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Abstract—The behavior of safety critical systems is often
constrained by real time requirements. To model time dependent
behavior and enable formal verification, timed automata are
widely used as a formal model of such systems. However, due
to real-valued clock variables, the state space of these systems is
not finite, thus model checkers for timed automata are usually
based on zone abstraction. The coarseness of the abstraction
profoundly impacts performance of the analysis. In this paper,
we propose a lazy abstraction algorithm based on interpolation
for zones to enable efficient reachability checking for timed
automata. In order to efficiently handle zone abstraction, we
define interpolation in terms of difference bound matrices. We
extend the notion of zone interpolants to sequences of transitions
of a timed automaton, thus enabling the use of zone interpolants
for abstraction refinement.

I. INTRODUCTION

The behavior of safety critical systems is often time de-
pendent. Timed automata [1] are widely used in the formal
modeling and verification of such systems. Model checkers
for timed automata, e.g. UPPAAL [2], are most commonly
based on zone abstraction [3], used in conjunction with an
extrapolation operator to ensure termination and accelerate
convergence. The quality of the abstraction obtained this way
is imperative for performance, and many different techniques
have been proposed, including abstractions based on LU-
bounds [4], [5] and region closure [6]. In [7], a lazy abstraction
scheme is proposed for LU-abstraction where the abstraction
is refined only if it enables a spurious step in the abstract
system. This results in an abstraction that is based not only on
structural properties of the automaton (like constants appearing
in guards) but the state itself.

On the other hand, in SAT/SMT based model checking,
interpolation [8] is a commonly used technique [9], [10] for
building safe abstractions of systems. As interpolants can be
used to extract coarse explanations for the infeasibility of error
paths, they can be used for abstraction refinement [11] in a
way relevant for the property to be proved. Algorithms for in-
terpolant generation have been proposed for several first order
theories, including linear arithmetic (LA(Q)) and difference
logic (DL(Q)) over the rationals [12]. To better support certain
verification tasks, classical interpolation has been generalized
in various ways, e.g. to sequence interpolants [10].

In this paper, we propose a lazy abstraction algorithm
similar to [7] for reachability checking of timed automata
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based on interpolation. In order to efficiently handle zone
abstraction, we define interpolation for zones represented in
terms of difference bound matrices. Moreover, we extend the
notion of zone interpolants to sequences of transitions of a
timed automaton, thus enabling the use of zone interpolants
for abstraction refinement.

The rest of the paper is organized as follows. In Section II,
we define the notations used throughout the paper, and present
the theoretical background of our work. In Section III we
present our work: we give an interpolation algorithm for
zones represented as DBMs (Section III-A), describe how
inductive sequences of zones can be computed for timed
automata using zone interpolation (Section III-B), and outline
how such sequences can be used to speed up convergence
for reachability checking of timed automata (Section III-C).
Section IV describes the implementation and a preliminary
evaluation of the proposed algorithm. Finally, conclusions are
given in Section V.

II. BACKGROUND AND NOTATIONS

In this section, we define the notations used throughout the
paper, and outline the theoretical background of our work.

A. Timed Automata

Timed automata [1] is a widely used formalism for mod-
eling real-time systems. A timed automaton (TA) is a tuple
(Loc,Clock , ↪→, Inv , `0) where
• Loc is a finite set of locations,
• Clock is a finite set of clock variables,
• ↪→⊆ Loc × ClockConstr × P(Clock)× Loc is a set of

transitions where for (`, g, R, `′) ∈ ↪→, g is a guard and
R is a set containing clocks to be reset,

• Inv : Loc → ClockConstr is a function that maps to each
location an invariant condition over clocks, and

• `0 ∈ Loc is the initial location.
Here, ClockConstr denotes the set of clock constraints, that

is, difference logic formulas of the form

ϕ ::= true xi ≺ c xi − xj ≺ c ϕ ∧ ϕ
where xi, xj ∈ Clock , ≺ ∈ {<,≤, .=} and c ∈ Z.
The operational semantics of a TA can be defined as a

labeled transition system (S,Act ,→, I) where
• S = Loc × Eval is the set of states,
• I = {(`0, η0)} where η0(x) = 0 for all x ∈ Clock is the

set of initial states,
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• Act = R≥0 ∪ {α}, where α denotes discrete transitions,
• and a transition t ∈→ of the transition relation
→⊆ S ×Act × S is either a delay transition that in-
creases all clocks by a value δ ≥ 0:

` ∈ Loc δ ≥ 0 η′ = Delayδ(η) η′ |= Inv(`)

(`, η)
δ−→ (`, η′)

or a discrete transition:

`
g,R
↪−−→ `′ η |= g η′ = ResetR(η) η′ |= Inv(`′)

(`, η)
α−→ (`′, η′)

Here, Eval denotes the set of clock valuations, that is,
mappings of clocks to real values. For a real number δ ≥ 0
the function Delayδ : Eval → Eval assigns to a valuation
η ∈ Eval a valuation Delayδ(η) such that for all x ∈ Clock

Delayδ(η)(x) = η(x) + δ

Moreover, ResetR(η) models the effect of resetting all
clocks in R to 0 for a valuation η ∈ Eval :

Resetη(R)(x) =

{
0 if x ∈ R
η(x) otherwise

For these functions, we define images and preimages in the
usual way.

