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Abstract

This thesis investigates some multivariate statistical methods: graphical models
(GM), structural equation modeling (SEM), and vector autoregression (VAR)
models. It shows the distinctive characteristics of GM and SEM and that they
share some characteristics, especially in the Gaussian case. In this case, the
two approaches can be connected with time series analysis through the causal
VAR model. Further, the SEM equations are considered as a linear dynamical
system to which the celebrated R. Kálmán’s filtering technique is applicable.
Throughout the thesis we mainly work with exponential family distributions.
In this framework, a multi-cluster contingency table model is introduced, and
the convergence of the algorithm, based on an EM iteration, is proved. For each
underlying technique, some novel results are obtained. In addition, various
applications are conducted using Egyptian demographic and sociological real-
life data.
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Introduction

Graphical models (GM), structural equation modeling (SEM), and vector au-
toregression (VAR) are multivariate statistical techniques that deal with com-
plex models. They examine distinctive multiple relations between random vari-
ables. However, they are slightly different approaches with some similarities.

GM are probabilistic models with graphical representations of the underly-
ing joint distribution. They provide frameworks for describing the statistical
dependences in (possibly large) collections of random variables. At the core of
GM lie various correspondences between the conditional independence and the
structural properties of the graph [9, 66]. There are different types of GM with
respect to the graph properties and the underlying probability distribution fam-
ily. In the discrete case, conditional probability tables, and in the continuous
case, partial correlation coefficients give the base of drawing edges between the
vertices. Moreover, in the directed case, Bayesian networks are constructed,
and in the undirected case, the Gaussian graphical models are at our disposal.
These models have a lot in common (e.g. decomposable models). The first
such model of the geneticist Sewall Wright (1923) uses a directed acyclic graph
(DAG), but only Gaussian variables for its directed model. As an advantage of
normality, Wright also uses partial correlations for the DAG construction, and
can even assign coefficients (later called path coefficients) to the arrows [84].

Within GM, if there are groups of variables which are marginally indepen-
dent, their joint distribution factorizes trivially. However, this is not usually the
case, but the distribution factorizes along the conditional independences [51].
So, GM are based on statistical investigations.

In GM, if the data follows multivariate Gaussian distribution, a so-called
concentration graph can be built, while if it is discrete on categorical variables
with assumed interactions, a log-linear model can be constructed. These models
contain decomposable graphs as special cases, in which a perfect numbering
of the variables exists. This perfect order labeling traces back the directed
graph. The directed and undirected graphs are specified based on the direction
of the edges between the model vertices irrespective of the joint distribution. If
the data contain both discrete and continuous variables, it follows conditional
Gaussian distribution. Furthermore, if it exhibits a combination of directed and
undirected relationships, a chain graph is at our disposal.

SEM, on the other hand, deals with algebraic equations. It constructs so-
called latent variables (LVs) and examines the causality structure between them
by systems of simultaneous linear equations [32]. By definition, LVs are unob-
served variables that are not measured directly from the data, but are composed
of one or more observed variables that are measured from the data. The con-
cept of LVs was first introduced by the psychologist Spearman who developed
factor analysis as a method to define LVs [67]. In SEM, LVs are organic parts of
the model that are specified by experts, while in the traditional factor analysis,
LVs are introduced and given a meaning based on factor loadings. Further,
the casual structure modeling was developed by the geneticist Sewall Wright
under the name “path analysis” [PA] [85]. PA is used to describe the directed
dependencies and causality structure among set of observable variables. So,
the arrows in SEM indicate the possible causality structure between different
types of variables. Substantially, SEM combines the Spearman’s factor analysis

1



INTRODUCTION 2

and Wright’s path analysis into one comprehensive statistical methodology [42].
Specifically, the model is given by an expert and stated with algebraic equations
that is fitted to the data. Hence, both SEM and regression graph models have
their own origins in PA of Wright.

In SEM, there are two main approaches which were elaborated in the Gaus-
sian and large sample size case by K. G. Jöreskog (LISREL: linear structural
relations) [39], and in the distribution-free with small sample sizes by H. Wold
(PLS: partial least square) [81]. These methods are known as covariance-based
and component-based SEM, respectively.

VAR processes are stochastic models that are used to capture the relation-
ship between multiple variables (quantities) over time. It generalizes the univari-
ate autoregressive model by considering multivariate time series. Accordingly,
it is widely used in finance and econometrics disciplines and recently in other
fields like epidemiology, medicine, and biology. The process is characterized by
its order, which refers to the number of earlier time periods (lags) the model
uses. By definition, a lag is the value of a variable in a previous time period. It
is denoted by VAR(p) and sometimes called a “VAR with p lags” model.

To summarize, GM and SEM share some characteristics, especially in the
Gaussian case. In this case, the two approaches can be linked with time series
analysis via causal VAR processes [64].

This thesis investigates the similarities and differences between GM and
SEM. It shows that both techniques use the graphical representations to vi-
sualize their models [52], where the graph in GM is a representation tool for
the underlying joint distribution, while in SEM, it is given by the experts with
respect to specific visual conventions. Although SEM is analogous to the di-
rected graphical models class, SEM is generally only linear, while, GM can
have any conditional independences from any distribution family. Furthermore,
It presents the distinctive characteristics of the different methods of each ap-
proach and how they are linked to each other. It also touches the causal (usual)
VAR models in the Gaussian case, in which GM and SEM can be connected
through causal VAR models. Specifically, in the contemporaneous causal VAR
models, the causal part needs GM, while the VAR part resembles SEM, but in-
stead of exogenous variables, the lagged random vector are considered. To solve
these VAR(p) processes, we give a rigorous block matrix approach (block vari-
ant Cholesky LDL decomposition). This gives a novel solution to Yule–Walker
equations.

The main contributions of this dissertation are that we: 1) show the con-
nection between GM and SEM as well as their different techniques; 2) integrate
an estimation method that amalgamates two existing techniques to obtain the
specified SEM parameter matrices with respect to the soft modeling; 3) consider
the SEM model equations as a linear dynamical system, for which a recursion
is introduced to predict the LV case values by introducing a filtering technique;
4) apply steadily algorithms of block Cholesky LDL decomposition to solve
causal VAR(p) models in the unrestricted and restricted cases. This gives a
novel solution to Yule–Walker equation; 5) extend the one-cluster model in the
general rectangular case of exponential family distribution to the multi-cluster
scenario; and 6) illustrate each proposed technique to answer different research
questions via Egyptian demographic and sociological applications. It consists
of five intertwining chapters.

Chapter 1 investigates simple GM that are amalgamated into a more gen-
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eral chain graph structure via recursive regressions and partial correlations.
In general, we examine the directed and undirected graphical models without
specifying any distributional assumptions. We state the Markov factorization
properties, show their equivalences, that after possible alterations can be trans-
formed into each other. We show that the conditional independences between
subsets of the vertices (supporting some kind of Markovity) based on statistical
analysis can be found. In addition, when the underlying distribution is known,
we discuss not only the applicable GM class, but also the Markov properties
and their equivalences to each other as well as to the factorization property.
Furthermore, we discuss discrete and continuous Markov random fields as well
as regression graph models. At the end, we fit a regression graph model to a
demographic real-life data. In this model, the edges between the variables of
the chain components are constructed based on statistical tests of the partial
correlation coefficients. The regression results show that both the estimated and
the hypothetical constructed models are consistent. This is not surprising, since
the partial regression coefficient is directly linked with the partial correlation
coefficient (the core of the model construction) [9].

Chapter 2 explores SEM [1, 2, 9]. SEM goes back to the 50s and 60s, when
researchers aimed at advancing the causality structure analysis of Wright in
many disciplines. We introduce the evolution of SEM over time, the model
general framework, and the two estimation families: the covariance-based SEM
(Cov-SEM) and component-based SEM (Comp-SEM), respectively. For the
Comp-SEM, we integrate an estimation method [8] that combines two exist-
ing ones: the first stage of the PLS of H. Wold [83] algorithm and the block
Cholesky decomposition of Kiiveri and Speed [45, 46]. The integrated method is
distribution-free (just second moments are used) and applicable to small train-
ing samples. In this way, the SEM specified parameter matrices are estimated
from a training sample. At the end, we present two real-life data applications:
1) study the infant mortality rate in Egypt via Cov-SEM [1]; 2) apply the soft
modeling technique (PLS-SEM) to examine and predict worker’s anxiety related
factors[2]. For the latter application, we compare the estimates of the inner re-
lations that are obtained from the PLS-SEM of H. Wold with those from the
integrated method.

In Chapter 3, we consider the SEM model equations as a linear dynamical
system to which the celebrated R. E. Kálmán’s filtering technique is applica-
ble [40]. Here, we show how to apply the latter technique in the more compli-
cated situation, containing two state and two observable equations, describing
inner relations between the observable and latent variables, both for the exoge-
nous and endogenous ones. We confine ourselves to the component-based SEM
family. First, the specified model parameter matrices are estimated via our in-
tegrated two stages method from a training sample. Then for a test sample,
where the observations arrive one by one in a definite time order, we give a
recursion to predict their future latent case values sequentially. In the heart of
the estimation and the filtering processes, there is a simultaneous usage of OLS
(ordinary least squares) regression, tracing back to the Gauss normal equations.
Moreover, in the calculations we use the linearity of the state equations for the
predictions. In this way an artificial intelligence is developed. The advantages
of this technique that it is distribution-free (just second moments are used in
the linear state equations) and applicable to small sample size. Moreover, the
observations need not necessarily be independent. At the end, we apply the
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proposed estimation and prediction methods to a real-life data to examine and
predict to what extent parental views affect the views of their daughters in
Egypt [8].

Chapter 4 introduces causal models for weakly stationary multivariate time
series, combining a recursive directed graphical model for the contemporane-
ous components and VAR model longitudinally. We apply steadily algorithms
of the block Cholesky LDL decomposition [45, 46] alone, without using partial
correlations that are introduced by S. Wright [85] to solve the model equations.
In the restricted model, we show that the zero pattern in the resulted decompo-
sition matrix A is the same as that in the upper left corner of the concentration
matrix K given the constructed model graph is a directed acyclic graph (DAG)
with no sink V which consequently forms a reducible zero pattern (RZP). For
this, we perform a covariance selection technique to estimate K. The proposed
algorithmic techniques are applicable to longitudinal data as well as time se-
ries. At the end, we also apply these approaches to simulated and real-life data
applications.

Chapter 5 discusses the probabilistic contingency table models [7]. Specifi-
cally, we confine ourselves to the edge-weighted standardized contingency table
model with beta-distributed entries. We summarize the properties of the maxi-
mum likelihood (ML) estimation in the exponential family, where the theory of
regular minimally represented exponential families states that the ML equation
has a unique solution with probability one. In case of one-cluster model, we
use existing results about the sufficient statistics for the parameters [11]. This
model is extended to the multi-cluster scenario in the general rectangular case.
Basically, blocks of the one-cluster model were put together where the statis-
tics are sufficient only within the blocks. For groups (clusters) of rows and of
columns, the cluster memberships are to be found and assigned independently.
At this point, a mixture of exponential family is presented where the contin-
gency table entries are the incomplete data. To estimate the parameters of such
model, we use the iterative algorithm that resembles the EM algorithm in the
context of the Bayes rule. Finally, we apply the later algorithm to a randomly
simulated data and real-life genetic data [7].

Notions and Notation

In the general framework of graphical models, a graph G =(V,E) corresponds
to probabilistic relationships among a set of variables, where V and E are the
node- and edge- sets, respectively. We confine ourselves to simple graph mod-
els, where there are neither multiple edges nor self loops. The nodes (vertices)
correspond to random variables (rv’s), where edges correspond to conditional
independencies between the variables. In this way, the graph is a tool to vi-
sualize various relations between the rv’s intuitively. Specifically, it allows us
to abstract out the conditional independences between the connected rv’s with
respect to the underlying joint distribution. In the following, we give the main
definitions that we need throughout the thesis. First, we explain the conditional
independence statements to define the properties that bring graphs and joint
distributions together along some important definitions.

The events A and B are conditionally independent, conditioned on C if

P(AB|C) = P(A|C) · P(B|C), (1)
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which is equivalent to

P(A|BC) = P(A|C) and P(B|AC) = P(B|C).

Accordingly, knowing C, B does not give extra information for A; or knowing
C, A does not give extra information for B. This property is denoted by

A⊥⊥B |C.

The product rule (1) extends to the probability mass functions p (in the
discrete case) and to the probability density functions f (in the continuous
case).

Definition 1 (Independence) Two random variables X and Y are indepen-
dent, if

p(x|y) = p(x),

or equivalently, if their joint distribution factorizes as:

p(x, y) = p(x) · p(y),

for all possible values x ∈ X and y ∈ Y .

Definition 2 (Conditional Independence) Two random variables X and Y
are conditionally independent, conditioned on Z if the following holds:

p(x, y|z) = p(x|z) · p(y|z).

Or equivalently,

p(x|yz) = p(x|z) and p(y|xz) = p(y|z),

for all x, y, and z in the state space of X,Y, and Z. It is denoted by X⊥⊥Y |Z.

Definition 3 (Cliques) A clique is a fully connected set of vertices. With
a maximal clique, the vertex-set is no longer fully connected if any additional
vertex is added. In statistics, clique is usually used for maximal cliques as in
the subsequent definitions.

Definition 4 (Decomposable Graph) The graph G =(V,E) is decomposable
if it is either a complete graph or its vertex-set V can be partitioned into disjoint
vertex-subsets A,B, and C such that

(i) C defines a clique.

(ii) C separates A from B (in other words, C is a vertex cutset between A and
B).

(iii) the induced subgraphs generated by A∪C and B∪C are both decomposable.

Proposition 1 The following properties are equivalent to the fact that G is
decomposable:

� G is triangulated (with other words, chordal), i.e., every cycle in G of
length at least four has a chord.
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� G has a perfect numbering of its vertices such that in this labeling,

bd(i) ∩ {i+ 1, . . . , d} (2)

is a complete subgraph, where bd(i) is the boundary of i, that is the set of
vertices connected to i, i = 1, . . . , d. It is also called single vertex elimi-
nation ordering (see [75]), and obtainable with the Maximal Cardinality
Search (MCS) algorithm of [70], see Section 2.4 of [9].

� G has the following running intersection property (RIP): we can
number the cliques of it to form a so-called perfect sequence C1, . . . , Ck
where each combination of the subgraphs induced by Hj−1 = C1∪· · ·∪Cj−1

and Cj is a decomposition (j = 2, . . . , k), i.e., the necessarily complete
subgraph Sj = Hj−1 ∩ Cj is a separator. More precisely, Sj is a vertex
cutset between the disjoint vertex subsets Hj−1\Sj and Rj = Cj\Sj = Hj\
Hj−1. This sequence of cliques is also called a junction tree (JT). Here
any clique Cj is the disjoint union of Rj (called residual), the vertices
of which are not contained in any Ci, i < j and of Sj (called separator)
with the following property: there is an i∗ ∈ {1, . . . , j − 1} such that

Sj = Cj ∩ (∪j−1
i=1Ci) = Cj ∩ Ci∗ .

This (not necessarily unique) Ci∗ is called parent clique of Cj. Here S1 = ∅
and R1 = C1. Furthermore, if such an ordering is possible, a version
may be found in which any prescribed set is the first one (see [69]). Also
equivalently, any path between Ci and Cj (i 6= j) contains Ci ∩ Cj. Note
that the junction tree is indeed a tree with vertices C1, . . . , Ck and one less
edges, that are the separators S2, . . . , Sk.

� Sundberg’s criterion: We can number the cliques of G as C1, . . . , Ck,
where each combination of the subgraphs induced by Hj+1 = Cj+1∪· · ·∪Ck
and Cj is a decomposition (j = 1, . . . , k−1), i.e., the necessarily complete
subgraph Sj = Hj+1 ∩ Cj is a separator. More precisely, Sj is a vertex
cutset between the disjoint vertex subsets Hj+1 \ Sj and Rj := Cj \ Sj.
Here Rj is called residual, and so Cj = Sj ∪Rj is a disjoint union. This
sequence of cliques forms the junction tree in the reversed RIP ordering.
So each Cj can be composed of one set of elements (Rj) which are missing
in all Ci, for i > j and one set Sj = Cj ∩ ∪ki=j+1Ci which is contained in
some Ci∗ , i

∗ > j. This (not necessarily unique) Ci∗ is the former parent
clique of Cj. Here Sk = ∅ and Rk = Ck. Furthermore, if such an ordering
is possible, a version may be found in which any prescribed set is the last
one (see [69]). As the Sundberg’s ordering of the cliques is opposite to the
RIP ordering, in the RIP ordering any prescribed clique can be the first
one.

� G is recursively simplicial, (see [75]). A non-empty graph G is re-
cursively simplicial if it contains a simplicial vertex, and when that is
removed, any graph that remains is recursively simplicial. A vertex is
called simplicial in a graph if its neighbors form a complete subgraph.
Every decomposable graph with at least two vertices has at least two sim-
plicial vertices; if the graph is not complete, these vertices can be chosen
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to be non-adjacent. We can arrange that C1 and Ck contain the simplicial
vertices.

� There is a labeling of the vertices such that the adjacency matrix contains
a reducible zero pattern (RZP). It means that the zero entries in the
upper diagonal part of the adjacency matrix form an index set that is
reducible in the following sense. The index set I, which is the subset of
the set of edges {(i, j) : 1 ≤ i < j ≤ d}, is called reducible if for each
(i, j) ∈ I and h = 1, . . . , i − 1, we have (h, i) ∈ I or (h, j) ∈ I or both.
Indeed, this convenient labeling is a perfect numbering (2)of the vertices.

Definition 5 (Perfect Graph) A graph G is perfect if it has no odd cycles
without cord. The decomposable graphs are special perfect graphs.

Remark 1 For every induced subgraph of the decomposable graph, its chromatic
number is equal to its clique number (the size of the largest induced clique).

Therefore, in case of planar graphs, by the 4-color theorem, the size of the
maximal cliques cannot be larger than 4.

Recall, GM and SEM use graphical representation tools to visualize their
models. Also, both can be transformed into a Boolean design matrix or an ad-
jacency matrix. Graphically, in SEM, the observed variables (sometimes called
manifest indicators) are enclosed in rectangular or square boxes, the LVs are en-
closed in ovals or circles, and the measurement errors are symbolized by circles.
While, in GM, the vertices are usually represented by nodes or circles. Further,
in both techniques, the undirected edge is represented by a line (—) between the
connected variables, while the directed edge is represented by an arrow (−→) to
indicate the causality structure between the variables. The variables to which
arrows are pointing to are called dependent (endogenous or response), whereas
the ones having no arrows pointing to them are called independent (exogenous
or context or predictors). The unexplained covariances among the variables are
presented by doubled head curved edges. The bidirectional relation is defined
by a double-headed arrow, and the (↔) implies the correlation between the
connected variables.
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Y

(a) Directed Graph Model.

Z

X

Y

(b) Undirected Graph Model.

Outer Relation (Mode A) Outer relation (Mode B)

Inner relation

LV1x2

x1

x3

LV2 y2

y1

y3

(c) SEM Model.

Figure 1: Examples of Model Graphical Representations.

Substantially, the graph in GM is just a tool for representing the conditional
dependences of the joint distribution of the vertices. In this setting, the graph
is either directed, undireceted or of mixed types, see Figure 1a and Figure 1b.
While, in SEM, the graph is given by the expert with respect to the model visual
conventions. Here, the graph emphasizes the causality structure between the
inner and outer relations. Importantly, it indicates the modes of constructing
the outer relations. From the graph, it can be concluded whether the observable
variables are linked to the corresponding LVs in mode A or mode B, see the
arrows of LV1 and LV2 in Figure 1c.



Chapter 1

Graphical Models

This chapter discusses the directed and undirected simple graphical models.
At this point, we do not specify any distributional assumption. We show the
common properties between them and the possible alterations that allow each
type to be transformed into the other. Then, we consider discrete and continuous
Bayesian networks, Markov random fields as well as regression graph models.
At the end, we fit a regression graph model using the 2014 Egypt demographic
and health survey data (EDHS) [9].

1.1 Directed Graphical Models

Bayesian networks (BNs) are directed graphical representations. Recall, the
vertices of a graph correspond to random variables (rv’s) X1, . . . , Xd, whereas
the directed edges correspond to causal dependencies between them. The rv’s
are usually discrete or categorical, taking on finitely many values. Even if the
rv’s are binary, it is time-consuming to determine the underlying distribution
from the data, because there are 2d possible joint states in the pmf (probability
mass function). However, if we parameterize with the conditional probabilities
along the dependencies, we can reduce the calculations, provided the underlying
distribution P is Markov compatible with the directed graph assigned to the rv’s
based on causal relations. This is sometimes not an open question, as the joint
distribution is generated through conditional probability tables (as in [51]). As
a result, the graph has a factorized form, which will turn out to be equivalent
to some kinds of Markovity.

We treat only directed acyclic graphs (DAGs). In the case of a DAG G, with
vertex-set V = {1, . . . , d}, there are no directed cycles, and therefore, there
exists a linear ordering (labeling) of the vertices such that for every directed
edge j → i, i < j holds. We can refer to this relation as j is the parent
of i. The youngest vertex has label 1. Accordingly, the older a vertex, the
greater its label. We can think of labels as ages. We use this so-called perfect
or topological, not necessarily unique, labeling of the vertices. To find such a
labeling, an algorithm can be found on p.1146 of [48]. This is also in accord
with the labeling of the regression graph models, see Section 1.5. Note that
some authors use the opposite of the perfect labeling. However, this labeling
fits better in the framework of regression graphs, where it is important that the

9
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rows/columns of the involved matrices be indexed in such order.
The directed factorization (DF) property of the distribution of the random

vector (X1, . . . , Xd) means that for any state configuration (x1, . . . , xd), the joint
distribution factorizes over the DAG G as:

p(x1, . . . , xd) =

d∏
i=1

p(xi|xi+1, . . . , xd) =

d∏
i=1

p(xi|xpar(i)), (DF)

where p(x1, . . . , xd) is the pmf or pdf corresponding to the d-tuple of states
(x1, . . . , xd) in the topological ordering; par(i) ⊂ {i+ 1, . . . , d} denotes the
set of vertices j such that from them, a directed edge j → i emanates to i (that is
they are the parents of i). For any A ⊂ V we use the notation xA = {xi : i ∈ A}
and XA = {Xi : i ∈ A}. In fact, (DF) automatically holds if the pmf or pdf is
constructed based on conditional probabilities (densities).

On the other hand, let (DL) denote the directed local Markov property of
the distribution of the random vector (X1, . . . , Xd). Let

ant(i) = {i+ 1, . . . , d} \ par(i)

denote the set of anteriors of i, which is the set of its non-descendants except
its parents. Then (DL) means that

Xi ⊥ Xant(i)|Xpar(i), i = 1, . . . , d (DL)

holds, i.e., Xi (future) and Xant(i) (past) are independently conditioned on
Xpar(i) (present). It also means that

p(xi|xpar(i)) = p(xi|x{i+1,...,d}), i = 1, . . . , d

holds for any state configuration. This generalizes the fundamental property of
Markov chains when the graph G is a directed path.

Later we need the ancestral set of Xi that consists of the variables Xj ,
j ∈ {i+ 1, . . . , d}, such that there is a directed path from j to i. This set
contains the parents, grandparents, etc. of Xi.

Theorem 1 of [75] proves that for any DAG G, the set of distributions enjoying
property (DF) is the same as those enjoying (DL). Furthermore, Lauritzen [49]
proves that (DL) is also equivalent to the global Markov property on directed
graphs (DG), but we can define it only in the context of undirected graphs.
Now, we are able to define the directed pairwise Markov (DP) property of the
distribution of (X1, . . . , Xd) that reads as follows:

Xi ⊥ Xj |Xpar(i) for j ∈ ant(i), i = 1, . . . , d. (DP)

The (DL)=⇒(DP) implication is trivial, but Lauritzen in p.51 of [49] shows in a
counterexample that the converse is not always true. Note that Wermuth in p.4
of [78] characterizes the pairwise dependence and the independence statements
(DP). These together are equivalent to (DL). Accordingly, we can state the
following:

(DF)⇐⇒ (DG)⇐⇒ (DL) =⇒ (DP).
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1.2 Undirected Graphical Models

The undirected graphical models are called Markov random fields (MRF). It
includes neighbors, instead of parents, in the conditional independence state-
ments. We define the Markov properties over the joint distribution of an undi-
rected graph G. The global Markov (UG) property of G is as follows:

XA ⊥ XB |XS . (UG)

It holds for any vertex cutset S between the disjoint vertex-subsets A and B.
The pairwise Markov (UP) property of a joint distribution with respect to

the undirected graph G is defined as:

Xi ⊥ Xj |XV \{i,j}, i 6= j, (UP)

while the local Markov (UL) property as:

Xi ⊥ XV \cl(i)|Xbd(i), ∀i, (UL)

where bd(i) = {j : j ∼ i} denotes the set of neighbors, in other words, the
boundary (in G) of i and cl(i) = {i} ∪ bd(i) denotes the closure (in G) of i. For
the states, Equation (UL) means that

p(xi|x1, . . . , xi−1, xi+1, . . . , xd) = p(xi|xbd(i)), i = 1, . . . , d.

So the conditional independence relations depend on the neighborhood. This
observation is the base of so-called Gibbs fields.

Now, let (UF) denote the undirected factorization property of the underlying
multivariate distribution with respect to the undirected graph G. For the states,
it means the factorization of the joint pmf or pdf as:

p(x1, . . . , xd) =
1

Z

∏
C∈C

ΨC(xC) (UF)

with normalizing constant Z > 0 and non-negative compatibility functions ΨCs
assigned to the cliques C ∈ C of G. Under clique, we understand a maximal
complete subgraph of G. Note that, in graph theory, they are sometimes called
maximal cliques. The compatibility functions are sometimes called clique po-
tentials, though this notion is used in the literature in many contexts.

The above factorization (UF) is far not unique. It sometimes has a more
convenient form if not only the cliques, but other complete subgraphs are also
involved (e.g., in hierarchical log-linear models). In fact, ΨCs are defined on all
the state configurations within the clique, and depend on the relation of C to
the other cliques as well. More precisely, ΨC : XC → R+, where XC = ×i∈CXi
and Xi is the sample space corresponding to Xi, i.e., Xi takes on values in the
set Xi. The whole sample space is X = ×di=1Xi.

Lauritzen [49] proves that for a distribution over an undirected graph, the
implications

(UF) =⇒ (UG) =⇒ (UL) =⇒ (UP)

always holds. However, there is an important theorem, attributed to Hammersley–
Clifford (see [49, 56]) that states

(UP) =⇒ (UF),
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whenever P is positive and continuous with respect to the product measure. This
condition always holds in non-degenerate exponential families. Thus, under such
condition, we can state that all these properties are equivalent,

(UF) =⇒ (UG) =⇒ (UL) =⇒ (UP) =⇒ (UF).

Consequently,
(UG)⇐⇒ (UL)⇐⇒ (UP) (1.1)

also holds. However, for the equivalences in (1.1), milder conditions than the
positivity of P also suffice. For example, for disjoint vertex-subsets A,B,C:

XA⊥⊥XB |XC and XA⊥⊥XC |XB =⇒ XA⊥⊥XB∪C .

These are called composition and intersection properties that define so-called
graphoids and Gaussoids, (see [53]). However, such distributions, like the Gaus-
sian, symmetric binary, and so-called MTP2 distributions, mimic the properties
of the Gaussian one. In fact, we do not need the abstract definition of them.

An important consequence of the Hammersley–Clifford theorem is that, in
the case of positive distributions, (UP) can be used to build the graph that is
based on pairwise relations between the variables. Then, with this graph, all
the global and local independence properties will hold.

Note that in the case of positive distributions, the (UP) ⇐⇒ (UG) equiva-
lence in (1.1) means that all independence statements can be read off the graph.
These graphs are constructed based on the pairwise independences between vari-
ables, conditioned on the remaining variables. In Cox and Wermuth [18], such
graphs are called concentration graphs.

In this context, covariance graphs are sometimes considered, where undi-
rected edges correspond to non-zero pairwise correlations. In a concentration
graph, when two disjoint vertex-subsets A and B have no path between them,
it follows that XA⊥⊥XB , because XA and XB are independent conditioned
on X∅ (as there is no separating set between them). This means that they
are marginally independent. Otherwise, a covariance graph and concentration
graph based on the same (positive) distribution coincide only if the latter con-
sists exclusively of disjoint cliques.

Going back to directed graphs, observe that the condition (DF) resembles
that of (UF). Since in the case of a DAG, the condition (DF) can be written as:

p(x1, . . . , xd) =
1

Z

d∏
i=1

Ψcl(i)(xi, xpar(i)) =
1

Z

d∏
i=1

Ψcl(i)(xcl(i)),

where Z = 1 and cl(i) = {i} ∪ par(i) is considered as the closure of vertex i
in the DAG. This also forms a complete subgraph in the skeleton if the DAG
G does not contain a sink V configuration like i → k ← j for k < i, k < j,
when there is no arrow between the distinct vertices i and j. Such a DAG is
called decomposable. Let us form the Mi := cl(i) vertex-sets (i = 1, . . . , d),
the spanning subgraph of which is complete. Delete the subgraphs that are
contained in another one, and keep only the maximal complete subgraphs, i.e.,
the cliques C ∈ C among them. Then the above equation can be transformed
into Equation (UF) with Z now not necessarily one.

In order to make a directed BN undirected, we must disregard the orienta-
tion of the edges as well as “moralize” the graph. If G is a DAG, a so-called
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moralization can be done by connecting two parents (having a common child)
whenever they are not connected (married). The obtained moral graph Gm is
then used in the MRF setup. To motivate moralization, assume that the under-
lying distribution is multivariate Gaussian on a DAG G. Moralization is needed
when for some triple i, j > k in G, i → k, and j → k holds, but there is no
directed edge between i and j (sink V pattern). Then even if Xi and Xj are
(marginally) independent, they are no longer conditionally independent, condi-
tioned on Xk. For example, if Xi is the years of former schooling and Xj is
the gender, then – though they are independent (men and women can get any
education irrespective of gender) – they are conditionally dependent given level
of salary (Xk). In the example of [78], for a given level of salary, women had a
greater educational attainment than men. Such conditional dependence induces
an edge in Gaussian covariance selection models. So if a DAG has no sink V
configuration, this labeling of the vertices forms a RZP, see the last point of
Proposition 1.

On the same skeleton, we can think that an undirected graph (through
neighborhoods) gives rise to a richer structure of independence statements than
a directed one using only ancestral dependences. However, it turns out that the
directed and undirected Markov properties are strongly related to each other.

Proposition 1.1 (Lemma 3.21 of [49]) If P has the property (DF) with re-
spect to the directed graph G, then it has the property (UF) with respect to the
undirected moral graph Gm of G.

Certain converse of Proposition 1.1 and so-called Markov-equivalences of
regression graphs will be stated later, when the graph has both directed and
undirected edges.

Now, in possession of Proposition 1.1, we are able to define the directed
global Markov property (DG) of a distribution with respect to a directed graph
G. This means that

XA⊥⊥XB |XS (DG)

holds for any vertex cutset S between disjoint vertex-subsets A and B in the
moral graph of the ancestral set An(A ∪ B ∪ S). Note that (DG) is equivalent
to the d-separation (direction-dependent separation) criterion of Pearl [56]:

XA⊥⊥XB |XS ⇐⇒ S d-separates A from B, (1.2)

where S d-separates A from B in the DAG G if there is no active path in G from
A to B given S. A path between A and B given S is active if among its inner
nodes, every collision node (◦ → ◦ ← ◦ ) is in An(S) and every transmitting
node (◦ → ◦ → ◦) is in V \ (A ∪ B ∪ S). This notion is also generalized to
regression graphs [77], see Section 1.5. Based on these, the so-called Bayes-
ball algorithm is constructed to decide whether the above d-separation holds
for given disjoint subsets A,B, S ⊂ V , see, e.g., [56]. Later, it was shown that
the criterion of d-separation cannot be improved. However, in the case of real
sample spaces, a Gaussian, and a symmetric binary distribution, it always exists
satisfying Equation (1.2).

Finally, note that P is called a Gibbs distribution over the undirected graph
G if it can be parameterized by a set of positive functions ΨCs over the cliques
of G. By physicists, it is called clique potentials, such that for its pmf or pdf
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the condition (UF) holds. By the above Hammersley–Clifford theorem, a Gibbs
field and MRFs are equivalent with regard to the same G whenever P is strictly
positive.

We use the notion Markov random fields (MRFs) only for positive distri-
butions when all the Markov properties are equivalent to each other and to
the factorization property. Originally, Gibbs fields were developed in statistical
physics, where the compatibility functions are of the form ΨC = e−gC with gC an
energy function over states xC of C. The energy represents the likelihood of the
corresponding relationships within the clique, with a higher energy configura-
tion having lower probability and vice versa. The estimation of these potentials
through energy functions is related to the theory of the forthcoming log-linear
models and Markov Chain Monte Carlo methods, e.g., Gibbs samplers [50, 49].

1.3 Discrete Markov Random Fields

1.3.1 Log-Linear Models

Let X1, . . . , Xd be categorical variables, where Xi takes values on the finite
set Xi = {1, . . . , ri}, i = 1, . . . , d. The components of the random vector
(X1, . . . , Xd) are usually not independent. The observations for their joint dis-
tribution are collected in a so-called contingency table, for which the frame is
provided by the sample space (state space) X = X1 × · · · × Xd. In fact, X is
a d-dimensional array, the entries of which are d-tuples x = (x1, . . . , xd) ∈ X ,

and they are called cells. Altogether, there are
∏d
i=1 ri cells. In the context of

contingency table, we understand this frame together with the cell counts n(x),
x ∈ X , where the non-negative integer n(x) is the number of observations for
the random vector X = (X1, . . . , Xd) that fall in the cell x out of the total n ob-
servations. In other words, n is the sample size, and of course, n =

∑
x∈X n(x).

When n is kept fixed, the joint distribution of the counts, N(x)s as rv’s, is
multinomial with parameters p(x), x ∈ X :

P(N(x) = n(x), x ∈ X ) =
n!∏

x∈X n(x)!

