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Introduction

The history of graph theory started already in the 18th century, but for a

long time it was not considered to be a serious science. It started to gain

some respect with the appearence of computers in the middle of the 20th

century. Many major results that are essential nowdays in computer science

where proved in those days. Today graph theory is respected area of both

computer science and mathematics.

In the present thesis I summerize my contribution to graph theory in the

area of paths, cycles and factors in graphs and hypergraphs.

Paths and cycles are fundamental notions of graphs, their role also shows

in many practical application in computer science. Factors of a graphs are

generalizations of this notion, it is a well studied area especially in Hungary.

In this thesis I include 3 of my papers in this area.

The corresponding notions in hypergaphs where also studied in the past

30 years, but research in this area was boosted in 1999 when my paper with

H. Kiersted appeared [9]. Since then more then 70 pepers where written on

this topic. I present 6 of my papers about such results.
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1 Paths, cycles and factors in graphs

1.1 (1, f)-odd subgraphs

In [8] we deal with a special case of the degree prescribed subgraph problem,

introduced by Lovász [43]. This is as follows. Let G be an undirected graph

and let ∅ 6= Hv ⊆ N ∪ {0} be a degree prescription for each v ∈ V (G). For a

spanning subgraph F of G, define δFH(v) = min{| degF (v)− i| : i ∈ Hv}, and

let

δFH =
∑

v∈V (G)

δFH(v) and δH(G) = min
F
δFH,

where the minimum is taken over all the spanning subgraphs F of G. A

spanning subgraph F is called H-optimal if δFH = δH(G), and it is an H-

factor if δFH = 0, i.e., if degF (v) ∈ Hv for all v ∈ V (G). The degree prescribed

subgraph problem is to determine the value of δH(G).

An integer h is called a gap of H ⊆ N ∪ {0} if h /∈ H but H contains

an element less than h and an element greater than h. Lovász [45] gave a

structural description on the degree prescribed subgraph problem in the case

where Hv has no two consecutive gaps for all v ∈ V (G). He showed that

the problem is NP-complete without this restriction. The first polynomial

time algorithm was given by Cornuéjols [28]. It is implicit in Cornuéjols [28]

that this algorithm implies a Gallai–Edmonds type structure theorem for

the degree prescribed subgraph problem, which is similar to – but in some

respects much more compact than – that of Lovász’.

The case when an odd value function f : V (G) → N is given and Hv =

{1, 3, 5, . . . , f(v)} for all v ∈ V (G), is called the (1, f)-odd subgraph problem.

We denote δH(G) = δf (G). This problem is much simpler than the general

case due to the fact that only parity requirements are posed. The (1, f)-odd

subgraph problem was first investigated by Amahashi [23], who gave a Tutte

type characterization of graphs having a [1, n]-odd factor, where n ≥ 1 is an

odd integer. A Tutte type theorem for a general odd value function f was

proved by Cui and Kano [51]. We then gave a Berge type minimax formula
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on δf (G) in [6]:

Thesis 1.1 ([6]). The order of a maximum (1, f)-odd subgraph H of a graph

G is given by

|H| = |G| − max
S⊆V (G)

{o(G− S)−
∑
x∈S

f(x)},

where o(G− S) is the number of odd components of G− S.

We also showed another property of (1, f)-odd subgraphs, which is a

generalization of the following property of matchings.

Theorem 1.1 ([32]; [46] p.88). Let G be a graph, and B and R be subsets

of V (G) such that |B| < |R|. If there exists a matching which covers B and

one which covers R, then there exists a matching which covers B and at least

one vertex of R \B.

Thesis 1.2 ([6]). Let G be a graph, and B and R be subsets of V (G) such

that |B| < |R|. If there exists a (1, f)-odd subgraph which covers B and one

which covers R, then there exists a (1, f)-odd subgraph which covers B and

at least one vertex of R\B. In particular, every maximal (1, f)-odd subgraph

is a maximum (1, f)-odd subgraph.

