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1 Introduction
This doctoral dissertation deals with deterministic models of chemical
reactions from three points of view, namely transient behavior, stationary
behavior and the existence of periodic solutions.

The first chapter summarizes the basic concepts of formal reaction
kinetics.

The second chapter is about the transient behavior of chemical reactions.
We determined classes of mass action type kinetic differential equations that
have a quadratic first integral. The main tool to find such first integrals is the
comparison of the coefficients of polynomials, taking into account that kinetic
differential equations are polynomial differential equations with no negative
cross-effect. We investigated the conditions for mass conservation and found
that it excludes the existence of certain types of quadratic first integrals. We
also constructed chemical reactions for these classes of differential equations.

The third chapter deals with the stationary behavior of chemical reactions
as models of ion channels of nerve cells. Mass action type deterministic
kinetic models of ion channels are usually constructed in such a way that
the principle of detailed balancing or microscopic reversibility holds. This
has a dual purpose: first, to ensure that these models are in accordance
with the laws of thermodynamics, and second, to measure less, since the
conditions to ensure detailed balancing reduce the number of reaction rate
coefficients to be measured. We investigated several ion channel models that
are detailed balanced according to the literature, however, on the one hand
these models violate mass conservation, and on the other hand, in their case
only the necessary conditions (the so-called circuit conditions) are taken into
account. We showed that ion channel models have such a special structure
that leads to correct conclusions in spite of inaccurate assumptions. First,
we transformed the models to meet mass conservation and then we showed
that the necessary and sufficient conditions to ensure detailed balancing (the
so-called circuit conditions and spanning forest conditions) lead to the same
equations for the reaction rate coefficients both for the original models and
the transformed ones.

The fourth chapter is devoted to the investigation of the existence of
periodic solutions. We searched for limit cycles in the kinetic models of two-
species chemical reactions that contain a third-order reaction step, that is,
the corresponding kinetic equations are such planar polynomial differential
equations that contain a cubic term. We investigated three models. The first
model consists of five reaction steps and originally contains five parameters
that can be reduced to three. Using symbolic methods, we formulated
necessary and sufficient conditions for the parameters to achieve that around
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the stationary point in the first quadrant a stable limit cycle appears as
a result of a supercritical Hopf bifurcation. In the global investigation
of the phase portrait we used two important techniques, these are the
Poincaré compactification and the blow-up of singularities, while in the local
investigation we used a Lyapunov method. The second and third model
contain seven parameters and performing local investigation of the phase
portrait we provided necessary and sufficient conditions for the existence of
two nested limit cycles around the stationary point in the first quadrant.
Symbolic calculations were carried out using the Wolfram language and it
was used for the numerical verifications as well.

This thesis is based on the articles [62], [59], [61], [34], [60] and the
calculations can be found in [35], [58].
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2 Basic concepts of formal reaction kinetics
In this chapter we introduce briefly the basic concepts and definitions of
formal reaction kinetics as they can be found e.g. in [22], [29], [52] or [30]
and then illustrate them with examples.

2.1 Chemical reaction systems

Let us consider a vessel (a cell, a reactor, a test tube etc.) of constant
volume at constant pressure and temperature where chemical reactions
take place between some chemical species (atoms, ions or molecules). Let
M,R ∈ N;α, β ∈ NM×R

0 ; kr ∈ R+ and consider the complex chemical
reaction:

M∑
m=1

α(m, r)X(m) −→
M∑
m=1

β(m, r)X(m) (r = 1, 2, . . . , R), (1)

where the meaning of the notations is the following:

• M denotes the number of chemical species;

• X(m) denotes the mth chemical species (m = 1, 2, . . . ,M);

• R denotes the number of reaction steps;

• α(m, r) and β(m, r) denote the reactant and product stoichiometric
coefficients;

• α(., r) and β(., r) denote the reactant and product complex vectors;

• γ(., r) := α(., r)− β(., r) denote the reaction vectors;

• kr denotes the reaction rate coefficients.

There are a few natural conditions fulfilled by the stoichiometric matrices
α = (α(m, r))m=1,2,...,M ;r=1,2,...,R and β = (β(m, r))m=1,2,...,M ;r=1,2,...,R (see e.g.
[18, page 77]):

1. all the species take part in at least one reaction step;

2. all the reaction steps change the quantity of at least one species;

3. all the reaction steps are determined by their reactant and complex
products.
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Definition 1 The number of different complex vectors among α(., r) and
β(., r), (or simply the complexes, the formal linear combinations on both
sides of (1)) is the cardinality of the set

{α(., r); r = 1, 2, . . . , R} ∪ {β(., r); r = 1, 2, . . . , R}
and it is denoted by N .

Definition 2 The Feinberg–Horn–Jackson graph (or, FHJ-graph, for
short) of the reaction is the directed graph with the complexes as vertices
and the reaction steps as edges. That is, it is obtained if one writes down all
the complex vectors exactly once and connects two complexes with an edge
(or two different edges pointing into opposite directions) if there is a reaction
step taking place between them.

Definition 3 The linkage classes of the FHJ-graph are the connected
components of this graph and their number is denoted by L.

Definition 4 The stochiometric space of the reaction (1) is the linear
subspace of RM generated by the reaction vectors:

S := span {α(., r)− β(., r); r = 1, 2, . . . , R}
and its dimension is denoted by S. The set c0 + S (c0 ∈ (R+)M) is a
(positive) reaction simplex.

Definition 5 With the previous notations, the deficiency of the reaction
(1) is the nonnegative integer δ := N − L− S.

Definition 6 A chemical reaction system is reversible if each reaction step
is reversible, that is, each reaction step takes place in both directions.

2.2 Mass action type kinetic differential equations

Suppose the reaction can adequately be described using mass action
kinetics, then its deterministic model is

cm
′(t) = fm(c(t)) :=

R∑
r=1

(β(m, r)− α(m, r))kr

M∏
p=1

cp(t)
α(p,r) (2)

cm(0) = cm0 ∈ R+
0 (m = 1, 2, . . . ,M) (3)

describing the time evolution of the concentration vs. time functions

t 7→ cm(t) := [X(m)](t)

of the species. Eq. (2) is also called the mass action type induced kinetic
differential equation of the reaction (1).
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2.3 Examples

In this section the meaning of the definitions are illustrated with a few
examples.

Example 1 The FHJ-graph of the reversible Wegscheider reaction is

X
k1−−⇀↽−−
k−1

Y, 2 X
k2−−⇀↽−−
k−2

X + Y (4)

We number the species, complexes and reaction steps in an arbitrary way in
order to obtain the corresponding complex vectors and reaction vectors. The
set of species is {X,Y}, the set of complexes is {X,Y, 2 X,X + Y} and thus
N = 4, and the set of reaction steps is

R = {X k1−−→ Y,Y
k−1−−→ X, 2 X

k2−−→ X + Y,X + Y
k−2−−→ 2 X}.

According to these orderings, the complex vectors are

y1 = (1, 0),y2 = (0, 1),y3 = (2, 0),y4 = (1, 1);

the reaction vectors are

v1 = y2 − y1,v2 = y1 − y2,v3 = y4 − y3,v4 = y3 − y4;

and the stoichiometric matrices are

α =

(
1 0 2 1
0 1 0 1

)
, β =

(
0 1 1 2
1 0 1 0

)
, γ = β − α =

(
−1 1 −1 1
1 −1 1 −1

)
.

The reaction consists of L = 2 linkage classes, the rank of the stoichiometric
space is S = rank(γ) = 1 and thus the deficiency of the system is
δ = N − L− S = 4− 2− 1 = 1.

Denoting the concentrations of the species X,Y as a function of time by
c1(t) = x(t), c2(t) = y(t), respectively, then according to the deterministic
model (2) we can formulate the following differential equations:

x′ = −k1x+ k−1y − k2x2 + k−2xy

y′ = k1x− k−1y + k2x
2 − k−2xy

Example 2 The FHJ-graph of the reversible triangle reaction can be seen
in the following figure.

The set of species and the set of complexes is {X,Y,Z} and thus N = 3,
and the set of reaction steps is

R = {X k1−−→ Y,Y
k−1−−→ X,Y

k2−−→ Z,Z
k−2−−→ Y,Z

k3−−→ X,X
k−3−−→ Z}.
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Y

Z

Figure 1. The reversible triangle reaction

According to these orderings, the complex vectors are

y1 = (1, 0, 0),y2 = (0, 1, 0),y3 = (0, 0, 1);

the reaction vectors are

v1 = y2 − y1,v2 = y1 − y2,v3 = y3 − y2,

v4 = y2 − y3,v4 = y1 − y3,v4 = y3 − y1;

and the stoichiometric matrices are

α =

1 0 0 0 0 1
0 1 1 0 0 0
0 0 0 1 1 0

 , β =

0 1 0 0 1 0
1 0 0 1 0 0
0 0 1 0 0 1

 ,

γ = β − α =

−1 1 0 0 1 −1
1 −1 −1 1 0 0
0 0 1 −1 −1 1

 .

The reaction consists of L = 1 linkage class, the rank of the stoichiometric
space is S = rank(γ) = 2 and thus the deficiency of the system is
δ = N − L− S = 3− 1− 2 = 0.

Denoting the concentrations of the species X,Y,Z as a function of time
by x(t), y(t), z(t), respectively, then according to the deterministic model (2)
we can formulate the following differential equations:

x′ = −k1x+ k−1y + k3z − k−3x
y′ = k1x− k−1y − k2y + k−2z

z′ = k2y − k−2z − k3z + k−3x
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Remark 1 The triangle reaction is a so-called compartmental system
which means that each complex consists of a single species and all species
are different. It can be shown that the deficiency of a compartmental system
is zero.

2.4 Polynomial and kinetic differential equations

The induced kinetic differential equation of the reaction (1) is a polynomial
differential equation since all the functions fm are polynomials in all their
variables. (This property can be shown to be equivalent with the fact that fm
is anM -variable polynomial [11].) However, it is not true that all polynomial
differential equations can be obtained as induced kinetic differential equations
of some reactions, as the examples

x′ = y, y′ = −x

(of the harmonic oscillator), or the Lorenz model

x′ = σ(y − x), y′ = ρx −xz , z′ = xy − βz (σ, ρ, β > 0)

show. The speciality of kinetic differential equations is that they cannot
contain terms like those boxed above, i.e. terms expressing the decay of a
quantity without its participation. Such terms are said to represent negative
cross effects [45]. Moreover, it is also true that the absence of such terms
allows us to construct a reaction inducing the given differential equation
[45]. To formulate this property and also our statements below we need the
following definition.

Definition 7 Let M ∈ N, and let us suppose that P : RM −→ RM is a
function with the property that all its coordinate functions are polynomials
in all their variables. Then the differential equation

x′ = P ◦ x (5)

is said to be a polynomial differential equation.

Let us remark that R2 3 (x, y) → xy is a second degree polynomial
although it is of the first degree in all of its variables. When formulating and
proving our results in Section 3 below we sometimes need notations different
from those in the above definition for the sake of transparency.

Definition 8 Let us consider the polynomial differential equation (5), and
suppose that there is an m ∈ {1, 2, . . . ,M} and a vector

cm0 := (c1, c2, . . . , cm−1, 0, cm+1, . . . , cM)
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(cp ≥ 0 for p = 1, 2, . . . ,m− 1,m+ 1, . . . ,M) so that Pm(cm0 ) < 0. Then, (5)
is said to contain negative cross-effect.

Our starting point is the following statement the constructive proof of
which can be found in [45].

Theorem 1 A polynomial differential equation is the induced kinetic
differential equation of a reaction endowed with mass action type kinetics
if and only if it contains no negative cross-effect.

Then, it is quite natural to call polynomial differential equations kinetic if
they have no negative cross-effect. (The name Hungarian is also used.)

Remark 2 The construction of a chemical reaction corresponding to a
kinetic differential equation is usually not unique, for example the system

x′ = 2x+ 3y, y′ = 4x− y

can be considered as the induced kinetic differential equation of the following
two reactions:

X
4−→ X + Y

3←− Y, Y
1−→ 0, X

2−→ 2X and

X
4−→ X + Y

3←− Y, Y
1−→ 0, X

1−→ 3X.

2.5 Mass conservation

Although it is very convenient to allow reactions like X −−→ 0 to describe
outflow, or those like 0 −−→ X to represent inflow, or X −−→ 2X to denote
autocatalysis, it is still quite natural to give extra importance to reactions
which do conserve mass. The intuitive meaning of mass conservation is that
calculating the total mass on both sides of a reaction step we get the same
amount [46, page 89].

Definition 9 The reaction (1) is said to be stoichiometrically mass
conserving, if there exists a vector % ∈ (R+)M for which

∀r ∈ {1, 2, . . . , R} :
M∑
m=1

%(m)α(m, r) =
M∑
m=1

%(m)β(m, r) (6)

is fulfilled.
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It is not so trivial to decide if a reaction of the form (1) is stoichiometrically
mass conserving or not if we are only given the stoichiometric coefficients
[18, 75]. (These last papers provide sufficient and necessary conditions of,
and algorithms to decide mass conservativity.)

Now an equivalent definition of stoichiometric mass conservation will be
given. To arrive at that definition, preparations are to be made.

Remark 3 The reaction (1) is stoichiometrically mass conserving if there
exists a vector with positive coordinates in the orthogonal complement of
the stoichiometric subspace.

A fundamental result by Horn and Jackson [46] follows.

Theorem 2 A reaction is stoichiometrically mass conserving if and only if
all positive reaction simplexes are bounded.

An immediate consequence of the theorem is that a complete solution
of a stoichiometrically mass conserving system is defined for all nonnegative
times. Further much more refined statements on nonnegativity can be found
in [93].

Example 3 Stoichiometric mass conservation is sufficient but not necessary
for the preservation of (possibly, weighted) total mass. The example [31,
page 89]

Figure 2. The Feinberg–Horn example

shows that a positive linear combination of the concentrations can be
constant even if the positive coefficients do not lie in the orthogonal
complement of the stoichiometric subspace. If this is the case one may speak
about a kinetically mass conserving reaction. Let us see the details.

Let all the reaction rate constants be unity. Now we are going to show
that the vector % =

(
1 2 4 1 4 5 2 2 1

)> is orthogonal to the right
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hand side of the induced kinetic differential equation

a′ = −2ab+ c b′ = −2ab+ c c′ = ab− 2c

d′ = c− de+ f e′ = c− de+ f f ′ = de− f
g′ = ab− g + j2 h′ = g − h+ j2 j′ = 2h− 4j2

of the reaction but it is not orthogonal from the left to the matrix

γ =



1 2 3 4 5 6 7 8 9 10
A −1 1 0 0 0 −1 0 0 0 0
B −1 1 0 0 0 −1 0 0 0 0
C 1 −1 −1 0 0 0 0 0 0 0
D 0 0 1 −1 1 0 0 0 0 0
E 0 0 1 −1 1 0 0 0 0 0
F 0 0 0 1 −1 0 0 0 0 0
G 0 0 0 0 0 1 −1 0 0 1
H 0 0 0 0 0 0 1 −1 1 0
J 0 0 0 0 0 0 0 2 −2 −2


(7)

of the elementary reaction vectors. Really,

%>
(
a′ b′ c′ d′ e′ f ′ g′ h′ j′

)>
= 0,

and
%>γ =

(
1 −1 1 0 0 −1 0 0 0 0

)> 6= 0>.

It is a very natural requirement that a numerical method aimed at solving (2)
should keep the total mass

∑M
m=1 %mcm(t) constant (independent on time)

in case of a mass conserving reaction. There are some methods to have this
property, see e.g. [9]. A similar requirement is to keep other, e.g. quadratic
first integrals, which has also been shown for some methods [68].

However, not much is known about equations, especially kinetic
differential equations with quadratic first integrals. Obviously, equations
of mechanics, like that of the standard harmonic oscillator x′ = y y′ = −x
may have quadratic first integrals, V (p, q) := p2 + q2 in this case, and here
the meaning of the quadratic first integral is the total mechanical energy.

14



3 Transient behavior—quadratic first integrals

3.1 Introduction

We determined classes of mass action type kinetic differential equations with
the property of having a quadratic first integral [62]. Since the introduction
of the name of first integral by E. Nöther in 1918, it turned out that first
integrals may help

• prove that the complete solution of the induced kinetic differential
equation is defined for all positive times [93, p. 586, Theorem 9];

• reduce the number of variables either by constructing an appropriate
lumping scheme [51] or by simply eliminating some variables;

• apply the generalization of the Bendixson and Bendixson–Dulac
criterion to higher dimensional cases [1, 84, 95].

