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1. PRELIMINARIES

1.1. Introduction. The classical work [24] of Andrey Nikolaevich Kol-
mogorov laid the foundations of probability theory in 1933. In Kol-
mogorov’s approach, the basic concept of probability theory is the prob-
ability space. A probability space is a triplet (X ,A ,P) , where X is an arbi-
trary set, A ⊆ P (X ) is a σ-algebra — P (X ) denotes the power set of X —
and P is a finite measure on A which is normalized, that is, P(X ) = 1. This
means that a probability space is nothing else but a measure space with
total measure one, so one may consider probability theory as a branch
of measure theory. On the other hand, probability theory is a richer
structure than measure theory in the sense that several measure theo-
retical notions gain intuitive meanings from the viewpoint of a probabil-
ity theorist. Without the requirement of generality, let us mention some
of the intuitions which are associated with the notions of measure the-
ory. The most basic concept is that the measurable sets — that is, the el-
ements of the σ-algebra A — are considered to be events. A measurable
function f : (X ,A ) → (K,B) is called a real/complex random variable if
K = R or K = C, respectively. Therefore, the Lebesgue integral

∫
X f dP of

the measurable function f is called the expected value — if it exists. As
P is a finite measure, it is quite easy to guarantee the existence of the
integral of a measurable function. If f is essentially bounded, that is,
P

(
{x ∈ X :

∣∣ f (x)
∣∣> K }

)= 0 for some K > 0, then f is integrable, moreover,
any power of f is integrable. This latter fact is remarkable as the integral∫

X f k dP is called the kth moment of the random variable f and plays an
important role in probability theory. Let us denote by L∞ (X ,A ,P) the
set of essentially bounded measurable complex valued functions on the
probability space (X ,A ,P) . Let us introduce the notation

L2 (X ,A ,P) =
{

f : X →C

∣∣∣∣ f is measurable and
∫

X

∣∣ f
∣∣2 dP <∞

}
,

as well. Clearly, L2 (X ,A ,P) is a Hilbert space with the inner product〈
f , g

〉 = ∫
X f g dP. Every bounded measurable function f : X 7→ C deter-

mines a bounded linear operator on the Hilbert space L2 (X ,A ,P) in the
following way. Set f ∈ L∞ (X ,A ,P) . Let us define the multiplication op-
erator M f by

M f : L2 (X ,A ,P) → L2 (X ,A ,P) , g 7→ M f (g ) := f g .

Straightforward computations show that M f is linear, and the proof of
the boundedness of M f is quite easy, as well. So, M f ∈ B

(
L2 (X ,A ,P)

)
for any f ∈ L∞ (X ,A ,P) . Moreover, the operator norm of M f coincides
with the supremum norm of f , that is,

∥∥M f
∥∥ = ∥∥ f

∥∥∞ . This latter fact is
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also rather easy to prove. The map

(1) M : L∞ (X ,A ,P) →B
(
L2 (X ,A ,P)

)
, f 7→ M f

is a canonical isometric embedding of the commutative normed algebra
L∞ (X ,A ,P) into the normed algebra B

(
L2 (X ,A ,P)

)
, which is far from

being commutative in general. This embedding is the starting point of
the noncommutative generalization of probability theory.

1.2. The basics of noncommutative probability theory.

Definition 1 (Normed algebra). A unital complex algebra A endowed
with the norm ‖.‖ is said to be a normed algebra, if the norm is submulti-
plicative, i. e., ‖ab‖ ≤ ‖a‖‖b‖ for any a,b ∈A and the identity element is
of norm one, that is, ‖1A ‖ = 1.

Definition 2 (Banach algebra). A normed algebra which is a Banach space
— that is, a complete normed space — is called a Banach algebra.

Definition 3 (Involution). Let A be a complex algebra. A map ∗ : A →
A , a 7→ a∗ is called an involution if it satisfies the following properties.

• ∗ is antilinear: (λa +b)∗ =λa∗+b∗ for any a,b ∈A and λ ∈C.
• ∗2 = id, that is, (a∗)∗ = a for any a ∈A .
• ∗ is an antihomomorphism with recpect to the product: (ab)∗ =

b∗a∗ for any a,b ∈A .

Definition 4 (C∗-algebra). A Banach algebra endowed with an involution
∗ : A → A which satisfies ‖a∗a‖ = ‖a‖2 for any a ∈ A is called a C∗-
algebra.