1.2 Structure theorem

In [7] we prove a Gallai–Edmonds type theorem on the (1, f)-odd subgraph

problem, first we give the necessary definitions.

For a graph G, define

τ(G) = the order of a maximum (1, f)-odd subgraph of G.

For any vertex x of G, we denote by Gx the graph obtained from G by

adding a new vertex w together with a new edge wx and define f(w) = 1.

Let D(G) denote the set of all vertices x of G such that τ(Gx) = τ(G) + 2.

Let A(G) be the set of vertices of V (G)−D(G) that are adjacent to at least
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one vertex in D(G). Finally, define C(G) = V (G) − D(G) − A(G). Then

V (G) is decomposed into three disjoint subsets

V (G) = D(G) ∪ A(G) ∪ C(G). (1)

Note that if f(x) = 1 for all vertices x of G, then a maximum (1, f)-odd

subgraph is a maximum matching and a vertex y satisfies τ(Gy) = τ(G) + 2

if and only if y is not contained in a certain maximum matching in G, and

thus the above decomposition V (G) = D(G) ∪ A(G) ∪ C(G) becomes the

Gallai-Edmonds decomposition ([46] p.94).

C(G)

D(G)

A(G)
u

v

Figure 1: Decomposition V (G) = D(G)∪A(G)∪C(G), with f(v) = 1, f(u) =

3 and one uncovered vertex.

Thesis 1.3 ([7]). Let G be a graph, and V (G) = D(G) ∪ A(G) ∪ C(G)

the decomposition defined in (1). Then the following statements hold (see

Figure 1):
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(i) Every component of 〈D(G)〉G is critical with respect to (1, f)-odd factor.

(ii) 〈C(G)〉G has a (1, f)-odd factor.

(iii) Every maximum (1, f)-odd subgraph H of G covers C(G) ∪ A(G), and

for every vertex x ∈ A(G), degH(x) = f(x) and every edge of H inci-

dent with x joins x to a vertex in D(G).

(iv) The order |H| of a maximum (1, f)-odd subgraph H is given by

|H| = |G|+ ω(〈D(G)〉G)−
∑

x∈A(G)

f(x), (2)

where ω(〈D(G)〉G) denotes the number of components of 〈D(G)〉G.

In [8] we show a new approach to the (1, f)-odd subgraph problem. Ac-

tually, it is worth allowing f to have also even values and defining Hv equal

to {1, 3, . . . , f(v)} or {0, 2, . . . , f(v)}, according to the parity of f(v). We

call this the f -parity subgraph problem. We show an easy reduction of the

f -parity subgraph problem to the matching problem, and we show that this

reduction easily yields the above mentioned Gallai–Edmonds and Berge type

theorems on the f -parity subgraph problem.

To show this we use the auxiliary graph defined below:

Definition 1.2 ([8]). For a graph G and a function f : V (G) → N, define

Gf to be the following undirected graph. Replace every vertex v ∈ V (G) by a

new complete graph on f(v) vertices, denoted by Kf(v), and for each pair of

vertices u, v ∈ V (G) adjacent in G, add all possible f(u)f(v) edges between

Kf(u) and Kf(v). Let Vf(v) = V (Kf(v)).

The constant function f ≡ 1 is simply denoted by 1. Observe that G1 =

G, |V (Gf )| = f(V (G)) and that Vf(v) 6= ∅ for every v ∈ V (G). There is a

strong connection between the maximum matchings of Gf and the optimal

f -parity subgraphs of G. Note that the size of a maximum matching of G is

just |V (G)| − δ1(G).
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Thesis 1.4 ([8]). For every optimal f -parity subgraph F of G, there exists a

matching M of Gf such that |V (M)| = f(V (G))−δFf . Moreover, if degF (w) ∈
{. . . , f(w) − 3, f(w) − 1} for a vertex w ∈ V (G) then M can be chosen to

miss a prescribed vertex x ∈ Vf(w). On the other hand, for every maximum

matching M of Gf there exists a spanning subgraph F of G such that δFf =

f(V (G)) − |V (M)|. Moreover, if M misses a vertex in Vf(w) for some w ∈
V (G) then F can be chosen such that degF (w) ∈ {. . . , f(w) − 3, f(w) − 1}.
In particular, δf (G) = δ1(Gf ).

