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1 Preliminaries and objectives

Understanding the underlying mechanisms of various phenomena was always a basic goal of
scienti�c research. In each problem domain mechanisms are de�ned by the often delicate and
complex relationships and interactions of variables. Observational studies generally aim to dis-
cover these relationships by investigating dependency patterns of variables using diverse meth-
ods. In the general case there are one or more selected variables upon which a study focuses
on. Typically these are special state descriptors that provide a labeling according to which sam-
ples related to the domain can be classi�ed. Hence they are called class or target variables. The
analysis of the relationships of variables may bring forth several signi�cant questions:

• How can be relationships characterized?

• Is it su�cient to qualitatively assess whether a relationship exists or a quantitative analysis
is also required?

• Is it acceptable if an analysis investigates only univariate relationships (variable pairs)?

• To what extent should multivariate relationships be examined?

The answers mostly depend on the investigated domain, therefore several methods applying
di�erent approaches were devised to provide solutions. These methods are collectively called
feature subset selection (FSS) methods [KJ97].

Feature subset selection is a widely used technique in several �elds such as machine learning
and statistics [BL97; RN10]. The overall goal of FSS is to identify relevant, predictive variables
with respect to one or more target variables. The result of FSS is a set of relevant variables which
can be de�ned in multiple ways [BW00]. For example, the set can be created by selecting a
prede�ned number of best scoring variables according to some measure of relevance. Another
possible option is to apply a previously established threshold on the selected measure [HS97].
Choosing the appropriate FSS method for a speci�c application can be problematic as there is an
abundance of options regarding the applicable measures and selection methods. [GE03]

Another possible approach towards describing relationships between variables is to focus on
the detailed characterization of relationships and interactions by using model-based exploratory
tools. These methods apply such association measures that, aside from identifying relevant vari-
ables, provide additional information on the relationships between variables. The outcome is a
re�ned, knowledge-rich, systems-based model of the investigated domain which however comes
at the price of high computational complexity.

The research presented in this dissertation is related to the latter described systems-based
approach. The main motivation of this work was to provide methods and solutions for application
domains from the �elds of biomedicine and genetics that require such level of detailedness. The
analysis of genetic association studies became the central focus which requires analysis methods
that have systems-based modeling capabilities and provide a consistent handling of statistical
results. Bayesian network based methods applied in a Bayesian statistical framework can ful�ll
those requirements as they provide a detailed characterization of variable relationships based
on model averaging and probabilistic inference. The main objectives of this dissertation are: (1)
the extension of an existing framework of Bayesian analysis methods (called Bayesian relevance
analysis methodology) with novel methods quantifying the e�ect size of variables, and (2) the
description of considerations and settings required to facilitate the application of these methods
for the analysis of genetic association studies.
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2 Existing methods and approaches

The basic FSS approach focuses on �nding the minimal number of relevant variables that allow
the prediction of the target variable with a given accuracy [GE03; Inz+00]. This is typically
implemented by applying some learning method that creates a classi�er based on the data . The
two main aspects that are taken into account are classi�er accuracy and model complexity. One
usually has to accept a trade-o� between the two aspects.

The two main building blocks of FSS methods are the feature selection (search) algorithm and
a scoring component responsible for classi�er learning. Depending on the implementation, and
more speci�cally the integration of these components [LY05], FSS methods can be divided into
three groups: (1) �lters [HS97; KS96], (2) wrappers [Inz+00] and (3) embedded methods [LY05].

The simplest solutions among �lter methods apply a univariate approach, that is a selected
measure of relevance is computed separately for each variable, and the highest scoring variables
are selected as result [GE03]. Such methods can be e�cient due to their simplicity and may
identify some of the relevant variables. However, they are unable to analyze the multivariate de-
pendency patterns, i.e. the relationships between variables. Therefore, valuable information can
be lost which may hinder the e�ort to understand the mechanisms of the investigated problem
domain.

In several scenarios a comprehensive investigation is needed which requires multivariate
modeling methods that enable the analysis of interactions between variables.

2.1 Multivariate modeling methods

Multivariate modeling methods can be categorized in several ways [DGL96; Gel+95; Ste09; Esb+02].
For example, Devroye et al. distinguishes three main groups of methods: conditional modeling,
density learning and discriminant function learning [DGL96], whereas Esbensen et al. separates
methods according to their main purpose, e.g. classi�cation methods and discrimination methods
[Esb+02].

In this section, two selected groups of multivariate methods are highlighted: (1) conditional
modeling based methods and (2) systems-based modeling methods. The new results presented in
this dissertation are related to the latter group: systems-based modeling, whose main features
are discussed and compared with conditional modeling.

The conditional modeling approach typically applies wrapper methods and aims to identify
a highly predictive set of variables regardless of their interdependencies and the possible roles
of these variables in the causal mechanisms related to the target variable. Even though condi-
tional modeling allows the analysis of interactions of variables, related methods do not provide
a re�ned characterization of relationships [PCB06]. For example, logistic regression, which is a
popular conditional modeling method, allows interaction terms to be added to a model, but it does
not provide any detail on the relationship type between the target variable and the investigated
variables.

Let us consider an example domain in which variables form a dependency pattern as depicted
on Figure 1. Let us assume that the variable X0 is identi�ed as signi�cant with respect to the
target variable Y . Using conditional modeling methods, the fact that this is a transitive rela-
tionship, i.e. the e�ect of X0 on Y is mediated by several other variables (X0 → X6 → Y and
X0 → X3 → X7 → Y ), remains hidden. In an systems-based approach (in which the focus is
centered on the interpretation and translation of results) this is a drawback, as its goal is to dis-
cover the mechanisms of the domain and thus the role of variables. On the other hand, in other
scenarios e.g. in a predictive setup, the result that X0 is a signi�cant variable can be satisfactory
without the need of additional details.
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In contrast, systems-based modeling methods aim to identify dependency relationships con-
cerning all examined variables (both between targets and predictors, and between targets) [12].
These dependency patterns can be visualized by a directed acyclic graph, using nodes to rep-
resent variables and directed edges to represent relationships between them [Lun+00; OLD01].
This graph may coincide with the causal model which describes the mechanisms of the domain.
Depending on the relative position according to a selected variable, (which is typically the tar-
get variable), relationships can be categorized as direct causes, direct e�ects, interactions and
transitive relationships.

In case of the dependency pattern shown in Figure 1 the target is denoted as Y , and direct
causes X6 and X7 are depicted as green nodes. These variables directly in�uence Y , i.e. there
are no intermediate variables. Straightforwardly, direct e�ects (X9, X10 and X11 denoted with
orange nodes) are directly a�ected by Y . In contrast, interaction terms (denoted asX4,X5 using
teal blue nodes) are only conditionally dependent on the target via a common e�ect, in other
words these relationships are mediated by another variable. The other indirect relationship type
is called transitive relationship due to the fact that in such a case there is a directed path between
the target and the variable (in the model), but the variable is non-adjacent to the target [8]. Two
special transitive relationships involve a root cause X0 and a common e�ect Xn. The former
a�ects the target and several variables on multiple paths, whereas the latter is in�uenced by
various variables related to the target. Direct causes, direct e�ects and interactions are relevant
from a structural aspect as they shield the target from the direct in�uence of other variables. On
the other hand, transitive relationships can also be relevant in practical aspects, e.g. they might
be more accessible in terms of measurement.

Figure 1: (a) illustration of the conditional modeling approach ignoring structural properties
between input variables, (b) illustration of systems-based modeling displaying possible structural
relationship types. Y denotes the target, whereas X0, X1, . . . , Xn refer to various measured
variables. Relationship types are shown with di�erent colors (1b): X0 – common cause (purple),
Xn – common e�ect (yellow), X6, X7 – direct cause (green), X9 −X11 – direct e�ect (orange),
X4, X5 – interaction term (teal blue), X1 − X3, X8, X12 – other elements (white). Variables
corresponding to nodes that are direct causes, direct e�ects or interaction terms form a strongly
relevant set (see Def. 1) of variables (depicted graphically as a red ring), which statistically isolates
the target from other variables.

