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Abstract 

Shallow lakes are distinguished from deeper ones by important hydrodynamic 

features, e.g. wave induced motion can reach lake’s bottom easily and the thermal 

structure of the whole volume is characterized by diurnal stratification. The main idea of 

this doctoral research is to set up a prognostic model system for Lake Balaton. For this 

purpose a three-dimensional numerical hydrodynamic model is adapted, improved and 

validated for Lake Balaton and enabled to reproduce the thermal structure of the lake. 

The selected FVCOM circulation model solves the Reynolds-averaged Navier-Stokes 

equations with the two-equation Mellor-Yamada turbulence closure scheme.  

Water motion is induced mainly by the wind therefore a wind forcing model was 

developed, able to reconstruct the spatial variation of wind stress with an accuracy 

appropriate for hydrodynamic modelling purposes. The wind stress model is a semi-

algebraic, heuristic model complemented by a spatial interpolation scheme. The model of 

the atmospheric internal boundary layer (IBL) reconstructs the instantaneous wind stress 

profile along a wind oriented line while the interpolation technique takes meso-scale wind 

variability into account. A detailed sensitivity analysis is performed to explore the 

functional relationship between the parameters of the IBL model. The role of time-

averaging of wind stress in the hydrodynamic response of the lake is also explored by 

numerical analyses. 

In order to model the thermal structure of the lake an energy budget component 

estimation method adjusted to the availability of routine measurements was set up and 

validated. Turbulent heat fluxes are estimated by a profile method based on the flux-

gradient and Monin-Obukhov similarity theory and validated against eddy-covariance 

measurements. The characteristics of a shallow lake environment are presented and 

analyzed briefly.  

The adapted hydrodynamic model is extended so that it is able to describe wave-

induced turbulent mixing. I added efficient schemes into the phase-averaged turbulence 

equations which represent the mixing of non-breaking waves. The vertical turbulent 

mixing induced by orbital wave motion is a few magnitudes greater than that induced by 

breaking waves or by the shear production of mean currents. By the inclusion of wave 

induced turbulent mixing a great improvement is achieved in modeling the thermal 

structure and the diurnal stratification in a shallow lake. 
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Tartalmi kivonat 

Számos fontos hidrodinamikai jellemző különbözteti meg a sekély tavakat a mélyebb 

víztestektől, mint például a hullámzás keltette vízmozgás könnyedén elérheti a mederfeneket 

vagy éppen napi ciklusú rétegződése vízoszlopnak. A doktori kutatás legfőbb célja egy 

előrejelzésre alkalmas modellrendszer alapjainak lerakása a Balatonra. Ehhez egy 

háromdimenziós numerikus hidrodinamikai modellt adaptáltam, fejlesztettem tovább és 

igazoltam a Balatonra, amely egyúttal képes a hőmérséklet térbeli eloszlását is pontosan 

számítani. Az FVCOM áramlási modell a Reynolds-átlagolt Navier-Stokes egyenleteket oldja 

meg a két egyenletes Mellor-Yamada turbulencia modell segítségével. 

A vízmozgást elsősorban a szél kelti, ezért egy szélmodellt fejlesztettem, amely képes 

leképezni a szél-csúsztatófeszültség térbeli változékonyságát a hidrodinamikai modellezéshez 

szükséges pontossággal. A szél-csúsztatófeszültség modellje egy fél-algebrai, heurisztikus 

modell, kiegészítve egy interpolációs sémával. A belső légköri határréteg (IBL) modellje a 

szélirány mentén adja meg a szél-csúsztatófeszültség eloszlását. Az interpolációs séma, ezt 

kiegészítve, a mezo-skálájú szél eloszlás változékonyságát írja le. Részletes 

érzékenységvizsgálattal feltártam az IBL modell paraméterei közti kapcsolatot. Továbbá a szél-

csúsztatófeszültség időbeli átlagolásának szerepét is feltártam a tó hidrodinamikai válaszának 

numerikus vizsgálatán keresztül.  

A tó hőmérséklet eloszlásának modellezéséhez szükséges energiaháztartási 

komponensek számítására egy olyan módszert dolgoztam ki és igazoltam, amely igazodik a 

rendelkezésre álló, szokásos mérési adatokhoz. A turbulens hőáramokat a fluxus-gradiens és a 

Monin-Obukhov hasonlósági elméleten alapuló profil alapú módszerrel számítom, amelyet 

örvény-kovariancia mérésekkel igazolok. A sekély tavi környezet sajátosságait röviden 

ismertetem és vizsgálom. 

Az adaptált hidrodinamikai modellt kiegészítettem a hullámzás keltette turbulens 

keveredés figyelembe vételéhez. Olyan hatékony tagokkal egészítettem ki a fázisátlagolt 

turbulencia egyenleteket, amelyek leírják a nem-megtörő hullámok turbulens keverését. A 

hullámzáshoz köthető orbitális vízmozgás által keltett turbulens keveredés nagyságrendekkel 

nagyobb, mint ami a megtörő hullámokkal és az áramlás nyírási produkciójával keletkezik. A 

hullámzás keverésének figyelembe vételével a tó hőmérséklet eloszlásának és a napi ciklusú 

rétegződésnek modellezésében jelentős fejlődést értem el. 
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1 Introduction 

In Hungary most lakes are shallow, possessing significant ecological value along 

with several water management issues. Lake Balaton is the largest freshwater lake in 

Central Europe. Its surface area is approximately 600 km2 while the total length of the 

shoreline is 235 km and the mean depth is only 3.5 m. Its ecological status, water quality 

and all of the tasks of stakeholders are directly related to the water movements. For a 

better understanding of the water motions in Lake Balaton, field measurement campaigns 

were first conducted in the sixties (Muszkalay 1977). Experiments were carried on and 

our knowledge became more comprehensive with the subsequent current observations 

(Muszkalay 1982) and sediment transport investigations (Rákóczi 1982). From the 

eighties field measurements were completed with numerical modelling to extend 

information about hydrodynamic status of local points to the whole water body (Shanahan 

et al. 1986). In the nineties application of automatic instruments and the higher 

computation capacity allowed to get a more detailed insight into flow patterns (Józsa 

2001).  

So, the hydrodynamic investigation of Lake Balaton dates back for more than fifty 

years. In the last two decades research programs were mostly focused on issues with 

larger time-scales, like eutrophication, sediment transport, decline of water resource, 

retardation of water quality. Nevertheless, a forecasting system is missing which is 

sufficiently detailed in its resolution and physical description. This hydrodynamic 

forecasting system should be driven by meteorological forecasts and could provide a 

forecast in a few-day time frame about the expected water level fluctuations, circulations, 

mixing and transport processes, wave field, and temperature distribution in the lake. 

1.1 General scope 

Water movements are relevant to the response of a lake to different impact and thus 

highly responsible for the ecological status. The different dynamic processes are 

horizontal currents, vertical movements (including water level fluctuations, wave 

motions, upwelling and downwelling currents) and turbulent mixing. To mention just a 

few examples: horizontal currents are responsible for large-scale advective transport; 

wave motion contributes to mixing in vertical direction and stir up bed material; turbulent 

mixing is responsible for small-scale mixing in both horizontal and vertical directions. 
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Furthermore, these processes highly interact. Mean flow generates turbulence as well as 

the wave induced orbital motion. The distribution and the scale of their turbulence 

production differ greatly leading to high anisotropy. Water level fluctuations significantly 

influence circulations and water mass exchanges by developing periodically changing 

currents (seiche). In addition, temperature as a physical parameter, strongly contributes 

to ecological and water quality processes. The temperature distribution in the water body 

is governed by all of the mentioned dynamic mechanisms. The different type of water 

movements in a lake are related to a number of factors: bathymetry, geometry of 

shoreline, wind climate and wind exposition, general climatic conditions, relative position 

of inlets and outlets etc. Beside hydrodynamics, the meteorological factors should be also 

synthesized by mathematical models in order to set up a prognostic model system. This 

idea has driven this doctoral research and defines the general objectives. The basic tasks 

and more precisely formulated objectives of the study are:    

- Set up and validate a three-dimensional Reynolds-averaged numerical 

hydrodynamic model for Lake Balaton. Requirements for an appropriate model are 

short runtime, flexibility and sufficiently detailed resolution. Verify for as many 

type of water movement as possible like water level fluctuations (seiche motions), 

currents and turbulent mixing.  

- The water motion is induced by the wind, thus the analysis of the wind distribution 

over the lake is essential. Develop a wind forcing model, able to reconstruct the 

spatial variation of wind stress acting on the water surface with an appropriate 

precision for hydrodynamic modelling purposes.  

- Simulate the evolution of the thermal structure of the lake. It requires the analysis 

of the energy budget of the lake. Set up and verify an energy budget component 

estimation method which is adjusted to the available measurement data and 

determine heat fluxes with the expected accuracy. 

- Quantify the relevant processes in terms of the emerging thermal structure of the 

lake like flow and wave induced turbulent mixing. Extend the numerical 

hydrodynamic model with efficient schemes to be able to describe mixing 

processes more accurately. 

1.2 Research approach 

The hydrodynamics, the wind field over the lake and the energy budget are 

reproduced and synthesized by deterministic models. The adapted hydrodynamic model 
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is based on the Reynolds-averaged Navier-Stokes equations with a two-equation 

turbulence closure scheme. The wind stress model is a semi-algebraic, heuristic model 

completed by an efficient interpolation scheme describing the wind development above 

a water surface and the spatial variability of wind climate. Energy budget components are 

estimated by a profile method based on the flux-gradient similarity.  

In the thesis the named dynamic processes are approached both directly and 

indirectly. Water movements as currents or water level fluctuations are analyzed and 

modeled directly according to the available data sets and the circulation model. The same 

can be said about the thermal structure of the lake.  

The wind conditions above the lake can be approached semi-empirically. The 

modeled wind speed can be compared by observation directly, but the accompanying 

wind stress and thus the wind forcing of the hydrodynamics cannot be verified directly 

by means of routine weather data. Indirect conclusion is gained by analyzing the modeled 

hydrodynamic response of the lake.         

The instantaneous vertical temperature profile and the typical diurnal stratification 

of a shallow lake depends on the intensity of incoming energy and mixing processes.  So, 

indirect conclusions on the vertical mixing can be drawn from temperature recordings 

thereby the capability of a hydrodynamic model in turbulence mixing can be investigated 

and verified.  

The different radiative and turbulence heat fluxes are not always measured. 

Turbulent heat fluxes can be estimated indirectly based on routine weather data like air 

temperature, water surface temperature, relative humidity and wind speed, similar to the 

situation of radiation components and ground heat flux. The applied formulations give 

reasonable values and the success of energy budget closure is quite promising.  

The hydrodynamic modelling makes up the backbone of the research although the 

detailed examination and modelling of the different factors was compulsory. As a 

consequence, the research has somewhat a multidisciplinary nature concerning the 

science of meteorology, hydrology and thermodynamics beside hydraulics. 

1.3 Outline 

Chapter 2 reviews the energy budget of a shallow lake. The estimation of the 

radiative fluxes is followed by the detailed description of turbulent heat fluxes. The model 

of turbulent heat fluxes is validated against eddy-covariance measurements. The 
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evaluation of the results focuses on the characteristics of a shallow lake environment. At 

the end of the Chapter a ground heat flux calculation method is explained. 

Chapter 3 presents a semi-algebraic wind forcing model for hydrodynamic 

modeling purposes. The model incorporates the effect of wind development due to the 

transition from land to lake, namely the atmospheric internal boundary layer 

development. The model is completed with an interpolation scheme in order to account 

for the spatial variability of the meso-scale wind climate.  A detailed sensitivity analysis 

of the model parameters is also performed.  

Chapter 4 describes the adapted FVCOM hydrodynamic model. The governing 

equations, the turbulence model and the applied numerical solving techniques are 

specified. The model is improved by completing the turbulence model with simple, but 

efficient terms to account for the turbulence mixing of the wave induced orbital motion. 

The different type of mixing terms is demonstrated on an academic test case.  

Chapter 5 introduces the application of the presented energy budget, wind and 

hydrodynamic models to Lake Balaton. Energy budget estimations are applied and 

verified. The wind forcing model is tested and validated as well. Its calibration procedure 

is made well posed by inclusion of the hydrodynamic model. Sensitivity analysis of the 

parameters of the wind model is also performed. Water level fluctuations and currents are 

hindcast as well in order to validate the lake model. The wave induced mixing 

formulations are applied to Lake Balaton and demonstrated to yield significant 

improvements in thermal structure modeling. 



 

2 Energy budget of a shallow lake 

Temperature is one of the principal factors in a lake ecosystem since it directly 

controls and influences biological and chemical processes. Furthermore, water bodies are 

important thermal energy stores and transporters through their particular physical 

properties (e.g. fluid state, heat capacity). Energy exchange between a lake and its 

environment is quite complex due to the fact that heat transfer processes can occur in a 

number of ways. The most complicated and thus intensively studied subject among the 

exchange processes are the different heat transports which take place on the air-water 

interface. 

The available energy for a water body is mainly determined by the net radiation, 

but there are many other components in the energy budget of a lake. The net radiation 

incorporates the solar radiation and long-wave radiations emitted and absorbed by the 

atmosphere and the water body. The heat energy can be transported to or from the lake 

through the air-water interface by conduction as sensible heat. The latent heat is the 

energy depleted by evaporation while the heat energy change with the submedium takes 

also place by conduction. The incoming and outgoing heat fluxes are rarely equal leading 

to a change in the energy content of the water body. In addition, there are some further 

exchange processes which are small enough to be omitted such as precipitation, chemical 

reactions etc. The heat exchange between open water and reed zones can be also neglected 

thus the extension of reed coverage is not significant compared to the lake area.  

2.1 Radiative heat fluxes 

The net radiation acting on a lake can be expressed as: 

 𝑅𝑛 = 𝑆𝑊𝑑𝑛 + 𝑆𝑊𝑢𝑝 + 𝐿𝑊𝑑𝑛 + 𝐿𝑊𝑢𝑝, (2.1) 

where SWdn is the incoming short-wave solar radiation,  SWup is the reflected short-

wave radiation, LWdn is the incoming long-wave radiation emitted by clouds and 

atmospheric gases and LWup is the outgoing long-wave radiation. About their different 

properties (e.g. wavelengths) the reader is referred to (Oke 1987). There are several 

methods to calculate the different radiation components depending on the available 

measurement data. In this dissertation I summarize the calculation procedure which is 

well adapted to the available observation data sets of Hungarian shallow lakes. The 
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outgoing short-wave radiation is determined in absence of its direct measurement by the 

following formula (Foken 2008b):  

 𝑆𝑊𝑢𝑝 = (1 − 𝛼)𝑆𝑊𝑑𝑛, (2.2) 

where α is albedo of the water surface which depends on the inclination of the sun 

having a form as: 

 
𝛼 =

𝑎0

(sin 𝜑 + 𝑎1)
, (2.3) 

where φ is inclination of the sun, a0 and a1 are parameters, their values specified by 

the incoming and outgoing short-wave measurement of Kiss (2014) during the period of 

Sept. 06 to 09, 2013 and Oct. 06 to 10, 2013. The inclination of the sun can be determined 

by means of astronomical quantities, i.e. the declination, latitude, and hour angle of the 

sun, as well as day of the year and hour. For the detailed calculation process see Foken 

(2008b). The measured and calculated albedo values are plotted as a function of daytime 

and inclination of sun in Fig. 1. 

 

Fig. 1 Observed and modeled albedo values as a function of hour of day (left) and inclination of sun 

(right) on Lake Fertő. In the right figure, the continuous line represents Eq. (2.3).     

The incoming and outgoing long-wave radiations are calculated according to the 

Stefan-Boltzmann law. In this doctoral research the parameterization of Holtslag and 

Van Ulden (1983) was applied. The incoming long-wave radiation from the atmosphere 

is: 

 𝐿𝑊𝑑𝑛 = 𝑐1𝑇6 + 𝑐2𝑁, (2.4) 

where T is the air temperature, N is the cloud cover and c1 = 5.31∙10–13 W/m2/K6 

and c2 = 60 W/m2 are empirical constants appropriate for mid-latitudes. The outgoing 

long-wave radiation takes the form: 
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𝐿𝑊𝑑𝑛 = 𝜎𝑇4 + 4𝜎𝑇3 ∗ (𝑇𝑠 − 𝑇), (2.5) 

where σ = 5.67∙10-8 W/m2/K4 Stefan-Boltzmann constant, Ts is (water) surface 

temperature. 

2.2 Turbulent fluxes 

Heat exchange at the air-water interface is analogous to molecular conductivity but 

more effective and intensive due to the fact that air flow above the water surface is 

turbulent. This is because turbulent motions have a whole range of scales, the largest 

turbulent eddies have the same order of magnitude as the flow domain, while smallest 

eddies are determined by the viscous forces. Sensible heat flux (HTs) is the heat exchange 

produced by turbulent motions, while latent heat (LvE) describes the vertical turbulent 

energy and water vapor transport required for evaporation at the surface. The main energy 

budget components of a shallow lake are summarized in Fig. 2.  

 

Fig. 2 Schematic diagram of main energy budget components in a shallow lake.   

An essential feature of turbulence is that the wind field varies strongly and 

irregularly in space and time. Even so, the changes are slow enough in terms of the mean 

variables (i.e. wind speed, temperature, water vapor content) so that a steady state can be 

considered at a few tens of meter above the surface. In this surface layer mean state 

variables are a function of the distance above the interface only (Csanady 2001).  

