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ABSTRACT

This thesis proposes data-driven methods for improving the performances of
lateral control systems. The resulted methods contribute to the estimation of road-
vehicle parameters, to the analysis of nonlinear systems, to the modeling of vehicle
systems and to the improvement of vehicle-oriented control design methods. Novel
machine-learning-based algorithms are presented for estimating tyre pressure and
adhesion coe�cient of the tyre-road contact. A data-driven lateral stability analysis
is proposed, which can be used to approximate the stability regions of the vehicle
during its operation using the measurements of onboard sensors. Then, a possible
application of the result of the stability analysis is presented, in which the lateral
control system is extended with a longitudinal velocity optimization algorithm. This
thesis also deals with the modeling problem of autonomous vehicle systems using
data-driven approaches. The proposed modeling methods use di�erent machine-
learning-based strategies to overcome the issues posed by the nonlinearities of the
vehicle dynamics. The optimized model is ordered into a Linear Parameter-Varying
(LPV) form. This formalization allows using the classical control design paradigms,
which can guarantee the stability of the closed-loop system during the operation of
the vehicle. A lateral control design is also proposed based on the optimized LPV
model. The e�ciency of this controller is illustrated through a comprehensive sim-
ulation example, which is performed in the vehicle dynamics simulation software,
CarSim. In this thesis, the modeling and control problem of variable-geometry
suspension-based steering system is also addressed. This steering system can also
be used to improve the stability of the vehicle. For validating the e�ectiveness of this
steering concept, a testbed has been built in SZTAKI Institute for Computer Science
and Control. For this testbed, a data-driven modeling and control strategy is also
proposed, which is implemented and tested through a Hardware-In-the-Loop (HiL)
simulation. In the simulation, the lateral vehicle dynamics are modeled by the Car-
Maker simulation software while the dynamics of the variable-geometry suspension
system are provided by the testbed.

These contributions have been published in international journals and conference
papers.

Keywords: data-driven vehicle control, data-driven estimation, LPV control de-
sign, variable-geometry suspension,
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ÖSSZEFOGLALÓ

A disszertáció adat-alapú módszerek alkalmazásával foglalkozik oldalirányú jár-
m¶irányítási rendszerek min®ségi jellemz®inek (performancia) javítása céljából. A
dolgozat els® részében gépi tanulási módszereken alapuló új becslési algoritmu-
sok kerülnek bemutatásra, amelyek az abroncsnyomás és a kerek-talaj kapcsolat
közötti tapadási együttható meghatározására alkalmazhatóak. Továbbá, bemu-
tatásra kerül egy adat-alapú stabilitás analízis, amely felhasználható a járm¶ stabil-
itási tartományainak meghatározására, kizárólag a járm¶ fedelezéti szenzorainak a
méréseire támaszkodva. Az említett becslési és elemezési módszerek felhasználásra
kerülnek oldalirányú járm¶dinamikai szabályzó vonatkozásában, azaz az analyzis
eredményeképpen kapott stabilitási tartományok egy hosszirányú sebesség optimal-
izálási algoritmusban kerülnek �gyelembe vételre. A disszertáció továbbá az au-
tonóm járm¶vek rendszereinek modellezési kérdéseivel is foglalkozik. A javasolt
modellezési módszerek különböz® gépi tanuláson alapuló stratégiákat alkalmaznak
a járm¶dinamika nemlinearitásaiból adódó problémák leküzdésére. Az eredményül
kapott optimalizált modell Lineáris Változó-Paraméter¶ (LPV) struktúrába kerül
felírásra, ily módon a stabilitás és performancia garanciákat biztosító klasszikus
irányítástervezési megközelítések alkalmazhatóak. A kapott modell felhasználásra
kerül a járm¶ oldalirányú irányítási algoritmusának kidolgozása során. A szabály-
ozási algoritmus hatékonysága átfogó szimulációs példákon keresztül kerül bemu-
tatásra nagypontosságú járm¶dinamikai szimulációs szoftverek (CarSim/CarMaker)
felhasználásával. A disszertáció továbbá a változtatható-geometriájú futóm¶vön
alapuló kormányzási módszer modellezésével és irányítástervezésével is foglalkozik,
amely segítségével szintúgy javíthatók a járm¶ oldalirányú min®ségi jellemz®i. A ko-
rmányzási koncepció validásához építésre került egy tesztpad is a Számítástechnikai
és Automatizálási Kutatóintézetben (SZTAKI). A tesztpadhoz kidolgozásra került
egy adat-alapú modellezési és irányítási struktúra, amely egy Hardware-In-the-Loop
(HiL) szimuláción implementálásra és validálásra.

Az értekezés új tudományos eredményei nemzetközi folyóirat- és konferen-
ciacikkek formájában kerültek a szakmai nyilvánosság elé.

Kulcsszavak: adat-alapú gépjárm¶ irányítás, adatvezérelt becslés, LPV sza-
bályozó tervezés, változtatható geometriájú futóm¶,
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1. INTRODUCTION AND MOTIVATION

In recent years, the automation of vehicles has become one of the main challenges
of the automotive industry. This challenge involves the development of several algo-
rithms and special devices, because the fully automated vehicle must meet numerous
strict criteria, such as: recognition of risky/dangerous tra�c scenarios and avoid-
ance, e�cient path planning, stable and safe motion of the vehicle etc.

Although the �rst fully automated vehicle is not released, some of its features
have already been introduced. These features belong to the group of Advanced
Driver Assistance Systems (ADAS), [1]. ADAS includes several technical solutions,
which aim to take over the burden of driving in certain tra�c scenarios. One of the
earliest solutions is the Anti-lock Braking System (ABS), which can adjust the brak-
ing pressure to maintain the stability of the vehicle during an emergency braking
situation [2]. Another widespread example is the Adaptive Cruise Control (ACC),
which can take over the longitudinal control of the vehicle by maintaining a pre-
de�ned longitudinal velocity or adjusting its speed to the vehicle moving ahead of
the controlled vehicle, see e.g. [3]. Electronic Stability Program (ESP) is also an
outstanding part of ADAS. ESP aims to improve or maintain the performance of the
vehicle when it is not able to perform the cornering maneuver. This is achieved by
applying individually controlled braking pressures on both sides of the vehicle [4].
The di�erence between the pressures generates an additional moment on the vertical
axis of the vehicle by which stability of the vehicle can be maintained in understeer
and oversteer situations. The Lane Keeping Assist (LKA) is an advanced assistant
feature, which can take over the steering of the vehicle in certain conventional driv-
ing scenarios, such as cruising on a highway [5]. However, most of the LKA-like
algorithms require the attention of the driver, because at any time of driving the
algorithm may give back the control of the vehicle to the driver due to unexpected
events or dangerous situations. There are other algorithms and technologies, which
belong to the ADAS group, a categorization and overview of them can be found in
[6].

All of the presented ADAS technologies require advanced control solutions, which
can guarantee stable and safe motion of the vehicle during intervention. The
mostly used control solutions have been based on the classical model-based control
paradigms in the last decades. The classical methods are, in general, the model-
based approaches, in which the physical and/or mathematical description of the
considered system plays a crucial role.
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Brief overview of model-based methods in vehicle control design

Over the last century, several model-based control schemes have been developed,
which have been used in vehicle-related applications. One of the oldest and widely
used approaches is the Proportional-Derivative-Integral (PID) method, which can be
used for controlling the lateral dynamics of the vehicle, see [7]. The main advantage
of this method is the simplicity regarding both its design and its implementation
as well. However, it has numerous drawbacks. For example, the structure of the
controller is linear, with which the motion of the vehicle in its entire operational
range cannot be improved. Moreover, the model of the process only during the
controller parameter tuning can be considered and thus, it is not a real model-
based controller. Therefore, the controller, designed based on this approach, may
become less e�ective in certain dynamical situations. A solution could be the gain-
scheduled PID control, in which multiple operating points of the system can be taken
into account, see e.g. [8]. In this way, the performances of the overall system can
be improved. However, there is an important pitfall of the gain-scheduling control
methods, i.e. the stability of the closed-loop system cannot be guaranteed between
two operating points.

For this problem, robust controller methods provide a solution, such as H∞
and Linear Parameter-Varying-based (LPV) control approaches. Within the LPV
framework, the nonlinear dynamics of a system can be approximated by a set of
linear systems, in which the connection among the linear systems is given by certain,
selected parameters called scheduling variables [9]. Using the LPV framework, the
stability of the closed-loop system can be guaranteed even between the operating
points. In vehicle control, the LPV-based control is widely used. For example, [10]
presents a combined steering-based and braking-based lateral control design using
LPV approach. These methods can also be used for improving the roll dynamics of
the vehicle, see [11]. Even the control problem of the coupled longitudinal/lateral
dynamics can be solved by this method, see [12]. Beside the many advantages of LPV
framework, it poses some problems, which must be addressed during the modeling
phase of the control design. One of these problems is related to the selection of
the scheduling variables. In some cases, the required scheduling parameters of the
system are not measurable and neither observable. It results in a less accurate model
of the system, which can in�uence the performances of the controller. Another
problem could be that case when the mathematical description of the system is
inaccurate due to the uncertainties and unmodeled dynamics.

The Model Predictive Control (MPC) approach has gained signi�cant attention
in the automotive industry in the last decade. The basic concept of the MPC ap-
proach is to predict the behavior of the system on a prede�ned prediction horizon.
Using this prediction, the optimal control sequence can be computed by minimizing
its cost function. The main advantage of this method is its user-friendly design
process and its implementation. In the literature, several vehicle-oriented appli-
cations can be found. For example, a longitudinal control design for autonomous
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vehicles is proposed by [13]. The MPC approach can also be used for trajectory
tracking problems, see [14]. The trajectory planning of autonomous vehicles can
also be made by using predictive approaches, see [15, 16]. In the original concept
of MPC, a general (nonlinear) dynamical model is used to compute the optimal in-
put sequence. These optimization problem using dynamic programming approaches
can be solved, see [17, 18]. Due to high computational cost and increased time,
these optimization methods in practice cannot be applied. High computational de-
mand can be reduced by using discrete time-grids and Lagrange's reduced gradient
algorithms [19]. In practice, the most widely used MPC approach is based on lin-
ear models, by which the general optimization problem can be transformed into a
quadratic form. Due to the linear model, it also bears some limitations, which can
result in reduced performance level. In recent decades, the development of micro-
controllers and processors allowed the engineers to consider control approaches with
higher computational costs, e.g., Nonlinear Model Predictive Control (NMPC). For
example, in [20, 21] NMPC-based lateral stability control strategies are proposed.
The main drawback of NMPC is the complexity, which results in high computational
time during the optimization process. Thus, in most of the implemented algorithms,
only a sub-optimal solution can be reached, which can degrade the performances of
the closed-loop system.

All presented control strategies can be used for certain purposes, especially in
ADAS applications. However, the mentioned drawbacks of the approaches restrict
their application in fully automated, autonomous vehicles since they must operate
in any tra�c scenarios, when there is no option to take back the control by the
driver. A possible way to overcome these problems is to combine model-based control
design methods with data-driven approaches. Since the modern vehicles are getting
equipped with more and more sensors, large amount of data can be collected, which
can be used to design enhanced control systems for vehicles. The main advantage of
this method is based on the hypothesis that the collected large datasets may contain
hidden information, by which the dynamical behavior of the vehicle can be more
accurately described. It is still an open problem how to reveal this information from
the measurements. This thesis focuses on this problem and gives some possible ways
to reveal this information and to use them in the control design.

Although this topic is relatively new, several papers have been published on data-
driven control solutions, which are mainly based on a machine learning algorithms.

Brief overview of vehicle-oriented data-driven control approaches

The machine-learning-based solutions include various methods, such as deep
learning through the training of neural networks [22], Support Vector Machine
(SVM ) or decision logic algorithms [23, 24, 25]. The main advantage of these al-
gorithms is that they can learn from data, thus their models inherently contain the
nonlinear behavior of the control plant. Thus, in several control applications better
performances comparing to the classical approaches might be achieved. However,
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some of these methods, especially the neural networks, have the drawback that it
is di�cult to �nd systematic methods to prove the stability and performances of
the closed-loop system. Since autonomous vehicles are safety-critic systems, it is
recommended to reformulate the learning problem.

There are other solutions, which deal with the identi�cation problem of the dy-
namical systems. For example, in [26, 27] SVM-LS -based LPV system identi�cation
methods are presented. Another data-driven identi�cation solution can be found in
[28], which can ease the tuning of the hyperparameters of the model identi�ca-
tion process. A non-parametric and probabilistic approach is proposed by [29] for
identifying nonlinear system considering uncertain noises on the measured signals.
Particle Bernstein polynomials-based regression method is presented in [30], which
is suitable for multivariate regression problems.

In the literature, some solutions can be found, which can provide methods for
the reformulation of the learning features in the control problem. For example,
[31] proposes a MPC -based control solution, in which the terminal cost and set are
determined through an iterative process. In this idea the model of the system is
based on physical principles with its limitations. Other solution is the Model Free
Control (MFC ), which is proposed in [32, 33]. The MFC method does not require
a model of the controlled system, but it uses a local model, in which the model in
each time step is updated.

The presented algorithms lack the guarantees of the stability, which makes them
risky to use in safety critical systems such as autonomous vehicles. However, there
are some solutions, which address this issue. For example, [34] presents a safety-
set-based control strategy, which can modify the input signal of the system when
the output of the machine-learning-based agent may destabilize the system. An-
other solution is given by [35], in which a Hamilton-Jacobi reachability algorithm
is exploited, which can work together with any machine learning-based solutions.
[36] presents a combined approach, in which a classical controller is applied to con-
trol the linearized system while the machine-learning-based algorithm handles the
nonlinearities of the system. The stability proof of this concept is based on Linear
Matrix Inequalities (LMIs).

A special �eld of the machine learning algorithms is the reinforcement learning
(RF) [37]. In contrast to other machine learning algorithms, RF does not require
a large amount of data for its training process. RF algorithm trains its model by
continuously evaluating a prede�ned cost function, called reward. Several papers
deal with the control problem of autonomous vehicles using RF methods, see [38,
39]. Although the RF-based solutions can provide outstanding performances, the
stability of the closed-loop system is still an open problem. In order to bridge this
gap, [40] proposes an algorithm, which combines the robust control method with
RF. In this solution, the RF-based neural network works in parallel with a robust
controller. During the training process, the stability of the algorithm is achieved by
using uncertainty models.

Although data-driven machine learning-based solutions can provide outstanding
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control performances, there exists no elaborate methodology to prove or guarantee
the stability for most of them. In this thesis, novel approaches are presented, which
combine the advantages of the presented model-based and data-driven methods.
The main goal is to improve the performances of the vehicle control system by using
machine learning algorithm while preserving the stability guarantees provided by
the model-based solutions.

1.1 Motivational example for the combination of model-based and

data-driven control

In following, a motivational example is presented for the application of data-
driven control of automotive-related problems. For example, it can be used to
improve the stability of the vehicle by determining the stable regions of the vehicle,
see [FNG18a]. Other application of the data-driven method could be the estimation
of the adhesion coe�cient, e.g. [FNG21c].

In the following example, the model-based control strategy is extended with the
result of data-driven algorithm, i.e. with the learning-based estimation of the road
surface adhesion coe�cient. The vehicle is driven along a sharp bend twice, see
Figure 1.2. In the �rst run, the vehicle is driven by the nominal LPV controller,
represented by the black car. In the second run, the vehicle is controlled by the
extended control algorithm, which can modify its longitudinal velocity using the
result of the data-driven analyses, represented by the red vehicle. Brie�y, the ex-
tended algorithm computes the maximal velocity in a prede�ned prediction horizon
by which the stability of the vehicle can be maintained during the turn.

Figure 1.1(a) shows the estimated adhesion coe�cient, which is taken into ac-
count by the velocity computation algorithm. The modi�ed speed pro�le can be seen
in Figure 1.1(b). The algorithm decreases the original velocity at the beginning of
the turn.
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This modi�cation results in the maintained stability of the vehicle as it is shown
in Figure 1.2. It can be seen that the black car leaves the road at the bend, while
the red one, which is controlled by the data-driven strategy, can follow the road.

Beside this example, there are several ways the data-driven methods can improve
the stability and the performances of the vehicle-related control algorithms. In
this theses, di�erent algorithms will be presented, which combine the advantages
of the model-based solutions and the data-driven methods providing better control
performances for the vehicle.

(a) Critical cruve - animation 1 (b) Critical cruve - animation 2

(c) Critical cruve - animation 3 (d) Critical cruve - animation 4

Fig. 1.2: Illustrative example of data-driven control

The stable regions of the vehicle, which is determined by a data-driven algorithm
is illustrated in Figures 1.3. The black line shows the trajectory of the data-driven
controlled vehicle. As it shows, the trajectory remains inside these regions, which
guarantees the stability of the vehicle.
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1.2 Overview of Variable Geometry Suspension Systems

Through the automation of road vehicles, several novel actuators have been
built-in. Especially, the small-scaled urban vehicles have challenges in the �eld of
automation, because small and low-cost smart actuators are requested. An inno-
vative solution for steering purposes is the concept of variable-geometry suspension
(VGS). VGS systems can be bene�cial for several vehicle-oriented problems such as:
trajectory tracking or increasing the comfort-related performances. In, general VGS
has a simple structure and its energy demand is also low, see [41, 42]. Since two
theses of this dissertation deals with the modeling and the control problems of the
variable geometry suspension systems, in the following, a brief introduction is given
to this component.

More precisely, the term "variable-geometry suspension" does not denote a spe-
ci�c suspension system but a group of it. Therefore, several di�erent structures
have been developed, devoted to speci�c problems and tasks. One are designed
to improve the vertical motion of the vehicle. These VGS systems can modify the
sti�ness of the suspensions, see [43, 44]. [45] presents a solution, in which the roll
center of the vehicle can be modi�ed by a VGS system. In this way, the roll angle
of the vehicle can be signi�cantly reduced. VGS system can also be used to improve
the pitch control of the vehicle, see [46].

Another important group of variable-geometry suspensions focuses on the im-
provement of the lateral dynamics. In several conceptions the variable-geometry
suspension is applied on the rear wheels, and its role is to in�uence on the toe-angle,
see [47, 48]. A front wheel suspension control, in which the functionality of trajectory
tracking and roll angle minimization are in the focus is presented in [49],[NGFB17a].
In most of these solutions the positioning of the wheel has a direct in�uence on the
lateral dynamics, which results in the generation of tyre force through the steering or
tilting of the wheel. However, there is another novel conception of variable-geometry
suspension, in which the actuator intervention is connected to the steering function-
ality through only its dynamics [50, 51]. The aim of this solution is the modi�cation
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of the geometry, which results in a change in the camber angle and in the position
of the wheel-road contact. Thus, the scrub radius is also modi�ed. Consequently,
a longitudinal force on the wheel creates a moment on the wheel and, thus, it real-
izes steering angle. The advantages of this suspension are the integration possibility
with the driving and the enhanced independent steering functionality with increased
maneuverability.

Fig. 1.4: Scheme of the suspension construction

In this thesis a novel conception of variable-geometry suspension is considered,
which results in the variation of the steering angle, see Figure 1.4. In the conventional
applications the aim of the variable-geometry suspension is to modify the camber
angle of the wheel, by which a lateral force between the tyre and the road is generated
[52, 53]. Since the impact of the camber angle on the lateral wheel force is limited,
the conventional system requires large camber angle, which can be disadvantageous
from the aspect of the tyre.

In this application, the main goal is to generate an additional steering angle
through the modi�cation of the camber angle. The idea behind this concept is that
the longitudinal force on the wheel (Flong) can generate torque (Mδ) on the scrub
radius (rδ), by which the suspension can rotate around the axis of steering. Scrub
radius can be de�ned as the intersection of the road surface and the axis of joints A,
B. Through the modi�cation of the camber angle (γ), the scrub radius can also be
modi�ed, by which torque Mδ can be in�uenced. In this way, an additional steering
angle can be generated in both directions. In this concept, the camber angle is
modi�ed by using an actuator (Act) placed on the hub of the suspension.

In this thesis, a modeling a hierarchical control design is presented for variable-
geometry suspension-based independently steering system. Furthermore, for vali-
dating purposes a suspension testbed has been built in SZTAKI Institute for Com-
puter Science and Control. For controlling the testbed, a data-driven control design
method is proposed.
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1.3 Structure of the thesis

Figure 1.5 summarizes the main chapters of this thesis and the connections
among them. Chapter 2 presents vehicle-oriented estimation algorithms, which are
based on di�erent machine learning methods. In chapter 3, a machine learning-
based stability analysis is presented for autonomous vehicles. Moreover, based on
the result of the stability analysis, and using the estimation algorithm, presented in
the previous chapter, a complex lateral control strategy is proposed for autonomous
vehicle. Chapter 4 presents two di�erent parameter optimization methods for deter-
mining the parameters of the lateral bicycle model. Chapter 5 proposes a modeling
and control design of a variable-geometry suspension-based independent steering sys-
tem. Chapter 6 presents a data-driven modeling and control strategy for a variable-
geometry suspension testbed. The presented control algorithm is also implemented
and tested on the suspension testbed. Finally, Chapter 7 summarizes the results of
this thesis and details the future challenges.
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Fig. 1.5: Structure of the thesis
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2. VEHICLE-ORIENTED ESTIMATION METHODS USING
DATA-DRIVEN APPROACHES

In the era of autonomous vehicle the accurate knowledge of the vehicle's states
and its environment is a crucial task in order to guarantee the safe motion of the
vehicle. However, some states of the vehicle cannot be measured directly or the mea-
surement process is expensive. Therefore, several estimation algorithms have been
developed for this problem. Another problem arises from the nonlinear dynamics of
the vehicle, which makes the development of the estimation algorithm di�cult and,
in general, requires high computational cost. However, the machine-learning-based
algorithms are capable of dealing with highly nonlinear problems while providing
satisfactory performances. Another aspect, which must be taken into considera-
tion during the design phase, is the signal noises. It this study, �ltered signals are
investigated, which means that a �ltering algorithm (e.g. Kalman-�lter) may be
required before applying the proposed solutions. In this chapter data-driven estima-
tion methods are presented for autonomous vehicles. More speci�cally, two di�erent
estimation problems are addressed:

• tyre pressure estimation using two methods, pace-regression and neural net-
work.

• Adhesion coe�cient estimation based on C4.5 decision tree algorithm.

Furthermore, an application example of the proposed data-driven tyre pressure es-
timation method is also presented, in which the estimation algorithm is used in a
lateral control design in order to enhance the stability and the tracking performance
of the closed-loop system.

2.1 Tyre pressure estimation with machine-learning-based algorithms

Firstly, data-driven tyre pressure estimation algorithms are presented. The es-
timation problem is solved by using two di�erent approaches: pace-regression and
neural network. In both cases, the estimation algorithm relies on only those vari-
ables, which are accessible from the vehicle's onboard systems. Moreover, the ap-
plication of the presented estimation model is used in a lateral control design. This
section consists of the following main parts:

• Data acquisition: In this study, the dataset, which is required by the machine-
learning-based algorithms, is provided by the high-�delity simulation software,
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CarMaker. Several simulations have been performed using the simulation en-
vironment in order to a wide range of the vehicle dynamics. More details can
be found in Subsection 2.1.1.

• Tyre pressure estimation using pace regression: In the �rst case, a pace
regression-based estimation algorithm is developed for estimating the change
of the tyre pressure of the front left wheel. This method is presented in Sub-
section 2.1.1.

• Tyre pressure estimation using neural network: In the second case, a neural
network-based algorithm is proposed for the aforementioned estimation prob-
lem. Since the neural network-based algorithm can be used to approximate
multiple signals, in this case, the pressures of both front tyres are considered
during the estimation process. This algorithm is investigated in Subsection
2.1.2.

• Application example of the proposed method: Finally, a possible application
of the proposed algorithms are presented through a lateral control example.
The estimated tyre pressure is used as a scheduling parameter in an extended
lateral model, which is the basis of the control design. In this way, the per-
formances of the control system is enhanced, which is demonstrated through
a comprehensive simulation example. The control design and the simulation
example are detailed in Subsection 2.2.

