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I INTRODUCTION 

One of the most well known theories in finance is the Modern Portfolio Theory (MPT) that was 

developed in the 1950s (Markowitz, 1952). MPT attempts to capture the risk of an investment 

by the standard deviation of its return. Based on MPT’s concept, the risk is characterized by 

two components: 1) a systematic or non-diversifiable risk that is inherent to the entire market 

or market segment; 2) idiosyncratic or non-systematic (specific) risk that relates to the company 

or a small group of similar companies, specifically. MPT states that diversification of a portfolio 

can reduce its risk, theoretically, all the idiosyncratic risk can be eliminated if large number of 

assets are involved to the portfolio; however, the presence of systematic risk cannot be avoided. 

The well-diversified portfolios maximize the expected return on a given risk level or minimize 

a risk to achieve an expected return. Based on MPT, these portfolios are called as efficient 

portfolios; they have systematic risk only and they are situated in a hyperbola (called Efficient 

Frontier) in the expected return – risk coordinate system. For a rational investor, MPT tells 

which efficient portfolio maximizes his utility based on his risk aversion. As an extension of 

MPT, if a risk-free asset is available, a combination of risk-free asset and a risky (tangency) 

portfolio results a line between risk-free and risky investment (called Capital Allocation Line). 

As MPT applies standard deviation to capture risk, it assumes normal distribution of asset 

returns; however, several studies show that this assumption does not hold for daily returns. 

As an extension of Modern Portfolio Theory, Capital Asset Pricing Model (CAPM) was 

introduced in the 1960s (Treynor, 1962; Sharpe, 1964; Lintner 1965a,b; Mossin, 1966). In asset 

pricing models, we are about to find some kind of equilibrium between risk and return, no 

matter how the risk is defined. In the case of CAPM equilibrium, the model assumes the 

existence of an efficient market portfolio that includes all available risky assets in the market. 

As the market portfolio is efficient, it is also situated in Efficient Frontier. Based on CAPM, 

risk is characterized by the beta parameter that is the relative sensitivity of the volatility of asset 

(or portfolio) returns to the market portfolio. The model assumes linear relationship between 

asset returns and market returns that is characterized by Characteristic Line (CL); beta is the 

slope of this line. As CAPM assumes that the investors are rational and they hold efficient 

portfolios, beta captures the systematic risk of an asset only. CAPM states that the expected 

return is a linear function of beta exclusively and this relationship is characterized by Security 

Market Line (SML). Beta has a good interpretation, because it expresses the relative variance 

to the market; if the beta of an asset is greater than one, it is riskier than the market portfolio, 
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and vice versa. CAPM assumes positive slope of SML that means an investor expect higher 

returns taking higher risk. As it is simple to estimate a risk and expected return of an asset, 

CAPM is popular in financial analysis; however, it has received several criticisms. 

In our research, we aim to avoid the assumption of 1) linearity between expected return 

and risk, 2) linearity between return of an asset and market return, 3) normal distribution of 

returns and 4) the existence of the market portfolio itself. The goal of this dissertation is to 

derive an application of distribution-free non-parametric model in risk estimation and asset 

pricing. As we have introduced, CAPM has several theoretical assumptions that may not hold 

in real life circumstances. Based on his empirical tests, Jensen (1968) introduces a performance 

index (Jensen’s alpha), which explains abnormal returns over the risk adjusted (normal) return. 

Jensen’s alpha is also the constant value of risk premium that cannot be explained by 

Characteristic Line, in other words, the constant coefficient of cross-sectional linear regression. 

For precise estimation of risk, it seems to be necessary to have linear relationship between the 

return of assets and the market return; otherwise, the standard linear estimator methods (e.g. 

Ordinary Least Squares) may calculate biased slope and intercept of linear regression. In this 

dissertation, we introduce a univariate non-parametric kernel regression method that is capable 

to characterize the relationship between risk and return and the relationship between the return 

of assets and market returns, even if the linearity assumption does not hold. Based on the 

goodness of fit of regression models, we show that kernel regression outperforms the linear one 

in all cases, thus it is also capable to estimate risk and abnormal performance. Using non-

parametric regression, we deduce a hypothesis testing method to decide if the assumption of 

linearity is valid for CL. We show that the linearity can be rejected for U.S. stocks at 95% 

confidence level; therefore, we introduce an alternative non-linear estimation of risk and 

abnormal performance. We also show that asset returns can be explained by third-degree 

polynomial of market returns if the linearity does not hold. Comparing the linear- and kernel-

based estimation of beta, we show that risk is significantly underestimated by CAPM if the 

linearity does not hold. We find that linearity is more likely rejected for risky assets. 

