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Chapter 1

Introduction

Although all matter is built up from atoms, nature is extremely rich with mate-
rials with unique and distinct properties. Ever since the time of Aristotle, philoso-
phers and scientists have tried to create categories to sort the substances that we
find around us. In elementary school we learn there are three states of matter: gas,
liquid and solid. As we read, study and experience the world over the years the
number three seemingly increases indefinitely. Even if we only focus on solids, we
will find a plethora of differences between them. For example, there exist hundreds
of different types of crystals, apart from quasicrystals and those materials which are
neither: amorphous solid. Metals conduct electricity, while insulators do not and
in many ways magnets are different from these two. Superconductivity is another
remarkable state of solid matter, which was discovered solely because technology
reached a point where the necessary temperatures were made available. As the
example of the discovery of superconductivity shows, technological and scientific
advancement walk hand in hand. Innovations in technology rely on our ability to
understand the materials that create them. One of the main goals of physics is to
uncover these insights. Understanding how the different properties of matter emerge
from the microscopic description leads to the creation of wonderful gadgets that we
use to make our professional and everyday life more convenient. The needs of soci-
ety are ever changing, however the means to provide will always be available from
scientific breakthroughs. Thus, the importance of the study of phase transitions of
all sorts[1].

An approach to categorize phases of matter are based on the symmetry proper-
ties of the system that describe them. For almost all practical purposes, space is
homogeneous and isotropic[2]. The existence of solids is the very epitome of bro-
ken translational invariance. In a crystalline solid the building blocks, the atoms
or basis, do not occupy random positions, rather they are sitting in patterns that
periodically fill space in all directions. We understand this by the following state-
ment: if the potential energy of the interacting atoms dominates the kinetic energy
term, then the system of particles will take up a regular lattice structure. It was
Landau who first pointed out that under very general circumstances the lowest en-
ergy state of a system does not have the full symmetry of the Hamiltonian that
describes the system. Furthermore, it is impossible to change symmetry gradually,
a symmetry element is either there or it is not. Within the Landau theory of phase
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transitions, the symmetry is broken by a continuously emerging order parameter[3].
By definition this parameter is zero in the symmetrical state and it has a non-zero
average uniquely specifying the state when the symmetry is broken. Of course, there
are consequences of broken symmetry, one of which is the development of collective
excitations. This subject will be further touched upon in this thesis. The efforts
of Landau for his pioneering theories for condensed matter were recognized by the
1962 Nobel Prize in Physics[4].

There are however, other types of phases, matter can exist in. The main inter-
est of them does not lie in their symmetry properties. Take the integer quantum
Hall state for example whose importance arises from its topological properties. The
quantum Hall effect[5] occurs when electrons are confined to two dimensions and
are subjected to a strong perpendicular magnetic field. According to observation,
during the effect the longitudinal resistivity vanishes and the Hall conductance be-
comes quantized. The precision of this quantization is so high that the Hall effect
is nowadays used to maintain the standard of electrical resistance by metrology
laboratories[6]. This precision is the manifestation of the topological nature of the
integer quantum Hall state which is responsible for the quantum Hall effect. This
state can be characterized by an integer the Thouless, Kohmoto, Nightingale and
den Nijs (TKNN) invariant[7]. The TKNN invariant is topological in the sense that
its value cannot be changed by local perturbations. They showed that the Hall
conductance computed by the Kubo formula is exactly their invariant times e2/h,
explaining the quantization and its robust nature. Their discovery heralded a new
type of phase of matter. Topological phases of matter are not described by a local
order parameter, but rather by topological invariants. The theoretical discovery
of topological phase transitions and topological phases of matter yielded Thouless,
Haldane and Kosterlitz the 2016 Nobel Prize in Physics[8]. The mathematical frame-
work of the TKNN invariant in the band theory of solids will be detailed later in
this chapter.

In the early decades of the 21st century, the development of experimental tech-
niques enabled the study of real-time dynamics of closed quantum many-body sys-
tems. Consequently, the theoretical interest in non-equilibrium phenomena sky rock-
eted. Among the numberless interesting phenomena, the theory of dynamical phase
transitions emerged[9]. Nevertheless, there are several different schemes that can
refer to dynamical phase transitions. An example is when systems are driven across
a phase transition by continuously changing an external parameter (e.g. the temper-
ature, magnetic field) in time. This scenario may show some interesting phenomena
related to defect production, for example the formation of magnetic domains in
a magnet or vortices in a superconductor. Another non-equilibrium phenomenon,
called dynamical transition, is characterized by the singular behavior of long time
averages of certain observables as a function of a control parameter, following a
quantum quench. The first examples were found in the Hubbard model[10], and
were followed by others e.g. in the Bose–Hubbard model, the Jaynes–Cummings
model, the transverse field Ising model[11, 12]. In 2013, Heyl et al showed that one
can define dynamical phase transitions, where the singularity develops as a function
of time after the system is suddenly kicked from equilibrium. This work triggered ac-
tive research to investigate the properties of this kind of dynamical phase transitions
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and experiments as well.
In the remainder of Chapter 1, we introduce key concepts, motivation and back-

ground to understand the studies included in this thesis. Section 1.1 introduces Dirac
fermions through the two dimensional honeycomb lattice. In Section 1.2, topolog-
ical insulators are discussed, the end goal being the introduction of the quantum
spin Hall insulator as well as its most important property: the edge states. Sec-
tion 1.3 serves as a review on the effective theory of the quantum spin Hall edge
states and their interaction with classical electromagnetic fields. In Section 1.4, the
famous Dicke model of light-matter interaction is discussed along with the superra-
diant phenomena characterized by said model. At the end of Chapter 1, we give a
detailed background for dynamical quantum phase transitions as it was defined by
Heyl. In Chapter 2, as the first main subject of the present thesis, we introduce the
interactions between the edge states of a quantum spin Hall insulator and quantized
electromagnetic field and solve the problem by mean-field theoretical methods. In
Section 2.1, the proper Hamiltonians describing the interactions are presented. With
the full Hamiltonian in our possession, in Section 2.2 we discuss the symmetry prop-
erties and the integrability of said Hamiltonian. By calculating the photon mediated
effective electron-electron interaction, we make a physical argument for the exact
nature of the mean-field solution in the thermodynamic limit. Finally, in Section
2.3 we detail the physical properties of the edge electrons regarding their ground
state, excitation spectrum and the topological aspects of the emerging superradiant
phase. In Chapter 3, the consequences of symmetry breaking in the interacting
light-matter system are examined. In Section 3.1, using diagrammatic approach
the Green’s function of the fermions and the photons are calculated in Matsubara
frequency space. In Section 3.2, the photonic spectral function is studied, which re-
veals the emergent collective modes as the consequences of symmetry breaking. In
Section 3.3, we show that the optical conductivity of the edge electrons are also in-
fluenced by these collective modes. In Chapter 4, the study shifts to non-equilibrium
phenomena focusing on the possibilities of dynamical quantum phase transitions in
a system of Dirac fermions. Section 4.1 sets up the three-band model of the α− T3

lattice, whose low-energy excitations are Dirac–Weyl fermions. In Section 4.2, the
quench dynamics of this three-band model is investigated, leading to the detailed
description of the properties of the emergent dynamical phase transitions.

1.1 Dirac fermions
A crystalline structure is described by its Bravais lattice and the atomic con-

figuration called the basis that occupies the lattice points[13]. The Bravais lattice
is defined by the primitive vectors (ai), then the whole of the crystal is spanned by
the discrete displacement of the lattice points: Rn =

∑
i niai, ni ∈ Z. This lattice

concept is expanded by the unit cell which includes the space between the lattice
points. The whole volume of the crystal is then spanned by the discrete displacement
of the unit cell. Due to the periodic arrangement the spatial dependence of physical
quantities have the periodicity of the lattice: f(r) = f(r + Rn). This periodicity
encourages the definition of the reciprocal lattice: aibj = 2πδij, with bj primitive
reciprocal vectors. The Fourier expansion of the quantity f(r) =

∑
j e

iGjrf(Gj)
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has non-vanishing terms only at wavevectors: Gm =
∑

imibi, mi ∈ Z. Similarly
to the Bravais lattice, a unit cell can be defined in the reciprocal lattice. The most
notable reciprocal unit cell is the first Brillouin zone, which is defined as the volume
that contains the closest points to a reciprocal lattice point. An example of a lattice
structure and Brillouin zone, which is used later in the thesis, is given in Fig. 1.1.
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Figure 1.1: The lattice structure of the two dimensional honeycomb lattice with
the primitive vectors (a1, a2) and the first Brillouin zone in k space with primitive
reciprocal vectors (b1,b2). The Bravais lattice of the honeycomb lattice is a triangle
lattice. The basis consists of two atoms and electrons can hop between A − B
sublattices, with hopping integral γ.

Electrons moving in a crystalline lattice structure is described by a Hamiltonian
which has the periodicity of the lattice: H(r) = H(r + Rn). The eigenstates of
lattice-periodic Hamiltonians can be constructed using Bloch’s theorem[14]. The
theorem states that the eigenstates are characterized by a vector quantum number
k, chosen from the first Brillouin zone:

|ψk(r)〉 = eikr|uk(r)〉, (1.1)

where |uk(r)〉 is lattice periodic. By substituting this one particle state into the
Schrödinger equation of the electrons, we arrive at an equation regarding |uk〉. There
are many energy solutions for each k, which has to be labeled by another index n:

Hk|unk(r)〉 = En(k)|unk(r)〉, (1.2)

where En(k) is the band structure of the electrons. The number of allowed k wave
vectors in the Brillouin zone is determined by the number of primitive cells (N) in the
finite crystal. In the N →∞ limit the energy eigenvalues En(k) make up continuous
curves, furthermore in finite but sufficiently large crystals the band structure can be
treated approximately by continuous functions in k-space.
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The band theory of solids describes the range of energy levels that electrons can
occupy through En(k). Different bands can overlap with each other, however it can
also occur that different bands are separated by a range of energy, called the energy
gap or band gap. Within the gap, the energy levels are unavailable for the electrons.
Electrons as fermions cannot occupy the same state, so they fill up the bands until
the Fermi energy is reached. If the Fermi energy lies within a band, then the solid
is a metal, since an applied electric field would be able to excite electrons to an
unoccupied larger energy level. In the presence of a band gap, a fully filled band
would mean that the applied electric field could not initiate charge movement, hence
the solid in this case is an insulator.

To summarize, the system of electrons interacting with the periodic potential
of the crystal can be described as a gas of non-interacting particles obeying Fermi–
Dirac statistics[15]. This statement is best treated in second quantization formalism.
According to the formalism we introduce creation and annihilation operators for the
Bloch states, these obey anti-commutation relations

{cnk, c†n′k′} = δnn′δkk′ . (1.3)

Here c†nk creates a Bloch electron with crystal momentum k on the nth band. Since
the Bloch states are eigenstates of the one particle Hamiltonian, the second quantized
form of the Hamiltonian is

H =
∑
n,k

En(k)c†nkcnk. (1.4)

Therefore, the Bloch representation is used whenever we are interested in the en-
ergy spectrum of the electrons. The presence of k indicates we are working in the
reciprocal lattice, in the crystal momentum space.

In practice, the Bloch Hamiltonian is obtained by the diagonalization of the real
space Hamiltonian containing the creation (c†nj) and annihilation (cnj) operators for
the Wannier states:

H =
∑
n,j,l

tn,jlc
†
njcnl. (1.5)

These Wannier states are interpreted as electron states of the nth band that are
centered around the lattice point Rj. The quantity tn,jl is the hopping matrix, the
matrix elements of the Hamiltonian between the Wannier functions centered around
the lattice points Rj and Rl. It is important that the Wannier states are not eigen-
functions of the one particle Hamiltonian, rather the Hamiltonian couples Wannier
functions associated with different lattice points[15]. Diagonalization is achieved by
Fourier transformation which relates the creation and annihilation operators of the
Wannier states to the creation and annihilation operators of the Bloch states.

1.1.1 Tight-binding model for the honeycomb lattice

We are considering the tight-binding description for the honeycomb lattice with
lattice constant a, depicted in Fig. 1.1. The basis consists of two atoms labeled
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with (A,B). Creation operators are defined for each sublattice: a†i and b†i . Only
the nearest neighbor hoppings are taken into account, with hopping integral γ. The
nearest neighbor tight-binding Hamiltonian in real space according to Eq. (1.5):

H = −γ
∑
i,j

(
a†ibj + b†jai

)
= −γ

∑
i,δ

(
a†ibi+δ + b†i+δai

)
. (1.6)

The symbol δ denotes the nearest neighbor vectors for an atom placed on sublattice
A:

δ1 =
a

2

(
1√
3

)
, δ2 =

a

2

(
1

−
√

3

)
, δ3 = a

(
−1
0

)
. (1.7)

After Fourier transformation, the Hamiltonian in Eq. (1.6) is rewritten into a matrix
form with the definition Ψ†k = (a†k, b

†
k) and f(k) = −γ∑δ e

ikδ:

H =
∑
k

Ψ†kHkΨk, Hk =

(
0 f(k)

f ∗(k) 0

)
(1.8)

We recovered the famous tight-binding Hamiltonian of the honeycomb lattice[16,
17, 18]. The dispersion relation of the electrons moving in this lattice is given by
the two eigenvalues of the matrix Hk:

E±(k) = ±|f(k)|. (1.9)

These two bands are depicted in Fig. 1.2 and they describe a semimetal[19]. The
bands touch each other at six points, these points coincide with the corners of the
first Brillouin zone. Two out of the six corners of the Brillouin zone are inequivalent,
due to the fact that the others can be connected to these two by a reciprocal lattice
vector. The conventionally chosen[18] independent points are

Kξ =
2π

9a

(
3

ξ
√

3

)
, ξ = ±1, (1.10)

these are depicted in Fig. 1.1. If the Fermi level resides exactly at the points where
the upper band touches the lower band, which is the case whenever the lower band
E− is fully filled, the physics can be understood using the low-energy description of
the Hamiltonian[20, 21, 22, 23, 24].

Near the Kξ points the dispersion relation exhibits cone like features, so the
energy depends linearly on the momentum. By expanding f(k) around the Kξ

points, we get

f(Kξ + q) =
3aγ

2
ie−i

2π
3 (qx − iξqy) +O(q2). (1.11)

Here the ie−i
2π
3 phase can be transformed out by the redefinition of Ψ† → Ψ† =

(ia†q, e
−i 2π

3 b†q) and we arrive at the desired low-energy Hamiltonian:

Hξ(q) =
3aγ

2

(
0 qx − iξqy

qx + iξqy 0

)
. (1.12)
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Figure 1.2: The dispersion relation E±(k), the two band touch each other at six
different points. Near these points, the dispersion looks like a cone implying the
energy depends linearly on the momentum.

Now we see, that for small momentum around the Kξ points the energy dispersion
is indeed linear: E±(q) = ±(3aγ/2)|q|, hence the Kξ points are referred to as
Dirac points. Throughout the thesis, there will be numerous times when fermionic
excitations with linear energy will appear, they will always be referred to as Dirac
fermions. For ξ = 1 the Hamiltonian is the well-known low-energy Hamiltonian of
graphene describing massless Dirac fermions[25]:

Hq =
3aγ

2
(qxσx + qyσy) = vFqσ, (1.13)

where vF = 3aγ/2 is the Fermi velocity and σi are the Pauli matrices.
The low-energy elementary excitations, the two-dimensional Dirac fermions lead

to unusual properties of graphene. These include Klein tunneling[26], i.e. unimpeded
penetration of electrons through high and wide potential barriers; Zitterbewegung[27],
the trembling motion of the wavefunction during confinement. Placing a graphene
sheet into a perpendicular magnetic field also shows the massless Dirac fermion’s
unusual response. The energy of the emergent Landau levels is proportional to
∼ √n, instead of the conventional ∼ (n+ 1/2), which shows up in the Shubnikov-de
Haas oscillations[25, 28] and leads to anomalous half-integer quantum Hall effect,
see Fig. 1.3. The further extraordinary electronic, mechanical and optical[29] prop-
erties of graphene, such as remarkable thermal conductivity[30], high electron mo-
bility in room temperature[25], high modulus of elasticity[31], making it attractive
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Figure 1.3: The left panel shows the schematic diagram of the Landau level density
of states (DOS) and corresponding quantum Hall conductance (σxy) as a function of
energy in graphene. The Landau level index n is shown next to the DOS peak. In
an experiment, the Fermi energy EF can be adjusted by gate voltage, and the Hall
conductance changes by an amount of gee2/h, where ge = 4, as the Fermi energy
crosses a Landau level. The right panel shows measured quantum Hall effect for
massless Dirac fermions in graphene. The Hall conductivity σxy and the longitudinal
resistivity ρxx of graphene as a function of their concentration at B = 14 T . Inset:
Hall conductivity in bilayer graphene where the quantization sequence is normal
and occurs at integer n. The latter shows that the half-integer anomalous quantum
Hall effect is exclusive to graphene. Images are adopted from the arXiv versions of
Ref[25, 28].

for use in a vast number of applications for future electronics. These include ballistic
transistors[19, 32], field emitters[33], components of integrated circuits, transparent
conducting electrodes and sensors[34].

1.2 Topological insulators
As was mentioned the band theory of solids describes electrons moving in the

periodic structure of a lattice as a non-interacting fermion gas, called Bloch elec-
trons. Their eigenvalue En(k) defines the band structure. In an insulator an energy
gap separates a fully occupied band from an empty band. The size of the gap deter-
mines if the solid is an insulator or a semiconductor. If the gap size is comparable
to ∼ kBT , where T is the temperature, thermal fluctuations can excite Bloch elec-
trons into the empty conduction band. As a consequence, at room temperature the
number of charge carriers that reside in the conduction band is larger for a semi-
conductor than for an insulator. Nonetheless, semiconductors and insulators are the
same regarding their band structure. One can imagine that by adiabatically tuning
parameters in the Hamiltonian without closing the gap, it is possible to transform
one insulating state into another. Such a process defines a topological equivalence
between different insulating states. If one adopts a slightly coarser topological clas-
sification scheme, which equates states with different numbers of trivial core bands,
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then all conventional insulators are equivalent. Such insulators are equivalent to the
vacuum, which according to Dirac’s relativistic quantum theory also has an energy
gap, a conduction band (electrons) and a valence band (positrons)[35]. A question
arises: are all electronic states with an energy gap topologically equivalent to the
vacuum?

The answer is no, because there exists a global property related to topology that
separates the insulating states in the sense that this property cannot change, when
the Hamiltonian varies smoothly without its bulk gap closing[35]. The global prop-
erty is a topological invariant. Historically, the first topological invariant was the
already mentioned TKNN invariant[7] that explained the robustness of the quantum
Hall state. In two dimensions, the TKNN invariant is actually the integral of the
Berry curvature[36] in the first Brillouin zone, called the Chern number[37]. Pro-
vided there are no accidental degeneracies when k is transported around a closed
loop, the Bloch state |un(k)〉 acquires a well defined Berry phase given by the line
integral of

An(k) = i〈un(k)|∇k|un(k)〉. (1.14)

The Berry curvature is then defined as

Fn(k) = ∇k ×An(k), (1.15)

and the TKNN invariant, the Chern number is

Cn =
1

2π

∫
BZ

dk2 Fn(k). (1.16)

The Chern number Cn can only take integer values and the total Chern number,
summed over all occupied bands is invariant even if there are degeneracies between
occupied bands, provided the gap separating occupied and empty bands remains
finite.

1.2.1 Graphene as a topological insulator

As a reminder, we are aiming for an introduction for quantum spin Hall insula-
tors. As another step toward this goal, we are using the simple example of graphene.
The tight-binding Hamiltonian of graphene were already introduced in Eq. (1.8):

Hgraf (k) =

(
0 f(k)

f ∗(k) 0

)
= −γ

∑
δ

cos(kδ)σx + γ
∑
δ

sin(kδ)σy. (1.17)

This Hamiltonian has the form of a general two band Bloch Hamiltonian:

H(k) = hx(k)σx + hy(k)σy + hz(k)σz. (1.18)

It is educational to study the symmetry properties of Eq. (1.17). Inversion symmetry
relates states with crystal momentum k to −k, also it interchanges the sublattices.
Thus, a two band Hamiltonian has inversion symmetry if

σxH(k)σx = H(−k) =⇒


hx(k) = hx(−k)

hy(k) = −hy(−k)

hz(k) = −hz(−k)

. (1.19)
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The properties of the sine and cosine function make sure that Eq. (1.17) has inversion
symmetry. Time reversal symmetry is related to complex conjugation and if a Bloch
Hamiltonian obeys

H∗(k) = H(−k) =⇒


hx(k) = hx(−k)

hy(k) = −hy(−k)

hz(k) = hz(−k)

, (1.20)

then it has time reversal symmetry[14]. We can observe that if both inversion and
time reversal is present then necessarily hz(k) = 0. The absence of hz from Eq. (1.17)
stabilizes the existence of Dirac points, they are protected by symmetry. In order
to open a gap in graphene one has to break one of these symmetries.

Adding a simple ∼ mσz term to the Hamiltonian breaks inversion or time re-
versal. Depending on which symmetry is broken the topological properties are dif-
ferent. We can easily understand this using the effective low-energy Hamiltonian of
graphene. We can break inversion symmetry by placing different on-site potentials
to the sublattices. This is what happens for example in monolayer boron nitride
(BN), which has the same honeycomb lattice structure as graphene but with differ-
ent atoms sitting at each sublattice[38]. At the two inequivalent Dirac points the
effective low-energy Hamiltonian with an inversion symmetry breaking term is

Hξ(q) = vF (qxσx + ξqyσy +mσz), (1.21)

with ξ = ±1. The energy eigenvalues are E±(q) = ±vF
√
|q|2 +m2, resembling

Dirac fermions with mass m. The integral of the Berry curvature around each Dirac
point is easily calculated, and it yields: Cξ = ξ/2. The Chern number of the whole
band is the sum of these individual integrals, which implies C = 0. In conclusion,
opening a gap by breaking inversion symmetry but keeping time reversal results in
a normal insulating phase.

A mass term that has opposite signs at the inequivalent Dirac points would break
time reversal but keep inversion. This situation can be studied with the low-energy
Hamiltonian

Hξ(q) = vF (qxσx + ξqyσy + ξmσz). (1.22)

In this case the energy eigenvalues are also E±(q) = ±vF
√
|q|2 +m2, however

the Berry curvature integrals for the Dirac points are Cξ = ξ2/2. The result is a
topological insulating phase with Chern number C = 1. The original model that
imagined lifting time reversal but keeping inversion symmetry was the celebrated
Haldane model[39]. Haldane introduced a local magnetic flux density normal to the
plane of the honeycomb lattice, with the full symmetry of the lattice, and with zero
total flux through the unit cell, see Fig. 1.4. The effect of the local field is to multiply
the matrix element for hopping between sites by the phase factor exp

(
ie
∫
dr A

)
where the integral is along the hopping path. Since closed paths of first-neighbor
hoppings enclose complete unit cells, the nearest-neighbor hopping integrals are
unaffected. However, closed paths of second-neighbor hoppings causes the the next-
nearest-neighbor hopping integrals to acquire a complex phase. The Haldane term
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appearing next to the graphene Hamiltonian in Eq. (1.17) is

HHaldane = Hgraf (k) + (M − 2γ′ sinφ)
∑
δ2

sin(kδ2)σz, (1.23)

where M is an on-site potential, γ′ is the next-nearest-neighbor hopping integral,
φ is the aforementioned acquired complex phase due to the introduced local field,
δ2 are the next-nearest-neighbor vectors. The parameters M and φ are used to
break either inversion or time reversal. The experimental realization of the Haldane
model and the characterization of its topological band structure was achieved using
ultracold fermionic atoms in a periodically modulated optical honeycomb lattice[40].

a b

B

A B

A

BA

γ

eiφγ′

Figure 1.4: (a) Nearest-neighbor tunnel couplings γ have real values, where as next-
nearest-neighbour tunnelling eiφγ′ carries tunable phases indicated by arrows. The
corresponding staggered magnetic fluxes sum up to zero but break TRS. (b) Topo-
logical regimes of the Haldane model, in the (M,φ) parameter space.