2.1.1 Tyre pressure estimation using pace regression

The �rst step is the acquisition of the appropriate data, with which dataset for the
training and validation of machine-learning-based algorithms can be provided. For
this purpose several simulations have been performed in the simulation environment,
which is the high-�delity vehicle software CarMaker. During these simulations, the
tyre pressure and the longitudinal velocity have been modi�ed.

The longitudinal velocity varies in the interval 11m/s...15m/s, whilst, the pres-
sures of the front tyres change between 1.0 − 2.5bar with the step size ∆p = 0.1
bar. The velocity is set by a built-in PID-based cruise control model in CarMaker,
see [54]. During the simulations several parameters are measured and saved such
as yaw-rate, accelerations and velocities in various directions, steering angle, tyre
forces etc. The sampling time is set to Ts = 0.01s. In this way, more than one
million distinct instances are collected.

In the �rst case, the pace regression algorithm is applied to estimate the tyre
pressure of the vehicle. Brie�y, the pace regression algorithm is an improved version
of the classical linear regression, which addresses some of the main drawbacks of it
by using cluster analysis. This algorithm was developedy by Yong Wang , Ian H.
Witten, see [55]. In the followings, a brief introduction is given to this method.
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Brief introduction to pace regression

Consider a dataset with n independent instances, k input variables and an output
variable. The instances are written in the form of an n × k design matrix X.
Moreover, let ζ∗ be the parameter vector of the true model and then the output
vector y can be determined as

y = Xζ∗ + ε, (2.1)

where ε is the noise vector whose elements are sampled from N(0, σ2). It is assumed
that σ2 is known or, at least, it can be estimated (σ̂2). M(ζ) denotes a �tted, linear
model that has an unique parameter vector ζ while the true model is denoted by
M(ζ∗). The aim of the modeling task is to �nd a model from the entire model
space M = {M(ζ) : ζ ∈ Rk} whose predictive accuracy is the greatest on the given
dataset. The models can be produced by numerous algorithms such as Ordinary
Least Square (OLS). method, OLS subset selection, shrinkage, RIC, CIC methods
etc, see [55]. These methods can reduce the dimension of the models by discarding
the redundant variables. In order to evaluate a model, the distance between the
current model and the true model must be known. This distance can be calculated
as

D(M(ζ∗),M(ζ)) =
||yM(ζ∗) − yM(ζ)||2

σ2
, (2.2)

where || · || denotes the L2 norm and σ2 can be replaced by its estimated value σ̂2.
The �nal task is to determine a model which minimizes this expression.

D(M∗,M) = min! (2.3)

The basic concept of the OLS subset selection method is to create subset models
using various sets of variables. If a dataset has k variables, k + 1 nested models
(Mj) can be created, where j = 0 is the null model with zero variables and j = k
is the full model with all of the variables. In this case, an estimate of the parameter
vector ofMj can be determined as

ζ̂Mj
= (X ′MjXMj)

−1X ′Mjy (2.4)

where XMj
is the n× j design matrix and let PMj

= XMj(X
′
MjXMj)

−1X ′Mj be an
orthogonal projection matrix from the original space (k) onto the reduced space (j).
Finally, ŷMj

= PMj
y is the estimate of y∗Mj

= PMj
y∗.

Since this method creates only k + 1 subset models (instead of 2k, which is
computationally unfeasible at increased k), the prede�ned order of the variables is
a crucial point of this method. There are a set of ranking algorithms, which help
determine the best prede�ned order of the variables, see [56, 57].
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Evaluation of the pace regression-based tyre pressure estimation algorithm

In the followings, the results of the pace regression-based estimation using dif-
ferent clusters of the measured attributes are presented. In the �rst case all of the
collected attributes in the regression are used, the machine-learning-based algorithm
provides accurate estimation. Figure 2.1 (a) shows the results of the estimation for
three di�erent cases, when the pressure of the tyre is set to 1.3 bar, 1.7 bar and 2.1
bar, respectively, and the velocity is set to 14 m/s. The elements of X is selected as
the actual values of various measured signals, i.e., longitudinal and lateral acceler-
ations ax, ay, longitudinal and lateral velocities vx, vy, yaw-rate ψ̇, angular velocity
of wheels Wij, steering angle of front wheels δi, side-slip angle β, roll rate φ̇. The
calculated pressures values are rounded to eliminate �uctuation in the estimation.
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Fig. 2.1: Estimation of the tyre pressure at varying velocity

Although the previous estimation seems to be accurate enough, the velocity has
been set to constant, which is unrealistic in various tra�c scenarios. Thus, the
velocity of the vehicle varies by using the CarMaker Driver, which is the in-built
model of the simulator. The estimated pressure is illustrated in Figure 2.1 (b).

As the velocity varies during the simulation, the estimation becomes less accu-
rate. Therefore, a new dataset is generated, in which the reference velocity of the
vehicle varies randomly during the simulation. However, in this case the pace regres-
sion provides worse results using only the actual values of the attributes. Therefore,
the past values of the variables must be also used. The time interval between two
consecutive points is set to T = 1/6Hz = 0.15 s, which is a suitable value for all
onboard sensors.

Moreover, in practice some of the attributes cannot be measured directly, e.g.
the forces on the tyres or the side slip angles. Therefore, only the signals, which
are available from the on-board system (velocity, steering angle, wheel speeds, yaw
rate and accelerations) are selected in the generation of the regression model. Using
the selected data, a new estimation model is built up. The following table shows
correlation coe�cients of the generated models and the mean errors.
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All data Past data Const. velocity Accuracy Av. error
3 7 3 97.9 0.0063
7 7 3 69.19 0.072
3 3 3 96.38 0.0194
7 3 3 90.1 0.047

3 3 7 19.5 0.129
7 3 7 9.8 0.29
7 7 7 22.3 0.91

Tab. 2.1: Table of the accuracy

The result of the above simulations has shown that using all of the attributes in
the estimation results in the accuracy of the estimation is the highest. When only
the measurable signals are used, the accuracy is reduced. However, using also the
past values of attributes, the accuracy of the pressure estimation increases. In both
cases, the estimation was inaccurate when the velocity varies during the simulation.
Thus, new dataset is generated, in which the reference value of the velocity varies
randomly. The results obtained by using the new dataset are shown in the Table 2.1,
but in this case only the results of the relevant cases are shown. In the table, mark
'3' denotes that the given attribute or setting is used during the training process
while '7' indicates that the given attribute is excluded from the training set.

All data Past data Const. velocity Accuracy Av. error
7 7 7 26.7 0.101
7 3 7 57.4 0.14

Tab. 2.2: The accuracy of the estimation using the new dataset

As Table 2.2 shows, in the second case, the accuracy is high close to 60% with
a reasonable mean error of 0.14. This means that the algorithm is able to estimate
the tyre pressure well.

2.1.2 Neural network-based tyre pressure estimation

In the followings, another solution is presented for the tyre pressure estimation
problem. In this case, a neural network is applied using di�erent sets of attributes
similarly to the previous, pace regression-based solution. Firstly, the accuracy and
the performances of the applied neural networks are detailed. Secondly, a possible
application example is shown, in which the resulted neural network is used in a
lateral control design to improve the performances of the control system by taking
into account the change in the tyre pressure.

The neural network, used for the tyre pressure estimation consists of one input,
one output and 3 hidden layers. The hidden layers contain 55-45-55 neurons. The
numbers of the hidden layers and the neurons are determined by using the so-called
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k-�eld cross validation technique. Initially, this method divides the dataset into two
subsets. The �rst subset is the training set, which used for training the network.
The other subset is the test set which is used for evaluating the neural network.
Moreover, another crucial part of the network is the used activation functions. As
mentioned, there is a lot of functions that can be used in the training process. In this
case, the recti�ed linear unit (ReLU) and the log-sigmoid functions are used since
they can be easily adjusted to nonlinear problems. For training the network, the
Levenberg-Marquardt algorithm is used, which is a well-known optimization method
in the �eld of machine-learning techniques [58].

In the followings, the results of the deep learning based estimation are presented
and illustrated through examples. Several neural networks have been created using
di�erent attributes to �nd the best applicable estimation model. For example, when
all of the collected attributes are used, the neural network provides accurate esti-
mation. In Figure 2.2 (a), the estimated pressure is illustrated, when the velocity
of the vehicle is controlled by CarMaker Driver, which is the in-built model of the
simulation software. As in the previous case, the output of the neural network is
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Fig. 2.2: Estimation of the pressure CarMaker Driver

rounded to 0.1. Since the measurements are exposed to noises and the disturbances,
a 0.2bar wide interval is determined and inside this interval the estimation is consid-
ered to be acceptable. The dashed lines illustrate the borders of the interval. Apart
from a short section at the end of the simulation, the estimated pressure values
are accurate, because the reference values of the tyres are set to 1.5bar and 2.0bar
respectively. Since not all of the collected attributes can be directly measured on
the car, new neural networks are built up using solely the variables that are avail-
able from the on-board system, such as: wheel speeds, accelerations, longitudinal
velocity, yaw-rate and steering angle.

The result of the new neural network can be seen in Figure 2.2 (b). As the �gure
shows, this network provides worse estimation than the previous one, but its result
is still accurate enough to be used in the control system. In order to improve the
estimation, the past values of the measurements are also used in the following neural
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network. The same time interval has been used T = 1/6Hz = 0.15 s as in the case
of pace regression.

Using the extended training set, a new estimation model with the past values is
built up. The result of the new network is shown in Figure 2.3. Although it can
be seen that this network provides more �uctuating output, the peak value of error
signal decreased signi�cantly.
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Fig. 2.3: With past data

In the Table 2.3, the comparison of the presented neural networks is detailed,
where the accuracy and the averaged errors of the networks are shown. The accuracy
is calculated using the aforementioned intervals. As the �gures have shown, the best
result is given by that network, which uses all of the attributes (100% and 96.1%).
However, not all of the attributes can be measured directly from the onboard system,
therefore this network is not applicable in the control system. The second best
estimation is provided by that network, which uses the available variables and their
past values. Although the accuracy of this network is worse (90.3% and 94.4%),
its averaged error is small (0.0055 and 0.0554). It means that the output of this
network is close enough to the actual pressures of the tyres.

Tyre (L/R) All data Past data Accuracy Av. error
Left 3 7 100% 0.00
Right 3 7 96.1% 0.0072
Left 7 3 90.3% 0.01522
Right 7 3 94.4% 0.00552
Left 7 7 83.3% 0.0554
Right 7 7 92.2% 0.01

Tab. 2.3: Table of the accuracy using the new dataset
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2.2 LPV-based control design using the tyre pressures

In the followings, an application example of the proposed tyre pressure estima-
tion algorithm is presented for trajectory tracking problem. The output of the tyre
pressure estimation is used in the control system as a scheduling parameter. The
control algorithm has another scheduling parameter, which is the longitudinal ve-
locity of the vehicle. The control system has two control inputs, such as the steering
angle and the di�erential driving, which compensates the loss of lateral force due to
the change of the tyre pressure. The entire structure of the control system is depicted
in Figure 2.4 including the training process of the machine learning algorithm. The
algorithm is divided into three layers which are the followings: Simulation environ-
ment, tyre pressure estimation and Control system. The Simulation environment
serves to validate the algorithm, in which CarMaker simulation software is used.
The Control System consists of the main steps of the control design, which can be
divided into two sub-layers. The upper sub-layer generates the reference trajectory,
and the lower one is responsible for the control of the vehicle. In this section the
tyre pressure estimation layer is presented in detail.
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Fig. 2.4: Structure of the control system

Modeling of the vehicle dynamics

Throughout this dissertation, the lateral dynamics of the vehicle is modeled by
the single-track bicycle model. The basic idea behind this model is to replace the
wheels on the front and rear axles by one-one virtual wheel placed on the axis of
symmetry of the vehicle as illustrated in Figure 2.5. The model consists of two main
equations, see [59]. The �rst one describes the lateral acceleration of the vehicle.
The second equation describes the yaw motion of the vehicle:

may = Fyf (αf ) + Fyr(αr), (2.5a)

ψ̈Iz = Fyf (αf )l1 − Fyr(αr)l2, (2.5b)
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where Fy,i denote the lateral forces on the front and rear wheels, m represents the
mass of the vehicle, ψ̇ is the yaw-rate, Iz denotes the yaw-inertia, αi are the slip
angles of the front and rear wheels, li are the distances between the axles of the
center of gravity (CoG).

Fig. 2.5: Single-track lateral vehicle model [59]

The lateral acceleration ay consists of two main components:

ay = v̇y + ψ̇vx(t), (2.6)

The lateral acceleration consists of two main components:

Fyi(αi) = Cαiαi, (2.7)

where vx(t) is the longitudinal velocity, which is an external variable of the model,
and vy denotes the lateral velocity.

There are two main sources of the nonlinearities in this model. The �rst one is
caused by the longitudinal velocity, while the second one is induced by the relation-
ship between the lateral force (Fyi) and the corresponding side-slip αi. As Figure
2.6 shows, this relationship can be illustrated by a set of functions depending on
several other factors, such as adhesion coe�cient, vertical load.

A general assumption is to consider this function only for small slip angles (αi)
and for constant vertical load and adhesion coe�cient. In this way, the relationship
between the lateral force and slip angles can be described as a linear function using
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Fig. 2.6: Lateral force and side-slip

the cornering sti�ness Cαi . Then, considering only front wheel steering, the slip
angle of the front and rear axles can be computed as:

αf =
1

vx(t)
(vy + l1ψ̇)− δ = β +

l1ψ̇

vx(t)
− δ (2.8a)

αr =
1

vx(t)
(vy − l2ψ̇) = β − l2ψ̇

vx(t)
(2.8b)

where β = vy
vx(t)

is the side-slip of the CoG of the vehicle and δ is the front wheel
steering angle.

Using equations (2.5a) and (2.5b), the original model can be rewritten into the
following form:

1. The lateral motion equation of the vehicle:

mv̇y +mψ̇vx(t) =

(
− l1
vx(t)

Cα,f +
l2

vx(t)
Cα,r

)
ψ̇ − (Cα,f + Cα,r)

vy
vx(t)

+ Cα,fδ

(2.9)

2. The yaw-motion of the vehicle:

ψ̈Iz =

(
− l21
vx(t)

Cα,f −
l22

vx(t)
Cα,r

)
ψ̇ − (l1Cα,f − l2Cα,r)

vy
vx(t)

+ l1Cα,fδ

(2.10)

Note that the presented lateral model is an underactuated system since it has only
one control input (δ) while it has two state-variable (ψ̇, vy). Furthermore, this model
is suitable only for high longitudinal velocities, i.e., vx > 5m

S
. Under this longitudinal

velocity, a kinematic model is applicable to describe the lateral motion of the vehicle,
see [59].
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Modeling the e�ect of the tyre pressure on the lateral force

The lateral dynamics of the vehicle is modeled by the two-wheeled bicycle model
(2.5). The original model is extended with two additional terms,∆F (p1) and Md:

Iψ̈ = Ff,y(αf )l1 − Fr,y(αr)l2 +Md + ∆F (p1)l1, (2.11)

mvx(ψ̇ + β̇) = Ff,y(αf ) + Fr,y(αr) + ∆F (p1), (2.12)

where Md is the di�erential torque, which is used as a second control signal for
steering the vehicle. p1 represents the mean pressure of the front tyres. ∆F (p1) is
determined from the estimated tyre pressure. Although the pressure p1 does not
appear in the equations, this variable highly correlates to the cornering sti�ness,
which is determined as [60]:

Ff,y(p1) = Cα,f (p1)α. (2.13)

The relationship between the pressure and the cornering sti�ness is assumed to be
linear based on the simulations on CarMaker. The maximum value of the the corner-
ing sti�ness is considered to be 57000N/rad, while the minimum is 39000N/rad, as
illustrated in Figure 2.7. The presented lateral vehicle model can be transformed into
a parameter-varying state-space representation (see Appendix .1), which is formed
as:

ẋv = Av(vx, p1)xv +Bv(vx, p1)uv, (2.14)

Av =

 − l21Cα,f (p1)+l22Cα,r
Izvx

− l1Cα,f (p1)−l2Cα,r
Izvx

0
−l1Cα,f (p1)+l2Cα,r

mvx
− vx −Cα,f (p1)+Cα,r

mvx
0

0 1 0

 , (2.15)

Bv =

 l1Cα,f (p1)

Iz
Cα,f (p1)

m

0

 . (2.16)
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The state vector xv consists of the signals xv = [ψ̇, vy, y]T . The control inputs of
the system are uv = [δ,Md], where δ denotes front wheel steering angle. The signals
vx, p1 are scheduling variables of the system. Since uv contains two control input
signals, the under-actuated characteristics of the system is eliminated.

Modeling the dynamics of the steering system

The dynamics of the steering system can have a signi�cant impact on the per-
formances of the lateral control system. Therefore, it must be taken into account
during the control design of the vehicle. The dynamics of the steering system is
described by the following state-space representation:

ẋs = Asxs +Bsus, ys = cTs xs, (2.17)

where us is the angle of the steering wheel, ys is the steering angle of the front
wheels, As, Bs and cTs are matrices. The state vector xs consists of the states of the
steering system.

In practice, the determination of the parameters in the state-space representation
(2.17) from physical relations of the steering dynamics can be di�cult. Therefore,
an identi�cation process to compute the required parameters is performed. In [61],
a second-order form is proposed for modeling the dynamics of the steering system,
which can be given by the following transfer function:

Gs(s) =
b2s

2 + b1s+ b0

s2 + a1s+ a0

, (2.18)

where bi and ai are the parameters, which must be determined through an identi�-
cation process.

In the followings the model formulation of auto-regressive with exogenous input
(ARX) identi�cation structure is used for the determination of the system parame-
ters. The ARX structure is formed as [62]:

j(t) + a1j(t− 1) + ...+ anaj(t− na) = b1k(t− 1) + ...+ bnbk(t− nb) + e(t),
(2.19)

where j denotes the output of the system, in this case, the steering angle of the
front wheels. Moreover, k denotes the input of the system, which is the angle of
the steering wheel. e(t) is the error function. The parameters can be written into a
parameter vector:

σ = [a0 a1 ... at−na b0 b1 ... bt−nb ]
T . (2.20)

By using shift operator q−1, the equation (2.19) can be divided into two equations:

A(q) = 1 + a1q
−1 + ...+ anaq

−na , (2.21)

B(q) = b1q
−1 + ...+ bnbq

−nb . (2.22)
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Finally, the transfer function of the identi�ed system can be calculated as:

G(q, σ) =
B(q)

A(q)
. (2.23)

The resulted transfer function is a discrete-time system, which means that the re-
sulted system must be transformed into a continuous form to achieve state-space
representation (2.17). For the transformation Ts = 0.01s sample time and a zero-
order hold element are used.

Design method of the LPV-based controller

The presented two state-space representations (2.14),(2.17) are combined and
written into an extended representation:

ẋe = Ae(vx, p1)xe +Be(vx, p1)ue, (2.24)

where ue=[us Md]
T and xe = [xs xv]

T , while the matrices are:

Ae(vx, p1) =

[
As 02×4

Bv,1(vx, p1)CT
s Av(vx, p1)

]
, (2.25a)

Be(vx, p1) =

[
Bs 02×1

04×1 Bv,2(vx, p1)

]
, (2.25b)

where Bv,i(vx, p1) denotes the ith column of Bv(vx, p1).
The control system is responsible for guaranteeing the trajectory tracking of the

vehicle and minimizing the interventions. Therefore, the following four performances
are de�ned.

• Minimization of the lateral error
In order to reach appropriate tracking performance, the control system has to
minimize the lateral error between the road yref and the lateral position of the
vehicle y :

z2 = yref − y, |z1| → min, (2.26)

• Minimization of the yaw-rate error
Beside the lateral error, the controller has to reduce the error between the
reference ψ̇ref and the measured yaw-rate ψ̇ in order to reach accurate and
smooth tracking.

z1 = ψ̇ref − ψ̇, |z1| → min, (2.27)

where yref is considered to be given.
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• Minimization of the steering angle
The control system has to minimize its interventions to reduce the energy
consumption, which means the minimization of the steering angle.

z2 = δ, |z2| → min. (2.28)

• Minimization of the di�erential drive
Similarly to the third performance, the controller has to minimize the di�er-
ential torque as well as the steering angle.

z3 = Md, |z3| → min. (2.29)

The presented performances are summarized in the following vector z =[
z1 z2 z3

]T
, which leads to the performance equation

z = C1xe +D11r +D12ue, (2.30)

where C1, D11, D12 are matrices and r contains the signal yref . In the LPV control
design, the presented extended state-space model is employed. In the control design
several transfer functions are used to scale the measured signals and to reach the
speci�c performances. In this manner, the required behavior of the system can be
induced. The weighting functions and the augmented plant are illustrated in Figure
2.8.

The weighting functions Wref,1 and Wref,2 are to scale the reference signals yref
and ψ̇ref . They are formed as:

Wref,1 =
0.1

100s+ 1
, (2.31)

Wref,2 =
0.01

100s+ 1
. (2.32)

Furthermore the goals of functions Wz,1 and Wz,2 are to guarantee the accurate
trajectory tracking of the vehicle.

Wz,1 =
s+ 1

s2 + 2s+ 1
, (2.33)

Wz,2 =
1

s+ 1
. (2.34)

The following two weighting functions weight the performances of the actuations
and ensure the balance between them.

Wz,3 =

(
pmax
pest

)2
5s+ 5

0.1s+ 1
10−2, (2.35)

Wz,4 =

(
pest
pmax

)6
1s

2s+ 1
10−1. (2.36)
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The last three functions weight the noises on the measured signals.

Ww,1 = 0.002, (2.37)

Ww,2 = 0.001, (2.38)

Ww,3 = 0.05. (2.39)

The reason of the scaling is that the reachable lateral force decreases together with
tyre pressure. Therefore, at low pressures, the di�erential drive compensates the
steering. Finally, the roles of the weighting functions Ww,1, Ww,2 and Ww,3 are to
scale the noises of the measured signals.

P (ρ)

K(ρ)
neural network

pressure
estimation

Wref,2

ψ̇ref
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δ
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z2
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wẏ

ẏ
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z3
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z4
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Md
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z1

Wref,1

yref

ψ̇

Fig. 2.8: Structure of LPV controller

The quadratic LPV performance problem is to choose the parameter-varying
controller K(vx, p1) in such a way that the resulting closed-loop system is quadrat-
ically stable and the induced L2 norm from the disturbance and the performances
is less than the value γ. The minimization task is the following:

inf
K(vx,p1)

sup
vx,p1∈Fρ

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

, (2.40)

where Fρ bounds the scheduling variables. The yielded controllerK(vx, p1) is formed
as

ẋK = AK(vx, p1)xK +BK(vx, p1)yK , (2.41a)

u = CK(vx, p1)xK +DK(vx, p1)yK , (2.41b)

where AK(vx, p1), BK(vx, p1) and CK(vx, p1), DK(vx, p1) are scheduling variable de-
pendent matrices.
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Calculation of the reference signals

The calculation of the reference signal is a crucial point in any control system.
The capability, delay and other tracking properties of the designed controller must
be taken into account. Therefore, not only the actual errors (position and yaw-rate)
are used but the predictions of the errors are also calculated. The prediction of the
motion of the vehicle is based on the following simple model:

x(t+ T ) = x(t) + vx · T, (2.42)

y(t+ T ) = y(t) + vy · T, (2.43)

ψ̇(t+ T ) = ψ̇(t), (2.44)

where x and y are the coordinates of the vehicle.
During the prediction the e�ects of the accelerations are considered to be in�nites-
imally small. Therefore, they are neglected in the prediction. In the reference
calculation, the prediction is calculated for three time steps: T0 = 0.0, T1 = 0.5 and
T2 = 0.75. Then, the summed error signals are formed as:

eψ̇,p(t) = 0.5eψ̇(t) + 0.3eψ̇(t+ T1) + 0.2eψ̇(t+ T2) (2.45)

ey,p(t) = 0.5ey(t) + 0.3ey(t+ T1) + 0.2ey(t+ T2) (2.46)

These error signals are used in the proposed control system.