The drawback of systems-based modeling methods is their computational complexity [Coo90;
CHM04] and sample complexity [FY96]. Due to their goal for achieving a re�ned model of the
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examined domain they typically require more computational resources than methods related
to other approaches. Thus in certain practical scenarios, in which the aim is to �nd a hand-
ful of relevant variables that approximately determine the state of the target, the application of
systems-based modeling can be excessive and unnecessary.

2.2 The Bayesian statistical approach

The main challenge regarding systems-based modeling methods is that the identi�cation of a
complete model (based on a given data set) is computationally not feasible in most practical
cases. The foremost reason of this is the relatively high number of variables with respect to the
relatively low number of samples, i.e. insu�cient sample size [FY96].

There are two main approaches to alleviate this problem: (1) given a �xed model structure
created by experts assess model �tting (with respect to the data), or (2) learn probable models (or
parts of models) from data. The former requires a classical statistical approach, that is a hypoth-
esis concerning the structure of the model is required which can be evaluated by the means of
statistical hypothesis testing. Structural Equation Modeling (SEM) is a popular methodology in
social sciences that follows this paradigm [Pea00].

On the other hand, learning probable models requires a Bayesian statistical approach. This
means that instead of evaluating one particular model, several possible models are investigated,
i.e. the probability of each model M is assessed based on the data D.

According to the Bayes rule the a posteriori probability P (M |D) of a multivariate dependency
model can be estimated as [Ber95]:

P (M |D) ∝ P (D|M) · P (M), (1)

whereP (D|M) denotes a likelihood score which quanti�es the probability of (generating) the
data given the model M , and P (M) denotes the prior probability of the model. The probability
of the data which serves as a normalizing term is omitted, for further details see Section 5.4.
The consequence of this expression is that a posterior distribution over models can be generated
[Mad+96; HGC95].

Furthermore, relying on technique called ‘Bayesian model averaging’ the common elements
(variables) of models can be identi�ed [Mad+96; Hoe+99]. The relevance of a variable is quanti-
�ed in the form of a posterior probability which is related to its presence in models, e.g. a highly
relevant variable is present in most models.

There are several di�erences between the inherent properties of the classical statistical hy-
pothesis testing paradigm and the Bayesian statistical paradigm. Table 1 summarizes the main
points. First of all, the Bayesian approach provides a hypothesis free exploration of the domain,
in contrast with the hypothesis testing framework of the classical statistical approach which re-
quires a hypothesis to be tested. This is termed as the alternate hypothesis which is matched
against a null hypothesis (typically a worst case model of total independence). Even though
Bayesian methods are not hypothesis driven, they allow the incorporation of expert knowledge
(i.e. hypotheses) in the form of priors.

Another major di�erence is related to the method of model validation. In the classical statis-
tical hypothesis testing framework a model is accepted if the related null hypothesis is rejected.
This is the case when the p-value corresponding to a computed statistic (i.e. the probability of
false rejection) is lower than an arbitrary threshold called signi�cance level (e.g. α = 0.05). In
the opposite case, the alternate hypothesis is discarded regardless whether the p-value was close
to the threshold (e.g. p− value = 0.052) or not (e.g. p− value = 0.92).
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Table 1: The comparison of classical statistical and Bayesian approaches based on modeling prop-
erties. Prior knowledge – the type of a priori information used, Method of evaluation – the way of
treating results, Score – the score used for the evaluation of models, Result – the output of mod-
eling, Variance – a measure by which variance is de�ned, Basis of decision – the base of deciding
on a �nal model, Problems – speci�c problems of the approach.

Property Classical Bayesian
Prior knowledge Hypothesis Several possible models

(single model) with prior probabilities
Method of evaluation Model selection Model averaging

(build your own model)
Score Statistical test Bayes factor
Result p-value Posterior probabilities

(reject or accept null hypothesis)
Variance Con�dence interval Credible interval
Basis of decision Signi�cance level Optimal decision based on

expected utility
Problems Multiple testing problem Computational complexity

In contrast, the Bayesian framework quanti�es belief as posterior probabilities, which is a
direct measure of relevance. This allows the probability of models to be compared and enables
model averaging. Without discarding any information, all results can be handled consistently.

2.3 The Bayesian network model class

Probabilistic graphical models (PGM) are ideal tools to implement systems-based multivariate
modeling as they allow the representation of conditional independencies and dependencies of
random variables via a graph structure [12], [FK03; CH92; Mad+96]. The Bayesian network
model class is one of the most frequently applied PGMs with a wide variety of application do-
mains including machine learning, computational biology and image processing [Bar12; Mit07].
The three main properties that allow Bayesian networks to be used as versatile modeling tools
are: (1) they are able to e�ciently represent the joint probability distribution of random variables,
(2) they allow the representation of a conditional independency map (i.e. conditional indepen-
dencies) of random variables, and if a causal interpretation is applicable (3) they are capable of
representing directed cause-e�ect relationships [Pea00]. Bayesian network based methods allow
the detection and representation of multivariate dependency relationships, and provide a rich
tool set for the detailed characterization of associations [8], [12], [MSL12].

The methods and results described in this dissertation are related to the systems-based mul-
tivariate modeling approach. The implementation was based on Bayesian networks applied in a
Bayesian statistical framework.

3 Application domains

The dissertation focuses on the following application domains which require systems-based mul-
tivariate modeling and pose several new challenges. In addition, due to the high number of pos-
sible models, the e�cient application of a Bayesian statistical framework is required in order to
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manage multiple testing and to allow Bayesian model averaging.

3.1 Genetic association studies

In the recent decade, the rapid evolution of biomedical and genetic measurement technologies
enabled research concerning the genetic background of multifactorial (i.e. induced by multiple
genetic and environmental factors) diseases (e.g. arthritis, depression, and asthma). This new
application �eld requires the capability of modeling complex dependency relationships which
is vital for understanding the mechanisms of such illnesses [Ste09]. Genetic association studies
(GAS) aimed to identify genetic variables such as single nucleotide polymorphisms (SNP) that
in�uence susceptibility to the investigated disease or a�ect its severity [Bal07]. A typical GAS
consisted of �ve phases: (1) study design, (2) sample collection, (3) measurement, (4) statistical
analysis and (5) interpretation of results.

In the initial period (2000-2005) a simple pairwise association approach was applied, that is
statistical dependency was tested between each SNP (or a group of SNPs) and a (typically binary)
disease state descriptor. If the distribution of the genotypes (i.e. possible values) of a SNP di�ers
signi�cantly between cases (i.e. patients with disease) and controls (i.e. healthy patients) that
indicates that the SNP plays some role in the mechanisms of the investigated disease.

The advent of high-throughput genotyping technologies led to genome-wide association
studies (GWAS) which allow the complete measurement of 104-105 SNPs. In some domains
GWAS largely replaced the previously used smaller scale studies in which tens or hundreds of
SNPs were examined. The latter is now called candidate gene association study (CGAS).

However, the majority of recent GWAS were only moderately successful. The essential goal
of GWAS was to apply a uni�ed approach for statistical analysis, that is to perform the same
pairwise analysis for all measured SNPs using the same settings and corrections, instead of se-
lectively analyzing SNPs with various methods. Unfortunately, one of the causes leading to un-
satisfactory results was the strict correction for multiple hypothesis testing applied by standard
statistical analyses. The correction is required by the hypothesis testing framework to avoid ’by
chance’ false positive results which are non-negligible in case of thousands of subsequent statis-
tical tests on the same data set. The problem is that the required signi�cance threshold is very
low: 107-108 which poses a considerable limitation on the detectable e�ect size and the required
sample size [GSM08].

The other presumed cause of moderate success is the oversimpli�ed approach of using only
simple disease state descriptors while additional environmental and clinical information was
neglected. Since multifactorial diseases are largely in�uenced by environmental variables, recent
studies proposed more detailed investigations including such variables [Man+09; EN14]. Hence
CGAS came into view again as con�rmatory studies using detailed environmental descriptors
and phenotypes (i.e. observable features e.g. gender) [PCB13]. However, the previously used
univariate methods do not allow the joint analysis of several environmental and genetic variables
since that requires multivariate methods.