1.2.2 Edge states and bulk-boundary correspondence

One of the most interesting feature of a topological insulator is the existense of
topologically protected conducting edge states[41, 42]. The term edge state refers
to the fact that these states are localized at the boundaries of a finite topologi-
cal insulator. Furthermore, the energy of these states lie inside the band gap of
the topological insulator. What makes them extremely sought after is their chiral
nature, electrons occupying these states can only propagate in one direction only.
Consequently, the edge states are insensitive to disorder because there are no states
available for backscattering.

The chiral edge states can be seen explicitly by solving the Haldane model in
a semi-infinite geometry[43]. However, we can quickly see the edge states using
our simplified Dirac Hamiltonian of Eq. (1.22). Consider the situation sketched in
Fig. 1.5. The lower half plane is occupied by a topological insulator, which has
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Figure 1.5: The y < 0 half plane is occupied by a topological insulator with differ-
ently signed mass terms at the Dirac points. On the upper y > 0 half plane the
mass terms at the different Dirac points have the same sign (m at K+1 and m′ at
K−1), consequently at the interface the mass term at Dirac point K+1 has to change
signs: m = m(y). A chiral edge state developes localized to the interface with linear
dispersion connecting the valence band with the conduction band.

m > 0 mass term at the Dirac point K+1 and m < 0 at the Dirac point K−1. In the
upper half plane, there is a normal insulator with positive mass term at each Dirac
point Kξ. Thus, for the K+1 Dirac point we have a mass term that changes sign
at the interface: m = m(y). Replacing q with −i∇ and considering the eigenvalue
equation

vF (−i∂xσx − i∂yσy +m(y)σz)ψ(x, y) = Eψ(x, y), (1.24)

a localized eigenstate can be constructed near the interface. Indeed the state

ψ(x, y) = Neiqxx exp

(
−
∫ y

0

dy′ m(y′)

)(
1
1

)
, (1.25)

is localized near the interface and it is an eigenstate of the Hamiltonian in Eq. (1.26)
with energy E = vF qx. This state intersects the Fermi energy and has positive group
velocity vF describing a right moving conducting chiral edge state.

By changing the Hamiltonian near the surface the dispersion of the edge states
can be modified. For instance, E(qx) could develop local extrema so that the edge
states intersect the Fermi energy three times, twice with a positive group velocity
and once with a negative group velocity. The difference between the number of right
and left moving modes, however, cannot change and is determined by the topological
structure of the bulk states. This observation is the essence of the bulk-boundary
correspondence[44].
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1.2.3 Quantum spin Hall insulator

So far we completely neglected the spin of the Bloch electrons. In the presence of
magnetic fields and if the material has strong spin-orbit interaction, the spin of the
electrons needs to be considered. Time reversal invariance has special consequences
related to spins, known as Kramers’ theorem. The theorem states that each energy
level is at least doubly degenerate for particles with half-integer spin[14]. We are
dealing with non-interacting electrons, thus Kramers’ theorem applies and every
electron state has to be at least doubly degenerate if time reversal is present.

Incorporating the spin degree of freedom to the model of graphene is somewhat
easy due to inversion and time reversal symmetry. As both symmetries are present
the electronic states for every crystal momentum k show spin degeneracy. Adding
the intrinsic spin-orbit interaction HSO = ∆SOξσzSz into the mix does not break
inversion and time reversal in graphene[45]. Since HSO is proportional to the spin
component Sz, the intrinsic spin-orbit interaction splits the Hamiltonian for the up
and down spins. As a result, we arrive at two copies of the Haldane model with oppo-
site signs for the Hall conductivity for up and down spins. In an applied electric field,
the up and down spins have Hall currents that flow in opposite directions[46, 47].
The Hall conductivity is thus zero, but there is a quantized spin Hall conductivity.
Since it is two copies of a quantum Hall state, the quantum spin Hall state must
have gapless edge states, which are the time reversed partners of each other. The
intrinsic spin-orbit interaction conserves the spin Sz. However, there can be ad-
ditional spin non-conserving effects present in real systems. Fortunately, the edge
states of a quantum spin Hall insulator are robust even when spin is not conserved
because their crossing is protected by time reversal symmetry. The quantum spin
Hall edge states have the important property that the up spins propagate in one
direction, while the down spins propagate in the other[48]. Such edge states are
termed helical, and since the dispersion relation of edge states are linear they will
be referred to as helical Dirac fermions.

1.3 Effective theory of helical edge states
The theoretical build up for a quantum spin Hall insulator is thus complete. Un-
fortunately, the magnitude of the spin-orbit induced gap in graphene is extremely
small and observation of the spin Hall effect would require temperatures in the scale
of millikelvins[50, 51]. Experimental realization of a quantum spin Hall insulator
requires materials with strong spin-orbit coupling. These are usually made out of
heavy elements, which encouraged research towards structures containing mercury
(Hg), cadmium (Ca) and tellurium (Te). Bernevig, Hughes and Zhang[52] showed
that the heterostructure constructed from placing a HgTe layer between CdTe bar-
riers would undergo a topological phase transition when the thickness of the HgTe
layer is increased. This topological phase transition means that the two dimen-
sional electronic states bound to the middle layer form a normal insulator while
the thickness is below a critical value. As soon as the thickness is larger than this
threshold the layer becomes a quantum spin Hall insulator. The magnitude of this
critical thickness is such that the confined states in the middle layer can still be
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Figure 1.6: The left two panels are the cartoon of the experimental realization of the
quantum spin Hall insulator in HgTe-CdTe heterostructures. As the thickness of the
middle layer is varied the electrons confined to it behave differently. The top row
depicts the normal phase. Within this phase the electrons feel an insulating energy
gap (top-middle panel) and the thin quantum well has a nearly infinite resistance
(top-right panel). The bottom row shows the topologically non-trivial phase, when
the thickness is over a threshold value. The energy spectrum has an insulating
energy gap, but inside the gap are edge states, shown by the red and blue lines
(bottom-middle panel). The thick quantum well has a quantized resistance plateau
at R = h/2e2, due to the perfectly conducting edge states (bottom-right panel).
Furthermore, the resistance plateau is the same for samples with different widths
(that are over the threshold), proof that only the edges are conducting[49].

considered two dimensional. Within a year from the theoretical prediction the ex-
perimental realization followed[53]. The transition from the normal insulator phase
to the quantum spin Hall state was confirmed by transport measurements. The
details of the experiment is depicted in Fig. 1.6.

We established that at the boundaries of a quantum spin Hall insulator there
are localized states with spin-momentum locked property. Electrons with spin up
can propagate in one direction and electrons with spin down can propagate in the
other. The absence of magnetic impurities in the host material means, states with
different spin cannot scatter into each other, due to destructive interference which
is guaranteed by time reversal symmetry, hence the edge state channels are dissipa-
tionless. These states are the time reversal symmetric partners of each other and
their crossing is protected by said symmetry. Their energy dispersion is linear with
group velocity v. Furthermore, these states live inside the band gap of the quantum
spin Hall insulator, sketched in Fig. 1.7.

It is possible to construct a one dimensional (1D) effective Hamiltonian that
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Figure 1.7: The helical edge states live inside the band gap of a quantum spin
Hall insulator. If the band gap is 2W , the effective description of the helical Dirac
fermions requires an energy cutoff at energies −W and W .

describes these edge states. Let c†p,σ be a fermion creation operator, that creates
an electron with momentum p and spin σ =↑, ↓ and the operator cpσ annihilates
this state. According to their fermionic nature these operators obey typical anti-
commutation relations: {cpσ, c†p′σ′} = δpp′δσσ′ , {cpσ, cp′σ′} = {c†pσ, c†p′σ′} = 0. The
energy dispersion is spin dependent: ε↑(p) = +vp, ε↓(p) = −vp, thus the effective
Hamiltonian can be written as

Hedge =
∑
p,σ

εσ(p)c†pσcpσ =
∑
p

vp(c†p↑cp↑ − c†p↓cp↓) =
∑
p

2vpSzp . (1.26)

At the last step we defined the spin operator

Szp =
1

2

(
c†p↑cp↑ − c†p↓cp↓

)
=
(
c†p↑ c†p↓

) σz
2

(
cp↑
cp↓

)
, (1.27)

with σz Pauli matrix. This is indeed a spin operator, since we can similarly define
operators for the spin component x, y:

Sxp =
(
c†p↑ c†p↓

) σx
2

(
cp↑
cp↓

)
=

1

2

(
c†p↑cp↓ + c†p↓cp↑

)
,

Syp =
(
c†p↑ c†p↓

) σy
2

(
cp↑
cp↓

)
=
i

2

(
c†p↓cp↑ − c†p↑cp↓

)
, (1.28)

and check if these operators obey angular momentum commutation relations. Using
the anti-commutation relation of the fermionic operators we get: [Sjp, S

k
p ] = iεjklS

l
p.

With the above defined spin operators we can check the time reversal symmetry of
Eq. (1.26). For spin operators the time reversal operator is

T = eiπS
y
pK, (1.29)
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where K is complex conjugation. Using the Baker–Campbell–Hausdorff formula for
the evaluation of the exponentials we get

T SzpT −1 = eiπS
y
pSzpe

−iπSyp = Szp cos π + Sxp sin π = −Szp . (1.30)

By keeping in mind that time reversal flips the momentum: T pT −1 = −p we can
confirm that time reversal leaves Hedge unchanged:

T HedgeT −1 =
∑
p

2vT pT −1T SzpT −1 =
∑
p

2vpSzp = Hedge. (1.31)

Obviously, Hedge describes the helical Dirac fermions with a dispersion relation
that is unbounded from below and above. As the edge states live inside the band
gap of the host topological insulator a cutoff energy has to be introduced. In order
to deal with only the edge states and disregard bulk states during calculations the
cutoff energy must be equal in magnitude with the size of the band gap (2W ) and
it has to be treated as the largest energy. The properties of the helical edge states
in the presence of some interaction represented by a potential V can be studied by
the Hamiltonian

H = Hedge + V. (1.32)

One can think about Hedge as a collection of two-level systems on a 1D chain, with
each system possessing different level spacing, which is a function of the momentum
p. The number of these two level systems are proportional to the length of the edge,
which is the number of primitive cells (NA) on the edge times the lattice constant
(a). In the continuum limit (a→ 0), we define L as the dimensionless length of the
edge, which is proportional to the number of degrees of freedom:

∑
p

1 = lim
a→0

aNA

∫ W

−W

d(vp)

2π
= lim

a→0

aWNA

πv
= L. (1.33)

1.3.1 Edge states interacting with an electromagnetic field

Let us review the effects of classical electromagnetic field on the edge states[54]
without claiming completeness. We assume the quantum spin Hall insulator lies on
the xy plane and it is irradiated perpendicularly with monochromatic and circularly
polarized light with frequency ω and helicity determined by the sign of ω. The
electromagnetic field acts on both the orbital motion through the vector potential
and on the electron spin through the Zeeman coupling. If the frequency of the light
is sufficiently large the orbital effect can be neglected. The vector of the magnetic
field in the xy plane is B(t) = B0(cosωt, sinωt). The time-dependent Hamiltonian
for a single momentum describing the Zeeman interaction is

Vp = g(S+
p e
−iωt + S−p e

iωt). (1.34)

The Zeeman coupling strength depends on the strength of the magnetic field: g =
geffµBB0, with effective g-factor geff and Bohr magneton µB. The full Hamiltonian
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is thus

H =
∑
p

(
c†p↑ c†p↓

)( vp ge−iωt

geiωt −vp

)(
cp↑
cp↓

)
=
∑
p

Ψ†pHp(t)Ψp. (1.35)

In order to study the properties of this system one has to solve the time-
dependent Schrödinger equation for Hp(t). As this Hamiltonian is time-periodic:
Hp(t) = Hp(t + T ), with T = 2π/ω, a useful approach would be to invoke Floquet
theory[55]. According to the Floquet theory, a set of solutions of the Schrödinger
equation containing a time-periodic Hamiltonian can be written as

i
∂ψp(t)

∂t
= Hp(t)ψp(t) =⇒ ψp,α(t) = e−iEα(p)tφα(p, t), (1.36)

where φα(p, t) = φα(p, t + T ) are time-periodic functions. This result can be eas-
ily understood as the temporal analogue of Bloch’s theorem. The ψp,α functions
are termed Floquet states and as they form a complete set at each instant t the
general solution for the time-dependent Schrödinger equation can be expanded by
them. Since the Floquet basis already incorporates the time dependence the expan-
sion coefficients are time independent. This allows us to interpret the coefficients
as occupation probabilities to the Floquet states and carry over concepts from time
independent quantum systems to periodically time dependent ones. The phase fac-
tors in Eq. (1.36) resemble the factors that accompany the time evolution of energy
eigenstates of time independent Hamiltonians, thus the quantities Eα(p) are referred
to as quasienergies. It is important to remark that the Floquet states labeled by
α are not unique rather they define an equivalence class. Indeed the quasienergies
Eα′ = Eα+nω, with n ∈ Z and redefined time-periodic function φα′ = einωtφα yields
identical Floquet states:

ψp,α′(t) = e−iEα′ (p)tφα′(p, t) = e−i(Eα(p)+nω)teinωtφα(p, t) = ψp,α(t). (1.37)

Because of this equivalence it is hard to understand how these states are occupied[56,
57]. One cannot talk about a ground state as the definition of a lowest quasienergy
is impossible, since one can always reorder the spectrum according to the equiva-
lence classes. An approach to tackle this problem is the definition of an averaged
energy[58]:

H̄α(p) =
1

T

∫ T

0

dt ψ†p,α(t)Hp(t)ψp,α(t). (1.38)

This quantity is single valued and can be used to identify which Floquet state
is occupied at zero temperature by choosing the state labeled by α which has the
lowest averaged energy. To check the validity of the approach, one has to numerically
confirm whether an initial state without the time-periodic term in the Hamiltonian
would evolve into the Floquet state, if the time-periodic term was adiabatically
switched on.

As was mentioned earlier, the periodical modulation of the honeycomb lattice
in time results in an effective Hamiltonian with complex next-nearest-neighbor hop-
ping, realizing the Haldane model. The solution for the above problem presented
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in Eq. (1.35) is another good example of topological Floquet engineering, the art of
changing the topological properties of a system by time-periodic perturbations[59,
60, 61]. After the calculation of the Floquet states (ψp,α) and the determination of
their occupation (α = ±1) according to Eq. (1.38), the generated dc photocurrent
along the edge can be studied. The current operator being j = evσz, such a dc
current also corresponds to a steady-state magnetization along the edge. It turns
out, that in the low-frequency regime (ω < 4g) the averaged Floquet bands are
separated by a finite gap with the α = −1 band being fully occupied. In this case
the dc photocurrent is

〈j〉 =
ev

T

∑
p

∫ T

0

dt ψ†p,−1(t)σzψp,−1(t) =
eω

2π
=
e

T
, (1.39)

which is independent of the coupling strength g. The result shows that the charge
pumped within one cycle (T ) is exactly the unit charge. As noticed by Thouless[62],
the integer charge pumped across a 1D insulator in one period of an adiabatic cycle
is a topological invariant. Hence, the irradiated helical Dirac fermion system is
topologically non-trivial, which is characterized by a Chern number in the 1 + 1
dimensional extended Brillouin zone in (p, t) space:

Cα =
1

2

∑
p

∫ T

0

dt dp,α(t) (∂pdp,α(t)× ∂tdp,α(t)), (1.40)

with dp,α(t) = ψ†p,α(t)σψp,α(t). In the low-frequency regime the Chern number is
quantized as Cα = −α sign(ω) and so is the photocurrent 〈j〉 = eC−1/T . The
photocurrent remains perfectly quantized in the low-frequency regime even in the
presence of a coupling to the environment[63].

At high frequencies (ω > 4g) the averaged Floquet bands are no longer gapped
and band inversion occurs: for a certain interval of momentum the α = +1 Floquet
band is occupied, for the rest the α = −1 band is occupied. As a consequence,
the photocurrent and the Chern number are no longer quantized. The photocurrent
decays as ∼ 1/ω and saturates to a finite asymptotic value, which is depicted in
Fig. 1.8.

1.4 Dicke superradiance
The first main subject of this thesis is in some sense an upgraded version of the

problem presented in the last subsection. It is the investigation of the interaction
between the helical edge states and quantized electromagnetic field. Hence, we are
walking in the direction of quantum optics. Quantum optics aims to investigate
phenomena involving light and its interactions with matter at a quantum level.
Basic quantum optical models, such as the Rabi and Jaynes–Cummings, employ
simplistic description for atoms. Within the perturbation theory approach to atom-
field interactions the probability amplitude for the atom being in any other state
then the initial atomic state remains small. On the other hand, a strong laser field
of frequency near resonance with a pair of atomic levels can cause a large population
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Figure 1.8: The dc current induced by the electromagnetic field along the edge as a
function of the frequency, the maximum value being jmax = 2eg/π. This image is
replicated from Ref[54].

transfer to the near-resonant state but not to any other[64]. Only the two dominant
states will be retained and to follow convention, we label our two atomic states |g〉
for the ground state and |e〉 for the excited state. The energy difference between
these states is characterized by the transition frequency ω0 = Ee − Eg. If we define
the level of the energy to be zero halfway between the states |g〉 and |e〉, then the
free atomic Hamiltonian matrix, in the {|g〉, |e〉} basis, may be written as:

H
(0)
A =

ω0

2
σz. (1.41)

Let us now assume, there is an ensemble of N non-interacting atoms and the tran-
sition frequency of the ith atom is ωi, the Hamiltonian of the ensemble is:

HA =
N∑
i=1

ωi
2
σzi . (1.42)

We can immediately notice a resemblance between HA and the helical Dirac fermion
Hamiltonian in Eq. (1.26). Thus, reviewing models that describe interaction between
quantized electromagnetic fields and an ensemble of atoms can give us valuable
insight for the coming investigations.

A very famous quantum optical model that fits into this discussion is the Dicke
model[65]. The Dicke model describes a single bosonic mode (often a cavity photon
mode) which interacts collectively with a set of N two-level atoms. The Dicke
Hamiltonian is given by[66]

H = ωca
†a+

ω0

2

N∑
i=1

σzi +
λ√
N

(
a+ a†

) N∑
i=1

σxi , (1.43)

where a†(a) are the creation (annihilation) operators of the single bosonic mode
(photon), satisfying [a, a†] = 1 and σj are the Pauli matrices. The model has
three tuning parameters: the photon frequency ωc, the atomic energy splitting ω0,
and the photon-atom coupling λ, which originates from the dipole interaction[64].
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This relatively simple model contains many treasures: it describes a quantum phase
transition at zero temperature, a classical phase transition at finite temperature[67,
68], chaotic phenomena[69]. Here, we focus on the phase transitions of the Dicke
model, dubbed superradiant phase transition.

A simple approach to describe the equilibrium phase transition in the Dicke
model requires the calculation of the mean field free energy. Through this path, we
assume that the photons are in a coherent state, defined by a|α〉 = α|α〉 and α, for
the sake of simplicity, is treated as a real variable parameter. In this state, the mean
photon number is 〈a†a〉 = α2 and the Dicke Hamiltonian in Eq. (1.43) becomes

〈α|H|α〉 = ωcα
2 +

N∑
i=1

hi(α), hi(α) =

(
ω0

2
2λα√
N

2λα√
N

−ω0

2

)
. (1.44)

The free energy is given by

F (α) = ωcα
2 − N

β
ln(2coshβε(α)), (1.45)

where β is the inverse temperature and ε(α) =

√
ω2
0

4
+ 4λ2α2

N
. The analysis of the

free energy, depicted in Fig. 1.9, as a function of α unfolds the following: there exists
a critical coupling constant λc below which the minimum of the free energy is at
α = 0. For coupling constants above λc the free energy is minimized if α 6= 0. The
critical coupling λc can be calculated by the condition F ′′(α = 0) = 0, which yields

λc =
1

2

√
ωcω0coth

(
βω0

2

)
. (1.46)

At zero temperature (β → ∞) the critical coupling smoothly evolves down to
λc =

√
ωcω0/2. By the condition ∂F/∂α = 0, one can obtain the value of the order

parameter α:

∂F (α)

∂α
= 0 =⇒ ωcα =

2λ2tanhβε(α)

ε(α)
α. (1.47)

For λ < λc the order parameter is zero (α = 0). For λ > λc, α is non-zero and
because at zero temperature, the hyperbolic tangent function approaches unity, we
conclude

α2 =
N

λ2ω2
c

(λ4 − λ4
c) =⇒ α ∼

√
N(λ− λc)1/2. (1.48)

According to this result the mean photon number α2 is proportional to the number
of the atoms N , hence in the thermodynamical limit above the threshold coupling
the coherent photon state is macroscopically occupied: a superradiant state.

By expanding the both sides of Eq. (1.47) to order α2 one can show that Eq. (1.48)
is still valid even for finite temperatures. However, the transitions through the
tuning of the coupling constant at zero temperature and finite temperatures are
fundamentally different. This is revealed by the critical exponents of the transitions.
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Figure 1.9: The free energy in Eq. (1.45) as a function of α at finite temperature
1/βω0 = 1. The photon frequency is fixed at ωc/ω0 = 1, thus the critical coupling is
roughly λc/ω0 = 0.735. The inset figure shows that for λ/ω0 = 0.8 the free energy
has a minimum at α = 0. The main figure for λ/ω0 = 0.5 shows that the minimum
of the free energy appear at α 6= 0.

The critical exponent β, which is the exponent of the vanishing order parameter
at the critical point, is β = 1/2 for both as was shown above. However, the γ
exponent, which is the exponent for the fluctuation of the order parameter at the
critical point, is γ = 1/2 for the quantum phase transition and γ = 1 for the classical
phase transition[66].

In spite of the significant theoretical interest, the superradiant transition had
not been realized experimentally, until the first decade of the 21st century. In that
decade, two possibilities to realize the Dicke model and its superradiant transition
have been presented both theoretically and experimentally. Within the first ap-
proach the coupling between the atoms and the photons is induced by stimulated
Raman emission, and can be made arbitrarily strong[70, 71]. The second approach
considers a gas of thermal atoms that are trapped inside a cavity. The atoms are
illuminated by an external coherent pump and scatter photons into the cavity. It
was found that for strong enough pump intensities, the atoms self-organize in a
checkerboard pattern and scatter light coherently[72]. This was realized using a
Bose–Einstein condensate. When the pump strength is not sufficient the atoms
are delocalized, the phase of the scattered light is random and their number does
not grow with N . In contrast, in the self-organized state, all atoms emit photons
coherently, giving rise to a superradiant phase, where the number of photons is pro-
portional to N . Finally, this self-organization can be mapped to the superradiant
transition of the Dicke model[73, 74]. The sketch of this realization of the Dicke
model is depicted in Fig. 1.10. These realizations of the superradiant transition in
the Dicke model involve driven-dissipative systems. In both settings, the coupling
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between the atoms and the photons is achieved through an external time dependent
pump. This allows arbitrarily strong effective light-matter coupling strengths, en-
abling the transition. As a consequence of being driven, these systems cannot be
described by an equilibrium Dicke model, but one needs to take into account the
drive and dissipations present. The driven-dissipative model does not have a well-
defined temperature, so it was tempting to identify the experimental results with
the zero temperature quantum phase transition. However, later studies showed that
the phase transition has the same universal properties as the equilibrium transition
at finite temperature[75].