Simulation results

In the rest of this section, a comprehensive simulation is presented to show the
e�ciency of the proposed control system. In the simulation, the vehicle is driven
along the shrunken Melbourne Formula 1 track. Since in the CarMaker environment
the pressure of the tyre cannot be modi�ed during the simulation, several runs have
been performed using di�erent tyre pressures. In the nominal case, the pressures of
the tyres are set to 1 bar and the car is controlled by the CarMaker built-in driver.

The path of the vehicle is illustrated in Figure 2.9(a). It can be seen that the car
is not able to follow the track, it leaves the road at a sharp bend, which is highlighted
in Figure 2.9(c). In the second run, the pressure of the tyre is to set to the same
value and the car is controlled by the proposed control system. The path of the
vehicle is shown in the same �gure. As it shows, in contrast to the previous case,
the vehicle is able to follow the road using the presented control system. The lateral
errors are shown in Figure 2.9. It can be seen that the LPV controller provides
smaller error throughout the whole simulation. The reduction in the lateral error is
conspicuous between 45− 50s, which time interval belongs to the sharp bend.

Figure 2.10 shows the results of the neural network. Since the simulation presents
a critical driving situation, the longitudinal and side slips of the vehicle are high,
which result in the inaccurate estimation of the pressure. In order to avoid this, the
estimation is executed only if the following criterion is satis�ed:

|β| < 0.075rad and |ψ̇| < 0.5rad. (2.47)
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Fig. 2.9: Positions of the vehicles during the simulations

The blue solid line shows the cases when the mentioned condition is satis�ed. The
red dashed line represents the cases when the criterion is not satis�ed. In this way,
the estimation is accurate, its mean error is below < 0.03.
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Fig. 2.10: Result of the neural network

Using the actual value of the tyre pressure and the velocity information, the
LPV control computes the steering angle and the di�erential torque. The calculated
steering angles are shown in Figure 2.11(a) in both cases. It can been seen that the
LPV system provides lower values than the CarMaker Driver, which results in the
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stable motion of the vehicle. Furthermore, the lower steering values are compensated
by the di�erential torque as shown in Figure 2.11(b).
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Fig. 2.11: Control inputs of the system

Finally, Figure 2.11(c) depicts the prede�ned velocity pro�le of the vehicle. It
can be seen that the LPV control system guarantees the trajectory tracking of the
vehicle at di�erent velocities.
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2.3 Estimation of the adhesion coe�cient

In this section, a data-driven road surface estimation is presented. In this so-
lution, three di�erent road type are considered: dry, wet and icy. All types cover
a prede�ned range of the adhesion coe�cient, as shown in Table 2.4. As a �rst
step, the acquisition of the used dataset is performed, which is detailed in Subsec-
tion 2.3.1. In the second step a selection criterion is applied, which aims to select
those instances, where the current adhesion coe�cient is close to its maximal value.
This a crucial step since at low adhesion coe�cient there is no signi�cant di�erence
among the measurements. Therefore, the classi�cation algorithm may provide poor
result. In the third step, C4.5 decision generation algorithm for classi�cation is
used, see Subsection 2.3.3. Finally, a simulation is presented to show the e�ciency
of the proposed road surface estimation algorithm. The process of the estimation is
illustrated in Figure 2.12.

Tab. 2.4: Road surfaces and approximated µ values
Road surface App. µ

dry 0.8-1.0
wet 0.5-0.8
icy 0.0-0.5

Vehicle Data acquisition Prepocess and
labeling of data Classification

training setmeasurements
Collected 

dataset

Fig. 2.12: Scheme of the algorithm

2.3.1 Data acquisition and analysis

All machine-learning-based algorithms require a lot of data to provide appropri-
ate results. In this case, the data is provided by the high-�delity simulation software,
CarSim. Several simulations have been performed through CarSim at varying longi-
tudinal velocity (vx) and on di�erent road surfaces (dry, wet, icy). In this way, more
than 10 million instances have been collected. An instance consists of the following
measured attributes (sensor signals):

1. Longitudinal acceleration ax

2. Lateral acceleration ay

3. Longitudinal velocity vx

4. Lateral velocity vy
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5. Yaw rate ψ̇

6. Angular velocity of wheels
Wij (i ∈ {front, rear}, j ∈ {left, right}

7. Steering angle of front wheels
δi, (i ∈ {left, right})

8. Angle of steering wheel δs

9. Side-slip angle of the vehicleβ

10. Slip angles of the wheels
αij (i ∈ {front, rear}, j ∈ {left, right}

11. Torques of the wheels
Mij (i ∈ {front, rear}, j ∈ {left, right}

12. Roll rate ϕ̇

2.3.2 Selection of the acquired dataset

Since not all variables are necessary for estimating the road surface, the required
ones will be selected by the machine learning algorithm. The used decision tree
algorithm is inherently able to select the most relevant attribute in each iteration
step, more details are given in the next section. Moreover, not all instances can be
used for estimating the road surface since the estimation is solely accurate, if the
adhesion coe�cient is close to its peak value. This indicates that the vehicle must
be excited (steered, accelerated) enough for the accurate estimation. The selection
of the appropriate instances is not a trivial problem. In the literature, several
criteria can been found, e.g. in [63] yaw-rate, steering speed, lateral acceleration,
longitudinal speed with some restrictions are used to choose the instances, in which
the friction coe�cient is close to its peak value. In this case, a new criterion is used,
which is based on a stability condition, which was presented by [FNG18a]. The
original stability condition can be written as:

−ε < |1 + αf |
|1 + δ − β − l1ψ̇

vx
|
− 1 ≤ ε, (2.48)

where ε is an experimentally de�ned parameter, l1 is the distance between the CG
of the vehicle and the front axle and αf is the mean value of the slips of the front
wheels. The basic idea of this criterion relies on deviation of the dynamical behaviors
of the real vehicle and the linearized model. This deviation is large when the vehicle
has high values of speed and steering angle, which indicates that the vehicle gets
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close to the peak value of µ. Therefore, after some changes, this condition can be
used as a selection criterion for the current case:

ε <
|1 + αf |

|1 + δ − β − l1ψ̇
vx
|
− 1 or

|1 + αf |
|1 + δ − β − l1ψ̇

vx
|
− 1 < −ε, (2.49)

In this case, the parameter ε should be as small as possible in order to not exclude
too many instances.

2.3.3 Classi�cation algorithm for road surface estimation

C4.5 is a widely used machine learning algorithm, which generates decision trees
for the classi�cation of large amounts of data. The original algorithm was developed
in 1960 by [64]. Over the past decades, the original method has been signi�cantly
improved, see e.g. [65, 66]. In the following the basic concept of C4.5 method is
presented.

The initial step of the algorithm is the collection of data from varying in-
stances. In general, an instance has several types of values called attributes
A = A1,A2, ...,Ak. An attribute can be an independent variable or a dependent
variable called class. The values of an independent variable can be continuous (nu-
meric) or discrete (nominal). A dependent, class variable C is always discrete with
a prede�ned set of values C = C1, C2...Cm with m members. The collected data are
divided into two parts:

1. a training set, which is used for teaching the algorithm,

2. a test set, which is used for evaluating the results.

The aim of the algorithm is to create a function (F) based on the training set
which is able to classify the instances by the selected class

F(A1,A2...Ak)→ C (2.50)

The created function is ordered into a tree structure, as illustrated in an example,
see Figure 2.13. A tree consists of nodes and leaves. A node is associated with
an attribute and a condition, and has at least two outcomes, which depend on the
current value of the attribute. A leaf determines the value of the class for the
current instance. The size of the resulting tree is a crucial part of the algorithm,
since a large and complex tree makes it di�cult to understand and use the results.
Thus, C4.5 algorithm uses the greedy search method to produce the decision tree.
Moreover, C4.5 algorithm considers the information gain and gain ratio criteria in
the generation of the decision tree.

In the method, the information content I(S) of a training set is determined as

I(S) = −
m∑
j=1

RF = (Cj,S)log(RF((Cj,S)), (2.51)
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Condition 1

Condition 2 Condition 3

true false

true truefalse false

Fig. 2.13: Decision tree

where S is a training set that belongs to Cj and RF(Cj,S) denotes the relative
frequency of the instances. Let B be a test that divides S into subsets S1,S2..St.
Then the information gain G(S, B) can be calculated in the following form:

G(S,B) = I(S)−
t∑
i=1

|Si|
|S|

I(Si) (2.52)

The purpose of the gain criterion is to select the best test B that maximizes G(S,B).
However, this criterion may cause problems. The reason is that the maximization
of G(S,B) leads to a large number of outcomes in test B. This can be avoided by
taking into consideration the potential information P(S,B), such as

P(S,B) = −
t∑
i=1

|Si|
|S|

log
|Si|
|S|

(2.53)

The ratio of G(S,B) and P(S,B) must be maximized by a test B:

max

(
G(S,B)

P(S,B)

)
(2.54)

Finally, C4.5 algorithm builds up the appropriate decision tree using the optimized
test B. Further details about the generation of the decision tree are found e.g. in
[65].

2.3.4 Generation of the decision tree

The data collection and the evaluation through (2.49) results in data set S, which
is used for the generation of the decision tree T . The inputs of the decision tree are
the measured attributes of the vehicle, as presented in the previous section, while
the output is the estimated type of the road surface. In this case, the generation is
based on the C4.5 machine learning algorithm presented in 2.3.3.The result of the
optimization is the decision tree T .



2.3. Estimation of the adhesion coe�cient 45

Prepocess The purpose of this step is to prepare the data for classi�cation. This
step consists of two subtasks. First task is the averaging of the values of the measured
attributes over a period of time T .

Âi,t =
t∑

n=t−T

Ai,n
T

(2.55)

where Ai,t is the tth instance of ith attribute. In this way, the noises of the mea-
surements can be reduced, and whereby better classi�cation results can be achieved.
Second task is the selection of the instances by the presented criterion 2.49.

Classi�cation As mentioned, the goal of the classi�cation is to create a model that
is able to determine the road surface using only the measured attributes. Moreover,
the presented decision tree algorithm C4.5 is used for creating the classi�cation
model. Several models have been created with di�erent parameters, such as minimal
number of instances per leaf and the selection parameter ε, the results can be found
in the tables below. Table 2.5 consists of three columns, such as: minimal objects

Tab. 2.5: Relationship between the tree size and the object number
Min. Objects Num. Corr. Class. Inst Size

2 99.6172% 153
10 99.1009% 115
50 96.0477% 77
100 93.4307% 61
200 87.9740% 35
500 82.6954% 21

number per leaf, correctly classi�ed instances and size of the tree. The table shows
the impact of the minimal number of instances per leaf (MIL). It can be seen that
as the value of MIL decreases, the size of the tree becomes greater and moreover,
the percentage of the correctly classi�ed instances gets closer to 100. Although the
bigger tree provides better result, it loses its generality and �ts only the test data
well. Therefore, a reasonable balance should be found. In the followings, the tree
with 100 MIL is used, since it still provides good classi�cation results, while its size
is small enough. Table 2.6 shows the e�ect of parameter ε on the resulted trees at
a �xed MIL value, 100. It can be seen that if the parameter ε is too small (< 1%),
then the produced tree has a low classi�cation ability. Since low ε value indicates
weak selection criterion (2.49), the training set contains a lot of instances, where
the adhesion coe�cient was not close to its peak value. Furthermore, over 2%,
the percentage of the correctly classi�ed instances starts to decline, since the vast
majority of the instances in the training set is strongly unstable, which results in
the chaotic motion of the vehicle. Overall, it can be concluded that the best result
is given by ε = 2%.
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Tab. 2.6: Relationship between the tree size and the object number
Parameter ε Corr. Class. Inst. Size

0.1% 58.5124% 217
1 % 88.0485% 97
2 % 93.4307% 61
5 % 92.92611% 49
10 % 90.7918% 39

The confusion matrix which belongs to this decision tree is illustrated in Table
2.7. It can be seen that the percentage of highest misclassi�cation is 4.4%, where
the 'icy' surface is classi�ed as 'wet' by the decision tree. Table 2.7 also illustrates
that there is no misclassi�cation between the categories 'icy' and 'dry'. It means
that the value of the misclassi�cation is limited to one category.

Tab. 2.7: Confusion matrix
ˆdry ŵet ˆicy -

35.6% 0.7% 0% dry
3.6% 29% 3.4% wet
0% 4.4% 23.3% icy

Resulted model The resulted model can be used in a recon�guration control
strategy. The model calculates the possible road surface using the measured data
of an individual vehicle and using this information, the recon�guration system com-
putes the best strategy to safely control the vehicle. The development of the recon-
�guration strategy and the control system is a future challenge for the authors.

2.3.5 An illustrative example of the proposed method

In the rest of this section, a simulation example of the road surface estimation
algorithm is presented. During the simulation a D-class passenger car is driven along
a section of Melbourne formula circuit. The track is illustrated on Figure 2.14. The
track is divided into two sections, where the surface of the road is di�erent, such
as dry and icy. The dry part is depicted with a green dashed line, while the icy
segment is illustrated with a red dashed line.

Furthermore, the longitudinal velocity of the vehicle is shown in Figure 2.15
(a). Basically, the speed pro�le consists of the di�erent values. The �rst one (≈
100km/h) belongs to the dry part, whilst the second one (≈ 60km/h) belongs to
the icy part.

The classi�ed estimated and reference road surfaces can be found in Figure 2.15
(b). It can be seen that during the simulation, the estimation algorithm frequently
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Fig. 2.15: Longitudinal velocity and road surface

yields 'No data' category. The reason of it is that the vehicle does not reach the
peak value of µ, since the current instance does not satisfy the inequality (2.49).
Therefore, the estimation cannot be executed. Apart from the 'no data' sections,
the estimation is accurate on dry and icy surfaces as well.



48 2. Vehicle-oriented estimation methods using data-driven approaches

Thesis 1 I have developed new data-driven estimation methods for vehicle control
applications using di�erent machine-learning-based algorithms. I have shown that
the proposed algorithms can be used for estimating the tyre pressure and for approx-
imating the adhesion coe�cient between the road and the tyre. For the estimation
of the adhesion coe�cient, I have developed a method based on the C4.5 decision
tree algorithm, while the estimation of the tyre pressure has been based on the pace
regression and the neural network approaches. Furthermore, I have also designed a
Linear Parameter-Varying (LPV) based trajectory tracking controller, which can in-
corporate in the result of the tyre pressure estimation algorithm in order to increase
the performances and to guarantee the stable motion of the vehicle.

Related publications: [FNG20a, FNG21c, HFNG20, FNGA19, FNGS19,
FNG19a, FNG+19e, FNG19c, FNG19b]



3. APPROXIMATION OF THE LATERAL STABILITY REGIONS
AND ITS APPLICATION METHODS FOR VEHICLE CONTROL

In this chapter, a method for computing the lateral stability regions of passen-
ger vehicles using data-driven approaches is presented. The motivation of stability
analysis is to provide safe motion for automated vehicles through an appropriate
control system. Therefore, a stability criterion for analysis and synthesis purposes is
introduced, which can be used to separate the stable and unstable instances from the
recorded dataset. Then, C4.5 decision tree algorithm is applied to create a decision-
tree-based classi�cation model, which is able to categorize the measurements during
the operation of the vehicle. This decision tree-based model uses only the onboard
signals, which are available on a conventional intelligent passenger car.

Furthermore, the proposed classi�cation model is used in a lateral control design,
which applies also the road surface estimation algorithm presented in the previous
section. The lateral control design is extended with a longitudinal velocity opti-
mization process, which computes the maximal longitudinal velocity of the vehicle
for a prede�ned prediction horizon. In this way, the stability of the vehicle can
be guaranteed, while the traveling time is minimized. This chapter is organized as
follows:

• Firstly, a novel method is presented for approximating the lateral stability sets
of the vehicles using a data-driven approach.

• Secondly, a LPV-based lateral control design is proposed, in which the adhesion
coe�cient is handled as a scheduling parameter provided by the estimation
algorithm presented in Subsection 2.3.

• Thirdly, a longitudinal velocity optimization algorithm is presented, which
can calculate the optimal velocity pro�le for the vehicle using the data-driven
stability sets, presented in this chapter.

• Finally, a simulation example is given to illustrate the operation and the e�-
ciency of the proposed control algorithm through a comprehensive scenario.

3.1 Approximation of lateral stability regions for passenger cars

Stable motion is the most important requirement against vehicles with au-
tonomous control functionality. Nevertheless, in vehicle control context, considering
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nonlinear e�ects of the vehicle, the de�nition of stability can be di�cult. Unstable
motion of the vehicle by various factors can be caused, e.g., sudden change in the
adhesion coe�cient, insu�cient lateral force at large lateral slip. These factors must
be taken into account during the control design in order to guarantee the motion
stability of the vehicle even in risky tra�c situations. From control engineering
aspect, the criterion of stable vehicle motion is in relation with the performance of
the vehicle on the motion, as it is illustrated by the following examples.

• It can di�cult to determine the unstable motion of the vehicle. Due to nonlin-
earities in the lateral dynamics, the stability regions are generally computed
on constant longitudinal velocities, see e.g. [67, 68]. Nevertheless, sometimes
the unstable motion of the vehicle leads to a signi�cant reduction in the ve-
locity, at which the stability of the vehicle is restored. Thus, if the stability of
the vehicle is evaluated depending on the velocity, the scenario is only locally
unstable, but globally stable.

• Moreover, the increasing error in the path tracking of the autonomous vehicle
is caused by de�ciencies in the lateral control. In this case the error can be
handled as a performance problem. Performance level depend also on the
designed controller, not only on the vehicle dynamics itself.

These examples illustrate that it may be di�cult to �nd an appropriate criterion to
evaluate stability in the context of vehicle dynamics with nonlinearities. The stabil-
ity of motion is described by the original work of Lyapunov, see [69]. It motivates
that stability is recommended to interpret as a character of the motion. Thus, in
this section the motion of the vehicle based on collected data is analyzed.

The viewpoint of analyzing vehicle motion with data-driven tools yields a de-
cision tree based on collected data. The data is provided by the sensors of the
autonomous vehicles, such as inertial and gyro sensors, GPS velocity measurement
and wheel speed sensors. Moreover, the data-driven analysis contains scenarios
which are considered to be acceptable or unacceptable from the viewpoint of the
path tracking of the autonomous vehicle. These scenarios are called good or bad
instances in the dataset. The purpose of the decision tree generation is to �nd the
set of relations with which the a current scenario can be classi�ed as acceptable or
unacceptable. Each scenario requires a de�nition of a criterion to be acceptable.

The approach of this thesis is based on the idea that the motion of the vehicle is
generally acceptable for the human passengers in the linear region of the tyre force
characteristics. In this case the side-slip angle of the axles can provide information
about the characteristics of the motion. Thus, the de�ned criterion expresses the
similarity between the current side-slip of the front axle (1 + α1) and the expected
side-slip based on the linear formulation of the vehicle [FNG18a]. The selection
criterion is similar to that, which has been used to road surface estimation (2.49).
This criterion scales the nonlinear behavior of vehicle by comparing the current



3.1. Approximation of lateral stability regions for passenger cars 51

measurement to a linear model:

−ε1 <
|1 + αf |

|1 + δ − β − lf ψ̇

vx
|
− 1 ≤ ε1, (3.1)

where ε1 is an experimentally de�ned parameter, l1 is the distance between the
center of gravity of the vehicle and the front axle. ψ̇ denotes the yaw rate, β is
the vehicle side-slip vx is longitudinal velocity and δ is the steering angle. This
condition expresses that an instance is said to be 'acceptable', if (3.1) is ful�lled. It
approximates the stable states of the vehicle. Otherwise, the instance is classi�ed as
'unacceptable', which is related to the unstable state of the vehicle. Thus, condition
(3.1) results in the dataset S1 with the classi�cation of 'acceptable' or 'unacceptable'
for the stability set approximation.

In the followings, a machine learning-based algorithm is proposed for approxi-
mating the lateral stability regions of the vehicle. This method is a pure data-driven
approach, which means it uses only the available measured signals from the onboard
system. The main advantage of this approach is that it is more suitable for the
nonlinear dynamics of the vehicle, which appears at high velocities.

In the following a brief description of the results of the stability set approximation
is presented using the previously introduced C4.5 method, see Subsection 2.3.3. The
approximation is based on the assumption that criterion (3.1) is able to distinguish
the 'acceptable' and 'unacceptable' states, which provides information about the
stability of the vehicle. However, the de�ned condition is not identical with a vehicle
stability criterion, as presented above. Although the class of 'acceptable' instances
contains only stable states, it can provide a conservative inner approximation of the
stability set. The details of the set computation are found in [FNG18a].

Illustration of the analysis results

The purpose of this section is to demonstrate the reachability sets of the lateral
vehicle model, which are computed through the machine learning algorithm. In the
analysis the data-mining WEKA software is used, in which C4.5 algorithm has been
implemented [70].

The attributes of the instances are αf , αr slip at the front and rear wheels, β
side slip of the vehicle, ψ̇ yaw-rate, vx longitudinal velocity, µ adhesion coe�cient
and C class. The C class has two values, i.e., acceptable and unacceptable, and
the instances are classi�ed by the algorithm. During the analysis the training set
contains approximately 1.2 million instances, while the test set for the validation
has 2 million members. In the example a mid-size passenger car is used.

The generated trees are evaluated by the cross-validation technique, the results
can be found in Table 3.1. The �rst column in Table 3.1 shows the minimum
number of instances which are contained in a leaf. The second column illustrates
the percentage of the correctly classi�ed instances. The sizes of the produced trees
are in the last column. Note that the increasing number of the minimum objects
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decreases both the percentage of the correctly classi�ed instances and the sizes of
the trees.

Tab. 3.1: Relationship between the tree size and the object number
Min. Objects Correctly Classi�ed Inst. Size of Tree

2 99.7343% 2431
10 99.6426% 1339
100 99.2948% 315
500 98.9136% 97
1000 98.7037% 61
5000 98.1892% 17

In the following, the classi�cation with minimum 500 objects is used, because
this object number has a reasonable percentage of correctly classi�ed instances.
Moreover, the generated tree is su�ciently small to be used for further analyses. In
Figure 3.1 the instances in the test set which are classi�ed as 'good' are illustrated.
Note that the results of the decision tree appropriately cover the test set.
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Fig. 3.1: Results of the decision tree

Figure 3.2 shows the results of the decision tree and the classi�ed test sets in the
plane of αf and αr at di�erent velocities. The two slip attributes have high impacts
on the resulting decision tree, which shows that the calculated sets �t well. Note
that the sizes of the sets become larger with increasing velocity. It means that the
vehicle can reach larger regions of slips at high velocities. This tendency is con�rmed
by the experience in vehicle dynamics.

Figure 3.3 illustrates the results of the classi�cation and the test sets in the plane
of yaw rate and side slip at di�erent velocities, in which the sets also �t well. These
attributes have lower impacts on the logic relations in the decision tree. The regions
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Fig. 3.2: αf and αr sets depending on velocity vx

of reachable β and ψ̇ increase depending on the longitudinal velocity, similarly to
the tendency at the lateral slips αf , αr, see Figure 3.2.
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Fig. 3.3: ψ̇ and β sets depending on velocity vx

In the following, the impact of the adhesion coe�cient on the reachability regions
of the vehicle model is illustrated. Figure 3.4 shows the regions of the slips at
di�erent adhesion coe�cients, in which the velocity of the vehicle is �xed at vx = 90
km/h. Note that the illustrated sets become smaller at high adhesion coe�cients.
The reason for this behavior is that the adhesion coe�cient highly in�uences the
lateral forces of the wheels. At high µ the small slip angle generates high lateral
force, while at small µ the higher slip angle induces high lateral force.

Figure 3.5 shows the sets of ψ̇ and β at di�erent adhesion coe�cients and at the
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Fig. 3.4: αf and αr sets depending on the adhesion coe�cient

�xed velocity of 90km/h. The tendency of the set sizes is similar to the previous
case. The size of the sets becomes smaller at high adhesion coe�cients and larger
at low adhesion coe�cients. The calculated sets �t to the test sets well.
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Fig. 3.5: ψ̇ and β sets depending on the adhesion coe�cient

3.2 LPV-based vehicle control design and velocity selection strategy

The goal of this section is to provide a control strategy in which the design of
steering actuation and velocity selection are coordinated and the safe motion of the
autonomous vehicle is guaranteed. First, the steering control design based on the
LPV method is presented. It uses the result of the µ estimation through a scheduling
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variable. Second, the design of the velocity pro�le based on the steering control and
on the result of the data-driven stability set analysis is proposed.

