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I. Introduction

There are many tasks that require the prediction of missing data. Some of them are text document
categorization, spam filtering, handwritten digit recognition, credit screening, weather forecasting, etc.
The missing data for these tasks are the labels of the documents, classification as spam or not spam,
the value of digit, decision to grant or not to grant credit, or the weather for the next day.

Many methods have been developed to yield faster or more accurate solutions to these problems [1].
In this paper we propose a new machine learning (ML) algoritmfor binary classification tasks. The

algorithm is a modification of a multiclass classification method, suggested in [2]. We will show some
preliminary results, based on artificial datasets.

II. Machine learning methods

To be able to compare our new method to the existing ones, we need some classification of classifica-
tion algorithms.Supervised machine learningis the learning of a mapping from input-output patterns.
[3] We distinguish between binary classification and multiclass classification. In case of binary classi-
fication, we choose between two classes, the positive (e.g. spam) and the negative (e.g. not spam), as
opposed to multiclass classification, when we have more classes. In both cases each example belongs
to exactly one class.

One of the most important and simplest classifiers are the linear classifiers. They require the exam-
ples to be represented inRn , and use the following decision function:y = sign(wTx+ b) w 2 Rn ; x 2 Rn ; b 2 R (1)

Thew vector and theb scalar are the parameters of the model. There are a plenty of methods to
find a suitable(w; b) solution: Support Vector Machines, Centroid, Adaline, Perceptron, Naive Bayes,
Logistic Regression, etc. [4][3][1].

III. Support Vector Machines

During the last few years Support Vector Machines (SVMs) have gained a lot of popularity, and have
been proven as one of the most powerful learning algorithms for various problems. Suppose we are
provided with examplesxi and their labelingyi 2 f�1; 1g. TheH hyperplane separating positive and
negative examples is formulated by:H = fx j wTx+ b = 0 x 2 Rng (2)

In case of an SVM,w andb are the solutions of the following convex quadratic programming (QP)
problem:

minimize: V (w; b) = 12wTw + CXi �i subject to:(wTxi + b) � yi � 1� �i; �i � 0 (3)
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WhereC is a user-defined constant, which should be set to trade off between large margin (1=jjwjj)
and small training error(Pi �i). Here�i is a slack variable representing the training error on theith
example.

The dual of this QP is the following optimization problem [4]:

maximize: W (�) = �12XX�i�jyiyjxixj (4)

subject to: 0 � �i � C; X�iyi = 0 (5)

The optimalw is equal to
P�ixiyi [4]. Those vectors, for which�i > 0, are called support vectors.

Only these vectors influence the model.

IV. Multiclass SVMs

There are many approaches to solve multiclass problems. Almost all of them rely on the binary
classification algorithms. In [2] a different approach is proposed:

Let S = f(x1; y1); : : : ; (xi; yi); : : : ; (xm; ym)g be the set of training examples, andY = f1; :::; kg
be the class labels (yi 2 Y ) andM = f(1;w1; b1); :::; (j;wj; bj); : : : ; (k;wk; bk)g be the multiclass
model. For a given examplex, the decision function is defined as:f(x) = argmaxj2Y wTj x+ bj (6)

TheM model is the solution of the following QP-problem:

minimize: V (M) =Xj2Y 12wTj wj + C mXi=1 �i (7)

subject to:8mi=18j2Y nyi (wTyixi + byi)� (wTj xi + bj) � 1� �i; �i � 0 (8)

V. Polytope classifiers

Convex polytopeis the convex hull of a finite set of points [5]. Convex polytopes can be represented
as the intersection of a finite number of half-spaces. Note that in case of SVMs SVM partitioned
the space into two halves: one for positive examples, the other for negatives. Consider the example
depicted in fig.1a. This problem cannot be solved with a linear classifier. Nevertheless SVM has a non-
linear extension, which is able to solve non-linearly separable problems using the following function:f(x) = sign�b +X�iyiK(x;xi)� (9)

WhereK(�; �) is a user-supplied kernel-function, which must hold some properties [4]. Roughly speak-
ing, the more similar thex andxi, the higher the value ofK(x;xi). However, when we are given a
lots of training examples, to decide a category of an unseen example, the method needs to calculateK(x;xi) for all i, and this could be slow, compared to the linear approach (in that case,K(�; �) is the
scalar product, and the support vectors can be summed up).

To overcome this problem, we may useconvex polytope classifiers: given a convex polytope, it
classifies points inside the polytope as negative (inner class), otherwise positive (outer class).