These obstacles induced an intensive research for new statistical methods. The main require-
ments can be summarized as follows:

The ability to analyze complex dependency relationships
The ’complex phenotype’ approach proposes the joint analysis of genetic, environmental
and clinical variables. Therefore, a suitable method should allow multivariate statistical
analysis including the detection of interactions [Ste09; Com+00; Sto+04].

Optimal solution for multiple hypothesis testing
The correction for multiple testing is crucial to avoid false positive results, however in its
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current form (in the hypothesis testing framework) it is overly strict [GSM08]. Moder-
ately signi�cant results are rejected, even though they may be worthy of additional inves-
tigation. Furthermore, the correction becomes even more restrictive in case of multiple
phenotypes as it requires an increased number of tests and consequently additional cor-
rection. New methods should quantify the relevance of moderate or weak results without
discarding potentially useful information.

Support for evaluation
Apart from a basic analysis it would be preferable if the new method provided additional
tools, i.e. in the form of supplementary measures, that support the visualization and inter-
pretation of results.

Systems-based multivariate modeling relying on Bayesian networks ful�lls these require-
ments as it allows the analysis of dependency relationships, provides a consistent correction for
multiple hypothesis testing, and provides a rich tool set for the evaluation and interpretation of
results.

3.2 Disease modeling

The aim of disease modeling is to create models with detailed parametrization based on clini-
cal, environmental and genetic variables. The motivation behind building such models is to aid
therapy selection, to allow a re�ned risk assessment, and ultimately to provide medical decision
support [LT06; SP78; OLD01; Bel+96; Mik+95]. Although the latter requires the extension of
disease models with additional components such as utilities, cost-e�ectiveness considerations,
and other decision theoretic elements. This section only focuses on the creation of models.

There are multiple approaches for building models, each having its advantages and draw-
backs.

Model construction based on experts’ knowledge
In case of a well known domain with substantial prior knowledge models can be created
relying on expert knowledge [Wei+78]. Such a model can be subsequently veri�ed us-
ing related data. Straightforwardly, such a methodology can not be applied in completely
unexplored domains.

Model learning based on data
When prior knowledge is not available models can be learned relying only on data. In
case of Bayesian network based methods a suitable structure learning algorithm can be
applied [FK03; CH92]. Then based on the resulting structure a parameter learning method
can be executed. A possible drawback of such an approach is that considerably di�erent
models may arise depending on the parameterization of the learning algorithm(s). There-
fore, a rigorous analysis of parameter settings has to be carried out to validate �ndings.

Model learning based on data and a priori knowledge
The third option is to use prior knowledge in conjunction with data based model learning.
In most practical cases the available a priori knowledge is not su�cient to build a whole
model, but it can enhance learning. In the form of informative and non-informative priors
most Bayesian methods allow the incorporation of such knowledge. Informative priors
contain domain speci�c information, e.g. relevant variables and their relationships. This
information can be utilized in structure learning as some variables and relationships can
be neglected, while the presence of others can be required [AC08]. Non-informative priors
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consist of more general information, such as the level of direct dependency of variables,
the probability of �nding relevant variables, or an approximation concerning overall model
complexity [Kon+98].

Typically the applied methods implement the third approach, that is relying on some a priori
knowledge a model learning is executed. However, in most cases only non-informative priors are
used which have a non-trivial connection to the exact domain. The translation between domain
knowledge and modeling knowledge is a considerable challenge. For example in case of Bayesian
network based modeling if there is a limit on the number of allowed incoming edges related to
a node (within the model) then how can that limit be related to a domain speci�c parameter?
There are numerous parameters concerning structure learning which cannot be directly linked
to domain speci�c properties.

Another challenge regarding model learning is related to data su�ciency which mainly de-
pends on the number of variables and the sample size. Furthermore, su�ciency also depends
on the cardinality of variables and on the analysis method since the more variables are analyzed
jointly, the more data is required to avoid statistically inadequate sample size. Therefore, it is
reasonable to have di�erent requirements in terms of modeling in an adequate sample size case
than in a low sample size case.

3.3 Intelligent data analysis

Although intelligent data analysis is an integral part of the previously described application �elds
of genetic association studies and disease modeling [BZ08], this section focuses on a more general
perspective.

Intelligent data analysis can be de�ned as a hypothesis free, data driven statistical analysis
with the aim of investigating dependency relationships and providing a detailed description of
mechanisms [Kon01; LKZ00; CY08]. However, in some cases the hypothesis free nature can be a
drawback, because without a focus it is challenging to detect certain multivariate relationships.
Such examples are the following cases:

Contextually relevant variables
One of the main criticism of early genome-wide association studies was their lack of taking
appropriate context into account, that is relevant environmental and phenotype descrip-
tors were disregarded in early studies. In new context rich GAS the role of such descriptors
is to identify the context in which the genetic and clinical variables have a relevant e�ect.
However, it is plausible that a variable is only relevant in a single context, i.e. only in case
of a certain value of a related descriptor, and non-relevant in others [Bou+96]. If the sub-
set of samples corresponding to that context is relatively small compared to the whole set
then the relevance of the variable can remain undetected. Especially, if there is no a priori
knowledge concerning the context.

Joint e�ect of variables
In most practical cases the environmental and phenotype descriptors are interdependent
and have strong dependencies with the target variable. In contrast, genetic and clinical
variables may have considerably weaker dependencies with the target variable, which
makes their discovery as relevant variables challenging. Furthermore, if such a variable
is relevant only due to its joint e�ect with another variable and has negligible e�ect on its
own, then its detection can be even more di�cult.
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A possible solution is to use intelligent exploratory tools which incorporate priors. However,
the translation of knowledge conveyed in hypotheses into priors is not a straightforward pro-
cess, and can prove to be infeasible is some cases. Another possible approach is to create such
relevance measures which can be e�ectively post-processed according to prior knowledge.

4 Objectives

The main objectives of my research can be summarized by the following points:

Objective 1: Relevance measures for intelligent data analysis.
Relevance can be interpreted from various aspects such as parametric, structural and causal
aspects. Bayesian network based properties used in a Bayesian statistical framework al-
low the construction of new relevance measures that combine parametric and structural
aspects and provide a more detailed view on relevance relationships.

Objective 2: Investigation of the e�ect of non-informative priors.
The translation of a priori knowledge into non-informative priors used in Bayesian net-
work based multivariate modeling is a compelling challenge. Particularly in case of pa-
rameter priors, whose appropriate setting is essential because they function as complexity
regularization variables. In case of several application �elds the modeling could be en-
hanced if the parameter prior can be connected to parametric properties related to the
domain.

Objective 3: Application of Bayesian network based multivariate modeling in GAS.
An experimental evaluation of Bayesian relevance analysis, which implements Bayesian
network based multivariate modeling, con�rmed its applicability for the analysis of ge-
netic association studies. The Bayesian relevance analysis framework in conjunction with
its novel extensions (Obj. 1) and new results regarding its parametrization (Obj. 2) could
provide a valuable tool set for GAS analysis. Its application could be enhanced by a guide-
line detailing necessary considerations and recommended settings.

The dissertation is centered around these objectives, and consists of the following results and
novel methods.

5 Research method and new results

The foundations of the research presented in this dissertation are related to the research ac-
tivities of the Computational Biomedicine and Bioinformatics (COMBINE) work group at the
Department of Measurement and Information Systems, Budapest University of Technology and
Economics. The main research focuses of COMBINE included the development of Bayesian
model-based methods utilizing a Bayesian statistical framework and their application in ver-
satile �elds such as biomedicine and genetics. The �rst culmination of this research work was
a Bayesian methodological framework called Bayesian multilevel analysis of relevance (BMLA),
which henceforth will be referred to as Bayesian relevance analysis. This framework was ini-
tially developed and applied for ovarian cancer data analysis [Ant07]. Later it was extended
and adapted for computational grids by members of COMBINE [12], [26]. Thereafter, collabora-
tions were formed with multiple research groups at Semmelweis University in order to provide
Bayesian analysis methods for genetic association studies [9]. Thus genetic association studies
became the main application �eld of Bayesian relevance analysis. Furthermore the methods and
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results described in this dissertation were motivated by the challenges posed by the analysis of
genetic association studies.