The energy budget method supplemented with the Bowen-ratio theory is one of the 

most common ways to determine turbulent surface fluxes (Assouline et al. 2008; Lenters 

et al. 2011). In this method the components of net radiation, stored heat, and heat 

associated with the vertical mass are estimated, then the remaining turbulent fluxes are 
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determined satisfying the energy balance. The two components of turbulent fluxes are 

divided in proportion of the Bowen-ratio (Gianniou and Antonopoulos 2007). 

The other widely used method to determine turbulent fluxes is a bulk approach 

based on the flux-gradient similarity. In case of assuming homogeneity and the already 

mentioned steadiness, the turbulent vertical flux of a state variable can be expressed in 

terms of 𝜉′𝑤′̅̅ ̅̅ ̅, which is the Reynold’s notation for the covariance of a state variable (ξ) 

and vertical air velocity (w) fluctuations. Observations have revealed analogy between 

molecular and turbulent diffusion assuming that turbulent vertical flux is proportional to 

the vertical gradient of the associated state variable (Foken 2008b): 

 
|𝜉′𝑤′̅̅ ̅̅ ̅| = |𝐾𝜉

𝜕𝜉

𝜕𝑧
|, (2.6) 

where Kξ is the turbulent diffusion coefficient. Behind scalar state variables, the 

vertical flux of momentum can be formulated also with equation −𝑢′𝑤′̅̅ ̅̅ ̅̅ = 𝑢∗
2, where u* 

is the friction velocity. So, the momentum, sensible and latent heat flux over a surface 

can be expressed as: 

 

𝑢∗
2 = −𝑢′𝑤′̅̅ ̅̅ ̅̅ = 𝐾𝑚

𝜕𝑢

𝜕𝑧
 , 

𝐻𝑇𝑠 = 𝜌 ∙ 𝑐𝑝 ∙ 𝑤′𝑇′̅̅ ̅̅ ̅̅ = −𝜌 ∙ 𝑐𝑝 ∙ 𝐾𝐻

𝜕𝑇

𝜕
 , 

𝐿𝑣𝐸 = 𝜌 ∙ 𝜆 ∙ 𝑤′𝑞′̅̅ ̅̅ ̅̅ = −𝜌 ∙ 𝜆 ∙ 𝐾𝑞

𝜕𝑞

𝜕𝑧
 , 

(2.7) 

where ρ = density, cp = the specific heat of humid air for constant pressure, λ = 

latent heat of evaporation. For momentum, often the shear stress (𝜏 = 𝜌𝑢∗
2) is used instead 

of friction velocity. The sensible heat flux has to be calculated with potential temperature, 

but can be usually approximated by normal temperature (Brutsaert 1982). The equations 

above are valid if the turbulence field is approximately isotropic and horizontally 

homogeneous. To take into account stability conditions, a dimensionless parameter has 

to be involved that describes the thermal effect on turbulent fluxes. According to the 

Monin-Obukhov similarity theory (MOST) that parameter is: 

 휁 = 𝑧
𝐿⁄  , (2.8) 

where L is the Obukhov length defined as: 

 
𝐿 =

𝑢∗
2𝑇

𝜅𝑔(𝑇∗ + 0.61𝑇𝑞∗)
 , (2.9) 

where T*, q* is the dynamic temperature and humidity scales, respectively: 
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 𝑇∗ = − 𝑤′𝑇′̅̅ ̅̅ ̅̅
𝑢∗

⁄ ,       𝑞∗ = −
𝑤′𝑞′̅̅ ̅̅ ̅̅

𝑢∗
⁄  (2.10) 

 The momentum and scalar gradients can be calculated according to the MOST: 

 

𝜕𝑢

𝜕𝑧
= 𝛷𝑚(휁)

𝑢∗

𝜅𝑧
 , 

𝜕𝜃

𝜕𝑧
= 𝛷𝐻(휁)

𝑇∗

𝜅𝑧
 , 

𝜕𝑞

𝜕𝑧
= 𝛷𝑞(휁)

𝑞∗

𝜅𝑧
 , 

(2.11) 

where Φξ (ζ) are universal functions to describe the influence of diabatic conditions 

of variables ξ  (u, , q). These functions are formulated experimentally, and usually 

have different form for stable and for unstable stratification. In the literature many 

universal functions are offered. For their review and sensitivity analysis I refer to e.g. to 

the paper by Weidinger et al. (2000). 

Integration of the gradient equations (Eq. 3.11) leads to the following profile 

equations: 

 

𝑢(𝑧) =
𝑢∗

𝜅
[ln (

𝑧

𝑧0𝑚
) − 𝜓𝑚], 

𝑇(𝑧) − 𝑇0 =
𝑇∗

𝜅
[ln (

𝑧

𝑧0𝑇
) − 𝜓𝐻], 

𝑞(𝑧) − 𝑞0 =
𝑞∗

𝜅
[ln (

𝑧

𝑧0𝑞
) − 𝜓𝑞], 

(2.12) 

where z0m , z0T, z0q are roughness parameters for momentum, heat, and vapor, 

respectively, while the integral of the universal function is (Foken 2008b): 

 

𝜓𝜉 = ∫ (1 − 𝛷𝜉)
𝑑휁

휁

𝑧 𝐿⁄

𝑧0𝜉/𝐿

 . (2.13) 

The integral equation (2.12) of a gradient describes the profile of a state variable 

above the surface. Profile equations (2.12) together with universal functions (2.11) and 

with the definition of Obukhov’s length scale (2.9) constitute a set of equations which 

can be solved iteratively if state variables are known at two levels above the surface 

(Fairall et al. 2003). Based on the resulting dynamic quantities (u*, T*, q*) momentum and 

scalar fluxes can be calculated directly using Eq. (2.7) together with (2.10).   
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2.2.1 Validation with eddy covariance measurements  

The Monin-Obukhov similarity theory has several assumptions that have to be 

taken into consideration i.e. horizontally homogeneous, isotropic and stationary 

turbulence. Furthermore, there are parameters which have to be determined by calibration 

or experimentally but their measurement is difficult and characterized by high 

uncertainty. These are the constants of universal functions and the roughness lengths 

associated with wind, temperature and water vapor. The most direct way to measure scalar 

and momentum fluxes is the eddy covariance technique.  In the doctoral research of Kiss 

(2014) an eddy covariance station was installed in Lake Fertő to measure exchange 

processes through the reed-open water interface. Two periods have been detected in the 

experiment period of 2013 with appropriate characteristics to the validation of the MOST 

over a shallow lake. During these periods the station was located above the open water, 

the footprint of the measurement entirely composed of water surface and the wind 

direction was appropriate having fetch distances greater than 500 m. Details of the 

measurement are summarized in Table 1 

 Sensor height above water surface (m) 

Measured variable 
Wind 

(u, v, w) 

Wind 

(u, v) 

Tair, 

RHair 
Tair, RHair Twater vapor 

Sensor type CSAT3A WS HMP45C HMP45C T107 EC150 

09. 06. – 09. 09. 2013. 

10. 03. – 10. 07. 2013. 
5.9 4.4 5.4 4.0 -0.0 5.9 

Table 1 Summary of the measurement setup. 

For further details about the measurement and postprocessing of the observation 

data I refer to Kiss (2014).  

The standard deviations of state variables were calculated in order to verify the main 

assumption that during the observation periods stationary turbulence fields evolved. 

According to the flux-variance similarity theory the integral turbulence characteristics 

should be constant for neutral stratification, which is the normalized standard deviation 

of a state variable (Beljaars and Holtslag 1991): 

 

𝜎𝜉

𝑢∗
≅ 𝑐𝑜𝑛𝑠𝑡. (2.14) 

where σξ is the standard deviation of a state variable: 

 
𝜎𝜉 = √𝜉′2̅̅ ̅̅  . (2.15) 

The integral turbulent characteristics have different values for wind components 

and scalar variables. In case of adiabatic conditions typical values are (Foken 2008b): 
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𝜎𝑢

𝑢∗
≅ 2.45,

𝜎𝑣

𝑢∗
≅ 1.9,

𝜎𝑤

𝑢∗
≅ 1.25.  

For diabatic conditions there are many parameterizations for integral turbulent 

characteristics in the literature (Kaimal and Finnigan 1994). These functions depend on ζ 

owing to similarity relations. For the two measurement periods, normalized standard 

deviations are calculated with 30 min averaging. Its time evolution is plotted for the 

second period in Fig. 3.  

 

Fig. 3  Wind speed (upper) and integral turbulent characteristics (lower) during October 3-7. 2013. 

A significant part of the wind event can be characterized by a constant normalized 

standard deviation. After reaching a quasi steady state, its mean value is 𝜎𝑤 𝑢∗⁄ ≅ 1.29, 

which is slightly higher than that measured by Panofsky and Dutton (1984). At the rising 

and damping phase of the windy period, the integral characteristic has larger scatter which 

can be compensated by considering diabatic effects. For unstable stratification the 

following parameterizations is used: 

 

𝜎𝑤

𝑢∗
= 𝑐1 (1 + 𝑐2

𝑧

𝐿
)

1 3⁄

, (2.16) 

where c1 = 1.2 and c2 = 2.0. The obtained constants are in good agreement with the 

values found in the literature (Foken 2008b). Following Kaimal and Finnigan (1994), the 

formula for stable case is:  

 

𝜎𝑤

𝑢∗
= 𝑐3 (1 + 𝑐4

𝑧

𝐿
), (2.17) 
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where c3 = 1.25 and c4 = 0.2. The parameters are the same as in the mentioned 

literature. For diabatic cases integral turbulence characteristics are plotted as a function 

of the stability parameter (ζ) in Fig. 4. 

 

Fig. 4. Intergral turbulent characteristics as a function of stability parameter for period of October 3-7, 

2013. (Blue line = parameterized universal function, red circles = observation) 

These results prove that the MOST can be applied since its main assumptions are 

satisfied. The parameters of the universal functions were also determined by means of the 

eddy-covariance observations. The obtained parameters are also in good agreement with 

the literature data, although our sensitivity analysis showed that calculated fluxes are just 

slightly affected by the parameters of universal functions in case of Lake Fertő. Similar 

weak dependence on atmospheric stability was observed on shallow boreal Lake 

Tamnaren and Lake Raksjo (Heikinheimo et al. 1999).  

The applied universal functions and their constants are: 

 Momentum Scalar 

Unstable 
𝛷𝑚(휁) = (1 − 𝛾 휁)−1 4⁄  

𝛾 =  8 

𝛷𝑖(휁) = 𝛼(1 − 𝛾 휁)−1 2⁄  

𝛼 = 0.74, 𝛾 =  8 

Stable 
𝛷𝑚(휁) = 1 + 𝛽 휁 

𝛽 = 4.7 

𝛷𝑖(휁) = 𝛼 + 𝛽 휁 

𝛼 = 0.74, 𝛽 = 7.8 
Table 2 Universal functions of flux-gardient method. 

These constants of universal functions are in good agreement with the values 

determined and successfully applied for Lake Balaton by other researchers (Kugler et al. 

2014).   

Hydrometeorological stations mostly measure routine weather data (i.e wind speed 

and direction, air temperature, relative humidity) at only one level, thus the profile 
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equation and the flux-gradient method can be applied if the roughness lengths are known 

for momentum and scalars.  

An established parameterization for wind roughness length is the Charnock’s 

relation that takes the form (Charnock 1955):   

 
𝑧0 = 𝛼

𝑢∗
2

𝑔
 , (2.18) 

where α = Charnock parameter. Charnock parameter is usually assumed to be 

constant and has a value in the range of 0.012-0.04 (Makin et al. 1995). This formulation 

does not incorporate the influence of wave state on the roughness length. In 

oceanography, the drag of the sea surface has been intensively studied (e.g. Mahrt 2003; 

Hwang 2005). In many studies, Charnock’s coefficient is defined as a function of some 

wave parameter, most often it is related to the wave age (Smith et al. 1992; Donelan et al. 

1997; Drennan 2003). Other researchers have showed that the dependence of sea surface 

drag on stability, time resolution of flux sampling (Mahrt et al. 1996) or on wind gustiness 

(Babanin and Makin 2008) is significant. Short fetch conditions have also remarkable 

effect on roughness lengths. In the Riso Air-Sea Experiment (RASEX) measurements 

were executed 2 km far from the Danish coast in shallow water. Using these data, Vickers 

and Mahrt (1997) calculated drag coefficients that are larger in fetch limited conditions. 

In case of offshore wind, the fetch was between 2-5 km and the determined Charnock’s 

coefficient was α = 0.073. This has been explained by the fact that growing younger 

waves are rougher than mature ones. Flow conditions in RASEX are similar to Hungarian 

shallow lakes. Over Lake Fertő and Lake Balaton fetches are mainly between 1-10 km 

for the frequent wind directions, mostly under 5 km.            

In absence of wave state observation data, roughness lengths were determined 

during our experiment periods applying the profile equation (2.12) and momentum flux 

data of the eddy covariance measurement. The calculated roughness lengths are ranging 

between 0.0005 cm and 1 cm, even if only the stationary period is considered and the 

rising and damping period of the storm are disregarded. The measured roughness lengths 

are shown in Fig. 5. together with the Charnock relation using α = 0.073. Here the 

Charnock’s relation is completed with a term to describe the smooth flow contribution 

(Fairall et al. 2003): 

 
𝑧0 = 𝛼

𝑢∗
2

𝑔
+  0.11

𝜈

𝑢∗
 . (2.19) 
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The second term has noticeable effect in weak winds by increasing surface drag. In 

moderate and strong wind conditions, however, its effect is negligible and Charnock’s 

term dominates. In Chapter 3.2.2 the effect of the wind roughness length on wind stress 

and lake hydrodynamics will be further analyzed.          

 

Fig. 5 Wind roughness length: observed (circles) during 3-7 Ocotber, 2013 and modeled by Charnock’s 

relation (Eq. 2.19) with α = 0.073 (line). 

Roughness heights for temperature and water vapor differ from that of momentum. 

Expressions are formulated for z0T and z0q in a similar way based on experiments, but 

reported values have large scatter. Thermal and vapor roughness lengths depend mainly 

on dynamic scales (T*, q*) or Reynolds number (Biermann et al. 2014, Fairall et al. 2003, 

Brutsaert 1982). 

The main aim of this research chapter was to adjust parameterization of the flux-

gradient method for shallow lake conditions when only routine weather measurements 

are available. In our case, MOST is applied together with one level wind, air temperature 

and humidity, and water surface temperature data. In this case, roughness lengths have to 

be calibrated. The applied Charnock’s parameter is α = 0.073, while roughness lengths 

for heat and water vapor are calculated using the following formulae (Brutsaert 1982):   

 

𝑧0𝑇 = 0.00169 exp(−1.53𝑢∗
0.25), 

𝑧0𝑞 = 0.00169 exp(−1.40𝑢∗
0.25). 

(2.20) 

The modeled momentum and scalar fluxes have been compared to measured fluxes 

by the eddy-covariance system. The time evolution of modeled and observed fluxes is 

shown in Fig. 6. for the second period (Oct. 03-07. 2013).  
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Fig. 6  Observed and modeled momentum, sensible and latent heat fluxes together with the measured air 

and water surface temperature variation between October 3-7. 2013. 

The modeled turbulent fluxes against observed ones for both experimental periods 

are shown in Fig. 7. The agreement of modeled and observed fluxes is very promising. 
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Fig. 7  Scatterplot of observed and modeled turbulent fluxes for both period. 

2.3 Evaluation of turbulent fluxes over a shallow lake 

The calibrated flux-gradient model for turbulent flux calculation has to be evaluated 

from two aspects: 

i. The Eddy-covariance technique is a fairly straightforward method to measure 

momentum and heat fluxes but its reliability is still at issue. 

ii. Flux gradient relations and the MOST have been validated many times over water 

surfaces but mainly by means of oceanographic measurements, which can be 

typified with large fetches and deep waters. The wave state in shallow lakes differs 

greatly from that of open deep-ocean. 

Concerning the eddy covariance measurement, the problem of energy balance 

closure has revealed that turbulent fluxes derived from the eddy covariance method may 

underestimate the real sensible and latent heat exchanges (Lenters et al. 2011). The main 

reason is probably that the influence of large scale turbulent structures (e.g. long-wave 

eddies) cannot be measured by this technique (Foken 2008a). The problem of energy 

balance closure has appeared in case of the eddy covariance measurement in Lake Fertő 

where the average value of the closure ratio was 76% during the investigated months. By 

comparing the observed evaporation rates with different evaporation calculation methods 

(e.g. Penman, de Bruin, WREWAP) the measured values over the water surface were 

always remarkably smaller than the estimated ones (Penman 1948; de Bruin 1978; 

Morton 1983; Kiss 2014).  

In terms of the flux-gradient model, Panin, Nasonov, and Foken (2006) showed 

theoretically and experimentally that the water surface of a shallow water body is 

characterized by an increased aerodynamic roughness. Observed drag coefficients are 

larger than in deep-waters because surface wind waves are steeper and thus wave breaking 

and whitecapping occurs earlier is shallow conditions. Panin et al (2006) summed up a 
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number of experimental studies and indicated some correlation between basin depth and 

drag coefficient. Based on experimental data, typical flux-gradient model results can be 

transferred to shallow water conditions, the influence of the depth is formulated as (Panin, 

Nasonov, Foken, et al. 2006; Panin et al. 2011):  

 

𝐻𝑇𝑠𝑠𝑤 = 𝐻𝑇𝑠 + 𝐻𝑇𝑠 ∙ 𝑘𝑇
𝑠𝑤

ℎ𝑠𝑤

𝐻
 , 

𝐿𝑣𝐸𝑠𝑤 = 𝐿𝑣𝐸 + 𝐿𝑣𝐸 ∙ 𝑘𝑞
𝑠𝑤

ℎ𝑠𝑤

𝐻
 , 

(2.21) 

where HTssw, LvE
sw are the sensible and latent heat of shallow water, kT

sw ≈ kq
sw ≈ 

2.0 are empirical constant, hsw is the significant wave height at the measuring location 

and H is the water depth. 