The above definition of C∗-algebras is rather abstract. However, we
do not loose any generality if we consider the elements of a C∗-algebra
as bounded operators on an appropriate Hilbert space. Indeed, any C∗-
algebra is isomorphic to a closed (in the operator norm topology) unital
*-subalgebra (that is, it is closed under the involution) of the operator al-
gebra B(H ) for a suitable Hilbert space H . Furthermore, any commuta-
tive C∗-algebra is isomorphic to C (X ) for some compact Hausdorff space
X . (The symbol C (X ) denotes the algebra of all continuous complex-
valued functions defined on X endowed with the supremum norm.)

Despite the above remarkable facts, the C∗-algebra is still a bit too
general notion to formalize the concepts of noncommutative probabil-
ity theory. With an extra topological assumption we achieve the desired
level of generality.

Definition 5 (von Neumann algebra). A C∗-algebra which is closed not
just in the operator norm but also in the weak operator topology is called
a von Neumann algebra.
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Note that the above definition is correct as any C∗-algebra is isomor-
phic to an algebra of bounded linear operators on a Hilbert space H ,
hence the condition about the closedness in the weak operator topol-
ogy makes sense. The weak operator topology on B(H ) is defined by
the family of seminorms

{
px,y : x, y ∈H

}
where px,y (A) = ∣∣〈Ax, y

〉∣∣ (A ∈
B(H )).

Now, we are in the position to answer the question why we call von
Neumann algebra theory sometimes noncommutative probability theory?

It is clear by Definition 2 that the function space L∞ (X ,A ,P) is a
commutative Banach algebra for any probability space (X ,A ,P) . Fur-
thermore, it is easy to see that these Banach algebras are also C∗-
algebras with the complex conjugation as involution. It is folklore that
L∞ (X ,A ,P) is the Banach dual of the Banach space L1 (X ,A ,P) , which is
defined as follows:

L1 (X ,A ,P) =
{

f : X →C

∣∣∣∣ f is measurable and
∫

X

∣∣ f
∣∣dP <∞

}
.

So, L∞ (X ,A ,P) is a commutative C∗-algebra which is the dual of the Ba-
nach space L1 (X ,A ,P) . It follows that L∞ (X ,A ,P) is a commutative von
Neumann algebra. The interesting fact is that the converse statement is
also true. That is, every abelian von Neumann algebra is isomorphic to
L∞ (

X ,S ,µ
)

for some localizable measure space
(
X ,S ,µ

)
, see [36]. (A

localizable measure space is the direct sum of finite measure spaces.)
We can deduce that every probability space determines a commutative

von Neumann algebra — the algebra of the bounded random variables —
and every commutative von Neumann algebra determines a probability
space, up to harmless normalization. That is the reason why the theory
of von Neumann algbras may be considered as noncommutative proba-
bility theory.

2. THE MAIN RESULTS

We finished the previous section with the description of the corre-
spondence between probability spaces and abelian von Neumann alge-
bras. Fortunately, several interesting and useful notions of probability
theory can be extended to the general von Neumann algebra setting. We
focus on two distinguished concepts of probability theory, namely the
(co)variance and the entropy.

2.1. Decomposition of quantum covariances ([4]). First, we investigate
the following problem. Can we characterize those sets of observables for
which the induced covariance mapping is a roof ? (See Def. 7 for the def-
inition of roof.) Note that this question does not make sense in the case
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of abelian von Neumann algebra for the following reason. It is known
that every pure state is multiplicative on a commutative von Neumann
algebra, see, e.g., [22, 4.4.1. Prop.]. Therefore, the covariance of any two
observables is zero in any pure state. So, the covariance mapping is a roof
if and only if it is identically zero which is clearly not the case.

Let A be a von Neumann algebra of type In and letφbe a — necessarily
normal — state on A . The covariance of the self-adjoint elements A,B ∈
A is defined by

Covφ (A,B) =φ(AB)−φ(A)φ(B).

In particular, the variance of the observable (self-adjoint elements are of-
ten called observables) A in the state φ is given by

Varφ(A) = Covφ(A, A) =φ(
A2)− (

φ(A)
)2 .

It is rather easy to check that

Varφ(A+λIA ) = Varφ(A) (A ∈A ,λ ∈R)

holds for any state φ.
It is useful to introduce the covariance matrix of several observables. If

A1, . . . Ar are self-adjoint elements of A , then their covariance matrix is
defined as[

Covφ (A1, . . . , Ar )
]

i , j := Covφ
(

Ai , A j
)

(1 ≤ i , j ≤ r ).

