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Overview

There are several models in engineering and biology which lead to delay
differential equations (DDE), e.g., the models of machine tool vibrations,
delayed control loops, traffic dynamics, predator-prey systems or neural
networks. During the investigation of such delayed dynamical systems
stochastic effects are usually neglected, despite that stochastic excitations
often influence the behaviour of these systems. The noise may appear not
only as an external excitation, but also in the coefficients of the state
variables.

In case of construction of deterministic models that approximate sto-
chastic systems, the usual approach is to consider the mean values of the
measured system parameters that describe the process, while the mea-
sured variation is considered as the unwanted noise of the measurement.
This mean-value based approach is valid for linear systems only, and even
in these cases, its result may be misleading regarding the steady-state be-
haviour. A noise excitation can lead not only to change in stability prop-
erties, but it can also cause a so-called autonomous stochastic resonance
or coherence resonance.

For example, in manufacturing science, when machine tool vibra-
tions are investigated usually this deterministic approximation is applied.
When dealing with machine tool vibrations two main categories of vibra-
tions are considered: the so-called chatter and forced vibrations. Chatter
is an instability phenomenon, caused by the time delay due to the surface
regeneration effect. During this instability, self-induced oscillations oc-
cur, which can lead to poor surface quality and damage in the tool. The
forced vibrations are the result of the time-varying cutting force, which
can occur due to the changing size and shape of the chip, but can also
be caused by high-frequency processes as chip formation and segmenta-
tion, shockwaves in the material, local inhomogeneities in the material
properties, shear plane oscillation, rough surface of the workpiece etc.
However, these high-frequency variations are usually not considered in
the constant parameters of the force characteristics describing the rela-
tionship between the chip size and the cutting force. Since these high
speed phenomena are very complex processes, thus in some recent the-
oretical works a stochastic noise excitation is used to take the effect of
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these unmodelled dynamics into account.
Another example is in vehicular traffic, where the time delay origi-

nates from the drivers’ reaction time, that typically varies stochastically,
while the additive noise comes from the other vehicles whose motion
the drivers need to respond to. In network control systems, delays may
vary stochastically due to packet drops or capacity drops while in the
meantime agents need to respond to the noisy environment. In complex
biological networks, like those within cells, external noise is ubiquitous,
while stochastic delays may be used to model a sequence of reactions.

This dissertation aims to investigate an approach which is able to ef-
ficiently characterise the stability and steady-state behaviour of systems
with delays subjected to parametric and additive noise perturbations. For
this purpose this dissertation discusses the first and second moment stabil-
ity and the steady-state first and second moment of linear stochastic delay
differential equations (SDDEs). After a brief and gentle introduction to
the core mathematical tools in Chapter 2, the stochastic semidiscretisa-
tion was constructed in Chapter 3 for periodic linear SDDEs. Next, the
stochastic maps derived with the stochastic semidiscretisation were used
to construct the first and second moment maps. These moment maps
then were utilised to investigate the first and second moment stability of
the original SDDE, as well as the steady-state first and second moments
were approximated, allowing the prediction of the white noise-induced
resonance. Furthermore, the semidiscretisation of delay differential equa-
tions (DDEs) with stochastic delay was generalised to allow the steady-
state first and second moment analysis of these systems subjected to noise
excitation.

In Chapter 4 the convergence of the stochastic semidiscretisation was
investigated through numerical case studies (stochastic Hayes equation,
stochastic delay oscillator, stochastic delayed Mathieu equation, Hayes
equation with stochastic delays). Furthermore, it was shown that SDDEs
with periodic coefficients and delays, as well as DDEs with stochastic de-
lays have periodic steady-state first and second moments. Chapter 5 dis-
cusses the application of the method to engineering problems, namely the
effect of the noisy cutting force on the dynamics of turning and milling. It
was shown, that the noise in the cutting force can cause large amplitude
vibrations during machining processes even before the cutting process
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looses stability, and that the spindle speed variation during turning can
negatively influence the turning’s robustness against noise-induced reso-
nance, even though the stability properties are improved. Furthermore,
it was shown how the statistical properties of the vibrations in the sta-
ble parameter domain, such as the standard deviation of the measured
displacement, can be used to predict the formation of chatter during a
machining operation. In the last section of chapter 5 it is also shown, that
how stochastic packet drops can influence the stability properties and the
steady-state behaviour of connected automated vehicles. Moreover, it
was demonstrated how the harmful effects of these packet losses can be
eliminated at the cost of a minor deterioration in the size of the stable
parameter domain.

