.49 5.32 0.4261 

13 45 63.45 40.98 0.050 8.85 4.49 5.31 0.3172 

13 45 63.45 40.98 0.050 8.85 4.49 5.31 0.3510 

15 45 59.32 40.88 0.045 9.53 4.59 5.37 0.4331 

15 45 59.32 40.88 0.045 9.54 4.59 5.38 0.4353 

10 45 88.33 41.13 0.041 6.02 3.82 4.51 0.4390 

11 45 72.97 41.08 0.048 7.53 4.21 4.99 0.5195 

12 45 66.91 41.03 0.051 8.33 4.40 5.21 0.5016 

13 45 63.45 40.98 0.052 8.86 4.51 5.36 0.4337 

14 45 61.09 40.93 0.053 9.26 4.59 5.44 0.4423 

15 45 59.32 40.88 0.052 9.57 4.64 5.49 0.3775 

16 45 57.91 40.83 0.053 9.85 4.70 5.57 0.3330 

17 45 56.75 40.79 0.054 10.08 4.74 5.62 0.2554 

18 45 55.76 40.74 0.060 10.32 4.83 5.77 0.3742 

19 45 54.91 40.70 0.048 10.45 4.77 5.60 0.2578 

20 45 54.15 40.65 0.053 10.64 4.84 5.72 0.2946 

21 45 53.00 40.61 0.052 10.91 4.88 5.75 0.2544 

15 35 54.00 40.43 0.052 10.68 4.84 5.78 0.3986 

15 55 67.35 41.36 0.049 8.25 4.36 5.09 0.3029 

10 55 135.39 41.62 0.049 3.86 3.25 3.90 0.0313 

10 35 61.74 40.66 0.051 9.14 4.55 5.45 0.4439 

20 55 58.32 41.11 0.052 9.75 4.67 5.45 0.2431 

20 35 50.84 40.21 0.053 11.47 4.98 5.95 0.3255 

10 55 135.39 41.62 0.055 3.93 3.31 4.02 0.0153 

10 55 135.39 41.62 0.045 3.82 3.22 3.84 0.0976 

20 45 54.15 40.65 0.052 10.64 4.83 5.71 0.2490 

15 45 59.32 40.88 0.052 9.57 4.64 5.49 0.3497 

10 45 88.33 41.13 0.041 6.02 3.82 4.51 0.4583 

10 55 135.39 41.62 0.040 3.77 3.17 3.75 0.0150 

10 45 88.33 41.13 0.041 6.02 3.82 4.51 0.4654 

15 45 59.32 40.88 0.052 9.58 4.65 5.50 0.3687 

20 45 54.15 40.65 0.052 10.64 4.83 5.70 0.2346 

15 45 59.32 40.88 0.052 9.58 4.65 5.50 0.3283 

15 45 59.32 40.88 0.026 9.42 4.43 5.04 0.5409 

15 45 59.32 40.88 0.039 9.50 4.54 5.27 0.3882 
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15 45 59.32 40.88 0.054 9.58 4.66 5.52 0.3283 

15 45 59.32 40.88 0.052 9.57 4.64 5.49 0.3285 

Table 26: Experiments with ibuprofen as racemate and ethanol as co-solvent 

p 

(MPa) 

T  

(°C) 

VCO2  

(cm
3
/mol) 

Valcohol 

(cm
3
/mol) 

Θalcohol 

(-) 

δd(mix) 

(MPa
0.5

) 

δp(mix) 

(MPa
0.5

) 

δh(mix) 

(MPa
0.5

) 

S  

(-) 