As CAPM assumes linear relationship between the expected return and beta, we also 

investigate this assumption. We show that non-parametric beta is different only if the linearity 

does not hold, which confirms the consistency of non-parametric estimation with linear 

methods; therefore, we apply non-parametric betas for the estimation of Security Market Line. 

We show that the hypothesis of linearity for the Security Market Line cannot be rejected at any 

usual significance level. Based on the investigation of the slope and intercept of SML by market 
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capitalization, we find that the slope of SML in the segment of small companies is negative. 

The interpretation of this result is that lower returns is expected by taking higher risk that 

contradicts the theory of risk premium. We find that intercept of the SML is significant for 

small companies even if the risk is estimated by non-parametric beta; furthermore, we measure 

the highest expected risk premium for small companies, which confirms the small firm effect 

(Banz, 1981; Basu, 1983). According to these results, our first thesis is the following: 

Thesis 1 (Erdős et al., 2010a,b; Erdős et al., 2011): The assumption of linearity for the 

Characteristic Line of CAPM can be rejected for U.S. stocks. The risk is significantly 

underestimated by CAPM beta for those stocks where linearity does not hold. On the 

other hand, the linearity of Security Market Line (SML) cannot be rejected; however, the 

slope of the SML for small companies is negative that contradicts the theory of risk 

premium in CAPM. 

In order to improve the explanatory power and to answer the undermining anomalies of 

single-factor CAPM, several multi-factor models are introduced. One of the most well-known 

extension or reformulation of CAPM is the Fama-French three-factor model (Fama and French, 

1996) that attempts to explain the returns of asset by 1) market returns, 2) the difference in 

returns between stocks of small and large market capitalization companies (SMB) and 3) the 

difference in returns between stock with high book-to-market ratios minus low ones (HML). 

Based on the work of Fama-French (1992 and 1996), Carhart (1997) extends their model with 

the momentum parameter (MOM) that is an empirically observed tendency for persistency 

meaning that rising asset prices to rise further, and falling prices to keep falling. His model is 

known as Carhart four-factor model. Both models hold the main assumptions of CAPM. 

Similarly to the analysis we run on the CAPM, we also investigate the linear 

assumptions of the aforementioned models on explanatory factors. We deduce a multivariate 

non-parametric kernel regression to explain asset returns in a non-parametric way. As we don’t 

know the real relationship between the asset returns and explanatory factors, we approximate 

this by multivariate kernel regression and discuss a multivariate hypothesis testing the linearity. 

We also deduce non-parametric estimation of coefficients to compare them with the standard 

estimations. Based on results of the hypothesis testing, we show that linearity cannot be rejected 

for neither Fama-French model nor Carhart model in any investigated segments at any usual 

confidence level. Although the linearity holds, we find that the coefficient of HML factor of the 

models is significantly overestimated by linear methods. Based on the factor analysis, we 

present that the coefficient of SMB factor is negatively, the coefficient of MOM factor is 
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positively correlated to the size of the company. Considering these results, we formulate the 

following thesis: 

Thesis 2 (Erdős et al., 2011): The extension of CAPM by the Fama-French factors is 

capable to explain the returns of U.S. stocks by linear regression; therefore, linear 

estimation of Fama-French risk coefficients is adequate. 

The second direction of our research is the investigation of entropy as an alternative 

non-parametric method that is capable to characterize risk by non-normal returns. Entropy is a 

mathematically defined quantity that is generally used for characterizing the probability of 

outcomes in a system that is undergoing a process. Originally, Clausius (1870) introduces 

entropy to characterize the disorder of heat in an isolated system in thermodynamics. In 

statistical mechanics, the interpretation of entropy is the measure of uncertainty about the 

system that remains after observing its macroscopic properties (pressure, temperature or 

volume). In information theory, entropy quantifies the expected value of the information in a 

message or, in other words, the amount of information that is missing before the message is 

received. The more unpredictable the message that is provided by a system, the greater is the 

expected value of the information contained in the message. As entropy characterizes the 

unpredictability of a random variable, our conjecture is that it can also be implemented to 

capture financial risk of an investment. Based on our approach, we apply continuous 

(differential) entropy on the returns of assets to characterize their risk. Higher entropy means 

higher uncertainty in returns that is interpreted as risk of an asset. The differential entropy of a 

random variable is similar to its standard deviation if it is normally distributed. Several studies 

show that daily return of assets follow non-normal distribution; therefore, standard deviation as 

a risk measure of MPT cannot capture the risk of an asset properly. An advantageous property 

of entropy is that it is distribution-free as it is estimated by distribution-free methods. We argue 

that eliminating the assumption of normality, entropy can capture the risk of an asset more 

accurately. 