In Chapter 6 the theoretical assumptions and predictions are com-
pared to measurement results. First, it is proved through a set of cutting
force measurements that there is a significant stochastic component in
the cutting force, furthermore, the equivalent white noise intensity of this
noise component is determined. Finally, it is investigated, how the quan-
tities studied during the theoretical analysis of milling processes compare
to measurements. It is demonstrated through an experiment on a specially
prepared milling setup, that the stochastic model of milling is capable of
capturing the behaviour of the quantities which predict the formulation of
chatter.
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Main Result 1

Thesis statement 1: Stochastic delay differential equations
as stochastic differential equations for numerical integra-
tion

Consider stochastic delay differential equations (SDDE) with a sin-
gle point delay given in the incremental form

dxt = a (xt,xt−τ , t) dt+ b (xt,xt−τ , t) dWt,

xt = ϕ(t), t ∈ [−τ, 0],
(R1.1)

where a,b : Rd ×Rd ×R→ Rd are smooth functions, τ > 0 is the
time delay, xt is the Rd-valued state variable at time t, xt−τ denotes
the delayed state at time t − τ , Wt is a standard Wiener process
and the initial condition xt = ϕ(t), t ∈ [−τ, 0] is continuous with〈
‖ϕ(t)‖2L∞

〉
<∞ on t ∈ [−τ, 0] and F0-measureable.

SDDE (R1.1) can be numerically integrated by transforming it
into the stochastic differential equation (SDE) of the form

dxt = â (xt, t) dt+ b̂ (xt, t) dWt.

Since at time t all values xs, s ∈ [−τ, t] are available (e.g., it
can be approximated by the interpolation of the approximate dis-
crete solution), the functions â and b̂ can be defined by dynamically
embedding the initial function ϕ and the already computed (approx-
imated) xt states into the functions a and b as a time dependent
inhomogenity, namely

â(xt, t) = a(xt,φt−τ , t), b̂(xt, t) = b(xt,φt−τ , t),

where the history embedding function is

φt =

{
ϕt t ≤ 0

xt t > 0
.
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This representation (with discontinuity handling originating from the
intial state) allows uninterrupted numerical integration and the uti-
lization of the solver algorithms and features of already existing SDE
ecosystems.

To implement this approach the StochasticDelayDiffEq.jl package is
created for the Julia programming language, and made available in its
package ecosystem. The package can be used for the numerical simu-
lations of stochastic delay differential equations, by being able to utilise
a wide range of stochastic integrators from the StochasticDiffEq.jl pack-
age, e.g., the Euler-Maruyama method, the implicit Runge-Kutta Milstein
method, or even stabilised SROCK methods. Furthermore, the package
can use the features of the DifferentialEquations.jl ecosystem, such as the
built-in Monte-Carlo simulation interface.

Corresponding sections:
• Sec. 2.2.5
• Sec. 2.2.7

Corresponding publications:
• Software

StochasticDelayDiffEq.jl
SciML, github.com/SciML/StochaszticDelayDiffEq.jl
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Main Result 2

Thesis statement 2: Stochastic Semidiscretization Method

Consider the periodic linear stochastic delay-differential equation of
the form

dxt =
(
A(t)xt + B(t)xt−τ(t) + c(t)

)
dt

+
(
α(t)xt + β(t)xt−τ(t) + σ(t)

)
dWt,

(R2.1)

where xt is the Rd-valued state variable at time t, xt−τ(t) denotes the
delayed state at time t − τ(t), Wt is a standard Wiener process and
A(t), B(t), α(t), β(t) ∈ Rd×d are T -periodic coefficient matrices,
c(t), σ(t) ∈ Rd are T -periodic additive vectors and τ(t) > 0, t ∈
[0, T ] is the T -periodic time delay. Stochastic semidiscretization
of (R2.1) gives the (r + 1)d dimensional periodic stochastic map
of the form

yn+1 = (F(n) + Gn)yn + (f(n) + gn) , (R2.2)

where r is the delay resolution. The second moment stability and the
steady-state first and second moments of (R2.1) can be approximated
by the moment mappings of (R2.2).