My doctoral research began with the adaptation of the Bayesian relevance analysis method
to analyze a real-world candidate gene association study (CGAS) data. First, the applicability
of the Bayesian relevance analysis method was investigated in a comparative study based on
an arti�cial data set. Its performance was assessed and compared to the performance of several
other methods [27]. Second, the Bayesian relevance analysis was applied to an asthma related
CGAS data set [3], and the initial methodology for CGAS analysis was developed. Then, during
consecutive analysis of several CGAS data related to such �elds as rheumatoid arthritis, allergy,
leukemia, hypodontia and depression several new challenges emerged. This prompted the ex-
tension of Bayesian relevance analysis with novel measures for parametric relevance, and the
investigation of the e�ect of non-informative priors. Finally, the analysis methodology was re-
�ned based on new results.

The following section summarizes the new scienti�c results of the dissertation. First, in Sec-
tion 5.1 a broad overview of the results is presented according to the objectives discussed in Sec-
tion 4. Then in Sections 5.2 - 5.4 a detailed description of results is provided, preceded by a brief
discussion of related background information.

5.1 Overview of new results

Thesis 1 - overview

Relevance measures typically measure a particular aspect of relevance. Association measures
investigate the e�ect size of variables with respect to a target which allows to assess predictive
power. For example, measuring the e�ect size of a genetic factor with respect to a disease in a
case-control study allows assessing whether a variant of that factor increases disease susceptibil-
ity. However, this measure will not provide information on the underlying dependency patterns
of variables, thus it cannot reveal whether that genetic factor is directly related to that disease
or there are mediating factors. In contrast, measures of structural relevance investigate the un-
derlying dependency patterns of variables and utilize Bayesian networks for representation. For
example, if the aim of a clinical study is to identify a therapeutic target among the investigated
factors, then knowing the role of each factor within the dependency pattern is vital. In�uenc-
ing a factor that is directly related to (i.e. a potential cause of) the target would yield better
results than in�uencing a transitively related factor. On the other hand, such measures ignore
parametric aspects, i.e. they do not assess the quantitative e�ect of a factor on the target.

In this thesis, I propose a hybrid approach towards relevance by novel Bayesian relevance
measures to enable a joint analysis of structural and parametric aspects of relevance. Related
publications are the following: [1], [2], [4], [6], [7], [11].

• The proposed hybrid approach requires an e�ect size measuring component quantifying
parametric relevance, and a structural relevance component providing a qualitative assess-
ment of structural properties (of dependence relationships). The latter component is needed
to ensure that the structural aspect of relevance is taken into consideration during e�ect
size computation. For example, a naive hybrid measure could be implemented such that
the e�ect size is computed for all possible dependency structures. However, such a naive
measure would not appropriately express structural relevance as those structures would
also be considered in which the investigated variable is structurally irrelevant.
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• Therefore, I propose a hybrid Bayesian measure of e�ect size, the structure conditional
Bayesian odds ratio which only considers those dependency structures in which the inves-
tigated variable is structurally relevant. [1], [2], [11].

• I have shown that the structure conditional Bayesian odds ratio can be computed using the
posterior probabilities of Markov blanket graphs parameterized by the data set. The key
notion is that Markov blanket graphs consist of strongly relevant variables.1 Thus if only
such structures are utilized for e�ect size computation in which the investigated variable
is a member of the Markov blanket graph of the target variable, then structural relevance
is ensured. This leads to an applicable Bayesian hybrid e�ect size measure: the MBG-based
Bayesian odds ratio [2], [7], [11].

• I have extended the MBG-based Bayesian odds ratio measure to a set of variables, allowing
the assessment of the joint e�ect size of multiple factors [2].

• The MBG-based Bayesian odds ratio measure was utilized in the analysis of multiple ge-
netic association studies such as the study on the role of folate pathway genes in leukemia
[4], the study on the e�ect of 5-HTTLPR variants with respect to depression [6], the study
investigating genetic and clinical factors of rheumatoid arthritis [7], and a case study ex-
ploring the relation between the HTR1A gene and impulsivity [1].

Thesis 2 - overview

The interpretation of scienti�c results and related decision making are crucial elements of sci-
enti�c processes. Whether or not a result is plausible (or acceptable) depends on applied bench-
marks, common knowledge of a related domain, and additional preferences. Subsequent actions
such as publishing results, performing additional experiments, or designing a new study based
on the results are also in�uenced by preferences. The problem is not that such preferences exist,
rather that they are not de�ned formally. A possible solution is the application of a decision the-
oretic framework with de�ned preferences. One of the advantages of the Bayesian framework
is that it allows the integration of decision theoretic components such as specialized measures
that analyze the concordance with the a priori de�ned preferences. For example, a preference
can be a threshold of relevant e�ect size based on the ‘gold standard’ (i.e. a generally accepted
relevant factor) of a given domain. By applying Bayesian decision theory, the related expected
loss de�nes the optimal course of action, e.g. whether to report the variable as relevant or not.

The investigation of contextual relevance can be another preference implemented by a de-
cision theoretic framework. Contextual relevance means that a variable is relevant only in a
speci�c context, i.e. given a speci�c value con�guration of context forming variables. For ex-
ample, an environmental variable e.g. ‘stress level’ (with ‘low’, ‘medium’ and ‘high’ categories)
can be a context forming variable, and its ‘high’ value can be a probable context in which the
e�ect size of stress related factors are relevant. Contextually relevant relationships may not be
detected by ordinary measures if the relevant context is rare among the study population. There-
fore, the identi�cation of contextually relevant relationships requires a context sensitive decision
theoretic measure and candidates for context forming variables. This approach provides relevant
results for researchers performing data analysis, particularly in domains with complex depen-
dency patterns.

In this thesis, I propose decision theoretic Bayesian measures which allow a quantitative eval-
uation of prede�ned preferences. Related publications are the following: [5], [10], [12].

1Strong relevance is a form of structural relevance.
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• I propose the e�ect size conditional existential relevance (ECER) measure which allows the
direct application of evaluation speci�c a priori knowledge. ECER requires the selection
of an interval of negligible e�ect size thereby de�ning relevant e�ect sizes [10].

• I propose the contextual extension of ECER (C-ECER) in order to allow the detection of
contextually relevant dependency relationships [12].

Thesis 3 - overview

The basic paradigm of the Bayesian approach towards learning dependency structures in the
form of Bayesian networks is that the posterior probability P (G|D) of a structure G based on
the data D can be estimated based on a likelihood score P (D|G) and a prior probability P (G).
The latter components allow the incorporation of various forms of prior knowledge. The utilized
prior knowledge can be informative e.g. by assigning higher a priori probability to speci�c struc-
tures, or non-informative e.g. by assuming uniform probability for all possible structures. Apart
from such structure priors, the free parameters of the likelihood score can be de�ned a priori,
which are called parameter priors. Informative priors are de�ned according to domain speci�c
knowledge, however such knowledge is often unavailable. In any case, the prior distribution
has to be de�ned. Non-informative priors are used in such situations when no applicable prior
knowledge is available in order to de�ne a neutral a priori assessment of structures and param-
eters. In case of parameter priors, particularly in case of the frequently applied Dirichlet prior,
even the non-informative approach allows multiple options. The free parameter of Dirichlet
prior is called the virtual sample size which can be viewed as a form of complexity regulariza-
tion. Even tough virtual sample size is a non-informative prior, it in�uences Bayesian learning
and therefore Bayesian relevance analysis to a signi�cant extent.

* In this thesis, I identi�ed the e�ects of non-informative parameter priors on Bayesian rele-
vance analysis. Related publications are the following: [2], [3], [7], [8], [9]

• I have derived an expression that connects the virtual sample size parameter of the a priori
distribution of parameters related to given variable W to the e�ect size of variable W [2].

• In a practical approach, this connection can be used to de�ne the parameter prior by setting
the virtual sample size according to an expected a priori distribution of e�ect sizes [2], [7].