As the concrete semantics of a timed automaton is infinite
due to real valued clock variables, model checkers are often
based on a symbolic semantics defined in terms of zones. A
zone Z is the solution set of a clock constraint ϕ, that is
Z = JϕK = {η | η |= ϕ}. The following functions are opera-
tions over zones:
• Conjunction: Z ∩ g = Z ∩ JgK,
• Future: Z↑ =

⋃
δ≥0 Delayδ(Z),

• Past: Z↓ =
⋃
δ≥0 Delay−1δ (Z),

• Reset: R(Z) = ResetR(Z),
• Inverse reset: R−1(Z) = Reset−1R (Z).
For timed automata, an exact pre- and postimage operator

can be defined over zones. Let e = (`, g, R, `′) be an edge of
a TA with invariants Inv . Then
• post(Z, e) = R(Z↑ ∩ Inv(`) ∩ g) ∩ Inv(`′),
• pre(Z, e) = (R−1(Z ∩ Inv(`′)) ∩ g ∩ Inv(`))↓.

B. Difference Bound Matrices

Clock constraints and thus zones can be efficiently repre-
sented by difference bound matrices.

A bound is either ∞ or of the form (m,≺) where m ∈ Z
and ≺ ∈ {<,≤}. Difference bounds can be totally ordered
by ”strength”, that is, (m,≺) < ∞, (m1,≺1) < (m2,≺2)
iff m1 < m2 and (m,<) < (m,≤). Moreover the sum of
two bounds is defined as b+∞ =∞, (m1,≤) + (m2,≤) =
(m1 +m2,≤) and (m1, <) + (m2,≺) = (m1 +m2, <).

Let Clock = {x1, x2, . . . , xn} and x0 a reference clock
with constant value 0. A difference bound matrix (DBM)

over Clock is a square matrix D of bounds of order n + 1
where an element Dij = (m,≺) represents the clock con-
straint xi − xj ≺ m. We say that a clock xi is constrained
in D iff Dii < (0,≤), or there exists an index j 6= i such that
Dij <∞ or Dji <∞.

We denote by JDK the zone represented by the constraints
in D. When it is unambiguous from the context, we omit the
brackets. D is consistent iff D 6= ∅. D is closed iff constraints
in it can not be strengthened without losing solutions, formally,
iff Dij ≤ Dik +Dkj for all 0 ≤ i, j, k ≤ n. We will call D
canonical iff it is either closed, or D0,0 = (0, <). The canon-
ical form of a DBM is unique up to the ordering of clocks.
The zone operations above can be efficiently implemented over
canonical DBMs [13].

The intersection of DBMs A and B, defined over
the same set of clocks with the same ordering, is
A uB = [min(Aij , Bij)]ij . Here, JA uBK = JAK ∩ JBK, re-
gardless of whether A and B are closed, but A u B might
not be closed even if A and B are. We denote by A v B iff
JAK ⊆ JBK. Moreover, > = ((0,≤)) and ⊥ = ((0, <)), that
is, > and ⊥ are the smallest canonical DBMs representing
Eval and ∅, respectively.

III. INTERPOLATION FOR TIMED AUTOMATA

A. Binary Interpolants from DBMs
Let A and B two DBMs such that A u B is inconsistent.

An interpolant for the pair (A,B) is a DBM I such that
• A v I ,
• I uB is inconsistent and
• clocks constrained in I are constrained in both A and B.
This definition of a DBM interpolant is analogous to the

definition of an interpolant in the usual sense [9]. As DBMs
encode formulas in DL(Q), a theory that admits interpola-
tion [12], an interpolant always exists for a pair of inconsistent
DBMs. Our approach for interpolant generation is the direct
adaptation of the graph-based algorithm of [12] for DBMs.
For the ease of exposition, we assume that A and B are
defined over the same set of clocks with the same ordering.
This is without the loss of generality, as a DBM can be
easily extended with extra columns and rows representing
unconstrained clocks without changing its canonicity or the
zone it encodes.

The algorithm searches for a negative cycle in A u B
to establish its inconsistency by running a variant of the
Floyd-Warshall algorithm [14] on it. In this context, a cycle
is negative iff the sum of its constituting bounds is less than
(≤, 0). If no such cycle is found, then A is consistent with B,
thus no interpolant exists, and as a side effect the canonical
representation of their intersection is obtained. Otherwise, the
cycle is reconstructed as a list of indexes and from it an
interpolant is extracted in the following way.