Our main tool to find such first integrals is the comparison of coefficients
of polynomials and the characterization of kinetic differential equations
within the class of polynomial ones [45]. This characterization has proved
quite useful in

• designing minimal oscillatory reactions [87],

• providing an alternative proof for the uniqueness of the Lotka–Volterra
model [65, 74],

• investigating chaos in chemical reactions [86, 42],

• investigating symmetries in kinetic differential equations [82, 85];

• selecting the kinetic lumping schemes from all the possible ones [28],

• finding necessary conditions of Turing instability [79, 80].

We are also interested in kinetic differential equations with quadratic first
integrals which describe mass conserving reactions. It turns out in some cases
that the existence of a quadratic first integral and mass conservation together
form a too rigorous set of requirements: we may be able to prove that such
equations do not exist.

Once we have a kinetic differential equation fulfilling some requirements
we might be interested in reactions with the given induced kinetic differential
equation. However, the solution to this problem is far from being unique
[83, page 48–49], [22, page 67–68], [15]. One possible approach might be
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that we try to find a reaction with a given property (weak reversibility, zero
deficiency etc.), or a minimal or maximal reaction in a certain sense with a
given property [15, 77, 78].

The structure of this chapter is as follows. Sections 3.2, 3.3, 3.4 give the
general results for three types of first integrals, both positive and negative: on
the existence and nonexistence of kinetic differential equations with quadratic
first integrals depending possibly on further assumptions. In some cases we
also show a reaction having the obtained differential equation, and a few
figures reflecting the behavior of possible trajectories. Section 3.5 shows
how Mathematica (more precisely, the program package ReactionKinetics
written in the Mathematica language, [57, 88, 89]) can be used to formulate,
prove or disprove conjectures. Finally, Section 3.6 formulates problems to be
solved.

3.2 Existence and non-existence of quadratic first
integrals—Diagonal first integrals

Theorem 3 Let us consider the following system of differential equations

x′m = Fm ◦ (x1, x2, . . . , xM), (m = 1, . . . ,M) (8)

where the functions Fm are quadratic functions of the variables, that is,

Fm(x1, x2, . . . , xM) =
M∑
p=1

Am,px
2
p +

M∑
p=1
p 6=m

Bm,pxmxp

+
M∑

p,q=1
p<q

p 6=m,q 6=m

Cm
p,qxpxq +

M∑
p=1

Dm,pxp + Em. (9)

Suppose that the system of differential equations is kinetic. The function

V (x1, x2, . . . , xM) = a1x
2
1 + a2x

2
2 + · · ·+ aMx

2
M

(with am > 0 for m = 1, 2, . . . ,M) is a first integral for the above system if
and only if the functions Fm have the following form with Km,p ≥ 0:

Fm(x1, x2, . . . , xM) =
M∑
p=1
p6=m

apKm,px
2
p −

M∑
p=1
p 6=m

apKp,mxmxp. (10)
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Proof. The function V is a first integral for the system (8) if and only if its
Lie-derivative with respect to the system is equal to zero, that is,

0 =
1

2

M∑
m=1

∂mV (x1, x2, . . . , xM)Fm(x1, x2, . . . , xM)

=
M∑
m=1

am

 M∑
p=1

Am,pxmx
2
p +

M∑
p=1
p 6=m

Bm,px
2
mxp

+
∑

m 6=p,m 6=q
p<q

Cm
p,qxmxpxq +

M∑
p=1

Dm,pxmxp + Emxm

 (11)

Since the system (8) is kinetic, the coefficients of terms in Fm not
containing xm are nonnegative:

(k1) Am,p ≥ 0 for m, p = 1, 2, . . .M ; m 6= p
(k2) Cm

p,q ≥ 0 for m, p, q = 1, 2, . . .M ; m 6= p,m 6= q, p < q
(k3) Dm,p ≥ 0 for m, p = 1, 2, . . .M ; m 6= p
(k4) Em ≥ 0 for m = 1, 2, . . .M.

For all m, the coefficients of x3m, x2m and xm are amAm,m, amDm,m and
amEm,m, respectively. Since these monomials are independent of each other
and of the other terms in (11), it follows that Am,m = Dm,m = Em,m = 0.

If m 6= p, then the monomial xmxp appears twice in (11) with coefficients
amDm,p and apDp,m. Thus amDm,p + apDp,m = 0 and because of (k3),
Dm,p = Dp,m = 0.

If m 6= p,m 6= q, p < q, then the monomial xmxpxq appears three times
in (11) with coefficients amCm

p,q, apCp
m,q and aqCq

m,p. Thus amCm
p,q + apC

p
m,q +

aqC
q
m,p = 0 and because of (k2), Cm

p,q = Cp
m,q = Cq

m,p = 0.
If m 6= p, then the monomial xmx2p appears twice in (11) with coefficients

amAm,p and apBp,m and thus amAm,p+apBp,m = 0 where Am,p ≥ 0 because of
(k1). Without the loss of generality, it may be assumed that Am,p = apKm,p

where Km,p ≥ 0 and so Bp,m = −amKm,p.
The proof of the if part is obvious.

Example 4 Let M = 2 and suppose that V (x, y) = x2 + y2. Then (10)
specializes to

x′ = ay2 − bxy, y′ = bx2 − axy (12)
which may be considered as the induced kinetic differential equation of the
reaction

X
a←−− X + Y

b−−→ Y 2 X
b−−→ 2 X + Y 2 Y

a−−→ X + 2 Y (13)
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as the application of RightHandSide[{X <- X + Y -> Y, 2 X -> 2 X +
Y, 2 Y -> X + 2 Y}, {a, b, b, a}, {x, y}] gives: {ay2 − bxy, bx2 −
axy}. A typical trajectory is shown in Fig. 4a. Naturally arises the question
if the differential equation (12) can be represented with a mechanism only
containing three complexes 2X, 2Y, X +Y. It can be easily shown that the
answer is negative.

Example 5 Let M = 3 and suppose that V (x, y, z) = x2 + y2 + z2. Then
(10) specializes to

x′ = ay2 + bz2 − cxy − exz
y′ = cx2 + dz2 − axy − fyz (14)
z′ = ex2 + fy2 − bxz − dyz

(with nonnegative coefficients a, b, c, d, e, f) which may be considered as the
induced kinetic differential equation of the reaction shown in Fig. 3. as again
the application of RightHandSide verifies. A typical trajectory is shown in
Fig. 4b.

Figure 3. 3D system with a quadratic first integral

Corollary 1 As the divergence of the system (14) is −ax− bx− cy − dy −
ez − fz < 0 in the first orthant and the system has a first integral, [84,
Theorem 3.3] (actually, a version of K. R. Schneider’s theorem) implies that
it has no periodic orbit in the first orthant.

The next result shows that (even weighted) sum of squares cannot be a
first integral if mass is conserved.
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(a) (b)

Figure 4. (a) Trajectories of system (12) with a = 2, b = 3 starting from
x(0) = 1, y(0) = 0.
(b) Trajectories of system (14) with a = 2, b = 3, c = 4, d = 5, e = 6, f = 7
starting from x(0) = 1√

2
, y(0) = 1√

2
, z(0) = 0.

Theorem 4 Let us consider the differential equation system (8) where the
functions Fm are of the form (9). Suppose that the differential equation
system is kinetic and kinetically mass conserving. The function

V (x1, x2, . . . , xM) = a1x
2
1 + a2x

2
2 + · · ·+ aMx

2
M

(where am 6= 0 for all m) is a first integral for the system (8), if and only if
for all m :

Fm(x1, x2, . . . , xM) = 0.

Proof. The function V is a first integral for the system (8) if and only if (11)
holds. Since the system (8) is kinetic and mass conserving with some positive
numbers %m (m = 1, 2, . . . ,M), besides (k1)–(k4) the following inequalities
also hold:
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(m1) for all m
M∑
p=1

%pAp,m = 0 (the sum of the coefficients of x2m)

(m2) for all m, p %mBm,p + %pBp,m +
M∑
q=1

q 6=m,q 6=p
m<p

%qC
q
m,p = 0

(the sum of the coefficients of xmxp)

(m3) for all m
M∑
p=1

%pDp,m = 0 (the sum of the coefficients of xm)

(m4) for all m
M∑
m=1

%mEm = 0.

Similarly, as in the proof of Theorem 3, for all m : Am,m = 0, Dm,m = 0
and Em = 0. Then, for all m 6= p, because of (k1) and (m1) : Am,p = 0, and
because of (k3) and (m3) : Dm,p = 0.

If m 6= p, then the coefficient of x2mxp in (11) is amBm,p + apAp,m = 0.
Since Ap,m = 0, it follows that for allm, p,m 6= p : Bp,m = 0. Finally, because
of (k2) and (m2), for all m, p, q such that q 6= m, q 6= p,m < p : Cq

m,p = 0.
The proof of the if part is obvious.

Theorem 5 Let us consider the following differential equation system

x′k = Xk ◦ (x1, . . . , xK , y1, . . . , yL, z), (k = 1, . . . , K)

y′l = Yl ◦ (x1, . . . , xK , y1, . . . , yL, z), (l = 1, . . . , L) (15)
z′ = Z ◦ (x1, . . . , xK , y1, . . . , yL, z)

where the functions Xk, Yl, Z are quadratic polynomials of all the variables
and K,L are positive integers. Suppose that the differential equation system
is kinetic and kinetically mass conserving with some positive numbers
%xk, %

y
l , %

z. (k = 1, . . . , K, l = 1, . . . , L). The function

V (x1, . . . , xK , y1, . . . , yL, z) = a1x
2
1 + . . . aKx

2
K − b1y21 − . . . bLy2L

(where ak > 0 and bl > 0 for all k, l) is a first integral for system (15) if and
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only if

Xk(x1, . . . , xK , y1, . . . , yL, z) =
L∑
l=1

blAk,lylz, (k = 1, . . . , K)

Yl(x1, . . . , xK , y1, . . . , yL, z) =
K∑
k=1

akAk,lxkz, (l = 1, . . . , L)

Z = −

(
K∑
k=1

%xkXk +
L∑
l=1

%yl Yl

)

where Ak,l ≥ 0 for all k, l. If K = 0 or L = 0, then Xk = Yl = Z = 0.

Proof. The function V is a first integral for the system (15) if and only if
the Lie-derivative is equal to zero, that is,

K∑
k=1

akxkXk(x1, . . . , xK , y1, . . . , yL, z)−
L∑
l=1

blylYl(x1, . . . , xK , y1, . . . , yL, z) = 0

(16)
It is obvious that the functions Xk, Yl, Z may not contain constant terms.

Since the system (15) is kinetic and mass conserving, the constants are
nonnegative and their weighted sum with positive weights is equal to zero,
and thus each constant is equal to zero.

Next we show that the terms x2k, y2l , z2 and xk, yl, z in Xk, Yl, Z have zero
coefficients for all k, l. Let us consider at first only the terms containing
quadratic and linear monomials.

Xk =

(
K∑
i=1

Axk,ix
2
i +

L∑
j=1

Bx
k,jy

2
j + Cx

k z
2

)
+

(
K∑
i=1

A
x

k,ixi +
L∑
j=1

B
x

k,jyj + C
x

k z

)
+ . . .

Yl =

(
K∑
m=1

Ayl,mx
2
m +

L∑
n=1

By
l,ny

2
n + Cy

l z
2

)
+

(
K∑
m=1

A
y

l,mxm +
L∑
n=1

B
y

l,nyn + C
y

l z

)
+ . . .

Z =

(
K∑
k=1

Azkx
2
k +

L∑
l=1

Bz
l y

2
l + Czz2

)
+

(
K∑
k=1

A
z

kxk +
L∑
l=1

B
z

l yl + C
z
z

)
+ . . . (17)

a) The coefficients of x3k and y3l in (16) are akAxk,k and −blB
y
l,l, respectively,

and so for all k, l : Axk,k = By
l,l = 0. Because of mass conservation, the

weighted sums of the coefficients of x2k and y2l in (17) are equal to zero, that
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is,

K∑
s=1,s 6=k

%xsA
x
s,k +

L∑
t=1

%ytA
y
t,l + %zAzk = 0 for all 1 ≤ k ≤ K

K∑
s=1

%xsB
x
s,k +

L∑
t=1,t 6=l

%ytB
y
t,l + %zBz

l = 0 for all 1 ≤ l ≤ L

Since the system (15) is kinetic, each term in the above sums is nonnegative,
therefore each coefficient of x2k and y2l in (17) is equal to zero. The coefficients
of xkz2 and ylz

2 in (16) are akCx
k and −blCy

l , respectively, and so for all
k, l : Cx

k = Cy
l = 0. Therefore, because of mass conservation, Cz = 0 as well.

b) The coefficients of x2k and y2l in (16) are akA
x

k,k and−blB
y

l,l, respectively,
therefore Ax

k,k = B
y

l,l = 0. It can be shown very similarly as in part a) that
the coefficients of xk, yl, z in Xk, Yl, Z are equal to zero as well.

c) Next consider the terms of the form xsxt, ysyt and xiyj (where s < t)
in Xk, Yl, Z. We show that these terms have zero coefficients as well for all
s, t, i, j, where s < t.

Xk =
K∑

s,t=1
s<t

Dx,k
s,t xsxt +

L∑
s,t=1
s<t

Ex,k
s,t ysyt +

∑
1≤s≤K
1≤t≤L

F x,k
s,t xsyt + . . .

Yl =
K∑

s,t=1
s<t

Dy,l
s,txsxt +

L∑
s,t=1
s<t

Ey,l
s,tysyt +

∑
1≤s≤K
1≤t≤L

F y,l
s,t xsyt + . . .

Z =
K∑

s,t=1
s<t

Dz
s,txsxt +

L∑
s,t=1
s<t

Ez
s,tysyt +

∑
1≤s≤K
1≤t≤L

F z
s,txsyt + . . . (18)

For all s < t the coefficients of x2sxt, xsx2t , y2syt and ysy2t in (16) are asDx,s
s,t ,

atD
x,t
s,t , −bsE

y,s
s,t and −btEy,t

s,t , respectively, and so Dx,s
s,t = Dx,t

s,t = Ey,s
s,t =

Ey,t
s,t = 0. Since the system is kinetic and because of mass conservation,

for all 1 ≤ k < l ≤ K,
K∑
i=1
i 6=k,l

%xiD
x,i
k,l +

L∑
j=1

%yjD
y,j
k,l + %zDz

k,l = 0 and for all

1 ≤ m < n ≤ L,
K∑
i=1

%xiE
x,i
m,n +

L∑
j=1
j 6=m,n

%yjE
y,j
m,n + %zEz

m,n = 0 where each term in
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the sums is nonnegative and thus the coefficients of the terms xsxt and ysyt
(s < t) are equal to zero.

d) The coefficients of x2kyl and xky
2
l (1 ≤ k ≤ K, 1 ≤ l ≤ L) in (16)

are akF x,k
k,l and −blF y,l

k,l , respectively, and so for all k, l: F x,k
k,l = F y,l

k,l = 0.

Since the system is kinetic, and because of mass conservation,
K∑
i=1
i 6=k

%xi F
x,i
k,l +

L∑
j=1
j 6=l

%yjF
y,j
k,l +%zF z

k,l = 0 where each term in the sum is nonnegative. Therefore,

each coefficient of xkyl in (18) is equal to zero.
Now we may suppose that Xk, Yl, Z have the following form:

Xk =
K∑
s=1

Gx
k,sxsz +

L∑
s=1

Hx
k,sysz

Yl =
K∑
s=1

Gy
l,sxsz +

L∑
s=1

Hy
l,sysz

Z =
K∑
s=1

Gz
sxsz +

L∑
s=1

Hz
s ysz (19)

e) The coefficients of x2kz and y2l z in (16) are akG
x
k,k and −blHy

l,l,
respectively, thus Gx

k,k = 0 and Hy
l,l = 0 for all k, l (1 ≤ k ≤ K, 1 ≤ l ≤ L).

The coefficient of xkxlz (k 6= l) in (16) is akGx
k,l+alG

x
l,k = 0. Since the system

is kinetic, Gx
k,l and Gx

l,k are nonnegative and thus these coefficients are equal
to zero for all k, l (1 ≤ k ≤ K, 1 ≤ l ≤ K, k 6= l). Similarly, Hy

j,s = 0 for all
1 ≤ j ≤ L, 1 ≤ s ≤ L, j 6= s.

f) Finally, the coefficients of xkylz in (16) is akHx
k,l − blG

y
l,k = 0 where

Hx
k,l and G

y
l,k are nonnegative for all k, l (1 ≤ k ≤ K, 1 ≤ l ≤ L). Whithout

the loss of generality, it may be assumed that Hx
k,l = blAk,l where Ak,l ≥ 0.

Thus Gy
l,k = akAk,l. Using that the system is kinetically mass conserving, we

obtain the formula for Z.
g) If K = 0 or L = 0, then it can be shown easily that Xk = Yl = Z = 0.

