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Abstract

Plain-jet air-blast atomization is used in several practical applications, while the moti-
vation of the present thesis originates from liquid fuel combustion. Beside the direct
application of the investigated liquids, there are excellent model liquids with a wide range
of physical properties. The systematic measurement setup also allowed fundamental con-
tributions to the atomization literature. All the results are experimental, however, they
can be used for model validation, since the modeling of liquid fuel combustion became
recently available with the spreading of supercomputers. The used techniques were Phase
Doppler Anemometry and spray imaging. Firstly, the Sauter Mean Diameter, SMD,
of the spray was evaluated, extending the validity of a few existing empirical formulas.
Also, a novel term, the limiting viscosity was introduced, which means a threshold above
which the SMD has a further dependence on the liquid temperature. Secondly, droplet
size distribution was evaluated, fitting various probability density functions, PDFs. It
was concluded that different PDFs perform well in various spray regimes, hence, there is
no ultimate result. However, there were several PDFs, which outperformed the popular
Weibull (generalized Rosin-Rammler) PDF. Lastly, the spray cone angle was investigated,
since there is no tool available currently to approximate this parameter for air-blast at-
omization.

Keywords: Air-blast atomization, droplet size distribution, probability density func-
tion (PDF), spray cone angle (SCA), Sauter Mean Diameter (SMD), liquid preheating,
crude rapeseed oil
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Chapter 1

Objectives and outline

Gas turbines play an important role in both the energy production and the aerospace
industry. Most of them in energy industry work with natural gas, which results in high
combustion efficiency and low pollutant emission, compared with other fuels, since it is
easy to mix with air. However, in order to increase supply security, combustion plants are
capable to run on liquid fuels. In aviation, there is no alternative fuel for kerosene. Hence,
in both applications, it is essential to ensure proper liquid fuel atomization. The aim of the
process is to ensure homogeneous fuel vapor-air mixture before the flame front. For this
reason, properly understanding and improving the quality of atomization a cornerstone
in combustion technology. A general overview and the discussed topics in atomization
research is shown in Fig. 1.1.

Liquid 
atomization

Air-blast
atomization

Data
analysisMeasurements

Empirical 
model 

formulation

Model
 development

for CFD
Validation

Not discussed topicsDiscussed topics

Data
reduction

Figure 1.1: Main steps of the present research.

The present thesis focuses only on atomization, hence, no hot tests were performed.
The principal aim was to develop novel and advance existing tools for engineers dealing
with atomization. In practice, air-blast atomizers are widely used due to their simple
geometry, low manufacturing cost, and easy maintenance. This atomizer type is preferred
also in metallurgy and pharmaceutical applications [5, 6] beside combustion.

Atomization involves mass, energy, and momentum transfer, in such a complex way,
which allows the use of only empirical and semi-empirical correlations to date in numer-
ous practical applications, even the CFD codes build on them. Hence, comprehensive and
systematic measurement results are highly valuable for both direct use and model devel-
opment. Phase Doppler Anemometry is the most commonly used technique to determine
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the Sauter Mean Diameter, SMD, of a spray.
SMD cannot describe a size distribution alone, hence, probability density functions,

PDFs, are also used for evaluation. This relevance in combustion is the following. The
smallest droplets promote ignition, while the largest droplets increase pollutant emissions
due to the slow evaporation [7]. The currently available literature on the relevant PDFs
and their applicability in atomization is highly limited, and their behavior as a function
of operating parameters is not discussed. Babinsky and Sojka [8] discuss a few highly
promising ways to analytically estimate the droplet size distribution of the spray, but
none of these methods achieved the necessary breakthrough over the last two decades.

On the other end, there are the external features of the spray, such as spray cone angle,
SCA. There are empirical methods to estimate it for several atomizer types, however, such
a formula is unavailable in the public literature for air-blast atomizers. While performing
such an analysis, a fundamental problem was encountered. There is no clear definition for
the spray boundary, since droplets may drift away from the bulk spray. To characterize
the steady-operating atomizers, typically, the completion of secondary atomization is
considered. Since the edges of the spray may be curved, a well-defined distance from the
nozzle should be set. Consequently, a highlighted goal of this thesis was the introduction
of a new methodology for describing the SCA for air-blast atomizers while proposing an
algorithm for spray edge detection.

Overall, the present PhD thesis largely focuses on experimental techniques, hence, the
concluded results can be directly implemented into similar plain-jet air-blast atomizers to
the investigated one. Besides, the comprehensive analysis pave a way for numerical model
refinement to facilitate cost-effective solutions for engineers. The investigated liquids were
selected to represent a wide range of material properties, which can be treated as model
liquids for, e.g., combustion applications.
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Chapter 2

Introduction

In practice, there are various combustion technologies where different conditions have
to be met. The presently relevant units, which include the combustion processes, are
gas turbines, which play an essential role in energy production and in the aerospace
industry. The main requirements are stable operation, high unit performance, and high
efficiency [3]. Industrial gas turbines are mainly powered by natural gas, but the design
of the combustion chamber also allows the utilization of liquid fuels, which primarily
increases the supply security. In aviation, for several security-related reasons, solely liquid
fuels are used. Hence, optimum atomization conditions are required as this process also
affects pollutant formation [9].

Nowadays, numerous atomizer types are available for various applications. The subject
of the present thesis is a plain-jet air-blast atomizer. It has a simple geometry, which will
be detailed later in Section 3.1. Atomization requires velocity difference between two flu-
ids, which is air and liquid in this case. The atomization in air-blast atomizers is achieved
by accelerating the high-pressure air in a converging nozzle, and the resulting high-velocity
gas stream blows over the slow-moving liquid surface. The interaction between the two
phases leads to a momentum transfer, furthermore, its rapid nature leads to the violent
breakup of the liquid jet. This type of atomizer is used in both industrial processes and
in everyday life. In the case of thin-film technologies, the droplet size distribution of the
spray is critical [10, 11, 12], e.g., in the general-purpose and automotive-related painting
[13, 14]. It also can be found in powder metallurgy since particle size affects the mechan-
ical properties of the product [5, 15]. For additive manufacturing, a cut between 100 and
150 µm is desired [3]. In addition, particle size determines the deposition characteristics
of harmful aerosols [16] and drugs [6, 17]. Uniform drop size distribution is essential for
CO2 capture efficiency in spray towers [18]. In the case of solidifying, electron microscope
analysis is often applied to study the size and shape of the generated particles [19, 20].

Efforts associated with quality control, improved utilization efficiency, pollutant emis-
sions, and precision manufacturing are a few practical fields, which makes atomization
research still timely, even though the rapid development in this field was started more
than a hundred years ago. The invention of carburetor by Donát Bánki and János Csonka
in 1893 lead to a rapid development in the transportation sector. Integral properties of the
spray were used initially, since the in-situ laser measurement techniques became available
only in the second half of the XX. century. Since then, data processing methods and the
measurement tools both went through a spectacular development, allowing investigations,
which were impossible before.
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2.1 Liquid atomization
The mechanism of liquid breakup is a complex process. In general, it can be divided into
two major parts: primary atomization near the nozzle and secondary atomization, which
is the further breakup of the liquid fractions, occurring downstream. These processes can
be seen in Fig. 2.1.

Figure 2.1: The primary and secondary breakup processes of air-blast atomization [1].

Primary atomization is governed by the shear forces at the interface between the at-
omizing medium and the liquid. Lord Rayleigh [21] postulated that the growth of small
disturbances that eventually lead to a jet breakup into drops, will result in a droplet
diameter closely twice of that of the jet [3]. Nevertheless, the analytical solution does
not answer the formation of satellite droplets, which are significantly smaller. The initial
deformations occur as a result of Rayleigh instability which varies as a function of the
exit cross section and the Reynolds number, Re, of the liquid. The upper limit of Re is
determined by the Ohnesorge number, Oh. Increasing the Re due to aerodynamic effects,
the liquid jet begins to grow asymmetrically. This section is the Rayleigh fragmenta-
tion which is shown in Fig. 2.2, featuring Kelvin-Helmholtz instabilities. Note that the
mentioned dimensionless numbers and several other quantities will be defined in Subsec-
tion 2.2.2. In many cases, the formation of ligaments is an intermediate step between the
initial jet of the liquid and the final individual droplets. These liquid structures either
undergo further breakup or stabilized by the surface tension, forming droplets. This latter
process is fostered by the difference in velocity between liquid and air, dampened by the
effect of surface tension (first wind-induced breakup). By further increasing Re, droplet
formation caused by short-wavelength shear instabilities becomes dominant. Also, due
to the velocity difference, the enhanced surface waves of shorter wavelengths causes the
formation of smaller wind droplets (second wind-induced breakup).

Figure 2.2: Scheme of atomization, highlighting the Rayleigh-related drop formation [22].

In reality, the atomization characteristics, including the temporal and spatial droplet
number density, drop velocity, and droplet size distributions is much more complicated,
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shown in Fig. 2.3. All of them are markedly affected by the internal geometry of the atom-
izer, the properties of the atomizing medium into which the liquid stream is discharged,
and the physical properties of the liquid [3].

Figure 2.3: Key processes of atomization in reality [3, 23].

This thesis focuses on several features of a spray. The first one is the mean droplet
diameter, detailed in Chapter 4. Even though this feature of a spray was investigated
heavily around the ’80s, the advancement in measurement and evaluation techniques, and
extending the applicability of the existing formulas is timely. Since the energy sector
moves towards renewable liquid fuels as well, the formulas for diesel oil or kerosene are
not necessarily applicable directly. Hence, a cornerstone is their revision. Numerous stud-
ies investigated spray characterization to understand the physical background of droplet
formation [24, 25, 26, 27] biofuels have generated significant interest as an alternative fuel
for the future. The use of biofuels in fuel gas turbines seems a viable solution for the prob-
lems of decreasing fossil-fuel reserves and environmental concerns [25, 28]. Panchasara et
al. [29] used preheated vegetable oil to reduce the kinematic viscosity and thus improve
atomization characteristics. Also, atomizer development is still an ongoing research topic
[30].

The second highlighted part is the analysis of the spray half-cone angle, discussed
in Chapter 5. In the case of air-blast atomizers, there is no available analytical or em-
pirical method to estimate this global spray property. Therefore, a new correlation was
introduced, which incorporates both the effect of the atomizing gauge pressure and liquid
preheating temperature.

The third pillar of the thesis is the statistical analysis of the spray measurement results.
The huge quantity of data, measured systematically enables in depths spray investigation,
which became possible in the last decade with the introduction of Big Data analysis. Since
a single parameter, such as a mean diameter, is usually not enough for modeling a spray on
a multi-thousand core server. Hence, to provide rich information on spray characteristics,
this step is essential.

2.2 Spray characterization
In this section, firstly, probability density functions are introduced in Subsection 2.2.1 to
provide the fundamental framework of droplet size distribution, highlighted in later parts

5



of the thesis. Sauter mean diameter, SMD, is the frequently used mean diameter in com-
bustion. Hence, its relation to the droplet size distribution is discussed in Subsection 6.2.2.
Lastly, the dimensionless numbers of atomization are presented in Subsection 2.2.2. These
quantities are important in comparing various physical phenomena with numerous param-
eters. If the dimensionless numbers match, and the describing models are identical and
correct, the two processes behave identically.

2.2.1 Probability density functions in atomization
In atomization, the continuous jet of liquid is disintegrated into millions of droplets. Since
their size practically varies continuously in a wide range, their reasonable classification
is necessary for further use. In terms of a mean bin diameter, D, the bin width has to
be defined as D − ∆D, D, and D + ∆D. By counting the number of droplets in each
class, it is possible to plot the size distribution for each relevant boundary, spatial, or
temporal condition in a histogram, according to the frequency of occurrence of each class.
The described method shows a numerical distribution of a given set of droplets, but it is
possible to construct area and volume distribution functions, which will not be covered
presently. Ref. [8] is a further read on this topic. The velocity distribution functions
under given conditions can be constructed similarly. Thus, the droplet size and velocity
distribution functions already available are sufficient to fully characterize a given spray.

In any practical spray, the droplet size varies from a finite small diameter to a finite
maximum diameter. The existence of the latter one is limited by the aerodynamic forces
acting on the droplets, whereby larger droplets tend to breakup into smaller droplets.
The lower boundary is limited by the Laplace pressure, hence, a portion of the introduced
energy for the breakup process is stored inside the droplets, according to the first law of
thermodynamics.

The definition of a probability density function, PDF, assumes a continuous and pos-
itive function, ranging from zero to infinity. However, these limits are never reacted due
to the above-mentioned physical limitations. The below conditions have to be satisfied
by any PDF [8] from mathematical point of view. Equations (2.1) and (2.2) have to be
satisfied by any PDF.

lim
D→0

∫ D

0
f(D)dD = 0, (2.1)

lim
D→∞

∫ ∞
D

f(D)dD = 0, (2.2)

Furthermore, a PDF has to meet the conditions of Eqs. (2.3) and (2.4), i.e., they have to
be positive and normalized.

f(D)dD ≥ 0, (2.3)∫ ∞
0

f(D)dD = 1, (2.4)

Beside fulfilling the mathematical conditions, a practical PDF has to meet the follow-
ing criteria. Firstly, the parameters of a PDF must be stable, i.e., small variations in the
operating conditions must be followed a small variation in the parameters. Secondly, the
fit must be an unique solution; no other reasonable parameter combinations are allowed
to reach a similar fit quality.

6



It is often desirable to provide a representative drop diameter to characterize the
distribution of a given droplet size, standardized by Mugele and Evans [31]. Several
alternative mean diameters can be defined based on Eq. (2.5) [8].

Dpq =
[∫∞

0 Dpf(D)dD∫∞
0 Dqf(D)dD

] 1
p−q

, (2.5)

The representative diameters used in practice are listed in Table 2.1.

D10 Arithmetic mean diameter
D20 Surface mean diameter
D30 Volumetric mean diameter
D32 Sauter mean diameter
D43 Brouckere mean diameter

Table 2.1: Various practical mean diameters.

2.2.2 Dimensionless numbers of atomization
When characterizing a natural process, it is necessary to determine the important prop-
erties of the investigated system at first. This is followed by the selection of quantifiable
characteristics. The next step is to explore the relationships between physical quantities,
assuming that the relationship between physical quantities remain unchanged regardless
of the unit of measure. The dimensional analysis consists of three steps.

1. Specifying the relevant variables, collecting the physical quantities and properties of
the system. A significant bias may be caused by the subjectively selected variables.
These must be physically relevant, have significant effect, and independent.

2. Combining the variables with dimension to form a dimensionless unit, following the
Buckingham π theorem.

3. Finding the appropriate physical explanation for the relationship between the gen-
erated dimensionless numbers and the investigated problem.

In the case of n basic quantities of m variables, a given problem can be written using
n-m dimensionless numbers. If two systems are similar, their dimensional analysis gives
the same result. However, different systems can also result in the same dimensionless
description. The limitations of the application of the dimensional analysis method are
given by the initial and boundary conditions. Dimensionless equations have the advantage
of the result being independent of the measurement units. Besides, these equations can
be applied to any physically similar system, allowing both upscaling and downscaling.

In fluid mechanics, the conservation of mass is expressed by the continuity theorem,
and the momentum balance is expressed by the Navier-Stokes equations. In addition, the
first law of thermodynamics provides the energy balance equation for non-isothermal and
non-isobar processes. In air-blast atomization, the following dimensionless numbers are
used most frequently. Air-to-liquid mass flow ratio, ALR:

ALR = ṁA/ṁL, (2.6)
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where, ṁ, is the air mass flow rate, and subscripts A and L refer to air and liquid,
respectively. ṁA can be calculated from the air outlet cross-section, AA, air density, ρA,
and the air velocity of an adiabatic expansion, wA, at a given pressure and temperature,
shown by Eq. (2.7). The calculation of the adiabatic air discharge velocity is performed
by Eq. (2.8), while the density of the air can be calculated by Eq. (2.9).

ṁA = AA,outρAwA, (2.7)

wA =

√√√√2 κ

κ− 1RTA,0

(
1− p0

p0 + pg

) κ
κ−1

, (2.8)

ρA = pA + pg
R(TA,0 + 273.15)

(
p0

p0 + pg

) 1
κ

, (2.9)

where R = 287J/ (kg ·K) is the specific gas constant of air. κ = 1.4 is the specific heat
ratio, p0 is the ambient pressure, pg is the gauge pressure of the atomizing air and TA,0 is
the atomizing air temperature before the nozzle. The critical pressure, pcr represents the
border between the sub- and supersonic flow regime, as

pcr = p0

[( 2
κ+ 1

) κ
κ−1

+ 1
]
, (2.10)

The Stokes number, Stk is a dimensionless number, characterizing the behavior of the
tiny particles in a fluid flow. The Stk-related analysis of spray symmetry can be found in
Appendix A.

Stk = (ρL − ρA) d0 (wA − wL)
18µL

, (2.11)

where d0 is a characteristic dimension, e.g., a droplet size and µL is the dynamic viscosity.
The Reynolds number, Re, is the ratio of inertial and viscous forces in a fluid:

ReA = wAd0

νA
, (2.12)

ReL = (wA − wL) d0

νL
, (2.13)

where ν = µ/ρ is the kinematic viscosity. The Weber-number, We, is the ratio of inertial
and surface tension forces, which can also be defined for both air and liquid:

WeA = ρAw
2
Ad0

σL
, (2.14)

WeL = ρL (wA − wL)2 d0

σL
, (2.15)

where σ is the surface tension. The Ohnesorge number, Oh, is the ratio of viscous and
surface tension forces by combining Re and We:

Oh =
√

We
Re = µL√

ρLσLd0
, (2.16)
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Beside the mentioned dimensionless numbers, the momentum flux ratio, MFR, energy
flux ratio, EFR, and Mach number, Ma, the local velocity compared to the speed of sound,
are also notable parameters in air-blast atomization. They are defined by Eqs. (2.17)–
(2.19):

MFR = ρAw
2
A

ρLw2
L
, (2.17)

EFR = ρAw
3
A

ρLw3
L
, (2.18)

Ma = wA

a
, (2.19)

where a is the speed of sound, calculated by Eq. (2.20):

a =
√
Rκ(tA + 273.15), (2.20)

Since the SMD of the spray is determined at a single measurement point in our mea-
surements, to characterize this parameter of a fully developed spray, its integral value
should be introduced, the ISMD:

ISMD =
n∑
i=2

(
riD

3
30,ifi

)
/

n∑
i=2

(
riD

2
20,ifi

)
, (2.21)

where D30 is the volume mean diameter, while D20 is the surface mean diameter. f is
the droplet frequency (data rate) in Hz, and r represents the actual radial position in the
spray.
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Chapter 3

Measurement rigs

In this chapter, the measurement rig equipped with a Phase Doppler Anemometer (PDA)
and their corresponding auxiliary systems are introduced in Section 3.2. Its main goal is to
determine the droplet size and velocity for SMD calculation in Chapter 4 and statistical
analysis in Chapter 6. There were two measurement opportunities, one in 2015 and
another in 2017 during summertime. Since there is no laboratory in Hungary which is
equipped with a PDA and can host oil spray measurements, both of them were performed
at the Brno University of Technology, Faculty of Mechanical Engineering. Since the group
of Prof. Jan Jedelský already worked with atomizers, their help was invaluable to end
up with dependable results. The investigated conditions of the two measurement sets are
listed in Table 3.1.

Measurement 2015 2017
Liquids D D, LHO, RO, W

Axial distances [mm] 10, 15, 26.7, 50 20, 40, 60

pg [bar] 0.3, 0.5, 0.7, 0.9, 1.1, 1.6,
2.1, 2.6, 3.1 0.3, 0.6, 0.9, 1.2, 1.8, 2.4

Liquid temperature [◦C] 25 25, 40, 55, 70, 100

Table 3.1: Parameters of the spray measurements by PDA, performed at Brno University
of Technology.