Detailed description of new results

5.2 Thesis 1: Bayesian hybrid relevance measures

The relevance of a predictor with respect to a target variable is an essential concept in machine
learning, however it can be interpreted in numerous ways, and its relation to the concepts of as-
sociation, predictive power, and e�ect size is often not clari�ed. A general de�nition of relevance
based on conditional probability distributions can be stated as follows [KJ97]:

De�nition 1 (Strong and weak relevance). A feature Xi is strongly relevant to Y , if there exist
some Xi = xi, Y = y and si = x1, . . . , xi−1, xi+1, . . . , xn for which p(xi, si) > 0 such that
p(y|xi, si) 6= p(y|si). A featureXi is weakly relevant, if it is not strongly relevant, and there exists
a subset of features S′i of Si for which there exist some xi, y and s′i for which p(xi, s

′
i) > 0 such that
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p(y|xi, s′i) 6= p(y|s′i). A feature is relevant, if it is either weakly or strongly relevant; otherwise it is
irrelevant.

In contrast, association is related to unconditional statistical dependence [UC14].
De�nition 2 (Association). An association relationship exists between variablesZ andW if p(Z,W )
6= p(Z)p(W ), that is Z andW are statistically dependent.

Measures based on the concept of conditional probability based relevance or on association
describe relevance from distinct perspectives. Due to the di�erence between the approaches,
an association between variables Z and W does not necessarily entail that e.g. Z is strongly
relevant with respect to W , and vice versa, the fact that W is strongly relevant with respect to
Z does not always mean that there is an association between Z and W .

As my main objective was to extend relevance analysis to allow a detailed investigation of
multivariate dependency relationships, we examined numerous methods assessing relevance.
Based on our �ndings we distinguished three main approaches:

Association based (parametric) approach.
Relies on e�ect size measures which quantify the predictive power of one variable on an-
other [Agr02; HTF01]. The nature of the relationship between these variables is not inves-
tigated.

Structural approach.
Places the emphasis on investigating the dependency patterns between variables and iden-
tifying relationship types. Related methods utilize the structural properties of Bayesian
networks by which relationships can be characterized based on data [Nea04; FK03; Hec99;
SGS01]. This approach focuses on the qualitative assessment of relationships, i.e. the ex-
istence of corresponding structural properties, that is the structural aspect of relevance.

Causal approach.
Assumes a causal (functional) model, which de�nes cause–e�ect relationships between
variables, and describes the e�ect of one variable on another. Methods such as structural
equation modeling [Pea00] focus on causal relevance, which is existential in the sense that
there is either a cause-e�ect relationship between variables or not, and parametric because
it quanti�es the change one variable causes in another.

Among these approaches the association based methods are the most frequently applied as
they provide simple, univariate e�ect size measures which quantify relevance from a parametric
(predictive) aspect. In contrast, structural uncertainty based methods are used when the inves-
tigation of the underlying model and the analysis of multivariate dependency relationships are
required. The drawback of these methods is that they focus on a particular aspect of relevance,
whereas in practical situations both structural and parametric aspects are uncertain. In such sit-
uations an integrated analysis of multiple aspects, e.g. structural and parametric relevance, could
provide a more detailed view on the dependency relationships of variables. Bayesian networks
as a white-box model class is an ideal candidate for the task as they consist of a structure G
in the form of a directed acyclic graph, and a corresponding transparent parametrization layer
θ. Existing structure learning methods [Hec99; HMC97; CH92; FGW99; ATS03; Pen+07] allow
the analysis of structural relevance, by identifying various structural properties, but they ignore
parametric aspects. 2

2More speci�cally, the parametric layer is analytically averaged out, which can be achieved only if the parameter
independence assumption holds [HGC95]. This requires Dirichlet parameter priors (see Section 5.4) and complete
data. Otherwise, e.g. if parameter priors are uniquely de�ned by an expert, or the data is incomplete, then the
analytical handling of parameters is no longer possible.
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Though the parametrization layer could be used to assess the e�ect size, i.e. parametric
relevance of variables. Therefore,

Thesis 1 I propose novel Bayesian relevance measures using a Bayesian network based
Bayesian statistical framework to enable the joint analysis of structural and parametric
aspects of relevance.

In this thesis I propose to utilize the structural and parametric properties of Bayesian networks
in order to assess the e�ect size of variables in a Bayesian statistical framework. First, I propose
a hybrid Bayesian e�ect size measure, the structure conditional Bayesian odds ratio (SC-BOR),
which combines the structural and parametric aspects of relevance (subthesis 1.1). Second, I
propose the application of Markov blanket graphs (MBG) to represent the structural aspect of
relevance in the structure conditional e�ect size measure SC-BOR (subthesis 1.2), and I propose
an algorithm for the estimation of the MBG-based Bayesian odds ratio measure (MBG-BOR).
Then I propose a multivariate extension of MBG-OR to allow the analysis of the joint relevance
of multiple variables (subthesis 1.3).

The results of Thesis 1 are presented in Chapter 4 of the dissertation. Related publications
are the following: [1], [2], [4], [6], [7], [11].

5.2.1 Subthesis 1.1: Structure conditional Bayesian e�ect size (SC-BOR)

I propose a hybrid Bayesian measure of e�ect size, the structure conditional Bayesian
odds ratioOR(Xi, Y |θ,G)which relies on both the graph structureG and its parametriza-
tion θ of the underlying Bayesian network BN(G, θ).

Proposition 1. In order to integrate the aspects of structural and parametric relevance I propose
to compute the e�ect size of Xi based on such structures Gj where Xi is structurally relevant, i.e.
strongly relevant.

The Bayesian network based interpretation of strong relevance is related to Markov blanket
sets [Pea88]:

De�nition 3 (Markov blanket set). A set of variables M ⊆ V = {X1, X2, ..., Xn} is called a
Markov blanket set of Xi with respect to the distribution P (V), if ⊥⊥ (Xi,V \M|M), where ⊥⊥
denotes conditional independence.

The importance of Markov blanket sets and other structural properties of Bayesian networks
is that they are able to encode structural aspects of relevance. The connection between Markov
blankets and strong relevance is established by the theorem of Tsamardinos [TA03], which pro-
vides the set of conditions under which relevant structural properties are unambiguously repre-
sented. Assuming unambiguous representation, for a given structure G all the strongly relevant
variables Xi with respect to Y are in the Markov blanket set of Y denoted as MBS(Y,G).

In other words, MBS(Y,G) is a strongly relevant set of variables which can be used to de�ne
a pairwise relation.

De�nition 4 (Markov blanket membership). The pairwise relationMBM(Xi, Y ) indicatingwhether
Xi is a member of MBS(Y,G) is called Markov blanket membership.

The structure conditional Bayesian odds ratio (SC-BOR) can be de�ned based on the concept
of Markov blanket membership as follows:
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Proposed de�nition 1 (Structure conditional Bayesian odds ratio). Let the indicator function of
Markov blanket membership for a given structureG be denoted as IMBM(Xi,Y |G), which is 1 ifXi ∈
MBS(Y,G) and 0 otherwise. Then the structure conditional odds ratio OR(Xi, Y |IMBM(Xi,Y |G))
is a random variable with a probability distribution P (OR(Xi, Y |IMBM(Xi,Y |G))) computed as

P (OR(Xi, Y |IMBM(Xi,Y |G))) =
P (OR(Xi, Y, IMBM(Xi,Y |G)))

P (IMBM(Xi,Y |G))
. (2)

This means that the odds ratio is computed for each possible structure G, but only those
cases contribute to the distribution P (OR(Xi, Y |IMBM(Xi,Y |G))) in which IMBM(Xi,Y |G) = 1,
that is Xi is strongly relevant in that structure.

5.2.2 Subthesis 1.2: MBG-based Bayesian e�ect size (MBG-OR)

SC-BOR can be implemented by applying Bayesian model averaging over structures and parame-
ters using computationally intensive Markov chain Monte Carlo simulation [Mad+96]. However,
given the number of possible structures and their parameterizations this computation is highly
redundant.

Therefore, instead of learning the whole structure I propose to sample the parameters
from the ’relevant part’ of the Bayesian network. From the aspect of structural relevance,
the structural property which contains all the strongly relevant elements is called the Markov
blanket graph.