If for example L = 0, then the same proof can be repeated with bl = −cl
where cl > 0. Then in case f) akHx

k,l + clG
y
l,k = 0 where ak > 0, cl > 0, Hx

k,l ≥
0, Gy

l,k ≥ 0 and thus Hx
k,l = Gy

l,k = 0.

Example 6 If V (x, y, z) = x2− y2 and %x = %y = %z = 1, then the equation
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system is (a ≥ 0):

x′ = ayz

y′ = axz

z′ = −axz − ayz (20)

A possible reaction is the following:

X + Z
a−−→ X + Y

a←−− Y + Z

Example 7 If V (x1, x2, y1, y2, z) = x21 + x22 − y21 − y22 and %x1 = %x2 = %y1 =
%y2 = %z = 1, then the equation system is (a, b, c, d ≥ 0):

x′1 = ay1z + by2z y′1 = ax1z + cx2z

x′2 = cy1z + dy2z y′2 = bx1z + dx2z

z′ = −x′1 − x′2 − y′1 − y′2 (21)

A possible reaction is the following:

X1 + Z
1−−→ aY1 + bY2 + X1 + ( 1-a-b)Z

X2 + Z
1−−→ cY1 + dY2 + X2 + ( 1-c-d)Z

Y1 + Z
1−−→ aX1 + cX2 + Y1 + ( 1-a-c)Z

Y2 + Z
1−−→ bX1 + dX2 + Y2 + ( 1-b-d)Z

Another possible reaction can be seen in Fig. 5.

Figure 5. Reaction system for (21).
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3.3 The first integral is a binary quadratic form

Now we investigate first integrals that are quadratic homogeneous
polynomials in two variables, that is, V (x, y) = ax2 + 2bxy+ cy2. Obviously,
if V is a first integral for a system, then any nonnegative constant multiples
of it is also a first integral for the same system. Thus, without the loss of
generality, it may be assumed that a > 0 and b 6= 0. Consider the following
differential equation system

x′ =A1x
2+B1xy+C1y

2+D1x+E1y+F1

y′ =A2x
2+B2xy+C2y

2+D2x+E2y+F2 (22)

and suppose that the differential equation system is kinetic. Then the
following statements hold.

Theorem 6 The function V (x, y) = ax2 + 2bxy + cy2 where a > 0, c > 0,
ac − b2 6= 0 is a first integral for the system (22), if and only if it has the
following form (K ≥ 0, L ≥ 0):

x′ =−bKx2+(−cK + bL)xy+cLy2

y′ = aKx2+ (bK − aL)xy−bLy2 (23)

If the system (23) is kinetically mass conserving then x′ = y′ = 0.

Theorem 7 The function V (x, y) = ax2 + 2bxy + cy2 where a > 0, b > 0,
c > 0, ac− b2 = 0 is a first integral for the system (22), if and only if it has
the following form (K ≥ 0, L ≥ 0,M ≥ 0, N ≥ 0, S is arbitrary):

x′ =−bKx2+cSxy+cLy2−bMx+cNy

y′ = aKx2−bSxy−bLy2+aMx−bNy (24)

If the system (24) is kinetically mass conserving with some positive numbers
%1, %2 then it has the form

x′ =−%2Kx2+%2Sxy+%2Ly
2−%2Mx+%2Ny

y′ = %1Kx
2−%1Sxy−%1Ly2+%1Mx−%1Ny (25)

Theorem 8 The function V (x, y) = ax2 − 2bxy + cy2 where a > 0, b > 0,
c > 0, ac− b2 = 0 is a first integral for the system (22), if and only if it has
the following form (K ≥ 0, L ≥ 0,M ≥ 0, N ≥ 0, R ≥ 0, S is arbitrary):

x′ =bKx2+cSxy+cLy2+bMx+cNy+cR

y′ =aKx2+bSxy+bLy2+aMx+bNy+bR (26)

If the system (26) is kinetically mass conserving then x′ = y′ = 0.
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Theorem 9 The function V (x, y) = ax2 + 2bxy − cy2 where a > 0, c > 0,
b 6= 0 is a first integral for the system (22), if and only if it has the following
form (K ≥ 0, L ≥ 0,M ≥ 0):

x′ =−bKx2+(cK − bL)xy+cLy2−bMx+cMy

y′ = aKx2+(bK + aL)xy+bLy2+aMx+bMy (27)

If the system (27) is kinetically mass conserving then x′ = y′ = 0.

Theorem 10 The function V (x, y) = ax2 + 2bxy where a > 0, b 6= 0 is
a first integral for the system (22), if and only if it has the following form
(K ≥ 0,M ≥ 0, S is arbitrary):

x′ =−bKx2− bSxy −bMx

y′ = aKx2+(bK + aS)xy+bSy2+aMx+bMy (28)

If the system (28) is kinetically mass conserving then x′ = y′ = 0.

Proof of Theorem 6. The function V is a first integral for the system (22)
if and only if its Lie-derivative with respect to the system is equal to zero,
that is,

1

2
((2ax+ 2by)x′ + (2bx+ 2cy)y′) = 0 (29)

Equations (i)− (ix) hold since the coefficients of the following monomials
in (29) are equal to zero and (x) holds since the system is kinetic:

(i) x3: aA1 + bA2 = 0
(ii) y3: bC1 + cC2 = 0
(iii) x2y: bA1 + aB1 + cA2 + bB2 = 0
(iv) xy2: bB1 + aC1 + cB2 + bC2 = 0
(v) x2: aD1 + bD2 = 0
(vi) y2: bE1 + cE2 = 0
(vii) xy: bD1 + aE1 + cD2 + bE2 = 0
(viii) x: aF1 + bF2 = 0
(ix) y: bF1 + cF2 = 0
(x) C1 ≥ 0, E1 ≥ 0, F1 ≥ 0, A2 ≥ 0, D2 ≥ 0, F2 ≥ 0

Since A2, C1 ≥ 0, without the loss of generality, it can be assumed that
A2 = aK and C1 = cL where K,L ≥ 0. Thus, because of (i) and (ii),
A1 = −bK and C2 = −bL. Substituting these into (iii) and (iv) gives

aB1 + bB2 = −(ac− b2)K, bB1 + cB2 = −(ac− b2)L
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Since ac − b2 6= 0, the unique solution of this equation system is B1 =
−cK + bL and B2 = bK − aL.

In (v) and (vi), let D2 := aM and E1 := cN where M,N ≥ 0.
Thus, D1 = −bM and E2 = −bN . Substituting these into (vii) gives
(ac − b2)(M + N) = 0. Since ac − b2 6= 0, it follows that M = N = 0
and thus D1 = D2 = E1 = E2 = 0. Finally, the unique solution of the
system (viii)− (ix) is F1 = F2 = 0.

If, moreover, the system (23) is kinetically mass conserving, then there
exist positive numbers %1 and %2 such that the following equalities hold:

(xi) K(−%1b+ %2a) = 0
(xii) K(−%1b+ %2a) + L(%1b− %2a) = 0
(xiii) L(%1c− %2b) = 0

If K 6= 0 and L 6= 0 then from (xi) and (xiii) it follows that ac− b2 = 0
which is a contradiction. If, for example, K 6= 0 and L = 0 then from (xi)
and (xii) we obtain the same. Thus, K = L = 0.

Theorems 7-10 can be proved very similarly.

Remark 4 The stationary points of system (23) are (1) (x, y) = (0, 0); (2)

if L 6= 0 and K 6= 0, then y =
K

L
x; (3) if L = 0, then x = 0; (4) if K = 0,

then y = 0. If ac − b2 > 0, then the trajectories lie on an ellipse while if
ac− b2 < 0, then the trajectories lie on a hyperbola as shown in Fig. 6a and
6b. Examples for reactions and trajectories for system (23) are:

Example 8 If a = 2, b = 1, c = 3, K = 1, L = 1 then the system is

x′ =−x2−2xy+3y2

y′ = 2x2− xy− y2

A possible reaction is the following:

2 X + Y
2←−− 2 X

1−−→ X
1←−− X + Y

2−−→ Y
1←−− 2 Y

3−−→ X + 2 Y

Example 9 If a = 2, b = −3, c = 2, K = 1, L = 1 then the system is

x′ =3x2−5xy+2y2

y′ = x2−4xy+3y2

A possible reaction is the following:

2 X + Y
1←−− 2 X

3−−→ 3 X

X + 2 Y
2←−− 2 Y

3−−→ 3 Y

X
4←−− X + Y

5−−→ Y
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(a) a = 2, b = 1, c = 3,K = 1, L = 1 (b) a = 1, b = −3, c = 2,K = 1, L = 1

Figure 6. Trajectories for Examples 8 and 9

3.4 Shifted sum of squares

Theorem 11 Let us consider the differential equation system (22). Suppose
that this system is kinetic. The function V (x, y) = (x + a)2 + (x + b)2 is a
first integral for the system (22) if and only if it has the following form:

x′ = Ay(y + b)−Bx(y + b) = Ay2 −Bxy − bBx+ bAy

y′ =Bx(x+ a)−Ay(x+ a) =Bx2 − Axy + aBx− aAy (30)

where A ≥ 0, B ≥ 0, a ≥ 0, b ≥ 0. If a < 0, then B = 0, and if b < 0,
then A = 0. From this it follows that there are no periodic orbits in the first
orthant.

If V (x, y) = (x+ 1)2 + (y + 1)2, then the equations and the reactions are
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x′ = Ay2 −Bxy −Bx+ Ay
y′ = Bx2 − Axy +Bx− Ay

3.5 Computer help

Finally let us mention that most of our statements can be obtained using
either the Mathematica package ReactionKinetics [57, 88] or by simple
additional programs. E.g. the following simple code checks if negative cross
effect is present in a polynomial or not.

CrossEffectQ[polyval_, vars_] := Module[{M=Length[vars]},

And @@ (Map[Not[Negative[#]] &, Flatten[MapThread[ReplaceAll,

{MonomialList[polyval, vars],Thread[vars->#] & /@

(1 - IdentityMatrix[M])}]]])].

And now let us use the newly defined function.

CrossEffectQ[{d, c-4yx2+5xy+6z+7w, ax+2y, -bxy},{x,y,z,w}]

The answer is as expected depending on the signs of the parameters.

!Negative[d] && !Negative[c] && !Negative[a] && !Negative[-b]

A more easily readable version leads to the same result.

CrossEffectQ2[polyval_, vars_] :=Module[{M = Length[vars], L},

L[i_] := If[Head[polyval[[i]]] === Plus,

Apply[List, polyval[[i]]], {polyval[[i]]}] /. MapThread[Rule,

{vars, ReplacePart[ConstantArray[1, M], {i} -> 0]}];

And @@ Map[# >= 0 &, Flatten[Table[L[i], {i, 1, M}]]]]
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Using this function for the same example

CrossEffectQ2[{d, c-4yx2+5xy+6z+7w, ax+2y, -bxy},{x,y,z,w}]

we obtain the following result

d >= 0 && c >= 0 && a >= 0 && -b >= 0

3.6 Discussion and outlook

Other types of first integrals. We wonder if it is possible to fully
characterize those kinetic differential equations which are of the second degree
and have a general quadratic first integral.

Also, we might find other types of first integrals. Let us mention one
simple, still interesting result.

Statement 1 Among the polynomial differential equations of the form

x′ = ax2+ bxy+ cy2+ dx+ ey+ f

y′ =Ax2+Bxy+Cy2+Dx+Ey+F (31)

(defined in the positive quadrant) the only one having

V (p, q) := p+ q − ln(p)− ln(q)

as its first integral is

x′ = bxy − bx y′ = −bxy + by, (32)

i. e. the Lotka–Volterra equations (allowing possibly time reversal).

Note that it is not assumed that (31) is a kinetic differential equation, and
in the result no restriction is made on the sign of b.

This result is very similar to the result leading uniquely to the Lotka–
Volterra model under different circumstances [54, 43, 44, 90, 65, 87, 74].

One might try to generalize this result to the multidimensional case.
Another form of interesting first integrals is a free energy like function:

V (c) :=
M∑
m=1

cm ln

(
cm
c0m

)
,

which turned out to be a useful Lyapunov function for broad classes of
reactions [46, 94]. Gonzalez-Gascon and Salas [40] have systematically found
this type of first integrals (and other types, as well) for three dimensional
Lotka–Volterra systems.

The question arises if these first integrals are kept by some numerical
methods or not.
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Relations to numerical methods. Even the simplest kinetic differential
equations can only be solved by numerical methods, therefore the question
if such a method is able to keep important qualitative properties of the
models arouse very early [9, 27]. The first positive answers included
numerical methods which keep the property of kinetic differential equations
that starting from a nonnegative initial concentration they provide solutions
which are nonnegative throughout their total domain of existence [27, 49].
Similarly, numerical methods were constructed to keep linear and quadratic
first integrals. The meaning and existence of linear first integrals have been
studied in detail: they usually represent mass conservation. The existence
of a positive linear first integral together with nonnegativity [93, 94] of
the solutions implies that the complete solution of the kinetic differential
equation is defined on the whole real line, which is not necessarily the case
for systems that are not mass conserving. However, quadratic first integrals
were almost neglected.

We have always used global first integrals. Another approach is given
by Gonzalez-Gascon and Salas [40] who started from local first integrals and
tried to extend them in cases if it was possible.

Similar questions arose much earlier also in symplectic mechanics, where a
theorem by Ge Zhong and Marsden (the approximate symplectic algorithms
cannot preserve some conservation laws in non-integrable systems) formulates
absolute boundaries, though, we are not directly related to computational
aspects [101].
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4 Stationary behavior

4.1 Introduction

Mass action type deterministic kinetic models of ion channels are usually
constructed in such a way as to obey the principle of detailed balance
(or, microscopic reversibility) for two reasons: first, the authors aspire to
have models harmonizing with thermodynamics, second, the conditions to
ensure detailed balance reduce the number of reaction rate coefficients to be
measured. We investigate a series of ion channel models which are asserted to
obey detailed balance, however, these models violate mass conservation and
in their case only the necessary conditions (the so-called circuit conditions)
are taken into account. We show that ion channel models have a very
specific structure which makes the consequences true in spite of the imprecise
arguments. First, we transform the models into mass conserving ones,
second, we show that the full set of conditions ensuring detailed balance
(formulated by Martin Feinberg) leads to the same relations for the reaction
rate constants in these special cases, both for the original models and the
transformed ones [61].

The structure of this chapter is as follows. Sections 4.2-4.5 contain
some historical remarks about detailed balancing or microscopic reversibility
and the operation of ion channels is also described here, illustrated with a
few models. Sections 4.6-4.7 give a short summary of the definitions and
Feinberg’s theorem is presented. Our main result is summarized briefly
in Section 4.8 followed by a lemma in Section 4.9 that is needed for
the transformations. In Section 4.10 some usual ion channel models are
transformed into realistic models with mass conservation and it is shown that
in these special cases the circuit conditions for the original systems and
the spanning forest conditions for the transformed systems lead to exactly
the same requirements. Section 4.11 contains the formal proof of our main
result. The question of the number of free parameters is discussed in Section
4.12 and finally an outlook and discussion follows in Section 4.13.

Let us also mention that parts of our investigations have been presented
in a short, nonrigorous form in [59].

4.2 Introduction to detailed balancing or microscopic
reversibility

At the beginning of the 20th century it was Wegscheider [96] who gave the
formal kinetic example A

k1−−⇀↽−−
k−1

B, 2 A
k2−−⇀↽−−
k−2

A+B to show that in some cases
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the existence of a positive stationary state alone does not imply the equality
of all the individual forward and backward reaction rates in equilibrium: a
relation ( k1

k−1
= k2

k−2
) should hold between the reaction rate coefficients to

ensure this. Equalities of this kind will be called (and later exactly defined)
as spanning forest conditions below. Let us emphasize that violation of
this equality does not exclude the existence of a positive stationary state;
it exists and is unique for all values of the reaction rate coefficients, see the
details in subsection 4.6. A similar statement holds for the reversible triangle

(a) The Wegscheider reaction (b) The triangle reaction

Figure 7

reaction in Fig. 7b. The necessary and sufficient condition for the existence
of such a positive stationary state for which all the reaction steps have the
same rate in the forward and backward direction is k1k2k3 = k−1k−2k−3.
Equalities of this kind will be called (and later exactly defined) as circuit
conditions below. Again, violation of this equality does not exclude the
existence of a positive stationary state; it exists and is unique for all values
of the reaction rate coefficients, see the details in subsection 4.6.

A quarter of a century after Wegscheider the authors Fowler and Milne
[37] formulated in a very vague form a general principle called the principle
of detailed balance stating that in real thermodynamic equilibrium all
the subprocesses (whatever they mean) should be in dynamic equilibrium
separately in such a way that they do not stop but they proceed with the same
velocity in both directions. Obviously, this also means that time is reversible
at equilibrium, that is why this property may also be called microscopic
reversibility.