The main difference between the two measurements were the number of liquids tested.
The latter one covers almost two magnitudes continuous viscosity range. The choice
of nozzle downstream distances were evaluated after the measurements in 2015, and the
corresponding values two years later were chosen based on the findings of the first measure-
ment series. Furthermore, some optical adjustments were also applied. The measurement
setup is only detailed for the latest one, which was highly similar during the first mea-
surement series. In Section 3.3, the spray cone angle, SCA, measurement is introduced,
where the main goal was to determine the spray half-cone angle for plain-jet air-blast
atomization since such an information is absent in the public literature.

3.1 The investigated plain-jet air-blast atomizer
Air-blast atomizers were developed in the early 1960s, mainly to replace pressure atomizers
in jet engines, which have narrower operating range [32]. Furthermore, in the case of
pressure atomizers, the fuel concentration near the nozzle is too high, which may lead to
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increased soot formation [33]. The high turndown ratio of air-blast atomizers is due to the
fact that the relative velocity required for atomization is provided by the high-velocity air
from the compressor while the fuel velocity remains relatively low [34]. The air velocity
increases with the load, showing an adaptive behavior. The operating principle of air-
blast atomizers is the kinetic energy transfer of high-speed air to the slow-moving liquid
jet, leading to a rapid disintegration of the fuel jet into tiny droplets.

A burner of a Capstone C–30 gas turbine was examined in this thesis, shown in Fig. 3.1.
In the present case, the mixing tube was removed to isolate the atomizer and avoid liquid
accumulation on its walls, ultimately biasing the measurement results. The liquid flows
through a central pipe with 0.4 mm inner diameter while the atomizing air discharges
from a concentric annulus of 1.6 mm outer and 0.8 mm inner diameter. Therefore, the
wall thickness of the fuel pipe is 0.2 mm. In the present case, the diameter of the liquid jet
was used as a characteristic size, i.e. d0 = 0.4 mm for calculating all Re, We, and Oh [35].
This size was equal to the droiplet size in Stk. This particular atomizer was examined
by several other researchers due to its simple geometry and operation, see, e.g., refs.
[24, 36, 37]. Table 3.2 shows the investigation range in terms of dimensionless numbers,
detailed in Subsection 2.2.2 for four liquids: diesel oil, D, light heating oil, LHO, crude
rapeseed oil, RO, and water, W.

Figure 3.1: Cross-section of the investigated atomizer.

Dimensionless
numbers D LHO RO W

ALR 0.78–2.07 0.78–2.07 0.78–2.07 0.78–2.07
ReA 8969–30037 8974–30047 8979–30058 8994–30075

ReL · 105 227.5–1154.1 50.4–518 15.7–210.2 912.2–3801.5
WeA 988.4–9549 792.5–4640 730.6–5014 289.7–1982

WeL · 103 655.2–4638.2 550.3–2346.4 531.4–2626.4 228.3–1157.4
Oh 0.019–0.036 0.029–0.147 0.077–0.465 0.0028–0.0052

MFR 5.68–31.7 5.91–33.23 6.13–34.8 6.83–37.7
EFR 342.2–4011 370.9–4401 398–4828 494.7–5667
Ma 0.62–1.45 0.62–1.45 0.62–1.45 0.62–1.45

ISMD/d0 0.0216–0.0652 0.0218–0.0656 0.0278–0.0671 0.0244–0.0691
Others D LHO RO W
ṁA 0.243 - 0.724 0.243 - 0-724 0.243 - 0.724 0.246 - 0.724
ṁL 0.35 0.35 0.35 0.35

Table 3.2: Dimensionless number and other important feature related ranges of the in-
vestigation for all the four liquids.
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Figure 3.2 shows Re of the liquid as a function of We at each measurement case. As
pp and pg increase, both dimensionless numbers increases for all liquids. For a pg of either
D, LHO, or RO, We is highly similar in all cases, while that of W is lower, due to the
different material properties, see them in Appendix D.

Figure 3.2: Re as a function of We for all the investigated conditions.

By placing the data points of Fig. 3.2 to a regime diagram of Lasheras and Hopfinger
[2], Fig. 3.3 is obtained. According to the literature, a spray located above the upper
limit of the membrane breakup is considered as good quality, so the larger the We and
Re, the finer the size of the droplets. However, it is important to note that the atomization
regimes were derived for only W [3].

Another plot is the Oh-We diagram, shown in Fig. 3.4. It can be seen that Oh is
depending only on tp as the characteristic dimension was constant, according to Eq. (2.16).
The overall variation of Oh is inversely related to tp. Following the previous trend, We
increases with pg and tp. Again, W lies further from the other data points due to its high
surface tension. Figure 3.5 shows the corresponding regime diagram of liquid breakup
mode [4].

3.2 Measurement rig with Phase Doppler Anemom-
etry

Phase Doppler anemometry (PDA) measurements are performed on single particles, al-
lowing for detailed analysis of particulate flows. The distribution of statistical size and
velocity moments in a flow field can be measured, as well as particle concentration and
local size-velocity correlation [38].

Movement of the measurement point in the flow allows mapping of entire flow fields.
The underlying principle of phase Doppler anemometry is based on light-scattering inter-
ferometry and therefore requires no calibration. Two or more detectors collect the light
scattered by single particles passing through the measurement volume [38].

12



Figure 3.3: Investigated data points on the regime diagram of Lasheras and Hopfinger
[2, 3].

Figure 3.4: We as a function of Oh in case of different kind of liquids for all the investi-
gated conditions.

The difference between the photo-detectors can be found in the optical path length for
the reflections from the two incident beams. Basically this means that, when the particle
passes through the measuring volume, both photo-detectors receive a Doppler burst of
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Figure 3.5: Investigated data points on the regime diagram of Faeth et al. [4, 3].

the same frequency, but the phases of the two bursts vary with the angular position of
the detectors. This phenomenon was first utilized as an indication of the size of a particle
by Durst & Zaré, who presented their paper Laser Doppler Measurements in Two-Phase
Flows in 1975 [39].

The phenomena of light scattering can be visualised by ray tracing. For example,
the light which is incident on a water droplet is partially reflected from the surface and
partially transmitted and refracted in both forward and backward directions after one
internal reflection. The scattered light intensity is not uniform in all directions and also
depends on the relative refractive index.

Although phase Doppler anemometry is a well established technique for measuring
size and velocity of spherical particles, there exist some principle difficulties with the
measurement of large particles, in particular when the system is set up to detect re-
fractively scattered light, as is usually the case in spray investigations. Large in this
connection means that the particle diameter exceeds about one third of the diameter
of the measurement volume. In such cases erroneous size measurements may lead to a
significant reduction of accuracy in estimating volume weighted flux and concentration,
since the volume is proportional to the third power of diameter. Two effects have been
identified as potentially leading to incorrect size measurements which are the trjectory
effect and the slit effect. Both effects arise when the PDA system is set up to receive
refractively scattered light, as is typical for applications to sprays, but instead receives
reflectively scattered light. Those signals are then also processed with the phase-diameter
relationship based on refraction and thus lead to incorrect size measurements [40].

The DualPDA combines a conventional two-detector PDA and a planar two-detector
PDA in one single optical receiving probe and therefore requires at least a 2D transmit-
ting optics [40]. The basic concept of the DualPDA is to make two independent size
measurements, using for one the conventional PDA and for the other the planar PDA.
Each system will yield the same result if only refractively scattered light is received at
the photodetector and the particle is spherical. If however, reflectively scattered light
dominates, due either to the slit effect or the trajectory effect, each system will yield a
different size and they will no longer agree. This redundancy can therefore be used as a
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validation criteria to avoid the slit effect and the trajectory effect [41].
This type of PDA was the most suitable measurement technique for our purposes. The

used PDA system at Brno was manufactured by Dantec Dynamics A/S (Skovlunde, DK).
This is able to detect droplet sizes in the range of micrometer, continuously recording
velocity, size, and concentration of spherical particles, droplets, bubbles and even air-
liquid vapor mixture [41]. The experimental atmospheric test rig, which was principally
used for the determination of droplet size and velocity, is shown in Fig. 3.6 [35].

Liquid tank

Atomizing air

PC

        Mass flow meter 1

     Liquid control valve

Thermocouple

         Mass flow meter 2

Exhaust and ventillation
             system

Atomizer

Pressure transducer

Liquid filter

Liquid preheater

HAGA

   Toroidal 
transformer

Pressure regulator

   Signal
processor

Pt100

PID controller

0 100

70 °C

1.26 kg/h

Rotameter

Figure 3.6: Schematic drawing of measurement rig, featuring piping and instrumentation
for the liquid and atomizing air.

The atomizing air was supplied by the central compressed air network of the labo-
ratory. The first part of the system was a combined pressure regulator-filter, which was
followed by a mass flow meter, then a subsequent pressure regulator for precision at-
omizing air gauge pressure, pg, adjustment. A pressurized tank was used to supply the
liquids into the atomizer. This would be more challenging with any pump since they are
volumetric devices in this small size, and they would superimpose an excessive fluctua-
tion in liquid flow for the precision measurement. Nevertheless, this is acceptable in a
practical application. Even though the liquid delivery is smooth, manufacturing defects
of the atomizer may affect the spray, which principally affects spray symmetry. Details
are provided in Appendix A.

A control valve and a Coriolis mass flow controller Mass 2100 Di3 fitted with the Mass
6000 transmitter (Siemens AG, GE) was applied to set a constant 0.35 g/s liquid mass
flow rate with an accuracy of ±0.1% of the actual flow rate [35].

The fuel mass flow rate selection was derived from 40% of the maximum power of
the gas turbine burner, which features the investigated atomizer. Another reason for this
mass flow is that the 15 kW combustion power has been tested in previous measurements
since this value is the lowest stable power. Since the SMD correlations were already
present in the literature for a wide range of flow rates, the extension of these formulas
were investigated principally.
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In the case of spray cone angle related analysis, the mass flow rate was also selected
based on the previously described reasons. Although it would be expedient to carry out
measurements at different mass flows here, along the analysis of dimensionless numbers,
for theoretical reasosns, significantly different results are not expected.

A rotameter was also installed into the liquid line for visual checking. Both liquid and
atomizing air lines were equipped with piezo-resistive pressure transducers, DMP 331i
(BD SENSORS s.r.o., CZ), and B class Pt100 resistance thermometers. The uncertainty
was 2 kPa and 0.3 ◦C in the pressure and temperature sensing, respectively. The resulting
ALR range of all measurements was 0.78-–2.07, which was calculated by Eq. (2.6) [35].
The atomizing gauge pressure values, pg, were selected based on previous experience from
combustion tests [42], including both sub- and supersonic regimes in terms of atomizing air
discharge velocity, calculated by Eq. (2.8). Therefore, the following pgs were set: 0.3, 0.6,
0.9, 1.2, 1.8, and 2.4 bar. The critical pressure, pcr, can be calculated based on Eq. (2.10),
the corresponding value was 0.89 bar under atmospheric conditions. The lowest pg was
selected, based on the criterion of stable combustion in the hot test cases, which were
performed without spray measurement [43, 44]. A liquid preheater was also installed in
the liquid line, used for all tested liquids. The preheating process was essential for high-
viscosity liquids in the case of hot tests. It was controlled by a PID unit, made by HAGA
Kft., using a temperature control signal of a Pt100 resistance temperature sensor [35]. A
toroidal transformer was also used to set only the necessary heating power for the PID
control to avoid outlet temperature oscillations. The following preheating temperatures,
tp, were investigated for D, LHO, and RO: 25, 40, 55, 70, and 100 ◦C. W is an exception
since the maximum temperature was 90 ◦C to avoid boiling, but the lower tp values were
the same as for the other liquids [35]. The relevant physical properties of the liquids and
their measurement methods are presented in Appendix D.

The PDA measurements were performed at three axial distances from the nozzle,
z = 20, 40 and 60 mm. In all cases, equally spaced radial points were selected along
the X and Y axes. At z = 60 mm fifteen points were selected with 2 mm step size, at
z = 40 mm, thirteen points were selected with 2 mm step size, and seventeen points
were selected at z = 20 mm with 1 mm step size. Based on the 2015 measurement,
the z < 20 mm regime was not examined [45] because of the excessive droplet velocities
that hit the limitation of the PDA system, ≈ 300 m/s. At z = 60 mm, the spray
was considered as fully developed, homogeneous, and stable. Furthermore, in the closer
regimes to the nozzle, the corresponding validation rates, i.e., the sphericity and hence
efficiency of data collection were significantly decreased. Overall, z = 60 mm can provide
suitable conditions for ISMD calculation, using Eq. (2.21).

The actual PDA measurement is performed at the intersection of two laser beam
pairs. A schematic outline of its operation is shown in Fig. 3.7 with measurement points
indicated along X and Y directions. Here, the optical system was fixed, while a computer-
controlled 3D traverse system moved the atomizer. The operational principle of the PDA
is based on the fact that the particles in the flowing medium scatter the light, and they
flash through the laser beam [41]. The droplets reflect and refract a portion of the beam
of light and allow the remainder to pass and refract. The scattered rays interfere, and the
resulting signal is detected by an optical receiver at the right distance and angle.

A Spectra-Physics (CA, USA) Stabilite 2017 argon-ion laser produced a multi-line laser
beam, which was split by a 60X41 transmitter into its color components. Green and blue
colors with wavelengths of 514.5 and 488 nm, respectively, were used and divided into two
equivalent, horizontally polarized beams. A Brag cell, implemented in the transmitter,
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Figure 3.7: Setup of the PDA system.

provided a frequency shift of 40 MHz to one beam from each pair. Transmitting optics
60X81 2D 85 mm with 50X82 beam translator provided the two pairs of green and blue
laser beams, which were used for the axial and radial velocity measurements, respectively.
A 57X50 fiber PDA receiver optics was used with a lens of 112 mm diameter. The focal
length was 310 and 500 mm for the transmitting and the receiving optics, respectively.
The half-intersection angle between the laser beams was set to 6.92°. Dimensions of the
measurement volume were lx = 0.60 mm, ly = 0.072 mm, lz = 0.073 mm, according to
the coordinate system. A spatial filter with a slit size of 0.1 mm was used to reduce the lx
dimension of the measurement volume. The scattering angle was set to Brewster’s angle,
68°.

The measured signals were processed by the BSA P80 flow and particle processor,
and visualized by the BSA Flow Software v5.2. The modular instrument was configured
for the measurement in the dense spray containing small droplets. The droplet velocities
notably varied in space and were sensitive to the inlet conditions. Hence, the system
parameters were set individually for different inlet pressures and axial distances from the
atomizer nozzle.

The maximum droplet size to measure was set to 64.1 µm with a size resolution of
0.05 µm. Uncertainty is neither discussed in detail by the PDA manual, nor by the public
literature. However, it is claimed to be < 5%. The 5% related measurement error is
our most accurate source provided by the manufacturer. To the best of my knowledge,
no publication was made based on Gaussian error term estimation. The main reason for
this is that velocity and size are measured in parallel. However, size and velocity are not
independent physical quantities and cross-correlation should also be considered. Thus,
the literature on the error calculation procedure of laser PDA measurement technology
provides neither a procedure nor more accurate results. Besides, it is important to pay
attention to the physical barrier caused by wavelength of the green light, as the device is
unable to detect real droplets below 0.532 µm. The particle refractive index was set to
1.45 for all oils and to 1.33 for water, based on the BSA Flow Software database. The
axial and radial velocity range was set from 0–64 m/s to 0–144 m/s and 0–46 m/s to 0–
98 m/s, respectively, considering the effects of axial distance from the atomizer nozzle and
pg on the maximum droplet velocity. For this reason, the velocity span was adaptively set
from 128 m/s to 192 m/s. The velocity resolution was 0.002%, and the uncertainty was
less than 1% of the selected range. The PDA system was set to acquire 40,000 individual
particles or measure for 15 seconds. The latter condition was fulfilled in the low-density

17



regions [35].
In connection with the error, the repeatability of the measurements can also be men-

tioned, which can be repeated at a significance level of 95%. Basically, measurements
were made at different sample numbers (20,000–120,000), where SMD distributions and
velocity profiles were also compared. However the largest difference in case of SMD was
± 1%, and in case of droplet velocity the differences was even much smaller.

3.3 Spray cone angle measurement rig
The purpose of this measurement is to create digital images of the resulting spray, which
can be used to determine the spray cone angle, SCA, by the in-house digital image post-
processing algorithm. The determination of the measurement matrix was based on the
PDA measurements, shown earlier in Table 3.1, and the SCA measurement details can
be found in Table 3.3. This system consists of a steel frame, a fluid supply and collection
system, and an air system. The pressure of the atomizing air was adjusted by a pressure
regulator valve in the range of 0.3–2.4 bar in 5 steps with 1 kPa accuracy. The atomizing
air also keeps the liquid tank under pressure, thereby driving liquid flow. The liquid vol-
ume flow rate was measured with a positive displacement flow meter (Omega FPD3202),
with < 2.7% uncertainty at 95% significance level.

The explanation for the application of volume flow measurement in different ways is
that tthis measurements were performed in different countries compared to the previous
one. The PDA measurements were carried out in the Spray Laboratory of the Technical
University of Brno, where the necessary measuring equipment was local. To determine the
cone angle of the spray, a unique measurement system was developed in Hungary, where
the equipment of measurement in the György Jendrassik Thermal Engineering Laboratory
was used. The Coriolis measuring device used in the Czech Republic was able to provide
the set mass flow with an accuracy of 0.1% . From this, it can be concluded that the flow
meter operating on the Coriolis principle is more accurate, but its cost is much higher.

The same electric heater system was used as in the PDA measurements, shown in in
Fig. 3.6, and the liquid temperature was adjusted between 25 and 85 ◦C in five 15 ◦C
steps. The signal for temperature control was provided by a B class Pt100 resistance
thermometer with <0.8% accuracy. This sensor was located right before the atomizer
liquid inlet port. The SCA measurement rig is shown in Fig. 3.8a.

Property Selection

Investigated liquids D, LHO, RO, W
pg [bar] 0.3, 0.6, 0.9, 1.6, 2.4
tp [°C] 25, 40, 55, 70, 85

Shutter speed [s] 1/60, 1/80, 1/100

Table 3.3: Parameter matrix of the SCA measurement.

In order to take good quality images, it is essential to have an exhaust system that
removes the accumulated mist from the test volume. Without this, the edge detection
of the spray is difficult. However, an excessive suction flow rate will affect the shape of
the spray, so a fan with a power of 37 W was used, which provided 280 m3/h air flow
rate. Initially, it was hypothesized that the shutter speed affects the SCA as a longer
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Figure 3.8: Schematic drawing of a) liquid and atomizing air piping and their correspond-
ing instrumentation, and b) optical setup of SCA measurement.

exposure time allows more information to be collected in the peripheral regime where the
droplet mass flux is low. Hence, 1/60, 1/80, and 1/100 s shutter speeds were used to reach
relatively sharp images. Five pictures were recorded with all three corresponding settings,
which means 1500 images in total to be processed, based on Table 3.3. The pixel-to-mm
conversion factor in these images was 15.5. The spray was imaged in front of a black
plate by a Panasonic DMC-TZ80 commercial digital camera, and illuminated from the
front in a small angle by a commercial 50 W LED spotlight, shown in Fig. 3.8b. The
image resolution was 18 MP, while the focal ratio was 4.3. Since the air-blast atomization
generates a relatively dilute spray for the SCA measurement, the position of the LED
light had no notable influence on SCA determination.
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Chapter 4

Sauter Mean Diameter estimation

Proper SMD measurement requires expensive technologies and highly qualified engineers.
Since its analytical or numerical approximation is not possible presently, empirical, and
semi-empirical correlations are in use. Thus, in the current chapter, the main formulas
known in the public literature are presented. All the correlations are based on light-
scattering laser measurement techniques, except Eq. (4.1).