3.2.1 Formulation of control-oriented LPV model with uncertainties

The lateral dynamics of the vehicle is described by the two-wheeled single-track,
which has been presented in Subsection 2.2.

Since the original model does not take into account the e�ect of the di�erent road
surfaces, which results in the change of the adhesion coe�cient, the computation
of the lateral force has been modi�ed in the following way: Fy = C(µ̂)α. C is
the linearized cornering sti�ness, which depends on the estimation of the adhesion
coe�cient µ̂ linearly: C(µ̂) = µ̂Cn. Note that the impact of longitudinal slip is
assumed to be small comparing to the impact of lateral slip (α) on the lateral force.
It can be guaranteed by the longitudinal controller, which aims to minimize the
longitudinal acceleration of the vehicle. Cn denotes the nominal cornering sti�ness.

µ̂ consists of the following two components:

• µn is the result of the estimation, which is numerically the mean value of the
current category (dry,wet or icy) as presented in the previous chapter, see
Table 2.4.

• Since the result of the estimation is a category, which covers a speci�c range of
µ, the actual µ can be elsewhere within that range. Therefore, an error value
is introduced, which aims to describe the largest possible di�erence between
the actual µ and the estimated one.

Finally, the µ̂ is computed as µ̂ = µn + µe. Therefore, the relations in (2.11) can be
rewritten in the following forms:

mvx(ψ̇ + β̇) = µn(Cnαf + Cnαr) + µe(Cnαf + Cnαr), (3.2a)

Jψ̈ = µn(Cnαf l1 − Cnαrl2) + µe(Cnαf l1 − Cnαrl2), (3.2b)

v̇y = vx(ψ̇ + β̇). (3.2c)

The representation of (3.2) is transformed into the parameter-varying state-space
model

ẋ = A(ρ1, ρ2)x+B2(ρ1, ρ2)u+
µe
µn

(
A(ρ1, ρ2)x+B2(ρ1, ρ2)u

)
, (3.3)

where the state vector is x =
[
ψ̇ β vy y

]T
, the control input is u = δ and ρ1 = vx,

ρ2 = µn are the selected scheduling variables of the system. A(ρ1, ρ2), B2(ρ1, ρ2) are
matrices, which include the nominal adhesion coe�cient µn in a linear form.

In (3.3) the value of µe is unknown, and thus, the expression µe
µn

(
A(ρ1, ρ2)x +

B2(ρ1, ρ2)u

)
is handled as a disturbance of the system. The goal of the control-

oriented formulation is to �nd a description of the system (3.3) which is valid for
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worst-case scenarios. Therefore, the disturbance is bounded through the following
inequality, which is taken element-wisely:

B1(ρ1, ρ2)w ≥ µe
µn

(
A(ρ1, ρ2)x+B2(ρ1, ρ2)u

)
, (3.4)

which results in the state-space representation:

ẋ = A(ρ1, ρ2)x+B2(ρ1, ρ2)u+B1(ρ1, ρ2)w. (3.5)

In (3.5) w is a norm-bounded noise, while B1(ρ1, ρ2) is a parameter-varying coe�-
cient matrix, whose selection is detailed below.

The aim of the selection of B1(ρ1, ρ2) is to �nd the lowest upper bound of(
A(ρ1, ρ2)x + B2(ρ1, ρ2)u

)
µe/µn. Since it contains several components, the de-

termination of the bound is based on various assumptions.

• Since matrices A(ρ1, ρ2) and B(ρ1, ρ2) are given and �xed for each grid point,
only the upper bounds of the state-vector x and the input signal u must be
determined.

• Inequality (6) should be taken elementwisely. for all states.

• During the determination of B1(ρ1, ρ2), the value of the uncertainty µe is
considered with its maximum bound, such as µe,max ≡ max(µe) in (3.5).

• The determination of the maximum of the state vector x is more challenging
task. In this paper, the maximum values for each states are determined by us-
ing the presented stability sets (see Section 3.1). In this manner, the possible
worst cases of the states are computed for each grid points based on the sta-
bility sets, using the edges of the sets. Finally, the supremum of the maximum
values regarding to all grid points is selected as the worst case scenario. As a
result, the maximum stability set must be selected, depending on the adhesion
coe�cient µn ± µe,max = ρ2 ± µe,max, such as

max{x} = max

(
R(ρ1, ρ2 − µe,max),R(ρ1, ρ2 + µe,max)

)
. (3.6)

• The maximum value of the control signal umax is also used instead of u, which
is a prede�ned value of the steering system, depending on the physical limits
as umax ≡ max(u).

Finally, the matrix B1(ρ1, ρ2) can be calculated as:

B1(ρ1, ρ2) =
µe,max
ρ2

(
A(ρ1, ρ2) max{x}+B2(ρ1, ρ2)umax

)
, (3.7)

where max{x} is computed through (3.6).
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Design of robust lateral LPV control

The goal of the control design is to guarantee the required motion of the vehicle
with minimum steering control intervention. Thus, the following performances are
speci�ed.

• The minimization of lateral error. The designed control must reduce the error
between the lateral position of the vehicle y and the reference path yref :

z1 = yref − y, |z1| → min. (3.8)

• The minimization of yaw-rate error. The improvement of path tracking re-
quires the consideration of the turning motion of the vehicle through the yaw-
rate, such as

z2 = ψ̇ref − ψ̇, |z2| → min, (3.9)

where ψ̇ref represents the reference yaw rate of the vehicle, which depends on
the longitudinal velocity [59].

• The minimization of the control input. The path tracking of the vehicle must
be guaranteed with minimum steering intervention, which leads to the perfor-
mance

z3 = δ, |z3| → min. (3.10)

The speci�ed performances are compressed into a vector z =
[
z1 z2 z3

]T
, which

leads to the performance equation

z = C1x+D11r +D12u, (3.11)

where C1, D11, D12 are matrices and r contains the signals yref and ψ̇ref .
The design of the LPV control requires the system dynamics in the state-space

form (3.5) and the performance equation (3.11). Moreover, it is necessary to scale the
input and output signals of the plant, as it is illustrated in Figure 3.6. Furthermore,
Figure 3.7 shows the architecture of the lateral control including the road-surface
estimation algorithm. In practice, the scaling of the signals during the design process
is performed through transfer functions [71]. The role ofWref,1,Wref,2 is to scale the
signals yref , ψ̇ref . Similarly, Ww,1,Ww,2 scale the noises on the lateral position and
on the yaw-rate measurements. Moreover, Ww re�ects on the uncertainty of the µ
estimation, which is treated as an external noise (w) in the control system. Noises

wy, wψ̇ and w are incorporated in the vector ω =
[
r wy wψ̇ w

]T
. The priority

among the performances is guaranteed byWref,i, i = {1, 2, 3}. The transfer functions
Wref,i, i = {1, 2} are selected in a second-order form to achieve the smooth tracking
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Fig. 3.6: Augmented plant for LPV control design

of the reference signals. However, in the case of Wref,3 a �rst-order proportional
transfer function can be su�cient to guarantee the minimization of δ.
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The quadratic LPV performance problem is to choose the parameter-varying
controller K(ρ1, ρ2) in such a way that the resulting closed-loop system is quadrat-
ically stable and the induced L2 norm from the disturbance and the performances
is less than a prede�ned value γ. The minimization task is the following:

inf
K(ρ1,ρ2)

sup
ρ1,ρ2∈Fρ

sup
‖ω‖2 6=0,ω∈L2

‖z‖2

‖ω‖2

, (3.12)

where Fρ bounds the scheduling variables. The design of the controller with a single
Lyapunov function is performed. The yielded controller K(ρ1, ρ2) is formed as

ẋK = AK(ρ1, ρ2)xK +BK(ρ1, ρ2)yK , (3.13a)

u = CK(ρ1, ρ2)xK +DK(ρ1, ρ2)yK , (3.13b)

where xK is the state vector of the dynamic controller, AK , BK , CK , DK are ρ1, ρ2

dependent matrices. yK is the vector of the lateral error and yaw-rate error mea-
surements, which is formed as

yK = C2x+D21r, (3.14)
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where C2, D21 are matrices.
The existence of a controller that solves the quadratic LPV γ-performance prob-

lem can be expressed as the feasibility of a set of LMIs, which can be solved nu-
merically. The constraints set by the LMIs are not �nite. The in�niteness of the
constraints is relieved by a �nite, su�ciently �ne grid. To specify the grid of the
performance weights for the LPV design the scheduling variables are de�ned through
lookup-tables, see [72, 73].

3.2.2 Design of the velocity pro�le using the stability regions

In the design of the velocity pro�le it is necessary to guarantee the safe motion
of the vehicle. It means that the vehicle motion is inside the linear region of the
tyre-vehicle dynamics, as it is represented by (3.5). Thus, the LPV-based vehicle
model and the designed controller are suitable for the path following control problem
and the system is inside its validity range.

The design of the velocity pro�le requires the prediction of the vehicle motion,
especially the yaw rate and the side-slip angle. The prediction is based on the
closed-loop model of the vehicle (3.5) and the designed LPV control (3.13). The
closed-loop system is formed as

ẋcl = Acl(ρ1, ρ2)xcl +Bcl(ρ1, ρ2)r, (3.15)

where ẋcl =
[
ẋ ẋK

]T
and the matrices are

Acl(ρ1, ρ2) =

[
Acl,11 Acl,12

Acl,21 Acl,22

]
, (3.16a)

Acl,11 = A(ρ1, ρ2) +B(ρ1, ρ2)DK(ρ1, ρ2)C2,

Acl,12 = B(ρ1, ρ2)CK(ρ1, ρ2),

Acl,21 = BK(ρ1, ρ2)C2,

Acl,22 = AK(ρ1, ρ2),

Bcl(ρ1, ρ2) =

[
B(ρ1, ρ2)DK(ρ1, ρ2)D21

BK(ρ1, ρ2)D21

]
. (3.16b)

For the prediction of ψ̇ and β the closed-loop system (3.15) is rewritten as a
discrete-time model using the sampling time T [74], which yields the following model

xcl(k + 1) = Acl(k)xcl(k) +Bcl(k)r(k), (3.17a)

ycl(k) = Cclxcl(k), (3.17b)

in which the compact notation Acl(k), Bcl(k) is used instead of Acl(ρ1(k), ρ2(k))
and Bcl(ρ1(k), ρ2(k)), respectively. Moreover, ycl(k) contains the yaw rate and the
side-slip angle, Ccl is the related matrix for the selection of the states.



60 3. Approximation of the lateral stability regions and its application methods for vehicle control

The prediction of ycl(k) is performed on the horizon n, such as

ycl(k, n) =


ycl(k + 1)
ycl(k + 2)

...
ycl(k + n)

 =


CclAcl(k)

CclAcl(k)Acl(k + 1)
...

Ccl
k+n∏
i=k

Acl(i)

xcl(k)+

+


CclBcl(k) · · · 0

CclAcl(k)Bcl(k) · · · 0
...

. . .
...

Ccl
k+n−1∏
i=k

Acl(i)Bcl(k) · · · CclBcl(k)


r(k + 1)

...
r(k + n)

 = A+ BR, (3.18)

where A contains the current states of the system with the varying system matrices,
B is built by the state matrices and R contains the reference signals. As an assump-
tion, during the prediction the adhesion coe�cient µ is considered to be constant,
thus ρ2(i) ≡ ρ2(k), ∀i ≥ k. Moreover, it is necessary to consider that ψ̇ref (k) in r(k)
can depend on vx(k) = ρ1(k), see (3.9). Thus, the modi�cation of the longitudinal
velocity can also result in the variation of the reference signal.

The goal of the velocity pro�le design is to maximize the elements of the vector
ρ =

[
ρ1(k + 1) . . . ρ1(k + n)

]T
, which represent the velocity of the vehicle on the

forthcoming road section. However, there are some constraints which must be guar-
anteed through the maximization process. First, ρ must be smaller than the upper
bound of the scheduling variable ρmax

ρ ≤ ρmax. (3.19)

The elements of ρmax represent the maximum velocity limit on the forthcoming road
horizon.

Second, the predicted state vector ycl(k, n) must be inside the stability region of
the system. The stability sets are approximated through the method of Section 3.1.
In the constraint is necessary to guarantee that ycl(k, n) is inside of the stability
sets, such as

ycl(k, n) ∈ R
(
ρ1(i), ρ2(k)

)
, ∀k ≤ i ≤ n. (3.20)

Finally, the optimization problem of the longitudinal velocity pro�le is formed
as

max
ρ1(k+1)...ρ1(k+n)

ρ (3.21)

subject to the constraints (3.19), (3.20):

ρ ≤ ρmax (3.22a)

ycl(k, n) ∈ R
(
ρ1(i), ρ2(k)

)
, ∀k ≤ i ≤ n. (3.22b)
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The result of the optimization is the velocity pro�le of the autonomous vehicle on
the horizon n, which guarantees the safe motion of the vehicle. Since the presented
optimization task is challenging especially in real time application, a gird search
based solution is applied. It means that the optimization task is computed for a �nite
number of longitudinal velocities and the maximal possible velocity is selected as
reference longitudinal velocity for the vehicle, e.g. in all computation step ±10m/s
range related to the actual velocity with 1m/s velocity grid.

3.3 Simulation examples

In this section the e�ectiveness of the proposed control strategy is illustrated
through simulation examples. The result of the decision tree-based stability analysis,
presented in Section 3.1 is applied. For the adhesion coe�cient estimation, the
proposed algorithm, presented in Section 2.3 is used.

The control strategy has been implemented in CarSim via Matlab/Simulink and
the results of path tracking scenarios are shown. In the example the model of a mid-
size D-class passenger car has been used. During the simulation the autonomous
vehicle moves along a section of the Waterford Hills Racing track, along which the
adhesion coe�cient varies. In the �rst scenario the vehicle is controlled through
the proposed control strategy using the results of the µ estimation algorithm and
the velocity pro�le optimization algorithm. However, in the second scenario the
autonomous vehicle moves without the information about µ variation, which means
that the control and the velocity pro�le are not adjusted to the changed road con-
ditions. The geometric and other parameters of the lateral bicycle model, which is
used in the control design, are shown in Table 3.2.

Tab. 3.2: Parameters of the used D-class vehicle
Parameter Notion Value Unit
Mass of the car m 1690 kg
Yaw-inertia J 4192 kgm2

Location of front axis from COG l1 1.11 m
Cornering sti�ness of front wheels C1 155160 N/rad
Location of rear axis from COG l2 1.66 m
Cornering sti�ness of rear wheels C2 114659 N/rad
Front drag area of the car A 1.8 m2

Height of COG h 0.56 m
Type of front suspensions - Independent -
Mass of front suspensions ms,f 85 kg
Type of rear suspensions - Independent -
Mass of rear suspensions ms,r 85 kg

Furthermore, during the control design, the following weighting functions are
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used:

Wref,1 = 0.1 · 1

s+ 1
Wref,2 = 0.2 · 1

s+ 1
(3.23)

Wz,1 = 10 · 1

0.2s+ 1
Wz,2 = 15 · 1

0.1s+ 1
Wz,3 = 0.2 · 5s+ 1

10s+ 1
(3.24)

Ww,1 = 0.02 · 1s+ 1

10s+ 1
Ww,2 = 0.05 · 1s+ 1

10s+ 1
Ww = 1 (3.25)

The presented weighting functions have been tuned and chosen in such a way to en-
sure the prede�ned performances (3.8,3.9,3.10), while guaranteeing the attenuation
of the noises on the measured signals. For example: Wz,1 ensures that the tracking
error of lateral position is below < 0.1m, while Wz,2 guarantees that error of the
yaw-rate tracking is less than 0.066rad/s, Furthermore, the weighting function Wz,3

re�ects on the physical limitations of the actuator.
The analysis of the LPV controller based on the singular values is found in Figure

3.8. As an illustration for the examination, Figure 3.8(a) shows that case when the
longitudinal velocity of the vehicle is �xed at its highest value (vx = 41m/s) and
the adhesion coe�cient varies between the range [0.2 . . . 1]. As the �gure indicates,
the sensitivity functions are below 0dB amplitude along the whole frequency range.
It means that the designed LPV controller is able to attenuate the e�ects of the
noises and uncertainty on the prede�ned performances. Figure 3.8(b) shows that
case when the adhesion coe�cient is �xed at its highest value (µ = 1), while the
longitudinal velocity increases from its lowest value (vx = 8m/s) to its highest one
(vx = 41m/s). As the �gure indicates that gamma plots vary in a narrower range
comparing to the previous cases. Since the singular values still remain below the
0dB, the presented control system is able to resist to noises regardless the variation
of the longitudinal velocity.
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(a) Singular value plots for high vx = 41m/s
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Fig. 3.8: Illustrations of singular values at frozen scheduling parameters

The track and the paths of the vehicle in both scenarios are illustrated in Figure
3.9(a). It can be seen that the vehicle in the second scenario is not able to follow the
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path accurately without the proposed algorithms. The reasons for this di�erence is
detailed below.

In the simulation the track has two sections depending on µ. In the �rst section
(0 − 100m) the adhesion coe�cient of the road falls into the category 'dry' (0.8 <
µ < 1.0), while the second section (100m−) is categorized as 'icy' (0.0 < µ < 0.5).
The result of the µ estimation algorithm is illustrated in Figure 3.9(b). Apart from
two short sections, the estimator calculates the type of the road surface accurately.
The reason for the lack of estimation is that the vehicle does not reach the peak
value of αf and therefore condition (2.49) is violated.
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Fig. 3.9: Results of the simulation

The velocity pro�les in both scenarios are shown in Figure 3.9(c). The dashed
red line represents the prede�ned, original velocity (second scenario), while the op-
timized velocity pro�le is illustrated as a solid grey line. The real velocity pro�le of
the vehicle is depicted by the solid blue line. The optimization algorithm modi�es
the original velocity pro�le twice during the simulation (�rst scenario). Both modi-
�cations are caused by bends, in which the vehicle cannot follow the path with the
prede�ned velocity at low µ. Thus, the algorithm computes the optimal velocity
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using the stability sets. The setting time of the longitudinal velocity is relatively
high (around 1.5s to increase the velocity with 10km/h), which is caused by the
requirements against the longitudinal controller. These requirements are the mini-
mization of longitudinal acceleration and jerk in order to improve the riding comfort
of the vehicle, and thus, a slower control intervention is preferred.

The stability sets at µ = 0.4 ('icy') with di�erent vx and the κ − β state-space
trajectory of the vehicle in the �rst scenario can be seen in Figure 3.10. As the
�gures show, the state trajectory of the vehicle which is controlled by the proposed
algorithm is inside the stability sets during the entire simulation. In contrast the
vehicle which uses the reference velocity pro�le leaves the areas of the stability
sets. As a result, the vehicle becomes unstable, and therefore it cannot follow the
prede�ned track.
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Fig. 3.10: Stability sets and the trajectory of the vehicle

Finally, in Figure 3.9(d) the steering control input of the vehicle in the �rst
scenario is shown. It is computed by the proposed LPV control. It can be seen that
the steering angle is between −0.05 . . . 0.02 rad, which is an acceptable range for the
presented velocity pro�le.
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Thesis 2 I have developed a method for approximating lateral stability region
of passenger vehicles. The separation of the stable and unstable regions are based
on a novel stability criterion using the two-wheeled lateral vehicle model. I have
used the separated instances to build a classi�cation model, which can be used to
determine the stability of the vehicle during its operation using a decision tree-based
algorithm. Furthermore, I have developed a Linear Parameter-Varying (LPV)-based
lateral controller, which can handle the e�ect of the adhesion coe�cient and the
uncertainty of the estimation. I have also shown that the classi�cation model can
be used for a longitudinal velocity optimization algorithm, which can guarantee
the stable motion of the vehicle by adjusting its velocity to the forthcoming road
segment.

Related publications: [FNG20a, FNG19d, FNG19a, FNG19c, FNG19b, FNG18a,
FNG21c, FNG21e]
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4. LPV-BASED PARAMETER OPTIMIZATION PROCESS USING
DATA-DRIVEN APPROACH

In the recent decades the LPV-based control solutions have become a widely
used approach to control nonlinear systems including vehicle-oriented problems.
The main advantage of this method is that nonlinearities, from e.g. the param-
eter variation of the system, can be handled as a scheduling parameter, by which a
wide range of the system dynamics can be more accurately described. Considering
a more accurate model, the performances of the closed-loop system can be improved
by adjusting the controller to the actual dynamic of the system.

However, some problems can pop up during the modeling phase of the system.
For example, some varying parameters of the system cannot be measured directly
and their estimation also can arise di�culties. Considering a vehicle-oriented ex-
ample, inertia or the cornering sti�ness of the vehicle can vary signi�cantly during
the operation of the car. It can result in the degradation of the performances of the
closed-loop.

In this chapter, two methods are presented to determine the appropriate schedul-
ing parameters of the system using di�erent machine learning algorithms. In the
�rst case the pace-regression algorithm is applied, which approximates the parame-
ter in a linear form. Although this linear approximation can be bene�cial in several
applications, it may have low approximation capability in the case of highly non-
linear system. The second method uses a decision tree machine learning algorithm.
This approach is capable of coping with highly nonlinear behavior. However, its
results may be di�cult to interpret and use in some cases.

The e�ciency o proposed methods is demonstrated through a vehicle oriented
example.

4.1 Pace regression-based parameter optimization method

In this section, the data acquisition and the LPV -based data-driven model pa-
rameter tuning process are presented. Firstly, the collection of the dataset with
numerous variables is detailed, which is provided by the vehicle dynamics simula-
tion software, CarSim. Secondly, the prepocess of the collected data is explained,
which includes the selection and the scaling of the data. Finally, the data-driven
LPV -based model parameter tuning process is presented, in which the scheduling
parameters and the model parameters are selected through a machine-learning-based
pace regression algorithm.
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Acquisition of data from simulations

Similarly to the previous method, the �rst step of the algorithm is the data
acquisition. During the data acquisition, the longitudinal velocity varied between
10 − 20m/s and the car were driven on tracks with di�erent circuits. During the
simulations the following signals have been measured and collected:

1. longitudinal velocity (vx)

2. angular velocity of the wheels (ωx,y), x ∈ {front, rear}, y ∈ {left, right}

3. steering angle (δ)

4. yaw-rate (ψ̇)

5. accelerations (ax, ay)

6. lateral velocity (vy).

7. side-slips of the wheels (αx), x ∈ {front, rear}.

Note that each of the collected signals is available from the onboard system of the
vehicle except the lateral velocity (vy) and the side-slip angles. These signals are
only used in the model formulation process, but during the operation of the proposed
control method are not required. The sampling time of the variables has been set to
Ts = 0.01s. In this way, a large dataset has been created, which consisted of more
than 10 million instances.

Categorization of instances

The goal of the parameter optimization process is to get a set of models which
are stable, as a �rst step the instances in the dataset must be categorized by their
stability. The stability of the instances have a high impact on the performances
of the optimization process, thus the unstable instances must be removed from the
dataset. [75] The separation of the stable/unstable instances using only the mea-
sured values, is not straightforward task. However, the stability condition, proposed
in the previous chapter Eq. (3.1) can be used for this problem as well:

−ε < |1 + α1|

|1 + δ − β − lf ψ̇

vx
|
− 1 ≤ ε, (4.1)

where ε is a experimentally de�ned parameter.
Using this criterion the dataset can be divided into two categories: Rst represents
the set of the instances, where the motion of the vehicle is approximated as stable.
Similarly, Rust denotes the set consisting of the instances with the approximation of
unstable vehicle motion.
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Nominal model for computing the error functions

After separating the instances, error functions are computed, which re�ects on
the nonlinear behavior of the vehicle. Basically, the error function describes the
deviation between the nominal model and the measured variables.