A relatively complete summary of the early developments was given by
Tolman [81].
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The modern formulation of the principle accepted by IUPAC [39]
essentially means the same: “The principle of microscopic reversibility at
equilibrium states that, in a system at equilibrium, any molecular process
and the reverse of that process occur, on the average, at the same rate.”

Neither the above document nor the present authors assert that the
principle should hold without any further assumptions; for us it is an
important hypothesis the fulfilment of which should be checked individually
in different models.

It turned out that in the case of chemical reactions this general principle
can only hold if both the spanning tree conditions and the circuit conditions
are fulfilled. However, it became a general belief among people dealing with
reaction kinetics that the circuit conditions alone are not only necessary
but also sufficient for all kinds of reactions: Wegscheider’s example proving
the contrary was not known well enough. Vlad and Ross [92] draw the
conclusions from the Wegscheider example in full generality, see also [88],
but it was Feinberg [29] who gave the definitive solution of the problem in
the area of formal kinetics: he clearly formulated, proved and applied the two
easy-to-deal-with sets of conditions which together make up a necessary and
sufficient condition of detailed balance (for the case of mass action kinetics).
In other words, he completed the known necessary condition (the circuit
conditions) with another condition (the spanning forest conditions) making
this sufficient, as well.

The reason why the false belief is widespread is that in the case of
reactions with deficiency zero the circuit conditions alone are also sufficient,
not only necessary, and most textbook examples have deficiency zero.

4.3 Ion channel models

Recent papers on formal kinetic models of ion channel gating show that
people in this field think that the principle of detailed balance or microscopic
reversibility should hold. (However, some authors do not consider the
principle of microscopic reversibility indispensable, e. g. Naundorf et al.
[64, Supplementary Notes 2, Fig. 3SI(a), page 4] provides a channel model
which is not even reversible, let alone detailed balanced.) This may be
supported either by a theoretical argument: they should obey the laws
of thermodynamics, or by a practical one: if the principle holds one
should measure fewer reaction rate coefficients because one also has the
constraints implied by the principle. The second argument seems to be
the more important one in the papers by Colquhoun et al. [10], [14].
However, the principle is applied in an imprecise way: first, only the
necessary part consisting of the circuit conditions is applied, second, the
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models are formulated in a way that they do not obey the principle of
mass conservation. In the present paper we transform the models into
mass conserving ones, and apply the full set of necessary and sufficient
conditions. Our main result is that the classes of models including all
the known ion channel examples are compartmental models, therefore they
have zero deficiency at the beginning, and being transformed into a mass
conserving model they have no circuits, therefore one has only to test the
spanning forest conditions. It is not less interesting that the spanning forest
conditions obtained for the transformed models are literally the same as the
circuit conditions for the original models.

4.4 Stochastic models

So far we had in mind only deterministic models (surely not speaking of the
general but vague formulation of Fowler and Milne). Turning to stochastic
models one possible approach is to check the fulfilment of microscopic
reversibility in the following way. Let us suppose we have some measurements
on a process, and present the data with reversed time, finally use a statistical
test to see if there is any difference. This is an absolutely correct approach
and has also been used in the field of channel modeling [69].

4.5 Tools to be used—Models of ion channels

There is a difference in electric potential between the interior of cells and
the interstitial liquid. An essential part of the system controlling the size of
this potential difference is the system of ion channels: pores made up from
proteins in the membranes through which different ions may be transported
via active and passive transport thereby changing the potential difference in
an appropriate way. The models of these ion channels are usually described in
terms of formal reaction kinetics. In the models of ion channels the relevant
species are receptors and molecules modifying the operation of receptors so as
to change the sizes of the pores, thereby decreasing or increasing the quantity
of ions flowing through the channels. Altogether there are several hundreds
of different types of ion channels in living cells.

In this section we will consider reversible chemical reactions of the form

M∑
m=1

α(m, p)X(m) 

M∑
m=1

β(m, p)X(m) (p = 1, 2, . . . , P ) (33)

where P denotes the number of reaction pairs. We will use the concepts and
notations introduced in section 2.1.
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One possible model, see Fig. 8, contains receptors, transmitters, and
receptor transmitter complexes each with a different conformation having
different ion-conductance, and these conformations correspond to states in
which the channels are between the open and closed states [21].

Figure 8. The Érdi–Ropolyi model with four transmitters and three different
states of the transmitter-receptor complex

Another approach, see Fig. 9, might involve multiple types of modifying
molecules and complexes, again representing different states of the channels
[17]. These are the models we are especially interested in.

Figure 9. A model by De Young and Keizer

Now let us turn to the formal definition of detailed balance in the
framework given in subsection 2.1.

4.6 Detailed balance: definition and the naïve approach

Within the model exactly defined above we can formulate the property of
being detailed balanced [46]. Consider the reaction (33) endowed with mass
action kinetics.

Definition 10 If c∗ ∈ (R+)M is such that

kpcα(.,p)∗ = k−pcβ(.,p)∗ (p = 1, 2, . . . , P ), (34)

36



then reaction (33) is said to be detailed balanced at the stationary point
c∗. If the reaction is detailed balanced at all its positive stationary points,
then it is detailed balanced.

We are especially interested in reactions which are detailed balanced for some
choices of the reaction rate constants, and also in the restrictions upon the
rate constants which ensure detailed balancing.

Example 10 (Simple bimolecular reaction) The deterministic model
of the reaction A + B

k1−−⇀↽−−
k−1

C can be seen to be (in accord with the usual

formulation)

a′ = −k1ab+ k−1c b′ = −k1ab+ k−1c c′ = k1ab− k−1c
a(0) = a0 b(0) = b0 c(0) = c0

which simplifies to

a′(t) = −k1a(t)(a(t)− a0 + b0) + k−1(−a(t) + a0 + c0)

= −k1a(t)2 + (k1a0 − k1b0 − k−1)a(t) + k−1(a0 + c0)

= −k−1
(
Ka(t)2 − (K(a0 − b0)− 1)a(t)− a0 − c0

)
. (35)

If the reaction starts from nonnegative initial concentrations a0, b0, c0 for
which a0 + c0 > 0, the unique positive (relatively asymptotically stable)
equilibrium concentration

a∗ =
1

2K
(−1 +K(a0 − b0) + r)

b∗ =
1 +K(a0 + b0 + 2c0)− r
K(−1 +K(a0 − b0) + r)

c∗ =
1

2K
(1 +K(a0 + b0 + 2c0)− r)

where K :=
k1
k−1

, r :=
√

1 + 2K(a0 + b0 + 2c0) +K2(a0 − b0)2

will be attained. The reaction is detailed balanced at this vector of stationary
concentrations for all values of the reaction rate coefficients, i. e. k1a∗b∗ =
k−1c∗ always holds.

Example 11 (Triangle reaction) The induced kinetic differential equa-
tion of the reversible triangle reaction (Fig. 7b) being

a′ = −k1a+ k−1b− k−3a+ k3c

b′ = k1a− k−1b− k2b+ k−2c

c′ = k2b− k−2c+ k−3a− k3c
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together with the mass conservation relation

a(t) + b(t) + c(t) = a0 + b0 + b0 =: m

imply that the unique, relatively asymptotically stable vector of positive
stationary concentrations—if at least one of the initial concentrations
a0, b0, c0 is positive— are as follows.

a∗ = (k−2k−1 + (k−1 + k2)k3)
m

d
(36)

b∗ = (k−3k−2 + (k−2 + k3)k1)
m

d
(37)

c∗ = (k−3k−1 + (k−3 + k1)k2)
m

d
(38)

with d := k−2(k−1 + k1) + k1k2 + k−3(k−2 + k−1 + k2) + k−1k3 + k1k3 + k2k3.

The reaction is detailed balanced at this vector of stationary concentrations—
i. e.

k1a∗ = k−1b∗ k2b∗ = k−2c∗ k3c∗ = k−3a∗

—if and only if
k1k2k3 = k−1k−2k−3 (39)

holds.

Example 12 (Wegscheider) The induced kinetic differential equation of
the Wegscheider reaction (Fig. 7a) being

a′ = −k1a+ k−1b− k2a2 + k−2ab

b′ = k1a− k−1b+ k2a
2 − k−2ab

—which simplifies to

a′ = −k1a+ k−1(a0 + b0 − a)− k2a2 + k−2a(a0 + b0 − a)

= −(k2 + k−2)a
2 − (k1 + k−1 − k−2(a0 + b0))a+ k−1(a0 + b0).

—together with the mass conservation relation

a(t) + b(t) = a0 + b0 =: m

imply that—unless all the initial concentrations are zero—the unique
positive (relatively asymptotically stable) stationary concentration vector is
as follows.

a∗ =
k−1 + k1 − k−2m− r
−2(k−2 + k2)

(40)

b∗ =
k−1 + k1 + k−2m+ 2k2m− r

2(k−2 + k2)
(41)

with r :=
√

(k−1 + k1 − k−2m)2 + 4k−1m(k−2 + k2). (42)
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The reaction is detailed balanced at this vector of stationary concentrations—
i. e.

k1a∗ = k−1b∗, k2a∗b∗ = k−2b
2
∗

—if and only if
k1
k−1

=
k2
k−2

(43)

holds.

4.7 The necessary and sufficient condition of detailed
balancing

The necessary and sufficient conditions are formulated in the following way
in [29]. Consider the reaction (33) endowed with mass action kinetics.

First suppose that we have chosen an arbitrary spanning forest for the
FHJ-graph of the network. It is possible to find a set of P − (N − L)
independent circuits induced by the choice of the spanning forest. For each
of these circuits we write an equation which asserts that the product of the
rate constants in the clockwise direction and the counterclockwise direction
is equal. Thus we have P − (N − L) equations: the circuit conditions.

Next, these equations are supplemented with the δ spanning forest
conditions as follows. Suppose that the edges of the spanning forest has
been given an orientation. Then there are δ independent nontrivial solutions
to the vector equation

∑
(i,j) aijvij = 0 where the sum is taken for all reaction

steps in the oriented spanning forest and vij is the corresponding reaction
step vector. With these aij coefficients the spanning forest conditions are∏

k
aij
ij =

∏
k
aij
ji , (44)

where kij are the corresponding rate coefficients.
With all these the widely-accepted necessary conditions (the circuit

conditions) are complemented with the spanning forest conditions to form
a set of necessary and sufficient conditions for detailed balancing in mass
action systems of arbitrary complexity.

Theorem 12 (Feinberg) The reaction (33) is detailed balanced for all
those choices of the reaction rate constants which satisfy the P − (N − L)
circuit conditions and the δ spanning forest conditions.

Remark 5 The circuit conditions are called spanning tree method in
[14].
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Remark 6 There are three interesting special cases.

1. For a reversible mass action system which has a deficiency of zero, the
circuit conditions alone become necessary and sufficient for detailed
balancing. The reason why the circuit conditions were generally
accepted as sufficient as well, is that a large majority of models are
of zero deficiency. This case is exemplified by the triangle reaction.

2. For networks with no nontrivial circuits, that is, in which there are just
N −L reaction pairs and so P − (N −L) = 0, the circuit conditions are
vacuous. Therefore, the spanning forest conditions alone are necessary
and sufficient for detailed balancing. The example by Wegscheider
belongs to this category.

3. Finally, if a reversible network is circuitless and has a deficiency of
zero, both the circuit conditions and the spanning forest conditions
are vacuous. The system is detailed balanced (or fulfils the principle of
microscopic reversibility), regardless of the values of the rate constants.
Such is a compartmental system with no circles in the FHJ-graph, the
simple bimolecular reaction or the Érdi–Ropolyi model.

4.8 The main result - Our strategy

Let us denote by M,P, δ,N, L, S,K and M ′, P ′, δ′, N ′, L′, S ′, K ′ the number
of species, the number of reaction pairs, the deficiency, the number of
complexes, the number of linkage classes, the dimension of the stoichiometric
space (i.e., the number of independent reaction steps) and the number of
independent cycles respectively in the original and in the transformed system.

All the investigated original (not mass-conserving) ion channel models are
formally compartmental systems which means that each complex consists of
a single species and all species are different. Therefore all these models are
of deficiency zero. Thus, in order to check detailed balancing it is enough to
test the circuit conditions, and this is what the authors in [10, 14] do.

What we propose is to transform these models into a mass-conserving
model in such a way as to reflect the same physical reality. The transformed
models have the following properties.

1. There is no cycle in the transformed system.

2. S = S ′

3. N ′ − L′ − S ′ = δ′ = K
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4. The circuit conditions in the original system are equivalent to the
spanning forest conditions in the transformed system.

This transformation is constructed in subsection 4.11 for a large class
of systems—those with rectangular grids as FHJ-graphs—containing all the
special cases we have met up to now.

4.9 Lemma

Consider a directed graph whose edges and vertices are the edges and vertices
of a planar rectangular grid. Suppose that the graph has n vertices and that
to each vertex j we assign a yj vector in Rn+2 such that these vertex vectors
are linearly independent. Let c1 and c2 be vectors in Rn+2 such that they are
linearly independent of each other and of each yj. Let us denote by eij the
directed edge of the graph from vertex i to vertex j and to each eij edge let us
assign the vij = yj −yi vector. Let us define the uij vectors in the following
way. If eij is directed in the positive or negative direction in relation to the

(a) (b)

Figure 10. Rectangular grid with directed edges

x axis then uij := vij − c1 or uij := vij + c1, respectively. Similarly, if eij
is directed in the positive or negative direction in relation to the y axis then
uij := vij − c2 or uij := vij + c2, respectively. Let us denote by span{vij}
the subspace generated by the vij vectors.

Lemma 1 Under these conditions the following statements hold.

1. Along each directed circle in the graph,
∑
aijvij =

∑
aijuij = 0 where

aij := 1 if the edges of the graph and the circle are directed in the same
way and aij := −1 otherwise.

41



2. The dimension of span{vij} and span{uij} is n− 1.

Proof. 1. Since the vij vectors are the differences of the corresponding
vertex vectors, it is obvious that along a directed circle, the sum of the vij
vectors is 0. It is enough to show that the c1 and c2 vectors disappear in
the sum of the uij vectors. In order to see this, first assume that along a
directed circle we change the direction of the eij edges so that each is directed
clockwise. In this case it is obvious that the sum of the c1 and c2 vectors is
zero since the number of the "+c1" and "+c2" vectors is equal to the number
of the "−c1" and "−c2" vectors, respectively. Then, changing the original
directions back, the sign of the c1 and c2 vectors changes twice and thus they
will not appear in the sum.
2. Let us choose a spanning tree in the graph consisting of n − 1 of the eij
edges. Then the corresponding vij vectors are linearly independent and since
the c1 and c2 vectors are independent of them, the corresponding uij vectors
are also linearly independent.

Remark 7 It is trivial that the statements of the lemma remain true if either
c1 or c2 is the zero vector, or, if the graph contains edges that are not part
of a circle.

Remark 8 The statements of the lemma are also true for graphs consisting
of k-dimensional grids (k ≥ 3), see Fig. 13 and Fig. 14a, 14b as an illustration
for the three-dimensional case.

4.10 Examples

In the next three examples, the left side of the figure shows the original
system and the right side of the figure shows the transformed system with
an oriented spanning forest. Both systems are reversible, the arrows show a
direction needed to write down the spanning forest conditions. The choice of
the numbering of the species as well as the direction of the reaction vectors
is arbitrary but in both systems they are chosen correspondingly.

Example 13 The system in Fig. 11 can be found in [10]. The meaning of
the species is as follows: The core of the system is obviously a rectangle, the
additional parts do not mean an extra problem as the reader can easily verify
it.

The original system consists of M = 10 species, N = 10 complexes,
L = 1 linkage class and it contains two circles while the transformed system
contains one more species, A, there are N ′ = 14 complexes, L′ = 3 linkage
classes and it is circuitless. In order to compare these systems easily, in both

42



(a) M = 10, N = 10, L = 1,
S = 9, δ = 0,K = 2

(b) M ′ = 11, N ′ = 14, L′ = 3,
S′ = 9, δ′ = 2,K ′ = 0

Figure 11. A model for α1β glycine channels where A represents an agonist,
and R, F and F ∗ denotes the resting states, flipped states and open states
of the receptor, respectively

cases let us number the species in the same way and let A be the last one,
that is,

X(1) := R,X(2) := AR,X(3) := A2R, . . . , X(10) := A3F
∗, X(11) := A.

Let us assign a vector yi ∈ R11 to the ith species so that yi,j = 1 if i = j and
yi,j = 0 if i 6= j where i, j = 1, . . . , 11 and let a := y11.