De�nition 5 (Markov blanket graph). “A Markov blanket graph MBG(Y,G) of a variable Y is a
subgraph of a Bayesian network structure G, which contains the nodes of the Markov blanket set of
Y , that is MBS(Y,G) and the incoming edges into Y and its children. Given a target node, which
corresponds to the target variable Y , MBG(Y,G) as a (sub)graph structure consists of nodes that
are (1) parents of Y , (2) children of Y or (3) ‘other parents’ of the children of Y ” [26].

Proposition 2. The structure conditional Bayesian odds ratio can be computed using the posterior
of Markov blanket graphs parameterized by the data set.

This leads to an applicable Bayesian hybrid e�ect size measure: the MBG-based Bayesian
odds ratio.

Proposed de�nition 2 (Markov blanket graph based Bayesian odds ratio). The MBG-based
Bayesian odds ratio (MBG-BOR) is computed by averaging over the estimates of odds ratios based
on possible MBGs as follows

MBG-BOR(Xi, Y |D) =
m∑
j=1

OR(Xi, Y |MBGj(Y,G)) · p(MBGj(Y,G)|D) · I(Xi∈MBGj(Y,G)),

where m is the number of MBGs with a posterior p(MBGj(Y,G)|D) > 0. The indicator
function I(Xi∈MBGj(Y,G)) is 1 if Xi ∈ MBGj(Y,G) and 0 otherwise.

The implementation of MBG-BOR is described in Algorithm 1.
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Algorithm 1 Calculation of MBG-BOR(Xi, Y ) and its credible interval
Require: n,m,MBG(Y,G), D

for MBG1...n do
for θ1...m do

draw parametrization θk = (Xk1 = xk1, . . . , Xkr = xkr)
for all Xk ∈ MBGj , so that Xk 6= Xi.
estimate P (Y = 0|Xi = xi, θk)

compute Odds(Xi = xi, θk) = P (Y=1|Xi=xi,θk)
P (Y=0|Xi=xi,θk)

compute OR(Xi, θk) =
Odds(Xi=x

1
i ,θk)

Odds(Xi=x0i ,θk)

end for
compute OR(Xi|MBGj) =

∑m
θk=1 OR(Xi, θk)

update ORhistogram(Xi)
end for
MBG-BOR(Xi, Y |D) =

∑n
MBGj=1 OR(Xi, Y |MBGj) · p(MBGj |D)

calculate credible interval for MBG-BOR(Xi, Y ) based on ORhistogram(Xi)

5.2.3 Subthesis 1.3: MBG-based Multivariate Bayesian e�ect size

The MBG-based Bayesian odds ratio measure can be extended to a set of variables, al-
lowing the assessment of the joint e�ect size of multiple factors.

Proposed de�nition 3. Given a set of predictorsV = {X1, X2, . . . , Xn} themultivariateMBG-BOR
is calculated as

MBG-BOR∗(V, Y ) =
m∑
j=1

OR(V, Y |MBGj(Y,G))

· p(MBGj(Y,G)) · I∗(V∈MBGj(Y,G)), (3)

where the indicator function I∗(V∈MBGj(Y,G)) is 1 if for anyXi ∈ V it is true thatXi ∈ MBGj(Y,G),
and 0 otherwise.

Correspondingly, the MBG-based odds for a set of variables V is given as

Odds∗MBGj(Y,G)(V, Y ) =
p(Y = 1|MBGj(Y,G), Xn1 = xn1, . . . , Xnr = xnr)

p(Y = 0|MBGj(Y,G), Xn1 = xn1, . . . , Xnr = xnr)
(4)

, where xn1 . . . xnr are instantiations of variables Xni ∈ V that are in MBGj(Y,G).

5.3 Thesis 2: A priori knowledge driven Bayesian relevance measures

The classical hypothesis testing framework enables the transformation of a priori knowledge
into consistent hypotheses and their subsequent investigation [Bor98]. However, the required
correction for multiple hypothesis testing (MHT) prohibits the applicability of this framework
in case of domains with complex, multivariate dependency patterns [Nob09]. This is a serious
issue in biomedical domains in which a viable hypothesis may provide an essential focus in the
data analysis process.

There are several classical [BH95; Dun61] and Bayesian [Sto02] solutions to mitigate the
MHT problem. However, multivariate Bayesian methods have a built-in correction for MHT
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[GHY12], [NC06]. For example, in case of Bayesian relevance analysis the posterior probability
of a structural property is a result of Bayesian model averaging, which takes possible models, i.e.
hypotheses into consideration instead of selecting a single best hypothesis. This means that this
Bayesian framework allows the exploration of dependency relationships without a speci�c focus.
Furthermore, the correction arises by taking those models into account in which the investigated
property is non-relevant.

In cases when a priori knowledge is available, multivariate Bayesian methods can utilize it in
the form of various structure and parameter priors [HGC95], [PS12]. However, some aspects of
a priori knowledge cannot be transformed into priors because they belong to a di�erent phase of
research. More speci�cally, knowledge related to the phase of evaluation and reporting of results
may prove to be inapplicable in the phase of exploratory analysis. In this case, evaluation means
the interpretation and further utilization (i.e. translation) of results. For example, results of a
study can be compared to previous studies, accepted benchmarks (i.e. ‘gold standards’) or other
domain knowledge present in the corresponding literature. In such cases, the interpretation of
results (e.g. expected or unexpected, acceptable or possibly erroneous) depends on the references
they are compared to. Subsequently, results are utilized in research related decision making,
e.g. whether to publish results, design additional experiments or try an alternative approach.
Researchers are frequently faced with such decisions, however these decisions typically remain
unformalized.

A possible solution for this is to apply a decision theoretic framework by utilizing loss func-
tions and corresponding measures. Loss functions are special utility functions that can be used
to specify the loss for various scenarios of interest [RN10]. For example, given an experimentally
validated factor with a known e�ect size, a loss function can be formulated to use this e�ect size
as a benchmark for relevant e�ect sizes. In addition to the loss function, this requires a speci�c
measure that can incorporate this evaluation speci�c prior knowledge. Another aspect of such a
priori knowledge is the knowledge of relevant context. In complex mechanisms contextuality can
play a relevant role, as some e�ects only occur in a speci�c context [WB10], [Bou+96]. In such
cases the knowledge regarding contextuality, i.e. the fact that an e�ect is presumably contextual,
and the knowledge of possible factors providing a context is vital, because it may not be possi-
ble to detect the e�ect with general, context insensitive measures. For example, dependencies
present only in a subset of the data (i.e. a subpopulation) may be neglected by association mea-
sures if the size of the subset is relatively small compared to the whole data based on which the
dependencies are evaluated. In order to cope with contextuality a context sensitive loss function
and a corresponding measure can be de�ned, which allow the detection of contextually relevant
variables.

The utilization of evaluation speci�c priors in conjunction with a corresponding decision
theoretic framework requires special measures that directly rely on a priori knowledge and are
applicable in the established Bayesian framework. Therefore,

Thesis 2 I propose a novel decision theoretic Bayesian measure of existential relevance
based on parametric properties of Bayesian networks, which allows the application of
evaluation speci�c a priori knowledge.

In this thesis I propose a novel approach towards measuring existential (structural) relevance. I
propose to utilize the Bayesian e�ect size distribution related to a selected variable and the target
variable to measure the existential relevance of the selected variable with respect to the target
variable. This novel measure (subthesis 2.1) is called the e�ect size conditional existential relevance
(ECER). ECER allows the expression of evaluation speci�c a priori knowledge by relying on an
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a priori de�ned interval (ε) of negligible e�ect size based on experts’ knowledge. In order to
allow the detection of contextually relevant dependency relationships I propose the contextual
extension of ECER called C-ECER (subthesis 2.2). This measure allows the expression of the a
priori knowledge related to relevant contexts.

The results of Thesis 2 are presented in Chapter 4 of the dissertation. Related publications
are the following: [5], [10], [12].

5.3.1 Subthesis 2.1: E�ect size conditional existential relevance (ECER)

I have proposed a Bayesian existential relevance measure, the e�ect size conditional
existential relevance (ECER) which is based on the Bayesian e�ect size distribution
P (OR(Xi, Y |Θ)). I have shown that ECER allows the direct application of evaluation
speci�c a priori knowledge by allowing the selection of an interval of negligible e�ect
size.