∏
x∈X

p(x)n(x). (1.3)

In the saturated model, the parameters are only constrained by restrictions that
are due to the sampling procedure (multinomial sampling). Under such sam-
pling, as in exponential families, the ML-estimate of the parameters is obtained
by equating the count n(x) to the binomial expectation np(x), for all x ∈ X ,

and hence, p̂(x) = n(x)
n , x ∈ X .

Now, with some restrictions on the marginal distributions, special models
can be defined. The marginal of the contingency table corresponds to a given
subset of the variables XA = {Xi : i ∈ A}, with A ⊂ V = {1, . . . , d}. This
A-marginal is given by the marginal counts as follows:

n(xA) =
∑

x′∈X :x′A=xA

n(x′) =
∑

yV \A∈XV \A

n(xA,yV \A), xA ∈ XA = ×i∈AXi,

i.e., the variables in V \A are ‘summed out’. If |A| = k, these A-marginal counts
form a k-dimensional contingency table of

∏
i∈A ri cells. Accordingly, there are
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(
d
k

)
possible k-dimensional marginals (k = 1, . . . , d). Likewise, the A-marginal

distribution of the {p(x) : x ∈ X} distribution is defined by

pA(xA) =
∑

x′∈X :x′A=xA

p(x′) =
∑

yV \A∈XV \A

p(xA,yV \A), xA ∈ XA.

Given the set Γ = {A : A ⊂ V }, called generating class, we define the following
log-linear model :

ln p(x) = f0 +
∑
A∈Γ

fA(xA), (1.4)

where the individual terms represent interactions (fA : XA → R functions)
corresponding to A ∈ Γ. These interactions depend on x only through xA, and
the constant term f0 corresponds to ∅ ∈ Γ. This also fits into the forthcoming
hierarchical structure of Γ. Moreover, it is in accord with the notation of the
Gibbs field, see Section 1.2, where |fA|s are the energies of the configurations
that correspond to the vertex-subsets in Γ of G. We will see that the log-linear
model defines a MRF if and only if the generating class Γ consists of the cliques
of G and of the subsets of them, see Section 1.3.2.

To meet some compatibility constraints, we consider hierarchical log-linear
models: with any A ∈ Γ and A′ ⊂ A, the relation A′ ∈ Γ also holds. In addition,
some normalizing conditions are needed, (see [20]). If P obeys a hierarchical log-
linear model, which means that it can be constructed as the product of functions
defined on its lower dimensional margins up to a certain dimension. Accordingly,
it suffices to keep only the maximal interaction sets in Γ. Such Γ will be called
generating class of the log-linear model.

In special hierarchical log-linear model, the generating class is specified with
the set of maximal interactions

C = {C : C is a clique of the underlying graph},

where Γ consists of the complete subgraphs of the underlying graph. In this case,
there is another equivalent form of Equation (1.4) that uses a parametrization
of the exponential family :

p(x) = exp

{∑
C∈C
〈θC , IC(xC)〉 − Z(θ)

}
.

Here θ = {θC : C ∈ C} is the canonical parameter, where

θC = {θC,yC
, yC ∈ XC} ∈ R|XC |

is a vector, θ is a
∑
C∈C |XC |-dimensional vector. This dimension is usually less

than |X | =
∏n
i=1 |Xi|. The canonical statistic IC also takes on values in R|XC |

for every C ∈ C. In fact, the ICs are multiple indicator functions consisting of
usual 0-1 indicator functions of all possible states in XC (cells with coordinates
in C). More exactly,

IC = {IC,yC
, yC ∈ XC} ∈ R|XC |,

where the usual indicator function IC,yC
(xC) is one if xC = yC and 0, otherwise.

Further, 〈., .〉 denotes the inner product in the above finite-dimensional spaces;
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and Z(θ) is the log-partition function (it does not depend on x ∈ X ). In accord
with Equation (1.4), fC = θCIC .

As shown in Section 5.1, the sums of the canonical statistics through an
i.i.d. sample X(1), . . . ,X(n) ∈ X , are the sufficient statistics. Accordingly,
based on such sample, the frequencies n(xC)s of the cells within the cliques are
the sufficient statistics. Moreover, Proposition 5.2 proves that there is a one-
to-one correspondence between the mean value and the canonical parameters
m(xC) = np(xc). The ML-estimate of the mean value parameter comes from
the moment-matching equations

m(xC) = n(xC), C ∈ C, x ∈ X .

Further this system of equations is solved by the Iterative Proportional Scal-
ing (IPS) algorithm to estimate the mean value parameters and so-called cell-
probabilities, see Section 2.5 of [9].

1.3.2 Graphical and Decomposable Models

In the case of large contingency table, the IPS algorithm going through the
cells several times is time-consuming. However, if the model is characterized by
special dependency structure, the ML-estimate can be given by explicit formula.
Such models are called decomposable ones.

Consider the hierarchical log-lineal model in which we keep only the maximal
interactions in the generating class Γ. Further, we assume that each variable
is included in at least one interaction, i.e. all main effects are present. For the
special structure of the generating class, an exact algorithm that goes through
the A ∈ Γ sets in a definite order can be introduced, see Section 2.5 of [9].

Now, we introduce the hypergraph notions. The generating class Γ uniquely
defines the hypergraph H, where the vertices correspond to the variables and
constitute the set V = {1, . . . , d}, and the hyperedges are the elements of Γ
(they are the maximal interaction sets). With our former assumption, each
vertex is contained in at least one hyperedge. Since the model is hierarchical,
the subsets of the maximal interaction set are also interactions, but they are
not hyperedges in H.

The interaction graph G = G(H) corresponding to H, or equivalently, to the
hierarchical log-linear model with generating class Γ, is defined by the vertex-set
V and the following edges:

i ∼ j ⇔ {i, j} ⊆ A for some A ∈ Γ.

This means that two vertices are connected if and only if they are contained
together in some interaction set.

The clique hypergraph H of a graph G (both are defined on the same vertex-
set) consists of hyperedges which are exactly the cliques of G. With another
wording (see [70]), H is conformal (with G).

Note that different connected components of so-called interaction graph cor-
respond to variables that are mutually (marginally) independent. Likewise,
different hierarchical models may have the same interaction graph, see the ex-
amples below. However, we introduce a class of models when there is a one-
to-one correspondence between the model and its interaction graph. Therefore,
the interaction graph is capable to describe such a model.



CHAPTER 1. GRAPHICAL MODELS 17

Definition 1.1 The hierarchical log-linear model with generating class Γ is
graphical if the hypergraph H defined above (with the hyperedges as the entries
of the generating class Γ) is identical to the clique hypergraph of its interaction
graph (see [63]), i.e., H is conformal (with G).

Equivalently, Definition 1.1 means that the hierarchical log-linear model with
generating class Γ is graphical if the generating class Γ is identical to the cliques
of its interaction graph. For example, when the generating class is

Γ = {{1, 2}, {2, 3}, {1, 3}}, (1.5)

the interaction graph has the clique {1, 2, 3}. This clique is not an interac-
tion set. Therefore, the log-linear model is not a graphical interaction model.
However, when the generating class is

Γ′ = {{1, 2, 3}}, (1.6)

the interaction graph has the clique {1, 2, 3}. In this case, the log-linear model
is a graphical interaction model.

Theorem 1.1 (see [63]) The distribution P obeying the hierarchical log-linear
model with generating class Γ defines a MRF (satisfies conditions (UF), (UG),
(UL), and (UP)), if and only if the log-linear model is graphical (again, the
cliques of the interaction graph G correspond to subsets of variables which are
in interaction with each other).

Definition 1.2 The hierarchical log-linear model with generating class Γ is de-
composable if its interaction graph is decomposable.

The definition of the (weak) decomposability of a graph is recursive, see Defi-
nition 4. In this way, decomposability goes through to the log-linear model as
follows:

Proposition 1.2 The log-linear model is decomposable if and only if the gen-
erating class Γ either consists of one set (G is the complete graph) or it is the
disjoint union of the decomposable generating classes Γ1 and Γ2 (they contain no
sets in common) such that there exist A∗ ∈ Γ1 and B∗ ∈ Γ2 with the following
property:

(∪A∈Γ1A) ∩ (∪B∈Γ2B) = A∗ ∩B∗.

It is important that decomposable models are subclasses of the graphical
ones.

Proposition 1.3 (see [63], Corollary 7.5) A log-linear model is graphical when-
ever it is decomposable.

Also observe that in the RIP ordering, the cliques also form a Markov chain:
the conditional distribution of XRj conditioned on XC1∪···∪Cj−1 is the condi-
tional distribution of XRj conditioned on XSj , i.e.,

p(xRj
|xC1∪···∪Cj−1

) = p(xRj
|xSj

), (1.7)

where p is the pmf in discrete, and pdf in continuous cases. Sometimes this is
called Markovity, but again, it is stronger than being an MRF.
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In decomposable log-linear models, there are also exact ML-estimates for the
cell probabilities, and so, for the moment parameters. Here we cite some results
of [49]. If we have the RIP ordering C1, . . . , Ck of the cliques with separators
S2, . . . , Sk, then for the cell probabilities we have

p(x) =

∏k
j=1 p(xCj

)∏k
j=2 p(xSj

)
=

∏
C∈C p(xC)∏

S∈S p(xS)ν(S)
, x ∈ X (1.8)

where C is the set of the cliques, S is the set of the separators along the JT, and
ν(S) is the multiplicity of the occurrence of the separator S in the above JT of
G. Hence, the ML-estimate of the mean vector is given by the explicit formula

m̂(x) =

∏k
j=1 n(xCj

)∏k
j=2 n(xSj )

=

∏
C∈C n(xC)∏

S∈§ n(xS)ν(S)
, x ∈ X (1.9)

and that of the cell probabilities is p̂(x) = m̂(x)
n , x ∈ X .

Equation (1.8) also induces the following factorization:

p(x) =

k∏
i=1

p(xRj |xSj ) (1.10)

in the RIP ordering, where Rjs are the residuals, Sjs are the separators of the
cliques C1, . . . , Ck; further, R1 = C1, S1 = ∅, so p(xR1

|xS1
) = p(xC1

). It is
in accord with Equation (1.7) and also resembles the factorization (DF) of a
directed graph. It also gives a possible factorization in (UF), where Z = 1 and
the compatibility function is, in fact, a conditional probability of the clique’s
residual on the clique’s separator: ΨCj (xCj ) = p(xRj |xSj ) for any clique Cj =
Rj ∪ Sj and any state configuration xCj

within it.

C1 = {1, 2, 3, 4}

1 2

4 3

(a)

C1 = {1, 3, 4}
C2 = {2, 3, 4}
C3 = {3, 4, 5}

1 4

2 3

5

(b)

C1 = {1, 2}
C2 = {1, 3}
C3 = {2, 4}
C4 = {2, 5}
C5 = {3, 4}
C6 = {3, 5}

1 2

4 3

5

(c)

C1 = {1, 2, 5}
C2 = {2, 3, 5}
C3 = {3, 4, 5}
C4 = {4, 1, 5}

1 2

4 3

5

(d)

Figure 1.1: Examples of Graphical Models; (a) and (b) are also decomposable;
(c) and (d) are not. One may think that (d) is triangulated, but it is not: 1-2-
3-4 is a chordless 4-cycle in it.
This Figure is made by Máte Baranyi.

Figure 1.1 illustrates that decomposable models are subclasses of the graph-
ical ones. Figure 1.1(a) is the complete graph corresponding to the unrestricted
model, while 1.1(b) corresponds to the model X1⊥⊥X2⊥⊥X5 | {X3, X4}, in terms
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of conditional independences; (c) and (d) are not decomposable: (c) corresponds
to the model X1⊥⊥X4⊥⊥X5 | {X2, X3} and vice versa, X2⊥⊥X3 | {X1, X4, X5},
while (d) corresponds to the modelX1⊥⊥X3 | {X2, X4, X5} andX2⊥⊥X4 | {X1, X3, X5}.
In (a) and (b), the cliques constitute a junction tree in the Sundberg’s order-
ing (so they both are decomposable), and Equation (1.8) is applicable for their
factorization. However, in (c) we can use the factorization according to the
log-linear model. Actually, its equivalent form for the log-probabilities is as
follows:

ln p(x1, x2, x3, x4, x5) =

+ f1,2(x1, x2) + f1,3(x1, x3) + f2,4(x2, x4) + f2,5(x2, x5)

+ f3,4(x3, x4) + f3,5(x3, x5)

+ f1(x1) + f2(x2) + f3(x3) + f4(x4) + f5(x5) + f0.

In the following example, let us consider the rv’sX1, X2, X3, and assume that
X2 and X3 are independent conditioned on X1. It means that the generating
class of the log-linear model is

Γ = {{1, 2}, {1, 3}}, (1.11)

and the interaction graph has the cliques {1, 2} and {1, 3}. This log-linear model
is decomposable with the only separator S = {1} between the cliques. From
Equation (1.8), we get the formula:

p(x1, x2, x3) =
p(x1, x2)p(x1, x3)

p(x1)
= p(x1, x2)p(x3|x1), (1.12)

which gives possible factorizations. The graph here was 2 − 1 − 3. As the last
example, consider the graph of Figure 1.2, where the generating class of the
log-linear model is

Γ = {{1, 3}, {2, 3}, {3, 4}, {4, 5, 6}}. (1.13)

As the entries of Γ are the cliques of the interaction graph, this log-linear
model is a graphical interaction model, and it is also decomposable with the
cliques {1, 3}, {2, 3}, {3, 4}, {4, 5, 6}, which form a junction tree in Sundberg’s
ordering with the separators {3}, {3}, {4}. Therefore, the probabilities in this
model can be decomposed as

p(x1, x2, x3, x4, x5, x6) =
p(x1, x3) · p(x2, x3) · p(x3, x4) · p(x4, x5, x6)

p2(x3) · p(x4)
,

for all x = (x1, x2, x3, x4, x5, x6) ∈ X .

5 5

6 6

4

4
3

3

22

11

Figure 1.2: Interaction Graph with Cliques of Equation (1.13).
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In sum, in the case of contingency tables, the graphical interaction models
(the cliques constitute the generating class) coincide with the MRFs. In sec-
tion 2.3 of [9], we give some equivalences of decomposable models. By these
equivalences, a junction tree (JT) structure of the cliques can be found. The JT
algorithm is a method used to extract marginalization in general graphs. A JT
of a graph G exists if and only if G is decomposable. Recall, that in such models,
there are exact formulas for the ML-estimates of the cell probabilities. For a
detailed description of some numerical algorithms to find a JT, see Section 2.4
of [9].

1.4 Continuous Markov Random Fields and Gaus-
sian Graphical Models

1.4.1 Partitioned Covariance and Partial Correlation Ma-
trices

Here we consider the multivariate Gaussian distribution which is able to define
so-called compositional graphoids (see [53]), and thus, embody the prototype
of continuous multivariate distributions with existing second moments, where
pairwise relations rule the joint distribution of the components.

Let X ∼ Nd(µ,Σ) be a d-variate Gaussian random vector with expectation
(vector) µ and positive definite, symmetric d × d covariance matrix Σ. Note
that this distribution belongs to the exponential family with canonical param-
eter (Σ−1,Σ−1µ). The also positive definite, symmetric matrix Σ−1 of entries
σij is called concentration matrix K, and its zero entries indicate conditional
independences between two components of X, conditioned on the remaining
components. This is supported by the following facts.

Proposition 1.4 Let the (p+q)×(p+q) covariance matrix Σ > 0 be partitioned
as

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

where Σ11, Σ22 are covariance matrices of X1 and X2, whereas Σ12 = ΣT
21

is their cross-covariance matrix. Then the symmetric matrix Σ−1 > 0 has the
following partitioned form:

Σ−1 =

(
Σ−1

1|2 −Σ−1
1|2Σ12Σ

−1
22

−Σ−1
22 Σ21Σ

−1
1|2 Σ−1

22 + Σ−1
22 Σ21Σ

−1
1|2Σ12Σ

−1
22

)
, (1.14)

where
Σ1|2 = Σ11 −Σ12Σ

−1
22 Σ21.

Further, Σ > 0 is equivalent to the fact that both Σ22 and Σ1|2 are regular
(invertible) matrices (actually, they are positive definite).

Theorem 1.2 Let (XT
1 ,X

T
2 )T ∼ Np+q(µ,Σ) be a random vector, where the

expectation µ and the covariance matrix Σ are partitioned (with block sizes p
and q) in the following way:

µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
.
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Then the conditional distribution of the random vector X1 conditioned on X2 =
x2 is Np(Σ12Σ

−1
22 (x2 − µ2) + µ1,Σ1|2) distribution.

Note that the conditional covariance matrix Σ1|2 does not depend on x2 of
the condition. Further, for the conditional expectation, which is the expectation
of the conditional distribution, we get that

E(X1|X2 = x2) = Σ12Σ
−1
22 (x2 − µ2) + µ1.

Therefore,

E(X1|X2) = Σ12Σ
−1
22 (X2 − µ2) + µ1

which is a linear function of the coordinates of X2. In the p = q = 1 case, it
is called regression line, while in the p = 1, q > 1 case, regression plane. Sum-
marizing, in case of the multidimensional Gaussian distribution, the regression
functions are linear functions of the variables in the condition, which fact has
important consequences in the multivariate statistical analysis. Since µ is just a
shift, in the sequel, we will assume µ = 0, i.e., the variables are mean centered.

Theorem 1.3 Let X = (X1, . . . , Xd)
T ∼ Nd(0,Σ) be a random vector, and let

V := {1, . . . , d} denote the index set of the variables, d ≥ 3. Assume that Σ is
positive definite. Then

rXiXj |XV \{i,j} =
−σij√
σiiσjj

i 6= j,

where rXiXj |XV \{i,j} denotes the partial correlation coefficient between Xi and
Xj after eliminating the effect of the remaining variables XV \{i,j}. Further,

σii = 1/(Var(Xi|XV \{i})), i = 1, . . . , d

is the reciprocal of the conditional (residual) variance of Xi conditioned on the
other variables XV \{i}.

Note that the rXiXj |XV \{i,j} = 0 ⇐⇒ σij = 0 equivalence can heuristi-
cally be explained as follows. It suffices to prove for the i = 1, j = 2 case.
rX1X2|XV \{1,2} = 0 means that when regressing X1 and X2 with XV \{1,2}, the
residuals have 0 covariance. This is equivalent to that the residual covariance
matrix Σ11−Σ12Σ

−1
22 Σ21 is diagonal, where Σ11 is the upper left 2×2 block of

Σ, and the other blocks are constructed accordingly. This in turn is equivalent
to that the inverse of the residual covariance matrix is also diagonal, and this
is just the upper left 2× 2 block of Σ−1, see Equation(1.14).

Definition 1.3 Let X ∼ Nd(0,Σ) be random vector with Σ positive definite.
Consider the regression plane

E(Xi|XV \{i} = xV \{i}) =
∑

j∈V \{i}

βji·V \{i}xj , j ∈ V \ {i},

where xjs are the coordinates of xV \{i}. Then we call the coefficient βji·V \{i}
the partial regression coefficient of Xj when regressing Xi with XV \{i},
j ∈ V \ {i}.
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Theorem 1.4

βji·V \{i} = −σ
ij

σii
, j ∈ V \ {i}.

Corollary 1.1 An important consequence of Theorems 1.3 and 1.4 is that

βji·V \{i} = rXiXj |XV \{i,j}

√
σjj

σii
= rXiXj |XV \{i,j}

√
Var(Xi|XV \{i})

Var(Xj |XV \{j})
, j ∈ V \{i}.

The formula is analogous to the one of unconditioned regression. So only the
variables Xjs whose partial correlation with Xi (after eliminating the effect of
the remaining variables) is not 0, enter into the regression of Xi with the other
variables.

1.4.2 Partial Correlations Based Hypotheses Testing

For i 6= j we want to test

H0 : rXiXj |XV \{i,j} = 0,

i.e., that Xi and Xj are conditionally independent conditioned on the remaining
variables. Equivalently, H0 means that βij|V \{i} = 0, βji|V \{j} = 0, or simply,
σij = σji = 0 (Σ > 0 is assumed).

To test H0 in some form, several exact tests are known that are usually
based on likelihood ratio tests. The following test uses the empirical partial
correlation coefficient, denoted by r̂XiXj |XV \{i,j} , and the following statistic is
based on it:

B = 1− (r̂XiXj |XV \{i,j})
2 =

|SV \{i,j}| · |SV |
|SV \{i}| · |SV \{j}|

,

where S is the sample size times the empirical covariance matrix of the variables
in the subscript (its entries are the product-moments). It can be proven that
under H0, the test statistic

t =
√
n− d ·

√
1

B
− 1 =

√
n− d ·

r̂XiXj |XV \{i,j}√
1− (r̂XiXj |XV \{i,j})

2

is distributed as Student’s t with n− d degrees of freedom. Therefore, we reject
H0 for large values of |t|.

1.4.3 Undirected and Covariance Selection Models

In 1972, Dempster introduced the covariance selection model [22]. This model
is based on the partial correlations hypotheses testing.

Let X ∼ Nd(µ,Σ) be a d-dimensional Gaussian random vector, and form a
graph G on the vertex-set V , where V corresponds to the components of X and
the edges are drawn according to the rule

i ∼ j ⇔ σij 6= 0, i 6= j.

This is called Gaussian graphical model. For practical purposes we use the
empirical partial correlation coefficients, and based on them, the above exact
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test to check whether they significantly differ from 0 or not. If we put zeros into
the no-edge positions ijs of the inverse covariance matrix, we can fit a so-called
covariance selection model. The restricted covariance matrix is denoted by Σ∗.

With the help of the concentration matrixK = Σ−1 and the vector h = Kµ,
the log-density of X has the following form:

ln f(x) = c− 1

2

∑
i∈V

kiix
2
i +

∑
i∈V

hixi −
∑
i 6=j

kijxixj ,

where c is appropriate normalizing constant. Compared to the log-linear model,
the log-density is additively decomposed of quadratic main effects with coeffi-
cients − 1

2kii, linear main effects with coefficients hi, and quadratic interactions
with coefficients −kij . Observe that the interaction terms of the highest order
involve pairs of variables, and there are no terms involving groups of variables
with more than two elements. This is in contrast to the discrete case and it fol-
lows in particular that within the normal distribution there are no hierarchical
interaction models which are not graphical. So it is an MRF.

Given the interaction graph and a sample (of more than d elements), we
want to fit a (Gaussian) distribution so that Xi is conditionally independent
of Xj given the remaining variables, denoted by Xi⊥⊥Xj |XV \{i,j}, whenever
there is no edge between i and j in G. (Actually, this is the pairwise Markov
property, which is equivalent to the local and global Markov properties, as we
have a positive distribution.) That is, we want to estimate the mean value
parameters (µ and Σ) from the iid. sample X1, . . . ,Xn ∼ Nd(µ,Σ) (n > d),
such that the concentration matrix has zero entries in the no-edge positions:
kij = 0 whenever {i, j} /∈ E.

This can be done by the covariance selection model: it can be proven (see
Theorem 5.3 of [49]) that under this model the ML-estimate of the parameters
is: µ̂ = X̄ = 1

n

∑n
i=1 Xi and that of the restricted covariance matrix Σ∗ = (σ∗ij)

can be calculated as follows. We estimate the entries in the edge-positions as in
the saturated model (no restrictions):

σ̂∗ij =
1

n
sij , {i, j} ∈ E, (1.15)

where S = (sij) =
∑n
`=1(X` − X̄)(X` − X̄)T . The other entries (in the no-

edge positions) of Σ∗ are free, but satisfy the model conditions: after taking
K∗ = (k∗ij) = Σ∗−1 with these undetermined entries, we get the same number
of equations for them from k∗ij = 0 whenever {i, j} /∈ E. To do so, there are nu-
merical algorithms at our disposal, for instance, the IPS (Iterative Proportional
Scaling (see [49], p. 134), already discussed in Section 2.5 of [9].

The quintessence of the IPS is that it suffices to state Equations (1.15) for
the cliques:

Σ̂∗C =
1

n
SC , C ∈ C,

where the subscript indicates that we choose the quadratic (and symmetric)
|C|× |C| submatrix of the underlying covariance or empirical covariance matrix
that contains only variables in C. Note that instead of the n > d condition n > c
would suffice, where c is the cardinality of the largest (maximum) clique. Then

K∗ = Σ∗−1 is the fixed point of the equation TK = K, where T =
∏k
i=1 TCi
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with C1, . . . , Ck being the cliques of the graph and

TCi
K = K + [n(SCi

)−1 − (K−1
Ci

)−1]V ,

where, in general, [MC ]V denotes the d×d matrix containing the entries of the
larger matrix M in the |C|×|C| block corresponding to C, and otherwise zeros.

Then starting with an arbitrary K(0) which contains 0 entries exactly in the
no-edge positions of G, the iteration

K(t) = TK(t−1), t = 1, 2, . . .

converges to the inverse of the unique ML estimate:

K(t) → K̂∗ = (Σ̂∗)−1, t→∞.

Here an infinite iteration is needed, because in general, there is no explicit
solution for the ML estimate. However, in the decomposable case there is no
need of running the IPS, but explicit estimates can be given as follows. Recall
that if the Gaussian graphical model is decomposable (its concentration graph
G is decomposable), then the cliques, together with their separators (with mul-
tiplicities), form a JT structure. Denote C the set of the cliques and S the set
of the separators in G.

Then direct density estimates, like (1.8), are available:

f(x) =

∏k
j=1 f(xCj

)∏k
j=2 f(xSj

)
=

∏
C∈C f(xC)∏

S∈S f(xS)ν(S)
, x ∈ Rd. (1.16)

There are also exact tests in decomposable models (see [49], p. 149).
The ML estimator of K can be calculated based on the product-moment

estimators applied for subsets of the variables, corresponding to the cliques and
separators. First, introduce the simpler form for K, (see [49]):

K = Σ−1 =
∑
C∈C

[KC ]V −
∑
S∈S

[KS ]V =
∑
C∈C

[Σ−1
C ]V −

∑
S∈S

[Σ−1
S ]V ,

further,

|Σ| =
∏
C∈C |ΣC |∏
S∈S |ΣS |

.

Let n be the sample size for the underlying d-variate normal distribution,
and assume that n > d. For the clique C ∈ C, let [SC ]V denote n times
the empirical covariance matrix corresponding to the variables {Xi : i ∈ C}
complemented with zero entries to have a d×d (symmetric, positive semidefinite)
matrix. Likewise, for the separator S ∈ S, let [SS ]V denote n times the empirical
covariance matrix corresponding to the variables {Xi : i ∈ S} complemented
with zero entries to have an d × d (symmetric, positive semidefinite) matrix.
Then the ML estimator of the mean vector is the sample average (as usual),
while the ML estimator of the concentration matrix is

K̂ = n

{∑
C∈C

[S−1
C ]V −

∑
S∈S

[S−1
S ]V

}
;
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further,

|K̂| = nd ·
∏
S∈S |SS |∏
C∈C |SC |

.

Again, here the structure of K imitates the JT structure, through a RZP. Also,
decomposable (multiplicative) models provide the Markov property through a
chain, and a factorization, resembling (1.10), also holds:

f(x) =

k∏
i=1

f(xRj |xSj ) (1.17)

in the RIP ordering of the cliques, residuals, and separators. By [22, 69], the
same can be done for all members of the exponential family.

1.4.4 Directed, Recursive Linear Regression, and Path
Analysis Models

Here, we consider some causal relations within the covariance selection model.
We construct a so-called regression graph via the estimated inverse covariance
matrix, see Section 1.5. Special constellation of the zeros in the concentration
matrix forms a RZP that gives an ordering of the vertices in which causation
may happen. Further, we show how to apply this model in the restricted causal
VAR(p) processes, where p ≥ 1, see Sections 4.1.2 and 4.1.2.

It is important to recall that (marginal) independences are indicated by zero
entries of the covariance matrix. Specifically, these are the entries of the sample
covariance matrix which do not differ significantly from zero. Note that the
conditional independences can be concluded from the (sample) concentration
matrix, or can be supplanted in it via covariance selection.

For 2 ≤ k ≤ d, consider the following recursive system of linear equations:

X1 + a12X2 + a13X3 + · · ·+ a1dXd = ε1

X2 + a23X3 + · · ·+ a2dXd = ε2

... =
...

Xk + · · ·+ akdXd = εk,

(1.18)

where X1, . . . , Xk are endogenous, and Xk+1, . . . , Xd are fixed exogenous (in
other words, context) variables; the errors are εi ∼ N (0, δi) for i = 1, . . . , k and
E(εiεj) = 0 for i 6= j. The Xis are also Gaussian with zero expectations. For i =
1, . . . , k, Xi depends on Xi+1, . . . , Xd linearly, as described by equations (1.18)
with the regression coefficients aijs. These coefficients are estimated based on
i.i.d. measurements xi = (xi1, . . . , xin)T ∈ Rd, i = 1, . . . , n. Assume that n > d
and the sample means (averages of the coordinates of the xis) are zeros. Then
the n×n symmetric sample covariance matrix S has entries sij = 1

nxTi xj . Note
that, in case of n > d, S is positive definite with probability 1, (see [76]). To
be noted that in any ordering of the variables, a DAG can be constructed along
which the directed pairwise Markov properties with respect to the underlying
Gaussian distribution hold. So the recursive linear regressions 1.18 also hold
(sometimes it is called linear Gaussian model).
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When there are no restrictions on the coefficients aij , the system is called
complete. On the other hand, the system is incomplete if some of the coefficients
are restricted to zero. In both cases, the ML-estimates of the parameters can be
obtained by applying the method of least squares to each equation separately.
Recall that the variables with coefficients restricted to zero do not enter the
regression model equation. The forthcoming theory guarantees that the equa-
tions need not be treated separately, but can be solved simultaneously with a
convenient decomposition of the concentration matrix of Xis. Interestingly, the
pattern of the parameters restricted to zero makes it possible to use a unique
method for the parameter estimation. This pattern will turn out to be the
decomposable one. In other words, they are called multiplicative models which
possess the decomposability property. Moreover, these models are strongly re-
lated to the decomposable graphs and JTs.

We form the directed graph G on d vertices, which correspond to X1, . . . , Xd.
For i = 1, . . . , k and j = i+ 1, . . . d, we draw a directed edge Xj → Xi if aij 6= 0
(Xj is explanatory for Xi) and there is no edge between them if aij = 0. Assume
that between the exogenous variables Xk+1, . . . , Xd all edges are present. Note
that those edges are bidirected and carry no information for the system. This
notation was elaborated in Path Analysis [PA] of Sewall Wright in the early
20th century [85]. Recall, PA is considered a method for verifying or disproving
causality structure between the observed variables by examining the correlation
between them [84, 60]. In the context of graphical model classes, PA represents
a DAG.

In the following, we discuss the topic with the simpler notions of [76]. We
can also think of the biderected connections as undirected edges. In addition,
we sometimes forget the direction of the directed edges, as the criteria for de-
composability do not use direction. However the directions somehow dictate the
ordering of the cliques in the JT and a perfect numbering of the vertices.

Now we do not regard Xk+1, . . . , Xd as fixed but as rv’s. Consider X =
(X1, . . . , Xd) ∼ N (0,Σ). Assume that Σ > 0 and so, K = Σ−1 > 0. We
complete the system (1.18) with additional d − k complete recursive equations
to get its matrix form:

AX = ε with ε = (ε1, . . . , εd)
T , ε ∼ Nd(0,∆), (1.19)

where A is a d × d upper triangular matrix with 1s along its main diagonal,
otherwise it contains the coefficients aij , and ∆ = diag(δ1, . . . , δd) is a d × d
diagonal matrix with positive diagonal entries.

From Equation (1.19) we get

E[(AX)(AX)T ] = AΣAT = ∆.

So given that the covariance matrix Σ > 0, we have to find a decomposition

AΣAT = ∆, (1.20)

where A is upper triangular (with all 1s along its main diagonal) and ∆ is a
diagonal matrix with positive diagonal entries. If Σ > 0, then there is a one-to-
one correspondence between Σ and the pair (A,∆), which provides the unique
solution of Equation (1.19). The entries of A and ∆ are related to partial
regression coefficients and residual variances, see [76] and the reasoning below.
Furthermore, we can state the following:
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Proposition 1.5 [Proposition 1 of [76]] The following are equivalent:

1. The system (A,∆) of recursive linear equations is complete.

2. The covariance matrix Σ of X is unrestricted.

How to get the decomposition of Equation (1.20)? Since Σ and A are
invertible matrices, we have Σ = A−1∆(AT )−1 and

Σ−1 = AT∆−1A. (1.21)

In fact, we must perform the Cholesky decomposition (in this form called
LDL decomposition) of the symmetric positive definite matrix K = Σ−1, to
obtain the decomposition

K = LDLT ,

where L is lower triangular. With the convenient choice of the diagonal matrix
D such that its diagonal entries are 1s, then A := LT and ∆ := D−1. Now,
we explain how to get the first row of A, that is the first column of L. We just
divide the first column (row) of K by k11, where d−1

11 = k11 and a11 = 1, then

a1j =
k1j

k11
, j = 2, . . . , d.

In fact, a1js (j = 2, . . . , d) are −1 times the partial regression coefficients of
X1 when regressed with X2, . . . , Xd. The negative sign comes from the equiva-
lent form

X1 = −a12X2 − a13X3 − · · · − a1dXd + ε1

of the first equation of (1.18), which shows that the −aijs are the partial re-
gression coefficients. Further,

aij = −βji·{i+1,...,d}, j ∈ {i+ 1, . . . , d}, i = 1, . . . , d− 1 (1.22)

and
δi = Var(Xi|X{i+1,...,d}), i = 1, . . . , d (1.23)

is the conditional (residual) variance ofXi conditioned on the variables X{i+1,...,d}.
Following Cochran [16], there is also a recursion for the correlations and the

partial regression coefficients, when the variables are standardized:

rij =

d∑
k=i+1

βki·{i+1,...,d} rkj , j ∈ {i+ 1, . . . , d}. (1.24)

This is the base of the path analysis. To treat the incomplete cases, we consider
the RZP, see Proposition 1. Basically, we say that the symmetric p× p matrix
M has zero structure with respect to I if the upper diagonal entries of M
are zeros exactly in positions (i, j) ∈ I. If I is reducible, we say that M has a
RZP.

