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Introduction

Graphical models (GM), structural equation modeling (SEM), and vector au-
toregression (VAR) are multivariate statistical techniques that deal with com-
plex models.

GM are probabilistic models with graphical representations of the underly-
ing joint distribution. At the core of GM lie various correspondences between
the conditional independence and the structural properties of the graph [5, 15].
SEM, on the other hand, constructs so called latent variables (LVs) and ex-
amines the causality structure between them by systems of simultaneous linear
equations. By definition, LVs are unobserved variables that are not measured
directly from the data, but are composed of one or more observed variables that
are measured from the data. VAR processes are stochastic process models. They
are used to capture the relationship between multiple variables (quantities) as
they change over time.

GM and SEM share some characteristics, especially in the Gaussian case. In
this case, the two approaches can be linked with time series analysis via causal
VAR processes.

This thesis presents the distinctive characteristics of GM and SEM. It inves-
tigates their different methods and how they are linked to each other. Further,
it enhances the usual VAR models with causal components in the Gaussian
case, in which GM and SEM can be connected. It consists of five intertwining
chapters. Chapter 1 examines simple GM [5]. Chapter 2 explores SEM [1, 2, 5].
Chapter 3 links SEM equations and Kálmán’s filtering technique [4]. Chap-
ter 4 enhances the higher order VAR models with contemporaneous causality.
Chapter 5 discusses the probabilistic contingency table models [3].

The main contributions of this dissertation are that we: 1) show the con-
nection between GM and SEM as well as their different techniques; 2) integrate
an estimation method that amalgamates two existing techniques to obtain the
specified SEM parameter matrices with respect to soft modeling; 3) consider
the SEM model equations as a linear dynamical system, for which a recursion
is introduced to predict the LV case values by introducing a filtering technique;
4) apply only block matrix approach to solve the VAR(p) processes in the un-
restricted and restricted cases; 5) extend the one-cluster model in the general
rectangular case of exponential family distribution to the multi-cluster scenario;
and 6) illustrate each proposed technique via demographic and sociological ap-
plications. Now, the fundamental contributions are presented.
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1. Graphical Models

This chapter investigates simple GM that are amalgamated into a more general
chain graph structure via recursive regressions and partial correlations. The
main contribution is fitting a regression graph model to a real-life data. We set
up the chain graph components and used the regression protocol to examine the
role of each variable in the model [5].

1.1 Application to Fitting a Regression Graph
Model

The goal is to investigate to what extent the background characteristics of the
married couples (age and years of education) influence the woman’s age at first
marriage, family’s wealth index, total number of births the woman had, and
for how long the woman uses any contraception method. Further, how these
variables affect the ideal number of children the woman thinks a family should
have. To do so, we fit a regression graph model to the 2014’s Egypt Demographic
and Health Survey(EDHS). A random sample of size 626 urban married women
aged 20-49 years is considered.

Figure 1.1 shows the first ordering of the variables within the chain compo-
nents. The oldest vertex has the highest label and the youngest has the lowest
label (one). In this way, k can be the cause of j, only if, k > j. Accordingly,
the primary response (last treatment) has the smallest label, and the secondary
answers (previous treatments) have larger labels with respect to the topological
ordering. Such labeling is supported by statistical analyses such that each single
or joint response can be regressed on all its possible explanatory variables of the
right side components. The causal or the time order of the chain components
goes from right to left with right to left arrows between them.

According to the normality test, all the variables in the model can be consid-
ered continuous, even the scaled discrete ones, like age, ideal number of children
and wealth index which has 5 ordinal categories.

In the case of positive distribution, the pairwise Markov (UP) property is
used to construct the model graph according to the Hammersley–Clifford the-
orem [12, 13]. Hence, the edges between the variables are set based on the
partial correlation coefficient between each pair of variables after taking away
the effects of all other (controlled) variables, see Figure 1.2. Further, under mild
conditions, our model is Markov equivalent to a DAG (directed acyclic graph).
Moreover, with Gaussian variables, this model is reminiscent of the SEM.

To estimate the model parameters, a sequence of ordinary least-squares
(OLS) regressions are considered. Specifically, each response variable is re-
gressed on all potential explanatory variables that from the components to its
right side with respect to the first labeling of the variables.