We close the discussion with a related quantum optical model. In the Dicke
Hamiltonian it is possible to rewrite the interaction term, using the ladder operators
2σ± = σx ± iσy:

Hint =
λ√
N

N∑
i=1

(aσ+
i + a†σ−i + aσ−i + a†σ+

i ). (1.49)

The last two terms are called counter-rotating terms. In the so-called rotating wave
approximation these two terms are neglected and we arrive at the Tavis–Cummings
model:

H = ωca
†a+

ω0

2

N∑
i=1

σzi +
λ√
N

N∑
i=1

(aσ+
i + a†σ−i ). (1.50)

The model conserves the total number of excitations: Q = a†a +
∑

i σ
z
i . This

is the consequence of the U(1) gauge symmetry of the system: a → eiφa and
σ− → eiφσ−. The equilibrium Tavis–Cummings model exhibits a phase transition at
λc =

√
ωcω0. This critical coupling differs by a factor of two from the Dicke result,

as only half the light-matter coupling terms are present. In the presence of decay,
the Tavis–Cummings model does not show a superradiant transition[76]. This result
has a simple physical meaning: because the model does not have counter-rotating
terms, it will always flow to a trivial steady state, where the cavity is empty. The su-
perradiant transition occurs only if the total number of excitations is kept constant,
when there are no loss processes present.

1.5 Dynamical quantum phase transitions
The great experimental advancement in the recent years, that allowed the study

of the real-time dynamics of closed quantum systems naturally encouraged theo-
retical research toward non-equilibrium phenomena. In order to understand the
non-equilibrium quantum world, some attempted to take over concepts from the
description of quantum many-body systems in equilibrium. These include prether-
malization[77], generalized Gibbs ensembles[78] and also dynamical quantum phase
transitions[9]. In equilibrium, phase transitions are well understood within the
framework of statistical physics[3]. In equilibrium statistical physics, the central
object of interest in the description of a system, with Hamiltonian H, in contact
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Figure 1.10: The concept of the experiment realizing the superradiant phase transi-
tion of the Dicke model, adopted from the arXiv version of Ref[74]. A Bose–Einstein
condensate is placed inside an optical cavity and is driven by a standing-wave pump
laser. The frequency of the pump laser is far red-detuned with respect to the atomic
transition line but close detuned to a particular cavity mode. Correspondingly, the
atoms coherently scatter pump light into the cavity mode with a phase depending
on their position within the combined pump-cavity mode profile. (a) For a homoge-
neous atomic density distribution along the cavity axis, the build-up of a coherent
cavity field is suppressed due to destructive interference of the individual scatterers.
(b) Above a critical pump power (Pcr) the atoms self-organize onto a checkerboard
pattern, maximizing cooperative scattering into the cavity.

with a heat bath of temperature β−1 is the canonical partition function

Z =
∑
n

〈n|e−βH |n〉, (1.51)

where H|n〉 = En|n〉. The thermodynamical potential, the free energy density, with
N particles, is related to the partition function as

f = − 1

βN
lnZ, (1.52)

A phase transition occurs when the thermodynamic potential is non-analytic as a
function of a control parameter, e.g. temperature, magnetic field. For example,
when ice melts the specific volume of the system changes: the density of water is
different to ice. As volume is related to the first derivative of the Gibbs free energy,
the volume change at the phase transition is actually the non-analytic behavior in
the thermodynamic potential, since its first derivative has a jump discontinuity.

A simple method for driving a system out of equilibrium is a sudden quantum
quench. In a quantum quench a closed quantum system is prepared in an eigenstate
|Ψ0〉 of some initial Hamiltonian H0, and then have the system dynamically evolve
in time under a different Hamiltonian H. In a closed quantum system, where the
coupling to an environment can be neglected, the dynamics on any relevant time
scales can be considered purely unitary. The quench can be characterized by the
overlap of the evolved state with the initial state, the so-called Loschmidt amplitude

26



or return amplitude:

G(t) = 〈Ψ0|Ψ(t)〉 = 〈Ψ0|e−iHt|Ψ0〉. (1.53)

The probability that the system returns to the initial state is the Loschmidt echo

L(t) = |G(t)|2. (1.54)

These expressions represent important quantities in quantum many-body theory as
they appear in various contexts, such as quantum chaos[79], the Schwinger mecha-
nism of particle production[80] and work distribution functions in non-equilibrium
fluctuation theorems[81]. For large systems the return amplitude scales exponen-
tially with the system size[82], with a rate function that is well-defined in the ther-
modynamic limit:

g(t) = − lim
N→∞

1

N
lnG(t). (1.55)

The formal similarity between the Loschmidt amplitude and the canonical partition
function, as well as the similarity between the free energy density and rate func-
tion resulted in the birth of the theory of dynamical quantum phase transitions.
Accordingly, a dynamical quantum phase transition is defined as the non-analytic
behavior in the rate function, henceforward dubbed dynamical free energy density,
as a function of time.

The first system, within which dynamical quantum phase transitions were discov-
ered was the one-dimensional transverse-field Ising model[83]. The model describes
a quantum spin chain in a homogeneous magnetic field (h) perpendicular to the
direction of the nearest neighbor spin interaction, its Hamiltonian being

H = −J
N∑
i=1

σzi σ
z
i+1 − h

N∑
i=1

σxi . (1.56)

The magnetization property of the system in the ground state changes at a critical
magnetic field hc/J = 1, showing a quantum phase transition. Below this threshold
field the ground state is ferromagnetically ordered, above it is a paramagnet. In the
quench scenario the system is prepared in the ground state for parameter h0, while
the time evolution is driven by the Hamiltonian with a different parameter h1. The
dynamical free energy density behaves analytically for all times whenever quenching
happens between parameters corresponding to the same phase. However, when the
quench h0 → h1 crosses the critical field hc non-analytical kinks develop at equally
distanced times tn, visible on Fig. 1.11.

The above result indicates there is a clear connection between quantum phase
transitions and their dynamical counterparts. Further research into this matter
showed the existence of dynamical quantum phase transitions for quenches across
a quantum critical point in both integrable and non-integrable spin systems[84].
Later, it was shown that this connection is not rigorous: dynamical quantum phase
transitions were found in the anisotropic XY chain in transverse magnetic field
for quenches within the same phase, specifically without crossing any equilibrium
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Figure 1.11: The dynamical free energy density for quantum quenches of the field
parameter crossing the critical field strength. The initial state corresponds to the
Hamiltonian with h0 →∞. Image adopted from the arXiv version of Ref[9]

phase boundaries[85]. Furthermore, within the same system the absence of dynam-
ical phase transitions during quenches across an equilibrium phase boundary were
demonstrated. As a consequence, the existence of dynamical quantum phase tran-
sitions are not tied to the spectra of the initial or the final Hamiltonians. The
mentioned spin model Hamiltonians can be mapped by the Jordan–Wigner trans-
formation into a free fermion system[86]. The diagonalization of the transformed
Hamiltonians reveal the excitations of said systems to be fermionic quasiparticles
with momentum k. It turns out, that the appearance of dynamical quantum phase
transitions are related to the expectation value of the quasiparticle occupation num-
ber in the postquench Hamiltonian (nk). Whenever a mode k∗ exists for which the
quasiparticle occupation number is one half: nk∗ = 1/2, a dynamical quantum phase
transition occurs. Hence, the dynamical quantum phase transition is attributed to
the occurrence of population inversion, where it becomes equally probable to find
the initial state in either of the two postquench bands.

Similar momentum dependent Hamiltonians naturally appear in condensed mat-
ter systems. Dynamical quantum phase transitions appearing in two-band models
are reasonably well understood, especially in topologically non-trivial band models.
Two-band model Hamiltonians can be parameterized by a momentum dependent
vector dk, e.g. for graphene in Eq. (1.18):

H(k) = dkσ, (1.57)

with energy bands εk = ±|dk|. A quantum quench scenario for a generic two-band
model is described by the change of the vector field d0

k to d1
k at the instant t = 0.

Preparing the system in the ground state of the initial Hamiltonian with d0
k, i.e.

the fully filled low-energy band, results in the return amplitude in Eq. (1.53) to
become[87]

G(t) =
∏
k

(
cos(ε1

kt) + id̂0
kd̂

1
k sin(ε1

kt)
)
, (1.58)

where d̂k = dk/|dk| and ε1
k = |d1

k|. Dynamical quantum phase transitions happen
at times t∗ whenever G(t∗) = 0, since at those instances the logarithm in the dy-
namical free energy becomes non-analytic. As the return amplitude factorizes with
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the momentum, the occurrence of dynamical quantum phase transitions in two-band
models ultimately depends on the existence of a momentum k∗ for which the initial
and the final vector is perpendicular: d0

k∗d
1
k∗ = 0, effectively reducing the prob-

lem to a purely geometrical condition. In one-dimensional systems with chiral or
particle-hole symmetry, if the topological winding number associated with the initial
and final Hamiltonians are different the geometrical condition is satisfied. For these
cases, the non-analyticities are visible kinks in the dynamical free energy itself. In
two-dimensional systems, the topological invariant of the bands are characterized
by the Chern number. If the Chern numbers of two vector fields d0

k and d1
k differ in

the modulus the geometrical condition is satisfied for some momentum. However,
in the two-dimensional case the non-analyticities appear in the first derivative of
the dynamical free energy instead of the free energy itself as in the one-dimensional
case[87].

Figure 1.12: The non-analytic behavior of the dynamical free energy for topological
two-band models. The left panel shows kinks in the real part of the dynamical free
energy density function (f(t)) for a one-dimensional system at times labeled by the
red lines. The right panel shows dynamical quantum phase transitions in a two-
dimensional system. The cusplike singularities appear in the first derivative of the
dynamical free energy density. Images adopted from the arXiv version of Ref[87].

The experimental observation of dynamical quantum phase transitions shortly
followed the theoretical establishment of the phenomenon. Using a trapped-ion
quantum simulator, which realizes the quench dynamics of an effective transverse-
field Ising Hamiltonian, the measurement at any desired time of various observables,
such as the longitudinal magnetization, correlation functions, or the projection onto
specific states, enabled the detection of dynamical quantum phase transitions[88].
A further report announced the first observation of a dynamical quantum phase
transition in the dynamics of a fermionic many-body state after a quench between
two lattice Hamiltonians[89]. With time-resolved state tomography in a system of
ultracold atoms in optical lattices, they obtained full access to the evolution of the
wavefunction. The Bloch sphere representation parameterizes the wavefunction for
a two-band model by the spherical angles θk, ϕk. The time evolution of the state is
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then encoded into these angles:

|ψk(t)〉 =

 cos
θk(t)

2

eiϕk(t) sin
θk(t)

2

 . (1.59)

Due to unitarity of time evolution the dynamics for each momentum on the Bloch
sphere describes a smooth trajectory. Preparing the system in the ground state
represented by the Bloch vector |ψ0〉 = (1, 0)T , results in a return amplitude

G(k, t) = 〈ψ0|ψk(t)〉 = cos
θk(t)

2
. (1.60)

At a dynamical quantum phase transition G(t∗) = 0, hence at these instances the
the trajectory of the critical mode k∗ crosses the south pole of the Bloch sphere,
the state |ψk(t)〉 moves to the opposite hemisphere implying a sudden jump by π in
the azimuthal angle ϕk∗(t). This sudden phase shift leads to the creation of vortex-
antivortex pairs of the full phase profile in the Brillouin zone, depicted in Fig. 1.13.

Figure 1.13: Experimental phase profiles ϕk(t) for different stroboscopic evolution
times (labeled by the Roman numerals). The hexagon marks the first Brillouin
zone. Static vortices (marked by orange circles in (I)) are imprinted from the final
Hamiltonian and remain fixed for all times. Additionally, dynamical vortices appear,
move and disappear during the time evolution (marked by red circle). Image adopted
from the arXiv version of Ref[89].

1.5.1 Dynamical topological order parameter of dynamical
quantum phase transitions

The return amplitude bears a formal similarity to equilibrium partition functions,
however a dynamical analogue of an order parameter, that physically distinguishes
the time intervals separated by a dynamical quantum phase transition, has not yet
been discussed. At the instance of a dynamical quantum phase transition the time
evolved state becomes perpendicular to the initial state. The wavefunction orthogo-
nality points us toward a search for an observable quantity that is smoothly defined
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for non-orthogonal states and it is only allowed to behave discontinuously at the crit-
ical times. The Pancharatnam geometrical phase is precisely such a quantity[90].
It was originally introduced to define a relative phase for light beams with non-
orthogonal polarization[91] and has later been generalized to extend the notion of
Berry’s geometric phase to general time evolution with non-orthogonal initial and
final states, in particular allowing for non-adiabatic and non-cyclic dynamics[92, 93].
The geometric background of this construction is that a non-cyclic evolution can be
augmented to a cyclic path in a unique way only if the two end states are non-
orthogonal, namely by going back from the final to the initial state along a geodesic
in projective Hilbert space[90].

Figure 1.14: On the left: the color plot of the Pancharatnam phase in the Ki-
taev chain after a quench. The critical momenta k(1)

c and k(2)
c at which dynamical

quantum phase transitions appear as discontinuities in the Pancharatnam phase is
marked with black dotted lines. On the right: the rate function g(t) and dynamical
topological order parameter νD(t) as a function of time. Images adopted from the
arXiv version of Ref[90].

For return amplitudes that factorizes with some quantum number, e.g. the return
amplitude in Eq. (1.58), the one particle return amplitude as a generally complex
number can be recast into the polar form

G(k, t) = Rk(t)eiϕk(t). (1.61)

The phase here contains a dynamical part the generalized Pancharatnam phase[90]:

ϕk(t) = ϕdynk (t) + ϕPk (t), (1.62)

where ϕdynk (t) = −
∫ t

0
ds〈ψk(s)|H(k)|ψk(s)〉. This definition of the generalized Pan-

charatnam phase becomes singular at dynamical phase transitions as the total phase
ϕk(t) in Eq. (1.61) is ill-defined at critical times. In one dimension, particle-hole
symmetry ensures that one can define an integer-valued winding number for ϕPk (t)
changing its value by ±1 at every dynamical quantum phase transition. For exam-
ple, for a quench in the Kitaev chain with next-to-nearest neighbor hopping, the
Pancharatnam phase in time-momentum space develops vortex-like profile, i.e. in
an arbitrary small vicinity of the vortex the phase takes every value in the [−π, π]
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interval, at the critical times, visible on Fig. 1.14. The dynamical order parameter is
the sum of the numbers ±1 assigned to the vortex, depending on its circulation. In
two dimensions, the phase slips lead to the creation or annihilation of vortex pairs in
the phase profile for ϕPk (t) in the Brillouin zone, similar to the case of the azimuthal
angle ϕk(t) in the experiment mentioned above, see Fig. 1.13.
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Chapter 2

Helical Dirac fermions interacting
with quantum light

Achieving topological states of matter in otherwise trivial materials requires engi-
neering the Bloch band structure. As was mentioned in Section 1.3.1, time-periodic
perturbations, mostly due to electromagnetic fields, have been proposed and used to
manipulate the band structure using the Floquet theory. In particular, a periodically
driven quantum system with a time-periodic Hamiltonian is instead described by a
time independent effective Floquet Hamiltonian. The resulting Floquet quasienergy
band structure often possesses a topology different from that of their static par-
ents. However, there is no universal principle determining the occupations of the
quasienergy states at zero temperature[57]. The actual occupation of these states
can depend on a variety of circumstances, these include the sources of relaxation,
e.g., coupling to heat baths, momentum scattering, interaction, etc. In short, even if
a Floquet system has topological quasienergy bands, there is no guarantee that the
long-time state of the system is a pure Floquet state with the desired features[94, 95].
To view this problem from a different angle, a classical driving field can be replaced
by its quantum counterparts having its own quantum dynamics. This idea has been
pursued for example, for the creation of Majorana fermions using not only classical
driven systems but rather their quantum counterparts using a high-Q electromag-
netic cavity[96, 97].

Cavity quantum electrodynamics (cQED) is a branch of physics which studies the
interaction between electromagnetic field confined in a cavity and atoms or other
particles, under conditions where the quantum nature of light is significant. The
atoms of a quantum gas placed inside a resonator would scatter photons into the
cavity modes, the confinement of the scattered fields within a high-Q cavity allows
each photon to multiply pass through the same atomic ensemble. Ultimately, the
tiny probability of a scattered photon to be rescattered by the same or any other
atom in the ensemble is significantly enhanced by resonators, resulting in photon-
induced interatomic interactions. The range and size of these interactions can be
readily controlled and tuned by the geometry of the cavity, polarization, frequencies
of pump lasers and by the internal atomic structure of the trapped quantum gas. The
ability to simulate specific interatomic potentials, model Hamiltonians and more,
naturally attracted the interest of the condensed matter physics community.
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For instance, the already mentioned Dicke model and the corresponding superra-
diant phase transition was one of the first model Hamiltonian which was successfully
emulated by cQED[72, 73, 74]. Later, cavity-mediated long-range interatomic in-
teractions in Hubbard models for bosons were theoretically introduced[98]. The
experimental realization of the Bose–Hubbard model with competing short- and
long-range interactions, and the observation of four distinct quantum phases of the
model – a superfluid, a supersolid, a Mott insulator and a charge density wave –
shortly followed[99]. As atomic species generally possess isotopes with variable nu-
clear spin, they can be exploited to simulate spin degrees of freedom. It has been
suggested that using specifically designed cavity-enhanced optical Raman transi-
tions between hyperfine states of a multi-component quantum gas allows to simu-
late a wide class of long-range quantum spin Hamiltonians, including Heisenberg and
Dzyaloshinskii–Moriya interactions[100, 101]. Cavity-augmented Raman transitions
between hyperfine states also enabled the first realization of a dynamical synthetic
spin-orbit coupling[102]. Furthermore, subjecting fermionic quantum gases to cavity
modes can also result in superradiant self-organization similarly to Bose–Einstein
condensates. The emergent lattice’s Bloch bands can have a non-trivial topological
structure giving rise to a topological insulator, which hosts a pair of edge states[103].

As these examples show, the variety that cQED offers is vast. To extend this
range, we are investigating the effects of interaction between a cavity mode and
helical Dirac fermions. The first step is to deduce the exact forms of the interactions,
which is done by the help of the quantization of the electromagnetic field available in
the Appendix. The results obtained in Chapter 2 were published in Ref.[104, 105].

2.1 Interactions of a single cavity mode and helical
Dirac fermions

We imagine placing the edge of a quantum spin Hall insulator into a cavity
perpendicularly to the cavity mode, the situation is depicted in Fig. 2.1. The single
cavity mode has wavevector k and we choose its direction along the z-axis, thus
k̂ = ez is the unit vector pointing along the z-axis. The edge of the topological
insulator is along the x-axis.

The spatial variation of the electromagnetic fields over the dimensions of the
atomic system may be negligible[64]. For optical radiation, the typical wavelength
is the order of ∼ 10−6 − 10−8m, the atomic scale is ∼ 10−10m, so that

λ

2π
=

1

|k| � |r| =⇒ |kr| � 1. (2.1)

Accordingly, the spatial variations of Eq. (A.29) and Eq. (A.31) are eikr ≈ 1. Em-
ploying this approximation, referred to as dipole approximation, the single mode
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Figure 2.1: The cartoon of the problem. A quantum spin Hall insulator (green
circle) is placed into a cavity, this 2D topological insulator lies on the xy plane. The
edge hosting the helical Dirac fermions (blue and red arrows) runs along the x-axis.
The wavevector of the single cavity mode, depicted by the arrow surrounded by a
spiral, points perpendicular to the topological insulator along the z-axis.

fields are

A =
∑
µ

√
1

2ωε0V

(
aµeµ + a†µe

∗
µ

)
, (2.2)

B =
i

c

∑
µ

√
ω

2ε0V

(
aµ(ez × eµ)− a†µ(ez × e∗µ)

)
. (2.3)

Here, for easing notations we dropped the wavevector indices and the hat symbols
from the bosonic operators introduced in Eq. (A.28). By fixing the directions, the
polarization vectors in Eq. (A.19) can be represented with the column vectors

eµ =
eiαµ√

2
(ex + iµey) =

eiαµ√
2

 1
iµ
0

 . (2.4)

2.1.1 Zeeman interaction

There are two types of interactions present between the helical Dirac fermions
and the cavity mode. First, the magnetic field of the cavity acts on the spin of the
Dirac fermions through the Zeeman interaction. The Zeeman Hamiltonian is the
energy of a magnetic moment placed into magnetic field:

HZeeman = −m ·B. (2.5)

The magnetic moment of a helical Dirac fermion is m = −geµBS, where ge is the
effective g-factor of the edge electrons, µB is the Bohr magneton and S = σ/2 is
the spin operator. In order to arrive at the second quantized form of the Zeeman
interaction, we introduce field operators for the helical Dirac fermions:

Ψ(x) =
1√
L

∑
p

(
cp↑
cp↓

)
eipx =

1√
L

∑
p

Ψpe
ipx. (2.6)
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The second quantized Zeeman interaction then becomes

HZeeman =
geµB

2

∫
dx Ψ†(x)(σ ·B)Ψ(x) =

=
geµB

2c

√
ω

4ε0V

∑
p,µ

Ψ†p
(
eiαµ(µσx + iσy)aµ + e−iαµ(µσx − iσy)a†µ

)
Ψp

=
geµB
c

√
ω

4ε0V

∑
p,µ

(
eiαµ(µSxp + iSyp )aµ + e−iαµ(µSxp − iSyp )a†µ

)
. (2.7)

Depending on the helicity of the photon the Zeeman interaction contains the rotating
or counter-rotating terms. For photons with positive helicity the Zeeman interaction
is

H
(+)
Zeeman =

geµB
c

√
ω

4ε0V

∑
p

(
a+S

+
p + a†+S

−
p

)
, (2.8)

where we used the definitions of Eq. (1.28), defined the operators S±p = Sxp ±iSyp and
fixed the arbitrary phase of the circular basis to α+ = 0. For photons with negative
helicity the Zeeman interaction is

H
(−)
Zeeman =

geµB
c

√
ω

4ε0V

∑
p

(
a−S

−
p + a†−S

+
p

)
, (2.9)

where the arbitrary phase is chosen as α− = π. We emphasize here, that the
interaction term with photons with positive helicity is precisely the same as the
interaction term in the Tavis–Cummings model of Eq. (1.50). As was mentioned
in Sec. 1.4, the Tavis–Cummings model is the rotating wave approximation of the
Dicke model. Here, if we demand that the helical Dirac fermions interact with
circularly polarized quantum light, only containing photons with positive helicity
the interaction term is H(+)

Zeeman. The strength of the interaction is proportional
to the square root of the photon frequency and depends on the size of the cavity.
For practical reasons, for the calculations coming later, the interaction strength is
rewritten as

geµB
c

√
ω

4ε0V
=

g√
L
, g =

√
g̃ω. (2.10)

The quantity g̃ contains the physical constants and the size of the cavity and the
dimensionless length (L) of the edge was defined in Eq. 1.33.

