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Összefoglalás

Disszertációmban a szemcsés anyagok viselkedését vizsgálom, mely diszkrét
makroszkopikus részecskék sokaságaként jellemezhető, ahol a részecskék között
disszipatív jellegű, rövid hatótávolságú kölcsönhatás lép fel. Célom, hogy be-
tekintést nyújtsak a szemcsés anyagok fizikájába a vizsgált területeken elért
új eredményeink bemutatásával. Vizsgálataink során diszkrét elem módszer
(DEM) szimulációkat alkalmaztunk és kísérleteket végeztünk. Dolgozatom két
rendszer részletes elemzéséből áll: először egy keskeny, gömb alakú szemcsék-
kel feltöltött cellát vizsgálok. Ezt követi a silóból, vagyis szemcsés anyagok
tárolására szolgáló henger alakú tárolóból való kifolyás vizsgálata. Mindkét
esetben két jelenséget fogok részletesen tárgyalni.

Elsőként egy keskeny, 2+ε dimenziós cellát vizsgálok. Két és három dimen-
zióban ismert a monodiszperz gömbök rendeződése és legsűrűbb konfiguráció-
ja. A kétdimenziós rendszer mind lokálisan mind globálisan optimális, három
dimenzióban viszont a helyzet bonyolultabb. Ennek következményeképp a két-
dimenziós alapállapot elérhető egyszerű dinamikai folyamatok, például rázás
hatására. Három dimenzióban ez nem valósul meg, hiszen a lokálisan optimá-
lis tetraéderes szerkezet alkalmazásával nem lehet lefedni a teret. Viszont egy
keskeny cella esetén, mely a két- és háromdimenziós eset közötti átmenetként
értelmezhető, az alapállapot nem ismert. Ennek dinamikai folyamatokkal való
elérhetőségéről nem is beszélve. Célunk ennek vizsgálata kísérletek, DEM és
Monte Carlo (MC) szimulációk során. Azt tapasztaltuk, hogy a szemcsék a
harmadik dimenzió irányába elmozdulva optimalizálják az elrendeződést: Az
alapállapot a kétdimenziós esethez hasonlóan a háromszöges struktúra, mely-
ben a szemcsék csíkokba és cikcakkos struktúrába rendeződve felváltva a cella
első és hátsó fala felé mozdulnak el. Megmutattuk, hogy rázás hatására a
cellabeli struktúra megváltozik és egyre közelebb kerül az alapállapothoz, bár
azt még hosszú rázási periódusok esetén sem éri el. A rendszer egy doménen-
ként rendezett struktúrában marad, a domének közötti inkompatibilitás miatt.
Megmutattuk, hogy a rendszert a két részecskesugárnyi távolságon belül eső
lokális konfigurációk területváltozása és az antiferromágneses függőleges ren-
deződés hajtja. Továbbá a rácsstruktúrában megjelenő hibák is elősegítik az
optimális elrendeződés kialakulását. Vizsgálataink során azt láttuk, hogy a
rendszer viselkedése sem a két-, sem a háromdimenziós esethez nem hasonlít
abban az értelemben, hogy a lokálisan optimális struktúra optimális globá-
lisan is, de ezt nagyon nehéz elérni a doménszerkezet frusztráltsága miatt.
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Megmutattuk, hogy a doménszerkezet frusztrált jellege csak nagyon kis való-
színűségű, kedvezőtlen folyamatok eredményeként oldható fel.

Ez a rendszer megfelelőnek bizonyult arra, hogy Edwards elméletének alkal-
mazhatóságát vizsgáljuk. Edwards elméletében javaslatot tett az egyensúlyi
statisztikus fizika összefüggéseinek alkalmazására egyenlő valószínűségű szem-
csés rendszerbeli állapotok sokaságaként. Munkánkban Edwards elméletét al-
kalmaztuk a rendszerünkre és ezáltal megadtuk a rendszer állapotösszegének
alakját. Megmutattuk, hogy az ez alapján történt számításaink jó egyezést
mutatnak a szimulációkban mértekkel. Megvizsgáltuk az elmélet alkalmazha-
tóságát egy olyan rendszerben is, amely két alrendszer csatolásával jön létre.
Azt tapasztaltuk, hogy a csatolt rendszer csak akkor írható le az Edwards soka-
ság alapján, ha a feszültségek egyensúlyát mikroszinten figyelembe vesszük és a
teljes rendszer állapotösszegét számoljuk. Az elmélet tehát nem alkalmazható
olyan alrendszerekből álló rendszerek esetén, melyekben térfogatcsere történik
nemcsak a részrendszerek, hanem a környezet és a részrendszerek között is.

Ezt követően szemcsés anyagok silóban való viselkedését vizsgáltuk. A siló
olyan henger alakú tároló, melyből az alján található nyíláson keresztül ürít-
hető ki a benne tárolt szemcsés anyag. Ha a nyílás mérete csak néhányszorosa
a szemcsék méretének, akkor kialakulhatnak olyan metastabil állapotok a nyí-
lás felett, melyek megakadályozzák a szemcsék további kifolyását. A kialakuló
struktúrák olyan stabilak is lehetnek, hogy teljesen megszakítsák a kiáramlást.
Ez a bedugulás jelensége. Ismert, hogy két dimenzióban a bedugult struktú-
ra egy olyan összefüggő, a nyílás fölött átívelő boltívből áll, melyet kisebb
ívek támasztanak meg oldalról. Három dimenzióban a helyzet bonyolultabb,
elég ha a nyílás fölötti struktúrát alkotó szemcsék meghatározására gondolunk.
Nem is beszélve a szerkezet alakjának pontos meghatározásáról. Kérdés, hogy
a kialakuló szerkezet alakja háromdimenziós kupola vagy inkább kétdimenzi-
ós ívekből felépülő komplex struktúra lesz. DEM szimulációink során gömb
alakú és elnyújtott alakú szemcsékből álló rendszereket vizsgáltunk, melyet
kollégáink kísérletei egészítettek ki. Azt tapasztaltuk, hogy a kialakuló struk-
túra alakja nagy átlagban közelít egy fél-ellipszoidhoz, ám az egyes esetek nagy
eltérést mutatnak ettől, üregeket és lyukakat képezve a szerkezetben. A kiala-
kuló struktúra kétdimenziós ívek sokaságából áll. A szemcsék közötti erőkből
alkotott hálózat hagymahéj jellegű szerkezetet mutat a siló nyílása körül.

A disszertáció utolsó szakaszában a siló vizsgálatát folytatom, ám ez eset-
ben a folyamatos kifolyás jelenségét tárgyalom. Célunk, hogy megértsük a
szemcsék tulajdonságainak kifolyásra gyakorolt hatását. DEM szimulációin-
kat kollégáink kísérletei és coarse-grained analízise egészíti ki, mely során azt
találtuk, hogy gömb alakú szemcsék esetén a kis súrlódású, puha részecskék
kifolyása eltér a nagy súrlódású, kemény szemcsék viselkedésétől, mely állandó
folyási rátával jellemezhető. Ezt a különbséget vizsgáljuk a szemcsék keménysé-
gének és súrlódási együtthatójának változtatásával mind a kísérletekben, mind
a szimulációkban. Azt tapasztaltuk, hogy a súrlódási együttható csökkentése
nagyobb hatással van a puha szemcsék viselkedésére.
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Summary

In my Ph.D. thesis, I study the behavior of granular media which is a
large conglomeration of discrete macroscopic particles with short-range particle
interactions of dissipative nature. The aim of my thesis is to give an insight
into the field of granular materials by presenting our novel results in different
subfields. To understand the behavior of granular particles we applied discrete
element method (DEM) simulations and carried out experiments. In my thesis,
I present two systems: a narrow cuboid container filled with monodisperse
spherical particles and a silo, a cylindrical container used to store granulates
in it. For each system, I study two phenomena.

First, I study the narrow cuboid container, which is also called a 2+ε-
dimensional system. The packing and densest configuration of monodisperse
particles are well understood in two and three dimensions. The two-dimensional
system is optimal both locally and globally, while in three dimensions this is
not the case. As a consequence, in two dimensions the densest configuration
can be achieved by dynamical processes like shaking. In three dimensions this
is not possible, because the locally optimal tetrahedral configuration is not
space filling. However, if one fills a narrow cell, slightly extended the third
dimension, thus it is considered to be at the transition between two and three
dimensions, the optimal state is not yet known. Not to mention the opti-
mization by dynamical processes. Our aim was to study this by means of
experiments, DEM, and Monte Carlo (MC) simulations. We have seen, that
particles are using the third dimension to optimize packing: The ground state
of such a system is a triangular lattice with parallel stripes and zigzag struc-
tures of particles touching alternatively the front and rear side of the container.
We have shown that shaking changes the structure of the sample and drives it
closer to the optimal configuration; however, the ground state is not reached
even for long agitation periods. The system remains trapped in a domain-wise
optimized structure with incompatibilities between the domains. We have seen
that the system is driven by the area change of local configurations in a two
particle radius space and by the antiferromagnetic vertical alignment. Defects
play an important role in the dynamics, as they act as activation sources and
help the development of an optimized configuration. It turned out, that the
system behaves neither as a two-dimensional nor as a three-dimensional sys-
tem. The globally optimal configuration is optimal in the local sense as well,
but due to orientational frustration, it is difficult to reach. We have shown
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that the orientational frustration can only be dissolved through unfavorable
events with a very small probability.

This system turned out to be an excellent candidate to study the applica-
bility of the Edwards theory. Edwards proposed an ensemble of equiprobably
jammed states using equilibrium statistical physics to describe granular pack-
ings. By applying the Edwards ensemble to our system we could give the
analytical formulation of the partition function. We have shown that the ob-
servables can be calculated exactly and the calculation matches reasonably
well with simulations. We have also tested the applicability of the theory to
the case of two coupled subsystems. It turned out that the resulting system
can only be described by the Edwards ensemble if the stress equilibrium is
taken into account at the microstate level and the partition function of the
full system is calculated. The theory is not capable to describe combined sub-
systems when there is volume exchange not only between the subsystems but
also between the subsystems and the environment.

In the following, we studied the behavior of granular particles in silos which
are cylindrical containers with a flat bottom with a hole on it. When the outlet
is open, particles can flow out of the container. When the size of the outlet is
only a few times larger than the size of the particles, there is a possibility for
the formation of a metastable structure, spanning the whole outlet, causing a
complete arrest of the grains. These structures can be stable enough to inhibit
further flow. This is called clogging. It is known that in two dimensions clog-
ging occurs by an uninterrupted force chain, an arch, spanning above the orifice
which is supported by secondary arches. In three dimensions the situation is
more complicated. Even simple questions such as the identification of particles
composing the stable structure can not be easily answered. Not to mention the
determination of the shape of the three-dimensional structure. Is it more like
a three-dimensional cupola or a complex structure of two-dimensional arches
built upon each other? By means of the DEM simulation of spheres and elon-
gated particles, supported by the experiments of our colleagues, we found that
the inner shape of the structure is close to a semi-ellipsoid on average, but with
large holes in it: The structure is made of two-dimensional arches showing an
onion-like layered structure of the force network around the orifice.

In the last part of the dissertation I continue to study silos, I describe the
effect of particle properties on the outflow behavior of spherical particles. By
means of DEM simulations, supported by the experiments and coarse-grained
analysis of our colleagues, we show that the discharge behavior of low-friction,
soft particles strongly differs from the case of hard, frictional grains described
by a constant flow rate. We quantify this difference by changing the particle
stiffness and coefficient of friction both in simulations and experiments. We
have seen that decreasing the interparticle friction has a much stronger effect
for soft grains than hard ones.
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Chapter 1

Introduction

Who could ever calculate the path of a molecule? How do we know
that the creations of worlds are not determined by falling grains of
sand?
(Victor Hugo, Les Misérables)

Is it true that the movement of an individual grain of sand is contributing in
some way to the overall behavior of the world around us? Is it true that the
macroscopic world is extremely sensitive to the precise motion of microscopical
substances? The thoughts of Victor Hugo gave inspiration not only to myself
but also many scientists to date [1,2] when thinking about granular particles.
In the following, I would like to give a brief introduction to the field of gran-
ular materials. My plan is to present a few examples from our everyday life
and show that what happens on the microscopic scale can be relevant on the
macroscopic scale too.

1.1 Granular materials

1.1.1 Examples and definition

While the behavior of a single grain - solid body interacting by frictional
contacts - can be easily understood, the properties and behavior of a collection
of grains are very complex. Granular materials display a surprising range of
collective behavior such as convection, size separation, and pattern formation,
e.g., when they are poured or shaken. In the following, I would like to discuss
a few well-known examples.

What is common in the following three situations? (i) larger pieces can be
found near to the top of a can of mixed nuts; (ii) the outflow of grains from a
container suddenly stops (clogs) and without external intervention, it remains
in the clogged state; (iii) wet sand on the beach appears to dry up around our
foot when we are walking on it.
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1.1 Granular materials

These phenomena show the complex behavior of granular materials. I sup-
pose nearly all readers have encountered these situations so far, maybe without
knowing that they are connected somehow. The first (i) is called the Brazil
nut effect [3] which results from a peculiar grain dynamics during shaking [4]:
When voids open up in the material smaller grains are more likely to fall in
them, thus pushing the larger grains upward, so the Brazil nuts accumulate
on the top of a nut mixture. This is one property of granular materials that
differs very much from ordinary liquids: Shaking does not necessarily cause
mixing. The second (ii) phenomenon is related to granular flow. Grains in in-
dustry and agriculture are often stored in cylindrical containers with an outlet
on the bottom. Opening this outlet allows the granular material to flow out
of the container. In certain cases, particles can form stable structures above
the orifice, which will block the outflow [5–7]. This structure is stable enough
to support the rest of the material in the container. E.g., that is why we have
to shake the salt-cellar: By shaking we destroy the stable structure above the
opening and the outflow can continue. The third (iii) phenomenon is called
dilatancy or Reynolds dilatancy [8, 9], which means that, unlike most other
solid materials, the tendency of a compacted dense granular material is to di-
late (expand in volume) as it is sheared. The deformation caused by the foot
expands the sand and water moves downwards to fill the new space between
the grains. This is what we sense as drying up.

These phenomena are just a glimpse from the multitude of examples of how
granular materials are present in our everyday life. A more detailed discussion
of granular flow and clogging (ii) is part of the thesis as well. From agriculture
to construction works, from the pharmaceutical industry to our dining table,
we find granular materials in various forms such as grains, sand, pebbles,
construction materials, or pills. According to [10] if measured by tons, the
material most manipulated by man is water, and the second most manipulated
is granular matter. It is estimated that in the chemical industry roughly half
of the products and at least three-quarters of the raw materials are in the form
of granular solids on a weight basis [11]. If one thinks further about the tons
of wheat, sugar, ore, cement, and sand that have to be stored and transported
every day, the importance of granular materials becomes evident.

The range of phenomena one can observe while conducting experiments
with granular particles is so wide, that we still lack a generally acknowledged
theory based on first principles, describing the behavior of granular matter. In
contrast to other forms of matter, like solids, gases, and liquids, only fragments
of such a theory exist in this field. Due to this, granular materials are the
subject of research for a long time, and understanding their behavior on the
small scale can cause enormous improvement on large-scale applications. Well-
known scientists like Coulomb, Faraday, Hagen, Hertz, Huygens, Reynolds, de
Gennes, Edwards, and others laid down the principles in the last centuries.

2 1 Introduction
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A well-known example of granular materials is sand, where the grains are
mostly silica, of around 100 microns in size, rounded by collisions. It is not sur-
prising, that the pioneering experiments were done in deserts, like the Sahara.
Bagnold was one of the pioneers who systematically studied the behavior of
sand and collected his findings in his book Physics of Blown Sand and Sand
Dunes [12]. It was first published in 1941 and since then it is used as a basic
reference.

As definition, according to [13] one can state, that granular materials are
many-body systems, “large conglomerations of discrete macroscopic particles”
with short-range particle interactions of dissipative nature. All motions of
granular materials need to be sustained by the external pumping of energy to
overcome the loss of energy in particle interactions.

1.1.2 Granular materials are athermal

The size of particles in a mixture can range from the micrometer scale [10] up
to the centimeter scale, ranging from fine powders to pebble-sized constituents.
The static and dynamic properties of granular media are not affected by tem-
perature, because thermal fluctuations are usually negligible in their behavior.
This means, that the thermal energy of a grain is negligible compared to the
typical energy scales of the system. Thus, kBT�mgd. The relevant energy
scale is the potential energy mgd of a grain of mass m raised by its diameter
d. For typical sand, it means that this energy is at least 1012 times kBT at
room temperature [2].

1.1.3 New state of matter?

A granular material behaves differently from any of the other familiar forms
of matter and could therefore be considered as an “additional state of mat-
ter” [2]. It is often extremely complicated to handle granular materials since
they reveal very different behavior under different circumstances. If the parti-
cles are packed densely enough and a network of persistent contacts develops
between them, this results in a jammed, mechanically stable structure, which
exhibits solid-like behavior. When the grains are loosely spaced and are free to
move in any direction, having interactions only through collisions, the medium
is unjammed, showing properties reminiscent of a fluid. Sometimes granular
systems exhibit compressibility which is then a feature of gases.

1.1.4 Jamming, jamming phase diagram

Colloids, glasses, and granular materials are often called soft materials [14].
Despite the essential difference between them they have a common charac-
teristic: They can exhibit liquid-like and solid-like behavior without melting,
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within the solid phase, depending on the conditions. For example, when gran-
ular materials are shaken or flowing through a bottleneck one can observe
liquid-like behavior, but when the shaking intensity or the pouring rate is low-
ered they jam. When granular materials are confined under high density or
pressure, their flow suddenly slows down and rigidity emerges because of the
contact forces between particles. The network of contact forces span through
the system forming a skeleton of the material. This transition, the jamming
transition [15–20], is considered as a new type of phase transition with simi-
larities to a glass transition, but different from the formation of crystalline
solids. It is expected, that the understanding of the transition from liquid-
like to solid-like states can shed light on the understanding of transitions in
related systems, such as glasses and colloids. This could contribute to the
understanding of a wide variety of materials.

It is believed that despite the huge differences between the different types
of soft materials, a common theory will explain their jamming transition de-
scribed by the jamming phase diagram (see Fig. 1.1). It is clear, that three
factors govern the jamming transition: temperature, density, and the load (or
applied stress). When the first parameter, the temperature (T ) increases and
reaches a certain point, the material becomes liquid-like from solid-like (see
Fig. 1.1 (a)). E.g., in the case of glasses, this is the traditional thermody-
namic temperature, the glass transition temperature, Tg. When the second
parameter, density decreases, the transition from a solid-like to a liquid-like
state happens at a lower temperature (see Fig. 1.1 (a)). It is possible to re-
main in the jammed state, with high temperature, when the density is high
enough. The same happens when the temperature is low enough with low den-
sity. These properties are contained in the revised phase diagram of Fig. 1.1
(b) for attractive colloidal particles, showing asymptotes when either the tem-
perature or the inverse density approaches zero. The third parameter is the
load or the applied stress. If the stress applied to the system is lower than the
yield stress, the material behaves like a solid, it deforms elastically. When the
applied stress is above the yield stress, plastic deformation happens and the
material starts to flow, it behaves like a liquid. According to the T–inverse
density plane, the material can remain jammed if the temperature is close to
zero and the density is high.

As the subject of my thesis is the behavior of granular systems, I would
like to discuss the jamming phase diagram for this special type of soft matter.
As granular material is athermal, the temperature T is considered zero. Thus,
in the case of granular materials, we are restricted to the inverse density–load
plane. Instead of the inverse density, we take into account the inverse packing
fraction or inverse volume fraction 1/ϕ. The volume fraction is simply the
fraction of space occupied by particles, which is affected by the gravity and
frictional forces in the material. In the case of granular materials, jamming
can only occur between volume fractions of the random loose packing (RLP)

4 1 Introduction



1.2 Applied methods

and random close packing (RCP), ϕRLP=0.555 and ϕRCP=0.634 for uniform
spheres [18].

a b

Figure 1.1 Jamming phase diagrams. a: The classical diagram from Ref. [15]
and b: the revised diagram from Ref. [16]. The jammed state is inside of the
light regions, while the unjammed state is outside.

1.2 Applied methods in the study of granular
materials

A straightforward method in studying granular materials is to conduct ex-
periments. By changing the particle mixture in an experiment one can easily
study the effect of different properties of grains (such as size, shape, coefficient
of friction, stiffness, etc.). By the state-of-the-art imaging techniques [21] and
computation methods, one can detect the displacement of particles and cal-
culate their trajectories as well1. Difficulties arise when one is interested in
interparticle forces and force chains, the network of interparticle forces. An ex-
perimental method is to use photoelastic particles [26–28] (see Fig. 4.2), where
one can compute the interparticle forces in two dimensions by means of image
analysis. A more precise way of studying the force network in granular systems
is to use numerical simulations. Furthermore, this is the only possibility to get
information about three-dimensional force networks.

1For some of the methods it involves tracking a number of tracer particles flowing through
a system, aiming to get their displacement. Well known methods are the laser speckle method
(LSM) [22], particle image velocimetry (PIV) [23], and digital particle image velocimetry
(DPIV) [24]. Due to the development of high-speed digital cameras, the velocimetry proce-
dure is no longer restricted to slow flows. A novel optical method used to measure velocity
distributions for granular materials is spatial filtering velocimetry (SFV) [25].
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Numerical simulations can provide extensive information when one is inter-
ested in structures developing not on the surface but inside the system, which
is hardly accessible to conventional experimental methods. For static states,
an exception can be the use of X-ray microthomography in combination with
three-dimensional image analysis [29]. We also applied this method to study
the clogged particle structures forming in silos, prohibiting the continuous out-
flow of particles.

Furthermore, numerical simulations can be very effective when one is in-
terested in finding an explanation of an experimentally observed phenomenon.
Once a simulation program is developed, it may be used for modeling different
materials, geometries and length scales with relatively small changes, while
on the contrary, real-world experiments usually do not have that favorable
property not to mention the large costs of large-scale experiments.

Since there is no comprehensive theory of granular materials that reliably
predicts the behavior of granular systems in different technical devices, numer-
ical simulations can be used to predict their behavior and optimize the function
of devices before they have been actually built. Real-world experiments with
such devices are often expensive and time-consuming, not to mention that they
can even be dangerous. In those cases, numerical simulations can support and
partially replace experiments.