In this doctoral research, the flux-gradient model is parameterized in some aspects 

by formulas obtained from oceanography (e.g. thermal roughness length) and validated 

by means of eddy covariance measurements. The two main reasons described in this 

section suggest that calculated heat fluxes underestimate the actual exchange processes 

between atmosphere and shallow lake and the underestimation should be compensated by 

the described correction method. This statement will be confirmed in Chapter 5.6.1, 

where the flux-gradient model is applied for Lake Balaton. 

2.4 Bed heat flux 

In case of shallow lakes bed heat flux represents the heat exchange between the lake 

water and the top layer of the bed. The bed heat flux takes place by molecular conductivity 

and thus it is proportional to the temperature gradient (Foken 2008b): 

 
𝐻𝑠𝑒𝑑 = 𝑘𝑠𝑒𝑑

𝜕𝑇

𝜕𝑧
 , (2.22) 

where ksed = molecular conductivity of the sediment. If temperature at the water-

sediment interface is not known the temperature profile has to be extrapolated, which 

leads to high uncertainty because of the steep gradients. The most straightforward method 

is measuring flux directly using heat flux plates, but this is not part of standard continuous 

lake observations. In contrast, temperature profile measurements in sediment can be 

performed easily. Thermal field evolution is governed by conduction thus it can be 

modeled by the following equation (Fang and Stefan 1996): 

 

𝜕𝑇

𝜕𝑡
= 𝐾𝑠𝑒𝑑

𝜕2𝑇

𝜕𝑧2
 , (2.23) 
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where Ksed = molecular thermal diffusivity. This differential equation can be solved 

numerically by means of proper boundary conditions, e.g. the temperature at the upper 

and lower boundary of the domain has to be prescribed. The thermal diffusivity can be 

calibrated if mid-level temperature is also available. By knowing the physical properties 

of the sediment the molecular conductivity (𝑘𝑠𝑒𝑑 = 𝜌𝑠𝑒𝑑𝑐 𝑠𝑒𝑑𝐾𝑠𝑒𝑑) and thus the heat flux 

can be estimated. Here 𝜌𝑠𝑒𝑑𝑐 𝑠𝑒𝑑 (J m–3 °C–1) is the heat capacity per unit volume of 

sediment. 

      

 



 

3 Wind forcing 

3.1 Literature review 

In most shallow lakes circulations, transport and mixing processes are induced 

mainly by the wind stress. The spatial variability of the wind stress influences strongly 

these motions. By studying the horizontal vorticity balance of the surface layer in Lake 

Kinneret and in Spremberg Reservoir, Laval et al. (2003) and Rubbert & Köngeter (2005), 

respectively, showed that wind stress curl is a significant source of large scale horizontal 

vorticity with a magnitude comparable to that of the topographical curl. Considering the 

spatial variability of the wind forcing they achieved improvements in simulated long 

wave amplitudes, phases and velocity fields. The curl of the wind stress affects not only 

the surface-layer circulation but also the depth-averaged flow field (Podsetchine and 

Schernewski 1999; Józsa 2001).  

When considering medium-sized lakes with dimensions up to several ten 

kilometres, the spatio-temporal variability of the wind stress may be attributed to the 

dynamics of weather fronts, surrounding topography, mesoscale weather phenomena 

(lake breeze, thunderstorms), and to internal boundary layers. Finardi et al. (1997) 

summarise numerical techniques to model the wind field over complex topography in this 

spatial range. Diagnostic models can be used to reconstruct the wind distribution from 

experimental data or by downscaling coarse-resolution weather model data, assuming 

stationary equilibrium. Prognostic models, on the other hand, describe the time evolution 

of the meteorological variables by solving time-dependent equations with imposed 

boundary conditions (Finardi et al. 1997).  

Whereas wind energy and pollutant dispersion studies are mainly concerned by the 

3D distribution of the wind field, it is the wind stress at the lower boundary (i.e. the water 

surface) that is of importance to lake hydrodynamics. The lack of data on the spatial 

variability of wind is actually identified as an important source of uncertainty in the 

modelling of lake motion (Rueda et al. 2009). 

The wind forcing imposed in a lake model can be obtained by downscaling regional 

weather models (Beletsky 2003). In the hydrodynamic forecasting model of Lake 

Constance, Scheuermann et al. (2008) accounted for the mesoscale impact of the 

surrounding topography by using a divergence-free reconstruction of the 3D velocity 
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field. The effect of thermally driven circulations or wind sheltering may be modelled 

using local wind models ranging from expensive computational fluid dynamics (CFD) 

simulations to simple semi-empirical diagnostic procedures.  

Wind stress varies systematically in all lakes regardless of surrounding topography 

or wind climate. This variation is due to the development of an internal boundary layer 

(IBL) within the surface layer of the atmosphere. In fact, across the lakeshore there is 

always a sudden change in surface roughness (and often a change in temperature and 

moisture, too), and this gives rise to an IBL that grows streamwise on the leeside of the 

transition (Kaimal and Finnigan 1994; Foken 2008b). The IBL-related wind stress curl 

can have a major share in the horizontal vorticity balance and it alone can determine the 

circulation pattern in the lake (Józsa 2014). The effect of the wind stress curl manifests 

itself in a return flow along the upstream shoreline. This circulation pattern, regularly 

observed in nature, cannot be replicated with a lake model unless the spatially uniform 

wind stress is substituted with one that accounts for the gradual increase of the stress with 

the distance from the upwind shoreline, as reported for Lake Neusiedl (Józsa et al. 2007), 

Lake Belau (Podsetchine and Schernewski 1999) and the Spremberg reservoir (Rubbert 

and Köngeter 2005). 

In a diagnostic model aimed at reproducing wind-induced lake motion, it is 

customary to impose the wind stress field by first interpolating wind measurements 

available at a few points over and around the lake. Most of the applied methods do not 

incorporate the systematic modification introduced by the IBL. Laval et al. (2003) employ 

a bilinear scheme over Lake Kinneret, Beletsky (2003) and Scott et al. (2004) use the 

natural neighbour technique on the Laurentian Great Lakes, while Cook et al. (2002) and 

Rueda et al. (2009) use the multipass spatial interpolation scheme of Barnes (1964). 

Although many empirical formulas exist for describing the changes of the wind profile 

with fetch within an IBL, few efforts (e.g. those by Rueda et al. 2009) have been made to 

incorporate one of these into a horizontal interpolation scheme. In some studies where the 

wind stress field was made fetch-dependent, the stress field was derived from only one 

anemometer, thus the spatial variation of the upstream overland wind was ignored 

(Vickers and Mahrt 1997; Józsa et al. 2007). Verkaik (2001) implemented a two-layer 

model composed of a surface and an Ekman layer, where ground-based wind is 

transformed to a macro-wind on top of the Ekman layer, then this macro-wind is 

interpolated spatially using the Barnes method, finally the interpolated macro-wind can 

be transformed back to the surface at any point (Verkaik 2001). Although the IBL is not 
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explicitly implemented in this model, by considering roughness footprints in the vertical 

transformation the IBL development is approximated quite well. 

Unfortunately, not many lake modeling applications made efforts to impose 

spatially varying winds as boundary conditions. The aim of this part of the thesis is to 

develop a computationally efficient, semi-empirical calculation scheme of the wind stress 

field based on routine wind data from arbitrarily scattered anemometers, incorporating 

the development of an internal boundary layer.  

3.2 A diagnostic wind stress model 

The diagnostic wind stress model considers not only the abrupt land-to-lake 

roughness transition but also the gradual variation of surface roughness by the fetch over 

the wavy water surface. Owing to the abrupt surface roughness change at the perimeter 

of the open lake, an internal boundary layer develops within the atmospheric boundary 

layer. Within the IBL, the vertical wind speed profile is affected by the roughness of the 

water surface, while above the IBL the profile still reflects the equilibrium with the 

surface conditions of the upstream land (Fig. 8).  

The main consequence is the fact that the wind stress over the water depends on 

fetch and influences highly the flow patterns in the lake. The semi-algebraic model 

suggested by Taylor and Lee (1984) and adopted by e.g. Józsa et al (2007) to describe the 

vertical profile development is followed and improved in this paper. The wind stress 

model consists of two parts. Firstly, the semi-algebraic IBL model calculates the velocity 

distribution in the vertical plane aligned with the wind, yielding the 1D wind stress profile 

along the fetch for each anemometer. The second part of the method interpolates the wind 

stress horizontally over the lake using inverse-distance weighting. These two steps are 

described in the next sections.  
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Fig. 8 Sketch of the development of an overlake internal boundary-layer (central diagram, dash-dotted 

line = top of the IBL), the corresponding fetch-dependent profile of the wind shear stress (upper diagram) 

and the vertical wind speed profile at the maximum fetch (diagram on the right). Wind is blowing from 

the left. The vertical elevation axis is logarithmic. Fetch is the distance from the shoreline in the x 

direction.  

3.2.1 Internal boundary layer development 

The effect of roughness change of the land-water transition is put into focus, 

therefore the current model is restricted to adiabatic conditions in the surface layer. With 

this restriction, a basic assumption of the procedure is that the vertical wind speed profile 

is logarithmic over the land and piecewise logarithmic over the water surface. 

Specifically, the airflow overland is in equilibrium with the surface roughness and the 

vertical profile can be calculated as: 

 
𝑢𝑙(𝑧𝑟𝑒𝑓) =

𝑢∗
𝑙

𝜅
𝑙𝑛 (

𝑧𝑟𝑒𝑓

𝑧0
𝑙 ), (3.1) 

where κ = 0.41 is the Kármán constant, u is the wind speed at height zref, u* is the 

friction velocity and z0 is the aerodynamic roughness height of the land, superscript l 

refers to land. Over the water, the velocity profile within the IBL is analogous, but with 

a fetch-dependent roughness: 

 
𝑢𝑤(𝑧, 𝑥) =

𝑢∗
𝑤(𝑥)

𝜅
𝑙𝑛 (

𝑧

𝑧0
𝑤(𝑥)

), (3.2) 

where x is the distance along the fetch and superscript w refers to water. The 

variable roughness height of the water surface, 𝑧0
𝑤, is determined according to the 

commonly used Charnock’s relation (Eq. (2.18)).  
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Above the IBL (at heights greater than δ), the upstream overland profile prevails. 

There is no step change in u at the top of the IBL (see Fig. 8), that is: 

 𝑢𝑤(𝛿, 𝑥) ≅ 𝑢𝑙(𝛿). (3.3) 

Many formulae exist for IBL height development in adiabatic conditions. A detailed 

review is given by e.g. Savelyev and Taylor (2005). The commonly used simple formula 

by Elliott (1958) was successfully validated against numerical simulations for situations 

similar to ours (Józsa et al. 2007). According to this, the height of the internal boundary 

layer is: 

 
𝛿(𝑥) = (0.75 − 0.03 ∙ 𝑀) (

𝑥

𝑧0
𝑤(𝑥)

)

0.8

∙ 𝑧0
𝑤(𝑥), (3.4) 

where M is the logarithm of the ratio of roughness lengths: 

 
𝑀 = 𝑙𝑛 (

𝑧0
𝑤

𝑧0
𝑙 ) = 𝑙𝑛(𝑧0

𝑤) − 𝑙𝑛(𝑧0
𝑙 ), (3.5) 

Substituting (3.1) and (3.2) into (3.4) yields: 

 

𝑢∗
𝑤(𝑥) = 𝑢∗

𝑙 ∙

𝑙𝑛 (
𝛿(𝑥)

𝑧0
𝑙 )

𝑙𝑛 (
𝛿(𝑥)
𝑧0

𝑤 )
, (3.6) 

where the friction velocity over land can be calculated by rearranging (1) 

 

𝑢∗
𝑙 =

𝜅 ∙ 𝑢𝑙(𝑧𝑟𝑒𝑓)

𝑙𝑛 (
𝑧𝑟𝑒𝑓

𝑧0
𝑙 )

. 
(3.7) 

In this approach two parameters have to be determined: z0
l and z0

w, the latter not 

directly but through Charnock’s α. This can be done by means of high-frequency 

turbulence measurements (using e.g. the eddy-covariance technique).  

The system of equations (2.18), (3.4) and (3.6) can be solved iteratively for the 

profile of 𝑢∗
𝑤(𝑥) if the wind speed is given at any height over the land or even over the 

lake along that section.  

3.2.2 Sensitivity analysis 

The IBL profile calculation scheme possesses two free parameters, namely the 

roughness lengths of land (z0
l) and water (through Charnock α). Several researchers 

calibrated only z0
l, while the value of α (= 0.0185) was fixed following recommendations 

in the literature (Homoródi et al. 2012; Józsa et al. 2007; Krámer and Józsa 2005). By 

analyzing the sensitivity of changing α and z0
l simultaneously, I found that wind speed 
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acceleration over the lake can be almost identical for different parameter combinations. 

For instance, Fig. 9 shows that the IBL wind speed profile along the fetch is almost 

identical for two strikingly different combinations of α and z0
l. In case A, the combination 

is α = 0.073 and z0
l = 0.6 m, while in case B, α = 0.0185 and z0

l = 0.5 m. Both combinations 

are realistic so it is not clear which one to adopt. To illustrate the difference between these 

two cases I calculated index M to measure the ratio of land and water roughness as given 

by Eq. (3.5). At a fetch of 10000 m, when the new equilibrium is almost reached,  

MA = –4.70 and MB = –6.29. 

 

Fig. 9 Longitudinal profile of wind speed at 10 m (upper) and wind stress (lower) over water surface.  

Case A: α = 0.073 and z0
l = 0.6 m (dashed), Case B: α = 0.0185 and z0

l = 0.5 m (cont.). The reference 

wind speed above the shoreline is 10 m/s.  

Unexpectedly, the longitudinal wind stress profile over the water surface differs 

significantly for these two cases. When surfaces are rougher (case A) the wind force 

transmitted to the lake is also greater by a factor of 1.5 at 10000 m leeward. Consequently, 

the algebraic IBL model cannot be properly calibrated based on wind data only even if 

these are measured simultaneously at various fetches. The ratio of land and water 

roughness, M expresses the magnitude of the roughness change independently of the 

airflow and its characteristics, e.g. its turbulence properties and stability. Despite this 

drawback it is a good geometric measure of the surface (Kaimal and Finnigan 1994). The 

boundary layer height denotes the height 𝑧 = 𝛿 of the breakpoint between the logarithmic 

profiles within and above the IBL. Furthermore profiles are in equilibrium with surfaces 
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they belong to. This leads to the fact that the ratio between overland and overlake wind 

stress can be explicitly determined by means of M (Kaimal and Finnigan 1994):   

 

𝜏𝑤

𝜏𝑙
= [1 −

1
𝑀⁄

𝑙𝑛 (𝛿
𝑧0

𝑤(𝑥)⁄ )
]

2

, (3.8) 

The effect of roughness change is analyzed by means of different z0
l and α 

parameter pairs which have the same M value at x = 10000 m downwind. First, roughness 

length of the land surface was fixed and the Charnock parameter was calculated iteratively 

for a specified M (Fig. 10). Charnock α increases with gradient as land roughness 

increases in case of stronger roughness change (M = -4.7). Consequently the wind stress 

acting on the water surface is also remarkably higher. In Fig. 10 the two cases (A and B) 

are also marked for which the wind speed and wind stress profile is presented in Fig. 9.   

Secondly, nearly identical wind stress or wind speed profiles can be produced by 

an infinite number of different parameter pairs. It is important to highlight that the identity 

is valid along the whole fetch-limited profile and not only at a selected fetch distance.   

An example for the set of parameter pairs resulting in identical profiles for wind speed or 

wind stress are given in Fig. 10. In this example the wind speed above the land is always 

10 m/s at 10 m above the ground. In these cases the roughness change ratio M is not 

constant, it depends on the roughness parameters (lower panels in Fig. 10). A very similar 

relationship can be observed between α and M whether it is the wind stress or the wind 

speed profile that is identical. Growing water surface roughness length leads to growing 

roughness change ratio. In contrast, the functional relationship is opposite between M and 

z0
l if wind stress profiles are the same.  

One of the main conclusion of the sensitivity analysis is that the IBL model cannot 

be calibrated if only wind speed measurements are available even at several locations 

along the fetch. Infinitely many parameter combinations exist that yield similar horizontal 

wind speed profiles at moderate fetches but result in significantly different wind shear 

stress distributions and vice versa. To be consistent with the general goals of my work, I 

sought other means to calibrate the wind stress model, using routinely measured data 

exclusively. The IBL model can be calibrated if a criterion is set for both the wind stress 

and the wind speed.        
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Fig. 10 Combinations of Charnock’s α, land roughness, z0
l, and roughness change ratio, M resulting in the 

same overlake wind stress τ(x) or overlake wind speed u(x). Top left: variation of τ(x) with α for two 

constant M values and for constant u(x). Top right: set of (α, z0) parameter pairs for which M, τ(x) or u(x) 

is constant. Bottom left: set of (α, M) parameters which τ(x) or u(x) is constant. Bottom right: set of (α, 

z0
l) parameters which τ(x) or u(x) is constant. 

To achieve this, I will involve the hydrodynamic model of the lake into the 

calibration procedure of the wind model for a real case (Chapter 5.2.3). This leads to a 

well posed optimisation problem when the total wind force transmitted to the lake and the 

induced water motions are sensitive to the parameters of the wind model.   