2.1.2 Peierls substitution

As the helical Dirac fermions have linear dispersion relation, the vector potential
of the cavity has effects on the edge states. This interaction term is calculated after
substituting the momentum with the kinetic momentum

p→ p+ eAx. (2.11)
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Here, only the x component of the vector potential appears due to the orientation
of the edge inside the cavity. Using Eq. (1.26), the interaction Hamiltonian is

HA = ev

∫
dx Ψ†(x)(σzAx)Ψ(x) =

=
ev

2

√
1

ωε0V

∑
p,µ

Ψ†p
(
eiαµaµσz + e−iαµa†µσz

)
Ψp =

= ev

√
1

ωε0V

∑
p,µ

(
eiαµaµ + e−iαµa†µ

)
Szp . (2.12)

This Hamiltonian can also be divided by the helicity of the photons. For photons
with positive helicity

H
(+)
A = ev

√
1

ωε0V

∑
p

(
a+ + a†+

)
Szp , (2.13)

and for photons with negative helicity

H
(−)
A = −ev

√
1

ωε0V

∑
p

(
a− + a†−

)
Szp . (2.14)

The interaction strength is inversely proportional to the square root of the pho-
ton frequency. Similarly to the Zeeman interaction we rewrite the vector potential
interaction strength as

ev

√
1

ωε0V
=

gA√
L
, gA =

√
g̃A
ω
. (2.15)

We compare the magnitude of the interactions by

g

gA
=

√
g̃

g̃A
ω,

√
g̃

g̃A
=
geµB
2vec

∼ 1

mevc
. (2.16)

Here, the ratio of g̃ and g̃A depends on the Fermi velocity of the Dirac fermions (v),
which is typically 2-3 orders of magnitude lower than the speed of light (c)[106]. As
a result g/gA ∼ 10−9ω and since ω is usually several hundred THz, the interaction
g should be larger by several magnitudes than gA.

2.2 Properties of the Hamiltonian
To sum up the previous statements, helical Dirac fermions interacting with a

single cavity mode with positive helicity, in the geometry depicted in Fig. 2.1 and
within the dipole approximation is described by

H = ωa†a+
∑
p

2vpSzp +
gA√
L

∑
p

(
a+ a†

)
Szp +

g√
L

∑
p

(
aS+

p + a†S−p
)
. (2.17)
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In Eq. (2.17) the energy of the cavity appears without the zero-point energy, as well
as the edge Hamiltonian from Eq. (1.26), the interaction originating from the Peierls
substitution and the Zeeman interaction. Prior to engaging in the solution of the
Hamiltonian, we detail the symmetry properties, the conserved quantities and the
integrability of Eq. (2.17).

2.2.1 Symmetries

Our Hamiltonian with gA = 0 coincides with the inhomogeneous version of the
Tavis–Cummings Hamiltonian in Eq. (1.50). In Sec. 1.4, it was already mentioned
that the Tavis–Cummings model exhibits an U(1) symmetry. This continuous sym-
metry is also present in Eq. (2.17) with gA = 0. Rotating the creation and annihi-
lation operators by a phase results in

a→ ae−iα, cp↑ → cp↑e
−iβ, cp↓ → cp↓e

−iγ,

S−p → ei(γ−β)S−p , S+
p → e−i(γ−β)S+

p , Szp → Szp . (2.18)

For α = γ − β, changing the phases is achieved by the operator:

Θ(α) = eiα(a†a+
∑
p S

z
p). (2.19)

The invariance of the Hamiltonian ([Θ(α), H] = 0) for arbitrary phases (α) also gen-
erates the total number of excitations into a conserved quantity. The total number
of excitations are represented by the operator in the exponent of Θ(α):

Q = a†a+
∑
p

Szp . (2.20)

The presence of gA destroys the continuous U(1) symmetry represented by Θ(α),
which can be seen from the commutator

[Q, (a† + a)Szp ] = (−a+ a†)Szp , (2.21)

that shows the total number of excitations are no longer conserved. Furthermore,
the Hamiltonian only commutes with Θ(α) for α = n2π, n ∈ Z, which is just the
identity operator. However, the interactions in the Hamiltonian are invariant under
the simultaneous exchange of a ↔ a† and S+

p ↔ S−p . Hence, the introduction of
gA lowers the symmetry of the system from continuous U(1) symmetry to discrete
Z2. This is akin to the symmetry group difference of the Tavis–Cummings and
the Dicke model. The Dicke model contains counter-rotating terms which reduces
the continuous symmetry group of the Tavis–Cummings represented by Θ(α) to
the discrete symmetry group containing only the identity and the parity operator
represented by Θ(α = π). In our problem, the situation is somewhat different as
parity is not a symmetry of Eq. (2.17).

In Sec. 1.3, it was shown that the Hamiltonian of the helical Dirac fermions
respects time-reversal symmetry. The time-reversal operator T in Eq. (1.29) changes
the spin operators in the following way:

T SjpT −1 = −Sjp =⇒ T S±p T −1 = −S∓p . (2.22)

In order for time-reversal to be the symmetry of the system, it has to exchange a↔
−a†, which is achieved by the operator eiπa†aK, where KaK = a†. Accordingly, the
discrete Z2 symmetry group builds up from the identity and time-reversal operator.
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2.2.2 Integrability

Integrability is an extremely important property of a quantum system. It is
not to be confused with solvability, as there are quantum systems which are not
integrable but they are solvable, for example the generalized Rabi model[107]. A
quantum model is considered solved if the ground state, the elementary excitations
and the expectation values of various physical quantities are known. On the other
hand, integrability is connected to the conserved quantities of the system and a
system is considered quantum integrable if it has the same amount of conserved
quantities as degrees of freedom[108, 109].

For the system described by Eq. (2.17) the number of degrees of freedom is L+1.
The number of helical Dirac fermions is proportional to the dimensionless length of
the edge L and in addition there is the single cavity mode. It is evident that in the
presence of gA, the system is not quantum integrable, due to the lack of conserved
quantities. Without gA, the system is reminiscent of the Tavis–Cummings model
which is integrable[110]. In the following we show the quantum integrability of
Eq. (2.17) with gA = 0, by the introduction of the Lax pairs[111].

In order to show quantum integrability, we need to find conversed quantities.
Lax operators are essentially tools to uncover operators that commute with the
Hamiltonian. The main idea behind the introduction of the Lax operators is to
convert the dynamical equations of motion into a single matrix equation, called the
Lax equation. As the Lax equation contains every information about the dynamics,
the Lax operators can be manipulated to produce operators that remain constant
in time, hence conserved quantities. In our case there are 4 independent equations
of motion, one for the bosonic operator and three for the spin operators:

da

dt
= i[H, a] = −iωa− ig√

L

∑
p

S−p , (2.23)

dSzp
dt

= i[H,Szp ] =
ig√
L

(
a†S−p − aS+

p

)
, (2.24)

dS−p
dt

= −2ivpS−p + 2
ig√
L
aSzp , (2.25)

dS+
p

dt
= +2ivpS+

p − 2
ig√
L
a†Szp . (2.26)

These equations can be gathered into a single matrix equation if we define the 2× 2
matrices L(λ) and M(λ) [112]:

L(λ) = 2λσz +
2g√
L

(aσ+ + a†σ−) +
g2

L

∑
p

Spσ

λ− χ(p)
, (2.27)

M(λ) = −i(λ+
ω

2
)σz − ig√

L
(aσ+ + a†σ−). (2.28)

Here λ is a real parameter, called spectral parameter and χ(p) for now is an arbitrary
function of the momentum p. By simple but exhausting algebra, we calculate the
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commutator

[M(λ), L(λ)] = −2iωg√
L

(aσ+ − a†σ−) +
2g2

L
(λ+

ω

2
)
∑
p

Sxpσ
y − Sypσx

λ− χ(p)

+
ig3

L3/2

∑
p

(a†S−p − aS+
p )σz

λ− χ(p)
+

2ig3

L3/2

∑
p

(aσ+ − a†σ−)Szp
λ− χ(p)

, (2.29)

and the time derivative of L:
dL(λ)

dt
= −2iωg√

L
(aσ+ − a†σ−) +

g2

L

∑
p

(2λ− 2χ(p) + 2vp)
Sxpσ

y − Sypσx
λ− χ(p)

+
ig3

L3/2

∑
p

(a†S−p − aS+
p )σz

λ− χ(p)
+

2ig3

L3/2

∑
p

(aσ+ − a†σ−)Szp
λ− χ(p)

. (2.30)

The Lax equation is
dL(λ)

dt
= [M(λ), L(λ)], (2.31)

which is satisfied after the proper choice for the function χ: χ(p) = vp − ω/2.
According to the theory of Lax operators, the conserved quantities are generated by
the trace of the square of the Lax operator L:

Tr(L2(λ)) = 8λ2 +
4g2

L
+

2g4

L2

∑
p

S2
p

(λ− χ(p))2
+

8g2

L

(
a†a+

∑
p

Szp

)

+
4g2

L

∑
p

1

λ− χ(p)

(
2χ(p)Szp +

g√
L

(aS+
p + a†S−p ) +

g2

L

∑
p′ 6=p

SpSp′

χ(p)− χ(p′)

)
. (2.32)

In Eq. (2.32) we can immediately recognize the operator of total number of excita-
tions Q, which is a conserved quantity. The other operator is

Hp = 2χ(p)Szp +
g√
L

(aS+
p + a†S−p ) +

g2

L

∑
p′ 6=p

SpSp′

χ(p)− χ(p′)
, (2.33)

which looks promising, since along with Q the Hamiltonian in Eq. (2.17) can be
rewritten as

H(gA = 0) = ωQ+
∑
p

Hp, (2.34)

because the double sum of SpSp′/(χ(p) − χ(p′)) vanishes. Calculating the commu-
tators of the newly discovered operators with different momentum indices leads to
the quantum integrability of H(gA = 0). Using

[2χ(p)Szp +
g√
L

(aS+
p + a†S−p ), Sxp ] = 2iχ(p)Syp +

g√
L

(a− a†)Szp , (2.35)

[2χ(p)Szp +
g√
L

(aS+
p + a†S−p ), Syp ] = −2iχ(p)Sxp +

ig√
L

(a+ a†)Szp , (2.36)

[2χ(p)Szp +
g√
L

(aS+
p + a†S−p ), Szp ] =

g√
L

(a†S−p − aS+
p ), (2.37)

[aS+
p + a†S−p , aS

+
q + a†S−q ] = 2i(SypS

x
q − SxpSyq ), (2.38)
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leads to

[2χ(p)Szp +
g√
L

(aS+
p + a†S−p ),

g2

L

SqSp
χ(q)− χ(p)

] =
2ig2

L
χ(q)

SyqS
x
p − Sxq Syp

χ(p)− χ(q)

+
g3

L3/2

1

χ(q)− χ(p)

(
Sxq (a− a†)Szp + Syq i(a+ a†)Szp + Szq (a†S−p − aS+

p )
)
. (2.39)

The combination of these commutators shows

[Hp, Hq] = 0. (2.40)

The final commutator that we need is

[
∑
q

Szq ,
∑
p′ 6=p

SpSp′

χ(p)− χ(p′)
] =

=
∑
p′ 6=p

iSypS
x
p′ − iSxpSyp′

χ(p)− χ(p′)
+
∑
q 6=p

iSxpS
y
q − iSypSxq

χ(p)− χ(q)
= 0, (2.41)

consequently

[Q,Hp] = 0. (2.42)

These results reveal that the operator Hp generated by Eq. (2.32) is indeed a con-
served quantity:

[H(gA = 0), Hp] = ω[Q,Hp] +
∑
q

[Hq, Hp] = 0. (2.43)

The Hamiltonian H(gA = 0) from Eq. (2.17), according to Eq. (2.34) can be ex-
panded into a sum of commutating operators. Thus, the system has the same
amount of conserved quantities as degrees of freedom implying quantum integrabil-
ity.

2.2.3 Effective electron-electron interaction

As it was mentioned in the introductory part of Chapter 2, photon scattering on
atomic systems inside a cavity leads to photon induced interatomic interactions. We
already deduced the form of the interactions between the helical Dirac fermions and
the single bosonic cavity mode, the system is described by Eq. (2.17). By employing
coherent state field integration techniques the bosonic mode can be integrated out
of the problem, leaving behind an effective electron-electron interaction.

The motivation behind the usage of coherent states originates from the Hamil-
tonian containing products of at most two bosonic and fermionic operators. Conse-
quently, the path integrals for the bosonic degree of freedom always have Gaussian
forms, for which the calculations can be carried out. The coherent state path integral
representation of the partition function is

Z =

∫
D(ψ̄, ψ)

∫
D(φ̄, φ)e−S[ψ̄,ψ,φ̄,φ], (2.44)
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here ψ is a Grassmann field representing the fermionic degrees of freedom, φ is a
complex field representing the bosonic degrees of freedom and S is the action[113].
A closer look at the action shows

S[ψ̄, ψ, φ̄, φ] =

∫ β

0

dτ
(
ψ̄∂τψ + φ̄∂τφ+H(ψ̄, ψ, φ̄, φ)

)
, (2.45)

where τ is the imaginary time and β is the inverse temperature and H is the Hamil-
tonian of the problem. The action clearly contains parts that depends only on the
fermionic fields (Sf ), only on the bosonic fields (Sb) and a part that depends on both
(Sf−b), we write this as: S = Sf + Sb + Sf−b. Our goal is to rewrite the partition
function into

Z =

∫
D(ψ̄, ψ)

∫
D(φ̄, φ) e−S[ψ̄,ψ,φ̄,φ] =

∫
D(ψ̄, ψ) e−Seff [ψ̄,ψ], (2.46)

where the effective action is

e−Seff [ψ̄,ψ]+Sf [ψ̄,ψ] =

∫
D(φ̄, φ) e−Sf−b[ψ̄,ψ,φ̄,φ]−Sb[φ̄,φ]. (2.47)

We now show that Eq. (2.47) in our case is a Gaussian integral with a linear term.
The single cavity mode in a coherent state is

|φ〉 = eφa
†|0〉, φ ∈ C, (2.48)

the fermionic coherent state is

|ψpα〉 = e−
∑
p,α ψpαc

†
pα |0〉, ψpα ∈ A, (2.49)

where A represents the Grassmann algebra[113]. The Hamiltonian in Eq. (2.17) in
the coherent state representation is

H(ψ̄, ψ, φ̄, φ) = ωφ̄φ+
∑
p

vp
(
ψ̄p↑ψp↑ − ψ̄p↓ψp↓

)
+

gA

2
√
L

∑
p

(φ̄+ φ)
(
ψ̄p↑ψp↑ − ψ̄p↓ψp↓

)
+

g√
L

∑
p

(
φψ̄p↑ψp↓ + φ̄ψ̄p↓ψp↑

)
. (2.50)

The action containing the bosonic complex fields thus have quadratic form:

S =

∫ β

0

dτ
(
φ̄(∂τ + ω)φ+ A(ψ̄, ψ)φ+B(ψ̄, ψ)φ̄

)
, (2.51)

as this action enters Eq. (2.47) the integral is indeed of a Gaussian form with a
linear term. The multi-dimensional complex Gaussian integral with a linear term is∫

d(v†,v) e−v
†Av+wv+v†w′ = πN detA−1ewA−1w′ , (2.52)

where v,w,w′ are complex N -dimensional vectors and A is a complex matrix of
size N × N . After transforming the fields to Matsubara frequency space, the path
integral in Eq. (2.47) yields∫

D(φ̄, φ) e−Sf−b[ψ̄,ψ,φ̄,φ]−Sb[φ̄,φ] ∼ eA(ψ̄,ψ) 1
ω−iωn

B(ψ̄,ψ). (2.53)
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From the effective action we can read out the Hamiltonians for the effective inter-
actions, as long as ω � ωn:

H
(1)
eff = − g2

ωL

∑
p,p′

S+
p S
−
p′ , (2.54)

H
(2)
eff = −ggA

ωL

∑
p,p′

(
SzpS

−
p′ + S+

p S
z
p′

)
, (2.55)

H
(3)
eff = − g

2
A

ωL

∑
p,p′

SzpS
z
p′ . (2.56)

These interactions are attractive and are infinite ranged, since the interaction strengths
are the same for every p, p′ pairs.

2.3 Exact mean-field theory
Having arrived to this point, we finally attempt to solve the Hamiltonian in

Eq. (2.17). We divide the problem to two separate cases: first, we disregard the in-
teraction term originating from the vector potential (gA = 0), and second, we keep
both interaction terms. This division seems natural, considering the difference in the
magnitude of the interactions discussed in Sec. 2.1.2. We have seen, that in the first
case the model possesses a continuous symmetry and is integrable. Furthermore,
the system coincides with the inhomogeneous Dicke model whose solution is known.
As previously pointed out in Sec. 1.4, the mean-field solution of the Dicke model
describes a superradiant quantum phase transition at a critical coupling strength.
Is the mean-field approach satisfactory in our model? The interactions of the cavity
mode with the helical Dirac fermions lead to photon-mediated infinite-range effective
interactions with constant strength, detailed in Eq. (2.54)-(2.56). The infinite-range
interactions with constant strength can be interpreted as nearest-neighbor interac-
tions, with coordination number being the number of electrons in the system. In
our case the number of electrons are proportional to the dimensionless length of the
edge L. In the thermodynamic limit, L → ∞, the coordination number becomes
infinite, hence the mean-field results are exact.

The reintroduction of gA lowers the symmetry to a discrete group and the system
is no longer integrable. On the other hand, in the thermodynamic limit the mean-
field results should still be exact as the statements from above hold, thus the model
is exactly solvable.

2.3.1 Case of continuous symmetry

We work in the thermodynamic limit, and assume the photons are in a coherent
and superradiant state:

a|α〉 = α|α〉, α =
√
nLeiϕ. (2.57)

In the absence of the interaction originating from the Peierls substitution, the total
number of excitations, Q = a†a +

∑
p S

z
p , is a conserved quantity. On the one

43



hand, the ground state is determined by choosing the absolute minimum energy
configuration from all possibleQ sectors[69], referred to as an unconstrained solution.
On the other hand, the grand canonical ensemble H − µQ, allows calculation for a
fixed total number of excitations in a constrained solution[114]. The former situation
is achievable in the presence of coupling to external noise or dissipation, inducing a
transition between various Q sectors, while the constrained solution corresponds to
a situation in which decay, arising from coupling the cavity mode or the electronic
excitations to other modes, is slow compared with the time required to reach thermal
equilibrium at a fixed excitation number.

Without g, the photon state is unpopulated and the total spin is unpolarized,
therefore 〈Q〉 = 0 and hence we choose the Q = 0 sector for the constrained calcu-
lations. The mean-field Hamiltonian with Lagrange multiplier µ, incorporating the
constraint Q = 0, reads as

HMF = 〈α|H − µQ|α〉 = (ω − µ)nL+
∑
p

(
c†p↑ c†p↓

)( εp ∆
∆∗ −εp

)(
cp↑
cp↓

)
,

(2.58)

with εp = vp− µ
2
and ∆ = g

√
neiϕ. The eigendecomposition of the matrix appearing

in Eq. (2.58) reveals the Bogoliubov transformation of the fermionic operators:

(
dp+
dp−

)
=


(εp+
√
ε2p+|∆|2)e−iϕ√

2(ε2p+|∆|2+εp
√
ε2p+|∆|2)

|∆|√
2(ε2p+|∆|2+εp

√
ε2p+|∆|2)

(εp−
√
ε2p+|∆|2)e−iϕ√

2(ε2p+|∆|2−εp
√
ε2p+|∆|2)

|∆|√
2(ε2p+|∆|2−εp

√
ε2p+|∆|2)

(cp↑cp↓
)
. (2.59)

This unitary transformation make sure that the new creation and annihilation op-
erators obey fermionic anti-commutation relations. After the Bogoliubov transfor-
mation the mean-field Hamiltonian becomes

HMF = (ω − µ)nL+
∑
p,ξ

Eξ(p)d
†
pξdpξ, (2.60)

where ξ = ±1 and the energy spectrum of the electrons is

Eξ(p) = ξ
√
ε2
p + |∆|2 = ξ

√(
vp− µ

2

)2

+ g2n. (2.61)

The fermionic spectrum becomes gapped due to the quantized light-matter in-
teraction, see Fig. 2.2. The ground state consists of a fully filled lower band. The
mean-field parameters (n, ϕ, µ) are determined by the minimization of the total
ground-state energy

E0

L
= (ω − µ)n− 1

L

∑
p

√(
vp− µ

2

)2

+ g2n. (2.62)

In the following we encounter momentum sums, which are transformed into en-
ergy integrals and those will be evaluated to the first non-vanishing order of a cutoff
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Figure 2.2: A single cavity mode with frequency ω is coupled to the continuum of
helical Dirac fermions. According to Eq. (2.61), the new fermionic spectrum becomes
gapped and shifted (dashed-line).

.

energy W :

1

L

∑
p

f(p) =

∫
dp
2π

f(p) =
ρ

2

∫ W

−W
dε f(ε) ≈ O(W−1), (2.63)

where we introduced ρ = 1/vπ, 1D density of states. The reasoning behind this was
discussed in Sec. 1.3, the cutoff energyW is actually the band gap of the topological
insulator that hosts the edge states, therefore the helical Dirac fermions. In order
to disregard any effects that are connected to the bulk states of the host topological
insulator, the energy W must be treated as the highest energy.

Using Eq. (2.63) the total ground-state energy is

E0

L
= (ω − µ)n− ρW 2

2
− ρµ2

8
− ρg2n

4

(
1 + ln

4W 2

g2n

)
. (2.64)

We can observe that the phase of the order parameter (ϕ) does not appear in the
total ground-state energy, therefore its value remains undetermined. This is the
consequence of the continuous U(1) symmetry of the Hamiltonian. The other mean-
field parameters are determined by the equations

1

L

∂E0

∂n
= ω − µ− ρg2

4
ln

4W 2

g2n
= 0, (2.65)

1

L

∂E0

∂µ
= −n− ρµ

4
= 0. (2.66)

2.3.2 Unconstrained solution

The ground state is determined by the absolute minimum energy configuration
over all possible Q sectors, since the total excitation number is not fixed. This means
only Eq. (2.65) needs to be solved with µ = 0. The solution shows the mean photon
number to be

n =
4W 2

g2
exp

(
− 4ω

ρg2

)
=

4W 2

g̃ω
exp

(
− 4

ρg̃

)
, (2.67)
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where we used the notation g =
√
g̃ω introduced earlier. The mean photon number

as a function of the interaction strength can never be zero: n(g) > 0. In contrast
to the conventional Dicke model, the superradiant quantum phase transition occurs
for arbitrarily small values of the coupling instead of a finite critical gc, hence the
system is always in its superradiant phase. Comparing this result with Eq. (1.48),
the expectation value of the coherent state eigenvalue as a function of the coupling
g̃ is

α ∼
√
Lg̃−1/2 exp

(
− 2

ρg̃

)
, (2.68)

thus the quantum phase transition is of a different kind from the conventional Dicke
superradiant phase transition. Eq. (2.67) implies an infinite-order quantum phase
transition as opposed to the second-order transition of the conventional Dicke model.