Although the current overview lists SMD estimation formulas based on non-invasive
measurement results, due to its historical significance, Nukiyama and Tanasawa [46] is
also mentioned, since they were the first researchers who investigated air-blast atomizers
systematically. In addition, all other correlations presented below were made with the help
of optical measuring devices. Their measurement method was using an insert, coated with
magnesium oxide powder, and then examined the impacted droplets under a microscope.
Based on their results, they established Eq. (4.1):

SMD = C1 ·
(

σ

w2
R · ρL

)0.5

+ C2 ·
(

µL

ρL ·
√
σL

)0.225

·
(
QL

QA

)1.5

, (4.1)

where σ is the surface tension, wR is the relative velocity between the air and liquid, ρ is
the density, µ is the dynamic viscosity, and Q is the volume flow rate. A and L subscripts
refer to air, and liquid, respectively, and C1 and C2 are empirical constants. Following their
pioneering work, several new formulas were established; however, the physical quantities
to be considered remained similar.

In 1980, Lefebvre [47] summarized the available measurement results, and Eq. (4.2)
was introduced for estimating SMD. This equation is the most widely used one for
atomization, principally derived for prefilming-type atomizers [47]. It can be seen that
SMD is primarily governed by We, Oh, and ALR which were also discussed by other
researchers, see, e.g., [3, 27, 7] review works.

SMD = d0 ·
(

1 + 1
ALR

)
·
(
A ·WeCA +B ·OhEL

)
, (4.2)

where ALR is the air-to-liquid mass flow ratio, We is the Weber number, Oh is the Ohne-
sorge number, and A,B,C and E are empirical constants. In Eq. (4.2), the dimensionless
form of each term of Eq. (4.1) is identifiable. In each case, the velocity in the We-related
equation represents the relative velocity between fluid and air. Lefebvre suggested C =
-0.5 and E = 1. Reducing the parameters from four to two also helps avoid overfitting.
Nevertheless, four variations of Eq. (4.2) in terms of C and E parameter values were
investigated, summarized in Table 4.1.
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modified Eq. No. value of C value of E

(4.2a) (-∞, ∞) (-∞, ∞)
(4.2b) [-5, +5] [-5, +5]
(4.2c) -0.5 0.5
(4.2d) -0.5 1

Table 4.1: Investigated variations of Eq. (4.2)

Equation (4.2a) represents a four-parameter variation without any restriction. Eq.
(4.2b) is limited to [-5, 5], which helps in the convergence of fitting since these values were
mostly in this regime. In the case of Eq. (4.2c) and Eq. (4.2d), the exponents are fixed at
C = -0.5, E = 0.5 and C = -0.5, E = 1, respectively, resulting in two free parameters. The
reason for two fixed exponents of Oh is that the value of E was mostly between 0.5 and
1 during the fitting of Eqs. (4.2)a and (4.2)b. Note that the measurement data used to
derive Eq. (4.2) in ref. [47] are not discussed in scientifically adequate detail. Therefore,
the range of validity of the upcoming equations is summarized only in Table 4.2, later in
this section. In addition, most researchers worked from this context and created their own
formulae or extended the scope of this relationship. This was initially derived by Lefebvre
based on large amounts of measurement data for air-assisted atomizers of various designs.
Nevertheless, researchers in the field of atomization in the initial phase recognized the fact
that the characteristics of the mean droplet diameter can be described by the sum of two
groups endowed with characteristic phyisical quantities (SMD = SMD1 + SMD2). In
an article published in 1980 by Lefebvre [47], SMD1 showed a correlation with the Weber
number, while SMD2 showed a correlation with the Ohnesorge number. Since this fitted
best to the real measurement data. Thus, other methods have a developed theoretical
background in vain if they do not work generally and well enough. If the dimensionless
characteristics of the generated spray are in the smae range on the Re-Oh and We-Oh
diagrams, then the descriptor can be considered physically identical. From these, it can
be seen that if the more theoretical materials do not work, it only proves that their initial
hypothesis was not precisely defined or not at all correct. The initial validity range of the
formulae for atomizing pressure was 0.01 to 0.2 bar, which the researchers sought to extend
over the years in parallel with the development of the technical background. Furthermore,
based on the results og Heng et al. [48], it can be seen that the value of SMD does not
depend on the ambient pressure, only on the mentioned dimensionless numbers (We, Oh).
In the literature published by them, the ambient pressure was increased to 12 bar, thus the
extended correlations which based on this formulae can also be valid for under pressure
and even firing conditions. The We and Oh numbers were determined purely empirically
as a result of the favorable correlation with large-scale measurement results, however
detailed research on the underlying theoretical background is still ongoing. However, in
the case of diesel engines, the statement regarding the pressure dependence is not true, as
the pressure there can reach 70-80 bar. The statement is true for smaller and indsutrial
units, but jet engines are now able to reach a pressure ratio of 60, so the results need to
be reviewed for this range.

Rizk and Lefebvre [49] slightly adjusted the constants of Eq. (4.2) in order to get a
better match with their measurement results, which can be seen in Eq. (4.3), where F
= 0.48 and G = 0.15 are frequently used parameter values in numerous papers, dealing
with air-blast atomization. For reference, see, e.g., [50, 51, 52, 53, 24, 54].
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SMD = d0 ·
[
F ·WeA

−0.4 ·
(

1 + 1
ALR

)0.4
+ G ·OhL ·

(
1 + 1

ALR

)]
, (4.3)

El-Shananawany and Lefebvre [55] investigated a prefilming atomizer, which was de-
veloped by Lefebvre and Miller [32]. The fitted equation to the measurement data is
shown in Eq. (4.4).

SMD = d0 ·

H ·WeA
−0.6 ·

(
ρA
ρL

)0.1

+ I ·OhL

 · (1 + 1
ALR

)
, (4.4)

Equation (4.4) is very similar to Eqs. (4.2) and (4.3), thus demonstrating that air-blast
atomization is principally governed by the atomizing conditions, hence, the atomizer
design has less influence.

By the advancement in gas turbine and rocket technology, spray characteristic esti-
mation moved towards higher-speed atomization. Thus, in 1992, Lefebvre [56] derived
Eq. (4.5) in a purely theoretical way.

SMD = 3 · d0 ·
(

1 + 1
ALR

)
·
(

4 ·WeA

2 + J

)
, (4.5)

Here, J has already received physical meaning, which is proportional to the efficiency
of atomization. Although there was no efficiency calculation discussed in ref. [56], this
publication is of paramount importance because it no longer contains Oh, thus makes
SMD estimation free from the liquid viscosity. The atomization mechanism was named
as prompt spraying. Eq. (4.5) is merely the result of a theoretical derivation, and it was
validated neither in ref. [56], nor later by other researchers.

Lorenzetto and Lefebvre [57] derived Eq. (4.6), which was published in 1977. Hence,
it was a pioneering work of Lefebvre, which preceded a few of the above SMD estimating
formulas.

SMD =

K ·
[

(σL · wL)0.33

wR · ρL0.37 · ρA0.3

]
+ L ·

(
µL

2 · d0

σL · ρL

)0.5
 ·

(
1 + 1

ALR

)1.7
, (4.6)

In this case, although Oh can be found with a non-dimensional empirical coefficient of L,
the other coefficient, K, has m0.33 dimension to be correct. In Eq. (4.6), the determined
exponents are empirical numbers, which are likely to be influenced by the atomizer geom-
etry. For these reasons, Lefebvre later made little use of this result. However, this highly
empirical relationship was also evaluated by Chong and Hochgreb [52] in 2015.

Jasuja [58] investigated a prefilming atomizer with heavy fuel oil. He has derived
Eq. (4.7):

SMD = M ·
(

σL

ρA · wA2

)0.45

·
(

1 + 1
ALR

)0.5
+ N ·

(
µL

2

σL · ρL

)0.4

·
(

1 + 1
ALR

)0.8
, (4.7)

Equation (4.7) was derived from Eqs. (4.2) and (4.4) with a slight modification in the
exponents. The characteristic geometric size, which is the thickness of the liquid film, has
been removed from the equation. Empirical parameters, M and N , were 0.19 and 0.127,
respectively. The units of M and N are m0.55 and m0.6.

Varga et al. [27] attempted to outperform empirical formulas so that they focus not on
droplet size but the jet of liquid at high-velocity atomization. The developed formula can
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be seen in Eq. (4.8). Although their efforts contributed greatly to the understanding of
the atomization process, an empirical parameter, O, is still included in the corresponding
equation.

SMD = 0.68 ·O0.5 · (ρL · νA)0.25 · σ0.5
L

ρA0.75 ·
(
wA ·

(
1 + (ρA/ρL)0.5

)
− wL

)
· wA0.25

, (4.8)

In this equation, the viscosity of the liquid was replaced by the ambient air viscosity.
Although their efforts have contributed significantly to the understanding of the atom-
ization process, the O constant remains here with m0.5 dimension. This term is probably
related to the characteristic size of the atomizer.

The viscosity of the liquid was also rejected by Park et al. [59]. Compared to Eq. (4.5),
the atomization efficiency was here approximated by a polynomial, but the results are thus
difficult to generalize.

SMD = 12 · d0

8 + WeL/ (1 + ALR/η) , (4.9)

η = P · ṁL
0.773

( pt
p0

)3

− 15.1 ·
(
pt
p0

)2

+ 65 ·
(
pt
p0

) , (4.10)

Equation (4.11) is focused on diesel oil atomization, where T is also an experimental
parameter [60].

SMD = d0 ·
(

1 + 1
ALR

)
·
(
V ·WeA

−0.5
)
, (4.11)

The conclusion, which leads to Eq. (4.11), was that Oh plays a negligible role in the case
of high-velocity atomization. Moreover, V was in good agreement with the typical values
of A from Eq. (4.2) under the same fitting boundary conditions, regardless of different
atomizer design, i.e., plain-jet vs. prefilming-type [35]. This can be explained by the fact
that in the case of maximizing the quality of fitting, the value of B from Eq. (4.2) is
given by having a minimum added value with respect to the product of Oh concidering
the SMD.

In the following five basic correlation types will be involved in the deeper investigations.
For this reason, Table 4.2 summarizes the range of investigation of the above mentioned
equations except for Eq. (4.2) since it was not discussed in ref. [47].

Interestingly, only a few papers discuss air-blast atomization under supersonic con-
ditions, see, e.g., refs. [52, 61, 59, 62]. Kihm and Chigier concluded that air discharge
velocities above supersonic reduce SMD only due to the increased relative velocity. Even
though there are shock waves present, they negligibly affect the droplet size. Therefore,
the supersonic and subsonic regimes can be presented and discussed in the same diagram
without concerns.

4.1 Parameter fitting to experimental data
Individual droplet sizes are measured at different spray points. The individual spray
points in the spray were determined on the basis of a predefined measurement matrix. In
terms of axial distance (distance from the nozzle) 3, a more significant section in terms
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Eq.
Liquids
em-

ployed

σ
1× 10−3

[N/m]

ρL
[kg/m3]

µL
1× 106

[kg/ms]

wA
[m/s] ALR [-] SMD

[µm]

(4.3)

Kerosene,
gas oil,
blended
oils

27 - 29 780 -
840 1.3 - 3 10 - 120 2 - 8 15 - 110

(4.6)

Water,
kerosene,
special
solu-
tions

26 - 76 794 -
2180 1 - 76 60 - 180 1 - 16 20 - 130

(4.7) Residual
fuel oils 21 - 74 784 -

1000 1 - 53 70 - 135 2 - 18 35 - 120

(4.8) Water,
ethanol 23 - 70 791 -

998 1 - 1.2 30 - 165 3.9 -
25.6 18 - 170

(4.11) Diesel
oil 28 830.3 3.45 207 -

445
0.78 -
2.3 5 - 100

Table 4.2: The validity of the examined equations published by the authors. Note that
ALR in Eq. (4.8) was not discussed in ref. [27]; however, it is an estimation based on the
atomizer geometry and the measurement results.

of velocity was defined, and then at these distances from the nozzle in the X and Y
directions, 40,000 drops were detected at each individual spray point that passed through
the measurement range. A representative feature of the 40,000 detected droplets is the
volume-to-surface mean droplet diameter, which facilitates comparison between individual
points. Thus, different points contain different SMD values, but we also have the option of
using ISMD, which is able to estimate a representative droplet diameter by correcting the
validation rates and the currently detected droplets, taking into account all measurement
points on a complete spray plane collection of drops, as the detection time of the droplets
was uniformly limited to a time limit of 15 s.

For the sake of clarity, the above mentioned structure is introduced in Fig. 4.1.
Parameters of each SMD-estimating equation were determined using the least-squares

method: ∑
i

[SMDcalc(Pi)− ISMDmeas]2 = min., (4.12)

where Pi represents all the parameters in Eqs. (4.2), (4.3), (4.6), (4.7), (4.8) and (4.11),
and ISMD is the integral SMD of the spray. Since SMD is a local parameter of a single-
point measurement by the PDA, it has to be integrated over the spray cross-section to
end up with a single SMD value which characterizes the spray, ISMD. Its calculation is
discussed by Jedelsky and Jicha [63]. The subscripts calc and meas refer to the calculated
and measured values, respectively.

The parameter fitting was implemented in MatLab software environment, where the
parameters of each equation were defined as symbolic variables. To ensure the best fit,
a Globalsearch solver engine was applied; it uses a Scatter Search (ScS) mechanism to
generate the starting points. ScS is a population-based metaheuristic algorithm to perform
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Figure 4.1: Representation of axial distances from the nozzle and the radial-orianted
individual points where droplet sizes were measured.

a search for the problem domain intelligently. Hence, beside Eq. (4.2a), Eq. (4.2b) was
added to have a finite search space for parameters C and E . The solver analyzes a set of
starting points and rejects those that are unlikely to improve the best local minimum found
so far. The population elements are then updated. ScS differs from other population-based
evolutionary heuristics, like genetic algorithms (GA), mainly in the way of generating new
candidates of the population. It uses deterministic combinations of previous members of
the population as opposed to a more extensively used randomization in GAs. It embodies
principles and strategies that are not yet emulated by other methods and prove to be
advantageous for solving a variety of complex optimization problems [64].

4.2 The temperature-dependence of the SMD-
estimating formulas

Figure 4.2 shows ISMD of the measured data at tp = 25 ◦C and z = 60 mm for D and RO.
While Fig. 4.2a suggests that all the formulas provide a suitable estimation for SMD, Fig.
4.2b reveals that the effect of viscosity is poorly treated by Eqs. (4.8) and (4.11). These
are the two extreme examples where the liquid viscosity was low (D) and high (RO) while
the rest of the measurement parameters were matched.
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The figure related explanation was extended with the following content: Oh was ne-
glected in ref. [45], however, high viscosity RO liquid causes a significant error. Therefore
Eq. (4.11) is only capable for estimating the SMD for low viscosity and high-velocity
D atomization without preheating. This finding was an outcome of the extensive PDA
measurements in 2017.

Nevertheless, this was evident only in the latter case since Oh is absent in Eq. (4.11)
[45]. Concluding from the results, it was a general observation, when the liquid viscosity
was below ∼4.3 mm2/s, all the formulas provided a fair estimation for ISMD, includ-
ing Eq. (4.11), where the term containing Oh is missing. For the investigated liquids,
the material properties are measured and summarized in Appendix D. This finding and
the modern PDA system answers why Kulkarni and Deshmukh [65] achieved the best
estimation of SMD in the case of air-blast atomization of water by using Eq. (4.11).
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Figure 4.2: Fitted SMD-estimating formulas at tp = 25 ◦C and z = 60 mm in the case
of a) D and b) RO. Note the log-log scales.

To evaluate the fit quality quantitatively, R2 values were summarized in Table 4.3.
Equations (4.2a), (4.2b), (4.2c), (4.2d) and (4.3) represent a single type of SMD-
estimating formulas. The exponents in Eq. (4.2a) were not limited. However, their typical
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values were in the [-5, 5] range. To achieve faster convergence and more accurate results,
the exponents in Eq. (4.2b) were limited to this range. Note that the equations were fitted
to the six measured pressure points for a given liquid and tp. Hence, four parameters facil-
itate an overfitting of the equations. Since the exponent of Oh often fell between 0.5 and
1, both values were examined by Eqs. (4.2c) and (4.2d), respectively, see Table 4.1. There
is no significant difference between them up to 55 ◦C, but the latter one fits slightly better
to the experimental data. Therefore, Eq. (4.2d) is the preferred variant of Eq. (4.2) in
the upcoming analyses. Eq. (4.3) fits well with the present data; nevertheless, it contains
only modified exponents. Since Eqs. (4.8) and (4.11) were unable to estimate the SMD
with at least R2 = 0.75 in several occasions, they were omitted in the subsequent parts.
Even though Eqs. (4.6) and (4.7) are less popular in the atomization literature since the
exponents were fitted to a limited data set without a deep theoretical analysis; their fit
quality is excellent. As for z = 20 and 40 mm, the fitting method worked similarly as
discussed above. The difference was of less accurate fit, i.e., ≈0.03 lower R2 values at
z = 40 mm and ≈ 0.06 decrease in R2 at z = 20 mm. However, the spray was not
considered as fully developed at these downstream distances [45].

Table 4.3: R2 of equation fitting for all the examined liquids at various tp.

tp [°C] Liq./Eq. (4.2a) (4.2b) (4.2c) (4.2d) (4.3) (4.6) (4.7) (4.8) (4.11)   

25 

D 1.00 1.00 0.99 0.98 0.99 1.00 1.00 0.95 0.83   

LHO 0.98 0.98 0.97 0.97 0.98 0.98 0.98 - -   

RO 0.99 0.99 0.98 0.99 0.99 0.99 0.99 - -   

W 0.98 0.97 0.96 0.96 0.97 0.96 0.97 0.82 -  1.00 

40 

D 1.00 1.00 0.99 1.00 0.97 0.98 0.95 0.86 0.79  0.98 

LHO 0.99 0.99 0.98 0.98 0.99 0.99 0.99 - -  0.96 

RO 0.95 0.97 0.95 0.95 0.96 0.97 0.95 - -  0.94 

W 0.98 0.98 0.97 0.95 0.98 0.97 0.98 0.82 -  0.92 

55 

D 1.00 1.00 0.97 0.98 0.97 0.97 0.98 0.83 0.75  0.90 

LHO 1.00 1.00 1.00 1.00 1.00 1.00 1.00 - -  0.88 

RO 0.97 0.97 0.96 0.96 0.97 0.98 0.97 - -  0.86 

W 0.98 0.97 0.96 0.95 0.98 0.96 0.97 0.86 0.76  0.84 

70 

D 1.00 1.00 0.95 0.99 0.96 1.00 0.96 0.90 0.84  0.82 

LHO 1.00 1.00 0.92 1.00 0.98 1.00 0.96 0.81 -  0.80 

RO 0.98 0.97 0.95 0.96 0.97 0.97 0.97 - -  0.78 

W 0.98 0.97 0.94 0.96 0.97 0.96 0.96 0.89 0.81  0.75 

100 

D 1.00 1.00 0.94 1.00 0.95 0.97 0.96 0.87 0.80   

LHO 1.00 1.00 0.91 0.99 0.95 0.98 0.94 0.94 0.89   

RO 0.98 0.98 0.97 0.97 0.96 0.97 0.98 - -   

W 0.99 0.99 0.98 0.98 0.97 0.96 0.99 0.81 -   

 

To further simplify the results and evaluate the physical outcome of the curve fitting,
the variation of experimental parameters as a function of tp is shown for the following
equations: (4.2d), (4.3), (4.6), and (4.7). Table 4.1 shows the parameters for Eq. (4.2d);
however, the other variants of Eq. (4.2) showed similar results. Note that all the following
figures contain the estimated parameter values based on the additional terms in Eq. (4.13).