The formalization of ECER requires aCε interval of negligible e�ect size which can be de�ned
based on the a priori knowledge of an expert with the constraint that the neutral odds ratio of
1 has to be included in the interval. For example, a Cε interval of size ε = 0.3 can be de�ned
symmetrically with respect to the neutral odds ratio such that Cε = [0.85, 1.15], asymmetrically
Cε = [0.9, 1.2], or unilaterally Cε = [1.0, 1.3].

Proposed de�nition 4 (E�ect size conditional existential relevance - ECER). Given an interval
of negligible e�ect size Cε with size ε ≥ 0, and a distribution of e�ect size P (OR(Xi, Y |Θ)) for
variable Xi with respect to a selected Y , let I{ECERε(Xi,Y )} denote that OR(Xi, Y |Θ) /∈ Cε that
is the e�ect size of variable Xi is relevant as it is outside the Cε interval. In the Bayesian frame-
work the posterior of e�ect size conditional existential relevance ECERε(Xi, Y ) can be de�ned as
p(I{ECERε(Xi,Y )}) [10].

Note that OR(Xi, Y |Θ) denotes the random variable of the Bayesian e�ect size of Xi with
respect to Y , P (OR(Xi, Y |Θ)) denotes its distribution, and Θ is a random variable of possible
parameterizations.

Proposition 3. The distributionmass ofP (OR(Xi, Y |Θ)) in the intersection ofCε and the credible
interval for OR(Xi, Y |Θ) quanti�es the expert knowledge based parametric irrelevance of variable
Xi with respect to Y [10].

Cε de�nes the interval of negligible e�ect size, i.e. parametric irrelevance. If the credible
interval for OR(Xi, Y |Θ) intersects with interval Cε then Xi is parametrically irrelevant to
some extent. The greater the mass of P (OR(Xi, Y |Θ) ∈ Cε) the less parametrically relevantXi

is (see Figure 2 for an illustration).
If the credible interval of OR(Xi, Y |Θ) does not intersect with Cε, that indicates that Xi

is parametrically relevant as the e�ect size distribution P (OR(Xi, Y |Θ)) only consists of non-
negligible values.

Proposition 4. If the credible interval of OR(Xi, Y |Θ) does not intersect with Cε then variable
Xi is ‘existentially relevant’ with respect to Y [10].

The fact that p(OR(Xi, Y |Θ) ∈ Cε) = 0 means that for a given Cε there is no paramet-
rically encoded independence between Xi and Y . Assuming an underlying Bayesian network
BN(G, θ) (a graph structure G and its parametrization θ), for which G faithfully represents all
conditional independencies (entailed by the Markov assumption [Nea04]), this means that Xi
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Figure 2: An example for the relationship between the Cε interval of negligible e�ect size and
the credible intervalCR of the posterior distribution of a Bayesian e�ect size measure of variable
Xi. In the presented case CR intersects with Cε, thus Xi is parametrically irrelevant to some
extent given the speci�c Cε.

and Y are dependent not only on the parametric level, but also on the structural level. However,
the exact nature of structural relevance cannot be determined based on OR(Xi, Y |Θ) alone, i.e.
whether there is a direct relationship or an interaction between Xi and Y . Only the existence of
a relationship between Xi and Y can be stated, which is thus called existential relevance.

5.3.2 Subthesis 2.2: Contextual extension of ECER

Formerly, the concept of contextuality was de�ned from the contextual irrelevance perspec-
tive [12], i.e. focusing on the independence of variableXi from the target Y given contextC = c.

I propose to de�ne contextuality from the contextual relevance perspective.

Proposed de�nition 5 (Contextual relevance). Let us assume that Xi ∪ C is irrelevant for Y ,
that is ⊥⊥ (Y, (Xi ∪C)), and (Xi ∩C = ∅). Then Xi is contextually relevant if there exists some
context C = c for which ⊥⊥6 ; ;(Y,Xi|c) [10].

Given an a priori de�ned context C I propose to extend ECER to C-ECER to detect contex-
tually relevant dependencies.

Proposed de�nition 6 (Contextual ECER (C-ECER)). Given an interval of negligible e�ect size
Cε with size ε ≥ 0, and a distribution of e�ect size P (OR(Xi,C = cj, Y |Θ)) for variable Xi

with respect to a selected Y , and a context forming set C with c1, c2, . . . , cr possible values, let
I{ECERε(Xi,C=cj,Y )} denote that OR(Xi,C = cj, Y |Θ) /∈ Cε that is the e�ect size of variableXi

given context C = cj is relevant as it is outside the Cε interval.
Then let I{C−ECERε,C=cj

(Xi,Y )} denote that Xi is contextually ECER relevant if there exist a
context C = cj for which I{ECERε(Xi,C=cj,Y )} = 1.

This means that Xi is C-ECER relevant if there exists a context in which it is ECER relevant:
I{C−ECERε,C=cj

(Xi,Y )} =
⋃cr
cj=c1

I{ECERε(Xi,C=cj,Y )}

5.4 Thesis 3: The e�ect of non-informative parameter priors

The basic paradigm of Bayesian methods is that the posterior probability P (A|B) can be com-
puted using a prior probability distribution P (A) and a likelihood P (B|A) according to the
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Bayes’ theorem [Ber95]. Let us assume that there is a set of discrete random variables V =
X1, ..., Xn whose joint probability distribution P (V) can be faithfully represented by a Bayesian
network BN(G, θ), where G is a directed acyclic graph structure and θ is its parametrization.
Structure learning methods aim to identify the most probable structure(s) based on a given data
set D, which requires the computation of the posterior probability of each structure G as

P (G|D) =
P (G)P (D|G)

P (D)
. (5)

Since P (D) can be neglected as a modeling constant, in order to compute P (G|D) a prior
distribution of possible structures P (G) and a likelihood P (D|G) is required.

The term P (G) can express a priori knowledge as some structures can be presumed more
probable than others e.g. by a �eld expert. There are two main approaches towards using pri-
ors: informative [AC08] and non-informative [HGC95; GH95; Bun91; CH92]. The informative
approach states that a priori knowledge should be used to a full extent e.g. to guide the search
for the most probable structure(s). As a result, informative priors greatly in�uence subsequent
analysis and evaluation processes. The non-informative approach, on the other hand, argues that
prior knowledge should not be used to pose strict constraints on new research, as it is possible
that previous studies or experiments were incomplete or erroneous. Therefore, non-informative
priors have limited in�uence on subsequent analyses, and they are typically uniform, i.e. the
prior probability is the same for all possible entities.

Theoretically the e�ect of a prior gradually diminishes as more data (evidence) becomes avail-
able. In real-world cases however, the available sample size is often insu�cient to override the
e�ect of a prior. Thus even non-informative priors may have a decisive role in the learning
process.

The term p(D|G) is the likelihood score which measures the probability of the data D given
a chosen structure G. A popular choice for this scoring metric is the Bayesian Dirichlet (BD)
score [Bun91] which is detailed in the following discussion. The so called hyperparameters of
this scoring metric can be de�ned a priori, allowing the incorporation of a priori knowledge in
the form of parameter priors.

Thesis 3 Following a systematic method I identi�ed the e�ects of non-informative pa-
rameter priors on Bayesian relevance analysis.

In this thesis, I propose the application of non-informative parameter priors based on various
criteria. I have derived the connection between the virtual sample size parameter of the Bayesian
Dirichlet metric and the a priori e�ect size distribution (subthesis 3.1). Based on experimental
results, I propose to select the virtual sample size parameter according to the expected value of
e�ect size (subthesis 3.2).

The results of Thesis 3 are presented in Chapter 5 of the dissertation. Related publications
are the following: [2], [3], [7], [8], [9].

5.4.1 Subthesis 3.1: The connection between the virtual sample size parameter and
e�ect size

In this subthesis I derive an expression that connects the virtual sample size parameter of the a
priori distribution of parameters related to given variable W to the e�ect size of variable W in
the form of a log odds [2].

