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1 Introduction

All graphs considered in this work are �nite, simple and undirected.
The notion of toughness was introduced by Chvátal [13] while investi-

gating Hamiltonicity. Hamiltonian cycles have always been well-studied, in
particular, one of Karp's 21 NP-complete problems is to decide whether a
graph contains a Hamiltonian cycle [19].

There are many either necessary or su�cient conditions for a graph to be
Hamiltonian. The commonly known su�cient conditions concern the degree
sequence of the graph. For example Dirac's theorem [14] says that every graph
on n ≥ 3 vertices with minimum degree at least n/2 contains a Hamiltonian
cycle. A quite evident necessary condition gave the idea of de�ning graph
toughness: if a graph contains a Hamiltonian cycle, then the removal of some
vertices can leave at most as many components as the number of removed
vertices. Graphs with this latter property are called 1-tough, and in general,
a graph is called t-tough (where t is a positive real number) if the removal
of any vertex set S leaves at most |S|/t components provided the removal
of S disconnects the graphs, and all graphs are considered 0-tough. The
toughness of a graph is the largest t for which the graph is t-tough, whereby
the toughness of complete graphs is de�ned as in�nity. For instance, the
toughness of nonconnected graphs is 0, the toughness of cycles of length at
least four is 1, but the cycle of length three is a complete graph, thus its
toughness is in�nity by de�nition.

While it is not di�cult to see that not every 1-tough graph contains
a Hamiltonian cycle (a well-known counterexample is the Petersen graph),
Chvátal conjectured in his �rst article about graph toughness [13] that there
exists a positive real number t0 such that every t0-tough graph is Hamilto-
nian. His stronger conjecture was that every more than 3/2-tough graph is
Hamiltonian � but this was disproved by Thomassen [12]. Thereafter it was
conjectured (based on [15]) that every 2-tough graph is Hamiltonian � but
this was also disproved, this time by Bauer, Broersma, and Veldman [7]. Ac-
tually, they showed that for any ε > 0 there exists a (9/4 − ε)-tough graph
that does not even contain a Hamiltonian path, implying that if Chvátal's
t0-conjecture is true, then t0 ≥ 9/4 holds. The conjecture is still open, but
there are some partial results in some graph classes: every 1-tough interval
graph is Hamiltonian [20], so is every 3/2-tough split graph [21] and every
10-tough chordal graph [17], to name but a few.

This thesis mostly focuses on minimally tough graphs. Clearly, the more
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edges a graph has, the larger its toughness can be. A graph is called minimally
t-tough (where t is a positive real number or in�nity) if the toughness of the
graph is exactly t but the removal of any edge decreases the toughness. For
instance, every complete graph on at least two vertices is minimally∞-tough
and every cycle of length at least four is minimally 1-tough.

It follows directly from the de�nition of toughness that every t-tough non-
complete graph is 2t-connected, thus the minimum degree of any t-tough non-
complete graph is at least d2te (where t is a nonnegative real number). Moti-
vated by a theorem of Mader [24] stating that every minimally k-connected
graph has a vertex of degree k (where k is a positive integer), there is a
conjecture regarding the minimum degree of minimally tough graphs. This
conjecture appeared in writing only for t = 1 under the name of Kriesell
[18], but can be naturally generalized for any positive real number t: every
minimally t-tough graph has a vertex of degree d2te. Since a minimally tough
graph is not necessarily minimally connected, Kriesell's conjecture does not
follow from Mader's theorem directly.

Since every Hamiltonian graph is 1-tough (and the toughness of K3 is
in�nity), the only minimally 1-tough Hamiltonian graphs are cycles of length
at least 4. Thus, the above mentioned theorem of Dirac [14] provides an
immediate upper bound on the minimum degree of minimally 1-tough graphs
on n vertices: it is less than n/2, except for the cycle of length 4. After
introducing the necessary de�nitions and collecting some preliminary results
in Chapter 2, we present an improvement on this upper bound by a constant
factor in Chapter 3 (based on [3]): we prove that every minimally 1-tough
graph on n vertices has a vertex of degree at most n/3 + 1.

In [8], Bauer, Hakimi, and Schmeichel proved that recognizing t-tough
graphs is coNP-complete, and in Chapter 4 (based on [2]) we show that
recognizing minimally t-tough graphs is DP-complete. The complexity class
DP was introduced by Papadimitriou and Yannakakis in [26] since extremal
problems usually seem not to belong to NP ∪ coNP. A language L belongs
to the class DP if it can be expressed as the intersection of a language in NP
and another one in coNP.