Observe that the above defined covariance matrix is necessarily self-

adjoint as φ
(

Ai A j
)=φ(

A j Ai
)
.

One of the most important properties of the covariance is that it is a
concave map on the set of states, that is, the mapping

(2) Cov(.) (A1, . . . , Ar ) : SA → Msa
r ; φ 7→ Covφ (A1, . . . , Ar )

is concave with respect to the Loewner ordering on the final space Mr .
(For any A,B ∈ Msa

r we say that A ≤ B if B − A is a positive semidefinite
matrix.)

As the von Neumann algebra A is of type In — that is, it is isomor-
phic to the operator algebra B(H ) for an n-dimensional complex Hilbert
space H , — every state is represented by a unique density operator. For
the sake of simplicity, we will use the following notation. If the state
φ is represented by the density operator D, then we define CovD (., .) :=
Covφ(., .), and so on, VarD (.) := Varφ(.) and CovD (., ., . . . , .) := Covφ(., ., . . . , .).

Using this notation, the above declared concavity of the covariance
matrix map (2) can be written as

CovD (A1, . . . , Ar ) ≥
m∑

k=1
λk CovDk (A1, . . . , Ar ) if D =

m∑
k=1

λk Dk ,
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where λk ≥ 0 and
∑m

k=1λk = 1.
For any inequality, it is an interesting task to investigate the case of

equality. For such an investigation, a useful tool is the recently intro-
duced notion of roof which is defined as follows.

Definition 6 (Roof point). Let Ω be a compact convex set contained in a
finite dimensional real linear space. Let G be a mapping from Ω into a
partially ordered set. A point ω ∈Ω is called roof point, if there are some
extremal points π1, . . . ,πm of Ω and nonnegative numbers p1, . . . , pm with∑m

k=1 pk = 1 such that
m∑

k=1
pkπk =ω

and
m∑

k=1
pkG (πk ) =G (ω) .

Definition 7 (Roof). A mapping G defined onΩ is called roof if everyω ∈Ω
is a roof point.

As A is finite dimensional, the set of the density operators is a com-
pact convex subset of the real vector space of the self-adjoint elements
of A . We are interested in the following question. Is the concave map-
ping (2) a roof on SA ? It is well-known that the extremal points of the set
of densities are exactly the rank-one projections. So we can reformulate
our question. Given an arbitrary density D, can we find rank one pro-
jections P1, . . . ,Pm and nonnegative weights p1, . . . , pm (with

∑m
k=1 pk = 1)

such that

(3) D =
m∑

k=1
pk Pk

and

CovD (A1, . . . , Ar ) =
m∑

k=1
pk CovPk (A1, . . . , Ar )?

We say that (3) is an extremal convex decomposition of D.
For r = 1 the answer is positive, and this is the first result in this topic,

made by Petz and Tóth [35]. An extension of the former result was given
by Petz and Léka in [26]. They proved that the answer is positive even in
the case r = 2. We give a necessary and sufficient condition for the covari-
ance mapping (2) being a roof in terms of the corresponding observables.
Our result applies for any finite collection of observables, and it recovers
all the aforementioned results easily.

Recall that our von Neumann algebra A is (isomorphic to) the oper-
ator algebra B(H ), where H is a Hilbert space of dimension n. For an
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arbitrary subspace K ⊂H , we denote by QK the orthogonal projection
onto K . We define

AK :=QK AQK

for every element A ∈A and

B(K ) :=QK B(H )QK , Bsa(K ) :=QK Bsa(H )QK ,

B+(K ) :=QK B+(H )QK , S (K ) := {X ∈B+(K ) : Tr X = 1}.

Definition 8. Let {A1, . . . , Ar } be a set of self-adjoint elements of A =
B(H ). The set {A1, . . . , Ar } is said to be variance-decomposable if for every
D ∈SA there exists an extremal convex decomposition

D =
m∑

k=1
λk Pk

of D such that

CovD (A1, . . . , Ar ) =
m∑

k=1
λk CovPk (A1, . . . , Ar )

In other words, {A1, . . . , Ar } is variance-decomposable if and only if the
mapping D 7→ CovD (A1, . . . , Ar ) is a roof. Our main result reads as follows.