To estimate the first moment stability and the steady-state first
moment, the stability and the fixed point of the first moment map

y(n+ p) = F(n,p)y(n) + f (n,p),

has to be considered, where p is the discrete time period.
To estimate the second moment stability and the steady-state sec-

ond moment, the stability and the fixed point of the second moment
map

y(n+ p) = H(n,p)y(n) + hȳ(n,p) + fg(n,p)

has to be considered.
The convergence rate of the approximation can be increased if a

q-th order Lagrange polynomial is fitted on the delayed state during
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the stochastic semidiscretisation. When approximating the stability
and stationary moments the stochastic semidiscretisation has orders
of magnitudes faster convergence rate compared to the full discreti-
sation method or to Monte-Carlo simulations.

Corresponding sections:
• Secs. 3.1-3.2
• Secs. 4.1-4.3

Corresponding publications:
• Journal Papers

[5] H. T. Sykora, D. Bachrathy. Stochastic Semidiscretization Me-
thod: Second Moment Stability Analysis of Linear Stochastic
Periodic Dynamical Systems with Delays. Applied Mathe-
matical Modelling, 88:933 – 950, 2020.

[9] H. T. Sykora, D. Bachrathy, and G. Stepan. Stochastic semi-
discretization for linear stochastic delay differential equa-
tions. International Journal for Numerical Methods in En-
gineering, 119(9):879–898, 2019

• Conference Papers
[3] Sykora Henrik, Bachrathy Dániel, A fehér zaj hatása lineáris,

késleltetett, PD szabályozás stabilitási tulajdonságaira,
XXVI. Nemzetközi Gépészeti Konferencia (OGÉT), pages
438 — 441, (Marosvásárhely, 2018.04.26-29.)

• Conference Talks
[8] Sykora Henrik T, Bachrathy D., Stépán G. Lineáris sztochasz-

tikus késleltetett rendszerek szemi-diszkretizációja, XIII. Mag-
yar Mechanikai Konferencia (XIII. MaMeK) - Miskolc, Ma-
gyarország, 2019

[10] Henrik T Sykora, Dániel Bachrathy, Gábor Stépán, Stochas-
tic Semi-Discretization for Stochastic Systems With Delay,
SIAM Conference on Applications of Dynamical Systems
(DS19) - Minisymposium: When Stochasticity Meets Delay:
Rendezvous in Infinite Dimension, Snowbird, USA, 2019
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• Conference Poster
[4] Henrik T Sykora, Dániel Bachrathy, An effective method to in-

vestigate stochastic delayed systems in Julia, JuliaCon Poster
session, London, UK, 2018.08.07-11.

[11] H. T Sykora, G. Fodor, D. Hajdu, D. Bachrathy, Solving Peri-
odic Stochastic Problems with Delays with the Help of Julia,
JuliaCon Poster session, Baltimore, US, 2019.07.22-26.

• Software
StochasticSemiDiscretizationMethod.jl
github.com/HTSykora/StochasticSemiDiscretizationMethod.jl
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Main Result 3

Thesis statement 3a: Approximation of the steady-state
first and second moments of stochastically delayed systems
with additive noise

Consider the linear delay differential equaiton with stochastic delays
and additive noise in the form

dxt =
(
Axt + Bxt−τ0 + Bsxt−τs,t

)
dt

+ (τ s − τs,t)στdt+ σdWt,
(R3.1)

where xt is the Rd-valued state variable at time t, xt−τ0 and xt−τs(t)
denotes the delayed state at time t − τ0 and t − τs(t), respectively,
Wt is a standard Wiener process, A, B, Bs ∈ Rd×d are the constant
coefficient matrices, στ , σ ∈ Rd are the constant additive vectors
and τ0 > 0 is the constant time delay. The stochastic time delay τs,t
is assumed to stay constant for a holding time Tτ before potentially
taking on a new value from a finite set {τ1, τ2, . . . , τJτ ∈ R : 0 <
τ1 < τ2 < . . . < τJτ }.