Finally, in Chapter 5 (based on [4]) we study bipartite graphs. Although
the toughness of any bipartite graph, except for the graphs K1 and K2, is at
most one, recognizing 1-tough bipartite graphs does not become easier than
recognizing 1-tough graphs in general: Kratsch, Lehel, and Müller proved
that this problem is still coNP-complete [21]. In this chapter, we extend this
theorem to any positive rational number t ≤ 1. Moreover, we also prove that
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for any �xed integer k ≥ 2 and positive rational number t ≤ 1, recognizing
t-tough k-connected bipartite graphs is also coNP-complete and so is rec-
ognizing 1-tough at least 6-regular bipartite graphs. Furthermore, we also
give a stronger upper bound on the minimum degree of minimally 1-tough,
bipartite graphs, than the one we gave earlier in general: we prove that every
minimally 1-tough, bipartite graph on n vertices has a vertex of degree at
most (n+ 6)/4.

2 Preliminaries

In this chapter, we present some necessary de�nitions and claims. Let ω(G)
denote the number of components1, α(G) the independence number, and κ(G)
the connectivity number of a graph G. For a connected graph G, a vertex set
S ⊆ V (G) is called a cutset if its removal disconnects the graph.

The notion of toughness was introduced by Chvátal [13] to investigate
Hamiltonicity.

De�nition 2.1. Let t be a real number. A graph G is called t-tough if
|S| ≥ t · ω(G − S) holds for any vertex set S ⊆ V (G) that disconnects the
graph (i.e. for any S ⊆ V (G) with ω(G − S) > 1). The toughness of G,
denoted by τ(G), is the largest t for which G is t-tough, taking τ(Kn) = ∞
for all n ≥ 1.

Obviously, the more edges a graph has, the larger its toughness can be.
The main focus of this work is on the graphs whose toughness decreases
whenever any of their edges is deleted.

De�nition 2.2. A graph G is said to be minimally t-tough if τ(G) = t and
τ(G− e) < t for all e ∈ E(G).

The complexity of recognizing t-tough graphs has also been in the interest
of research.

Let t be an arbitrary positive rational number and consider the following
problem.

t-Tough
Instance: a graph G.
Question: is it true that τ(G) ≥ t?

1Using ω(G) to denote the number of components might be confusing; most of the
literature on toughness, however, uses this notation.
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Note that in this problem, t is not part of the input.
By reducing a variant of the independent set problem to the complement

of t-Tough, Bauer, Hakimi, and Schmeichel [8] proved that the problem
t-Tough is coNP-complete for any positive rational number t.

Bauer, van den Heuvel, Morgana, and Schmeichel [10] also proved that
for any �xed integer r ≥ 3, the problem 1-Tough is coNP-complete for
r-regular graphs.

Although the toughness of any bipartite graph, except for the graphs K1

and K2, is at most one, the problem 1-Tough does not become easier for
bipartite graphs. Kratsch, Lehel, and Müller [21] proved that the problem
1-Tough is coNP-complete for bipartite graphs.

However, in some graph classes the toughness can be computed in poly-
nomial time, for instance, in the class of split graphs. Woeginger [27] proved
that for any rational number t > 0, the class of t-tough split graphs can be
recognized in polynomial time.

Let t be an arbitrary positive rational number and now consider the fol-
lowing variants of the problem t-Tough.

Exact-t-Tough
Instance: a graph G.
Question: is it true that τ(G) = t?

Min-t-Tough
Instance: a graph G.
Question: is it true that G is minimally t-tough?

Since extremal problems usually seem not to belong to NP ∪ coNP, the
complexity class called DP was introduced by Papadimitriou and Yannakakis
in [26].

De�nition 2.3. A language L is in the class DP if there exist two languages
L1 ∈ NP and L2 ∈ coNP such that L = L1 ∩ L2.

A language is called DP-hard if all problems in DP can be reduced to it in
polynomial time. A language is DP-complete if it is in DP and it is DP-hard.

It should be emphasized that DP 6= NP∩ coNP if NP 6= coNP. Moreover,
NP ∪ coNP ⊆ DP.

Here we list some DP-complete problems that we use later for reduction.

ExactIndependenceNumber

Instance: a graph G and a positive integer k.
Question: is it true that α(G) = k?
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Note that, unlike t in the problem t-tough, in this problem k is part
of the input. The DP-completeness of ExactIndependenceNumber is a
straightforward consequence of the DP-completeness of the following prob-
lem, proved by Papadimitriou and Yannakakis in [26].

ExactClique

Instance: a graph G and a positive integer k.
Question: is it true that the largest clique of G has size exactly k?

Now consider the following problem.

α-Critical
Instance: a graph G and a positive integer k.
Question: is it true that α(G) < k, but α(G− e) ≥ k for any edge e ∈ E(G)?

The DP-completeness of the problem α-Critical is a straightforward
consequence of the DP-completeness of the following problem, proved by
Papadimitriou and Wolfe in [25].

CriticalClique

Instance: a graph G and a positive integer k.
Question: is it true that G has no clique of size k, but adding any missing
edge e to G, the resulting graph G+ e has a clique of size k?