Proposition 1.6 [Proposition 2 of [76]] Let Σ(1,...,k) and A(1,...,k) be the sub-
matrices of Σ and A, which remain after deleting rows and columns 1, . . . , k.
I∅ := Ĩ and I(1,...,k) is obtained from Ĩ by deleting all pairs (i, j) with i ∈
{1, . . . , k}. With this notation, for every reducible I ⊆ Ĩ and k ∈ {0, . . . d− 2},
the following are equivalent:
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1. (Σ(1,...,k))
−1 has zero structure with respect to I(1,...,k).

2. A(1,...,k) has zero structure with respect to I(1,...,k).

In the proof, the formulas (2.8), (2.9) of [76] are used, and the fact, that Σ =

A−1∆A−1T implies (by the nature of the Cholesky decomposition) that

Σ(1,...,k) = (A−1)(1,...,k)∆(1,...,k)(A
−1T )(1,...,k).

So to find the (k + 1)th row of A, only the entries of Σ(1,...,k) are used. The
next proposition applies to the k = 0 case.

Proposition 1.7 [Proposition 3 of [76]] For every reducible I ⊆ Ĩ and every
pair (A,∆),Σ∗ (latter one denoting the restricted covariance matrix), the fol-
lowing are equivalent:

1. A has zero structure with respect to I.

2. (Σ∗)−1 has zero structure with respect to I.

Therefore, only in the labeling of the vertices that gives an RZP, it is true that
the zeros of (Σ∗)−1 and A coincide. The same is proved in the causal VAR(p)
models, see Sections 4.1.2 and 4.1.2.

To find the ML estimate Σ̂∗ of Σ∗, the covariance selection method is ap-
plicable. Now, we will clarify which class of covariance selection models can be
characterized by a RZP in the concentrations (entries of Σ−1). The author of
[76] in Section 3 shows that

1. Every incomplete system (A,∆) with RZP can be equivalently described
with a decomposable (multiplicative) covariance selection model.

2. Every decomposable (multiplicative) covariance selection model can, after
a proper reordering of the variables, be described by an incomplete system
(A,∆) with reducible zero pattern.

3. The decomposition rule can be derived from a given reducible zero pattern.

4. A RZP facilitates computation of the ML estimates of the parameters in
a covariance selection model, i.e., there are closed forms for the clique
concentrations and for the least squares estimates of the corresponding
incomplete system.

It is important that in decomposable models the regression coefficients have the
same RZP as the concentration matrix, see Propositions 5,6,7 of [76].

Consequently, the condition for a directed graph to be decomposable (with
no sink V pattern) corresponds to the condition of its undirected skeleton to be
decomposable (with a RZP). If we order the variables according to this RZP,
then the recursive regressions give the same estimates for the correlations by
the path coefficients as those expected via ML estimation.

The relation to path analysis is also discussed in [76]. If the Gaussian
variables are standardized (they are not only mean centered, but have unit
variance), then the estimated regression coefficients are the path coefficients.
Moreover, with them there are recursions for the correlations rijs. They are
consequences of similar recursions between the usual and partial correlations,
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due to Cochran, see [78]. With Equation (1.24), and denoting by âiks the ML-
estimates of the so-called path coefficients,

rij =

d∑
k=i+1

âikr̂kj

holds, if we estimate rkjs in the usual way. When we start from Σ∗, and the
correlations are estimated by covariance selection. Then

r∗ij =

d∑
k=i+1

âikr̂
∗
kj

is the correlation expected from the path diagram. The ML ratio test can be
used to decide whether the estimated correlations (r̂ijs) and the path corre-
lations (r∗ijs) differ significantly or not. If not, then the path analysis model
with existing arrows fits the data. In Chapter 2, we emphasize the relationship
between the PA and SEM.

1.5 Regression Graph Models

A regression graph is, in fact, a chain graph that contains both directed and
undirected edges in the following way. If we keep only the undirected edges, the
graph falls apart into connected components. The components are numbered
such that the last ones (with greatest indices) correspond to so-called context
variables that are given in the framework of the experiment. Typically they
form the last component, where such variables are connected with undirected
edges based on the concentration graph on them. From the context variables
arrows show to variables in the lower index boxes (components). The further
components are called intermediate, secondary,. . . , until the first one that is
called primary response. From the non-response variables arrows may show to
the response (target) variable(s) which are in lower index boxes. The primary
response variables are in the first box, from the left. Between the non-context
and non-response variables in the same component, there are dashed lines con-
necting them. This indicates dependences between them on a covariance based
model. Moreover, these variables are considered to be on equal standing. Note
that, there is no dashed line between two variables if they are (marginally)
independent, i.e., the corresponding entry of the covariance matrix of that com-
ponent, within that box, is zero. With such structure, we can trace the so-called
regressions along the arrows. For more details about traceable regressions, see
[80, 77], and our examples in Section 1.5.1.

The simplest version of a regression graph is the so-called recursive casual
model of Kiiveri et al. [46]. Here the context variables X, called exogenous, are
in one component (the last one in our labeling, but the first one in the labeling
of the authors). The other variables Y, called endogenous, and considered as a
singletons form the other chain components. In this case, arrows may show from
exogenous variables to endogenous ones, and from endogenous variables to other
endogenous ones. As the variables (vertices) are connected by directed edges,
they form a DAG, by Section 1.1. Accordingly, there is a topological labeling,
but here called recursive ordering of them, so that a j → i implies i < j, in
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accord with [80]. Note that, on the contrary, j → i implies i > j in Kiiveri et
al. [46], where a reversed numbering is used. The authors of [46] also prove
that every causal graph has at least one so-called extreme endogenous vertex
such that there is no directed arrow starting from it, i.e., it is the first one in the
topological ordering. Indeed, it is the ‘youngest’ vertex with no children at all.
Obviously, the exogenous vertices can have only outgoing arrows, and assume
that the endogenous ones are labeled as Y1, . . . , Yd in the ordering of [80]. Again,
the first vertices are extreme (the first one is surely that), which are the targets
to be predicted.

Theorem 1.5 ( [46]) For a strictly positive density (pmf or pdf) p(x,y) cor-
responding to the casual recursive graph G (here x belongs to the states of the
exogenous, and y to those of the endogenous variables), we have (RCF) ⇐⇒
(GM) ⇐⇒ (LM), where (GM) and (LM) are the global and local Markov
properties for recursive causal graphs (they amalgamate the (DG), (UG), and
(DL), (UL) properties), and (RCF) means the recursive casual factorization as
follows. The exogenous variables form an MRF over the undirected part of the
graph (for Gaussian variables with positive definite covariance matrix it always
holds) and

p(x,y) = p(x)

d∏
i=1

p(yi|ypar(i)). (1.25)

Now we are interested in the following: what happens if we forget the direc-
tions, and consider the underlying graph G as undirected by just replacing the
directed edges with undirected ones? This undirected graph is the skeleton of
G. The answer is as follows.

Proposition 1.8 ( [46], Corollary) Assume that the recursive casual graph G
of Theorem 1.5 has no sink V configuration. Then the conditions (RCF), (GM)
and (LM) are equivalent to each other and to the undirected Markov property
(UM), i.e., the joint distribution is Markov (MRF) over the undirected skeleton
of G. Further, if the graph of the exogenous variables is decomposable, then the
skeleton of G is also decomposable.

The authors in [46] also give a variant of the Cholesky decomposition, that
triangulates only for the endogenous variables. Earlier, in [45], Kiiveri and Speed
use the block variant of the Cholesky decomposition to parameterize the SEM
model, see Section 2.2.1. A detailed explanation of this method is in Algorithm
I of Section 4.1. Further, we used this method to estimate the inner relations
of SEM and to solve the causal VAR(p) model equations, see Section 2.2.3 and
Chapter 4, respectively. Back to [46], the authors prove the following:

Proposition 1.9 ( [46], Lemma 2) The (positive definite) concentration ma-
trix K of the Gaussian system (Y,X) of endogenous and exogenous random
vectors has a unique representation K = LDLT with L and D having the form

L =

(
AT O
BT I

)
, D =

(
∆−1 O
O C−1,

)
where A is a d × d upper triangular having 1s along its main diagonal, ∆ is
a d × d diagonal with positive diagonal entries; whereas the positive definite C
and the identity matrix I are of the dimension of X (say, q).
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Then the entries of A = (aij) and ∆ = diag(δ1, . . . , δd) are determined by
the Equations (1.22) and (1.23) as

aij = −βji·{i+1,...,d+q}, j ∈ {i+ 1, . . . , d+ q}, i = 1, . . . , d− 1

and

δi = Var(Yi|Y{i+1,...,d}X), i = 1, . . . , d− 1.

The q×q positive definite matrix C is just the covariance matrix of X, while
the q × d matrix B comes by stopping the Cholesky decomposition after the
first d columns/rows of K were eliminated.

A strict ordering of the vertex-set is defined by [46] as any labeling of the
exogenous variables together with a topological labeling of the endogenous ones.

Proposition 1.10 ( [46], Proposition 1) A distribution p(x,y) satisfies the
equivalent conditions of Theorem 1.5 if and only if for all strict orderings of the
vertex-set, the elements of the associated L,D,C in the Cholesky factorization
of Σ−1 satisfy the zero constraints: the zeros in the exogenous part (of C−1)
correspond to no-edges (covariance selection model), while zeros of L indicate
no directed edges from the endogenous variables to another endogenous, or from
an exogenous to an endogenous one.

The authors of [46] also investigate relation to structural equation modeling.

Proposition 1.11 If K is decomposed as in Proposition 1.9, then Y and X
satisfy the linear structural equations

AY +BX = ε,

where ε and X are independent Gaussian random vectors with covariance ma-
trices ∆ and C. Conversely, if Y and X satisfy the above structural equation,
further, if ε and X are independent with covariance matrices ∆ and C, and
if A is upper triangular with 1s along its diagonal and ∆ is diagonal, then the
matrices A,B,C,∆ combine as in Proposition 1.9 to give K.

Note that A is not necessarily upper triangular. It is of such form only if the
structural equations are recursive. For more general setups, see [39]. Now, we
give some remarks:

� A DAG has a topological ordering (j → i means i < j for all directed
edges). If the DAG does not contain any sink V, the undirected skeleton
is triangulated, i.e. decomposable, and has a perfect numbering of its ver-
tices. This perfect numbering is not unique, but it can be the same as
a topological ordering of the DAG. Further, in the lack of sink Vs, any
topological ordering of the DAG gives the RZP. Accordingly, we may call
a DAG decomposable, if it does not contain sink V.

Consider a DAG which does not contain any sink V together with a
topological ordering of its vertices. The undirected skeleton G is tri-
angulated, so decomposable, and has a JT. The cliques of the JT of
G in the RIP ordering can be obtained as follows. Let us form the
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Mi := {i} ∪ par(i) = cl(i) sets. They will be complete subgraphs (be-
cause G is triangulated). Delete those that are contained in another one.
The remaining Mis will be the cliques of the JT.

� If the DAG has sink V, then its moral graph is not necessarily triangu-
lated. Also note that even if a DAG has sink Vs, its skeleton can be
triangulated, so decomposable, and the adjacency matrix has a RZP in a
convenient labeling of the vertices. However, this labeling is not topolog-
ical in the original DAG, where the direction of the edges correspond to
real causation given by the real-life data problem.

For example, let the directed adjacency matrix be

A =


1 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

 .

Then the upper diagonal part of A does not have the RZP, due to the sink
2→ 1← 3. However, the undirected skeleton of this DAG is triangulated.
Therefore, it has a labeling of the vertices in which it has the RZP (for
example, in the 2,1,3,4 permutation of the vertices), but this ordering is
not topological in the DAG.

Note that when the DAG has sink V, a triplet i→ h← j corresponds to
h < i < j and ahi 6= 0, ahj 6= 0, but aij = 0, see the vertices 1,2,3 in the
above matrix A, in contrast to the definition of RZP.

� Conversely: consider a decomposable (triangulated) graph G, and a perfect
numbering of its vertices. Let us form a directed graph on the same vertex
set in the following way: with a perfect numbering of the vertices and for
i < j we draw a j → i edge whenever i ∼ j in G. This results in a DAG.
The perfect numbering of the vertices of G also gives a topological ordering
of the DAGs vertices.

For example, let the directed adjacency matrix be

A =


1 0 1 1
0 1 0 1
0 0 1 1
0 0 0 1

 .

This DAG has no sink Vs, and the given topological labeling of the vertices
indeed defines the RZP.

� The message of Proposition 1.8 is that in lack of sink Vs the skeleton
graph is Markov equivalent to the original recursive casual G. Moreover,
It is also decomposable if the undirected part of G is decomposable. So
the directed part can fully describe the independence statements if there
are no sink Vs in it.
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The other message is that if the exogenous part is decomposable, then
the exogenous vertices can form the first cliques of a JT, and the others
are formed by the endogenous ones, in their reversed topological ordering.
So the topological ordering of the DAG gives the perfect ordering of its
decomposable skeleton, provided there are no sink Vs in it.

Going back to the more general case, the authors in [80] formulates more
general statements about the Markov equivalences of regression graphs. By
p.11 of [79], two different graphs are Markov equivalent if they define the same
independence structure. Some more notions are also needed. In a regression
graph, above a sink V, other types of so-called collision Vs exist. These are

◦- - - ◦ - - -◦, ◦ → ◦ ← ◦, ◦- - -◦ ← ◦.

Further, a collision path has as inner nodes exclusively collision nodes (like
the middle nodes in the above collision Vs), see [80] P. 222.

Theorem 1.6 ( [80], Theorem 1) Two regression graphs are Markov equiv-
alent if and only if they have the same skeleton and the same set of collision
Vs, irrespective of the type of edge.

Note that a directed ‘sink’ pattern i → k ← j and an undirected pattern
i−k− j cannot be equivalent. Consequently, the ‘sink’ pattern should be filled-
in (i and j should be connected in the undirected version). Then they won’t
have the same skeleton, but they can be Markov equivalent.

Theorem 1.7 ( [80], Theorem 2) A regression graph with a chordal graph
for the context variables can be oriented to be Markov equivalent to a DAG on
the same skeleton if and only if it does not contain any chordless collision path
in four nodes.

Note that only the following two types of chordless collision paths in four
nodes exist:

◦- - - ◦ - - - ◦ - - -◦, ◦ → ◦- - -◦ ← ◦, ◦- - - ◦ - - -◦ ← ◦

In p.241 of [80], the authors define an algorithm (Algorithm 1) for labeling
the vertices of a regression graph that obtains a Markov equivalent DAG, pro-
vided the graph has a chordal concentration graph (for the context variables)
and has no chordless collision path on four nodes. Actually, they use the MCS
algorithm for the subgraph spanned by the context variables. These will have
the larger labels in the reversed RIP ordering. Then directed edges start from
larger index components to the smaller ones. Within the same components the
labeling is immaterial. All the collision Vs are replaced by sink Vs. When a
dashed line in a component is replaced by an arrow, then they label the end-
points such that the arrow is from the larger label to the lower one. If the
labels do not already exist. The authors prove (Lemma 1) that their Algorithm
1 generates a DAG that is Markov equivalent to the original regression graph.
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1.5.1 Application to Ideal Number of Children

Many studies demonstrate the relations between education, women’s age at first
marriage, her thinking of delivering the first birth and the number of births she
prefers. However, there are other background characteristics such as husband’s
age and educational level, family wealth index and place of residence that di-
rectly and indirectly affect these relations.

This study focuses on examining the women’s thinking of the ideal number
of children the family should have. Specifically, we fit a regression graph model
to the 2014’s Egypt Demographic and Health Survey(EDHS) [4]. The goal is
to investigate the relations between background characteristics of the married
couples: age and years of education for each of them. To what extent these char-
acteristics influence the woman’s age at first marriage, family’s wealth index,
total number of births the woman had, and for how long the woman uses any
contraception method. Moreover, we examine the effect of all these variables on
the primary response variable (the ideal number of children the woman thinks
a family should have). A random sample of size 626 urban married women aged
20-49 years is considered.

Figure 1.3 shows the first ordering of the variables within the chain compo-
nents. The oldest vertex has the highest label and the youngest has the lowest
label (one). In this way, k can be the cause of j, only if, k > j. Accordingly,
the primary answer (last treatment) has the smallest label, and the secondary
answers (previous treatments) have larger labels with respect to the topological
ordering. To better understand such labeling, consider the underlying model
hypotheses. The goal is to examine the effect of the background characteristics
along with other variables on the ideal number of children the woman thinks the
family should have “Primary response X1”. Accordingly, the statistical analyses
support the labeling such that each single or joint response can be regressed on
all its possible explanatory variables that are shown in the components to its
right side. The causal or the time order of the chain components goes from right
to left with right to left arrows between variables. The first chain component
from left contains the first primary response variable, while the last component
form right contains the context variables with the highest indices. Such labeling
was used in Wermuth and Sadeghi (2012) [80].

Back to Figure 1.3, the far right component includes the relevant context
variables. These are the family background characteristics: husband’s and wife’s
educational level that are measured by the number of schooling years (X9 and
X8; min = 0, max = 28); husband’s age (X7; min = 20, max = 77) and wife’s
age (X6; min = 20, max = 49). The next box from the right contains the
two intermediate variables: woman’s age at the first marriage (X5; min = 10,
max = 40); and the family wealth index (X4; min = 1, max = 5). Moving
to the next box, the secondary responses are represented. These variables are
the number of years the woman has been using any contraception method (X3;
min = 0, max = 28); and the total number of births (X2; min = 0, max = 9).
The first box on the left is the primary response variable, the ideal number of
children the family thinks to be optimal (X1; min = 0, max = 11).

All the variables can be considered continuous, even the scaled discrete ones,
like age, ideal number of children and wealth index which has 5 ordinal cate-
gories. In fact, there are no typical categorical variables in the model. Prac-
tically, the data follows normal distribution if the absolute values of Skewness
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Figure 1.3: Topological Ordering within the Chain Components. Variables are
Selected from Ever-Married Women’s Questionnaire of EDHS 2014.

and Kurtosis are greater than 2 and 3, respectively [25]. According to this
and Shapiro-Wilk test, the underlying variables are normally distributed, see
Table 1.1.

Recall, in the case of positive distribution, the pairwise Markov (UP) prop-
erty can be used to construct the model graph according to the Hammersley–
Clifford theorem [49, 56]. Hence, the edges between the variables are set based
on the partial correlation coefficient between each pair of variables after taking
away the effects of all other (controlled) variables, see Figure 1.4. Specifically,
the two vertices are not connected if their partial correlation coefficient is not
statistically significant differ from zero. In such graph, all other global and local
Markov properties are also hold. Further, under mild conditions, our model is
Markov equivalent to a DAG (directed acyclic graph). Moreover, with Gaussian
variables, this model is reminiscent of the SEM.

We now return to Figure 1.4 that summarizes some important aspects ac-
cording to the statistical analyses. It shows the direct causality structure be-
tween the explanatory (context) variables by an arrow that goes directly from
them to other variables with lower indices. The indirect effect measures the rela-
tionships between the explanatory variables and the response ones by a sequence
of arrows through some intermediate variables. As shown, the context variables
of the same component are connected with each one another by undirected edges
based a concentration graph on them. Accordingly, they are adjacent and affect
each other. Moreover, the variables of non-context and non-response compo-
nents (intermediate and secondary) are connected with dashed lines based on
a covariance graph indicating their marginally dependence and being on equal
standing.

To estimate the model parameters, a sequence of ordinary least-squares
(OLS) regressions are considered. Specifically, each response variable is re-
gressed on all potential explanatory variables that form the components to its



CHAPTER 1. GRAPHICAL MODELS 36

right side with respect to the first labeling of the variables, see Tables 1.2, 1.3,
1.4, 1.5, and 1.6 [9].
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Figure 1.4: Fitted Re-
gression Graph Model
Based on Testing the
Partial Correlations Co-
efficients.

The regression results confirm the construction of the model graph as in
Figure 1.4. As expected, only the variables Xjs whose partial correlation with
Xi (after eliminating the effect of the remaining variables) are significantly not
zeros enter the regression model equation, i.e. the partial regression coefficients
when regressing Xi on all its potential explanatory variables (Xj ’s) are statisti-
cally significant, see Corollary 1.1. The significance determines the considerable
measures that are important for generating and predicting the corresponding
response. The partial regression coefficient presents the mean change in the
response variable for one unit of change in the predictor while holding all other
predictors in the model constant. For example, consider the primary response
variable (X1), it is regressed on all the possible predictors (X2 : X9). The
results indicate that only the number of births the woman already had (X2)
has a significant direct effect on the ideal number of children she thinks the
family should have (X1), see Table 1.2. Consistently, the partial correlation
coefficient between X1 and X2 after eliminating the effect of all other variable
is significantly differ from zero, where the partial correlations between X1 and
each other variable after elimination the effect of the remaining ones are not
statistically significant.

The results summarize that X2 is an important mediator between each of
woman’s current age (X6); family wealth index (X4); woman age at first mar-
riage (X5) and the primary response (X1). The model also suggests that the
woman’s age at first marriage is crucial and strongly correlated with her edu-
cation. Well educated women are more likely to be older at her first marriage
which may reduce the number of births she gives, and thus her conceivable ideal
number of children. Note that, some of the variables are indirectly explanatory
to the others. An arrow starts from an explanatory variable and points, via a se-
quence of arrows, through intermediate variables, to the response variable. For
example, the husband’s education (X9) indirectly affects the conceivable ideal
number of children (X1). Specifically, it affects the family wealth index (X4)
directly, which, in turn, affects the number of births (X2), while this affects the
conceivable ideal number of children (X1).

To evaluate the estimated models, R2 (squared multiple correlation coeffi-
cient) is used to measure the explained variance in the response variable that
is obtained by the explanatory ones collectively. Specifically, it measures the
strength of the relation between the response and explanatory variables. How-
ever, it does not provide a formal hypothesis test for the overall model. There-
fore, for each regression model, we conduct the F -test to examine the significance
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of the overall model. The F -statistic is calculated as

F =
R2

1−R2

n− k
k

,

where n is the sample size and k is the number of predictors in the model fit.
Note that here, k changes from one model to another. The results show that
each regression model is statistically significant at very small p-value that is
tending to zero (p-value < 0.00001), i.e. the null hypotheses can be rejected, see
Table 1.7. Note that, the significant models enable us to draw important con-
clusions about how changes in the predictor values are associated with changes
in the response value irrespective to the value of R2. Moreover, the Bonferroni
correction test based on these multiple F -tests is also significant at very low
p-value (5× 0.00001) indicating an overall model goodness fit.

Variables Skewness Kurtosis
X1, Children Ideal number 1.76 2.05

X2, Number of births .64 1.44
X3, Using contraception method 1.12 .76

X4, family wealth index -1.8 3.24
X5, Woman age at first marriage .58 1.25

X6, Wife age .28 -.82
X7, Husband age .52 -.08

X8, Wife Education -1.05 .27
X9, Husband Education -.92 .03

All variables are significantly normally distributed, Shapiro-Wilk test.

Table 1.1: Normality Tests.

Explanator Variables Coeff. Std.Coeff. Std.Error Sig.
Constant 2.427 – .358 .000

X2, Number of births – .432 .044 .000
X3, Using contraception method – -.096 .008 .066

X4, family wealth index – -.018 .051 .661
X5, Woman age at first marriage – .056 .013 .236

X6, Wife age – -.126 .011 .098
X7, Husband age – .045 .008 .512

X8, Wife Education – -.057 .011 .250
X9, Husband Education – -.040 .010 .374

R2 = .38; The estimated model: X1 = 2.43 + .43X2.

Table 1.2: Estimated Multiple Regression Coefficients: Response Variable X1.
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Explanator Variables Coeff. Std.Coeff. Std.Error Sig.
Constant 3.062 – .318 .000

X4, family wealth index – -.092 .047 .003
X5, Woman age at first marriage – -.419 .011 .000

X6, Wife age – .628 .010 .000
X7, Husband age – -.082 .008 .112

X8, Wife Education – -.037 .011 .328
X9, Husband Education – -.053 .010 .132

R2 = .46; The estimated model: X2 = 3.06− .09X4 − .42X5 + 0.63X6.

Table 1.3: Estimated Multiple Regression Coefficients: Response Variable X2.

Explanator Variables Coeff. Std.Coeff. Std.Error Sig.
Constant 3.97 – 1.678 .018

X4, family wealth index – .030 .251 .435
X5, Woman age at first marriage – -.276 .058 .000

X6, Wife age – .395 .052 .000
X7, Husband age – -.003 .042 .960

X8, Wife Education – -.022 .055 .642
X9, Husband Education – -.081 .051 .058

R2 = .21; The estimated model: X3 = 3.97− .28X5 + .40X6.

Table 1.4: Estimated Multiple Regression Coefficients: Response Variable X3.

Explanator Variables Coeff. Std.Coeff. Std.Error Sig.
Constant 3.14 – .183 .000

X6, Wife age – .108 .007 .074
X7, Husband age – -.037 .006 .543

X8, Wife Education – .389 .008 .000
X9, Husband Education – .075 .008 .005
R2 = .19; The estimated model: X4 = 3.14 + .39X8 + .08X9.

Table 1.5: Estimated Multiple Regression Coefficients: Response Variable X4.

Explanator Variables Coeff. Std.Coeff. Std.Error Sig.
Constant 15.58 – .796 .000

X6, Wife age – .561 .032 .000
X7, Husband age – -.428 .027 .000

X8, Wife Education – .240 .034 .000
X9, Husband Education – .130 .034 .002
R2 = .21; The estimated model: X5 = 15.58 + .56X6 − .43X7 + .24X8 + .13X9.

Table 1.6: Estimated Multiple Regression Coefficients: Response Variable X5.
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Regression No. Response R2 F -test Value
Table 1.2 X1 .38 47.34677∗∗∗∗

Table 1.3 X2 .46 88.02469∗∗∗∗

Table 1.4 X3 .21 27.46835∗∗∗∗

Table 1.5 X4 .19 36.47531∗∗∗∗

Table 1.6 X5 .21 41.33544∗∗∗∗
∗∗∗∗: p-value < 0.00001.

Table 1.7: Overall Significance Test for Each Regression Model.

In sum, regression graphs fit relatively simple models. Similar to SEM,
the chain components are given by the experts. However, in the regression
graphs, the edges between the vertices are stated based on statistical analyses.
In the positive distribution case, e.g., the non-degenerated Gaussian, partial
correlation hypothesis testing gives the base to construct the model graph. In
such model, all global and local Markov properties hold and can be tested.
Moreover, it handles various types of variables (continuous, binary, ordinal, or
categorical) as common in the social science research. The complete model
system is estimated via fitting a sequence of submodels with respect to the
appropriate regression model for each response variable, one at a time. On the
contrary, SEM specifies the complete model system into a single model. SEM
allows the inclusion of multiple indicator latent variables and identifying the
measurement errors such that the inner and outer parameters are estimated by
a system of linear equations simultaneously.

Unlike Wermuth and Sadeghi who used the regression graph only to verify
their working hypothesis model [80], we first set up the chain graph compo-
nents and construct the regression graph according to the partial correlation
coefficients. Then, we used regression analysis to examine and illustrate the
role of each variable in the model. Furthermore, the obtained regression coeffi-
cients can be used for the prediction. Note that, if the underlying distribution
is not Gaussian, non-parametric regressions are used to fit the regression graph
models, see [5].



Chapter 2

Structural Equation
Modeling

Structural equation modeling (SEM) is a multivariate statistical approach to
examine causality structure in more complex ways. The root of SEM goes back
to factor analysis of Spearman [67] and path analysis of Wright [85]. Factor
analysis was introduced when the psychologist Spearman constructed the latent
variable (LV) called “human intelligence” in 1904 [67]. Recall, LVs are hidden
(unobserved) variables that are not measured directly form the data, but are
composed of one or more observable variables. In the traditional factor analysis,
LVs are introduced and named based on factor loadings, while LVs in SEM
are organic part of the model that are defined by the experts [32]. Casual
structure modeling was introduced by the geneticist Wright under the name
“path analysis” [PA] [85]. Statistically, PA describes the directed dependencies
among a set of observable variables, see Section 1.4.4. Hence, SEM constructs
LVs and examines more complex causal relations between them by system of
simultaneous linear equations [32].

The evolution of SEM occurred during the 50s and 60s of the 20th century,
when researchers aimed at advancing the causality structure analysis within
more complex systems in many disciplines. Thurstone developed multiple fac-
tor analysis. Then, Duncan introduced PA of Wright in Sociology. In 1943,
Haavelmo introduced SEM into econometrics to examine the interdependence
among the economic variables that are defined by system of simultaneous linear
equations with correlated residuals [27]. In 1989, He received the Nobel prize
for it. Later in the 70s, Jöreskog presented the Covariance Structure Analysis
(CSA) to estimate the linear structural equation system. Then, he developed
the linear structural relations package which became known as LISREL. In 1975,
H. Wold introduced the SEM soft modeling technique.

2.1 Structural Equation Modeling Framework

SEM comprises both measurement and structural sub-models. In the measure-
ment (outer) model, the observable variables are linked to the corresponding
LVs in either reflective (mode A) or formative (mode B) way. In mode A, the
manifest variables reflect the LVs, where the arrows outward from the LV to the

40
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manifest indicators. On the contrary, in mode B the arrows inward from the
manifest variables to the corresponding LVs. In Section 2.2.2, we discuss these
constructions in detail. Structural (inner) model examines the causal relations
between the LVs via system of simultaneous equations.

Let X and Y are q-dimensional and p-dimensional observed independent
and dependent variables, respectively.

The measurement (outer) model equations are

Y = Gη + ε; X = Cξ + δ, (2.1)

where η and ξ are m-dimensional and n-dimensional endogenous and exogenous
latent vectors; G and C are p×m and q × n weight/loading matrices; ε and δ
are the measurement error vectors which are assumed to be uncorrelated with
the LVs.

The structural (inner) model equation is

Bη = Aξ + ζ, (2.2)

where B and A are m×m and m×n path coefficient matrices from endogenous
to endogenous and from exogenous to endogenous LVs, respectively; ζ is a
random vector of residuals that is uncorrelated with ξ; B is non-singular matrix
and it is upper triangular, if and only if, the inner model is recursive. Typically,
n ≤ q and m ≤ p.

As discussed, SEM provides graphical representation with respect to specific
visual conventions [52]. Figure 2.1 shows an abstract example which contains
twelve observable variables (six independent: xijs and six dependent: yijs).
Those are linked to four LVs (two exogenous: ξis and two endogenous: ηis).

Measurement Model

Mode A

Measurement Model

Mode B

Structural Model

x11 x12 x13 y11 y12 y13

ξ1

ε12 ε13ε11

δ1 η1

ξ2δ2

x22x21 x23

η2 ζ2

ζ1

y22 y23y21

ε22 ε23ε21

Figure 2.1: Graphical Representation of Structural Equation Modeling Exam-
ple.

Both inner and outer relations can be transformed into a Boolean design matrix
or a so-called adjacency matrix. Similar to the simple GM context, the rows
and columns of these matrices are labeled with the model variables, where the
entries are set to 1, if the two variables are connected; and 0, otherwise [54].
Accordingly, the adjacency matrices of the outer (OM) and the inner (IM)
relations of the model represented in Figure 2.1 are:
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OM =



ξ1 ξ2 η1 η2

x11 1 0 0 0
x12 1 0 0 0
x13 1 0 0 0
x21 0 1 0 0
x22 0 1 0 0
x23 0 1 0 0
y11 0 0 1 0
y12 0 0 1 0
y13 0 0 1 0
y21 0 0 0 1
y22 0 0 0 1
y23 0 0 0 1



, IM =


ξ1 ξ2 η1 η2

ξ1 0 0 1 0
ξ2 0 0 1 1
η1 0 0 0 1
η2 0 0 0 0

.

Note, the adjacency matrix of the outer relations (OM) doesn’t provide any
information about the mode of the measurement sub-model, but the graph does.

Back to the general setting of SEM, providing that the model is identified,
what are the parameters to be estimated and how to estimate them? Those
parameters are called the model free parameters. Under the model assumptions,
these parameters are the covariance matrices of the exogenous variables and
the residual terms (Cov(ξ);Cov(ζ);Cov(ε); and Cov(δ)), in addition to the
coefficient matrices (G;C;B; and A). Accordingly, in the parametric case, the
model covariance matrix is to be estimated with respect to the free parameters.

The estimation of SEM was elaborated both in the Gaussian and distribution-
free situations, former by Jöreskog (LISREL) [39], while the other by H. Wold [83].
These two approaches are sometimes called covariance-based SEM (Cov-SEM)
and component-based SEM (Comp-SEM), respectively. Each approach has dif-
ferent assumptions, objectives and estimation method. Specifically, the Cov-
SEM requires large and Gaussian distributed data. Cov-SEM uses the maxi-
mum likelihood (ML) estimation method. Comp-SEM, on the other hand, is
applicable in case of small samples with no distributional assumptions. It uses
a sequential algorithm in which there is a simultaneous usage of ordinary least
squares (OLS) regressions. In the following, we discuss the estimation tech-
niques of each SEM family in detail.

2.2 Structural Equation Modeling Estimation

2.2.1 Covariance-based Structural Equation Modeling

In 1970, K. G. Jöreskog was the first to introduce the analysis of covariance
structure. Later, he developed the linear structural relations (LISREL) package
to estimate the SEM model parameters. Cov-SEM is applicable, only if, the
underlying sample size is large and follow Gaussian distribution [38]. It uses the
ML to estimate the model parameters [39]. The estimation goal is to reproduce
the sample covariance matrix with respect to the model free parameters such
that the model fit function is minimized. The model fit function (|Σ(θ)− S|) is
the magnitude of the discrepancy between the observed covariance matrix S and
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the model implied covariance matrix Σ(θ), where θ is the model free parameters
set to be estimated [47].

I) Estimation Method

Maximum likelihood (ML) estimates the parameters of the underlying proba-
bility distribution by maximizing the likelihood function. Cov-SEM uses ML to
estimate the free model parameters.