In our analyses, we discuss two types of entropy function – the Shannon- and Rényi 

entropy – and three types of estimation methods, the histogram-, the sample spacing- and the 

kernel-based estimation. We analytically show that entropy-based risk measure satisfies the 

axiom of positive homogeneity; furthermore, it satisfies the axiom of subadditivity and 

convexity if the distribution of the return of portfolios is normal. However, it does not satisfy 

the axiom of translation invariance and monotonicity; therefore, it is not a coherent risk measure 

(Artzner et al., 1999). Although the entropy-based risk measure is not coherent, we show that 
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it can be used for asset pricing efficiently. We propose an evaluation procedure that measures 

the linear explanatory and predictive power of risk measures in short- and long term. Based on 

our results, among the entropy estimation methods, histogram-based estimation offers the best 

tradeoff between explanatory and predictive power, therefore we deduce a simple formula of 

the estimation. Among entropy functions, we show that Shannon entropy has better short-term 

explanatory and predictive power, Rényi entropy is more accurate in long term. Based on long-

term empirical results, we find insignificant intersect and significant coefficient of regression 

line of entropy-based risk measures, which concludes that entropy is capable to explain 

expected risk premium on its own. We also evaluate standard deviation of MPT and beta of 

CAPM as baseline methods. We find that Shannon entropy overperforms both standard risk 

measures and it is more reliable than CAPM beta; however, if the market trend becomes visible, 

we measure mixed results. Extending our methodology to multivariate risk analysis, we show 

that entropy can also be used as an extension of multi-factor asset pricing models, primarily for 

less-diversified portfolios. According our results, our third thesis is the following: 

Thesis 3 (Ormos and Zibriczky, 2014): Entropy of the risk premium is an efficient 

measure of risk of assets on the capital markets. Entropy is more accurate on explaining 

(in-sample) and predicting (out-of-sample) returns than standard deviation or CAPM 

beta. 

As mentioned above, differential entropy is similar to standard deviation if the 

distribution of returns is normal. More precisely, we can construct a formula for differential 

entropy that differs from standard deviation only in a constant. As the returns follows non-

normal distribution we expect different risk measures applying the entropy; however, we 

measure similar behavior to standard deviation of MPT, more specifically, (1) capturing 

systematic and idiosyncratic risk (2) characterizing diversification effect and (3) efficient 

portfolios are situated on a hyperbola in the expected return – risk coordinate system. We 

empirically show that the entropy-based risk measure satisfies the axioms of subadditivity and 

convexity for any two portfolios with 99% confidence. We show that the average entropy of a 

random single-element portfolio decreases by 40% if 10 assets are involved instead of one. 

Based on that, we formulate our last thesis: 

Thesis 4 (Ormos and Zibriczky, 2014): Entropy captures both systematic and 

idiosyncratic risk of an investment. It is capable to characterize the effect of 

diversification; the expected entropy of a portfolio decreases by the number of securities 

involved. 
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Formulating the dissertation, we discuss non-parametric models in two chapters. In 

Chapter II, we introduce kernel regression. First, we deal with univariate regression models and 

propose univariate hypothesis testing procedure to decide whether the assumptions of linearity 

of CAPM holds. We introduce a non-parametric estimation of abnormal return and risk. After 

the introduction of univariate methodology, we evaluate linear and non-parametric methods on 

S&P dataset. Second, we extend our methodology to test multi-factor models, namely Fama-

French three-factor and Carhart four-factor models and we perform the same evaluation as for 

CAPM. With the introduction of multi-factor hypothesis testing, we present the results of 

univariate polynomial testing procedure as well. 

In Chapter III, we introduce entropy as risk measure. First, we introduce discrete and 

differential entropy. We discuss the most frequently applied entropy functions and estimation 

methods. As we consider histogram-based entropy function the most efficient estimation 

method, we deduce a simple built-in formula for Shannon- and Rényi entropy function. We also 

investigate whether the entropy-based risk measure is coherent. After that, we propose an 

evaluation methodology to measure the explanatory- and predictive power of risk measures. 

