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I. Introduction

The theory of complex networks, an emergent field connecting diverse disciplines such as biology,
computer science and sociology, has proved to be a useful framework for the analysis of a wide range
of real-world phenomena including (but not limited to) epidemic spreading, the US patent system, or
technological networks such as the Internet (for an overview, see [1]). The usual approach of such
analysis is to decompose the system being studied into substantially identical individual components
and then characterize the system by the individual components and the network of interactions. Such
a representation can then be studied by a well-established tool, namely graph theory.

A particular problem in network theory that has received considerable attention during the last few
years is the detection of communities, i.e., subsets of network components (vertices) that interact with
each other more frequently than with other parts of the network. Researchers working in the field
implicitly relied on the assumption that a vertex of a network being decomposed may belong to one
and only one community. However, recent research showed that this assumption can prevent one from
gaining important insights on the structural overlaps in the network [2]. Vertices of a network that can
not be assigned uniquely to a single community are called bridges, and the rest of this paper will discuss
an algorithmic method for identifying bridges in complex networks by employing a fuzzy community
detection framework.

II. Methods

The objective of classical community detection in networks is to partition the vertex set of the graph
G(V, E) into c distinct subsets in a way that maximizes intra-community edge density and minimizes
the number of edges between communities. Several heuristics have been proposed to reduce the time
complexity at the expense of the quality of the results obtained (e.g., [3]).

For the time being, let us assume that c is given. A convenient representation of a given partition
of the graph vertices is the so-called partition matrix U = [uik], where U has N = |V | columns
and c rows. uik is the membership degree of vertex k in community i, subject to the constraint that∑c

i=1 uik = 1 for all 1 ≤ k ≤ N . An advantage of this framework is that it allows a vertex to belong
to multiple communities with well-defined numerical degrees of membership, as long as the individual
membership degrees of a vertex add up to 1. Bridge vertices can then be detected by evaluating the
individual membership vectors of the vertices.

Dunn and Bezdek [4] proposed a method of identifying such fuzzy clusters in multi-dimensional
datasets. However, this method requires a distance function defined in the space the data belong to,
rendering it unusable for networks, where the vertices are not embedded in some multi-dimensional
space. Nepusz et al [5] recently proposed an algorithm that circumvents the need of spatial embedding
while being able to find a meaningful fuzzy partition in networks.

A. Detecting fuzzy communities and bridges in complex networks
For the sake of notational simplicity, let us denote the vector of the membership degrees of vertex k

with the column vector uk = [uik]
T for 1 ≤ k ≤ N and 1 ≤ i ≤ c. The similarity of vertices i and j is

defined as the inner product of their membership vectors: sij = ui
Tuj . Similarly, the similarity matrix
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of a given fuzzy partition is the matrix of similarities for all vertex pairs. It follows from the definition
of similarity that S = UTU. Note that 0 ≤ sij ≤ 1 and sij = 1 if and only if both vertices belong to
the same single community.

An intuitive description of a good fuzzy partition is that it makes connected vertices as similar as
possible while keeps disconnected vertices dissimilar. To formalize this, we can state that the similarity
should be close to 1 in the case of connected vertices and close to zero for disconnected vertices. The
discrepancy between the actual and the expected similarity can then be quantified by the following goal
function:

DG(U) =
N∑

i=1

N∑
j=1

wij(Aij − sij)
2 (1)

where Aij is 1 if and only if vertex i is adjacent to vertex j or i = j and 0 otherwise. wij is an optional
weight. From now on, the fuzzy community detection reduces to the minimization of DG(U) with
respect to U while keeping the column sums of U equal to 1.

Minimization can be done by gradient-based iterative algorithms (e.g., the method of conjugate gra-
dients) or by stochastic methods (e.g. simulated annealing or extremal optimization). It was shown in
[5] that the gradients of the goal function in the subspace satisfying the constraints on U are as follows:

∂DG

∂ukl

= 2
N∑

i=1

(eil + eli)

(
1

c
− uki

)
(2)

where eij = wij(Aij − sij) (the “error term” of vertex pair i and j). The paper also provides hints on
employing the gradient to find the local minima, and gives a simple heuristics that selects the number
of communities appropriately. Bridge vertices in the network can then be detected by a measure called
bridgeness. The bridgeness of vertex k (bk) is derived from the standard deviation of the coordinates of
the membership vector of vertex k. When a vertex belongs to all the communities equally, the standard
deviation of the membership vector is zero (since uik = 1/c for all i). The maximum deviation√

(c− 1)/c is attained when the vertex belongs only to a single community. The exact definition of
bridgeness follows after an appropriate renormalization:

bi = 1−

√√√√ c

c− 1

c∑
j=1

(
uji −

1

c

)2

(3)

B. Shortcomings of the algorithm
The method described above suffers from a minor flaw. Since the algorithm strives to make con-

nected vertices similar and disconnected vertices dissimilar, vertices situated on the periphery of the
network with only a few connections to the core will be assigned to all of the communities in order
to make them as dissimilar to the rest of the networks as possible, and the few links of the vertex will
not be enough to counteract this tendency. Therefore, vertices with a high bridgeness are either real
bridges (structural overlaps between two communities) or outliers.