In our work, we carried out experiments and numerical simulations as well.
Sometimes simulations were used to compare, validate and understand the
details of the behavior of granular materials observed in experiments. Some-
times the only possibility to understand the behavior was through simulations.
During my Ph.D. studies I was mainly involved in the numerical tasks, however,
I also had the opportunity to participate in experiments. In the following, I
will describe the basics of the applied simulation technique. The experimental
techniques and procedures will be discussed later.

1.2.1 Particle simulation methods

Numerical modeling provides insight into the mechanisms of granular ma-
terials which are difficult or sometimes impossible to study by means of ex-
periments. Regarding the numerical modeling of granular materials, there are
two main approaches. The first approach is to use a discrete micromechanical
model, resolving interactions between particles at the particle length scale. The
second approach is to describe the granular material as a continuum, where
stresses and strains are related with a constitutive model. In this work, only
the former approach was applied, the latter is not discussed here. Note that
novel, hybrid methods are existing as well, e.g., adaptively combining discrete
and continuum methods [30].

One challenge is the realistic simulation of granular materials consisting of
millions of particles. Modeling and simulating all particles in a macroscopic
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system is not possible due to the huge number of degrees of freedom and the
finite computational capacity. Therefore, one could reduce the size of the
system under consideration, so that a microscopic simulation of all particles
is possible. These microscopic simulations of a small sample are then used to
derive macroscopic properties describing the system.

Several methods and algorithms exist for the simulation of granular systems.
Some of these methods can be applied for a wide range of situations, while oth-
ers are restricted to certain types of problems. During my Ph.D. studies, I used
the Discrete Element Method (DEM) (or Molecular Dynamics (MD) method)
and the Contact Dynamics (CD) method2. All the simulations presented in
this thesis were done by using DEM, using spherical particles or composite
particles made out of spheres. Here, with no claim of being exhaustive, only
this method is discussed.

1.2.2 Discrete element method simulations

Discrete element method simulations implement the calculation of the dy-
namics and trajectories of particles. Since the realistic modeling of defor-
mations of particles is extremely complicated, the particles are assumed to
be non-deformable spheres which are allowed to overlap. The DEM simula-
tion essentially integrates Newton’s equation of motion repeating the following
steps:

1. Contacts between particles are detected.

2. Interaction forces are calculated from the position and from the past
history of the particles.

3. The new velocity and position of the particles are calculated by numerical
integration of the equations of motion.

First of all, one has to prepare the system by defining initial positions, veloci-
ties, and other properties of the particles. Then one has to determine the law
determining interactions. A ∆t integration timestep has to be defined as well.
Then the procedure defined above is repeated for each timestep during the
entire simulation. In the following I give a detailed description of these steps.

A large variety of simulation codes exists based on this simple procedure,
which differ in terms of the contact model and the techniques used in contact

2Usually DEM is understood as a family of numerical methods computing the behavior
of a large number of particles by integrating the equations of motion for each particle.
According to this interpretation molecular dynamics (MD) and contact dynamics (CD) both
are members of the DEM family. Molecular dynamics was originally designed to simulate
atoms and molecules, hence the name, but it is applied for granular systems as well. To
emphasize that the MD method is used to simulate granular systems, not molecules, the
name DEM is often used as a synonym of MD in the granular community. I follow this
convention, so in the thesis, I use DEM and CD as abbreviated names of the methods.
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detection and numerical integration. In our work we used the LAMMPS3 [31]
and the LIGGGHTS4 [32] code. The former was extended by our group [33].
LIGGGHTS is the modified and improved version of LAMMPS, specially de-
signed for the simulation of granular particles. Both codes were modified by
us to allow better access to particle properties like interparticle forces.

For a detailed and comprehensive description of the DEM method, I refer
the reader to one of the following books [34–38]. Here only a brief description
is given following the description in Ref. [34].

Equations of motion

The dynamics of a granular particle is governed by Newton’s equation of
motion, which has the following form for a particle i (i = 1, . . . , N) for the
center of mass coordinates (ri) and the Euler angles (φi)

∂2ri
∂t2

=
1

mi

Fi (rj,vj,φj,ωj)

∂2φi
∂t2

=
1

Ĵi
Mi (rj,vj,φj,ωj)

(1.1)

where the force Fi and torqueMi are acting on a particle i, with mass mi and
moment of inertia tensor Ĵi, are functions of particle positions rj, orientations
φj, and the corresponding velocities vj and ωj with j = 1, . . . , N .

The computation of forces and torques are an essential part of DEM sim-
ulations. For a particle i, the force and torque acting on it can be calculated
as the sum of the pairwise interactions of particle i with all other particles in
the system.

Fi =
N∑

j=1,j 6=i

Fij Mi =
N∑

j=1,j 6=i

Mij (1.2)

Due to the absence of long-range interactions in granular systems, particles
exert forces on each other only when they are in mechanical contact. In DEM
simulations, this contact means that particles slightly deform each other. This
small deformation is modeled as a tiny overlap (δij) between particles. Since
granular particles are rather rigid, the repulsive force acting between them
is steeply growing with the compression when they are in contact. To ob-
tain reasonable results, this requires a very small integration timestep for the
computation of the trajectories.

3Large-scale Atomic/Molecular Massively Parallel Simulator
4LAMMPS Improved for General Granular and Granular Heat Transfer Simulations
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Figure 1.2 Linear spring-dashpot model applied to describe the normal (left)
and tangential (right) interaction forces between interacting particles. Springs
and dashpots model the viscoelastic contact forces. Tensile forces are prevented
in the normal direction. In the tangential direction a frictional slider is used to
realize Coulomb friction.

Interaction forces

The interaction laws are model specific [39]. Here I describe one of the
simplest laws for colliding spheres, the Hertzian interaction force which we
apply in our DEM simulations. It can be modeled as the linear spring-dashpot
model shown in Fig. 1.2. This is proven to be useful for spherical granular
particles. It has the following form

Fij,Hertz =
√
δij

√
RiRj

Ri +Rj

Fij,Hooke =

=
√
δij

√
RiRj

Ri +Rj

[(knδijnij −meffγnvn)− (kt∆st +meffγtvt)] ,

(1.3)

where the resulting force acting between particles i and j is proportional to
δ

3/2
ij , with δij=Ri+Rj−|ri−rj| denoting the overlap distance between particles.
Ri and Rj are the radii of the particles. Fij,Hooke can be calculated according
to the Hooke-formula. The first term in square brackets is the normal, while
the second term is the tangential component of the force. The normal force
(left side of Fig. 1.2) has two terms, a contact force and a damping force.
The first term of the normal force depends linearly on the overlap, which is
modeled as the displacement of the spring. The second term is a dissipative
term proportional to the time derivative of the overlap, which is modeled with
the dashpot. The tangential force (right side of Fig. 1.2) has two terms as
well: a shear force and a damping force. Below the Coulomb criterion, in
case of static friction the shear force accounts for the tangential displacement
∆st=

∫ t
tc
vrel (t

′) dt′ between the particles for the duration of the time they
are in contact (from the time tc when the contact began). This is modeled
as the displacement of the spring. kn and kt are the normal and tangential
elastic constants, γn and γt are the normal and tangential viscoelastic damping
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coefficients. meff=
MiMj

Mi+Mj
is the effective mass of the two particles in contact.

nij is the unit vector along the line connecting the centers of the particles, while
vn and vt are the normal and tangential components of the relative velocity
of the two interacting particles.

Numerical integration: Velocity Verlet method

Now we can detect the contacts between particles and we can compute the
forces and torques acting on them. The next step is the numerical integration
of the equations of motion. There is a variety of methods for the numerical
integration of systems of coupled differential equations. Here I present only one
efficient method, the Velocity Verlet [40] integration method, which has proven
to be useful in particle simulations. It provides good numerical stability and
high accuracy with little computational effort. Furthermore, it is symplectic
and time-reversible which are important properties in physical systems. The
three basic steps of the algorithm are the following assuming that for a given
particle we know the position r (t), velocity v (t), and acceleration a (t) vectors
at time t. They can be obtained at time t+∆t according to the following steps

1. We can calculate the position at time t+ ∆t as
r (t+∆t) = r (t) + v (t) ∆t+ 1

2
a (t) ∆t2.

2. Then a (t+∆t) can be calculated from the interaction potential using
r (t+∆t).

3. Then the velocity is the following
v (t+∆t) = v (t) + 1

2
(a (t) + a (t+∆t)) ∆t.

Note that the Velocity Verlet algorithm assumes that the acceleration a (t+∆t)
only depends on r (t+∆t) and does not depend on the velocity v (t+∆t).
The global cumulative error of this method over a constant interval of time is
O (∆t2).

According to the previous description, we can calculate the trajectories of all
particles in the simulated system until the entire simulation time is complete.
Two important things are left to be discussed: the initial conditions of the
particles and the boundary conditions of the system.

Initial conditions

The initial setup of a granular system should be the desired static packing
we also use in experiments. This can be achieved by creating a crystalline
structure or by the compaction of a granular gas (see. Fig. 1.1). In simulations
mainly the second method is used, as granular material is mainly amorphous,
but for simulations in Chapters 2 and 3 we also used a crystalline structure as
starting configuration.
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The initial conditions define the values of the coordinates ri (t=0), the ve-
locities vi (t=0), the Euler angles φi (t=0) and the angular velocities ωi (t=0)
at time t=0 for all particles, i=1, . . . , N . In the case of spherical particles, the
interaction forces are independent of the spatial orientation of the particles,
thus initial conditions are not needed for φi. In most cases the long-term be-
havior of the system is independent of the actual initial condition, which is
used only once for each simulation. Due to this, usually one does not have
to develop sophisticated algorithms creating initial conditions. An important
aspect is, e.g., the uniform spatial distribution of particles at the beginning of
the simulation.

In the beginning, we also have to define the particle parameters, such as
size, shape, density, stiffness, coefficient of friction, etc.

Boundary conditions

The behavior of granular systems is substantially affected by the interaction
between particles and the system boundaries. Thus, one has to define the
properties of the container and the properties of the boundary surfaces. Besides
the geometry of the container, the details of the interaction between the surface
and particles have to be defined as well. An important aspect is the realistic
modeling of wall roughness.

An efficient method is to build up the walls from particles obeying the same
rules of interaction as bulk particles. Choosing appropriate parameters for wall
particles the roughness of walls can easily be tuned. In this case, there is no
need to introduce extra forces between walls and particles, the particle-particle
force law can be applied to the walls too.

Of course, one can bound the simulation domain with smooth walls as well.
Particles will interact with a wall when they are close enough to touch it. The
equation for the particle-wall interaction force is the same as for the particle-
particle case. In most cases flat walls are taken into account as particles with
infinite radius and mass. The geometry of walls is usually not complicated. In
my work presented here, I mostly used planar and cylindrical walls. However,
sometimes one would like to understand the behavior of granular particles in
complex-shaped containers. In cases like this, one can define the wall structure
using STL files. STL is called the “Standard Triangle Language” or the “Stan-
dard Tesselation Language” in which the surface of an object is triangulated
with the desired resolution. If walls are defined as triangulated surfaces, the
interaction of particles and walls can be computed as the interaction of a par-
ticle with a plane defined by the triangle closest to it. In my DEM simulations
I used the STL-method to define the walls of the coupled cell (see Chapter 3)
and to define the base of silos with the orifice (presented in Chapter 4). In all
other cases I used simple planar and cylindrical walls.
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There are cases, when the motion of the container is controlled externally,
such as conveyors or vibrating containers. In those cases, the forces between
the wall particles and the bulk particles affect only the motion of the bulk
particles, they have no effect on the walls. Thus, the corresponding time-
dependent positions, velocities, angular orientations, and angular velocities of
walls or wall particles are determined independently of the integration scheme.

Another important aspect is when instead of walls periodic boundary condi-
tions are applied. This means that the simulation area is extended periodically
in one or more dimensions. If a particle leaves the system at one side of the
system, it is reinserted at the opposite side. Correspondingly, the interaction
between particles located at opposite sides of the simulation area has to be
taken into account. Such boundary conditions are used to mimic infinitely
extended systems. One has to be careful to have a large enough system to
avoid artifacts due to nonphysical correlations between the extended borders
of the simulation area. In my work presented here I frequently used periodic
boundary conditions.

Simulation of elongated particles

Another important aspect is the study and simulation of non-spherical,
shape-anisotropic particles [41]. From the practical point of view understand-
ing the behavior of non-spherical particles is beneficial, since one can rarely
encounter spherical particles in applications. Simulation of non-spherical parti-
cles, such as cylinders [42], spherocylinders [43], ellipsoids [44], or superquadric
particles [45] is possible, but the rigorous calculation of interaction points and
surfaces and the proper evaluation of contact forces of arbitray shaped edges
can be extremely difficult or CPU time consuming due to their shape. One
can solve this problem by creating non-spherical particles by “gluing” spherical
particles together. Since interaction laws are well-defined and can be easily
calculated for spheres, one can effectively use such composite particles in sim-
ulations.

In this work, in Chapter 4, I will study the behavior of elongated particles
made of spherical ones as can be seen in Fig. 1.3 (left). To create elongated
particles we varied the number of spheres “glued” together, as well as their
overlap. One has to define the interactions between spheres in such a particle.
In our simulations we used the implementation according to Ref. [33], where a
viscoelastic coupling model between caked spheres is described, incorporating
different loading mechanisms such as tension, shear, bending, and torsion.
Cemented contacts are modeled by a flat, elastic cylinder between neighboring
particles as can be seen in Fig. 1.3 (right). This describes the elastic and
failure properties while the rest of the particles are treated as solid bodies.
The resulting particles will thus be elastic and can bend, which is different
from the usual particle compound which gives in perfectly stiff particles.
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Figure 1.3 Simulation of elongated particles made of spheres. Ref. [33] de-
scribes a viscoelastic coupling model between spherical particles by introducing
a flat, elastic cylinder (light blue) between them describing the elastic and failure
properties of the composite particle.

1.3 Dissertation objectives, outline, and contri-
bution statement

The aim of my thesis is to give an insight into the field of granular materials
by presenting novel results in different subfields. After the brief introduction
of granular materials and the applied numerical techniques, I will study three
main topics.

First, in Chapter 2, a geometrically frustrated system will be studied, the
ordering and alignment of spherical particles in a narrow, 2+ε-dimensional con-
tainer subjected to shaking. I will present DEM simulations and experiments
according to our publication [P1]. My contribution to the results presented
here is the detailed DEM simulation of the system, participation in exper-
iments and Monte Carlo (MC) studies, as well as data processing and the
preparation of the manuscript.

In Chapter 3, I will continue to study the same system, but from another
perspective: I will discuss the application of the Edwards theory to this system
by giving the partition function and support the theoretical description by
DEM simulations and experiments. I will also study in detail the case of
coupled subsystems. This chapter is written according to our publication [P2].
In this case, my contribution was the DEM study of the system. In addition,
I also participated in experiments and contributed to the derivation of the
partition function. Besides data processing, I participated in the preparation
of the manuscript.

The third topic, the clogging, and flow of granular materials in a silo is
studied in Chapter 4. In the first part of the chapter, I will study the clog-
ging behavior of spherical and elongated particles and analyze the clogged
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structure above the orifice according to our paper [P3]. In the second part
of the chapter, I will study the outflow process when particle parameters, like
stiffness and friction, are changed according to the results presented in [P4].
My contribution to the results presented here was the DEM analysis of the
system, as well as data processing and the development of methods describing
the clogged structure. All the experiments and the coarse-grained analysis pre-
sented here were done by my colleagues. My contribution was the preparation
of the manuscripts as well.

Due to the length limitations of the dissertation, two topics, which were also
part of my scientific work, will not be presented here. The numerical study
of granular materials subjected to simple shear is presented in [O1], and the
segregation of granular mixtures in a rotating spherical tumbler can be found
in [O2].
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Chapter 2

Packing and alignment in a
2+ε-dimensional system

In this chapter, the frustrated packing of spheres in a 2+ε-dimensional
container is presented according to our paper [P1]. First of all, I will discuss
the packing of disks and spheres in two and three dimensions. I will give a brief
introduction to the history of packing problems and the story of the precise
mathematical proof of the optimal configurations. Later, I will discuss our
2+ε-dimensional system and present our findings. The same system will be
discussed in Chapter 3 when we study the application of Edwards theory to
this system according to our recent paper [P2].

2.1 What do we know about the packing of gran-
ular ensembles so far?

If one thinks about the packing of particles of regular shape, it seems to
be a relatively easy task to solve, let it be the optimal packing of particles
filling a container or other important aspects of packing, which are strongly
motivated by our everyday life. Thus the geometry and efficiency of pack-
ing of granular ensembles are fundamental problems in their description. It
turns out, that even for regular grain shapes, our understanding of packing
structures is by far not complete, irrespective of considerable advances in re-
cent years, see e.g., [46–51]). Several subproblems can be distinguished, among
them is the question of the maximum density and other characteristics of a ran-
domly packed arrangement, the so-called random close packing, or the quest
for the maximum achievable packing density in regular structures. Before de-
scribing our system in details, I would like to give a brief introduction to the
latter question, the maximum achievable packing density of regular and uni-
form structures in two and three dimensions, when circles or spheres are in a
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lattice arrangement: their centers are forming a symmetric pattern, a regular
arrangement, which is periodic.

2.1.1 Circle packing in two dimensions

If we think about the optimal packing of equal-sized circles in two dimen-
sions, the maximum achievable packing density can be obtained by placing
the particles into a triangular or hexagonal lattice (see Fig. 2.1 left) when each
circle is surrounded by six other circles. It has a relatively large packing frac-
tion, π/2

√
3 ≈ 0.9069. In 1831, Gauss proved [52] that this is the maximal

achievable density. In 1890, Axel Thue proved [53] that the regular hexagonal
lattice is the densest circle packing in the plane, which indeed has this density.
His proof was found to be incomplete. László Fejes Tóth was the first who was
able to give a complete and rigorous proof [54] for the general circle packing
problem, involving all arrangements, in 1940.

This two-dimensional packing is optimal both locally and globally, which
means, that the locally optimal triangular packing of three particles is plane-
filling. The whole plane can be tiled using triangular structures and the result
will be the globally optimal hexagonal lattice, which can be realized by dy-
namical processes, such as shaking.

hcp
fcc tetrahedral

triangular

Figure 2.1 Densest regular arrangements: In two dimensions for identical disks
the triangular grid is the densest configuration, which is optimal both locally
and globally. In three dimensions for monodisperse spheres the locally optimal
configuration is the tetrahedral configuration, which is not space filling. The
globally optimal configuration is the hcp or fcc structure, which have the same
packing fraction (≈ 0.74).

2.1.2 Sphere packing in three dimensions

Although finding the optimal packing of uniform spheres seems to be a rel-
atively easy task to solve, it turned out that the precise proof is an elaborate
problem. According to Refs. [55] and [56] while Kepler was the court mathe-
matician of the Holy Roman Emperor Rudolf II in Prague, in 1611 he wrote
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a booklet titled De nive sexangula (On the Six-Cornered Snowflake) [57]. In
this booklet, which was a New Year’s gift to one of his friends, Kepler made
his famous conjunction stating that monodisperse spheres cannot be packed
more densely than the hexagonal close-packed (hcp) or face-centered cubic
(fcc) crystal structures (see Fig. 2.1 right). These structures have the density
π/3
√

2 ≈ 0.7405. Kepler was inspired by discussions with Thomas Harriot,
who was a mathematician and a navigator of voyages to the New World around
1584. He was dedicated to solve the problem of the quick counting of cannon-
balls stacked in pyramids. After solving this, he became interested in finding
the most efficient way to stack cannonballs in a given container. This became
known as the famous Cannonball Problem. In the beginning of the 17th cen-
tury, Harriot discussed this problem with Kepler, which resulted in Kepler’s
Conjunction in 1611. Kepler wrote about the hexagonal shape of snowflakes as
well, which appears in the title of his booklet. As an explanation, he described
the ordered stacking of frozen water “globules” that represent “the smallest
natural unit of a liquid like water” [55].

According to Ref. [58] Kepler said that he would gladly wait a hundred years
for a reader. Although readers came earlier, it turned out that Kepler would
have waited four hundred years until the precise proof of his conjecture. In
1931, C. F. Gauss proved [59] that the hcp packing is the densest lattice sphere
packing arrangement in the three-dimensional space. In 1900, the problem
appeared among the famous problems of David Hilbert [60,61]. In 1953, László
Fejes Tóth [62] reduced the sphere packing problem to a large number of
calculations, which paved the way for a proof by exhaustion. In 1990, Wu-Yi
Hsiang presented his proof [63] to Kepler’s Conjecture, which was found to
have too many errors. The reviewer of his paper was Géza Fejes Tóth, who,
according to [64] stated, that: “If I am asked whether the paper fulfills what it
promises in its title, namely a proof of Kepler’s Conjecture, my answer is: no.
I hope that Hsiang will fill in the details, but I feel that the greater part of the
work has yet to be done”.

Thomas Hales was also a critics of Hsiang’s proof [65] and in 1990, he
started to work on the proof of Kepler’s Conjecture. With his colleagues, they
started to check the individual cases since L. F. Tóth proved, that a proof of
exhaustion would be feasible. In 1998, Hales informed his colleagues that the
proof is completed. The precise proof [66] was then published in 2005. The
proof makes use of computers and according to the words of Hales “the proof
relies extensively on methods from the theory of global optimization, linear
programming, and interval arithmetic” [58].

Note, that the sphere packing problem can be generalized to higher dimen-
sions, and it was recently solved in 8 [67] and 24 [68] dimensions.

So it is now proven and accepted, that the packing fraction of spheres
arranged into an hcp or fcc structure has the largest packing fraction. As op-
posed to the case of two dimensions, in three dimensions the locally optimal
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configuration of four particles, which is the tetrahedral configuration (see
Fig. 2.1 right), is not space-filling, thus not optimal in the global sense. Note
that it is possible to reach the globally optimal state in three-dimensional gran-
ular systems but usually it is the result of difficult processes. One can obtain
colloid-like behavior by introducing granular temperature, by gently shaking
the system [69]. Another method is to shear the system very slowly for a long
time to help the formation of ordered layers [70].