The complex vectors in Fig. 11a are y1,y2, . . . ,y10 and the corresponding
reaction vectors are v21 = y1 − y2,v23 = y3 − y2, . . . ,v7,10 = y10 − y7. The
dimension of span{v21,v23, . . . ,v7,10} is S = 9. Thus, the deficiency of this
system is δ = N − L − S = 0. It means that the circuit conditions are
necessary and sufficient for detailed balancing. The circuit conditions along
circles ’2365’ and ’4367’ are

k23k36k65k52 = k32k25k56k63

k43k36k67k74 = k34k47k76k63

The complexes in Fig. 11b are numbered as 1, 2, 2a, . . . , 10 and the
complex vectors are y′1 = y1 + a, y′2 = y2, y′2a = y2 + a, . . . , y′10 = y10.
The reaction vectors are u21 = v21 + a, u23 = v23 − a, u43 = v43 + a,
u52 = v52, u36 = v36, u74 = v74, u65 = v65 + a, u67 = v67 − a, u58 = v58,
u96 = v96, u7,10 = v7,10. The lemma can be applied to this system
with c1 = a and c2 = 0. The dimension of span{u21,u23, . . . ,u7,10} is
also S ′ = 9. Thus, the deficiency is δ′ = 14 − 3 − 9 = 2. Since this
system is circuitless, there are two equations according to the spanning forest
conditions that ensure detailed balancing. Along the circles ’2365’ and ’3476’
in both systems, v23 + v36 + v65 + v52 = u23 + u36 + u65 + u52 = 0 and
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v43 + v36 + v67 + v74 = u43 + u36 + u67 + u74 = 0. Since each coefficient of
the uij vectors in the above linear combinations is 1,

k′23k
′
36k
′
65k
′
52 = k′32k

′
63k
′
56k
′
25

k′43k
′
36k
′
67k
′
74 = k′34k

′
63k
′
76k
′
47

which are equivalent to the circuit conditions.

Remark 9 Let us observe that the equivalence of the circuit conditions in
the original system and the spanning forest conditions in the transformed
system follows from the first statement of the lemma, that is, along each
circle the vij vectors and the correspondingly chosen uij vectors satisfy the
same linear equalities. If, say, instead of circle ’4367’ we choose circle ’234765’
then v23−v43−v74−v67 +v65 +v52 = u23−u43−u74−u67 +u65 +u52 = 0.
The corresponding circuit condition in Fig. 11a is

k23k34k47k76k65k52 = k32k25k56k67k74k43

and the equivalent equation from the spanning forest condition in Fig. 11b
is k′23(k′43)−1(k′74)−1(k′67)−1k′65k′52 = k′32(k

′
34)
−1(k′47)

−1(k′76)
−1k′56k

′
25.

Example 14 The system in Fig. 12 can be found in [63]. Fig. 12a shows
the original system where there are M = 11 species and Fig. 12b shows the
transformed system where there are two more species, A and G. Again, let
us number the species in the same way as in Fig. 11 and let A and G be the
last two, that is,

X(1) := R,X(2) := RA, . . . , X(11) := G2R
′A2, X(12) := A,X(13) := G.

Let us assign a vector yi ∈ R13 to the ith species so that yi,j = 1 if i = j
and yi,j = 0 if i 6= j where i, j = 1, . . . , 13. With a := y12 and g := y13, the
corresponding reaction vectors of the transformed system are u12 = v12 − a,
u32 = v32 + a, u41 = v41 + g, u25 = v25− g, . . . , u98 = v98 + a, u9,10 = v9,10,
u9,11 = v9,11. Thus, the lemma can be applied so that c1 = a, c2 = g and
the x and y axes are directed in the ’147’ and ’123’ direction, respectively.

Example 15 The system in Fig. 13 can be found in [13]. Again, let us
number the species as shown in Fig. 13a, that is

X(1) := F ∗, X(2) := AF ∗, . . . , X(18) := B2R,X(19) := A,X(20) := B.

and let us assign a vector yi ∈ R20 to the ith species so that yi,j = 1 if
i = j and yi,j = 0 if i 6= j where i, j = 1, . . . , 20. Similarly as in the
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(a) M = 11, N = 11, L = 1,
S = 10, δ = 0,K = 4

(b) M ′ = 13, N ′ = 22, L′ = 8,
S′ = 10, δ′ = 4,K ′ = 0

Figure 12. A model containing two binding sites for the agonists A and G

(a) M = 18, N = 18, L = 1, S = 17,
δ = 0,K = 13

(b) M ′ = 20, N ′ = 36, L′ = 6, S′ = 17,
δ′ = 13,K ′ = 0

Figure 13. A model with two binding sites for the agonists A and B
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previous two cases, let vij and uij respectively denote the reaction vectors
in the original and in the transformed system (these are the differences of
the corresponding complex vectors) and let a := y19 and b := y20. Then,
uij = vij − a, uij = vij − b or uij = vij if uij and vij correspond to an edge
in the graph parallel to the ’12’, ’14’ or ’17’ directions, respectively. The
lemma can be used here with c1 = a, c2 = b and c3 = 0.

Example 16 Consider the system in Fig. 14a where there is one receptor
with three binding sites, and the different states of the sites are denoted
by Sijk. The next three figures show three possible transformations of this
system in the following cases. Fig. 14b shows the transformed versions of
the system in Fig. 14a in the case when there are three different atoms, A,
B, C, binding to the three sites. Fig. 14c shows the transformed version of
the system in Fig. 14a in the case when there are two different atoms, A, B,
binding to the three sites. This is the De Young and Keizer model [17], and
again, the transformed system does not contain a circle. In the interesting
theoretical case when there is only one atom, A, binding to each of the three
sites, the transformed system contains a circle, this can be seen in Fig. 14c.
It can be verified easily that the five circuit conditions in the original system
are equivalent to the five spanning forest conditions in the systems in Fig.
14b and 14c and are also equivalent to the four spanning forest conditions
and one circuit condition in the system in Fig. 14d.

4.11 Reactions of rectangular grid structure

Let us consider a special class of reversible compartmental systems with
species constructed from D ∈ N different atoms, say, G1, G2, . . . , GD, sitting
on a receptor which will be omitted as it plays no rule in the calculations. Let
us represent the species G1

x1
G2
x2
. . . GD

xD
by the vector (x1, x2, . . . , xD) ∈ ND

0 ,
and suppose (this is the speciality of the system) that we only have the
following reaction steps in terms of the atomic representation of the species :

(x1, x2, . . . , xD) 
 (x1, x2, . . . , xd−1, xd + 1, xd+1, . . . , xD) (45)
(0 ≤ xd ≤ pd − 1, pd ∈ N; d = 1, 2, . . . , D). (46)

This means that the Feinberg—Horn—Jackson graph (FHJ graph) of the
reaction is a rectangular grid in the first orthant with

∏D
d=1(pd + 1) vertices.

Such kind of reactions are often used when modeling ion channels see Fig.
14 or [17].

Realizing that atoms are not conserved in the above reaction, we try to
improve it by constructing a model without this fault but reflecting the same

46



(a) M = 8, N = 8, L = 1,
S = 7, δ = 0,K = 5

(b) M ′ = 11, N ′ = 19, L′ = 7,
S′ = 7, δ′ = 5,K ′ = 0

(c) M ′ = 10, N ′ = 17, L′ = 5,
S′ = 7, δ′ = 5,K ′ = 0

(d) M ′ = 9, N ′ = 14, L′ = 3,
S′ = 7, δ′ = 4,K ′ = 1

Figure 14. One receptor with three binding sites

physical reality. In order to do so we have to introduce D new, single-atom
species, Gd (d = 1, 2, . . . , D) and the new reaction steps

ed + (x1, x2, . . . , xD) 
 (x1, x2, . . . , xd + 1, . . . , xD), (47)

where ed is the dth element of the standard base.
To test if a general reaction is detailed balanced or not one has to

write down δ number of circuit conditions and K number of spanning
forest conditions in terms of the reaction rate constants which form a set
of necessary and sufficient conditions together.

If we are interested in detailed balancing of the first reaction (45)
we should rather transform it to (47) and have only the spanning forest
conditions. The astonishing fact, however, is that for these special reactions
not only the number of conditions are the same, but the conditions
themselves, as well.
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Let us use the following notations:

N : the number of complex vectors (the number of vertices)
P : the number of reaction pairs
L: the number of linkage classes

(the number of connected components)
S: the dimension of the stoichiometric space

(the number of independent reaction steps)
δ: the deficiency
K: the number of independent circuits

To get some experience with these kind of systems we summarize their
essential characteristics in two and three dimensions and then formulate and
prove the general formula.
Statement If D = 2 then the formulas for system (45) (left column) and
system (47) (right column) are the following:

N = (p+ 1)(q + 1) N ′ = 2(p+ q) + 3pq
L = 1 L′ = p+ q + pq
S = N − 1 S ′ = S
δ = N − L− S = 0 δ′ = N ′ − L′ − S ′ = K
K = P − (N − L) = pq K ′ = P ′ − (N ′ − L′) = 0

where P = P ′ = p(q + 1) + (p+ 1)q.
If D = 3 then the formulas are

N = (p+ 1)(q + 1)(r + 1) N ′ = 2(p+ q + r) + 3(pq + pr + qr) + 4pqr
L = 1 L′ = (p+ q + r) + (pq + pr + qr) + pqr
S = N − 1 S ′ = S
δ = 0 δ′ = K
K = pq + pr + qr + 2pqr K ′ = 0

where P = P ′ = p(q + 1)(r + 1) + (p+ 1)q(r + 1) + (p+ 1)(q + 1)r, see Fig.
14a, 14b as an illustration.

Theorem 13 The essential characteristics of reactions (45) (with its FHJ-
graph as a rectangular grid) and (47) are as follows.
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N =
D∏
d=1

(pd + 1) N ′ =
D∑
k=1

(k + 1)pd1pd2 . . . pdk

L = 1 L′ =
D∑
k=1

pd1pd2 . . . pdk

S = N − 1 S ′ = S
δ = 0 δ′ = K

K =
D∑
k=2

(k − 1)pd1pd2 . . . pdk K ′ = 0

where each sum is taken with the restrictions 1 ≤ d1 < d2 < · · · < dk ≤ D.
2. The circuit conditions for reaction (45) are exactly the same as the
spanning tree conditions for reaction (47).

Proof. In both systems the number of edges can be calculated as

P = P ′ = p1(p2 + 1) . . . (pD + 1) + (p1 + 1)p2(p3 + 1) . . . (pD + 1) + · · ·+
+(p1 + 1) . . . (pD−1 + 1)pD

=
D∑
k=1

kpd1pd2 . . . pdk (1 ≤ d1 < d2 < . . . dk ≤ D)

The number of independent circuits in a graph can be calculated as
K = P − (N − L). Thus, using that N = 1 + L′, we obtain the formula
for K:

K = P − (N − L) = P −N + 1 = P − L′

=
D∑
k=1

kpd1pd2 . . . pdk −
D∑
k=1

pd1pd2 . . . pdk

The formulas for N ′ and L′ follow from the following observation: in the
graph of the transformed system the number of components consisting of
one edge (and two vertices) is p1 + p2 + · · ·+ pD; the number of components
consisting of two edges (and three vertices) is p1p2 + p1p3 + . . . pD−1pD; etc.;
the number of components consisting of D edges (and D + 1 vertices) is
p1p2 . . . pD. The equality S = S ′ and the equivalence of the circuit conditions
and spanning forest conditions follow from the D dimensional version of the
lemma. Finally, using that S ′ = S = N − 1 = L′, δ′ = N ′ − L′ − S ′ and
K ′ = P ′ − (N ′ − L′), we obtain the formulas for δ′ and K ′.
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4.12 On the number of free parameters

We would also like to make some comments on one of the statements in
Appendix 2 of [14]. According to this, the number of free parameters can be
determined as follows. Suppose that we have a system with

• N complexes,

• R rate coefficients (as parameters),

• and C constraints (the sum of the number of the microscopic
reversibility constraints and the number of arbitrary constraints—
independent of the microscopic reversibility constraints and of each
other—to be imposed on some of the rate coefficients).

The number of free parameters will then be equal to R − %, where % is the
rank of an C ×N matrix, A.

Recall from [29] that a reversible mass action system is detailed balanced
if and only if the rate constants satisfy the P − (N − L) circuit conditions
and the δ spanning forest conditions where the system has P reaction pairs,
N complexes, L linkage classes, and S is the rank of the stoichiometric space,
and δ is the deficiency of the network. Using these notations, it can be written
that the number of unknowns R equals 2P , and the number of independent
constraints C equals

Q+ (P − (N − L)) + δ = Q+ P − S, (48)

where Q denotes the number of (further independent) external constraints to
be imposed on some of the rate coefficients. In [29], only P − (N −L)) + δ =
P−S is considered to be the number of constraints and in [14], the deficiency
is not taken into account in this sum. Thus, our equation (48) is a common
generalization of the equations by Feinberg and Colquhoun et al.

4.13 Discussion, open problems

We have provided a method to transform the most common ion channel
models into a model where mass-conservation is taken into account. Using the
theorem by Feinberg we have also shown that the heuristic method happens
to lead to the same results, in spite of the fact that it is based on imprecise
assumptions.

All the original models in question have a rectangular grid structure
with zero deficiency, and all the transformed models have a deficiency equal
to the number of independent circuits in the original model. To put it
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another way, the sum of deficiency and the number of independent circuits is
invariant under our transformation. The natural question arises if the same
consequences can be drawn with nonzero deficiency (and nonzero number
of independent circuits, respectively) and what can be said about reactions
having an FHJ-graph of different structure.
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5 Limit cycles in models of chemical reactions

5.1 Introduction

We searched for limit cycles in the dynamical model of two-species chemical
reactions that contain at least one third-order reaction step, that is, the
induced kinetic differential equation of the reaction is a planar cubic
differential system. Symbolic calculations were carried out using the
Mathematica computer algebra system, and it was also used for the
numerical verifications to show the following facts about three models that
we investigated.

In the case of Model ’A’ with three parameters, we found necessary and
sufficient conditions on the parameters under which a limit cycle bifurcates
from the stationary point in the positive quadrant in a supercritical Hopf
bifurcation.

Models ’B’ and ’C’ contain seven parameters and the kinetic differential
equations of these reactions each have two nested limit cycles surrounding
the stationary point of focus type in the positive quadrant. In Model ’B’, the
outer limit cycle is stable and the inner one is unstable, which appears in a
supercritical Hopf bifurcation. Moreover, the oscillations in a neighborhood
of the outer limit cycle are slow-fast oscillations. Model ’C’ can be obtained
from Model ’B’ with the sign change of two terms. Here the outer limit cycle
is unstable and the inner one is stable. With another set of parameters, the
outer limit cycle can be made stable and the inner one unstable.

Although we present illustrating figures coming from numerical
calculations, we emphasize that our proofs are rigorous and use no
approximations. The novelty of our treatment is that we use focus quantities
to find limit cycles symbolically in a kinetic differential equation. Although
the framework of our work is simple, the computations are cumbersome both
for the human and the computer, and also needs ingenuity.

The structure of this chapter is as follows. Section 5.2 is a short review
of the history of oscillatory reactions. Section 5.3 deals with Model ’A’
where we performed both global and local investigations of the phase portrait.
Two important mathematical methods in the global investigation we applied
are the Poincaré compactification (see e.g. [4, 19]) and the homogeneous
directional blow-up, (see e.g. [3]). In the case of the last two models we
applied only local investigations of the singular point. Section 5.4 describes
a Lyapunov method to find limit cycles. Next, in Section 5.5 we discuss
Model ’B’ in detail. For Model ’C’, the same investigations will be carried
out in less detail in Section 5.6. The results and the calculations can be
found in [34], [35] [60] and [58].
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5.2 Oscillations in chemical reactions

5.2.1 Historical remarks

Chemical reactions show all kinds of exotic behavior: oscillation,
multistability, multistationarity, or chaos. They are interesting not only
from the mathematical point of view, but oscillatory behavior in a reaction
may also form the basis of periodic behavior in biological systems that can
have different periods: minutes, one day, one year etc., see [56, 55, 98,
20]. Analogous expectations can be expressed in connection with other
phenomena. Here we are only concerned with oscillatory behavior.

In his famous 1900 lecture David Hilbert formulated as the second part
of his XVIth problem to find the number of limit cycles of two-dimensional
autonomous polynomial differential systems, see e.g. [48]. The last more
than 100 years have shown that this is a very hard problem (see e.g. [48].)
However, from the point of view of applications one would need even more:
find the number of periodic solutions of polynomial differential equations in
any number of variables although one would be content with the solution
of the kinetic case, i.e. a subclass of quadratic or cubic polynomials is only
relevant. Early attacks by [25, 26] are worth mentioning here.

