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1 Background and objectives

Nowadays, in the �rst quarter of the 21st century, one of the most researched �eld of
the electrical engineering is the wireless communication based on electromagnetic waves.
Firstly, during the 20th century, they had been used for audio broadcast, which was later
expanded for video transmission as well. Since the Millennium, the telecommunication
industry has been developing and growing exponentially, and now the �fth generation
technology standard (5G) is the currently introduced technology, but the sixth generation
(6G) is already envisioned and designed as well. The 5G networks are able to handle 10
times more devices than the forth generation (4G); therefore, it allows to connect sensors,
cars, household devices to the network forming the Internet of Things (IoT). Furthermore,
the high number of the connectable sensors and their secured communication protocols
enables them to use these networks e.g. in healthcare or in industry leading to the �Fourth
Industrial Revolution� or the so called Industry 4.0.

Unfortunately, the wireless transmissions are less robust than the wired ones. In the
later case, as long as the wire remains intact, usually only the superposed noise has
to be taken into account during transmission. Controversy to that, if there is wireless
connection between the devices, further distortions may appear as indirect transmission
paths leading to multipath propagation, which can be modelled as follows. There are many
paths between the transmitter and the receiver: a direct one and some others that are
re�ected. These paths have di�erent lengths; thus, the propagation times of the waves are
also di�erent causing time delay between the waves at the receiver side. Furthermore, the
attenuation of the paths is di�erent; therefore, the received waves have various magnitudes.
These phenomena can be described by an impulse response where the amplitude of the
coe�cients are proportional to the magnitudes, while the phases of the coe�cients are
proportional to the time delays.

Considering these circumstances, the transmission channel has to be determined to
compensate the e�ects of the multipath propagation, which requires system identi�cation
performed generally as follows. The observed system is excited by a signal, which is
commonly a composition of sine waves with random phases (so called multisine signal) or
noise. Using these signals and measuring the system response, the frequency response can
be estimated. An other approach is the time domain identi�cation: in this case, applying
a right exciting signal, the system impulse response can the observed. Having a wireless
transmission for which the channel has to be identi�ed, these conventional methods can
not be applied any more. The distance between the transmitter and the receiver can
grow up to hundreds of kilometers as well; thus, the excitation and the response of the
system can not be observed at the same time. In this case, however, if the receiver knows
the transmitted signal, then it can identify the transmission channel. Considering that the
above mentioned signals have random parameters (noise, multisine signal), such sequences
have be transferred, properties of which are similar to the previously mentioned signals.
These sequences can be considered as pseudorandom signals, but they are prede�ned;
therefore, the receiver knows the excitation; thus, channel identi�cation can be performed.

In my thesis, two aspects of the channel estimation is investigated: �rstly, the Golay
sequences are introduced and analysed for telecommunication applications [1], then a
suitable method for the channel estimation is presented in details: the e�ective evaluation
of the Wiener �lter in sliding window approach based on solution of Kraker [2, 3].
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1.1 Channel estimation using Golay sequences

If a sequence GA [n] = (GA [0] ,GA [1] , . . . ,GA [N − 1]) is given with length of N , then its
non-periodic auto-correlation function can be evaluated as follows

RA [n] =
N−1−n∑

i=0

GA [i] · GA [i+ n] = GA [n] ∗ GA [n] . (1)

De�ning GB similarly to (1), GA and GB are Golay complementary sequences if

RA [n] +RB [n] =

{
2N for n = 0,

0 for 0 < n < N.
(2)

Let a transfer channel is given having the following impulse response: hch [n]. Further-
more, let xtr [n] be a discrete transmitted signal. In this case, the received signal can be
considered as

xrec [n] = hch [n] ∗ xtr [n] . (3)

To retrieve the correct transmitted information on the receiver side, the e�ects of the
impulse response have to be estimated and compensated. Let us have a noiseless trans-
mission, and if the transmitted signal xtr is a GA sequence, then the received signal xrec

can be expressed using (3) as follows

xrec [n] = hch [n] ∗ GA [n] . (4)