In Fig. 4.3a, the A parameter value remained constant across the entire test range for
the low viscosity D and W. However, LHO and RO showed a mostly linear temperature
dependence. A transition point can be identified for LHO at tp = 70 ◦C when further
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Figure 4.3: Temperature dependence of A and B parameters of Eq. (4.2d) for all liquids,
indicating the fitted trends for all liquids.

liquid preheating does not affect A. Such a transitional behavior is already suggested
by the flat trends of D and W, while preheating notably affects RO in the investigated
temperature range. Hence, a phenomenon called as limiting viscosity can be introduced. It
means that there is a viscosity value below which any further reduction in liquid viscosity
does not affect ISMD beyond the temperature-dependent material properties already
included in the formula, even if the viscosity is further lowered, e.g. by increasing the
liquid temperature. Therefore, this limit defines a target for the degree of liquid preheating
in applications. The limiting viscosity is estimated as νL,lim = 4.21 mm2/s in the present
measurement configuration for LHO by using Eq. (4.2d) and is located at 56 ◦C. This
value of νL,lim was derived assuming that A was accurately calculated at tp = 100 ◦C and
tp = 25 ◦C. Note that the error of A25 ◦C and A100 ◦C affects the determination of νL,lim;
therefore, a focused investigation is necessary to reduce the uncertainty of the present
estimation. Hence, a tp-dependent factor can be introduced to the first term in Eq. (4.2).
Concluding from this, an atomizer measurement at ambient temperature may be sufficient
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for predicting its ISMD at elevated tp. However, the transitional behavior of LHO is not
sharp and may require further investigations, even with other liquid types. The variation
of A in the case of RO has a slightly higher slope than that predicted, which might be
further investigated, focusing on various high-viscosity liquids above νL,lim.

Figure 4.3b shows the variation of the B multiplyer of Oh in Eq. (4.2d). Among
the physical parameters of the liquids, a division of parameter B with the temperature-
dependent kinematic viscosity – without considering νL,lim – was able to fit all measure-
ment data in all the cases. The above results are included in Eq. (4.13), which is an
updated form of Eq. (4.2d).

SMD
d0

=
(

1 + 1
ALR

)Atr ·

tp
tr
, if νL > νL,lim

1, if νL,tr 6 νL,lim
(tp at νL,lim)

tr
, if νL 6 νL,lim

·We−0.5
A +Btr

(
νL,tr
νL

)0.5
OhL

 ,
(4.13)

where tr is the reference temperature, which was 25 ◦C in the present case. If tr is a
subscript, it reads as ‘at the reference temperature.’ Therefore, parameters A(tp) and
B(νL) were corrected as described above to follow the effect of liquid preheating. Hence,
they became univariate functions.

The coefficient of We plays a more dominant role in dealing with the effect of viscosity
than Oh, which tends to track the change in surface tension as a function of temperature.
Therefore, since We are associated with parameter A, this is the main reason for the
in-depth analysis of the viscosity relationship of parameter A. The effect of viscosity is
related to the formation of different strip structures.

Furthermore, based on We-Oh provincial classification at 3.5, it can be seen that
each of the conditions studied can be described along a given atomization mechanism [4].
Based on this diagram, the upward-curving trends limit the “shear breakup” range, so it is
already possible to talk about a different atomization mechanism in the part outside this.
However, the beginning of the parts that apply to us are at least 1 order of magnitude
larger with respect to the minimum of We. In contrast, the diagram does not provide
information on the upper curved section of Oh, however, it is clear from the extension of
the curve that the range can be found above the Multimode breakup range, which would
raise questions about the comparability of the results.

Knowing this result may help combustion engineers to find an optimum degree of
preheating for liquid fuels with high viscosity. An interesting outcome of Eq. (4.13)
is that the temperature-dependent viscosity in Oh is divided by square root viscosity,
meaning that this term has a square root viscosity in the numerator and a square root
surface tension in the denominator. Following the parameter corrections introduced in
Eq. (4.13), Figs. 4.4, 4.5 and 4.6 include the estimated values for Eqs. (4.3), (4.6), and
(4.7) based on the above described, newly introduced terms.

The estimated νL,lim is 4.96 mm2/s in Eq. (4.3), which suggests that the viscosity
of RO has slightly fallen below this value at 100 ◦C, and no further increase of F is
expected, as shown in Fig. 4.4a. Since our investigations were limited to 100 ◦C for
safety reasons, testing this finding requires a higher tp. Eq. (4.3) has a manually modified
dynamic part. Hence, parameter G had to compensate for the distortion, resulting in a less
accurate fit of the estimation based on parameter values at 25 ◦C by the same correction
terms introduced in Eq. (4.13), as shown in Fig. 4.4b. Overall, Eq. (4.3) showed similar
characteristics to Eq. (4.2d) with less accurate estimations due to the manually modified
exponents in ref. [49]. Nevertheless, Eq. (4.3) still provides a fair estimation of SMD,
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Figure 4.4: Temperature dependence of F and G parameters of Eq. (4.3) for all liquids.

which is a valuable conclusion since numerous researchers used this equation without the
opportunity of experimentally validating this assumption [24, 43, 36, 37].

Figure 4.5a shows the drawbacks of Eq. (4.6) that suggests one to omit the use of
this equation. Firstly, the parameter K was negative on multiple occasions for LHO and
RO, which is mathematically appropriate and contributes to an excellent R2 in Table 4.3;
however, this is physically wrong. Secondly, νL,lim is estimated as 2.78 mm2/s, which is
low, since the EN 590:2014 standard allows for the viscosity of D as νL = 2− 4.5 mm2/s,
implying that even D should be preheated if it has a slightly higher viscosity but within
the allowed range. This outcome is against the practice since no commonly used diesel
engine contains a fuel preheater to achieve better atomization. Thirdly, the estimation of
K for RO failed. However, this equation was originally derived for low-viscosity liquids,
and the estimations work nearly fine for the remaining three liquids. The parameter L
could be excellently corrected by the viscosity; hence, Fig. 4.5b shows a satisfying result.

Equation (4.7) was derived for high-viscosity liquids. Therefore, parameter M is es-
timated excellently even for RO as shown in Fig. 4.6a. νL,lim = 4.85 mm2/s, which is
similar to that of Eq. (4.3) and slightly higher than that of Eq. (4.2d). Figure 4.6b shows
a good estimation for D and W while parameter N is underestimated in the case of LHO
and RO. It might be addressed to the slightly different exponents of Eq. (4.7) compared
to Eq. (4.2d). Overall, in the dynamic term, Eq. (4.7) provides excellent fits; however,
the material property term is less accurately estimated.
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Figure 4.5: Temperature dependence of K and L parameters of Eq. (4.6) for all liquids.

As for a summary, Eq. (4.2d) turned out to be the most accurate equation for SMD
estimation, which is followed by Eqs. (4.3) and (4.7). Even though the present analysis
contained various formulas, it seems that the equation structure, suggested by Lefebvre
in 1980 [47], seems to be the best one to date. Namely, SMD is governed by two terms,
which should be added together: the first one depends on the reciprocal of square root
We, while the other on Oh.

Beside the direct effect of viscosity, the surface tension also influences the value of the
mean droplet diameter, but its effect is felt through Oh and plays a lesser role than the
viscosity. This is the main explanation for the fact that the correction value of parameter
B does not depend on the value of the surface tension taken at the current temperature
(its value is considered to be 1). Furthermore, at this point it is important to mention
that a complex set of several physical processes forms the SMD value experienced at the
current condition, so the initial parameter pair A-B taken at the reference temperature
already includes the effect of surface tension.

The temperature-dependent surface tension for each test fluid can be found in Ap-
pendix D. Based on these, it can be seen that despite the 10-25% change of the surface
tension, much larger changes in the viscosity can be observed, the viscosity may have
decreased up to 1/6 of the initial value as a function of the preheating temperature. How-
ever, it cannot be ruled out the use of an additional surface tension-dependent correction
term in subsequent studies to increase the efficiency of the fit.

Based on the above-described investigations, the first point of the thesis can be stated:
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1. In the case of the air-blast atomization, above the limiting viscosity, νL,lim,
the We-related term of the Lefebvre’s SMD correlation becomes temperature-
dependent beyond the already included temperature-dependent material
properties. The coefficient of Oh also becomes temperature-dependent
through the ratio of the viscosity at reference temperature and the viscos-
ity of the preheated liquid. The corresponding reference temperature was 20
°C. The temperature-dependent SMD correlation is described as:

SMD
d0

=
(

1 + 1
ALR

)Atr ·

tp
tr
, if νL > νL,lim

1, if νL,tr 6 νL,lim
(tp at νL,lim)

tr
, if νL 6 νL,lim

·We−0.5
A +Btr

(
νL,tr
νL

)0.5
OhL

 ,
where d0 is the diameter of the liquid jet and WeA is the Weber number based
on the properties of the atomizing air. The validity range is ALR = 0.78 -
2.07, Ma = 0.62 - 1.45, and tp = 20 − 100 ◦C for D, LHO, and RO, and
tp = 20 − 90 ◦C for W.

This thesis is related to the following publication: [35].
This thesis is in line with the facts that D can be excellently atomized without pre-

heating while RO has to be introduced well above 100 ◦C into the combustion chamber to
have a sufficiently fine spray for liquid fuel combustion. Among the investigated liquids,
the limiting viscosity was found only in the case of LHO since only this liquid passes νL,lim
from the investigated ones. Such a transitional characteristic was expected based on the
results of D and W, compared to RO.
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Chapter 5

Empirical estimation of the spray
cone angle

5.1 Spray cone angle determination
Although the spray cone angle, SCA, is an easily observable feature of the spray, there is
no general definition for describing it for all atomizer types. The greatest challenge in the
establishment of a suitable definition and measurement is the uneven boundaries of spray,
which is a natural consequence of the interaction of the spray with air. As a solution,
SCA is generally interpreted as the closed angle of two straight lines, which starting from
the head of the nozzle and intersecting the spray boundaries at a predetermined distance
from the nozzle discharge. However, this is not an exact formulation, and several theories
can be used to fit straight lines to the boundary lines, leading to several different SCAs.
As the cone angle is a characteristic external feature of the spray, a comprehensive recom-
mendation has also been made in this chapter, which fixes the methods for determining
the spray characteristics, including the cone angle [66].

In the case of D injection for internal combustion engine atomizers, a recommendation
is available which includes the principle of defining the spray cone angle, shown in Fig. 5.1
[66]. There are two horizontal auxiliary lines perpendicular to the spray axis at 5 and
15 mm from the nozzle discharge. These intersections at the spray boundaries mark four
points, two on the right and two on the left side. The four points define two lines that form
the boundaries of the spray, and their angle are interpreted as the SCA. The definition
implies that the image of the spray should be illuminated from the back, 1.5 ms after
the first appearance of the liquid. Besides, this standardized method is more suitable for
the description of reciprocating engines related atomizers, and it is not recommended for
continuously operating atomizers due to differences in design and spray structure, which
makes the general use of this method improper.

Figure 5.1: Determination of SCA according to recommendation of SAE J2715 [66].
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Another method for determining SCA is the fitting of right and left boundary lines,
starting from the liquid orifice of d0 size. The corresponding distance is not generalized,
but 60d0 seemed an appropriate downstream distance. The time instant of capturing
the image of a steady-operating atomizer does not affect the result. The method for
determining SCA is illustrated in Fig. 5.2, where SCA/2 represents the spray half-cone
angle. This latter example was the starting point for the related research.

Figure 5.2: SCA definition of a D spray [3].

5.2 Estimation of the spray half-cone angle
Numerous researchers have dealt with the measurement of SCA in the last decades, hence,
there are empirical correlations available for several atomizer types [67, 68, 69, 70]. Lefeb-
vre and McDonell [3] made an excellent overview of the available ones. However, neither
in their work nor in any other paper available in the public literature offer an estimation
method for SCA of air-blast atomization. Hence, this chapter aims at filling this scientific
gap.

Before moving forward, the available literature of SCA estimation is discussed, includ-
ing several atomizer types with available empirical and semi-empirical correlations. Based
on the results of the various pressure atomizers, the geometry of the nozzle, the properties
of the liquid, and the density of the surrounding medium have the greatest impact on the
SCA. The highlighted atomizer type of the related research is pressure-swirl due to its
low energy consumption and use in gas turbine combustion chambers [71, 68]. Based on
these experiments, properties of ambient air, pressure, and density are usually taken into
account as they have the greatest influence on the atomization process. According to
the experimental results, the SCA is inversely proportional to the power of the ambient
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pressure at 10-800 kPa, and no significant change is observable above one MPa [72]. Like
pressure, an increase in the density of the ambient medium also increases SCA [73]. SMD
is influenced by the liquid properties. These are surface tension, viscosity, and density,
according to the current knowledge on atomization. These properties of the investigated
parameter range were measured and be found in Appendix D. However, in the case of
SCA, surface tension has no significant effect [3].

Giffen and Muraszew [74] assumed that the viscosity of the atomized liquid was neg-
ligible in the case of a pressure-swirl atomizer. This was based on the fact that the
experimental results SCA ∼ 100◦ were negligibly differed from the theoretical values for
non-viscous liquids with only 3◦ deviation at the SCA = 60◦. As a result, their formulas
are based on the geometry of the nozzle and do not include the properties of the liquid
or the applied pg for pressure-swirl atomizers, shown in Eq. (5.1):

sin(SCA/2) = (π/2) · CD
K ·

(
1 +
√
X
) , (5.1)

where K and CD are nozzle geometry-dependent constants. X in Eq. (5.1) represents the
quotient of the cross-sections of the air core and the outlet. CD is calculated by Eq. (5.2),
while K is estimated by Eq. (5.3):

CD =
(

1−X3

1 +X

)0.5

, (5.2)

K2 = π2 · (1−X)3

32 ·X2 , (5.3)

Babu [75] created another empirical correlation for pressure-swirl atomizers; the result
is described by Eq. (5.4). The included constants are detailed in Eqs. (5.5), (5.6) and (5.7).
When the liquid pressure is larger than 2.76 MPa, the difference between the formula and
the experimental results was found to be less than 10%.

tan(SCA/2) = (π/4) · (1−X) ·KSCA/2

B
, (5.4)

B =
(

Ap
Dm · d0

)
·
(
Dm

d0

)1−n
, (5.5)

n = 28 · A0.14176
0 ·

(
A0.27033
p

A0.17634
s

)
, (5.6)

KSCA/2 = 0.0831 ·
(

A0.34973
p

A0.26326
0 · A0.32742

s

)
, (5.7)

where X is the quotient of the cross-sections of the air core and the outlet, A0 is the
cross-section of the outlet, Ap is the total cross-section, As is the cross-section of the
vortex chamber, and KSCA/2 is a geometry-dependent nozzle constant.

Although geometry has the largest influence on SCA in the case of pressure-swirl
atomizers, other parameters also affect the result, especially when using highly viscous
media. Starting from empirical correlations for less viscous media, Rizk and Lefebvre
[67, 68] developed a dimensional-correct, liquid-centric equation, detailed in Eq. (5.8).
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Accordingly, the variation of the surface tension does not affect SCA, which was confirmed
by experimental results for pressure-swirl atomizers.

SCA = 6 · K
−0.15 ·∆PL · d2

0 · ρL

µ2
L

, (5.8)

where SCA is the spray cone angle, K is a constant, depending on the geometry, which
was defined in Eq. (5.3), d0 is the inner diameter of the nozzle, ∆PL is the injection
pressure difference at the nozzle, and µL is the dynamic viscosity of the liquid.

A very similar equation was established by Ballester and Dopazo [69]. They studied
heavy oil atomization, considering the liquid viscosity, which is presented in Eq. (5.9).
Nevertheless, this is less suitable for general use, compared to Eq. (5.8) due to the probably
overfitted exponents with no physical background for pressure-swirl atomizers.

SCA = 16.156 ·K−0.39 · d1.13
0 · µ−0.9

L ·∆P 0.39
L , (5.9)

Plain-orifice atomizers have been used in older diesel engines and can be found in
gas turbine afterburners. Since the atomization mechanism notably differs from that of
pressure-swirl atomizers, their SCA is much smaller. In addition, the injection pressure
of the liquid also can be treated as a determining parameter. Hussein [76] has shown
that SCA increases with pressure in the range of 0.1 to 0.6 MPa. Overall, SCA increases
with the increase of air density and viscosity of the liquid. The simplest relation was
established by Abramovich [77], based on the radial mixing theory. The result is shown
by Eq. (5.10) for plain-orifice atomizers:

tan(SCA/2) = 0.13 ·
(

1 + ρA

ρL

)
, (5.10)

where ρA the density of the ambient medium and ρL is the liquid density.
Yokota and Matsuoka [70] investigated high ambient pressures, which better represent

practical applications. Their correlation does not contain any trigonometric function,
however, the final result is understood in radians. The corresponding correlation for
plain-orifice atomizers can be seen in Eq. (5.11), where Q is described in Eq. (5.12):

SCA/2 = 0.067 · ReL
0.64 ·

(
l0
d0

)−Q
·
{

1− exp
[
−
(

0.023 · ρL

ρA

)]}−1

, (5.11)

Q = 0.0284 ·
(
ρL

ρA

)0.39

, (5.12)

where ReL is the liquid-related Reynolds-number and l0 is the characteristic length.
Hiroyasu and Arai [78] established their correlation by using dimensional analysis.

They also examined high ambient pressures (3 MPa), but unlike Yokota and Matsuoka,
they also considered the viscosity of the surrounding medium. The result is similarly
understood in radians for plain-orifice atomizers:

SCA/2 = 0.025 ·
(
ρA ·∆PL · d2

0
µ2

A

)0.25

, (5.13)

where ∆PL is the injection gauge pressure of the liquid. Based on their further research
[79], the correlation was refined and the most important influencing parameters were
slightly modified, leading to Eq. (5.14) for plain-orifice atomizers:
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SCA/2 = 83.5 ·
(
l0
d0

)−0.22

·
(

d0

dsack

)0.15

·
(
ρA

ρL

)0.26

, (5.14)

where dsack is the diameter of the nozzle bore.
The work of Mai et al. [80] details the design-dependent characteristics of the same

atomizer type. Two different atomizers were examined, one with a diverging liquid nozzle
and the other with a converging liquid nozzle. SCA increased continuously up to 0.3 MPa,
and at higher pressures, its value was stabilized in the former case. The use of converging
nozzle showed a maximum at 0.25 MPa.

To get a fine spray in a short distance, a pressure injector is often used for air-blast at-
omizers. SCA variation of diesel oil spray by using different ALR values were investigated
by Gad et al. [81]. When ALR was increased, SCA was decreased; the experiments were
performed in the ALR range of 2–8. Ortman and Lefebvre [82] investigated the effect of
atomization air pressure on prefilming atomizers. According to their results, increasing pg
reduced SCA. Basak et al. [83] investigated sunflower oil and biodiesel with an air-assisted
internal mixing twin fluid atomizer. They have concluded that the mass flow of the liquid
do not affect SCA.