Consider the SEM equations (2.1) and (2.2). Let the observable variables
[X Y] ∼ Nq+p(0,Σ). Accordingly, E(X) = E(Y) = 0. Without loss of gen-
erality, assume that E(η) = E(ξ) = E(ζ) = 0; the residuals ζ are uncorrelated
with ξ; and the coefficient matrix B is non-singular. Moreover, the measure-
ment error terms ε and δ are uncorrelated with η and ξ, respectively.

Furthermore, assume that Φ := Cov(X); Ψ := Cov(ζ); Θε := Cov(ε);
and Θδ := Cov(δ). Accordingly, the free parameters set to be estimated is
θ = {G,C,B,A,Φ,Ψ,Θε,Θδ}. The goal is to produce the sample covariance
matrix with respect to θ such that the model fit function (F (θ) = |S−Σ(θ)|) is
minimized, where θ = {θi} is the free parameters set and Σ(θ) is the covariance
matrix of the model as a function of θ. Based on the model assumptions, the
model covariance matrix can be written as follows (for a detailed explanation
of the derivation of Σ(θ), see Appendix A):

Σ(θ) = Cov

[
Y
X

]
=

[
Σyy(θ) Σyx(θ)
Σxy(θ) Σxx(θ)

]

=

[
G[(I −B)−1(AΦAT + Ψ)(I −B)−1T ]GT + Θε G(I −B)−1AΦCT

CΦAT (I −B)−1TGT CΦCT + Θδ

]
.

At this point, the model covariance matrix is obtained with respect to the
free parameters. Now, we are concerned about estimating these parameters
such that the model fit function is minimized. Since the data follow Gaussian
distribution, the log−likelihood function with respect to θ can be written as:

logL(θ) = −N
2

[log|Σ(θ)|+ tr[SΣ−1(θ)]].

A detailed derivation of the log likelihood function is in Appendix B. Further-
more, the former likelihood function can be written in terms of the discrepancy
model fit function as:

FML = F (θ) = log|Σ(θ)|+ tr[SΣ−1(θ)]− log|S| − (p+ q),

where p and q are the dimensional of Y and X, respectively. Clearly, minimizing
the discrepancy fit function is equivalent to maximizing the likelihood function
FML. To do so, we take the partial derivatives of FML with respect to θi equal
to zero:

∂F (θ)

∂θi
= 0, θi ∈ θ.

Kiiveri and Speed [45, 44] introduced a slightly different parameterization
approach to estimate the model free parameter set θ by using the block variant of
Cholesky decomposition. Recall that a detailed explanation of this method is in
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Algorithm I of Section 4.1. In their notation, both structural and measurement
equations are combined into a single model equation. They considered the model
as an incomplete data, see Equation (1) of [44]. They proved that the inverse
of the recursive model covariance matrix Σ−1(θ) can be factorized as:

Σ−1(θ) = LD−1LT ,

where L is a lower triangular block matrix with 1s along the main diagonal; and
D is a block diagonal matrix. Further, the zero pattern in the matrices L and
D coincides the conditional independence between the variables, see [76, 9].
According to our model notations, see Equations (2.1) and (2.2), the block
matrices L and D are of the following forms:

L =


I 0 0 0
0 I 0 0
−G 0 B 0
0 −C −A I

 , D =


Θε 0 0 0
0 Θδ 0 0
0 0 Ψ 0
0 0 0 Φ

 ,
where the matrix L contains the estimated coefficient matrices and the block
diagonal matrix D comprises the covariance matrices.

Note that in Proposition 1.9, a simpler version of this decomposition (with-
out latent variables) was stated. Also, note that the estimated parameters in
the former ML are obtained from taking the derivative of the likelihood func-
tion FML with respect to θi, while Kiiveri obtained the parameters via the block
Cholesky factorization of Σ−1(θ) with respect to L and D. Moreover, the sig-
nificance of each estimated parameter can be obtained by the likelihood ratio
test with respect to the normality assumption.

Cov-SEM Evaluation

Once the parameters are estimated, questions arise: is the hypothesized model
accepted or rejected? Are the estimated path coefficients differ significantly from
zero? To answer these questions, we first consider the assessment of the overall
model. In large sample sizes, the likelihood ratio test follows χ2 with degrees of
freedom set by the difference between the number of non-redundant entries of
Σ(θ) and the number of the free parameters in the model. The significance is
determined by comparing the p-value with the preset significance level (usually
α = .05). If the p-value is greater than α, this indicates that the model fits the
data well. The lack of fit can happen possibly because of non-normality, missing
data, small sample size, or model miss-specification. In practice, the value of χ2

test is heavily affected (increase) by larger sample sizes. Therefore, alternative
measures are often used to assess the model fit [35].

i. Incremental Fit Indices (IFI) measure the increase of the relative fit func-
tion to the baseline model (in which all the variables are uncorrelated).
Unlike χ2, IFI are relatively insensitive to sample size. IFI include
Tucker-Lewis Index (TLI) and Comparative Fit Index (CFI). However,
CFI is not effective if the correlation coefficients between the variables
approaches zero. The IFI value which close to one is ideal. Practically
speaking, a test value of at least 0.9 is considered as an acceptable fit.
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ii. Absolute Fit Indices (AFI) measure the extent to which a specified model
reproduces the sample covariance matrix. AFI include Goodness of Fit In-
dex (GoF ); Adjusted Goodness of Fit Index (AGoF ); Standardized Root
Mean Square Residual (SRMR); and Root Mean Square Error (RMSE).
The AFI range between zero and one, with a value close to zero being
ideal. Practically speaking, a test value at most 0.08 is viewed as an
acceptable fit.

iii. Power measures that detect the overall model specification and examine
the hypothetical model potential. Statistical power is the probability that
the test correctly rejects the null hypothesis (H0) when the specified al-
ternative hypothesis (H1) is true. It is calculated as (1−Type II error[β]),
where β represents the non-rejection of a false null hypothesis. Power
analysis is considered to either calculate the power for a given model with
specific significance level and sample size, or determine the sufficient sam-
ple size needed to obtain certain power given the specified model and
significance level. In SEM, performing power analysis can be challenging.
There are different methods to obtain the power of the underlying model:
1) Monte Carlo method that needs a lot of hard calculations; 2) χ2- and
RMSEA- based power to examine the (not-)close fit of the full SEM model.
The latter methods are not computationally intensive and focusing on the
overall model fit instead of the significance of each single parameter. Fur-
thermore, there are various online ready programs to calculate the model
power. For more details, see [37].

Many of these fit indices are derived from the χ2 test. Conceptually, it is better
to use indices from different classes to overcome the limitations of depending
on only one index. Therefore, a good model fit is indicated when there is a
significant χ2, a higher value of the IFI, a lower value of the AFI, and a power
of at least 80%.

To determine the significance of each estimated coefficient, we use the hy-
pothesis testing. The significance statistic is the ratio of each parameter esti-
mate to its standard error, which is distributed as a z statistic. Therefore, the
significance of the estimated parameter is determined according to the level of
significance (usually equal to 0.05) and the obtained z−value.

2.2.2 Component-based Structural Equation Modeling

Component-based SEM (Comp-SEM) is also known as component-wise SEM.
Unlike Cov-SEM, Comp-SEM handles various measurement levels (interval, ra-
tio, ordinal, categorical, binary) and can be applied in the case of small sample
size with no distributional assumptions. Therefore, it considered a soft-modeling
technique with less rigid distributional assumptions on the data. Accordingly,
there was a massive increase in using it in many research such as marketing, ac-
counting, business, management information systems, operations management,
strategic management, tourism, and bioinformatics [61].

In Comp-SEM, latent variable scores are estimated as a linear combinations
of their associated observable variables. Moreover, the outer weights can be cal-
culated by using Pearson correlation for continuous data or Spearman–Kendall
correlation when the scale of the data has rather ordinal scale.
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To estimate SEM free model parameters, Comp-SEM comprises two main
approaches: I) partial least squares-SEM (PLS-SEM) [81]; and II) generalized
structured component analysis (GSCA) [36, 47].

I) Partial Least Squares Structural Equation Modeling

In 1975, H. Wold introduced PLS model class under the name of non-linear
iterative partial least squares “NIPALS” [81, 61]. Later, this method was known
with different names such as path models with latent variables “PMLVs” [83],
PLS path modeling “PLS-PM”, and “PLS-SEM” [72]. In this work, we will
use the term“PLS-SEM”. Fundamentally, PLS-SEM relaxes the ML estimation
assumptions(large sample size and Gaussian distribution). Hence, PLS-SEM
is considered a “soft modeling” technique [81, 83]. Moreover, it is appropriate
for estimating more complex causal models in both theoretical and empirical
situations. Therefore, researchers call it a “silver bullet” technique [28].

Recall, SEM consists of measurement and structural sub-models. The mea-
surement model links the observed variables to the LVs by either mode A (re-
flective) or mode B (formative) [83, 72, 71]. In mode A, the manifest variables
are influenced by the underlying LV. This mode assumes that the indicators of
the same measurement block are homogeneous (having the same scale) which
results in a uni-dimensional LV [24]. The outer relations between the LV and
the corresponding indicators are called loadings. They are estimated via a sim-
ple regression model between each indicator of the block and the corresponding
LV separately. Hence, a change in the LV implies a change in each indicator
of the corresponding block, (see η1 and η2 in Figure 2.1). This technique aims
at minimizing the trace residual variances in the outer measurement equations.
In mode B, on the contrary, the manifest variables are viewed as causes rather
than effects. The outer relations between the observed and latent variables are
called composite or weights. They are obtained by a multiple regression model
between the LV and all indicators of the corresponding block. Here, unlike mode
A, a change in the LV does not necessarily result from a change in all the indi-
cators of the corresponding block. In addition, the manifest indicators are not
necessarily homogeneous [24], (see ξ1 and ξ2 in Figure 2.1). As discussed, the
measurement model adjacency matrix does not provide any information about
the construction modes, but the graph representation does.

PLS-SEM does not provide an overall model fit function. The primary goal
is to maximize the explained variance of the endogenous latent variables by esti-
mating partial model relations in an iterative sequence technique [29]. H. Wold
developed a three stages algorithm, in which there are simultaneous usage of
OLS regressions to estimate model parameters partially. This algorithm is
known as PLS-SEM technique [83, 54]. Moreover, he introduced the predictive
capability of the estimated parameters and called it “causal-predictive” [82].
Thus, PLS-SEM fits both explanatory and predictive modeling objectives. The
difference between these two objectives is related to data level. The explana-
tory modeling aims at estimating and evaluating the relationships between LVs
to generalize the results to a population level. The predictive modeling, on the
other hand, focuses on predicting the future results of new observations by using
the obtained estimates.
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PLS-SEM Estimation

Here, we discuss the original PLS algorithm in the general case according to [83,
54]. This algorithm proceeds through a three sequential stages: I) weighting
scheme; II) estimating inner and outer model relations; and III) estimating
location parameters, if necessary.

� Stage I: Weighting Scheme
This is an iterative “fixed point” iteration to estimate the LV case values
(scores). It iterates between the following five steps until convergence.
Note that after each step, the obtained LV scores are scaled to have zero
mean and unit variance.

1. Initialize LV Scores
The algorithm starts with initializing the LV scores for each case
as the weighted sum of the observed indicators in the block that
corresponds to each LV:

H = SZ,

where H is a n× l matrix of exogenous and endogenous LV scores; S
is a n× k data matrix that contains all independent and dependent
observed indicators; and Z is a k× l measurement adjacency matrix.
The entries zkl are set to “1” if a specific observed indicator belongs
to the block that defines certain LV and “0” otherwise. Note that n,
k, and l are the total sample size, the dimension of observed (inde-
pendent and dependent) indicators and the dimension of (exogenous
and endogenous) LVs in the model, respectively.

2. Estimate Inner Weights
The inner weight is computed for each LV in the model. It in-
dicates the expected correlation between the LVs akin to the re-
lations between observable and latent variables. There are three
schemes to compute the inner weight matrix E: centroid, devel-
oped by H. Wold [83]; factorial and path schemes, introduced by
Lohmoller [74]. In the following we explain each one:

i. Centroid scheme
Here, the inner weight eij is the sign of the correlation coefficient
between each LV pairs,

eij =

{
sign(rij), if i, j are adjacent.

0, otherwise.

Specifically, if the sign of the empirical correlation coefficient
between the LV pairs (i, j) is positive, the weight eij is set to
“+1”, while if they are negatively correlated, the sign sets to
“−1”, and “0” otherwise.

ii. Factorial scheme
Here, the inner weight is the value of the correlation coefficient
between each LV pairs,

eij =

{
rij , if i, j are adjacent.

0, otherwise.
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iii. Path scheme
In this case, the inner weight is computed based on the position
of the LV whether it is an explanatory or a response variable.
If the LV i is an explanatory of (causing) the LV j, the inner
weight is the correlation coefficient between them (rij). While if
the LV i is a response variable (caused) by the LV j, the inner
weight is the regression coefficient of the LV(i) regressed on the
LV(j). Accordingly, the inner weight in this case is,

eij =


rij , if j ∈ successor of i.

βj , if j ∈ predecessor of i.

0, otherwise.

Note that in all schemes the index of LVs i, j = 1, . . . , l. After specify-
ing the scheme used, all the inner weights for all LVs are put together
in a l × l matrix E. The obtained matrix E is used to update the
LV scores as follows:

H̃ = HE,

where H is the LV scores matrix obtained from Step 1 and H̃ is the
updated LV scores. Of course, both matrices are of the same size
n× l.

3. Estimate Outer Loadings/Weights
At this point, a distinction between the modes of the measurement
model is considered. In case of mode A, the outer estimates are called
loadings (λijs). They are obtained by regressing each observed in-
dicator of the measurement block on the corresponding LV through
a simple linear regression model. Since the LV scores are standard-
ized, the obtained regression coefficients are the linear correlation
coefficients between each observed indicator of the block and the cor-
responding LV,

λTij = (LTj Lj)
−1LTj Iji,

where Iji refers to each observed indicator ith of the correspond-
ing measurement block Ij and Lj is the corresponding jth LV, j =
1, . . . , l. In this case, i = 1, . . . , pj , where pj is the number of observ-
able variables within the block Ij that defines the jth LV.

In mode B, the outer estimates are called weights (wijs). They are
computed by regressing each LV on all the observed indicators of the
corresponding block by a multiple linear regression model. Accord-
ingly, each weight is the partial regression coefficient between the
block indicators and the corresponding LV,

wij = (ITijIij)
−1IijLj ,

where Iij corresponds to all observed indicators is, i = 1, . . . , pj of
the measurement block that correspond to the LV Lj , j = 1, . . . l.

Note that
∑l
j=1 pj = k, where k is the total number of observable

variables.

Note that both λijs and wijs are calculated from the LV scores matrix

H̃ that is obtained from Step 2 and the original data matrix S. Also,
the range of the subscripts differs from equation to another.
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Once all the outer relations (λijs and wijs) are obtained, they are
put together in a k × l matrix W .

4. Re-estimate LV Scores
Here, the LV scores are re-estimated (updated) by using the obtained
outer weight matrix W from Step 3 and the raw data matrix as
follows,

Ĥ = SW .

5. Convergence
The algorithm iterates between Step 1 to Step 4 until the maximum
difference between the outer relations matrix W at iteration t and
t+1 is less than the tolerance value c. This is called the stopping rule
and defined as:

max
i=1,...,k,j=1,...l

|
wtij − w

t+1
ij

wt+1
ij

| < c = 10−5.

� Stage II: Estimating Inner and Outer Relations
Unlike Stage I, this stage is not iterative. Here, the final LV scores Ĥ that
are obtained at the convergence Step of Stage I are used to estimate the
inner model parameters (path coefficients). To specify, each endogenous
LV is regressed on the set of the predecessors LVs by an OLS regression.
In this way, the inner model parameter matrices A and B are obtained,
see Equation (2.2).

The final outer relations can be re-estimated from both the data matrix
S and the final LV scores Ĥ. To clarify, the loadings λijs are calculated

as the linear correlation matrix between Ĥ and S, while the weights wijs
are obtained by regression the LV on the corresponding observable indi-
cators block. To be noted that the resulted loadings and weights that are
obtained here are equivalent to those that are obtained at Step 3 of the
convergence of Stage I. In this way, the measurement model matrices C
and G are estimated, see Equation (2.1).

� Stage III: Estimating Location Parameters
The location parameters estimation can be discarded only if both LVs
and observed indicators are standardized during the estimation process.
When the standardization assumption is violated (not usually happens),
this stage becomes necessary. It is an immediate operation to predict the
inner and outer relations by substituting each other.

PLS-SEM Model Assessment

Unlike, Cov-SEM, PLS-SEM does not have a global model fit function. To
assess the estimated model, the blindfolding and non-parametric bootstraping
techniques are used [28, 30, 21]. The assessment consists of: 1) evaluating the
measurement and structural relations by Jackknife criteria such as, commu-
nality; average variance explained (AV E); redundancy; R-squared (R2); and
goodness of fit (GoF ). Moreover, the bootstrapping indicates the significance
of the estimates [28, 30, 21]; and 2) evaluating the predictive relevance of the
estimated model by means of Stone-Geisser, effect size, and holdout sample
criteria [68, 83, 54].
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Communality assesses the quality of each measurement block. It is the
average of the squared correlation between each observed indicator of the mea-
surement block Iij and the corresponding LV Lj ,

Comj =
1

pj

pj∑
i=1

[cor(Iij , lj)]
2,

where pj is the number of indicators that constructs the LV lj . Accordingly,
the overall communality of the model is the average of the communality of all
measurement blocks in the model,

Com =
1

p

J∑
j=1

pj × Comj .

R2 measures the proportion of the explained variance for each endogenous
LV in the model.

Redundancy considers both measures Comj and R2 in the calculation. Sim-
ilar to R2, it is computed only for each endogenous LV in the model

Redj = Comj ×R2(lj , l
pred
j ),

where, lj is the jth endogenous LV and Comj is the communality of the mea-
surement block that construct it. The average redundancy of all the endogenous
LVs in the model is

Red =
1

G

G∑
j=1

Redj ,

where G is the total number of endogenous latent variables in the model.
GoF evaluates the quality of the full model considering the validation of

the outer and the inner relations. It is computed as the geometric mean of the
averages of the communality and R2

GoF =

√
Com×R2.

Now, we turn to validate the model predictive relevance. To do so, dif-
ferent measures are used: 1) Stone-Geisser measure Q2 which depends on the
blindfolding procedures; 2) predictive effect size f2 [68, 83, 54, 65]; 3) root
mean square error (RMSE), where the prediction errors are calculated from
the holdout sample; and 4) Bayesian information criterion (BIC) to select the
model with low prediction error. These measures are effective, especially when
the sample size is relatively small. While, if the sample size is large, the hold-
out test sample validation is applicable. The latter approach avoids the “over
fitting” problem [29].

Stone-Geisser Q2 reuses the sample by omitting every ith observation. This
is called the omitted distance and usually ranges between 5 to 10. For example,
if i := 6, this indicates that every 6th observation will be omitted from the
data. The remaining cases after omission will be used to estimate the model
parameters. Then, the obtained estimates are used to predict the values of the
omitted observations [15]. The formula of Q2 measure is

Q2 = 1−
∑
D ED∑
D OD

,
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where D is the omitted distance; E is the sum of square of the prediction error;
and O is the sum of squares of the observations. A value greater than zero indi-
cates a good predictive capability of the estimated model. Practically speaking,
values of .02, .25, and .35 suggest that exogenous LVs have weak, medium and
strong capability of predicting the associated endogenous LV, respectively.

Effect size f2 assesses the relative change in R2. Specifically, it measures
the relative impact of the inclusion of a certain exogenous LV to the predictive
performance of estimating the endogenous LV in the following way:

f2 =
R2
included −R2

excluded

1−R2
included

.

In the same manner, the relative change ofQ2 with respect to including/excluding
a specific exogenous LV is as follows:

q2 =
Q2
included −Q2

excluded

1−Q2
included

.

The benchmark of both measures f2 and q2 follows the Stone-Geisser Q2 crite-
rion.

As mentioned, if the sample size is large, we can perform the holdout sample
technique to measure the model predictive relevance. In the following, we give
a step by step explanation of this approach according to [13].

1. Prior to the analysis, scale the data to have zero mean and unit variance.
Then, divide it randomly to a training sample (around 80% of the total
sample) and a test sample of the remaining cases (holdout).

2. Estimate the outer and inner estimates. They are called the model speci-
fied parameter matrices (C,G,A, and B) by using the training sample.

3. Use the estimated parameter matrices of the measurement model (C and
G) to obtain the endogenous and exogenous LV scores for the holdout
sample.

4. Standardize the obtained LV scores from Step 3.

5. Calculate the predicted scores for the endogenous LVs by using the esti-
mated path coefficient matrices (A and B) that are obtained from Step 2.

6. Calculate the coefficient of determination for the holdout sample (R2
holdout),

which is the square of the multiple correlation coefficient between the stan-
dardized endogenous scores of Step 4 and the predicted ones of Step 5.

7. Compare the two coefficients of determination R2
training and R2

holdout.

To simply illustrate the holdout sample method, for new cases, we don’t need
to re-estimate the model parameters, but use the estimated ones. Figure 2.2
summarizes the estimation sequence of the holdout sample technique. To ex-
plain, for a new observed indicators Xnew and Ynew, the estimated matrices
C and G are used to estimate the scores of the exogenous ξ̂ and endogenous
η̂ LVs, respectively. Then, based on the estimated path coefficient matrices A
and B, the endogenous LV scores η̂ are predicted. In Chapter 3, we propose a
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Xnew ξ̂ η̂ Ynew
C A,B G

Figure 2.2: Illustration of Holdout Sample Technique.

new recursion to predict the LV case values for future cases that are not nec-
essarily independent from each other by considering the SEM equations as a
linear dynamical system of Kálmán.

Recall, R2 measures the proportion of variance of the endogenous LV ex-
plained by the connected ones. If the values of R2

training and R2
holdout are close

to each other, this indicates that the estimated model has a good capability for
prediction.

II) Generalized Structured Component Analysis

The second estimation technique of the Comp-SEM is the generalized struc-
tured component analysis (GSCA). According to Comp-SEM family, GSCA is
distribution-free and applicable to small sample size. However, GSCA over-
comes the primary drawback of PLS-SEM. It provides an overall fit function to
evaluate the estimated model [36].

GSCA aims at maximizing the average proportion of the explained vari-
ance of the endogenous LVs. Moreover, it fits more complex structural models;
considers multiple groups modeling; as well as second order components1.

Unlike Cov-SEM and PLS-SEM, GSCA comprises three sub-models: the
regular measurement and structural model equations, and the weighted relation
equation in which the LVs are set as the weighted sum of the indicators. The
GSCA model equations are:

Z = Cη + ε,

η = Bη + ζ,

η = WZ,

where Z is the standardized data matrix; C is the loadings matrix that links
the observed indicators to the LVs; η is the LVs vector; B is the matrix of
path coefficients between the LVs; ζ and ε are the error vectors; and W is the
component weight matrix assigned to the indicators.

The three model equations can be combined into a single model equation in
the following way:

[
Zη
]

=

[
C
B

]
η +

[
ε
ζ

]
[
I
W

]
Z =

[
C
B

]
WZ +

[
ε
ζ

]
V Z = AWZ +E,

1Second order component means that the LV is related to one or more first-order LVs which
in turn directly influence the indicators.
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where V =

[
I
W

]
; A =

[
C
B

]
; E =

[
ε
ζ

]
; and I is the unit matrix. To estimate

the model parameters, the alternating least squares “ALS” method is used. This
method divides the model parameters into subsets to be estimated. Each subset
is estimated “partially”, while the others are fixed. Then, the estimated subset
is used to estimate the fixed ones. Hence, the algorithm iterates between the
alternating steps until convergence. Specifically, it starts with estimating the
matrix A while, the matrices V and W are fixed. Then, the matrices V and
W are updated based on the obtained fixed point estimation of A and so on
until there is no changes in the obtained estimates (convergence).

The optimization function that minimizes the sum of square of the errors is

FGSCA = ETE =
∑

(V Z −AWZ)T (V Z −AWZ).

From the FGSCA, other fit functions can be obtained to assess the estimated
model such as:

Fit = 1− FGSCA∑
(V Z)T (V Z)

.

This function measures the total variation explained by the model. By defini-
tion, it is equivalent to R2 criteria in regression analysis. It ranges between 0
to 1, the larger the value, the larger the proportion of the explained variance by
the model. The non-parametric bootstrapping techniques are used to estimate
the standard errors for the estimated parameters, from which the statistical
significance test can be performed.

SEM family Covariance-based Component-based
SEM Technique Cov-SEM PLS-SEM GSCA
Sample Size Re-
quired

Large Small Small

Distributional As-
sumption

Gaussian Free Free

Missing Data Han-
dling

Yes Yes Yes

Second-Order
Component

No No Yes

Estimation Method ML PLS ALS
Optimization
Global Function

FML None FGSCA

Objective Minimize the dis-
crepancy between
the observed and
the model im-
plied covariance
matrices.

Maximize the ex-
plained variance
of the endogenous
LVs by estimating
the model relations
partially via OLS.

Minimize the sum
of square of the er-
rors of the opti-
mization function.

Analysis Software LISREL, Amos,
EQS, MPlus,
Python, and
STATA

LVPLS, Smart-
PLS, XLStat-PLS,
R, Python, and
STATA

XLStat-GSCA,
MATLAB, Python,
and R

Table 2.1: Main Features of Structural Equation Modeling Families.
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In sum, the estimation approaches of SEM are rather complementary to
each other [71]. As discusses, they share some characteristics. However, each
technique has its own advantages and drawbacks. Table 2.1 summarizes the core
differences and similarities between the three estimation techniques of SEM.

2.2.3 Proposed Integrated Estimation Method

Here, we integrate two stages estimation method to obtain the SEM specified
parameters (A,B,C,G and the error covariance matrices). This method uses
second moments with respect to the component-based SEM. We combine two
existing estimation techniques [8]. Specifically, we amalgamate only the first
stage of the PLS algorithm of H. Wold [83] with the block Cholesky decompo-
sition of Kiiveri and Speed [45, 46].

Obviously, there are two main steps: 1) Stage I of PLS of H. Wold, from
which the LV scores and the outer specified matrices are obtained; 2) block
Cholesky decomposition, from which the inner specified matrices along with the
error covariance matrices are estimated.

Step one. As discussed, Stage I of H. Wold algorithm is a fixed point iter-
ation [83]. At the convergence step, the case values (scores) of both exogenous
and endogenous latent variables as well as the weight/loading matrices C and
G of the outer relations are estimated. Recall that the outer estimates link the
observable and latent variables together. In the subsequent stages of H. Wold
algorithm, the obtained LV scores are used to estimate the inner relations.
Specifically, each endogenous LV is regressed on its predecessor LVs via OLS
regression [83]. We disregard this stages, instead, we apply the block Cholesky
decomposition.

Step two. It applies the block Cholesky decomposition of Kiiveri and Speed [45,
46]. A detailed explanation of this decomposition calculations are discussed in
Algorithm I of Section 4.1. First, we compute the product-moment of the LV
case values (obtained from Sep one). Then, the inverse of this matrix is factor-
ized via the block variant of Cholesky decomposition as:

Σ−1 = LDLT ,

with block sizes 1, . . . , 1, n with number2 m of 1s. The resulted block matrices
L and D are of the following form:

L =

(
BT O
−AT I

)
, D =

(
Q−1 O
O F−1

)
, (2.3)

where B is a m ×m upper triangular matrix with 1s along its main diagonal
and A is a m × n matrix. These matrices correspond to the estimated path
coefficient from endogenous to endogenous and from exogenous to endogenous
latent variables, respectively. The block-diagonal matrix D comprises the in-
verse of the error covariance matrix Q of ζ and F of ξ on its main diagonal.
The matrix Q itself is diagonal which satisfy the model assumptions.

In this way, the SEM specified parameter matrices are estimated. Usually,
these estimates are calculated from a training sample a kin to the adjacency
matrix that specifies which LV is related to which observable ones. This is the

2Number of endogenous LVs in the model.
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point where the expert can intervene the system. The estimated model pa-
rameters are used to illustrate, present, and predict various relations between
the included variables. We did not further investigate those estimates via the
integrated two steps method, but we considered them to introduce a recursion
in which the LV scores of future observation can be predicted, see Chapter 3.
Moreover, we compare the inner estimates results that are obtained form the
PLS-SEM of H. Wold with those that are resulted from the second step of our in-
tegrated estimation method (block Chlesky decomposition), see the application
in Section 2.3.2.

The advantages of the integrated estimation method are: 1) similar to PLS-
SEM, it is applicable to small sample sizes with no distributional assumptions
and performing less OLS regressions.; 2) in case of large complex model, the
parameters can be reduced with respect to covariance selection model where the
block Cholesky decomposition is performed on the restricted inverse covariance
matrix (K∗ = Σ∗−1).

2.3 Applications

In this section, we present two applications: 1) apply Cov-SEM to examine
the infant mortality rate(IMR) in Egypt [1]; 2) use PLS-SEM to measure and
predict the factors that affect workers’ anxiety [2]. For the latter application,
we compare the results that are obtained from the PLS-SEM with those from
the integrated algorithm.

2.3.1 Application to Infant Mortality Rate

In general, infant mortality rate (IMR) accounts for about two-thirds of the
U5MR. In Egypt, the IMR declined from about 50/1000 in 1995 to about
20/1000 in 2015. This decline reflects excellent progress, but falls just short of
the two-third reduction implied by the millennium development goals (MDG).
However, given that the IMR accounts for about 2/3 of the U5MR, an IMR of
20/1000 in 2015 suggests that even at the beginning of the Sustainable Develop-
ment period, Egypt was close to achieving the childhood/infant mortality goals.
Numerous factors affect infant deaths. Among the most important ones are
family socioeconomic background characteristics including wealth, parental ed-
ucation, place of residence, and family size, along with mother- and pregnancy-
related factors such as maternal health, antenatal and neonatal care, birth order,
the conditions of birth delivery,. . . etc, see [3, 43]. In addition, diarrheal disease,
respiratory infection, and vaccine-preventable diseases are important determi-
nants of the IMR. However, the overall economic indicators can be seen as the
root cause of the mortality issue.

This study focuses on the IMR of Egypt between the years 1995 to 2015.
Specifically, we apply Cov-SEM technique. It enables us to better understand
both the direct and indirect effect of the following indicators on the IMR: 1)
gross domestic product (GDP) per capita; 2) current health expenditure as
a percentage of GDP (HExp); 3) out-of-pocket health expenditure (OPExp);
4) maternal mortality ratio (MMR); and 5) hepatitis B immunization (HepB).
Table 2.2 gives more explanation and the abbreviations of the indicators. Based
on the literature, we propose the hypothesized model to examine the causal
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relationships between the economic indicators and the IMR, see Figure 2.3.
The model hypotheses can be stated as follows:

1. There is a direct effect of the GDP on HExp, HepB, and IMR.

2. There is a direct effect of the HExp on HepB, MMR, and IMR.

3. There is a direct effect of the OPExp on both HepB and MMR.

4. Both HExp and HepB mediate the influence of GDP on MMR and IMR.

5. HepB and the MMR mediate the influence of OPExp on IMR.

To examine these hypotheses, a longitudinal data from the World Bank
data3 is considered. Specifically, this is a multidimensional longitudinal data,
spanning T = 21 years, which are not independent, but have serial dependence.
Theoretically, when T is “large” and h is “small ” (T → ∞ and h = o(T )),
then the ergodicity is guaranteed. The product-moment estimates based on not
independent observations are consistent for the autocovariances to be estimated.
We are approaching this situation.

To summarize the data features and elucidate relations among the observed
indicators, we used both descriptive statistics and the pairwise correlation test.
As shown in Table 2.3, IMR and MMR have declined by about half over the
years. However, they did not achieve the extent of decline set by the MDG,
even though GDP, HepB, HExp, and OPExp were steadily increasing.

Pairwise correlations test presents not only the strength and direction, but
also the significance of the relationship between each pair of variables. As shown
in Table 2.4, most of the relationships are strongly correlated and statistically
significant. This shows the extent to which these variables interact with and
affect each other. For example, the correlation coefficient of GDP and the MMR
is (ρ= -.85, p-value < .001). This reflects a strong inverse relation between
them, i.e. as GDP per capita increases, the MMR decreases. Furthermore, the
correlation coefficient between the IMR and MMR is (ρ=.99, p-value < .01).
Here there is a very strong direct relationship, i.e. as the MMR decreases, the
IMR decreases as well.

Note that all the indicators are observable variables. Accordingly, they are
represented by rectangles, see Figure 2.3. The hypothesized model exhibits the
following system of linear equations:

1 0 0 0
b21 1 0 0
b31 0 1 0
b41 b42 b43 1



HExp
HepB
MMR
IMR

+


a11 0
a21 a22

0 a32

a41 0

[ GDP
OPExp

]
=


ε1
ε2
ε3
ε4

 .
Simply,

BY +AX = ε,

where the matrices B and A represent the path coefficients from endogenous to
endogenous variables and from exogenous to endogenous variables, respectively;
ε is the random error vector. If B is a lower triangular matrix as in our case,

3https://data.worldbank.org/indicator



CHAPTER 2. STRUCTURAL EQUATION MODELING 57

Indicator Definition Abbreviation
Infant Mortality
Rate

“The number of infants dying before reach-
ing one year of age, per 1,000 live births in
a given year.”

IMR

GDP Per Capita “Gross domestic value added by midyear
population. It is the sum of gross value
added by all resident producers in the econ-
omy plus any product taxes and minus any
subsidies not included in the value of the
products. It is calculated without making
deductions for depreciation of fabricated
assets or for depletion and degradation of
natural resources. It is measured in the
current U.S. dollars.”

GDP

Current Health Ex-
penditure (as % of
GDP)

“An estimate of current health expendi-
tures, including health care goods and
services consumed during each year. It
does not include capital health expendi-
tures such as buildings, machinery, IT and
stocks of vaccines for emergency or out-
breaks.”

HExp

Out-of-Pocket
Health Expen-
diture (as % of
HExp)

“The payments that are spent on health
directly by households.”

OPExp

Maternal Mortality
Ratio

“Number of women who die from
pregnancy-related causes while preg-
nant or within 42 days of pregnancy
termination per 100,000 live births.”

