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I. Introduction

The IEEE standard 1241-2000 [1] defines ADC testing methods which make use of least squares
(LS) sine wave fitting algorithms. Theoretically, the full–scale input would be the best solution during
the test. If so, we get samples from every quantum level. It is also needed in order to get reasonably
accurate parameter estimations.
Adjusting a suitable amplitude is difficult and not always possible. On the one hand, too high amplitude
results in signal degradation, on the other hand, the smaller the amplitude the more quantum level
will be missed. Moreover, if the amplitude of the input signal is too small the ”pseudo quantization
noise” model is getting to lose its validity. This means that quantization noise becomes less uniformly
distributed and becomes more dependent on the input signal.

II. The Least-Squares Sine Wave Fitting Method

The standard [1] proposes two sine wave fitting procedures. Both of them minimize the following
sum of the errors:

S =
M∑

n=1

(yn − A cos (ωtn) − B sin (ωtn) − C)2 = (y − Dx̂)T (y − Dx̂) = eTe, (1)

where ŷ = Dx̂ is the fitted model which is linear in x̂ = [A B C]T if ω is known. Otherwise, it is
nonlinear in e and an iterative procedure is executed. In this paper only linear least squares fitting is
being considered. The estimate of x̂ minimises S with respect to x̂, which is x̂ =

[
DTD

]
−1

DTy. If the
error sequence was random, zero-mean Gaussian and white, the estimate would be unbiased, minimum
variance and would coincide with the maximum likelihood estimation. If Gaussian conditions are not
met the estimate becomes non–minimum variance and might become biased. Nevertheless, for the
general case LS estimate is asymptotically unbiased and asymptotically minimum variance as M tends
to infinity.

III. Peak Samples Elimination

In sine wave testing of ADC’s the above mentioned assumptions are far from being true, especially
when the sine waves are covering less than, say, 60 quantum levels. The quantization error looks more
or less like sawtooth except the sine peaks which are responsible for the strong peaks in its probability
density function (PDF). The position of this peaks depend on the amplitude and the dc value. So, this
PDF is neither uniformly distributed nor zero mean which are needed for pseudo quantization noise
model. This effect can be decreased by eliminating the samples around the peak of the sine wave
[2]. By this elimination of the ’pathological’ bins, the fit yields approximately unbiased amplitude
estimation, but the variance of the estimation increases.
The variance increase and the number of ’pathological’ bins are the subject of recent interest.
Let us observe the modified algorithm if only the amplitude is unknown. In the present case
[DTD]−1 = 1/

∑M
n=1 cos2(ω0tn), DTy =

∑M
n=1 yn cos(ω0tn) and the variance is directly proportional

to the first expression, i.e. σ2
A = K · (1/a) where a =

∑M
n=1 cos2(ω0tn). The sample elimination
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decreases the value of a by b =
∑

p cos2(ω0tp), where p denotes the peak samples. If so, the
new variance is σ2

A� = K · (1/[a − b]) and after some manipulation σ2
A� = 1

1−b/a
· σ2

A. Here, b/a
represents the proportion of the eliminated energy. Thus, after rewriting to continuous time the

P = b
a

=
R ζc
0

cos2(x)
R π/2

0
cos2(x)

cost function seems acceptable for further analysis. In Figure 1 a cosine function

(FS=2A) and three code transition levels (T [k − 1], T [k], T [k + 1]) can be seen and these ’peak bins’
are filled. This figure shows that if samples in one or two ’peak bins’ are dropped, [0, ζ1] or [0, ζ2]
intervals will be eliminated in the cost function (P ). For instance, if the quantizer bit number N=8
and FS=2A, the code bin width will be Q = A/2N−1 and ζ1 = 1/

√
2N−2 = 1/8 radians. Hereafter,

P can be expressed as a function of the quantizer bit number Pζ1 [N ] = f1, Pζ2 [N ] = f2 (see Figure 2).
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f1 =
4

π
· 1√

2N−2
f2 =

4

π
· 1√

2N−3
(2)

Full–scale input is just a dream, but f1 and f2 functions give the worst case solutions if one or two
’peak bins’ are dropped. For example, suppose that the peak bin is partly filled i.e. the amplitude is
somewhere between two transition level T [k] ≤ A ≤ T [k + 1]. In the present case if only one peak
bin dropped the variance increase will be less than according to f1. This can be seen in Figure 2. if the
peak bin is only half–filled (f0.5) or 10%–filled (f0.1).
According to the above the variance increase can be estimated by σ2

A� ≤ 1
1−P [N ]

·σ2
A where σ2

A� denotes
the variance of the modified estimation.

IV. Results and Conclusion

• This elimination of the peak samples renders the quantization noise approximately uniformly
distributed, hence, its the LS estimate become less biased.

• It can be seen in Figure 2 the higher the number of bits the lower the variance increment this
algorithm results. This is not so surprising but prove that this modification does not spoil the
estimate significantly at higher number of bits.

• Until now, I have investigated the noiseless ideal quantizer, but this method can equally well
used for real ADC’s, if the noise is zero–mean, white and Gaussian or if it has a special PDF.
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