2.1.3 Transitional regime in colloidal systems

In the following I will study a system which is at the transition between two
and three dimensions. Such systems were already studied with colloidal parti-
cles [71–77]. A lot of experimental and numerical data has been collected, and
phase diagrams of the gradual transition between two and three dimensions
are available. The optimal structures for given system widths are presented
in Fig. 2.2. It has been reported [77] that by gradually increasing the width
of the system, starting from the triangular lattice a buckled structure will ap-
pear, which will be followed by two square lattice layers, then two triangular
layers. Beyond the bilayer regime three-layered structures will appear, involv-
ing intermediate steps in the cascade [77], but the phase diagram is not yet
well-understood in this regime.
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δ=0

δ=0.3

δ=0.6

δ=0.7

δ=0.8

Figure 2.2 Schematic drawing of the optimal structures for different cell-
widths in colloidal systems. Starting with a cell which has the same size in
the third dimension as the particles (δ=0), where the triangular structure is
the densest. By gradually increasing the system size one can obtain regimes of
linear buckling (δ≈0.3), zigzag buckling (δ≈0.6), bilayered square (δ≈0.7), linear
rhombic, zigzag rhombic, and bilayered triangular (δ≈0.8) structures. (δ gives
the fraction by which the system is larger in the third dimension than the particle
diameter.) Source: [76].
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2.2 Studied system: transition between two and
three dimensions

As the optimal packing is known both in two and three dimensions sev-
eral questions are arising: What is the optimal configuration between them?
How can packing be optimized in a system, which is neither two- nor three-
dimensional? Is it behaving like colloidal systems in this regime? Can packing
be optimized by dynamical processes? We would like to answer this by study-
ing a system, which is at the transition from two to three dimensions [71].
We call this a 2+ε-dimensional system. In this chapter we are looking for an
answer to the following question: Is it possible to reach the ground state by
dynamical processes in our 2+ε-dimensional system, like in two dimensions, or
is it like the case of three dimensions, where the globally optimal state cannot
be realized by dynamical processes? To this end we will study a system which
is only slightly larger than the particle diameter in one direction (y). This
direction was chosen to be perpendicular to the gravity (z) in order to avoid
any bias in the narrow dimension.

The system under investigation consists of identical spheres, which are
placed in a narrow rectangular cuboid box with dimensions (L,W,H) in the
(x, y, z) directions with gravity in the z direction (see Fig. 2.3). Note, that H
was much larger than the system height allowing the system to freely shake
and compactify. If the width W= (1+δ) dp is exactly equal to the particle
diameter dp, thus δ=0, the best packing is the regular equilateral triangular
lattice. However, as soon as the container is chosen slightly thicker than the
particle diameter, the packing can be optimized using the third dimension by
distributing individual spheres between positions at the front and rear cell
plates [72,77] as it is presented in Fig. 2.3. We apply agitation, shaking of the
cell in the vertical direction, and study its effect on the system by following
the movement and behavior of particles.

Therefore, it is essential to know the most effective packing, the ground
state of this system, which is not trivial and strongly depends on the width of
the container [72, 77]. If W is only slightly larger than the particle diameter,
namely 0<δ<0.45, the ground state of the system in the x−z plane is still,
an although slightly distorted, triangular lattice, which is indeed realized in
experiments and simulations, usually with only a few lattice defects. The
lattice constant in the triangular lattice between two particles depends on the
placement of the particles: if they are touching the same wall the distance is
the particle diameter, dp. If they are located at opposite walls, the distance
becomes dp

√
1− δ2.

If one replaces the terms “front” and “rear” by up and down and consid-
ers the particle positions as spins, the system looks analogous to an anti-
ferromagnetic Ising model on a triangular lattice [78], which is known to be
frustrated. However, our system is not driven by the Ising dynamics. For
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W=(1+δ)dp

dp

z z

y
yx

Figure 2.3 Schematic drawing of the studied system. Spheres touching the
front of the cell are labeled dark, while spheres touching the rear side are drawn
bright. Left: Locally, a nearly regular triangular lattice is formed except of lattice
defects. The black and pink triangles show examples of the two local triangular
configurations, the regular (black) and the isosceles (pink) triangles, described in
the text. Right: The side view shows schematically only the first layer of visible
spheres. The lattice distortion is exaggerated.

frustrated geometrical configurations we can find an analogy in colloidal layers
as well [73]. For connectivity with this context and with previous work on the
same granular packing problem [79], we will refer to the connection between
neighboring spheres positioned at the same container side as “frustrated bond”,
even though the treatment proposed in this work is based exclusively on the
related geometry of the individual lattice cells.

In the following, we use dimensionless lengths, in units of the particle di-
ameter, i.e., dp=1.

2.2.1 Effect of the third dimension

The effect of the third dimension on the packing efficiency is evident math-
ematically when one considers the projection of the triangles formed by the
centers of mass of three touching spheres onto the cell plane. Thus, in the
present work we consider this area rather than the volume determined by the
centers of mass of particles. The lattice contains two types of such triangles:
(i) an equilateral one when all three spheres are located at one cell plate. This
triangle has a side length of dp and an area of Ā1=

√
3/4 ≈ 0.4330 (black tri-

angle in Fig. 2.3). (ii) an isosceles triangle if one of the spheres is located at
the cell plate opposite to the other two. The latter one has a reduced area
Ā2=
√

3− 4δ2/4<Ā1 (pink triangle in Fig. 2.3). Thus, the optimal packing is
achieved with only isosceles triangles.
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Number of frustrated bonds of central particle
Subcategories 0 1 2 3 4 5 6

1

1 2 3 6 9 12 13

2

4 7 10

3

5 8 11

Figure 2.4 Designation of the 13 local configurations of the packed spheres
(red) tabbed by the number of diameter length bonds of the central site. Dark
and bright fillings indicate their position at opposite cell plates. In this work I
use configuration numbers from 1 to 13 as indicated in the bottom of the cells by
red.

The densest configuration would require having only isosceles triangles in
the system, but the plane cannot be arbitrarily filled by identical isosceles
triangles, they must be placed in a well-defined pattern to be space-filling.
Thus, structures larger than the triangle will be important for the system.
Such configurations were already defined in Ref. [79] as shown in Fig. 2.4. Later
when referring to a configuration in this work I will use the numbering from 1 to
13 introduced in Fig. 2.4. In previous studies of similar systems [73,79–81], the
13 configurations were designated by two-digit numbers, where the first digit
refers to the number of frustrated bonds of the central site (column number in
Fig. 2.4), the second one distinguishes three subconfigurations of each of the
configurations with 2, 3, and 4 frustrated bonds (row number in Fig. 2.4). The
introduction of these subcategories for sites with a given number of frustrated
bonds was then motivated by the employed model, for which the number of
frustrated bonds per site is an essential parameter. Here, we list this notation
to facilitate the comparison with the earlier studies.

Each of the 13 configurations appears twice, one with the central sphere at
the front face (black meaning front) and one with the central sphere at the rear
face (black meaning rear), and of course the configurations appear in different
orientations, configuration 7 additionally in mirrored form (see Table 2.1 in
Sec. 2.5.1).

Using only isosceles triangles in the system to obtain the densest packing
would allow configurations 1, 2, 4, 5, and 8 only. In the remaining configu-
rations one would have equilateral triangles as well. However, the sum of the
angles around the central particle should be exactly 360◦ in the densest pack-
ing which excludes configurations 1, 2, and 8 (see Sec. 2.5.1). So the densest
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packing can be obtained by having only configurations 4 and 5 in the system.
In the case of configuration 4 it means a zigzag, in the case of configuration 5
it means a striped structure of particles touching alternatively the front and
rear side of the cell. As opposed to colloidal systems we expect that with the
system size (δ=0.3) studied here not only the striped, but the zigzag structure
will be present as well. This will be discussed in detail later.

2.2.2 Ground state of the 2+ε-dimensional system

It has been shown earlier, that identical spheres packed in a cell with a
thickness W≈1.3dp develop geometrically frustrated structures [79]. After ini-
tial preparation of the cell, the spheres adopt a distorted triangular lattice
where even after very long mechanical agitation periods (shaking), an optimal
regular crystalline packing is not achieved. The analog of a three-dimensional
crystallization into hcp or fcc would be the organization of the particles into
alternating bands or zigzag structures touching the rear or front faces of the
cell in our narrow container (see Fig. 2.5).

Figure 2.5 The analog of the three-dimensional crystallization in our 2+ε-
dimensional system: zigzag paths (configuration 4) and stripes (configuration 5)
of particles touching alternatively the front and back walls of the cell.

With increasing distance between the parallel cell plates, the distortion
of the triangular mesh increases, and finally a gradual transition to complex
three-dimensional packing structures takes place by successive morphological
transformations [71, 82–84].

In case the cell thickness is further increased, the crystallization becomes
ever rarer [85]. Boundaries and restricting container sizes further complicate
the analysis of packing problems, even in simple container geometries like
cylinders or cuboids, as presented in Refs. [71,79,86–91].

So far there is no general proof that the system reaches the optimum packing
in this geometry so far, but a substantial amount of experimental data have
been collected in colloidal systems [71–73,80–84,92,93] as well.

In the first part of this chapter, I will focus on modeling the evolution of
the system after validation by experimental and simulation results with the
aim to discover the driving mechanism and to give a possible answer for the
apparent stalling of the dynamics. In the second part of the chapter, I will
discuss the applicability of the Edwards theory to this system. Both chapters
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rely strongly on experiments and simulations, so before the detailed discussion,
the description of experiments and simulations is presented.

2.3 Methods

2.3.1 Experimental setup

The experimental setup consists of a vertical sandwich cell. The cell walls
were made from glass plates and 3D printed borders. The size of the cell was
(140 mm, W , 140 mm), the width W was varied between 1.2dp and 1.3dp. In
the first part of the chapter only results obtained with cell width W=1.3dp
(Ā1 ≈ 0.4330 and Ā2 ≈ 0.4062) are discussed. Later, when changed, the
details of new experiments will be discussed.

Figure 2.6 Front (left) and side view (right) of the experimental setup. The cell
has a uniform background illumination. It can be exposed to vertical vibrations
with frequencies up to 100 Hz and amplitudes of a few mm. The acceleration
sensor records the excitation dynamics.

Approximately 6000 precision glass spheres with diameter dp=2.0±0.02 mm
were placed randomly in the cell by gravitational filling from the top. The cell
is placed upright so that the densest packing of the spheres is energetically
favored. A sinusoidal signal generated by a voice coil was applied as agitation,
vertical vibration of the cell. The amplitude and the frequency of the signal
were varied leading to vertical accelerations between 1 g and 5 g, measured by
an acceleration sensor. After each shaking period, a photo from the current
state was taken. Uniform background illumination allowed the clear distinction
of particles located at the front and rear side of the cell by their brightness. The
positions of particles and resulting configurations were determined by image
analysis. A picture of the experimental setup is shown in Fig. 2.6. The left-
hand side shows the setup in the viewing direction of the camera, normal to
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the cell plane. The right-hand side shows the camera, the cell, and the voice
coil activating vertical vibrations.

After gravitational filling from the top, one finds a nearly ordered arrange-
ment, consisting of domains with a deformed triangular basic grid as can be
seen in Fig. 2.8 (a). In this initial state there are multiple domains of spheres in
contact with each other, separated by grid defects where spheres have less than
6 neighbors. By agitation, these defects can be largely annealed, and a denser
packing is reached with stationary statistical properties (see Fig. 2.8 (b)).

From the evaluated particle positions we group the surroundings of each
sphere with 6 neighbors into the 13 different configurations which are shown
in Fig. 2.4. Two particles are considered as neighbors if the distance between
them is smaller than the particle diameter plus a tolerance of 5%.

2.3.2 Simulation setup

We used the LAMMPS [31] and LIGGGHTS [32] discrete element method
(DEM) simulations to study the system. Since only the relative sizes of sphere
diameter and cell gap play a role, we use a dimensionless length scale in the
simulations: All lengths are given in units of the sphere diameter dp. Each
simulation involved approximately 6000 monodisperse particles. The exact
number depends on the preparation method described in the next paragraph.
The dimensions of the cell was (69dp,W,∼75dp) with the cell thickness W
varied in the range 1.15dp . . . 1.4dp. Periodic boundary conditions were applied
in the x direction. Some simulations were repeated with vertical walls similar
to the experiment, but no quantitative difference was observed.

In order to prepare the sample, three alternative methods were employed:
(i) the particles were placed randomly in a cell with a height of about 2-3
times the height of the resulting granular bed, (ii) a regular triangular lattice
was created (the lattice constant was dp=1) with random positions in the
y direction, or (iii) a regular triangular lattice was created with ordered y
positions: a striped pattern of particles touching either the front or rear side
of the cell. The simulation started with the introduction of gravity. The initial
configuration was obtained when all particles got to rest. These preparation
methods differ in the sense that the first method results in a system with more
lattice defects as can be seen in Fig. 2.7.

Due to the softness of particles in the DEM method, high-frequency ag-
itation is absorbed by the first few particle layers. Relaxation by high am-
plitude shaking takes simply too long, therefore we chose another method to
simulate the agitation: Particles were lifted up with a given displacement of
G=2dp . . . 10dp and were then released to fall down and relax. This method
provided the most efficient way to mimic the evolution of the experimental
system. The gravitation was varied between 1 g and 10 g. This resulted in
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a                                         b

Figure 2.7 Initial configurations obtained in DEM simulations. a: Random
preparation method (method (i) in text); b: ordered preparation method (method
(ii) in text). These snapshots are representing the states when all particles got to
rest. Blue particles are part of boundaries and lattice defects and have less than 6
neighbors, while green and red particles have 6 neighbors and they are forming a
triangular lattice. Red represents particles at the front, green represents particles
at the back side of the cell.

different agitation energies in the range 3mgdp . . . 100mgdp (m is the particle
mass).

The grains are interacting when in contact via the Hertz model. The me-
chanical and frictional properties of particles were also varied: the coefficient of
restitution between 0.25 . . . 0.75, the coefficient of friction between 0.0 . . . 0.2,
and the Young modulus between 5×106 Pa . . . 5×108 Pa. Changing these pa-
rameters had no considerable effect on the results studied here. Walls had the
same mechanical and frictional properties as the grains.
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a           S=0                   b         S=100

c           S=0                   d         S=100

Figure 2.8 Example images of experiments (a-b) and snapshots of simulations
(c-d) with δ=0.3. (a) and (c) show the initial state after filling the cell (S=0),
(b) and (d) show the states after S=100 shaking periods. Darker particles are
touching the front side of the cell while lighter particles are located at the rear
side.
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2.4 Results related to the time evolution

2.4.1 Perfectly ordered domains and lattice defects

In order to demonstrate the evolution of the system, we take Fig. 2.9 as
an example, where the experimentally observed initial (a) and later, partially
ordered configurations (b) are shown. Generally, agitation leads to a more
ordered system, with most of the lattice defects disappeared. Moreover, the
system develops alternating stripes of particles touching the front and the back
plane respectively (see Fig. 2.5). In colloid systems, the ground state was found
to be similar but with perfectly straight alternating stripes [72]. We will show
that such a perfect order is not needed for the ground state. Such alternating
stripes were found already in granular systems, namely in two-dimensional
chute flows where the alternating stripes are composed of particles rotating in
different directions [94].

Analyzing the inner (blue) and outer (red) regions of Fig. 2.9 (b) separately,
we find that the outer part became a nearly perfect layered crystal, while the
central region changed less during agitation. This might be due to the initially
lower number of lattice defects in the central region. Altogether the decreasing
number of defects results in a denser system, where the majority of the particles
are in configurations with six neighbors.

a              S=0                    b             S=100 

Figure 2.9 Snapshots of an experiment. a: Typical initial configuration after
gravitational filling from the top. b: Typical configuration after S=100 shaking
periods at a maximum vertical acceleration of 3.0 g. The outer red region became
a nearly perfect crystal, while the central blue region changed less due to shaking.
Particles touching the front face appear darker than those touching the rear face.
(Contrast of the grayscale images has been adjusted to facilitate the distinction
between front and back particles.)

28 2 Packing and alignment in a 2+ε-dimensional system



2.4 Results

S=230                          S=260                             S=290

S=320                          S=350

Figure 2.10 An example of domain boundaries propagating through the sys-
tem in DEM simulations. Blue particles have less than 6 neighbors, the others
form a triangular lattice. Red particles are touching the front, green ones the
rear wall. Values below the snapshots show the number of shaking periods done
until the presented state.

Our simulations reveal, that defects often move out of the system by forming
waves (see Fig. 2.10). At the same time, the volume gained by the optimized
configuration will be filled by particles from above. This lattice defect propa-
gation can create much stronger agitation locally than the external input. The
resulting lattice formed by the particles can contain small defects, thus the
ordering is not perfect, as can be seen in the last snapshot of Fig. 2.10.

2.4.2 Statistical weight of the 13 configurations

The other important observation is that agitation leads to a strong change in
the statistical weight of the local 6-neighbor configurations defined in Fig. 2.4.
The evolution of the probability distribution of the 13 configurations is shown
in Fig. 2.11 for 200 shaking periods for experiments and simulations. The oc-
currence of configurations 4 and 5 increases by about 15% in both cases, though
not always monotonically. In contrast, the portion of all other configurations
decreases. The most favored configurations are 4 and 5 with a tendency for
the latter to win at long term. This corresponds to the fact that the biggest
drift takes place from configuration 7 to 5. In terms of packing fraction con-
figuration 1, 12 and 13 are the least preferential, they are practically absent in
both experiments and simulations (see Fig. 2.11).
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a b

Figure 2.11 Temporal evolution of the probability distribution of the 13 dif-
ferent configurations. Each column is assembled from 40 vertical bars corre-
sponding to the probability distribution in subsequent intervals of 5 periods of
shaking (from left (blue) to right (red)). a: An average over three experiments
of 40 sinusoidal shaking intervals at a maximum vertical acceleration of 3.0 g.
b: Corresponding DEM simulation (with random initial preparation method (i)
and µ = 0.05).

Fig. 2.9 (b) shows that the outer part contains almost exclusively config-
urations 4 and 5 while in the central region other non-optimal ones are also
seen. It is also apparent especially in the lower part that most of the stripes
are horizontal. We measured and indeed found that 60% of configuration 5 is
horizontal.

2.4.3 Analysis of the force network

The system is characterized by a triangular lattice structure (with some
lattice defects) where one principle direction is horizontal. The force network
of the system has naturally the major forces in one of the diagonal directions
where the magnitude of the forces is normalized by the hydrodynamic pres-
sure. Our simulations show that in the starting configurations on average the
horizontal component of the diagonal forces is the same as the average hori-
zontal force, see Fig. 2.12 and Fig. 2.13 (a). This means that there is no bias
in the directions.

After more than 450 shaking periods, see Fig. 2.13 (b), the number of
forces remains the same, but the horizontal forces get almost half as small
as in the initial configurations. This has two important implications: First,
the direction of gravitation is very important for the late stage, second, the
resulting configurations have much less frustration than the initial ones. One
can also observe the different perfectly ordered domains and the boundaries in
between.
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Figure 2.12 Contact forces between particles in the initial state of a DEM
simulation. Forces are normalized by the hydrodynamic pressure. On average
the horizontal component of the diagonal forces is same as the average horizontal
force, thus there is no bias in the directions.

a b

Figure 2.13 Contact forces of unfrustrated bonds in a DEM simulation in
the initial state (a) and after S=464 shaking periods (b). One can see that
configurations have much less frustration in the late stage. Domains and domain
boundaries are also visible from the unfrustrated contact force network of (b).
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Figure 2.14 Comparison of the mean area each configuration occupies (green,
in square of particle diameter units) and its probability of occurrence. The ma-
genta set corresponds to the state after gravitational filling, the blue one cor-
responds to the final state after S=500 shaking periods. This calculation was
obtained from the same experimental data as Fig. 2.11 (a).

To gain a deeper insight into the mechanism determining the configuration
statistics, we calculated for each configuration the mean local area, and the
probability of its occurrence in the experiments (Fig. 2.14). As mean local
area, we consider the area of the polygon formed by the centers of mass of the
six neighboring configurations after a projection to the x−z plane. Comparing
these quantities one can find a clear anticorrelation. The closest local packing
has the highest probability of occurrence.

2.5 Description of the system

The above described observations suggest that the specific 7 particle con-
figurations (Fig. 2.4) play an important role in the dynamics of the system.
The minimal distance between two neighboring particles is different if they
are in or out of plane. For such a system the position of the particles in the
configurations is not well defined. Due to the compaction effect of shaking,
the minimal area each configuration takes up is of interest.

2.5.1 Analytical calculation of the minimal area of con-
figurations

In the following, we calculate analytically the minimal area of the hexagons
given by the centers of the six neighbors for all 13 configurations presented
in Fig. 2.4. These configurations contain 6 triangles. There are two types of
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them (see Sec. 2.2 and Fig. 2.3): (i) equilateral with side length of unity and
(ii) isosceles with a longer (ll=1) and two shorter sides (ls=

√
1− δ2=

√
0.91 see

Table 2.1). As we will see, some of the configurations can be perfectly covered
with such triangles, but most of them can not. This estimation may serve as
a theoretical minimum.

Configuration 1 2 3 4 5 6 7 8 9 10 11 12 13
Equilateral ∆ 0 0 1 0 0 2 1 0 3 2 2 4 6

Number of permutations 1 6 6 6 3 6 12 2 6 6 3 6 1

Table 2.1 Number of equilateral triangles in configurations (black triangles in
Fig. 2.3), and the number of possible different realizations. Note that the only
non-mirror symmetric object is configuration 7, which has the largest number of
12 different realizations.

For the equilateral triangles, all three angles are 60◦. For the isosceles, two
angles are equal to arccos(0.5/

√
0.91)≈58.39◦, while the third one is equal to

2 arcsin(0.5/
√

0.91)≈63.22◦1. If we sum up all the angles around the central
particle, three possibilities can occur: (i) If the sum is exactly 360◦, then
there is no need to distort any of the triangles, and the minimal area is found.
The corresponding configurations are 4, 5, 9, and 13. (ii) If the sum is less
than 360◦, then the minimal area is found where all the 6 particles are closely
packed around the central one, and only one triangle is distorted. The area is
minimized if the selected triangle is the one, with the shortest edges connected
to the central particle. These configurations are 7, 8, 10, 11, and 12. (iii) If
the sum of the angles is more than 360◦, then the optimum is always found
where 5 particles are closely packed around the central one, and the sixth one
is pushed out, therefore it does not touch the central one anymore. The two
neighbors of the 6th grain should be on the opposite side compared to the
central particle, and the sixth grain should be on the same side as the central
one, if possible. Configurations 1, 2, 3, and 6 are falling into this case.

We verified the above reasoning by using a simple kinetic Monte Carlo
method using simulated annealing to calculate the minimal projected area a
configuration takes up.