MMR

Hepatitis B Immu-
nization

“The percentage of children who received
hepatitis B vaccinations before 12 months.
A child is considered adequately immu-
nized after three doses.”

HepB

Source: World Bank: https://data.worldbank.org/.

Table 2.2: Model Indicators Definitions and their Abbreviations.

N Mean SD Min Max
GDP 21 1858.82 882.09 944.20 3547.71

OPExp 21 62.14 1.63 59.04 65.41
HExp 21 4.99 .49 4.09 5.79
HepB 21 93.52 7.29 74 99
MMR 21 53.19 15.04 33 83
IMR 21 31.43 8.87 20.1 49.5

Table 2.3: Descriptive Statistics of Model Indicators.

a directed acyclic graph (DAG) with a system of recursive linear equations is
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1 2 3 4 5 6
1.GDP 1

2.OPExp -.43∗ 1
3.HExp -.82∗∗∗ .58∗ 1
4.HepB .25 .23 -.19 1
5.MMR -.85∗∗∗ .21 .75∗∗ -.65∗∗ 1
6.IMR -.81∗∗∗ .18 .73∗∗ -.69∗∗ .99∗∗ 1

Significance Level: ∗p < .05,∗∗p < .01, and ∗∗∗p < .001.

Table 2.4: Pearson Correlation Coefficients between the Model Indicators.

presented. The ML estimation is used to obtain the model parameters. As
discussed, the goal is to minimize the discrepancy between observed and model
implied covariance matrices, i.e. the maximum likelihood function is maxi-
mized [39]. In SEM, the model fit function of the likelihood ratio test follows
χ2 distribution.

GDP

OPExp

HExp
ε1

HepB
ε2

MMR ε3

IMR ε4

a

b

a

a

a

a

b

b

b
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32

22
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Figure 2.3: Path
Diagram of the Hy-
pothetical Model that
Examines the Causality
Structure between the
Economic Indicators
and the IMR in Egypt.

To evaluate the overall hypothesized model, the IFI, AFI, and χ2 criteria
are used. As shown in Table 2.5, the values of all fit indices follow the criteria
along with a significant χ2 where the null hypothesis is rejected. Also, the
coefficient of determination (R2 = .79) implies that the hypothesized model
explains about 79% of the infant mortality rate variation. Further, we considered
power analysis to examine the potential of the hypothesized model. In SEM,
there are different methods to obtain the model power [37]. Based on the χ2-
test, we considered the root mean square error approximation RMSEA-based
power. Specifically, the power to reject the close fit model H0 : RMSEA ≤ .08
which indicates a reasonable error of approximation.

Figure 2.4 shows the non-central χ2 distributions related to the specified
RMSEA values in the hypothesis testing. The vertical dotted line shows the
point for which larger observed RMSEA values are associated with χ2-test value
that would lead to rejection of the null hypothesis. The shaded area presents the
statistical power, i.e. the area under the alternative hypothesis H1 : RMSEA =
.1. As shown, the specified model under the current conditions gives a power of
24%. Such power is a relatively low. However, it can be acceptable in case of
small sample size. Similar analysis indicates a minimum sample of size 276 to
obtain a power of 80% with respect to the same specified model and significance
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level.

Figure 2.4: Non-central
χ2 Distribution where
H0 : RMSEA ≤ .08;
H1 : RMSEA = .1,
α = .05, df = 6 and
n = 21.

Overall Model-Fit Criteria Model Value
χ2 p > .05 .099

Absolute Fit Indices
RMSEA ≤ .08 .087
SRMR ≤ .08 .054

Incremental Fit Indices
TLI ≥ .90 .914
CFI ≥ .93 .947

Coefficient of Determination
R2 Close to 1 .79

Table 2.5: Goodness of Fit Measures of the Fitted Model.

Table 2.6 reports each of the fitted, predicted and residual variances of each
of the observed endogenous variables. It also shows the correlations between
them and their predictors. For example, the correlation between HExp and
its predictors is 0.82. This implies that the fraction of the variance of HExp
explained by its predictors, which is calculated from (.822), is equal to .671,
while the variance left unexplained is calculated as 1− .671 = .33. Moreover it
provides the value of R2 for the simultaneous system of equations. For instance,
the model equation of the endogenous variable MMR has explained 69% of the
variance in the MMR.

Variance
Endogenous Variables Fitted Predicted Residual R2 mc mc2

Observed
HExp .23 .15 .07 .67 .82 .67
HepB 53.64 14.16 39.48 .26 .51 .26
MMR 247.03 170.59 76.44 .69 .83 .69
IMR 83.41 83.16 .25 .99 .99 .99

mc: is the correlation between endogenous variables and its prediction.
mc2: is the Bentler-Raykov squared multiple correlation coefficient.

Table 2.6: Equation-Level Goodness of Fit of the Endogenous Indicators.

Table 2.7 shows: 1) the direct effect that measures the straight influence
of one variable on another without any mediators; 2) the indirect effect that
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measures the influence of one variable on another through one or more medi-
ators; and 3) the total effect that considers both direct and indirect effects.
These effects are illustrated by the standardized path coefficients. Each path
presents the change of the endogenous variable to a standard unit change in the
exogenous variable, while all other variables in the model are held constant.

Direct Indirect Total
GDP → HExp .82∗∗∗ - .82∗∗∗

GDP → HepB .23 .21 .45∗

GDP → IMR -.13∗∗∗ -.64∗∗∗ -.0073∗∗∗

GDP → MMR - -.73∗∗∗ -.73∗∗∗

OPExp → HepB .47∗ - .47∗

OPExp → MMR -.32∗ - -.32∗

OPExp → IMR - -.33∗ -2.06∗

HExp → HepB -.26 - -.26
HExp → MMR -.89∗∗∗ - -.89∗∗∗

HExp → IMR -.014∗ -.96∗∗∗ -.95∗∗∗

HepB → IMR .023 - .023
MMR → IMR 1.1∗∗∗ - 1.09∗∗∗

Significance Level: ∗p < .05, and ∗∗∗p < .001.

Table 2.7: Estimated Standardized Path Coefficients.

In sum, SEM examines system of simultaneous regression equations, which
enables us to investigate different connections between the variables more broadly.
Preliminary simple analysis shows that hepatitis B immunization increased from
74% in 1995 to 93% in 2015, having reached 99% in 2001. Simultaneously, the
model shows that both the direct effect of HepB and the indirect effect of GDP,
through HepB, on the IMR are not statistically significant. This suggests that
the immunization rate is already reaching complete coverage, and is unlikely
to contribute to further reduction in infant mortality4. This illustrates the im-
portance of considering the indirect and internal relationships between these
indicators to better understand and be able to reduce the infant mortality rate.

2.3.2 Application to Workers’ Anxiety

Work anxiety refers to stress caused by work that leads to anxiety, or the impact
of anxiety disorder on work. Either way, workers’ anxiety can have negative ef-
fects. Addressing such problem is important to prevent poor outcomes both for
employees and organizations. There are many causes of work-related stress in-
clude long hours, heavy workload, job insecurity, administrative corruption, and
conflicts with co-workers or bosses. This may lead to drop in work performance,
depression, worrying too much or simply what is called workers anxiety

In this study, we use a sample of 1222 wage workers from the 2014 survey of
young people in Egypt (SYPE ) [17]. The research questions examine to what
extent: 1) work characteristics; 2) work satisfaction; and 3) institutional corrup-
tion affect workers’ anxiety. Those are LVs that are not directly measured from

4Further decline in immunizations coverage might have an adverse effect on the IMR.
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the data, but instead composed of other observable indicators. The hypothe-
sized SEM model constructs these LVs and investigates the causality structure
between them. PLS-SEM technique is considered to estimate and predict both
inner and outer relations.

Table 2.8 presents the labels of the observed indicators and the associated
LVs. There are eleven independent (xis) and four dependent (yjs) observed
variables correspond to three exogenous and one endogenous LVs, respectively.
All the observed indicators are ordinal scaled, from “1” lowest to “5” highest,
and each observed indicator is linked to exactly one latent variable. The model
hypotheses are:

1. There is a direct effect of work characteristics on workers’ anxiety.

2. There is an inverse effect of work satisfaction on workers’ anxiety.

3. There is a direct effect of institutional corruption on workers’ anxiety.

The analysis is divided into two phases: I) estimate and evaluate the PLS-
SEM model from the training sample; II) predict the latent variable case values
for the test sample and assess the model predictive performance.

Latent
Variables

Observed Indicators
Model
Label

Exogenous Independent
Work Wrk

Characteristics Experiencing maltreatment from co-workers x1

Experiencing long working hours x2

Little pay x3

Exhausting work load x4

Work Satis
Satisfaction The way people treat each other x5

Feeling about belonging to a work community x6

Involvement in the work community x7

Receiving social support x8

Communication at work x9

Institutional Corrup
Corruption Public institutions corruption x10

Getting jobs via backdoor not based on the skills x11

Endogenous Dependent
Workers’
Anxiety

Anx

Worry about yourself or your family y1

Worry about losing your future y2

Worry about losing your home y3

Worry about losing your job y4

Table 2.8: Labels and Abbreviations of the Observed Indicators and Corre-
sponding Latent Variables.

Prior to the analysis, the total sample is scaled to have zero mean and unit
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variance. Then, we divided it randomly into training sample of size 977 and
test sample of the remaining cases.

Phase I: Estimate and Evaluate the Hypothesized Model

Figure 2.5 visualizes the hypothesized model. As shown, mode B is considered
to construct the three exogenous LVs (Wrk, Satis, and Corrup), while mode A is
used to construct the endogenous LV (Anx). Based on the training sample and
on the adjacency matrix, PLS-SEM of H. Wold algorithm is used to estimate
the model parameters, see Section 2.2.2.

Wrk

x1

x2

x3

x4

Satis

x5

x6

x7

x8

x9

Corrupx10

x11

Anx

R2 = .30

y1

y2

y3

y4

.34∗∗∗

.15∗∗∗

.31∗∗

.51∗∗∗

.27∗∗∗

.46∗∗

.58∗∗∗

.55∗∗∗

.30∗∗

.29∗∗

.95∗∗∗

.90

.86

.89

.77

.17∗∗∗

−.21∗∗∗

.24∗∗∗

Significance Level:*** p ≤ .0001; ** p ≤ .05.

Figure 2.5: Hypothe-
sized/Estimated Model
Visual Representation.

The estimates of the measurement and structural models. Specifically, the
outer weights relations between the independent observed indicators (xi, i =
1, . . . , 11) and the exogenous LVs (Wrk, Satis, and Corrup) are represented in
matrix C; and while the matrix G includes the outer loadings between the
dependent observed indicators (yj , i = 1, . . . , 4) and the endogenous LV (Anx).

C =



.34 0 0

.15 0 0

.31 0 0

.51 0 0
0 .27 0
0 .46 0
0 .58 0
0 .55 0
0 .30 0
0 0 .29
0 0 .95


, G =


.90
.89
.86
.77

 .
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The estimated structural path coefficients between the latent variables are the
matrices B and A, where

B = I, A =
[
.17 −.21 .24

]
.

Specifically, A contains the coefficients from the exogenous LVs (Wrk, Satis, and
Corrup) to endogenous LV (Anx). whereas, the matrix B maintains the esti-
mated path coefficients from endogenous to endogenous LVs. In the underlying
model, there is only one endogenous LV. Accordingly, B is the solely one.

Type Communality Redundancy AVE

Wrk Exogenous 0.493 0.000 0.000
Satis Exogenous 0.408 0.000 0.000
Corrup Exogenous 0.505 0.000 0.000
Anx Endogenous 0.732 0.122 0.732
R2 .30
GoF .35

Table 2.9: Assessment Measures of the Estimated Model.

To evaluate the estimated model, communality, redundancy and AVE mea-
sures are considered. The results indicate a well constructed measurement and
structural model blocks, see Table 2.9. Moreover, the model explains about 30%
of the variation in workers’ anxiety levels (R2 = .30) and it has an acceptable
overall fit with a GoF of .35.

The correlation coefficients between the LVs are shown in Table 2.10. It
shows that the exogenous LVs are weakly correlated with each other and highly
correlated with the endogenous LV. Consistence with the model hypotheses, the
work satisfaction has an inverse relationship with the worker’s anxiety.

Wrk Satis Corrup Anx

Wrk 1
Satis -.131 1
Corrup .117 -.162 1
Anx .426 -.470 .395 1

Table 2.10: Correlation Matrix between Latent Variable Scores.

To examine the significance of the estimated path coefficients, the boot-
strapping technique with subsamples of size 5000 is considered. The results
indicate little differences between the path coefficients from the original sample
and the estimated ones from the subsamples. Based on the standard errors
of the estimated parameters from all subsamples, the significance of each esti-
mator is obtained. All the estimated path coefficients and the weights of the
outer model are statistically significant, see Figure 2.5. More specifically, the
model confirmed a positive direct effect of both work characteristics and insti-
tutional corruption on workers’ anxiety (β = 0.17 and 0.24, respectively). At
the same time, there is an inverse effect of work satisfaction on workers’ anxiety
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(β = −0.21). That is, as people feel more satisfied with their work, their anxiety
levels decrease. Also, as the work characteristics and corruption get worse, the
workers’ anxiety increases.

Two Stages Integrated Method Estimation

Now, we consider the estimates that are obtained from our proposed algorithm.
As discussed, this technique combines Stage I of H. Wold algorithm and the
block Cholesky decomposition of Kiiveri and Speed, see Section 2.2.3.

Step one. At the convergence step of Stage I of H. Wold algorithm, both
the LV case values (scores) and the outer relation matrices (C and G) are
obtained. Accordingly, these results are exactly the same which are obtained
from PLS-SEM, see above.

Step two. To estimate the path coefficient matrices (A and B), we apply
the block Cholesky decomposition, where H. Wold uses OLS regressions. So, we
first calculate the inverse of the product-moment of the estimated latent scores
(obtained in step one),

Σ−1 =


η1 ξ1 ξ2 ξ3

η1 1.19822
ξ1 .25033 1.09182
ξ2 −.28970 .09406 1.10576
ξ3 −.20377 .075703 −.05118 1.0608

.
This matrix is factorized via the block variant of LDLT with block sizes c(1, 2).
Note that the 1 is not repeated as there is only one endogenous LV in the model.
The resulted block matrices L and D are of the following form,

L =

(
BT O
−AT I

)
=


1 0 0 0

.20892 1 0 0
−.24178 0 1 0
−.17006 0 0 1

 .

D =

(
Q−1 O
O F−1

)
=


1.19822 0 0 0

0 1.03952 .15458 .11827
0 .15458 1.03572 −.10044
0 .11827 −.10044 1.02619

 .

The underlying model contains only path coefficients from exogenous to en-
dogenous LVs (A). The estimates that are obtained from the factorization and
from OLS regression of H. Wold are consistent. This is not surprising as both
techniques comprise the product-moment estimates. Whereas H. Wold algo-
rithm uses many OLS regressions which is time consuming akin to the block
Cholesky decomposition, the latter method can reduce the number of free pa-
rameters with respect to covariance selection model then apply the LDL decom-
position on the restricted matrix Σ∗−1 = K∗.

Phase II: Evaluate the Model Predictive Relevance

Once the estimated model is validated, we turn to measure the model predictive
performance. The semPLS package of R software gives the value of Stone-
Geisser Q2 measure according to the specified omission distance that is set to 7.
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A value of Q2 measure equal to .26 indicates that the estimated model reveals
a medium ability to predict the results of the omitted observations.

In addition, as the sample size is adequate, we applied the step by step cross
validation by means of the holdout sample approach as follows:

1. For the holdout sample of size 245 cases, the scores of the exogenous (Wrk,
Satis, and Corrup) and endogenous (Anx) latent variables are computed
by using the estimated measurement matrices C and G, respectively.

2. The obtained LV scores are scaled to have zero mean and unit variance.

3. For the endogenous LV (Anx), the predicted scores are computed by the
estimated path coefficient matrix A.

4. We calculate the correlation coefficient between the estimated and pre-
dicted scores of the endogenous LV (Anx). Specifically, the scores that
are obtained from Step 2 and Step 3. The correlation coefficient is .58.
Accordingly, the coefficient of determination for the holdout sample is
R2
holdout = (.58)2 = .34.

5. compare R2
training and R2

holdout.

The results show that the values of the two coefficients of determination are
close to each, where R2

holdout = .34 and the R2
training = .30. This concludes

that the fitted model has a good predictive performance and is appropriate to
predict the scores of the new-coming observations.



Chapter 3

Kálmán’s Filtering in
Structural Equation
Modeling

In this chapter, we consider SEM equations as a linear dynamical system to
which the celebrated R. E. Kálmán’s filtering technique [40] is applicable. This
technique was developed in the 1960s for time series to make predictions for the
hidden state variables of a state space model, and was used in the lunar landing,
for instance. We show how to apply this technique in more complicated dynam-
ical system, where there are two state and two observable equations, describing
the inner and outer relations between the observable and latent variables, both
for the exogenous and endogenous ones [8].

We confine ourselves to the component-wise SEM algorithm (not postulating
normality and being able to treat small sample sizes), e.g., [72, 83]. For SEM
Equations (2.2) and (2.1), the specified parameter matricesA, B, C, G, and the
covariance matrices of the errors are estimated for the training sample via the
algorithm described in Section 2.2.3. Note, the observations have a time order
in the training sample, which order is taken into consideration in the estimates
of the latent variables, and so, in initializing the error covariance matrix.

The test sample is a succession of observations coming one by one (like
a time series or just subsequent observations). The filtering technique to be
introduced is capable to make predictions for the endogenous variables based
on the exogenous ones, through the latent variables. The driving force is that
we propagate the error covariance matrices of the exogenous and endogenous
latent variables in a recursion. Accordingly, we develop an artificial intelligence.

3.1 Filtering Technique for the Prediction

Discrete time observations Xt and Yt arrive, whereas ξt and ηt are latent state
variables corresponding to them. Starting at time 0, for t = 1, 2, . . . , the es-
timate of η̂t is found, while observing X1, . . . ,Xt. Actually, to find η̂t, we
only need the estimate ξ̂t and the last observation Xt. Then to find ξ̂t+1, the
preceding estimate η̂t and the last observation Yt are needed. In this way, a

66
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recursion is given via the propagation of the error covariance matrices. During
the calculations, we use the linearity of the state equations and the predic-
tions, for which we confine ourselves to the second moments of the underlying
distributions (second order processes).

The linear dynamical system is

Bηt = Aξt + ζt

Uξt+1 = V ηt + γt

Xt = Cξt + εt

Yt = Gηt + δt,

(3.1)

where A is a m× n; B is a m×m; V is a n×m; U is a n× n; C is a q × n;
and G is a p ×m specified matrix. Moreover, the matrices B and U are non-
singular (in the recursive models, they are upper triangular with 1s along their
main diagonals). Further, ζt is an orthogonal process with EζtζTs = δstQ with
a diagonal covariance matrix Q; γt is an orthogonal process with EγtγTs = δstR
with a diagonal covariance matrix R; EξTs ζt = 0 and EηTs γt = 0 for s ≤ t. In
addition, εt is independent of ξt; δt is independent of ηt; and both εt and δt
are also independent of each other and of ζt and γt. For simplicity, we assume
that all the expectations are zeros.

The model parameter matrices are estimated from a training sample. Actu-
ally, the matrices A and B together with Q and F come from the second step
of our proposed algorithm that uses the block Cholesky decomposition of the
product-moment of the estimated latent scores of the pairs ξs,ηs, where s < 0
is integer from the past (training sample), see Equation (2.3). Likewise, the
matrices U and V together with R and F ∗ come from the block Cholesky de-
composition (3.2) below, based on the product-moment of the estimated latent
scores of the shifted pairs ηs, ξs+1 (s < 0). Note that the shifted product-
moment is calculated, like the first order autocovariances. The inverse of this
matrix is decomposed as L∗D∗L∗T with L∗ and D∗ having the form

L∗ =

(
UT O
−V T I

)
, D∗ =

(
R−1 O

O F ∗−1

)
, (3.2)

where U is a n × n upper triangular matrix with 1s along its main diagonal,
and V is a n × m. The block-diagonal matrix D∗ comprises the inverse of
the error covariance matrix R of γ and F ∗ of η, where R itself is a diagonal
matrix. For this purpose, we use the block Cholesky decomposition with block
sizes 1, . . . , 1,m with number1 n of 1s. Recall, the block Cholesky calculations
are in Section 4.1.

The matrices C and G are obtained via first step of the proposed estimation
algorithm, see Section 2.2.3. Here, the training sample has time order that is
considered in the estimation of all specified matrices.

Now a recursion via two stages is introduced for the following problem:
starting the observations at time 0 in the test sample, we want to estimate
ηt based on Xt, and ξt+1 based on Yt component-wise, with minimum mean
square error. Former observations also play a role, but only through the last
one and through the propagation of the error covariance matrices. Here X0 and
Y0 can be taken from the training sample.

1Number of exogenous LVs in the model.
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First stage: Xt → η̂t

For t ≥ 1, let Ht−1(X) = Span (X0, . . . ,Xt−1) consist of the linear combinations
of all the components of X0, . . . ,Xt−1 over a common probability space. They
are also in a Hilbert space (L2 space) with the covariance as inner product. We

denote the optimal prediction of ξt based on X0, . . . ,Xt−1 by ξ̂t.
If X0, . . . ,Xt−1 are observed, i.e., Ht−1(X) is known, then the newly ob-

served (measured) Xt can be orthogonally decomposed as

Xt = ProjHt−1(X)Xt + X̃t = Xt + X̃t, (3.3)

where the orthogonal component X̃t ∈ It(X), and It(X) is the so-called inno-
vation subspace (actually, the components of X̃t generate It(X)). Assume that
It(X) is not the sole 0 vector, otherwise observing Xt does not give any addi-
tional information to Ht−1(X). If {Xt} is weakly stationary, it means that the
process is regular.

Equation (3.3) implies the decomposition of the corresponding subspaces like

Ht(X) = Ht−1(X)⊕ It(X). (3.4)

This is the analogue of multidimensional Wold decomposition when we make
one-step ahead prediction based on finitely many past values. The Wold decom-
position applies to the stationary and infinite past case. Indeed, when t → ∞,
i.e., going to the future, we approach this situation in the stationary case.

Assume that we have already found ξ̂t. We shall give a recursion to find η̂t
by using the new value of Xt. In view of Equation (3.4), we proceed as follows:

Bη̂t = ProjHt(X)(Bηt) = ProjHt−1(X)(Bηt) + ProjIt(X)(Bηt)

= AProjHt−1(X)ξt + ProjHt−1(X)ζt +KtX̃t

= Aξ̂t +KtX̃t,

(3.5)

where we utilized that ζt ⊥ Ht−1(X), Lemma C.1 and the first state equation
of (3.1). We refer to the linearity of the projection, see Lemma C.2. Since
ProjIt(X)Bηt is the linear combination of the coordinates of the vector X̃t ∈
It(X), its effect can be written as a matrix Kt multiplied with X̃t. This m ×
q matrix Kt is called Kálmán gain matrix after R. E. Kálmán (in fact, this
notation was first used in the paper [41] of Kálmán and Bucy).

To specify the matrix Kt, we have to write X̃t in terms of ξ̂t and Xt. For
this purpose, let us project both sides of the first observation equation of (3.1),
i.e., of Xt = Cξt + εt, onto Ht−1(X). This results that

Xt = Cξ̂t.

Taking the orthogonal decomposition (3.3) of Xt into consideration yields that

X̃t = Xt −Xt = Xt −Cξ̂t. (3.6)

We substitute this into the last line of Equation (3.5) and obtain that

Bη̂t = Aξ̂t +KtX̃t = (A−KtC)ξ̂t +KtXt.
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With the notation
A∗t = A−KtC (3.7)

for the updated transition matrix, we get the new linear dynamics:

Bη̂t = A∗t ξ̂t +KtXt. (3.8)

We also have the alternative expression

Bη̂t = Aξ̂t +KtX̃t = Aξ̂t +Kt(Xt −Cξ̂t). (3.9)

The estimation error is also governed by the linear dynamical system. This
error term has two alternative forms. Using (3.8), the one is

Bη̃t = Bηt −Bη̂tt = Aξt + ζt −A∗ξ̂t −KtCξt −Ktεt

= A∗t (ξt − ξ̂t) + ζt −Ktεt = A∗t ξ̃t + ζt −Ktεt.

Then, using (4.2), the other is

Bη̃t = Aξt + ζt −Aξ̂t −Kt(Xt −Cξ̂t) = Aξ̃t + ζt −Kt(Xt −Cξ̂t).

From here, we get the following recursion for the covariance matrix

Pt = Eξ̃tξ̃Tt (3.10)

of the optimal error (of predicting ξt) and so, of Kt:

B[Eη̃tη̃Tt ]BT = E[Bη̃t][Bη̃t]
T

= E[A∗ξ̃t + ζt][Aξ̃t + ζt −Kt(Xt −Cξ̂t)]T

= A∗tPtA
T +Q,

(3.11)

where Q = EζtζTt , recall it is obtained by (2.3). Further, we used that ζt is

uncorrelated with ξt and, therefore, with ξ̃t too. We also used that Xt−Cξ̂t is
in It(X), and ζt is uncorrelated with εt.

It remains to find an explicit formula for Kt, and thus, also for A∗t . Recall
that Kt is the matrix of the linear operation ProjIt(X)Bηt. Therefore, by the
projection principle, see Lemma C.1:

Kt = [EBηtX̃T
t ][E(X̃tX̃

T
t ]+,

where + denotes the Moore–Penrose generalized inverse (we use regular inverse
if the underlying matrix is invertible).

Now we calculate the matrices in brackets. By the third equation of (3.1),
that extends to X̃t = Cξ̃t + εt and to their predictions, we get that

EX̃tX̃
T
t = E(Cξ̃t + εt)(Cξ̃t + εt)

T = CPtC
T +E,

where E = EεtεTt . E is obtainable by (2.3) in the following way:

EXtX
T
t = C(EξtξTt )CT +E = CFCT +E.

So E is the difference between EXtX
T
t (estimated as Σ̂XX from the training

sample) and CFCT , where F is the inverse of the second diagonal block of D
in (2.3).
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By the first and third equation of (3.1) in addition to the orthogonality of

ξ̂t and ξ̃t we get that

E(BηtX̃
T
t ) = AE(ξtX̃

T
t ) = AE[(ξ̂t + ξ̃t)(Cξ̃t)

T ] = APtC
T . (3.12)

Therefore,
Kt = APtC

T [CPtC
T +E]+ (3.13)

with the Moore–Penrose inverse.
With this matrix Kt of Equation (3.13) and using Equation (3.11), we are

able to write the error covariance matrix in the form of a symmetric matrix:

B[Eη̃tη̃Tt ]BT = A∗PtA
T +Q = (A−KtC)PtA

T +Q

=
(
A−APtCT [CPtC

T +E]+C
)
PtA

T +Q

= A
(
I − PtCT [CPtC

T +E]+C
)
PtA

T +Q

= APtA
T −APtCT [CPtC

T +E]+CPtA
T +Q,

so
BP ∗t B

T = APtA
T −APtCT [CPtC

T +E]+CPtA
T +Q, (3.14)

where P ∗t = E(η̃tη̃
T
t ) is the covariance matrix of the error when predicting ηt.

In the next stage, we use it to find the propagation matrix Pt+1.

Second stage: Yt → ξ̂t+1

For t ≥ 1, let Ht−1(Y) = Span (Y0, . . . ,Yt−1) consists of the linear combina-
tions of all the components of Y0, . . . ,Yt−1 over a common probability space.
We denote the optimal prediction of ηt based on Y0, . . . ,Yt−1 by η̌t.

If Y0, . . . ,Yt−1 are observed, i.e., Ht−1(Y) is known, then the newly ob-
served (measured) Yt can be orthogonally decomposed as

Yt = ProjHt−1(Y)Yt + Ỹt = Yt + Ỹt, (3.15)

where the orthogonal component Ỹt ∈ It(Y), and It(Y) is the innovation sub-
space (actually, the components of Ỹt generate It(Y)). Assume that It(Y)
is not the sole 0 vector, otherwise observing Yt does not give any additional
information to Ht−1(Y).

Equation (3.15) implies the decomposition of the corresponding subspaces
like

Ht(Y) = Ht−1(Y)⊕ It(Y). (3.16)

Assume that we have already found η̌t. We shall give a recursion to find
ξ̌t+1 by using the new value of Yt. In view of Equation (3.16):

Uξ̌t+1 = ProjHt(Y)(Uξt+1) = ProjHt−1(Y)(Uξt+1) + ProjIt(Y)(Uξt+1)

= V ProjHt−1(Y)ηt + ProjHt−1(Y)γt +MtỸt

= V η̌t +MtỸt,

(3.17)

where we utilized that γt ⊥ Ht−1(Y), Lemma C.1 and the second state equation
of (3.1). Once again, we refer to the linearity of the projection, see Lemma C.2.
Since ProjIt(Y)Uξt+1 is the linear combination of the coordinates of the vector
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Ỹt ∈ It(Y), its effect can be written as a matrix Mt multiplied with Ỹt. This
n× p matrix Mt is another gain matrix.

To specify the matrix Mt, we have to write Ỹt in terms of η̌t and Yt.
For this purpose, let us project both sides of the second observation equation
of (3.1), i.e., of Yt = Gηt + δt, onto Ht−1(Y). We get that

Yt = Gη̌t.

Taking the orthogonal decomposition (3.15) of Yt into consideration yields that

Ỹt = Yt −Yt = Yt −Gη̌t. (3.18)

We substitute this into the last line of Equation (3.17) and obtain that

Uξ̌t+1 = V η̌t +MtỸt = (V −MtG)η̌t +MtYt.

With the notation
V ∗t = V −MtG, (3.19)

for the updated transition matrix, we get the new linear dynamics:

Uξ̌t+1 = V ∗t η̌t +MtYt. (3.20)

We also have the alternative expression

Uξ̌t+1 = V η̌t +MtỸt = V η̌t +Mt(Yt −Gη̌t). (3.21)

The estimation error is also governed by the linear dynamical system. This
error term has two alternative forms. Using (3.20), the one is

Uξ̆t+1 = Uξt+1 −Uξ̌t+1 = V ηt + γt − V ∗t η̌t −MtGηt −Mtδt

= V ∗t (ηt − η̌t) + γt −Mtδt = V ∗t η̆t + γt −Mtδt.

Then, using (3.21), the other is

Uξ̆t+1 = V ηt + γt − V η̌t −Mt(Yt −Gη̌t) = V η̆t + γt −Mt(Yt −Mtη̌t).

From here, we get the following recursion for the covariance matrix

P ∗t = Eη̆tη̆Tt (3.22)

of the optimal error (of predicting ηt) and so, of Mt:

U [Eξ̆t+1ξ̆
T
t+1]UT = E[Uξ̆t+1][Uξ̆t+1]T

= E[V ∗η̆t + γt −Mtδt][V η̆t + γt −Mt(Yt −Gη̌t)]T

= V ∗t P
∗
t V

T +R,
(3.23)

where R = EγtγTt , recall it is obtained via (3.2). Further, we used that γt is
uncorrelated with ηt and, therefore, with η̆t too. In addition, V ∗t = V −MtG.
We also used that Yt −Gη̌t is in It(Y), and that γt is uncorrelated with δt.

Now an explicit formula is found for Mt, and thus, also for V ∗t . Recall
that Mt is the matrix of the linear operation ProjIt(Y)Uξt+1, therefore by the
projection principle, see Lemma C.1:

Mt = [E(Uξt+1Ỹ
T
t )][E(ỸtỸ

T
t ]+,
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where + denotes the Moore–Penrose generalized inverse (we use regular inverse
if the underlying matrix is invertible). We calculate the matrices in brackets.
By the last equation of (3.1), that extends to Ỹt = Gη̃t + δt and to their
predictions, we get that

E(ỸtỸ
T
t ) = E[(Gη̆t + δt)(Gη̆t + δt)

T = GP ∗t G
T + ∆,

where ∆ = EδtδTt . ∆ is obtainable by (3.2) in the following way:

EYtY
T
t = G(EηtηTt )GT + ∆ = GF ∗GT + ∆.

So ∆ is the difference between EYtY
T
t (estimated as Σ̂YY from the training

sample) and GF ∗GT , where F ∗ is the inverse of the second diagonal block of
D∗ in (3.2).

By the second and fourth equation of (3.1) and the orthogonality of η̌t and
η̆t we get that

E(Uξt+1Ỹ
T
t ) = V E(ηtỸ

T
t ) = V E[(η̌t + η̆t)(Gη̆t)

T ] = V P ∗t G
T . (3.24)

Therefore,
Mt = V P ∗t G

T [GP ∗t G
T + ∆]+ (3.25)

with the Moore–Penrose inverse.
With this matrix Mt of Equation (3.25) and using Equation (3.23), we are

able to write the error covariance matrix in the form of a symmetric matrix:

U [Eξ̆t+1ξ̆
T
t+1]UT = V ∗t P

∗
t V

T + ∆ = (V −MtG)P ∗t V
T +R

= (V − V P ∗t GT [GP ∗t G
T + ∆]+GP ∗t V

T +R

= V (I − P ∗t GT )[GP ∗t G
T + ∆]+GP ∗t V

T +R

= V P ∗t V
T − V P ∗t GT [GP ∗t G

T + ∆]+GP ∗t V
T +R,

so

UPt+1U
T = V P ∗t V

T − V P ∗t GT [GP ∗t G
T + ∆]+GP ∗t V

T +R, (3.26)

where we assumed that the error covariance matrix of ξ̃t and ξ̆t, akin to that of
η̃t and η̆t is the same. This fact gives rise to a recursion by connecting (3.14)
and (3.26).

Finally, with (4.2) and (3.21) we are able to recursively estimate the latent
state variables. During the P1 → P ∗1 → P2 → P ∗2 . . . recursion, from Pt, we
find Kt by (3.13) and η̂t by (4.2). Then, from P ∗t , we find Mt by (3.25) and
ξ̌t+1 by (3.21).

As for the relation between ξ̂t and ξ̌t, akin to that between η̂t and η̌t,
we can estimate their cross-covariance matrices from the training sample, and
then, linearly predict η̌t with η̂t and linearly predict ξ̌t with ξ̂t by Lemma C.1
as follows.