21



Gábor Hullám PhD thesis booklet

De�nition 6 (Prior Dirichlet distribution). Let W be a discrete random variable with a multi-
nomial distribution, having k possible values. Furthermore, let νi denote the probability thatW is
instantiated with value wi, i.e. p(W = wi). Then the a priori probability density function over
parameters νi for variableW can be de�ned by a Dirichlet distribution on the Euclidean space with
Rk−1 dimensions as:

Dir(ν1, ..., νk−1|α1, ..., αk) =
1

β(α)
·
k∏
i=1

ναi−1i , (6)

where αi denotes the virtual sample size corresponding to parameter νi, and β(α) denotes the
multinomial beta function. Furthermore, νi is estimated bymaximum likelihood estimates NiN , where
Ni is the number of observations in whichW = wi and N is the size of the data set.

Note that in practical cases αi are assumed to be identical for all νi parameters entailing a
single virtual sample size parameter α. In order to estimate the a priori distribution of a log odds
ratio, the probability density function of the parameters νi needs to be transformed according to
way the log odds ratio is computed.

De�nition 7. Given a variableW with k = 2 possible values and a binary target variable Y the
log odds ratio is de�ned using conditional probability parameters ν ′ as:

log
p(Y = y1|W = w1)

p(Y = y0|W = w1)
− log

p(Y = y1|W = w0)

p(Y = y0|W = w0)
= log

ν ′1|1

ν ′0|1
− log

ν ′1|0

ν ′0|0
. (7)

Since the target is binary both log odds terms can be simpli�ed such that log
ν′
1|1

1−ν′
1|1

and

log
ν′
1|0

1−ν′
1|0

. Thus the required transformation on the a priori probability density function of pa-
rameters is t(ν) = log ν

1−ν .
Due to the non-informative application of parameter prior the uniformity of virtual sample

sizes α1 = α2 = ...αk can be assumed.

Proposed de�nition 7. The general form of the transformed Dirichlet distribution assuming uni-
form virtual sample size can be given as:

g(z, α) =
Dir( 1

1+e−z |α) · e−z

(1 + e−z)2
(8)

Utilizing the fact that the Beta function β(α) can be expressed as terms of the Γ(.) function
as

β(α) =

∏k
i=1 Γ(αi)

Γ(
∑k

i=1(αi))
, (9)

the transformed Dirichlet distribution can also be expressed by Γ(.) functions.

Proposed de�nition 8. The simpli�ed form of the transformed Dirichlet distribution is de�ned as

g(z, α) =
Γ(2α)

Γ(α)2
· ( 1

1 + e−z
)α+1 · (1− 1

1 + e−z
)α−1 · e−z. (10)

This expression de�nes the a priori distribution of log odds, and shows that the virtual sample
size α plays an in�uential role.
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5.4.2 Subthesis 3.2: Selection of virtual sample size parameter

The transformed distribution g(z, α) is analytically intractable in the sense that the exact iden-
ti�cation of the high probability density region of the distribution is not feasible. However, the
distribution can be sampled using various virtual sample size parameters α, thus allowing the
investigation of its e�ect on the a priori probability density function of log odds [2], [7].

Experimental results shown in Figure 3 indicate an expected e�ect that as the virtual sample
size increases the credible interval of the a priori distribution of log odds decreases. This means
that high virtual sample size values express the a priori belief that high odds values are less likely.

Figure 3: Posterior distributions of log odds corresponding to virtual sample size parameters VSS
= 1, 5, and 10.

Proposition 5. In a practical approach, this connection can be used to de�ne the parameter prior
by setting the virtual sample size according to an expected a priori distribution of odds [2], [7].

6 Applications of new results

This section summarizes the practical applications of the results presented in the PhD disserta-
tion.

6.1 Bayesian relevance analysis of genetic association studies

Bayesian network based Bayesian multilevel analysis of relevance (which is referred to asBayesian
relevance analysis in subsequent sections) is a multivariate, model-based Bayesian method which
allows the analysis of dependency relationships [26],[25], [12]. It can be utilized just as a general
purpose feature subset selection method, but it also allows the re�ned analysis of complex de-
pendency patterns. Bayesian relevance analysis enables the identi�cation of relevant variables,
relevant sets of variables, and interaction models of relevant variables. These are di�erent ab-
straction levels of relevance which can be analyzed by evaluating the posterior probability of
corresponding structural properties of an underlying Bayesian network (e.g. a relevant set of
variables correspond to a Markov blanket set). In order to estimate these posterior probabilities
a Bayesian model-averaging framework is used.

The results presented in Thesis 3 are closely related to the application of Bayesian relevance
analysis, especially for the analysis of candidate gene association studies (CGAS). The novel
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Bayesian e�ect size measures introduced in Thesis 1 and Thesis 2 can be considered as extensions
of Bayesian relevance analysis, whose main application �eld is also the analysis of candidate gene
association studies.

Genetic association studies (GAS) investigate the relationship between genetic factors such
as single nucleotid polymorphisms (SNP) and various diseases [Hir+02]. Based on the biological
samples of healthy and diseased individuals several genetic factors are measured, and the vari-
ants are determined. These results are integrated into a data set upon which a statistical analysis
is performed. The aim of this analysis is to identify genetic factors which are in a statistical
relationship with the target variable, typically a disease descriptor [SB09; Lew02]. In more so-
phisticated GAS additional sets of clinical, environmental and phenotypic variables (e.g. disease
related features and symptoms, or population related features) are also measured and evaluated
to aid the discovery of the complex genetic background of multifactorial diseases (e.g. asthma,
allergy, rheumatoid arthritis) [EN14].

A previously performed comparative study based on an arti�cial data set con�rmed that
Bayesian relevance analysis is an appropriate feature subset selection method, which is capable
of the selection of relevant factors when applied for the analysis of genetic association studies
[27].

Subsequently, I have applied Bayesian relevance analysis in an asthma candidate gene associ-
ation study, which was a joint research of the Department of Genetics, Cell- and Immunobiology
(DGCI), Semmelweis University and the Department of Measurement and Information Systems,
Budapest University of Technology and Economics [3]. Following this successful application,
the methodology was applied in several subsequent CGAS in collaboration with the following
research groups:

• Department of Genetics, Cell- and Immunobiology (DGCI), Semmelweis University. We par-
ticipated in several genetic association studies related to asthma [3] and leukemia [4] in
which the presented methods were applied. Additionally, we applied Bayesian methodol-
ogy in studies related to rheumatoid arthritis [7], [14], [15], [16].

• Department of Oralbiology, Semmelweis University. We participated in two studies investi-
gating the genetic background of hypodontia [17], and parodontitis within the Hungarian
population. The presented methods were applied in both studies.

• MTA-SE Neuropsychopharmacology and Neurochemistry Research Group (MTA-SE-NNRG).
In a joint research e�ort we aimed to identify relevant environmental and genetic factors
related to depression [1]. In a recent study we identi�ed the Galanin (gene)system by the
application of Bayesian relevance analysis as a novel therapeutic target for depression [5].
The complex mechanisms involved in depression require a novel contextual approach in
terms of statistical analysis. This prompted the research presented in Thesis 2. and its
results were �rst applied in a depression related study [5], [10].

The results presented in Thesis 1 were applied in a leukemia genetic association study [4]
and a rheumatoid arthritis study [7] (joint research with DGCI), furthermore in multiple CGAS
investigating genetic and environmental factors that in�uence depression [6] and impulsivity [1]
(joint research with MTA-SE-NNRG).

Based on these applications I have proposed a guideline for the application of Bayesian rele-
vance analysis in genetic association studies, which described recommended parameter settings
and practical considerations related to the application of the method [7].
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6.2 Development of statistical analysis tools for bioinformatics

The results of Thesis 1 and 3 were applied in the following projects:

• GENAGRID project. One of the main goals of GENAGRID was to develop new analysis
tools and methodologies for bioinformatic applications. We participated in this project in
collaboration with DGCI. Bayesian relevance analysis was tested and applied in related
studies [3] and subprojects [27], [11].

• KOBAK project. KOBAK aimed to create learning materials [20] [21] [22] [23] [24] and
software tools to enhance the learning of biotechnology and bioinformatics. Software tools
included analysis tools for various genetic measurements, such as genetic association stud-
ies. Bayesian relevance analysis and its extensions were utilized in this project.
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