If this signal is correlated by a Golay �lter as (1) shows [4, 5], and thereafter, it is added
to a consecutive xrec [n] when GB is sent, the following result is given

y [n] = hch [n] ∗ (GA [n] ∗ GA [n] + GB [n] ∗ GB [n]) = hch [n] ∗ (RA [n] +RB [n]) (5)

where the output of the �lter is denoted by y [n]. Substituting (2) into (5), the impulse
response of the transfer channel can be expressed as

hch [n] =
y [n]

2N
. (6)

Instead of this time domain approach, I showed that this estimation can also be per-
formed in frequency domain by evaluating the channel frequency response. For this cal-
culation, longer blocks (GU and GV ) are constructed from GA and GB according to the
directives of the IEEE 802.11ad standard [6]. Using GU , (4) can be generalized as follows

xU,rec [n] = hch [n] ∗ GU [n] . (7)

If (7) is Fourier transformed, then the following equation is given after rearranging

Hch [m] =
XU,rec [m]

GDFT
U [m]

. (8)

After performing the same calculations for GV as in (7) and (8), it can be seen that two
channel frequency response estimations are already given for Hch [m], and their average
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can be evaluated. This frequency domain estimation is a suitable solution because Fourier
transform is necessary for modulation (e.g., OFDM-transmissions); thus, it is already
present in the receiver, while the Golay �lter is an extra module without any further
usage.

A further advantage of the frequency domain estimation is the following. Similarly to
the channel estimations, the compensations can also be performed either in time domain
or in frequency domain. The time domain compensation is the backward operation of (3),
which is the deconvolution. Considering that this operation su�ers from instability issues,
and it is currently an open research topic yet, how does it have to be performed to get
stable and correct results; therefore, the compensation should be evaluated in frequency
domain.

1.2 E�cient evaluation of sliding Wiener �lter

The idea of the adaptive �ltering is to tune the coe�cients of a adaptive �lter h [n]; thus,
the error between the output signal y [n] and the desired signal can be is minimised. This
�lter is modelled as a linear time-invariant (LTI) �lter having a �nite impulse response
with K coe�cients. As a result, for an input X [n], the output signal of the adaptive �lter
can be expressed by a matrix multiplication in a given observation window containing N
samples

y [n] = X [n]h [n] . (9)

The optimal solution ĥopt [n] for the �lter coe�cients h [n] � know as the Wiener-Hopf
equation � can be given in least square sense in the following form [7]

ĥopt [n] = R−1 [n]p [n] (10)

where R [n] is the auto-correlation matrix of the input signal while p [n] is the cross-
correlation vector of the input and output signals.

The sliding window evaluation bases on an e�cient algorithm for the calculation of
the inverse of an updated auto-correlation matrix, R−1 [n+ 1]. This method was �rstly
presented by Kraker. The submatrices of the correlation matrices R and their inverses
R−1 have the following supplementary notations as Fig. 1 shows. Using them, the updated
inverse of a auto-correlation matrix can be expressed as follows [2]

R−1 [n+ 1] =

(
b−1
11,r −b−1

11,rb
T
21B

−1
22

−B−1
22 b21b

−1
11,r B−1

22 +B−1
22 b21b

−1
11,rb

T
12B

−1
22

)
. (11)

Originally, the classic Gauss�Jordan elimination method is used for inversion having
O (K3) complexity. Currently, the Coppersmith�Winograd-algorithm � and its slightly
optimised versions � gives the lowest complexity for inversion of an K ×K matrix with
complexity O (K2.376). Controversy to that, the complexity of this sliding window evalu-
ation is deduced, and it is only squarely proportional to K; thus, O (K2) complexity can
be reached. Furthermore, the exact computational complexity of the algorithm can be
further reduced by using the fact that an auto-correlation matrix is symmetric; therefore,
it can be satisfactory to perform the calculations only over on the half of the matrix.
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Figure 1: Structure of the correlation matrices R and their inverses R−1

1.3 Complex-valued algorithms for identi�cation

Nowadays, the signi�cance of the IQ modulation increases due to the demand for reaching
higher data rate and better spectral e�ciency. Having two independent signal sources, they
can be superposed into a single wave using cosine and sine wave as carriers. If the signal
sources are considered as real and imaginary part of a complex number, then this model
can be described by complex-valued arithmetic. In this thesis, the conventional channel
identi�cation methods are extended to handle complex-valued signals as well.