We investigate how entropy behaves if we diversify the portfolios and we compare the results 

of entropy-based risk measures to standard deviation and CAPM beta as baseline measures. 

Finally, as an outlook, we evaluate Fama-French three-factor model, Carhart four-factor model, 

higher moments and their combination with entropy. 
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II KERNEL-BASED ASSET PRICING 

We find that the linearity of Characteristic Lines of CAPM can be rejected for U.S. stocks, thus 

the widely used risk and performance measures, the beta and the alpha are biased and 

inconsistent. We introduce alternative non-parametric measures that are non-constant under 

extreme market conditions, capturing non-linear relationship between asset and market returns. 

We present that risk is significantly underestimated by beta for those stocks where the linearity 

does not hold. We show that individually the CAPM beta is not able to explain the risk premium 

of an asset on its own; furthermore, we confirm the small firm effect. Investigating the 

extensions of CAPM models, we find that linearity of Fama-French- and Carhart multi-factor 

models cannot be rejected, thus we confirm that these simple linear models are able to explain 

the U.S. stock returns correctly. 

II.1 Introduction 

The Capital Asset Pricing Model (CAPM; Treynor, 1962; Sharpe, 1964; Lintner 1965a,b; 

Mossin, 1966) is one of the most often applied equilibrium model in the financial literature and 

among practitioners. One of the reasons of its popularity it that provides simple and 

interpretable relationship between the risk and return of financial assets with a number 

assumptions. Despite of its popularity, several critiques are raised against its assumptions and 

validity. 

II.1.1 Critiques of Capital Asset Pricing Model 

The coefficient of the model is beta that captures the linear relationship between the expected 

returns of a given security and the market. Based on CAPM, the expected return depends on 

the beta only. Beta is estimated by the slope of linear regression between the observation of 

returns of a given security and market. If the slope is higher than 1, the security is more risky 

than the market itself, because higher variance is observed on its return relatively to the market. 

As CAPM assumes that investors holding well-diversified portfolios, CAPM beta captures 

systematic risk only. Although investors expect higher returns on higher risks based on CAPM, 

Jensen et al. (1972) show that the correlation between beta and expected return is low, 

furthermore, negative correlation can also be measured in particular cases. The validity of the 

assumption of linearity of CAPM has been argued by several studies. Higher returns are 

measured than explained by beta on securities with lower risk (Jensen et al., 1972), on 

companies with low market capitalization (Banz, 1981) and on securities that has high expected 

return (Basu, 1983). Fama and French (1992) measured weak explanatory power of beta for 
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expected return between 1941 and 1990. In their latter study (Fama and French, 1993), they 

report negative correlation between expected return and P/E or M/B ratio. Erdős et al. (2011) 

state that the hypothesis of linearity can be rejected for large companies; CAPM beta 

underestimates the risk in these cases. 

CAPM assumes the existence of a well-diversified market portfolio that contains all 

available assets in the market with market capitalization-based weighting. The expected return 

of market portfolio is equal to the return of the whole market. As the market is well diversified, 

its idiosyncratic risk is zero and it is optimal in terms of risk – expected return. Based on Roll’s 

critique (1977), the market portfolio is a theoretical model only, because it is practically 

impossible to observe the returns of all available assets that covers the market (e.g. human 

capital, real estate), furthermore, the composition of the market portfolio itself is also unknown. 

He also highlights that despite of an empirical observations validates that an approximated 

market portfolio is efficient in terms of variance – expected return it still not supports that it is 

true for real market portfolio. He concludes that CAPM cannot be tested empirically by these 

reasons. 

CAPM also assumes that the market is efficient and all new information incorporates 

into the prices immediately without bias, therefore the direction of the market cannot be 

estimated for the next moment consistently. Investors can reach all of the available information; 

they have no advantages, because all information has already been incorporated into the prices 

at a moment. CAPM assumes a very large amount of investors in the market; therefore, market 

prices are not affected significantly by individual decisions. The investors can reach all of the 

available assets, they planning for the same periods, they are risk averse and their expectations 

are homogeneous. Based on Scholes (1972), changes in prices are also measured if no new 

information is available in the market. He states that the primary reason behind that is the prices 

are affected by transactions with high volume. That is in contradiction to market efficiency. 