By Thesis 1.4,G is f -critical if and only ifGf is factor-critical. The Gallai–

Edmonds structure theorem for the f -parity subgraph problem follows from

the classical Gallai–Edmonds theorem easily and it is easy to derive a Berge-

type formula of Thesis 1.1 as well.

1.3 f-elementary graphs

In [8] we also generalize some results on elementary graphs, obtained in

Lovász [44], to the f -parity case.

Definition 1.3. Let G be a connected graph and f : V (G) → N. An edge

e ∈ E(G) is said to be f -allowed if G has an f -parity factor containing e.

Otherwise e is f -forbidden. The graph G is said to be f -elementary if the

f -allowed edges induce a connected spanning subgraph of G. The graph G is

weakly f -elementary if G2 is f -elementary, where G2 is the graph obtained

from G by replacing every edge e ∈ E(G) by two parallel edges.

A 1-elementary graph is briefly called elementary. An f -elementary graph

is weakly f -elementary, but not vice versa: G = K2 with f ≡ 2 is weakly

f -elementary but not f -elementary. These classes coincide if f = 1. Lemma

1.4 justifies why we introduced the weak version of f -elementary graphs.

Lemma 1.4 ([8]). Gf is elementary if and only if G is weakly f -elementary.

The f = 1 special cases of the following two theorems can be found in

Lovász and Plummer [46] (Theorems 5.1.3 and 5.1.6). Using our reduction,

these special cases imply both Thesis 1.5 and 1.6.
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Thesis 1.5 ([8]). A graph G is weakly f -elementary if and only if δf (G) = 0

and Cf−χw(G) = ∅ for all w ∈ V (G).

Thesis 1.6 ([8]). A graph G is weakly f -elementary if and only if f -odd(G−
Y ) ≤ f(Y ) for all Y ⊆ V (G), and if equality holds for some Y 6= ∅ then

G− Y has no f -even components.

In the matching case the existence of a certain canonical partition of

the vertex set was revealed by Lovász [44] (Lovász, Plummer [46], Theorem

5.2.2). We cite this result.

Definition 1.5. A set X ⊆ V (G) is called nearly f -extreme if δf−χX
(G) =

δf (G) + |X|. Besides, X is f -extreme if δf (G−X) = δf (G) + f(X).

It is clear that δf−χX
(G) ≤ δf (G) + |X| and δf (G−X) ≤ δf (G) + f(X)

for every X ⊆ V (G). Nearly 1-extreme and 1-extreme sets coincide.

Theorem 1.6 (Lovász [44]). If G is elementary then the maximal barriers

of G form a partition S of V (G). Moreover, it holds that

1. for u, v ∈ V (G), the graph G−u−v has a perfect matching if and only

if u and v are contained in different classes of S, (hence an edge xy of

G is 1-allowed in G if and only if x and y are contained in different

classes of S),

2. S ⊆ V (G) is a class of S if and only if G−S has |S| components, each

factor-critical,

3. X ⊆ V (G) is 1-extreme if and only if X ⊆ S for some S ∈ S.

Lemma 1.4 implies the analogue of this result.

Thesis 1.7 ([8]). If G is weakly f -elementary then its maximal f -barriers

form a subpartition S ′ of V (G). Call the classes of S ′ proper, and add all

elements v ∈ V (G) not in a class of S ′ as a singleton class yielding the

partition S of V (G). Now it holds that
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1. for u, v ∈ V (G), the graph G has an (f − χ{u,v})-parity factor if and

only if u and v are contained in different classes of S (hence an edge xy

of G is f -allowed in G2 if and only if x and y are contained in different

classes of S),

2. S ⊆ V (G) is a class of S ′ if and only if G − S has f(S) components,

each f -critical,

3. X ⊆ V (G) is nearly f -extreme (f -extreme, resp.) if and only if X ⊆ S

for some S ∈ S (S ∈ S ′, resp.).