3.2.3 Wind field interpolation  

The IBL model described above reconstruct the instantaneous wind stress profile 

along a wind oriented line passing through an anemometer, in such a way that the wind 

speed matches at the anemometer. Then, by assuming that the overland wind vector is 
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uniform along the windward lakeshore, it becomes possible to extrapolate the wind speed 

(and hence the wind stress) from a single anemometer to any point over the lake. The 

farther we are from the anemometer, the more uncertain is the extrapolated wind, owing 

to the mesoscale variability of a real wind field. Another source of error increasing with 

distance is that the IBL model assumes at all instants that a quasi-steady wind field will 

have developed over the whole lake, whereas air waves propagate at finite speeds and the 

atmospheric boundary layer is rarely at equilibrium.  

To resolve mesoscale variability, wind data should be available at several 

representative locations near the lake or over it. Usually the wind vector extrapolated 

using the IBL model from one anemometer to another one will not match the wind vector 

measured at the latter. A clear cause of this is that the IBL model does not describe 

changes in the wind direction. Verkaik (2001) derives the surface wind field from wind 

stations over the Netherlands by performing the Barnes interpolation on the macro-wind 

(i.e. geostrophic wind) in such a way that roughness changes are taken into account using 

a land use map and upstream footprints.  

Here a somewhat similar but simpler spatial interpolation scheme is proposed. It 

captures the IBL developing over water but ignores any IBL that forms over land, 

assuming that their influence on the wind stress input of the lake model is secondary. The 

scheme can be summarised as follows: extrapolate the wind stress vector field from each 

anemometer over the whole lake using the IBL algorithm, then combine the fields 

associated with each anemometer with an inverse distance weighting (IDW) to obtain the 

resulting wind stress vector field. Fig. 11 sketches the algorithm for an arbitrary point, 

which is typically a node of the computational mesh where the wind stress needs to be 

discretized.  
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Fig. 11 Sketch of wind stress interpolation to an arbitrary point (indexed i) from two onshore 

anemometers (A1 and A2). The vectors show the wind measured at A1 and A2, as well as the 

composition of the resultant wind stress vector at point i. 

In an arbitrary point i the instantaneous wind stress vector (τi) is the weighted 

average of stresses arising from every single station at the same time (Fig. 11): 

 

𝜏𝑖 = ∑
𝑤𝑖𝑗 ∙ 𝛕𝐢𝐣

∑ 𝑤𝑖𝑗
𝑁
𝑗=1

𝑁

𝑗=1

 (3.9) 

where τij is the wind stress vector at point i extrapolated from anemometer j and wij 

is the weight of anemometer j for point i, N is the number of anemometers. The non-

normalized weight of an anemometer is a function of its inverse distance from the point: 

 
𝑤𝑖𝑗 =

1

𝑑(𝐱𝒊, 𝐱𝒋)𝑝
 (3.10) 

where p is a power parameter, 𝐱𝑖 and 𝐱𝑗 are the horizontal positions for point i and 

anemometer j, respectively and function d is the Euclidean distance. 

3.2.4 Academic test case 

In the preceding sensitivity analysis I dealt with the selection of the roughness 

parameters, but the shear stress distribution along the wind direction is also sensitive to 

the power parameter p of the IDW interpolation. The parameter sensitivity and the 

accuracy of the proposed IBL-based wind stress interpolation scheme are explored 

through an academic test case. This test is performed on an elliptic basin. Wind data is 

assumed to be available at three different locations (Sta1-Sta3) around the lake. The wind 
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field is considered to be stationary. Magnitudes and directions are indicated in Fig. 12 for 

Sta1 to Sta3 on the panels from left to right, respectively. From each station, wind stress 

field is calculated separately by the IBL model assuming that wind is uniform along the 

upwind shore which is naturally different for each station. Wind stress developments 

according to each individual measurement are shown in Fig. 12. 

 

Fig. 12 Wind stress fields according to the IBL theory on the elliptic lake. The considered station is Sta1 

to Sta3 from left to right, respectively. 

The IDW interpolation of the stress field is performed with different power 

parameter values (p = 0.5, 1.0, 2.0 and 4.0) shown in Fig. 13. By taking p = 0, weights of 

the interpolation become equal for all anemometers and the resulting stress field is a 

simple arithmetic mean of the stress fields determined from each anemometer. In this case 

local small-scale features of the mesoscale wind distribution will vanish. By increasing 

p, the wind stress vector at an arbitrary point becomes more determined by the closest 

anemometers, as would be expected from a realistic field. However, there is an upper 

limit to p, as a larger value can produce unrealistically abrupt changes around the 

anemometers in the interpolated field. This known drawback of the IDW interpolation is 

the so-called “bull’s eye effect”. Wind directions deviate highly between cases when p = 

0.5 and 4.0. In the former case the wind direction is NE to NNE over the whole lake, 

while in the latter case over the north third part of the lake wind direction is rather NW to 

N. Concerning stress magnitudes, its increment from N to SW is nearly uniform for p = 

0.5 and abruptly changing for p = 4.0.     
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Fig. 13 The effect of the IDW power parameter, p on the elliptic lake. 

These features can be more clearly seen by means of wind stress profiles along the 

N-S axis (Fig. 14). High p value produces not only an abruptly changing but also a non-

monotonic wind stress profile which seems unrealistic because the roughness 

characteristics of a lake surface cannot change as sharply as it follows from the stress 

profile. Indeed, a smoother transition can be expected.  
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Fig. 14 Wind stress profiles along the N-S axis of the elliptic lake as a function of the p parameter. 

From the analysis it can be concluded that the diagnostic wind stress model is able 

to capture the spatial variation of the stress field over a lake (its magnitude and direction 

as well) if the power parameter of the IDW interpolation technique is properly chosen. 

There is significant difference between stress fields as p changes. The best value of the 

power parameter depends also on the shape of the lake, the spatial configuration and the 

number of anemometers and on the wind climate of the lake. In a real case, a cross 

calibration is highly suggested for determining the value of the power parameter.  



 

4 Hydrodynamic modeling 

The relationship between water flow and lake ecology is unequivocal owing to 

different transport processes. The transport of nutrients, pollutants and suspended matters, 

vertical mixing of phyto- and zooplanktons, resuspension and distribution of sediment are 

some of the factors that play key roles in lake biology and are directly correlated to lake-

wide or local circulations.  

Field observations and remotely sensed data are probably the most important 

sources of information in the process of understanding aquatic systems. By remote 

sensing, information is mainly gathered from surface layers, while field observation 

provides local samples. So, these surveys have to be supplemented by hydrodynamic, 

water-quality and biological model simulations which are able to provide information 

about the status of the whole waterbody. This doctoral research focuses on the subject of 

hydrodynamic modeling.     

4.1 Modeling of shallow lakes 

Shallow lakes have their own features, thus model developments from the 

intensively studied oceanography and limnology of deep lakes cannot be adapted directly.    

Numerical simulations of lake circulation, transport and mixing are conducted with 

hydrodynamic models from one to three dimensions. One-dimensional (1D) models are 

primarily applied for heat transport processes and energy budget calculations. In many 

studies, the evolution of temperature of a shallow lake and reservoir is only simulated for 

the water column, implying that horizontal advective and diffusive transport can be 

disregarded (Kirillin 2002; Herb and Stefan 2005). In medium-sized and large lakes this 

assumption is seldom valid, thus two- (2D) or three-dimensional (3D) hydrodynamic 

models have to be applied. Both horizontal and vertical circulations are present in shallow 

lakes, but during strong winds wave action penetrates to the bottom and the intensive 

vertical mixing nearly homogenises the whole water column. Therefore, the large-scale 

horizontal transport processes can be approximated by a 2D, depth-averaged description 

(Simons 1980).  

A hydrodynamic model is based on the continuity equation for incompressible 

fluids, the Navier-Stokes equations for momentum, the transport equation for temperature 

and salinity, and an equation of state of density. For many practical applications we are 
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not interested in the small scale motion of turbulence, thus the governing equations 

describe averages in time leading to the Reynolds-averaged Navier Stokes (RANS) 

equations. The set of these equations can be solved based on appropriate boundary 

conditions. 

Hydrodynamics of shallow lakes were widely modeled using the depth-averaged 

description with the assumption that vertical velocities can be negligible because 

horizontal length scales are more significant than vertical ones (Curto et al. 2006). In 

many studies, mass exchange processes are analyzed in details through the vertical 

vorticity equation (depth-averaged vorticity budget), which requires again the horizontal 

2D velocity field (Józsa 2014; Rubbert and Köngeter 2005; Laval et al. 2003). While 

large-scale and long-term flow mechanisms can be modeled with reasonable accuracy 

using the 2D approach, the horizontal transport does not prevail the vertical in short-term 

processes. As it was mentioned, strong winds cause homogeneity along the water column, 

but during low and moderate winds, water stratification can easily evolve owing to the 

solar radiation. In the latter case only the upper layer of the water column is well-mixed, 

while in the lower layers turbulent mixing is impeded by stable stratification. The vertical 

structure of temperature and the evolution of mixed-layer depths (MLDs) is characterized 

by diurnal stratification in the whole water volume. The MLD has primary importance in 

water quality and can directly affect the biological production (Zhao et al. 2012). So, in 

medium and large-sized lakes, 3D models are required due to the fact that horizontal 

advection and diffusion are not negligible. Their application for deep lakes is common, 

many models have been developed, e.g. ELCOM (Laval et al. 2003; Chubarenko et al. 

2001).    

In case of 3D models, two simplifications can be made. First, the hydrostatic 

pressure assumption can be applied in most of the cases but during highly transient wind 

surges, the computed velocity can differ quite significantly from those obtained by non-

hydrostatic description as it was pointed out by Ciraolo et al. (2002).  Second, many times 

density is assumed to be constant leading to barotropic pressure field. In baroclinic 

conditions, density is related to temperature and salinity, thus it can vary along the water 

column providing a more realistic pressure field, thermal structure and thus MLD 

evolution. Most 3D simulations for hydrodynamics of shallow lakes did not consider 

density variation and baroclinity was neglected (Ciraolo et al. 2002; Ciraolo et al. 2004; 

Anderson et al. 2010; Rubbert and Köngeter 2005; Curto et al. 2006). In the literature 

only a few studies can be found about the numerical simulation of short-term, spatial 
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temperature fields in shallow lakes. For this purposes, in this doctoral research a 3D 

hydrostatic model has been adapted and modified that it can calculate the required 

baroclinic pressure field. Based on its merits in similar applications and its open source 

license, the numerical tool I selected to calculate the hydrodynamics is the Finite Volume 

Coastal Ocean Model (FVCOM) developed by Chen et al. (2003). 

4.2 Governing equations  

The numerical tool applied in the doctoral research solves the following governing 

equations (Chen et al. 2003). The continuity equation: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑧
= 0, (4.1) 

where x, y, z are the Cartesian coordinates and u, v, w are the velocity components. 

The hydrostatic form of the Navier-Stokes equations are: 
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𝜕𝑃

𝜕𝑧
= −𝜌𝑔 , (4.4) 

where f is the Coriolis parameter, P is the pressure, Km is the vertical eddy viscosity 

term, F is the horizontal eddy viscosity term, ρ is the density, ρ0 is the reference density 

and g is the gravitational acceleration.  

The transport equation of temperature: 

 

𝜕𝑇
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) + 𝐹𝑇  , (4.5) 

where T is the temperature, Kh is the vertical eddy diffusion term, FT is the 

horizontal eddy diffusion term. The total depth of the water column is 𝐷(𝑥, 𝑦, 𝑡) =

𝐻(𝑥, 𝑦) + 휁(𝑥, 𝑦, 𝑡), where H is the bottom depth and 휁 is the height of the free surface. 

The initial free surface has z=0 value, while H, and 휁 are relative to it. The vertical 

coordinate (z) and the free surface height (휁) are positive upward. 

The surface boundary condition for momentum equations takes the form: 
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𝜕𝑧
,
𝜕𝑣

𝜕𝑧
) =

1
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𝜕𝑥
+ 𝑣
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𝜕𝑦
= 𝑤, (4.6) 

where 𝜏𝑠𝑥, 𝜏𝑠𝑦 = wind shear stress components. The bottom boundary condition has 

a similar form: 
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𝜕𝑧
,
𝜕𝑣
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1
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𝜕𝐻

𝜕𝑥
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𝜕𝐻

𝜕𝑦
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where  𝜏𝑏𝑥, 𝜏𝑏𝑦 = bottom shear stress components, which can be determined as 

follows: 

 (𝜏𝑏𝑥, 𝜏𝑏𝑦) = 𝐶𝑑√𝑢2 + 𝑣2(𝑢, 𝑣), (4.8) 

where Cd = the drag coefficient, which can be calculated by applying the 

logarithmic wall-law: 

 
𝐶𝑑 = 𝜅2/𝑙𝑛 (

𝑧𝑎𝑏

𝑧0
)

2

, (4.9) 

where z0 = roughness height of the bottom and zab = height above the bottom. 

The surface and bottom boundary condition for temperature is: 

 

𝜕𝑇

𝜕𝑧
=

1

𝜌𝑐𝑝𝐾ℎ

(𝑄𝑠, 𝑄𝑏), (4.10) 

where cp = the specific heat of water, (Qs, Qb) = net heat flux through the free surface 

and bottom, respectively. In the simulations, longwave and turbulent heat fluxes (both 

sensible and latent) were assumed to occur at the lake surface, while the shortwave 

radiation is approximated by the Beer-Lambert law: 

 𝑆𝑊(𝑧) = 𝑆𝑊(0) ∙ 𝑒𝑥𝑝(𝑧𝑚), (4.11) 

where SW(0) is the short-wave radiation reduced by the reflected radiation and m 

is the light attenuation coefficient. 

The extra terms arising from Reynolds-averaging are closed with turbulence 

models. The horizontal diffusion terms are calculated using the Smagorinsky scheme 

where they are directly related to the horizontal eddy viscosity and diffusivity 

coefficients. The coefficient for momentum is given as: 
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𝜕𝑦
)

2

, (4.12) 

where C = constant parameter, 𝛺 = momentum control element. For scalars (e.g. 

temperature) a similar formula is used which depends also on the Prandtl number. 

A wide choice of turbulence closure models are available for the calculation of 

vertical eddy viscosity and turbulent diffusivity.  Among them, the two-equation type 

models represent a good balance between computational cost and accuracy and therefore 

are widely used. The two-equation turbulence models are traditional concepts and are 

based on transport equations. The first equation usually gives the evolution of the 



Hydrodynamic modeling  36 

 

turbulent kinetic energy (TKE), while the other transport equation governs dissipation 

formulated as a function of the dissipation rate, length scale (l) or some other related 

variable.  In this doctoral research, the Mellor-Yamada 2.5 level (MY) model was applied 

which takes the following form (Mellor and Yamada 1982): 
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(4.13) 

where q2 = TKE, Ps and Pb = TKE production by mean shear and buoyancy, 

respectively,  Kq = vertical diffusion coefficient of TKE, ε = dissipation rate of TKE, W 

is a wall proximity function. The vertical evolution of momentum and scalars depends on 

eddy viscosity (Km) and diffusivity (Kh), respectively that are determined in the MY 

model by the following forms: 

 

𝐾𝑚 = 𝑞𝑙𝑆𝑚 , 

𝐾ℎ = 𝑞𝑙𝑆ℎ , 

𝐾𝑞 = 0.2𝑞𝑙 , 

(4.14) 

where Sm and Sh = stability functions (see e.g. Chen et al. 2006). 

4.3 Numerical solver 

FVCOM solves the governing equations using a finite volume scheme (FVM). A 

conservative finite volume approach satisfies conservation laws not only in the entire 

computational domain but in individual elements as well (Chen et al. 2007), unlike the 

classical finite difference or finite element schemes.  

The computational domain is covered horizontally with unstructured, non-

overlapping, triangular faces (Fig. 15). The advantage of such a triangular meshing is that 

it can be fitted accurately to irregular geometries (e.g. shorelines or islands) and also to 

inner locations of interest. FVCOM uses the standard σ-coordinate transformation in the 

vertical direction to handle the irregular bottom topography characteristic to natural 

waters. The σ-coordinate is calculated as: 

 𝜎 =
𝑧 − 휁

𝐷
, (4.15) 
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where D = the initial water depth. The result is that at the water surface σ =0 and at 

the bottom σ=-1.  

Scalar variables (e.g. T, ρ, Km, 휁) are stored at nodes, while velocity components at 

cell centers. Thus the control element is different for momentum and scalars (Fig. 15).   

 

Fig. 15 Computational domain discretized by non-overlapping triangular prisms (here 3 layers). 

Concerning the numerical solution, a second-order accurate upwind scheme is used 

for the advective terms and the modified fourth-order Runge-Kutta (RK4) time-stepping 

scheme is applied for time integration. RK4 is an explicit scheme whose time step is 

therefore governed by the Courant-Friedrich-Lewy (CFL) stability condition that caps it 

with a time step that is inversely proportional to the speed of surface gravity waves. The 

displacement of the free surface can be calculated by vertically integrated equations 

(external mode), then the 3D flow field is computed under that free surface (internal 

mode). This so-called “mode splitting” method allows different time steps for the two 

modes, which accelerates the computation. For further detail see Chen et al. (2003) and 

Chen et al. (2006). 

4.4 Wave induced mixing 

Wind shear stress acting on the water surface induces currents by its tangential 

component and generates wind waves owing to the normal stress component. Most of the 

wind energy is transferred to wave generation and only a smaller part is conducted into 

the mean flow (Ghantous and Babanin 2014a). Wave motion has a great influence on the 

momentum, heat and mass exchange, so the application of coupled wave-circulation 

models is increasingly common. Wave motion can interact with the mean flow and 

turbulence in a variety of ways (Fig. 16). One way of coupling and transferring energy 
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from the wave motion to the mean flow is through radiation stresses that enter the 

Reynolds-averaged Navier Stokes equations as momentum source terms (Qi et al. 2009). 