As it can be seen form history, Hilbert’s XVIth problem seems to be very
difficult even in the case of two-dimensional kinetic differential equations.
(It is quite characteristic that according to Schlomiuk and Vulpe [70] in the
class of quadratic differential equations—slightly larger than the set of kinetic
differential equations—the number of different phase portraits is estimated
to be more than two thousand.) We neglected quite important topics: the
case of simplest oscillators, see e.g. [97, 76, 87], reactions with more than two
species [1, 33, 84], etc.

5.2.2 Existence of periodic trajectories

Especially when the experiments of Belousov [8] became widely known—
first, through the work by Zhabotinsky [100]—the question emerged what
are the structural conditions of the existence of periodic solutions in a kinetic
differential equation. (On the difference between structural and parametric
conditions see e.g. [6, 7].)

A fruitful tool to prove the existence of periodic solutions is the theorem
on Andronov–Hopf bifurcation as it has been shown by Hsü [47]: he has
rigorously shown that the Oregonator model of the Belousov–Zhabotinsky
reaction has periodic solutions. Another early application is shown in [73]
containing a reaction similar to the Brusselator—see below: (58)—to model
synaptic slow waves and having periodic solutions as a consequence of the

53



above mentioned theorem.
Another method to prove the existence of closed trajectories is to find

first integrals having closed level curves. This is how one can investigate the
Lotka–Volterra reaction.

Even before oscillatory chemical reactions became popular in the seventies
of the XXth century, following the work by Belousov and Zhabotinsky, and
later by Field, Kőrös and Noyes [36] and others, the biologically motivated
differential equation

ẋ = k1x− k2xy, ẏ = k2xy − k3y (49)

was reinterpreted as the induced kinetic differential equation of the reaction

X
k1−−→ 2 X, X + Y

k2−−→ 2 Y, Y
k3−−→ 0 (50)

and was used as a model of oscillation in cold flames by Frank-Kamenetsky
[38].

Since the Lotka–Volterra equation (49) has a nonlinear first integral, it
shows conservative oscillations, i.e. to all initial concentrations in the open
first quadrant (except the unique positive stationary point) a different closed
trajectory is assigned.

5.2.3 Exclusion of periodic trajectories

Given a special mechanism one may try to apply the theorem by Bendixson,
or by Bendixson and Dulac, see e.g. [12]. These are enough to show e.g. that
the induced kinetic differential system

ẋ = −k1x+ k−1y − 2k2x
2 + 2k−2y

2 =: f ◦ (x, y)

ẏ = k1x− k−1y + 2k2x
2 − 2k−2y

2 = −f ◦ (x, y)

of the reversible Wegscheider reaction has no periodic trajectory, or to show
that periodic trajectories of the Lotka–Volterra reaction necessarily cross a
line (having a tangent and an intersection which depends on the reaction rate
coefficients).

Based on the Bendixson–Dulac theorem Bautin [5] has shown that within
the class of equations

ẋ = x(ax+ by + c) ẏ = y(dx+ ey + f) (51)

(which are often called generalized Lotka–Volterra equations, a subclass of
Kolmogorov type equations) only those can have a periodic solution which
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are of the Lotka–Volterra form (49), specifically, they cannot have a limit
cycle.

A far reaching generalization of the statement by Bautin is the Póta–
Hanusse-Tyson–Light theorem, the full proof of which by Póta [65] has also
used an appropriate Dulac function.

Theorem 14 Suppose that the coefficients of the equation

ẋ = ax2+bxy+cy2+dx+ey+f ẏ = Ax2+Bxy+Cy2+Dx+Ey+F (52)

obey the following inequalities

0 ≤ c, e, f, A,D, F (53)
0 ≥ a, C (54)

and

at most one of b and B is positive. (55)

Then, the only equation to have periodic solutions is of the form similar to
(49) above, specifically, limit cycles cannot arise.

Schuman and Tóth [74] has provided an alternative proof based on the
classification of polynomial vector fields which may be more handy to be
generalized. (One should remark that Point 4 of their Theorem 2.2 is said to
give the conditions for symmetric (time-reversible) centers. However it is not
precise, not all systems defined by this condition are time-reversible. Confer
it to the details in Section 4 of the paper [67].)

Condition (53) restricts the set of equations to the kinetic case (cf. [45]).
Condition (54) excludes the presence of reaction steps 2X −−→ 3X or
2Y −−→ 3Y, while condition (55) excludes the presence of reaction steps
X + Y −−→ 2X + Y and X +Y −−→ X+ 2Y.

An interesting question is if condition (53) is enough to exclude the
emergence of limit cycles. The answer has been given by Escher [25], who
has written the most remarkable early papers on the topics of oscillation
in two-species reactions both from the mathematical and chemical points
of view. Here we only cite one of his interesting reactions: the one having
both conservative oscillations and limit cycles—in different parts of the state
space:

2 Y −−⇀↽−− 2 X −−→ 3 X X −−⇀↽−− 0←−− Y X + Y −−→ 0. (56)

The article [25] of Escher contains chemical examples with two species
and second order reactions with even more than one limit cycles, but the
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author allows long product complexes, as well, thus his examples are in
no contradiction to Theorem 14. Theorem 14 says that among two-species
second order reactions the only oscillatory reaction is the Lotka–Volterra
model. It is interesting that the same result is obtained if one starts from
different premises: if the linearized form of the Lotka–Volterra model is given,
then the simplest model with this linearized form is again the Lotka–Volterra
model [87].

A serious disadvantage of the Bendixson–Dulac theorem is that it is about
planar systems, and cannot easily and naturally be generalized to higher
dimensional cases. It may happen that a system can be reduced to a 2D
system via first integrals and then one can apply the theorem [84].

Necessary conditions formulated in chemical terms to exclude the
existence of periodic solutions can be found in the classical central theorems
on regular behavior, see e.g. [88, Subsection 8.7.1].

5.2.4 Limit cycles

People involved in modeling real life phenomena wanted to have a model
with a (preferably stable) limit cycle or limit cycles. It was Prigogine and
Lefever [66] who constructed the reaction

0
1−−⇀↽−−
1

X
b−−→ Y 2 X + Y

a−−→ 3 X (57)

having the induced kinetic differential equation

ẋ = 1− (b+ 1)x+ ax2y ẏ = bx− ax2y. (58)

It can be—and has later been—shown that there exists a limit cycle in this
model. (One can use the Andronov–Hopf theorem on bifurcation to show
this, or construct a Bendixson sack only to show the existence of a periodic
solution. [91] shows a Wolfram language animation how a Hopf biurcation
emerges in the Brusselator.)

Note the cubic term x2y on the right-hand sides.
A similar reaction with a limit cycle called the Autocatalator

0
k0−−→ Y

k3−−→ X
k2−−→ 0 2 X + Y

k1−−→ 3 X (59)

having the induced kinetic differential equation

ẋ = k3y − k2x+ k1x
2y ẏ = k0 − k3y − k1x2y (60)

has been proposed and later thoroughly investigated by Gray and Scott [41].
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Erle [23] has shown that under the conditions

0 ≤ m′ < m; 0 < β < n < n′;α > 0

for the reaction

mX + nY
k1−−⇀↽−−
k′1

m′X + n′Y αX
k2−−⇀↽−−
k′2

0
k3−−⇀↽−−
k′3

βY (61)

there exist reaction rate coefficients for which the reaction has an
asymptotically orbitally stable closed orbit.

In a following paper Erle [24] has dealt with the case when all the reaction
steps are reversible and the number of reversible pairs is not larger than the
number of species. Although it is a strong restriction (e.g. in the case of
combustion reactions the usual ratio of the number of reaction steps to the
number of species is five as stated by the—empirical—Law of Law [50]), let
us summarize his results in this case. He does not assume mass conservation
and neither that the orders of the reaction steps are low. If the number of
species and the number of reversible reaction step pairs are equal to two and
the stoichiometric matrix is invertible, then no closed trajectory can exist in
the open first orthant. If the number of reaction step pairs is not larger than
the number of species (and now it can be any number, not only two), then no
structurally stable closed orbit can exist in the open first orthant. His result
is in accordance with the statement by Schnakenberg [72], who has shown
that for exhibiting limit cycle behavior a two-species reaction has to consist
of at least three reaction steps among which one must be autocatalytic of
the type 2X+Y −−→ 3X. Under this condition, possible candidates having
(a) limit cycle(s) are selected by postulating that their stationary state be
an unstable focus. He enumerated all the reactions with three reaction steps
fulfilling the conditions.

Császár et al. [16] used necessary conditions (for systems of two equations
with not necessarily polynomial right-hand sides) provided by Feistel and
Ebeling [32] and by Escher to construct candidate reactions with limit cycles,
and they obtained a table of reactions similar to, but different from—thus,
complementary in a certain sense—that of Schnakenberg. They have shown
numerically that some of the reactions seem to have limit cycles.

A graph theoretical necessary condition of periodicity and multistation-
arity has been given by Schlosser and Feinberg [71].
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K1

K3
K2K4

K5

0

V

U

2 U

2 U + V3 U

Figure 15. Graph of the reaction (62)

5.3 Model ’A’ with one limit cycle

5.3.1 Preaparation for the analysis of the model

The dynamical system we investigate in detail first comes from a chemical
model published in [16] that numerically shows limit cycle behavior for
certain parameter values. The reaction scheme is called ’model A1’ in [16],
it contains two species, U and V and the following set of reactions:

0 K1−−→ V, U K2−−→ 0, V K3−−→ U, 2U K4−−→ V, 2U + V K5−−→ 3U (62)

where ‘0’ is the so-called zero complex representing the environment (see e.g.
[88]), and Ki > 0 for i = 1, . . . , 5 are the reaction rate coefficients. (Contrary
to the usual custom uppercase K here does not mean equilibrium constant.)
The model was further analyzed in [2], where it was shown that precisely
17160 reaction graphs with different structure—including the original model
(62)—can produce exactly the same dynamical behavior: they induce the
same mass action type kinetic differential equations. However, the computed
structures could not be used to show important dynamical properties of
the model (e.g. the existence of positive equilibria or the boundedness of
solutions).

This reaction induces the following two-dimensional system of ordinary
differential equations with five parameters: K1, K2, K3, K4, K5; where u, v
are concentrations of two species:

u̇ =−K2u− 2K4u
2 +K3v +K5u

2v,

v̇ = K1 +K4u
2 −K3v −K5u

2v.
(63)

From now on we only assume that all parameters of the system are non-
negative (contrary to the usual custom according to which only reaction
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steps which do take place—or, parameters which are strictly positive—are
only shown).

Here we explain the reason for the existence of the limit cycle detected
in [16]. Moreover, we find all systems in the family in which a limit cycle
appears as a result of a Hopf bifurcation at the stationary point in the first
quadrant, and show that it is always stable.

We also looked for first integrals of the system, which from the point of
view of chemical kinetics can be considered as conservation laws of the model.
Here our result is mostly negative—it appears that the system cannot admit
an analytic first integral, and we have found only one partial integral for
chemically relevant values of parameters.

We note that the number of parameters in system (63) can be decreased
by two in the following way. Let us introduce new variables, x and y, such
that u(t) = ax(tτ) and v(t) = by(tτ) where a, b and τ are parameters. Then
u′(t) = aτx′(tτ) and v′(t) = bτy′(tτ) so the new equation system is

ẋ =− K2x

τ
− 2aK4x

2

τ
+
bK3y

aτ
+
abK5x

2y

τ
,

ẏ =
K1

bτ
+
a2K4x

2

bτ
− K3y

τ
− a2K5x

2y

τ
.

(64)

If b = a and τ = a2K5 then the coefficient of x2y will be equal to 1, and
if a = K4/K5 then the coefficient of x2 will also be equal to 1. With these
substitutions the system will be

ẋ =− K2K5x

K2
4

− 2x2 +
K3K5y

K2
4

+ x2y,

ẏ =
K1K

2
5

K3
4

+ x2 − K3K5y

K2
4

− x2y.
(65)

If k1 =
K1K

2
5

K3
4

, k2 =
K2K5

K2
4

and k3 =
K3K5

K2
4

then the system will have the

form
ẋ =− k2x− 2x2 + k3y + x2y,

ẏ = k1 + x2 − k3y − x2y
(66)

which can also be obtained from system (63) if K4 = K5 = 1, and the
notation is changed appropriately.

Thus, without the loss of generality, instead of system (63) we will study
system (66).
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5.3.2 Phase portrait on the Poincaré disk

Straightforward computations show that system (66) has two singular points:

A

(
−k2 +

√
k22 + 4k1

2
,

2k1
√
k22 + 4k1

k2 (k3 − k1) +
√
k22 + 4k1 (k3 + k1)

)
(67)

and

B

(
−k2 +

√
k22 + 4k1
2

,
2k1
√
k22 + 4k1

k2 (k1 − k3) +
√
k22 + 4k1 (k3 + k1)

)
.

Clearly, when all parameters are positive, then A is located in the first
quadrant and B is in the second one, so only the point A is of interest
for us.

The following theorem shows that all trajectories of system (66) in the
first quadrant are bounded and either tend to the singular point A or to a
limit cycle surrounding A when the time increases.

Theorem 15 For any positive values of parameters ki the corresponding
system (66) has a unique singular point in the first quadrant and all
trajectories of this quadrant tend to this point or to a limit cycle surrounding
it when t→ +∞.

Proof. As it is shown above, the point A is the unique singular point in
the first quadrant. It is easy to see that the vector field on the coordinate
axes bounding the first quadrant is directed inside the quadrant. Thus,
to understand the behavior of the trajectories in the quadrant we have to
study the singular points of the system at infinity, applying the Poincaré
compactification method.

In the first part of the proof, we investigate the behavior of the trajectories
at the end of the Ox axis such that we first project the plane to the Poincaré
sphere and then apply a homogeneous directional blow-up.

Performing the substitution

u = y/x, z = 1/x

and the time rescaling dt→ dt/z2, from (66) we obtain the system

u̇ =− u− u2 + z + 2uz + k2uz
2 − k3uz2 − k3u2z2 + k1z

3 = U(u, z),

ż =z(−u+ 2z + k2z
2 − k3uz2) = Z(u, z).

(68)

The line z = 0 corresponds to the equator of the Poincaré sphere of
system (66). Obviously, system (68) has two singular points at the equator
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z = 0: points C(0, 0) and D(−1, 0). Clearly, only the point C corresponds to
the first quadrant and it is located at the end of the Ox axis of system (66).

The point C is a degenerate singular point of system (68). Since the
first degree approximation of the polynomial U(u, z) is the polynomial
U1 = −u + z and since the lowest terms in Z(u, z) have the second degree,
then Z1 ≡ 0, so we consider the characteristic function

F = uZ1 − zU1 = z(u− z). (69)

The function F vanishes when z = 0 and z = u. Therefore, the trajectories
of system (68) tend to the singular point C tangentially to the lines z = 0
and z = u (see, e.g. [4]). To investigate the behavior of the trajectories more
precisely we blow up the singularity at the origin of system (68) using the
substitution

X = u, Y = z/u.

The transformation yields the system

Ẋ =−X(1 +X − Y − 2XY − k2X2Y 2 + k3X
2Y 2 + k3X

3Y 2 − k1X2Y 3)

Ẏ =− Y (−1 + Y − k3X2Y 2 + k1X
2Y 3).

(70)
The singular points of (70) on the axis X = 0 are X = 0, Y = 0 and
X = 0, Y = 1. Clearly, the point X = 0, Y = 0 is a saddle. Moving the
origin into the point X = 0, Y = 1 using the substitution w = X, v = Y − 1
and rescaling the time by dt→ −dt, we obtain the system

ẇ = −vw − w2 − 2vw2 − k1w3 − k2w3 + k3w
3 − 3k1vw

3 − 2k2vw
3

+ 2k3vw
3 − 3k1v

2w3 − k2v2w3 + k3v
2w3 − k1v3w3 + k3w

4

+ 2k3vw
4 + k3v

2w4 = P (w, v),

v̇ = v + v2 + k1w
2 − k3w2 + 4k1vw

2 − 3k3vw
2 + 6k1v

2w2 − 3k3v
2w2

+ 4k1v
3w2 − k3v3w2 + k1v

4w2 = v +Q(w, v).

(71)

If v = φ(w) is the solution to the equation v+Q(w, v) = 0 then P (w, φ(w)) =
−w2 +h.o.t. By Theorem 65 of [4] the singular point at the origin of (71) is a
saddle-node and the phase portrait qualitatively looks as shown in Figure 16
or Figure 17 (a). Taking into account that we have changed the direction of
the trajectories by dividing by the negative number −1 after the blow-down,
we obtain that the phase portrait near the origin of system (68) looks as in
Figure 17 (b).

In the second part of the proof, we investigate the behavior of the
trajectories of system (66) at the end of the Oy axis, similarly as before.
We perform the substitution

u = x/y, z = 1/y
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(a) k1 = 4, k3 = 1 (b) k1 = k3 = 1 (c) k1 = 1, k3 = 2

Figure 16. Phase portrait of system (71) for fixed values of k1 and k3 (when
k2=1), generated by Wolfram Mathematica.

