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I. Introduction 
The theory of spectral observers is a well-studied area, where the Fourier spectral analysis is 

performed in real-time, by ongoing recursive calculations [1]. The efficient algorithms are based on 
the state-variable formulation and the results of observer theory. This approach is highly attractive, 
but it generally requires the ongoing calculation of the observer gain. 

In case of conventional signal sampling, when the samples are evenly placed in time, explicit 
expressions are already developed to calculate the gain values [2]. In this case all the coefficients can 
be calculated offline, in advance, which efficiently simplifies the algorithm, making it usable also in 
hard real-time embedded systems, typically implemented on digital signal processors.  

Spectral observers can also be used in sensor networks, which are distributed signal 
processing systems, where the cooperating nodes perform real-time data acquisition and signal 
processing. The nodes are interacting by a common communication medium, such as Ethernet, 
ZigBee radio, etc. These communication channels are not error-free, effects such as latency and 
packet loss have to be considered if the signal samples are transmitted between two nodes, or 
between a sensor node and a processing node. 

In this paper we propose an efficient spectral observer that operates with unevenly placed 
signal samples. Such an observer is not sensitive to irregularities in sampling such as delayed or 
missing samples due to latency and packet-loss. Our solution is based on the idea presented in [3]. 
Unfortunately, in the general case, the observer gain calculation involves numerous matrix 
multiplications, that prevents the implementation of the algorithm in hard real-time embedded 
systems. We propose an efficient, realizable solution based on complex-resonators. 

II. Spectral observer with unevenly spaced data 
The discrete-time model of the observed system is: 

x(k+1) = A(k)x(k) (1) 

y(tk) = cT x(k),   

where the time instants tk are not necessarily spaced evenly. In the related system 
 z(k+1) = A(k)z(k) + g(k)[ y(tk) – cT z(k)] =  (2) 

 = [A(k)z(k) – g(k)cT] z(k) + g(k)y(tk) = F(k)z(k) + g(k) y(tk).   

F(k) is termed the identity observer of the system (1). The error between the state variables of the 
observed system and the observer is: x(k+1)-z(k+1) = F(k)[ x(k)-z(k)]. This error can be made to be 
zero if the observer gain values (g(k)) are chosen to ensure that F(n-1) F(n-2)…F(0) = 0. Such an 
algorithm is given in [3], which calculates the g(k) values in an ongoing manner. 

III. Simplified observer gain calculation 
 Based on the above presented structure, we propose a spectral observer where the observed 

system is modeled by complex resonators. The initial complex values of the state variables are the 
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Fourier coefficients and the A(k) matrix is diagonal:  A(k) = diag< z0(k), z0(k)*, z1(k),  z1(k)*,…>.
Where zm(k) = ej2 m (k)/N and (k) is the time difference between tk+1 and tk. (* means complex 
conjugate.) In this case, considerable simplifications can be made, and it is possible to derive explicit 
formulas to calculate g(k). If A(k) is a 2x2 matrix (one complex resonator), then g(k) is the following:  

 g0(k) = z0(k) z0(k-1) / [z0(k-1) – z1(k-1)] (3) 

g1(k) = g0(k)*.

Note that the matrix multiplications are eliminated and the g values depend only on the previous z
values. Explicit formulas for more systems with more Fourier components are not yet developed, as 
due to complexity of the calculations, the formulation is not trivial.  

The complex-resonator based observer inherently reproduces the  spectral components of the input 
signal at its output, therefore the two signals can be compared in the time domain. In Fig.1. a sine 
wave y(tk) is shown versus the estimated output of the 2x2 observer. The ‘+’ signs represent the y(tk)
values, the circles are the calculated values of the spectral observer. y(tk) is a sine wave with 
unevenly spaced samples, with a step in the amplitude at sample nr. 125. Note that the error between 
the two signals disappears after 3 samples following the step in the input. 

Fig.1. Unevenly spaced signal and output of the spectral observer 

IV. Conclusion
In the paper we propose an efficient spectral observer with unevenly spaced samples. The 

complex-resonator based structure and the proposed algorithm works in Matlab simulation 
environment, however the efficient observer gain calculation is only formulated for simple cases. 
The next step is to formulate a more general calculation for arbitrary number of Fourier components. 

References 
[1] G. H. Hostetter, “Fourier Analysis Using Spectral Observer,” Proceedings of the IEEE, Vol. 68, No 2, Feb. 1980.  
[2] G. Péceli, “A Common Structure for Recursive Discrete Transforms,” IEEE Trans. on Circuits and Systems, Vol. 

CASS-33, No 10, Oct. 1986.  
[3] G. H. Hostetter, “Recursive Discrete Fourier Transformation with Unevenly Spaced Data,” IEEE Trans. on 

Acoustics, Speech, and Signal Processing, Vol. ASSP-31, No.1,  Feb. 1983.  

55