Applying these extended algorithms, the computational time becomes more crucial
because the complex-valued computations have to be evaluated by real-valued arithmetic
units, which requires longer runtime. Therefore, the increased complexity is also analysed;
furthermore it is showed that they have the same order of complexity like the real-valued
computations.

6



2 Investigation methods

The prime objective of my research was to investigate and implement the procedures
that were presented in the previous chapter and to elaborate the related digital signal
processing methods.

2.1 Simulation Environment

During my research years, I created a software packet inMatlab containing a simulation
environment to investigate all of the algorithms and solutions that were used (or at least
mentioned) in my thesis. This packet was built up from di�erent modules to demonstrate
the operation of a transmission chain from the data generation to the last data processing
on the receiver side. Compared the sent and the received data and signals, the di�erent
quality indicators can also be computed and investigated. The functionality of my software
can be separated into three di�erent main parts as the following listing presents.

• To investigate the Golay sequences, I implemented the single carrier mode of the
IEEE 802.11ad standard with a transmitter, a transfer channel simulator, and a
receiver.

• I implemented the design of an adaptive �lter based on the Wiener-Hopf equation
using both the conventional methods and the sliding window evaluation.

• However, it is not introduced in the thesis, for future research, I started to implement
a quantisation tool to simulate the behaviour of e.g., 8-bits, 16-bits architectures.
By using this part, it can be investigated, how do the di�erent algorithms work if
only a limited numeric precision is applied.
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3 New scienti�c results � Theses

Thesis I: Extension of the channel estimation algorithms based on Golay se-

quences

I investigated the Golay sequences, which are special sequences used for channel esti-
mation in data transmission systems. I proved that the original time domain method can
be used for complex-valued channels as well by modifying the coe�cients of the Golay
�lter. Furthermore, I showed that this approach can be extended for four blocks in the
case of the IEEE 802.11ad channel estimation �eld. As a new method, I introduced a
frequency domain approach for channel estimation based on Golay sequences using the
Fourier transform. I also showed that the proposed method achieves similar bit error ratio
as the conventional, time domain approach if it is applied in continuous transmissions.

Sub�thesis I�1: I speci�ed complex-valued coe�cients for Golay �lter to perform the
time domain channel estimation in the case of IQ signals.

Sub�thesis I�2: I showed that the channel estimation for 802.11ad standard can be
evaluated as the average of four pairs of blocks if the channel impulse response is shorter
than the applied Golay sequence.

Sub�thesis I�3: I introduced a frequency domain approach for channel estimation. I also
showed that it achieves the same performance as the time domain method if continuous
transmission is applied.

(Please refer to the following sections in the thesis: Section 2.3.2, Section 2.3.3, and Sec-
tion 2.4.)

The results presented in this thesis were published in: J1, J2, C1, C2, C3, C4.

Thesis II: Optimisation of the RSC4BI-algorithm

I investigated the RSC4BI-algorithm presented by A. Kraker, which is used to evaluate
the Wiener-Hopf equation in a sliding window manner. I proved that this new method has
a lower computational complexity than the conventional inversion calculation; therefore,
it is a preferable solution for a sliding Wiener �lter. I derived and compared the two calcu-
lation methods for RSC4BI based on the dyadic product and based on the permutation.
Furthermore, I decreased the computational complexity to its half by using the fact that
the input matrix is always symmetric; therefore, it is satisfactory to evaluate only the
upper triangle parts.

Sub�thesis II�1: I speci�ed, which calculation method � dyadic or permutation � is
more preferable for updating the auto-correlation matrix and the cross-correlation vector
during evaluation of Wiener-Hopf equation. The preferable algorithm depends on the �lter
length K and the sliding window size N .