The steady-state first and second moments of system (R3.1) can
be approximated by the moment mappings of the following periodic
stochastic map

zk+1 = Kkzk + lk,

which can be obtained by stochastic semidiscretisation. To estimate
the steady-state first moment, the fixed point of the first moment map

z(k + 1) = Kz(k) + l̄τ ,

while to estimate the steady-state second moment, the fixed point of
the second moment map

z(k + 1) = Kz(k) + kz(k) +
(̄̄
lτ +¯̄lW

)
has to be considered.
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Thesis statement 3b: Periodic steady-state first and second
moments of stochastically delayed systems with additive
noise

Consider the linear delay differential equation with stochastic delays
and additive noise in the form of (R3.1). If the stochastic delay is de-
scribed by the above stochastic switching process, the system (R3.1)
has Tτ -periodic steady-state first and second moments, however, if
Tτ < τ1, the periodic first moment becomes zero.

Corresponding sections:
• Sec. 3.3
• Sec. 5.4

Corresponding publications:
• Journal Papers

[13] H. T. Sykora, M. Sadeghpour, J. I. Ge, D. Bachrathy, and
G. Orosz. On the moment dynamics of stochastically delayed
linear control systems. International Journal of Robust and
Nonlinear Control, 30(18):8074–8097, 2020.

• Conference Poster
[4] Henrik T Sykora, Dániel Bachrathy, An effective method to in-

vestigate stochastic delayed systems in Julia, JuliaCon Poster
session, London, UK, 2018.08.07-11.
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Main Result 4

Through a series of examples it is shown, that a small amount of noise
excitation, that is an inherent property of all engineering systems, does
not influence stability properties significantly, however, near the stability
border it can lead to large amplitude stochastic vibrations. These vibra-
tions can grow to an extent, that the mathematical model describing the
system is not valid any more, due to inevitable saturation, even in the
stable parameter domain.

Thesis statement 4: Stationary second moment charts

When analysing a dynamical system describing an engineering prob-
lem in terms of robustness against external excitations, stationary
second moment charts of a state variable is a more appropriate mea-
sure of the actual physical process than the stability depicted on tra-
ditional stability charts.

There are examples given for these quantities, such as the standard
deviation of the stochastically excited displacement of the cutting tool,
corresponding to the surface roughness or the standard deviation of the
velocity of a connected vehicle corresponding to the passenger comfort
and the fuel consumption.

Furthermore, an improvement in stability properties does not neces-
sarily lead to a superior system in terms of the robustness against external
effects. It is demonstrated through the second moment chart of turning
with spindle speed variation (SSV), that the SSV increases the stability of
the turning process, however, in terms of the resulting surface roughness
the cutting process might become worse. Similar demonstration is given
through the control design of a connected automated vehicle, where the
harmful effect of the stochastic packet drops are eliminated at the cost of
a minor deterioration of the size of the stable parameter domain.
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Corresponding sections:
• Secs. 5.1-5.4

Corresponding publications:
• Journal Papers

[5] H. T. Sykora, D. Bachrathy. Stochastic Semidiscretization Method:
Second Moment Stability Analysis of Linear Stochastic Peri-
odic Dynamical Systems with Delays. Applied Mathematical
Modelling, 88:933 – 950, 2020.

[13] H. T. Sykora, M. Sadeghpour, J. I. Ge, D. Bachrathy, and
G. Orosz. On the moment dynamics of stochastically delayed
linear control systems. International Journal of Robust and
Nonlinear Control, 30(18):8074–8097, 2020.

• Conference Papers
[3] Sykora Henrik, Bachrathy Dániel, A fehér zaj hatása lineáris,

késleltetett, PD szabályozás stabilitási tulajdonságaira, XXVI.
Nemzetközi Gépészeti Konferencia (OGÉT), pages 438 —
441, (Marosvásárhely, 2018.04.26-29.)

[6] H. T. Sykora, D. Bachrathy, and G. Stepan. A theoretical in-
vestigation of the effect of the stochasticity in the material
properties on the chatter detection during turning. 29th Con-
ference on Mechanical Vibration and Noise, pages 1 – 5, 2017

• Conference Poster
[4] Henrik T Sykora, Dániel Bachrathy, An effective method to in-

vestigate stochastic delayed systems in Julia, JuliaCon Poster
session, London, UK, 2018.08.07-11.