This method alters significantly the turbulence field but is not able to describe accurately 

and fully the wave-induced turbulence mixing (Pleskachevsky et al. 2011).  

 

Fig. 16 Schematic representation of wave-current and wave-turbulence interactions. 

Wave energy dissipation has been extensively studied in case of breaking waves 

(Craig and Banner 1994; Mellor and Blumberg 2004). If the wave grows and becomes 

too steep or reaches shallow regions, it breaks or whitecaps, creating strong turbulence 

throughout a surface layer whose thickness scales by the wave height. This source of TKE 

diffuses to deeper regions very slowly. 

For non-breaking waves, it has been shown experimentally and theoretically that 

they introduce turbulent mixing due to their orbital motion (Qiao et al. 2010; Anis and 

Moum 1995; Stips et al. 2005; Ghantous and Babanin 2014b). This action is less intensive 

than that of breaking waves but it occurs more frequently and penetrates deeper, so it also 

warrants attention.  

4.4.1 Wave induced mixing parameterizations 

The subject is not new, but surprisingly few parameterizations have been published 

to account for mixing due to non-breaking waves in lake or ocean circulation models. 

These schemes are based on the fundamental characteristics of wave motion and some of 

them are scaled by the wind stress. Where these schemes have been applied they improved 

model results significantly in seas and oceans (Qiao et al. 2010; Pleskachevsky et al. 

2011; Qiao 2004; Babanin and Haus 2009). 

Two main approaches of modelling mixing by non-breaking waves can be 

distinguished.  
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One is to directly increase turbulent eddy viscosity and turbulent diffusivity in the 

Reynolds-averaged momentum and transport equations, respectively. In case of the MY 

model, the enhanced coefficients take the form (Qiao and Huang 2012): 

 𝐾𝑚 = 𝑞𝑙𝑆𝑚 + 𝐵𝑣, 𝐾ℎ = 𝑞𝑙𝑆ℎ + 𝐵𝑣, (4.16) 

where Bv is the wave-induced component of eddy viscosity / turbulent diffusivity 

expressed following Prandtl’s mixing length theory as : 

 𝐵𝑣 = 𝑙𝑤
2 𝑆𝑤 (4.17) 

where lw is the length scale, Sw is the vertical shear, both associated with the wave 

orbital motion and thus proportional to particle displacement and orbital velocity, 

respectively. These quantities attenuate with depth nearly exponentially according to the 

linear wave theory.  

Another way to account for mixing by non-breaking waves is to introduce the 

production by waves (Pwave) into the TKE equation in addition to the production by the 

mean shear (Babanin and Haus 2009; Huang and Qiao 2010): 

 𝑃𝑠 = 𝑃𝑐𝑢𝑟𝑟 + 𝑃𝑤𝑎𝑣𝑒 (4.18) 

In this approach Pwave is expressed based on the wave orbital motion, similarly to 

how Pcurr is linked to the mean current shear: 

 
𝑃𝑐𝑢𝑟𝑟 = 𝐾𝑚 [(

𝜕𝑢

𝜕𝑧
)

2

+ (
𝜕𝑣

𝜕𝑧
)

2

] (4.19) 

Pleskachevsky et al. (2011) argue that these two additional terms (Bv and Pwave) 

have to be incorporated simultaneously, while Ghantous and Babanin (2014b) opined that 

this is wrong: there should be no need to invoke any explicit addition to turbulent viscosity 

with an explicit production term because the effect of wave-induced turbulence would be 

counted twice. According to Kantha and Clayson (2004), in addition to a TKE production 

term, the recalibration of the empirical turbulence closure constants should be the other 

possibility to improve the modelling of mixing due to non-breaking waves. It is important 

to note that in many numerical experiments the effect of Pwave was moderate and the direct 

increase of eddy viscosity with Bv lead to better results (Ghantous and Babanin 2014b). 

In this study, as a necessary step towards the development of an accurate 3D model 

of shallow lake thermodynamics, my aim was to explore the sensitivity of the temperature 

distribution to wave mixing and to select the most accurate approach from those outlined 

in the previous Chapter. For simplicity, I have applied expressions that are based on bulk 

wave properties, such as the significant wave height, (Hs) and the average time period, 
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Tavg. In other words, I approximate the full wave-energy spectrum by a monochromatic 

wave.  

The eddy viscosity and turbulent diffusivity terms have been enhanced by Bv 

following the work of Qiao et al. (2010): 

 
𝐵𝑣 = 𝛼𝐴𝑢𝑠0 [

sinh 𝑘(𝐻 + 𝑧)

sinh 𝑘𝐻
]

3

, (4.20) 

where H is the water depth, z is the upward vertical coordinate, A is the wave 

amplitude (𝐻s 2⁄ ), 𝑘 = 2𝜋 𝐿⁄  is the wave number, L is the wave length, 𝛼 is a 

dimensionless constant to calibrate, 𝑢𝑠0 = 𝑐(𝐻𝑠 2⁄ ∙ 𝑘)2 is the Stokes-drift, c = 𝐿/𝑇𝑎𝑣𝑔 is 

the wave phase speed. The significant wave height is the average height of the 1/3 highest 

waves and its value is approximately equal to visually observed wave height. 

The TKE production transferred from wave motion, 𝑃𝑤𝑎𝑣𝑒, is based on the 

theoretical consideration that its value should be equal to the energy loss (휀𝑤) of the wave 

field. I applied the expression for 휀𝑤 following Qiao and Huang (2012): 

 𝑃𝑤𝑎𝑣𝑒 = 휀𝑤 = 148𝛽√𝛿
𝑢𝑠0𝑢∗

2

𝐿
𝑒2𝑘𝑧 , (4.21) 

where 𝑢∗ is the water-side friction velocity, 𝛿 = 𝐻𝑠/𝐿 is the wave steepness, β is 

an empirical parameter, which can be calibrated from observations and which does not 

exceed unity according to Huang and Qiao (2010).  

In my simulations α and β are not calibrated due to the absence of measured 

turbulence data; both are set to one. These dimensionless parameters may be associated 

with characteristics of surface waves and depend on the accuracy of the wave field 

calculation. It can be also expected that their values differ if the full wave energy spectrum 

is used instead of bulk wave properties.  

As it was mentioned, breaking or white-capping waves cause strong turbulence at 

the surface. In order to clarify the mixing effect of breaking waves against that induced 

by non-breaking waves, I considered the parameterization of Mellor and Blumberg (2004) 

to describe turbulence energy flux at the surface. In case of wave breaking, only the 

boundary condition for q2 and l had to be modified as follows: 

 
𝐾𝑞

𝜕𝑞2

𝜕𝑧
= 2𝛼𝐶𝐵𝑢∗

3, 𝑙 = 𝜅𝑧𝑤 , (4.22) 

where αCB = 100 according to the measurement data of Craig and Banner (1994), κ 

is the von Kármán constant and zw is the roughness height on the water-side of the air-
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water interface. It can be calculated by a Charnock-type equation (2.18), where a = 2∙105 

following the literature (Chen et al. 2006; Stacey 1999). 

The wave height and period are calculated using the depth-limited formulas of the 

Shore Protection Manual (SPM) in the nodes of the mesh of the circulation model as a 

function of wind speed, fetch and water depth. This local equilibrium approach provides 

good accuracy despite its simplicity (Homoródi et al. 2012).  

4.5 Academic test case 

Before applying any of the turbulence model modifications to a real lake, I analyzed 

the effect of the different schemes on the vertical profiles by means of an academic test 

case. This test was performed on an elliptic basin shown in Fig. 17. During the simulation 

spatially uniform wind stress was prescribed with a constant magnitude of 0.05 Pa and 

direction of NNW. For simplicity, the assumed wave field was also set to uniform, with 

bulk parameters: Hs = 0.1 m, Tavg = 1.5 s and L = 2 m. The imposed radiative and turbulent 

heat fluxes are determined according to our climatic conditions. The sediment heat flux 

was neglected. 

      

Fig. 17 Plan view of the elliptic lake for the academic test (left). The contours show the bathymetry, the 

vector field represents depth-averaged velocities in steady state, for NNW wind. The white point at the E 

shore is where the vertical profiles are analyzed. Imposed radiative and turbulent heat fluxes are in the 

right panel. 

In this thesis I present the results of five basic schemes. In case ‘orig’ I used the 

original MY 2.5 model without any modification. In scheme ‘Bv’ only the eddy viscosity 

(and turbulent diffusivity) term was incorporated in the model (4.20), whereas in scheme 

‘휀𝑤’ only the TKE production shear term (4.21). The fourth scheme, ‘Wbr’ models the 

action of breaking waves on turbulence by injecting TKE at the surface (4.22) following 
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the work of Craig and Banner (1994) and Stacey (1999). In the fifth scheme, the 

modifications of the ‘Bv’ and ‘휀𝑤’ schemes are applied in the model to see their joint 

effect following the suggestion of Pleskachevsky et al. (2011). I had to completed the 

model by ‘Bv’ and ‘휀𝑤’ schemes, the ‘Wbr’ scheme was already included. 

All simulations cover a time period of 24 hours. Initial velocities were zero and 

temperature was set to 24.1°C for the whole lake. In all schemes, I show results at a point 

near the east coast where the mean depth is 1.43 m. The location is indicated with a white 

circle in Fig. 17. The elliptic lake is covered horizontally with a uniform mesh. The cell 

size is 20 m. In the vertical direction a total of 12 sigma layers are used. The vertical 

resolution is higher near the free surface and the bottom than at mid-depths. The 

maximum layer thickness is 30 cm, which can be found in the deepest part of the lake at 

mid-depth, while the thinnest layers (of about 3 cm) are along the shoreline, at the free 

surface. 

Eddy viscosity and TKE profiles generated by the modified models are all quite 

different towards the free surface (Fig. 18). The TKE at the surface is zero owing to the 

law-of-the-wall boundary condition, except when wave breaking is accounted for. Indeed, 

by accounting for wave breaking (‘Wbr’) the eddy viscosity is nonzero due to the TKE 

source, but its slightly increased value drops exponentially and wave-induced mixing 

evolves only in a thin surface layer. 

 

Fig. 18 Vertical turbulent viscosity (left) and turbulent kinetic energy (right) profiles at the eastern shore 

in the elliptical lake, after reaching the quasi-steady state, using various wave mixing schemes: ‘orig’ = 

original MY 2.5; ‘Wbr’ = wave-breaking; ‘BV‘ = direct modification of turbulent viscosity/diffusivity; ‘εw’ 

= modification of TKE production; ‘BV+ εw’ = joint usage of the two approaches. 
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When wave mixing is taken into account through the shear production term (scheme 

‘휀𝑤’) the shape of the q profile (i.e. the square root of TKE) follows the one obtained with 

the original MY model (scheme ‘orig’), but with a slight increment. In both schemes Km 

and Kh have their maximum value at the same depth. In contrast, in the ‘Bv’ scheme, eddy 

viscosity and turbulent diffusivity have a maximum at the surface and decrease 

exponentially. 

The vertical turbulent mixing determines the evolution of velocity profiles and 

temperatures (Fig. 19). Compared to the original MY model, incorporation of wave 

breaking has just a weak effect on these profiles, flattening them only very near the 

surface. By adding the wave shear production term (scheme ‘휀𝑤’), the shape of the 

velocity profile does not change, but it is characterized by lower values. For the ‘Bv’ 

scheme, as it can be expected from the Km profile, the velocity profile differs significantly: 

vertical gradients are reduced not only near the surface, but also to greater depths. 

 

Fig. 19 Vertical profiles of the velocity magnitude (left) and water temperature (right) at the eastern shore 

of the elliptical lake, after reaching quasi-steady state, using various wave mixing schemes. 

As to the temperature profile, in the non-breaking wave schemes temperatures are 

decreased, but while the additional shear production term (scheme ‘휀𝑤’) cannot influence 

the shape of the profile, ‘Bv’ can. This can be more clearly seen in Fig. 20 by plotting non-

dimensional temperature profiles (Kirillin 2002): 

 𝜃 =
𝑇𝑠 − 𝑇(𝑧)

∆𝑇
, 휁 = −

𝑧

𝐻
 , (4.23) 

where 𝜃 is the non-dimensional temperature, 휁 is the non-dimensional depth, Ts is 

the surface temperature and ΔT is temperature difference between the surface and the 

bottom layer. 
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Mixed-layer depth is determined by finding the depth at which the temperature 

differs from Ts by more than ±0.1°C. MLD evolution during the first 24 h period is shown 

in Fig. 20. Mixing due to wave-breaking is confined only to the near-surface zone and 

cannot affect the vertical temperature distribution and thus the MLD in merit. In contrast, 

the applied non-breaking wave mixing schemes provide more realistic evolutions 

regarding the temperature distribution. As it was noted by Burchard (2001), a wave-

enhanced layer cannot be reproduced by a circulation model when only its boundary 

conditions are adjusted without modifying the governing equations. 

 

 

Fig. 20  Vertical profiles of non-dimensional day-averaged water temperature (left) and temporal 

evolution of the mixed layer depth (right) at the eastern shore of the elliptical lake, after reaching quasi-

steady state, using various wave mixing schemes. 

4.5.1 Concluding remarks 

I have compared these schemes by means of an academic test case. The well-known 

two-equation Mellor-Yamada 2.5 turbulence closure model was extended by the 

appropriate terms according to the analyzed schemes. The main difference between the 

schemes is whether we introduce TKE into the water column via the production term in 

the TKE transport equation or we enhance vertical mixing through the direct increase of 

eddy viscosity and turbulent diffusivity based on the wave spectrum. Based on the results 

it is concluded that the modeled eddy viscosity and TKE distributions differ greatly 

between the wave mixing schemes, and so, there is a chance to find the best by validating 

with accurate turbulence measurements. 

The sensitivity analysis revealed that the effect of the various wave-mixing schemes 

on the thermal structure differs also significantly. Adding a complementary shear 
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production term leads to similar temperature profiles as obtained by the original model. 

The scheme that directly enhances eddy viscosity and turbulent diffusivity has the 

opportunity to yield a temperature distribution that matches the observed ones in Lake 

Balaton (see Chapter 5.6). However, enhanced eddy viscosity and turbulent diffusivity 

also reduce TKE in the upper layers, which is contrary to reality. In summary, these 

results suggest that the simultaneous inclusion of the two different schemes (‘휀𝑤’ and 

‘Bv’) is justified, confirming findings of Pleskachevsky et al. (2011). 



 

5 Application to Lake Balaton 

A subsequent purpose of my doctoral research is to set up a 3D model for Lake 

Balaton which can be the basis of a future forecasting system. Nowadays several 

forecasting systems are operated for lakes, estuaries and coasts, especially in the U.S. 

These systems provide real-time information about the up-to-date status of the water 

environment to the stakeholders (Anderson et al. 2010). The hydrodynamics are 

calculated with numerical models that are sometimes modified from a generic version in 

order to capture the relevant processes affecting that particular lake or coastal water. 

These major processes may include the transport of heat, sediment, physical and chemical 

substances, or biomass. 

Lake Balaton in Hungary is the largest freshwater lake in Central Europe. Its surface 

area is approximately 600 km2 while the mean depth is only 3.5 m (Fig. 21). The 

longitudinal axis of the lake is oriented ENE and the elongated shape is narrowed by a 

peninsula separating the lake into two main sub-basins. The prevailing wind direction is 

NNW. The lake is regulated with a water level variation targeted within a 40 cm interval 

between the wet and dry seasons. The shores are mainly built-up and inhabited. Lake 

Balaton has high cultural, touristic and ecological value. Establishment of good water 

quality for users of the lake, maintenance dredging of ports, emergency assistance to 

swimmers and sailors in distress, and conservation of the ecosystem are some of the main 

operational tasks. Extreme meteorological and hydrological conditions create additional 

tasks.  

Hydrodynamics, thermal structure, sediment processes, and water quality of Lake 

Balaton were investigated by numerous authors using models of wide variety and 

complexity. Luettich et al. (1990) set up and validated a depth-averaged, zero-

dimensional model for suspended sediment concentration. This model was improved and 

coupled to algal biomass model (Somlyódy and Koncsos 1991). The contribution of 

horizontal convection and turbulent diffusion was neglected by the assumption that 

vertical transport has the primary role. These models satisfy only mass-conservation and 

thus they cannot be considered as hydrodynamic models. By leaving depth-averaging, 

vertical 1D models can incorporate distinct vertical density and temperature structures 

(Shanahan et al. 1986). In natural freshwater lakes water density is determined mainly by 

the temperature since salinity differences can be neglected. These models are commonly 
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used for deep lakes but are not appropriate for Lake Balaton. In case of large lakes 

horizontal uniformity is rarely valid, hence the application of a three-dimensional (3D) 

hydrodynamic model is required for proper calculations. In spite of these considerations 

Vörös et al. (2010) used a 1D water column model to predict vertical evolution of 

temperature in Lake Balaton. While surface temperatures were reproduced quite properly 

thanks to the energy budget approximation, the frequency and duration of stratification 

were overestimated.  

Several two-dimensional hydrodynamic models have been set up for Lake Balaton. 

These modeling efforts led to great contributions to understanding wind induced 

circulation. Sensitivity analysis of Shanahan et al. (1986) revealed that the inaccuracy of 

model results is dominated by the uncertainty of wind input, especially for cross-winds 

when wind direction is nearly perpendicular to the longitudinal axis of the lake. In spite 

of the uncertainty and the coarse grid (950 m), the 2D model description was able to 

reproduce water mass-exchange between the main basins of the lake. Later, the stationary 

flow structure of the western bay was analyzed with a finer grid resolution (200 m). Józsa 

(2001) pointed out that the IBL development and thus the fetch dependence of the wind 

stress field can greatly affect the direction and location of main horizontal gyres. 