The same nominal model is used as in the previous method Subsection 4.2 with
the following state-space representation:

ẋ = Ax+Bu, (4.2)

whose state-vector consists of x = [ψ̇ vy]
T and its control input is the steering angle

u = δ. Furthermore, the measured variables have a sampling time of Ts = 0.01s,
therefore the model is sampled by the same sampling time. Using the measured
input signal δ, the outputs of the discrete system are computed for each measurement
point.

The labeling of the collected data is based on the deviation of the measured
signals from the signals of the nominal system. In this process the yaw-rate and
the lateral velocities are involved, which are the independent states of the physical
system. The labeling is based on the relative errors of the signals in time ti, such as

∆ψ̇ = ψ̇m(ti)− ψ̇n(ti) (4.3a)

∆vy = vy,m(ti)− vy,n(ti) (4.3b)

where ψ̇m and vy,m denote the measured outputs while ψ̇n and vy,n are the outputs
of the nominal system.

Figure 4.1 shows the function of ∆ψ̇−∆vy computed from the collected dataset.
Since neither ∆ψ̇ nor ∆vy are easy to calculate during the operation of the vehicle,

Fig. 4.1: Illustration of the error functions and their resolution

a method must found, which is able to appropriately approximate the error signals
using only the available measurements.
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4.1.1 Parameters optimization and determination of scheduling parameters

The main goal of the algorithm is to compute (or approximate) the selected
output signal y by using another measured attributes, which are written in a matrix
X. The algorithm tries to �nd the parameter vector ξ∗, which is the parameter
vector of the true model and the output can be computed as

The pace regression algorithm (see Section 2.1.1) is used to compute the schedul-
ing variables of the LPV system ∆ψ̇,∆vy from the dataset, which contains the mea-
sured attributes. The result of the pace-regression algorithm is a model, which can

be used to approximate ∆ ˆ̇ψ,∆v̂y.

Parameter selection of the control-oriented model

The goal of the identi�cation process is to determine the parameters of the model
(4.5) for each segment. The structure of the state-space representation is determined
in such a way to preserve the original structure of the physical model (4.2). In this
case, the lateral model can be formed as:

ẋd = Ad(ρ)xd +Bdud(ρ), (4.4)

where

Ad(ρ) =

[
a11(ρ) a12(ρ)
a21(ρ) a22(ρ)

]
, Bd(ρ) =

[
b1(ρ)
b2(ρ)

]
, (4.5)

and a11(ρ), a12(ρ), a21(ρ), a22(ρ) and b1(ρ), b2(ρ) are parameters and the state-vector
of the system is xd = [ψ̇i vy], the control input is ud = δ. The scheduling param-
eters are written into a vector form: ρ = [∆ψ̇, ∆vy, vx]. Since the parameter
optimization process is especially di�cult for continuous variables, the optimization
is performed for a �nite number of operating points. Each operating point is repre-
sented by constant vector ρ, in which the scheduling variables are �xed at constant
values. The resolution of the scheduling variables is a crucial aspect of the param-
eter identi�cation process. In order to cover the nonlinear dynamics of the vehicle
precisely, the resolution must be as high as possible. However, the high resolution
may make the computation of the system and the controller di�cult. Therefore, a
balance must be found between them. In this case, equidistant resolution is used:
Γψ̇, Γvy as shown in Figure 4.2. The last scheduling variable vx is also ordered into
a �nite number of groups. nvx , n∆vy and n∆ψ̇ represent the numbers of groups of
the scheduling parameters.

The main goal if the identi�cation process is to determine the parameters a11(ρi),
a12(ρi), a21(ρi), a22(ρi) and b1(ρi), b2(ρi) for each segment, where ρi denotes a speci�c
operating point of the system with �xed ranges of the scheduling parameters. It can
be written into a optimization problem:

min
a11(ρi),a12(ρi),a21(ρi),a22(ρi),b1(ρi),b2(ρi)

N∑
j=0

(
xm,ρi(tj)− x(tj)

)2
(4.6)
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Fig. 4.2: Resolution of the scheduling variables

where xm,ρi(tji) denotes the instances of the dataset, which belong to the operating
range de�ned by ρi. N is the number of the samples within given operating range.
x(tj) is the output of the nominal system. During the solution of (4.6) the systems
can be computed independently for �xed ρi values in the grids. Thus, the parameter-
dependent quadratic optimization problem leads to a least-squares problem [76, 77].
The result of the optimization is a set of polytopic systems, which represents the
LPV description of the vehicle model.

4.1.2 Evaluation of the data-driven LPV models

In the followings, a test case is presented to show the e�ciency of the proposed
parameter optimization method. The outputs of the optimized system is compared
to the outputs of a nominal model at the end of this chapter. The parameters of the
nominal model is given by the simulation software (CarSim) such as mass, inertia,
geometrical parameters etc, speci�c values can be found in Table 4.1.

In the simulation, the vehicle is controlled by the in-built driver model of CarSim,
and it is driven along a segment of Michigan Waterford Hill Track. Figures in 4.3
show the results of the control-oriented LPV system for a simulation-based test case.
The dashed red lines represents the measured outputs (ψ̇, vy) of the nonlinear
vehicle model from CarSim, dotted yellow lines are the outputs of the nominal LPV
models (see (4.2)) and black lines illustrates the outputs of the identi�ed system.
It can be seen that the error between the measured and the computed outputs are
smaller when the identi�ed model is used. The di�erence is signi�cant in case of vy.
When the nominal model is used the averaged error is ≈ 0.07m/s, in case of the
identi�ed system is reduces to ≈ 0.017m/s. The scheduling parameters are shown in
Figures 4.3 (c,d). The scheduling parameters have signi�cantly high ranges, which
means the identi�ed system works well at di�erent operating points. It can be
said that the identi�ed system together with the selected scheduling parameters �ts
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Tab. 4.1: Parameters of the used D-class vehicle
Parameter Notion Value Unit
Mass of the car m 1690 kg
Yaw-inertia J 4192 kgm2

Location of front axis from COG l1 1.11 m
Cornering sti�ness of front wheels C1 155160 N/rad
Location of rear axis from COG l2 1.66 m
Cornering sti�ness of rear wheels C2 114659 N/rad
Front drag area of the car A 1.8 m2

Height of COG h 0.56 m
Type of front suspensions - Independent -
Mass of front suspensions ms,f 85 kg
Type of rear suspensions - Independent -
Mass of rear suspensions ms,r 85 kg

better to the nonlinear model than the nominal model.
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Fig. 4.3: Evaluation of the optimized model

4.2 C4.5 decision tree algorithm-based parameter optimization

method

In this section, another data-driven parameter optimization method is presented
for modeling the lateral dynamics of the vehicle. In this case, the scheduling pa-
rameter of the model is selected by the C4.5 decision tree algorithm creating an
LPV-based model.

Acquisition of data from simulations

The data acquisition is similar to the previously presented method in Section
4.1. However, some parameters from the measurements have also been excluded:
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1. Longitudinal velocity (vx)

2. Angular velocity of the wheels
(ωx,y), x ∈ {front, rear}, y ∈ {left, right}

3. Steering angle (δ)

4. Yaw-rate (ψ̇)

5. Accelerations (ax, ay)

6. Side-slip angle (β). Since the measurement of β can be di�cult and expensive,
this signal is only used for building up the model. During the operation of the
control system it is not required.

The sampling time of the measurements has been set to Ts = 0.01s. In this manner,
more than 10 million distinct instances have been collected.

Labeling the elements of the collected dataset

The learning of the vehicle dynamics requires the scaling and the ordering with
labels of the collected data. The goal of the labeling is to provide categories, with
which characteristics in the nonlinear vehicle motion can be distinguished from each
other. The results of the layer are training and test sets, which are ready for the
supervised learning process.

The labeling of the vehicle dynamic signals is based on their deviation from the
signals of a nominal, physical model, which is described by the physical model of
the vehicle, detailed in Subsection 2.2:

Iψ̈ = Cα,fαf l1 − Cα,rαrl2 (4.7)

mvx(ψ̇ + β̇) = Cα,fαf + Cα,rαr (4.8)

The computation of the nominal, physical model signals require the state-space
representation of the system ẋ = Apx + Bpu, whose state vector is x =

[
ψ̇ β

]T
,

the control input is the steering angle u = δ and Ap, Bp are matrices of the physical
model. This representation is transformed to a discrete representation through the
sampling time Ts = 0.01, which is the same as the sampling time of the measure-
ments. Using the measured input signal δ, the outputs of the discrete system are
computed for each measurement point.

The labeling of the collected data is based on the deviation of the measured
signals from the signals of the nominal system. In this process the yaw-rate and
the side-slip angles are involved, which are the independent states of the physical
system. The labeling is based on the relative errors of the signals in time ti, such as
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ψ̇e(ti) =
|ψ̇m(ti)− ψ̇n(ti)|

ψ̇n(ti)
(4.9a)

βe(ti) =
|βm(ti)− βn(ti)|

βn(ti)
(4.9b)

where ψ̇m and βm denote the measured outputs while ψ̇n and βn are the outputs of
the nominal system. In the method categories has been prede�ned for the classi�-
cation of the instances, such as n equidistant sections between 0 and 1. It is de�ned
a function f, which associates the errors (4.9) with the categories. A given instance
in ti is labeled based on the following value

cat(ti) = max

(
f
(
ψ̇e(ti)

)
, f
(
βe(ti)

))
, (4.10)

which means that the label cat(ti) is determined based on the maximum of the
errors. The results of the labeling are the training and the test sets, where each
instances have been categorized.

Selection of the sceduling vaiables

The selection of the scheduling variables of the LPV system is based on a decision
tree algorithm. The role of the decision tree is to determine the most in�uential
attributes using the previously labeled sets with cat. The main advantage of the
decision trees is that they are able to provide reliable models even though the dataset
has a highly nonlinear structure. For this classi�cation problem, the C4.5 decision
tree algorithm is applied [64, 65], which has been introduced in Subsection 2.3.3.
The output of the decision tree is the category of a given instance ξ, which is used
as scheduling parameter.

In the given data-driven vehicle modeling problem, the leaves of the decision tree
are associated with speci�c categories cat. The resulted tree classi�es the instances
by using only the measured actual attributes. The output of the decision tree is ξ,
which has the value cat for a speci�c leaf.

The parameter ξ is used as a scheduling variable of the system. The values of
ξ, which represent categories, can be considered as a linear operating point of the
nonlinear system. Figure 4.4 illustrates an example of the results. It can be seen
that the location of the resulted categories (represented by di�erent colors) in the
plot of the side-slip and the lateral force on the wheel are well distinguished. The
shape of the function is close to the tyre force characteristics, see [59]. It means
that the machine learning algorithm is able to distinguish various sections, which is
related to the levels of the relative errors (4.9).
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Fig. 4.4: Illustration of the calculated categories

Parameter selection of the LPV model

The identi�cation of the LPV system requires the selection of the parameters for
each segments. For each segment, a linear system can be adjusted and they create
a gridded LPV system. The structure of the system is determined by the number
of the states, which is derived from the physical model (4.7). In case of the lateral
dynamics the data-driven system model is formed as:

ẋd = Ad(ξ)xd +Bdud(ξ), (4.11a)

Ad(ξ) =

[
a11(ξ) a12(ξ)
a21(ξ) a22(ξ)

]
, Bd(ξ) =

[
b1(ξ)
b2(ξ)

]
, (4.11b)

where a11(ξ), a12(ξ), a21(ξ), a22(ξ) and b1(ξ), b2(ξ) are parameters and the state-
vector of the system is xd = [ψ̇i βi], the control input is ud = δ.

Due to the trend of the automated vehicles the lateral positioning of the vehicle
has a high importance. Thus, the lateral position of the vehicle y is computed using
the states ψ̇ and β. The lateral acceleration v̇y is

v̇y = vx(ψ̇ + β̇) = vxψ̇ + vx(a21(ξ)ψ̇ + a22(ξ)β + b2(ξ)δ). (4.12)
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The identi�ed system description is augmented as:

ẋ = A(ρ)x+B(ρ)u, (4.13a)

A(ρ) =


a11(ξ) a12(ξ) 0 0
a21(ξ) a22(ξ) 0 0

vx(1 + a21(ξ)) vxa22(ξ) 0 0
0 0 1 0

 , (4.13b)

B(ρ) =


b1(ξ)
b2(ξ)
vxb2(ξ)

0

 , (4.13c)

the augmented state vector of the system is x =
[
ψ̇ β vy y

]T
, u = ud and ξ, vx

are selected as scheduling variables, whose vector is ρ =
[
ξ vx

]
.

The problem of the identi�cation is to �nd the parameters
a11(ξ), a12(ξ),a21(ξ), a22(ξ) and b1(ξ), b2(ξ), with which the results of the state
calculation x are close to the measured states xm. It leads to an optimization
problem, which is formed as:

min
a11(ξ),a12(ξ),a21(ξ),a22(ξ),b1(ξ),b2(ξ)

(
xm(ti)− x(ti)

)2
(4.14)

for all xm(ti) instances in all ti time step in the training set. During the solution of
(4.14) the systems can be computed independently for �xed ξ values in the grids.
Thus, the parameter-dependent quadratic optimization problem leads to a least-
squares problem [76, 77]. The result of the optimization is a set of systems, which
represents the LPV description of the vehicle model.

4.3 Path following LPV control design using the data-driven model

In this section, a lateral control-related application of the proposed modeling
methods is presented. This control solution is based on the second method, presented
in Section 4.2 but in also can be used with the �rst method. The main steps of
the whole algorithm - including the modeling and the control design phases - are
illustrated in Figure 4.5. The modeling and control subtasks can be divided into
four main groups, such as: Prepocess of data, Model identi�cation, Control design,
data acquisition and implementation using the Simulation environment.

The layer 'Simulation environment' contains the vehicle dynamic simulation soft-
ware. It has role in the data acquisition process for the machine learning algorithm,
e.g. training and test sets. Moreover, it is used for the evaluation of the designed
controller. In this case, the high-�delity CarMaker software is used for this purpose.

The role of the layer 'Preprocess of data' is to produce the training and test
sets from the collected data. It scales the data and it also orders them into various
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categories. The results of the layer are training and test sets, which are ready for
the supervised learning process.

The 'optimization process' layer uses the provided labeled sets to determine the
scheduling variables of the system. It requires the selection of the variables, which
has the most impact on the dynamics of the vehicle. Moreover, in this layer the
parameters of the LPV-based vehicle model are calculated.

In the layer 'Control design' the LPV controller based on the resulted model
is designed. The performances of the controller is evaluated using the 'Simulation
environment'. The results of the simulation scenarios are presented in Section 4.4.
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Fig. 4.5: Structure of the system

In this section a path following control design method is presented using the
previously identi�ed data-driven vehicle model. The control system is responsible
for guaranteeing the trajectory tracking of the vehicle and for minimizing the inter-
ventions.

The goals of the control problem are described by the performances.

• Minimization of the lateral error
In order to reach good path following property, the control system has to
minimize the lateral error between the road yref and the lateral position of the
vehicle y:

z1 = yref − y, |z1| → min, (4.15)

where yref is determined by the selected route of the vehicle.

• Minimization of the yaw-rate error
Beside the lateral error, the controller has to reduce the error between the
reference ψ̇ref and the measured yaw-rate ψ̇ in order to reach accurate and
smooth tracking:

z2 = ψ̇ref − ψ̇, |z2| → min, (4.16)
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where ψ̇ref is determined by the curvature of the route and the velocity of the
vehicle, see [59].

• Minimization of the steering angle
The control system has to minimize its interventions to reduce the energy
consumption, which means the minimization of the steering angle:

z3 = δ, |z3| → min. (4.17)

The presented performances are summarized in the following vector z =[
z1 z2 z3

]T
, which can be expressed in a performance equation

z = C1x+D11r +D12u, (4.18)

where C1, D11, D12 are matrices and r contains the signal yref .
The system, which is used for the control design is based on the data-driven

model (4.13), the performance equation (4.18) and the measurement equation:

ẋ = Ax+Bu, (4.19a)

z = C1x+D11r +D12u, (4.19b)

yK = C2x, (4.19c)

where (4.19c) represents the measurement of yK =
[
y ψ̇

]
.

In the LPV control design, the extended state-space model (4.19) is employed.
Moreover, during the control design several weighting functions are used to scale
the measured signals and to reach the speci�ed performance level. The augmented
plant with the weighting functions are illustrated in Figure 4.6. The roles of the
weighting functions Wref,1 and Wref,2 are to scale the reference signals yref and
ψ̇ref . Functions Wz,1 and Wz,2 guarantee the accurate tracking performance of the
vehicle, whileWz,3 scales the control intervention. Finally, the roles of the weighting
functions Ww,1, Ww,2 and Ww,3 are to scale the noises of the measured signals.

The quadratic LPV performance problem is to choose the parameter-varying
controller K(ρ) in such a way that the resulting closed-loop system is quadratically
stable and the induced L2 norm from the disturbance and the performances is less
than the value γ. The minimization task is the following:

inf
K(ρ)

sup
ρ∈Fρ

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

, (4.20)

where Fρ bounds the scheduling variables. The yielded controller K(ρ) is formed as

ẋK = AK(ρ)xK +BK(ρ)yK , (4.21a)

u = CK(ρ)xK +DK(ρ)yK , (4.21b)

where AK(ρ), BK(ρ) and CK(ρ), DK(ρ) are scheduling variable dependent matrices.
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Fig. 4.6: Augmented plant for LPV control design

4.4 Simulation results

In this section a simulation example is presented to show the operation and the
e�ectiveness of the proposed control system. The example presents the results of
the decision tree generation, the selection of the weighting functions in the control
design and the evaluation of the designed controller through a comparative vehicle
dynamic scenario.

In the generation of the decision tree the number of the categories of the error
is set to n = 6, which means that the values of the error function are divided into
6 groups. Using these groups, several decision have been created, their results are
summarized in Table 4.2. The �rst column of Table 4.2 shows the variables, which
are used by the given decision tree. The second column represents the number
of the minimal objects per leaf, which parameter highly in�uences the size of the
tree. Third column gives the percentage of the correctly classi�ed instances. As a
contribution, the best result is produced by the largest tree, which consists of almost
70 elements. However, due to the increased size it is not recommended to use in
practice. Therefore in the fourth case, the tree uses only two (δ, ψ̇) attributes and
it also leads to an appropriate classi�cation capability with more than > 94%. In
the rest of the example the setting of the fourth tree is selected.

Table 4.3 illustrates the corresponding confusion matrix, which the percentages
of the classi�cation for all scenarios. The �rst row represents the output of the
decision tree, while the last column shows the correct class of the instances. It
can be seen seen that the misclassi�cation is rare, the largest value is only 0.67%.
Moreover, most of the misclassi�ed instances are only 1 class away from the correct
class. Thus, the designed decision tree has a good classi�cation performance, it can
be used e�ectively in the value selection of the scheduling variable.

The design of the LPV controller requires the selection of the weighting functions,
in which the disturbances and the reference signals are scaled and the performances
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Tab. 4.2: Relationship between the tree size and its correctness
Used Parameters Min. obj. Corr. Class. Inst. Size

δ, ψ̇, ax, ωfl, ωrr 500 98.1% 69
δ, ψ̇, ax, ωfl, ωrr 1000 97.5% 41
δ, ψ̇, ax, ωfl, ωrr 2000 96.7% 33
δ, ψ̇ 5000 94.5% 17
δ, ψ̇ 10000 93.7% 11

Tab. 4.3: Confusion matrix
ξ = 1 ξ = 2 ξ = 3 ξ = 4 ξ = 5 ξ = 6
47.4 0.67 0 0 0 0 cat = 1
2 30.3 1.1 0 0 0 cat = 2
0 0.38 18.2 0.1 0 0 cat = 3
0 0 0.24 1.8 0 0 cat = 4
0 0 0 0.24 0.7 0 cat = 5
0 0 0.23 0 0 0.7 cat = 6

are speci�ed. In the given lateral vehicle control problem the weighting functions
on the reference signals are selected as

Wref,1 =
0.1

100s+ 1
, (4.22a)

Wref,2 =
0.01

100s+ 1
, (4.22b)

where s→ 0 depicts the steady state value of the reference and the exponents of s
represent the fastness of the signal dynamics. Furthermore, the goals of functions
Wz,1 and Wz,2 are to guarantee the accurate trajectory tracking of the vehicle:

Wz,1 = 10
1− n

10

s2 + 2s+ 1
, (4.23a)

Wz,2 =
1

s+ 1
, (4.23b)

where s → 0 depicts the performance requirement for steady-state case. Weight
Wz,3 scales the control intervention and it provides a balance between minimization
in the control energy and the further performances:

Wz,3 = 0.01
1s+ 1

2s+ 1
. (4.24)

The last three functions scales the noises on the measured signals, such as Ww,1 =
0.002, Ww,2 = 0.001, Ww,3 = 0.05.

In the following, a comparative simulation example is presented, in which the
vehicle with di�erent controllers is driven along a sharp bend with varying velocity.
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First, the car is controlled by a nominal controller, which is designed based on
the physical model of the vehicle. In the second case the vehicle is driven by the
proposed control system. Figure 4.7(a) shows the path of the vehicle in both cases
and Figure 4.7 (b) presents the variation of the velocity. It can be seen in Figure
4.7(a), when the vehicle is controlled by the nominal controller, it leaves the track at
the beginning of the bend. However, when the car is driven by the proposed control
algorithm, the vehicle is able to follow the track with a low lateral error.
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Fig. 4.7: Positions and velocity of the vehicles

The performance of the yaw-rate tracking is illustrated in Figure 4.8. As it
shows, the proposed control system can guarantee the yaw-rate tracking a vehicle
despite the varying velocity. The averaged delay of the tracking is below < 0.2s,
which is a quite low value.

The scheduling parameter ξ of the LPV system is calculated by the using the
resulted decision tree. Based on the previous analysis in Table 4.2, the chosen
decision tree uses two signals: the steering angle and the yaw-rate. Figure 4.9(a)
illustrates the variation of ξ together with ψ̇ and δ. The scheduling parameter covers
three category [0; 1; 2], which are associated with the speci�c identi�ed models. The
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decision tree yields the category "2" when the steering angle and the yaw-rate signals
reach their peak values. By selecting the appropriate category, the stable motion
and tracking performance of the vehicle can be guaranteed.
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Fig. 4.9: Scheduling variable ξ and steering angle (δ)

Finally, the resulted steering angle is illustrated separately in the Figure 4.9(b).
As it shows, the values of the steering angle is between (−9, 2deg), which is a phys-
ically reasonable range for the steering signal.
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Thesis 3 I have developed two methods for modeling the lateral dynamics of the
vehicle. Both methods are based on the Linear Parameter Varying (LPV) approach
combining with di�erent machine-learning-based algorithms: pace regression and
decision tree generation. I have shown that the models provided by the proposed
algorithms are more e�cient at modeling the lateral dynamics of the vehicle than
the classical purely physical-based modeling approaches. I have developed a lateral
robust controller using the proposed model structures.

Related publications: [FNG21d, FN20, FNG20b, FNG20c]



5. DESIGN OF AN INTEGRATED CONTROL SYSTEM FOR
VARIABLE-GEOMETRY SUSPENSION SYSTEM

Beside the presented data-driven approaches, there are other ways to improve
the performances and the stability of the lateral control systems. For example, the
possibility of independent steering can be useful tool to improve the maneuverability
of the vehicle. A possible way to implement an independent steering system is
the variable-geometry suspension. This component has gained attention from the
automotive industry in the recent decades. The application of the variable-geometry
suspension system can have several reasons. For example, beside the stability of
the vehicle, the variable-geometry suspension can improve the riding comfort of
the vehicle. However, the application of the variable-geometry suspension, as an
independent steering system is a relatively new concept, which still holds some
challenges. The data-driven methods can also be used for modeling and control
the variable-geometry suspension system, a possible solution will be provided in the
next chapter.

In this study, a variable-geometry suspension-based independent steering system
is investigated, by which the lateral stability and the maneuverability of the vehicle
can be increased. This chapter consists of the following main parts:

• The physical modeling of the variable-geometry suspension-based steering sys-
tem is presented in Section 5.1.2.