The regression results confirm the construction of the model graph as in
Figure 1.2. As expected, only the variables Xjs whose partial correlation with
Xi (after eliminating the effect of the remaining variables) are significantly not
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Figure 1.1: Topological Ordering of Variable with the Chain Components. Vari-
ables are Selected from Ever-Married Women’s Questionnaire of EDHS 2014.
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Figure 1.2: Fitting
the Regression Graph
Model Based on Testing
the Partial Correlations
Coefficients.

zeros enter the regression model equation, i.e. the partial regression coefficients
when regressing Xi on all its potential explanatory variables (Xjs) are statisti-
cally significant.

To evaluate the estimated models, R2 (squared multiple correlation coeffi-
cient) is used. However, R2 does not provide a formal hypothesis test for the
model fit. Therefore, we conduct F -test to examine the statistical significance
of the model fit of each regression model. The results show that all regression
models are statistically significant at very small p-value that is tending to zero
(p-value < 0.00001). Further, based on these multiple F -tests, the Bonferroni
correction test of the overall model graph is also significant at very low p-value
(5× 0.00001).



2. Structural Equation Mod-
eling

This chapter explores SEM families: covariance-based SEM (Cov-SEM) and
component-based SEM (Comp-SEM), respectively. The main contributions are
that we develop two stages integrated estimation method to obtain the SEM
specified matrices and apply the SEM approaches to real-life data [1, 2].

2.1 Integrated Estimation Method

SEM model comprises both structural (inner) and measurement (outer) sub-
models. Let the following system correspond to the inner model equation:

Bη = Aξ + ζ, (2.1)

where η is m- and ξ is n-dimensional endogenous and exogenous latent vector,
while B and A are m×m and m× n path coefficient matrices, ζ is a random
vector of uncorrelated residuals, that are uncorrelated with ξ as well, and B
is non-singular. Note that in the recursive models, B is an upper triangular
matrix, with 1s along its main diagonal. Here η and ξ are not observed, but de-
pend on the p-dimensional Y and the q-dimensional X observed vectors. Hence,
the outer model equations are

X = Cξ + ε, Y = Gη + δ, (2.2)

where C and G are q×n and p×m weight/loading matrices; ε and δ are vectors
of measurement errors in X and Y, respectively. They are uncorrelated with
each other and with ζ. Typically, n ≤ q and m ≤ p.

To estimate the SEM specified parameters (A,B,C,G and the error covari-
ance matrices), we integrate a technique that combines only the first stage of the
PLS (partial least squares) algorithm of H. Wold [17] and the block Cholesky
decomposition of Kiiveri and Speed [10, 11] together. Our method uses the
second moment function with respect to the component-based SEM [4].

Step one uses Stage I of Wold algorithm. This is a fixed point iteration [17].
At the convergence step, the case values (scores) of both exogenous and endoge-
nous LVs as well as the weight/loading matrices C and G of the outer relations
are estimated.

Step two applies the block Cholesky decomposition of Kiiveri and Speed [10,
11]. We compute the product moment estimate (covariance matrix) of the
LV case values (obtained from Step one). Then, the inverse of this matrix is
factorized via the block variant of Cholesky decomposition (Σ−1 = LDLT )
with block sizes 1, . . . , 1, n with number1 m of 1s. The resulted block matrices

1Number of endogenous LVs in the model.
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CHAPTER 2. STRUCTURAL EQUATION MODELING 5

L and D are of the following form:

L =

(
BT O
−AT I

)
, D =

(
Q−1 O
O F−1

)
, (2.3)

where the matrices B andA are m×m and m×n path coefficients from endoge-
nous to endogenous and from exogenous to endogenous LVs, respectively. The
block-diagonal matrix D comprises the inverse of the error covariance matrix
Q of ζ and F of ξ on its main diagonal. The matrix Q itself is diagonal which
satisfies the model assumptions.

In this way, the SEM specified parameter matrices are estimated via the
two steps integrated method. Note that the estimation is conducted based on a
training sample and on the adjacency matrices that specify which LV is related
to which observable variables. This is the point where the expert can intervene
the system. The estimated model parameters are used to illustrate, present, and
predict the various relations between the included variables. We did not further
investigate the obtained estimates via the integrated two steps method, but we
used it to introduce a recursion in which the LV scores of future observation can
be predicted, see Chapter 3.