Rozeff and Kinney (1976) present empirical evidence of seasonal effects on returns; they 

measure a significant increase in returns on January compared to other months in the year. 

Based on Shiller (1981), the volatility of trading becomes significantly higher than it should 

considered before payment of dividends. 

CAPM assumes some simplifications on trading conditions. By the assumptions of the 

model, the investors can trade without transaction fees and taxes, they can have unlimited loan, 

dealing with securities that are all highly divisible into small parcels. Amihud and Mendelson 

(1986) reflect on the importance of transaction costs, because they affect the decision of 
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investors. Furthermore, the level of diversification is affected by a fix transaction cost, because 

the more securities involved in a portfolio the more fix cost is paid for the diversification, 

relatively. It results that investors should find the tradeoff between the level of diversification 

and the total transaction costs. 

II.1.2 Alternatives of CAPM 

Researchers tries to override the problems of CAPM in three different ways by applying (1) 

multi-factor models; (2) conditional versions of standard CAPM allowing time-variation in the 

market risk; (3) non-linear asset pricing models. 

Merton (1973) introduces Intertemporal CAPM as an extension of standard CAPM by 

additional state variables that forecast changes in future consumption. Ross’s (1976) Arbitrage 

Pricing Theory applies linear function of various macroeconomic factors to explain expected 

return. The Fama-French three-factor-model (Fama and French, 1996) extends CAPM by two 

factors; the average return between stocks of small and large companies (SMB), the average 

return between high book-to-market ratios minus low ones (HML). Carhart (1997) extends 

three-factor model with momentum that is an empirically observed tendency for rising asset 

prices to rise further, and falling prices to keep falling. Ang et al. (2009) report that securities 

that are less sensible to volatility produce lower returns than other securities with the same risk; 

therefore, they introduce volatility as an additional factor for multi-factor models. 

Keim and Stambaugh (1986) and Breen et al. (1989) show that conditional betas are not 

constant. While Fama and French (1989), Chen (1991), and Ferson and Harvey (1991) prove 

that betas vary over the business cycles. Ferson (1989), Ferson and Harvey (1991, 1993), Ferson 

and Korajczyk (1995), and Jaganathan and Wang (1996), among others, provide further 

evidence that the market risks vary from time to time. Jagannathan and Wang (1996) formalize 

a conditional CAPM that exhibits some empirical evidence that betas are time-varying. 

However, they argue that firm size effect is not significant in this setting. Zhang (2006) finds 

that the conditional international CAPM with exchange risk provides the least pricing error. 

Although Stapleton and Subrahmanyam (1983) verify a linear relationship between risk 

and return in the case of the CAPM, many studies contradict this result. Barone-Adesi (1985) 

proposes a quadratic three-moment CAPM. Bansal and Viswanathan (1993) show that a non-

linear, two-factor model, extending the market risk factor with the one-period yield in the next 

period, outperforms the CAPM. Bansal et al. (1993) shows that a non-linear arbitrage-pricing 

model is superior over the linear conditional, and the linear unconditional models, for pricing 

international equities, bonds and forward currency contracts. Chapman (1997) argues that non-
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linear pricing kernel in CCAPM performs better than the standard CAPM. Dittmar (2002) 

argues that a cubic pricing kernel induces much less pricing error than a linear one. Asgharian 

and Karlsson (2008) confirm the pricing ability of the non-linear model suggested by Dittmar 

(2002) on international equity, allowing time varying risk prices. Akdeniz et al. (2003) elaborate 

a new non-linear approach that allows time-varying betas and is called threshold CAPM. The 

model allows beta to change when the threshold variable hits a certain threshold level. 

II.1.3 Our approach to asset pricing 

Linear asset pricing of CAPM is adequate only if the linear relationship holds between (1) asset 

returns and returns of market portfolio (Characteristic Line); (2) expected asset return and risk 

(Security Market Line). If the linearity of CLs does not hold, then the estimated parameters may 

be biased and inconsistent and if the linearity of SMLs can be rejected, the risk cannot express 

the expected return linearly. In order to overcome this assumption, we introduce a kernel-based 

non-linear methodology for asset pricing for both single- and multi-factor setting. In our study, 

we pick daily returns of 50-50 randomly chosen stocks from each size index of the S&P 

universe (from the S&P 500, S&P MidCap 400, S&P SmallCap 600) from the Center of 

Research in Stock Prices (CRSP) database for the period of 1999 to 2008. We apply daily 

returns of a proxy of market portfolio and additional factors, namely SMB, HML and 

momentum factors as explanatory variables of asset pricing models. 