Since there is no empirical correlation in the literature for plain-jet air-blast atomizers,
measurements were performed to provide an initial result in a relatively wide operational
parameter range by varying tp, ALR, and pg. The description of the used framework
for SCA determination is discussed Section 5.3, which may be adapted for other steady-
operating atomizers.

The contour of the spray is not considered to be uniformly straight. This is especially
true in the initial stage, where a curved part can be found. From the recommendation
which have been made to standardize and clarify this anomaly, the application of the 60
· d0 rule was the most obvious solution for us. The measurement matrix was based on
Table 3.1 with some modifications, detailed in Table 5.1.

Liquids D, LHO, RO, W
pg [bar] 0.3, 0.6, 0.9, 1.6, 2.4
tp [◦C] 25, 40, 55, 70, 85

Shutter speed [s] 1/60, 1/80, 1/100

Table 5.1: Measurement matrix for SCA analysis.

5.3 The image processing algorithm
The main purpose of image processing is to determine the SCA. In addition, an automatic
algorithm was required to eliminate the bias caused by human interaction and enable the
fast processing of several hundred images. In general, the developed image processing
algorithm is based on the flow chart, shown in Fig. 5.3.

The image capture error is considered 1 pixel. Each image is 3672x4896 width/height
pixels. Therefore, the effective width/height used after drawing the spray line is 900x1270
pixels. Symmetry can also fundamentally depend on a number of factors, such as manufac-
turing inaccuracies. For combustion applications, welding a concentric fuel pipe presents
significant challanges at the expense of inaccuracy, thereby affecting symmetric spray be-
havior. Nevertheless, this effect can be treated minimal, and in practice the velocity and
even the size distributions can be considered symmetrical without any statistical related
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Figure 5.3: Flow chart of the image processing algorithm to determine SCA.

proof. Illustration of the velocity profiles along the z = 60 mm, tp = 25 °C Y direction
in case of LHO can be seen in Fig. 5.4.

Figure 5.4: Velocity profiles in case of LHO, z = 60 mm, tp = 25 °C.

The first step is to scan the image to be processed. Then the image is cut out to
eliminate the unnecessary calculations. The orientation of the image will also be examined
and rotated as shown in Fig. 5.5.

Pre-calibration is required for cropping, which determines the relationship between
pixels and physical dimensions. The nozzle discharge diameter of the liquid jet is d0 =
400 µm, which was the basis of calibration in the images. The spray length to be considered
was 60 · d0, measured from the nozzle discharge [3]. Hence, the bottom part was cut. The
left and right margins only influence computational time; the only criterion here is to
contain the full width of the spray.

This step was followed by image corrections, where gamma correction is the first one,
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Figure 5.5: Orientation and coordinate system of the spray image.

which shifts the color values of the image. When gamma is set to 1, the input and output
images are the same. Gamma can be set between 0 and ∞. If the specified value is less
than 1, the operation shifts the colors of the image towards white, and a value greater
than 1 shift the colors to black. In this case, the light spray is visible against a dark
background. Therefore, a gamma value of 1.1 was selected to eliminate light spots on the
dark background. This eliminates some of the noise, especially when there is a visible
fine mist and irregularities in the black background plate. Nevertheless, excessive gamma
values affect SCA, and this should be avoided.

Also, the effect of contrast was examined. For greyscale images, increasing the con-
trast will expand the spectrum of the image, making light pixels lighter and dark pixels
darker. In the spectrum of the original image, the range that the transformation broadens
must be defined. Leaving the maximum value of the spectrum unchanged and increasing
the minimum value continuously from the dark direction can produce the same effect as
increasing the threshold value for a greyscale image. As a result, some of the fog disap-
pears, and the blurry boundary sharpens. However, the required adjustment varies from
image to image, and excessive manipulation alters the SCA. A result is shown in Fig. 5.6.

Figure 5.6: Foggy image with contrast values of a) 0, b) 0.2 and c) 0.4.

A magnitude value that would have resulted in a significant improvement in low-
quality images has reduced SCA for the high-quality ones with low noise. As a result,
this correction method was not applied during automatic processing. Those cases which
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had to be evaluated manually otherwise, were less than 5% of the total images. These are
mainly those at pg = 2.4 bar of RO atomization with foggy images.

Corrections also include greyscale image conversion, which is the first step in bina-
rization. A greyscale image can be generated based on a threshold set. It is a number
between 0 and 1, representing a specific degree of grey. The value 0 corresponds to black
and the value 1 to white. As a result, darker parts than the threshold become black, and
the lighter pixels become white. In practice, this means that for value 0, every pixel will
be white, since all pixels will be lighter, and 1 makes the image black. The quality and
color distribution of the images may also vary. Finding the proper value determines the
SCA, so a separate algorithm has been developed, which is detailed below.

The resulting binary image has a background pixel value of 0 (black) and a spray
value of 1 (white). Besides, spray borders are still uneven, so they need to be refined
and smoothed. The gaps and translucencies within the spray should be filled in, and the
protrusions and irregularities at the boundary line smoothed out. Also, any dirt, blurry
spots, or drifting drops left in the background should be removed from the image to ensure
that only the spray body remains on the image to allow SCA determination. This part
of the image processing method is called as refinement stage.

For automatic angle measurement, the boundaries of the spray must be precisely
defined. This is accomplished by searching for the first and last white pixels in each row
of the binary matrix. Then they were used to ultimately calculate the SCA.

To determine the appropriate threshold value, a single image was analyzed with 101
values between 0 and 1, and in each case, the proportion of white pixels in the image to all
pixels was determined. This was 100% at 0 and 0% at 1. In the first try, a third-degree
polynomial was fitted to the values whose inflection point was investigated. In some
cases, this method approximated the expected threshold well but overall, considering all
operating conditions, was not satisfactory. Therefore, another threshold determination
algorithm was developed. The theory that will eventually be applied is based on the fact
that, with the continuously increasing threshold, there is a substantial initial drop in the
number of white pixels. This is similar to the process of starting from a completely white
background to a dark background. This is followed by a more evenly decreasing section,
where the spray area from both sides is continuously decreasing with increasing threshold
values. Finally, the spray disappears entirely and the whole image becomes black after
another steeper fall.

Therefore, if the aim is to find the boundary of the spray, the point where the steadily
descending region begins shall be found. To do this, numerical differentiation was used,
as the beginning of the constant slope segment can be identified. However, this derivative
varied from image-to-image, so the process is free from a preset threshold value. This
method could be excellently used for all conditions, except the foggy images, discussed
above. The percentage of white pixels and its derivative are shown in Fig. 5.7, where the
shutter speed-related dependence can also be seen, which is very low.

Even though a mist removal fan was used, it worked efficiently only at low pg, when
SMD was low. However, the fine spray of higher atomization pressures generate droplets
which stayed in the volume of interest for a long time due to their very low inertia.
Consequently, based on the droplets stuck near the spray, three main classes were defined:
clear, slightly foggy, and heavily foggy images. An example for each case can be seen in
Fig. 5.8. The above-detailed algorithm worked well for the first two classes, however,
manual evaluation was necessary for a few images, as it was mentioned above.

The biggest problem at this point in the image processing method is the disturbing fog
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Figure 5.7: Auxiliary functions for threshold searching algorithm.

in the images. The difference between the deviation function of clear and blurry images is
significant; therefore same settings cannot be used. Hence, when the standard deviation
limit was set, images were classified into three different categories based on how blurry
the images were. These are the following: good quality, slightly foggy and foggy images.

However, the three purity categories must be distinguished. Histograms of images
were used for this purpose. It was examined how middling a particular greyscale image
is. For this purpose, the relationship between the extremes and the number of color
pixels in the center of the grey were examined. Due to the dark background and the
light spray, the images are typically two-tone, even with blurry images. Moreover, the
number of pixels in the middle grey range is proportional to the amount of disturbing fog
in the image. The fog in the images is unique, depending on the measurement system,
so the boundaries between the categories were determined by experience. These may
be different for other systems. The third category of blurry images does not work with
the automatic image processing algorithm because the background and spray are not
sufficiently separated which can be cleary seen in Fig. 5.8c. These images, typically taken
at high atomization pressures, must always be evaluated manually. The quality difference
between the different images is illustrated in Fig. 5.8 for D with different pgs.

The key requirements of the software were that it is simple and easy to use, and
the elimination of possible user errors. Hence, a simple user interface was created that
can process images with minimum manual input and interaction. Continuous feedback
is provided for the users during use, and appropriate error messages are provided to
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Figure 5.8: Different images qualities of D atomization at tp = 25 ◦C and pg = a) 0.3 bar,
b) 0.9 bar, c) 2.4 bar.

indicate any parameters, which are incorrectly set. This ensures that the program does
not get stuck due to user errors. The interface was created in the MatLab GUIDE
module. With the GUI (Graphical User Interface), the program contained click buttons
and drop-down lists. It features three subunits, which can be accessed from the main
menu. These are Advanced Image Processing (AIP), Automatic Angle Measurement
(AAM), and Manual Angle Measurement (MAM). The recommended use of the program
also follows this sequence. The following structure and operation of the above-mentioned
three subunits are described below.

The purpose of the AIP subunit is to make an input for the AAM subunit. All
of the above-mentioned image preparation processes are performed by this subunit. In
connection with the previous one, the program provides continuous visual feedback for
the user. In terms of structure, the interface is on the left side of the window and the
display interface on the right. The structure of the user interface is shown in Fig. 5.9.

Figure 5.9: The Automatic Image Processing subunit.

Navigation between the steps is allowed by pressing the Next and Back buttons. En-
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abling and disabling the availability of different objects is essential to prevent the user
from performing actions that may result in errors. Some steps have preset values (e.g.,
Calibration), so that certain steps can be skipped. Nevertheless, some steps need to be
done (e.g., Threshold search). In these cases the Next button will remain inactive until
the operation is completed. The entire program also includes the calibration and image
trimming section, which is done in a single window. There is no need to open another
application. During calibration, a freely movable line segment must be fitted to the liquid
outlet of the nozzle. To do this, a zoom function is provided for precise positioning. This
size determines the image height needed for the crop. This step does not have to be
performed every single time, as identical camera positions lead to identical results. The
program also accepts manual entry, which significantly reduces image processing time.
When the cutting operation is performed, a free-moving rectangle is used. Note that
the rectangle cannot be resized arbitrarily. Its height is determined by calibration, but
the aspect ratio can be defined by the user. The cropped image will not include the
tip of the nozzle as this would affect the SCA measurement. The Corrections operation
is performed automatically since no other parameters need to be specified. During the
Threshold searching method, the user is free to choose from the three image classes, based
on the presence of the fine mist. For help, the display will show the original image, a
greyscale histogram, white pixel ratio with varying threshold values, and the derivative
function. The program then automatically searches for the appropriate threshold value for
that image class. The user can also override the threshold value, if necessary. This spec-
tacularly represents the importance of determining the appropriate value, since accepting
the result will render the binary image at that threshold on the display surface.

This is followed by the Refining operation, where no user interaction is required. This
step is explicitly designed for visualization, as the display area shows side-by-side pre- and
post-refinement spray patterns. The built-in imfill and imopen functions of MatLab were
used for this operation. Imfill fills in small backgrounds that are not connected to the
background or to the edge of the image. Practically, it fills the continuity defects inside
the spray and also slightly smoothens the boundary of spray. On the other hand, the
Imopen function especially smoothens the edges. To do this, a brush is defined, which in
this case is a 5-pixel wide disk. Then, using a function, the program removes parts that
do not belong to the white area, representing the spray. This also reduces the background
noise. The process of image conversion is illustrated in Fig. 5.10.

In SCA measurement, the right and left boundaries of the spray can be easily deter-
mined from the binary image. Sometimes, the lines fitted to the edges intersected each
other in the spray area, resulting in an enlarged SCA. Therefore, a line fitting had to be
used where the straight lines start at the left and right edges of the spray to avoid this
intersection. The solution was similar to the MatLab built-in polynomial fitting function
with one fixed degree of freedom. As a result, the program optionally displays defined
boundaries with the lines fitted to them, a cropped image with boundaries, and a refined
image. It also prints the calculated cone angle. Besides, it is possible to save the settings
to a .txt file. The setup file contains all the data of calibration and image cropping.

The second subunit is AAM, which is based on the AIP algorithm. The first step is
to specify a folder that contains all the images which will be processed. Furthermore,
the configuration file, which was mentioned above will be loaded but manual entry is also
possible.

The third part of the program is the MAM, which is primarily used to utilize the infor-
mation of poor quality images, where the automatic algorithm fails or provides unrealistic
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Figure 5.10: The main steps of image processing and SCA determination. The axes show
the number of pixels.

result. In addition, a given image may fall into one of the first two purity categories so
that it can be processed but the lower regions of the image show a dense fog near the
spray that significantly increases the cone angle. These extremely high values may be
ignored or can be corrected by manual angle measurement. After scanning the selected
image, two lines are fitted manually to the two boundaries of the spray, and the program
will calculate SCA. In this case, the measurement error is much higher, as the human
factor plays a significant role in the edge detection.

5.4 Empirical estimation of the Spray Cone Angle
All the spray images were processed by the evaluation program, detailed in Section 5.3.
The presented SCA for a given tp and pg is the arithmetic average, calculated form images
taken at each operating point. As it was proven above in Fig. 5.7, there was no clear
effect of applying different shutter speeds for any of the liquids, so the results for different
shutter speeds were combined and averaged. Correspondingly, SCA of a single setting is
determined from a total of 15 processed images, which helps reduce the possible errors
of both the measurement and image processing. The following colormaps show SCA as a
function of pg and tp for all investigated liquids, shown in Fig. 5.11.

The results show that SCA decreases with increasing pg for all cases, which can be
explained by the effect of continuously increasing axial thrust from the atomizing air that
intensifies droplet convection. Turbulence facilitates the radial propagation of droplets
and counteracts this phenomenon, which becomes more intense with the increased pg.
However, the former effect is clearly stronger, leading to ultimately smaller spray cone
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Figure 5.11: Spray cone angle as a function of tp at various pg for all investigated liquids.

angle at higher pg. Increased tp features slightly increased spray cone angle for principally
LHO and RO. Its effect on D and W is significantly lower, complying with the limiting
viscosity term, which was defined and detailed discussed at Section 4.2. The correspond-
ing material properties of the liquids can be found in Appendix D. Nevertheless, the effect
of temperature is much more dominant through viscosity. The viscosity-temperature and
surface tension-temperature diagrams also can be investigated. Based on this, it can be
seen that the viscosity can drop by as much as 1/6 of the reference temperature. In con-
trast, there is no such significant change in the surface tension as a function of temperature
for any of the investigated liquids. A boundary value of kinematic viscosity is exist which
below the liquid preheating has no additional physical effect on the We-containing term
of SMD estimation beyond the temperature-dependent material properties, and it was
found to be 4.2 mm2/s that was not reached by RO at any investigated tp and reached
by LHO at approximately tp = 55 ◦C.

SCA results show that the variation in the investigated ranges can be treated relatively
small since D and LHO showed 5.27◦ and 5.38◦, respectively, while it was 6.22◦ for RO,
which is the highest variation compared to the other cases. This higher drop is related
to the corresponding viscosity change because of the liquid preheating, the root cause of
the phenomenon was detailed discussed at Section 4.2. The variation of SCA of W was
only 3.6◦, which is almost half of that of RO. The spray cone angles of W at 85 ◦C show
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a decrease at all pg, which is against the other trends, and the material properties did not
help in understanding this phenomenon. Note that this was the only one measurement
condition which did not contribute to the derived correlation, which is the core of the
second thesis point. Moreover, SCA varied marginally with pg, unlike in the case of other
liquids and lower tp of W atomization. Since this observation requires significantly deeper,
highly focused further investigations, the measurement results of W were evaluated only
up to 70 ◦C in the present section.

The ultimate goal of this chapter is to determine an empirical correlation that ad-
equately estimates SCA for air-blast atomization in a wide range of conditions. Based
on Eqs. (5.11), (5.13) and (5.14) for pressure-swirl atomizers, the measured values were
firstly approximated by a power function in the form of Eq. (5.15), since two principal
parameters were varied, pg and tp.

SCA = A ·N1 ·NB
2 , (5.15)

where A and B are constants, and N1 and N2 are wildcard non-dimensional numbers.
The equation itself has no physical background content, only the shape of the searched
formula is presented, which must contain an exponent term. However, the product of two
dimensionless numbers with two parameters is required. To facilitate the understanding
of the underlying relationship, the atomization pressure and temperature dependence for
D and RO are presented in Fig. 5.12, where it can be seen that the appication of a power
function is absolutely necessary which can be found in the model equation described in
Eq. (5.15).

Figure 5.12: Spray cone angle as a function of pg at various tp in the case of a) D, b) RO.

However, the second influencing factor can only be related as an option for multipli-
cation with it, or by multiplication in power exponents, which are also examined. The
relationship with physical content is pipulated later. This basic formula was derived by
analyzing the SCA correlations for other atomizer types [3] in order to integrate the avail-
able knowledge to this experimental correlation. Therefore, a power law effect of pg is
considered in SCA, which can be put in N2. N1 is responsible for the representation of
tp. Since the number of applied constants is equal to the number of varying parameters,
other formulas with more degree of freedom would lead to overfitting. To include more
variables, the number of parameters must be increased, e.g., various nozzle sizes and mass
flow rates. However, it also should be mentioned, this can lead to an excessive number of

47



measurement points. Since there is no correlation to rely on, the Design of Experiments
[84] has marginal use in this case.

By using the Buckingham π theorem, non-dimensional numbers were derived. As an
example, the dimension of density, ρ (R), contains mass (M), kg, and volume (V), m3.
Because of this reason only one dimensionless quantity can be seen and the dimensional
matrix (DM) is represented in Eq. 5.16.

DM =
[
1 0 1
0 1 −1

]
(5.16)

For a dimensionless constant, described in Eq. 5.17, the a vector is searched in such a
way that the matrix product for M and a equals zero. Such a vector is shown by Eq.
5.18.

π = Ma1 · V a2 ·Ra3 (5.17)

a =

−1
1
1

 (5.18)

The dimensionless constant can be determined by replacing the dimensions of the corre-
sponding dimensioned variables. The formulated version is shown by Eq. 5.19.

π = M−1 · V 1 ·R1 = V ·R/M (5.19)
The result of the dimension analysis provided a general equation, shown in Eq. 5.20,
related to the mentioned three physical variables.

f(π) = 0 (5.20)
Based on this result, density has only one physically relevant root. The above-

described theorem was applied for the other mentioned variables and provided the same
result as the analysis for density. However, the investigation was extended with the com-
bination of all variables due to the correct derivation of dimensionless numbers. The
corresponding dimensional matrix is shown by Eq. 5.21. The presented matrix include
the following variables which is the pure representation of rows: kinematic viscosity of liq-
uid (νL), kinematic viscosity of air (νA), velocity of droplets (wL), characteristic diameter
(d0), density of liquid (ρL), density of air (ρA), temperature of liquid (tp), temperature of
air (tA), dynamic viscosity of liquid (µL), dynamic viscosity of air (µA), surface tension
(σ). The representation of units are the columns: m, s, kgL, kgA, ◦CL, ◦CA. Based on the
dimensional matrix, after the Gauss-elimination the rank can be calculated, which is 6.
The rank determines the number of dimensionless numbers, which can be defined. Based
on this fact, the following ones are introduced and further extended with three others,
comparing the variable with the corresponding reference values.