The advantages of the integrated estimation method: 1) similar to PLS-
SEM, it is applicable to small sample sizes with no distributional assumptions
with performing less OLS regressions; 2) in the case of complex models, applying
the block Cholesky decomposition can reduce the model parameter calculations
by selecting some zero pattern with respect to the inverse of the LV scores
covariance matrix which resembles the concentration matrix (K).

Moreover, we applied SEM techniques to real-life data applications: 1) The
Cov-SEM path modeling is used to examine the infant mortality rate(IMR)
in Egypt [1]; 2) The PLS-SEM is considered to measure and predict workers’
anxiety [2]. For the latter application, we compare the inner relation results
that are obtained form the PLS-SEM of Wold with those that are resulted from
the second step of our integrated estimation method (block Cholesky decomposi-
tion). The estimates of the two approaches are consistent. This is not surprising
as both techniques use the product moment estimates. Wold’s algorithm uses
many OLS regressions which is time consuming akin to the block Cholesky de-
composition, the latter method can reduce the number of free parameters via
covariance selection technique.



3. Kálmán’s Filtering in Struc-
tural Equation Modeling

The contribution is that we consider the SEM Equations (2.1) and (2.2) as
a linear dynamical system to which the celebrated R. E. Kálmán’s filtering
technique [9] is applicable. We show how to apply the latter technique in the
more complicated dynamical system, containing two state and two observable
equations.

3.1 Filtering Technique for the Prediction

Discrete time observations Xt and Yt arrive, whereas ξt and ηt are latent state
variables corresponding to them. The linear dynamical system is

Bηt = Aξt + ζt

Uξt+1 = V ηt + γt

Xt = Cξt + εt

Yt = Gηt + δt,

(3.1)

where A is a m× n; B is a m×m; V is a n×m; U is a n× n; C is a q × n;
and G is a p ×m specified matrix. Moreover, the matrices B and U are non-
singular (in the recursive models, they are upper triangular with 1s along their
main diagonals). Further, ζt is an orthogonal process with EζtζTs = δstQ with
a diagonal covariance matrix Q; γt is an orthogonal process with EγtγTs = δstR
with a diagonal covariance matrix R; EξTs ζt = 0 and EηT

s γt = 0 for s ≤ t. In
addition, εt is independent of ξt; δt is independent of ηt; and both εt and δt
are also independent of each other and of ζt and γt. For simplicity, we assume
that all the expectations are zeros.

The specified parameter matrices are estimated from a training sample.
Specifically, the matricesA andB together withQ and F come from the second
stage of our proposed algorithm that uses the block Cholesky decomposition of
the product-moments of the estimated latent scores of the pairs ξs,ηs, where
s < 0 is integer from the past (training sample), see Equation (2.3). Likewise,
the matrices U and V together with R and F ∗ come from the block Cholesky
decomposition (3.2) below, based on the product-moments of the estimated la-
tent scores of the shifted pairs ηs, ξs+1 (s < 0). Note that the shifted product
moments are calculated, like the first order autocovariance. The inverse of this
matrix is decomposed as L∗D∗L∗T with L∗ and D∗ having the form:

L∗ =

(
UT O
−V T I

)
, D∗ =

(
R−1 O

O F ∗−1

)
, (3.2)

where U is a n × n upper triangular matrix with 1s along its main diagonal,
and V is a n × m. The block-diagonal matrix D∗ comprises the inverse of
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CHAPTER 3. KÁLMÁN’S FILTERING IN SEM 7

the error covariance matrix R of γ and F ∗ of η, where R itself is a diagonal
matrix. For this purpose, we use the block Cholesky decomposition with block
sizes 1, . . . , 1,m with number1 n of 1s.

The matricesC andG are obtained via first stage of the proposed estimation
algorithm, see Section 2.1. Note, the training sample has time order that is
considered in the estimation of all specified matrices.

The test sample is a succession of observations coming one by one (like a
time series or just subsequent observations). The algorithm predicts their en-
dogenous variables based on their own exogenous ones. In this way, an artificial
intelligence is developed.