η̌t = Σ̂ηYΣ̂+
YYΣ̂YXΣ̂+

XXΣXη[Eη̂tη̂Tt ]+η̂t

and
ξ̂t+1 = Σ̂ξXΣ̂+

XXΣ̂XYΣ̂+
YYΣ̂Yξ[Eξ̌t+1ξ̌

T
t+1]+ξ̌t+1.
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Here, from Equation (3.11), we conclude that

Eη̂tη̂Tt = Σ̂ηη −B−1[(A−KtC)PtA
T +Q](B−1)T .

Likewise, from Equation (3.23), we conclude that

Eξ̌tξ̌Tt = Σ̂ξξ −U−1[(V −MtG)P ∗t V
T
t +R](U−1)T .

The forthcoming theorem is the consequence of the projection calculations
made in Section 3.1 (note that the original papers of Kalman and Wold also
use several linear regressions, and justify the optimality based on those, which
concludes in a theorem).

3.2 Recursion Theorem

We assume that the system is at rest until time 0. The parameter matrices
are estimated from the past, whereas newer and newer estimates for the latent
variables are given, as observations arrive at time t (t = 1, 2, . . . up to the end T
of the experimental time). Thus, by utilizing the mean square error minimizing
property of the projection, we can summarize the recursion calculations in the
following:

Theorem 3.1 ( [8]) In the linear dynamical system (3.1), the optimal estimate
η̂t of ηt and ξ̌t+1 of ξt+1 given X1, . . . ,Xt and Y1, . . . ,Yt is generated by the
new linear dynamical system

Bη̂t = A∗t ξ̂t +KtXt

and
Uξ̌t+1 = V ∗t η̌t +MtYt.

The expected quadratic losses are trP ∗t and trPt+1, where P ∗t and Pt+1 are
the propagated covariance matrices of the estimation errors. The minimizing
matrices and the one-step ahead predictions η̂t and ξ̂t+1 together with the error
covariance matrices P ∗t and Pt+1 are uniquely determined by the initial condi-
tions

ξ̂1 = ProjX0
ξ1, ξ̃1 = ξ1 − ξ̂1, P1 = Eξ̃1ξ̃

T
1

and the recursions for t = 1, 2, . . . are as follows:

Kt = APtC
T [CPtC

T +E]+

η̂t = B−1[Aξ̂t +Kt(Xt −Cξ̂t)]

Ŷt = Gη̂t

η̌t = Σ̂ηXΣ̂+
XXΣ̂XYΣ̂+

YYΣ̂Yη

[
Σ̂ηη −B−1((A−KtC)PtA

T +Q)(B−1)T
]+
η̂t

P ∗t = B−1[APtA
T −APtCT [CPtC

T +E]+CPtA
T +Q]B−1T

Mt = V P ∗t G
T [GP ∗t G

T + ∆]+

ξ̌t+1 = U−1[V η̌t +Mt(Yt −Gη̌t)]

ξ̂t+1 = Σ̂ξYΣ̂+
YYΣ̂YXΣ̂+

XXΣ̂Xξ

[
Σ̂ξξ −U−1((V −MtG)P ∗t V

T +R)(U−1)T
]+
ξ̌t+1

X̂t+1 = Cξ̂t+1

Pt+1 = U−1[V P ∗t V
T − V P ∗t GT [GP ∗t G

T + ∆]+GP ∗t V
T +R]U−1T ,
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where + denotes the Moore–Penrose generalized inverse (usual inverse if the
matrix is invertible).

Note that ξ̂1 = ProjX0
ξ1 = Σ̂ξXΣ̂+

XXX0, by Lemma C.1, where the last training
sample entry can be chosen for X0. To initialize P1, the whole training sample
can be used: if the L learning sample entries are indexed by `, then ξ̂` =
Σ̂ξXΣ̂+

XXX` and ξ̃` = ξ` − ξ̂`, where ξ` is the `th case estimate of ξ. Finally,

the product-moment estimate of P1 is 1
L

∑L
`=1 ξ̃`ξ̃

T
` if the variables have zero

expectation (otherwise, the sample means should be subtracted).

Remark 3.1 For real time series, if the time series is stationary, the Kálmán
recursion for the prorogation matrix Pt resembles the fixed point iteration for
finding the solution of a discrete time algebraic Riccati equation for P .

In this way, a recursion is given via the propagation of the error covariance
matrices. In the heart of the estimation and the filtering steps, there is a simul-
taneous usage of OLS regression, tracing back to the Gauss normal equations,
see Appendix C. We also use the linearity of the state equations of the predic-
tions, for which we confine ourselves to the second moments of the underlying
distributions (second order processes).

The computational gain is that the specified parameter matrices need not
be estimated for every new-coming case of the test sample, but are estimated
only once via the training sample. The method is distribution-free (just second
moments are used in the linear state equations) and applicable to small sample
sizes that are not necessarily independent [8].

3.3 Application to Parents/Daughters Views on
Girls Empowerment

Education holds out the promise of empowering girls, giving them not only
the academic knowledge and skills, but also the ability to make decisions that
will change the course of their lives, and to act on those decisions. However,
Upper-Egypt is characterized by relatively low educational attainment and a
conservative culture that holds onto traditional habits and customs. In such
areas, families are often judged on the community’s perception of the behav-
ior of a family’s girls/women outside the house. Fear of sanction for violating
social norms can tend to sustain conservative values and attitudes. These cir-
cumstances may result in more family control over females and less women’s
empowerment.

We use data from three Upper Egyptian villages to estimate and predict to
what extent parental views affect girls’ thinking on two empowerment issues [8].
A total sample of 349 parents and their daughters are considered. Figure 3.1
visualizes the hypothesized outer and inner relations between variables. The
inner model examines the cause-effect structure between the latent variables
(LVs): parental views on girls’ participation in decision making and girls’ mo-
bility (exogenous: P-DM=ξ1 and P-Mob=ξ2) and the girls’ views on the same
issues (endogenous: G-DM=η1 and G-Mob=η2), respectively. The outer model
links those LVs with their corresponding observable variables (OVs). Mode A
is used to construct all LVs in the model. To clarify, ξ1 is composed of four
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independent xis (OVs) that measure parental views on girl’s responsibility in
making decisions related to marriage, choosing a husband, entering and contin-
uing schooling. ξ2 is linked to three xis that ask parents whether girls can go
alone to the following places: market, field, and friends’ homes. In the same
manner, η1 and η2 are connected to the same number of OVs, but here are the
dependent yjs reflect the girls’ views on the same questions. Note, all the OVs
are on the same ordinal scale.

x7

x6

x5

P-Mob

ξ2

P-DM

ξ1

x4

x3

x2

x1

G-Mob

η2

G-DM

η1

y6

y7

y5

y3

y4

y2

y1

Figure 3.1: Schematic Rep-
resentation of the SEM that
Considers the Cause-Effect rela-
tionships between Parents’ and
their Daughters’ Views related
to Two Girls Empowerment Is-
sues.

Prior to the analysis, the data were standardized to have zero mean and
unit variance. Then, it was divided randomly into a training sample (80%
of the sample) of size 279 and a test sample of the remaining cases. All the
observations have time (sequent) order which is taken into consideration in
the estimation process, and so, in initializing the error covariance matrix as
discussed in Section 3.2.

We applied the two stages proposed estimation algorithm on the training
sample to obtain the specified parameter matrices (A,B,C,G, Q, F , U ,V ,R,
and F ∗). These matrices are used in the derivation of the recursion. Specifically,
the filtering technique in Theorem 3.1 predicts the LV scores for the test sample
observations that come sequentially one by one.

Now, we discuss the model estimation process, see Section 2.2.3:

1. In the first step, at the convergence iteration of H. Wold algorithm, the
final LV case values matrix Ĥ is obtained as well as the estimated outer
relation matrices C and G:

C =



ξ1 ξ2

x1 .6759 0
x2 .7477 0
x3 .7739 0
x4 .7093 0
x5 0 .5326
x6 0 .8217
x7 0 .7356


, G =



η1 η2

y1 .6881 0
y2 .7408 0
y3 .7574 0
y4 .7287 0
y5 0 .4929
y6 0 .8132
y7 0 .7206


.

Those matrices contain the loadings that link the independent and de-
pendent observable variables with the exogenous and endogenous LVs,
respectively.
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2. The second step runs the block Cholesky decomposition of Kiiveri and
Speed two times.
First, the inverse of the product-moment of the LV scores Σ−1

Ĥ
is obtained,

Σ−1
H =


η1 η2 ξ1 ξ2

η1 1.15009
η2 .12284 1.52159
ξ1 −.38798 .061479 1.13488
ξ2 −.17908 −.889529 .024559 1.52709

.
This matrix is factorized via the block variant of Cholesky decomposition
LDLT with block sizes c(1, 1, 3), as there is two endogenous LVs in the
model, see Equation (2.3). The resulting block matrix L and D are of the
following form:

L =

(
BT O
−AT I

)
=


1 0 0 0

.10681 1 0 0
−.33734 .06823 1 0
−.15571 −.57701 0 1

 .

D =

(
Q−1 O
O F−1

)
=


1.15009 0 0 0

0 1.50847 0 0
0 0 .99697 .02353
0 0 .02353 .99697

 .

Accordingly, the estimated inner model specified matrices can be extracted
from L:

B =

( η1 η2

η1 1 .107
η2 0 1

)
, A =

( ξ1 ξ2

η1 .337 .156
η2 −.068 .577

)
;

while, the error covariance matrices are extracted from D

Q = cov(ζ) =

(
.869 0

0 .663

)
, F = cov(ξ) =

(
1 −.024

−.024 1

)
.

Second, the inverse of the product-moment of the shifted LV score pairs
Σ−1

Ĥi,i+1
which resembles the first order autocovariance is obtained,

Σ−1

Ĥi,i+1
=


ξ1 ξ2 η1 η2

ξ1 1.00795
ξ2 .01426 1.01628
η1 −.03726 −.05204 1.00447
η2 .07452 −.145932 .04543 1.02354

.
This matrix is factorized via the block variant of Cholesky decomposition
L∗D∗L∗T with block sizes c(1, 1, 3), as there is two exogenous LVs in the
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model, see Equation (3.2). The resulting block matrix L∗ and D∗ are of
the following form:

L∗ =

(
UT O
−V T I

)
=


1 0 0 0
.014 1 0 0
−.037 −.051 1 0
.074 −.145 0 1

 .

D∗ =

(
R−1 O

O F ∗−1

)
=


1.00795 0 0 0

0 1.01608 0 0
0 0 1.00048 .04073
0 0 .04073 .99677

 .

Accordingly, the estimated inner model specified matrices of the shifted
LVs pairs are obtained from L∗:

U =

( ξ1 ξ2

ξ1 1 .014
ξ2 0 1

)
, V =

( η1 η2

ξ1 .037 −.074
ξ2 .051 .145

)
;

while, the matrix D∗ gives the error covariance matrices:

R = cov(γ) =

(
.992 0

0 .984

)
, F ∗ = cov(η) =

(
1 −.041

−.041 1

)
.

At this point, the specified parameter matrices are obtained from the train-
ing sample. The estimated matrices C and G show the loadings that link
latent vectors ξ and η with X and Y, respectively. The matrix B displays
the extent to which girls’ views on mobility affect her views on participating in
making decisions; while A shows how parents’ views on mobility and decision
making influence the girl’ opinions on these issues. There is a direct effect of
parents’ views on girls’ opinions in the same domain, i.e., parents who reported
a conservative view on girls’ participation in making decisions tend to lead their
daughters to think alike. The same scenario is true for mobility, where girls tend
to reproduce their parents’ views. On the contrary, the effect is small when we
consider parents’ opinions of one domain on girls’ views of the other domain.
Further, the matrix U and V contain the path coefficients from exogenous to
exogenous and from exogenous to endogenous shifted pair LVs.

As new cases come one by one at a time sequence (t = 1, 2, . . . T ), instead
of re-running the estimation algorithm, we give a recursion to predict the LV
case values for the new observation. To do so, the estimated parameter matrices
from the training sample and the Kálmán filtering technique will be used. The-
orem 3.1 discusses the sequence of recursion calculations from which the optimal
prediction of the latent case values is obtained along with the covariance matrix
of the prediction error. Specifically for the test sample of size 70 cases, the
prediction of η̂t utilizes the estimated ξ̂t and the new observation Xt, while the
new Yt and the obtained η̂t are necessary to find ξ̂t+1. To start the recursion,
the first propagated matrix P1 ought to be initialized from the training sample.
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Then, the Kálmán gain matrices Kt and Mt are obtained. The succession of
calculations follows the order:

Pt →Kt → η̂t → η̌t → P ∗t →Mt → ξ̌t+1 → ξ̂t+1 → X̂t+1 → Pt+1.

For t = 1, we highlight the important matrices of the recursion as they are
derived in Section 3.1.
First stage: X1 → η̂1. To start the recursion, the error covariance matrix P1

is needed. It is initialized as the product-moment estimate of the standardized
training sample 1

L

∑L
`=1 ξ̃`ξ̃

T
` , where L = 279

P1 =

( ξ1 ξ2

.007 .005

.005 .003

)
.

This matrix along with the specified matrices that are estimated above are used
to calculate the first Kálmán gain matrix,

K1 =

( x1 x2 x3 x4 x5 x6 x7

−.018 −.036 −.036 −.022 .022 .064 .051
−.013 −.025 −.025 −.015 .015 .045 .036

)
.

The matrix K1 along with the new observation of the test sample X1 are con-
sidered to calculate

η̂1 =
( η1 η2

.601 −.377
)
, P ∗1 =

( η1 η2

.878 −.070
−.070 .664

)
,

where η̂1 show the predicted case values based on the information X1 of the
new observation; and P ∗1 is the covariance matrix of the prediction error of η̂1.

Second stage: Y1 → ξ̂2. The matrix P ∗1 along with the specified matrices
are used to calculate the second Kálmán gain matrix,

M1 =

( y1 y2 y3 y4 y5 y6 y7

.005 .016 .019 .009 −.022 −.042 −.034

.032 .011 .007 .018 .041 .086 .064

)
.

The matrix M1 along with the new observation of the test sample Y1 are
considered to compute

ξ̂2 =
( ξ1 ξ2

−.595 −1.460
)
, P2 =

( ξ1 ξ2

.993 −.014
−.014 .985

)
,

where ξ̂2 is the predicted case values for the exogenous LVs at t = 2 based on
the new information Y1. Then the covariance matrix of the prediction error
ξ̂2 is obtained. From this we can calculate the propagated matrix P2 which is
utilized to re-start the recursion at t = 2, . . . , etc.

To evaluate the predictive capability of the proposed filtering technique, we
use the root mean square error (RMSE). This statistic is frequently used to
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measure the differences between the observed and predicted estimates. Here,
we predict the LV (hidden) scores based on the observable variables of the
test sample. Substantially, there are no true (observed) values of the latent
variable scores as they always comprise measurement errors. Accordingly, for
the test sample of 70 observations, we compared the predicted LV case values
(scores) that are obtained from the original H. Wold algorithm (assuming that
those are the observed values) and those from the proposed filtering technique
(assuming that those are the predicted ones), respectively. The results show
that the assumed true and the predicted LV scores are somewhat analogous,
see Table 3.1. In addition, Figure 3.3 visualizes both predicted scores with
small values of the RSME. Further, we consider the difference (in Frobenius
norm) between the error covariance and gain matrices in the tth and (t + 1)th
consecutive steps of the recursion. The results show that these matrices are
stabilized after the first few steps, see Table 3.2.

Test Obs. at H. Wold Prediction (W) Filtering Prediction (F)

Sequence “t” ξ̂1
t ξ̂2

t η̂1
t η̂2

t ξ̂1
t ξ̂2

t η̂1
t η̂2

t

1 -.44005 -.28108 -.25305 -.46325 -.33149 -.52816 -.32865 -.14788
2 .68377 .28108 .84937 -.46325 .89402 .30331 .44740 -.34648
3 .68377 .28108 .84937 -.46325 .35488 .18442 .46531 -.36156
4 .59157 1.50271 .18313 1.18603 .59467 2.43277 .73569 2.05939
...

...
...

...
...

...
...

...
...

70 -.53202 -.28108 -.69213 -.46325 -.47413 -.54895 -.59782 -.31266

RMSE:
√

1
T

∑T
t=1(W (LVt)− F (LVt))2 , T = 1, . . . , 70 .35752 .34338 .32229 .31137

Table 3.1: RMSE of the Assumed True/Predicted Latent Variable Scores.

Sequence Frobenius Norm ||.||F
“t” Pt+1 − Pt Kt+1 −Kt P ∗t+1 − P ∗t Mt+1 −Mt

1 - - - -
2 1.391595 0.5148828 0.008475387 8.145129e-05
3 7.044589e-07 7.491063e-09 1.094965e-10 1.138605e-12
4 9.341999e-15 1.487013e-16 4.388542e-17 1.357636e-17
5 1.734723e-18 0 0 0
6 0 0 0 0
...

...
...

...
...

70 0 0 0 0

Table 3.2: Consecutive Norm for Gain and Propagation of Prediction Matrices.
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(a) Predicted Scores of P-DM (ξ1),
RMSE = .35752.

(b) Predicted Scores of P-Mob
(ξ2), RMSE = .34338.

(c) Predicted Scores of G-DM (η1),
RMSE = .32229.

(d) Predicted Scores of G-Mob
(η2), RMSE = .31137.

Figure 3.2: RMSE of the Assumed True/Predicted Latent Variable Scores
Visualization.

In sum, the numerical results show a good performance of both proposed
estimation and prediction algorithms. Once the specified matrices are obtained
from the training sample, the Kálmán filtering technique yields an optimal pre-
diction for the LV case values along with the error covariance matrices for the
test sample.

It should be emphasized that the PLS method of H. Wold is applicable to a
given sample, where estimates for the endogenous variables are given through
the exogenous latent ones, and the case values of the LVs are also estimated. The
algorithm uses a lot of OLS regressions and so, the estimation of the coefficient
matrices is time demanding akin to the block Cholesky decomposition. This is
the case when we have a long time series with small time intervals or data when
the observations come frequently in subsequent order. In addition, the specified
parameter calculation can be reduced with respect to covariance selection.

Our point is that for the new observations, we need not to repeat the whole
estimation procedure to obtain the model parameters, but instead we can up-
date the latent variable scores with the help of the new observable data, the
estimated matrices, and the Kálmán filtering technique. In this way, an arti-
ficial intelligence is developed. The parameter matrices are estimated from a
training sample at the beginning, and the latent variable scores are estimated
as observable variables arrive one by one from the test sample. Moreover, there
is no need for any distributional assumptions and the data are not necessarily
independent.



Chapter 4

Causal Vector
Autoregression Using Block
Matrices

Recall, S. Wright [85] established path analysis about a century ago, see Sec-
tion 1.4.4. Then, Haavelmo [27] introduced SEM, see Chapter 2. Later, H. Wold [81]
developed partial least squares regression (PLS) that uses matrix calculations to
estimate the SEM parameters, see Section 2.2.2. Further, Kiiveri at al. [45, 46]
already applied block matrix decomposition when dividing their variables into
endogenous and exogenous ones, see Section 1.5. However, none of them applied
steadily algorithms of block LDL (variant of the Cholesky) decomposition alone,
without using partial correlations. Also, they did not consider time series. In
this chapter, we consider second order processes that can be supposed to fol-
low multivariate Gaussian distribution. Specifically, we enhance the usual VAR
model [64] with a causal component that has an effect between the coordinates
contemporaneously. Joint effects between the contemporaneous components are
also considered with structural VAR models, but not in a recursive ordering of
the variables. We use only the block variant LDL decomposition [45, 46] to
solve the VAR model equations in the unrestricted and restricted cases. In the
latter case, we apply the covariance selection technique [22].

4.1 Recursive VAR(1) Models

Let {Xt} be a d-dimensional, weakly stationary process with real valued com-
ponents and covariance matrix function C(h), h = 0,±1,±2, . . . ; C(−h) =
CT (h). All deterministic and random vectors are column vectors and so, C(h) =
EXtX

T
t+h that does not depend on t, by weak stationarity.

We generalize the recursive linear model (1.19) (where ε is the noise vector,
but here we use U) to the following recursive VAR(1) model:

AXt +BXt−1 = Ut, t = 1, 2, . . . (4.1)

where the white noise random vector Ut is uncorrelated (in the Gaussian case,
independent) with Xt−1, has zero expectation and covariance matrix ∆ =

81
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diag(δ1, . . . , δd); the matrix A is d× d upper triangular with 1s along its main
diagonal and the other entries pair the contemporaneous causality, while the
matrix B is d× d with entries resemble path coefficients.

4.1.1 Unrestricted Causal VAR(1) Model

This model sometimes called complete, i.e., there are no restriction on the entries
of the upper diagonal matrix A.

Let C2 denote the covariance matrix of (Xt,Xt−1) which, in block matrix
form, is as follows:

C2 =

(
C(0) CT (1)
C(1) C(0)

)
. (4.2)

It is symmetric and positive definite if the process is of full rank regular (i.e.
its spectral density matrix [12] is of full rank) that is assumed in the sequel. It
is well known that the inverse of C2, the so-called concentration matrix K, has
the block-matrix form

K =

(
C−1(1|0) −C−1(1|0)CT (1)C−1(0)

−C−1(0)C(1)C−1(1|0) C−1(0) +C−1(0)C(1)C−1(1|0)CT (1)C−1(0)

)
,

where C(1|0) = C(0)−CT (1)C−1(0)C(1) is the conditional covariance matrix
C(t|t− 1) of the distribution of Xt conditioned on Xt−1; it does not depend on
t either, therefore it is denoted by C(1|0). Also, C2 is positive definite if and
only if both C(0) and C(1|0) are positive definite.

Theorem 4.1 In model (4.1), the (positive definite) concentration matrix K
of the 2d-dimensional Gaussian system (Xt,Xt−1) has the unique block LDL
(variant of the block Cholesky) decomposition K = LDLT with block-triangular
matrix L and block-diagonal matrix D having the form

L =

(
AT Od×d
BT Id×d

)
, D =

(
∆−1 Od×d
Od×d C−1(0)

)
, (4.3)

where the d× d upper triangular matrix A with 1s along its main diagonal, the
d×d matrix B, and the diagonal matrix ∆ solve the model Equation (4.1). For
clarity, the block Cholesky decomposition applies to K partitioned symmetrically
into (d+ 1)× (d+ 1) blocks of sizes 1, . . . , 1, d with number d of 1s. (Therefore,
in the main diagonal of L we have number d of 1× 1 identity matrices (1s) and
and Id×d which is the d× d identity).

Proof 4.1 Let us compute the inverse of the matrix LDLT with block matrices
L and D partitioned as in Equation (4.3). For the time being we only assume
that A is a d× d upper triangular matrix with 1s along its main diagonal, B is
d× d, and the diagonal matrix ∆ has positive diagonal entries. We will use the
computation rule of the inverse of a symmetrically partitioned block matrix [62],
which is applicable due to the fact that |A| = 1, so the matrix A is invertible.

(LDLT )−1 =

(
A B
Od×d Id×d

)−1(
∆−1 Od×d
Od×d C−1(0)

)−1(
AT Od×d
BT Id×d

)−1

=

(
A−1 −A−1B
Od×d Id×d

)(
∆ Od×d
Od×d C(0)

)(
(AT )−1 Od×d

−BT (AT )−1 Id×d

)
=

(
A−1∆(A−1)T +A−1BC(0)BT (A−1)T −A−1BC(0)

−C(0)BT (AT )−1 C(0)

)
.
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Now we are going to prove that the above matrix equals C2 if and only if A,B,∆
satisfy the model equations. Comparing the blocks to those of (4.2), the right
bottom block is C(0) in both expressions. Comparing the left bottom blocks,
we get −C(0)BT (AT )−1 = C(1), and so, BT = −C−1(0)C(1)AT and B =
−ACT (1)C−1(0) should hold for B. It is in accord with the model equation:
indeed, (4.1) is equivalent to

BXt−1 = −AXt +Ut

which, after multiplying with XT
t−1 from the right and taking expectation, yields

BC(0) = −ACT (1) that in turn provides

B = −ACT (1)C−1(0). (4.4)

By symmetry, it also applies to the right upper block. As for the left upper block,

A−1∆(AT )−1 +A−1BC(0)BT (AT )−1 = C(0)

should hold. Multiplying this equation with A from the left and with AT from
the right, we get the equivalent equation

∆ = AC(0)AT −BC(0)BT . (4.5)

This is in accord with Equation (4.1) that implies

E(AXt+BXt−1)(AXt+BXt−1)T = AC(0)AT+ACT (1)BT+BC(1)AT+BC(0)BT = ∆.

Combining this with Equation (4.4), we have

∆ = AC(0)AT +ACT (1)BT +BC(1)AT +BC(0)BT

= AC(0)AT −ACT (1)C−1(0)C(1)AT −ACT (1)C−1(0)C(1)AT

+ACT (1)C−1(0)C(0)C−1(0)C(1)AT

= AC(0)AT −ACT (1)C−1(0)C(1)AT = AC(0)AT −BC(0)BT

that also satisfies (4.12).
Summarizing, we have proved that under the model equations, (LDLT )−1 =

C2, or equivalently, LDLT = K. In view of uniqueness of the block LDL
decomposition (under positive definitness of the involved matrices), this finishes
the proof.

Now, we discuss the algorithm for the block LDL decomposition in detail.

Algorithm I: By the preliminary assumptions, K and so D are positive def-
inite; therefore, ∆ has positive diagonal entries. To apply the protocol of the
block Cholesky decomposition [86], which gives the theoretically guaranteed
unique solution, it is worth writing the above matrices according to the blocks
as follows. The matrix L has the partitioned form

L =



1 0 0 . . . 0 0 . . . 0
`21 1 0 . . . 0 0 . . . 0
`31 `32 1 . . . 0 0 . . . 0
...

...
...

...
... 0 . . . 0

`d1 `d2 . . . `d,d−1 1 0 . . . 0

`d+1,1 `d+1,2

... `d+1,d−1 `d+1,d Id×d


,
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where the 2d×2d lower triangular matrix L is also lower triangular with respect
to its blocks which are partly scalars, partly vectors, partly matrices as follows:

`ij =

 aji, j = 1, . . . , d− 1; i = j + 1, . . . , d;
1 i = j = 1, . . . , d;
0 i = 1, . . . , d; j = i+ 1, . . . , 2d;

further, the vectors `d+1,j are d × 1 for j = 1, . . . , d, and comprise the column
vectors of the d × d matrix BT . The matrix in the bottom right block is the
d× d identity Id×d, and above it, the zero entries can be united into the d× d
zero matrix Od×d.

The 2d× 2d block-diagonal matrix D in partitioned form is

D =



δ−1
1 0 0 . . . 0 0 . . . 0
0 δ−1

2 0 . . . 0 0 . . . 0
0 0 δ−1

3 . . . 0 0 . . . 0
...

...
...

...
... 0 . . . 0

0 0 0 0 δ−1
d 0 . . . 0

0 0
... 0 0 M−1


,

where the d × 1 vectors 0 comprise Od×d in the left bottom, and the undeter-
mined entries comprise the inverse of the d × d positive definite matrix M in
the right bottom block. To find this matrix, we perform the following multipli-
cations of block matrices, also using formulas [26, 62] for their inverses and the
algorithm proposed in [86].

The recursion of the block LDL decomposition goes on as follows.

� Outer cycle (column-wise). For j = 1, . . . , d: δ−1
j = kjj −

∑j−1
h=1 `jhδ

−1
h `jh

(with the reservation that δ−1
1 = k11);

� Inner cycle (row-wise). For i = j + 1, . . . , d:

`ij =

(
kij −

j−1∑
h=1

`ihδ
−1
h `jh

)
δj (4.6)

and

`d+1,j =

(
kd+1,j −

j−1∑
h=1

`d+1,hδ
−1
h `jh

)
δj ,

where kd+1,j for j = 1, . . . , d is d×1 vector in the bottom left block of K.

There is a last step of the outer cycle, when j = d+ 1:

M−1 = Kd+1,d+1 −
d∑

h=1

`d+1,hδ
−1
h `Td+1,h = Kd+1,d+1 −

d∑
h=1

δ−1
h `d+1,h`

T
d+1,h,

where `d+1,h for h = 1, . . . , d are d×1 vectors and Kd+1,d+1 is the bottom right
d× d block of the 2d× 2d concentration matrix K. Then no inner cycle follows
and the recursion ends in one run. From the proof of Theorem 4.1 we know that
M = C(0), so this last step of the outer cycle can be skipped.
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It is obvious that the above decomposition has a nested structure, so for the
first d rows of L, only its previous rows or preceding entries in the same row
enter into the calculation, as if we performed the complete LDL decomposition
ofK. Therefore, `ij = aji for j = 1, . . . , d−1, i = j+1, . . . , d that are the partial
regression coefficients akin to those offered by the complete LDL decomposition
K = L̃D̃L̃T ; so the first d rows of L̃ and L are the same, and the first d rows
of D̃ and D are the same too.

When the process terminates after finding the first d rows of L, we consider
the blocks ‘en block’ and get the matrix BT = (`d+1,1, . . . , `d+1,d).

4.1.2 Restricted Causal VAR(1) Model

This model is sometimes called incomplete. In practice, we have a sample and
all the autocovariance matrices are estimated, consequently the resulting A,B
matrices are also estimated. Usually a statistical hypothesis testing advances
this procedure, during which it can be found that certain partial correlations
(closely related to the entries of K) do not significantly differ from zero. Then
we naturally want the corresponding entries of A equal to zero. For this, the
method of covariance selection is used, see Section 1.4.3. This method has a
simplified form if the adjacency matrix of the contemporaneous variables has a
certain pattern in a convenient labeling, see [49].

To treat these models, we need to recall the definition of reducible zero
pattern (RZP) in Proposition 1 as well as Propositions 1.5 1.6, 1.7, and 1.11,
see also [76].

Also recall that we can make a DAG undirected: not only disregard the
orientation of the edges but also ‘moralize’ the graph. The so obtained moral
graph is Markov equivalent to the DAG (they imply the same conditional inde-
pendence statements for the underlying joint distribution). If the DAG has an
RZP, then there is no sink V, so it is Markov equivalent to its skeleton, which
has a decomposable structure. Here, the topological ordering of the DAG gives
the perfect ordering of the coordinates of Xt, which defines the so-called running
intersection property (RIP) and the junction tree (JT) structure of cliques and
separators, where the vertices assigned to Xt−1 form the last clique.

The RZP also gives rise to a factorization of the joint density of Xt and Xt−1.
Further note, that if an undirected graph is triangulated, then in a convenient
labeling of its vertices, its adjacency matrix has an RZP. This so-called perfect
ordering is obtainable, e.g., by the maximal cardinality Search (MCS) algorithm.
In this ordering of the vertices, a DAG can be constructed, the adjacency matrix
of which having an RZP, see Proposition 1. Observe that the RZP applies only
to the positions of the zero entries of a matrix. So we are able to give a more
general definition for it.

Definition 4.1 Let M be a symmetric or an upper triangular matrix of real
entries. We say that M has a reducible zero pattern (RZP) if mji = 0
(j < i) implies that for each h = 1, . . . , j − 1: either mhj = 0 or mhi = 0 holds
(or both hold).

In view of this, we can find relation between the zeros of A in the causal VAR(1)
model equation and those of the inverse covariance matrix.
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Proposition 4.1 The upper triangular matrix A of model equation (4.1) has
an RZP if and only if the upper left d × d block of K = C−1

2 has an RZP.
Moreover, the zero entries of A are exactly in the same positions as the zero
entries of the upper diagonal part of K.

Proof 4.1 The proof follows from Equation (4.6). Indeed, in presence of an
RZP, for 1 ≤ j < i ≤ d: lij(= aji) = 0 if and only if kij = 0, since either
`ih(= ahi) = 0 or `jh(= ahj) = 0 (or both) for h = 1, . . . , j − 1, which are the
intrinsic entries.

Consequently, if we have some causal relations between the contemporaneous
components of Xt, and the so constructed DAG has a RZP, then this RZP is in-
herited by the left upper block ofK, which is C−1(1|0). Therefore, we can build
a covariance selection model, see Section 1.4.3: fixing the zero entries in the left
upper block of K, we re-estimate the matrix C2 that means a product-moment
estimate under these constraints; in other words, the maximum likelihood es-
timate (MLE) in this RZP model. In the possession of a sample, there are
numerical algorithms developed for this purpose; e.g., the iterative proportional
scaling (IPS) [9].

Assume that the cliques of the vertex set {1, . . . , d} of Xt are C1, . . . , C`, to
which a last clique is added, formed by the components of Xt−1. If C1, . . . , C`
has the RIP, then the induced JT has residuals and separators R1, . . . , R` and
S1, . . . , S`, where Ck = Rk ∪ Sk is disjoint union for k = 1, . . . , `; further,
R` = C` and S` = ∅. In the reversed RIP (Sundberg’s) ordering, the joint
density of Xt and Xt−1 factorizes like

f(xt,xt−1) = f(xt−1)
∏̀
k=1

f(xt,R`+1−k
|xt,S`+1−k

,xt−1).

For covariance selection, we include the lag 1 variables Xt−1,1, . . . , Xt−1,d

too. Therefore,

C ′j := Cj ∪ {Xt−1,1, . . . , Xt−1,d}, j = 1, . . . , k

and
S′j := Sj ∪ {Xt−1,1, . . . , Xt−1,d}, j = 2, . . . , k

are the new cliques and separators.
Having this, we are able to estimate th 2d× 2d K, inverse of C2 in (4.2), for

our VAR(1) model as follows:

K̂ = (n− 1)


k∑
j=1

[S−1
C′j

]2d −
k∑
j=2

[S−1
S′j

]2d

 , (4.7)

where the matrix SC′ is the usual product-moment estimate based on n − 1
element sample with the following coordinates:

(Xt,i : i ∈ C ′, Xt−1,1, . . . , Xt−1,d) , t = 2, . . . , n

and [MC′ ]
2d denotes the 2d × 2d matrix containing the entries of the larger

2d × 2d matrix M in the |C ′| × |C ′| block corresponding to C ′, and otherwise
zeros. By the properties of the LDL decomposition, these zeros go into zeros of
A. For illustrations, see Section 4.3.
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4.2 Higher Order Causal VAR(p) Models

VAR(1) model (4.1) can be further generalized to the following recursive VAR(p)
model, where p is a given integer (p ≥ 1):

AXt +B1Xt−1 + · · ·+BpXt−p = Ut, t = p+ 1, p+ 2, . . . (4.8)

where the white noise term Ut is uncorrelated with Xt−1, . . . ,Xt−p, it has zero
expectation and covariance matrix ∆ = diag(δ1, . . . , δd). A is d × d upper
triangular matrix with 1s along its main diagonal; whereas, B1, . . . ,Bp are
d× d matrices.