In [6] there are some negative results for constructing classifiers: ,,It is NP-complete to recognize
whether two sets of points in general space can be separated by two hyperplanes.” But ,,For every
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fixed k in any fixed dimension, it takes polynomial time to recognize whether two sets of points can be
separated with k hyperplanes.” Thus in arbitrary high dimensions we can give up fixing k for a small
(minimal) value. Note that if a binary classification problem can be solved with a convex polytope
classifier, it is very easy to construct one:� for eachxi point in the outer (positive) class, separate it from the inner class. This yieldswi,bi.� for an unseen pointx, computesign(maxiwTi x+ bi), which indicates the class label.

VI. Proposed method

The multiclass SVM described in section IV. can easily be adopted to construct a binary convex
polytope classifier: We create a separate class for each positive example (but do nothing on negatives):
we ignore the constraint of eq.8 between positive classes. Thus, each positive example will be separated
from each negative (if feasible), but there may be mistakes between positive class labels (but we do not
take care of it).

Formally: suppose we are given with a binary classification task (Y = f�1; 1g) and the outer class
is the positive, and containsm+ examples. If not, then negate the class labels. Let the firstm+ example
be positive, and the rest negative. LetY = f�1g [ f1; : : : ; m+g, and8m+i=1 yi := i. TheM model is
the solution of the following QP-problem:

minimize: V (M) =Xj2Y 12wTj wj + C mXi=1 �i (10)

subject to:8m+i=1 (wTyixi + byi)� (wT�1xi + b�1) � 1� �i; (11)8mi=(1+m+)8m+j=1 (wTyixi + byi)� (wTj xi + bj) � 1� �i; 8mi=1�i � 0 (12)

The classification of an unseen example is performed by:f(x) = sign �argmaxj2Y wTj x+ bj�.
Note that the optimal solution can be found in polynomial time, and the proposed method is a large

margin method.

VII. Preliminary results

To demonstrate the capabilities of the proposed method, we have evaluated it on some two-
dimensional artificial datasets.

In fig.1a there is a very simple classification problem. Linear SVMs are unable to solve it. The
proposed approach can solve it (C = 10, see fig.1a). With a Gaussian kernel (K(x1;x2) =exp(�jjx1 � x2jj2)) SVM finds a similar (but smooth) solution. In fig.1b negativeexamples are
inside a circle, positives are outside (100 examples total,C = 10000). Our method solves it with 4
weight vectors (plus bias), SVM with a gaussian kernel uses 93 support vectors and one bias. This
means a factor of 7-8 in speed and memory consumption when classifying an unseen example. We can
generalize the proposed approach: we create a separate class even for each negative example (fig.1c-d,C = 100).

VIII. Conclusions

Advantages of the proposed algorithm:� It can easily be generalized to solve even more general problems: if we create separate classes for
each example (not only for positives), it is even more general (i.e. not only convex polytopes).
Multiclass (not only binary) polytope classification taskscan also be solved.� The classification phase is fast, the learning method is deterministic, the optimum point always
exists, and can be found in polynomial time.
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Figure 1: Classification problems and their solutions. Dashed line means inner-class separation� It solves the convex separability problem with a large-margin method.� The solution is ,,intelligent”, i.e. it can merge positive classes, and uses a few number of facets.
Disadvantages:� It is terribly slow when the outer class contains a lots of points.� We do not know in advance, how many facets are required (we could not know). We have no

control over the number of facets.� Maximizing the margin has no mathematical background as opposed to SVMs (i.e. minimizes
the expected classification error).

IX. Future work

The results are very promising, however we need to do furtherinvestigations:� We should try out the kernelized version of multiclass classification kernel functions, to create
even more general classifiers (possibly with few support vectors).� Speed up the proposed method by simplifying the QP-problem:Some clustering on the outer
class would speed up the method because of the fewer classes.We could use a smallC and
solve the QP problem. From this, we hope to have a small numberof positive classes. We could
consider only these classes as the covering of the positive set, and solving this new problem
(fewer positive classes) with a higherC. Another approach is to cut down with some hyperplane
as many outer points as we can, create a cluster for them, and repeating this greedy method until
each point is in a cluster.� There are more open-source implementations of the multiclass SVM, with lots of speed-up tricks.
Can they be modified to construct polytope classifiers while preserving their speeds?� If we put some labeled points in the space, and assign each point of the space to the nearest of
these points, we get a nearest neighbour classifier. The relationship between k-NN and polytope
classifiers should be investigated.
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