2.5.2 Kinetic Monte Carlo simulation - Minimal area of
configurations

The Monte Carlo method started from an equilateral configuration with a
distance of 1 between the particles. The elementary step was the small random
displacement of a particle in a random direction. The move was accepted only
if there was no overlap between the particles, with the standard Metropolis
algorithm: Accepting a move with probability 1 if the area decreases, and with

1Here I would like to remind the reader, that in this chapter cells with δ=0.3 are studied.
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probability exp(−∆V/T ) if the area increases. T was an artificial temperature
that decreased slowly during the simulation [95]. The simulation confirms the
analytic calculation as shown in Fig. 2.15.

Four configurations, 4, 5, 9, and 13, do not have frustration in the sense
that all particles can be placed next to each other. Moreover, they are space-
filling: The complete lattice can be covered by any of these configurations.
Obviously, the minimal-area configuration is composed of configurations 4 and
5 only. This confirms why we see the increase in the occurrence of these two
configurations in experiments and simulations.

2.4

2.45

2.5

2.55

2.6

1 2 3 4 5 6 7 8 9 10 11 12 13

A
re

a

Configuration

2.5

2.55

2.6

2.65

2.7

Figure 2.15 Area of the different configurations (in units of the square of
the sphere diameter). Red: minimal areas from simulated annealing with ki-
netic Monte Carlo simulation. The black dashed horizontal lines indicate areas
corresponding to i large equilateral and 6− i small isosceles triangles in the con-
figuration with i = 0 lowest and i = 6 highest. Green: minimal areas calculated
analytically. Black diamonds: The corresponding “ideal” areas. Magenta, blue:
mean values calculated from experimental data. The magenta circles correspond
to the state directly after gravitational filling and the blue asterisks to the or-
dered state after a total number of 5000 shakes. Configurations 1 and 13 did not
appear in experiments.
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2.5.3 Local packing fraction model

Once we have access to the minimal area a configuration takes up, a Monte
Carlo (MC) simulation of the whole system can be carried out. Our conjec-
ture is the following: As the spheres fall down the energy is dissipated through
inelastic interparticle collisions. As the system cools down the particles are
driven by gravity to lower their center of mass, namely to minimize the pack-
ing area. First, this means a triangular lattice, and then it may be further
optimized by particles choosing sides that optimize the area of local configu-
rations.

In our model, we will focus only on the second part of the optimization and
assume a perfect triangular lattice. We thus perform a Monte Carlo simulation
where the elementary step is the swap of a randomly chosen particle from one
side of the cell to the other. The energy of the system is defined as the total
area occupied by the configurations. Since every single particle is part of seven
local configurations, the elementary step affects seven local configurations.
The dynamics defined here will be referred to as local packing fraction model.
This model has two parameters: the temperature T and the number of MC
timesteps t. Note that one MC timestep is equivalent to M elementary steps,
where M is the number of particles in the system.

We note that the approximate local description used here is fundamentally
different from the antiferromagnetic model introduced in [79] for the same
system, where only the effect of local frustration was considered.

Starting from a triangular lattice where the y position of the particles
(touching front or rear plane) is completely random, we performed several
simulations with different temperatures and MC timesteps. For each para-
meter pairs we did an ensemble average. These results are then fitted to the
reference experimental and numerical configurations using least square fit of
the occurrence probability of different configurations. The best fit was searched
using parameter scan combined with gradient method.

Distributions of the configurations in the initial state of the simulations
are shown in Fig. 2.16 with the fitted distribution from the local packing
fraction model. The time t for the best fit in both cases is t=1 MC step,
which indicates that during preparation once the particles found their place
in the lattice, they had enough kinetic energy to change side only once, which
we believe is reasonable. Significantly smaller kinetic energy would not allow
changing side, while in case of much larger kinetic energy, the particles would
not sense the local configuration.

The temperature T for the case of the larger friction coefficient (Fig. 2.16 (b))
is around 1.5 times larger than for the system with half as large µ (Fig. 2.16 (a)).
Thus, the case with larger friction is closer to the random case (large tempera-
ture means particles change side almost irrespective of the configuration area)
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Figure 2.16 Fit by the local packing fraction MC model to the configura-
tion statistics in the initial state obtained by DEM simulations with different
coefficients of friction. Blue: DEM simulations with different friction coefficients
(µ=0.05 in (a) and µ=0.1 in (b)). Red: results of the fitted MC model with
temperature T=0.12 in (a) and T=0.19 in (b).

as it is expected, since it is more difficult for a more frictional particle to change
side. Thus, the starting configuration will be closer to the random one.

This model can describe the initial configurations reasonably well, but fails
to deliver comparable results for the late stage of the system, especially for the
experiments. This is due to the fact that configuration 5 gets an important
dominance even with respect to configuration 4, which cannot be achieved by
any model based solely on configuration areas. We attempt to solve this prob-
lem by introducing the so-called combined model described in the following.

2.5.4 Combined model

If we look at the late stage of the experiments, it is obvious that the majority
(it was measured to be about 60%) of configuration 5 appears horizontally.
Gravity thus plays an important role in selecting these configurations. This has
the consequence that vertical frustrations are more important than horizontal
ones. During the process of settling down, particles will look for places that
have minimal frustration with the particles below them, but will not consider
much the horizontal neighbors, and top neighbors are still too agitated to have
a strong influence on them.

This idea was put into the local packing fraction model by introducing an
artificial energy term Eb arising from three-particle vertical frustration. The
Eb energy term is added to the area if the particle has the same position as
the two particles supporting it. This so-called combined model can describe
all cases with three parameters (T , t, Eb) with reasonable accuracy.

We fitted different snapshots of the experimental and numerical data at
different times. The result is plotted in Fig. 2.17. The model captures well
the evolution of the statistics of the configurations, though sometimes certain
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Figure 2.17 Fit of the distribution of the configurations after shaking by
the combined model (red). a: ensemble averaged experiment (blue); b: DEM
simulation (blue) using the random initial preparation method. Lines from left
to right show the configuration statistics obtained as the result of 10 shaking
periods.

configurations are overestimated (e.g., configuration 2 in Fig. 2.17 (a)), or
underestimated (e.g., configuration 8 in Fig. 2.17 (b)).

Fig. 2.18 shows the fitted model time parameters of the combined model
versus the number of shakes for the experiment and two simulations. We see
that the curves increase faster in the early stage but slow down later, especially
in the case of numerical simulations started from a triangular lattice, where
the system seems to be completely frozen after 33 shaking periods. If instead
of fitting ensemble-averaged results, in fits to individual tests the fitted MC
time increases in steps, which can be attributed to large movements of lattice
defects that diffuse slowly out of the system.
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Figure 2.18 Fitted Monte Carlo time parameters vs the number of shaking
periods of the combined model for experiments (red) and simulations with random
(green) and ordered (blue) initial configuration.
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2.5.5 Incompatible domain structure described by Monte
Carlo simulations

As we have seen in Fig. 2.18, it seems that after early-stage optimization,
after most of the lattice defects diffuse out of the system the optimization
process slows down. We have seen that even after very long agitation periods
the system does not reach its ground state. One can see that the dynamics
formed domains of perfectly ordered subsystems, but these subsystems are
either incompatible with each other (different stripe structures) or divided by
seemingly stable boundary structures.

It seems that this metastable domain structure prevents the system from
reaching the ground state. In order to verify this, we use a Monte Carlo model
similar to the models discussed in the previous sections. In this dynamics, we
consider a system of two state spins (spheres of front or rear position) in a tri-
angular lattice, where the energy is defined by the sum of the minimal Voronoi
area of the resulting configurations2. The elementary step of the dynamics,
similarly to the previous models, is a particle switch from one side of the cell
to the other. As opposed to the MC simulations presented before, here we ran
the simulation, instead of in a temperature-controlled way, by allowing volume
changes up to a maximal limiting value. In Fig. 2.19, we show the order pa-
rameter of the system as function of the maximum allowed volume change dA,
normalized by the difference A1−A2>0 (which is just the difference between
the thirds of the area of the equilateral (Ā1) and isosceles (Ā2) triangles for
a given δ discussed earlier). dA<0 means we allow changes only if the total
area is reduced by an amount greater than |dA|, while dA>0 means we allow
slightly unfavorable changes as well: Only those changes are suppressed, which
are increasing the total area by an amount greater than dA. One can observe a
monotonically increasing stepped curve shown in Fig. 2.19. The ground state
is not reached at dA=0. In order to compactify our frustrated system further,
one needs to allow unfavorable moves (∆A>0). This is responsible for the slow
dynamics of the system.

2The Voronoi area considered in this model is around the third of the areas of the hexag-
onal structures discussed before.
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Figure 2.19 The order parameter (the statistical weight of configurations 4
and 5) as function of the maximal allowed area change (normalized by A1−A2)
in the Monte Carlo model for δ=0.2 (red) and δ=0.3 (blue). Each data point is
an ensemble average of 10 simulations using a given dA. For the blue dataset the
standard deviation of different simulations is shown as well, while the red dataset
is shown only as a validation for different system width thus the lesser number of
data points.

2.6 Discussion

Our results suggest that the shaking of the system is too weak for optimizing
the configurations and it remains trapped in a metastable state. The lattice
defects on the other hand introduce much larger local perturbation and make
the system evolve. This also explains the fact that the outer part of the
experimental system in Fig. 2.9 is more ordered than the central part. Here,
the wall serves as a source of defects due to the small space left next to it,
which makes the system evolve faster in these areas. A nice example of this
effect is shown in Fig. 2.20, evaluating Fig. 2.9 (b). One can see, that the
central region hardly evolved, i.e., blue data values are almost the same as in
the initial state (greens). In the outer region, however, where initially more
defects were present due to the walls, the system could evolve, and finally
almost only configurations 4 and 5 remained (red). Fig. 2.20 also contains the
configuration statistics from the combined model fitted to the experiments.
The central part was fitted with parameters T=0.04, t=1, Eb=0.0001 (light
blue), while the outer region with T=0.04, t=18, Eb=0.1 (light red). We
note, as the above fit parameters indicate that vertical frustration is not very
important in the preparation phase but gets comparable to the area differences
later when the system is shaken and the particles are close to or above defects.

The temperature of the fit in the combined model with T=0.03-0.06 is
already very small, but even this small temperature is achieved only by the help
of defects. If the defects disappear from the system, it gets frozen at least for
the time scale accessible by our simulations. This is shown by the comparison
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by the agitation (parts framed with red and blue in Fig. 2.9 when shaking is
applied after initial filling (green)). Configuration 5 becomes dominant in those
parts which are strongly affected. Fits of the combined model are also presented
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of two simulations in Fig. 2.18, where one was prepared by randomly dropping
the particles in the container (preparation method (i), green), while the other
one started with a perfect triangular lattice (preparation method (ii), blue).
Clearly, the evolution of the system with ordered initial condition is much
slower than that of the random one.

We have a further justification for the importance of the defects and the local
dynamics. To this end, we measured the time evolution of the bulk density
in our samples, see Fig. 2.21. We have found that there is a fast compaction
at the very beginning when the equilateral triangles are converted to isosceles
ones. The packing fraction changes only marginally after this initial state,
strengthening our previous argument about the local dynamics of the defects.

We have also tested our system with higher agitation in simulations in an
attempt to increase the driving temperature. Unfortunately, this destroyed
the triangular structure of the system. This suggests that a different energy
input method is needed if we want to study the frustrated dynamics of the
local configurations.

We have found that our system was almost solely driven by defects and
otherwise the particles remained mainly jammed. Therefore, it would be of
importance to move towards a limit where more energy can be pumped into
the system without destroying the triangular structure. We propose two ideas:
(i) close the system from above. This solution has the advantage that it can
be realized both in experiments and simulations and the energy input can be
increased without the breakup of the triangular order. Moreover, it would
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Figure 2.21 Global packing fraction of the particles in DEM simulations: En-
semble averaged simulation results with the lattice preparation method (method
(ii), red) and the random method (method (i), blue).

allow us to define a global volume fraction and compare the results to other
dynamical compaction models [96]. The other idea (ii) is to introduce local
agitation in the simulation. This would be a colloid limit of our system. This
may also allow us to properly characterize the jamming transition in this sys-
tem, and test whether a Gardner transition [97–99] in this small dimensional
system is present or not.

2.7 Outlook: Increasing cell thickness

So far we have studied the 2+ε-dimensional system and we have seen that
if the container is only slightly wider than the diameter of the particles, the
ground state is the triangular lattice with particles moving off-plane to optimize
packing. In this chapter we studied systems with δ=0.3 so far. We have seen
that the ground state in this case is the zigzag or lined structure with stripes
of particles alternatively touching the front and back walls of the cell. We have
also seen that this optimal structure cannot be realized completely by shaking
due to the incompatible domain boundaries separating the (almost) perfectly
ordered parts of the system.

As the study with gradually increased cell widths has not yet been done
with granular particles, we did experiments and simulations to explore the case
of wider cells. Results obtained in colloidal systems were already presented in
Sec. 2.1.3. Our results are presented in Figs. 2.22 and 2.23 for δ=0.5, 0.6, 0.7,
and 0.8, revealing buckled, bilayered square, and bilayered triangular struc-
tures (where δ=0.6 is between the buckled and the bilayered square lattice).
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δ=0.5

δ=0.6

Figure 2.22 Comparison of experiments (left) and DEM simulations (right)
with increasing cell thickness for δ=0.5 and 0.6 (first and second row). A tran-
sition from the buckled structure towards the bilayered square structure can be
seen. In the case of experiments darker particles, while in the case of simulations
green particles are touching the front side of the cell. Bottom: bilayered square
lattice obtained in experiments with δ=0.6 and the result of the image analy-
sis. Clusters with perfect lattice structure but different lattice directions can be
detected.
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One can see almost perfect bilayered structures in case of δ=0.7 and 0.8
both in experiments and simulations with only a few lattice defects or do-
main boundaries. As an example, the detection of domains with different
lattice directions of a bilayered square structure in experiments is also shown
in Fig. 2.22. In case of experiments one can find more ordered systems com-
pared to simulations with a given cell. Most probably, the thickness of the
cells was slightly larger in experiments. Compared to colloidal systems one
can see the same cascade of structures, however, the order is not perfect. In
experiments and simulations we have perfectly ordered domains with differ-
ent lattice directions. The incompatibility between these domains can not be
resolved as it would require unfavourable moves in large parts of the system.

δ=0.7

δ=0.8
Figure 2.23 Comparison of experiments (left) and DEM simulations (right)
with increasing cell thickness for δ=0.7 and 0.8. A transition from the bilayered
square structure to the bilayered triangular structure can be seen. In the case of
experiments darker particles, while in the case of simulations green particles are
touching the front side of the cell. Note that in simulations we used the same
amount of particles while in experiments more and more particles were filled to
thicker cells.

2 Packing and alignment in a 2+ε-dimensional system 43



2.8 Conclusion

2.8 Conclusion

In the first part of this chapter, we have studied a granular system consisting
of uniform spheres in 2+ε dimensions, where the particles are enclosed in a
container barely wider than the particles. The ground state of such a system
is a triangular lattice with parallel stripes of particles touching alternately the
front and the rear plane.

We have shown that agitation changes the structure of the sample and
drives it closer to the optimal configuration. Local structural changes require
high activation energy, thus the system can remain trapped in a domain-wise
optimized structure, where the incompatibilities between these domains remain
unsolved for long agitation periods.

The system is driven by the area change of local configurations in a two
particle radius space and by the antiferromagnetic vertical alignment. Taking
into account these findings we could fit the numerical and experimental results
using simple Monte Carlo models. We have also shown that defects in the
triangular lattice play an important role in the dynamics of the system, as
they act as an activation source and help the development of an optimized
configuration. We have shown that the frustration of the incompatible domain
structure can only be dissolved through unfavorable events with very small
probability.

The system thus behaves neither as a two-dimensional nor as a three-
dimensional system. The well-defined global optimal configuration is also the
local optimal configuration, but due to orientational frustration, this optimal
state is difficult to reach. Moreover, this slow process cannot be sped up since
the input energy is limited by the level which would destroy the triangular
lattice.
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Chapter 3

Application of Edwards theory to
the 2+ε-dimensional system

In this chapter I will continue to study the 2+ε-dimensional system pre-
sented in the previous chapter, but from a new point of view. I will study the
applicability of Edwards theory to this system according to our recent publica-
tion [P2]. I will start with the brief description of the Edwards theory, then I
will discuss the differences between our experiments and simulations compared
to those described in Chapter 2. Following this, the detailed discussion of our
novel results will be presented.

3.1 Edwards theory

As discussed in Sec. 1.1.2 granular materials are athermal, thus granular
systems cannot explore the configuration space by thermal fluctuations. This
implies that for a statistical description of arrangements of solid macroscopic
particles and for an analysis of the probabilities that certain states are realized
by the ensemble, Boltzmann statistics and the framework of equilibrium sta-
tistical physics are commonly not suitable. However, granular systems in sta-
tionary jammed states show features reminiscent of a system in thermal equi-
librium. In consideration of this, Edwards and his co-authors proposed an en-
semble of equiprobable jammed states to describe granular packings [100–107]
using the volume (V ) of the system as conserved quantity instead of energy
(E). By counting the number of microstates one can define entropy. Instead
of temperature (T ), Edwards introduced the so-called compactivity (X, also
called as configurational temperature) as equilibrating quantity which is pro-
portional to the change in the number of microstates as the volume changes.
The compactivity is at its minimum when the system is as closely packed as
possible and it has its maximum when the system is loosely packed. In the
case of monodisperse spheres in three dimensions X→∞ corresponds to the
random loose packing and X=0 corresponds to the random close packing.
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The seemingly contradictory concept of describing static jammed states
using equilibrium statistical physics had a mixed reception at first, but recent
advances showed the strength of it by deriving analytically the phase space
of the random packing including the packing fraction of random close and
random loose packings [108].

3.1.1 The laws of “granular” thermodynamics

According to the thermodynamical analogy one can construct the thermo-
dynamical laws in case of granular systems as presented in Refs. [106,109].

The zeroth law corresponds to the equilibration of the intensive quantity.
In this case, if two systems A and B are in “thermal” equilibrium, such that
XA=XB, and system A is also in equilibrium with system C, then XA=XC ,
so XB=XC holds as well. The definition of the compactivity

X =
∂V

∂S
(3.1)

is an analog of the temperature

T =
∂E

∂S
. (3.2)

The first law can be expressed in the form

dV = XdS − dA (3.3)

where XdS is the analog of the heat supplied to the system, and dA, which
has the dimension of volume, is an analog of the work done on the system.
However, it is not clear how to distinguish between the two terms on the right-
hand side of the equation. The second law establishes the concept of entropy,
stating that an irreversible process in a granular system is accompanied by
the increase of the granular entropy: dS ≥ 0. The third law was already
mentioned. It states that at the absolute zero temperature any thermal system
is in a unique state with zero entropy or with a residual entropy close to zero.
For granular systems the absolute zero temperature is the X=0 limit with
some residual entropy limX→0 S=const.

Later, by coupling two subsystems, we will see that for the Edwards ensem-
ble the zeroth law does not hold properly. For details see Sec. 3.4.6.

The calculation of the partition function of the Edwards volume [100, 101]
and stress ensemble [107] is difficult, and up to now was done only in a limited
number of cases. Two notable exceptions are random packing of spheres and
circles [108, 110–115]; and packings in two-dimensional narrow channels [116,
117]. Direct experimental and numerical verification of calculated properties
are even more scarce [111,117–119].
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3.2 Application of the theory to our system

In this chapter, we consider the 2+ε-dimensional system discussed in the
previous chapter, where the partition function can be expressed analytically
and calculated expectation values of observables agree well with the experi-
ments and simulations.

Another important aspect which we focus on is the interaction of jammed
systems. The statistical theory of Edwards is in principle an ideal framework
for such coupled systems, but up to now there is hardly any result regarding
equilibria of jammed systems [111, 120]. We will show that the denomination
“compactivity” of the control parameter can be misleading: In certain cases,
a subsystem with higher compactivity (less compact part) will expand rather
than the connected subsystem with smaller compactivity. Nevertheless, the
interaction of the two subsystems can be described by the Edwards ensemble
but only as a whole.

As mentioned, we study the same system consisting of identical spheres
contained in a narrow cuboid. Let us remind the reader that if the widthW of
the cell is only slightly larger than the particle diameter (dp), the ground state
of the system in the x−z plane is still a triangular lattice, although slightly
distorted, with alternating stripes of particles touching the front and back walls
in the y direction (see Fig. 2.5).

We continue to use dimensionless lengths, in units of the particle diame-
ter, i.e., dp=1. Starting from a random configuration, the system begins to
evolve when it is shaken periodically in the z direction. States of the system
between the shaking periods are jammed and thus they are ideal candidates
for an Edwards ensemble. In Chapter 2 and earlier publications it was shown
that the shaken system evolves towards the ground state, however the dy-
namics slows down and the configurations apparently get stuck in metastable
states [117] [P1]. Snapshots of the jammed states between excitation phases
are presented in Fig. 3.1 and in movies [121, 122] for both experiments and
simulations. Note that a substantial amount of experimental data has been
collected in colloidal systems as well [73, 80,123,124].

It was shown in the previous chapter that the system can be described
by 13 local particle configurations of a central particle and its six neighbors
as shown in Fig. 2.4. The ground state is compatible with configurations 4
and 5 only (zigzag paths or stripes of particles touching alternately the front
and back walls, see Fig. 2.5), so the statistical weight of these configurations
(ρ4,5) can serve as an order parameter of the system. The different configura-
tions have theoretical minimal areas (determined by sphere centers projected
onto the x-z plane), which were calculated and described in detail in Sec-
tions 2.5.1 and 2.5.2. From now on as area, we consider the area of the Voronoi
cell of the central particle of a given configuration, which is approximately the
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Figure 3.1 Photos taken in experiments (left) and snapshots of DEM simula-
tions (right) after S=50 shaking periods using cells with regular width of δ=0.3
and 0.2 (first and third row) and with a coupled cell (second row), where δ=0.3
for the left half of the cell and δ=0.2 for the right half. Darker particles are touch-
ing the front side of the cell while lighter particles are located at the rear side
(which are physically equivalent). In case of simulations different shades of gray
are used to facilitate the distinction between different cell widths. The triangular
part in the case of the coupled cell experiment will be discussed later.
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third of the areas considered in the previous chapter. Areas corresponding to
the tightest packings are shown in Fig. 3.2.

The system can be treated as two-dimensional, since the third dimension
(y) is only relevant for the selection of local configurations. The global volume
is determined by the (x, z) positions of the particles and thus the relevant
quantity is the area of the system in the x-z plane. Thus, the volume is
considered to be (1+δ)dp times the area of a given subsystem.