Without loss of generality, assume that the cycle is
C = (0, 1, . . . , l − 1), and addition for indexes is inter-
preted modulo l. If for all indexes 0 ≤ i < l it holds
that Ai,i+1 ≥ Bi,i+1, then B is inconsistent, and the inter-
polant is >. Dually, if for all indexes 0 ≤ i < l we have
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Ai,i+1 ≤ Bi,i+1, then A is inconsistent and the interpolant
is ⊥. Otherwise maximal A-paths can be established, each
being a maximal list (i, i + 1, . . . , j) of indexes in C such
that Ai−1,i ≥ Bi−1,i, Ai,i+1 < Bi,i+1, Ak,k+1 ≤ Bk,k+1 for
all i ≤ k < j and Aj,j+1 > Bj,j+1. Notice that clocks xi and
xj are constrained in both A and in B. The interpolant I is
then defined as

Iij =





∑j−1
k=i Ak,k+1 if (i, . . . , j) is a maximal A-path

(0,≤) if i = j

∞ otherwise

The algorithm thus yields a canonical DBM in time O(n3),
even if A and B are not canonical. However, the interpolant
obtained for canonical DBMs might be simpler.

B. Sequence interpolants for Timed Automata

In SAT/SMT based model checking, interpolation is used
to obtain inductive sequences of states in order to refine
abstractions [10]. To do this, the transitions constituting of
a given path are transformed to a formula that is satisfiable iff
the path is feasible. If the formula is unsatisfiable, a sequence
interpolant can be extracted from its refutation produced by
the solver.

This same approach can be applied to timed automata, as for
a sequence of transitions, such a formula can be constructed in
LA(Q) [15], a theory that admits interpolation. However, due
to delay transitions, the formula will not be in DL(Q), thus
the interpolant is not guaranteed to be a sequence of zones.

So in order to make interpolation applicable for the zone-
based model checking of timed automata, we generalize binary
interpolation for DBMs to sequences of transitions of a timed
automaton, analogously to the usual definition of sequence
interpolation.

Let (e1, e2, . . . en) be a sequence of edges of a timed
automaton that induce an infeasible path. Then there exists
a sequence of zones, represented by DBMs (I0, I1, . . . , In)
such that
• I0 = > and In = ⊥,
• post(Ii, ei+1) v Ii+1 for all 0 ≤ i < n and
• for all 0 < i < n, the clocks constrained in Ii are con-

strained both in I0, . . . , Ii and Ii+1, . . . , In.
Such an interpolant can be calculated by using the

image operators post and pre. Let Bn = > and
Bi−i = pre(Bi, ei) for all 0 ≤ i < n. Moreover, let
A0 = >, and Ai+1 = post(Ii, e1+1) for all 0 ≤ i < n. Then
we can define Ii for all 0 ≤ i ≤ n as the interpolant for
the pair (Ai, Bi). This calculation is analogous to the usual
computation of a sequence interpolant in terms of binary
interpolation, and it can be easily shown that (I0, I1, . . . , In)
is indeed a sequence interpolant.

C. Lazy Abstraction for Timed Automata using Interpolants

For our purposes, an abstract reachability tree (ART) is
a rooted directed tree of nodes labeled by pairs of the form

(`, E), where E is an abstract state representing a zone JEK.
A node where JEK = ∅ is called infeasible. A node might be
marked covered by an other node, called the covering node.
A node is excluded iff it is either covered, infeasible or has
an excluded parent. An ART is `-safe iff all nodes labeled by
location ` are excluded. An ART is said to be well-labeled iff
it satisfies the following properties:

1) the root of the tree is labeled (`0, E0) for E0 such that
JE0K = {η0},

2) for each non-excluded node labeled (`, E) and transition
e = (`, g, R, `′), there is a successor node labeled
(`′, E′) such that post(JEK, e) ⊆ JEK, and

3) each covered node labeled (`, E) is covered by a non-
excluded node (`, E′) such that JEK ⊆ JE′K.

A well-labeled, `-safe ART for a timed automaton is a proof
that ` is unreachable. The goal of model checking is to find
such an ART, or show a counterexample.

For this end, one extreme would be to expand the tree based
on a precise post-image operator post and never apply refine-
ment. An other approach, known as IMPACT [10] in software
model checking, would expand the tree with abstraction > for
each new node, and apply interpolation-based refinement to
maintain well-labeledness and safety in the following cases:

• A non-excluded node labeled with `err is encountered. To
exclude the error node, an interpolant is calculated for the
path from root to the node. If such an interpolant exists,
it is used to strengthen the current abstraction, otherwise
a counterexample is given.