First, we introduce a non-parametric kernel regression as a proxy of the unknown 

regression function between asset and market returns and between expected asset returns and 

risk. We show that kernel regression outperforms linear regression in all cases in terms of 

goodness of fitting. With that proxy, we apply a hypothesis testing to decide if the linearity 

holds between the dependent and explanatory variables. We find that the linearity of the CL, as 

a general rule for the whole market, can be rejected at 95% confidence level. As the linearity 

of the CLs is rejected, we propose a non-parametric method to estimate risk and abnormal 

return. Comparing linear and non-parametric estimations, we find that risk is significantly 

underestimated by linear method if the linearity does not hold; furthermore, we show that 

linearity is more likely rejected for risky asset. We find that the non-parametric beta (the 

average slope coefficient of the non-parametric CL) is not constant when extreme market 

movements occur. On the other hand, the proposed non-parametric analysis allows us not just 

to test the stability of the market risk, but that of the performance measurement known as the 

Jensen alpha. We show that portfolio managers can beat the market only when extreme market 

movements occur, as the abnormal return is constant and significantly not different from zero 
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under normal market movements. Our results show that the most probable explanations for non-

linearity are the omitted risk factors and/or extreme market movements. 

Second, we investigate the cross sections of the US stock returns and regress the 

expected asset return on its market risk measured by the non-parametric beta; this relationship 

is known as the Security Market Line (SML). We show that the linearity of SMLs cannot be 

rejected in any investigated segments at any usual significance level. However, we show 

significant abnormal performance that concludes that individually the beta cannot express the 

expected risk premium on its own, even if it estimated by non-parametric model. We show that 

the slope of SML is negative, which means lower return is expected for higher risk that 

contradicts the theory of asset pricing. We find that the expected return and the abnormal return 

is the highest for small companies confirming the small company effect (Banz, 1981; Basu, 

1983; Fama and French, 1995). In financial literature, it is well documented that small stocks 

have higher risk, thus they provide higher expected return. Contrary to Jagannathan and Wang 

(1996), our results confirm that firm size is a risk factor besides the market risk, even if we 

allow non-linear pricing and the market beta to vary. 

Finally, we test the linearity of Fama-French three-factor model and Carhart four-factor 

model extending the proposed non-parametric method to multi-factor setting. We find that 

linearity cannot be rejected neither for three-factor model nor for the four-factor model, thus 

they provide an adequate explanation of returns linearly. However, we find that linear models 

consistently overestimate the HML coefficients. We explore correlations between the factors 

and company size; we find that the coefficient of SMB factor is negatively, the coefficient of 

momentum factor is positively correlated to the size of the company. 

II.2 Data 

For the analysis, we use 50-50 randomly selected stocks from the S&P 500, the S&P MidCap 

400 and the S&P SmallCap 600 index components. These indices represent the return of the 

large, the mid and the small capitalization stocks. The market return is the one available in the 

CRSP database, which is capitalization weighted and adjusted with dividend. This index tracks 

the return of the New York Stock Exchange (NYSE), the American Stock Exchange (AMEX) 

and the NASDAQ stocks. Extending our analysis with to Fama-French three-factor and Carhart 

four-factor model, we use the difference in returns between stocks of small and large market 

capitalization companies (SMB); the difference in returns between stock with high book-to-

market ratios minus low ones (HML); the empirically observed tendency for persistency 
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meaning that rising asset prices to rise further, and falling prices to keep falling (MOM)1. The 

risk-free rate is the return of the one-month Treasury bill from the CRSP. We use daily returns 

for a ten-year period beginning from 1999 to the end of 2008. Our data are not free of 

survivorship bias (see, e.g., Elton, 1996); that is, only those companies are eligible for insertion 

into the database, which are still on the market at the end of the investigated period. This can 

introduce selection bias into the estimated parameters as those companies, which go bankrupt, 

bear larger risk and might underperform the market significantly. However, we have to note 

that the survivorship bias is not a serious issue as we include mid and small cap firms besides 

large cap ones. We reject the normality of all of the time series based on the Jarque-Bera test 

(see detailed descriptive statistics in Appendix A1). 