Theorem 9. The set {A1, . . . , Ar } ⊂A is variance-decomposable if and only
if

(4) dim
(
span

{
I K , AK

1 , . . . , AK
r

})< (dim K )2

for every subspace K ⊂H with dimK > 1.

2.2. Inequalities for Tsallis entropy related to the strong subadditivity
([5]). In this subsection the strong subadditivity inequality of the entropy
is investigated. Fairly nontrivial but rather easy computations show that
the Shannon entropy is strongly subadditive. In my opinion, a much
more sophisticated argument shows that its noncommutative counter-
part, the von Neumann entropy is also strongly subadditive. The latter
statement is a celebrated result of Lieb and Ruskai [27]. We consider
a one-parameter generalization of the von Neumann entropy which is
called Tsallis entropy. We show — in particular — that the Tsallis entropy
is not strongly subadditive for noncommutative von Neumann algebras
in spite of the facts that it is strongly subadditive in the commutative case
[18, Thm 3.4] and that it is subadditive in the noncommutative case, as
well [9].

Let A be a von Neumann algebra of type In and let us denote by H the
underlying n-dimensional Hilbert space — that is, A = B(H ). Let ρ be
a density operator which represents a state on A . Note that in this case
ρ ∈A and the expression f (ρ) makes sense by the continuous functional
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calculus for any complex function f which is continuous on the spectrum
of ρ. The von Neumann entropy of the density operator ρ is defined by

(5) S(ρ) =−Trρ lnρ

see, e.g., [12, 20, 34]. Let the Hilbert space H be the tensor product of
three finite dimensional Hilbert spaces, that is, H :=H1 ⊗H2 ⊗H3. Let
ρ123 ∈ B(H ) be a density operator. The reduced densities are defined by
partial traces. Let us use the following notation.

(6) ρ12 := Tr3ρ123, ρ2 := Tr1ρ12, ρ23 := Tr1ρ123.

As in our case the states and the density operators are in one-to-one cor-
respondence, densities will be called sometimes states, and we will refer
to reduced densities sometimes by the expression reduced state.

One of the most important results in quantum information theory is
the strong subadditivity of the von Neumann entropy, which is the fol-
lowing inequality.

S(ρ123)+S(ρ2) ≤ S(ρ12)+S(ρ23) .

This result was made by E. Lieb and M. B. Ruskai in 1973 [27, 34]. Our
aim is to generalize this inequality in various ways. The key object of our
investigations is a certain generalization of the von Neumann entropy
which is called Tsallis entropy.

The Tsallis entropy is a one-parameter extension of the von Neumann
entropy. For any real q, one can define the deformed logarithm (or q-
logarithm) function lnq : (0,∞) →R by

(7) lnq x :=
∫ x

1
t q−2dt =

{
xq−1−1

q−1 if q 6= 1,

ln x if q = 1.

The corresponding entropy

Sq (ρ) =−Trρ lnq ρ

is called Tsallis entropy [8, 16]. It is reasonable to restrict ourselves to
the 0 < q case, because limx→0+−x lnq x = 0 if and only if 0 < q. If we
introduce the notation fq (x) = x lnq x we can write Sq (ρ) =−Tr fq (ρ).

2.2.1. The Tsallis entropy is subadditive, but not strongly subadditive. Let
H1 and H2 be finite dimensional Hilbert spaces. If ρ12 is a state on a
Hilbert space H1 ⊗H2 — that is, ρ12 ∈ B (H1 ⊗H2) such that 0 ≤ ρ12

and Trρ12 = 1, — then it has reduced states ρ1 := Tr2ρ12 and ρ2 := Tr1ρ12

on the spaces H1 and H2, respectively. The subadditivity inequality of
the Tsallis entropy is

(8) Sq (ρ12) ≤ Sq (ρ1)+Sq (ρ2),
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and it has been proved for q > 1 by Audenaert in 2007 [9].
However, the strong subadditivity inequality

(9) Sq (ρ123)+Sq (ρ2) ≤ Sq (ρ12)+Sq (ρ23)

does not hold in general.

Theorem 10. The only strongly subadditive Tsallis entropy is the von Neu-
mann entropy, that is, the strong subadditivity of the Tsallis entropy holds
if and only if q = 1.

Therefore, our goal is to find an inequality

(10) Sq (ρ123)+Sq (ρ2) ≤ Sq (ρ12)+Sq (ρ23)+ gq (ρ123),

where g1(ρ123) = 0. Such a result may be considered as a generalization
of the strong subadditivity inequality.