In the following, I will describe the slight changes done in experiments and
simulations compared to those presented in Chapter 2. As mentioned before,
both in experiments and simulations we apply shaking, and the states between
subsequent shaking periods are regarded as jammed states. I will introduce
the mean field analysis of the system and give the calculation of the partition
function of the Edwards ensemble.
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Figure 3.2 Top: central parts of the simulated system for the normal cell
(uniform width) (left) and for the coupled cell with different widths of the two
sides (right). Bottom: The 13 local configurations (see bottom line) of the packed
spheres. The minimal possible Voronoi area of the central particle of the given
configuration is shown by the red curve (for δ=0.3). Ai-s on the right-hand
side are the minimal Voronoi areas associated with the five configuration groups
defined in Sec. 3.4.1.
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3.3 Methods

3.3.1 Experimental setup

In experiments we used the same vertical sandwich cells as before, with
walls were made from glass plates and 3D printed borders. The width W
of the cell was varied between 1.2dp and 1.35dp. For the coupled case two
transparent sheets were glued to one half of the glass plates to reduce the
width of the cell. We used the same particles, the same illumination, and the
same shaking protocol as presented in Sec. 2.3.1. After each shaking period,
a photo from the current jammed state was taken. The positions of particles
and resulting configurations were determined by image analysis using the same
method. A series of images of the jammed states in the coupled cell can be
seen in movie [121].

3.3.2 Simulation setup

To perform DEM simulations we used the protocol described in Sec. 2.3.2.
Although the width W of the cell was varied in the range of 1.15 dp . . . 1.4 dp,
so far we have only presented results with W=1.3 dp (δ=0.3). In this chapter
we will study results obtained with different δ. The length of the cell was
exactly 69 times the diameter dp of the particles. As opposed to the previous
chapter, as initial conditions we only used the triangular placement of particles
with (i) random y positions and with (ii) ordered y positions (a striped pat-
tern of particles touching either the front or the rear wall). The equilibrated
configuration of particles after each shaking period is considered as a jammed
state, a sample from the Edwards ensemble. The grains were interacting when
in contact via the Hertz model. The mechanical and frictional properties of
particles were varied: the coefficient of restitution between 0.25 . . . 0.75, the
coefficient of friction between 0.0 . . . 0.2, and the Young modulus between
5×106 Pa . . . 5×108 Pa. However, changing these parameters had no con-
siderable effect on the results studied here. In movie [122], snapshots of a
simulation can be seen in case of the coupled cell.

3.4 Results

3.4.1 Introduction of configuration groups

As shown in Fig. 3.2, the minimal area of certain subsets of configurations
is (almost) the same and we can define configuration groups to facilitate the
mean field analysis as follows: a={4, 5}, b={7, 8}, c={2, 3, 6}, d={9, 10, 11},
e={1, 12, 13}. (Note that configuration 13 is practically non-existent and
ρa=ρ4,5 is the order parameter.) The corresponding minimal Voronoi area
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of the central particle in a configuration group can be approximated by the
following discrete values using the areas A1=

√
3/12 and A2=

√
3− 4δ2/12.

These are areas of triangles discussed in detail in Sec. 2.2.1: A1 is the third
of the area of an equilateral triangle formed by three particles touching the
same cell side (Ā1), while A2 corresponds to the third of an isosceles trian-
gle with one particle located at the opposite cell side than the others (Ā2).
(So the Voronoi area of a perfect configuration 13 would be 6A1.) The min-
imal area associated with the above configuration groups can be approxi-
mated by Aa=6A2, Ab=4.5A2+1.5A1, Ac=3.8A2+2.2A1, Ad=3A2+3A1, and
Ae=1.5A2+4.5A1, shown as dotted lines in Fig. 3.2.

3.4.2 Elementary processes during shaking

In our study, we use the following assumption: The system is considered to
form a (slightly distorted) triangular lattice in the x-z plane with one principal
direction parallel to the x axis. The spheres are touching the two particles
below them [125] (and consequently the two particles above them) and either
the front or the rear wall in the y direction. Furthermore, we will consider all
volume changes up to the first order in δ.

a

b

c

Figure 3.3 Elementary processes during shaking. a: Horizontal lines gain
or loose particles due to global slip lines. b: A particle changes its y position.
c: Particles move horizontally in the lowest row. The first process has the highest
impact on the volume of the system. The second process optimizes the volume
and contributes to the degeneracy, while the third process has no impact on the
volume in first order, it contributes to the degeneracy.

During shaking, the following processes are possible as can be seen in
Fig. 3.3: (a) horizontal lines gain or loose one particle, (b) a particle changes
its y position (switches side), (c) in the lowest row the particles move hor-
izontally. Process (a) has the highest impact on the volume of the system
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and happens simultaneously in all lines generally due to global slip lines (see
movies [121,122]). Process (b) allows the particles to use the third dimension
and optimize the volume beyond the flat triangular lattice. This optimization
is responsible for building up the stripes in the system. This process will cre-
ate gaps between particles which permits further compaction of the system
by allowing the next layer of particles to occupy some of the released volume.
Process (c) has no impact on the volume in first order of δ but contributes to
the entropy of the system.

3.4.3 Edwards volume ensemble

The configurational statistics were found experimentally as well as in the
simulations to be independent of the vertical coordinate z and hence of pres-
sure. This statement is proven by calculating the configurational statistics in
parts of the system. Both in experiments and simulations the cell was divided
to nine equal horizontal stripes and the configurational statistics was calcu-
lated for the parts. The fraction of different configurations can be seen in
Fig. 3.4 (a-b) for simulations and experiments, respectively, for different cell
widths. In Fig. 3.4 (c-d) the relative difference between the statistics of the
fractions and the whole cell is presented. Note that the relative difference is
small for configuration groups a, b, and c. These configuration groups are the
most frequent, while groups d and e have very small probability to find, thus
the large relative difference.

We regard a row of N particles as an independent sub-system described by
the canonical Edwards volume ensemble and the whole system as a sample
from the grand canonical ensemble. Let L be the length of the container in
the x direction (in dp units), M be the total number of particles, K=M/N the
number of rows, and by ρi (i ∈ {a, b, c, d, e}) we denote the fraction of different
configuration groups in the system.

In order to express our partition function for a given row, we need the
following quantities: volume of the system and degeneracy depending on the
configuration density. The volume of the system is significantly influenced by
the number of particles in a row which is changed by process (a); process (b)
also changes the volume by optimizing configurations.

The horizontal dimension is fixed in our system. So if some free volume
is available inside the system, only a part of it is eligible for compaction at
the top. The extra space allows the particles to have a little horizontal gap
between them in which the next layer may sink.

For the Edwards ensemble, we only need the volume change with respect
to the perfect two-dimensional triangular placement of the particles. There-
fore, we calculate the free space created by the above described processes
and we enumerate what fraction of it will be apparent at the top of the sys-
tem. If Vf denotes the available free space around a particle, then a simple
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Figure 3.4 Probability distribution of the five configuration groups for δ=0.2
(red) and δ=0.3 (blue) for simulations (a) and experiments (b) calculated for
ninths of the cell. The cell was divided to nine horizontal stripes (of equal size) and
the statistics was calculated for these parts separately. In (c) and (d) the relative
difference between the statistics of the fractions and the whole cell is presented.
Narrow bars and small dots from left to right mean the statistics calculated for
horizontal cell-parts from the bottom of the cell to the top. For simulations 50,
for experiments 25 independent realizations were ensemble averaged.

geometric calculation yields that to first order in δ, Vg=Vf/(1+
√

3/2) will
be the volume gain by the system which is visible at the top, and the vol-
ume of the Voronoi cell will be larger than the minimum by an amount of
Vf (
√

3−1/3)/(1+
√

3/2). So our approach is the following: We assume that
there are K rows, so the perfect triangular lattice of particles would make up
a volume of V0(K)=

√
3

2
(1+δ)KL.

Naturally if N<L then there is free space horizontally next to the particles,
but we distribute that between the global volume gain and the extra Voronoi
volume. Thus, the free volume inside the system can be expressed as

V0f (K) =

√
3

2
(1 + δ) (KL−M) , (3.4)

and Vp(e)=
√

3
2

(1+δ)M denotes the volume of theM particles in a perfect trian-
gular lattice. The formula in Eq. (3.4) gives zero if the number of particles in a
row is the same as the length of the container N=L. The advantage of working
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with the free volume is that both processes can be easily incorporated in the
formulation. Process (b) further decreases the volume of the configurations
which will read as

Vp([ρi]) = M
∑
i

ρiVi. (3.5)

Thus, the free space generated in the system is

Vf (K) =

√
3

2
(1 + δ)KL−M

∑
i

ρiVi. (3.6)

Note that due to the optimization using the third dimension we may be
able to put more than L particles in a row, if the second term in Eq. (3.6)
produces enough free volume.

In order to calculate the partition function we have to consider all possible
configuration density distributions. Next, we have to consider the degeneracy
of the system with a given configuration density. We have two components
here: First, the empty space in the first row must be distributed among the
particles and then the configurations can be permuted in the system. These
components introduce two degeneracy terms, gs and gc, respectively.

The first part of the degeneracy (gs) is the following: The free space in the
first row creates gaps between the particles which allow for their horizontal
displacement. First, we calculate the degeneracy in a discretized approach
assuming an elementary unit length of ∆`. If the total gap in a line is `g and
k≡`g/∆`, then the number of ways particles can be placed in the line is

gs(N, k,∆`) =

(
N + k

k

)
. (3.7)

This, of course diverges in the limit ∆`→0, but we can normalize this quantity
using a well-defined system which we chose to be the ground state. Thus, `g,0
is the free space when we have only configurations from group a in the system,
and k′≡`g,0/∆`, so then

gs(N, k) = lim
∆`→0

gs(N, k,∆`)

gs(N, k′,∆`)
= lim

∆`→0

(
k

k′

)N
=

(
Lf

Lf (a)

)N
, (3.8)

where Lf is the free space horizontally. For a more detailed calculation of
Eq. (3.8) we refer the reader to Appendix A. In first order in Vf/V , we have

gs(N, k) =

(
Vf

Vf (a)

)N
. (3.9)

The second part of the degeneracy (gc) is because the same set of config-
urations can be distributed in the system in many ways. Let ni≡Mρi be the
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number of different configurations in the system. Then, the number of different
cases for positioning the different configurations in the lattice is

gc([ni]) =
M !

na!nb!nc!nd!ne!
. (3.10)

Since configurations overlap, pair correlations are extremely important; we
denote by Cij the number of ways configuration j can be placed adjacent to a
given configuration from group i. We obtained Cij by generating all possible
placement of particles in a 19 particle hexagon. An example of the two-shell
hexagon (19 particles) can be seen in Fig. 3.5. The central configuration (red
hexagon) is configuration 7 (from configuration group b), while the six neigh-
boring (overlapping) configurations are 9 (d), 5 (a), 2 (c), 11 (d), 11 (d), 3 (c)
(configuration numbers are written to the centers of the 6-particle hexagons).
The calculation of Cij is the following: We take every possible case for the
front/back placement of the 19 particles (219 possibilities) and in each case we
determine the seven configurations. We then store in Cij the number of ways
how configuration i can be adjacent to configuration j taking into account all
possible placements. This counting of adjacent configurations has the advan-
tage that it also includes configuration degeneracy in the pair correlations, so
the probability of finding a configuration j next to i is proportional to Cij.
The values obtained by our calculations can be found in Table 3.1.

i / j a b c d e
a 116736 122880 129024 61440 12288
b 122880 153600 251904 116736 43008
c 129024 251904 172032 245760 86016
d 61440 116736 245760 184320 129024
e 12288 43008 86016 129024 122880

Table 3.1 The number of ways how configurations from configuration group j
can be placed adjacent to configurations from group i. Of course Cij = Cji, thus
this 5×5 matrix is symmetric.

Figure 3.5 Part of the system, a two-shell hexagon is presented here, which
contains seven overlapping seven-particle configurations.
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Since all particles have six neighbors, we will have 3M neighboring particle
pairs for which the probability of finding a configuration i is proportional to ρi.
Thus, the probability of a configuration with a given configuration density is
proportional to ∏

i,j

C
3Mρiρj
ij . (3.11)

The grand canonical partition function up to normalization constants is
thus the following

Z =
∑
N

∑
{ρi}

gs gc
∏
i,j

C
3Mρiρj
ij eVf/X , (3.12)

where the positive sign in the exponential indicates that Vf is the free volume
the system generated on the top. Later we will also use the partition function
for a system with N particles in a row

Z(N) =
∑
{ρi}

gs gc
∏
i,j

C
3Mρiρj
ij eVf/X . (3.13)

The partition sum was calculated for N=6000 particles and system length
of L=69.

3.4.4 Calculations according to the canonical ensemble

The first quantity we calculate is the number of particles per row

〈N〉 =

∑M
N=1 NZ(N)∑M
N=1 Z(N)

. (3.14)

Surprisingly, we get 〈N〉'L with high accuracy in the low compactivity regime
where the experimental data can be fitted. It means that on average we should
observe a quasi-two-dimensional system, which has exactly as many particles
in a row as the strictly two-dimensional system would have. In all our simu-
lations, we observed this law. We have performed simulations by compressing
or expanding the simulated container in the x direction and let the particles
reorganize to accommodate to the new container size, and we recovered this
result. This was also the case when we started from a perfect lattice with
striped initial y positions with some extra space in the x direction. The same
result was observed independently of the gravity (varied in the simulations).
So from now on, we fix N=L in all calculations, and all results presented will
be done in the canonical ensemble. We have one single parameter to fit: X.
We fit it using a single point, the order parameter. The calculation is done for
different values of X and we find the fitted value by interval halving which we
iterate until precision ±0.005 is reached on the order parameter.
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3.4.5 Calculations reproducing observations and the de-
pendence on δ

In experiments and simulations, we can determine two average quantities,
〈Ai〉 and 〈ρi〉, where the former is the average Voronoi area of configuration
group i including the extra space around the central particle. The latter is
simply the frequency of occurrences of the group. In Fig. 3.6, we plot 〈ρi〉
versus 〈Ai〉 for simulations for different values of δ and for calculations which
were performed with X best fitting a single point, the order parameter (ρa).
One can see that the calculated values reproduce well the observations and the
dependence on δ. The error increases with δ as expected since we have used
free space calculations in O(δ).

The fitted values of the compactivity X in simulations (cf. Fig. 3.6) are
very different from each other. Meanwhile, the order parameter for different δ
differs less than 10% for S=100 shaking periods as can be seen in Table 3.2.
This is just a coincidence; later I will show that for longer shaking also the
order parameters will be different for different δ.
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Figure 3.6 Configuration group density vs average area for the five configura-
tion groups for different cell thicknesses. Blue (dotted), simulation; red (dashed),
calculation for S=100 shaking periods. Fitted values of compactivity can be seen
in Table 3.2.

δ 0.15 0.20 0.25 0.30 0.35
X 0.0576 0.0975 0.1494 0.2343 0.3405
ρa 0.514 0.542 0.583 0.568 0.561

Table 3.2 Fitted compactivities and the order parameter in case of DEM
simulations with different cell widths for S=100 shaking periods.
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3.4.6 Coupling of two jammed subsystems

Our setup allows to perform a unique experiment in which we can bring two
well-defined jammed subsystems in contact. This can be done by changing the
width (W ) of the cell in one half of the system. This has been done both in
experiments and in simulations (see movies [121, 122] and Figs. 3.1 and 3.2)
with δ=0.2 and δ=0.3 for the different sides of the cell (in simulations, we used
periodic boundary conditions in the x direction).

When we would like to apply the Edwards theory to this setup, we have to
take into account the stress equilibrium of the two halves [108]. We assume
that the forces between the vertical plates and the particles are negligible
compared to the interparticle forces, so in principle apart from local variations
we should observe hydrostatic pressure in the system which is verified in the
simulations. The equilibrium between the two halves requires that we have the
same height on both sides (we assume and verified that the N=L condition
still holds). Horizontally, however, one of the subsystems may gain volume
on the expense of the other side. This stress equilibrium must hold for all
admissible microstates [126].

This feature prohibits the simple application of a common compactivity of
two subsystems since the narrower side in general occupies more space than the
other. One may try to shift the interface in the direction of the wider system
and apply independent subsystems, but the problem remains that in this way
we would consider countless microstates which violate the stress equilibrium
or have negligible weight in one subsystem.

The only way around this problem is to consider a joint system. We pre-
scribe the same height on both sides for each microstate and do the same
calculation as in Eq. (3.12), but now we use the product of two partition func-
tions, Z0.2(N/2)×Z0.3(N/2), with the above mentioned constraint. For the
coupled system as compactivity, we chose the average of the compactivities
of the standalone systems with the same number of taps. Values of the com-
pactivity and order parameter can be found in Table 3.3 for DEM simulations.

System Pure Coupled
δ 0.2 0.3 0.2 0.3

S = 100
X 0.0996 0.2355 0.1677
ρa 0.545 0.565 0.573 0.554

ρa (calc) 0.545 0.565 0.582 0.534

S = 300
X 0.0984 0.2031 0.1509
ρa 0.550 0.628 0.645 0.628

ρa (calc) 0.551 0.628 0.614 0.592

S = 600
X 0.0933 0.1818 0.1377
ρa 0.573 0.674 0.679 0.660

ρa (calc) 0.573 0.674 0.641 0.642

Table 3.3 Compactivities and the order parameter in case of DEM simulations
and calculation with pure and coupled cells. S is the number of shaking periods.
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In Fig. 3.7, we plot the results using the mean compactivity of the two
uncoupled subsystems with same number of taps. A good match between the
calculations and the numerical results can be seen (see Fig. 3.7 (a-c)). Let
us stress that the calculations are not fits but enumerations with the above
described joint partition function and compactivity.
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Figure 3.7 Comparison of the configuration group density versus average area
in the coupled system for the five configuration groups. a-c: comparison of simu-
lation and calculation after S = 100, 300, and 600 shaking periods, respectively;
d: comparison of experiment and calculation after S=100 shaking periods. Values
of the compactivity and order parameter can be found in Tables 3.3 and 3.4.

System Pure Coupled
δ 0.25 0.35 0.25 0.25∗ 0.35
X 0.1800 0.1698 0.1749
ρa 0.505 0.825 0.515 0.637∗ 0.722

ρa (calc) 0.505 0.825 0.647 0.744

Table 3.4 Compactivities and the order parameter in case of experiments
and calculation with pure and coupled cell. In cases denoted by * during the
evaluation we neglected the top 10 layer of particles and only the lower triangular
part (see Fig. 3.1) of the remaining particles was taken into account.
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In the experiments, the cell of the coupled system was a bit wider and had
δ=0.25 on one side and δ=0.35 on the other. Values of the compactivity and
order parameter can be found in Table 3.4 for experiments.

The biggest difference between calculated and measured values were found
in experiments (Fig. 3.7 (d)), where we can observe much higher fraction of
configuration groups d and e than either in the simulations or in the calcu-
lations. The reason behind this is that due to some experimental artifact we
observed an extra 5−6% particles at the back plate than at the front and thus
higher frequencies of configurations with many particles at the same wall. In
the case of simulations this difference was less than 0.5%.

The other difference is that we have found only a small order parameter
increase in the narrow part. In this sense, it seems that the two subsystems
are not interacting as in the numerical simulation. However, there is a sub-
stantial difference between the boundary conditions in the x direction, which
is periodic for the simulations and walls for the experiments. In the numer-
ical simulations, the top of the system is always horizontal with some small
irregularities, whereas in experiments large slopes were also found. The reason
behind this is that the walls can support forces due to friction and thus our
assumption of equal height does not hold. Since it is easier to exchange volume
with the empty space above the system, this is what happens.

On the other hand, we have observed that on the narrower side the system
is more ordered in a triangle (with 30o angle) adjacent to the wider part. We
have already reported that forces are transmitted predominantly by the lower
two particles. So in this sense only configurations located in this triangular
region (see Fig. 3.1) are affected by the structure of the wider side. Indeed, in
this region we find an order parameter (denoted by ρ∗a in Table. 3.4) which is
compatible with the predictions of the Edwards calculation.

3.5 Conclusion

In summary, we have shown that a simple system consisting of uniform
spheres in a 2+ε-dimensional cell is an excellent example to be described by the
Edwards ensemble in the sense that the partition function can be formulated
analytically. The observables can be calculated exactly and the calculation
matches reasonably well with simulations. Our results raise a new question for
a possible future study: What sets the apparent compactivity of the system?

We have also tested the applicability of the Edwards ensemble for two cou-
pled subsystems. We found that the resulting system can only be described
if the stress equilibrium is taken into account at the microstate level and the
partition function of the full system is calculated. The problem of describing
the coupled system as two independent subsystems comes from the fact that it
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requires the prescribing of a previously unknown common volume distribution
on both sides, which is in our case an impossible task.

In summary, we have found that the Edwards ensemble is capable of re-
producing the observables of a jammed system but fails to help in combining
subsystems when there is volume exchange not only between the subsystems
but also between the subsystems and the environment.
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Chapter 4

Flow and clogging in
three-dimensional silos

Storage, distribution, and transport of products of granular form is a ubiq-
uitous process in agriculture, mining, pharmaceutical, and many other indus-
trial branches. Even in everyday life one frequently has to deal with the flow
of granular matter through small orifices, and one often has to cope with fluc-
tuating outflow or clogging. In this chapter, the granular flow out of a silo is
studied.

a b

Figure 4.1 Schematic drawing of the vertical intersection of a silo (a) and a
hopper (b) with the orifice on the bottom of the containers.

Granular materials are often stored in cylindrically shaped containers with
a flat bottom (called silo) or a conical bottom (called hopper) (see Fig. 4.1).
Usually, an orifice can be found at the bottom of such containers, through
which particles can be emptied. The containers vary in size from the salt-cellar
containing only a few grams of spices to large industrial containers storing
several thousand tonnes of constructing material or agricultural grains. The
flow of granulates through narrow orifices and silo discharge is important from
the perspective of everyday life, and a complete understanding of the process
would be beneficial from the technological point of view. Due to this, the study
of silo discharge of granular materials has an extensive history. The general
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understanding of the process is still far from being satisfactory, so this is still
an important research area.