The algorithm is also slightly biased towards relatively small and densely connected communities,
which becomes evident when one tries to apply the algorithm to graphs with no distinct and unique
community structure. One such example is random geometric graphs [6], a special subclass of random
graphs where N vertices are dropped randomly in a k-dimensional unit-sized hypercube and two ver-
tices are connected if their distance is less than a predefined threshold ε. A random geometric graph in
the unit square with N = 100, ε = 0.2 is shown on Fig. 1(a). The original fuzzy community detection
algorithm was run with c = 2 and vertices are colored according to their bridgeness values. It is evident
that the original algorithm detected the two “cores” of the network and classified the vertices more or
less correctly, but high bridgeness values of many of the vertices is definitely an undesired effect.
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(a) Original algorithm (b) Improved algorithm

Figure 1: Fuzzy communities in a random geometric graph with N = 100 and ε = 0.2 using the origi-
nal (left) and the improved (right) algorithm. Vertices are colored according to their bridgeness score,
darker shades meaning larger scores. Circles denote community 1 and squares denote community 2.
Note that the improved method identifies real bridge vertices correctly while the original one assigns
high bridgeness scores to peripheral vertices as well.

C. Improving the algorithm for better bridge identification

The improved result shown on Fig. 1(b) was achieved by taking into consideration that two vertices
should be considered similar if and only if there exists an edge between them even though we wouldn’t
expect that edge in the graph if it were completely random. Similarly, two vertices are likely to be
dissimilar if they are disconnected despite the fact that they are usually connected in a similar random
graph. Formally, we consider a randomized null model of the network being studied and put emphasis
on vertex pairs that show significant deviation from the null model.

A possible null model of a network is characterized by a probability matrix P = [pij], where pij is
the probability of the existence of an edge between vertices i and j. It was shown in [3] that given a
degree sequence d1, d2, . . . , dN for N vertices and m edges, pij = didj/2m in the model to produce
the prescribed degree sequence with maximum likelihood. The difference between the observed and
the expected edge probability for vertices i and j is then expressed by Aij − pij , and the goal function
of the fuzzy clustering is modified as follows:

DG(U) =
N∑

i=1

N∑
j=1

∣∣∣∣Aij −
didj

2m

∣∣∣∣ (Aij − sij)
2 (4)

The introduced weights can also be used for speeding up the calculation, since one can simply
disregard vertex pairs with low weights, effectively reducing the number of vertex pairs that have to be
considered.

III. Results

To show the effectiveness of the algorithm, we analyzed a network of weblogs about US politics and
their hyperlinks. The dataset was originally published in [7] and included 1490 weblogs linked together
by 19090 hyperlinks. Weblogs were annotated by their political alignment, and the vast majority of
hyperlinks were placed between weblogs with similar political alignment. The dataset was converted
to an undirected graph, isolated vertices and loop edges were removed and mutual links were collapsed
to a single one prior to the analysis, resulting in a graph with 1222 vertices and 16714 edges. Vertex
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Figure 2: Fuzzy communities of the political blog network [7]. Circles denote liberal, squares denote
conservative blogs. Dark shades represent vertices in community 1 (roughly representing conserva-
tive blogs), light shades represent community 2 (almost all liberal blogs). The size of the vertices is
proportional to their bridgeness score.

pairs with weight less than 0.01 were excluded from the goal function. Therefore, out of the 746 031
possible vertex pairs, only 231 805 were considered.

Our fuzzy community detection algorithm was able to classify 94.84% of the weblogs correctly. 47
liberal weblogs were mistaken for being conservative and 16 conservative ones were grouped together
with the liberal cluster. However, the mean bridgeness of the misclassified vertices was significantly
higher (0.4575) than the correctly classified ones (0.2778). One must also take into account that the
weblog labeling was admittedly imperfect (based on self-reported or manual categorization). The result
is shown on Fig. 2.

IV. Conclusion

A possible extension of the fuzzy community detection algorithm of Nepusz et al [5] was presented.
Our improvement eliminates a weakness of the original algorithm that assigns high bridgeness values
to vertices lying on the periphery of the network, and by excluding vertex pairs with low weight from
the analysis, the speed of the algorithm is also increased.
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