10 45 88.33 59.23 0.122 6.86 4.11 5.62 0.0330 

10 40 70.01 58.91 0.121 8.53 4.48 6.06 0.1060 

15 40 56.41 58.61 0.121 10.60 4.87 6.50 0.0240 

20 45 54.15 58.63 0.122 11.05 4.95 6.54 0.0120 

15 35 54.00 58.31 0.121 11.10 4.96 6.62 0.0790 

20 45 54.15 58.63 0.122 11.05 4.95 6.54 0.0050 

15 35 54.00 58.31 0.121 11.10 4.96 6.62 0.0910 

10 35 61.74 58.60 0.035 9.07 4.30 5.08 0.5650 

15 45 59.32 58.92 0.031 9.47 4.36 5.03 0.4770 

10 35 61.74 58.60 0.035 9.07 4.30 5.08 0.5320 

15 45 59.32 58.92 0.031 9.47 4.36 5.03 0.4220 

15 40 56.41 58.61 0.030 10.06 4.47 5.18 0.4870 

20 35 50.84 58.03 0.030 11.39 4.69 5.46 0.4830 

20 40 52.40 58.33 0.030 10.98 4.63 5.35 0.4300 

15 45 59.32 58.92 0.052 9.61 4.46 5.34 0.5546 

15 45 59.32 58.92 0.066 9.70 4.53 5.55 0.4944 

15 45 59.32 58.92 0.077 9.77 4.57 5.70 0.4084 

15 45 59.32 58.92 0.091 9.86 4.64 5.91 0.2701 

15 45 59.32 58.92 0.102 9.93 4.69 6.06 0.1469 

Table 27: Experiments with ibuprofen as racemate and n-propanol as co-solvent 

p 

(MPa) 

T  

(°C) 

VCO2  

(cm
3
/mol) 

Valcohol 

(cm
3
/mol) 

Θalcohol 

(-) 

δd(mix) 

(MPa
0.5

) 

δp(mix) 

(MPa
0.5

) 

δh(mix) 

(MPa
0.5

) 

S  

(-) 

15 45 59.32 75.41 0.045 9.56 4.34 5.14 0.3212 

15 35 54.00 74.70 0.059 10.75 4.57 5.60 0.3880 

15 40 56.41 75.05 0.057 10.21 4.47 5.43 0.4112 

20 35 50.84 74.37 0.058 11.52 4.69 5.73 0.4226 

20 40 52.40 74.71 0.057 11.11 4.62 5.61 0.4062 

10 40 70.01 75.41 0.075 8.15 4.10 5.21 0.4430 

10 45 88.33 75.79 0.080 6.43 3.72 4.81 0.2782 

15 35 54.00 74.70 0.118 11.07 4.70 6.33 0.1201 

10 35 61.74 75.05 0.102 9.53 4.41 5.84 0.2616 

10 35 61.74 75.05 0.057 9.22 4.29 5.28 0.4497 

20 45 54.15 75.06 0.054 10.68 4.55 5.46 0.3625 

20 45 54.15 75.06 0.098 10.91 4.65 5.99 0.0407 

20 40 52.40 74.71 0.107 11.36 4.74 6.21 0.1459 

15 45 59.32 75.41 0.092 9.86 4.45 5.72 0.2984 

15 45 59.32 75.41 0.109 9.97 4.50 5.92 0.1386 

15 45 59.32 75.41 0.123 10.06 4.53 6.10 0.1080 

15 45 59.32 75.41 0.137 10.14 4.57 6.27 0.0236 



114 

 

15 45 59.32 75.41 0.084 9.81 4.44 5.62 0.3041 

15 45 59.32 75.41 0.068 9.71 4.40 5.43 0.3337 

15 45 59.32 75.41 0.051 9.60 4.35 5.21 0.3944 

15 45 59.32 75.41 0.040 9.53 4.32 5.07 0.3212 

15 45 59.32 75.41 0.076 9.76 4.41 5.52 0.3244 

15 45 59.32 75.41 0.082 9.80 4.43 5.59 0.3875 

15 45 59.32 75.41 0.058 9.65 4.37 5.30 0.3070 

15 45 59.32 75.41 0.040 9.53 4.32 5.08 0.4492 

15 45 59.32 75.41 0.119 10.03 4.52 6.05 0.0698 

15 45 59.32 75.41 0.045 9.56 4.34 5.15 0.4064 
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