Figure 17. (a) Phase portrait of system (71) and (b) phase portrait of system
(68).

and time rescaling dt→ dt/z2 and thus we obtain the system

u̇ =u2 + u3 − 2u2z − u3z + k3z
2 − k2uz2 + k3uz

2 − k1uz3 = U(u, z)

ż =u2z − u2z2 + k3z
3 − k1z4 = Z(u, z).

(72)

The origin of system (72) corresponds to the singular point at the end of the
Oy axis of system (66).

Since the lowest terms in U(u, z) have the second degree and since the
lowest terms in Z(u, z) have the third degree, then U2 = u2+k3z

2 and Z2 ≡ 0,
and thus for system (72) we consider the characteristic function

F = uZ2 − zU2 = −z(u2 + k3z
2).

The function F vanishes when z = 0, so the characteristic direction is
z = 0 and a u-directional blow-up needs to be done. Thus, to blow up
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the singularity at the origin of (72), we use the substitution

u = X, z = XY.

After the transformation and the rescaling of time

dt→ Xdt (73)

the system has the form

Ẋ =−X(−1−X + 2XY +X2Y − k3Y 2 + k2XY
2 − k3XY 2 + k1X

2Y 3)

Ẏ =Y (−1 + 2XY − k3Y 2 + k2XY
2).

(74)
The only singularity of system (74) at the origin is a saddle shown in Figure
18. Taking into account rescaling (73) we obtain that the phase portrait of
system (72) near the origin looks like the right picture of Figure 18.

Figure 18. Phase portrait of system (74) and phase portrait of system (72)
after the blow-down.

System (66) has exactly one singular point, the point A in the first
quadrant. Thus, the phase portrait of system (66) in the first quadrant
up to some number of limit cycles surrounding A is qualitatively equivalent
to the one shown in Figure 19. That is, when the time increases, each
trajectory of the first quadrant either reach the singular point A or a limit
cycle surrounding A.

5.3.3 The limit cycle

After the global investigation of the phase portrait, we will turn our attention
to the local investigation of the singular point, applying a Lyapunov method.
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(a) The trajectories approach a singular
point.

(b) The trajectories approach a limit
cycle.

Figure 19. Phase portrait of system (66) based on Figure 17 (b) and Figure
18.

To simplify the further analysis of system (66) we rescale the Ox axis
such that the singular point A(x0, y0) (defined in (67)) is moved to a singular
point A′(x′0, y′0) with x′0 = 1, that is, we perform the transformation

X =
x

x0
, Y = y.

In the obatined system writing x, y instead of X, Y we have

ẋ =− k2x− 2x2x0 +
k3y

x0
+ x2x0y,

ẏ =k1 + x2x20 − k3y − x2x20y.
(75)

Since the point A′(x′0, y′0), where x′0 = 1 is a singular point of system (75),
we obtain that

k1 = x0(k2 + x0) (76)

and the coordinates of the singular point A′ are

x′0 = 1, y′0 =
x0(k2 + 2x0)

k3 + x20
.

Let A be the matrix of the linearization of system (75) at the point A′.
The necessary condition for the existence of a Hopf and a degenerate Hopf
bifurcation at the point A′ (and, therefore, also at the point A) is that the
trace of the matrix A is zero, or, equivalently, the real parts of the eigenvalues
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λ1,2 of A are equal to zero. Computing the real parts of the eigenvalues we
find that

Reλ1,2 =
x30(k2 − 2k3)− k3x0(k2 + k3)− 4k3x

2
0 − x50

2x0 (k3 + x20)
. (77)

Therefore Reλ1,2 = 0 if and only if

k2 = (−k23 − 4k3x0 − 2k3x
2
0 − x40)/(k3 − x20). (78)

Theorem 16 If in system (66) all parameters and the coordinates of the
point A are positive, and the trace of the matrix of the linearization of
system (66) at A is equal to zero, then the point A is a stable focus.

Proof. As it is shown above the conditions of the theorem are fulfilled if and
only if conditions (76) and (78) hold. Since the numerator of (78) is negative,
but k2 should be positive, we have that k3 should satisfy the condition

k3 < x20. (79)

Taking into account these conditions and moving the origin of system
(75) at the origin by the substitution u = x− x′0, v = y − y′0 we obtain the
system

u̇ =(k23v + k23ux0 − 2k3u
2x20 + 2k3uvx

2
0 + k3u

2vx20 − k3u2x30−
vx40 − 2uvx40 − u2vx40 − ux50 − u2x50)/(x0(k3 − x20)),

v̇ =− (k23v − 2k3ux
2
0 − k3u2x20 + 2k3uvx

2
0 + k3u

2vx20 − 2k3ux
3
0 − k3u2x30−

2ux40 − u2x40 − vx40 − 2uvx40 − u2vx40 − 2ux50 − u2x50)/(k3 − x20).
(80)

Eigenvalues of the linearized system are

ω1,2 = ±(k3 + x20)
√
k3

2 + 2k3x0 − x40 − 2x30
k3 − x20

.

By (79) the expression under the radical is always negative, therefore the
singular point at the origin of (80) is either a center or a focus (and the same
conclusion holds for the point A of system (63)).

We look for a polynomial

Φ(u, v) =
4∑

k+s=2

φksu
kvs (81)

such that
∂Φ

∂u
u̇+

∂Φ

∂v
v̇ = g1(u

2 + v2)2 + h.o.t. (82)
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The computation yields that the quadratic part of (81) is

Φ2 =
1

2
φ11

(
2u2x20(x0 + 1)

x20 − k3
+ 2uv +

v2

x0

)
, (83)

where φ11 can be chosen arbitrary. We set φ11 = 1, then, in view of (79),
Φ2 is a positive definite quadratic form. Performing further computations we
find that

g1 = −((x30(−4k23 − 3k33 − 8k23x0 + 12k3x
2
0 + 3k23x

2
0 + 24k3x

3
0 + 7k3x

4
0

+x60))/((k3 + x20)(3k
2
3 − 6k3x

2
0 + 4k23x

2
0 − 4k3x

3
0 + 3x40 − 12k3x

4
0

+4x50 + 20x60 + 24x70 + 12x80))).

Solving the semialgebraic system

g1 ≥ 0 ∧ k3 − x20 < 0 ∧ k3 > 0 ∧ x0 > 0

with the Reduce command of Mathematica we find that it does not have
a solution. Therefore, g1 is always negative.

Since Φ2 defined by (83) is a positive definite quadratic form, the
function (81) is a positively defined Lyapunov function in a sufficiently
small neighborhood of the origin of system (80). Since g1 < 0, in view
of (82) its derivative with respect to the vector field is negatively defined.
Therefore by the Lyapunov theorem the singular point at the origin of (80)
is asymptotically stable, which means that it is a stable focus.

The next theorem gives a necessary and sufficient condition for the
existence of a Hopf bifurcation in system (66).

Theorem 17 If in system (66) all parameters are positive, then the point
A(x0, y0) defined in (67) is the only singular point in the first quadrant and
a Hopf bifurcation occurs at A if and only if the coefficients of (66) satisfy
the conditions (76) and (78). The bifurcation is always supercritical, that is,
a stable limit cycle is born from the point A.

Proof. As it is shown in the proof of the previous theorem, the eigenvalues of
system (66) linearized at A are pure imaginary if and only if the coefficients
of (66) satisfy the conditions (76) and (78), and in this case A is a stable
focus. From (77) and (78) we can see that choosing k2 as a perturbation
parameter, we can slightly perturb the system in such a way that the real
parts of λ1 and λ2 (defined by (77)) become positive. It means that the
point A becomes an unstable focus and a limit cycle is born as a result of a
supercritical Hopf bifurcation.
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The figures were created with Wolfram Mathematica and together with
the calculations these can be found in [35]. The parameter values are
k3 = 0.3, k2 = −((k23 + 6k3 + 1)/(k3 − 1)) − 10−5 and k1 = k2 + 1. The
figures are transformed in such a way that the singular point is shifted into
(0,−1), and the initial point is the origin.

(a) (b) (c)

Figure 20. Trajectory going inward, approaching the limit cycle from outside
and the components of the solution. The distance of the initial point from
the singular point is 1.

(a) (b) (c)

Figure 21. Trajectory going outward, approaching the limit cycle from inside
and the components of the solution. The distance of the initial point from
the singular point is 10−5.

Remark 10 The global investigation of the phase portrait can be simplified
since in the first quadrant we can find the following positively invariant
compact set. Consider the trapezoid determined by the four vertices (0, 0),

(0, b), (a, b), and (a + b, 0) where a =
k1
k2

and b =
k1
k3

+ 1. It is not hard to

point out that this trapezoid is a trapping region.
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• If y = b and x ≥ 0 arbitrary then ẏ = k1 − k3y + x2(1− y) < 0.

• If x+y = a+b and x ≥ a, y ≥ 0 arbitrary then ẋ+ ẏ = k1−k2x−x2 <
k1 − k2x < 0.

• If y = 0 and x ≥ 0 arbitrary then ẏ = k1−k3y+x2(1−y) = k1+x2 > 0.

• If x = 0 and y > 0 arbitrary then ẋ = −k2x+k3y+x2(y−2) = k3y > 0.

Finally, though the vector field at (0, 0) is vertical, the trajectory through
(0, 0) enters the trapezoid and has a nontransversal inward intersection.
Except at the point (0, 0), all intersections on the (boundary of) the trapezoid
are transversally inward. Finding such a trapping region makes it possible
to compute a continuous and piecewise affine Lyapunov function with linear
programming, see e.g. [53]. As a continuation of this article, several authors
have addressed this topic.

5.4 A Lyapunov method for finding limit cycles

Here—following [19]—we summarize briefly how we can find two limit cycles
in the planar differential system u̇ = P ◦ (u, v), v̇ = Q◦ (u, v), where P and
Q are functions (here: polynomials) dependent on some parameters, by a
local investigation of a singular point.

1. As a first step, the singular point (u0, v0) of the system is shifted into
the origin using the substitution x = u− u0, y = v− v0, so in the new
coordinates the system is written as

ẋ = P̃ ◦ (x, y), ẏ = Q̃ ◦ (x, y). (84)

Let us denote the Jacobian matrix of this system at the origin by J
and let λ1 and λ2 be the eigenvalues. Next, the parameters are chosen
in such a way that trace(J) = 0.

2. Then we look for a polynomial Φ(x, y) =
6∑

k+s=2

φksx
kys such that

∂Φ

∂x
ẋ+

∂Φ

∂y
ẏ = g1(x

2 + y2)2 + g2(x
2 + y2)3 + h.o.t (85)

and the quadratic part of Φ(x, y),

Φ0(x, y) = φ20x
2 + φ11xy + φ02y

2

68



is a positive definite quadratic form. The coefficients g1 and g2 in
(85) depend on parameters of system (84) and are called focus (or
Lyapunov) quantities.

3. Keeping trace(J) = 0 and Φ0 positive definite we look for values
of parameters of system (84) to set the values of g1 and g2 in the
following way.

(a) First, if g1 = 0 and g2 < 0 then, since Φ is a positive definite
Lyapunov function, the origin is a stable focus.

(b) If we now take a small perturbation, so that g1 becomes positive
(while g2 remains negative), then an unstable focus arises at the
origin and a stable limit cycle appears around the singular point.

4. Finally, the parameters are perturbed in such a way that trace(J) 6= 0
and Re(λ1,2) < 0. In this case, the origin becomes stable, and if the
perturbation is sufficiently small, then the outer stable limit cycle is
preserved (but can be shifted) and an unstable limit cycle appears
between the origin and the outer stable limit cycle as a result of a
supercritical Hopf bifurcation. Since we cannot say in advance what
perturbations are “sufficiently small”, the existence of two limit cycles
in a specific perturbed system should be also verified numerically.

Similarly, if in step 3a we look for parameters such that g1 = 0 and
g2 > 0 at the beginning and achieve that Re(λ1,2) > 0, g1 < 0, g2 > 0
in the end, then the outer limit cycle will be unstable and the inner
one will be stable.

5.5 Model ’B’ with two nested limit cycles

5.5.1 Local investigation of the model

We investigate the induced kinetic differential equation of the reaction in
Figure 22.
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1

d1

d2

f1

f2 c1
1

e2

e1

2X +Y 3X

X

0 2X

X +YY

Figure 22. The reaction inducing the system (86).

assuming mass action type kinetics, i.e., the dynamical system:

ẋ =x2y + xy − c1x2 − d1x+ e1y + f1,

ẏ =− x2y − xy + c1x
2 + d2x− e2y + f2.

(86)

where x(t) ≥ 0 and y(t) ≥ 0 denote the concentrations of two chemical species
and c1, d1, d2, e1, e2, f1, f2 are the reaction rate coefficients, all supposed to be
positive. The meaning of reaction rate coefficients can be found in standard
textbooks on chemical kinetics or in [88]. The reader who is not an insider
will understand the signs if (s)he glances a look at Figure 22.

5.5.2 Symbolic Preparations

Let us denote the singular point of system (86) in the first quadrant by
A(x0, y0). To simplify the calculations, we consider the case when x0 = 1.
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Solving the system ẋ = 0, ẏ = 0 for d1 and y0, we get that

d1 =
d2(2 + e1) + c1(e1 − e2) + (2 + e2)f1 + (2 + e1)f2

2 + e2
, (87)

y0 =
c1 + d2 + f2

2 + e2
. (88)

Let us emphasize again that the assumption x0 = 1 implies that the reaction
rate coefficients are not independent, (87) should hold among them.

Now, shifting the singular point A(x0, y0) into the origin with the
transformation x1 = x− x0, y1 = y − y0, we get that the transformed system
is

ẋ1 =− 1

2 + e2
(c1x1 − d2x1 + c1e1x1 + d2e1x1 + c1e2x1 + 2f1x1

+ e2f1x1 − f2x1 + e1f2x1 + c1x
2
1 − d2x21 + c1e2x

2
1 − f2x21 − 4y1

− 2e1y1 − 2e2y1 − e1e2y1 − 6x1y1 − 3e2x1y1 − 2x21y1 − e2x21y1),

ẏ1 =− 1

2 + e2
(−c1x1 + d2x1 − 2c1e2x1 − d2e2x1 + 3f2x1 − c1x21

+ d2x
2
1 − c1e2x21 + f2x

2
1 + 4y1 + 4e2y1 + e22y1 + 6x1y1 + 3e2x1y1

+ 2x21y1 + e2x
2
1y1).

(89)

Let J denote the Jacobian matrix of system (89) at the origin. The necessary
condition for a Hopf bifurcation at the origin (and also at the point A(x0, y0))
is that the matrix J has pure imaginary eigenvalues (and the necessary
condition for this is that the trace of J is zero).

Calculating the trace of J, we get that

trace(J) = −4 + c1 − d2 + c1e1 + d2e1 + 4e2 + c1e2 + e22 + 2f1 + e2f1 − f2 + e1f2
2 + e2

(90)
Solving trace(J) = 0 for c1 gives

c1 =
d2 − d2e1 − (2 + e2)(2 + e2 + f1) + f2 − e1f2

1 + e1 + e2
. (91)

In this case, the eigenvalues of J are of the form λ1,2 = ±i
√
β, where

β =
1

1 + e1 + e2
(−2e1 + 2d2e1 + d2e

2
1 + 2e2 − 2d2e2 + e1e2 − d2e1e2 − e22

+ e1e
2
2 − e32 + 2f1 + e1f1 + 4e2f1 + 2e1e2f1 + 2f2 + 5e1f2 + 2e21f2).