• A hierarchical control structure is proposed in Section 5.2, which includes
two main layers: Low-level, the control design for the variable-geometry
suspension-based steering system, High-level Lateral control design, which
computes the reference signal for the suspension controller.

• In Section 5.3 a coordination strategy is presented, which aims to select the
appropriate intervention considering the physical limits of the actuators.

• Finally, a comprehensive simulation example is given to the operation and the
e�ectiveness of the proposed steering system and the control strategy.
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5.1 Modeling and control for a variable-geometry suspension-based

steering system

In this section modeling of the variable-geometry suspension system is proposed.
It is incorporated in the formulation of the suspension, steering and lateral dynam-
ics. The goal of this section is to formulate the control-oriented models of these
dynamics, by which the functionalities of the variable-geometry suspension, such as
independent steering and torque vectoring can be described.

Modeling of suspension dynamics

The purpose of the variable-geometry suspension is to perform the wheel camber
angle and the scrub radius modi�cation through a torque actuation. The actuator
is incorporated in the suspension between the wheel hub and the wheel, therefore it
is able to generate an active torque Mact around B to tilt the wheel, see the scheme
of the suspension in Figure 5.1. It results in the modi�cation of the scrub radius, by
which the steering angle through the longitudinal force is in�uenced. However, the
motion of the suspension and the wheel is in�uenced by several e�ects, such as the
suspension and tyre compression, the suspension arm and the lateral force in the
tyre-ground contact. In the followings the resulted forces are formulated to generate
the motion equation of the wheel tilting.

The force of the suspension compression and damping Fsusp is formulated as

Fsusp = ssusp

(
zw + zw,0

sin ε1

)
+ dsusp

żw
sin ε1

(5.1)

where ssusp and dsusp are the sti�ness and damping coe�cients, zw,0 is the joint
position, resulting from the static suspension compression. Similarly, Ftyre is resulted
from the tyre compression, which has a direction to the wheel:

Ftyre = styre
(rw cos γ − ltyre sin γ − rw − zw) + ztyre,0

cos γ
(5.2)

where styre is the tyre sti�ness, rw is the wheel radius and ztyre,0 is the static com-
pression of the tyre.

The motion of the suspension is described by three dynamic equations. First,
the vertical motion of the wheel hub zw is formulated (5.3). Second, the torque on
the suspension is described to derive the rotation of the wheel hub ε3, see (5.4).
Third, the tilting of the wheel γ is formulated (5.5).

msuspz̈w = −Fsusp sin ε1 + Ftyre cos γ + Farm sin ε2 (5.3)

Jsuspε̈3 = Fsusplsusp + Farmlarm −Mact (5.4)

Jwγ̈ = Mact − Ftyreltyre − Fy,γly (5.5)
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Fig. 5.1: Scheme of the suspension construction

The arm of the lateral tyre force Fy,γ is

ly = rw cos γ − ltyre sin γ. (5.6)

where rw and ltyre are construction parameters.
The force in the arm CD is computed through the following assumption. Since

the inertia and the sti�ness of the suspension through Fsusp and Farm are high, the
e�ect of Mact on the suspension motion is relatively small. Thus, in practice the
angle ε3 is constant, thus ε̈3 = 0. Therefore, Farm is computed as:

Farm =
Mact − Fsusplsusp

larm
(5.7)

Thus, it is assumed that ε1, ε2 and larm, lsusp can be handled as constant suspension
parameters.

Since the aim of the modeling is to generate a control-oriented formulation,
some further assumptions are made. Therefore, the nonlinear suspension model
(5.3)...(5.5) is transformed into a linear form.

• In the formulation small wheel tilting angles are considered. As a result cos γ =
1 and sin γ = γ approximations are placed into (5.3)...(5.5).



88 5. Design of an integrated control system for variable-geometry suspension system

• Since γ values are small, the lateral tyre force Fy,γ is approximated in a lin-
ear form: Fy,γ = C1α, where α is the side-slip angle of the tyre and C1

is the tyre sti�ness of the front wheel. During the wheel tilting motion
α = tan

(
rw γ̇
v

)
≈ rw γ̇

v
results in the lateral side-slip angle, which is the an-

gle between the longitudinal and the lateral component of the velocity vector.
Thus, the resulting lateral tyre force is

Fy,γ = C1
rwγ̇

v
(5.8)

• The static compressions of the suspension and the tyre are neglected, see (5.1)
and (5.2).

The approximations yield the following transformed model of equations
(5.3)...(5.5)

msuspz̈w =

(
1 +

lsusp
larm

sin ε2
sin ε1

)
(−ssuspzw − dsuspżw) +

+ styre(−ltyreγ − zw) +
sin ε2
larm

Mact (5.9)

Jwγ̈ = Mact − styreltyre(−γltyre − zw)−

− C1
rwγ̇

v
(rw − ltyreγ) (5.10)

It can be seen that in (5.10) a nonlinear term C1
rw γ̇
v
· ltyreγ is found. Since in the

approximation the small wheel camber angles are considered, the γ ≈ 0 is used
to avoid the nonlinearities. Thus, the following state-space representation of the
variable-geometry suspension model is yielded

ẋsusp = Asuspxsusp +Bsuspususp (5.11)

where the state vector is x =
[
żw zw γ̇ γ

]T
, u = Mact and Asusp and Bsusp are

matrices.

5.1.1 Modeling of steering dynamics

The steering dynamics creates interconnection between the camber and the steer-
ing angle. In dynamic relationship is formulated below. The steering rotation of a
wheel is described by the dynamical equation

δ̈i =
Fl,irδ,i
Jδ,i

, i ∈ {l, r}. (5.12)

where rδ,i is the scrub radius, Fl,i is the longitudinal traction/braking force on the
wheel, Jδ,i is the inertia of the steering system for one wheel. The relationship
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between rδ,i and the camber angle γi depends on the suspension geometry, e.g.
the positions of the points A . . .D. Generally, this relationship can be formulated
linearly [NFG16b], such as rδ,i = εγi, where ε is a construction parameter. Thus,
the steering dynamics is described as

δ̈i =
εFl,i
Jδ,i

γi, i ∈ {l, r}. (5.13)

The state-space representation of the steering wheel dynamics for each wheel is
formed as

ẋst,i = Astxst,i +Bst,i(Fl,i)ulat,i, (5.14)

where

Ast =

[
0 0
0 1

]
, Bst,i(Fl,i) =

[
εFl,i
Jδ,i

0

]
,

the state vector is xst,i =
[
δ̇i δi

]T
and the control input is ust,i = γi.

5.1.2 Modeling of lateral dynamics

The role of the lateral vehicle dynamics is to formulate the relationship between
steering angle δ, the longitudinal wheel force Fl,i and the vehicle motion. First, the
nonlinear formulation of the lateral model is proposed, and second the nonlinear
model is linearized to generate a control-oriented model. However, the nonlinear
model is used for analysis purposes, while the aim of the linearizing is to get a
model for control design.

The lateral motion of the vehicle is described by the previously presented two-
wheeled bicycle model, see Section 2.11:

Izψ̈ = Ff,y(αf )l1 − Fr,y(αr)l2 +Md, (5.15a)

mvx

(
ψ̇ + β̇

)
= Ff,y(αf ) + Fr,y(αr), (5.15b)

ẏ = vxβ, (5.15c)

where m is the vehicle mass, Iz is the yaw-inertia of the vehicle, lf and lr are
geometric parameters, ψ̇ is the yaw rate of the vehicle, β is the side-slip angle, ẏ
is the lateral velocity and Md is the di�erential yaw moment. Fi,y represents the
lateral forces on the front and rear wheels. The side-slip angles of the front and rear
axles αf and αr are expressed: αf = δ − β − ψ̇l1

vx
and αr = −β + ψ̇l2

vx
. The vehicle

model (5.15a),(5.15b) can be reformulated as follows:

α̇r − α̇f =

[
l1 + l2
Izvx

(Ff,y(αf )l1 − Fr,y(αr)l2)

]
− δ̇ +

l1 + l2
Izvx

Md, (5.16a)

α̇f l2 + α̇rl1 =v(αr − αf )−
l1 + l2
mvx

[Ff,y(αf ) + Fr,y(αr)] + vxδ + l2δ̇. (5.16b)
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In the reformulated equations the side-slips αf , αr are the states of the system. Thus,
the vehicle model is transformed to a state-space representation as below:

ẋ =

[
α̇f
α̇r

]
=

[
f1(αf , αr)
f2(αf , αr)

]
+

[
g1

g2

]
Md +

[
h11h12

h21h22

] [
δ̇
δ

]
=

= f(x) + gMd + h∆ (5.17)

where f(x), g, h are matrices of functions [78].
For analysis purposes the modeling of the lateral forces Fi(αi) are formulated

as polynomials [78], such as F(α) =
n∑
k=1

ckα
k = c1α + c2α

2 + . . . + cnα
n, where ci

coe�cients are constants. Through the polynomial description the nonlinear char-
acteristics of the tyre can be considered, by which the model is suitable for vehicle
dynamic analysis. However, for control design purposes the function of the lateral
force is linearized as Fi(αi) = Ciαi. Moreover, in the control design the lateral dis-
placement of the vehicle (5.15c) also has an e�cient role. Thus, the representation
(5.17) together with (5.15c) are transformed to a further state-space representation,
which is described as

ẋlat = Alatxlat +Blatulat (5.18)

where the new state vector is xlat =
[
ψ̇ β y

]T
and ulat =

[
δ Md

]T
.

5.2 Hierarchical design of the control system

The modeling of variable-geometry suspension requires several subsystems, as
presented in the previous section. Since these dynamices are di�erent in their fast-
ness and in the complexity of their modeling, it is recommended to handle them in
a hierarchical structure [79, 80]. Thus, the control systems of the variable-geometry
suspension is designed separately, such as the design of the lateral control, the steer-
ing control and the suspension control. These control systems are connected to each
other through the control signals and the references, see Figure 5.2. In case of the
proposed structure the steering and suspension controllers have similar structure on
the left and the right side. Moreover, in the hierarchical design the stability and the
performances must be guaranteed.

The purpose of this section is to propose a robust control design of the inde-
pendent steering and torque vectoring. In the following, the control design on the
lateral, steering and suspension dynamics together with the formulation of the un-
certainty of the system are shown. The control design of the in-wheel motors can
be found e.g. in [81, 82].

5.2.1 Variable-geometry suspension control

The objective of the variable-geometry suspension control is to realize the cam-
ber angle, which is yielded by the robust controller. The controlled system must
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Fig. 5.2: Control system architecture

guarantee the precise tracking of γi,ref without high overshoots and time delays.
The control input of the system is Mact,i, which guarantees wheel tilting.

The performance of the suspension control is the minimization of the deviations
of the current wheel camber angle from the reference angle both on either side of
the �rst axle, such as

zsusp = γi,ref − γi, |zsusp| → min (5.19)

where γi,ref is computed by the control inputs of the steering control. Extending
the state-space representation of the suspension (5.11) with the performance, the
augmented plant is the following:

ẋsusp = Asuspxsusp +Bsuspususp (5.20a)

zsusp = Csusp,1xsusp +Dsusp,1ususp (5.20b)

ysusp = Csusp,2xsusp +Dsusp,2wsusp (5.20c)

and the measured signals are the camber angle of the wheels on either side of the front
axle, i.e., γi = Csusp,2xsusp. Moreover, wsusp is the sensor noise on the measurement,
which must be rejected by the controller.

The control design is also based on the robust H∞ method. The purpose is to
design a suspension controller Ksusp,i, which guarantees that the closed-loop system
is asymptotically stable and the closed-loop transfer function from wsusp to zsusp
satis�es the following constraint∥∥Tzsusp,wsusp∥∥∞ < Γsusp, (5.21)
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for a given real positive value Γsusp. The realized control signals on either side of the
�rst axle are the active torques around the center of the vertical axle of the vehicle,
i.e., Mact,l and Mact,r.

5.2.2 Design of suspension based steering control and uncertainty modeling

The control design of the steering dynamics is based on the state-space formula-
tion (5.14). The purpose of the steering control is to guarantee the tracking of the
reference steering signal δi,ref , which resulted by the steering distribution:

zst,i,1 = δref − δi, |zst,i,1| → min (5.22)

Moreover, the performance zst,1 must be reached using minimum control input:

zst,i,2 = γi,ref , |zst,i,2| → min (5.23)

The performances are formed in a vector, such as zst,i =
[
zst,i,1 zst,i,2

]T
. The state-

space representation of the steering dynamics, which incorporates the performances
and the measurement, is the following:

ẋst,i = Astxst,i +Bst,i(ρst,i)ust,i (5.24a)

zst,i = Cst,1xst,i +Dstust,i (5.24b)

yst,i = Cst,2xst,i (5.24c)

where yst = δi is the measured signal. The matrix Bst,i(ρst,i) depends on the schedul-
ing variable ρst,i = Fl,i, which is computed by the force distribution strategy, see
Figure 5.2.

Thus, it is necessary to design controllers for both the left and the right wheels.
Since matrix Bst,i(ρst,i) depends on a scheduling parameter, the LPV control design
method is applied in the following. The LPV design is based on a weighting strategy,
which is formulated through a closed-loop interconnection structure of (5.24), see
Figure 5.3. The selection of input and output weighting functions is typically based
on the speci�cations of disturbances and the performances. The purpose of weighting
functions Wst,1 and Wst,2 are to de�ne the performance speci�cations in such a way
that a trade-o� is guaranteed between zst,i,1 and zst,i,2. They can be considered as
penalty functions, i.e. weights should be large where small signals are desired and
small where large performance outputs can be tolerated. The weight of zst,i,1 is
chosen in the form Wst,1 = Ast,1

Tst,1s+1
, which scales the admissible tracking error. The

actuation γi is scaled with the function in the form Wst,2 = Ast,2, which determines
the amplitude of the control signal. The aim of the functionWst,ref = Ast,3 is to scale
the reference signal δi,ref . Furthermore, Wst,sens = Ast,4

Tst,4s+1
incorporates the scaling

of the sensor noise, such as the maximum amplitude and the maximum frequency
of the steering angle measurement error. The signals est,i and δi,ref are handled as

disturbances in the system, compressed in a vector wst,i =
[
est,i δi,ref

]T
.
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Gst,i

ρst,i

Kst,i(ρst,i)

ust,i

Wst,2

Wst,1

δi,ref

Wst,sens

Wst,ref

yst,i

est,i

zst,i,1

zst,i,2

Fig. 5.3: Closed-loop interconnection structure of the steering system

The control design is based on the LPV method that uses parameter-dependent
Lyapunov functions, see [83, 84]. The quadratic LPV performance problem is to
choose the parameter-varying controller Kst,i(ρst,i) in such a way that the result-
ing closed-loop system is quadratically stable and the induced L2 norm from the
disturbance and the performances is less than a prede�ned small value Γst. The
minimization task is the following:

inf
Kst,i

sup
ρst,i∈FP

sup
‖wst,i‖2 6=0,wst,i∈L2

‖zst,i‖2

‖wst,i‖2

. (5.25)

The existence of a controller that solves the quadratic LPV Γ-performance problem
can be expressed as the feasibility of a set of Linear Matrix Inequalities (LMIs),
which can be solved numerically. Finally, the state space representation of the LPV
control Kst,i(ρst,i) is constructed, see [85, 84].

In the hierarchical structure the purpose of the steering controller is to guar-
antee the steering angle, which is required by the lateral controller, see Figure 5.2.
Moreover, the suspension control has the same role related to the steering controller.
Thus, the accuracy of the interconnected steering-suspension control system has an
important role in the stability and the performance of the entire system. The aim
of the following analysis is to formulate the maximum tracking error of the steering-
suspension control. The result of the analysis is incorporated in the design of the
lateral robust control. In this way the interconnection in the hierarchy is guaranteed.

The process of the analysis is the following. Several simulations are performed
using di�erent initial values xst,i(0) and δi,ref . The intervals of the initial values are
xst,i(0) = ±xst,max and δi,ref = ±δmax. The intervals of xst,i and δref are gridded

with εst and εref samplings, respectively. Altogether
(

2xst,max
εst

+ 1
)2

·
(

2 δmax
εref

+ 1
)

simulation scenarios are performed. In the scenarios the steering-suspension control
must guarantee achieving δi,ref from the xst,i(0). In each case the maximum tracking
error during the scenario is calculated. The results of the examinations show that
the maximum of the steering error is below 0.5◦. Although the probability of the
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error with this value is low, for robustness reasons the upper bound of the error 0.5◦

is considered in the followings.
The results of the simulation-based statistical analysis are used for the modeling

of uncertainties in a multiplicative form. Since in the robust control design the worst
case scenario is considered, the maximum tracking error of the previous analysis is
used in the formulation. Since the controllers Kst,i and Ksusp have inaccuracy,
and the steering and the suspension have their own dynamics, there is a di�erence
between δi,ref and δi. The relation between δi,ref and δi, using the upper bound of
the previous analysis, is formulated in the transfer function 1+W∆, which represents
the uncertainty on the control input signal, such as

W∆ =
α∆,2s

2 + α∆,1s+ α∆,0

T∆,2s2 + T∆,1s+ T∆,0

. (5.26)

Wu scales the bound of input multiplicative uncertainty, where α∆,2, α∆,1, α∆,0 and
T∆,2, T∆,1, T∆,0 are design parameters. The ratio of α∆,0/T∆,0 represents the low-
frequency error of the steering system. Therefore, it is selected based on the previous
analysis, such as α∆,0/T∆,0 = 0.5deg. Moreover, the ratios α∆,2/T∆,2 and α∆,1/T∆,1

re�ects to the high-frequency error of the steering control and they have low values.

5.2.3 Integrated design of independent steering and torque vectoring control

The goal of the integrated control design is to guarantee trajectory tracking and
the robust stability of the entire system through the computation of the control
inputs δref and Md. This control has a high impact on the entire system, because it
generates the inputs steering and torque vectoring. Moreover, in the design of the
the lateral control the inaccuracy of the interconnected steering-suspension control
system is involved. It must guarantee the stability and performances of the entire
system through the robustness.

The most important performance of the lateral controller is to follow a reference
lateral position yref , which is de�ned as

zlat,1 = yref − y, |zlat,1| → min (5.27)

where ψ̇ref is computed using e.g. the velocity and the steering wheel angle of the
driver [59]. Moreover, the performance zlat,1 must be reached using minimum control

input ulat =
[
δref Md

]T
. Thus, the next two performances are de�ned:

zlat,2 =
[
δref
]T
, |zlat,2| → min (5.28a)

zlat,3 =
[
Md

]T
, |zlat,3| → min (5.28b)

The performances are compressed in a vector zlat =
[
zlat,1 zlat,2 zlat,3

]T
.
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The state-space representation of the system (5.18) is extended with the perfor-
mances and the measurements for the control design:

ẋlat = Alatxlat +Blatulat (5.29a)

zlat = Clat,1xlat +D11,latrlat +D12,latulat (5.29b)

ylat = Clat,2xlat +D21,latrlat (5.29c)

where rlat = yref is the reference signal and the measured signal is the lateral error
of the vehicle, such as ylat = yref − y.

Although the system (5.29) is linear, a trade-o� between the control inputs δref
and Md is reached by a scheduling variable ρlat. Therefore, in Figure 5.4 the aug-
mented plant for the LPV design is illustrated. In the architecture three performance
weighting functions are used. While Wlat,1 scales the admissible error on the tra-
jectory tracking, the weights Wlat,2(ρlat) and Wlat,3 have impact on the actuation.

Glat

Klat(ρlat)

δi

Wlat,2(ρlat)

Wlat,1

yref

Wlat,sens

Wlat,ref

y

dlat

zlat,1

zlat,2

Wlat,3

zlat,3

Md

ρlat

W∆

δref

Fig. 5.4: Closed-loop interconnection structure of the lateral dynamics

The weight on the steering angle is selected as parameter-dependent, in the
following form: Wlat,2(ρlat) = ρlat

Alat,2
, where ρlat ∈ [ρlat,min, ρlat,max] is a schedul-

ing variable of the system. The role of ρlat is to in�uence the actuation of the
variable-geometry suspension through the steering intervention. If ρlat = ρlat,min,
thenWlat,2(ρlat,min) has a small value, which results in the increase of δref . Similarly,
if ρlat = ρlat,max, then Wlat,2(ρlat,max) has a high value, which reduces the steering
actuation. The weight on Md is selected a constant value, such as Wlat,3 = Alat,3.
Thus, the trade-o� between the actuation of δref and Md is determined by ρlat.

In the augmented plant the weight W∆ is incorporated, which represents the
multiplicative uncertainty of the steering-suspension control, see (5.26). In the
consideration of the uncertainty the steering distribution is not considered, thus



96 5. Design of an integrated control system for variable-geometry suspension system

δref = δi,ref . Moreover, Wlat,ref scales the reference position and Wlat,sens is the
weight on the lateral error measurement. The signals dlat and yref are handled as

disturbances in the system, compressed in a vector wlat =
[
dlat yref

]T
.

The minimization task of the high-level LPV control design is formulated as

inf
Klat

sup
ρlat∈FP

sup
‖wlat‖2 6=0,wlat∈L2

‖zlat‖2

‖wlat‖2

. (5.30)

where wlat disturbance vector contains the reference signal, the sensor noise and the
e�ect of the multiplicative uncertainty.

5.3 Coordination strategy in the variable-geometry suspension

In the previous section the design of the di�erent controllers in a hierarchical
structure are proposed. Although the presented control systems guarantee the stabil-
ity and the performances, the e�cient coordination of the independent steering and
the torque vectoring is realized by the recon�guration strategy and the force/steering
distribution blocks. This section proposes the algorithms of the blocks, which are
based on the nonlinear analysis of the variable-geometry suspension system.

In the coordination four important aspects are considered.

• The longitudinal force in�uences the e�ciency of the steering actuation sig-
ni�cantly, see Bst,i(Fl,i) in (5.14). In the case of small |Fl,i| values the camber
angle has a low impact on the steering angle and the vehicle dynamics. There-
fore, the vehicle motion must be in�uenced through torque vectoring instead
of steering. The avoidance of the e�ciency reduction is guaranteed by the
recon�guration strategy and the force/steering distribution.

• The left and the right wheels have own control systems, as illustrated in Figure
5.2. Since the e�ciency of the left and right steering can be di�erent through
the di�erence of Fl,l and Fl,r, it is possible to improve the steering actuation
of the more e�ective side. It is realized in the force and steering distribution
block.

• Furthermore, the distribution of the longitudinal forces, based on the control
signal Md is also computed in the force and steering distribution block.

• The interventions of steering and torque vectoring have di�erent impacts on
the vehicle dynamics. The aim of the coordination is to maximize the operation
range of the variable-geometry suspension. Thus, an analysis is performed to
�nd an appropriate control strategy. The results of the examination is built-in
the recon�guration strategy.

In the followings the algorithms of the recon�guration strategy and the force/steering
distribution blocks considering the previous aspects are presented.
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5.3.1 Force and steering distribution

The role of the force and steering distribution block in Figure 5.2 is to compute
the appropriate δl, δr and Fl,i signals. Through the selection of the longitudinal forces
it is necessary to avoid the ine�cient actuation of the variable-geometry suspension
due to the small |Fl,i|. Moreover, the steering angles δl, δr must be adapted to the
actual Fl,i. First, the distribution of Fl,i based on Md is presented, and second the
selection of the steering angles are proposed.

Several papers papers deal with the optimal distribution of Fl,i as a part of
the torque vectoring functionality, see e.g. [86, 87]. In the followings the aim of
the distribution is to guarantee the generation of Md. Since the selected Fl,i also
have role in the longitudinal dynamics, the sum of the longitudinal forces must
be equal to the requested F0. F0 is an external signal from the longitudinal control
system, which guarantees the longitudinal performances, for example speed tracking
or vehicle following. In this study, F0 is considered as a known command and the
distribution of Md the signal F0 must not be changed. Thus, the longitudinal forces
on either side can be calculated from the following expressions:

Fl,l = F0 +
Md

bf
, Fl,r = F0 −

Md

br
(5.31)

where bf is the track of the vehicle on the front axle.