The first part of the chapter (from Sec. 4.1) deals with clogging according to
our paper [P3]. During outflow, stable structures may form above the orifice.
These structures can be stable enough to hold the rest of the material and
arrest the flow. Clogging usually happens when the ratio of the orifice diameter
and particle size is relatively small. However, it is still not understood whether
a minimal ratio exists above which the outflow is continuous or clogging is
expected also for very large orifices, although with very small probabilities [127,
128] (see Sec. 4.1.1). Furthermore, there are cases when a small flux of the
outflow is needed. In these cases, one would like to construct a silo with a
relatively small orifice and a continuous flow. From the technological point of
view, containers and extraction processes have to be designed carefully, so a
detailed understanding of the phenomena is crucial.

In the second part of this chapter (from Sec. 4.5) I study the outflow process
according to our recent paper [P4]. Through experiments and simulations, we
studied the time evolution of the discharge rate, and we showed that particle
properties like stiffness and friction have a strong effect on the outflow behavior.
It turned out that particle properties can alter completely the outflow process,
and can set the behavior to be granular-like (constant flow rate) or liquid-like
(decreasing flow rate during discharge).

The results presented in this chapter are results of collaborations. As my
contribution was the detailed discrete element method (DEM) simulation of
clogging and silo flow followed by their analysis, I will focus on the results of
the simulations. Experimental methods and results will be presented as well
to give a better understanding of the phenomena and to supply and illustrate
simulational results.

4.1 Arch formation during the outflow of gran-
ular materials from silos: clogging

When granular particles are flowing through bottlenecks, like the orifices
of silos, the system undergoes a transition from fluid-like behavior (above the
opening) to gas-like behavior (after the bottleneck, where the contacts among
particles are sparse). The flow becomes even more complicated when the
aperture is only a few times larger than the typical particle size: In this case,
there exists the possibility that a metastable structure forms, spanning the
whole outlet, causing a complete arrest of the grains. Those structures can
be stable enough to inhibit further flow. This phenomenon is called clogging.
From the technological point of view, one is interested in the prevention of silo
clogging because it may lead to lowered production rates. Thus, it is inevitable
to understand the processes leading to the formation of clogged structures
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enabling the intelligent design of containers or tubes. Several experimental and
numerical studies were carried out to understand the process of arch formation,
force chains, and arch breaking [5, 6, 27,28].

Furthermore, in most cases, particles have complex shapes which can com-
plicate the situation. If one thinks about, e.g., wheat, corn, and rice, their
elongated shape has a significant impact on the alignment of particles in the
flow and also on the resulting clogged structure. The jamming probability as
the function of the diameter of the orifice (D) and the aspect ratio (A) of the
granulate is also an unsolved question [128–130].

From a wider perspective flow through bottlenecks are present in various
fields. The flow of active matter, like colloidal particles [131], microbial popu-
lations [132], mechanically self-driven robots [133], and suspensions [134, 135]
are extensively studied. Vehicles [136], walking pedestrians [137, 138], and
animals [139, 140] can be treated as flowing particles when seen from above.
Understanding their movement and behavior is essential. In most cases clog-
ging is disadvantageous: It can completely halt a production line in the food
or pharmaceutical industry or complicate the evacuation of crowded rooms in
emergency situations [141]. The safe and efficient handling of raw materials
in mining is important in preventing environmental harm and reduce produc-
tion costs. However, clogging can be advantageous as well: E.g., in the field
of medicine, provoking embolization of blood vessels can help to shrink a tu-
mor [142,143].

4.1.1 Studies describing the phenomenon of clogging

Several experimental and numerical studies have been done to describe the
clogging behavior of granular particles. For orifice sizes slightly larger than
the particle diameter the probability of blocking the outflow is close to one
for each particle. Avalanches of outflowing particles get jammed after a few
grains. For larger orifices, the clogging probability is close to zero as shown
in [144–146]. To et al. studied the case of disks [144] in a hopper, while Janda
et al. [146] studied spheres in a 2D silo. They derived clogging probabilities
depending only on the size of the orifice and the grains.

Several techniques have been found to reduce the clogging probability in
silos. Besides vibrating the container during the outflow [147] an obstacle
placed above the orifice at a specific position can decrease the probability of
clogging [148,149].

From the practical point of view, efficient methods for breaking the clogged
structure are of interest. Several results have been reported describing the
mechanical properties of the clogged structure and suggesting efficient methods
to restart the flow, such as the vibration or the tilting of the container [6,144,
147,150,151].
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An interesting aspect in the field of clogging is the description of avalanche
size statistics. An avalanche is the outflow between two successive clogs. The
avalanche size is the number or mass of particles exiting the container during
the avalanche. In the literature, one can find two different approaches describ-
ing the mean avalanche size 〈S〉. Zuriguel et al. [130] suggested a power-law
model by describing experimental avalanche distributions of spherical and elon-
gated grains. According to their results the mean avalanche size is

〈S〉 = A

(
Rc −

R

req

)β
, (4.1)

where A and β are the fitting parameters. R is the radius of the outlet, and
req is the equivalent radius. In the case of spheres, it is the particle radius,
while in the case of elongated particles it is the radius of a sphere with the
same volume as the elongated one. Rc is a critical ratio of the outlet and grain
radii where the mean avalanche size diverges. The presence of Rc divides the
free flow regime from the avalanche regime at value 5 for spherical and 6.15
for elongated (rice) grains according to [130]. The exponent β is reported to
be around 7, irrespective of the material studied.

The second approach introduced by Thomas and Durian [127,128] suggests
an exponential relation to the mean avalanche size

〈S〉 = c exp

{
a

(
R

req

3)}
, (4.2)

where a and c are fitting parameters. This equation is based on a model
which considers the same clogging probability for each grain in an avalanche.
As opposed to the power-law relation, this exponential model lacks a critical
radius. It means that a finite probability of clogging exists at any orifice size,
so clogging can be expected, although with decreasing probability, for large
outlet sizes as well. The discrimination between these models is difficult. One
has to measure huge avalanche sizes accurately as the proposed power-law
exponents are large.

4.1.2 Clogged structure in two and three dimensions

While clogging and the clogged structure are extensively studied in two
dimensions, the three-dimensional case turns out to be complicated. Even
simple questions such as the identification of particles composing the stable
structure can not be easily answered. Not to mention the determination of the
shape of this three-dimensional structure: Is it more like a three-dimensional
cupola or a complex structure of two-dimensional arches built upon each other?
We would like to answer this question in the following, but first we discuss the
two-dimensional case.
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Figure 4.2 By using photoelastic particles contact forces can be made visible
in experiments. a: By using crossed polarizers transmitted light produces images
with fringed-like patterns depending on the magnitude of contact forces. b: Im-
age of the clogged structure of photoelastic discs in a two-dimensional hopper.
An arch made of nine particles is visible above the orifice. J. Tang and R. P.
Behringer [27, 28] were able to accurately calculate the magnitude of the forces
from high-resolution images. Source of images: [27].

In two dimensions, clogging occurs by the formation of an arch which is an
uninterrupted stable force chain spanning above the orifice as can be seen in
Fig. 4.2. This structure is strong enough to hold the rest of the material and
remains static unless it is broken by external forces. It is straightforward to
define the blocking arch by finding a continuous chain of particles from one side
of the orifice to the other. One can visualize the force network and the structure
of the arch experimentally by using photoelastic particles [27, 28] as can be
seen in Fig. 4.2. With the help of discrete element (DEM) simulations one can
quantitatively compare the morphology of clogging arches with experimental
data, and accurately map the force distribution inside the silo [5, 6].

It is important to note that the formation of a single arch is not sufficient
to block the outlet completely. Upon approaching the outlet particles may
block each other’s movement. If this spans the whole orifice an arch may
form. Due to the stochastic nature of this arch and the rounded form of
the particles, secondary forces are needed to stabilize this structure. If the
secondary structure cannot provide the necessary forces (generally an order of
magnitude smaller) the primary arch will collapse resulting in an intermittent
flow [152].

4.2 Methods

In the following we study the formation of clogged structures in three di-
mensions by means of DEM simulations and experiments, focusing on the
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results of simulations. We would like to understand how particles align in 3D
to form stable structures. We analyze the shape of the resulting configurations,
depending on the size of the outlet (D) and the aspect ratio (A) of granular
particles. We identify the blocking structures focusing on particle configura-
tions and forces, and compare our findings to the X-ray computed tomography
measurements of our co-authors in the group of Prof. Ralf Stannarius. Fur-
thermore, we compare the case of spherical particles to elongated grains to
understand the effect of particle shape on the clogging behavior.

4.2.1 Simulation setup

Discrete Element Method (DEM) simulations were performed to study
three-dimensional clogging. We used a modified version [33] of the molecu-
lar dynamics code LAMMPS [31] to generate a cylindrical silo with an orifice
of given size on the silo base. We used elongated particles with given aspect
ratios (A=2, 3.3, 5) and spheres (A=1) (see Fig. 4.3). Elongated particles were
created by gluing spheres together with overlaps between them. We created
polydisperse samples with the variation of particle diameters by ±20%, the
length of particles by ±10%, and the overlap of the spheres in elongated parti-
cles between 30−50% in mean diameter units. The number of spheres required
to build up a long particle was also varied to prevent the linear gear effect. The
initial position of particles was created using the random sequential deposition
model to avoid the overlap of distinct particles. Particles were always created
with an average volume equivalent to a sphere with unit diameter. Distance
is measured in mean diameter units throughout the simulations.

Figure 4.3 We studied clogging in case of spherical and elongated particles.
Elongated particles were created by gluing spheres together with overlaps between
them.

Particles were put in a cylindrical container of 10 units radius, with a hole
of diameter D in the bottom wall. The middle of the hole will be referred
to as the center. The height of the system was much larger than the height
of the resulting static granular bed which was chosen to be about 25 particle
diameters. After applying gravity, the system starts to flow out of the con-
tainer. A vertical cross-section of the simulated system is shown in Fig. 4.4 for
spherical particles and in Fig. 4.5 for elongated particles. Periodic boundary
conditions were used in the vertical direction to have the outflowing particles
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back in the bulk again. Clogged states were defined by the lack of outflowing
particles for a certain amount of time to allow for the relaxation of the sample.
To have several clogged states during simulations, we unclogged the system
by raising every particle by 2 units and let them fall down due to gravity. We
measured the particle positions and contact forces acting between particles. In
the following, we only deal with clogged states.

Figure 4.4 Sample cut of a clogged three-dimensional silo with cylindrical
orifice and spherical particles from DEM simulations.

Figure 4.5 A sample cut of a clogged state from DEM simulations in case
of elongated particles with aspect ratio A=3.3 and orifice diameter D=5.2 in
mean particle diameter units. A vertical wall around the orifice, composed of
horizontally placed elongated particles is visible.
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4.2.2 Experimental setup

The experimental tests were realized using an axisymmetric nearly cylin-
drical container with the diameter of 19 cm and height of 21.4 cm [153]. The
container was filled with different types of particles with various aspect ratios
(A) (for details see Ref. [154]). In this work, I will focus on the case of peas
which have a nearly spherical shape with a mean diameter of 7.6 ± 0.23 mm.
For the experimental results presented here the orifice size was 23 mm, corre-
sponding to D=3. To determine the 3D configuration of the grains an X-ray
tomogram (CT) was recorded using the robot-based flat panel X-ray C-arm
system Siemens Artis zeego of the STIMULATE-lab at Otto von Guericke Uni-
versity, Magdeburg. The spatial resolution was 2.03 pixel/mm, with recorded
volumes of 25.2 cm × 25.2 cm × 19 cm. A central vertical cross-section of a
sample tomogram is shown in Fig. 4.6 in the case of spherical and elongated
particles as well.

a b

c

Figure 4.6 Vertical cross section of tomograms. In case of spherical particles
(peas) the tomogram is covering 188 × 125 mm (a), and 60 × 40 mm (b). The
diameter of the silo outlet is 24 mm. In case of elongated particles (wooden
pegs) with aspect ratio A=5 (c) the silo outlet was 20.5 mm. Source of image (c)
is [154].

4.2.3 Analysis methods

For characterizing the clogged state we used two methods: (i) surface trian-
gulation of the clogged system and (ii) analysis of the average packing density.
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Surface triangulation above the orifice

The clogged configuration is characterized by a cupola-shaped cavity above
the discharge hole. We need to identify the first layer of grains at the bound-
ary of this cavity. Taking the center of mass of the particles, in principle, this
surface can be defined by a Delaunay triangulation, but this method, unfor-
tunately, does not work well for the concave surfaces we have found. Thus, a
novel method was developed in order to quantify the surface.

Triangles formed by the centers of particles were identified. We only con-
sider those particle pairs as sides of triangles where the distance between cen-
ters was not larger than 1.5 particle diameter. This ensures that only neighbor-
ing particles are connected. Using these triangles we determined the surface
by projection in two different ways: (1) a grid from the plane of the orifice
was projected to the triangles or (2) equally distributed points were projected
radially from a hemisphere placed at the center of the outlet to the triangles.
We define the minimal rmin and maximal rmax radius from the points closest
and farthest from the center.

Calculation of packing density

As the second method, the packing density was calculated by averaging
several clogged states. The spatial distribution in the r−z plane is shown in
Fig. 4.7 (a) for spherical particles after averaging in the axial direction [153].
In these simulations, the diameter of the outlet was D=3.4. Approaching the
orifice from the top along the vertical axis we find a decreasing packing density.
Near the outlet, there is an empty region, which is the region below the dome.
The upper border of this region corresponds to the structure which holds the
material above the clogged configuration.

4.3 Results

4.3.1 Structure in case of spherical particles

The primary question we would like to answer is whether the dome is
a complete three-dimensional structure, or it is rather an assembly of two-
dimensional arches similar to those observed in 2D silos? To answer this ques-
tion I will discuss the case of spherical particles first, followed by the case of
elongated particles.

A vertical cross-section of the simulated system is shown in Fig. 4.4 for
spherical particles. The average density profile indicates a nice three-dimen-
sional self-supporting dome-like structure that is taller than a hemisphere as
presented in Fig. 4.7 (a). While the average density is almost uniform farther
from the orifice, individual samples show similar features but often have large
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ba

Figure 4.7 Density profiles of the clogged state in case of spherical particles
(A=1) and orifice size D=3.4 from DEM simulations. (Distance is measured in
particle diameter units) a: Average density field obtained by averaging 5 clogged
states. b: Density field for a single clogged state. On average a structure taller
than a hemisphere is visible above the outlet; however, by studying single cases
sparser regions and rathole-like structures can be found farther from the orifice.

-2
-1

0
1

2

x

-2
-1

0
1

2

y

0.5
1

1.5
2

2.5
3

3.5
4

z

0
0.5
1
1.5
2
2.5
3
3.5
4
4.5

a b

c d

Figure 4.8 Structure of the clogged state presented in Fig. 4.7 (b). a: Particles
closer than 2.9 particle diameter to the center are presented. One can observe an
arch forming a bridge above the outlet composed of 6 particles. b: Force network
of the same structure. c: Side view of the result of the triangulation method.
The hole presented in (a-b) is facing the observer. Particles closer than 2 particle
diameter to the center are presented along with the triangles spanning between
them. d: The detected (and smoothed) surface from the triangulation.
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empty or sparser regions. The example of Fig. 4.7 (b) indicates empty regions
above and sideways above the cupola.

The structure presented in Fig. 4.7 (b) with low-density regions can be
better seen in Fig. 4.8 (a), where only those particles are shown which are
closer to the center than 2.9 particle diameter. We see a large hole in the
cupola which is visible also on the force network Fig. 4.8 (b). Red lines indicate
the interparticle forces with line widths proportional to the normal force. One
can observe a nice two-dimensional arch composed of 6 particles, which form a
bridge above the outlet. Most probably the hole visible in Fig. 4.8 (a) is closed
by another smaller cupola placed on the hole of the first one.

In order to have a better understanding of the irregularity of the surface, we
have taken into account the statistics of the minimal and maximal distances
of the detected surface from the center and their variances for different orifice
sizes. The results are presented in Table 4.1 for spherical particles. One can
see that as the radius of the orifice is increasing by around 13%, rmin increases
accordingly (by around 18%) while the increase in rmax is much more, around
42%. Variances for different values ofD are consistent, indicating that different
examples of clogged cupolas have essentially the same structure, but sometimes
configurations like the one presented in Fig. 4.7 (b) are present.

A D/2 rmin rmax σmin σmax N

1 1.5 1.52 3.53 0.20 0.12 21
1 1.6 1.71 3.62 0.10 0.12 8
1 1.7 1.80 5.02 0.11 0.43 5

Table 4.1 Minimal and maximal distances (rmin and rmax) of the surface from
the center and their variances (σmin and σmax) in case of spherical particles. A
is the aspect ratio of the particles, N is the number of clogged states taken into
account, D/2 is the radius of the orifice.

The surface was determined by triangulation, a novel surface detection
method we developed for concave surfaces, in order to have a better under-
standing of the clogged structures. In Fig. 4.8 (c) a cut of the triangulation is
presented for the same structure as presented in Fig. 4.8 (a-b) and Fig. 4.7 (b).
Detected triangles are shown from the side with the hole facing the observer.
The surface triangles indicate small auxiliary cupolas above the hole. The ir-
regularity of the primary dome can be demonstrated by plotting the smoothed
surface generated by the triangulation method, see Fig. 4.8 (d). In this case,
we applied the first approach: Points of a square grid spanning in the plane of
the orifice were projected upwards. The surface is then defined by the intersec-
tion of projection lines and triangles spanning between neighboring particles.
The irregularity and the concave nature of the “dome” is obvious and provide
a strong hint that clogging in three-dimensional silos is actually a result of the
formation of two-dimensional arches which eventually block the outlet. Before
concluding one should study the case of elongated particles as well.
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4.3.2 Structure in case of elongated particles

In the case of elongated particles, the behavior of outflowing particles is not
trivial. It was shown in Ref. [155] that elongated particles align themselves in
shear flow. Observations in Ref. [153] on silo flows with elongated grains show
that particles approach the outlet with approximately their smallest cross-
section, they are aligned nearly parallel to the flow lines. Focusing on the
position of a given particle near the outlet, clogging may happen at any instant;
thus, we expect that fluctuations in the resulting cupola surface will be larger
for longer particles. On the other hand, particles close the space with their
circular cross-section, so we expect to see similar structures as in the case of
spherical particles. A vertical cross-section of the simulated system is shown
in Fig. 4.5 for elongated particles.

Table 4.2 is completed with our findings for elongated particles. While in
the case of spherical particles the surface starts at around the orifice perime-
ter, rmin/D decreases with elongation. This indicates that trapped elongated
particles hanging inside reduce the effective orifice size. This means that the
force chain arch is at about the same distance from the center but the inner
end of the particles is closer to it. For a more detailed description see the video
abstract of [P3].

A D/2 rmin rmax σmin σmax N

1 1.5 1.52 3.53 0.20 0.12 21
1 1.6 1.71 3.62 0.10 0.12 8
1 1.7 1.80 5.02 0.11 0.43 5
2 1.5 1.21 4.74 0.34 0.55 8
2 1.6 1.36 4.47 0.18 0.35 14
2 1.7 1.54 6.77 0.23 0.3 22
2 1.9 1.69 6.45 0.19 1.71 13
2 2.1 1.8 5.61 0.22 1.11 19
3.3 2.0 1.01 4.39 0.23 0.37 40
3.3 2.3 1.23 5.05 0.28 0.87 44
3.3 2.6 1.49 5.96 0.28 1.65 31

Table 4.2 Minimal and maximal distances (rmin and rmax) of the surface from
the center and their variances (σmin and σmax). A is the aspect ratio of the
particles, N is the number of clogged states taken into account, D/2 is the radius
of the orifice.

To be able to unclog the system the outlet must be made larger with in-
creasing particle elongation even though the fact that the particle diameter
decreases as the volume is kept constant. Unfortunately, our data are not
good enough to determine any quantitative correspondence between equiva-
lent D as a function of A.

For a more general characterization we analyzed the statistics of rmax−rmin

the distance of the surface point closest and farthest from the outlet center.
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As can be seen in Table 4.2 the value of (rmax−rmin)/rmin ' 2.5 indicating the
presence of large holes in the cupola.

The other striking feature of the long particles is the strongly increased value
of σmax for larger D which indicates a large variation of the possible clogged
configurations. The average density plots of these systems (see Fig. 4.9) yield a
large oval-shaped low-density region that is compatible only with a fluctuating
cupola height. Sometimes we get hemisphere-like cupolas, sometimes very
elongated ones. An example for an elongated cupola is shown in Fig. 4.5
where we observe a vertical wall composed of horizontally placed elongated
particles. It seems that if the outlet is large and if it takes a long time to
form a clogged state, particles can be placed upon each other to form a stable
packing around the hole. This packing can take very different sizes and can
reach five times the diameter of the orifice, even at moderate aspect ratios.

c d

a b
Simulation A=1 D=3.2

Simulation A=2 D=3 Simulation A=3.3 D=5.2

Experiment A=1 D=23 mm

Figure 4.9 Average density profiles for different systems. a: In case of spherical
particles in experiments; b: in case of spherical particles in simulations; c,d: in
case of elongated particles in simulations with aspect ratios A=2 and A=3.3, and
orifice sizes D=3 and D=5.2, respectively.
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Figure 4.10 Top view of the silo with a vertical “tunnel” penetrating the
granular bed. In this experiment plastic rods of aspect ratio Q=12 were used,
in a silo with outlet diameter D=64 mm. The height of the granular bed was
around 55 cm. The source of image is Ref. [154].

It was found in the experiments of Ashour et al. [154], that for large aspect
ratios the stable packing around the orifice can grow and reach the top surface
forming a vertical tunnel as shown in Fig. 4.10. In cases like this, the silo
outflow ceases completely.

Our simulations and experiments revealed that systems consisting of long
grains are characterized by large fluctuations, i.e., due to shaking the above-
described structure collapses and the subsequent clogged state can be a small,
hemisphere-like object. Besides the large fluctuations found in the case of elon-
gated particles, the detected structures support our previous finding obtained
by studying the case of spherical particles, namely, that the structure above
the orifice is made of a complex structure of two-dimensional arches. It seems
that these arches consist of 5-6 particles, as in two-dimensional systems [156].