Starting the observations at time 0, for t = 1, 2, . . . , the estimate of η̂t
is found, while observing X1, . . . ,Xt. Actually, to find η̂t, we only need the
estimate ξ̂t and the last observation Xt. Then to find ξ̂t+1, the preceding
estimate η̂t and the last observation Yt are needed. The estimation is done
component-wise, with minimum mean square error. Former observations also
play role, but only through the last one and through the propagation of the error
covariance matrices. Here X0 and Y0 can be taken from the training sample.
In this way, a recursion is given via the propagation of the error covariance
matrices. The filtering technique consists of two stage: 1) Xt → η̂t; and 2)

Yt → ξ̂t+1. A detailed derivation of the recursion is in [4].
In sum, we assume that the system was at rest until time 0. The parameter

matrices are estimated from the past, whereas newer and newer estimates for
the LVs are given, as observations arrive at time t (t = 1, 2, . . . up to the end T
of the experimental time). Thus, the forthcoming theorem is the consequence of
the projection calculations (note that the original papers of Kalman and Wold
also use several linear regressions, and justify the optimality based on those,
which concludes in a theorem).

Theorem 3.1 ( [4]) In the linear dynamical system (3.1), the optimal estimate
η̂t of ηt and ξ̌t+1 of ξt+1 given X1, . . . ,Xt and Y1, . . . ,Yt is generated by the
new linear dynamical system

Bη̂t = A∗
t ξ̂t +KtXt

and
Uξ̌t+1 = V ∗

t η̌t +MtYt.

The expected quadratic losses are trP ∗
t and trPt+1, where P ∗

t and Pt+1 are
the propagated covariance matrices of the estimation errors. The minimizing
matrices and the one-step ahead predictions η̂t and ξ̂t+1 together with the error
covariance matrices P ∗

t and Pt+1 are uniquely determined by the initial condi-
tions

ξ̂1 = ProjX0
ξ1, ξ̃1 = ξ1 − ξ̂1, P1 = Eξ̃1ξ̃T1

1Number of exogenous LVs in the model.
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and the recursions for t = 1, 2, . . . as follows.

Kt = APtC
T [CPtC

T +E]+

η̂t = B−1[Aξ̂t +Kt(Xt −Cξ̂t)]

Ŷt = Gη̂t

η̌t = Σ̂ηXΣ̂+
XXΣ̂XYΣ̂+

YYΣ̂Yη

[
Σ̂ηη −B−1((A−KtC)PtA

T +Q)(B−1)T
]+
η̂t

P ∗
t = B−1[APtA

T −APtC
T [CPtC

T +E]+CPtA
T +Q]B−1T

Mt = V P ∗
t G

T [GP ∗
t G

T + ∆]+

ξ̌t+1 = U−1[V η̌t +Mt(Yt −Gη̌t)]

ξ̂t+1 = Σ̂ξYΣ̂+
YYΣ̂YXΣ̂+

XXΣ̂Xξ

[
Σ̂ξξ −U−1((V −MtG)P ∗

t V
T +R)(U−1)T

]+
ξ̌t+1

X̂t+1 = Cξ̂t+1

Pt+1 = U−1[V P ∗
t V

T − V P ∗
t G

T [GP ∗
t G

T + ∆]+GP ∗
t V

T +R]U−1T ,

where + denotes the Moore–Penrose generalized inverse (usual inverse if the
matrix is invertible).

Note that ξ̂1 = ProjX0
ξ1 = Σ̂ξXΣ̂+

XXX0, where the last training sample entry
can be chosen for X0. To initialize P1, the whole training sample can be used:
if the L learning sample entries are indexed by `, then ξ̂` = Σ̂ξXΣ̂+

XXX` and

ξ̃` = ξ`− ξ̂`, where ξ` is the `th case estimate of ξ. Finally, the product moment
estimate of P1 is 1

L

∑L
`=1 ξ̃`ξ̃

T
` if the variables have zero expectation (otherwise,

the sample means should be subtracted).

Remark 3.1 For real time series, if the time series is stationary, the Kálmán
recursion for the prorogation matrix Pt resembles the fixed point iteration for
finding the solution of a discrete time algebraic Riccati equation for P .

3.2 Application to Parents/Daughters Views on
Girls Empowerment

The goal is to examine and predict to what extent parental views affect their
daughter thinking on two women empowerment issues (girls’ mobility and de-
cision making) [4]. We use data from three Upper Egyptian villages. The data
is standardized and divided randomly into a training sample (80% of the to-
tal) and test sample of the remaining cases. All the observations have time
order which is taken into consideration in the parameter estimation, and so, in
initializing the error covariance matrix.