The strong subadditivity of the von Neumnann entropy can be derived
from the monotonicity of the Umegaki relative entropy, which is a par-
ticular quasi-entropy [15, 33]. Therefore, it seems to be useful to refor-
mulate the strong subadditivity of the Tsallis entropy as an inequality of
certain quasi-entropies.

Theorem 11. Let ρ123 be an element of B++ (H1 ⊗H2 ⊗H3) . The strong
subadditivity inequality of the Tsallis entropy (9) is equivalent to

(11) SU
− lnq

(
ρ123 ||ρ12 ⊗ I3

)≥ SV
− lnq

(
ρ23 ||ρ2 ⊗ I3

)
,

where

(12) U = ρ
1
2 (q−1)
123 , V = ρ

1
2 (q−1)
23 .

Using the previous statement, the following theorem provides an in-
equality which is of the form (10).

Theorem 12. For any 0 < q ≤ 2 the inequality

Sq (ρ12)+Sq (ρ23)−Sq (ρ123)−Sq (ρ2)

≥ (q −1)

(
S(− lnq ρ123)

1
2

lnq

(
ρ123||ρ12 ⊗ I3

)−S(− lnq ρ23)
1
2

lnq

(
ρ23 ||ρ2 ⊗ I3

))
holds.

Moreover, we can find a sufficient condition concerning the structure
of the state ρ123 which ensures the strong subadditivity.

Theorem 13. If ρ123 and I1⊗ρ23 commute, and (using the notation ρ123 =∑
j λ j

∣∣ϕ j
〉〈
ϕ j

∣∣ and ρ12 ⊗ I3 =∑
k µk

∣∣ψk
〉〈
ψk

∣∣) we have λ j ≤µk whenever〈
ψk |ϕ j

〉 6= 0, then for any 1 ≤ q ≤ 2 the strong subadditivity inequality

Sq (ρ123)+Sq (ρ2) ≤ Sq (ρ12)+Sq (ρ23)

holds.
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Note that if ρ123 is a classical probability distribution (that is, ρ123 =
Diag({p j kl })), then the conditions of Theorem 13 are clearly satisfied.

2.3. Joint convexity Bregman divergences ([6]). In this subsection we
introduce the Bregman divergences which may be considered as certain
generalizations of the Umegaki relative entropy. We characterize those
Bregman divergences which are jointly convex, and we use this result to
derive a sharp inequality for Tsallis entropy which can be considered as a
generalization of the strong subadditivity inequality of the von Neumann
entropy.

In applications that involve measuring the dissimilarity between two
objects (numbers, vectors, matrices, functions and so on) the definition
of a divergence becomes essential. One such measure is a distance func-
tion, but there are many important measures which do not satisfy the
properties of distance. For instance, the square loss function has been
used widely for regression analysis, Kullback-Leibler divergence [25] has
been applied to compare two probability density functions, the Itakura-
Saito divergence [21] is used as a measure of the perceptual difference be-
tween spectra, or the Mahalonobis distance [28] is to measure the dissim-
ilarity between two random vectors of the same distribution. The Breg-
man divergence was introduced by Lev Bregman [13] for convex func-
tionsφ :Rd →Rwith gradient ∇φ, as theφ-dependent nonnegative mea-
sure of discrepancy

(13) Dφ(p, q) =φ(p)−φ(q)−〈∇φ(q), p −q〉
of d-dimensional vectors p, q ∈ Rd . Originally his motivation was the
problem of convex programming, but it became widely researched both
from theoretical and practical viewpoints. For example the remarkable
fact that all the aforementioned divergences are special cases of the Breg-
man divergence shows its importance [10]. In some literature it is applied
under the name Bregman distance, in spite of that it is not in general a
metric. Indeed, Dφ is definite, but does not satisfy the triangle inequality
nor symmetry.