Sub�thesis II�2: I proved that the computational complexity of the RSC4BI-algorithm
is O (K2), while the conventional inversion methods require at least O (K2.37286) opera-
tions. I also implemented and veri�ed the proposed algorithm; furthermore I compared
its performance to the conventional methods using Matlab and embedded hardware.

Sub�thesis II�3: I improved the RSC4BI-algorithm, and I showed that only the upper
triangle parts are required for the calculations because the input matrix is symmetric.

8



Furthermore, I presented an improved algorithm, where the reuse of the already calculated
variables can reduce the number of the required calculations.

(Please refer to the following sections in the thesis: Section 3.3 and Section 3.4.)

The results presented in this thesis were published in: J3.

Thesis III: Extension of the RSC4BI-algorithm for complex-valued signals

I generalized the RSC4BI-algorithm presented by A. Kraker to generate the Wiener
Filter in a sliding window manner if complex-valued signals are applied. As it is known, an
auto-correlation matrix and its inverse are always Hermitian. Using this fact, I removed
the imaginary parts of the elements in the main diagonal of the inverse of the auto-
correlation matrix as the last step of the inversion. This step stabilizes the algorithm,
and it protects that against the accumulation of round-o� errors of the imaginary parts.
Furthermore, I investigated the complexity of the extended algorithm. I showed that it is
squarely proportional to the �lter length, even though the addition and the multiplication
of two complex numbers require additional computations.

Sub�thesis III�1: I extended the algorithm of A. Kraker for complex-valued signals to
evaluate the inverse of the auto-correlation matrix in a sliding window manner. I showed
that the elements of the main diagonal in the inverse of the auto-correlation matrix are
not purely real because of round-o� errors of the algorithm. Therefore, these imaginary
parts have to be removed to stabilize the algorithm.

Sub�thesis III�2: I proved that the complexity of the algorithm is squarely proportional
to the �lter length if complex-valued signals are considered.

(Please refer to the following sections in the thesis: Section 4.2 and Section 4.3.)
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4 Utilisation of the results and outlook

It is very advantageous in 3G or 4G systems to apply Golay sequences for di�erent pa-
rameter estimation purposes; furthermore, they can be a very promising candidates for
5G � and even for 6G � networks. During the design of network concepts, the following
aspects can be taken into account if Golay sequences are used: easy generation, excellent
auto- and cross-correlation properties, signal processing in time or in frequency domain,
and opportunity to use time-distributed algorithms. The channel estimation based on
complementary Golay sequences can be performed both in time domain and in frequency
domain; furthermore, the incoming signals do not have to be limited to be real-valued
because complex-valued data � IQ-transmissions � can be handled as well. Using Fourier
transform for estimation, the already given hardware is applied for calculations; therefore,
there is no need for further arithmetical units as in case of time domain estimation based
on Golay �lter.

Assuming that the transfer channel and its paths can be modelled by a FIR �lter,
the channel impulse response can be estimated by Wiener-Hopf equation as well. This
solution requires the inversion of the auto-correlation matrix that is a crucial step of the
procedure. For case of continuous evaluation, Kraker's method, the RSC4BI-algorithm can
be e�ciently applied in sliding window manner resulting O (K2) complexity. Extending
this algorithm to handle complex-valued signals, this procedure is a suitable and e�ective
alternative for channel estimation of IQ-transmissions.

The investigations � that were performed in this thesis � are not complete, one major
aspect was already not studied: the e�ects of the quantisation. Considering that our
systems are almost always digital, the incoming signals have to be digitised by ADCs;
therefore, they contain only certain values depending on the resolution. In the current
available ADCs, the resolution is reciprocally proportional to the conversion time leading
to that the high frequency signals can be digitised only by 8, 10 bits ADCs. Thus, it
is going to be a very important study in the future, how high is the quantisation fault
tolerance of the algorithms. If this tolerance is high enough, then the number of bits can
be reduced until reaching an optimised value. This decreased resolution allows to increase
the conversion speed while lower resolutions lead to cheaper ADCs.
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