DM =



2 −1 0 0 0 0
2 −1 0 0 0 0
1 −1 0 0 0 0
−3 0 1 0 0 0
−3 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
−1 −1 1 0 0 0
−1 −1 0 1 0 0
0 −2 1 0 0 0



(5.21)
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t̃A = (tA + 273.15)/(tp + 273.15), (5.22)

t̃p = 25 ◦C/tp, (5.23)

ρ̃A = ρA/ρL, (5.24)

ρ̃L = ρL,25 ◦C/ρL, (5.25)

ν̃A = νA/νL, (5.26)

ν̃L = νL,25 ◦C/νL, (5.27)

µ̃A = µA/µL = νA · ρA/(νL · ρL), (5.28)

µ̃L = µL,25 ◦C/µL = νL,25 ◦C · ρL,25 ◦C/(νL · ρL), (5.29)

σ̃ = σ25 ◦C/σ, (5.30)

where A is the atomizing air temperature, tp is the preheated liquid temperature, ρ is the
density, ν is the kinematic viscosity, µ is the dynamic viscosity, σ is the surface tension.
Nevertheless, 25 ◦C refers to at 25 ◦C. a, wA and ρA were calculated by Eqs. (2.20), (2.8)
and (2.9), respectively.

Firstly, an R2 analysis was performed, substituting N1 with t̃p, ρ̃L, ν̃L, µ̃L, σ̃, and Oh,
and N2 with t̃A, ρ̃A, ν̃A, µ̃A, ALR, Ma, Re, We, and MFR. The A and B coefficients
were determined simultaneously by using the GlobalSearch algorithm in MatLab software
environment, using on the previously presented measurement data. It was concluded that
ρ̃L was the most suitable dimensionless number for N1, therefore the related candidates
for N2 are presented in Table 5.2 by fixing N1 at ρ̃L. Beside R2, SSE and the relative
standard deviation of the A constant, Sr,A, are also introduced here, in order to be able to
compare combinations with each other in the aspect of quality indicators. Since Sr of B
was already low in all investigated cases, this parameter was skipped from Table 5.2. By
considering only R2, t̃A can be treated the best choice for N2, which was closely followed
by ρ̃A. However, both of them are characterized by high SSE and Sr,A. Because of these
low quality indicators, these candidates had to be discarded. This latter parameter refers
to that even though the fitting of Eq. 5.15 can be performed by achieving high R2 values,
A varies significantly.

Table 5.3 summarizes some of the rest combinations which did not work properly, in
order to present those correlation candidates, which are not able to describe SCA in a
wide range of operating conditions. Due to the illustrative nature of the results, they are
presented only for D. N1 = ρ̃L was fixed in the first three cases, and then the remaining
dimensionless parameters for N1 were evaluated with all ALR, Ma, and MFR, which
showed outstanding results for N2, shown in Table 5.2.

To find the best combination of N1 and N2 dimensionless numbers in Eq. (5.15),
both A and B values were perturbed by 1% in both positive and negative directions,
while the other one was fixed. The main reason for this evaluation is the following.
The corresponding initial equation has two degrees of freedom, while two parameters,
tp and pg, were varied. Hence, a wide range of N1 and N2 can lead to an acceptable
result. However, it is expected that the presently approximated experimental equation
for SCA determination should not vary much when either A or B is slightly changed
due to measurement errors, which may be caused by improper settings. Therefore, the
general sensitivity of the corresponding empirical correlation should be low to ensure
general applicability. To quantify this sensitivity, the resulting SSE is compared to the
original value in percentage, shown in Table 5.4. The less the increase, the more robust
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N2 Liquid R2 SSE Sr,A

ALR

D 0.920 8.24 0.0225
LHO 0.950 4.24 0.00760
RO 0.951 5.9 0.0198
W 0.881 7.46 0.0185

Ma

D 0.912 8.08 0.0183
LHO 0.941 13.4 0.00378
RO 0.961 14.3 0.0117
W 0.864 13.5 0.0203

MFR

D 0.912 9.06 0.0633
LHO 0.937 15.6 0.0309
RO 0.948 16.2 0.0779
W 0.848 12.7 0.0443

ρ̃A

D 0.933 17.7 1.099
LHO 0.960 48.1 0.447
RO 0.937 68.1 0.958
W 0.895 52.4 0.553

WeL

D 0.899 11.9 0.155
LHO 0.926 11.2 0
RO 0.945 193 0.363
W 0.835 61.9 0.260

ReA

D 0.930 9.47 0.228
LHO 0.951 4.29 0.0729
RO 0.949 8.33 0.151
W 0.862 37.3 0.231

ReL

D 0.903 856 0
LHO 0.930 117 0.000134
RO 0.946 150 0
W 0.836 15.4 0

t̃A

D 0.943 27.1 0.0492
LHO 0.960 221 0.0465
RO 0.937 180 0.0269
W 0.894 13.9 0.0339

Table 5.2: Quality indicators for various dimensionless numbers at N2 while N1 = ρ̃L was
used. It shall be noted that the corresponding dataset of W was limited to tp = 70 ◦C.

the given form of Eq. 5.15 is. Furthermore, it can also be stated that the variation of B
has significantly lower impact on the final result than that of A. Beside the outstanding
performance of ALR, Ma, and MFR, t̃A can also provide good result, based on the quality
indicators.

By combining all the results, it can be stated that SCA of plain-jet air-blast atomiza-
tion in a wide range of conditions can be determined by Eq. 5.15, which depends on the
combination of density ratio and ALR for the best fit, shown by Eq. (5.31). Here, the ap-
plication of ALR is physically obvious, since the degree of cone angle depends significantly
on the amount of atomizing pressure applied through the mass flow of air.

SCA = A · ρ̃L · ALRB, (5.31)
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N1 N2 R2 SSE Sr,A
ρ̃L ν̃A 0.873 2.3× 109 0.641
ρ̃L µ̃A 0.570 21415 1.86
ρ̃L WeA 0.915 1128 0.154

OhL ALR 0.749 995 0.294
OhL Ma 0.915 995 0.293
OhL MFR 0.913 991 0.298
t̃L ALR 0.546 2598 0.521
t̃L Ma 0.556 2599 0.517
t̃L MFR 0.589 1980 0.540
ν̃L ALR 0.922 1463 0.390
ν̃L Ma 0.911 9017 0.0183
ν̃L MFR 0.911 9695 0.0633
µ̃L ALR 0.922 8028 0.0225
µ̃L Ma 0.911 8067 0.0183
µ̃L MFR 0.911 8691 0.0633
σ̃ ALR 0.922 71.7 0.092
σ̃ Ma 0.911 191 0.0183
σ̃ MFR 0.911 244 0.063

Table 5.3: Quality indicators for combinations which poorly performed in the case of D.

N2 Liquid A+1%/-1% B+1%/-1%

ALR

D 15.1/8.80 0.635/0.469
LHO 45.2/24.3 1.14/1.59
RO 33.4/17.5 0.82/1.13
W 9.70/40.8 0.079/0.09

Ma

D 6.05/30.0 0.61/0.491
LHO 29.4/50.5 0.618/0.707
RO 35.7/55.7 0.654/0.732
W 21.2/38.0 0.338/0.348

MFR

D 38.5/16.3 6.47/8.60
LHO 31.3/39.2 12.6/11.0
RO 34.3/52.0 13.2/11.7
W 18.1/36.2 2.87/2.63

t̃A

D 37.9/30.1 4.59/4.77
LHO 19.0/17.3 1.49/1.50
RO 20.8/18.7 1.52/1.55
W 52.3/34.5 1.61/1.63

Table 5.4: Increase of SSE in percent compared to the original value by perturbing only
A and B by ±1% while the other constant was unchanged.

In Eq. 5.31, ALR incorporates the variation in pg. On the other hand, ρ̃L stands for
representing the effect of liquid preheating which is independent from the atomizing air.
The liquid-dependent constants in Eq. (5.31) are summarized in Table 5.5 for ALR, Ma,
and MFR. Nevertheless, it should be noted that a unified model was tested in this case. If
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a global model is to be provided, all the constants used should be similar regardless of the
investigated liquid. However, the matching of the constants is fulfilled in the case of LHO
and RO, which otherwise showed similar behavior in all the previous investigations. Also,
the exponent of W is significantly different, probably because of the very low Oh, which
were not achievable by the other liquids, therefore, W shall be investigated individually for
further studies as well. The physical properties of LHO are close to those of D; however,
the generally smaller SCA of D resulted in 20% lower A values, while B is close to that
of LHO and RO. Consequently, the present physical model is not liquid-independent but
can be extended by further systematic studies.

N2 Const. D LHO RO W

ALR A 20.7 25.0 25.1 24.3
B -0.20 -0.19 -0.18 -0.07

Ma A 19.5 23.6 23.8 23.8
B -0.23 -0.22 -0.21 -0.08

MFR A 27.2 32.0 32.0 26.8
B -0.11 -0.11 -0.11 -0.04

Table 5.5: Constants of Eq. 5.31 for all the investigated liquids.

Figure 5.13 shows the deviation between the measured and estimated SCA for all the
investigated liquids, using Eq. (5.31). The determined 3.5% maximum deviation is an
acceptable result, which generally means 1◦ in SCA. The deviation in the experiments of
Giffen and Muraszew [74] for a pressure-swirl atomizer was 5%, which is often considered
as a reference in the atomization literature for SCA estimation.

It is important to mention that this is only a first contextual proposal to describe
the half-cone angle of air-blast atomizer generated spray, as no information has been
provided in the literature so far. Further improvements and refinements, as in the case of
the development of SMD relationships, are expected within the framework of subsequent
corrections and extensions of validity ranges.
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Figure 5.13: The relative deviation of Eq. (5.31) in percentage at each measurement
point.
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Based on the results of this chapter, the second thesis can be stated:
2. The following correlation describe the spray cone angle, SCA, which was
generated by air-blast atomizer based on the following equation:

SCA = A · ρ̃L · ALRB,

where ρ̃L is the quotient of liquid density at reference temperature and liquid
density at the corresponding preheating temperature. ALR is the air-to-
liquid mass-flow ratio. In addition, two parameters are applied, A and B.
A is responsible for describing the corresponding changes in the atomization
gauge pressure, while B contains the effect of liquid preheating. Parameters
A and B for various liquids are:

Const. D LHO RO W

ALR A 20.7 25.0 25.1 24.3
B -0.20 -0.19 -0.18 -0.07

Constant sets for different liquids.

The corresponding equation with constant sets valid at the ALR range of
0.78 - 2.07 and Ma range of 0.62 - 1.45. The valid preheating temperature
range in case of D, LHO and RO 20 - 85 ◦C, while in the case of W 20 - 70
◦C.

This thesis is related to the following publication: [85].
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Chapter 6

Analysis of droplet size distribution

The mean droplet size fairly estimates the general behavior of a spray [3]. Nevertheless,
knowing the size distribution is increasingly important in practical applications. The
main motivation of this chapter is originated from liquid fuel combustion, where evapo-
ration of a spray [86] affects pollutant emissions [7, 87]. Beside, general-purpose painting
[13, 14], and thin-film technologies are rather sensitive to the size distribution of a spray
[10, 11, 12]. The particle size in powder metallurgy is also crucial since it affects the me-
chanical properties of the product [5, 15]. Apart from the technical applications, particle
size determines the deposition characteristics of harmful materials [16] and drugs [6, 88] in
the lung. Uniform drop size distribution is of high importance for CO2 capture efficiency in
spray towers [18]. To describe spray distribution under different conditions, two statistical
analyse with different perspectives will be introduced in this chapter. The goal in Section
6.1 was to fit and evaluate various probability density functions (PDF), focusing on the
highest probability. This method is useful when a characteristic mean of the droplet size
distribution is to be determined, like SMD or arithmetic mean. Meanwhile, Section 6.2
discusses a log-likelihood analysis, which reveals information about the fit quality of var-
ious PDFs, focusing on the size distribution, not only to an arbitrary-defined expected
value-related term.

Note that the various formulas are the models, which are fitted to a histogram, gener-
ated from measurement data. Then the parameters of the models are adjusted to find the
best fit, resulting in a PDF for those measurement data. Hence, a PDF is the function
after the fitting procedure with zero degree of freedom.

Section 6.1 was based on the measurement data of 2015, while Section 6.2 builds
on the data of 2017, already introduced in Chapter 3. Since the same atomizer was
investigated, the measurement results were practically identical. It was not only checked
after the measurements, but on the spot, before launching the campaign for the extended
parameter range with slightly different PDA setup and measurement matrix.

6.1 Probability Density Functions in atomization
The droplet size distribution of a developed spray can be determined if the corresponding
shape of the PDF and its parameters are known. In general, different fitted model types
can provide suitable approximation, depending on the characteristics of the atomization
and the droplet distribution. The histogram of the droplet size distribution indicates that
only from positive, unimodal, and continuous PDF types can lead to a viable prediction
[89], detailed in the following.
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Numerous PDF types exist in the literature from which sixteen were tested by the least-
squares method in the MatLab software environment. Following the literature of air-blast
atomization, 3 PDF types were highlighted to evaluate their fitting quality [45]. They
are the Nukiyama-Tanasawa (NT), Rosin-Rammler (RR), the Gamma (Γ) PDFs [3, 90],
described by Eqs. (6.1), (6.2), and (6.3). The Γ and RR PDF types have two parameters,
while the NT has four parameters. However, the fixation of parameter pNT = 2 is common
in the literature [8, 90], which negligibly altered the R2 value.

f(D)NT = aNT ·DpNT · exp (−bNT ·DqNT ) , (6.1)

f(D)RR = bRR
aRR
·
(
D

aRR

)bRR−1
· exp

[
−
(
D

aRR

)bRR]
, (6.2)

f(D)Γ = DaΓ−1

baΓ
Γ · Γ (aΓ) · exp

(−D
bΓ

)
, (6.3)

Two extreme cases were investigated in terms of pg, shown in Figs. 6.1 and 6.2. Both
of them include two downstream distances, z = 10 mm and z = 50 mm, which represent
the vicinity of the nozzle with ongoing atomization and the developed spray, respectively.
Tables 6.1 and 6.2 show the corresponding parameter sets and fit statistics of the com-
monly used fitted functions, Eqs. (6.1)–(6.3). R2 was used for the qualitative evaluation
of each PDF. Furthermore, the sum of squared error, SSE , and root-mean-square error,
RMSE , values are also included. The SSE is the sum of the squared differences between
each observation and its mean of the group, while the RMSE represents how concentrated
the data are around the best fit. Nevertheless, all the fitted PDF types were reviewed by
checking their integrate for the whole range. In all cases, it is expected that this value
will be one. The measurement data were cut at 60 µm since the number of measured
droplets over this size was negligible, and notably biased the fitting procedure. However,
data are presented at a downstream distance, z = 10 mm up to 35 µm, and at z = 50 mm
the upper limit was set to 25 µm. All the used measurement points were located at the
axis of the atomizer, r = 0 mm.

z 10 mm 50 mm
PDFs NT RR Γ NT RR Γ
a 217.8 9.71 4.38 375.45 7.35 2.57
b 12.23 2.32 2.08 9.58 1.74 2.66
p 8.55 - - 5.56 - -
q 0.36 - - 0.36 - -

SSE(%) 0.05 0.13 0.11 0.11 0.42 0.24
R2 0.9895 0.9759 0.9789 0.98 0.9247 0.9579

RMSE(%) 0.34 0.51 0.48 0.49 0.94 0.7
Integral 1 1 1 1 0.99 1

Table 6.1: Fit data of the common PDF types at pg = 0.3 bar, z = 10 and 50 mm.

In addition to the most commonly used PDFs in the atomization literature, other PDF
types also produced good results, which were the following: Rayleigh, RA, Nakagami, NA,
Normal, NO, Lognormal, LN. These are defined by Eqs. (6.4)–(6.6) and (6.11). NA, NO,
and LN have two parameters, while the RA has a single parameter. To avoid overfit-
ting, other PDFs with more than two parameters were omitted. The reasons for rejecting
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Figure 6.1: Three commonly used fitted PDF types at pg = 0.3 bar. a) z = 10 mm,
b) z = 50 mm.

z 10 mm 50 mm
PDFs NT RR Γ NT RR Γ
a 0.06 6.98 3.05 0.11 5.26 6.93
b 0.01 1.98 2.16 2.26 2.95 0.71
p 0.62 - - 5.43 - -
q 2.49 - - 0.78 - -

SSE(%) 0.04 0.15 0.29 0.21 0.81 0.72
R2 0.995 0.9795 0.9591 0.9706 0.9512 0.9523

RMSE(%) 0.28 0.55 0.78 0.67 1.32 1.21
Integral 1.01 1 1 1 1 1

Table 6.2: Fit data of the common PDF types at pg = 3.1 bar, z = 10 and 50 mm.

the 9 built-in PDF types in MatLab are the following. Firstly, the PDF must be uni-
modal. Secondly, the maximum value of the fitted function was located at a larger D
that does not correspond to the actual size distribution, and they were characterized by
significantly reduced the R2 values. The failed PDFs are: Binomial, Negative Binomial,
Poisson, Loglogistic, Beta. Thirdly, there were functions whose fitting did not provide
a solution: Generalized Pareto, Chi-Square. There were also other PDF types, which
allowed the non-physical negative values: t Location-Scale, Student’s t. Furthermore,
functions that contain a factorial expression are unable to describe the droplet size distri-
bution. Such an investigation and the evaluation of multiple PDFs is justified by the fact
that proper mathematical analysis was not performed recently for air-blast atomization,
and the applied PDFs were originated from several decade old measurements, which were
based on invasive techniques and small sample size. Hence, the examples below originate
from various natural phenomena, without restriction.
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Figure 6.2: Three commonly used fitted PDF types at pg = 3.1 bar. a) z = 10 mm,
b) z = 50 mm.

f(D)RA =
(
D

a2
RA

)
· exp

(
−D2

2 · a2
RA

)
, (6.4)

The Nakagami PDF is based on the log-normal PDF, and its inclusion was motivated
by the measurement of high-frequency radio waves [91]. Recently, it has been used for
studying the impact of fading channels on wireless communications [92].

f(D)NA = 2 ·
(
aNA
bNA

)aNA
·
(

1
γ (aNA)

)
·D2·aNA−1 · exp

(
−aNA ·D2

bNA

)
, (6.5)

f(D)NO = 1
aNO ·

√
2π
· exp

− (D − bNO)2

2 · aNO

2 , (6.6)

Besides atomization [93, 94, 95, 96], the log-normal PDF is used in scientometrics [97]
and in characterizing the blood pressure of adults [98].

f(D)LN = 1
D · aLN ·

√
2π
· exp

[
− (lnD − bLN)2

2 · a2
LN

]
, (6.7)

The corresponding results can be seen in Figs. 6.3 and 6.4. The quality-related results
are summarized in Tables 6.3 and 6.4.

As a short conclusion, it was found that the most commonly used ones in the literature
provided the best fit. However, four additional PDF types are also suitable for estimating
the droplet size distribution of plain-jet air-blast atomization. By combining the results
with the other findings in this section the following thesis can be stated:
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Figure 6.3: Four alternative fitted PDF types at pg = 0.3 bar. a) z = 10 mm, b)
z = 50 mm.