2.3.1. Definition and basic properties. Let the Hilbert space H be finite
dimensional, as usual. Let f : (0,∞) → R be a convex function. Then the
induced map

ϕ f : B++(H ) →R, X 7→ϕ f (X ) := Tr f (X )

is convex, as well [15]. A differentiable convex function is bounded from
below by its first-order Taylor polynomial, no matter what the base point
is. Therefore, the expression

ϕ f (X )−ϕ f (Y )−Dϕ f [Y ](X −Y ),
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where Dϕ f [Y ] denotes the Fréchet derivative ofϕ f at the point Y , is non-
negative for any X ,Y ∈B++(H ). By the linearity of the trace, for any Y ∈
B++(H ) we have Dϕ f [Y ] = Tr◦D f [Y ], where D f [Y ] denotes the Fréchet
derivative of the standard operator function f : B++(H ) →Bsa(H ) at Y .
Let us define the central object of this investigation precisely.

Definition. Let f ∈ C 1((0,∞)) be a convex function and X ,Y ∈ B++(H ).
The Bregman f -divergence of X and Y is defined by

(14) H f (X ,Y ) = Tr
(

f (X )− f (Y )−D f [Y ](X −Y )
)

.

We investigate the Bregman f -divergence from the viewpoint of joint
convexity, which is essential in the further applications. Since f is con-
vex, it is clear that the Bregman divergence is convex in the first variable.
For the original Bregman divergence (13) Bauschke and Borwein show
[11] that Dφ is jointly convex - i. e.

Dφ(t p1 + (1− t )p2, t q1 + (1− t )q2) ≤ tDφ(p1, q1)+ (1− t )Dφ(p2, q2),

where p1, p2, q1, q2 ∈Rd , t ∈ [0,1] - if and only if the inverse of the Hessian
of φ is concave in Loewner sense. Particularly, if φ is an R⊃ I →R convex
function, then Dφ is jointly convex if and only if 1/φ′′ is concave. From
this viewpoint the next characterization is rather interesting.

Theorem 14. Let f ∈C 2((0,∞)) be a convex function with f ′′ > 0 on (0,∞).
Then the following conditions are equivalent.

(1) The map

B++(H ) →B
(
Bsa(H )

)
; X 7→ (

D f ′[X ]
)−1

is operator concave.
(2) The Bregman f -divergence

H f : B++(H )×B++(H ) → [0,∞); (X ,Y ) 7→ H f (X ,Y )

is jointly convex.

Moreover, we can provide a sufficient condition for the joint convexity
of the Bregman f -divergence.

Theorem 15. Let f ∈ C 2((0,∞)) be a convex function. If f ′′ is operator
convex and numerically non-increasing, then the Bregman f -divergence

H f : B++(H )×B++(H ) → [0,∞); (X ,Y ) 7→ H f (X ,Y )

is jointly convex.

As an application of the previous theorem, we derived a sharp inequal-
ity for Tsallis entropies which generalizes the strong subadditivity of the
von Neumann entropy.
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Theorem 16. If H i is a finite dimensional Hilbert space for any i ∈ {1,2,3},
di = dimH i , 1 ≤ q ≤ 2, then for any ρ123 ∈ B+ (H1 ⊗H2 ⊗H3) the in-
equality

(15) d 1−q
3 Trρq

12 +d 1−q
1 Trρq

23 ≤ Trρq
123 + (d1d3)1−q Trρq

2 .

holds, where notations like ρ12 denote the appropriate reduced operators.

2.4. Preservers of Bregman and Jensen divergences ([1]). It is quite easy
to see that the Bregman divergences of positive definite operators are in-
variant under unitary conjugations. It is also not so hard to show that
unitary conjugations are not the only transformations of the positive def-
inite cone which preserve the Bregman divergences. It is a very natural
goal to determine all the transformations on the set of positive definite
operators which leave the Bregman divergences invariant. This question
leads us to the topic of preserver problems.

A preserver problem consists of the following ingredients. Let H be a
set. Letφ : H → H be a mapping. Let m be a positive integer, let K be a set
and let X : H m → K be a map. We say that the transformation φ preserves
X , if either

(16) X
(
φ (A1) , . . . ,φ (Am)

)= X (A1, . . . , Am) (A1, . . . , Am ∈ H) ,

or

(17) X
(
φ (A1) , . . . ,φ (Am)

)=φ (X (A1, . . . , Am)) (A1, . . . , Am ∈ H)

holds, depending on the nature of the map X . (The equation (17) may
play the role of the preserver equation only if K = H .) For any given sets
H ,K and mapping X , the solution of the preserver problem is the de-
scription of the structure of all the transformations φ which preserve X .