4.2.1 Unrestricted VAR(p) Model

With no restrictions, VAR(p) model can be solved by performing the block
Cholesky decomposition is on the inverse covariance matrix of (XT

t ,X
T
t−1, . . . ,X

T
t−p)

T ,
i.e., the inverse of the following matrix

Cp+1 :=


C(0) CT (1) CT (2) · · · CT (p)
C(1) C(0) CT (1) · · · CT (p− 1)
C(2) C(1) C(0) · · · CT (p− 2)
...

...
...

. . .
...

C(p) C(p− 1) C(p− 2) · · · C(0)

 . (4.9)

This is a symmetric, positive definite block Toeplitz matrix with (p+1)×(p+1)
blocks which are d × d matrices. Again, CT (h) = C(−h) and it is well known
that the inverse of Cp+1 has the following block-matrix form:

� Upper left block: C−1(p|0, . . . , p− 1);

� Upper right block: −C−1(p|0, . . . , p− 1)CT (1, . . . , p)C−1
p

� Lower left block: −C−1
p C(1, . . . , p)C−1(p|0, . . . , p− 1);

� Lower right block: C−1
p +C−1

p C(1, . . . , p)C−1(p|0, . . . , p−1)CT (1, . . . , p)C−1
p ,

where C(p|0, . . . , p−1) = C(0)−CT (1, . . . , p)C−1
p C(1, . . . , p) is the conditional

covariance matrix C(t|t − 1, . . . , t − p) of the distribution of Xt conditioned
on Xt−1, . . . ,Xt−p; it does not depend on t either, therefore it is denoted by
C(p|0, . . . , p − 1). Further, CT (1, . . . , p) = (CT (1), . . . ,CT (p)) is d × pd and
C(1, . . . , p) is pd× d. Also, Cp+1 is positive definite if and only if both Cp and
C(p|0, . . . , p− 1) are positive definite.

Theorem 4.2 The (positive definite) concentration matrix (inverse covariance
matrix) C−1

p+1 = K of the (p+1)d-dimensional Gaussian system (XT
t ,X

T
t−1, . . . ,X

T
t−p)

T

satisfying Equation (4.8) has the unique block LDL (variant of the block Cholesky)
decomposition K = LDLT with block-triangular matrix L and block-diagonal
matrix D having the form

L =

(
AT Od×pd
BT Ipd×pd

)
, D =

(
∆−1 Od×pd
Opd×d C−1

p

)
, (4.10)

where the d× d upper triangular matrix A with 1s along its main diagonal, the
d×pd matrix B, and the diagonal matrix ∆ solve the model Equation (4.8). For
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clarity, the block Cholesky decomposition applies to K partitioned symmetrically
into (d+1)× (d+1) blocks of sizes 1, . . . , 1, pd with number d of 1s. (Therefore,
in the main diagonal of L we have number d of 1× 1 identity matrices (1s) and
and Ipd×pd which is the pd × pd identity.) The d × pd matrix B, transpose of
BT , will contain the coefficient matrices of Equation (4.8) in its blocks, like

B = (B1 . . .Bp).

Proof 4.2 The proof goes on similarly as in Theorem 4.1. Let us compute the
inverse of the matrix LDLT with block matrices L and D partitioned as in
Equation (4.10). For the time being we only assume that A is a d × d upper
triangular matrix with 1s along its main diagonal, B is d×pd, and the diagonal
matrix ∆ has positive diagonal entries. We can again use the computation rule
of the inverse of symmetrically partitioned block matrices as the matrix A is
invertible.

(LDLT )−1 =

(
A B

Opd×d Ipd×pd

)−1(
∆−1 Od×pd
Opd×pd C−1

p

)−1(
AT Od×pd
BT Ipd×pd

)−1

=

(
A−1 −A−1B
Opd×d Ipd×pd

)(
∆ Od×pd

Opd×d Cp

)(
(AT )−1 Od×pd

−BT (AT )−1 Ipd×pd

)
=

(
A−1∆(A−1)T +A−1BCpB

T (A−1)T −A−1BCp
−CpBT (AT )−1 Cp

)
.

Now we are going to prove that the above matrix equals Cp+1 if and only if
A,B,∆ satisfy the model equations. Comparing the blocks to those of (4.9), the
right bottom block is Cp in both expressions. Comparing the left bottom blocks,
we get −CpBT (AT )−1 = C(1, . . . , p), and so, BT = −C−1

p C(1, . . . , p)AT and

B = −ACT (1, . . . , p)C−1
p should hold for B. It is in accord with the model

equation: indeed, (4.8) is equivalent to

B1Xt−1 + · · ·+BpXt−p = −AXt +Ut

which, after multiplying with XT
t−1, . . . ,X

T
t−p from the right and taking expecta-

tion, in concise form yields BCp = −ACT (1, . . . , p) that in turn provides

B = −ACT (1, . . . , p)C−1
p . (4.11)

By symmetry, it also applies to the right upper block. As for the left upper block,

A−1∆(AT )−1 +A−1BCpB
T (AT )−1 = C(0)

should hold. Multiplying this equation with A from the left and with AT from
the right, we get the equivalent equation

∆ = AC(0)AT −BCpB
T . (4.12)

This is in accord with Equation (4.8) that implies

E(AXt +B1Xt−1 + · · ·+BpXt−p)(AXt +B1Xt−1 + · · ·+BpXt−p)
T

= AC(0)AT +ACT (1, . . . , p)BT +BC(1, . . . , p)AT +BCpB
T = ∆.
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Combining this with Equation (4.11), we have

∆ = AC(0)AT +ACT (1, . . . , p)BT +BC(1, . . . , p)AT +BCpB
T

= AC(0)AT −ACT (1, . . . , p)C−1
p C(1, . . . , p)AT −ACT (1, . . . , p)C−1

p C(1, . . . , p)AT

+ACT (1, . . . , p)C−1
p CpC

−1
p C(1, . . . , p)AT

= AC(0)AT −ACT (1, . . . , p)C−1
p C(1, . . . , p)AT = AC(0)AT −BCpB

T

that also satisfies (4.12).
Summarizing, we have proved that under the model equations, (LDLT )−1 =

Cp+1, or equivalently, LDLT = K. In view of uniqueness of the block LDL
decomposition (under positive definitness of the involved matrices), this finishes
the proof.

Algorithm II: Again, the protocol of the block Cholesky decomposition is
applied to the involved matrices in block partitioned form as follows.

L =



1 0 0 . . . 0 0 . . . 0
`21 1 0 . . . 0 0 . . . 0
`31 `32 1 . . . 0 0 . . . 0
...

...
...

...
... 0 . . . 0

`d1 `d2 . . . `d,d−1 1 0 . . . 0

`d+1,1 `d+1,2

... `d+1,d−1 `d+1,d Ipd×pd


,

where the (p+ 1)d× (p+ 1)d lower triangular matrix L is also lower triangular
with respect to its blocks which are partly scalars, partly vectors, partly matrices
as follows:

`ij =

 aji, j = 1, . . . , d− 1; i = j + 1, . . . , d;
1 i = j = 1, . . . , d;
0 i = 1, . . . , d; j = i+ 1, . . . , (p+ 1)d;

further, the vectors `d+1,j are pd× 1 for j = 1, . . . , d, and comprise the column
vectors of the pd × d matrix BT . The matrix in the bottom right block is the
pd × pd identity, and above it, the zero entries can be united into the d × pd
zero matrix.

The (p+ 1)d× (p+ 1)d block-diagonal matrix D in partitioned form is

D =



δ−1
1 0 0 . . . 0 0 . . . 0
0 δ−1

2 0 . . . 0 0 . . . 0
0 0 δ−1

3 . . . 0 0 . . . 0
...

...
...

...
... 0 . . . 0

0 0 0 0 δ−1
d 0 . . . 0

0 0
... 0 0 M−1


,

where the pd × 1 vectors 0 comprise Opd×d in the left bottom, and the unde-
termined entries comprise the inverse of the pd × pd positive definite matrix
M in the right bottom block. To find this matrix we perform the following
multiplications of block matrices and their inverses.

The recursion of the block LDL decomposition goes on as follows.
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� Outer cycle (column-wise). For j = 1, . . . , d: δ−1
j = kjj −

∑j−1
h=1 `jhδ

−1
h `jh

(with the reservation that δ−1
1 = k11);

� Inner cycle (row-wise). For i = j + 1, . . . , d:

`ij =

(
kij −

j−1∑
h=1

`ihδ
−1
h `jh

)
δj

and

`d+1,j =

(
kd+1,j −

j−1∑
h=1

`d+1,hδ
−1
h `jh

)
δj ,

where kd+1,j for j = 1, . . . , d are pd × 1 vectors in the bottom left block
of K.

There is a last step of the outer cycle, when j = d+ 1:

M−1 = Kd+1,d+1 −
d∑

h=1

`d+1,hδ
−1
h `Td+1,h = Kd+1,d+1 −

d∑
h=1

δ−1
h `d+1,h`

T
d+1,h,

where `d+1,h for h = 1, . . . , d are pd × 1 vectors and Kd+1,d+1 is the bottom
right pd × pd block of the (p + 1)d × (p + 1)d concentration matrix K. Then
no inner cycle follows and the recursion ends in one run. From the proof of
Theorem 4.2 we know that M = Cp, so this last step of the outer cycle can be
skipped.

The above decomposition is again a nested one, so for the first d rows of
L, only its previous rows or preceding entries in the same row enter into the
calculation, as if we performed the usual LDL decomposition of K. Therefore,
`ij = aji for j = 1, . . . , d − 1, i = j + 1, . . . , d that are the negatives of the
partial regression coefficients akin to those offered by the LDL decomposition
K = L̃D̃L̃T ; so the first d rows of L̃ and L are the same, and the first d rows
of D̃ and D are the same too.

When the process terminates, we consider the blocks ‘en block’ and get the
pd× d matrix BT = (`d+1,1, . . . , `d+1,d).

4.2.2 Restricted VAR(p) Model

As in Section 4.1.2, here too, the existence of a RZP in the DAG on p vertices
is equivalent to the existence of a RZP in the left upper d × d corner of the
concentration matrix K = C−1

p+1. The selection of p is an issue in the usual (not
causal) VAR models too, see [64]. However, this problem has a statistical nature,
akin to the test of the partial correlations. From the equivalent equations

Xtj = −
p∑

i=j+1

ajiXti −
p∑

h=1

p∑
i=1

bh,jiXt+h,i − Utj ,

where Xtj is the jth coordinate of Xt, by weak stationarity it follows that the
entries of A and Bjs are partial correlations:

aji = −βXt,jXt,i·{Xt,j+1,...,Xt,d,Xt+1,1,...,Xt+1,d,...,Xt+p,1,...,Xt+p,d}, 1 ≤ j < i ≤ d;

bh,ji = −βXt,jXt+h,i·{Xt,j+1,...,Xt,d,Xt+1,1,...,Xt+1,d,...,Xt+p,1,...,Xt+p,d},

1 ≤ j < i ≤ d, h = 1, . . . , d.
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Since the conditioning set changes from equation to equation, it is easier to use
the block LDL decomposition here, without the exact meaning of the coefficients.

Considering the components of Xt,Xt−1, . . . ,Xt−p as chain components in
a chain graph [9], the joint density of Xt,Xt−1, . . . ,Xt−p factorizes like

f(xt,xt−1, . . . ,xt−p) = f(xt−p)

p∏
k=1

f(xt−p+k |xt−p−1+k)

= f(xt−p)

p−1∏
k=1

f(xt−p+k |xt−p−1+k) ·
d∏
j=1

f(xxt,j |xt,>j ,xt−1)

= f(xt−p)

p−1∏
k=1

f(xt−p+k |xt−p−1+k) ·
d∏
j=1

f(xxt,j |xt,par(j),xt−1).

Now assume that the cliques of the vertex set {1, . . . , d} of xt are C1, . . . , C`
as at the end of Section 4.1.2. If C1, . . . , C` has the RIP, then the induced
JT has residuals and separators are R1, . . . , R` and S1, . . . , S`. Enhancing the
preceding density with this, we get the following factorization:

f(xt,xt−1, . . . ,xt−p) = f(xt−p)

p−1∏
k=1

f(xt−p+k |xt−p−1+k)·
∏̀
k=1

f(xt,R`+1−k
|xt,S`+1−k

,xt−1).

Covariance selection can be done similarly as in Section 4.1.2, but here zero
entries of the left upper d× d block of Cp+1 provide the zero entries of A. For
this purpose, the n−p element sample sample entries are used with the following
coordinates:

(Xt,i : i ∈ C ′, Xt−1,1, . . . , Xt−1,d, Xt−p,1, . . . , Xt−p,d) , t = p+ 1, . . . , n

when we calculate the product-moment estimate SC′ with C ′ = C∪Xt−1, . . . ,Xt−p.
In sum, the proposed block LDL decomposition algorithm provides a solution

for the multivariate Yule–Walker equations of a VAR(p) process. Conversely,
from the solution, obtained by solving the Yule–Walker equations (there are
algorithms for that), we can find a recursive solution given a causal ordering of
the components of Xt. Then, in the possession of the upper triangular matrix
A, keeping in mind that its entries are partial regression coefficients, one can
test statistical hypotheses about the entries, and so, find significant directed
relations in the underlying directed graph. Furthermore, given a DAG with
RZP, the zero pattern in A is the same as that in the upper left corner of the
concentration matrix. Therefore, we can perform a covariance selection, and
estimate the non-zero entries (path coefficients) of A. Note that the entries in
the DAG form an RZP if and only if there is no sink V configuration in the
DAG. It means that its moral graph is equivalent to its undirected skeleton,
and so, the covariance selection gives rise to a recursive factorization along a JT
structure in the undirected graph. If, on the contrary, there is sink V, and so, no
RZP, the Markov equivalent moral graph is the base of the covariance selection,
but the so obtained A does not necessarily have the zeros in the same positions
as the left upper block of the concentration matrix. Further, the algorithm is
applicable to longitudinal data as well as time series. Note that the case p = 0
resolves the problem posed in [76], and the p = 1 case is also applicable to solve
a SEM model with endogenous and exogenous variables.
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4.3 Applications

We apply the restricted and unrestricted causal VAR models to simulated mul-
tivariate time series and to longitudinal real life applications.

4.3.1 Application to Simulated Data

Utilizing that the matrixA is invertible, Equation (4.8) has the equivalent form:

Xt +A−1B1Xt−1 + · · ·+A−1BpXt−p = Vt, t = p+ 1, p+ 2, . . . ,

where Vt is white noise with covariance matrix Σ = A−1∆A−1T = (AT∆−1A)−1,
which is not necessarily diagonal, but positive definite. In this form, we have
a solution for the Yule–Walker equations by means of the LDL decomposition
described in Section 4.2.

Conversely, if Σ and the coefficient matrices are estimated by the Yule–
Walker equations, then A and ∆ are obtainable via

Σ−1 = AT∆−1A.

So a stable d-dimensional VAR(p) process satisfying the recursion

Xt +α1Xt−1 +α2Xt−2 + · · ·+αpXt−p = βεt (4.13)

was generated, where β and α1,α2, . . . ,αp are d × d matrices such that the
following stability condition holds with them: the VAR polynomial

det(I +α1z +α2z
2 + · · ·+αpzp)

has no roots within the closed unit disc on the complex plane, i.e., all of its
complex (possibly real) roots are greater than 1 in absolute value. The process
is driven by the random error term εt, the components of which were chosen
i.i.d. standard Gaussian. The scaling matrix β was selected Id as it does not
influence the A,B estimates, just scales ∆. Indeed, if we use cβ instead of
β (c > 0), the autocovariances akin to the matrix Cp+1 are multiplied by c2,
whereas, K is multiplied by 1

c2 .
If the LDL decomposition of K is LDLT , then the LDL decomposition of

1
c2K is

1

c2
LDLT = L(

1

c2
D)LT .

Therefore L, and so, A and B are unaffected, but the matrix D is rescaled by
1
c2 ; consequently, ∆ by c2. Consider the following simulation examples.

1- A 3−dimensions VAR(1) simulated model.
The parameter matrices that gives a stable process are:

α1 =

−0.9 0 0
1/2 −4/5 0
−1/2 1/3 −1/6

 , β = I3.
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� For n = 400, the matrices C(0) and C(1) were estimated. Based on them,
our algorithm calculated the A,B,∆ matrices:

A =

1 −.0046 −.0615
0 1 .0011
0 0 1

 ,B =

−.8598 −.0061 .0152
.4869 −.7716 .0347
−.4835 .3686 −.1083

 ,

∆ =

1.1260 0 0
0 .8833 0
0 0 .7829

 .

The mean square errors are as follows:

‖A−1B −α1‖2 = .0069, ‖A−1∆(A−1)T − ββT ‖2 = .0501

with relative error

‖A−1∆(A−1)T − ββT ‖
ββT

=

√
.0501

3
.

� The same with n = 800. By ergodicity, the matrices C(0) and C(1) did
not change much (as by increasing n, they are closer and closer to the
theoretical values). Based on these, our algorithm calculated the A,B,∆
matrices:

A =

1 .0197 −.0326
0 1 .0365
0 0 1

 ,B =

−.8541 −.0101 .0073
.4950 −.7855 −.0226
−.4760 .3571 −.1355

 ,

∆ =

1.0134 0 0
0 .9426 0
0 0 .8987

 .

The mean square errors decreased dramatically:

‖A−1B −α1‖2 = .0026, ‖A−1∆(A−1)T − ββT ‖2 = .0146

with relative error
√

.0146
3 .

2- A 3−dimensions VAR(2) simulated model.
The starting matrices that gives a stable process are:

α1 =

−1 0 0
1
2 − 4

5 0
− 1

2
1
3 − 1

6

 , α2 =

 1
2 0 0
1
3

1
5 0

− 1
2 1 − 1

6

 , β = I3.

� For n = 200, the matrices C(0), C(1), and C(2) were estimated. Based
on these, our algorithm calculated the A,B1,B2,∆ matrices:

A =

1 .0885 −.0813
0 1 .1370
0 0 1

 ,B1 =

−.9537 −.0324 .0573
.3173 −.8923 −.0112
−.5676 .3396 −.2185

 ,
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B2 =

 .6111 −.0793 −.0193
.3109 .5179 .0020
−.3067 1.0513 −.1035

 ,∆ =

1.0060 0 0
0 .8600 0
0 0 1.3717

 .

The mean square errors are as follows:

‖A−1B1−α1‖2 = .0333, ‖A−1B2−α2‖2 = .0529, ‖A−1∆(A−1)T−ββT ‖2 = .2362

with relative error
√

.2362
3 .

� The same with n = 800. By ergodicity, the matrices C(0), C(1), and
C(2) did not change much. Accordingly, our algorithm calculated the
A,B1,B2,∆ matrices:

A =

1 .0046 −.0221
0 1 .0087
0 0 1

 ,B1 =

−.9964 .0297 −.0299
.5256 −.8037 −.0484
−.4514 .3406 −.1876

 ,

B2 =

 .5443 −.1122 .0089
.3396 .1515 .0115
−.5090 .9629 −.1511

 ,∆ =

1.0056 0 0
0 .8934 0
0 0 .8774

 .

The mean square errors decreased dramatically:

‖A−1B1−α1‖2 = .0058, ‖A−1B2−α2‖2 = .0140, ‖A−1∆(A−1)T−ββT ‖2 = .0163

with relative error
√

.0163
3 .

As shown, the simulation examples show the soundness of the causal VAR
model, and also its capability to solve the Yule–Walker equations, without any
causation.

4.3.2 Application to Infant Mortality Rate

Here, we used the longitudinal data of six indicators (X components), spanning
21 years (1995− 2015) from the World Bank in case of Egypt:

IMR : Infant mortality rate.

MMR : Maternal mortality ratio.

HepB : Hepatitis-B immunization.

GDP : Gross domestic per capita.

OPExp : Out-of-pocket health expenditure (as % of HExp).

HExp : Current health expenditure (as % of GDP).

For more details about these indicators, see Table 2.2. Through the VAR(p)
model, we show the contemporaneous and lag time effects between the X com-
ponents. Since the sample size is small, there is no ergodicity. Hence, we inves-
tigate only VAR(1) model in the unrestricted and restricted situations. Further,
the variables are measured on different scales. Accordingly, we use the auto-
correlations which is nothing else but the autocovariances of the standardized
variables. We distinguish between two working hypotheses with respect to two
different ordering of the variables. These orderings were given by an expert:
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� Case 1: {IMR,MMR,HepB,OPExp,HExp,GDP}.

� Case 2: {IMR,MMR,HepB,GDP,OPExp,HExp}.

In the unrestricted causal VAR(1) model: any DAG ordering can do, but
we consider the given two cases, where only the DAG ordering of the variables
are used. For each case, we construct the DAG by making the undirected graph
on the 6 vertices directed. Recall, the undirected graph model base is the partial
correlations hypothesis testing, see 1.4.2. As the test statistic is increasing in
the absolute value of the partial correlation in question, a threshold 0.04 for
the latter one is used. If the partial correlation coefficient is not statistically
significantly differs from zero, then there is no edge between these two vertices
in the graph.

To solve this causal VAR(1) model, we apply the LDL decomposition algo-
rithm on the concentration matrix K = C−1

2 , for each case individually. The
results show that the entries of the estimated matrices A, B are mostly the
same in both cases but interchanged with respect to the ordering of the vari-
ables. Only the entries in the latter positions where there was an ordering
change were changed, see Tables 4.1, 4.3, 4.2, and 4.4.

The entries of matrix A represents the contemporaneous causal effects (path
coefficients) between the components at the same time period t. In Case 1, the
MMR has the largest contemporaneous inverse causal effect on the IMR, i.e.
an increase in the MMR cause a decrease in the IMR by 1.13, see Tables 4.1.
Matrix B, on the other hand, indicates the path coefficients of one time lag
causal effect of Xt−1 on the current Xt components. In Case 1, an increase in
the IMR at one year time lag causes an increase in the IMR at the current time
by about .29, see Tables 4.2. Similarly, all other path coefficients of the matrices
A,B in both cases can be explained.

IMR MMR HepB OPExp HExp GDP

IMR 1.0 -1.1259 -0.0161 0.0003 0.0176 -0.1348
MMR 0.0 1.0000 0.3594 0.0492 -0.0684 0.7135
HepB 0.0 0.0000 1.0000 -0.1626 0.2510 -0.8196
OPExp 0.0 0.0000 0.0000 1.0000 -0.6876 -0.4229
HExp 0.0 0.0000 0.0000 0.0000 1.0000 0.6749
GDP 0.0 0.0000 0.0000 0.0000 0.0000 1.0000

Table 4.1: Estimated Matrix A for the Unrestricted VAR(1) model, Case 1.
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IMR-1 MMR-1 HepB-1 OPExp-1 HExp-1 GDP-1

IMR 0.2986 -0.3589 -0.0076 0.0042 -0.0115 -0.0639
MMR -0.0149 -0.7469 -0.2358 0.0540 0.0193 -0.5577
HepB 13.0541 -15.7658 -1.1915 -0.3506 0.2170 -1.7902
OPExp 7.1616 -8.0906 -0.2994 -0.1038 -0.0215 -0.7720
HExp 1.6861 -2.9922 -0.4650 -0.1566 -0.0681 -1.0913
GDP -11.0674 13.2182 0.3254 0.3204 -0.3099 1.2129

Table 4.2: Estimated Matrix B for the Unrestricted VAR(1) model, Case 1.

IMR MMR HepB GDP OPExp HExp

IMR 1.0 -1.1259 -0.0161 -0.1348 0.0003 0.0176
MMR 0.0 1.0000 0.3594 0.7135 0.0492 -0.0684
HepB 0.0 0.0000 1.0000 -0.8196 -0.1626 0.2510
GDP 0.0 0.0000 0.0000 1.0000 -0.0842 0.4146
OPExp 0.0 0.0000 0.0000 0.0000 1.0000 -0.5312
HExp 0.0 0.0000 0.0000 0.0000 0.0000 1.0000

Table 4.3: Estimated Matrix A for the Unrestricted VAR(1) model, Case 2.

IMR-1 MMR-1 HepB-1 GDP-1 OPExp-1 HExp-1

IMR 0.2986 -0.3589 -0.0076 -0.0639 0.0042 -0.0115
MMR -0.0149 -0.7469 -0.2358 -0.5577 0.0540 0.0193
HepB 13.0541 -15.7658 -1.1915 -1.7902 -0.3506 0.2170
GDP -8.0111 9.1800 0.0948 0.5536 0.1848 -0.2467
OPExp 3.9128 -4.3634 -0.2689 -0.5578 -0.0266 -0.1305
HExp 9.1552 -11.9129 -0.6846 -1.9098 -0.3729 0.1410

Table 4.4: Estimated Matrix B for the Unrestricted VAR(1) model, Case 2.

In the restricted VAR(1) model: the graph structure is important. Starting
with the undirected graph, if it is triangulated, this indicates that there is
(not necessarily unique) labeling of the vertices such that the adjacency matrix
forms a RZP. Such labeling can be found by the MCS algorithm, in case of
large dimensions or by inspection, in case of small dimensions. Accordingly, we
consider only Case 2 that provides a RZP with respect to the DAG. For this
DAG, we consider the following topological labeling, where the directed edges
goes from higher vertices index to lower ones:

1 := IMR, 2 := MMR, 3 := HepB, 4 := GDP, 5 := OPExp, 6 := HExp.

Note that the obtained DAG is Markov equivalent to its undirected skeleton.
The decomposable structure of the JT has 2 cliques, 1 separator as follows:

C1 = {IMR,MMR,HepB3, GDP,HExp} = {1, 2, 3, 4, 6},
C2 = {OPExp,HExp} = {5, 6},
S2 = {HExp} = {6}.
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In this case, the n−1 element sample (IMRt,MMRt, HepBt, GDPt, OPExpt,
HExpt, IMRt−1,MMRt−1, HepBt−1, GDPt−1, OPExpt−1, HExpt−1) for t =

2, . . . , 21 is used to estimate 2d = 12 dimensional K̂ by covariance selection,
see Equation (4.7). Then the LDL algorithm is applied on the obtained K̂
to estimate the model equation matrices A,B. Unlike the unrestricted model,
here there are prescribed zero entries in K̂ and A. Specifically, the zeros of
the left upper 6 × 6 corner of K̂, see Table 4.5 will necessarily result in the
zeros of the estimated matrix A in the same positions, see Table 4.6. Similar
to the unrestricted situation, the non-zero entries of the upper diagonal matrix
A shows the path coefficients of the contemporaneous causal effects of Xt, see
Table 4.6, while the matrix B shows the one time lag causal effects of the Xt−1

on Xt components, see Table 4.7.

IMR MMR HepB GDP OPExp HExp

IMR 78193.8990 5758.0389 405.7913 868.5659 0.0000 314.3372
MMR 5758.0389 5599.4176 152.4034 674.7314 0.0000 -36.7332
HepB 405.7913 152.4034 18.3428 14.4085 0.0000 0.5283
GDP 868.5659 674.7314 14.4085 238.9225 0.0000 -4.2284
OPExp 0.0000 0.0000 0.0000 0.0000 1.9570 -1.5371
HExp 314.3372 -36.7332 0.5283 -4.2284 -1.5371 7.9863

Table 4.5: Estimated Left Upper 6× 6 Corner of Matrix K = C−1(1|0) for the
Restricted VAR(1) Model, Case 2.

IMR MMR HepB GDP OPExp HExp

IMR 1.0 0.0736 0.0052 0.0111 0.0 0.0040
MMR 0.0 1.0000 0.0237 0.1180 0.0 -0.0116
HepB 0.0 0.0000 1.0000 -0.3418 0.0 0.0236
GDP 0.0 0.0000 0.0000 1.0000 0.0 -0.0035
OPExp 0.0 0.0000 0.0000 0.0000 1.0 -0.7854
HExp 0.0 0.0000 0.0000 0.0000 0.0 1.0000

Table 4.6: Estimated Matrix A for the Restricted VAR(1), Case 2.

IMR-1 MMR-1 HepB-1 GDP-1 OPExp-1 HExp-1

IMR -0.9198 -0.0592 -0.0021 0.0053 -0.0013 -0.0049
MMR -1.0175 0.2511 -0.0002 0.0607 -0.0047 0.0039
HepB 3.6850 -4.4606 -0.9058 -0.4230 -0.0811 -0.0950
GDP 0.5849 -0.4453 0.0640 -0.8573 0.0896 0.1086
OPExp 3.6432 -3.7486 -0.1413 -0.4380 0.0273 -0.0926
HExp 1.9561 -3.4687 -0.5221 -0.6302 -0.2298 -0.1171

Table 4.7: Estimated Matrix B for the Restricted VAR(1) Model, Case 2.

In sum, the special block LDL decomposition algorithm provides solutions
for the unrestricted and restricted causal VAR(1) models. However, the con-
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centration matrix K̂ is calculated differently in both models. Accordingly, the
estimated matrices A,B are somewhat different in the two situations. Specifi-
cally, there are no prescribed zero entries in either K̂ and A in the unrestricted
model, but in the restricted one, the zeros of the left upper corner of K̂ will
necessarily result in the zeros of the estimated matrix A in the same positions.



Chapter 5

Probabilistic Contingency
Table Models

Chapter 1 discusses multivariate Gaussian and log-linear simple graphical mod-
els. Those models belong to continuous and discrete exponential family, respec-
tively. Now, we summarize the theory of ML estimation in exponential family.
Then, we discuss the evolution of random contingency table models. In addi-
tion, we extend the one-cluster beta-distributed model [11] to the multi-cluster
scenario in the general rectangular case [7]. This is a mixture exponential model,
where the likelihood function has a unique maximum with probability 1.

5.1 Maximum Likelihood Estimation in Expo-
nential Family

The general representation of the pdf or pmf in exponential family is given by:

fθ(x) = c(θ) · e
∑k

j=1 θjtj(x) · h(x),

where θ = (θ1, . . . , θk) ∈ Θ ⊂ Rk is the canonical parameter. Then, based on
the i.i.d. sample X = (X1, . . . ,Xn), the canonical sufficient statistic is

t(X) = (

n∑
i=1

t1(Xi), . . . ,

n∑
i=1

tk(Xi)) := (t1(X), . . . , tk(X)),

which is also complete (if Θ contains k-dimensional parallelepiped), and there-
fore it is a minimal sufficient statistic. Then, we say that the exponential family
is minimally represented (not overparametrized). Usually, Θ is an open set, in
which case, the exponential family is called regular.

Proposition 5.1 Under the usual regularity conditions, in regular exponential
families the likelihood equation boils down to solving

Eθ(t(X)) = t(X).

Proof. The likelihood function has the following form:

Lθ(X) = cn(θ) · e
∑k

j=1 θj
∑n

i=1 tj(Xi) ·
n∏
i=1

h(Xi) =
1

a(θ)
· e〈θ,t(X)〉 · b(X),

99
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where

a(θ) =

∫
X
e〈θ,t(x)〉 · b(x) dx. (5.1)

is the normalizing constant, while X ⊂ Rn is the sample space. This formula
will play a crucial role in our subsequent calculations.

The likelihood equation is

∇θ lnLθ(X) = 0,

that is
−∇θ ln a(θ) +∇θ〈t(X),θ〉 = 0. (5.2)

Under the regularity conditions, by (5.1) we get that

∇θ ln a(θ) =
1

a(θ)

∫
X

t(x)e〈t(x),θ〉 · b(x) dx = Eθ(t(X)).

Therefore, Equation(5.2) is equivalent to

−Eθ(t(X)) + t(X) = 0

that finishes the proof. �
Note that this resembles the idea of the moment estimation. Indeed, if

t1(X) = 1
n

∑n
i=1Xi, . . . , tk(X) = 1

n

∑n
i=1X

k
i , then the ML estimator of the

canonical parameter is the same as the moment estimator. This is the case
when the underlying distribution is Poisson, exponential, beta or Gaussian.

Observe that with introducing the so-called log-partition (in other words,
cumulant) function Z(θ) := ln a(θ), the likelihood function has the form

Lθ(X) = e〈θ,t(X)〉−Z(θ) · h(X). (5.3)

Based on Proposition 5.1, in regular exponential families, the ML equation
∇θ lnLθ(X) = 0 is also equivalent to

∇θZ(θ) = t. (5.4)

Since ∇θZ(θ) = Eθt, the ML equation (5.4) means that the canonical sufficient
statistic is made equal to its expectation. But when is it possible? Now we
briefly summarize existing theoretical results on this issue.

Let M = {Eθt : θ ∈ Θ} denote the so-called mean parameter space; it is
necessarily convex. Let M0 denote its interior.

Proposition 5.2 (Proposition 3.2 of [75]) In exponential family, the gradi-
ent mapping ∇Z : Θ → M is one-to-one if and only if the exponential family
representation is minimal.

Proposition 5.3 (Theorem 3.3 of [75]) In a minimal exponential family, the
gradient mapping ∇Z is onto M0.

By Propositions 5.2 and 5.3, any parameter in M0 is uniquely realized by
the Pθ distribution for some θ ∈ Θ. Also, in a regular and minimal exponential
family, M is an open set and is identical to M0.

As the ML estimate of θ is the solution of (5.4), we have the following.
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Proposition 5.4 (Proposition 5 of [87]) Assume, the (canonical) parame-

ter space Θ is open. Then there exists a solution θ̂ ∈ Θ to the ML equation
∇θZ(θ) = t if and only if t ∈ M0; further, if such a solution exists, it is also
unique.