Remark It follows from Theorem 1.7 that S could be introduced as the

partition {X ⊆ V (G) : X is a maximal nearly f -extreme set of G}. Besides,

if X ⊆ V (G), |X| ≥ 2 is maximal nearly f -extreme, then X is an f -barrier

of G.

Corollary 1.7 ([8]). If G is f -elementary then an edge e is f -allowed if and

only if e joins two classes of S.

2 Paths and cycles in hipergraphs

2.1 Hamiltonian cycles

Let H be a k–uniform hypergraph on the vertex set V (H) = {v1, v2, . . . , vn}
where n > k. vn+x with x ≥ 0 denotes the same vertex as vx for simplicity

of notation. The set of the edges, k–element subsets of V , is denoted by

E(H) = {E1, E2, . . . , Em}.
In [9] we gave the following definition:

Definition 2.1. A cyclic ordering (v1, v2, . . . , vn) of the vertex set is called

a hamiltonian cycle iff for every 1 ≤ i ≤ n there exists an edge Ej of H such

that {vi, vi+1, . . . , vi+k−1} = Ej.
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Since an ordinary graph is a 2-uniform hypergraph, this definition gives

the definition of the hamiltonian cycle in ordinary graphs for k = 2. (As a

matter of fact, in the original paper the term chain was used instead of cycle,

but it seems that everyone prefers cycle.)

The first natural question was to find a Dirac type theorem for hamilto-

nian cycles. For this, we need to extend the definition of degree for hyper-

graphs.

Definition 2.2. The degree of a fixed l–tuple of distinct vertices, {v1, v2, . . . , vl},
in a k–uniform hypergraph is the number of edges of the hypergraph con-

taining all {v1, v2, . . . , vl}. It is denoted by d(k)(v1, v2, . . . , vl). Furthermore

δ
(k)
l (H) denotes minimum of d(k)(v1, v2, . . . , vl) over all l-tuples in H. (If k

is clear from the context, only δl(H) will be used.)

We conjectured that δ
(k)
k−1(H) ≥ bn−k+3

2
c implies the existence of the

hamiltonian cycle, and showed that this bound cannot be lowered. From

the other side, a Dirac type theorem was proved for any k, however, the

degree bound was far from being best possible.

Thesis 2.1 ([9]). If H = (V, E) is a k-uniform hypergraph on n vertices with

δk−1(H) >

(
1− 1

2k

)
n+ 4− k − 2

k
,

then H contains a hamiltonian cycle.

For k = 3 the above result requires roughly 5
6
n degree bound for each

pair of vertices, but it is conjectured that only 1
2
n is needed.

Now, more then a decade later, the problem is nearly settled. In [47]

Ruciński, Rödl and Szemerédi proved that the conjecture is asymptotically

true for k = 3, then in [49] the exact result was given in this case, together

with the analogous hamiltonian path result.

Theorem 2.3 ([49]). Let H = (V, E) be a 3-uniform hypergraph on n vertices

where n is sufficiently large. If δ2(H) ≥ b1
2
nc then H contains a hamiltonian

cycle. If δ2(H) ≥ b1
2
nc − 1 then H contains a hamiltonian path.
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For larger k values only the asymptotically sharp bound is known.

Theorem 2.4 ([48]). Let k ≥ 3, γ > 0, and let H = be a k-uniform hyper-

graph on n vertices where n is sufficiently large. If δk−1(H) ≥ (1
2

+ γ)n, then

H contains a hamiltonian cycle.

The proofs of the above results uses similar ideas that appear in the proof

of the celebrated Szemerédi Lemma, but as a result, the proof works only if

n is sufficiently large. Although this lower bound on n is not as large as in

the original Szemerédi Lemma, but is is still beyond “normal size”. So the

problem is still open for normal size hypergraphs, as well, as the exact degree

bound for larger k.