Figure 6.4: Four alternative fitted PDF types at pg = 3.1 bar. a) z = 10 mm, b)
z = 50 mm.
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z 10 mm 50 mm
PDFs RA NA NO LN RA NA NO LN
a 6.95 1.29 3.96 0.5 4.99 0.85 3.47 0.69
b - 91.8 8.09 2.15 - 54.8 5.74 1.81

SSE(%) 0.23 0.11 0.21 0.18 0.58 0.49 0.72 0.09
R2 0.957 0.978 0.96 0.966 0.897 0.914 0.872 0.984

RMSE(%) 0.68 0.48 0.66 0.61 1.09 1.01 8.68 0.43
Integral 1 1 0.99 1 1 0.99 0.97 1

Table 6.3: Fit data of four alternative PDF types at pg = 0.3 bar, z = 10 and 50 mm.

z 10 mm 50 mm
PDFs RA NA NO LN RA NA NO LN
a 4.94 0.96 3.25 0.6 3.81 1.95 1.75 0.39
b - 49 5.56 1.81 - 26.2 4.63 1.55

SSE(%) 0.15 0.14 0.19 0.54 2.1 0.71 0.92 0.86
R2 97.9 98 97.3 92.3 86.5 95.6 94.2 95.1

RMSE(%) 0.55 0.54 0.63 1.06 2.1 1.23 1.37 1.3
Integral 1 1 0.97 1 0.99 1 1 1

Table 6.4: Fit data of four alternative PDF types at pg = 3.1 bar, z = 10 and 50 mm.
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3. In the case of plain-jet air-blast atomization of diesel oil in the range of 0.3
- 3.1 bar atomization gauge pressure at 25 °C reference liquid temperature
the Γ function provide the best fit, followed by the Rosin-Rammler and the
Log-normal functions, if an expected value-like parameter is to be determined.
PDFs with more degree of freedom than two are not recommended to avoid
overfitting. In addition, the PDF has to be positive, continuous, and unimodal.
The validity range is ALR = 0.78 - 2.32, Ma = 0.62 - 1.57 and the established
sequence is true for low viscosity and high velocity atomization.

This thesis is related to the following publications: [89], [99].

6.2 Modeling the droplet size distribution by likeli-
hood

In engineering practice, the R2 analysis is a frequently applied technique for find the best
fitting correlation in case of a physical phenomena. Hence, the likelihood-based analysis
is introduced at first in Subsection 6.2.1, also presenting other PDFs omitted from the
evaluation of Section 6.1. Such a method requires adaptive data filtering to provide the
best result, discussed in Subsection 6.2.4.

6.2.1 The log-likelihood and further probability density func-
tions

R2 values are commonly contribute to find the best approximation of the expected value
from different correlations. However this can only be modeled as a representation of the
difference between the individual sampling groups and the actual model function value
of the fitted curve. The likelihood is a function that associates with each parameter the
probability (or probability density) of observing the given sample. Besides, the maximum
likelihood method is one of the most commonly used one in mathematical statistics for
modeling measurement results and samples. The purpose of the maximum likelihood
method is to give an estimate of unknown parameters for a given measurement value,
with which the given value is most likely to occur. The procedure is done by finding the
maximum of the likelihood function. Instead of the likelihood, its logarithm is used most
widely since it provides a more stable behavior during the evaluation of measurement
data. The main reason for using log-likelihood estimation is the asymptotic properties of
sums are computationally more comfortable to analyze, since the Law of Large Numbers
and the Central Limit Theorem to these sums can be applied. The likelihood alone
is not stable numerically: the result converges quickly to zero or infinity, depending
on whether the densities of the single observations are less than or greater than 1 on
average. High R2 does not imply high log-likelihood, since in the linear regression the
log-likelihood is a sum of squared residuals plus other terms, however it can be treated
as a scale-dependent function. Thus, if consistent models are investigated, multiplying
the regressors by some constant will change the final result of log-likelihood estimation,
but R2 will remain the same. The maximum likelihood estimate is used in cases where
each measurement result can be interpreted as a random event that depends on one or
more unknown parameters. Because the values tested depend solely on the unknown
parameters, they can be generated as a function of these parameters. The researcher
performing the measurement and estimation determines this parameter, thus maximizing
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the probability followed by the measured sample. The estimate is to find the maximum
of the likelihood function, i.e., an extreme value problem. To simplify the calculations, in
practice the original likelihood function is not used, but its natural logarithm. Since the
natural logarithm function is a strictly monotonically increasing function, the location of
the extreme value does not change and is easier to calculate with an amount than with
a product. This function is often called the loglikelihood function. Log-likelihood values
cannot be used alone as an index of fit because they are a function of sample size but can
be used to compare the fit of different coefficients. Because the log-likelihood would have
been maximized, the higher value is better. It is also known that the maximum likelihood
method is in many cases reduced to the least squares method, but this is only true in case
of normal and lognormal PDF types. More detailed descriptions about this topic can be
found in the literature [100, 101, 102].

In this section, 18 PDF types were re-investigated from log-likelihood point of view.
These are the following: Exponential, Gamma, Birnbaum-Saunders, Burr, Extreme Value,
Generalized Extreme Value, Generalized Pareto, Half-normal, Log-logistic, Logistic, Log-
normal, Nakagami, Normal, Rayleigh, Rician, Stable, t Location-Scale, and Weibull.
Seven PDF types showed superiority over the others which are discussed further; they are
the Burr, BU, the Generalized Extreme Value, GEV, the Logistic, LO, the Log-normal,
LN, the Nakagami, NA, the Rician, RI, and the Weibull, WE; which is the generalized
form of the Rosin-Rammler PDF. They are all two-parameter PDF types, except for the
three-parameter GEV and BU, defined by Eqs. (6.5), and (6.7)–(6.13) [35]:

f(D)BU =
[
kBU ·

(
cBU
aBU

)
·
(
D

aBU

)cBU−1]
·
[
1 +

(
D

aBU

)cBU]kBU+1

, (6.8)

f(D)GEV = 1
bGEV

· t(D)cGEV +1 · exp [−t(D)] , (6.9)

t(D) =

(1 + cGEV ((D − aGEV ) /bGEV ))−1/cGEV , if cGEV 6= 0
exp (− (D − aGEV ) /cGEV ) , if cGEV = 0

(6.10)

f(D)LO = exp [− (D − aLO) /bLO]
bLO · {1 + exp [− (D − aLO) /bLO]}2 , (6.11)

f(D)RI = D

a2
RI

· exp
[
− (D2 + b2

RI)
2 · a2

RI

]
· I0 ·

(
D · bRI
a2
RI

)
, (6.12)

f(D)WE = aWE

bWE

·
(
D

bWE

)aWE−1
· exp

[
−
(
D

bWE

)aWE
]
, (6.13)

Practical application examples of the above PDFs are the following in describing nat-
ural phenomena. BU is used for analyzing lifetime data [103]. GEV is often used for the
treatment of tail risks in fields ranging from insurance to finance [104, 105]. In hydrology,
the GEV distribution is applied to describe the annual maximum one-day rainfalls and
river discharges [106]. This PDF can also be used in climate change [107, 108] and at-
mospheric pollution analyses [109]. The logistic distribution, in addition to sprays [110],
is widely used in logistic regression [111, 112] and in the evaluation of the mechanical
properties of concrete [113]. RI is used as the Euclidean norm of a bivariate normally
distributed random vector. Its practical use is radio communications [114, 115]. The
Weibull PDF is used the most frequently in atomization among the listed ones. This
is the generalization of the Rosin-Rammler PDF. Applications involve, e.g., hydrology
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[116], wind speed distributions [117], particles generated by milling and crushing [118],
and sprays [95, 96, 119, 120].

6.2.2 The relation of the SMD to the droplet size distribution
Figure 6.5 compares a histogram from the center and the periphery with four fitted
PDFs in the case of D. Histograms are based on 40.000 individual drop measurements.
However, it is important to mention that a sample number paradox can be recognized,
so it is difficult to perform any kind of deeper statistical test. If the sample size is
increased, statistical tests based on pure mathematics will be failed (see Kruskall-Wallis
and Mann-Whitney-Wilcoxon) due to the increased second kind residual error. However,
if measurements with a small number of samples are preferred, then in this case the
standard deviation increases and the manageability of PDFs can deteriorate significantly
depending on the number of samples. Regarding the repeatability, it can be stated that
there is no change in the shape of the function, only the value of the SMD shifts by the
order of ± 1%. Regarding the velocity of the droplets, the difference can be considered
much smaller.

The filtering of the data sets was influenced by the frequency of the green light
(0.532 µm) approaching from the lower direction, so all droplets detected below this
size were discarded from the data set. Regarding the evolution of the upper limits, it was
examined where the maximum droplet size above which less than 1% of the total data set
is quantified is located. The application of this principle only played a data visualization
role when displaying the functions, as rarely 1-1 larger drops were detected in the data
set. The limit of the lower droplet size is the same for each z plane, which is limited by
the aforementioned measurement aspect. To the best of our knowledge, there is no exact,
well-described error calculation procedure that can be applied, so we must rely on the
estimation error provided by the manufacturer. We have sought additional information
in a number of places and publications, however, based on our most recent information,
there is no example of this in the current literature.

The first three PDFs are included due to their good fit while WE was added as it
is a widely used PDF in the literature of atomization. It can be seen that the range
below 10 µm is similar qualitatively. However, the quantitative difference between them
indicates that the peripheral region also contains larger droplet clusters with sizes of 10–
20 µm, ≈30–40 µm, and there are several droplets above that, shown in Fig. 6.5b. The
analysis of their origin is not discussed here as it requires an in-depth analysis that is a
subject of later research, focusing on the droplet breakup regions. Figure 6.5a is similarly
modeled by both GEV, BU, and LN while the widely used WE notably falls behind them.
The latter is an upper estimation in the 15–30 µm region, and it misses the peak. As
it was mentioned, the irregular shapes of the histograms in the peripheral regions are
expected to be the result of several droplet formation processes. Therefore, the fitted
PDFs provide a relatively worse result than in the core. Nevertheless, the fit quality,
shown in Subsection 6.2.5, shows it only on a relative scale. Due to the several large
droplets, the calculated SMD is nearly doubled due to D3 in Eq. (2.5).

Figure 6.6 shows a comparison of RO and D under similar conditions to highlight the
effect of viscosity on the spray size distribution. By comparing Figs. 6.5a and 6.6a, it
can be seen that the peak slightly increases as pg increases which is a counterintuitive
result. Nevertheless, the SMD is lower since the former histogram contains a sizable
amount of droplets above 20 µm while it is practically absent in the latter case. These
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Figure 6.5: PDF fit in the case of D at pg = 0.3 bar, tp = 25 ◦C, z = 60 mm, and
a) r = 0 mm, b) r = 12 mm.

characteristics can be qualitatively found when Figs. 6.6a and 6.6b are compared. Namely,
the more viscous RO features lower peak droplet size than D while the larger sizes are
present to a slightly greater extent. Therefore, the SMD of RO is higher than that of D,
but the difference is small. Again, WE falls behind GEV, BU, and LN PDF types.

Figure 6.6: Effect of viscosity in the case of a) D and b) RO at pg = 2.4 bar, tp = 25◦C
z = 60 mm, r = 0 mm.

As for RO, however, the lower tp causes lower standard deviation of the droplets
around the mean, while the higher tp generates a wider range of droplet sizes in the
vicinity of the average, without changing the calculated SMD significantly. The low
standard deviation of Fig. 6.7a indicates that the character of the drop size distribution
of RO is more monocdisperse than that of Fig. 6.7b. In order to evaluate the effect of
preheating, Figs. 6.7a and Fig. 6.7b also show the differences between PDF types in case
of the highest viscosity difference for a single liquid, which can be realized for RO. The
most significant difference is that the maximum probability since it decreased from 0.13
to 0.11 with the increase of liquid temperature. Nevertheless, the maximum droplet size
of the spray is slightly increased with liquid temperature; meanwhile, the shape of the
distributions is not changed.
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Figure 6.7: Effect of preheating in the case of RO at pg = 0.3bar, tp = a) 25 ◦C b) 100
◦C z = 60 mm, r = 0 mm.

At higher pressures, the probability further decreases which is introduced in Figs. 6.8a
and 6.8b. Therefore, the preheating has a less significant effect on the shape and the
parameters of the PDFs. In this condition, the maximum droplet size is not changed
with the preheating temperature, however, the SMD is decreased, meanwhile in case of
subsonic condition this tendency was opposite.

Figure 6.8: Effect of preheating in the case of RO at pg = 2.4 bar, tp = a) 25 ◦C b)
100 ◦C z = 60 mm, r = 0 mm.

6.2.3 Data filtering
In general, big data is frequently featured by volume, variety, velocity [121], and veracity
[122], which refers to quantity, type, and nature of data, speed of data generation and
variety in data quality. Big data analysis is present, e.g., in the optimization of manufac-
turing processes [123, 124], transportation safety and even the sustainability [125]. In the
energy industry, huge amount of effort is spent to optimize solar-based power generation
[126] and microgrid use [127] to support the way of efficient energy usage [128]. In the
case of the PDA measurements, the pre-defined conditions violate the definition of big
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data. However, the available evaulation methods for small data sets cannot be applied
efficiently for millions of data points [129]. Therefore, big data visualization tools were
used in the evaluation of PDA measurement results to support the recognition of patterns,
trends, and correlations.

Over 400 million individual droplet data were generated during the measurement,
which required quality control before the analysis began. Firstly, the data outside of
the physically available measurement range were deleted. It is the wavelength of the
green laser beam, 0.532 µm, which is a lower boundary of sensing [130]. In the present
case, nearly one percent of the data was below this threshold value. Next, box plots were
created for the remaining data, and the interquartile values (data range between 75th and
25th percentiles) were calculated and multiplied by 1.5. Above and below the resulting
thresholds, the outlier data were removed permanently, which meant ≈5% further data
loss. This method is useful when the data are not normally distributed [131]. Assuming
a symmetrical spray based on Appendix A, the radial distance from the atomizer axis, r,
is used in the following instead of x and y. Practically, the +X direction was evaluated.

6.2.4 Evaluating the results of the log-likelihood analysis
Maximum likelihood estimation is a method for fitting equations to experimental data to
find the best model. The PDF with the highest log-likelihood (or lowest negative log-
likelihood) predicts the probability of the droplet size most accurately. With different
settings, 10800 measurements were performed overall, and all 18 PDF types were fitted
to each dataset, and evaluated by likelihood estimation. The negative log-likelihood
results were rescaled between 0 and 100, representing the performance of the functions
relative to the worst and best performances, respectively. To evaluate the performance
of the functions qualitatively, relative log-likelihood results were summarized in a color
scale table for every PDF separately. Fig. 6.9 shows the performance map of GEV for
D, sorting the data on the abscissa by pressure and temperature. The radial distances
are indicated on the ordinate at various nozzle downstream distances. The content of
Fig. 6.9a is identical to Fig. 6.9b. In the former case, data are principally sorted by tp to
highlight the effect of pg at a given tp, while Fig. 6.9b shows it in an inverted hierarchy. At
different radial distances, the performance map provides information on how accurately
a PDF can predict the droplet size on the boundary, r = 8 − −14 mm, or in the core,
r = 0−−4 mm, while z shows the effect of the spray development, using a relative scale.
Note that the presented relative log-likelihood colorbar range is 90 to 100 for better visual
representation to enhance the recognition of patterns, trends, and correlations.

6.2.5 Evaluation of performance maps
Figure 6.10 shows the results of the performance map of GEV, which provided the best fit
at most of the measurement points in the relative log-likelihood analysis. Hence, it scored
the most 100s compared to the other investigated PDF types. This PDF characterizes
well the D atomization, which is followed by LHO then RO, which corresponds with their
viscosity in ascending order. The fit quality of W is similar to D at z = 20 mm and to LHO
at z = 40 and 60 mm. The performance is principally getting better with increasing pg,
although elevated tp also has a beneficial effect in the case of all the investigated liquids,
shown in Fig. 6.11. Considering the performance as a function of r, it is decreasing
towards the periphery region, especially at z = 40 and 60 mm. This phenomenon can be
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Figure 6.9: Performance map of GEV for D. Results are ordered by a) tp b) pg.

explained by the less regular droplet size distribution.
Figure 6.10 shows increasing fit quality with increasing tp, and similar tendency can be

recognized at increasing pg in Fig. 6.11. Overall, pg has a greater effect on the spray than
tp. At z = 20 mm, both D and W show regular droplet distributions up to pg = 1.2 bar.
As pg is increases, the residence time decreases as the convective effects increase with the
increasing discharge velocity, leading to less regular size distributions, which can be seen
in Fig. 6.11. In these cases, liquid preheating counteracts, but it does not work for D
which has already low viscosity because the limiting viscosity has not been reached [35].
Apart from the boundary regimes of the spray and low pg, GEV outperformed all the
other PDF types independently of the examined liquid type.

In the peripheral regimes, the BU provided a better fit than GEV at lower pg, where
the spray was less regular, presented in Fig. 6.12. Nevertheless, the fit at the spray core
was also excellent, while its performance in the transitory regimes was surpassed by other
PDF types, especially at low pg. A similar tendency can be recognized in the results
of GEV since liquid preheating increases the fit quality. These PDFs model the droplet
size distribution of D and W better than that of LHO and RO. The relative fit quality
decreases with the downstream distance from the nozzle, especially at low pg. Increased
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Figure 6.10: Performance map of GEV for all liquids. Results are ordered by tp.

tp also leads to better fits; however, the effect of increasing pg is shows better fit quality.
Neither GEV nor BU PDF types were good in estimating the spray size distribution

at pg = 0.3 and 0.6 bar and distant points from the core. However, some other PDF
types can be treated as a suitable option under these conditions, since the fit quality of
LN surpassed the others, shown in Fig. 6.13. Among the investigated liquids, this PDF
scored the most 100s at several points in the case of W and LHO atomization. The fit
quality generally increased with z , and it also provided good fit for RO at pg ≥ 0.9 bar
at z = 60 mm. Furthermore, the fit quality has a low sensitivity on tp.

Lastly, the WE is presented due to its outstanding popularity in the atomization
literature [3]. Overall, this PDF behaves similar to GEV; however, the latter one is a
better option in the majority of the cases. Hence, apart from a few exceptions, it is
advised to use GEV instead of WE (or Rosin-Rammler) distribution for high-velocity
air-blast atomization. The corresponding distributions for GEV, BU, LO, and WE under
different conditions can be seen in Appendix B.

To quantify the performance maps for the four investigated liquids, the average rela-
tive log-likelihoods are shown in Table 6.5. Due to the outstanding performance at the
peripheral regions and good fits at the core, BU outperformed all the others in both the
average value and the standard deviation of the relative log-likelihood analysis. Neverthe-
less, this is since GEV performs poorly at the peripheral regions while it is otherwise the
best choice for modeling the spray core. This behavior is the reason for the high standard
deviation that is similar to all the other cases in numbers, except BU where the standard
deviation is an order of magnitude lower than that of the other PDF types. Performance
maps of a few less successful PDFs can be found in Appendix B.

Apart from GEV and BU PDF, the three-parameter PDF types, NA proved to be the
best option from the two-parameter variants. Its performance is qualitatively similar to
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Figure 6.11: Performance map of GEV for all liquids. Results are ordered by pg.

Figure 6.12: Performance map of BU for all liquids, ordered by pg.

GEV and WE, while the relative log-likelihood values fall between them. Note that this
PDF is related to the Γ distribution, which shined in the R2 analysis. The RI and LO
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Figure 6.13: Performance map of LN for all liquids, ordered by pg.

Figure 6.14: Performance map of WE for all liquids, ordered by pg.