Note that in regular and minimal exponential families, as shown,M0 is also
the interior of T , which is the convex hull of all possible values of t, see, e.g., [14,
49]. T is usually not open, and its boundary may have positive probability (in
particular, when the underlying distribution is discrete). If we unfortunately
start with a sampling statistic t on this boundary, then we have no solution to
the ML equation.

Consider the Np(µ,Σ) distribution, where the dimension (the positive inte-
ger p) is fixed and Σ > 0. Recall, the usual parameters µ,Σ are mean value
parameters. Now, we introduce the following notations:

K = Σ−1, h = Kµ,

where K is the concentration matrix.

Proposition 5.5 K and h are canonical parameters of the p-variate normal
distribution.

Proof. For x ∈ Rp we have

f(x) =
1

(2π)p/2|Σ|1/2
e−

1
2 (x−µ)T Σ−1(x−µ) =

|K|1/2

(2π)p/2
e−

1
2 (x−µ)TK(x−µ)

=
|K|1/2

(2π)p/2
e−

1
2µ

TKµe−
1
2 tr[(xxT )K]+xTh =

|K|1/2

(2π)p/2
e−

1
2h

TK−1he−
1
2 tr[(xxT )K]+xTh

that finishes the proof. �
It also turns out from the proof that, based on the sample X1, . . . ,Xn, the

canonical sufficient statistics are

n∑
i=1

Xi and

n∑
i=1

XiX
T
i .

Therefore, by Proposition 5.1, the ML equations boil down to

E

[
n∑
i=1

Xi

]
=

n∑
i=1

Xi and E

[
n∑
i=1

XiX
T
i

]
=

n∑
i=1

XiX
T
i .

Equivalently,

nµ =

n∑
i=1

Xi and nΣ + nµµT = S + nX̄X̄T ,

from where

µ̂ = X̄ and Σ̂ =
1

n
S

easily follows.
In case of multivariate Gaussian, it can be proven that the sufficient statistic

(only the second moment ones are critical) is on the boundary of T if and only
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if S is singular. It is always true if n ≤ p, but in the n > p case we learned
that S > 0 with probability 1, so it is on the boundary of T with 0 probability.
Consequently, provided n > p holds, the ML equation has a solution with
probability 1.

On the contrary, when the distribution is discrete, the likelihood equation
may not have a solution with positive probability. For example, in case of
Bernoulli distribution with parameter 0 < p < 1, the canonical parameter is
ln p

1−p , the canonical sufficient statistic is
∑n
i=1Xi, and the maximum likelihood

estimate of p is X̄. However, if it is on the boundary of [0, 1], namely, if it is 0 or
1, the maximum likelihood estimate does not exist. Note, that this can happen
with positive probability (1 − p)n or pn, though such probability tends to 0 as
n→∞.

5.2 Random Contingency Table Models

Random contingency table models with 0-1 entries were first investigated by
G. Rasch [58, 59] (1960-1961) with applications to psychological and educational
measurements. According to Rasch model, the entries of an n×m binary table
are independent Bernoulli random variables, where for the parameter pij of
entry ij, the following model holds:

ln
pij

1− pij
= βi − δj (i = 1, . . . , n; j = 1, . . . ,m) (5.5)

with real parameters β1, . . . , βn and δ1, . . . , δm. As an example, in [58] rows
correspond to persons and columns to items of some psychological test, whereas
the jth entry of the ith row is 1 if person i answers test item j correctly and
0, otherwise. Rasch also gives a description of the parameters: βi is the ability
of person i, while δj is the difficulty of test item j. Therefore, in view of the
model equation (5.5), the more intelligent the person and the less difficult the
test, the larger the logit of pij is. As shown, Bernoulli model belongs to the
exponential family, where the row-sums and column-sums of the underlying
binary table are sufficient statistics: given their values, the distribution of the
table does not depend on the parameters any more. After the turn of the
millennium, the renaissance of this model appeared in generalized forms. In the
2010s, α- or β-models [14, 19] were developed for random simple graphs, where
the parameters correspond to the vertices of the graph and the degree sequence
is the sufficient statistic. A revised form of the Rash model is found in [10],
where instead of the right hand side difference in (5.5), the sum of the row-
and column parameters is used, and in this symmetric way, the model naturally
extends to the multi-class scenario. By the theory of regular and minimally
represented exponential families, see Propositions 5.2, 5.3, and 5.4, in both
cases the system of ML equations has a unique solution whenever the sufficient
statistics are inside the convex polytope of bipartite realizable sequences (in
the rectangular case) or of those determined by the Erdős–Gallai conditions (in
the graph case), see [10, 14]. However, if they are on the boundary of these
convex, closed polytopes, then the likelihood function has no maximum with
any (finite) parameter values. Unfortunately, this can happen with positive
probability (e.g., in case of threshold graphs, see [31, 55]). Yan et al. [87] (2016)
investigated exponential family random graph models other than the above; for
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example, adjacency matrices with entries obeying Poisson or geometric law (the
non-negative or positive integer valued entries in and above the main diagonal
are independent, but their parameter depends on the ij index of the entry).
Even in case of these discrete distributions, the likelihood function may not
have a maximum with positive probability. Luckily, it is not the case when the
distribution of the entries is absolutely continuous (with respect to the Lebesgue
measure), when the sufficient statistic falls on the boundary of the convex closed
region (not necessarily a polytope) with zero probability, and so, the system of
ML equations has a unique solution under very general conditions. This is the
case when the positive entries have, for example, exponential, log-normal, or
beta distribution.

5.3 One-cluster Beta-Distributed Models

The beta-distributed entries model fits into the framework of edge-weighted
graphs (directed or undirected) and standardized contingency tables. In the
latter case, the entries are relative frequencies (for 0 and 1 values, ε and 1 − ε
are substituted, respectively, with a small ε > 0). In the former case, in [11]
a weighted graph model is introduced, where in the directed case, edges are
identified with directed signal intensities, while in the undirected case, the edge-
weights are similarities between vertex-pairs.

Let W = (wij) be an n ×m contingency table of entries transformed into
the (0, 1) interval. Our model is the following: wij obeys beta-distribution with
parameters ai > 0 and bj > 0. The parameters are collected in the vectors
a = (a1, . . . an) and b = (b1, . . . bm), or briefly, in (a,b). Here ai can be thought
of as the potential of row-item i to be connected to the column-items, and bj as
the resistance of column-item j to be connected to the row-items; whereas, wij
is the weight of their connection. The likelihood function is factorized as

La,b(W ) =

n∏
i=1

m∏
j=1

Γ(ai + bj)

Γ(ai)Γ(bj)
wai−1
ij (1− wij)bj−1

= C(a,b)

n∏
i=1

m∏
j=1

exp[(ai − 1) lnwij + (bj − 1) ln(1− wij)]

= exp

 n∑
i=1

(ai − 1)

m∑
j=1

lnwij +

m∑
j=1

(bj − 1)

n∑
i=1

ln(1− wij)− Z(a,b)

 ,
where C(a,b) is the normalizing constant, and Z(a,b) = − lnC(a,b) is the
log-partition (cumulant) function. Since the likelihood function depends on W
only through the row-sums U = U(W ) of general entry lnwij and the column-
sums V = V (W ) of general entry ln(1−wij), by Neyman–Fisher factorization
Theorem, the row-sums of U and column-sums of V are sufficient statistics for
the parameters. Accordingly, let

si =

m∑
j=1

lnwij (i = 1, . . . , n); zj =

n∑
i=1

ln(1− wij) (j = 1, . . . ,m).
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With respect to si and zj , the system of likelihood equations is as follows

∂ lnLa,b(W )

∂ai
=

m∑
s=1

Γ′(ai + bs)

Γ(ai + bs)
−mΓ′(ai)

Γ(ai)
+ si = 0, i = 1, . . . , n;

∂ lnLa,b(W )

∂bi
=

n∑
s=1

Γ′(as + bi)

Γ(as + bi)
− nΓ′(bi)

Γ(bi)
+ zi = 0, i = 1, . . . ,m.

(5.6)

The theory of regular, minimally represented exponential families, (see Propo-
sition 5.4 and [75]) guarantees that the system (5.6) has a unique solution (MLE)
if the sufficient statistic is an inner point of a closed manifold (convex hull of all
possible sufficient statistics). This is the case of absolutely continuous distribu-

tions, so in the present situation, this happens with probability 1. Let θ̂ denote
this unique ML-estimate (with probability 1), where θ is the shorthand for the
parameter pair (a,b) to be estimated.

In practice, we use a fixed point iteration, for which purpose we rewrite the
system (5.6) in the form θ = f(θ) as follows:

ai = ψ−1

[
1

m
si +

1

m

m∑
s=1

ψ(ai + bs)

]
=: gi(a,b), i = 1, . . . , n;

bi = ψ−1

[
1

n
zi +

1

n

n∑
s=1

ψ(as + bi)

]
=: hi(a,b), i = 1, . . . ,m.

(5.7)

Here ψ(x) = d ln Γ(x)
dx = Γ′(x)

Γ(x) for x > 0 is the digamma function; further, f is

the shorthand for the function pair (g, h), g : Rn+m → Rn and h : Rn+m → Rm
with coordinate functions gis and hjs, as in Equation (5.7), respectively.

Then, starting with θ(0), we use the successive approximation θ(t) := f(θ(t−1))
for t = 1, 2, . . . until convergence. As for the starting, let

M := max

{
max

i∈{1,...,n}

(
−si
n

)
, max
i∈{1,...,m}

(
− zi
m

)}
and ε > 0 be the (unique) solution of the equation ψ(2x) − ψ(x) = M . Ac-

cordingly, (â, b̂) ≥ ε1. With this ε and with the considerations of [11], the
convergence of the above iteration follows from the fact that the sequence θ(t)

is coordinate-wise increasing and is bounded from above by θ̂. By continuity of
f , the limit is clearly the fixed point of f . As the MLE is the solution of the
equivalent system (5.7) of the maximum likelihood equations, this fixed point

cannot be else but the uniquely existing θ̂. Actually, in [11] the authors proved
a bit more, namely, that this fixed point iteration is a contraction (at least in

a convenient neighborhood K of θ̂), and so, it converges at a geometric rate.

This closed neighborhood K of θ̂ is only theoretically guaranteed. However,
choosing all parameters equal to ε, is a good starting. Indeed, starting with it,
the iteration sooner or later gets into K. From that point, the iteration speeds
up, and converges at a geometric rate.

5.4 Multi-cluster Beta-Distributed Models

In the multi-cluster scenario, we put blocks of one-cluster modeltogether. Here
the statistics are sufficient only within the blocks. Given the integers 1 ≤ k ≤ n
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and 1 ≤ l ≤ m, we are looking for k-partition, in other words, clustersR1, . . . , Rk
of the rows and C1, . . . , Cl of the columns such that the row and column items
are assigned to the clusters independently. Given the cluster memberships,
the weight of the connection of row-item u ∈ Ri to column-item v ∈ Cj is
wuv ∼ Beta(auj , bvi).

In the general rectangular case, we look for groups (clusters) of the rows and
those of the columns, so that the rectangular blocks obey the above model, where
the parameters of the beta-distributed entries depend on their row- and column-
memberships too. Given the number of clusters and a starting clustering of the
rows and columns, it is a straightforward to use the EM algorithm. In the M
(maximization) step, we maximize the likelihood within the blocks separately.
In the E (expectation) step, we relocate the rows and columns between the
clusters so that to maximize the overall likelihood. Here we use the Bayes
rule, where taking the conditional probability of the 0-1 memberships, given the
parameters, is the same as taking conditional expectation. Eventually, the two
steps are alternated, giving the outer cycle of the iteration.

The parameters are stored in the n× l matrix A and the m× k matrix B,
where the jth column of A contains the parameters auj in the block u ∈ Ri, for
j = 1, . . . , l; i = 1, . . . , k. Likewise, the ith column ofB contains the parameters
bvi in the block v ∈ Cj , for i = 1, . . . , k; j = 1, . . . , l. Here auj can be thought
of as the potential of row-item u of cluster Ri to be connected to Cj , and bvi as
the potential of column-item v of cluster Cj to be connected to Ri.

This is a mixture of exponential-family distribution. As the mixing can
be supervised by two multinomially distributed random variables (responsible
for the memberships), the general theory of mixtures (see, e.g., [23]) and the
iteration of the EM algorithm can be used to estimate the parameters. With
the terminology of the EM algorithm, W is the incomplete data specification.
If the missing memberships were known, we would be able to write the complete
log-likelihood in the following form:

k∑
i=1

l∑
j=1

∑
u∈Ri

∑
v∈Cj

[
ln

Γ(auj + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

]
.

(5.8)

Starting with an initial clustering R
(0)
1 , . . . , R

(0)
k of the rows and C

(0)
1 , . . . , C

(0)
l

of the columns, the t-th step of the iteration is as follows (t = 1, 2, . . . ).

� Maximization step within the blocks. We update estimates of the
parameters A(t), B(t) within the kl blocks, separately. As for the block

R
(t)
i × C

(t)
j , we use the algorithm of Section 5.3 to find the estimates a

(t)
uj

for u ∈ R(t)
i and b

(t)
vi for v ∈ C(t)

j . As each row u and column v uniquely
corresponds to exactly one row- and column-cluster, respectively, in this

way, the parameter blocks, estimated from R
(t)
i × C

(t)
j , for i = 1, . . . , k,

j = 1, . . . , l will fill in the A(t), B(t) parameter matrices.

� Relocation step between the blocks. Given the new estimates of
the parameters A(t), B(t), we relocate u into the row-cluster Ri∗ and
v into the column-cluster Cj∗ for which the contribution of wuv to the
overall likelihood (5.8) is maximal. We do that separately for the rows
and columns. For this purpose, we write the overall likelihood in terms
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of membership vectors. Let the n × k matrix R = (rui) contains the
membership vectors of the rows, i.e., rui = 1 if u ∈ Ri and rui′ = 0 for
i′ 6= i. Likewise, let the m× l matrix C = (cvj) contains the membership
vectors of the columns, i.e., cvj = 1 if v ∈ Cj and cvj′ = 0 for j′ 6= j.

– Relocation of the rows: for each u (u = 1, . . . , n), take the maximum
of the following over i (i = 1, . . . , k):

m∑
v=1

l∑
j=1

cvj

[
ln

Γ(auj) + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

]
.

(5.9)
If it is maximum for i∗, then we relocate u into the row-cluster Ri∗ .
This is a discrete maximization. Break ties arbitrarily.

– Relocation of the columns: for each v (v = 1, . . . ,m), take the maxi-
mum of the following over j (j = 1, . . . , l):

n∑
u=1

k∑
i=1

rui

[
ln

Γ(auj) + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

]
.

(5.10)
If it is maximum for j∗, then we relocate v into the column-cluster
Cj∗ . This is a discrete maximization. Break ties arbitrarily.

In this way, we get a new clustering R
(t)
1 , . . . , R

(t)
k of the rows and C

(t)
1 , . . . , C

(t)
l

of the columns, with which we go back to the maximization step.
As in both steps we increase the likelihood, and the likelihood function is

bounded from above with the sum of the existing maxima over the blocks, the
iteration must converge to a local maximum of it. A good starting, for example,
with spectral biclustering (see, e.g., [6]) helps a lot.

In fact, the relocation corresponds to the E-step of the classical EM algorithm
in [23]. Indeed, given W , k, and l, the complete log-likelihood is

k∑
i=1

l∑
j=1

n∑
u=1

m∑
v=1

ruicvj

[
ln

Γ(auj) + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

]
.

(5.11)
If we fix i, j, then we maximize the inner double summation, i.e., we find the ML
estimate of the parameters in the Ri×Cj block (M-step) as in (5.8). Reordering
the summation as

n∑
u=1

k∑
i=1

rui

 m∑
v=1

l∑
j=1

cvj

(
ln

Γ(auj) + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

) ,
(5.12)

for any fixed row u, we maximize the inner double summation, which is in the
brackets and is identical to (5.9), for i = 1, . . . , k. It is equivalent to maximizing

E(rui |M(t−1)) = P (rui = 1 |M(t−1))

with respect to i, whereM(t−1) contains the model parameters and the cluster
assignments after step (t− 1). By the Bayes rule, it is equivalent to maximizing

P (M(t−1) | rui = 1)P (rui = 1)
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with respect to i. But, under uniform law of prior memberships, by the Bayes
rule, it is obtained by maximizing P (M(t−1) | rui = 1) for i = 1, . . . , k, that is
(5.12). If it is maximum for i∗, then we relocate u into the row-cluster Ri∗ . It
is also possible to maximize

P (M(t−1) | rui = 1) · n
(t−1)
i

n
,

where n
(t−1)
i is the number of rows in the cluster Ri after the (t−1)th iteration.

Then we do the relocation for the columns:

m∑
v=1

l∑
j=1

cvj

[
n∑
u=1

k∑
i=1

rui

(
ln

Γ(auj) + bvi)

Γ(auj)Γ(bvi)
+ (auj − 1) lnwuv + (bvi − 1) ln(1− wuv)

)]
.

(5.13)
For any fixed column v, we maximize the inner double summation, which is
in the brackets and is identical to (5.10), for j = 1, . . . , l. If it is maximum
for j∗, then we relocate v into the column-cluster Cj∗ . It is also equivalent to
maximizing

E(cvj |M(t−1)) = P (cvj = 1 |M(t−1))

with respect to j. Actually, the last maximization already corresponds to the
M-step. Note that this special type of the EM iteration developed for mixture
model that is discussed as collaborative filtering [34, 73]. The number of clusters
is fixed during the iteration, but an initial number can be obtained by spectral
clustering tools [6].

We can summarize the results of the multi-cluster model in the subsequent
proposition.

Proposition 5.6 ( [7]) The EM iteration defined for the multi-cluster, beta-
distributed contingency table model converges to a local maximum of the objective
function, which is a mixture of exponential family distributions. In the M-step,
the model parameters have a unique ML estimate, given the cluster memberships.

Proof 5.6 By the theory of absolutely continuous exponential family distri-
butions, the blocks provide a unique ML estimate of the parameters. As in
the E (relocation) step the likelihood is further increased, the overall objective
function, bounded from above is increased, so the iteration converges. However,
the limit may depend on the starting clustering that can be obtained, e.g. by
spectral clustering tools.

5.5 Applications

We apply the multi-cluster model algorithm to a randomly generated and a
real-life (genetic) data [7].

5.5.1 Application to Simulated Data

A matrix W = (wuv) with n = 210 rows and m = 270 columns of independent
beta-distributed entries with parameters auj and bvi is generated. The entry wuv
depended on its row-cluster membership i and column-cluster membership j.
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For k = 3 row-clusters R1, R2, R3 and l = 2 column-clusters C1, C2. Let
|R1| := 100, |R2| := 50, and |R3| := 60, whereas |C1| := 200 and |C2| := 70.
The parameters au1 (u ∈ R1) and bv1 (v ∈ C1) were chosen independently
at uniform within the interval [1, 5]; the parameters au2 (u ∈ R1) and bv1

(v ∈ C2) were chosen independently at uniform within the interval [6, 10]; the
parameters au1 (u ∈ R2) and bv2 (v ∈ C1) were chosen independently at uniform
within the interval [11, 15]; the parameters au2 (u ∈ R2) and bv2 (v ∈ C2) were
chosen independently at uniform within the interval [16, 20]; the parameters au1

(u ∈ R3) and bv3 (v ∈ C1) were chosen independently at uniform within the
interval [21, 25]; finally, the parameters au2 (u ∈ R3) and bv3 (v ∈ C2) were
chosen independently at uniform within the interval [26, 30], respectively.

We started the iteration with mildly distorted clusters. The iteration stopped
at the seventh step when there was no change in the clusters membership.
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Figure 5.1: Original versus Estimated Parameters aujs with MSEs.
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Figure 5.2: Original versus Estimated Parameters bvis with MSEs.

Figure 5.1 and Figure 5.2 show a good fit of the estimated parameters to the
original ones. Indeed, by the general theory of the ML estimation, for ‘large’
n and m, the MLE should approach the true parameter, based on which the
model was generated.
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5.5.2 Application to Genetic Data

We applied the same algorithm to allele (genes) frequencies of n = 1036 unre-
lated samples of the U.S. population. The data was obtained in 2013. Later
in 2017, the data measurements were revised. The online version of the data is
found at [33].

The n-element sample was clustered into k := 4 row-clusters (population
groups); R1 := 342 African American (AA), R2 := 361 Caucasian (Cauc),
R3 := 236 Hispanic (Hisp), and R4 := 97 Asian (Asian). The investigators
considered m = 29 allele frequencies. Those were divided into l := 3 column-
clusters of genotypes that are identified by the experts as follows: C1 := 4 U.S.
core genes, C2 := 9 non-core U.S. genes, and C3 := 16 general genes. In this way,
the measured allele frequencies were transformed into the open (0,1) interval.
The data matrix W is of size 1036 × 29, where each entry wuv is proportional
to the allele representation of gene v of the individual u.

The algorithm assigns parameters both to the individuals (rows) and to the
alleles (columns), depending on row- and column-memberships. Note that, the
data matrix is beta-distributed with respect to these parameters. For example,
the parameter auj of individual u is estimated for each genotype j = 1, 2, 3, but
it also depends on its row-cluster membership. Likewise, the parameter bvi of
allele v is estimated for each population group i = 1, 2, 3, 4, but it also depends
on its column-cluster membership. The estimated parameters are put into the
1036× 3 and 29× 4 parameter matrices A and B, respectively. Figure 5.3 and
Figure 5.4 sketch the columns of these matrices with respect to their rows.
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Figure 5.3: Estimated Parameters
in Matrix A, Towards Genotype
Groups.
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in Matrix B, Towards Population
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The starting clusters were those given by the experts, and they did not
change much during the iteration until the fifth step, when the algorithm con-
verged. The estimated parameters in A showed that all the four groups of
U.S. individuals have low core U.S. genotype representations and higher repre-
sentations of both non-core U.S. and general genotypes. At the same time, the
estimated parameters in B indicated that all the three genotype categories have
the lowest representation in the African American sub-samples and the highest
representation in the Asian group sub-samples.



Summary and Outlook

This thesis studied broadly graphical models (GM), structural equation mod-
eling (SEM), and vector autoregression (VAR) models. Some novel results to
each of these models were developed.

The dissertation examined the essential mathematical framework and tech-
niques of GM and SEM. Specifically, for simple GM, it showed: 1) various
relations between different model classes and how they can be transformed into
each other; 2) the similarities and differences between GM and SEM; and 3)
how to construct a regression graph model. For SEM, it compared the different
estimation methods. In addition, an integrated estimation technique that com-
bines two existing approaches to calculate the SEM specified parameter matrices
(the inner and outer relations as well as the covariance matrices of the residu-
als) with respect to the component-wise SEM is presented. This algorithm is
distribution-free and applicable to small sample size. Then, SEM equations were
considered as a linear dynamical system to which the celebrated R. Kálmán’s
filtering technique is applicable. At this point, a recursion to predict the case
value of the latent variables for the new observations is introduced. In this way,
an artificial intelligence is developed. Moreover, GM and SEM were connected
with respect to time series analysis via the causal VAR(p) models. For the lat-
ter model, an algorithm that uses only the block variant LDL decomposition is
proposed to solve the causal VAR(p) model which also gives a novel solution
to the Yule–Walker equations. At the end, the probabilistic contingency table
models are presented to the exponential family models. The one-cluster model is
generalized to the multi-cluster scenario in the general rectangular case of beta
distributed entries. For each discussed and proposed statistical approaches, var-
ious applications to simulated and real-life data were conducted. Virtually, the
proper implementation of statistical methods enables researchers to extract in-
formation from the data, evaluate the results, predict the outcome of a future
experiment, and answer important research questions.

For further perspective, causal VAR(p) can be further investigated. Specifi-
cally, the lagged causalities could also be introduced, with some upper triangular
B-matrices. For example, if the previous time observations influence the present
time ones, and the order of causalities is the same as that of the contempora-
neous ones, then B1 is also upper triangular. This problem can be solved by
running the block Cholesky decomposition with 2d blocks of length 1, and treat
the others ‘en block’.
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[62] Rózsa, P. Linear algebra and its applications (in Hungarian). Műszaki
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Appendix A

Covariance Matrix
Derivation

Here, we show the covariance matrix derivation of the Cov-SEM model. Recall
that the inner and outer equations of SEM are:

Bη = Aξ + ζ,

Y = Gη + ε; X = Cξ + δ.

The model free parameters set to be estimated θ = {G,C,B,A,Φ,Ψ,Θε,Θδ},
where B,A,G,C are the parameter coefficient matrices; Φ := Cov(X); Ψ :=
Cov(ζ); Θε := Cov(ε); and Θδ := Cov(δ). Accordingly, the model covariance
matrix with respect to θ is

Σ(θ) =

[
Σyy(θ) Σyx(θ)
Σxy(θ) Σxx(θ)

]
.

Under the model assumptions: the data follows multivariate Gaussian distribu-
tion, all expectations are zeros and the errors are uncorrelated with each other
and with the LVs,

Σyy(θ) = Cov(Y,Y) = V ar(Y) = E(YYT )

= E[(Gη + ε)(Gη + ε)T ]

= E[(Gη + ε)(ηTGT + εT )]

= E[GηηTGT + εηTGT +GηεT + εεT ]

= G[E(ηηT )]GT + [E(εηT )]GT +G[E(ηεT )] + E(εεT )

= GCov(η,η)GT + Cov(ε,ηT )ηT +GCov(η, εT ) + Θε.

Accordingly,
Cov(Y,Y) = G[Cov(η,η)]GT + Θε.

Note that the structural (inner) model equation can be written as

η = Bη +Aξ + ζ, (A.1)
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Now, we solve Equation( A.1) for η:

η = Bη +Aξ + ζ

η −Bη = Aξ + ζ

(I −B)η = Aξ + ζ

η = (I −B)−1(Aξ + ζ).

At this point we can derive the Cov(η,η):

Cov(η,η) = E([(I −B)−1(Aξ + ζ)][(I −B)−1(Aξ + ζ)]T )

= E([(I −B)−1(Aξ + ζ)][(Aξ + ζ)T (I −B)−1T ])

= E([(I −B)−1(Aξ + ζ)][(ξTAT + ζT )(I −B)−1T ])

= (I −B)−1E[AξξTAT + ζξTAT +AξζT + ζζT ](I −B)−1T

= (I −B)−1[AE(ξξT )AT + E(ζξT )AT +AE(ξζT ) + E(ζζT )](I −B)−1T

= (I −B)−1(AΦAT + Ψ)(I −B)−1T .

In sum,

Cov(Y,Y) = Σyy(θ) = G[(I −B)−1(AΦAT + Ψ)(I −B)−1T ]GT + Θε.

Similarly, we derive

Σxx(θ) = Cov(X,X) = V ar(X) = E(XXT )

= E[(Cξ + δ)(Cξ + δ)T ]

= E[(Cξ + δ)(ξTCT + δT )]

= E[CξξTCT + δξTCT +CξδT + δδT ]

= C[E(ξξT )]CT + [E(δξT )]CT +C[E(ξδT )] + E(δδT )

= CΦCT + Cov(δ, ξ)CT +CCov(ξ, δ) + Θδ

Accordingly,
Σxx(θ) = CΦCT + Θδ

Now, we calculate the cross covariance between X and Y.

Σxy(θ) = Cov(X,Y) = E(X,YT )

= E[(Cξ + δ)(Gη + ε)T ]

= E[(Cξ + δ)(ηTGT + εT )]

= E[CξηTGT + δηTGT +CξεT + δεT ]

= CE[ξηT ]GT + E[δηT ]GT +CE[ξεT ] + E[δεT ]

= CE[ξηT ]GT .

After plugging in the formula of η, we get

Cov(X,Y) = CE[ξ((I −B)−1(Aξ + ζ))T ]GT

= CE[ξ(ξTAT (I −B)−1T ) + ζT (I −B)−1T )]GT

= C[E(ξξT )AT (I −B)−1T + E(ξζT )(I −B)−1T ]GT

= CΦAT (I −B)−1TGT .
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Obviously,

Cov(Y,X) = [Cov(X,Y)]T

= G(I −B)−1AΦCT .

Accordingly, we are able to write the entries of the model covariance matrix
with respect to the free model parameters Σ(θ). To estimate the parameters of
such matrix, the maximum likelihood function method is used, see the subse-
quent Appendix B.
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Appendix B

Maximum Likelihood
Estimation in Multivariate
Gaussian Distribution

Let X1,X2, . . . ,Xn ∼ Np(µ,Σ) i.i.d. sample. To obtain the maximum like-
lihood (ML) estimators of the parameters µ and Σ, consider the likelihood
function:

Lµ,Σ(X1, . . . ,Xn) =
1

(2π)np/2|Σ|n/2
e−

1
2

∑n
k=1(Xk−µ)T Σ−1(Xk−µ)

=
1

(2π)np/2|Σ|n/2
e−

1
2 tr(Σ−1S)e−

1
2n(X̄−µ)T Σ−1(X̄−µ).

To find the place of the maximum, since the ln function is strictly increasing,
it suffices to maximize the so-called log-likelihood function with respect to the
parameters:

lµ,Σ(X1, . . . ,Xn) := lnLµ,Σ(X1, . . . ,Xn)

= c− n

2
ln |Σ| − 1

2
tr(Σ−1S)− 1

2
n(X̄− µ)TΣ−1(X̄− µ),

where the constant c does not depend on the parameters.
Observe that the quadratic form in the last term is non-negative (since Σ,

and hence, Σ−1 are positive definite), and it is zero if and only if X̄ − µ = 0,
irrespective of the actual value of Σ. Therefore, the ML-estimator of µ is µ̂ =
X̄, and substituting it for µ, the last term vanishes. Then we maximize the
remaining part

lµ̂,Σ(X1, . . . ,Xn) = c− n

2
ln |Σ| − 1

2
tr(Σ−1S)

of the log-likelihood function with respect to Σ, or equivalently, with respect to
Σ−1. That is, we maximize the function

g(Σ−1) = c+
n

2
ln |Σ−1| − 1

2
tr(Σ−1S)
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with respect to Σ−1. For this purpose, we take its derivative with respect to
Σ−1, where the result of the differentiation is a matrix, the ij-th entry of which
is the derivative of the scalar function g(Σ−1) with respect to the ij-th entry of
Σ−1.

We will use the following rules of differentiating the matrix–scalar functions
determinant and trace with respect to the matrix itself. If A and S are sym-
metric matrices, then

∂|A|
∂A

= adj(A)T

the adjoint matrix (of the signed minors) of A, and

∂ tr(AS)

∂A
= ST .

Using these rules and the symmetry of Σ and S, we get that

∂g(Σ−1)

∂Σ−1
=
n

2

1

|Σ−1|
∂|Σ−1|
∂Σ−1

− 1

2

∂ tr(Σ−1S)

∂Σ−1
=
n

2
Σ− 1

2
S.

If we make it equal to the p×p zero matrix, then we get that the ML-estimator
of Σ is 1

nS.
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Appendix C

OLS Regression & Gauss
Normal Equations

Here, we concentrate on the linear estimates. Those are the best whenever
the underlying distribution is multivariate Gaussian, but also applicable to the
second order random variables.

Lemma C.1 Let Y ∈ Rp and X ∈ Rq be random vectors on a joint probability
space with existing second moments and zero expectation. Then
E‖Y −ATX‖2 is minimized with

A = [EXXT ]−[EXYT ], (C.1)

where A is a q × p matrix and we use generalized inverse − if the covariance
matrix EXXT of X is singular. If it is positive definite, then we get a unique
estimate for A with the unique inverse matrix [EXXT ]−1.

Note that the notation − applies to any (not necessarily unique) generalized
inverse, whereas + will be used for the uniquely defined Moore–Penrose gener-
alized inverse, see [57].

Proof C.1 Observe that minimizing

E‖Y −ATX‖2 =

p∑
i=1

(Y i − aTi X)2

with respect to A = (a1 . . .ap) falls apart into the following p minimization
tasks, with respect to the q-dimensional column vectors of A:

min
ai

(Y i − aTi X)2, i = 1, . . . , p.

The solution (e.g., with the help of differentiation) gives the well known Gauss
normal equations from the classical theory of multivariate regression:

[EXXT ]ai = [EXYi], i = 1, . . . , p.

Since this system of linear equations is consistent (the vector EXYi is in the
column space of EXXT ), it always has a solution in the general form:

ai = [EXXT ]−[EXYi], i = 1, . . . , p.
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Therefore the matrix A giving the optimum is

A = [EXXT ]−[EXYT ],

that is unique only if EXXT is invertible (positive definite), otherwise (if EXXT

is singular, positive semidefinite) infinitely many versions of the generalized
inverse give infinitely many convenient As. However, these always provide the
same optimal linear prediction (projection) for Y as follows:

ProjH(X)Y = Ŷ =


Ŷ1

Ŷ2

...

Ŷp

 =


aT1 X
aT2 X

...
aTp X

 = ATX,

where ProjH(X) denotes the projection onto the Hilbert-space spanned by the
linear combinations of the components of X (the expectations are zeros and the
inner product is the covariance).

Lemma C.2 Let Y ∈ Rp and X ∈ Rq be random vectors on a joint probability
space with existing second moments and zero expectation, and let ProjH(X)Y
denote the best linear prediction of Y based on X, as before. Then with any
p× p matrix Φ,

ProjH(X)(ΦY) = ΦProjH(X)Y.

Proof C.2 We saw that ProjH(X)Y = ATX, where by (C.1) A = [EXXT ]−[EXYT ],

and we use generalized inverse − if the covariance matrix EXXT of X is sin-
gular. Then

ProjH(X)(ΦY) = {[EXXT ]−[EX(ΦY)T ]}TX = [E(ΦYXT )][EXXT ]−X

= Φ[E(YXT )][EXXT ]−X = ΦProjH(X)Y.

The above lemma shows that this projection is linear in Y and it commutes
with Φ. In the Gaussian case, obviously, we have that

ProjH(X)(ΦY) = E(ΦY |X) = ΦE(Y |X) = ΦProjH(X)(Y)

by the properties of the conditional expectation.
The above setup is used for simultaneous (in other words, multiple response)

regressions when we regress the components of a random vector (target) with
all the components of the predictors.
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