(92)
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The eigenvalues will be purely imaginary if β > 0. Then system (89) with
the substitution for c1 in (91) (and using the variables x and y instead of x1
and y1) will be the following:

ẋ =
1

1 + e1 + e2
(2x+ 2e1x+ 3e2x+ e1e2x+ e22x+ 2x2 + d2e1x

2

+ 3e2x
2 + e22x

2 + f1x
2 + e2f1x

2 + e1f2x
2 + 2y + 3e1y + e21y

+ 2e2y + e1e2y + 3xy + 3e1xy + 3e2xy + x2y + e1x
2y + e2x

2y),

ẏ =− 1

1 + e1 + e2
(2x+ d2e1x+ 5e2x− d2e2x+ 2e22x+ f1x+ 2e2f1x

+ f2x+ 2e1f2x+ 2x2 + d2e1x
2 + 3e2x

2 + e22x
2 + f1x

2 + e2f1x
2

+ e1f2x
2 + 2y + 2e1y + 3e2y + e1e2y + e22y + 3xy + 3e1xy + 3e2xy

+ x2y + e1x
2y + e2x

2y).
(93)

Now, in order to apply the procedure described in the previous section, we
look for a polynomial

Φ(x, y) =
6∑

k+s=2

φksx
kys (94)

such that
∂Φ

∂x
ẋ+

∂Φ

∂y
ẏ = g1(x

2 + y2)2 + g2(x
2 + y2)3 + h.o.t. (95)

Calculating the quadratic part of (94) we get that

Φ2 =
1

2
φ11

(
(d2(e1 − e2) + (1 + 2e2)(2 + e2 + f1) + f2 + 2e1f2)

(2 + e2)(1 + e1 + e2)
x2

+2xy +
2 + e1
2 + e2

y2
)
,

where φ11 can be chosen arbitrarily, so we set φ11 = 1. Now, let

A :=

(
d2(e1−e2)+(1+2e2)(2+e2+f1)+f2+2e1f2

2(2+e2)(1+e1+e2)
1
2

1
2

2+e1
2(2+e2)

)
The determinants of the upper-left main minors of A are

A11 =
d2(e1 − e2) + (1 + 2e2)(2 + e2 + f1) + f2 + 2e1f2

(1 + e1 − e2)(2(2 + e2)(1 + e1 + e2)
,

det(A) =− ((2e1 − 2d2e1 − d2e21 − 2e2 + 2d2e2 − e1e2 + d2e1e2

+ e22 − e1e22 + e32 − 2f1 − e1f1 − 4e2f1 − 2e1e2f1

− 2f2 − 5e1f2 − 2e21f2)/(4(2 + e2)
2(1 + e1 + e2))).

(96)

72



At this point, the positive definiteness of A together with the previous
conditions cannot be decided, so in order to simplify the further calculations,
we fix the values of two more reaction rate coefficients f1 and f2 as

f1 = 1, f2 = 2 (97)

and proceed with calculating g1. This gives

g1 =(−36− 105e1 − 30d2e1 − 120e21 − 50d2e
2
1 − 6d22e

2
1 − 56e31 − 28d2e

3
1

− 7d22e
3
1 − 6e41 − 6d2e

4
1 − 2d22e

4
1 − 75e2 + 12d2e2 − 159e1e2 − 8d2e1e2

+ 6d22e1e2 − 113e21e2 − 9d2e
2
1e2 + 7d22e

2
1e2 − 18e31e2 − d2e31e2 + 2d22e

3
1e2

− 36e22 + 13d2e
2
2 − 65e1e

2
2 + 18d2e1e

2
2 − 30e21e

2
2 − 6e31e

2
2 − 4d2e

3
1e

2
2

+ 9e32 + d2e
3
2 − 6e1e

3
2 + 7d2e1e

3
2 − e21e32 + 4d2e

2
1e

3
2 + 6e42 + 7e1e

4
2 (98)

− 2e21e
4
2 + 2e1e

5
2)/((2 + e2)(123 + 234e1 + 34d2e1 + 137e21 + 30d2e

2
1

+ 3d22e
2
1 + 26e31 + 2d2e

3
1 + 3e41 + 330e2 − 34d2e2 + 348e1e2 + 16d2e1e2

− 6d22e1e2 + 68e21e2 + 6e31e2 + 307e22 − 46d2e
2
2 + 3d22e

2
2 + 126e1e

2
2

+ 10d2e1e
2
2 + 11e21e

2
2 + 116e32 − 12d2e

3
2 + 12e1e

3
2 + 16e42)).

We calculated the value of g2 in (95) as a function of d2, e1, e2, however,
the expression is very complicated, it is contained in [58]. To simplify it,
again we fix the values of two further reaction rate coefficients, e1 and d2 as

e1 = 1/2, d2 = 20, (99)

then the formula for g2 is

g2 =− ((2(−126512084933352295 + 478399692835658985e2

− 762458375238510816e22 + 730329622432012315e32
− 466875108129002500e42 + 180057388265535584e52
− 42412278548678749e62 + 7565318705371668e72 − 1899913140260206e82
+ 200501244715092e92 + 44607817747872e102 + 18408318367872e112

(100)
+ 8352995841088e122 + 1190085589888e132 + 348608893184e142
+ 33760183296e152 + 6787676672e162 + 473953280e172 + 64299008e182
+ 2555904e192 + 196608e202 ))/(3(2 + e2)(83− 42e2 + 8e22)(−73 + 85e2

(+e22 + 2e32))
2(109− 25e2 + 32e22 + 4e32)(17163− 19172e2 + 12044e22

− 1888e32 + 256e42)(23933− 29628e2 + 23764e22 − 2976e32 + 512e42))).

Using the requirement that negative cross-effect cannot be present in a kinetic
differential equation [88] [Theorem 6.27] and conditions (87), (88), (91), (92),
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(96), (97), (98), (99), (100) and the Reduce command of Mathematica [99],
the numerical solution of the semi-algebraic system

g1 = 0∧g2 < 0∧A11 > 0∧det(A) > 0∧y0 > 0∧β > 0∧c1 > 0∧d1 > 0∧e2 > 0

for e2 is
e2 ≈ 0.771291. (101)

Similarly, we found that g2 > 0 is not possible for g2 defined by (100). For the
value of e2 in (101), the numerical value of g2 is

g2 ≈ −0.0278896

and also the condition trace(J) = 0 holds. From A11 > 0 and det(A) > 0 it
follows that Φ2 is a positive definite quadratic form, so the function Φ(x, y)
defined in (94) is a positive definite Lyapunov function in a sufficiently small
neighbourhood of the origin. This together with conditions g1 = 0 and g2 < 0
means that its Lie derivative given in (95) is negative definite, so the origin
is a stable focus.

From (98), we can see that g1 is a polynomial in d2, e1, e2 and d2 = 20, e1 =
1/2 and e2 defined by (101) is a simple root of the equation g1 = 0. Thus, we
can choose a small perturbation of any of the parameters d2, e1, e2 such that
g1 becomes negative. Hence, after such a perturbation a stable limit cycle
bifurcates from the origin.

Now, from (90) and (91) it is obvious that we can take an arbitrarily
small perturbation of any of the parameters d2, ei, fi (i = 1, 2) such
that an unstable limit cycle appears from the origin in a supercritical Hopf
bifurcation. Thus, the resulting perturbed system has two limit cycles.

Remark 11 We mention that we have performed some computational
experiments changing the parameters f1, f2, d2, e1, e2 trying to find values of
the parameters for which trace(J) = 0, g1 = 0, g2 > 0, but we failed to find
such values.

5.5.3 Numerical results—The appearance of the limit cycles

In this section we present the numerical study confirming the existence of
two limit cycles in system (86) and illustrate the results with figures created
with the Wolfram Language.

The appearance of the first limit cycle. For the values of the
parameters defined by (87), (91), (97), (99) and (101) we first perturb the
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parameter e2 such that g1 becomes positive. If

e2 =
78

100

then we get that

g1 ≈ 0.015511 > 0, g2 ≈ −0.666999 < 0, trace(J) = 0.

It means that the origin becomes unstable and a stable limit cycle appears
around the singular point. In this case, the parameter settings for system (86)

are the following: c1 =
1229

5700
≈ 0.215614, d1 =

59173

2850
≈ 20.7625, d2 = 20,

e1 =
1

2
, e2 =

78

100
, f1 = 1, f2 = 2. The singular point of the system in the

first quadrant is A(x0, y0) = (1, 7.99123) and the eigenvalues of the Jacobian
matrix are λ1,2 ≈ ±1.06195i.

The trajectories can be seen in Figures 23 and 24, where the initial point
(x0, y0 + d) is denoted in red and A(x0, y0) is denoted in orange. Picture (a)
shows the behavior of the trajectories in the phase plain, and pictures (b)
and (c) show the solutions as a function of time. Where the shape of the
trajectories makes it possible, we also denoted the direction of the trajectories
with an arrow.
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Figure 23. Model ’B’ with one stable limit cycle. The trajectory is going
inward, approaching the limit cycle. The distance of the initial point from
the singular point is d = 10.
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Figure 24. Model ’B’ with one stable limit cycle. The trajectory is going
outward approaching the limit cycle. The distance of the initial point from
the singular point is d = 0.038.

The appearance of the second limit cycle. Next, we perturb the

parameter c1 such that trace(J) becomes negative. If c1 =
22

100
, then we

get that

g1 ≈ 0.015511 > 0,

g2 ≈ −0.666999 < 0,

trace(J) ≈ −0.00359712 < 0.

Since the trace of J is now negative, it means that the eigenvalues of J have
negative real parts. It means that the origin becomes stable and an unstable
limit cycle appears between the origin and the outer stable limit cycle as a
result of a supercritical Hopf bifurcation. The perturbation for c1 must be
sufficiently small to ensure that when the inner limit cycle appears, the outer
one is still preserved.

In this case, the parameter settings for system (86) are the following:

c1 =
22

100
, d1 =

72148

3475
≈ 20.762, d2 = 20, e1 =

1

2
, e2 =

78

100
,

f1 = 1, f2 = 2. The singular point of the system in the first quadrant
is A(x0, y0) = (1, 7.99281) and the eigenvalues of the Jacobian matrix are
λ12 ≈ −0.00179856± 1.0619i.

The trajectories can be seen in Figures 25–28, where the initial point
(x0, y0 + d) is denoted in red and A(x0, y0) is denoted in orange. Picture (a)
shows the behavior of the trajectories in the phase plain, and pictures (b)
and (c) show the solutions as a function of time.
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Figure 25. Model ’B’ with a stable outer and an unstable inner limit cycle.
The trajectory is going inward, approaching the large limit cycle as t tends
to +∞. The distance of the initial point from the singular point is d = 10.
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Figure 26. Model ’B’ with a stable outer and an unstable inner limit cycle.
The trajectory is going outward, approaching the large limit cycle as t tends
to +∞ and the small limit cycle as t tends to −∞. The distance of the initial
point from the singular point is d = 0.042.
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Figure 27. Model ’B’ with a stable outer and an unstable inner limit cycle.
The trajectory is going outward, approaching the large limit cycle as t tends
to +∞ and the small limit cycle as t tends to −∞. The distance of the initial
point from the singular point is d = 0.038.
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Figure 28. Model ’B’ with a stable outer and an unstable inner limit cycle.
The trajectory is going inward, approaching the singular point as t tends to
+∞ and the small limit cycle as t tends to −∞. The distance of the initial
point from the singular point is d = 0.01.

5.6 Model ’C’ with two nested limit cycles

We investigate the following dynamical system:

ẋ = x2y − xy − c1x2 − d1x+ e1y + f1,

ẏ =− x2y + xy + c1x
2 + d2x− e2y + f2.

(102)

where x(t) ≥ 0 and y(t) ≥ 0 denote the concentrations of two chemical
species and

c1, d1, d2, e1, e2, f1, f2 ≥ 0 (103)
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are the reaction rate coefficients. Actually, the system is the induced kinetic
differential equation of the reaction in Figure 29 assuming mass action
type kinetics.

Compared to Model ’B’, here the signs of the terms xy are changed.
After repeating the steps (87)–(96) with this new system, we get that

d1 =
c1(e1 − e2) + e2f1 + e1(d2 + f2)

e2
(104)

c1 =
d2 − d2e1 − e2(e2 + f1) + f2 − e1f2

−1 + e1 + e2
. (105)

1

d1

d2

f1

f2 c1

1

e2

e1

2X +Y 3X

X

0 2X

X +Y

2Y

Y

Figure 29. The reaction inducing the system (102).

Setting the values f1 and f2 as

f1 =
1

2
, f2 =

1

10
(106)

and proceeding with the calculations, we obtain that both g1 and g2
are functions of d2, e1, e2. Investigating the possible values of e1 and d2
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numerically, we find that when for example d2 = 1/100 and 0.128 <
e1 < 0.213 then g1 = 0, g2 > 0 is possible; and when d2 = 1/100 and
0.264 < e1 < 0.5 or 0.213 < e1 < 0.228 then g1 = 0, g2 < 0 is possible.

Here, we want to achieve that the outer limit cycle is unstable (that is,
g2 > 0), so we choose these parameters as

d2 =
1

100
, e1 =

18

100
. (107)

With this, we find that g1 = 0, g2 < 0 and g1 = g2 = 0 cannot be the case
and g1 = 0, g2 > 0 is only possible when

e2 ≈ 0.29582 (108)

where e2 is a root of a fifth-degree polynomial. With the parameter settings
(104)–(108) we get that the system has three singular points in the first
quadrant: A(1, 1.30837), B(0.809127, 2.04744) and C(0.457223, 3.41004) and

g1 ≈ 0, g2 ≈ 0.0276312 > 0, trace(J) ≈ 0

where J denotes the Jacobian matrix at A. In this case the point A is an
unstable focus.

As a next step, keeping c1, d1, d2, e1, f1, f2 the same as in (104)–(107), we
perturb e2 as

e2 =
278

1000
(109)

and obtain that the system has three singular points in the first
quadrant: A(1, 1.23247), B(0.7895, 2.26181) and C(0.414968, 4.09327) and

g1 ≈ −0.0090896 < 0

g2 ≈ 0.0400065 > 0

trace(J) ≈ 0

where J denotes the Jacobian matrix at A. In this case, the point A becomes
stable and an unstable limit cycle appears around A.

Finally, perturbing c1 as

c1 =
233

1000
(110)

we get that the system has three singular points in the first quadrant:
A(1, 1.23381), B(0.789796, 2.26142) and C(0.414926, 4.09403) and

g1 ≈ −0.0090896 < 0

g2 ≈ 0.0400065 > 0

trace(J) ≈ 0.000726619 > 0
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where J denotes the Jacobian matrix at A. In this case, the point A becomes
unstable and a stable limit cycle appears between A and the outer unstable
limit cycle. We have to check numerically that the perturbations are small
enough, that is, the outer cycle is preserved when the inner cycle appears.
This is shown in Figures 30–32.

To sum up the final step, the parameter settings are c1 =
233

1000
,

d1 =
67983

139000
≈ 0.489086, d2 =

1

100
, e1 =

18

100
, e2 =

278

1000
, f1 =

1

2
,

f2 =
1

10
. The system has three singular points in the first quadrant:

A(1, 1.23381) (unstable focus, orange), B(0.789796, 2.26142) (saddle, green),
C(0.414926, 4.09403) (real sink, blue). The initial point is denoted by red
and the distance of the initial point from the singular point by d.
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Figure 30. Model ’C’ with an unstable outer and a stable inner limit cycle.
The trajectory is going outward, approaching the point C as t→∞ and the
outer limit cycle as t→ −∞ (d = 0.47).
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Figure 31. Model ’C’ with an unstable outer and a stable inner limit cycle.
The trajectory is going inward, approaching the inner limit cycle as t → ∞
and the outer limit cycle as t→ −∞ (d = 0.46).
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Figure 32. Model ’C’ with an unstable outer and a stable inner limit cycle.
The trajectory is going outward, approaching the inner limit cycle as t→∞
and the point A as t→ −∞ (d = 0.05).

Finally, we would like to remark that in Model ’C’ it is also possible that
the outer limit cycle is stable and inner one is unstable. To achieve this,
we repeated the procedure described above with the following parameter

settings: c1 =
79

100
, d1 =

26331

21100
≈ 1.24791, d2 =

4

10
, e1 =

3

10
, e2 =

633

1000
,

f1 = 1, f2 = 1. We obtained that the system has one singular point in the
first quadrant: A(x0, y0) = (1, 3.45972) and

g1 ≈ 0.00642203 > 0

g2 ≈ −0.301207 < 0

trace(J) ≈ −0.00119905 < 0

where J denotes the Jacobian matrix at A which is a stable focus.
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The trajectories can be seen in Figures 33–35, where the initial point
(x0, y0 + d) is denoted in red and A(x0, y0) is denoted in orange.
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Figure 33. Model ’C’ with a stable outer and an unstable inner limit cycle.
The trajectory is going inward, approaching the large limit cycle as t → ∞
(d = 0.5).
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Figure 34. Model ’C’ with a stable outer and an unstable inner limit cycle.
The trajectory is going outward, approaching the outer limit cycle as t→∞
and the inner limit cycle as t→ −∞ (d = 0.05).
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Figure 35. Model ’C’ with a stable outer and an unstable inner limit cycle.
The trajectory is going inward, approaching the point A as t → ∞ and the
small limit cycle as t→ −∞ (d = 0.01).

5.7 Discussion

We investigated three reaction networks, and have found one limit cycle in
model ’A’ and two nested limit cycles in models ’B’ and ’C’. We did the
calculations symbolically, as far as it did not become impossible. Recent
methods in the qualitative theory of differential equations helped to do this.

Either with the development of computers or theory, we hope that
larger parts of such investigations will be possible to be carried out
symbolically, thus making possible the mapping of the whole parameter
space. Furthermore, we hope to understand better the role of the common
x2y term.
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