The photoinduced gap is independent from the photon frequency ω:

|∆| = 2W exp

(
− 2

ρg̃

)
, (2.69)

Since the electrons feel the photon mode through the opening of the gap, which is
frequency independent, the physical response of the edge electrons becomes com-
pletely ω independent. This is seen in the expectation values of the spin operators:

〈Sx〉 =
1

L

∑
p

〈Sxp 〉 = − 1

2L

∑
p

|∆| cosϕ√
ε2
p + |∆|2

, (2.70)

〈Sy〉 =
1

L

∑
p

〈Syp 〉 =
1

2L

∑
p

|∆| sinϕ√
ε2
p + |∆|2

, (2.71)

〈Sz〉 =
1

L

∑
p

〈Szp〉 = − 1

2L

∑
p

εp√
ε2
p + |∆|2

. (2.72)

Calculating these in the unconstrained case yields

〈Sx〉 = −ρ
2
|∆|arsinh

(
W

|∆|

)
cosϕ, (2.73)

〈Sy〉 =
ρ

2
|∆|arsinh

(
W

|∆|

)
sinϕ, (2.74)

〈Sz〉 = 0, (2.75)

where arsinh(x) is the inverse hyperbolic sine function. The expectation values
depend on the phase of the order parameter, thus in the emergent ground state
the continuous U(1) symmetry is spontaneously broken. The finite magnetization
perpendicular to the z direction indicates the breaking of time-reversal symmetry.
This is no surprise as the breaking of time reversal is necessary in order for a gap
to open. The zero expectation value of the spin component along the z direction
implies zero generated photocurrent along the edge. Indeed, the current operator of
the edge Hamiltonian is

j(q) = ev
∑
p

(
c†p+q↑cp↑ − c†p+q↓cp↓

)
e−iqr, (2.76)
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for q = 0, the current operator is proportional to Szp :

j = 2ev
∑
p

Szp =⇒ 〈j〉 = 0. (2.77)

2.3.3 Constrained solution

In the constrained case the total excitation number is fixed to Q = 0, which
implies n = −〈Sz〉. Thus, non-zero mean photon number implies a generated pho-
tocurrent and another type of superradiant phase. The Eqs. (2.65)-(2.66) have to
be solved simultaneously implying

ω +
4n

ρ
=
ρg2

4
ln

4W 2

g2n
=⇒ 16n

ρ2g2
exp

(
16n

ρ2g2

)
=

64W 2

ρ2g4
exp

(
− 4ω

ρg2

)
, (2.78)

which can be solved by the inverse function of x exp(x), called the Lambert-W
function: WL(x). Hence, the closed form of the photon number is

n =
ρ2g2

16
WL

(
64W 2

ρ2g4
exp

(
− 4ω

ρg2

))
=
ρ2g̃ω

16
WL

(
64W 2

ρ2g̃2ω2
exp

(
− 4

ρg̃

))
. (2.79)

The series expansion of the Lambert-W function is

WL(x) =
∞∑
m=1

(−m)m−1

m!
xm, , (2.80)

which shows that for x � 1 the Lambert-W function is WL(x) ≈ x. For arbitrary
small g the mean photon number is the same as in the unconstrained case, thus
Eq. (2.67) and Eq. (2.68) still hold for the constrained case as well. The system is
always in its superradiant state. The main difference is, in the constrained case the
photoinduced gap depends on the frequency of the photons, therefore the response of
the helical Dirac fermions is also frequency dependent. For fixed coupling strength
g̃ and large frequency ω:

n =
4W 2

g̃ω
exp

(
− 4

ρg̃

)
=⇒ |∆| =

√
g̃ωn = 2W exp

(
− 2

ρg̃

)
, (2.81)

the photoinduced gap is frequency independent, just as in the unconstrained case.
For small frequency the asymptotic form of the Lambert-W function is required,
which is WL(x) ≈ lnx. As a result, the frequency dependence of the gap is

n =
ρ2g̃ω

8
ln

(
8W

ρg̃ω

)
=⇒ |∆| = ρg̃ω

2
√

2

√
ln

(
8W

ρg̃ω

)
(2.82)

The expectation values for the spin operators inherit the frequency dependence
through the gap:

〈Sx〉 = −ρ
2
|∆| ln

(
2W

|∆|

)
cosϕ, (2.83)

〈Sx〉 =
ρ

2
|∆| ln

(
2W

|∆|

)
sinϕ, (2.84)

〈Sz〉 =
ρµ

4
= −n. (2.85)
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The spin expectation values perpendicular to the z direction is asymptotically the
same as in the unconstrained case, due to arsinh(x) ≈ ln(2x) for x→∞. The con-
tinuous U(1) symmetry is also broken, along with time-reversal symmetry. Non-zero
n implies, the magnetization along the z direction is also non-zero and according to
Eq. (2.77) there is generated photocurrent along the edge: 〈j〉 = −2evn. The direc-
tion of the photocurrent depends on the helicity of the photons. The Hamiltonian of
the Zeeman interaction for photons with negative helicity is given in Eq. (2.9). The
negative helicity Zeeman interaction Hamiltonian is still invariant under a global
phase transformation, keeping its continuous symmetry group. However, for nega-
tive helicity invariance is achieved by the operator

Θ(γ) = eiγ(a†−a−−
∑
p S

z
p), (2.86)

which shows that the total number of excitations is represented by the operator:
Q− = a†−a− −

∑
p S

z
p . Consequently, employing a constraint on Q− would result in

a photocurrent with opposite direction: 〈j〉 = 2evn.
The photocurrent arises from the constraint, which represents an effective mag-

netic field along the edge, inducing a photocurrent through the magnetoelectric
effect. The frequency dependence of the photocurrent can be studied by the analy-
sis of Eq. (2.79). The analysis shows that the mean photon number has maximum
value at frequency

ω̄ =
8W

ρg̃
exp

(
− 2

ρg̃
− 1

2

)
. (2.87)

The frequency ω̄ naturally separates the problem to a low- and high-frequency limit,
in these limiting cases the frequency dependence of the photocurrent, as depicted in
Fig. 2.3, is the following:

〈j〉 =


−eω

2π

ρg̃

2
ln

(
8W

ρg̃ω

)
for ω � ω̄

−8eW 2

πρg̃ω
exp

(
− 4

ρg̃

)
for ω � ω̄

. (2.88)

The frequency dependent photocurrent in Eq. (2.88) allows a comparison to the
Floquet version of the same problem, where the electromagnetic field was treated
classically. In the low-frequency limit, the current grows proportional to ω lnω.
This is similar to the Floquet case, where a perfectly quantized current without
logarithmic corrections follows from the adiabatic charge pumping. The difference
between the quantum and classical descriptions arises, because the condition of
charge pumping, that the Hamiltonian should change slowly and periodically in
time, is not satisfied here by the quantized photon field. Quantum fluctuations do
not allow for purely periodic time evolution and destroy quantization. In the high-
frequency limit, the photocurrent decays as 1/ω which agrees with the Floquet case,
see Fig. 1.8. The photon occupation number in this limit is exactly the same as in
the unconstrained case. The ground state energy in the constrained case is always
above the absolute minimum energy, however, it rapidly approaches the absolute
minimum when ω � ω̄, because the Lagrange multiplier µ vanishes as 1/ω.
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Figure 2.3: The frequency dependence of the photocurrent and the mean photon
number density in the constrained case, depicted in a log-log scale on the left panel.
In the low-frequency regime, the dependence is proportional to ∼ ω lnω as the arrow
and textbox indicates. In the high-frequency limit, a ∼ 1/ω decay is observed.
The dashed line indicates the asymptote of 1/ω. The right panel depicts the total
ground state energy as a function of the frequency on a log-log scale. The blue
solid line is the energy in the constrained case, the dashed red is the unconstrained.
E(g = 0) = −ρW 2/2 and ∆E = ρW exp(−4/ρg̃).

.

2.3.4 Topological properties of the superradiant phase

The continuous U(1) symmetry of the Hamiltonian renders the phase of the
order parameter in the mean-field equations undetermined. By tuning the phase ϕ
adiabatically from 0 to 2π, one sweeps through the degenerate ground-state manifold
with no energy cost. The (p, ϕ) space can be mapped to the unit sphere with

dξ(p, ϕ) =

〈Sxp 〉〈Syp 〉
〈Szp〉

 =
1√

ε2
p + |∆|2

|∆| cosϕ
|∆| sinϕ

εp

 . (2.89)

The winding number of the mapping defines the Chern number, which reads for
band ξ, in the 1 + 1 dimensional pseudo-Brillouin zone in (p, ϕ) space, similarly to
the Floquet–Chern number in Eq. (1.40):

Cξ =
1

4π

∫ ∞
−∞

dp
∫ 2π

0

dϕ dξ(p, ϕ) (∂pdξ(p, ϕ)× ∂ϕdξ(p, ϕ)) = −ξ. (2.90)

The superradiant ground-state manifold is therefore topologically nontrivial, in both
the constrained and unconstrained case, due to the independence of Cξ from the
value of the Lagrange multiplier µ. We remark, that this nontriviality appears to
have no physical consequences and it is just an interesting analogue of the Floquet–
Chern number in Eq. (1.40).
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2.3.5 Case of discrete symmetry

The introduction of the vector potential interaction lowers the symmetry of the
Hamiltonian in Eq. (2.17) from the continuous U(1) symmetry group to a discrete
Z2. As a consequence, the system is no longer integrable, however it remains exactly
solvable in the thermodynamic limit. The total number of excitations is no longer
a conserved, thus the constraint that resulted in a generated photocurrent loses its
meaning. The topological nature of the ground-state manifold also vanishes. What
kind of further effects do gA have on the superradiant phase?

The mean-field Hamiltonian retains its form from Eq. (2.58), with εp = vp +
gA
√
n cosϕ and after the Bogoliubov transformation it becomes

HMF = ωnL+
∑
p,ξ

Eξ(p)d
†
pξdpξ, (2.91)

with fermionic energy spectrum

Eξ(p) = ξ

√(
vp+ gA

√
n cosϕ

)2
+ g2n. (2.92)

The spectrum develops the same photoinduced gap we encountered before, and the
ground state still consists of a fully filled lower band. The total ground-state energy
is

E0

L
= (ω − ρg2

A

2
cos2 ϕ)n− ρW 2

2
− ρg2n

4

(
1 + ln

4W 2

g2n

)
. (2.93)

The phase of the order parameter now explicitly appears in the total ground-state
energy. For gA = 0, the energy exhibits a Mexican hat structure in the Re〈a〉-
Im〈a〉 space, see Fig. 2.4, the phase remains undetermined, and as was mentioned,
the ground state is infinitely degenerate. When gA 6= 0, the Mexican hat structure
develops two minima along Re〈a〉 and the minimum energy appears when cos2 ϕ = 1,
hence the ground state is now doubly degenerate, due to Z2. We can observe the
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Figure 2.4: The contour plot of the total ground state energy in Re〈a〉-Im〈a〉 space.
(a) The energy for gA = 0. (b) The energy for gA 6= 0.
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above in the mean-field equations, which minimize the total ground-state energy:

1

L

∂E0

∂n
= ω − ρg2

A

2
cos2 ϕ− ρg2

4
ln

4W 2

g2n
= 0, (2.94)

1

L

∂E0

∂ϕ
= −ρg

2
A

2
n sin 2ϕ = 0. (2.95)

The second mean-field equation, Eq. (2.95) implies either n = 0 or 2ϕ = lπ. The
n = 0 would mean a normal (non-superradiant) phase, however this solution is
nonphysical, because in Eq. (2.94) the logarithm diverges for n = 0 and the rest of
the parameters cannot balance this. The other solution for the mean photon number
density is

n(g, gA) =
4W 2

g2
exp

(
2ρg2

A cos2 ϕ− 4ω

ρg2

)
. (2.96)

Substituting this into the total ground-state energy yields

E0

L
= −ρW

2

2
− ρg2

4
n(g, gA). (2.97)

The solution for odd l, implies cos2 ϕ = 0 and the mean photon number becomes
the same as in the unconstrained continuous symmetrical case, given in Eq. (2.67).
For even l, cos2 ϕ = 1, according to Eq. (2.96) the presence of gA increases the mean
photon number: n(g, gA) > n(g, 0), which in turn lowers the total energy. Thus,
the appearance of gA further strengthens the superradiant phase as the ground
state. However, the phase of the order parameter remains undetermined with ϕ =
mπ, m ∈ Z, due to the doubly degenerate ground state.

The photoinduced gap is frequency dependent as

|∆| = 2W exp

(
ρg2

A − 2ω

ρg2

)
= 2W exp

(
ρg̃A − 2ω2

ρg̃ω2

)
. (2.98)

The expectation values of the spin operators are

〈Sx〉 = −ρ
2
|∆| ln

(
2W

|∆|

)
cosϕ, (2.99)

〈Sy〉 = 0, (2.100)

〈Sz〉 = −ρgA
2g
|∆| cosϕ. (2.101)

Time-reversal symmetry is spontaneously broken and a net photocurrent is gener-
ated along the edge.

〈j〉 = −evρgA
g
|∆| cosϕ. (2.102)

The photocurrent is generated by gA, as in Eq. (2.17) the vector potential term acts
as an effective magnetic field. Furthermore, according to Eq. (2.56) there is a vector
potential mediated ferromagnetic coupling between the spins, which leads to non-
zero expectation value for the magnetization. The direction of the magnetization
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along the x- and z-axis, as well as the photocurrent is determined by cosϕ = (−1)m.
The direction also depends on the helicity of the photons, as there is a sign difference
in front of the interaction terms H(+)

A and H
(−)
A in Eq. (2.13) and Eq. (2.14). As

a result, gA changes sign for negative helicity photons, thus the direction of 〈j〉
changes as well.

2.4 Conclusion and outlook
Placing the edge of a quantum spin Hall insulator into a cavity results in in-

teractions between the helical Dirac fermions and the cavity photons. The system
is described by the Hamiltonian in Eq. (2.17), which contains an interaction term
originating from the Peierls substitution, as well as a Zeeman interaction between
the electron spins and the photons. The system is exactly solvable in the ther-
modynamic limit, as we have shown, after integrating the photon field out of the
problem the resulting effective electron-electron interaction is attractive and has in-
finite range. As a result, the mean-field solution coincides with the exact solution.
The mean-field solution assumes the photons are in a coherent state and it yields
macroscopic occupation. In the emergent superradiant ground state the actual sym-
metry of the system is spontaneously broken. The excitations are described by a
fermionic Bogoliubov quasiparticle, described in Eq. (2.59), with gapped excitation
energy E+(p), given in Eq. (2.61) and Eq. (2.92).

The symmetry of the problem depends on the interactions, that we take into ac-
count. In the absence of the interaction originating from the Peierls substitution, the
Hamiltonian exhibits a continuous U(1) symmetry, which generates the total num-
ber of excitations into a conserved quantity. Due to the continuous symmetry, the
phase of the order parameter is undetermined by the mean-field equations. Further-
more, the degenerate superradiant ground-state manifold is topologically nontrivial.
The magnetization perpendicular to the z-axis obtains non-zero expectation values,
indicating the breaking of time-reversal symmetry. The magnetization along the z-
axis, which is proportional to the generated photocurrent along the edge, is zero as
long as the total number of excitations is not fixed. Using a grand canonical ensem-
ble, which constrains the system to a fixed number of excitations, eventually gives
rise to a non-zero frequency dependent photocurrent. The frequency dependence of
the photocurrent is similar to the photocurrent generated by a classically treated
electromagnetic field. In the low-frequency regime, it is proportional to ∼ ω lnω, in
contrast to the classical ∼ ω dependence a logarithmic correction appears. In the
high-frequency regime, the photocurrent decays as ∼ 1/ω, which agrees with the
classical case.

The inclusion of the interaction originating from the Peierls substitution lowers
the symmetry of the Hamiltonian to discrete Z2. The system is no longer integrable,
since the conserved quantities generated by the Lax operators no longer commute
with the Hamiltonian. The topological aspect of the the ground-state manifold also
becomes meaningless. However, the superradiant ground state remains intact and
the vector potential interaction generates a photocurrent along the edge.

There are further aspects of the present problem that need to be addressed.
In Chapter 2, the emphasis was on the fermionic degrees of freedom, however the
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interaction between the atomic systems and cavity fields has backactions on the
photonic field. Furthermore, the breaking of symmetries in phase transitions draw
consequences. For example, the broken continuous U(1) symmetry should result in a
gapless Goldstone mode in the excitation spectra, however the fermionic excitations
are gapped. In the following chapter, the emphasis shifts to the photonic degree of
freedom of this problem through the study of the photonic spectral function.
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Chapter 3

Collective modes of helical Dirac
fermions interacting with quantum
light

The interaction of helical Dirac fermions with a single cavity mode with a fixed
helicity leads to a superradiant ground state within the mean-field solution. Mean-
field theory assumed the photons are in a macroscopically occupied coherent state.
In Chapter 2, the fermionic excitations were identified as Bogoliubov quasiparti-
cles with a gapped excitation spectrum and various fermionic expectation values
were calculated. In the present chapter, we focus on the properties of the pho-
tonic mode in the superradiant phase by considering the fluctuations on top of their
macroscopically occupied state[115, 116]. This allows one to find the bosonic exci-
tation spectrum through the photonic Green’s function. Equipped with the Green’s
function the photon spectral function is calculated, which is measurable by the ab-
sorption coefficient of the cavity. The similarities in the diagrammatical evaluation
of the photon Green’s function and the current-current correlator of the helical Dirac
fermions prompts us to investigate the optical conductivity of the edge at the end
of this chapter. The results obtained in Chapter 3 were published in Ref.[104, 117].

3.1 Fluctuations on top of the mean-field results
In order to do perturbation theory and incorporate the various cases of the

present problem, e.g. constrained and unconstrained cases of the problem with
continuous symmetry, the case with discrete symmetry, we first need to revisit the
Hamiltonians. The mean-field Hamiltonian is

H0 = (ω − µ)a†a+
∑
p

(
c†p↑ c†p↓

)( εp ∆
∆∗ −εp

)(
cp↑
cp↓

)
, (3.1)

here the precise form of εp and the value of µ depends on the case (constrained,
unconstrained or discrete symmetrical) we are investigating. The interaction terms
are the Zeeman interaction

H
(Z)
int =

g√
L

∑
p

(
aS+

p + a†S−p
)
, (3.2)
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and the interaction originating from the vector potential

H
(A)
int =

gA√
L

∑
p

(
a+ a†

)
Szp . (3.3)

In the absence of H(A)
int , we arrive at the continuous symmetrical case with

εp = vp− µ

2
, (3.4)

where µ = 0 in the unconstrained and µ 6= 0 in the constrained case. If both
interactions are present, the symmetry is lowered to discrete Z2, consequently µ = 0
and the quantity εp becomes

εp = vp+ gA
√
n cosϕ. (3.5)

The parameters (n, ϕ, µ) are determined by their relevant mean-field equations from
Eq. (2.65), Eq. (2.66), Eq. (2.94), Eq. (2.95).

3.1.1 Fermionic Green’s function

We are aiming to calculate the temperature Green’s function of the photons in
Matsubara frequency space using diagram technique. The real frequency Green’s
function is then obtained by analytic continuation. As the required diagrams con-
tain fermionic lines, the first step is to get a hold on the Green’s function of the
electrons. This also gives us the chance to introduce basic definitions regarding
Green’s functions techniques[118]. The temperature Green’s function is defined as

G(p, τ) =

−〈Tτ (cp↑(τ) c†p↑(0)
)〉

−
〈
Tτ

(
cp↑(τ) c†p↓(0)

)〉
−
〈
Tτ

(
cp↓(τ) c†p↑(0)

)〉
−
〈
Tτ

(
cp↓(τ) c†p↓(0)

)〉 . (3.6)

The averaging symbol implies thermal average: 〈...〉 = Tr(e−βH ...)/Z, and the sym-
bol Tτ denotes the time ordering operator:

Tτ (A(τ)B(0)) =

{
A(τ)B(0) for τ > 0

±B(τ)A(0) for τ < 0
, (3.7)

with sign ± for bosons(fermions). The imaginary time dependence of operators are
understood in the Heisenberg picture:

A(τ) = eHτAe−Hτ =⇒ dA
dτ

= [H,A]. (3.8)

The temperature Green’s function for fermions is antiperiodic in imaginary time
G(τ < 0) = −G(τ+β), where β = 1/T is the inverse temperature. As a consequence
the function can be defined on the interval 0 < τ < β with antiperiodic boundary
conditions. Hence, the Green’s function can be specified by its Fourier transform,
evaluated at the Matsubara frequencies νn = (2n+ 1)π/β:

G(νn) =

∫ β

0

dτ eiνnτG(τ), G(τ) =
1

β

∑
νn

e−iνnτG(νn). (3.9)
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For bosons, the Green’s function is periodic D(τ < 0) = D(τ +β), thus the periodic
boundary condition require the Matsubara frequencies to be ωn = 2nπ/β. Hence-
forward, the symbol D is reserved for the photonic Green’s function and the bosonic
and fermionic frequencies will be always denoted by ωn and νn, respectively.

In our case, the fermionic degree of freedom is described by the mean-field so-
lution, ergo by Eq. (3.1). The Green’s function of the quadratic Hamiltonian in
Eq. (3.1) is easily calculated using the equation of motion:

∂

∂τ
G(p, τ) = −δ(τ)I−HpG(p, τ). (3.10)

Here I denotes the 2×2 identity matrix and Hp is the matrix appearing in Eq. (3.1).
The Fourier transform of Eq. (3.10) reveals the Matsubara frequency dependent
Green’s function for the fermions:

G(p, νn)−1 = iνn −Hp =⇒ G(p, νn) =
1

(iνn)2 − E2

(
iνn + εp ∆

∆∗ iνn − εp

)
,

(3.11)

where E =
√
ε2
p + |∆|2, and the form of εp depends on the case we study.

3.1.2 Photon Green’s function

The diagram technique used to determine the Green’s function of the photons
requires the interaction picture of the imaginary time dependence of the operators.
In the interaction picture, the full Hamiltonian is separated into two parts: one
part that is considered solved, given in Eq. (3.1), and a second part containing the
interaction terms. The imaginary time dependence of the operators becomes

A(τ) = U−1(τ)eH0τAe−H0τU(τ) = U−1(τ)Ã(τ)U(τ), (3.12)

where the notation Ã for the Heisenberg picture imaginary time dependence was
introduced. The propagator U , originating from the interaction part of the Hamil-
tonian is given by the formula of the time-ordered exponential[118]:

U(τ) =
∞∑
n=0

(−1)n

n!

∫ τ

0

dτ1 ...

∫ τ

0

dτn Tτ
(
H̃int(τ1) · · · H̃int(τn)

)
. (3.13)

Moreover, the e−βH in the definition of the thermal average may be rewritten as
e−βH0U(β). Consequently, the Green’s function in the interaction picture is written
as

D(τ) = −
〈
Tτ
(
ã(τ)ã†(0)U(β)

)〉
0

〈U(β)〉0
, (3.14)

where the thermal averaging is done with respect to the Hamiltonian H0, implied
in the notation by the subscript. The substitution of the time-ordered exponential
formula into Eq. (3.14) reveals the series expansion of the Green’s function. The
diagram technique method keeps tab on each term of the expansion by a diagram,
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effectively replacing the formulas by drawings. Exactly how this conversion is done
is determined by the Feynman rules for the given interactions[118].

In our case, the interactions H(Z)
int and H

(A)
int contain single bosonic operators.

As a result, only terms of even orders of the coupling constants in the expansion
give non-zero expectation values. Furthermore, the so-called anomalous Green’s
functions of the form

−〈Tτ (a(τ)a(0))〉 , (3.15)

would also give non-zero results. For these reasons, we define the photon Green’s
function in the Nambu space (a a†)T :

D(τ) = −
〈
Tτ

((
a(τ)
a†(τ)

)(
a†(0) a(0)

))〉
=

(
Daa† Daa
Da†a† Da†a

)
. (3.16)

Here, the subscript of the symbol D shows the type of the Green’s function. It is
straightforward to show that

Da†a† = (Daa)∗ and Da†a = (Daa†)∗, (3.17)

so calculating two out of four expressions is enough.

iωn

iνn

iνn − iωn

iωn

Figure 3.1: Single fermion loop with ωn photon and νn fermion frequency. The
dashed line denotes the photon Green’s function, the solid line denotes the fermion
Green’s function.

As was mentioned, only the terms of even orders of the coupling constants yield
non-vanishing results in the series form of the Green’s function. The first non-
vanishing terms are second order diagrams which contain single fermion loops, de-
picted in Fig. 3.1. In higher order diagrams several fermion loops appear, these
repeated diagrams can be summed by the means of the Dyson equation. The Dyson
equation defines the self energy Σ by the set of all diagrams that cannot be discon-
nected by cutting a single photon line:

= + Σ

D = D0 +D0ΣD =⇒ D−1 = D−1
0 − Σ. (3.18)

Here, D0 is the Green’s function of the Hamiltonian H0 = (ω−µ)a†a. In Matsubara
frequency space this is

D−1
0 (ωn) =

(
iωn − ω + µ 0

0 −iωn − ω + µ

)
. (3.19)
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σi σj

iνn

iνn − iωn

Figure 3.2: Diagram of the self energy, the matrix appearing on the left and the
right depends on the type of the interactions.