PDF types scored 100 in relative log-likelihood at only a few circumstances, respectively.
Therefore, these PDF types can be omitted when the droplet size distribution of high-
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GEV BU LO LN NA RI WE
Avg. 97.22 97.99 88.94 94.89 96.02 93.53 94.03

D Std. dev. 14.16 1.41 15.29 15.07 15.09 14.72 14.70
C. max 80.97 4.03 0.28 8.47 3.47 0.28 0.28
Avg. 93.73 96.89 84.19 91.66 93.06 90.63 91.66

LHO Std. dev. 21.58 3.96 21.16 21.88 21.77 21.31 21.38
C. max 64.58 7.08 0.00 17.22 8.06 0.00 0.56
Avg. 93.21 96.16 83.13 91.03 92.97 90.34 91.89

RO Std. dev. 22.78 4.26 21.67 22.57 22.58 22.14 22.25
C. max 58.75 6.81 0.00 18.19 13.75 0.00 0.56
Avg. 95.36 97.68 86.31 93.57 94.38 91.84 92.69

W Std. dev. 18.87 2.07 19.03 19.09 19.00 18.49 18.60
C. max 68.47 5.14 0.00 16.81 5.14 0.00 0.14

Table 6.5: Performance map summarized results. All the values are in percentages.

velocity air-blast atomization is evaluated. Based on the above-described investigations,
the fourth thesis can be stated:

4. In the case of air-blast atomization, general spray modeling by a single
PDF is not possible due to differences in local spray characteristics. Overall,
the Burr PDF type is the most suitable one in terms of log-likelihood, appro-
priately modeling the spray at both the core and the less regular peripheral
region. However, when the core regions of the spray are investigated at 0.6 bar
atomizing gauge pressure, the Generalized Extreme Value PDF type provides
outstanding fit quality. Considering the two-parameter PDF types only, Nak-
agami can be treated as the best choice for all the investigated conditions.
The popular Rosin-Rammler PDF in the atomization literature was notably
outperformed by other PDF types. The validity range is ALR = 0.78 - 2.07
and Ma = 0.62 - 1.45. The valid preheating temperature range in case of D,
LHO and RO 20 - 100 ◦C, while in the case of W 20 - 90 ◦C.

This thesis is related to the following publications: [89], [99].
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Conclusions and future directions

Plain-jet air-blast atomization was investigated in the present thesis, focusing on system-
atic measurements of the spray of various liquids to cover a wide range of liquid viscosity.
The results may directly help in designing burners for various fuels or blends to find the
proper preheating for highly viscous fuels. The spray measurement was performed using
a Phase Doppler Anemometer, PDA, where the main goal was to determine both mean
droplet sizes and droplet size distribution at different conditions.

Various formulas exist in the literature to estimate SMD, of the spray. However,
none of them includes the temperature-dependent behavior of the liquid. Nevertheless,
preheating notically affects the local spray properties through the decreasing kinematic
viscosity and surface tension. Since there was no proper formula to estimate SMD in the
investigated parameter range, the available ones were tested out of their validity range.
As a result, the limiting viscosity was introduced, which means that the We-related term
of the Lefebvre’s SMD correlation becomes temperature-dependent, while the coefficient
of Oh is amended by the viscosity ratio.

Modern PDA systems allow the acquisition of abundant data on sprays. To take a
step towards the modeling of the spray size distribution instead of estimating a mean
diameter, various PDF types were evaluated with the following conclusions. Γ provided
the best fit, followed by Rosin-Rammler and Log-normal PDFs in terms of R2, which
is an expected value-like quantity. For this purpose, the use of PDFs with more than
two parameters are not recommended to avoid overfitting. For air-blast atomization, the
PDF has to be positive, continuous, and unimodal. To consider the size distribution of
the spray, a log-likelihood analysis was performed. A general outcome was that spray
modeling by a single PDF is not possible due to the spray history. Overall, the Burr PDF
type was the most suitable one in terms of log-likelihood, fairly modeling the spray at
both the spray core and the less regular peripheral region.

The third thread was the examination of the external characteristic of the spray,
specifically, the spray cone angle, SCA. Since there was no estimation method available
for plain-jet air-blast atomization, a method was developed, which allows proper SCA
determination, while being general enough for using it for other atomizer types. Since
two parameters were varied, the proposed formula could have only two parameters. They
were ALR and the ratio of the corresponding liquid density and the liquid density at the
reference temperature in the case of the best fit.

As for future directions, the development of numerical models can be aimed due to
the abundant measurement data, focusing on CFD codes. Another gap is the extension
of the developed methods for other types of atomizers. Nevertheless, new evaluation
techniques can also be developed, based on the accumulated experience. In statistical
analysis, minimum sample size could be determined since there is no consensus in the
literature on this topic. Three large sample numbers were used during the measurements,
however, the ultimate number is expected in the range of ten thousand.
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Theses

1. In the case of the air-blast atomization, above the limiting viscosity, νL,lim,
the We-related term of the Lefebvre’s SMD correlation becomes temperature-
dependent beyond the already included temperature-dependent material
properties. The coefficient of Oh also becomes temperature-dependent
through the ratio of the viscosity at reference temperature and the viscos-
ity of the preheated liquid. The corresponding reference temperature was 20
°C. The temperature-dependent SMD correlation is described as:

SMD
d0

=
(

1 + 1
ALR

)Atr ·

tp
tr
, if νL > νL,lim

1, if νL,tr 6 νL,lim
(tp at νL,lim)

tr
, if νL 6 νL,lim

·We−0.5
A +Btr

(
νL,tr
νL

)0.5
OhL

 ,

where d0 is the diameter of the liquid jet and WeA is the Weber number
based on the properties of the atomizing air. The validity range is ALR =
0.78 - 2.07, Ma = 0.62 - 1.45, and tp = 20 − 100 ◦C for D, LHO, and RO, and
tp = 20 − 90 ◦C for W.

This thesis is related to the following publication: [35].

2. The following correlation describe the spray cone angle, SCA, which was
generated by air-blast atomizer based on the following equation:

SCA = A · ρ̃L · ALRB,

where ρ̃L is the quotient of liquid density at reference temperature and liquid
density at the corresponding preheating temperature. ALR is the air-to-
liquid mass-flow ratio. In addition, two parameters are applied, A and B.
A is responsible for describing the corresponding changes in the atomization
gauge pressure, while B contains the effect of liquid preheating. Parameters
A and B for various liquids are:

Const. D LHO RO W

ALR A 20.7 25.0 25.1 24.3
B -0.20 -0.19 -0.18 -0.07

Constant sets for different liquids.

The corresponding equation with constant sets valid at the ALR range of
0.78 - 2.07 and Ma range of 0.62 - 1.45. The valid preheating temperature
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range in case of D, LHO and RO 20 - 85 ◦C, while in the case of W 20 - 70
◦C.

This thesis is related to the following publication: [85].

3. In the case of plain-jet air-blast atomization of diesel oil in the range of 0.3
- 3.1 bar atomization gauge pressure at 25 °C reference liquid temperature
the Γ function provide the best fit, followed by the Rosin-Rammler and the
Log-normal functions, if an expected value-like parameter is to be deter-
mined. PDFs with more degree of freedom than two are not recommended
to avoid overfitting. In addition, the PDF has to be positive, continuous, and
unimodal. The validity range is ALR = 0.78 - 2.32, Ma = 0.62 - 1.57 and
the established sequence is true for low viscosity and high velocity atomization.

This thesis is related to the following publications: [89], [99].

4. In the case of air-blast atomization, general spray modeling by a
single PDF is not possible due to differences in local spray characteristics.
Overall, the Burr PDF type is the most suitable one in terms of log-likelihood,
appropriately modeling the spray at both the core and the less regular pe-
ripheral region. However, when the core regions of the spray are investigated
at 0.6 bar atomizing gauge pressure, the Generalized Extreme Value PDF
type provides outstanding fit quality. Considering the two-parameter PDF
types only, Nakagami can be treated as the best choice for all the investigated
conditions. The popular Rosin-Rammler PDF in the atomization literature
was notably outperformed by other PDF types. The validity range is
ALR = 0.78 - 2.07 and Ma = 0.62 - 1.45. The valid preheating temperature
range in case of D, LHO and RO 20 - 100 ◦C, while in the case of W 20 - 90 ◦C.

This thesis is related to the following publications: [89], [99].
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Appendix A

Symmetry analysis of the spray

The symmetry of a spray can be understood in several ways. Due to the huge measured
data set, certain data reduction techniques are necessary, which inevitably lead to in-
formation loss. Statistical tools did not perform well during the comparison, since the
excessive data quantity (∼ 40, 000 individual droplets at each point) made the statisti-
cal tests (Kruskall-Wallis and Mann-Whitney-Wilcoxon) too strong, suggesting that the
measurement is not reproducible if two identical points compared, which were recorded
within 1 minute. To solve this issue, further theoretical studies are required, hence, this
method was omitted presently.

On the other hand, there are practical methods to prove the axisymmetric behavior of
the spray. The corresponding analysis can be applied any of the spray related variables.
Based on Subsection 6.2.1, the goodness of function fits can be determined using the
coefficient of determination, R2. This parameter is a statistical measure of the strength of
the function correlation of one interval variable to another interval variable. In statistical
studies, it can be assumed that the variables have some kind of functional relationship
with each other. Using those PDFs that are already performing well by default, it can be
seen that the actual droplet size distributions of measurement points at the same radial
distances from the center show similar results, summarized in Table A.1.

Another method is the Stk analysis. This variable was determined for X and Y di-
rections, averaged for the number of samples for D at z = 60 mm and 55 ◦C, shown in
Fig. A.1.

Figure A.1: Stk of D at tp = 55 ◦C and z = 60 mm. From the origin to all ends, the
results show the points measured at four radii.

85



R2 X=-2, Y=0 X=2, Y=0 X=0, Y=-2 X=0, Y=2
Γ GEV Γ GEV Γ GEV Γ GEV

D, 0.3 bar 25 ◦C 0.958 0.994 0.960 0.995 0.970 0.988 0.954 0.992
D, 2.4 bar 25 ◦C 0.968 0.902 0.934 0.994 0.934 0.987 0.948 0.952
D, 0.3 bar 100 ◦C 0.951 0.990 0.962 0.980 0.950 0.987 0.953 0.991
D, 2.4 bar 100 ◦C 0.958 0.903 0.926 0.997 0.929 0.978 0.937 0.964
LHO, 0.3 bar 25 ◦C 0.970 0.991 0.960 0.992 0.974 0.989 0.969 0.993
LHO, 2.4 bar 25 ◦C 0.979 0.906 0.902 0.964 0.951 0.990 0.970 0.956
LHO, 0.3 bar 100 ◦C 0.964 0.987 0.944 0.994 0.963 0.979 0.956 0.994
LHO, 2.4 bar 100 ◦C 0.966 0.927 0.928 0.996 0.940 0.969 0.948 0.963
RO, 0.3 bar 25 ◦C 0.970 0.993 0.963 0.992 0.972 0.992 0.964 0.991
RO, 2.4 bar 25 ◦C 0.986 0.905 0.963 0.981 0.956 0.997 0.978 0.960
RO, 0.3 bar 100 ◦C 0.964 0.990 0.964 0.994 0.966 0.993 0.959 0.991
RO, 2.4 bar 100 ◦C 0.972 0.942 0.944 0.997 0.949 0.988 0.957 0.974
W, 0.3 bar 25 ◦C 0.969 0.989 0.964 0.986 0.969 0.989 0.962 0.980
W, 2.4 bar 25 ◦C 0.975 0.919 0.960 0.991 0.961 0.989 0.967 0.948
W, 0.3 bar 100 ◦C 0.969 0.994 0.969 0.987 0.968 0.990 0.966 0.991
W, 2.4 bar 100 ◦C 0.960 0.950 0.929 0.997 0.945 0.986 0.955 0.969

Table A.1: R2 values of the fit of Γ and GEV PDFs at various pg and tp in the vicinity
of the spray axis (r = 2 mm).

Stk reaches its maximum at r = 0 mm (x = 0 mm, y = 0 mm) and then decreases
towards the periphery. A minor asymmetric behavior can be recognized only under su-
personic conditions (pg > 0.89 bar) where the fuel pipe may vibrate due to the increased
air velocity. Since viscosity and density can be considered as constant at a given pressure
and temperature, the Stk depends on the velocity and size of the droplets, which also
reach their maximum value at the center. Irrespective of the atomizing pressure and the
distance of the tested profiles, the maximum velocity can always be observed in the spray
core. In addition, as the atomizing pressure increases, the magnitude of the velocities also
increased. This characteristic is also reflected in the planar distribution of Stk. A similar
function is typical for droplet diameters, however the droplet size is much more sensitive
to variations in pg and axial distance from the nozzle, z. Assuming that the spray gener-
ated by the atomizer forms a regular cone shape, the same Stk can be assumed for both
X and Y directions, perpendicular to each other.

To examine the asymmetry in a quantitative way, the standard deviation of the Stk
for points within a given radius of the spray center line is presented in Fig. A.2. It can be
observed that the deviations decrease with the increase of the nozzle downstream distance.

Overall, it can be stated that the results show the expected decreasing characteristics
form the axis. The symmetry is acceptable more from engineering point of view, however,
the results of the PDA measurement data surely contains every tiny effect due to the high
discharge velocity. They can be, e.g., manufacturing defects and slight misalignment of
the central pipe. Since these naturally occur in many practical applications, the theses
were stated in the light of these results. The literature does not discuss such spray
characteristics, hence, it is a good opportunity to continue the research in this direction,
namely, to analyze symmetry of the otherwise symmetrical setup.
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Figure A.2: Standard deviation of Stk as a function of axial distances in case of D a) 3D
and b) 2D perspective.

87



Appendix B

Other performance maps

The less successful performance maps will be shown to highlight the differences between
different PDF types. Figure B.1 show the performance map of Birnbaum–Saunders PDF.
In the case of RO, most of the quantitative relative likelihood values were below 90%.
Furthermore, most of the peripheral region show worse fit quality in the case of all inves-
tigated liquids.

Figure B.1: Performance map of Birnbaum-Saunders for all liquids. Results are ordered
by tp.

Figure B.2 shows similar result as Fig. B.1, but the results were ordered by pg.
Figure B.3 shows the results in the case of Extreme Value PDF type. It can be seen

that the overall relative likelihood is even worse than that of Birnbaum-Saunders PDF
type.

Figure B.4 show similar result as Fig. B.3, but the results were ordered by pg.
Figure B.5 shows the results in the case of Half-Normal PDF type. The overall relative
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Figure B.2: Performance map of Birnbaum-Saunders for all liquids. Results are ordered
by pg.

Figure B.3: Performance map of Extreme Value PDF for all liquids. Results are ordered
by tp.
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Figure B.4: Performance map of Extreme Value PDF for all liquids. Results are ordered
by pg.

likelihood result show even worse results than both Birnbaum-Saunders and Extreme
Value PDF types. Nevertheless, almost all of the investigated condition points dropped
below 90%, which means that this PDF type is significantly outperformed by others.

Figure B.6 shows similar result as Fig. B.5, but the results were ordered by pg.
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Figure B.5: Performance map of Half-normal PDF for all liquids. Results are ordered by
tp.

Figure B.6: Performance map of Half-normal PDF for all liquids. Results are ordered by
pg.
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Appendix C

Uncertainty and datasheet of
measuring devices

The present chapter summarizes the uncertainty of each notable device used during the
measurements.

1. Thermometer

• Type: Pt100, Class B
• Measurement range: -200–600 ◦C
• Accuracy: 0.5 ◦C

2. Pressure transducer

• Type: Siemens SITRANS P serie Z
• Model no.: 7MF1563-5BE00
• Measurement range: 0–4 bar (absolute)
• Accuracy: 1000 kPa (0.25% of the maximum)
• Note: All the other pressure transducers were used for check purposes.

3. Mass flow meter (for fuel)

• Type: Siemens SITRANS F C Mass 2100 Di 3
• Measurement range: 0–250 kg/h
• Accuracy: 0.8% (at 0.35 g/s mass flow rate)

4. Mass flow meter (for air)

• Type: Omega FMA-A2117
• Maximum measurement range: 0–100 standard liter/min
• Used measurement range: 0–50 SLM
• Accuracy: 1% of the full scale (0.5 SLM)

5. Mass flow meter (for air)

• Type: Sierra SmartTrak 100
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• Measurement range: 0-1000 SLM
• Accuracy: 0.5% of the full scale (5 SLM)

6. Traverse system (not shown here)

• Positioning uncertainty: 0.1 mm

Determining the uncertainty of the PDA system in the case of spray measurement is
cumbersome and not discussed in the public literature. There can be multiple droplets
present in the measurement volume, which might bias the results, due to multiple reflec-
tions and light scattering. Therefore, the appropriate phase shift in the light signal, what
the PDA detects, is highly noisy. Hence, the inappropriate signals were automatically
rejected by the BSA Flow software, made by Dantec Dynamics.
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Appendix D

Measurement of
temperature-dependent physical
properties of liquids

The following temperature-dependent physical properties were required to determine the
atomization characteristics of the liquids: ρ, σ, and ν. As for W and D, they are well
known in the literature. Besides the density, the other two parameters are rarely dis-
cussed for LHO and RO. It is known that the fatty acid composition of RO varies by the
climate and the weather, besides cultivation methods [132, 133, 134]. Consequently, it
was mandatory to measure the mentioned properties of the currently used samples. The
investigation temperatures followed the tp: 25, 40, 55, 70, and 100 ◦C while the highest
temperature for W was 90 ◦C to avoid boiling. Only σ was measured at 75 ◦C instead
of 70 ◦C. It is well-known that W and D are Newtonian liquids. Fasina and Colley [135]
concluded that crude vegetable oils also exhibit Newtonian behavior, including RO. As
for a light crude oil – which is more complex than LHO – it was proven by Ariffin et al.
[136] that above 200 1/s shear rate, it behaves as a Newtonian liquid in the temperature
range of 20-90 ◦C. The shear rate in the present case is estimated as O(105) 1/s.

Temperature-dependent densities were determined using a 10-ml 3.3 borosilicate glass
pycnometer, which was put on a Sartorius L610 D type scale. The device was cali-
brated with reference weights. The measurement results for all liquids were shown in
Fig.D.1. The combined expanded uncertainty at 95% level of significance was uniformly
4.8 kg/m3. The results of W differ by 0.7% from the literature data at 90 ◦C while the
measurement error was undetectable at 25 ◦C. This indirect way of measurement error
estimation provides an independent basis of the accuracy of density measurements. All
the measurements were repeated five times, and the density results are their arithmetic
averages.

An Ostwald-type viscometer was used for determining the kinematic viscosity of the
liquids. A large tempered tank filled with silicone oil hosted the viscometers. To have a
homogeneous temperature distribution, a small pump continuously circulated the liquid.
Since the instrument has a calibration constant which is valid at 25 ◦C, the measurement
data of W was used to adjust the calibration constant for the other temperatures. There-
fore, W has no error bars in Fig. D.2, and its values follow the literature data. The error
bars show the combined expanded uncertainties at a 95% level of significance for the three
other liquids. These measurements were repeated three times, and the results are their
arithmetic averages.
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Figure D.1: The measured density of the investigated liquids.

Figure D.2: The measured kinematic viscosity of the investigated liquids. Note the
logarithmic scale on the ordinate.

As for surface tension measurement, the Wilhelmy plate method was used in the open
atmosphere at various tp by using a double walled tempered pot. The heating medium
was silicone oil to enable measurements at 100 ◦C for D, LHO, and RO. Calibration of
the load cell was performed with known weights prior to installing the plate on the hook.
The measurements were performed five times at each point, and their arithmetic average
was presented in Fig. D.3. After heating the pot up from 25 ◦C to 100 ◦C, a check was
performed at 75 ◦C with three individual measurements for all liquids. The estimated
uncertainty of the surface tension measurement at 95% level of significance was uniformly
0.2 mN/m.

Temperature measurements had < 1◦C uncertainty. All the measurement data was in
good agreement with the literature data where a comparison was possible [137, 138, 139,
140]. In the case of W, IAPWS-IF97 was used as an internationally accepted reference
for the properties of H2O. Nevertheless, none of the required temperature-dependent data
for LHO was found in the public literature.
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Figure D.3: The measured surface tension of the investigated liquids.
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