The following table enumerates some preserver problems.
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H m K X Equation Name of the
problem

Rn 2 [0,∞) (a,b) 7→ ‖a −b‖ (16) isometries of
Rn

Mn 1 C A 7→ DetA (16) determinant
preserving
maps

Msa
n 2 {0,1} (A,B) 7→ 1A≤B (16) order preserv-

ing maps
M++

n 2 M++
n (A,B) 7→ AB A (17) triple prod-

uct preserving
maps

M+
n 2 [−∞,∞] (A,B) 7→

S f (A,B)
(16) preservers of

the quantum
f -divergence

M++
n m M++

n (A1, . . . , Am) 7→
MG (A1, . . . , Am)

(17) preservers
of the multi-
variable geo-
metric mean

The above table makes it transparent that the topic of preserver prob-
lems covers a large area of mathematics. An exhaustive description such
problems — including Frobenius’ theorem on determinant preserving
maps, the Mazur-Ulam theorem on isometries of real normed spaces and
Wigner’s theorem on the symmetry transformations of pure states with re-
spect to the transition probability — can be found of in the monography
[31] written by Lajos Molnár.

Let H be a finite dimensional Hilbert space, as usual. For a dif-
ferentiable convex function f on (0,∞), the Bregman f -divergence on
B++(H ) is defined by

H f (X ,Y ) = Tr
(

f (X )− f (Y )− f ′(Y )(X −Y )
)

, X ,Y ∈B++(H )

If limx→0+ f (x) and limx→0+ f ′(x) exist, then f , f ′ have continuous ex-
tensions onto [0,∞) and the Bregman f -divergence is well-defined and
finite for any pair of positive semidefinite operators, too. For a convex
function f on (0,∞) and for given λ ∈ (0,1), the Jensen λ− f -divergence
on B++(H ) is defined by

J f ,λ(X ,Y ) = Tr
(
λ f (X )+ (1−λ) f (Y )− f (λX + (1−λ)Y )

)
.

If limx→0+ f (x) exists, then the Jensen λ − f -divergence is also well-
defined and finite for any pair of positive semidefinite operators.

Our results about the preservers of Bregman and Jensen divergences
read as follows.
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Theorem 17. Let f be a differentiable convex function on (0,∞) such that
f ′ is bounded from below and unbounded from above. Let φ : B++(H ) →
B++(H ) be a bijective map which satisfies

H f
(
φ(A),φ(B)

)= H f (A,B) , A,B ∈B++(H ).

Then there exists a unitary or antiunitary operator U : H → H such that
φ is of the form

φ(A) =U AU∗, A ∈B++(H ).

Theorem 18. Let f be a differentiable strictly convex function on (0,∞),
assume limx→0+ f (x) exists and finite and f ′ is unbounded from above.
Pick λ ∈ (0,1). If φ : B++(H ) → B++(H ) is a surjective map which satis-
fies

J f ,λ
(
φ(A),φ(B)

)= J f ,λ (A,B) , A,B ∈B++(H ),

then there exists a unitary or antiunitary operator U : H → H such that
φ is of the form

φ(A) =U AU∗, A ∈B++(H ).

2.5. Jordan triple endomorphisms ([2]). Now we turn to another pre-
server problem on the cone of positive operators. Namely, we describe
the structure of the Jordan triple endomorphisms on the cone of posi-
tive definite operators acting on a two-dimensional Hilbert space. These
endomorphisms are maps which are morphisms with respect to the op-
eration of the Jordan triple product (A,B) 7→ AB A which is a well-known
operation in ring theory. Our main reason for investigating these maps
comes from the fact that they naturally appear in the study of surjec-
tive isometries and surjective maps preserving generalized distance mea-
sures between positive definite cones. For details see [30, 29, 32].

The main theorem reads as follows.

Theorem 19. Let H be a two-dimensional Hilbert space. Let φ :
B++(H ) →B++(H ) be a continuous Jordan-triple endomorphism. Then
we have the following possibilities:

(b1) there is a unitary operator U ∈ B(H ) and a real number c such
that

φ(A) = (DetA)cU AU∗, A ∈B++(H );

(b2) there is a unitary operator V ∈ B(H ) and a real number d such
that

φ(A) = (DetA)d V A−1V ∗, A ∈B++(H );

(b3) there is a unitary operator W ∈B(H ) and real numbers c1,c2 such
that

φ(A) =W Diag[(DetA)c1 , (DetA)c2 ]W ∗, A ∈B++(H ).
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The following structural result concerning the continuous Jordan triple
automorphisms of B++(H ) follows from the proof of Theorem 19.