The standard mean-field approach obtains the Green’s function by the self-consistent
construction of the self energy Σ. This way the self energy is calculated from the
diagram, depicted in Fig. 3.2: a simple fermion loop. The evaluation of this diagram
gives

Π0
ij(ωn) =

1

βL

∑
p,νn

Tr
(
σiG(p, νn)σjG(p, νn − ωn)

)
. (3.20)

As there are generally two interactions present with interaction strength g and gA,
the self energy will contain three terms: one proportional to g2, another to ggA and
finally g2

A. To find which Pauli matrix appears for the interactions for the normal
Green’s function, we have to consider the expectation value

〈aa†HintHint〉. (3.21)

For example, the term proportional to g2 contains the matrices σ− and σ+, because
the expectation value has to contain equal amount of photonic creation and annihi-
lation operators. For the anomalous Green’s function the expectation value we need
to consider is

〈aaHintHint〉. (3.22)

This time the term proportional to g2 has the matrices σ− and σ−. To summarize,
we gather each term into the self energy matrix

Σ =

(
Σ11 Σ12

Σ∗12 Σ∗11

)
, (3.23)

where the normal and anomalous self energies are

Σ11 = g2Π0
−+ +

ggA
2

(
Π0

+z + Π0
−z
)

+
g2
A

4
Π0
zz, (3.24)

Σ12 = g2Π0
−− +

ggA
2

Π0
−z +

g2
A

4
Π0
zz. (3.25)

The fractions 1/2 and 1/4 appear because the definition of Szp contains σz/2. Eq. (3.20)
contains a fermionic Matsubara frequency sum which can be evaluated by the for-
mula

1

β

∑
νn

F (iνn) = −
∑
za

Res
(
F (z)

2
tanh

(
βz

2

)
, za

)
, (3.26)
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where z = iνn and Res(...) denotes the residue of the function inside its argument at
the poles za of the rational function F (z). After evaluating the frequency sums for
the various Π0

ij, we finally arrive at the temperature Green’s function of the photons:

D−1(ωn) =

(
K1(ωn) K2(ωn)
K∗2(ωn) K∗1(ωn)

)
, (3.27)

K1(ωn) = iωn − ω + µ

+
1

L

∑
p

g2(iωnεp + ε2
p + E2)− 2ggAεpRe(∆) + g2

A|∆|2
E(ω2

n + 4E2)
tanh

(
βE

2

)
, (3.28)

K2(ωn) =
1

L

∑
p

−2g2∆2 − ggA∆(2εp + iωn) + 2g2
A|∆|2

2E(ω2
n + 4E2)

tanh

(
βE

2

)
. (3.29)

We emphasize again, that εp takes the appropriate form depending on the interac-
tions, as well as the mean-field parameters µ and ∆.

3.2 Photon spectral function
The analytical continuation of the temperature Green’s function reveals the fre-

quency dependent retarded Green’s function[118]. We evaluate the spectral function
at T = 0:

A(Ω) = − 1

π
ImTr(D(Ω)). (3.30)

The spectral function reveals the bosonic excitations resulting from the coupling
between the cavity mode and the helical Dirac fermions. In the following, these
bosonic quasiparticles are referred to as polaritons. In order to visualize the spectral
function, we need to evaluate the momentum sums appearing in Eq. (3.27). In the
zero temperature limit (β →∞) the hyperbolic functions become unity (tanh(x→
∞) = 1) and the replacement iωn → Ω + iη, where η = 0+, yields us the following
momentum sums:

1

L

∑
p

−|∆|2√
ε2
p + |∆|2

(
(Ω + iη)2 − 4

√
ε2
p + |∆|2

) =
ρ

4
f0(Ω), (3.31)

1

L

∑
p

εp√
ε2
p + |∆|2

(
(Ω + iη)2 − 4

√
ε2
p + |∆|2

) = 0, (3.32)

1

L

∑
p

ε2
p√

ε2
p + |∆|2

(
(Ω + iη)2 − 4

√
ε2
p + |∆|2

) = −ρ
4

ln

(
2W

|∆|

)
+
ρ

4
f2(Ω). (3.33)
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These momentum sums are evaluated according to Eq. (2.63) and the resulting
frequency dependent functions are

f0(Ω) =


4|∆|2

Ω
√

4|∆|2 − Ω2
arctan

(
Ω√

4|∆|2 − Ω2

)
for Ω < 2|∆|

4|∆|2
Ω
√

Ω2 − 4|∆|2

(
iπ

2
− artanh

(√
Ω2 − 4|∆|2

Ω

))
for Ω ≥ 2|∆|

,

(3.34)

f2(Ω) =



√
4|∆|2 − Ω2

Ω
arctan

(
Ω√

4|∆|2 − Ω2

)
for Ω < 2|∆|√

Ω2 − 4|∆|2
Ω

(
−iπ

2
+ artanh

(√
Ω2 − 4|∆|2

Ω

))
for Ω ≥ 2|∆|

.

(3.35)

These results hold for both εp cases, the differences are encoded into the gap |∆|.
We can immediately notice these functions have vanishing imaginary parts for fre-
quencies below twice the gap. Furthermore, in the low frequency limit (Ω � 2|∆|)
the functions approach unity:

f0(Ω) = 1 +
Ω2

6|∆|2 +O(Ω4), f2(Ω) = 1− Ω2

12|∆|2 +O(Ω4). (3.36)

In Eq. (3.33) the same logarithm appears as in the mean-field equations Eq. (2.65)
and Eq. (2.94). We observe that, this integral only appears with g2 in the Green’s
function in K1 and as such it cancels out the terms −ω+ µ or in the presence of gA
only the −ω term. Finally, we arrive at the spectral function for the photons:

A(Ω) =

− 1

2π
Im

 (ρg2 + ρg2
A)f0 − 2ρg2f2 − 2ρg2

A(
ρg2+ρg2A

4
f0 − ρg2

2
f2 − ρg2A

2

)2

−
(
ρg2−ρg2A

4
f0

)2

−
(
ρggAΩ
8|∆| f0

)2

− (Ω + iη)2

 .

(3.37)

As was mentioned, the functions f0,2(Ω) have vanishing imaginary parts for frequen-
cies Ω < 2|∆|. As a result, the spectral function in this region is zero, except for a
well defined Ω0 frequency at which the spectral function exhibits a Dirac delta peak.
To illustrate this, we rewrite the spectral function as

A(Ω) = − 1

π
Im
(

B(Ω)

F (Ω)− iη

)
, (3.38)

where we gathered every term in the numerator and denominator into the functions
B(Ω) and F (Ω), respectively. For Ω < 2|∆| the functions B and F are real, hence

A(Ω) = − 1

π
Im
(

B(Ω)

F (Ω)− iη

)
= −B(Ω)δ(F (Ω)) = −B(Ω)

∑
i

δ(Ω− Ωi)

|F ′(Ωi)|
, (3.39)
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where the frequencies Ωi are the roots of the denominator in the spectral function:
F (Ωi) = 0. In the continuous symmetrical case, when gA = 0, the denominator is

F (Ω) =
ρ2g4

4
f2(f2 − f0)− Ω2. (3.40)

This function has a single root at Ω = 0, thus the spectral function at low frequencies
becomes

A(Ω < 2|∆|) =
4ρg2|∆|2

ρ2g4 + 16|∆|2 δ
′(Ω). (3.41)

In the absence of the interaction originating from the vector potential, the continuous
U(1) symmetry of the Hamiltonian means one can sweep through the degenerate
ground-state manifold with no energy cost. In the emergent superradiant phase, the
continuous symmetry is spontaneously broken and this gives rise to a zero energy
Goldstone mode, which explains the appearance of the Dirac delta in the spectral
function in Eq. (3.41). The Goldstone mode is understood as the phase fluctuation
of the superradiant condensate. The spectral weight of the Goldstone mode vanishes
at g = 0, due to the absence of a phase transition there.
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Figure 3.3: The real root of Eq. (3.42) as a function of the vector potential interaction
strength gA. The quantity Ω0 is the energy of the gapped Goldstone mode, the
energy required for phase fluctuations in the superradiant phase.

In the presence of a non-zero gA phase fluctuations will require a finite amount of
energy, thus making the Goldstone mode gapped. This is seen from the denominator
of the spectral function, which becomes

F (Ω) =
ρ2g4

4
f2(f2 − f0) +

ρ2g2g2
A

4

(
f 2

0 − f2f0 + 2f2 − f0 −
Ω2

16|∆|2f
2
0

)
+
ρ2g4

A

4
(1− f0)− Ω2, (3.42)

which has a single real root at energy Ω0, depicted in Fig. 3.3. As this root is below
2|∆|, the Goldstone peak in the spectral function does not vanish, instead it gets
shifted to the energy Ω0:

A(Ω < 2|∆|) = − B(Ω0)

|F ′(Ω0)|δ(Ω− Ω0), (3.43)
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For frequencies Ω > 2|∆| the imaginary part of the functions f0 and f2 are
nonzero, hence the spectral function reveals continuum polariton excitations[119].
Without interactions the spectral function assumes its non-interacting form A(Ω) =
δ(Ω − ω) with the bare ω cavity mode. In both the continuous and discrete sym-
metrical cases, a high-energy mode develops as a remnant of the cavity mode ω,
visible on Fig. 3.4 and Fig. 3.5. This mode gets damped with increasing Zeeman in-
teraction strength and is renormalized towards smaller frequencies before it hits the
gap edge at Ω = 2|∆| and merges with it. This optical gap is the amplitude mode
or Higgs-like mode, where the spectral function displays a square-root singularity
which sets the threshold energy for continuum polariton excitations for Ω > 2|∆|.
In the discrete symmetrical case, it is noticeable that the bare mode is shifted down
from ω because of gA. Apart from this shifting the vector potential coupling does
not have significant contribution to the nature of the polariton continuum.

Figure 3.4: The contour plot of the spectral function ln(ωA(Ω)) as the function
of the Zeeman coupling ρg̃ in the continuous symmetrical case (gA = 0). The left
panel depicts the spectral function in the unconstrained case, the right depicts it in
the constrained case. The spectral function reveals the polariton excitation energies
and their spectral weights. The white dashed line denotes the minimum excitation
energy 2|∆|, above which the polariton continuum is formed. The parameters used:
ρW = 100 and ρω = 1.

3.3 Optical conductivity of the edge
The real part of the complex optical conductivity for the helical Dirac fermions

without any interaction consists of a bare Drude peak:

Re(σ(Ω)) = Dδ(Ω). (3.44)

Generally, the Drude weight[120] is proportional to the electron density ne, the
square of the charge of the electrons e2 and inversely proportional to the electron
mass: D = πnee

2/m. One of the effects of the interactions is to renormalize the mass
into an effective massm∗. For the massless helical Dirac fermions the Drude weight is
D = πρe2v2, thus in the following we employ the ρv2 ↔ ne/m correspondence[121].
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Figure 3.5: The contour plot of the spectral function ln(ωA(Ω)) as the function of
the Zeeman coupling ρg̃ with ρgA = 0.1. The energy of the Goldstone mode Ω0 is
shown as the red solid line in the Ω < 2|∆| regime. The white dashed line denotes
the minimum excitation energy 2|∆|. The parameters used: ρW = 100 and ρω = 1.

In the previous section, the spectral function of the photons revealed two col-
lective modes in our system: a Goldstone mode originating from the spontaneously
broken continuous or discrete symmetry in the superradiant ground state and a
Higgs-like amplitude mode[122]. The spectral function is directly related to the
Green’s function, which was obtained by the Dyson equation containing the self
energy Σ. We obtained the self energy from the single fermion loop diagram de-
picted in Fig. 3.2. As a reminder, in Eq. (2.77) the current operator for the edge
was introduced. As the current operator is proportional to Szp , the current-current
correlation function is

χ(τ) = 〈Tτj(τ)j(0)〉 = 4e2v2
∑
p

〈TτSzp(τ)Szp(0)〉. (3.45)

The single particle contribution for the current-current correlation function is ex-
actly the single fermion loop diagram of Fig. 3.2[123], which we already calculated
in Eq. (3.20). Consequently, the one-bubble contribution of the current-current
correlator in Matsbura frequency space is

χ0(ωn) = e2v2Π0
zz(ωn). (3.46)

After evaluating the Matsubara frequency sum, then taking the temperature to zero
and calculating the momentum sum, we arrive at the single particle contribution for
the frequency dependent current-current correlator at T = 0:

χ0(Ω) = ρe2v2f0(Ω). (3.47)

The similarity between the diagrammatical expansion of the current-current cor-
relator and the spectral function eventually leads to the emergence of the collective
modes in another observable: the optical conductivity of the edge. The current-
current correlator is related to the linear response of the edge for an external drive,
through the Kubo formula[124]. This establishes the complex optical conductivity
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of the edge as

σ(Ω) =
χ(Ω)

iΩ
. (3.48)

The complex optical conductivity with the single particle contribution along with
the bare Drude contribution is

σ0(Ω) = ρe2v2f0(Ω)

iΩ
− ρe2v2

iΩ
=
ρe2v2

iΩ
(f0(Ω)− 1) . (3.49)

This additional term in the conductivity formula is related to the diamagnetic cur-
rent operator which is responsible for the bare Drude peak in the non-interacting
Dirac fermion system. A similar term appears for example in graphene where the
energy dispersion of the electrons is also linear[125, 126]. Furthermore, a sum rule
can be calculated for the real part of the conductivity:∫ ∞

0

dΩ Re (σ(Ω)) =
ρe2v2π

2
, (3.50)

which holds for both Eq. (3.44) and Eq. (3.49). The conductivity in Eq. (3.49)
shows a square root singularity in the real part of the conductivity at frequency
Ω = 2|∆|, reminiscent of the amplitude mode in the spectral function. Since the
imaginary part of the function f0 is zero, the real part of the conductivity is zero
for frequencies Ω < 2|∆|, also the Drude peak vanishes, since f0(0) = 1.

Going beyond the single particle contribution reveals how the other collective
mode, the Goldstone mode, appears in the optical conductivity. The second con-
tribution is calculated from the collective mode diagrams[123], depicted in Fig. 3.6.
The evaluation of the collective diagrams is considered as a random phase approxi-

Figure 3.6: Diagram of the collective diagram for the current-current correlator.
The base diagram consists of a free photon line that connects two fermion loops.
We can sum up those repeated diagrams, arriving at the collective diagram, where
the fermion loops are connected by the full photon propagator.

mation[127]. By using the unperturbed photon propagator D0 in the diagrams, we
would arrive at interconnected RPA equations. Here we follow a different approach,
since we already calculated the full photon propagator. We simply sum up all the
possible combinations that would appear from the different interaction terms, this
immediately gives us the correlation function:

Πzz = Π0
zz − g2

(
Π0
z+DaaΠ0

+z + Π0
z+Daa†Π0

−z + Π0
z−Da†aΠ0

+z + Π0
z−Da†a†Π0

−z
)

−g2
A

(
Π0
zzDaaΠ0

zz + Π0
zzDaa†Π0

zz + Π0
zzDa†aΠ0

zz + Π0
zzDa†a†Π0

zz

)
−ggA

(
Π0
z+DaaΠ0

zz + Π0
z+Daa†Π0

zz + Π0
z−Da†aΠ0

zz + Π0
z−Da†a†Π0

zz

)
−gAg

(
Π0
zzDaaΠ0

+z + Π0
zzDaa†Π0

−z + Π0
zzDa†aΠ0

+z + Π0
zzDa†a†Π0

−z
)
. (3.51)
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The different contributions need to be calculated from Eq. (3.20), by evaluating
a Matsubara frequency sum, taking the temperature to zero and finally doing the
momentum sums. The frequency dependent cross correlations appearing in the full
correlator can be expressed by the function f0:

Π0
zz(Ω) = ρf0(Ω), Π0

±z(Ω) = ± ρΩ

4|∆|f0(Ω), Π0
z±(Ω) = ∓ ρΩ

4|∆|f0(Ω). (3.52)

To summarize Eq. (3.51), we gather every term into a single function:

Πzz(Ω) = ρ(f0(Ω)− C(Ω)f0(Ω)), (3.53)

and finally arrive at the complex optical conductivity formula in the random phase
approximation:

σ(Ω) =
ρe2v2

iΩ
(f0(Ω)− 1− C(Ω)f0(Ω)) . (3.54)

We can examine the properties of the optical conductivity through the function
C(Ω) in the different cases. First, in the absence of the vector potential interaction
(gA = 0), the function becomes

C(Ω) = − Ω2

4|∆|2
f0(Ω)f2(Ω)

f2(Ω)(f2(Ω)− f0(Ω))− 4
ρ2g4

Ω2 − iη . (3.55)

When Ω → 0, C(0) = ρ2g4/(ρ2g4 + 16|∆|2). By the Kramers–Krönig relation,
this implies a Dirac delta function at the origin of the real part of the conductivity.
Indeed making the η → 0+ limit we get the Dirac delta in accordance with Kramers–
Krönig. This result clearly comes from the full photon propagator and is absent from
the single particle contribution to the optical response, therefore the Goldstone mode
manifests itself in the conductivity formula as a Drude peak:

σGoldstone = πρe2v2 ρ2g4

ρ2g4 + 16|∆|2 δ(Ω). (3.56)

As the Zeeman coupling vanishes the weight of the Goldstone mode becomes the
conventional Drude weight[128]. As it was mentioned in the beginning of this section,
this allows us to introduce an effective mass due to light-matter interaction:

σGoldstone =
πnee

2

m∗
δ(Ω), (3.57)

with effective mass:

m

m∗
=

ρ2g4

ρ2g4 + 16|∆|2 . (3.58)

The function C(Ω) in Eq. 3.55 is the combination of the functions f0,2, which indi-
cates that the real part of the conductivity must be zero for frequencies below 2|∆|.
The behavior of Re(σ) is shown in Fig. 3.7., with C = 0 the single particle term
has a square root singularity at frequency twice the gap. Considering the collective
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modes the square root singularity still remains, however a portion of the weight of
the conductivity is transferred into the weight of the Goldstone mode, so that the
conductivity sum rule is not violated:∫ ∞

0

dΩ Re(σ(Ω)) =
π

2
ρe2v2. (3.59)

Figure 3.7: The frequency dependent conductivity of the edges. The solid black
is the single particle result, the red contains the collective terms with ρgA = 0 and
the blue contains all terms with ρgA = 0.1. The Goldstone peaks are also depicted,
for non-zero gA the peak moves to frequency Ω0 and its weight increases. Further
parameters: ρω = 1, ρW = 100, ρg = 0.4.

Restoring gA reveals how the Goldstone peak moves to a finite frequency corre-
sponding to the gapped Goldstone energy Ω0. In the discrete symmetrical case, the
function appearing in the conductivity becomes

C(gA,Ω) = − ρf0(Ω)

F (Ω)− iη
[ g2Ω2

16|∆|2
(
ρg2

A − ρg2
Af0(Ω) + ρg2f2(Ω)

)
+ρg2

Ag
2(f2(Ω)− f0(Ω)) +

ggAΩ2

|∆| + ρg4
A

]
, (3.60)

here F (Ω) is given in Eq. (3.42). If we take the frequency to zero, an artifact appears:

C(gA,Ω = 0) = − ρ2g4
A

F (0)− iη , (3.61)

which is finite, thus the imaginary part of conductivity becomes divergent. Since
the denominator is not zero, there is no Dirac delta appearing in the real part of the
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conductivity at zero frequency which would balance the divergence in the Kramers–
Krönig relation. The appearance of this artifact originates from the definition of
the current-current correlator and the fact that the current operator has non-zero
expectation value in the ground-state. Notice that in Eq. (3.45), for convenience we
used a time-ordered product instead of a commutator for the correlation function.
Unless the current operator possesses a non-zero expectation value, the conductivity
calculated from the time-ordered product and the conductivity calculated from the
commutator would give the same result[124]. However, according to Eq. (2.102),
the current operator has a finite expectation value in the ground-state, which means
that the conductivity formula in Eq. (3.60) contains an extra term. This extra term
is given in Eq. (3.61), and it is only present in the time-ordered product but it should
be absent from the commutator. Since the Kubo formula contains the commutator,
we must neglect the contribution proportional to g4

A in Eq. (3.60)[124] to arrive at
the correct function for the conductivity:

C(gA,Ω) = − ρf0(Ω)

F (Ω)− iη
[ g2Ω2

16|∆|2
(
ρg2

A − ρg2
Af0(Ω) + ρg2f2(Ω)

)
+ρg2

Ag
2(f2(Ω)− f0(Ω)) +

ggAΩ2

|∆|
]
. (3.62)

Eq. (3.62) correctly vanishes at Ω→ 0 and thus the divergence in the imaginary part
disappears. However, the denominator is zero at the Goldstone energy, F (Ω0) = 0,
consequently the imaginary part of the conductivity diverges here and the real part
of the conductivity develops a Dirac delta at this frequency:

σGoldstone =
πnee

2

m∗
δ(Ω− Ω0). (3.63)

This time, the effective mass depends on the energy of the gapped Goldstone mode:

m

m∗
=

ρf0(Ω0)

Ω0|F ′(Ω0)|

((
ρ2g2

A − ρg2
Af0(Ω0) + ρg2f2(Ω0)

) g2Ω2
0

16|∆|2

+ρg2g2
A (f2(Ω0)− f0(Ω0)) +

ggAΩ2
0

|∆|

)
. (3.64)

Instead of a dc conductivity we get a low frequency ac one at Ω0. These results
are very similar to the interband conductivity obtained when studying electron in-
teraction with Fröhlich phonons, there the resulting dc conductivity becomes a low
frequency ac due to Coulomb interactions[123].

In the absence of interactions, the real part of the conductivity of the edge elec-
trons consists of only the bare Drude peak with mass m. As the Zeeman interaction
appears, the mass renormalizes into the effective mass m∗. As this effective mass is
greater than m, the weight of the Drude peak – the Goldstone peak – decreases. At
the same time, the conductivity becomes nonzero for frequencies over 2|∆|, so that
the sum rule in Eq. (3.59) is not violated. As the Zeeman coupling grows so does the
effective mass and when the coupling strength g is comparable with the photon fre-
quency (g ≈ ω) the effective mass renormalizes to nearly infinity, see Fig. 3.8, thus
making the collective modes in the conductivity disappear. This means that the
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Figure 3.8: The effective mass as the function of the Zeeman interaction strength is
plotted and it resembles a step function. The arrow indicates that the increase of gA
shifts this step, thus the effective mass becomes infinite at larger Zeeman coupling
strength. This means that the interaction involving the vector potential is making
the collective modes more stable at larger g. The parameters used: ρω = 1, ρW =
100.

single particle description of the conductivity is sufficient in this parameter range.
The appearance of gA shifts the Drude peak to frequency Ω0 and it also decreases
the effective mass m∗. This can be seen on Fig. 3.7, as the conductivity curve when
gA is nonzero is always under the curve of the zero gA case. The missing weight is
transferred into the the weight of the Goldstone mode, due to the conductivity sum
rule in Eq. (3.59). This means that the vector potential interaction stabilizes the
collective modes at stronger Zeeman couplings. Fig. 3.8. also supports this idea.