Stationary flow field was also determined by 3D models for the whole range of wind 

directions (Ciraolo et al. 2004). None of these models can be used directly as a forecasting 

model because many of them focus just on certain processes and are not validated 

comprehensively.   

Lake Balaton has many specific features that have to be taken into account jointly, 

such as its shape and fetch conditions, wind and wave field characteristics, the diurnal 

stratification, among others.  

In this Chapter the estimation method for the energy budget components, the wind 

forcing model and the hydrodynamic model presented previously is applied and validated 

for Lake Balaton.  

5.1 Hydrometeorological forcing and measurements 

Each of the developed model can be validated by means of measurements. There 

are two main hydrometeorological stations in Lake Balaton (Fig. 21). Balatonszemes 

station (HM1) is located on the south shore operated by the Water District Directorates. 

Wind, air temperature, relative humidity, water level and water temperature at 1 m depth 

under the mean surface level are collected at this station. The other station near Keszthely 
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(HM2) is being operated by the MTA-BME Water Management Research Group 

(Istvánovics et al. 2005) in the western bay of the lake, near the shoreline. Here, the mean 

depth is 1.4 m. Water temperature is monitored at 5 depths (surface, bottom and 3 probes 

in mid-depths). Sediment temperature is also measured at approximately 5 and 15 cm 

deep under the bed surface. Global radiation and wind data are also measured at this 

station, as well as water quality parameters including dissolved oxygen, turbidity and 

algal biomass.  

Around the lake 6-8 anemometers have been operated by the National Directorate 

General for Disaster Management in the frame of the Lake Balaton Storm Warning 

System since 2008. The instruments are located in ports and on beaches and their heights 

above the ground are between 10 and 21 m. Recorded data include 5-minute averaged 

values of wind velocity and direction. Also, two meteorological stations (A7, A8) 

occasionally operate in the middle of the western and eastern bays during high seasons. 

 

Fig. 21 Hydrometeorological stations, anemometers and water level gauges around Lake Balaton. 

Contour lines represent depth to mean water level. 

During the year 1997 and 1998, several measurement campaigns took place in the 

western part of the lake when simultaneous wind and current measurements were 

executed. The site plan of the installation of instruments is shown in Fig. 35.  

The availability of wind data is unfortunately erratic even after 2008, thus for each 

model simulation the active wind measurement stations are indicated in Table 3. The 

different wind events presented in this thesis are summarized here: 
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 Tbegin Tend Ttot (h) Anemometers 
Current 

observation 

Thermal 

obs. 

1 05/28/1997 06:00 06/01/1997 03:00 93 At loc. 2 4, 5, 21,22, 31, 32 - 

2 05/03/1998 22:00 05/05/1998 22:00 48 At loc. 10 4, 8, 9, 10 - 

3 01/15/2007 00:00 01/21/2007 00:00 144 HM1 - - 

4 08/08/2008 20:00 08/10/2008 08:00 36 A1-A8 - - 

5 03/06/2009 20:00 03/09/2009 00:00 52 A1-A6 - - 

6 10/12/2009 08:00 10/16/2009 04:00 92 A1-A8 - - 

7 05/31/2010 08:00 06/03/2010 08:00 72 A1-A6 - - 

8 07/13/2013 00:00 07/29/2013 00:00 384 HM2, HM1  - HM2 

Table 3 List of hydrodynamic simulation events, operating anemometers, current meters and 

thermometers with available data. 

5.2 Wind field interpolation over the lake 

5.2.1 Internal boundary layer development 

Here, I analyze and interpret wind data recorded around Lake Balaton. As it was 

presented in Chapter 3.2 wind data measured overland need to be corrected to account for 

surface property differences between land and lake. The effect of IBL development and 

the need of its application for Lake Balaton is easily proven by comparing simultaneous 

wind observations of an onshore and overlake station. During wind events 4-7, the 

prevailing wind direction was NNW, thus at station A2 (Zánka) the observed wind can 

be considered overland, while at station A5 (Balatonszemes) it is overlake wind. The 

acceleration of wind is apparent in case of Lake Balaton (Fig. 22).  Data is quite scattered 

and the variance of the point cloud increases proportionally to the wind speed. This 

variance is higher than that encountered at another lake of similar size, Lake Fertő (Józsa 

2014). The higher variance is probably due to the more pronounced orographic effect of 

the upstream highlands and the more diverse aerodynamic roughness around the lake in 

contrast to Lake Fertő, which is surrounded by a few-kilometer-wide homogeneous reed 

belt. Nevertheless, the acceleration of the wind speed over the water surface emerges 

clearly on the plot. 
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Fig. 22 Simultaneously observed wind speed measurements at an onshore and overlake station for wind 

events 4-7. 

Statistical methods have been proposed by many authors for estimating overlake 

wind speed from overland wind observation (Richards et al. 1966; Philips and Irbe 1978; 

Lemmin and D’Adamo 1996). Different methods have been tested on the Great Lakes 

and their results were very similar (Schwab and Morton 1984). These statistical 

formulations relate overlake wind speed to overland wind speed, relative humidity and 

air-water temperature differences. The empirical relationships that could be obtained 

from simple statistics cannot be applied directly to determine the wind stress field acting 

on the water surface, but they can be useful to confirm the validity of the IBL theory. A 

number of earlier studies have approached this problem by evaluating a wind ratio: 

 
𝑅 =

𝑢𝑤

𝑢𝑙
 (5.1) 

where uw is the wind speed over water, ul is the wind speed over land. The ratio R 

incorporates all the various influences which lead to the variation of a wind field:  

i. changing frictional effects due to the land-to-water roughness transition, 

ii. variation in turbulence properties of wind flow due to atmospheric stability which 

is created by temperature differences, 

iii. varying frictional effects due to the fetch-dependent wavy water surface. 

The statistical analysis and the wind ratio R presented here were evaluated based 

on four years (2008-2011) of simultaneously measured data from stations A2 and A5. 

Wind speed and direction data were averaged to 30-min resolution resulting initially in 

more than 69000 data for pairing. The two stations happen to be aligned if the wind 

direction is 326° which is very close to the prevailing NNW (337.5°) direction. By the 
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data sorting process records were rejected if any of the simultaneously measured wind 

directions was outside the range of 326° ± 15°. The less than 3000 remaining records 

were tabulated by air-water temperature differences and wind speed classes, respectively, 

and ratios were calculated for each class. The specified wind and temperature classes 

were adjusted to those that can be found in studies for the Laurentian Great Lakes 

(Richards et al. 1966; Philips and Irbe 1978). Based on the statistical analysis the 

following findings can be drawn: 

i. The average value of R for all data is comparable to those cited in the North-

American studies. For Lake Balaton R is 1.48, while for the Great Lakes it is 1.56 

and 1.53 depending on the measurement campaign (Richards et al. 1966; Philips 

and Irbe 1978).  

ii. As wind speed increased the wind ratio became smaller regardless of overlake 

atmospheric stability. This also implies that the stronger the wind, the weaker the 

effect of atmospheric stability.   

iii. The dependence of wind ratio on atmospheric stability confirms that turbulence 

mixing is impeded by stable and enhanced by unstable atmospheric stability. In 

the latter case the convective turbulence mixing raises surface wind speed closer 

to the geostrophic wind speed. The variance of wind ratio by stability decreases 

with wind speed.     
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Fig. 23  Lake/land wind ratios versus air-water temperature differences for different wind speed classes.  

Great Lakes and GL(1) data are cited by Philips and Irbe (1978), GL(2) by Richards et al (1966).   

Considering how sensitive it is to the air-water temperature difference, it would be 

necessary to incorporate the effect of atmospheric stability into the IBL model in addition 

to the surface roughness transition. It can be easily done by combining the flux-gradient 

method with the IBL model. The wind profile equation (3.2) above the lake has to be 

completed with the universal function term as it is done in Eq. (2.12) for heat flux 

calculations. For storm events 4-7 wind speeds were estimated for station A5 based on 

the records of station A2 using the original (adiabatic) and a completed (diabatic) IBL 

model which takes stability effects also into account.  As it was described in Chapter 3.2.2 

there are multiple parameter combinations that yield the same fit to the wind speed even 

when concurrent data from numerous anemometers is available. It is expected that the 

surface roughness does not vary as much from one lake to another than that of the 
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surrounding land, so the Charnock parameter was fixed to α = 0.073 for shallow waters 

with limited fetch following the findings of Vickers and Mahrt (1997). It is therefore the 

roughness height of the land that was calibrated, yielding z0
l = 0.6 m. This value is in 

accordance with that recommended by the Davenport classification for “rough” or “very 

rough” terrain (Wieringa et al. 2001). With this combination, the IBL model can capture 

the acceleration of the NNW winds and a fairly good agreement is reached between the 

measured and estimated wind speeds on the leeward shore (Fig. 24). 

 

Fig. 24 Scatter plot of modeled versus observed wind speeds for station A5 for wind events 4-7. (For 

adiabatic model: R2 = 0.680 and for diabatic model: R2 = 0.613) 

The performance of the diabatic wind forcing model is very close to that of the 

adiabatic model with a slightly decreasing accuracy. The obtained results are contrary to 

the expectations. There are many possible causes for the fact that the diabatic model is 

not any better than the adiabatic one. The internal boundary layer height is calculated 

based on equation (3.5) which accounts only for the roughness change and does not 

incorporate the effect of atmospheric thermal stability. Furthermore, in my model, due to 

the lack of information the upstream overland flow is assumed to be neutrally stratified 

which can determine the turbulence characteristics of the incoming air mass and this can 

have major contribution to the development of the wind field over the lake (Philips and 

Irbe 1978).             

The wind ratio R between stations A2 and A5 was also calculated by means of the 

adiabatic IBL model for a whole range of wind speeds. The ratio as a function of the 

offshore wind speed is in good agreement with observed one, having a slight 

underestimation (Fig. 25).   
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Fig. 25 Observed and modeled wind ratio as a function of the offshore wind speed. Gray lines indicate 

standard deviation from the mean. Statistics are based on four years of data (2008-2011). 

5.2.2 Sensitivity analysis of the interpolation parameter 

In addition to the surface property parameters (z0
l and α), the IDW wind stress 

interpolation scheme also possesses a free parameter, which has to be adjusted depending 

on the distribution of the anemometers, the shape of the lake, mesoscale features of the 

wind climate, etc. 

In order to determine an optimal value for the power parameter p a cross-validation 

is conducted with the Lake Balaton dataset. By eliminating an anemometer from the 

interpolation there is an opportunity to directly compare the time series of the wind vector 

interpolated from the remaining anemometers against the observations. I tested the 

accuracy of the suggested interpolation method and the sensitivity to the power parameter 

by means of anemometers A2, A5, A7 and A8. In the case of the westernmost 

anemometer A8, the extrapolation ability of the scheme, examined as A8, is well outside 

the convex hull of the remaining anemometers.  

The calculated RMS errors of the wind speed for the 6th period (in October 2009) 

are shown in Table 4. Regarding the wind speed at anemometer A8, the higher the value 

of p, the smaller is the error. It shows that there is a significant difference in the wind 

vector at different parts of the lake and a simple averaging of the other stations is not a 

good approximation for the west bay. 
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  p(-) 0.0 0.5 1.0 2.0 

A2 
u (m/s) 2.49 2.71 3.03 3.70 

d (°) 13.9 15.1 17.4 23.1 

A5 
u (m/s) 2.44 2.33 2.26 2.29 

d (°) 19.6 19.7 20.0 21.1 

A7 
u (m/s) 2.45 2.56 2.79 3.25 

d (°) 32.5 28.7 25.6 22.3 

A8 
u (m/s) 1.84 1.67 1.49 1.33 

d (°) 31.6 30.7 30.1 30.7 

Table 4 RMS error of the estimated wind velocity magnitudes (u) and directions (d) for the 5th event 

(October 2009). 

In case of anemometer A5 the accuracy of the estimation is insensitive to p. The 

velocities are somewhat underestimated because the closest anemometer is A2 and lower 

offshore wind speeds were observed there. In contrast, in case of anemometer A2 the 

wind velocities are overestimated because anemometer A5 measured accelerated onshore 

wind. The application of lower p value decreases the effect of local features at 

anemometer A5. In case of anemometer A7 located in the middle of the east bay, the 

errors are contradictory because with larger coefficients the estimated directions improve 

by 10°, while the error of velocity magnitudes increases by more than 30%. Based on 

these results for Lake Balaton, using 6 onshore wind stations, a recommended value for 

the power coefficient is between 0.5 and 1.0. 

 

Fig. 26 Time-averaged wind stress distribution along the fetch over Balatonszemes Bay, using different 

values for the power parameter p of the IDW interpolation in March 2009. 

It is observed that the greater the power parameter, the faster the wind stress grows 

with fetch (Fig. 26) and consequently the stronger the wind stress curl is, acting on the 

lake surface.  

The distribution of the time-averaged interpolated wind stress above the lake 

surface (Fig. 27) differs, confirming that the interpolation parameter has a remarkable 

effect not only the integral but also on the curl of the wind input of the lake model. 
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Fig. 27 Contours of the time-averaged wind stress (Pa) over Szigliget Bay of Lake Balaton, using 

different values for the power parameter p of the IDW interpolation in March 2009. 

5.2.3 Hydrodynamic response of the lake 

As it was shown, several roughness parameter combinations can yield interpolated 

IBL-aware wind fields that fit measured wind speeds equally well, while they produce 

significantly different wind stress distributions. To improve the calculation of wind input 

for a hydrodynamic model, the lake model itself can be involved into the calibration 

procedure of the wind stress model.  It is essential to calibrate the wind stress model by 

additionally requiring a good agreement in the induced lake response. In addition to the 

wind speed observation, another calibration criterion is gained by fitting the modelled 

amplitude of the lake surface motion to measurements at recording gauges, through which 

the wind energy input into the lake, hence the integral of the wind shear stress is ensured 

and the calibration problem becomes well posed. From all possible hydrodynamic 

variables, it is typically the water stage that has been recorded with sufficiently high 

resolution for years or decades, so that data is readily available for calibration at numerous 

important lakes in the world. It is necessary that the recording interval of the water stage 

be short enough to capture seiches, which can be realistically expected from current lake 
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monitoring stations. This is indeed the case for Lake Balaton that has currently nine 

gauges with 15-minute resolution, from which Fig. 21 shows those that were used in this 

paper.  

A lake model with a moderate mesh resolution is sufficient to reproduce water level 

fluctuations recorded at 15-minute intervals. The computational mesh consists of six σ 

layers evenly distributed in the vertical direction with an average horizontal resolution of 

400 m. Wind forcing is imposed as a variable wind stress at cell centers. The 

instantaneous wind stress fields are interpolated at the time levels of wind data. In the 

time gap, the two nearest fields are interpolated linearly in time. Initially, velocities are 

set to zero and the water level to the mean of the actually observed levels over the 

simulated period. Simulations are run assuming a barotropic flow field. 

The roughness parameters of the wind stress model were determined iteratively 

based on wind and water level data from October 2009, measured by regular 

meteorological stations and gauges. The feather plot in Fig. 28 shows a 92-hour period 

with a sustained, 60-hour NNW storm recorded at station A5 near the centre of the 

southern shore. 

 

Fig. 28 Feather plot of 10-min averaged wind vectors measured at station A5 from 10/12/2009 08:00 – 

10/16/2009 04:00. 

The hydrodynamic model and the wind stress field were validated with water level 

fluctuations observed at four telemetered gauges located around the lakeshore (denoted 

by WL1 to WL 4 in Fig. 21).  

The time series of the simulated and observed water surface excursion are presented 

in Fig. 29 for the same 92-hour period. The modelled water levels are in fairly good 

agreement with observations, showing that the calculated wind energy transferred to 

slower lake modes (=surface setup) is estimated accurately. The best fit was achieved 

with the land and water roughness parameter combinationof z0
l = 0.6 and α = 0.073, 

respectively. Setting the Charnock parameter to lower values led to underestimated 

amplitudes in all cases, confirming that the lake model is a sensitive indicator of how well 

the wind model is calibrated. 
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Fig. 29 Water surface excursion at gauges WL2, WL4, and WL1, respectively, in the period 10/12/2009 

8:00 - 10/16/2009 04:00. 

In order to validate the wind stress model and the hydrodynamic model, three other 

periods were simulated with unchanged wind model parameters. For brevity, only results 

of the 5th period (in March 2009) are presented (Fig. 30). The wind was across the lake, 

the highest speeds reached 20 m/s on the leeward shore. The model simulates correctly 

not only the amplitudes but also the phases of the water surface excursion (Fig. 31). 

 

Fig. 30 Feather plot of 10-min averaged wind vectors measured at station A5 from 03/06/2009 20:00 – 

03/09/2009 00:00. 



Application to Lake Balaton  59 

 

 

Fig. 31 Water surface excursion at gauges WL2, WL3, and WL1, respectively, during the simulated 

period 03/06/2009 20:00 - 03/08/2009 22:00. 

Until now the hydrodynamic consequences of various wind stress interpolation 

parameters were studied via the water level fluctuations. But lake currents are known to 

be sensitive not only to the total wind force but also to the spatial gradients of the wind 

stress, more specifically to the curl. Finally, to extend the previous sensitivity study, the 

four unsteady wind stress fields interpolated with different p values (Fig. 27 shows their 

temporal average) were set as input to the lake model and the simulated near-surface 

currents were averaged over the whole simulation period. Large differences can be seen 

between the quadrants, reflecting that the power parameter p of the IDW interpolation 

has a stark influence on stress curl. In consequence, the optimal value of p can be 

determined with even higher confidence if water current measurements are available. I 

recall that the adopted power parameter was p = 0.5. This simple analysis demonstrates 

that the modelled average surface currents are quite sensitive to the IDW interpolation 

parameter p. However, verifying the curl of the wind stress field would require 

comparison of water currents from targeted field surveys. 
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Fig. 32 Simulated near-surface streamlines and velocity magnitudes based in Szigliget bay, averaged for 

the simulation period in March 2009. 