The purpose of the steering distribution is to de�ne the appropriate steering
angle for each wheel. Since the achievable steering angle depends on the actual
longitudinal force of the wheel, the steering distribution is a crucial part of the
independent steering system. The lateral controller provides a common steering
angle, which must be performed. Thus, considering small slip angles, the average
of the two steering angles must be equal to the reference steering angle δref . The
following algorithm computes the desired steering angles for each wheel from the
reference steering angle δref using the deviation between the two longitudinal forces
Fl,l and Fl,r. Moreover, this algorithm guarantees the desired average steering angle.

The distribution of steering angles is based on the computation of division pa-
rameters Cδ,i, such as

δi,ref = Cδ,iδref (5.32)

where δref is computed by the lateral control, see Figure 5.2. The aim of Cδ,i is
to adapt δi,ref to the actual Fl,i, which has an important role if Fl,l 6= Fl,r, e.g. at
torque vectoring. For example at Fl,l < Fl,r in the steering actuation e�ciency on
the left wheel is decreased. Thus, δl,ref must be reduced, while δr,ref is increased on
the other wheel side simultaneously. The parameters Cδ,i are selected through the
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following algorithm:

if | Fl,l |<| Fl,r |, then Cδ,l = 1− e−
Flim

|Fl,r |−|Fl,l|

Cδ,r = 2− Cδ,l

if | Fl,r |<| Fl,l |, then Cδ,r = 1− e−
Flim

|Fl,l|−|Fl,r |

Cδ,l = 2− Cδ,r
if | Fl,l |=| Fl,r |, then Cδ,l = 1 and Cδ,r = 1

(5.33)

where Flim is a tuning parameter.
Figure 5.5(a) illustrates an example on the surface of Cδ,l in terms of longitudinal

forces Fl,l and Fl,r. It can be seen that Cδ,l parameter is close to zero when Fl,l
is low and Fl,r is high. On the other hand, if Fl,l is high and Fl,r is low, then
Cδ,l parameter is close to the maximum value. Moreover, the selection of Cδ,r is
illustrated in Figure 5.5(b). Note that if Cδ,r has a high value then Cδ,l is small. It
guarantees the achievement of the computed δref .

(a) Division parameter Cδ,l (b) Division parameter Cδ,r

Fig. 5.5: Illustration of the parameter selection

5.3.2 Recon�guration strategy

The goal of the recon�guration strategy is to provide an appropriate selection
between the independent steering and the torque vectoring functionalities. In the
following a nonlinear analysis on the lateral dynamics is performed, by which the
e�ciency of the di�erent interventions is examined. These results are built-in the
recon�guration strategy, together with the consideration of the impact of longitudi-
nal forces on the steering capability. Thus, a selection strategy between the steering
and the torque vectoring in the recon�guration, based on the scheduling variable
ρlat is constructed.
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The analysis of the steering and torque vectoring e�ciency with limited control
intervention is based on the determination of the reachability. Formally, the set
of the reachable states is de�ned in [88]. Given is a continuous-time system ẋ =
f(x(t)) + gu(t) with initial condition x(0) = 0. It is considered the set of reachable
states with bounded inputs:

R ,

x(T )

(x(t),Md(t),∆(t))

ẋ(t) = f(x(t)) + gMd(t) + h∆(t), x(0) = 0,
∆min ≤ ∆(t) ≤ ∆max,
Md,min ≤Md(t) ≤Md,max, T ≥ 0

 (5.34)

The resulted set R contains the states of the system, which can be reached through
the bounded control inputs. Thus, it is possible to �nd the states, which can be
reached with di�erent actuations, such as steering and torque vectoring.

The intervention of the variable-geometry suspension depends on two dynamics,
such as the generation of the steering angle (5.13) and the e�ect of steering/torque
vectoring on the vehicle motion (5.17). Although these dynamics can be combined,
it results in a system with increased number of states. Since the increase of the
system complexity can be disadvantageous due to numerical reasons, the reachable
sets are computed separately in the following way.

The reachability of the steering dynamics can be computed analytically. The
δi, δ̇i solutions of the steered wheel, which is described by (5.13), are formed as

δ̇i =
εFl,i
Jδ,i

tγi (5.35a)

δi =
εFl,i
2Jδ,i

t2γi (5.35b)

where Fl,i is �xed. Note that the reachability sets are computed for �xed maximal
γi = 1.5deg values, which means that γ̇i(0) = 0, γ̈i(0) = 0 are considered. Moreover,
the time domain is bounded to t = T , in which the reachability of the system
δ̇i(T ), δi(T ) is asked. Thus, (5.17) is reformulated as

ẋ = f(x) + gMd +H(Fl,i, T )γ (5.36)

In the followings the computation of the reachable is based on the trajectory
reversing method [89]. It means that the null-controllability region of the forward-
time nonlinear system is equivalent to the reachability region of the reverse-time
system [90]. The reverse-time system is formed as

ẋ = −f(x)− gMd −H(Fl,i, T )γ (5.37)

The advantage of the method is the computation of the controllability set for poly-
nomial systems. [78] proposes a Sum-of-Squares programming based method, by
which the controllability set of the polynomial system (5.37) can be computed. In
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the followings the reachable set computation method based on the trajectory revers-
ing method is discussed brie�y.

The set computation method requires the existence of a smooth, proper and
positive-de�nite Control Lyapunov Function V : Rn → R, which requires that
inf
u∈R

{
∂V
∂x

(−f(x)) + ∂V
∂x

(−M) · u
}
< 0 must be guaranteed for each x 6= 0, where

M =
[
g H

]
and u =

[
Md γ

]T
, respectively.

Thus, the next optimization problem is formed to �nd the maximum Controlled
Invariant Set:

max β (5.38)

over SOS polynomials s1, s2, s3, s4, s5 ∈ Σn and polynomials V, p1, p2 ∈ Rn, V (0) =
0
such that

−
(
−∂V
∂x

f(x) +
∂V

∂x
g umax

)
− s1

(
−∂V
∂x

g − ε
)
−

− s2 (1− V )− p1L1 ∈ Σn (5.39a)

−
(
−∂V
∂x

f(x)− ∂V

∂x
g umax

)
− s3

(
∂V

∂x
g − ε

)
−

− s4 (1− V )− p2L2 ∈ Σn (5.39b)

− (s5(β − p) + (V − 1)) ∈ Σn (5.39c)

where L1,2(x) is chosen as a positive de�nite polynomial, ε ∈ R+ is as small as
possible, p ∈ Σn is a �xed and positive de�nite function and β de�nes a Pβ :=
{x ∈ Rn p(x) ≤ β} level set.

The reachable sets of the system are computed for the actuations γi and Md. In
Figure 5.6(a) the reachable sets of the steering for di�erent Fl longitudinal forces
are illustrated. The maximum actuation is γ = ±1.5◦. It can be seen that the
interventions possibility of the system is in�uenced signi�cantly by Fl. The results
demonstrate that in case of Fl = 0 scenario the reachable set is zero, thus the actu-
ation of the camber angle is ine�ective. However, if Fl is increased, the reachability
of the system is also improved. It means that the recon�guration of the camber
angle actuation at varying Fl can be important.

The reachable sets of the torque vectoring intervention for di�erent maximum
Md torque values are shown in Figure 5.6(b). The results show that the shape of the
sets is di�erent from the reachability domain of the variable-geometry suspension.
The di�erences of the sets lead to the possibility of the recon�guration between the
wheel tilting actuation and the torque vectoring.

Furthermore, the reachability analysis is examined on the integrated actuation
of wheel tilting and torque vectoring, see Figure 5.7. In this case the maximum
camber angle γ = ±1.5◦ and Md = 9000Nm are applied on the vehicle. The results
show that the reachable sets of the system with a coordinated actuation can be
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(a) Reachable sets of the steering (b) Reachable sets of the torque vectoring

Fig. 5.6: Reachable sets of the steering

signi�cantly increased. In case of the integrated intervention the e�ciency of the
vehicle control system at all Fl values can be guaranteed.

Fig. 5.7: Reachable sets of the integrated actuation

The proposed analysis has two main consequences on the recon�guration strat-
egy. First, the interventions of wheel tilting and torque vectoring have di�erent
e�ects on the wheel slips. Tilting has signi�cant impact on αf , while the torque vec-
toring in�uences αr. Second, the impact of γ depends signi�cantly on the longitudi-
nal force on the wheels. Thus, Fl,i in�uences the reachability domain signi�cantly.

The analysis resulted in the exact sets of the reachability domain, which have
been used to examine the impacts of the some factors on the vehicle dynamics.
However, in the practical applications the set are not recommended to use directly,
because the vehicle parameters during the vehicle motion can be varied, e.g. tyre
characteristics Fi. Furthermore, the on-line computation of the sets, depending
on the actual vehicle parameters can be numerically di�cult. Thus, in the design
recon�guration strategy the previously formed two consequences are built-in. It
leads to the following rules of the recon�guration.



102 5. Design of an integrated control system for variable-geometry suspension system

• Since the torque vectoring actuation can have relevant power loss [91], the
steering intervention is more preferred. Thus, for economy reasons the steering
with ρlat,min is actuated in normal cruising.

• If the the tyre slip αr is increased, the pure steering intervention is not e�cient,
see Figure 5.6. Therefore, at the increase of αr the scheduling variable ρlat is
also increased. It results in the enhanced intervention capability of the system
through the integrated actuation, see Figure 5.7.

• Since the longitudinal force has a high impact on the reachability of the
variable-geometry suspension based steering, at the reduction of Fl,i the sys-
tem is recon�gured to the torque vectoring. Thus, the decrease of Fl,i leads to
the increase of ρlat.

The recon�guration rules are formulated in a function, such as

ρlat = f(αr, Fl,1, Fl,2) (5.40)

Based on the previous rules, the form of the function f is illustrated in Figure 5.8.
The scheduling variable can be varied between ρmin, where steering has priority
and ρmax, which is related to the torque vectoring. If αr has a high value then the
integration through ρlat,int is preferred, and if Fl,i is decreased then ρlat is increased.
The variation of ρlat is based on f, of which shape has been set by the design
parameters p1,2,3,4. The role of the sections between p1, p2 and p3, p4 are to avoid
the chattering in the control inputs.

b

b

b

b

b
b

α2

min(Fl,1, Fl,2)

ρlat

p1

p2

p4
p3ρlat,min

ρlat,max

bρlat,int

Fig. 5.8: Selection of ρlat value based on f

The recon�guration strategy requires the Fl,i values, which are delivered by the
force distribution block, see Figure 5.2. Moreover, the estimation of αr is requested,
of which can be found e.g. in [92] with the measurement of longitudinal and lateral
acceleration, yaw-rate, steering wheel angle, and wheel angular velocities.
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5.4 Simulation examples

In the following a simulation example of the proposed control system is presented.
The aim of this section is to show the e�ciency and the operation of the integrated
steering system. The simulation is performed through a high-�delity simulation
software CarSim. In the scenario a D-class car passenger is used, whose mass is
1690 kg. The vehicle is driven along the course of the Melbourne Grand Prix, see
Figure 5.9(a).
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Fig. 5.9: Course and velocity of the vehicle

The track is around 5000 m long and contains several bends, therefore the veloc-
ity of the vehicle also varies, as shown in Figure 5.10(a). It results in the variation
of the longitudinal forces of the wheels, see Figure 5.10(b). The tracking of the
trajectory is su�ciently accurate, the maximum of the lateral error is about 0.18 m
as illustrated in Figure 5.10(c). This lateral error is acceptable in the functionality
of trajectory tracking.

The actuation of the steering and the di�erential yaw-moment are shown in
Figure 5.10(d) and Figure 5.10(e), respectively. The left camber angle, which real-
izes the left steering angle together with Fl,l, is illustrated in Figure 5.11(a). The
intervention of the left suspension can be seen in Figure 5.10(b). This signal is pro-
vided by the low level controller and Mact signal varies between the physical limits
−300Nm . . . 300Nm during the simulation. Although the actuator model in this
simulation is not considered, a hydraulic actuator can be used for this task, see
the results of the work by [FNG17]. The scheduling variable ρlat is demonstrated
in Figure 5.11(c). The purpose of this variable is to guarantee the recon�guration
strategy of the interventions. It can be seen between the section 2900m. . . 3000m
that the longitudinal forces have relatively high values, which increase the in�u-
ence of γi on the steering. However, αr also has a high value, which indicates that
the variable-geometry suspension based steering system is not able to ensure the
accurate trajectory tracking by itself. Therefore, in this section the steering is re-
con�gured from torque vectoring to the integrated solution, which means that the
value of ρlat is close to 0.5. The lateral position tracking of the vehicle is guaranteed
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(b) Longitudinal wheel forces
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Fig. 5.10: Signals of the trajectory tracking

by this recon�guration.

Summarizing the results of the simulation, the proposed controller is able to ful�ll
the prede�ned performances. The coordination of the variable-geometry suspension
and the torque vectoring guarantees the achieving low values for the trajectory
tracking. Moreover, the controls of the steering and the wheel tilting actuation are
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Fig. 5.11: Scheduling variable and slip angle

acceptable in the hierarchical structure.
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Thesis 4 I have developed a novel physical model for a steering concept based
on a variable-geometry suspension system. Using the model, I have designed an
integrated steering control system that combines the variable-geometry suspension
with the bene�ts of torque vectoring-based steering method. The proposed method
guarantees the stability and the controllability of the vehicle in critical situations. I
have developed a coordination strategy, which can be used to select the appropriate
intervention during the operation of the vehicle.

Related publications: [NFGB19, FNG18c, FNG18b, FNG17, NGFB17b,
NGFB17a, FNG16a, FNG16b, NFGB16, NGFB17b, NFG16a]



6. DATA-DRIVEN CONTROL FOR A VARIABLE-GEOMETRY
SUSPENION-BASED TEST-BED

In order to validate the concept of the variable-geometry suspension-based steer-
ing system, presented in Chapter 5, a test-bed has been built in Systems and Con-
trol Lab, Institute for Computer Science and Control (SZTAKI). Although the basic
structure is similar to the original idea, some modi�cations have been carried out
during the planning and building phases. Due to this modi�cation in the structure
of the testbed, the control system also needs some improvement before the imple-
mentation. Therefore, a improved control algorithm has become necessary, which is
speci�cally designed for this suspension system and setup. In this chapter, a data-
driven modeling and control algorithm is presented for the suspension system and
implemented on it. This study consists of the following parts:

• Firstly, the construction and the main components of the suspension test bed
are presented in Section 6.1.

• Then, a two-layered control strategy is detailed in Section 6.2. The low-level
layer is responsible for controlling the test-bed, which is based on a data-driven
modeling method. Whilst, the upper-level layer controls the lateral dynamics
of the vehicle, and computes the reference signal for the low-level controller.

• Finally, the presented algorithm is implemented on the test-bed and validated
through a Hardware-in-the-Loop (HiL) simulation using the test-bed and the
CarMaker simulation software.

6.1 Construction of the variable-geometry suspension test bed

In this section the construction of the variable-geometry suspension test bed
with the most important units is introduced. The construction follows the concept,
which is introduced in Section 5.1.2, see Figure 5.1. Nevertheless, in the practical
application the location of the actuator is modi�ed for constructional reasons, i.e.
in the original concept the actuator is placed on the hub of the suspension, while in
the test bed the actuator is linked to the frame of the test bed, see Figure 6.1.

• Linear actuator (1) is responsible for the modi�cation of the camber angle.
The type of the actuator: LATT 4A 1/12, its supply voltage is 12V and
its stroke is 165mm. The linear actuator is also equipped with a hall sensor-
based encoder, which is used to determine the current position of the actuator.
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Fig. 6.1: Construction of the test bed

The actuator has its own electronic board, which controls its position, at
a maximum speed of 37mm/s. In the present construction the speed of the
stroke is constant in both directions. This limitation on actuation is considered
in the design of the low level controller.

• DC motor (2), which is used to drive the wheel. The type of the motor
is Actobotics 638280, which has a planetary gearbox to ensure the adequate
torque for the wheel. The supply voltage of this part is 6-12V, maximum speed
is 313 RPM (Rotation Per Minute) and maximum load is 3Nm. Furthermore,
the gear ratio is 121/3249. The motor is equipped with an encoder on the
motor shaft whose resolution is 48 Countable Events Per Revolution.

• The upper suspension arm (3) is an essential part of the MacPherson strut.
The spring on it ensures the appropriate vertical load for generating the re-
quired longitudinal force. The upper arm is linked to the frame through a
three-dimensional joint and it also has a connection to the hub of the suspen-
sion.

• The lower suspension arm (4) is also a crucial part of the MacPherson
suspension system. It is linked to the frame through a one-dimensional joint.
The other side of the arm is linked to the hub using a three-dimensional joint.
On the lower arm, another encoder is found, which is used to determine the
steering angle. It actually measures the rotation of the axis of the joint. This
encoder works with 5V current, and its resolution is 3-480LPI (Lines Per Inch).
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• The hub (5) contains the bearing of the shaft. The left side of the shaft
is linked to the motor (2) through a clutch, which can compensate for the
eccentricity in the connection of the shafts. On the other side, the shaft is
coupled to the wheel. Moreover, the hub has connections to the the linear
actuator and both to the upper and lower arms.

• The wheel (6) of the test bed has diameter of 18", which is generally used for
bicycles. The wheel is rigidly linked to the shaft of the hub, which means that
it rotates at the same speed as the motor. The wheel can be rotated in both
forward and reverse directions.

• The rotating plate (7) is the lower part of the suspension test bed, which
can rotate around the vertical axis. Its purpose is to guarantee the rotating
motion and the limited displacement of the wheel, which are generated by the
driving and steering e�ects.

6.2 Control design for the variable-geometry suspension testbed

The hierarchical structure of the proposed control system is illustrated in Fig-
ure 6.2. The low level of the structure contains two controllers, i.e. steering and
driving controllers. The role of the driving controller on the low level is to realize
the required longitudinal velocity vx,ref . It is carried out by a PID controller, whose
design method is out of the focus of this study. However, the applied design method
can be found in [93, 94]. The steering controller on the low level is responsible for
the realization of the desired steering angle δref . These controllers are implemented
on an AutoBox device. Meanwhile, the high level controller computes the refer-
ence steering angle δref using the processed measurements and the computed errors
(ye, ψe) from the CarMaker software.

6.2.1 Design of steering controller on the low level

The design of the steering controller on the low level requires the modeling of
the steering dynamics in the variable-geometry suspension systems. Although the
dynamics of the original concept can be described by simpli�ed equations, see (5.14),
the dynamics of the test bed contains signi�cant amount of nonlinearities. These
nonlinearities are mainly caused by the geometrical placement of the linear actuator
in the construction of the test bed. Figure 6.3 shows a test scenario, when the
actuator moves within a prede�ned range. As it can be seen, when δ ∈ {−6◦ . . . 0◦},
the actuator moves between d ∈ {0 . . . 300}, while in the range of δ ∈ {0◦ . . . 6◦},
the position moves between d ∈ {300 . . . 500}. Furthermore, there is another e�ect,
which highly in�uences the dynamics of the test bed, such as the speed of the wheel.
Its reason is that the speed of the wheel signi�cantly correlates to the longitudinal
force, which appears at the tire-road contact.
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Fig. 6.2: Structure of the hierarchical control system
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Fig. 6.3: Relation between the position of the actuator and the steering angle

The design of the steering control requires the identi�cation of the model of the
real suspension test platform. Thus, in the �rst step a novel machine-learning-based
identi�cation method is presented, which results in a set of polytopic models creating
a gridded LPV system. In the second step the achieved control-oriented model is
used for the design of the steering controller.
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6.2.2 Modeling the steering dynamics of the test platform

The modeling of the steering dynamics is based on the machine-learning-based
pace regression method to provide an LPV-based form. Since each of the machine-
learning algorithms requires a lot of data to create appropriate models, several test
scenarios have been performed on the test bed. During the tests, the speed of
the wheel varied between 300− 900RPM and the actuator follows di�erent motion
pro�les. In this way more than 500.000 distinct instances have been collected, which
consisted of several variables, e.g. speed of the wheel, position of the actuator,
steering angle. The identi�cation process consists of the following steps:

• First, the collected dataset is divided into subsets according to the measured
steering angle. In the given system the step size for the division is selected to
2deg.

• Second, in order to boost the performance of the modeling process, di�erences
of the steering angle and the position of the actuator are computed for each
instances, such as:

∆δ = δ(t)− δ(t− 1) (6.1a)

∆d = d(t)− d(t− 1). (6.1b)

The motivation of the transformation is that the correlation between ∆δ and
∆d is more relevant on the process than the absolute values of the steering
angle and the actuator position. Its reason is that the absolute values can
depend on the initial values in the measurement, which can varied in the
setting of the test bed.

• Third, the relation between the actual ∆δ(t) and the attributes of the system
is formed. The relationship contains the actual values of ∆d(t) and wheel
speed vx(t) and the past values of ∆d,∆δ, vx. The form of the model for the
computation of ∆δ is described as

ŷMj
= XMj

ζMj
, (6.2)

where ŷMj
= ∆δ(t), and ζMj

contains the coe�cients of the applied variables:
∆δ(t− 1) . . .∆δ(t−n),∆d(t) . . .∆(.t−n), vx(t) . . . vx(t−n). Vector XMj

con-
tains given actual values of the variables. In the given test bed n is set to
5. Note that (6.2) must be formed for each subsets. The vectors X of each
subsets are considered to be independent from each other.

• The fourth step is the selection of the coe�cients in X for each subsets, which
leads to an optimization process. The main goal of the optimization process is
to �nd the best linear model, which minimizes the deviation between the es-
timated and the measured outputs. The minimization task can be formulated



112 6. Data-driven control for a variable-geometry suspenion-based test-bed

as

min
X

(
ŷ − y

)2
, (6.3)

where y represents the real measurements ∆δ(t) on the test bed. The process
of the optimization is performed through the pace regression method, which
is applied to �nd appropriate linear models for each subsets [55].

The resulted models in the form of (6.2) are evaluated by the k-fold cross val-
idation technique. In each subsets the pace regression method resulted in a linear
model, whose correlation coe�cient for the given example is above > 0.985.

The resulted linear models are transformed into a discrete state-space repre-
sentation for control design purposes. The state-space description for each subsets
contains the relations

ŷMj
= XMj

ζMj
, (6.4a)

δ(t) =
0∑

T=t−n

∆δ(T ). (6.4b)

The state-space representation of the model, which incorporates in all subsets, is
formed as:

xs(t+ 1) = As(ρ)xs(t) +Bs1(ρ)us(t) +Bs2(ρ)ωs(t) (6.5)

where As, Bs1(ρ), Bs2(ρ) are matrices and vectors. The control input variable us is
∆d, the state vector xs consists of ∆δ, ∆d and their past values, and the last state
is the δ(t). In the formulation the wheel speed is an independent variable from
the longitudinal dynamics, and thus, it is handled as an external disturbance of the
system: ωs contains vx and their past values. The scheduling parameter ρ represents
that (6.5) contains all subsets. The value of re�ects to each subsets, which depends
on the steering angle δ. It means that the scheduling variable of (6.5) depends on
a state, but the relationship is hidden by the selection of each subsets and it is
not formed mathematically. The resulted system is a polytopic LPV model, whose
elements are represented by the models from the subsets.

Figure 6.4 shows an example on the resulted LPV model. As it can be seen the
output of identi�ed model is close to the measured steering signal. Its mean error is
smaller than < 0.24deg, which means that the model is able to cover the dynamics
of the test bed.

6.2.3 LPV-based control design for steering functionality

The role of the control design on the low level is to provide steering functionality
with low error. Thus, the prede�ned performances, which must be guaranteed by
the controller, are:
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Fig. 6.4: Evaluation of the resulted LPV model based on the comparison of simulation and
measurement

• The main goal of the LPV control design is to guarantee the accurate tracking
of the reference steering angle (δref ), which can be formulated as the mini-
mization of the error signal:

z1 = δref − δ, |z1| → min, (6.6)

• Since the system has its own limitations, the minimization of the intervention
(position of the linear actuator) must be also guaranteed:

z2 = d, |z2| → min. (6.7)

The presented performances are written into a vector z =
[
z1 z2

]T
, which leads a

performance equation:

z = C1xs +D11rs +D12us, (6.8)

where C1, D11, D12 are matrices and rs contains the signal δref .
The previously identi�ed state-space representation (6.5) is extended with the

performance equation and it is written to a continuous form as:

ẋs = As(ρ)xs +Bs1(ρ)us +Bs2(ρ)ωs (6.9a)

z = C1xs +D11rs +D12us, (6.9b)

yK = C2xs, (6.9c)

where yK =
[
δ
]
.