• To enforce coverage. To enforce JEK ⊆ JE′K and enable
coverage between non-excluded nodes (`, E) and (`, E′),
an interpolant is calculated for the path from the least
common ancestor of the two nodes and the node to cover.
If such an interpolant exists, it is used to strengthen the
abstraction, and thus enable coverage.

Our approach can be seen as the combination of the two
algorithms above. It is the adaptation of the strategy proposed
in [7] for interpolation-based refinement. In this framework,
an abstract state is essentially a pair of zones (Z,W ). Here, Z
tracks the precise reachability information, and W an abstrac-
tion of it, thus we define J(Z,W )K as JW K. The root of the tree
is labeled (Z0, Z0). When expanding a node labeled (`, Z,W )
for a transition e = (`, g, R, `′), the successor obtains label
(`′, Z ′,W ′) such that Z ′ = post(Z, e) and W ′ = >. Once
a node labeled (`err , Z,W ) is encountered where Z 6= ⊥, we
know that `err is reachable, and the counterexample can be
reported.

We apply interpolation in the following two cases to main-
tain well-labeledness:

• A non-excluded node labeled (`err ,⊥,W ) is encoun-
tered. In this case, the only reasonable thing to do is to
exclude the node. Suppose the node can not be excluded
by covering any of its ancestors. We then strengthen the
abstraction by a zone interpolant computed for the path
from the root to the node, thus excluding the node.
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• To enforce coverage. Given a pair of non-excluded nodes
labeled (`, Z,W ) and (`, Z ′,W ′), respectively, such that
Z ⊆ W ′ but W 6⊆ W ′, we can strengthen the ab-
straction to obtain W ⊆ W ′. This however requires the
complementation of zone W ′, which may yield more
than one zones. We use each of those zones as a target
for computing an interpolant from the root to the node.
By strengthening the abstraction with each of those
interpolants, we effectively enforce coverage.

Note that by strengthening the abstraction for a given path,
some previously covered nodes might become uncovered. For
these nodes, we can try to enforce coverage, which might be
a costly operation. However, forced coverage can be applied
incrementally: when the abstraction W of a covering node is
strengthened by an interpolant I , it is sufficient to use I as a
target for interpolation, which is possibly simpler than the new
abstraction. Moreover, a heuristic can be applied that restricts
forced coverage for cases where the target is represented by a
small DBM.

IV. IMPLEMENTATION

We implemented the DBM-based interpolation approach
described in Section III-A. Moreover, as a proof of concept,
we implemented the algorithm proposed in Section III-C as
a prototype in the formal analysis framework THETA. Our
current implementation does not support forced coverage.

Nevertheless, the algorithm shows promising results in
terms of both speed and the size of the ART it constructs. We
compared our algorithm with basic forward search (without
extrapolation), and two versions of IMPACT without forced
covering implemented for timed automata, one for predicate
abstraction (P), and one for zone abstraction (Z). We used
a small model, the model of Fischer’s protocol for four
processes. Besides execution time of the analysis and the
number of nodes in the resulting ART, we calculated the
number of nodes that are either non-excluded or leaf, as this
is the number of meaningful nodes.

e. time (s) #n #n minimized
our algorithm 7 4946 985
basic search 10 9857 9857
IMPACT(Z) TO - -
IMPACT(P) TO - -

From the results in the table above, it can be seen that
IMPACT without forced covering reaches timeout (set to one
minute) regardless of the abstract domain used, as the al-
gorithm spends a significant amount of time searching in
unreachable segments of the state space. On the other hand,
our algorithm generates an ART half as big as the basic
algorithm, even without forced covering. As the number of
nodes in the reduced ART suggests, with a better search and
covering strategy, the number of nodes in the ART can be
significantly decreased.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a lazy abstraction algorithm for
reachability checking of timed automata based on interpolation

for zones. In order to efficiently handle zone abstraction, we
treat interpolant generation as an operation over difference
bound matrices. Furthermore, we extended the notion of zone
interpolation to sequences of transitions of a timed automaton.
By using interpolants for abstraction, the proposed algorithm
has the potential to significantly speed up the convergence of
reachability checking.

We are currently extending our implementation with forced
covering. In the future, we plan to investigate how inter-
polation can be efficiently used in conjunction with known
abstractions for zones to obtain coarse abstractions for timed
automata. Moreover, we intend to search for more efficient
interpolant generation algorithms for DBMs. Furthermore,
we are going to thoroughly evaluate an optimized version
of our algorithm on usual benchmarks for timed automata,
and compare it to the lazy abstraction algorithm based on
LU-bounds [7].

REFERENCES

[1] R. Alur and D. L. Dill, “A theory of timed automata,” Theoretical
Computer Science, vol. 126, no. 2, pp. 183–235, 1994.

[2] G. Behrmann, A. David, K. G. Larsen, J. Håkansson, P. Petterson,
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