5.3 Time scale issues of wind forcing 

Besides the spatial interpolation, the temporal resolution of wind forcing is also 

investigated. Routine weather measurements, including average wind speed and 

direction, are typicaly stored at regular time intervals of 5 minutes or coarser. As Józsa et 

al. (2000) found through numerical studies, the kinetic energy of wind fluctuations shorter 

than the averaging interval are lost in the modelled lake response. To explore the effect 

of time resolution, simulations are performed with a temporal vector averaging of wind 

data with an interval of 10, 20 and 30 minutes. Spatially distributed wind stress fields 

were calculated with the described interpolation scheme based on the coarser averaged 

values (and interpolated linearly in time between the instants).  

Seiche appears clearly in Fig. 29 and Fig. 31. Next, the influence of wind input 

averaging is examined through energy spectra calculated from detrended water surface 

excursion time series. For gauge WL2, the energy spectra of water levels with various 

wind-averaging intervals are shown in Fig. 33. From the frequency-weighted spectral 

density on a logarithmic horizontal axis, it can be seen from the area under the curves that 



Application to Lake Balaton  61 

 

the crosswise seiche modes with a period of about 60-70 minutes contain most of the 

energy. Notice that this spectrum cannot capture wind waves with a period much shorter 

than a few seconds, which would appear far more energetic than seiche. In case of the 

simulation period in October 2009, the energy peak is estimated accurately if a 10-minute 

temporal averaging is applied. However, using the same 10-minute averaging interval for 

the period in March 2009, the amplitude of the simulated water level fluctuations is 

overestimated. According to the spectra of the two periods, an overall applicable wind 

averaging interval is approximately 20 minutes.  

 

Fig. 33 Frequency-weighted energy spectra calculated from observed and simulated water level time 

series at gauge WL2. Different lines correspond to different temporal resolution of wind forcing. Top 

panel: period 6th in October 2009; bottom panel: period 5th in March 2009. 

Water level excursion energy spectra at other stations are shown in Fig. 34 for the 

period of October 2009. At gauge WL4 the energy content is highly overestimated using 

10-minute and underestimated using 20-minute wind averaging, whereas at gauge WL3 

there is no significant difference between the effect of the two averaging intervals. 

Extending the averaging interval smooths out wind gusts from the spatial interpolation 
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but removes detail and energy. Including the spectra from the other water level gauges 

around the lake (not presented in the thesis), 20 minutes can be recommended as the 

overall best interval of temporal averaging on Lake Balaton, though not universally good. 

 

Fig. 34 Frequency-weighted energy spectra calculated from observed and simulated water level time 

series in October 2009 at gauges WL4 (top panel) and WL3 (bottom panel). 

5.4 Hindcasting of current measurements 

In order to test the model’s ability to predict hydrodynamics of the lake, simulated 

and observed currents are compared. Two windy events from 1997 and 1998 are 

presented here to demonstrate model performance. Velocity measurement locations are 

shown in Fig. 35. Most of instrument installations provided near bottom observations, 

hence the measurement depth is about 50 cm above the bottom. For further details about 

the applied instruments, measurements depth etc. the reader is referred to Józsa (2001). 
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Fig. 35  Current measurement locations (numbered) during the measurement campaigns in 1997 and 

1998. 

The hydrodynamic model set up is the same for both cases. The model consists of 

12 sigma layers in the vertical direction and the vertical resolution is higher near the free 

surface and the bottom than at mid-depths. The horizontal resolution is about 40 m near 

the shoreline (Fig. 36). Initial velocities were zero. The initial water level of simulation 

was the mean of the actually observed levels during that period. Model simulation was 

performed assuming barotropic flow field.  

 

Fig. 36 Detail of the 3D computational domain of simulations for wind events 1 and 2 (in 1997 and 

1998). 

Wind forcing on the water surface is described as wind stress at cell centers. Wind 

measurements were performed over the water in both cases. As it was described, the IBL 

model is able to reconstruct the fetch-dependent wind stress evolution even if the 

observed wind data originate from over the open water. 
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I would like to remind the reader that the flow direction means the way the current 

passes to, while the wind direction means the direction the wind blows from. For instance, 

45° flow direction means that the current goes to NE, while 45° as wind direction means 

that wind arrives from NE.    

During the event in May 1997 the wind direction was the prevailing NNW with small 

fluctuations (Fig. 37). In fact, two wind events can be distinguished with an about 10-

hour long wind calm period in between. The wind speed exceeds 10 m/s for several hours. 

 

Fig. 37 Measured time series of wind speed and direction in 05/28/1997 – 06/01/1997 at location 2. 

In general, the agreement between model results and observations looks reasonable 

at most locations, including the current speed and the direction of the flow as well. At 

station 21 the model slightly underestimates the magnitude of the flow, while the 

simulated directions are in very good agreement with the observations. At stations 4 and 

5 simulated magnitudes are also reliable (Fig. 38). The latter two stations are located near 

the mouth of the bay, thus currents are governed by seiche motions with higher periods, 

while at location 2 the frequency of oscillations is higher. It can be affirmed that the model 

is able to capture the different periods of oscillation which is typical for a given location. 

At station 4 and 5 deviations from the average direction are larger for both simulations 

and measurements. The simulated current direction deviates slightly but consequently 

through the period (Fig. 38).       

By examining the entire flow field in the western bay, it can be stated that near 

surface currents share the direction with the wind while near bottom currents have mostly 

opposite directions which indicates that the flow field is three-dimensional (Fig. 41). 

Currents are furthermore governed by the depth gradients, the wind stress curl owing to 

the IBL development and seiche motion. 
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Fig. 38 Time series of observed (red, dashed lines and circles) and modeled (blue line and dottes) current 

speed and direction in 05/28/1997 – 06/01/1997 at different locations. 
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The second wind event from the beginning of May 1998 has the feature that wind 

direction changes slowly, but continuously from NE to NW during the storm (Fig. 39). It 

is important because longitudinal axis of the western bays is E-W. The parallel component 

of the wind vector to this axis changes sign during the storm which can play primary role 

on the direction of longshore currents.   

 

Fig. 39 Measured time series of wind speed and direction in 05/03/1998 – 05/05/1998 at location 10. 

The effect of the continuously varying wind field can be noticed through the 

observed current at station 10. The model captures the trend of the direction while speed 

magnitudes fit also the measured ones at the station (Fig. 40). In contrast, in the middle 

of the bay, current direction cannot be characterized by a monotonic change (station 9). 

The model is not able to reproduce this slow fluctuation. It can be caused by the fact that 

the wind direction can be slightly different in the Szigliget Bay compared to Keszthely 

Bay because the wind direction is strongly influenced in the former by the orographic 

effect of the upstream highland. Namely, the Tapolca basin is a wind corridor with N-S 

direction which joins directly into Szigliget Bay. Considering station 4, simulated 

magnitudes are somewhat underestimated, but directions are captured nicely (Fig. 40). 



Application to Lake Balaton  67 

 

 

Fig. 40  Time series of observed (red, dashed lines and circles) and modeled (blue line and dottes) current 

speed and direction in 05/03/1998 – 05/05/1998 at different locations. 
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Fig. 41 Time averaged near surface (left) and near bottom (right) currents for 05/28/1997 – 06/01/1997 

 

Fig. 42 Time averaged near surface (left) and near bottom (right) currents for 05/03/1998 – 05/05/1998. 

Near surface and bottom currents show very similar pattern during the two 

simulated periods (Fig. 41 and Fig. 42). At the south shore, bottom currents resemble 

surface currents, thus here the currents are less 3D and can be characterized by a depth-

averaged field. This situation changes gradually by moving away from the shore (Fig. 

43). Stronger upwelling zones are near the north shore, where also many slow gyres 

evolve, as it can be seen on the depth-averaged flow pattern. Here, the flow field and the 

direction of rotation is mainly affected by depth gradients and thus an accurate and up to 

date bathymetry is required to ensure a reliable forecast. 
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Fig. 43 Time- and depth-averaged simulated flow fields of the periods of 1997 (left) and 1998 (right). 

5.5 Lake response due to a lake-aligned storm 

It is also expected from a hydrodynamic model that it be able to predict water 

surface elevations accurately. In January 2007, a strong storm (called Kyrill) passed over 

the lake from SW to NE. The wind was measured at station HM1 (Balatonszemes). The 

wind direction was almost perpendicular to the shoreline (Fig 44).    

 

Fig 44 Wind speed and direction during storm Kyrill (Jan. 2007) at station HM1 (Balatonszemes). 

In this case fetch calculation is very uncertain because a small change in wind 

direction can cause significant change in fetch. Furthermore the wind speed time series is 
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featured by a continuous increment thus an equilibrium of the atmospheric flow could 

hardly occur. Owing to these two reasons the measured wind speed was extrapolated over 

the whole lake uniformly. 

The high wind stress pushed a great amount of water to the east bay and the 

measured water surface elevation difference between the SW and NE end of the lake 

reached almost 100 cm during the storm. It has to be mentioned that unfortunately the 

water level at Keszthely sank below the measuring range of the instrument, thus the exact 

water level here is unknown.  

 

Fig. 45 Measured and modeled free surface displacements at the west (left panel) and east end (right 

panel) of the lake during storm Kyrill. 

Modeled water levels are in good agreement with observed data (Fig. 45). 

Computed peak values are close both in time and space to the measured ones: the 

difference between the simulated and observed maximum water levels is 4 cm and the 

peak is offset by less than 3 hours. The latter difference can be caused by the fact that the 

wind observation station is located in the middle of the lake, and thus the wind 

observation has already an offset compared to the eastern part of the lake, which is 

reached earlier by the storm and water motions are already induced when in 

Balatonszemes wind speed is still low. 

5.6 Modelling of the thermal structure 

The aim of this section is to reproduce accurately the thermal structure and the lake-

wide MLD distribution of Lake Balaton by the hydrodynamic model. The lake is shallow 

thus its temperature field is characterized by diurnal stratification. It has been recognized 
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from the observed temperature data that even in case of light and moderate wind 

conditions vertical temperature profiles are significantly affected by the wave motion 

even though in such cases waves are not steep enough to break or whitecap. A typical 

daily temperature profile is shown in Fig. 46, with it corresponding non-dimensional 

profile calculated by equation (4.23). Surface layers are characterized by weak 

temperature differences showing that this region of the water column is nearly 

homogeneous. Near the bottom, temperature gradient is steep. This zone is not well mixed 

and based on the gradient at the lower end of the profile it can be assumed that bottom 

temperature is affected by the ground heat flux. The upper layer of the water column is 

mixed by wave motion not being able to reach the bottom during low and moderate wind 

conditions, thus producing a shallow mixed-layer and diurnal stratification.          

 

Fig. 46 Typical daily absolute (left) and non-dimensional (right) temperature profile in Lake Balaton at 

station HM2 on a summer day. 

In my work I have studied the sensitivity of heat transport to mixing due to non-

breaking waves and explored the ability of various schemes to incorporate this effect in a 

three-dimensional lake circulation model. 

5.6.1 Energy budget of Lake Balaton 

In order to estimate the thermal structure of Lake Balaton, different components of 

the energy budget have to be specified. The required hydrometeorological data (global 

radiation, wind, relative humidity as well as air, water, and sediment temperatures) were 

observed at stations HM1 and HM2 (Fig. 21).  
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Turbulent flux components are estimated according to Chapter 2.2 with the flux-

gradient method. The correction suggested by Panin for shallow lakes is also applied (see 

Chapter 2.3).  

Sediment heat flux is determined by means of a 1D unsteady heat conduction model 

to estimate the thermal field of the near bottom sediment layers. I solve equation (2.23) 

using an explicit finite difference scheme and applying the following two boundary 

conditions. The upper boundary of the model is the sediment-water interface while the 

lower boundary was in the depth of the lower sediment temperature probe. At both 

boundaries measured temperature time-series are available. The mid-depth sediment 

temperature time series is used as control data in order to calibrate thermal diffusivity 

Ksed. The accepted value is Ksed = 8∙10–7
 m

2/s. This value is in good accordance with 

findings of other researchers. According to literature review of Benoit and Hemond 

(1996) and Fang and Stefan (1998) thermal diffusivity is in the range of 1.3∙10–6 - 1∙10–7 

m2/s. The thermal conductivity is calculated then, leading to ksed = 1.7 W/m/°C and 

sediment heat flux is determined directly by Equation (2.22).    

The thermal field of the lake was simulated for a 16-day period from 13 - 19 July 

2013 (Table 3). For checking the heat flux calculations, the energy balance closure ratio 

and monthly evaporation rates were used. For this purpose energy budget calculations 

were extended for the whole month of July and August 2013. The monthly average daily 

evolution of net radiation, turbulent fluxes and ground heat flux is shown in Fig. 47.        

  

Fig. 47. Monthly averages of daily evolution of net radiation, turbulent fluxes and ground heat flux in two 

summer months. 
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Firstly, the monthly evaporation was calculated from LvE and compared to other 

available data. The evaporation of Lake Balaton is also determined by the Water 

Directorate (Kravinszkaja 2014) using the water balance method in monthly resolution 

and also compared with the WRF model results of the Hungarian Meteorological Service 

(OMSZ). The flux gradient method yields the lowest evaporation rates suggesting the 

validity of the findings described in Chapter 2.3. By using the simple correction of Panin, 

calculated evaporations are in better agreement with that of other methods  

(Table 5).  

Method July 2013 August 2013 

Flux-grad. model 124 mm 133 mm 

Flux-grad. model + Panin’s corr. 137 mm 149 mm 

Water balance (KDTVIZIG) 166 mm 162 mm 

Meteo. model (OMSZ) 142 mm 144 mm 

Table 5 Monthly sum of evaporation for two months: comparison of different calculations. 

Secondly, the energy balance closure can be evaluated by the energy balance ratio 

(Kiss 2014): 

 

𝐸𝐵𝑅 =  
∑(𝐻𝑇𝑠 + 𝐿𝑣𝐸)

∑(𝑅𝑛 − 𝐻𝑠𝑒𝑑 − ∆𝑆)
 (5.2) 

where ΔS is the stored energy in the water. It can be calculated by means of the time 

derivative of the depth-integrated water temperature. This term gives the difference 

between the incoming and outgoing energy of a water volume with unit area, e.g. when 

the outgoing energy is higher than the incoming, the temperature of the control volume 

decreases and vica versa. The EBR is 89%, which suggest that estimated magnitudes are 

correct. Better closure with higher ratios cannot be expected because the ratio is estimated 

for a control volume with unit area for HM2 station. In this case the in- and outgoing 

energy by advection is neglected similar to the non-uniformity of the heat exchange 

process between the lake and the surroundings. The success of energy closure is also in 

good agreement with those obtained by other researchers (Biermann et al. 2014; Kiss 

2014). 

5.6.2 Wave-induced mixing 

Adopting the 3D circulation model with the original Mellor-Yamada turbulence 

model, I realized that the mixing by (non-breaking) waves may not be neglected even in 

case of light and moderate winds, otherwise only the surface and bottom temperatures 
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can be modeled with tolerable accuracy, the vertical distribution and thus the MLD 

become clearly inaccurate. 

 

Fig. 48 Time series of measured wind velocity and direction at station HM2 for 07/13/2013 – 07/29/2013. 

 

Fig. 49 Calculated bulk parameters of the wave motion, i.e wave height and wave period at station HM2. 

Unfortunately wind data were available only at station HM2 (Fig. 48), thus the wind 

stress field over the lake surface was calculated using only the IBL model without taking 

into consideration the measurements of other anemometers. The so-obtained wind 

velocity component and fetch distance time series over each computational cell were also 
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the input parameters for the wave field calculations. The calculated bulk parameters of 

the wave motion are shown in Fig. 49 at the location of the HM2 station. 

In simulations, wind and wave fields are spatially variable, while heat fluxes are 

assumed to be spatially homogeneous. The horizontal resolution of the computational 

domain is 20 m near the measurement station, while 80 m in the open region. The vertical 

resolution is similar to cases in Chapter 5.4 with 12 σ-layers. Distribution of layers 

satisfies a parabolic function with high vertical resolution near the surface and bottom. 

A great improvement is gained in the modeled temperature field by incorporating 

wave-mixing into the turbulence model. Modeled and observed water temperature time 

series are shown at three different depths for the first five days of the simulation (Fig. 50). 

At daytime, stratification can establish when solar heating is strong enough to overcome 

the mixing induced by waves and currents. While on 15 July a weak stratification for a 

few hours could evolve, until 17 July higher temperature differences between the surface 

and bottom layers were observed and reproduced by the model. The radiative flux has a 

steep gradient along the depth because of the high turbidity characteristics of Lake 

Balaton (Istvánovics et al. 2004). The light attenuation coefficient is in the range of 1.6 

m, which was set fixed in time. During daytime, the strong shortwave radiation heats the 

whole water column, while during nighttime only the surface layer cools due to the latent 

heat exchange. The negative heat flux at the water surface leads to an unstable lake 

stratification and convective overturning during nighttime 

 

Fig. 50. Observed (upper panel) and modeled (lower panel) water temperature time series of surface 

(blue), mid-depth (green) and bottom (red) layers at station HM2. 