The above definition for hamiltonian cycle is very strict, the consecutive

edges in the cycle must intersect in k− 1 vertices. It is possible to relax this

condition, so one can define loose hamiltonian cycles. Extending the idea, we

can define cycles with various tightness.

Definition 2.5. A k-uniform hypergraph is called an l-cycle if there is a

cyclic ordering of the vertices such that every edge consists of k consecu-

tive vertices, every vertex is contained in an edge and two consecutive edges

(where the ordering of the edges is inherited from the ordering of the vertices)

intersect in exactly l vertices. Naturally, we say that a k-uniform, n-vertex

hypergraph H contains a hamiltonian l-cycle if there is a subhypergraph of H
which forms an l-cycle and which covers all vertices of H.

Note, that to “nicely close” the cycle it is necessary that (k − l)|n. The

previous tight hamiltonian cycle is a hamiltonian (k−1)-cycle. (Clearly (k−
(k − 1))|n always hold.)

The number of edges in a hamiltonian l-cycle is n
k−l , and n in a tight

hamiltonian cycle. Taking every (k− l)th edge from a tight hamiltonian cycle

yields a hamiltonian l-cycle. This shows that in any Dirac-type theorem for

hamiltonian l-cycles, the degree bound cannot be more than (1
2

+ o(1))n.

There are several interesting results on these l-cycles [37, 39, 40, 41].
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2.2 Extremal questions

The first natural extremal question, which already appeared in [9], asks for

the maximum number of edges in a uniform hypergraph containing no hamil-

tonian cycle.

For graphs the extremal case is a complete graph on (n − 1) vertices

completed by a vertex of degree one. It is trivial to prove that this graph

does not contain a hamiltonian cycle, but it is not straightforward to prove

that this is the extremal case.

For hypergraphs, even determining the extremal case looks more difficult.

An easy double-counting argument gives an upper bound, we count how many

hamiltonian cycles are destroyed if an edge is deleted from the complete

hypergraph.

Thesis 2.2 ([9]). If H is a k–uniform hypergraph on n vertices satisfying

|E(H)| ≥ n− 1

n

(
n

k

)
then H contains a hamiltonian (k − 1)-cycle.

At an earlier stage we found a construction with a fairly large number of

edges containing no hamiltonian cycle. Later better constructions were found,

but surprisingly this is still the best one in the special case when k = 3 and

3|(n− 1).

Thesis 2.3. For any n ≥ 6, if 3|(n − 1) then there exists a 3–uniform hy-

pergraph H(n, 3) which does not contain a hamiltonian cycle and satisfies

|E(H(n, 3))| =
(
n− 1

3

)
+ n− 1. (3)

This construction is the following. Let us partition the vertex set V −{vn}
into q sets V1, . . . , Vq such that |V1| = . . . = |Vq| = 3, since 3|(n − 1) this

is possible to do. The edge set E(H(n, 3)) consists of all 3–element subset

of V − {vn}, and all 2–element subset of Vi (1 ≤ i ≤ q) extended with the
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vertex vn. It follows immediately that (3) holds, and it is not so difficult to

see that this hypergraph does not contain a hamiltonian cycle.

In the general case the best construction is due to Tuza [50]. Using Steiner

systems he constructed hypergraphs with no hamiltonian cycles and

|E(H(n, k))| =
(
n− 1

k

)
+ (1− o(1))

(
n− 2

k − 2

)
.

With Frankl in [3] we improved the upper bound by extending the count-

ing argument. We count how many subhypergraphs are there in the complete

hypergraph, that contain a hamiltonian cycle, and at least 2 edges need to

be removed to destroy all hamiltonian cycles in this subgraph. Determining

the minimum number of edges in such hypergraphs leads to the following

improvement of the upper bound.

Thesis 2.4 ([3]). If H is a k–uniform hypergraph on n vertices satisfying

|E(H)| ≥
(
n

r

)(
1− 4k

(4k − 1)n

)
then H contains a hamiltonian (k − 1)-cycle.