For the training sample, the two stages proposed algorithm is used to obtain
the specified parameter matrices (A,B,C,G, Q, F , U ,V ,R, and F ∗), see
Section 2.1. Note, the observations have a time order, which order is taken into
consideration in the estimation of LVs, and so, in initializing the error covariance
matrix.

For the test Sample, as new cases come one by one at a time sequence
(t = 1, 2, . . . T ), instead of re-running the estimation algorithm, we use the
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filtering technique as descried in Theorem 3.1 to predict the latent variable case
values for the new observation. The succession of calculations follows the order:

Pt →Kt → η̂t → η̌t → P ∗
t →Mt → ξ̌t+1 → ξ̂t+1 → X̂t+1 → Pt+1.

Recall, LVs are hidden variables that are composed of one or more observ-
able variables. Thus, there are no true values for them as they always comprise
measurement errors. To evaluate the predictive capability of the proposed fil-
tering technique, we use the RMSE (root mean square error). Specifically,
for the test sample of size 70 observations, we compare the predicted LV case
values (scores) that are obtained from the original Wold algorithm (assuming
that those are the true values) and those from the proposed filtering technique
(assuming that those are the predicted ones), simultaneously. The results show
that the differences between the assumed true and the predicted LV scores are
quite analogous. Further, we consider the difference (in Frobenius norm) be-
tween the error covariance and gain matrices in the tth and (t+1)th consecutive
steps of the recursion. The results show that these matrices are stabilized after
the first few steps.

In sum, the numerical results show a good performance of both proposed
estimation and prediction algorithms. Once the specified matrices are obtained
from the training sample, the Kálmán filtering technique yields an optimal pre-
diction for the LV case values along with the error covariance matrices for the
test sample.

The computational gain is that the specified parameter matrices need not
be estimated for every new-coming case, but are estimated only once via the
training sample. The method is distribution-free (just second moments are used
in the linear state equations) and applicable to small sample sizes [4].



4. Causal Vector Autoregres-
sion Using Block Matrices

This chapter considers second order processes and enhances usual VAR mod-
els [14] with contemporaneous causality. Our contributions is that we use only
the block variant LDL decomposition [10, 11] to solve the VAR(p) model equa-
tions in the unrestricted and restricted cases. For the latter case, we apply
the covariance selection technique [8] to estimate the entries of the covariance
matrix when the constructed DAG has no sink V and consequently forms a
so-called RZP (reducible zero pattern).

4.1 Recursive VAR(1) Models

Let {Xt} be a d-dimensional, weakly stationary process with real valued com-
ponents and covariance matrix function C(h), h = 0,±1,±2, . . . ; C(−h) =
CT (h). All deterministic and random vectors are column vectors and so, C(h) =
EXtX

T
t+h that does not depend on t, by weak stationarity.

We generalize the recursive linear model of [16] to the recursive VAR(1)
model:

AXt +BXt−1 = Ut, t = 1, 2, . . . (4.1)

where the white noise random vector Ut is uncorrelated (in the Gaussian case,
independent) with Xt−1, has zero expectation and covariance matrix ∆ =
diag(δ1, . . . , δd); the matrix A is d× d upper triangular with 1s along its main
diagonal and the other entries pair the contemporaneous causality, while the
matrix B is d× d with entries resemble the path coefficients.

4.1.1 Unrestricted Causal VAR(1) Model

Here, there are no restriction on the entries of the upper-diagonal matrix A.
Let C2 denote the covariance matrix of (Xt,Xt−1) which, in block matrix form,
is as follows:

C2 =

(
C(0) CT (1)
C(1) C(0)

)
. (4.2)

It is symmetric and positive definite if the process is of full rank regular (i.e.
its spectral density matrix [7] is of full rank) that is assumed in the sequel. It
is well known that the inverse of C2, the so-called concentration matrix K, has
the block-matrix form

K =

(
C−1(1|0) −C−1(1|0)CT (1)C−1(0)

−C−1(0)C(1)C−1(1|0) C−1(0) +C−1(0)C(1)C−1(1|0)CT (1)C−1(0)

)
,

where C(1|0) = C(0)−CT (1)C−1(0)C(1) is the conditional covariance matrix
C(t|t− 1) of the distribution of Xt conditioned on Xt−1; it does not depend on

10



CHAPTER 4. CAUSAL CAUSAL VAR MODELS 11

t either, therefore it is denoted by C(1|0). Also, C2 is positive definite if and
only if both C(0) and C(1|0) are positive definite.

