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Introduction

An approach to categorize phases of matter are based on the symmetry properties
of the system[1]. It was Landau who first pointed out that under very general
circumstances the lowest energy state of a system does not have the full symmetry
of the Hamiltonian that describes the system. Within the Landau theory of phase
transitions, the symmetry is broken by a continuously emerging order parameter[2].
By definition this parameter is zero in the symmetrical state and it has a non-zero
average uniquely specifying the state when the symmetry is broken. The efforts of
Landau for his pioneering theories for condensed matter were recognized by the 1962
Nobel Prize in Physics[3].

There are however, other types of phases, matter can exist in. The main interest
of them does not lie in their symmetry properties. The quantum Hall effect occurs
when electrons are confined to two dimensions and are subjected to a strong perpen-
dicular magnetic field. According to observation, during the effect the longitudinal
resistivity vanishes and the Hall conductance becomes quantized[4]. The precision
of this quantization is so high that the Hall effect is nowadays used to maintain
the standard of electrical resistance by metrology laboratories[5]. This precision is
the manifestation of the topological nature of the integer quantum Hall state which
is responsible for the quantum Hall effect. This state can be characterized by an
integer the Thouless, Kohmoto, Nightingale and den Nijs invariant. This invariant
is topological in the sense that its value cannot be changed by local perturbations[6].
Their discovery heralded a new type of phase of matter. Topological phases of mat-
ter are not described by a local order parameter, but rather by topological invariants.
The theoretical discovery of topological phase transitions and topological phases of
matter yielded Thouless, Haldane and Kosterlitz the 2016 Nobel Prize in Physics[7].

The great experimental advancement in the early 21st century, that allows the
study of the real-time dynamics of closed quantum systems, naturally encouraged
theoretical research toward non-equilibrium physics. Among the numberless inter-
esting phenomena, the theory of dynamical quantum phase transitions emerged[8].
In order to understand the non-equilibrium quantum world, some attempted to take
over concepts from the description of quantum many-body systems in equilibrium.
In 2013, Heyl et al[9] showed that one can define dynamical phase transitions, where
a singularity develops in the dynamical counterpart of the free energy density as a
function of time, after the system is suddenly kicked from equilibrium. This work
triggered active theoretical[10, 11, 12, 13] and experimental research[14, 15], to in-
vestigate the properties of this kind of dynamical phase transitions.
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Objectives

Previously, time-periodic perturbations, mostly due to electromagnetic fields, have
been proposed and used to manipulate a band structure and achieve topologi-
cal properties. For instance, a one dimensional helical Dirac fermion system, i.e.
the edge states of a quantum spin Hall insulator, irradiated perpendicularly with
monochromatic and circularly polarized light, develops a finite photocurrent[16].
The photocurrent turns from dissipationless to dissipative with increasing radiation
frequency, signaling a change in the topological properties. The first part of our
research concentrated on the effects of quantized electromagnetic field on the edge
states of a quantum spin Hall insulator, with the classical driving field replaced by
its quantum counterparts having its own quantum dynamics.

The interaction between the helical Dirac fermions and quantized electromag-
netic field originates from a Zeeman term, i.e. the interaction between the quantized
magnetic field and spins. In addition, there is another significantly weaker interac-
tion term originating from the vector potential due to the Peierls substitution. The
resulting Hamiltonian, that describes the coupled quantum light-matter system, is
reminiscent of the inhomogeneous Dicke model[17, 18]. Our aim was to investigate
the properties of the fermionic part of the system, as well as the bosonic part, in the
presence of only the Zeeman term. Later, we extended our calculations, in order to
incorporate the effects of the other interaction term on the system.

As the second part of our research, we turned our attention to non-equilibrium
phenomena involving Dirac fermions. The two dimensional α− T3 lattice has a tri-
angle Bravais lattice and three atoms (two rim sites and a hub site) as a basis[19].
In the α − T3 lattice model hopping is allowed only between a rim site and a hub
site, with α being the ratio of the hopping amplitudes. With α = 0 one recovers
the famous honeycomb lattice, with α = 1 the dice lattice. The interesting part of
this model is the existence of a completely flat band, as well as the emerging Dirac–
Weyl fermions as the low energy excitations of the system[20]. Using the low-energy
description of the α − T3 model in the continuum limit, our aim was to investi-
gate, whether dynamical quantum phase transitions occur, after the geometrical
parameters of the model (hopping ratio, on-site potentials) are quenched.
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New scientific contributions