Recently, Glebov, Persons and Weps have settled the 3-uniform case.

Theorem 2.6 ([36]). There exists an n0 such that for any n ≥ n0 the maxi-

mum number of edges in a k-uniform hypergraph containing no hamiltonian

(k − 1)-cycle is
(
n−1
3

)
+ n− 1 if 3|n− 1, and

(
n−1
3

)
+ n− 2 otherwise.

The exact value is still unknown for k ≥ 4.

Meanwhile, the above method raised problems that are interesting on

their own.

Definition 2.7. A hypergraph is r-edge-hamiltonian if by the removal of

any r edges a hamiltonian hypergraph is obtained. Let fk(n, r) denote the

minimum number of edges in an n-vertex k-uniform r-edge-hamiltonian hy-

pergraph.

In [3] lower and upper bounds are given for fk(n, r) in various cases.
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Thesis 2.5 ([3]). If n ≥ 6 then

14

9
n ≤ f3(n, 1) ≤ 11

6
n+ o(n),

2n ≤ f3(n, 2) ≤ 13

4
n+ o(n),

fk(n, 1) ≤ 4k − 1

2k
n+ o(n),

3

2
n ≤ f4(n, 1).

In [2] with Dudek and Żak we have some result on a similar extremal

question.

Definition 2.8. We say that a hypergraph H is hamiltonian path (cycle)

saturated if H does not contain a hamiltonian (k − 1)-path (cycle) but by

adding any new edge we create a hamiltonian (k − 1)-path (cycle) in H. Let

pk(n) (k ≥ 2) denote the minimum number of edges in a hamiltonian path

saturated k-uniform hypergraph on n vertices, and let ck(n) (k ≥ 2) denote

the minimum number of edges in a hamiltonian cycle saturated k-uniform

hypergraph on n vertices

Bollobás [24] posed the problem of finding the minimum number, c2(n),

of edges in a hamiltonian cycle saturated graph on n vertices. In 1972 Bondy

[25] proved that c2(n) ≥ d3n
2
e for n ≥ 7. Combined results of Clark, Entrigner

and Shapiro [27, 26] and Xiaohui, Wenzhou, Chengxue and Yuansheng [42]

show that this bound is sharp apart from a few smaller values of n. The

constructions are mostly tricky graphs based on Isaacs’ snarks (see [38]) and

generalized Petersen graphs. It was natural to ask the same question for

hamiltonian path saturated graphs. Dudek et al. [1] obtained using some

modification’s of Isaacs’ snarks that
⌊
3n−1

2

⌋
−2 ≤ p2(n) ≤

⌊
3n−1

2

⌋
for n ≥ 54.

The exact value p2(n) =
⌊
3n−1

2

⌋
for n ≥ 54 was determined by Frick and

Singleton [35].

In [2] with proved a general lower bound for pk(n), and upper bound for

p3(n).
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Thesis 2.6 ([2]).

pk(n) ≥
(
n
k

)
(k(n− k) + 1)

= Ω(nk−1).

Thesis 2.7 ([2]). If n ≥ 12, then

p3(n) ≤ 3
√

30

25
n5/2 + o(n5/2) = O(n5/2).

2.3 Shorter paths

In [4] we try to generalize the following result of Gallai for hypergraphs.

Theorem 2.9 (Erdős-Gallai [33]). Let G be a graph on n vertices containing

no path of length k. Then e(G) ≤ 1
2
(k − 1)n. Equality holds iff G is the

disjoint union of complete graphs on k vertices.

Of course, it would be possible to ask the question for l-cycles of Definition

2.5. We can get quite exact results regarding hypergraphs avoiding (k − 1)-

tight paths.

Thesis 2.8 ([4]). Let H be an extremal k-uniform hypergraph containing no

(k − 1)-tight path of length s. Then

(1 + o(1))
s− 1

k

(
n

k − 1

)
≤ |e(H)| ≤ (s− 1)

(
n

k − 1

)
However, if we use a different definition, then we can obtain sharper

results.