Theorem 4.1 In model (4.1), the (positive definite) concentration matrix K
of the 2d-dimensional Gaussian system (Xt,Xt−1) has the unique block LDL
(variant of the block Cholesky) decomposition K = LDLT with block-triangular
matrix L and block-diagonal matrix D having the form

L =

(
AT Od×d

BT Id×d

)
, D =

(
∆−1 Od×d

Od×d C−1(0)

)
, (4.3)

where the d× d upper triangular matrix A with 1s along its main diagonal, the
d×d matrix B, and the diagonal matrix ∆ solve the model Equation (4.1). For
clarity, the block Cholesky decomposition applies to K partitioned symmetrically
into (d+ 1)× (d+ 1) blocks of sizes 1, . . . , 1, d with number d of 1s. (Therefore,
in the main diagonal of L we have number d of 1× 1 identity matrices (1s) and
and Id×d which is the d× d identity).

4.2 Higher Order Causal VAR (p) Models

VAR(1) model (4.1) can be further generalized to the following recursive VAR(p)
model: for given integer p ≥ 1,

AXt +B1Xt−1 + · · ·+BpXt−p = Ut, t = p+ 1, p+ 2, . . . (4.4)

where the white noise term Ut is uncorrelated with Xt−1, . . . ,Xt−p, it has zero
expectation and covariance matrix ∆ = diag(δ1, . . . , δd). A is d × d upper
triangular matrix with 1s along its main diagonal; whereas, B1, . . . ,Bp are
d× d matrices.

4.2.1 Unrestricted Causal VAR(p) Model

When the model has no restrictions, VAR(p) model is estimated as follows.

Theorem 4.2 The (positive definite) concentration matrix (inverse covariance
matrix) C−1

p+1 = K of the (p+ 1)d-dimensional Gaussian system

(XT
t ,X

T
t−1, . . . ,X

T
t−p)T satisfying Equation (4.4) has the unique block LDL (vari-

ant of the block Cholesky) decomposition K = LDLT with block-triangular ma-
trix L and block-diagonal matrix D having the form

L =

(
AT Od×pd

BT Ipd×pd

)
, D =

(
∆−1 Od×pd

Opd×d C−1
p

)
, (4.5)

where the d× d upper triangular matrix A with 1s along its main diagonal, the
d×pd matrix B, and the diagonal matrix ∆ solve the model Equation (4.4). For
clarity, the block Cholesky decomposition applies to K partitioned symmetrically
into (d+1)× (d+1) blocks of sizes 1, . . . , 1, pd with number d of 1s. (Therefore,
in the main diagonal of L we have number d of 1× 1 identity matrices (1s) and
and Ipd×pd which is the pd × pd identity.) The d × pd matrix B, transpose of
BT , will contain the coefficient matrices of Equation (4.4) in its blocks, like

B = (B1 . . .Bp).
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4.2.2 Restricted Causal VAR(p) Model

In the general restricted VAR(p) process, the model imposes some restrictions
on the contemporaneous components of Xt so that the constructed DAG has
no sink V and consequently forms a RZP. In this case, a covariance selection
model [8] is built to estimate the model covariance matrix, through fixing the
zero entries in the left upper block of K, and re-estimate the matrix Cp+1. The
block Cholesky decomposition LDL as described in Theorem 4.2 is applied to
the restricted matrix K to estimate the model parameters.

Proposition 4.1 The upper triangular matrix A of model equation (4.4) has
an RZP if and only if the upper left d × d block of K = C−1

p+1 has an RZP.
Moreover, the zero entries of A are exactly in the same positions as the zero
entries of the upper diagonal part of K.