Considering the whole simulation period, depth-averaged temperature time series 

are plotted in Fig. 51. The agreement between modeled and observed time series is 
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reasonably good. The diurnal temperature fluctuation is reproduced well by the model. 

Greater difference can be observed between 18-20 July when measured temperatures are 

overestimated by the model. When checking the energy budget components turbulent 

fluxes seem to be underestimated. It is caused by the lower wind speeds prevailing in 

those days. 

 

 

Fig. 51 Time series of the modeled and observed depth-averaged temperatures (upper) and their 

difference (lower) from 07/13/2013 – 07/29/2013. 

The difference between modeled and observed depth-averaged temperatures is not 

monotonic. If any of the energy components is not accurate enough for several hours it 

can lead to weaker model results. If the sign of these heat flux differences is changing 

then the model inaccuracies will be suppressed as it was experienced between 17 – 21 

July. Later, at 22 July modeled water temperature difference increases to about 1°C, an 

error which then accompanies the rest of the simulation without any further trend. This 

means that from 23 July the energy budget is approximated well and the evolution of 

water temperature is also captured nicely with the hydrodynamic model. This is also 

confirmed by the time series in Fig. 52 which represents the difference between surface 

and bottom water temperatures. Maximum difference between surface and bottom water 

temperature is near 2°C. The daily evolution of this difference is also captured nicely by 

the model, however it cannot directly mean that diurnal stratification is also reproduced 
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well. As it was mentioned this can be achieved by more simple models as well without 

capturing the correct shape of the temperature profile along the depth.     

 

Fig. 52 Time series of modeled and observed differences between surface and bottom temperatures in 

07/13/2013 – 07/29/2013. 

An important effect of wave mixing can be derived by means of the vertical 

structure of temperature. A series of observed daily averaged non-dimensional 

temperature profiles for each day are shown in Fig. 53 as a cartoon strip, together with 

those modeled by the original and improved MY turbulence model. The shape of the 

observed profiles has consistently the opposite curvature of what would result from 

vertical light attenuation. The low gradients near the surface occurred clearly due to the 

wave-enhanced eddy diffusivity. Near the bottom, steeper gradients are present, which 

suggests that the conventional insulating bottom boundary condition for temperature 

might not be used, the effect of sediment heat flux is not negligible. 

 

Fig. 53 Daily average non-dimensional temperature profiles at station HM2 shown for 16 consecutive 

days (07/13/2013 – 07/29/2013). Red line with circles = observation; blue line = model including wave-

mixing scheme; gray dashed line = model using original MY 2.5 turbulence model. 

The experienced improvement in vertical thermal structure is due to the enhanced 

eddy viscosity and diffusivity (Fig. 54). The significant increment in turbulence mixing 

can be achieved when wave-mixing is incorporated. The presented profiles are time-

averaged over the whole simulation period, thus characterize well common states.       
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Fig. 54. Time-averaged vertical turbulent viscosity profiles in a shallow region, at station HM2 (left) and 

in a deeper region, from the middle of the Keszthely Bay (right) for 07/13/2013 – 07/29/2013. 

The original MY model leads to an eddy viscosity profile which is zero at the 

surface and has a maximum in mid-depth. Based on the sensitivity analysis (see in 

Chapter 4.5) it was concluded that the TKE injection at the surface owing to breaking 

waves cannot cause such an intensive mixing which can be deepening remarkably and 

can be responsible for the evolving thermal structure during light and moderate wind 

conditions. Furthermore, the analyzed experiment period is characterized by moderate 

winds when the effect of breaking waves is local in Lake Balaton and thus only a thin 

layer is affected. 

5.6.3 Mixed layer depths 

As a consequence of an improved vertical thermal structure, the model-based MLD 

also shows better match with MLD calculated from the observations (Fig. 55). The 

modeled MLD time series follows nicely the observed one, their evolutions within the 

day are in good agreement. The original MY turbulence model underestimates MLDs 

consistently. 
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Fig. 55 Mixed-layer depth time series at the HM2 monitoring station. Red line with circles = observation, 

blue line = model including wave-mixing scheme; gray dashed line = model using original MY 2.5 

turbulence model. 

It can be concluded that even during light and moderate winds a wave affected 

surface layer can establish which can penetrate into deeper layers. If wave mixing was 

not accounted for (gray dashed line), the steep temperature gradients would lead to the 

underestimation of MLDs. 

Based on the promising model results for the monitoring station it is believed that 

the model is able to predict with acceptable accuracy the spatial distribution of 

temperature and thus MLD provided the meteorological forcing, i.e. turbulent and 

radiative heat fluxes, can be prescribed accurately. Here, we present as a representative 

example, the daily averaged MLDs and temperature differences between the surface and 

bottom layers for the western bay of Lake Balaton on 22 July, 2013 (Fig. 56). As it was 

mentioned, only heat fluxes are homogeneous, wind stress and wave fields are fetch-

dependent. Vertical mixing in our case arises from the combination of buoyancy forces, 

wave mixing, and the vertical shear of horizontal currents. In addition, the bathymetry 

can also affect heat exchange directly, thus a strong and hardly predictable spatial 

variability can characterize the lake. On the presented day, the mixing layer is thicker 

near the deeper region of the wave-exposed south shore.  
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Fig. 56 Day-averaged surface-to-bottom temperature difference and MLD distribution in Keszthely Bay, 

modelled for July 22, 2013. 

5.6.4 Effect of bed heat flux 

In order to clarify the role of bed heat flux during this typical summer period, model 

simulations were performed by neglecting it. The estimated bed heat flux time series has 

negative sign during the whole period, meaning that it cools continuously the water body 

(Fig. 57). Its average value is 34.4 W/m2 which means that it has the same magnitude as 

sensible heat flux. 

 

Fig. 57 Time series of estimated bed heat flux. 

The time series of the depth-averaged temperature shows that by neglecting this 

amount of heat flux can lead to a clear overestimation of the water temperature (Fig. 58). 

It was described earlier that modeled temperature differences are mainly instantaneous 

and constant errors accompany and plague the rest of the simulation. If bed heat flux is 

zero the difference between modeled and measured water temperature has a clear trend.  
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Fig. 58 Time series of the observed (red dots) and modeled depth-averaged temperatures by assuming 

(blue line) and neglecting (orange dashed line) bed heat flux. 

Bed heat flux influences also the shape of vertical temperature distribution. The 

steep temperature gradients near bottom are highly affected by it cooling the water during 

the summer season. To justify this phenomenon, non-dimensional temperature profiles 

are compared. The profiles are averaged for the whole simulation period in Fig. 59. The 

deteriorating shape of the profile due to the omitted bed heat flux has also a negative 

effect on the MLD estimation.  

 

Fig. 59. Time-averaged observed (red line with circles) and modeled vertical non-dimensional 

temperature profiles by assuming (blue line) and neglecting (orange dashed line) bed heat flux at station 

HM2 for 07/13/2013 – 07/29/2013. 

5.6.5 Summary and conclusion 

In summary, diurnal stratification can establish in shallow lakes such as Lake 

Balaton depending on the intensity of heat fluxes, vertical shear of mean currents and the 

turbulence production of wave motion. The mixing by non-breaking waves is a few 

magnitudes greater than those created by the mean flow and thus are not negligible. It 

suggests that wave models should be coupled to circulation models not only through the 
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radiation stress and the bottom shear stress but also through turbulence. The wave energy 

dissipation has to be transferred towards the mean flow as a source of turbulence and 

mixing.  

By including the mixing of non-breaking waves into the turbulence model, not only 

the surface and bottom water temperatures are approximated with good accuracy but also 

the vertical structure of the temperature and thus the evolution of MLD is captured 

correctly.  

As to the evolution of temperature and MLD in Lake Balaton, both have high spatial 

variability. It is worth mentioning that since heat fluxes were assumed to be spatially 

constant, the simulated thermal and MLD distributions are so variable because of the 

fetch-dependence of the wave and wind stress fields, as well as the bathymetry. The 

complexity emerging from these fields confirms the application of the 3D models for 

lakes the size of Lake Balaton even if they are shallow. 

 

 



 

6 Conclusion 

The proposed theses are summarized in this chapter as the main new results of this 

work followed by publications related to this dissertation. A short outlook is given about 

possible directions of further research. 

6.1 Theses 

Thesis 1 Parameterization of the atmospheric internal boundary layer and stress model   

I demonstrated that the adiabatic atmospheric internal boundary layer (IBL) 

model over the lake surface has an infinite number of parameter combinations 

which lead to an almost identical horizontal wind profile. As a consequence, the IBL 

model cannot be calibrated by means of simultaneous wind speeds measured at 

different fetches. I explored the functional relationship between the parameters of 

the IBL model. [2] 

The IBL model reconstructs the instantaneous wind stress profile along a wind 

oriented line passing through an anemometer in such a way that the wind speed matches 

at the anemometer. The IBL profile calculation scheme possesses two free parameters, 

namely the roughness heights of land (z0
l) and water (through Charnock α). I found that 

several parameter combinations exist that result in the same horizontal distribution of 

wind speed but significantly different wind shear stresses, or vice versa. I determined the 

set of equivalent parameter combinations as a function of the ratio M of land roughness 

to water roughness.  

 

Thesis 2 Inclusion of the hydrodynamic model into the calibration procedure of the IBL 

wind stress model 

I demonstrated that the calibration of the IBL model will be well posed by 

including an additional criterion for the wind stress acting on the lake surface, 

besides matching wind speeds. I demonstrated that this criterion is ensured by 

matching measured lake surface fluctuations with those simulated with a 

hydrodynamic model driven by the wind stress field. [2, 4] 

According to Thesis 1 the IBL model cannot be calibrated if only wind speed 

measurements at several fetches are available. The missing criterion can be ensured by 

means of turbulence measurements (using e.g. the eddy-covariance technique). However, 
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routine meteorological observations typically include only wind averages at an interval 

of 5 minutes to 1 hour, from which the local wind stress cannot be derived. In this case, 

the additional calibration criterion is instead provided by fitting the modelled amplitude 

of the lake surface motion to measurements at recording gauges, through which the wind 

force transmitted to the lake, i.e., the integral of the wind shear stress is also verified. 

 

Thesis 3 The effect of time-averaging of modelled wind stress field on lake 

hydrodynamics   

I identified the role of the time-averaging of wind stress in the hydrodynamic 

response of the lake by numerical analyses. Determining wind shear stress using the 

IBL model assumes equilibrium, implying that the IBL extrapolated above the lake 

responds immediately to wind fluctuations at the anemometer, as opposed to the 

reality. To attenuate the excessive wind force caused by wind speed fluctuations, 

time-averaged wind speeds are calculated and used in the hydrodynamic modelling. 

I demonstrated by means of modelled seiche motions and their energy-density 

spectra that the suitable averaging interval is between 20 and 30 minutes for Lake 

Balaton in case of transverse winds, but a universally optimal time-averaging 

interval cannot be determined for the whole lake. [2] 

Routine weather measurement data, including time-averaged wind, are typically 

stored at regular time intervals of 5 minutes or coarser. To explore the effect of time 

resolution, I performed simulations with a temporal vector averaging of wind data at 

different intervals. In case of Lake Balaton for transverse (N-NW) winds, I showed that 

the range of suitable time-averaging intervals can be determined with the required 

accuracy in order to predict the crosswise lake seiche components, but an averaging 

interval that leads to an accurate energy spectrum at all gauges could not be found for the 

studied periods. This implies the hypothesis that the wind averaging interval should be 

linked to the seiche spectrum, and since seiche wavelengths of individual lake basins 

differ, a universally good averaging interval may not exist.  

 

Thesis 4 Modelling of wave induced turbulent mixing and diurnal stratification in a 

shallow lake 

The thermal structure of a shallow lake is characterized mainly by diurnal 

stratification if radiative heating can exceed advective and diffusive vertical mixing. 

Through numerical simulations, I proved that the vertical turbulent mixing induced 
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by orbital motion is a few magnitudes greater than that induced by breaking waves 

or by the shear production of mean (i.e. wave phase-averaged) currents. I included 

the turbulent mixing induced by non-breaking waves into the phase-averaged 

governing equations and demonstrated that it is necessary in order to model the 

vertical thermal structure of a shallow lake accurately. [1, 7]    

I have studied the sensitivity of thermal structure to mixing due to mean flow and 

non-breaking waves. By including the mixing of non-breaking waves into the (phase 

averaged) turbulence model, not only the surface and bottom water temperatures are 

approximated well but also the vertical structure of the temperature and thus the time 

evolution of MLD is captured correctly. These findings were demonstrated through the 

temperature profile of Lake Balaton. The lake is characterized by diurnal stratification, 

however, the top region of the water column is nearly homogeneous even during light and 

moderate winds.  

Two common alternative approaches to transfer energy between the wave motion 

and the mean flow is through the bottom shear stresses or through radiation stresses that 

enter the Reynolds-averaged Navier-Stokes equations as momentum source terms. These 

approaches alter significantly the turbulence field but are not able to describe accurately 

and fully the wave-induced turbulent mixing. Results suggest that wave energy 

dissipation should be transferred towards the mean flow as a source of turbulence and 

mixing.  

 

Thesis 5 Effect of the bed heat flux on the vertical water temperature profile 

By means of analyses and numerical modelling of vertical temperature 

profiles, I demonstrated for shallow Lake Balaton that the bed heat flux is not 

negligible in order to reproduce the vertical temperature distribution. [1, 7, 9] 

Analysis of bed sediment and water temperatures showed that the temperature 

gradient of the poorly mixed bottom boundary layer during low and moderate winds is 

governed by the heat flux at the bed-water interface. I set up and calibrated a 1D heat 

conduction model using sediment temperature time-series to estimate bed heat flux. The 

bed heat flux has the same order of magnitude as the (sensible) heat flux at the water 

surface and cannot be neglected. Whereas bed heat flux does not represent a significant 

component in the long-term energy budget, it highly affects the short-term variations of 

the thermal structure. 
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6.2 List of publication related to the thesis 

Peer-reviewed journal papers 

1. Torma P., Krámer T. 2016 „Modelling wave action in the diurnal temperature 

stratification of a shallow lake” Periodica Polytechnica Civil Engineering, 

(submitted). 

2. Torma P., Krámer T. 2016. „Wind shear stress interpolation over lake surface from 

routine weather data considering the IBL development” Periodica Polytechnica Civil 

Engineering, (accepted). 

3. Kiss M, Torma P (2014): „Az energiaáramok fluxus gradiens eljárás alapú becslése 

örvény-kovariancia mérésekből” Hidrológiai Közlöny, 94(4), pp. 48-56. 

Conference papers 

4. Torma, P. 2012. „Towards a hydrodynamic forecasting system for Lake Balaton” In: 

Józsa János, Lovas Tamás, Németh Róbert (eds.), Proceedings of the Conference of 

Junior Researchers in Civil Engineering, Budapest University of Technology and 

Economics, Budapest, Hungary, pp. 255-261. 

5. Krámer, T., Józsa, J., Torma, P. 2012. „Large-scale mixing of water imported into a 

shallow lake” In: 3rd International Symposium on Shallow Flows. Iowa, USA, pp. 

354-357. 

6. Torma, P. 2014. „Balatoni modellek” In: Váradi József (ed.) A víz hiánya és többlete 

mint potenciális veszélyforrás konferencia. Budapest, Hungary, pp. 89-103. 

Conference abstracts 

7. Torma, P., Krámer, T. 2015. „Modeling wind-induced hydrodynamics of shallow 

Lake Balaton” FVCOM Users workhsop, Bedford Institute of Oceanography, 

Dartmouth, Canada. 

8. Torma, P. 2013. „Assisting floodrisk management behind levees and lake storm 

warning using hydroinformatics” In: International Doctoral Symposium in Structural 

and Hydraulic Engineering: Disaster Prevention, Mitigation and Restoration. 

Hokkaido University, Sapporo, Japan, p. B11. 
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9. Torma, P. 2011. „3D turbulence modelling extended to thermal stratification” In: 5th 

European Postgraduate Fluid Dynamics Conference. Göttingen, Germany, p. 16. 

Other 

10. Torma, P., Homoródi, K., Krámer, T. 2014. „A Marina Fűzfő kishajó-kikötő 

hullámtörő mólójának áramlástani és üledékdinamikai hatásai” Kutatási jelentés, 

BME Vízépítési és Vízgazdálkodási Tanszék, p. 39. 

6.3 Outlook 

In this doctoral research comprehensive hydrodynamic and thermodynamic 

numerical investigations were performed for shallow Lake Balaton. The applied methods 

and models can be extended to other shallow lakes, none of them are site specific. The 

need for a lake forecasting system is clear and the established model system can serve as 

a good base. The numerical hydrodynamic and thermal model is well validated against 

current measurements, seiche motions, storm surges and temperature distribution 

observations. The model requires detailed boundary conditions as a high resolution wind 

shear stress field and the different radiative, turbulent and bed heat flux components.  

The presented methods can be refined and made more precise by further targeted 

measurements. For example roughness lengths for heat and vapour in the flux-gradient 

method have high uncertainty, while the developed wind forcing model would require 

wind stress observations. Furthermore the wind forcing model should take into account 

the atmospheric stability as well. All of these problems are related to the turbulence state 

of the wind flow which requires high frequency meteorological observations (e.g. eddy-

covariance technique). Concerning lake hydrodynamics, the applied numerical model and 

the included wave induced mixing schemes could be refined and directly validated by 

current and turbulence profile measurements completed with wave observations. In 

essence, high frequency measurements have to be performed simultaneously in the water 

and in the near surface atmosphere.   

In the forecasting system’s point of view, developments have to focus on the 

connection with meteorological models. Meteorological models can provide a wind 

forecast but with a spatial resolution significantly coarser than it is required for 

hydrodynamic modelling purposes. 
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