[11] Henrik T Sykora, Dániel Bachrathy, Solving Periodic Stochas-
tic Problems with Delays with the Help of Julia, JuliaCon
Poster session, Baltimore, US, 2019.07.22-26.
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Main Result 5

During the measurement of the cutting force, large variations can be ex-
perienced in the measured signal, but these fluctuations are usually at-
tributed to the quality of the measurements and only the average force is
considered as the base for fitting the cutting parameters. However, these
variations are orders of magnitude larger than it could be explained as a
measurement noise.

There are high speed phenomena during cutting, such as chip frag-
mentation, inhomogeneities in material quality, shear plane oscillation,
rough surface of the workpiece, friction, etc. These phenomena play
important role in the amplitude of the forced vibrations, influencing the
surface quality of the manufactured product and the detection of chatter.
There are ways to model these variances in the cutting force, e.g. using so-
phisticated finite element method to compute the chip formation and the
chip thickness accumulation or using a shear zone model. However, the
results of these methods are very sensitive to the values of the numerous
and hardly measurable parameters, are often compromised by numerical
difficulties and is computationally very expensive.

Thesis statement 5: Stochastic cutting force model

The stochastic cutting force model of the form

Ft = F̄ (1 + σFΓt),

where
dΓt = −µ1Γtdt+

√
2µ1dWt,

efficiently models the effects of the high frequency phenomena on
the cutting force.

The cutting force measurements during orthogonal turning tests
validate the stochastic cutting force model, thus the large amplitude
noise is an inherent component of the cutting force, and is not related
to a measurement noise.
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Furthermore, a white noise approximation Γt of the stochastic
variations in the cutting force can be given in the form

Ft = F̄ (1 + σ0Γt),

where σ0 =
√

2σF /
√
µ1.

Corresponding sections:
• Sec. 6.1

Corresponding publications:
• Journal Papers

[2] G. Fodor, H. T. Sykora, and D. Bachrathy. Stochastic Mod-
eling of the Cutting Force in Turning Processes. The In-
ternational Journal of Advanced Manufacturing Technology,
111(1-2):213–226, 2020.

• Conference Papers
[7] H. T. Sykora, D. Bachrathy, and G. Stepan. Gaussian noise

process as cutting force model for turning. Procedia CIRP,
77:94–97, 2018

• Conference Talks
[1] Fodor G., Sykora H. T., Bachrathy D., Forgácsolóerő mod-

ellezése sztochasztikus folyamatokkal esztergálás során,
XIII. Magyar Mechanikai Konferencia (XIII. MaMeK) - Mis-
kolc, Magyarország, 2019

• Conference Poster
[11] Henrik T Sykora, Gergő Fodor, Dávid Hajdu, Dániel Bachrathy,

Solving Periodic Stochastic Problems with Delays with the
Help of Julia, JuliaCon Poster session, Baltimore, US, 2019.07.22-
26.
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Main Result 6

Thesis statement 6a: Chatter peak growth due to noise-
induced resonance

The stochastic model of milling explains that the growth of the so-
called chatter peak in the Fourier transform of the measured vibra-
tion signals during a milling operation in the stable machining pa-
rameter domain, which leads to uncertain experimental chatter de-
tection, is the result of the noise-induced resonance.

Thesis statement 6b: Chatter peak growth and the station-
ary second moment

The height of the chatter peak in the Fourier transform of the mea-
sured vibration signals during a milling operation behaves similar to
the steady-state second moment of the relative displacement of the
cutting tool and workpiece during machine tool vibrations. Thus,
both can predict the onset of chatter based on measurements in the
stable parameter domain.

The theoretical predictions produced by the basic stochastic milling model
are validated with an extremely high-resolution milling experiment. The
measured results show similar tendencies, but the magnitudes are also
close to their calculated counterparts.

Corresponding sections:
• Sec. 5.3
• Sec. 6.2

Corresponding publications:
• Journal Papers

[6] H. T. Sykora, D. Bachrathy, and G. Stepan. A theoretical in-
vestigation of the effect of the stochasticity in the material
properties on the chatter detection during turning. 29th Con-
ference on Mechanical Vibration and Noise, pages 1–5, 2017
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• Conference Papers

[12] H. T. Sykora, D. Hajdu, Z. Dombovari and D. Bachrathy.
Chatter detection during milling utilising the stochastic cut-
ting force induced resonance. Preprint
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