4.3 Applications

We apply the causal VAR model to simulated and real-life data.
Simulated multivariate time series application. For 3−dimensions sta-
ble VAR processes, we applied our algorithm to the unrestricted VAR(1) and
VAR(2) processes in case of n = 400, 800. The results show the soundness of the
causal VAR model, and also its capability to solve the Yule–Walker equations,
without any causation.
Real-life application. For the longitudinal data of six indicators (X), span-
ning 21 years (1995−2015) from the World Bank, we investigate unrestricted/restricted
VAR(1) model to examine the contemporaneous and lag time causal effects be-
tween X components. In the unrestricted case, any DAG ordering can do, but in
the restricted case, the graph structure is important where the RZP is provided.
To solve such model, we apply the LDL algorithm on the concentration matrix
K = C−1

2 . The resulted matrices are: A represents the contemporaneous causal
effects (path coefficients) between the components at the same time period t,
while B indicates the path coefficients of the one time lag causal effect of Xt−1

on the current Xt components. Note that K̂ is calculated differently in the
restricted and unrestricted cases. Accordingly, the estimated matrices A,B are
somewhat different. Specifically, there are no prescribed zero entries in either K̂
and A in the unrestricted model, but in the restricted one, the zeros of the left
upper corner of K̂ will necessarily result in the zeros of the estimated matrix
A in the same positions.



5. Probabilistic Contingency
Table Models

We use the theory of exponential family to discuss the evolution of the random
contingency table models. The main contribution that we extend the one-cluster
beta distributed model in [6] to the multi-cluster scenario in the general rect-
angular case [3].

5.1 One-cluster Beta-Distributed Models

Let W = (wij) be an n ×m contingency table of entries transformed into the
(0,1) interval. The model is the following: wij obeys beta-distribution with
parameters ai > 0 and bj > 0. The parameters are collected in the vectors
a = (a1, . . . an) and b = (b1, . . . bm), or briefly, in (a,b). The likelihood function
is factorized as

La,b(W ) =

n∏
i=1

m∏
j=1

Γ(ai + bj)

Γ(ai)Γ(bj)
wai−1

ij (1− wij)
bj−1

= C(a,b)

n∏
i=1

m∏
j=1

exp[(ai − 1) lnwij + (bj − 1) ln(1− wij)]

= exp

 n∑
i=1

(ai − 1)

m∑
j=1

lnwij +

m∑
j=1

(bj − 1)

n∑
i=1

ln(1− wij)− Z(a,b)

 ,
where C(a,b) is the normalizing constant, and Z(a,b) = − lnC(a,b) is the
log-partition (cumulant) function. We can see that

∑m
j=1 lnwij for i = 1, . . . , n

and
∑n

i=1 ln(1−wij) for j = 1, . . . ,m are sufficient statistics for the parameters;
note that the nm entries wijs are condensed into n+m statistics. The authors
of [6] used the theory of regular, minimally represented exponential families to
prove that the likelihood function has a unique solution with probability 1 and
constructed an algorithm to estimate the model parameters (a,b). We used
their algorithm in the M step of the forthcoming multi-cluster model.

5.2 Multi-cluster Beta-Distributed Models

In the multi-cluster scenario, we put blocks of one cluster model together. Here
the statistics are sufficient only within the blocks. Given the integers 1 ≤ k ≤
n and 1 ≤ l ≤ m, we are looking for k-partition, in other words, clusters
R1, . . . , Rk of the rows and C1, . . . , Cl of the columns such that the row and
column items are assigned to the clusters independently, and given the cluster
memberships, the weight of the connection of row-item u ∈ Ri to column-
item v ∈ Cj is wuv ∼ Beta(auj , bvi); further, all these assignments are done
independently.

13
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Given the number of clusters and the starting clustering of the rows and
columns, the EM algorithm can be used. Specifically, in the M (maximization)
step we maximize the likelihood within the blocks separately. In the E (ex-
pectation) step we relocate the rows and columns between the clusters so that
to maximize the overall likelihood. Here we use the Bayes rule, where taking
the conditional probability of the 0-1 memberships, given the parameters, is the
same as taking conditional expectation. Eventually, the two steps are alternated,
giving the outer cycle of the iteration. This is a mixture of exponential-family
distributions, as the mixing can be supervised by two multinomially distributed
random variables (responsible for the memberships).

The parameters are stored in the n× l matrix A and the m× k matrix B,
where the jth column of A contains the parameters auj in the block u ∈ Ri, for
j = 1, . . . , l; i = 1, . . . , k. Likewise, the ith column ofB contains the parameters
bvi in the block v ∈ Cj , for i = 1, . . . , k; j = 1, . . . , l.