3 On the minimum degree of minimally 1-tough

graphs

It follows directly from the de�nition that every t-tough noncomplete graph
is 2t-connected, implying κ(G) ≥ 2τ(G) for noncomplete graphs (where t is
a nonnegative real number). Therefore, the minimum degree of any t-tough
noncomplete graph is at least d2te for any positive real number t.

The following conjecture is motivated by a theorem of Mader [24] stating
that every minimally k-connected graph has a vertex of degree k (where k is
a positive integer).

Conjecture 3.1 (Kriesell [18]). Every minimally 1-tough graph has a vertex
of degree 2.

This conjecture can be naturally generalized to any positive real number
t.
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Conjecture 3.2 (Generalized Kriesell Conjecture). Every minimally t-tough
graph has a vertex of degree d2te.

Since a minimally tough graph is not necessarily minimally connected,
Conjecture 3.2 does not follow from Mader's theorem directly.

Clearly, if a graph is Hamiltonian, then it must be 1-tough. However,
not every 1-tough graph contains a Hamiltonian cycle: a well-known coun-
terexample is the Petersen graph. On the other hand, Chvátal conjectured
that there exists a positive real number t0 such that every t0-tough graph is
Hamiltonian [13]. This conjecture is still open, but it is known that, if exists,
t0 must be at least 9/4, see [7].

Since every Hamiltonian graph is 1-tough (and the toughness of K3 is
in�nity), the only minimally 1-tough Hamiltonian graphs are cycles of length
at least 4. Thus, Dirac's theorem provides an immediate upper bound on
the minimum degree of minimally 1-tough graphs: since this theorem states
that every graph on n ≥ 3 vertices and with minimum degree at least n/2
contains a Hamiltonian cycle [14], the minimum degree of every minimally
1-tough graph is less than n/2, except for the cycle of length 4.

Here we improve this upper bound.

Theorem 3.3 (Katona, Soltész, Varga, [3]). Every minimally 1-tough graph
on n vertices has a vertex of degree at most n/3 + 1.

In Chapter 5 we show that supposing the graph is bipartite not only
makes the whole proof easier, but in this case we can give an even better
upper bound on the minimum degree.

4 The complexity of recognizing minimally

tough graphs

In this chapter, we study the problem of recognizing minimally tough graphs.
The main result is the following.

Theorem 4.1 (Katona, Kovács, Varga, [2]). The problem Min-t-Tough is
DP-complete for any positive rational number t.

Note that since the toughness of any noncomplete graph is a rational
number, there exist no minimally tough graphs with irrational toughness.
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Theorem 4.1 is proved in three separate cases. When 1/2 < t < 1 and
t ≥ 1, we reduce a variant of α-Critical to the problem Min-t-Tough,
and when t ≤ 1/2, we reduce a variant of Min-1-Tough to it.

5 Strengthening some results on toughness of

bipartite graphs

First, we prove some complexity results regarding bipartite graphs.

Theorem 5.5 (Katona, Varga, [4]). For any positive rational number t ≤ 1,
the problem t-Tough remains coNP-complete for bipartite graphs.

As mentioned earlier, the case t = 1 was already proved by Kratsch,
Lehel, and Müller in [21].

Motivated by two open problems regarding the complexity of recognizing
1-tough 3-connected bipartite graphs and 1-tough 3-regular bipartite graphs
[9], we also prove the following.

Theorem 5.9 (Katona, Varga, [4]). For any �xed integer k ≥ 2 and positive
rational number t ≤ 1, the problem t-Tough remains coNP-complete for
k-connected bipartite graphs.

Theorem 5.10 (Katona, Varga, [4]). For any �xed integer r ≥ 6, the prob-
lem 1-Tough remains coNP-complete for r-regular bipartite graphs.

Finally, we strengthen the upper bound we gave in Theorem 3.3 for min-
imally 1-tough, bipartite graphs.

Theorem 5.20 (Katona, Varga). Every minimally 1-tough, bipartite graph
on n vertices has a vertex of degree at most (n+ 6)/4.

Summary

The main focus of the thesis is on minimally tough graphs.
Chapter 3 is motivated by a conjecture, stating that every minimally 1-

tough graph on n vertices has a vertex of degree 2. In this chapter, we give an
upper bound on the minimum degree of minimally 1-tough graphs, namely
n/3 + 1.
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Chapter 4 investigates the complexity of recognizing minimally t-tough
graphs. There we prove that this problem is DP-complete for all positive
rational number t.

In Chapter 5, we study bipartite graphs. First, we show that recognizing
t-tough bipartite graphs is coNP-complete for all positive rational number
t ≤ 1 (the case t = 1 was already known). Motivated by two open problems
regarding the complexity of recognizing 1-tough 3-connected bipartite graphs
and 1-tough 3-regular bipartite graphs, we also prove that recognizing t-tough
k-connected bipartite graphs and 1-tough r-regular bipartite graphs is also
coNP-complete for any integers k ≥ 2 and r ≥ 6 and for any positive rational
number t ≤ 1.
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