3.4 Conclusion
In this chapter, we investigated the effects of fluctuations on top of the established

exact mean-field solution for the problem of the helical Dirac fermions interacting
with photons with fixed helicity. The Green’s function of the photons was obtained
by the Dyson equation containing the self energy Σ. The self-consistent approach to
calculate the self energy requires the evaluation of a single fermion loop diagram. At
zero temperature the spectral function reveals two collective modes in the system.
In the absence of the vector potential interaction, the continuous U(1) symmetry is
spontaneously broken in the superradiant phase and the phase fluctuations of the
order parameter lead to a zero energy Goldstone mode that appears in the spectral
function, see Eq. (3.41). In addition, at the optical gap 2|∆| a Higgs-like amplitude
mode appears, the spectral function displays a square-root singularity. This sets the
threshold energy for continuum polariton excitations for Ω > 2|∆|. The presence
of the vector potential interaction decreases the continuous symmetry group of the
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system to a discrete group. As a result, phase fluctuations require a finite amount
of energy and the Golstone mode becomes gapped at energy Ω0, see Fig. 3.3; the
amplitude mode is unchanged.

These collective modes make an appearance in the optical conductivity of the
edge. The diagrams considered for the current-current correlator were fermion loops
connected by photon lines. Through the photon propagator, the Goldstone mode
manifests itself in the real part of the optical conductivity as a Drude peak. This
produces a low frequency dc/ac conductivity, depending on the absence/presence
of the vector potential term, respectively. When the Zeeman coupling becomes
comparable with the photon frequency, these conductivity structures only survive
if the interaction involving the vector potential is present. The conductivity is
zero for frequencies smaller than twice the gap, and has a characteristic square
root singularity at the Higgs mode frequency 2|∆|. The density-density correlation
function, which is readily related to the optical conductivity, can be investigated
by shot noise measurements. In addition, the optical conductivity can directly be
probed by the amplitude or phase modulation of the optical lattice[129], that realizes
the quantum spin Hall insulator that hosts the helical Dirac fermions at its edge.
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Chapter 4

Geometrical quench in the α− T3
lattice

In the previous chapters, we investigated the interaction of Dirac fermions with
quantized light. As quantized light has its own dynamics, the interacting light-
matter system undergoes an equilibrium quantum phase transition at arbitrary small
interaction strength. In the present chapter, we study the non-equilibrium dynamics
of a system of Dirac fermions, describing the low-energy excitations of the α − T3

lattice, after a quantum quench. The main object of interest is the structure and
properties of the Loschmidt or return amplitude, introduced in Section 1.5, which
can show dynamical quantum phase transitions appearing in the system after the
quench. The results obtained in Chapter 4 were published in Ref.[130].

As it was mentioned in Section 1.1, Dirac fermions emerge as the low-energy
excitations in the two-dimensional honeycomb lattice. Another lattice structure in
two dimensions, where Dirac fermions show up is the dice lattice, depicted in Fig. 4.1.
The dice lattice is very similar to the lattice structure of graphene. It is a triangular
lattice with a basis consisting of three atoms: two rim sites labeled by A,C and a
hub site labeled by B. Hoppings in the dice lattice are allowed between the rim sites
and the hub site, both with the same hopping integral γ. A generalized version of
the dice lattice can be introduced by making these hopping integrals different. Let
the hopping integral between A−B be γ and between B−C be γ′. By introducing
the ratio of the hopping integrals α = γ′/γ we arrive at the α − T3 lattice, which
can be considered as an interpolation between the honeycomb lattice (α = 0) and
the dice lattice (α = 1), as well as beyond (α > 1).

4.1 The properties of the α− T3 Hamiltonian
The tight-binding Hamiltonian of the α− T3 lattice is similar to the honeycomb

lattice’s in Eq. (1.6):

H = −γ
∑
i,δ

(
b†iai+δ + a†i+δbi

)
− γ′

∑
i,δ

(
b†ici−δ + c†i−δbi

)
, (4.1)

where the creation operators are defined for each sublattice: a†i and c
†
i for the rim

sites and b†i for the hub site. The symbol δ denotes the nearest neighbor vectors
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Figure 4.1: The lattice structure of the two dimensional α − T3 lattice with the
primitive vectors (a1, a2). The Bravais lattice of the α − T3 lattice is a triangle
lattice. The basis consists of three atoms and electrons can hop between the rim
and hub sites: between A − H sublattices, with hopping integral γ, and between
B−H sublattices with hopping integral γ′. The ratio of the hoppings, which appears
in the name of the lattice, is α = γ′/γ.

for an atom placed on the hub site B and it is given in Eq. (1.7). After Fourier
transformation the tight-binding Hamiltonian becomes

H =
∑
k

Ψ†kH(k)Ψk, H(k) =

 0 f(k) 0
f ∗(k) 0 αf(k)

0 αf ∗(k) 0

 , (4.2)

with Ψ†k = (a†k, b
†
k, c
†
k) and f(k) = −γ∑δ e

ikδ. For α = 0, we recover the tight-
binding Hamiltonian of the honeycomb lattice. The Hamiltonian exhibits time-
reversal symmetry, as a consequence of f ∗(k) = f(−k). The dispersion relation of
the electrons moving in the α− T3 lattice is given by eigenvalues of the matrix Hk:

E0(k) = 0, E±(k) = ±
√

1 + α2|f(k)|. (4.3)

The two dispersive bands E±(k) are scaled compared to the dispersion of graphene
by
√

1 + α2 and as a reminder they are depicted in Fig. 1.2. The third band is a zero
energy flat band. All three bands touch each other at the corners of the hexagon
shaped first Brillouin zone, at the Dirac points Kξ. By expanding f(k) near the
Dirac points using Eq. (1.11), the low-energy description of the α − T3 lattice is
obtained:

Hξ(q) = vF

 0 qx − iξqy 0
qx + iξqy 0 α(qx − iξqy)

0 α(qx + iξqy) 0

 , (4.4)
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where we used the previously defined Fermi velocity for graphene: vF = 3aγ/2 and
q is considered small around the Dirac points: |Kξ| � |q|. The low-energy Hamil-
tonian describes fermions with gapless linear dispersion: E±(q) = ±vF

√
1 + α2|q|,

as well as the flat band E0(q) = 0. In order to follow conventions[131, 132], these
fermions will be referred to as Dirac–Weyl fermions. The low-energy Hamiltonian
shows rotational invariance, as a consequence physical quantities, such as the energy
dispersion, only depend on the magnitude of the momentum |q| = q. Because of
this isotropy in the vicinity of the Dirac point, it is imperative to introduce the polar
form of the momentum by the definition

qξ = qx − iξqy = qe−iξϑq , (4.5)

where the magnitude of the momentum is q =
√
q2
x + q2

y and the polar phase is
ϑq = arctan(qy/qx). In the continuum limit, the momentum sums become integrals,
which are evaluated as

1

N

∑
q

F (q) = Ac

∫
d2q

(2π)2
F (q) ≈ Ac

∫ ∞
0

dq q
2π

∫ 2π

0

dϑq
(2π)

F (q, ϑq)

= lim
qF→∞

Acq
2
F

2πq2
F

∫ qF

0

dq q
∫ 2π

0

dϑq
(2π)

F (q, ϑq), (4.6)

where Ac is the area of the unit cell and qF is a high energy cutoff in momentum
space. In the continuum limit, we determine the connection between Ac and qF by
setting the particle density to unity. By plugging F (q, ϑq) = 1 into Eq. (4.6), we
arrive at lim

qF→∞
Acq

2
F/4π = 1, so that there is one electron per site.

We can imagine an opening of a gap in the system by raising the on-site potential
on the hub sublattice. In this way, occupying the hub site becomes energetically
unbeneficial, hence a gap opens. We can take the imbalance of the on-site potentials
into account by introducing a chemical potential µ in the Hamiltonian:

Hξ(q) =

 0 vFqξ 0
vFq

∗
ξ µ αvFqξ

0 αvFq
∗
ξ 0

 . (4.7)

The addition of the chemical potential does not move the Dirac points, the eigen-
values of the Hamiltonian in Eq. (4.7) are

E0(q) = 0, E±(q) =
µ

2
±
√
µ2

4
+ v2

F (1 + α2)q2, (4.8)

which indeed describes the energy dispersion of gapped Dirac–Weyl fermions, see
Fig. 4.2. The corresponding eigenfunctions of the bands are

ψ0(q)〉 =
1√

1 + α2

−αe−iξϑq0
eiξϑq

 ,

|ψ±(q)〉 =
1√

E±(q)2 + v2
F (1 + α2)q2

 vFqξ
E±(q)
αvFq

∗
ξ

 . (4.9)
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Figure 4.2: The slice of the low-energy dispersion relation on the qy = 0 plane, with
finite chemical potential µ on the hub site. Rotation about the energy axis gives us
the complete surface of the energy dispersion on the qx − qy plane.

Using the wavefunctions from Eq. (4.9), the integrals of the Berry curvature for the
bands can be calculated as

Cj =
i

2π

∫
d2q∇q × 〈ψj(q)|∇qψj(q)〉., (4.10)

which yields the following:

C0 = 0, C± = ±ξ(α
2 − 1)

α2 + 1
(1− δµ0). (4.11)

The topological number for the flat band is zero, while for the dispersive bands,
C1 + C2 = 0 always. This is no surprise, as the opening of the gap does not break
the time-reversal invariance of the α − T3 Hamiltonian and the same type of mass
term develops at the different Dirac points, similarly as in Eq. (1.21). However, in
each valley, the integrals of the Berry curvature continuously depend on the hopping
ratio α. This means that around a single valley the electrons occupy bands that can
possess non-integer integrals of the Berry curvature, more precisely any real number
in the [−1, 1] interval depending on the hopping ratio, although there is a finite gap
in the system. By considering both valleys, the non-integer integrals of the Berry
curvature for the bands in each valley add up to integer Chern numbers for the
whole bands.

As a sidenote, one can imagine the opening of the same gap by introducing next-
nearest-neighbor hopping only for the hub site. The tight-binding next-nearest-
neighbor Hamiltonian is

Hnnn = −γB
2

∑
i,δnnn

(b†ibi+δnnn + b†i+δnnn
bi), (4.12)

which becomes after Fourier transformation

Hnnn(k) =

0 0 0
0 γBf2(k) 0
0 0 0

 . (4.13)

Here f2(k) = −∑δnnn
cos(kδnnn), which expands near the Dirac points into unity
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f2(Kξ + q) ≈ 1, and the low-energy Hamiltonian with the additional next-nearest-
neighbor term becomes

Hξ(q) =

 0 vFqξ 0
vFq

∗
ξ γB αvFqξ

0 αvFq
∗
ξ 0

 . (4.14)

This Hamiltonian is essentially the same as the Hamiltonian in Eq. (4.7), only the
interpretation for the gap opening is changed.

4.2 Geometrical quench protocols
To study the non-equilibrium dynamics of the α−T3 lattice, we are quenching the

geometrical parameters appearing in the low-energy Hamiltonian in Eq. (4.7). We
prepare the system in the fully filled low-energy band of the Hamiltonian with pa-
rameters (α0, µ0), we denote the single particle state as |ψ(0)

− (q)〉. After the quench,
the Hamiltonian that governs the unitary time evolution contains the parameters
(α, µ). Since the system is translationally invariant, the momentum q is a good
quantum number and the Loschmidt or the return amplitude factorizes to one par-
ticle contributions

G(t) = 〈Ψ0|e−iHt|Ψ0〉 =
∏
q

G(q, t). (4.15)

The one particle return amplitude is

G(q, t) = 〈ψ(0)
− (q)|e−iHξ(q)t|ψ(0)

− (q)〉, (4.16)

which can be calculated after expanding the initial state as a linear combination of
the postquench Hamiltonian eigenstates:

|ψ(0)
− (q)〉 =

∑
j=0,±

〈ψj(q)|ψ(0)
− (q)〉|ψj(q)〉. (4.17)

As a result, the one particle return amplitude becomes a sum involving the overlaps
between the prequench state and all of the postquench Hamiltonian eigenfunctions:

G(q, t) =
∑
j=0,±

|〈ψj(q)|ψ0
−(q)〉|2e−iEj(q)t. (4.18)

Hereafter, we use pj(q) = |〈ψj(q)|ψ(0)
− (q)〉|2 for the overlaps, which is the probability

of a given single particle state being occupied after the quench. The probabilities
pj and the energies Ej only depend on the magnitude of the momentum, as a result
the one particle return amplitude is isotropic in the momentum: G(q, t) = G(q, t).

Preparing initially the ground state with some given chemical potential could
mean that the flat band is also occupied. We argue, that calculating with the initial
state being the fully filled low-energy and flat band, would yield identical results to
Eq. (4.18). The two filled bands can be considered as starting from the fully filled
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state (all bands are filled) and annihilating electrons from one band for all momenta
to reach one empty band. Then, there is one empty hole band, which can be treated
mathematically identically to having a single filled electron band. For our specific
setting in the α − T3, this relies on the fact that |G(q, µ, t)| = |G(q,−µ, t)|, thus
results obtained for the single filled lowest-energy band, remain intact for the case of
two filled bands, i.e., when the flat band is also occupied, and only the high-energy
band is empty.

The dynamical free energy density is

g(t) = − lim
N→∞

1

N
lnG(t) = − lim

N→∞

1

N
ln
∏
q

G(q, t), (4.19)

which exhibits dynamical quantum phase transitions, i.e. non-analytical temporal
behavior, whenever G(q, t) = 0. As the probabilities are pj ≥ 0, the one particle
return amplitude can be interpreted as a sum of complex numbers with magnitude
pj and phase −Ejt. The sum is zero whenever the complex numbers pje−iEjt form
a closed polygon on the complex plane at times t∗, see Fig. 4.3. To form a poly-
gon the overlaps must obey the triangle inequality, which combined with the fact
that

∑
j pj = 1 results in a time independent, geometrical condition for dynamical

quantum phase transitions to occur, specifically:

∃q 6= 0 : pj(q) ≤ 1

2
, ∀j. (4.20)

Re

Im

Re

Im

Re

Im

Figure 4.3: The cartoon of the geometrical interpretation of the return amplitude as
a sum of complex numbers. The arrows indicate the complex numbers pje−iEjt, for
a fixed momenta if the probabilities satisfy Eq. (4.20) the arrows can form a closed
polygon indicating a dynamical quantum phase transition.

For the overlaps {pj} that satisfy Eq. (4.20), there exists solutions for the equation∑
j pje

−iϕj = 0, with some ϕj phases. The only remaining question is whether Ejt
can evolve into these ϕj phases. The answer is affirmative, whenever the energy
bands of the postquench Hamiltonian are rationally independent[133, 134]. The en-
ergies {Ei} are rationally dependent if there exists {Qi} non-zero rational numbers
for which

∑
iQiEi = 0, otherwise they are rationally independent. In our case, if

the gap is not closed during the quench, the energies in Eq. (4.8) are rationally inde-
pendent and the phase condition is automatically satisfied, and the only condition
for the occurrence of a dynamical quantum phase transition is the time independent
condition for the overlaps in Eq. (4.20). In the following, we investigate quench
scenarios for different parameter sectors.
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4.2.1 Gapless to gapped quench scenario

The first scenario involves the opening of a gap. The initial parameters are α0 6= 0
and µ0 = 0, after the quench the parameters are α 6= 0 and µ 6= 0. The energies of
the postquench bands are rationally independent, thus for reasons mentioned above,
we only need to analyze the overlap functions and their properties in order to deduce
whether dynamical quantum phase transitions occur. Using the wavefunctions in
Eq. (4.9), the occupation probabilities of the postquench states are

p0(q) =
(α0 − α)2

2(1 + α2)(1 + α2
0)
, p±(q) =

(−E±(q)
√

1 + α2
0 + vF (1 + αα0)q)2

2(1 + α2
0)(E±(q)2 + v2

F (1 + α2)q2)
. (4.21)

Here, the energies E±(q) contain the postquench parameters α and µ. The probabil-
ity p0 describes the post quench occupation of the flat band, which is independent of
the momentum. As a consequence, a portion of the electrons are frozen into the flat
band after quench. Furthermore, since (α0 − α)2 < (1 + α2)(1 + α2

0) for all positive
α and α0 this portion is smaller than one half: p0 < 1/2. After a little algebra, it is
revealed that the occupation of the postquench upper band is also smaller than one
half for all momentum. We notice p+(q = 0) = 1/2, and the derivative with respect
to q is

∂p+

∂q
< 0, ∀q. (4.22)

This means, p+(q) is a decreasing function of the momentum, hence p+(q) < 1/2, for
all q > 0. The only remaining factor for the condition in Eq. (4.20) to be satisfied is
the overlap between the low-energy bands of the pre- and postquench Hamiltonians.
Since the probabilities add up to unity and p0 is a constant, the derivatives of
the upper and lower band probabilities with respect to the momentum must have
different signs:

p+(q) + p−(q) = 1− p0 =⇒ ∂p+

∂q
= −∂p−

∂q
. (4.23)
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Figure 4.4: The occupation probabilities as functions of the magnitude of the mo-
mentum q. Left panel: α0 = 0.1→ α = 1.5, right panel: α0 = 0.1→ α = 4.
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As a result, p−(q) is an increasing function of the momentum, thus the final condition
for a dynamical quantum phase transition to occur is

p−(q → 0) =
(1 + αα0)2

2(1 + α2)(1 + α2
0)
<

1

2
. (4.24)

This condition is always satisfied, whenever α0 6= α. If the hopping ratio is not
quenched, i.e. α0 = α, then p0 = 0, and the occupation of the postquench low-
energy band is above one half for all momentum q > 0 and no dynamical phase
transition happens. This would be the case in the absence of a flat band, thus the
presence of the flat band is invaluable in satisfying Eq. (4.20).

Fig. 4.4 shows the typical behavior of the occupation probabilities. Whenever
α 6= α0, there can be a momentum with magnitude q∗, for which p−(q∗) = 1/2 and
the condition in Eq. (4.20) is satisfied in the momentum interval (0, q∗]. Moreover,
there are a certain range for the α0, α parameters for which the occupation of the
postquench low-energy band is below one half for every momentum: p−(q) < 1/2
for every q. This is the case, whenever the limit p−(q →∞) ≤ 1/2, which results in
a condition for the hopping parameters:

1 + αα0√
(1 + α2)(1 + α2

0))
≤ 1

δS
, (4.25)

where δS = 1 +
√

2 is the silver ratio. When Eq. (4.25) is satisfied: p−(q) <
p0 + p+(q), for all q which means population inversion occurs in the system. The
population inversion causes the analytical properties of the dynamical free energy
density to change. Quenching the hopping ratios in a way that does not satisfy
Eq. (4.25), the rate function quickly starts to oscillate around the fidelity, namely
the overlap between the ground states of the pre- and postquench Hamiltonians, and
approaches it fast with increasing time. The dynamical quantum phase transitions
in this case only occur in the first derivative of the rate function, which are visible as
kinks in the left panel of Fig. 4.5. In the presence of population inversion, the rate
function itself exhibits non-analytic behavior, which is visible as kinks on the right
hand side of Fig. 4.5. The rate function develops plateaus, whose value coincides
with the fidelity. This means that during times corresponding to the plateau, the
dominant mode is p−, therefore electrons prefer to reside in the ground state of the
postquench Hamiltonian. At times between the plateaus all the bands contribute
to the rate function with non-dominant weights and hence a dynamical quantum
phase transition occurs.

In the presence of a gap, the size of the gap µ is the only energy scale in the
problem. The energy bands can be written as Ej(vF q, µ) = µÊj(vF q/µ), where
Ê±(x) = 1/2 ±

√
1/4 + (1 + α2)x2 and Ê0(x) = 0. The probabilities, according to

Eq. (4.4) depend on the gap as pj(vF q, µ) = pj(vF q/µ), therefore the one particle
return amplitude depends on the chemical potential in the following way:

G(vF q, µ, t) =
∑
j

pj(vF q, µ)e−iEj(vF q,µ)t = G

(
vF q

µ
, µt

)
. (4.26)
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As a result, the rate function scales with µ as

g(µ, t) = − 1

N
ln
∏
q

G(vF q, µ, t) = − 1

N

∑
q

lnG

(
vF q

µ
, µt

)
= µ2ĝ(µt), (4.27)

where ĝ(x) is an universal scaling function, the real part of ĝ is depicted in Fig. 4.5.
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Figure 4.5: The plots of the real part of the universal rate functions for quenches that
open a gap (µ0 = 0 → µ 6= 0). Left panel: the first derivative of the rate function
when the quench parameters are chosen so that they do not satisfy inequality (4.25):
α0 = 0.1 → α = 1.8. Right panel: the rate function with parameter, so that they
satisfy inequality (4.25): α0 = 0.1→ α = 5. On both plots the red arrows indicate
the the non-analytic behavior in the dynamical free energy density.

4.2.2 Generalized Pancharatnam phase

As it was mentioned in the introductory chapter, a dynamical topological order
parameter was identified for dynamical quantum phase transitions, and it has been
connected to the generalized Pancharatnam phase of the return amplitude[90]. In
two dimensions, the dynamical order parameter was identified by the number of
dynamical vortices that were created and annihilated in the Brillouin zone at critical
times. Recasting the one particle return amplitude in Eq. (4.18) into its polar form

G(q, t) = Rq(t)eiϕq(t), (4.28)

makes the Pancharatnam phase available for study. According to the isotropy of the
momentum dependence of the system at low energies, this phase only depends on the
magnitude of the momentum: ϕq(t) = ϕ(q, t). The contourplot of Fig. 4.6. reveals
that in the time-momentum space (t, q) there are phase slips resembling vortices
at finite times whenever the quench parameters obey inequality (4.25). We argue,
that the number of these vortices can be classified as a dynamical order parameter.
As time passes and reaches the exact moment of a kink before a plateau in the
rate function, there are countable infinitely many vortices on the Pancharatnam
phase diagram. For small momenta the vortices reside close to the middle of the
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time interval of the plateau. However, with increasing momentum, the vortices are
closer to the beginning and ending time of the plateau. The exact moment for
the dynamical quantum phase transition to appear is an accumulation point of the
vortices in the momentum-time plane. These vortices are present as pairs, one at
the time at the beginning and another at the end of the plateau and their circulation
appears to be different. We assign to vortices at the beginning of a plateau positive
circulation and by definition we add +1 to the dynamical order parameter, and we
assign negative circulation to the other vortex type and in that case we add −1 to
the dynamical order parameter. In this way, at the beginning of a plateau every
vortex with positive circulation adds +1 to the dynamical order parameter, hence
it becomes non-zero. Finally, at the exact moment of the cusp at the end of the
plateau the sum of the number of vortices with respect to circulation becomes zero
again. Whenever α0 < 1/

√
δ2
S − 1 there exists a finite α for which inequality (4.25)

Figure 4.6: The real part of the universal rate function and the Pancharatnam
phase for quenches that open a gap (µ0 = 0 → µ 6= 0). Top row: the plot of
the rate functions with parameters, top left: α0 = 0.1 → α = 5 and topright:
α0 = 0.1 → α = 3.2. Bottom row: the contourplots of the Pancharatnam phases.
The dashed lines indicate the exact moment of the non-analyticities (gray dashed
lines on the top row, white dashed lines on the bottom row), we can observe that the
vortices are present pairwise and with different circulation during the time interval of
the plateaus: white circles on the bottom right panel. For fixed α0 and decreasing α
the intervals become larger and they inevitably merge together for parameters that
does not satisfy Eq. (4.25).
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holds. For fixed α0, the decrease of α inevitably reaches the point in the α0 − α
parameter space when Eq. (4.25) is not satisfied, the vortices at the times of the
different kinks merge together, and the non-analytic kinks disappear from the the
rate function. We can interpret this with the argument that in this case the vortices
are at the infinite far points of q → ∞ and at the infinite far points of t → ∞.
The system has at all times a non-zero unchanged dynamical order parameter and
the rate function itself does not develop kinks and the dynamical quantum phase
transitions are only present in the first derivative.

Figure 4.7: Closeup on the colorplot of the Pancharatnam phase depicting the pair-
wise vortices with different circulation. In an arbitrary small vicinity of the vortex
the phase takes every value in the [−π, π] interval. For higher momentum this
structure is elongated along the time axis.