Proposition 5.1 ( [3]) The EM iteration defined for the multi-cluster, beta-
distributed contingency table model converges to a local maximum of the objective
function, which is a mixture of exponential family distributions. In the M-step,
the model parameters have a unique ML (maximum likelihood) estimate, given
the cluster memberships.

5.3 Applications of the Multi-cluster Algorithm

5.3.1 Application to Simulated Data

First we generated a matrix W = (wuv) with n = 210 rows and m = 270
columns of independent, β-distributed entries. The parameters auj and bvi of
the beta-distribution of entry wuv depended on its row-cluster membership i
and column-cluster membership j.

For k = 3 row-clusters R1, R2, R3 and l = 2 column-clusters C1, C2. Let
|R1| := 100, |R2| := 50, and |R3| := 60, whereas |C1| := 200 and |C2| := 70.
All the parameters are chosen independently at uniform distribution within
different intervals. We started the iteration with mildly distorted clusters. The
iteration stopped at the seventh step when there was no change in the cluster
memberships.

Figure 5.1 and Figure 5.2 show a good fit of the estimated parameters to the
original ones. Indeed, by the general theory of the ML estimation, for ‘large’ n
and m, the ML estimates should approach the true parameter, based on which
the model was generated.
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5.3.2 Application to Genetic Data

A sample of n = 1036 allele frequencies of unrelated samples of the U.S. popula-
tion is clustered into k = 4 row-clusters (population groups); R1 = 342 African
American (AA), R2 = 361 Caucasian (Cauc), R3 = 236 Hispanic (Hisp), and
R4 = 97 Asian (Asian). The investigators considered m = 29 allele frequencies.
Those were divided into l = 3 column-clusters of genotypes that are identified
by the experts as follows: C1 = 4 U.S. core genes, C2 = 9 non-core U.S. genes,
and C3 = 16 general genes. Thus, the data matrix W is of size 1036 × 29,
where each entry wuv is proportional to the allele representation of gene v of
the individual u.

The algorithm assigns parameters to the individuals (rows) and to the alleles
(columns), depending on row- and column-memberships. The starting clusters
were those given by the experts. They did not change much during the iteration.
Further, the algorithm converged at the fifth step. The estimated parameters
are put into the 1036× 3 and 29× 4 parameter matrices A and B, respectively.
The estimated parameters in A showed that all the four groups of U.S. indi-
viduals have low core U.S. genotype representations and higher representations
of both non-core U.S. and general genotypes. At the same time, the estimated
parameters in B indicated that all the three genotype categories have the lowest
representation in the African American sub-samples and the highest represen-
tation in the Asian group sub-samples.



Summary and Outlook

In this thesis, we studied graphical models (GM), structural equation modeling
(SEM), and vector autoregression (VAR). We examined the essential mathemat-
ical framework and techniques of GM and SEM. Specifically, for simple GM, we
showed: 1) various relations between the different model classes and how they
can be transformed into each other; 2) the similarities and differences between
GM and SEM; and 3) how to construct a regression graph model to a real-life
data. For SEM, we compared the different estimation methods. In addition,
we integrated an estimation technique that combines two existing approaches to
calculate the SEM specified parameter matrices (the inner and outer relations as
well as the covariance matrices of the residuals) with respect to the component-
based SEM. Accordingly, this algorithm is distribution-free and applicable to
small sample size. Then, we considered the SEM equations as a linear dynami-
cal system to which the celebrated R. Kálmán’s filtering technique is applicable.
At this point, we introduced a recursion to predict the case value of the latent
variables for the new observations. In this way, an artificial intelligence is devel-
oped. We also connected GM and SEM with time series analysis via causal VAR
models, for which, we proposed an easy algorithm that uses the block variant
LDL decomposition to solve the VAR(p) model equations in the unrestricted
and restricted cases. At the end, we considered the probabilistic contingency
table models. We confined ourselves to the exponential family models. We
generalized the one-cluster model to the multi-cluster scenario in the general
rectangular case of beta distributed entries. We conducted various applications
using real-life data for each discussed and proposed statistical approaches. Vir-
tually, the proper implementation of statistical methods enables researchers to
extract information from the data, evaluate the results, predict the outcome of
a future experiment, and answer important research questions.

The LDL decomposition described in Chapter 4 gives a novel solution to
Yule–Walker equation. For further perspective, lagged causalities could also be
introduced, with some upper triangular B-matrices.
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