The following thesis statements summarize the new scientific results obtained in my
thesis:

1. The interaction between helical Dirac fermions, hosted by the edge of a quan-
tum spin Hall insulator, and a single electromagnetic cavity mode with fixed
helicity is described by an inhomogeneous Dicke-type Hamiltonian. The inter-
actions originate from the Zeeman coupling between the spin of the electrons
and the magnetic field of the cavity, as well as from the Peierls substitution
in the linear momentum. I have shown using Lax operator method, that this
model is quantum integrable as long as the continuous symmetry breaking
interaction term originating from the vector potential of the cavity mode is
absent. Furthermore, due to the photon-mediated long-ranged effective inter-
action between the helical Dirac fermions, the model is exactly solvable by
mean-field theoretical methods, even in the presence of the aforementioned
vector potential term. As a result, I have demonstrated the existence of a
non-integrable but exactly solvable model.
These results were published in [P2].

2. Using mean-field theoretical methods, I have obtained the exact solution for
the inhomogeneous Dicke-type model describing the interaction between heli-
cal Dirac fermions and quantum light with fixed helicity. At arbitrary small
interaction strengths, the system is in a superradiant phase with the photons
being in a macroscopically occupied coherent state, in contrast to the con-
ventional Dicke model where the superradiant phase transition occurs at a
non-zero critical coupling strength. The fermionic energy spectrum acquires
a photoincuded gap and the excitations are described by fermionic Bogoli-
ubov quasiparticles. In the absence of the vector potential interaction, the
system possesses continuous U(1) symmetry, which generates the total num-
ber of excitations into a conserved quantity. When this quantity is fixed, the
photoinduced gap becomes dependent on the photon frequency ω and a pho-
tocurrent is generated along the edge, being pseudoquantized as ∼ ω lnω in
the low-frequency limit and decaying as ∼ 1/ω for high frequencies. Moreover,
the resulting ground-state manifold is topologically non-trivial with a Chern
number of ±1.
These results were published in [P1].

3. In the emergent superradiant phase, the symmetries of the system are spon-
taneously broken. I have calculated the spectral function of the interacting
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photon field using diagram technique, which revealed polariton continuum ex-
citations above a threshold energy, corresponding to a Higgs mode and another
low-energy collective mode due to the phase fluctuations of the ground state.
This collective mode is a zero energy Goldstone mode that arises from the
broken continuous symmetry in the absence of the vector potential. In the
presence of the vector potential interaction term, the symmetry of the system
is lowered to a discrete Z2 group, as a result the energy of the Goldstone mode
shifts to a non-zero value.

These results were published in [P3].

4. I have calculated the complex optical conductivity of the edge electrons using
random phase approximation. The collective modes make an appearance in
the optical conductivity: at the Higgs mode frequency the optical conductiv-
ity has a characteristic square root singularity. Additionally, the Goldstone
mode manifests itself in the real part of the optical conductivity as a Drude
peak. This produces a low frequency dc/ac conductivity, depending on the
absence/presence of the vector potential term, respectively.

These results were published in [P3].

5. I have studied the non-equilibrium dynamics of the two dimensional, three
band α−T3 model after quenches in the geometrical parameters of the model.
By using the gapped low-energy Hamiltonian of the α − T3 model, which de-
scribes Dirac–Weyl fermions, I have deduced the conditions for the appearance
of dynamical quantum phase transitions, i.e. non-analytical temporal behav-
ior in the rate function of the Loschmidt amplitude referred to as dynamical
free energy density. The condition requires the existence of a momenta for
which the occupation probabilities of all the postquench bands are below one
half, which implies population inversion. If population inversion happens on
a finite momentum interval, then the non-analyticities occur only in the first
derivative of the dynamical free energy density. However, for a certain range
of the geometrical parameters this momentum interval is infinite and the non-
analyticities also appear in the rate function itself. I have further shown,
that this is accompanied by the appearance of dynamical vortices in the time-
momentum space of the generalized Pancharatnam phase. The positions of
these vortices form an infinite vortex ladder, i.e., a macroscopic phase struc-
ture, which allows the identification of the dynamical phases that are separated
by the dynamical phase transitions.

These results were published in [P4].
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