4.3.3 Analysis of the force network

We have seen in Fig. 4.8 (a-b), that arches can be found above the orifice
forming a bridge from one side of the outlet to the other. These arches are
then supported by additional force chains from the sides. It seems that holes
in the structure are covered by new arches built upon the previous ones. This
structure defines the cupola quantified by the triangulation method discussed
earlier. However, if we zoom out of the system and have a look at the complete
force network, we see layers of strong forces built upon each other at larger
and larger distances from the center, forming an onion-like layered structure.
This is visible on the left-hand side of Fig. 4.11, which presents the cross-
section of the force network in the case of spherical particles. One can identify
the cupolas built upon each other. This is justified by the right-hand side of
Fig. 4.11 where the average force density as function of the radial distance
from the center is plotted. One can see maxima at several distances from the
center which supports the idea of domes concentrically built upon each other.
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Figure 4.11 Left: Cross-section of the force network in case of DEM simu-
lations with spherical particles. Right: Average force density as function of the
radial distance measured from the center.

To further analyze the force network [157, 158] we got inspiration from
network theory. Albert et al. [159] introduced a new concept to study the
tolerance of networks against attacks, such as power grids in blackouts or com-
puter networks in case of cyber-attacks. They introduced the method of link
removal percolation in which the connectivity of the network and the statistics
of remaining connected components are studied after removing important links
from the system. Our procedure was the following: In the case of spherical
particle DEM simulations, we took parts of the force network in concentric
semi-ellipsoids centered at the orifice. In each layer, we applied link removal
percolation until a giant connected component still existed. The resulting com-
ponents can be seen in Fig. 4.12 for the force network presented in Fig. 4.11.
The giant component of the first layer (red) contains the primary arch span-
ning above the outlet. Outer layers (green, blue, purple, and brown in order
of increasing distance from the center) are made of larger and larger forces.

From this we conclude, that in clogged states not only the structure span-
ning above the orifice (marked by red in Fig. 4.12) is crucial. Furthermore, in
this structure forces are much lower than one would expect from the hydrostatic
conditions. This is justified by cupolas built around each other concentrically
in semi-ellipsoidal layers. They hold larger forces and transmit them to the
base of the silo farther from the orifice. This is reminiscent of the Janssen
effect acting in semi-ellipsoidal layers, and helps the outflow of particles from
the container.
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Figure 4.12 Result of the link removal percolation calculated for layers of semi-
ellipsoids above the orifice. Giant components of the remaining force network are
plotted.

4.4 Conclusion

In the first part of this chapter, we presented DEM simulations and ex-
periments to study the three-dimensional clogging of granular materials in a
silo. The clogged state is characterized by a cupola-shaped configuration of
particles around the outlet. Two methods were used to study the structure of
the clogged material: We have developed a triangulation method that works
for concave objects besides the calculation of packing density.

We have found, that the inner shape of this object is close to a semi-ellipsoid
but with large holes in it, indicating that it is essentially composed of two-
dimensional arches which eventually fill the space. The above statement is
justified by the fluctuations seen both on the individual density plots and on
the variation of the maximal distance of the surface from the center of the
outlet and the force chain analysis. We have studied the clogging of elongated
particles as well. In some cases, similar semi-ellipsoid-shaped cupolas were
found, but in some cases, especially for long particles and large orifice, the
cupola was standing on the top of a stable structure of horizontally placed
long particles. These structures can grow up to five times the orifice diameter,
even at the moderate aspect ratios considered here. The force network analysis
supports these findings, showing an onion-like layered structure of the force
network around the orifice in semi-ellipsoidal layers, transmitting large forces
to the silo base reminiscent of the Janssen effect1, facilitating the outflow.

1In 1895 Janssen discovered that in a container filled with granular particles the pressure
measured at the base of the container depends on the filling height in a complex way.
The pressure saturates with increasing fill height, because the weight of the material in
the container is partly supported by the frictional contacts with the walls. For a detailed
description of the Janssen effect see Sec. 4.5.2.
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4.5 Flow of granular material through an orifice

In the following sections, the continuous flow of granular materials is studied
according to our recent paper [P4]. As I was involved in DEM simulations,
I will focus on the simulation of silo flow and show experiments in order to
support and complete our findings.

From now on, I assume that the clogging probability is negligible during
the outflow process studied here. This process, the gravity-driven discharge
of granular material from a silo or hopper is a frequent operation in various
industrial procedures [2,13,160–165]. However, materials involving deformable,
viscoelastic grains with low surface friction pose new challenges for controlling
the flow of such samples. Several experimental and numerical studies have
shown that for frictional hard grains the discharge rate of a silo is constant
and independent of the filling height [151,160,166–170], if the orifice diameter
D is larger than about 5 particle diameters [130]. This feature is very useful in
engineering applications and led to the emergence of simple devices such as the
hourglass. More precisely, the flow rate was found to be constant until near
the end of the discharge when the shape of the granular surface (often having a
form of a funnel) starts perturbing the outflow. These results hold for several
types of particles, such as spherical beads of various materials (glass, steel,
lead, plastic) [166–168, 171–173], nearly spherical particles (e.g. peas) [170],
grains with irregular shape (e.g. sand) [164], or slightly anisometric grains
(wheat, corn, soybeans, poppy seeds, and oat) [151,169].

4.5.1 Flow rate depending on the diameter of the orifice:
Beverloo scaling

The fact that the flow rate was found to be constant for a wide range of
materials facilitated the characterization of the outflow as a function of the
orifice diameter D. The flow rate Q in a three-dimensional silo was found
to vary approximately as D5/2. Some refinements proposed either using an
effective orifice diameter in place ofD, taking into account the grain size d [160,
164,174], or taking into account the slight density decrease near the orifice with
decreasing orifice size [166]. This so-called Beverloo scaling was experimentally
tested in various systems and was shown to work even at increased or decreased
gravitational acceleration [175].

4.5.2 The weight of the material is supported by walls:
Janssen effect

It is also known that the weight of the material in the silo is partly sup-
ported by the frictional contacts with the walls. As a consequence, the basal
pressure pb (i.e. the normal stress measured at the bottom of the silo) saturates
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with increasing fill height h. This phenomenon was first systematically investi-
gated by Janssen [176,177], who confirmed the earlier measurements of Huber-
Burnand [178], Hagen [164, 179], and Roberts [180]. The so-called Janssen ef-
fect is also present when the contacts are mobilized (experiments with moving
walls) [181, 182], and the pb(h) curve is best described by a combination of a
linear section (hydrostatic behavior) at the bottom of the silo and an expo-
nential saturation in the upper section [181, 183], where the saturation length
is comparable to the silo diameter, Dsilo.

The height-independent constant basal pressure would serve as a good ar-
gument for the constant flow rate as several authors mentioned [2,13,162,165,
166, 184]. For comparison, in a cylinder filled with a liquid the discharge rate
is clearly determined by the pressure (compare, for example, the clepsydra
described in the video abstract of [P4]), which is linearly increasing with the
height of the liquid column. In the low viscosity limit, the conservation of
energy leads to a flow rate Q proportional to

√
h (Torricelli’s law). For large

viscosities, dissipation dominates near the outlet, leading to Q∝h. Investiga-
tions on granular flows showed, however, that the discharge rate is indepen-
dent not only on h, but also on the silo diameter Dsilo in case Dsilo>2.5D and
Dsilo>D + 30d [185, 186]. Thus, a simple relation between Q and pb has to
be dropped, since according to the above described Janssen effect, pb clearly
increases with Dsilo. Pacheco-Martinez et al. also showed [167] that by slightly
vibrating the silo wall one can get hydrostatic conditions in the pressure pro-
file (i.e. Janssen screening disappears), but when the orifice is opened, Janssen
screening reappears, and the silo still discharges the same way as without vi-
bration. Other recent experiments showed that different filling protocols might
lead to different pressure profiles, but the flow rate was found to be indepen-
dent of the basal pressure [171,187].

4.5.3 Constant discharge rate of granular materials

The mechanism leading to a constant discharge rate of a granular material
is still the subject of active research. Detailed experimental and numerical
investigations are carried out to analyze the flow near the orifice, where the
nature of dissipation clearly changes. There is a region with a paraboloid or
hemispherical shape below which dissipation strongly drops. This was first
identified by Hagen [179]. Based on this, Brown and Richards introduced the
concept of a free-falling arch describing the region where energy dissipation
decreases to a minimum [185]. At this surface, the stress in flow direction
vanishes, and from here the grains are freely falling [188]. Similar reasoning
led to the development of an alternative approach called the hourglass theory,
which predicts the discharge rate quantitatively [189,190]. Recent works have
tested and refined these ideas [151,160,166,184,191,192]. Among these, Darias
et al. derived differential equations based on energy balance and the so-called
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µ(I) rheology [192]. Their results are compatible with the Beverloo law, and
they have found an increase in the flow rate when the interparticle friction is
reduced. They also validated their theory numerically by three-dimensional
DEM simulations.

Other recent investigations tested the limitations, i.e., identified conditions
where the flow rate is not constant anymore. Introducing an interstitial fluid
clearly changes the dynamics, resulting in an increased flow rate near the end of
the discharge process [173,193]. Recently, this effect was shown to be present,
although with a much smaller amplitude, in dry granular flows of glass beads
in case the particles were sufficiently small (d<1 mm) [172]. For d=2 mm
glass beads, the flow rate was again found to be constant [173]. Another
investigation pointed out that applying a large stationary external force leads
to an increased flow rate during the discharge of a dry granular material [194].

4.5.4 Effect of frictional damping and particle stiffness

Some of the earlier numerical investigations mentioned that decreasing the
frictional damping leads to height-dependent (i.e., not constant) flow rates [195,
196]. Another numerical work reported strongly changing pressure conditions,
but only slightly increasing flow rates with decreasing wall friction [197]. Using
discrete element simulations, Balevičius indicated decreasing flow rates with
increasing interparticle friction in a quasi-2D system with limited size, and a
time-dependent flow rate [198]. In the above-mentioned recent work by Darias
et al. [192] on a 3D system, a time-dependent (slightly decreasing) flow rate
is noticeable for the lowest value of the friction coefficient they used (µ=0.1).
Langston et al. [199] investigated the case of frictional grains (µ=0.6) and found
that the discharge rate was rather insensitive to the stiffness of the interparti-
cle interactions. In a different numerical approach, Staron et al. implemented
plastic rheology in a 2D Navier-Stokes solver (following the so-called µ(I) rhe-
ology or constant friction) [200], which showed a transition from granular-like
(constant flow rate) to liquid-like (decreasing flow rate) behavior with decreas-
ing friction below about µ=0.3.

In the following, we show that the discharge behavior of low-friction, soft
hydrogel beads strongly differs from the case of hard frictional grains described
by a constant flow rate. We quantify the difference in laboratory experiments
by measuring the flow rate and the normal force exerted on the bottom of
the silo during the discharge process for both low-friction soft and frictional
hard grains. We perform DEM simulations to explore the effect of grain soft-
ness and surface friction on the flow rate as well as on the stress conditions
inside the silo. Our work was motivated by recent investigations on clogging
statistics of soft particles in two-dimensional silos or hoppers [152, 201, 202]
and X-ray tomographic measurements on the flow field of soft particles in a
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three-dimensional silo [203,204], all of which reported a fill height dependence
of the clogging probability, or the flow properties.

4.6 Methods

4.6.1 Experimental system

An acrylic cylindrical silo with inner diameter Dsilo=144 mm and height
H=800 mm was used in experiments. The bottom plate was physically dis-
connected from the silo with a gap of approximately 1 mm, and it was held
by a load cell enabling continuous monitoring of the force Fb exerted on the
bottom (see Fig. 4.13). Two types of filling protocols were used: pouring the
grains into the silo with faster (500 cm3/s) and slower (50 cm3/s) speed. Lower
pouring rates resulted in slightly (a few percent) denser packing of the granular
bed (see Fig. 4.13 for the data). The silo was discharged through a circular
orifice of diameter D in the middle of the bottom plate. The typical discharge
time was in between 50-100 s. During discharge, both the force exerted on the
bottom of the silo (Fb) and the discharged mass were continuously measured
by two load cells at a sampling rate of 1 kHz. The flow rate (Q) was calculated
from the discharged mass in grains/s units. The evolution of the fill height h
during discharge of hard grains was calculated from the discharged mass data
assuming a linear relation between the height and the mass in the silo. For
soft grains, pressure induces compression of the material, so the relation be-
tween the discharged mass and fill height was approximated by a third-order
polynomial which was previously calibrated.

Four granular samples have been used in experiments: nearly spherical pea
seeds, two samples of spherical glass beads (with diameters in the range of
2.85 mm<d<3.45 mm and 6.7 mm<d<7.3 mm), and spherical hydrogel beads
(see Fig. 4.13). For the glass bead samples, we used two versions: clean and
lubricated. Lubrication was achieved by spraying the glass beads (≈20 kg)
before pouring them into the silo. The inner surface of the silo was also sprayed
with silicone oil. The table in Fig. 4.13 also indicates the packing fractions
resulting after fast and slow filling of the silo. For hydrogel beads, the packing
fraction depends on the magnitude of contact forces, thus it changes with
height [203].

Three samples (peas, clean glass beads with d=3.15 mm and d=7 mm)
are considered frictional hard grains with a friction coefficient of about 0.3-
0.5, while the hydrogel balls are soft and have very small interparticle friction
coefficient. By measuring the Hertzian contact diameters, the Young modulus
(Ym) of the hydrogel spheres was found to be between 30 and 50 kPa [201],
with a slightly softer outer part than the core. This is similar to the results
of other measurements with hydrogel beads, which yielded a Young modulus
of Ym≈20 kPa [205]). In earlier studies, the interparticle friction coefficient of
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Figure 4.13 Sketch of the experimental setup and photographs of the samples
used in experiments, with the grain diameter d, particle density ρp, and Young
modulus Ym indicated below. The initial packing fractions in the silo correspond-
ing to fast and slow filling, ϕfast and ϕslow are also presented here.

hydrogel beads was found to be µp<0.03 [206]. We will show below that the
discharge of the low-friction, soft hydrogel particles is very different from the
frictional hard grains. This motivated us to reduce the surface friction of our
glass bead samples by spraying silicone oil on their surface as well as on the
silo wall.

The friction coefficient for hard surfaces with a lubricating layer depends on
the normal force and the sliding velocity [207], so we carried out experiments on
inclined planes to measure this friction coefficient. Details of the measurement
can be found in Appendix B.

4.6.2 Simulation setup

To study granular flow Discrete Element Method (DEM) simulations were
performed using the LIGGGHTS [32] simulation software. The interaction
force ~Fij between two contacting particles i and j was computed using the
Hertz-Mindlin model with no-slip condition, which is the default nonlinear
implementation of LIGGGHTS [39]. This numerical scheme allows the esti-
mation of the elastic and damping interaction parameters given the Young
modulus (Ym), the Poisson’s ratio (ν) of the material, the normal restitution
coefficient (en), and the friction coefficient (µ) of the particles. The effect of
rolling resistance and resistance to torsion were not taken into account.
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We use a cylindrical silo with similar dimensions as the experimental system.
The particles were spherical and had a polydispersity of ±10% in the case of
hard beads. In the case of soft particles, they were monodisperse. While in the
case of hard grains polydispersity is necessary to avoid spatial ordering, in the
case of soft grains no ordering was present when the sample was monodisperse.

The discharge process was simulated for various values of the material pa-
rameters by systematically changing the Young modulus, the normal restitu-
tion coefficient, and the friction coefficient, while a constant particle density
ρp=1000 kg/m3 and Poisson’s ratio of ν=0.45 was used in all cases. In case of
hard grains we used Ym=5·108 Pa which results in a negligible Hertzian normal
deformation δn/d ∼ (pb/Ym)2/3=4 · 10−4 for a basal pressure of pb=4 kPa. For
soft grains, we used Ym=1.25 · 105 Pa yielding δn/d ∼ (pb/Ym)2/3=10−1. The
particle-wall interaction was modeled using the same contact parameters used
for particle-particle interaction.

The preparation of the initial state in simulations was the following: Po-
sitions of the particles were generated in a container much higher, than the
resulting granular bed, using the random sequential deposition model to avoid
overlaps between particles. After applying gravity with the silo outlet closed,
particles were falling down, resulting a granular bed. For each configuration,
this procedure was realized using two protocols: (i) with an interparticle fric-
tion coefficient of µF=0.5 and one with zero interparticle friction. This was
done to mimic the fast and slow filling procedures applied in the experiments,
respectively. Filling the silo with zero interparticle friction resulted in a slightly
more compact initial packing (lower fill height), mimicking the slow filling pro-
cedure while using µF=0.5 for preparation, the resulting granular bed was less
compact (higher fill height). After filling, the orifice is opened and the material
starts to flow out of the container.

Similarly to the experiments, we monitored two macroscopic quantities dur-
ing outflow. First, the flow rate was calculated using the number of particles
exiting the silo in fixed time intervals of 0.1 s. Second, the vertical compo-
nent of the total force acting on the bottom surface was calculated. The mean
height of the column was estimated by averaging the highest particle locations
within 8 equally spaced intervals in the radial direction.

4.7 Results

4.7.1 Filling the silo

As discussed in the introduction, it is long known that for a frictional gran-
ular material the basal force Fb measured at the bottom of a silo deviates
from the hydrostatic behavior, as part of the weight is supported by frictional
contacts between particles and the silo wall [176, 177]. This effect is clearly
seen for the frictional samples in Fig. 4.14, where the basal force Fb normalized
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Figure 4.14 Filling procedure in experiments: normalized basal force Fb as
a function of the fill height h. For normalizing the basal force we use the total
weight W (H) of the sample which fills the silo entirely. Fill height is measured
in units of the silo diameter. The granular-like and the hydrostatic behavior
can be clearly distinguished: Dry and lubricated glass beads (red and purple,
respectively), as well as peas (green), show granular-like behavior, while hydrogel
beads (pink) show a behavior very close to the hydrostatic. One can see a slight
difference between the slow and fast filling protocols as well: The slower filling
procedure (dashed green) resulted in a slightly higher pressure at the bottom of
the silo in the case of peas.

by the weight of the material W (H) corresponding to a full silo is plotted as
function of the fill height.

For peas (green), two curves are presented, corresponding to the prepara-
tion protocols with filling speeds of 500 cm3/s (continuous line) and 50 cm3/s
(dashed line). The slower filling procedure (leading to denser packing) resulted
in a slightly higher pressure at the bottom of the silo, i.e., in this case, contact
forces with the silo wall are weaker. In these measurements, the silo was filled
in 16 steps, and the filling height was measured visually in each step by taking
benefit of the transparent silo wall.

In the case of hydrogel beads (pink), the curve is very close to the hy-
drostatic behavior, which is coherent with the very low friction coefficient
(µp<0.03) of these particles. Note that for this material the packing fraction
increases with pressure, especially at low pressures. This leads to the fact that
for such a compressible material the hydrostatic curve is not a straight line
but its slope increases with h/Dsilo, especially at filling heights h6Dsilo. In the
case of hydrogel beads, we filled the container only up to a height of 60 cm,
corresponding to h/Dsilo=4.17, since at complete filling (80 cm) the pressure at
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the bottom of the silo occasionally caused the breaking of some beads, pushing
fragments into the gap between the silo and the bottom plate.

It is interesting, that the resulting curve in the case of lubricated glass
beads (purple) is not similar to the case of hydrogel beads, but almost the
same as the case of dry glass beads (red). This is due to the complex nature
of lubrication, which results in a contact force dependent friction coefficient as
demonstrated in Appendix B. Moreover, the thin layer of silicone oil results
in a cohesive interaction at the grain-grain or the grain-wall contacts. The
magnitude of the cohesive force can reach the weight of a grain. We have seen
that after discharge a few grains were remaining on the walls, and they were
sliding down very slowly.

4.7.2 Silo discharge: comparison of experiments and sim-
ulations

Hard, frictional grains: traditional granular discharge

First of all, I will compare the discharge curves measured in experiments
and simulations. As discharge curves, the time evolution of the flow rate Q
and the basal force Fb exerted at the bottom of the silo during discharge are
considered. The latter is normalized by the total weight of the sample when the
filling height is equal to the silo diameter. Experimental discharge curves are
presented in Fig. 4.15 (a-d) in case of peas for both types of initial preparation
methods (fast (a-b) and slow (c-d) filling) with different orifice sizes. Both the
flow rate Q and the basal force Fb have a very similar time evolution for both
preparation types. Looking at the top panels (a, c), one can see that the flow
rate is basically constant during discharge, even when the pressure conditions
at the bottom of the silo (b, d) changed during the process. The flow rate
curves are the same for the two types of initial conditions, i.e., changing the
initial density did not affect the discharge rate.

The bottom panels show that the basal force first decreases relatively quickly
to the same level for both initial conditions. This drop is partly attributed to
the activation of the force network transferring weight to the container walls.
After this initial transient, which is finished when about 5% of the total mass
was discharged, the basal force decreases only slightly until h is approximately
2Dsilo, and then a faster decrease rate sets in. Note that the Fb curves mea-
sured for different orifice diameters D in Figs. 4.15 (b) and (d) overlap, thus
the basal force does not depend on the discharge rate.

We now compare the experimental observations with the results of DEM
simulations for hard beads with Young modulus of Ym=5 · 108 Pa and a resti-
tution coefficient of en=0.9. Similarly to the experiments, these results have
been obtained with frictional grains, with µ=0.3 for both cases: initially filling
with µF=0.5 and µF=0, corresponding to fast and slow filling, respectively.
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Figure 4.15 Discharge curves of hard frictional grains with different outlet
sizes. (a-d): experiments with peas. (e-h): DEM simulations with inelastic
spherical grains with friction coefficient of µ=0.3, Young modulus of Ym=5·108 Pa
and a restitution coefficient of en=0.9. The top panels show the evolution of the
flow rate Q, while the bottom panels present the normal force Fb exerted on
the silo bottom during the discharge process. Fb is normalized by the weight
W (Dsilo) of the material corresponding to a filling height of the diameter of the
silo. Two types of initial conditions (slow and fast filling of the silo) result in very
similar discharge processes both in experiments and simulations. The initial fill
height was h0/Dsilo=5.56, while the initial packing fraction ϕ is indicated at the
top. Each curve represents the average of 4 measurements. The silo diameter was
Dsilo/d=20.8 in experiments and Dsilo/d=15 in simulations with mean particle
diameters of d=6.92 mm in both.

As one can see in Fig. 4.15 (e-h), the numerical data reproduce all the fea-
tures observed in experiments: Constant flow rate despite the changes in the
basal force, same basal force curves for different orifice sizes (i.e., for different
discharge rates), and very similar values of the measured parameters for the
two initial conditions. There is only a slight quantitative difference between
experiments and simulations: The flow rate is a bit lower and the basal force
is a bit higher in simulations.