In order to guarantee the prede�ned performances, several weighting functions
are used in the control design. Wz,1 aims to guarantee the accurate tracking of the
reference signal. The weighting function Wref,1 is to scale the reference signal from



114 6. Data-driven control for a variable-geometry suspenion-based test-bed

P (ρ)

K(ρ)

δref

d

Ww,1

wδ

Wz,2

z2ρ

Wz,1

z1

Wref,1

δ

ws
Ww,2

Fig. 6.5: Augmented plant for LPV control design

the high level controller. Wz,2 is used to scale the intervention. Furthermore, Ww,1

is to attenuate the noises and Ww,2 is used to compensate the e�ect of the speed vx.

The quadratic LPV performance problem is to choose the parameter-varying
controller K(ρ) in such a way that the resulting closed-loop system is quadratically
stable and the induced L2 norm from disturbance and to performances is less than
the value γ. The minimization task is the following:

inf
K(ρ)

sup
ρ∈Fρ

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

, (6.10)

where Fρ bounds the scheduling variables. The yielded controller K(ρ) is formed as

ẋK = AK(ρ)xK +BK(ρ)yK , (6.11a)

u = CK(ρ)xK +DK(ρ)yK , (6.11b)

where AK(ρ), BK(ρ), CK(ρ), DK(ρ) are variable-dependent matrices.
Finally, the presented LPV controller computes the reference position di�erence

for the linear actuator using the sampling time Ts,1 = 0.01s. However, the electronic
board of the linear actuator has only three dedicated pins for controlling the position
of the linear actuator: up, down and stop. Therefore, the reference position signal
is transmitted to the Autobox device, which activates the corresponding command
on the electronic board of the actuator and stops it when the actuator reaches the
required position. In order to guarantee the accurate tracking of the position a faster
sampling time is use : Ts,2 = 0.0001s.
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6.2.4 Design of path following controller on the high level

The same lateral model is used in this case as presented in Section 2.2:

mvx(ψ̇ + β̇) = C1αf + C2αr, (6.12a)

Izψ̈ = C1αf l1 − C2αrl2, (6.12b)

v̇y = vx(ψ̇ + β̇), (6.12c)

Using these equations the following state-space can be built up:

ẋv = Avxv +Bvuv, (6.13)

where uv consists of the steering angle and the state-vector is: xv =[
β ψ̇ ψ vy y

]
and Av, Bv are system matrices. ψ and y are computed by inte-

grating their derivatives: ψ̇ and vy.
The goal of the high level control is to guarantee the path tracking of a vehicle on

a road segment through automated steering. In the �eld of steering control design
there are several approaches which can be applied. For example, in the previous
chapter, a Linear Parameter-Varying (LPV) based method for variable-geometry
suspension based steering control design is proposed. In the selection of the control
method it is necessary to consider the constraint regarding the path following and
the speci�cations of the test bed.

• In the design of the high level control the edges of the road, as the constraints
on the path must be incorporated.

• The generation of the steering angle has time requirements, i.e. the low-level
control and the motion of the suspension result in a delay in the system.

For these reasons a Model Predictive Control (MPC) algorithm is developed for
the control design [95, 96]. In the MPC design problem the constraints can be
incorporated. Furthermore, the impact of the delay on the low level can be reduced
through the preliminary knowledge on the reference path.

The MPC method requires a discrete-time state-space representation of the
model. Therefore the presented state-space model is converted to a discrete one
using the sample time Ts. Then, the discrete-time state-space representation can be
formulated as:

xv(k + 1) = φvxv(k) + Γvuv(k), (6.14)

where φv and Γv are the matrices of the disceretized system.
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The prediction of the motion of the vehicle must be performed for the horizon
n, which can be computed as, see [97]:

zpred(k, n) =


z(k + 1)
z(k + 2)

...
z(k + n)

 =


0 0
0 0
1 0
0 0
0 1


T 

φv
φ2
v
...
φnv

xv(k)+


0 0
0 0
1 0
0 0
0 1


T 

Γv 0 · · · 0
φvΓv Γv · · · 0
...

. . . . . .
...

φn−1
v Γv φvΓv · · · Γv




uv(k)
uv(k + 1)

...
uv(k + n− 1)

 . (6.15)

The goal of the control design is to guarantee the trajectory tracking of the
vehicle, which consists of two main components: the tracking of the lateral position
and the tracking of the yaw-angle of the road. The errors of tracking can be expressed
as:

e(k, n) = zref (k, n)− zpred(k, n), (6.16)

where e(k, n) is a vector, which contains both error signals.
Using this error vector, the following cost function can be determined, which

must be minimized in order to guarantee the trajectory tracking of the vehicle.

J =
1

2
e(k, n)TQe(k, n) + U(k, n)TRU(k, n), (6.17)

where U(k, n) =
[
uv(k) . . . uv(k + n− 1)

]T
. Moreover, Q and R are weighting

matrices, which guarantee a balance between tracking performance and control ac-
tuation (steering angle).

Using (6.15) and (6.16) the cost function can be transformed to

J = U(k, n)TσU(k, n) + νTU(k, n), (6.18)

where σ and ν are matrices.
Finally, the following quadratic optimization task must be solved to obtain the

optimal control input sequence.

min
U(k,n)

U(k, n)TσU(k, n) + νTU(k, n). (6.19)

s.t.

{
Bb < HinU < Bu

lb ≤ ui ≤ lu
(6.20)

However, the vehicle and the steering system have their own bounds, therefore
the minimization problem is subject to constraints. Bb and Bu are constraints of
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the states of the system, such as the edges of the road and the limitations of the
yaw-rate signal. In the meantime, li guarantees that the computed control input
does not exceed the limitations of the steering system. The matrix Hin is formed
as:

Hin =


Γv 0 · · · 0
φvΓv Γv · · · 0
...

. . . . . .
...

φn−1
v Γv φn−2

v Γv · · · Γv

 (6.21)

The vectors Bb and Bu are:

Bb =

 xv,low(t+ 1)
...

xv,low(t+ n− 1)

Bu =

 xv,up(t+ 1)
...

xv,up(t+ n− 1)

 (6.22)

where xv,low(T ) denotes the lower limits of the states at the time step T and xv,up(T )
denotes the upper limits of the states at T .

The computed vector of the input signals U contains the requested control inputs
on the horizon ahead of the vehicle. In the implementation of the controller the �rst
element uv of U is applied. It represents the steering angle, which must be actuated
so that the vehicle follows the path. Nevertheless, uv cannot be achieved directly,
so that the steering angle must be generated through the modi�cation of the scrub
radius. Therefore, in the hierarchical structure of the control system uv is a reference
signal for the low level control, such as

δref = uv. (6.23)

6.3 Simulation example on Hardware-In-the-Loop test platform

The e�ectiveness of the designed hierarchical control through HiL simulation is
demonstrated. First, the HiL simulation setup is presented and second, the results
of the simulation are shown. The setup of the Hil simulation is illustrated in Figure
6.6. The main components of the setup are the following.

The computer has two features in the HIL simulation. First, it contains the
CarMaker and the Matlab/Simulink simulation environments. The dynamics of the
whole vehicle is modeled by the high-�delity simulation sotfware, CarMaker. The
main purpose of the CarMaker software is to model lateral, vertical and longitudinal
dynamices of the vehicle excluding the steering dynamics, which is realized in the
test bed. CarMaker receives the processed measured signals: longitudinal velocity
(vx) and the steering angle δ. Using these measurements, the software computes the
errors (ye, ψe) of the lateral position and the yaw angle from the current position
of the vehicle and the prede�ned road. Second, the computer contains the high
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level control, which is also implemented in the Matlab/Simulink environment. It
computes the reference signals for longitudinal velocity vx,ref and the steering an-
gle δref . All the signals (received and computed) are transmitted through a serial
communication protocol from/to the vector device.

The vector interface is responsible for transmitting the measurements from
the sensors towards the computer, on which the CarMaker and the Simulink run.
Vice versa, the computed reference signals are also transmitted through this device
to the next device, which is the AutoBox.

TheAutoBox II is an essential part of the setup. It serves several purposes: It is
responsible for processing the raw signals from the sensors placed on the suspension
system (the position of the actuator, the velocity of the wheel, and the realized
road wheel angle). The lower level controller is also implemented on this device.
The lower level controller computes the PWM signal for the DC motor and the
command for the linear actuator. The AutoBox also transmits the measured and
processed signals to the Vector device through CAN communication. This device
also receives the reference signals from the Vector device.

AutoBox II

Ve
ct

or
Suspension

test-bed

 

 

Fig. 6.6: Hardware in the loop setup

In the rest of this section a comprehensive HiL test scenario is presented, which
aims to show the e�ciency of the proposed control strategy and the operation of the
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test bed. In CarMaker, a D-Class passenger car is chosen, whose mass is 1538kg.
The vehicle is driven along a track, which consists of two bends (one left and one
right), see Figure 6.7(a). Furthermore, the speed of the car is set to a constant
value. The high level controller computes the reference steering angle, while the low
level controller realizes the reference value on the test bed.

In Figure 6.7(a), the path of the vehicle and the reference trajectory can be seen.
As the �gure shows, the proposed control system is able to guarantee the accurate
trajectory tracking of the vehicle. Figure 6.7(b) illustrates the reference steering
angle, computed by the high level controller, and the measured steering angle from
the test bed. The error between the two signals is small, the maximal deviation is
below < 0.4deg. which means that the test bed and the proposed LPV controller
are able to ensure the accurate trajectory tracking of the vehicle.
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Fig. 6.7: Path and steering angle of the vehicle

Figures 6.8 demonstrates the error signals. The lateral error can be seen in
Figure 6.8(a). The maximum of the lateral error can be considered to be large 0.6m,
however the capacity of the linear actuator does not allow better performance. The
next �gure sows the error of the yaw angle. This error is small, its maximal value
is below < 0.8deg.

Finally, the last �gures illustrate the speed and the yaw rate of the vehicle. Figure
6.9(a) demonstrates the reference and the measured velocities. As it can be seen, the
tracking of the reference signal is accurate, however small oscillation can be observed,
which is caused by the structure of the test bed. Figure 6.9(b) depicts the measured
yaw rate. As the �gure shows, the maximal yaw rate value is below < 0.3rad/s,
which is an acceptable value for a common passenger car. Figure 6.9(c) illustrates
the intervention of the linear actuator. It can be seen that the control signal on the
test bed can be realized. Although the control signal in a previous simulation (see
Figure 5.11(b)) requires rapid changes against the actuator, in practical application
with the consideration of the actuator properties these e�ects can be eliminated.
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Fig. 6.8: Tracking errors

Thesis 5 I have developed a data-driven Linear Parameter-Varying (LPV)-based
modeling method for a variable-geometry suspension testbed. Using the data-driven
modeling method, I have designed a lower-level controller, which is able to realize
the required steering angle on the variable-geometry suspension testbed. I have also
developed a Model Predictive Control (MPC)-based lateral control method, which
provides reference signal for the low-level controller. I have implemented and tested
the proposed control strategy in Hardware-in-the-Loop (HiL) simulations.

Related publications: [FFNG21, FNG21b, FNG21a]
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Fig. 6.9: Speed and yaw-rate signals
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7. CONCLUSIONS AND FURTHER CHALLENGES

7.1 Conclusion

This thesis has proposed novel data-driven methods for improving the lateral
control design of autonomous vehicles. Based on di�erent machine-learning-based
algorithms, novel estimation methods have been developed to determine the tyre
pressure and the adhesion coe�cient of the tyre-road contact. A data-driven lat-
eral stability analysis of the vehicle has also been proposed, which can be used to
approximate the operation regions of the vehicle at di�erent conditions.

The presented estimation algorithms and the result of the stability analysis have
been built in a lateral control design, which aimed to calculate the optimal velocity
pro�le of the vehicle by which the stability of the vehicle can be maintained at
safety-critic tra�c scenarios.

The thesis has also addressed the modeling problem of the autonomous vehicle
systems. Two methods have been proposed for improving the modeling of the lat-
eral dynamics of the vehicle. The main concept behind both methods has been to
determine the scheduling parameters of a system, which has been resulted in a set
of Linear Time Invariant (LTI) systems. Then, the parameters of the resulted LTI
systems have been optimized to get a more accurate model, which can accurately de-
scribe the nonlinear behavior of the vehicle. The �rst solution has been based on the
decision tree algorithm, while the second one has used the pace-regression method.
Finally, the e�ciency of the proposed modeling algorithm has been demonstrated
through a comprehensive simulation examples, performed in CarSim simulation soft-
ware.

The thesis has also dealt with the modeling and control problems of the variable-
geometry-suspension-based steering system, which can be used to improve the per-
formances of the lateral control systems. A new physical model has been proposed,
which can be used to describe the dynamics of the variable-geometry suspension.
Based on this model, a hierarchical control strategy has been developed, which is
able to combine the advantages of the variable-geometry-suspension-based steering
system and the torque vectoring method. Finally, a data-driven modeling and con-
trol method has also been developed for a variable-geometry suspension testbed,
which aimed to validate the theoretical concept. Then, the proposed control system
has been implemented and tested in a HiL simulation, in which the lateral dynamics
of the vehicle were modeled by the CarMaker simulation software.
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7.2 New scienti�c results

Thesis 1 I have developed new data-driven estimation methods for vehicle control
applications using di�erent machine-learning-based algorithms. I have shown that
the proposed algorithms can be used for estimating the tyre pressure and for approx-
imating the adhesion coe�cient between the road and the tyre. For the estimation
of the adhesion coe�cient, I have developed a method based on the C4.5 decision
tree algorithm, while the estimation of the tyre pressure has been based on the pace
regression and the neural network approaches. Furthermore, I have also designed a
Linear Parameter-Varying (LPV) based trajectory tracking controller, which can in-
corporate in the result of the tyre pressure estimation algorithm in order to increase
the performances and to guarantee the stable motion of the vehicle.

Related publications: [FNG20a, FNG21c, HFNG20, FNGA19, FNGS19,
FNG19a, FNG+19e, FNG19c, FNG19b]

Thesis 2 I have developed a method for approximating lateral stability region
of passenger vehicles. The separation of the stable and unstable regions are based
on a novel stability criterion using the two-wheeled lateral vehicle model. I have
used the separated instances to build a classi�cation model, which can be used to
determine the stability of the vehicle during its operation using a decision tree-based
algorithm. Furthermore, I have developed a Linear Parameter-Varying (LPV)-based
lateral controller, which can handle the e�ect of the adhesion coe�cient and the
uncertainty of the estimation. I have also shown that the classi�cation model can
be used for a longitudinal velocity optimization algorithm, which can guarantee
the stable motion of the vehicle by adjusting its velocity to the forthcoming road
segment.

Related publications: [FNG20a, FNG19d, FNG19a, FNG19c, FNG19b, FNG18a,
FNG21c, FNG21e]

Thesis 3 I have developed two methods for modeling the lateral dynamics of the
vehicle. Both methods are based on the Linear Parameter Varying (LPV) approach
combining with di�erent machine-learning-based algorithms: pace regression and
decision tree generation. I have shown that the models provided by the proposed
algorithms are more e�cient at modeling the lateral dynamics of the vehicle than
the classical purely physical-based modeling approaches. I have developed a lateral
robust controller using the proposed model structures.

Related publications: [FNG21d, FN20, FNG20b, FNG20c]

Thesis 4 I have developed a novel physical model for a steering concept based
on a variable-geometry suspension system. Using the model, I have designed an
integrated steering control system that combines the variable-geometry suspension
with the bene�ts of torque vectoring-based steering method. The proposed method
guarantees the stability and the controllability of the vehicle in critical situations. I
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have developed a coordination strategy, which can be used to select the appropriate
intervention during the operation of the vehicle.

Related publications: [NFGB19, FNG18c, FNG18b, FNG17, NGFB17b,
NGFB17a, FNG16a, FNG16b, NFGB16, NGFB17b, NFG16a]

Thesis 5 I have developed a data-driven Linear Parameter-Varying (LPV)-based
modeling method for a variable-geometry suspension testbed. Using the data-driven
modeling method, I have designed a lower-level controller, which is able to realize
the required steering angle on the variable-geometry suspension testbed. I have also
developed a Model Predictive Control (MPC)-based lateral control method, which
provides reference signal for the low-level controller. I have implemented and tested
the proposed control strategy in Hardware-in-the-Loop (HiL) simulations.

Related publications: [FFNG21, FNG21b, FNG21a]
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7.3 Further challenges

In the followings, further challenges and possible future research directions of
data-driven control are suggested. The presented methods and algorithms can be
extended in several ways:

• One of the main future challenges is the implementation and validation of
the presented algorithms. Especially, the estimation algorithms, presented in
Chapter 2, which will be carried out on the test vehicles of SZTAKI and BME,
see [98].

• Regarding the contributions of Chapter 3,4, the implementation and validation
are the main challenges. Although the implementation can be di�cult on a
real test vehicle, on a modi�ed RC car it can be carried out. As a part of the
Autonomous Systems National Laboratory, in SZTAKI advanced indoor RC
cars have been used to validated learning-based control methods. Together
with ELKH Cloud, it can be an appropriate platform for implementing the
developed data-driven methods.

• Regarding the variable-geometry suspension test bed, there are also some open
questions. Although the implementation and the validation of the original
variable-geometry suspension-based steering system have been carried out, the
integrated actuation (independent steering and torque vectoring) is still open.
Therefore, the main goal is to improve the testbed with a direct torque mea-
surement device and to design a control system, which can handle the multiple
interventions. This purpose is connected to provide a method for construc-
tional design of the variable-geometry suspension, i.e., the characteristics of
the control intervention in the constructional design of the actuator must be
incorporated.

• Another relevant topic, which is related to the data-driven control, is the data-
driven observer design. In some complex vehicle-oriented control problems, the
accurate measurement or estimation of the system states is essential. However,
some problem arises as in the case of the control of nonlinear systems. Data-
driven methods can also be used for this problem. The author has already
published some preliminary results, see [FHNG21]. In this work, a neural
network-based observer is combined with a classical robust observer by which
the performances of the estimation can be signi�cantly improved. However,
the combination of di�erent observer methods is still an open question.
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.1 LPV-based modeling and control

The Linear Parameter Varying (LPV) framework is a powerful technique to
model and control nonlinear systems [99]. It has been successfully applied to nu-
merous control problems including automotive and aerospace applications, see [79],
[100]. In the followings, the basic concept of the LPV framework is presented and a
brief introduction is given for the control synthesis based upon LPV approach.

Let us consider a general nonlinear system, which is given by its �rst order
di�erential equations:

ẋ = f(x, u, t), (.1a)

y = g(x, u, t) (.1b)

where x ∈ Rn denotes the state of the nonlinear system, u ∈ Rm is the input
vector and y represents the measurement vector y ∈ Rk. The dynamics of the
system is described by two nonlinear functions: f(x, u, t): Rn+m+1 → Rn, while
g(x, u, t) : Rn+m+1 → Rk. Note that the system also depends in the time variable
(t), which means that a general time variant system is considered.

The basic concept behind LPV framework is to transform the original nonlinear
time variant system into a set of Linear Time Invariant (LTI) systems. This set of
linear systems can be arranged into a general state-space representation as:

ẋ = A(ρ)x+B(ρ)u (.2a)

y = C(ρ)x+D(ρ)u (.2b)

The state-space representation can also be rewritten in a compact form:[
ẋ
y

]
=

[
A(ρ) B(ρ)
C(ρ) D(ρ)

] [
x
u

]
(.3)

where A(ρ), B(ρ), C(ρ), D(ρ) are the state matrices, which depend on the
scheduling vector ρ. In this case, the scheduling vector ρ, contains all the exogenous
variables, which de�ne each speci�c LTI system of the set, as shown in Figure .1.

However, LPV framework is not limited to exogenous scheduling variables, it
can also be used to represent systems, whose scheduling vector consists of one or
more state variables of the original nonlinear plant. In that case, this formalization
results in a quasi-LPV system, which can be described as:

 żẇ
y

 =

A11(ρ) A12(ρ) B1(ρ)
A21(ρ) A22(ρ) B2(ρ)
C1(ρ) C2(ρ) D(ρ)

zw
u

 (.4)

In this case, the scheduling vector consists of two main components: the exogenous
and the state-dependent scheduling variables ρ = [z w]. Therefore, the original
system is also decomposed into two parts: z denotes those states, which are used as
scheduling parameters, while w contains the rest of the state variables.
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LTI systems

Vector  of the scheduling parameters

Fig. .1: LPV system as a set of LTI systems

.1.1 Transformation of a nonlinear plant to LPV form

There are several methods to transform a nonlinear plant a LPV form. The most
common involves a Jabocian linearization method. The determination of the LPV
representation consists of the following main steps:

• First step is the selection of the scheduling parameters of the LPV system. It
is important to note that the selected scheduling variables must be measurable
(or observable) in real time for the control synthesis.

• Second step is the determination of the operating point of the system using
the variables in the scheduling vector ρ.

• Third step is the linearization around the desired operating points.

Then, the presented state-space representation (.4) can be built up. Among the
operating points, the current state-space can be determined by using interpolation
methods.

.1.2 Control synthesis for LPV systems

The control synthesis of a LPV system is similar to the conventional robust
methods, such as H∞. The desired performances of the closed-loop system can be
achieved by using appropriately tuned weighting functions. An example is shown in
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1

Fig. .2: Example: LPV control synthesis

Figure .2. A common goal is to guarantee the tracking of a speci�c reference signal
(|yref − y| → min!), which is guaranteed by the weighting function Wz,1. Another
could be to minimize the control input (|u| → min!), which is scaled by the function
Wz,2. In real systems, the measurement noises must be taken into account during
the control design phase. It can also be done, in this case, using the weighting
function Ww.

There are three main methods, which can be used for control synthesis:

• Single Quadratic Lyapunov Function, which can be used for LPV systems,
which only have exogenous scheduling variables.

• Parameter Dependent Lyapunov Function, which can handle state-dependent
scheduling variables.

• Linear Fractional Transformation (LFT)-based solutions based on the small
gain theorem.

The general control synthesis problem to choose the parameter-varying controller
K(ρ) in such a way that the resulting closed-loop system is quadratically stable and
the induced L2 norm from disturbance and to performances is less than the value
γ. The minimization task is the following:

inf
K(ρ)

sup
ρ∈Fρ

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

, (.5)
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where Fρ bounds the scheduling variables. The yielded controller K(ρ) is formed as

ẋK = AK(ρ)xK +BK(ρ)yK , (.6a)

u = CK(ρ)xK +DK(ρ)yK , (.6b)

where AK(ρ), BK(ρ), CK(ρ), DK(ρ) are variable-dependent matrices.



LIST OF NOTES

LPV Linear Parameter Varying
ADAS Advanced Driver Assistance Systems
MPC Model Predictive Control
ψ yaw angle
β side-slip angle
γ wheel camber angle
m mass of vehicle
Iz yaw-inertia of chassis
αf , αr lateral slip of front/rear tyre
l1, l2 distance between vehicle center of gravity and front/rear axle
Cα,f , Cα,r cornering sti�ness of front/rear tyre
y lateral vehicle position
δ front steering angle
Md generated yaw moment
vx longitudinal velocity
vy lateral velocity
ax longitudinal acceleration
ay lateral acceleration
ωf,f , ωf,r, ωr,f , ωr,f angular velocity of the front/rear, left/right wheels
δ, l, δ, r road wheel angle left/right
δs angle of the steering wheel
Mf,f ,Mf,r,Mr,f ,Mr,r Torques of the wheels front/rear, left/right
ϕ̇ roll rate
B wheel track
z performance
h height of CoG
ms,f ,ms,r mass of suspension front/rear
ρ scheduling variable
K(ρ) scheduling variable dependent controller