In equilibrium phase transitions, the non-analyticity of the free energy density
separates phases of the system, that have different macroscopic properties. The dy-
namical analogue of the order parameter distinguishes the time intervals separated
by a dynamical quantum phase transition, however these are usually not accom-
panied by changes in the macroscopic properties of the system. For geometrical
quenches in the α − T3 lattice, during the time interval of a plateau, the exact
moment of the dynamical phase transition serves as an accumulation point for the
positions of vortices. The number of the vortices is proportional to αvF qF/µ for
finite qF . As the cutoff is taken to infinity the developed ladder structure becomes
infinitely large and in this sense it can be considered macroscopical. At the moment
of the dynamical phase transition this macroscopic structure appears or disappears.
Hence, the non-analytic kink in the rate function heralds a macroscopic change in
this property of the system, making it a true dynamical phase transition.

4.2.3 Quench within the gapped phase

The previous quench required the change of the parameter µ, resulting in a
gap opening. As the postquench energy bands were rationally independent, phase
ergodicity was ensured and the existence of dynamical phase transitions came down
to the properties of the occupation numbers. It was revealed, that in order for a
dynamical quantum phase transition to occur the hopping ratios must be quenched.
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Hence, the resulting properties of the dynamical phase transitions were tied to the
different values of the hopping ratios. The anticipation is that similar dynamical
phase transitions occur in quenches in the gapped α− T3 lattice.

We consider the situation, in which the prequench Hamiltonian has a finite gap
(µ0 6= 0) and it is unchanged during the quench (µ = µ0), also the hopping ratios
are quenched as α0 → α. Similarly to the previous case, the postquench bands are
rationally independent, thus we only need to inspect the overlaps. These are

p0(q) =
(α0 − α)2v2

F q
2

(1 + α2)(E2
0 + v2

F (1 + α2
0)q2)

,

p± =
(E±E0 + v2

F q
2(1 + αα0))2

(E2
0 + v2

F (1 + α2
0)q2)(E2

± + v2
F (1 + α2)q2)

, (4.29)

where E0 = µ/2−
√
µ2/4 + v2

F (1 + α2
0)q2 and E± contains the parameters µ and α.

The flat band overlap p0 is momentum dependent, in contrast to the previous
case where it was a constant. It decreases with the momentum: ∂p0/∂q ≤ 0, and
p0(0) = 2p0(∞) with p0(∞) < 1/2. Hence, if p0(0) > 1/2, there exists a momenta
labeled by q∗0, for which p0(q∗0) = 1/2, otherwise p0 < 1/2 for all momentum. The
high-energy band overlap p+ has two zeroes: p+(0) = p+(q′) = 0 and increases with
momentum on the [q′,∞) domain: ∂p1/∂q > 0, if q > q′. The high-energy overlap
remains relatively small compared to the other overlaps, as

p+(q →∞) =
1

4

(
1− 1 + α0α√

(1 + α2
0)(1 + α2)

)2

=⇒ p+(q) <
1

4
∀q. (4.30)

Consequently, if the parameters are such that p0 < 1/2 for all momentum the low-
energy band overlap must be above one half for all momentum and the conditions
for dynamical phase transitions are not met, see the left panel of Fig. 4.8.
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Figure 4.8: The occupation probabilities as functions of the magnitude of the mo-
mentum q. Left panel: α0 = 0.1→ α = 1.2, right panel: α0 = 0.1→ α = 1.8

However, there is a certain α0, α parameter range for which non-analyticities
can occur in the first derivative of the rate function, as well as in the rate function
itself. The former happens in the following situation: the flat band overlap must
be such that p0(0) > 1/2. In this case p−(0) < 1/2 and there exists a momentum

81



0 2 4 6 8 10

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 4.9: The occupation probabilities as functions of the magnitude of the mo-
mentum q, for α0 = 0.1→ α = 4.

labeled by q∗1 for which p−(q∗1) = 1/2, see the right panel of Fig. 4.8. If q∗1 > q∗0,
then the condition in Eq. (4.20) is satisfied in the momentum interval [q∗0, q

∗
1]. In

order to observe non-analyticities in the rate function itself, population inversion
must happen in the system. This is achieved if p−(∞) ≤ 1/2, which translates
into the same inequality (4.25) for the hopping ratios as before. According to the
existence of the above mentioned q∗0, for hopping ratios α, α0 that satisfy inequality
(4.25), the condition in Eq. (4.20) is satisfied for the momentum interval [q∗0,∞), see
Fig. 4.9. All of the aforementioned cases are summarized in Fig. 4.10. Similarly the
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Figure 4.10: The α0 − α parameter space, where the colors depict the different
regions whether dynamical phase transitions cannot occur at all (white), dynamical
phase transitions occur in the first derivative of the rate function only (blue) and
the non-analyticities occur in the rate function itself (orange). The left panel shows
the regions during a gapless to gapped quench scenario µ0 = 0 → µ 6= 0 and the
right panel corresponds to quenches within the same gapped phase µ0 = µ.

Pancharatnam phase in the time-momentum space also develops pairwise vortices
with different circulation giving rise to a dynamical order parameter, however these
vortices only appear for momentum larger than q∗0, depicted in Fig. 4.11. As the
size of the gap is unchanged during the quench, the energy scale of the problem is
µ and the rate function scales with µ the same way as in Eq. (4.27).
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Figure 4.11: The left panel: the universal rate function for a quench in the gapped
phase satisfying inequality (4.25), with parameters α0 = 0.1 → α = 5. The right
panel: a zoom-in to the color plot of the Pancharatnam phase in the momentum-
time space for the same quench in the gapped phase, showing the elongated vortices
marked by the white circles.

4.3 Discussion and conclusion
The α− T3 lattice is a two-dimensional triangle lattice, containing a basis which

consists of three atoms. Hopping is allowed between one of the rim sites and the hub
site with hopping integrals γ and γ′, their ratio being α = γ′/γ. The tight-binding
description of the lattice details a three-band model, with one band being an exactly
flat band at zero energy. At the Dirac points of the hexagon shaped Brillouin zone
the energy dispersion is linear, hence the effective low-energy excitations of the α−T3

lattice are Dirac–Weyl fermions with a bonus zero energy flat band. Raising the on-
site energy by µ only on the hub sublattice creates an imbalance, that results in an
opening of a gap in the system. This gapped low-energy three-band model is rather
interesting, as the dispersive bands at each valley possess non-trivial topological
properties. The integral of the Berry curvature for the dispersive bands depends
on the hopping ratio α, as a result the integral is not an integer, rather it can
take any value between the interval [−1, 1] depending on the hopping ratio. As the
created gap does not break the time-reversal symmetry of the system, the sum of
the integrals of the Berry curvature for each valley results in a Chern number that
is zero for the whole bands.

In the present chapter, we investigated non-equilibrium phenomena involving
Dirac–Weyl fermions using the gapped low-energy Hamiltonian of the α−T3 lattice.
We studied the analytical properties of the return amplitude, after the quenching
of the hopping parameter α and the effective chemical potential on the hub site
µ. Dynamical quantum phase transitions, i.e. non-analytical temporal behavior in
the dynamical free energy density, occur in quench scenarios that satisfy the time-
independent condition of Eq. (4.20), which requires the existence of a momenta for
which occupation probabilities of all the postquench bands are below one half. This
is achieved by quench scenarios that open a gap (µ0 = 0 → µ 6= 0) and change the
hopping ratios (α0 → α 6= α0). If the condition in Eq. (4.20) is satisfied on a finite
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momentum interval, then the non-analyticities occur only in the first derivative of the
dynamical free energy density. However, for the hopping parameter range defined
by inequality (4.25) this momentum interval is infinite and the non-analyticities
also appear in the rate function itself. This is accompanied by the appearance of
dynamical vortices in the time-momentum space of the Pancharatnam phase. The
positions of the vortices form an infinite vortex ladder, specifically a macroscopic
phase structure, which allows us to identify the dynamical phases that are separated
by the dynamical quantum phase transitions. These statements remain true for
quenches within the gapped phase.

The dice lattice model can be realized experimentally with cold fermionic atoms
loaded into an optical lattice[135]. From the dice lattice with α = 1, one simply
needs to dephase one of the three pairs of laserbeams to obtain α 6= 1[136]. The
quenches require the sudden dephasing of the laserbeams achieving the change in
the first, or second neighbor hoppings. Of late, the detection of dynamical quantum
phase transitions have seen much success using single photon resonators[137]. In
principle, single photon resonators allow the possibility to simulate the different
quench scenarios in the Hamilton matrix of Eq (4.7)
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Chapter 5

Thesis statements

Throughout this thesis, we investigated systems of Dirac fermions in settings
that lead to equilibrium quantum phase transitions and dynamical quantum phase
transitions. The various condensed matter theoretical methods used to uncover
these results were particularly educational. The following statements summarize
the new scientific results obtained in this thesis:

1. The interaction between helical Dirac fermions, hosted by the edge of a quan-
tum spin Hall insulator, and a single electromagnetic cavity mode with fixed
helicity is described by an inhomogeneous Dicke-type Hamiltonian. The inter-
actions originate from the Zeeman coupling between the spin of the electrons
and the magnetic field of the cavity, as well as from the Peierls substitution
in the linear momentum. I have shown using Lax operator method, that this
model is quantum integrable as long as the continuous symmetry breaking
interaction term originating from the vector potential of the cavity mode is
absent. Furthermore, due to the photon-mediated long-ranged effective inter-
action between the helical Dirac fermions, the model is exactly solvable by
mean-field theoretical methods, even in the presence of the aforementioned
vector potential term. As a result, I have demonstrated the existence of a
non-integrable but exactly solvable model.

These results were published in [P2].

2. Using mean-field theoretical methods, I have obtained the exact solution for
the inhomogeneous Dicke-type model describing the interaction between heli-
cal Dirac fermions and quantum light with fixed helicity. At arbitrary small
interaction strengths, the system is in a superradiant phase with the photons
being in a macroscopically occupied coherent state, in contrast to the con-
ventional Dicke model where the superradiant phase transition occurs at a
non-zero critical coupling strength. The fermionic energy spectrum acquires
a photoincuded gap and the excitations are described by fermionic Bogoli-
ubov quasiparticles. In the absence of the vector potential interaction, the
system possesses continuous U(1) symmetry, which generates the total num-
ber of excitations into a conserved quantity. When this quantity is fixed, the
photoinduced gap becomes dependent on the photon frequency ω and a pho-
tocurrent is generated along the edge, being pseudoquantized as ∼ ω lnω in
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the low-frequency limit and decaying as ∼ 1/ω for high frequencies. Moreover,
the resulting ground-state manifold is topologically non-trivial with a Chern
number of ±1.

These results were published in [P1].

3. In the emergent superradiant phase, the symmetries of the system are spon-
taneously broken. I have calculated the spectral function of the interacting
photon field using diagram technique, which revealed polariton continuum ex-
citations above a threshold energy, corresponding to a Higgs mode and another
low-energy collective mode due to the phase fluctuations of the ground state.
This collective mode is a zero energy Goldstone mode that arises from the
broken continuous symmetry in the absence of the vector potential. In the
presence of the vector potential interaction term, the symmetry of the system
is lowered to a discrete Z2 group, as a result the energy of the Goldstone mode
shifts to a non-zero value.

These results were published in [P3].

4. I have calculated the complex optical conductivity of the edge electrons using
random phase approximation. The collective modes make an appearance in
the optical conductivity: at the Higgs mode frequency the optical conductiv-
ity has a characteristic square root singularity. Additionally, the Goldstone
mode manifests itself in the real part of the optical conductivity as a Drude
peak. This produces a low frequency dc/ac conductivity, depending on the
absence/presence of the vector potential term, respectively.

These results were published in [P3].

5. I have studied the non-equilibrium dynamics of the two dimensional, three
band α−T3 model after quenches in the geometrical parameters of the model.
By using the gapped low-energy Hamiltonian of the α − T3 model, which de-
scribes Dirac–Weyl fermions, I have deduced the conditions for the appearance
of dynamical quantum phase transitions, i.e. non-analytical temporal behav-
ior in the rate function of the Loschmidt amplitude referred to as dynamical
free energy density. The condition requires the existence of a momenta for
which the occupation probabilities of all the postquench bands are below one
half, which implies population inversion. If population inversion happens on
a finite momentum interval, then the non-analyticities occur only in the first
derivative of the dynamical free energy density. However, for a certain range
of the geometrical parameters this momentum interval is infinite and the non-
analyticities also appear in the rate function itself. I have further shown,
that this is accompanied by the appearance of dynamical vortices in the time-
momentum space of the generalized Pancharatnam phase. The positions of
these vortices form an infinite vortex ladder, i.e., a macroscopic phase struc-
ture, which allows the identification of the dynamical phases that are separated
by the dynamical phase transitions.

These results were published in [P4].
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Appendix A

Quantization of the electromagnetic
field

The quantization procedure of the electromagnetic field is readily available in
the literature[64, 138], here we review the most relevant aspects of it. In free space
without any sources of radiation, e.g. no currents and charges nor any dielectric
media present, the Maxwell equations in SI units are

∇ · E(r, t) = 0, (A.1)
∇ ·B(r, t) = 0, (A.2)

∇× E(r, t) = − ∂

∂t
B(r, t), (A.3)

∇×B(r, t) =
1

c2

∂

∂t
E(r, t). (A.4)

According to Eq. (A.2) and Eq. (A.3), the fields can be expressed by a vector po-
tential and a scalar potential:

B(r, t) = ∇×A(r, t), (A.5)

E(r, t) = −∇Φ(r, t)− ∂

∂t
A(r, t). (A.6)

The usage of potentials is helpful because of the gauge invariance of the Maxwell
equations. Indeed, changing the potentials by the gauge transformation

A(r, t)→ A′(r, t) = A(r, t) +∇Ξ(r, t), (A.7)

Φ(r, t)→ Φ′(r, t) = Φ(r, t)− ∂

∂t
Ξ(r, t), (A.8)

where Ξ(r, t) is a scalar field, leaves the physical fields (E,B) unchanged, thus the
Maxwell equations invariant. By choosing a gauge the equations of motion for the
potentials can be tailored to best fit the actual problem at hand. For problems
dealing with radiation the appropriate choice is the Lorenz gauge (named after
Ludvig Lorenz, not to be confused with Hendrik Lorentz) defined by the condition

∇ ·A(r, t) +
1

c2

∂

∂t
Φ(r, t) = 0. (A.9)
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In the Lorenz gauge the equations of motion for the potentials are

�Φ(r, t) = 0, �A(r, t) = 0, (A.10)

with � = ∇2 − 1
c2

∂2

∂t2
being the d’Alembert operator. The relevant choice for our

problem however is the Coulomb gauge. In the Coulomb gauge, the scalar potential
is constant in time and can be chosen to be zero (Φ ≡ 0). The condition for the
vector potential is ∇ ·A(r, t) = 0 and the equation of motion is

�A(r, t) = 0, (A.11)

thus in the Coulomb gauge the vector potential contains every information about
the fields.

The general solution for Eq. (A.11) can be expressed after the Fourier expansion
of the vector potential:

A(r, t) =

∫
d3k

(2π)3

∫
dω
2π

eikr−iωtA(k, ω). (A.12)

Substituting this expression into Eq. (A.11) and demanding the vector potential to
be real (A∗ = A) reveals the exact form of the vector potential in infinite space:

A(r, t) =

∫
d3k

(2π)3

(
a(k)ei(kr−ω(k)t) + a∗(k)e−i(kr−ω(k)t)

)
. (A.13)

Here the vectors a(k) are the Fourier components and ω(k) = c|k| is the dispersion
relation of the free field. The free electromagnetic field is expressed as sum of plane
waves with wavevector k. If the field is restricted to a cavity, the wavevectors
can only take on discrete values, whose exact value depends on the geometry of
the cavity. In this case the integration is replaced by summation and the vector
potential is expressed in a more compact form as

A(r, t) =
∑
k

(
ak(t)eikr + a∗k(t)e−ikr

)
, ak(t) = a(k)e−iω(k)t. (A.14)

Let us now exploit the Coulomb gauge and calculate the divergence of the vector
potential:

∇ ·A(r, t) = 0 =⇒ a(k) · k = 0. (A.15)

According to this, the Coulomb gauge requires the perpendicularity of the wavevec-
tor k and the respective Fourier component a(k). As a result, we can define a pair
of real, orthonormal vectors on the plane perpendicular to the wavevector k to serve
as a basis, we denote them by eλ(k) with λ = 1, 2. The Fourier component is then
expanded in this basis:

a(k) =
∑
λ

aλ(k)eλ(k). (A.16)

The vectors eλ are associated with the polarization of the electromagnetic field.
A closer look at a single plane wave component of the vector potential displays
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plenty of insight about polarization. Assume the direction of this single wavevector
is along the z-axis, and then choose the orthonormal polarization vectors along the
x- and y-axis, depicted on Fig. A.1. We write the plane wave component as

A(k, t) = 2Re
(
Ax
Ay

)
ei(kr−ωt) =

(
A0x cos(kr− ωt+ ϕx)
A0y cos(kr− ωt+ ϕy)

)
. (A.17)

k

e1(k)

e2(k) a(k)

Figure A.1: The cartoon of polarization. On the plane perpendicular to the wavevec-
tor k, an orthonormal pair of vectors are defined. These are the polarization vectors
eλ(k). Generally, the endpoint of the time-dependent Fourier component ak(t) ro-
tates around drawing an ellipse, indicated by the red solid line.

At a fixed point in space kr is constant, for arbitrary parameters (A0x, A0y, ϕx, ϕy)
the endpoint of the vector in Eq. (A.17) rotates around on the plane drawing an
ellipse. Using polar coordinates on the plane the vector potential and the x-axis
forms an angle

ϕ = arctan
A0y cos(kr− ωt+ ϕy)

A0x cos(kr− ωt+ ϕx)
. (A.18)

If ϕx = ϕy, then ϕ = const and the vector potential oscillates along a line. This is
called linear polarization. For A0y = 0 this line is along the x-axis, for A0x = 0 the
line is along the y-axis. Hence, an arbitrarily polarized plane wave can be imagined
as a sum of two linearly polarized plane waves. The polarization vectors in this case
are real and henceforward we refer to linearly polarized basis vectors with the index
λ = 1, 2.

Another important polarization type is circular polarization. If A0x = A0y and
the phase difference is ϕy −ϕx = ±π/2, then Eq. (A.18) becomes ϕ = ±ωt+ const.
This means, that the vector potential rotates around a circle. For phase difference
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ϕy−ϕx = +π/2 the rotation is counterclockwise and for phase difference ϕy−ϕx =
−π/2 the rotation is clockwise. In principle, a plane wave with arbitrary polarization
can also be imagined as a linear combination of two plane waves with opposite
direction circular polarizations. We can achieve this by a change of basis from
the linearly polarized basis to the circularly polarized basis. We will refer to the
circularly polarized basis vectors with µ = ±1. The basis transformation is expressed
by the complex linear combination

eµ =
eiαµ√

2
(e1 + iµe2) . (A.19)

As we change the basis, the Fourier components are transformed as well:

aµ =
e−iαµ√

2
(a1 − iµa2) =⇒ a(k) =

∑
µ

aµ(k)eµ(k) (A.20)

Equipped with these knowledge we can express the vector potential in both bases:

A(r, t) =
∑
k,λ

(
ak,λ(t)e

ikr + a∗k,λ(t)e
−ikr) eλ(k) =

=
∑
k,µ

(
ak,µ(t)eµ(k)eikr + a∗k,µ(t)e∗µ(k)e−ikr

)
. (A.21)

The electric field and the magnetic field using circularly polarized basis are the
following:

E(r, t) = − ∂

∂t
A(r, t) = i

∑
k,µ

(
ωkak,µ(t)eµ(k)eikr − ωka

∗
k,λ(t)e

∗
µ(k)e−ikr

)
, (A.22)

B(r, t) = ∇×A(r, t) = i
∑
k,µ

(
ak,µ(t)(k× eµ(k))eikr − a∗k,λ(t)(k× e∗µ(k))e−ikr

)
.

(A.23)

Finally, the energy of the electromagnetic field is

H =
ε0

2

∫
d3r

(
E(r, t)2 + c2B(r, t)2

)
= 2ε0V

∑
k,µ

ω2
k|ak,µ(t)|2, (A.24)

here ε0 is the vacuum permittivity and V is the volume of the cavity, which appears
due to the evaluation of integrals of the type∫

d3r ei(k−k
′)r = V δk,k′ . (A.25)

Quantization happens by associating a quantity in the expression of the electric
field with the canonical position. A quantity in the expression of the magnetic field
plays the role of the canonical momentum. After identifying the canonical variables,
their expression is replaced by their operator equivalents[64, 138]. Instead of this
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route, we achieve quantization by simply replacing the Fourier components with the
corresponding creation and annihilation operators:

ak,µ(t)→
√

1

2ωkε0V
âk,µ, (A.26)

a∗k,µ(t)→
√

1

2ωkε0V
â†k,µ. (A.27)

These operators obey bosonic commutation relations:

[âk,µ, â
†
k′,µ′ ] = δk,k′δµ,µ′ , [âk,µ, âk′,µ′ ] = [â†k,µ, â

†
k′,µ′ ] = 0. (A.28)

With these the quantized vector potential is

A(r) =
∑
k,µ

√
1

2ωkε0V

(
âk,µeµ(k)eikr + â†k,µe

∗
µ(k)e−ikr

)
, (A.29)

the electric and the magnetic fields are

E(r) = i
∑
k,µ

√
ωk

2ε0V

(
âk,µeµ(k)eikr − â†k,µe∗µ(k)e−ikr

)
, (A.30)

B(r) =
i

c

∑
k,µ

√
ωk

2ε0V

(
âk,µ(k̂× eµ(k))eikr − â†k,µ(k̂× e∗µ(k))e−ikr

)
. (A.31)

Here, we made use of the dispersion relation ωk = c|k| and adopted the notation
k̂ = k/|k| for the unit vector pointing in the direction of the wavevector. The energy
of the quantized electromagnetic field is

H =
ε0

2

∫
d3r

(
E(r)2 + c2B(r)2

)
=
∑
k,µ

ωk

(
a†k,µak,µ +

1

2

)
. (A.32)

This Hamiltonian indeed describes free bosonic particles called photons with energy
ωk. To finish the discussion of the quantization of the electromagnetic field, we
calculate the momentum and angular momentum of the electromagnetic field. The
momentum is

P = ε0

∫
d3r (E(r)×B(r)) =

∑
k,µ

k

(
a†k,µak,µ +

1

2

)
, (A.33)

which shows that the wavevector k is associated with the momentum of the photon.
The angular momentum is the cross product of the position and the momentum:
L = r × P. Using algebraic operations it can be shown that L consists of two
parts[139]:

L = ε0

∫
d3r r× ((E(r)×B(r)) =

= ε0

∫
d3r

(
3∑
i=1

Ei(r×∇)Ai

)
+ ε0

∫
d3r (E(r)×A(r)) . (A.34)

92



The first part is associated with the orbital angular momentum, due to the appear-
ance of r × ∇. The second quantity is the spin of the electromagnetic field, which
gives a whole new meaning to our previously introduced µ index:

ε0

∫
d3r (E(r)×A(r)) =

∑
k,µ

µk̂a†k,µak,µ. (A.35)

This rather beautiful result shows why was it important to introduce the circularly
polarized basis as it diagonalizes this operator. Furthermore, according to Eq. (A.35)
the direction of the spin is always parallel to the wavevector, hence µ represents the
helicity of the photon. In conclusion, the operator a†k,µ(ak,µ) creates (annihilates) a
photon with momentum k and helicity µ.
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