Theorem 20. Assume that dim(H ) = 2. If φ : B++(H ) → B++(H ) is a
continuous Jordan triple automorphism, then φ is of one of the following
two forms:

(c1) there is a real number c 6= −1/2 and U ∈ SU(2) such that

φ(A) = (DetA)cU AU∗, A ∈B++(H );

(c2) there is a real number d 6= 1/2 and V ∈ SU(2) such that

φ(A) = (DetA)d V A−1V ∗, A ∈B++(H ).

The result above has the following immediate consequence. In the
case where dim(H ) ≥ 3, in [32, Theorem 1] a general result was obtained
describing the possible structure of surjective maps on B++(H ) which
preserve a generalized distance measure of a certain quite general kind.
It is easy to see that, following the proof of [32, Theorem 1] and apply-
ing Theorem 20, the result in [32] remains valid also in the case where
dim(H ) = 2.

Effects play an important role in certain parts of quantum mechan-
ics, for instance, in the quantum theory of measurement [14]. Mathe-
matically, effects are represented by positive semi-definite Hilbert space
operators which are bounded (in the natural order ≤ among self-adjoint
operators) by the identity. The set of all Hilbert space effects are called
the Hilbert space effect algebra (although it is clearly not an algebra in
the classical algebraic sense). In [19] Gudder and Nagy introduced the
operation ◦ called sequential product on effects which has an important
physical a meaning and which is closely related the Jordan triple product.
Namely, they defined

A ◦B = A1/2B A1/2

for arbitrary Hilbert space effects A,B . The corresponding endomor-
phisms, i.e., maps φ on Hilbert space effects which satisfy

φ(A ◦B) =φ(A)◦φ(B)

for all pairs A,B of effects are called sequential endomorphisms.
Now, we present an application of Theorem 19 for the description of

so-called sequential endomorphisms of effect algebras.

Theorem 21. Assume that dim(H ) = 2 and φ : E2 → E2 is a continuous
sequential endomorphism. Then we have the following four possibilities:

(d1) there exists a unitary U ∈ B(H ) and a non-negative real number
c such that

φ(A) = (DetA)cU AU∗, A ∈ E2;
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(d2) there exists a unitary V ∈B(H ) such that

φ(A) =V (adj A)V ∗, A ∈ E2;

(d3) there exists a unitary V ∈B(H ) and a real number d > 1 such that

φ(A) =
{

(DetA)d V A−1V ∗, if A ∈ E2 is invertible;
0, otherwise;

(d4) there exists a unitary W ∈ B(H ) and non-negative real numbers
c1,c2 such that

φ(A) =W Diag[(DetA)c1 , (DetA)c2 ]W ∗, A ∈ E2.

Here, we mean 00 = 1.

2.6. Endomorphisms of the Einstein gyrogroup ([3]). Velocity addition
was defined by Einstein in his famous paper of 1905 which founded
the special theory of relativity. In fact, the whole theory is essentially
based on Einstein velocity addition law, see [17]. The algebraic structure
corresponding to this operation is a particular example of so-called gy-
rogroups the general theory of which has been developed by Ungar [37].

The Einstein gyrogroup of dimension three is the pair (B,⊕), where B =
{u ∈R3 : ‖u‖ < 1} and ⊕ is the binary operation on B given by

(18) ⊕ : B×B → B; (u,v) 7→ u⊕v := 1

1+〈u,v〉
(

u+ 1

γu
v+ γu

1+γu
〈u,v〉u

)
,

where γu = (
1−‖u‖2

)− 1
2 is the so-called Lorentz factor. The operation ⊕

is called Einstein velocity addition or relativistic sum (cf. [7, 23]).
The main result is obtained as an application of the result on the Jor-

dan triple endomorphisms of positive definite operators acting on two-
dimensional Hilbert spaces. The other ingredient of our argument is the
result [23, Theorem 3.4] of Kim.

The main statement reads as follows.

Theorem 22. Letβ : B → B be a continuous map. We haveβ is an algebraic
endomorphism with respect to the operation ⊕, i.e., β satisfies

β(u⊕v) =β(u)⊕β(v), u,v ∈ B

if and only if

(i) either there is an orthogonal matrix O ∈ M3(R) such that

β(v) =Ov, v ∈ B;

(ii) or we have

β(v) = 0, v ∈ B.
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