Soft, low-friction grains: close to the hydrostatic behavior

The discharge of low-friction, soft hydrogel beads is remarkably different
from the traditional granular discharge demonstrated above with peas and nu-
merical simulation of hard frictional grains. As can be seen in Fig. 4.16 (a-b),
the basal force Fb decreases nearly linearly (close to the hydrostatic condi-
tions), and more importantly, the flow rate also decreases gradually during
discharge. Another important remark is that for hydrogel beads clogging is
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Figure 4.16 Silo discharge of soft, low-friction grains with different outlet sizes.
(a-b): experiments with hydrogel beads. (c-d): DEM simulations with spherical
grains with friction coefficient of µ=0.03, Young modulus of Ym=1.25 · 105 Pa,
and a restitution coefficient of en=0.5. Top panels show the evolution of the flow
rate Q while the bottom panels present the basal force Fb in the silo during the
discharge process. The value of Fb was normalized by the weight W (Dsilo) of
the material corresponding to a filling height of the diameter of the silo. Dashed
lines correspond to the hydrostatic condition. Experimental curves represent the
average of 10 measurements, numerical data correspond to the average of 4 runs
with the following parameters: Dsilo/d=15.65, h0/Dsilo=4.17, and d=9.2 mm.

only observed at much smaller orifice sizes, i.e., the silo discharge is continu-
ous for the relatively small orifice sizes presented in Fig. 4.16 (a-b), which is
in accordance with earlier experimental observations [204].

In order to model the experimentally observed behavior of soft, low-friction
grains, we performed a systematic DEM study by changing the interparticle
friction, the Young modulus, and the coefficient of restitution of the particles.
By adjusting these parameters we have found, that the experimental data for
hydrogel beads can be best reproduced with µ=0.03, Ym=1.25 · 105 Pa, and
en=0.5 (see Fig. 4.16 (c-d). Choosing µ=0.03 ensures a quantitative match
between the experimental and numerical values of the basal force Fb dur-
ing discharge (compare Fig. 4.16 b and d). Moreover, the flow rate data of
DEM simulations (Fig. 4.16 (c)) nicely reproduce the experimentally observed
linearly decreasing trend qualitatively, but are about 70% higher than exper-
imental values (Fig. 4.16 (a)). Increasing the Young modulus and decreasing
the restitution coefficient both decrease the flow rate, with the Young modulus
having a stronger effect. For this, we use Ym=1.25 · 105 Pa, which is about 3
times larger than the average nominal value. This is in accordance with recent
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results by Brodu et al. [208], who showed that when such soft grains have mul-
tiple contacts, the resistance of the material against pressure becomes stronger,
as deformation of the grain due to the force at a given contact increases the
contact force on the other side of the grain. A better match between flow
rates of experiments and simulations could not be obtained, since the further
increase of the Young modulus (i.e. by a factor of 2) led to clogging. The
value of Ym=1.25 · 105 Pa results in a typical Hertzian normal deformation of
δn/d ∼ (pb/Ym)2/3=10−1 for a silo with a basal pressure pb=4 kPa. As men-
tioned before, changing the value of the restitution coefficient has a smaller
effect on the flow rate, the value of en=0.5 used here was estimated from drop
and bouncing experiments.

Figure 4.17 Silo discharge with clean and lubricated glass beads of d=3.15 mm
(a-d) and d=7 mm (e-h) with different outlet sizes. Top panels show the flow rate
Q while bottom panels correspond to the normalized basal force Fb/W (Dsilo) as
a function of height h during the discharge process. All curves are averages of
4 measurements with: h0/Dsilo=5.56, Dsilo/d=45.7 (for beads with d=3.15 mm)
and Dsilo/d=20.6 (for beads with d=7 mm).

Hard, low-friction grains: similar to the granular behavior

In an attempt to test the effect of friction on discharge rates of hard grains,
we performed experiments with two more samples: clean (dry) and lubri-
cated glass beads, coated with silicone oil, with diameters of d=3.15 mm and
d=7 mm. As described in the experimental section (Sec. 4.6.1), lubrication re-
duces the surface friction for certain contacts, and at the same time introduces
new effects resulting from cohesive forces. As expected, clean glass beads show
very similar discharge characteristics (see Fig. 4.17 (a-b) and (e-f)) to peas de-
scribed earlier (Fig. 4.15 (a-d)). In the case of lubricated particles, the results

4 Flow and clogging in three-dimensional silos 89



4.7 Effect of friction coefficient

are slightly different between the smaller and larger grains. For small grains,
we observed the same flow rates for clean and lubricated systems (compare
Fig. 4.17 (a) and (c)), although the basal force was a bit larger for the latter
one. In the case of large beads, the discharge rate at a given orifice size is
clearly larger for the lubricated particles (Fig. 4.17 (g)) than for dry particles
(Fig. 4.17 (e)), but it is still constant in time, like for small glass beads. Note
that for the 7 mm beads, lubrication led to a much stronger increase of the
basal force than for the smaller ones.

4.7.3 Effect of friction coefficient for hard and soft grains
in DEM simulations

So far the difference between hard, frictional and soft, low-friction particles
has been studied. We have also presented the case of hard, low-friction particles
and we have seen, that reducing friction in the case of hard particles does
not change their outflow behavior dramatically. The question arises: What
happens when we systematically change the coefficient of friction? Such a
study can be done in DEM simulations. The results are presented in Fig. 4.18,
where the change in the discharge behavior is presented when the interparticle
friction is varied systematically for hard and soft grains with Ym=5 · 108 Pa,
en=0.9, and Ym=1.25 · 105 Pa, en=0.5, respectively, while all other simulation
parameters are kept constant. We see that the decreasing friction coefficient
leads to a gradual change from the granular-like behavior with a constant flow
rate towards a behavior characterized by a linearly decreasing flow rate.

The most important finding is, that this change is much stronger for soft
grains than for hard grains (compare Fig. 4.18 (a) and (b)), even though curves
for the basal force do not differ that much for hard and soft grains (compare
Fig. 4.18 (d) and (e)). Thus, for soft grains decreasing interparticle friction
leads to noticeable deviation from the granular-like behavior, while for hard
particles such deviation is expected only for frictionless grains. The height
dependence of the basal force during discharge is similar for hard and soft
grains, meaning that the vertical force transmitted to the wall does not depend
significantly on the stiffness of the grains. The experimental scenarios for the
lubricated (low-friction) glass beads with d=3.15 mm and d=7 mm correspond
to the hard grain simulation results with about µ=0.2 and µ=0.12, respectively.

For frictional beads (e.g., µ=0.5) the behavior of hard and soft grains is
very similar with a slightly (1.17 times) larger flow rate for soft grains. The
effect of the interparticle friction coefficient on the flow rate is summarized in
Fig. 4.18 (c) and (f). Panel (c) shows the average value of the flow rate (for
those cases when it is constant during discharge), while panel (f) shows the net
gradient 〈dQ/dh〉 ·Dsilo of the flow rate (obtained by a linear fit in the range
of Dsilo<h<h0) as a function of the friction coefficient for both hard and soft
grains.
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Figure 4.18 DEM simulations of silo discharge for various values of the in-
terparticle friction coefficient µ for hard and soft grains. (a) and (d) show the
evolution of the flow rate Q and the normalized basal force Fb/W (Dsilo) during
discharge of hard particles with a Young modulus of Ym=5 · 108 Pa and a resti-
tution coefficient of en=0.9. (b) and (e) show the same for soft particles with
Ym=1.25 · 105 Pa and en=0.5. Each curve corresponds to the average of 4 sim-
ulation runs with D/d=6.5, Dsilo/d=15.65, h0/Dsilo=4.17, and d=9.2 mm. (c)
shows initial constant flow rate and (f) the net gradient 〈dQ/dh〉 · Dsilo of the
flow rate in the range of Dsilo<h<h0 from panels (a) and (b) as a function of the
interparticle friction coefficient µ.

4.7.4 Coarse-grained analysis

One can extract further data from DEM simulations according to the micro-
macro formulation that can be derived from the classical laws of conserva-
tion [209–212], e.g., more information about the stresses inside the silo. This
coarse-graining methodology allows us to build macroscopic fields of the pack-
ing fraction, the velocity, and the stress tensor, with all quantities averaged in
the azimuthal direction. Details of the calculation and results can be found in
Ref. [P4]. Here I briefly summarize the findings of my co-authors.

This analysis revealed a considerably different pressure field for hard and
soft grains with a low friction coefficient. For low-friction hard grains, Janssen
screening is still observed with increased vertical stress near the walls, while for
low-friction soft grains this effect is much weaker. For low-friction soft particles,
the local vertical stress above the orifice changes more during discharge, and it
has a stronger effect on the flow rate than in the case of low-friction hard grains.
Thus, the dynamic arch formation which is a key element in setting a constant
flow rate for hard grains is much less effective for low-friction soft grains. The
fact that the critical orifice size below which clogging is observed was found
to be much smaller for low-friction soft grains [152, 201, 202] is in accordance
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with the above described observations. For low-friction soft grains, instead of
the Janssen screening, the pressure inside the silo is linearly increasing with
distance from the top surface and has a maximum right above the orifice.
The value of this pressure maximum gradually decreases during the discharge
process and can be related to the decreasing discharge rate.

Based on the momentum balance in the region of the orifice, a phenomeno-
logical formulation for soft particles with a low friction coefficient can be made.
This suggests that for such materials, dissipation is dominated by viscous fric-
tion near the orifice. This model predicts a very similar decrease of the flow rate
with decreasing fill height as found in the experiments with hydrogel beads.

4.8 Conclusion

Our experimental and numerical investigations clearly show that changing
the particle stiffness and the interparticle friction has a strong effect on the
gravity-driven granular flow out of a container with a small outlet in the flat
bottom. Decreasing the interparticle friction has a much stronger effect for
soft grains than for hard grains.

For soft grains, with a Young modulus of the order of 10 times the basal
pressure, numerical simulations predict that the character of the discharge
process gradually changes with decreasing interparticle friction: Grains with
high friction coefficient flow with a constant flow rate (granular-like behavior),
while for grains with low surface friction, the flow rate systematically decreases
with the height of the granular bed.

This is noticeably different for hard grains, with a Young modulus of the
order of 105 times the basal pressure, where basically a constant flow rate is
observed except for the special limit case of frictionless grains. This is nicely
demonstrated by the effect of lubricating glass beads, where reducing the fric-
tion coefficient already resulted in a gradual decrease of the basal force during
discharge, but the constant flow rate still persisted (traditional granular-like
behavior). For frictional grains, the difference between the discharge of hard
and soft particles is smaller. Both cases are characterized by a constant flow
rate, which is only slightly larger for soft grains. This is in accordance with
earlier findings [199], where for frictional grains (µ=0.6), a moderate change
in the stiffness (typically 1 order of magnitude) lead to no significant change
in the flow rate. The evolution of the total normal force exerted at the bottom
of the container during discharge shows much smaller differences between hard
and soft grains.
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Chapter 5

Conclusion

In the previous chapters of my thesis I gave an introduction to the field of
granular materials by studying a few phenomena present in our everyday life. I
briefly explained the basics of the widespread simulation method, the discrete
element method (DEM). Then I studied two systems, the 2+ε-dimensional sys-
tem filled with monodisperse particles and the behavior of granular materials
in silos.

The aim of my work presented in Chapter 2, was to understand the geo-
metrically frustrated packing and ordering of particles in a container which is
at the transition between two and three dimensions. Our aim was to study the
effect of shaking by means of DEM simulations and experiments. Our aim was
to find out whether the system behaves like the two-dimensional case, when
the locally optimal configuration is optimal in the global sense as well, thus the
densest state can be achieved by simple dynamical processes or is it like the
three-dimensional case, where the difference between the locally and globally
optimal configurations hinder the realization of the densest configuration by
shaking. We have found that the system behaves neither as a two-dimensional
nor as a three-dimensional system. The well-defined global optimal configura-
tion is also the local optimal configuration, but due to orientational frustration,
this optimal state is difficult to reach. We have shown that the frustration in
the domain structure can only be dissolved through unfavorable events with
very small probability.

In Chapter 3, I presented the application of Edwards theory to this 2+ε-
dimensional system. Although granular materials are athermal systems in non-
equilibrium, Edwards proposed a theory describing the ensemble of jammed
granular states in the framework of equilibrium statistical physics. Our aim
was to test the applicability of this theory to our system and give its descrip-
tion by deriving its partition function. We have shown that the observables
can be calculated exactly and the calculation matches reasonably well with
simulations. We have also tested the applicability of the Edwards ensemble
for two coupled subsystems. We found that the resulting system can only be
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described if the stress equilibrium is taken into account at the microstate level
and the partition function of the full system is calculated. We have found that
the Edwards ensemble is capable of reproducing the observables of a jammed
system but fails to help in combining subsystems when there is volume ex-
change not only between the subsystems but also between the subsystems and
the environment.

In Chapter 4, I studied the behavior of granular particles flowing out of a
cylindrical container, a silo. First of all, we were interested in the phenomenon
of clogging: When the diameter of the silo outlet is only a few times larger
than the particle size, stable structures can form above the orifice to arrest the
flow. The aim of our DEM study supported by experiments was to understand
the structure of the clogged states, the geometry of the structure above the
orifice. The main question was to decide whether the structure is a three-
dimensional dome or it is more like a complex structure of two-dimensional
arches spanning above the orifice. The force network analysis shows an onion-
like layered structure of the force network around the orifice in semi-ellipsoidal
layers, transmitting large forces to the silo base reminiscent of the Janssen
effect, facilitating the outflow.

After studying the clogged states in three-dimensional silos, we studied the
continuous flow of particles. Our aim was to study the effect of particle pa-
rameters on their outflow behavior. In our DEM simulations supported by
experiments we systematically changed the interparticle friction and particle
stiffness to understand their effect on the silo flow of granular particles. Our
investigations clearly show that changing the particle stiffness and the inter-
particle friction has a strong effect on the gravity-driven granular flow out of
the container. Decreasing the interparticle friction has a much stronger effect
for soft grains than for hard grains.
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Appendix A

Calculation of the degeneracy in
the Edwards ensemble

We know that for every z ∈ {C \ Z−}

lim
n→∞

Γ (n+ z)

Γ (n)nz
= 1 (A.1)

and
Γ (x) = (x− 1)!. (A.2)

If k and k′ are functions of ∆` according to Sec. 3.4.3

k (∆`) =
`g
∆`

=
Lf
∆`

and k′ (∆`) =
`g,0
∆`

=
Lf (a)

∆`
, (A.3)

∆`→ 0 is equivalent to k →∞ and k′ →∞.
So

lim
∆`→0

(
N + k

k

)
= lim

∆`→0

(N + k)!

(k)! (N)!
= lim

∆`→0

Γ (N + k + 1)

Γ (k + 1) Γ (N + 1)
=

= lim
∆`→0

Γ (N + k)

Γ (k) kN
(N + k)kN

kNΓ (N)
= lim

∆`→0

(N + k)kN

kNΓ (N)

(A.4)

and thus the detailed calculation of Eq. (3.8) is

gs(N, k) = lim
∆`→0

gs(N, k,∆`)

gs(N, k′,∆`)
= lim

∆`→0

(
N+k
k

)(
N+k′

k′

) = lim
∆`→0

(N + k)kN

kNΓ (N)

k′NΓ (N)

(N + k′)k′N
=

= lim
∆`→0

N + k

N + k′

(
k

k′

)N−1

≈ lim
∆`→0

(
k

k′

)N
=

(
Lf

Lf (a)

)N
,

(A.5)

taking into account that k � N and k′ � N .
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Appendix B

Measurement of friction coefficient

In the second part of Chapter 4, we study the effect of particle friction and
stiffness on the flow properties. We have seen, that the discharge behavior of
low friction soft hydrogel beads strongly differs from the case of hard frictional
grains. This motivated the study of low frictional hard grains in experiments,
which has been done by reducing the surface friction of the glass bead samples.
Silicone oil has been sprayed on the surface of the beads as well as on the silo
wall.

The friction coefficient for hard surfaces with a lubricating layer depends on
the normal force and the sliding velocity [207], so we carried out experiments
on inclined planes to measure this friction coefficient.

In the first set of experiments, a wooden block of a mass of 188 g was
used with three glass beads glued on it serving as three legs. The inclination
angle was determined at which the block was sliding without acceleration on
an acrylic flat surface (similar to the silo wall). The friction coefficient was
determined as the tangent of the inclination angle.

For clean glass beads and a clean surface, the coefficient of friction was
µclean=0.44, while for lubricated glass beads and a lubricated surface, we got
a considerably reduced value µlubricated=0.015. The surface of the hydrogel
beads is naturally wet, so for these grains, the same measurement was repeated
without any lubricant, and resulted in a friction coefficient of µp=0.02. We
note that the typical normal force in these tests was much larger (a few hundred
times) than the weight of a single grain.

In the second set of experiments, a thin plastic foil was used instead of
the wooden block, thus the sliding object essentially had the weight of the
three beads. In this case the measured sliding friction coefficient of the clean
glass beads was µclean=0.27 for the smaller (d=3.15 mm), and µclean=0.18
for the larger (d=7 mm) beads. For lubricated glass beads, stationary slid-
ing was observed for a wide range of the plane inclinations 35o<θ<60o for
d=3.15 mm, and 11o<θ<20o for d=7 mm, corresponding to friction coefficients
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of 0.7<µ<1.7 and 0.19<µ<0.36 for small and large beads, respectively. The
stationary sliding speed was typically a few cm/s, it increased with θ.

Thus, for the case of glass beads for typical sliding velocities observed in
our silo during discharge the friction coefficient at lubricated contacts changes
considerably with the normal force. For certain contacts it can be similarly
small to the case of soft hydrogel beads, for other contacts its value is much
larger, it is similar to that of dry glass bead contacts.
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New scientific contribution
(Thesis statements)

1. DEM and Monte Carlo simulation of the compaction of uni-
form spheres in a 2+ε-dimensional container.

I have shown by means of discrete element method (DEM) simulations
and experiments that the 2+ε-dimensional narrow system, filled with
monodisperse spherical particles, subjected to shaking approaches its
ground state, the triangular lattice with bands or zigzag structures of
particles touching alternatively the two sides of the cell. However, this
ground state is never reached due to the formation of perfectly ordered
incompatible domains. I have shown that the system is driven by the
area change of local configurations in a two particle radius space and by
the antiferromagnetic vertical alignment, which is supported by Monte
Carlo simulations. My DEM simulations revealed that defects in the
triangular lattice play an important role in the dynamics because they
act as activation sources and help the development of an optimized con-
figuration. By means of Monte Carlo simulations, I explained why it is
impossible for the system to reach its ground state: This would neces-
sitate unfavorable events with very small probability. These results are
published in [P1].

2. Application of the Edwards theory to the 2+ε-dimensional sys-
tem of uniform spheres by deriving its partition function and
comparing the results with DEM simulations and experiments.

Under the guidance of János Török I have shown that the 2+ε-dimensio-
nal system can be described by the Edwards ensemble, the partition
function can be formulated analytically, and the observables can be cal-
culated analytically. I have shown that the calculation matches reason-
ably well with simulations. By connecting two well-defined systems I
have shown that the case of coupled subsystems can only be described
by the Edwards ensemble if the stress equilibrium is taken into account
at the microstate level and the partition function of the full system is
calculated. The calculations supported by my DEM simulations showed
that the Edwards ensemble fails to help in combining subsystems when
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there is volume exchange not only between the subsystems but also be-
tween the subsystems and the environment. These results are published
in [P2].

3. Studying the clogging and outflow behavior of granular parti-
cles from a silo by DEM simulations supported by experiments.
(a) I have studied the three-dimensional clogging by means of DEM

simulations with spherical and elongated particles. The simulations
revealed, in accordance with experiments, that on average a struc-
ture taller than a hemisphere is visible above the orifice, however,
by studying single cases, sparser regions and rathole-like structures
can be found. I developed a triangulation method to precisely de-
scribe the surface of the clogged structure. The DEM simulations
have shown that in the case of elongated particles sometimes a ver-
tical wall is made of horizontally placed particles around the orifice
which is closed by the hemisphere-like object found in the case of
spherical particles. I have shown that the clogged structure above
the orifice is a primary, two-dimensional arch supported by sec-
ondary arches. The interparticle force network of the system shows
an onion-like layered structure: Cupolas are built upon each other
concentrically in semi-ellipsoidal layers. Cupolas farther from the
orifice hold larger forces and transmit them to the silo base or wall
far from the orifice, reminiscent of the Janssen effect. These results
are published in [P3].

(b) I have studied the effect of particle stiffness and coefficient of fric-
tion on the gravity-driven silo flow behavior of spherical particles in
DEM simulations. My results supported the experimental findings
which revealed that the interparticle friction has a much stronger
effect for soft grains than for hard grains. In the case of soft grains
with high friction coefficient the flow rate is constant (granular-like
behavior), while for grains with low surface friction the flow rate
decreases systematically with the height of the granular bed. I have
shown that the case of hard grains is different: The flow rate is basi-
cally constant except for the special limit case of frictionless grains.
These results are published in [P4].
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List of publications related to the
thesis statements

[P1] S. Lévay, D. Fischer, R. Stannarius, B. Szabó, T. Börzsönyi, and J. Török,
“Frustrated packing in a granular system under geometrical confinement”,
Soft Matter, 14, 396–404 (2018).

[P2] S. Lévay, D. Fischer, R. Stannarius, E. Somfai, T. Börzsönyi, L. Brendel,
and J. Török, “Interacting jammed granular systems”, Physical Review E,
103, 042901 (2021). For supplementary movies see Refs. [121] and [122].

[P3] J. Török, S. Lévay, B. Szabó, E. Somfai, S. Wegner, R. Stannarius, and
T. Börzsönyi, “Arching in three-dimensional clogging”, EPJ Web of Con-
ferences, 140, 03076 (2017). Here you can find the video abstract of the
paper.

[P4] T. Pongó, V. Stiga, J. Török, S. Lévay, B. Szabó, R. Stannarius, R. C.
Hidalgo, and T. Börzsönyi, “Flow in an hourglass: particle friction and
stiffness matter”, New Journal of Physics, 23, 023001 (2021). Here you
can find the video abstract of the paper.

Other publications

[O1] S. Lévay and J. Török, “Multiple shear bands in granular materials”, EPJ
Web of Conferences, 140, 03084 (2017).

[O2] T. Finger, F. von Rüling, S. Lévay, B. Szabó, T. Börzsönyi, and R. Stan-
narius, “Segregation of granular mixtures in a spherical tumbler”, Physical
Review E, 93, 032903 (2016).
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