Definition 2.10. Fix k ≥ 2 and t, 1 ≤ t ≤ k − 1. A Berge path of length s

in a hypergraph is a collection of s hyperedges h1, . . . , hs and s + 1 vertices

v1, . . . , vs+1 such that for each 1 ≤ i ≤ s we have vi, vi+1 ∈ hi.
A t-tight Berge-path of length s in a k-uniform hypergraph is a Berge-path

on s+1 vertices {v1, v2, . . . , vs+1} and s hyperedges {h1, h2, . . . , hs} such that

consecutive hyperedges intersect in at least t points.
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So one the difference between the two definitions is that the consecutive

edges must intersect in exactly t vertices or at least t vertices. The other

difference is that in this definition a path must contain a different edge for

each vi, vi+1 along the path, which is not required in the previous definition.

Note that if t = 1, k = 2 then both definitions gives the same as the usual

definition for graphs.

Thesis 2.9 ([4]). Fix k ≥ 2 and t, 1 ≤ t ≤ k − 1. Fix s large. Let H be an

extremal k-uniform hypergraph on n vertices containing no t-tight Berge-path

of length s. Then

(1 + o(1))

(
n
t

)(
s
k

)(
s
t

) ≤ e(H) ≤
(
n
t

)(
s
k

)(
s
t

) .

Using this result in [36] the authors give an asymptotically tight bound

for the maximum number of edges in a hypergraph that doesn’t contain a

(k − 1)-cycle.

2.4 Related problems

In [3], to prove one of the bounds, the answer to the following question was

needed: What is the minimum number of edges in a graph which contains

a P4 (a path on 4 distinct vertices) even after the removal of any m of its

edges?

This question can be generalized in the following way.

Definition 2.11 (Stability). Let H be a fixed graph. If the graph G has the

property that removing any s edges of G, the resulting graph still contains a

subgraph isomorphic to H, then we say that G is m-edge-stable. If the graph

G has the property that removing any s vertices of G, the resulting graph still

contains a subgraph isomorphic to H, then we say that G is m-vertex-stable.

SE(H;n,m) denotes the minimum number of edges in a m-stable graph

on n vertices, and SE(H;m) denotes the minimum number of edges in any

m-stable graph (SE(m;H) = minn SE(H;n,m)). Similarly, SV (H;n,m) de-
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notes the minimum number of edges in a m-stable graph on n vertices, and

SV (H;m) = minn SV (H;n,m).

Problem 2.12. Determine SE(H;m) and SV (H;m) for a given graph H.

Note that for m fixed, SE(H;n,m) and SV (H;n,m) is decreasing in n,

as we can just add isolated vertices to get m-stable graphs on n+1, n+2, . . .

vertices. This implies that for any fixed m, SE(H;n,m) = SE(H;m) if n

is large enough. (Same holds, for SV (H;m). Also note that SE(H;m) and

SV (H;m) is strictly increasing in m.

Thesis 2.10 ([5]). Let P4 denote the path on 4 distinct vertices. Now SE(P4; 1) =

4, and if m ≥ 2, then SE(P4;m) = m+
⌈√

2m+ 9
4

+ 3
2

⌉
.

This proved the conjecture that appeared in [3].

The most interesting unsolved cases are SE(P5;m) and SE(C4;m). This

type of question can be also extended to hypergraphs. An interesting problem

is to determine SE(C(3)6 ;m).

Later several cases were solved about vertex stability.

Theorem 2.13 ([29, 31]).

SV (Ci;m) = i(m+ 1), for i = 3, 4,

SV (K4;m) = 5(m+ 1),

SV (Kn;m) =
(
n+m
2

)
, if n is large enough.

In [34] the extremal graphs for SV (Kn;m) were characterized in many

cases of n,m.

Theorem 2.14 ([30]). SV (Kn,m; 1) = mn+m+ n.
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