II.3 Single-factor models 

One of the most often applied single-factor models for asset pricing is Capital Asset Pricing 

Model (Treynor, 1962; Sharpe, 1964; Lintner 1965a,b; Mossin, 1966). CAPM assumes linear 

relationship between risk and expected premium (SML, Security Market Line); furthermore, 

between the return of an asset and market portfolio (CL, Characteristic Line). The risk measure 

of this model is beta that expresses the sensitivity of the returns to market return, which is 

estimated by linear methods. In this section, we introduce a univariate distribution-free non-

parametric kernel model. By the application of kernel regression, we deduce a hypothesis 

testing to decide whether the linearity holds for SML and CL. We test the SMLs and CLs of 

S&P index; furthermore, we aggregate them by market capitalization. If the linearity does not 

hold, we reject the linear assumption of CAPM and propose an alternative non-linear beta that 

characterizes the risk more precisely that CAPM. 

II.3.1 Capital Asset Pricing Model 

The Capital Asset Pricing Model assumes linear relationship between risk and expected return, 

that is characterized by Security Market Line (SML). In equilibrium, expected return of an asset 

is expressed by the following equation: 

     f m fE r r E r r   , (II.1) 

where  E r is the expected return of capital asset, fr  is the risk-free rate,   is the risk of asset 

and  mE r  is the expected return of market portfolio (or  m fE r r  is the expected market risk 

                                                
1 The detailed description of the factors can be found on the website of Kenneth French. 
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premium). In Eq. (II.1) the explanatory variable is  , the dependent variable is the expected 

return  E r , and expected market risk premium is the slope of the SML. CAPM assumes linear 

relationship between the market risk premium and the risk premium of an asset that is described 

by Characteristic Line (CL) in the following formula: 

  f m fr r r r     . (II.2) 

In Eq. (II.2) the explanatory variable is the market risk premium, the dependent variable is the 

risk premium of asset and the slope of the CL is  . The representation of   is the sensitivity 

of the expected return of asset to the expected return of market portfolio. Based on his empirical 

tests, Jensen (1968) measures the abnormal performance over the risk adjusted returns (Jensen’s 

alpha, intercept of linear regression) that is 

   f m fr r r r     , (II.3) 

where   is the Jensen alpha of the asset. Although   is zero in equilibrium, the empirical 

analysis show different results (Jensen, 1968). In practice, both   and   is estimated by 

Ordinary Least Squares (OLS) method in linear regression  f m fR R R R       , where 

R , fR  and mR  is the random variable of return of an asset, risk free return and return of market, 

respectively. 

II.3.2 Univariate kernel regression 

The simple regression is a conditional expected value, in the most general form 

    |E Y X m X , (II.4) 

where Y  is the target variable and X  is the explanatory variable. One of the most often used 

implementation of  m X  is simple linear regression that is defined in the following formula 

 Y X     , (II.5) 

where the parameters    of model are   the intercept of the regression and   coefficient of 

explanatory variable, furthermore,   is the residual of regression. Assume that we have an 

observation for variable Y  and X  denoted by  
T

1 2, ,..., ny y yy  and  
T

1 2, ,..., nx x xx , 

where the size of the sample is n. The parameters   are usually estimated by Ordinary Least 
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Squares (OLS) method and denoted by  ˆ ˆˆ,   . Based on that, the estimation of y by simple 

linear regression is 

  ˆ
ˆˆŷ m x x


    , (II.6) 

where x is the explanatory value of ŷ  in the regression model. Linear regression assumes linear 

relationship between target variable and explanatory variable. If linearity does not hold, then 

linear estimators induce biased and inconsistent parameter estimations. Nadaraya (1964) and 

Watson (1964) introduce a univariate non-parametric regression estimator that applies kernel 

function – called Nadaraya-Watson estimator – in the following formula 
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1

ˆ ˆ

n
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, (II.7) 

where 

  
1

h

u
K u K

h h

 
  

 
, (II.8) 

K is the kernel function and h is the bandwidth. In the following subsections, we discuss the 

considerations of selecting appropriate kernel function and bandwidth. 

II.3.3 Selection of kernel function 

The interpretation of kernel regression is a weighted average of the observation of target 

variable Y. The weight is calculated based on the distance of explanatory variables. In general, 

the more distant observation in axis X, the lower weight is taken account for estimation of target 

variable. Table II.1 summarizes the most frequently used Kernel functions. Härdle et al. (2004) 

show that the selection of the kernel function is only of secondary importance, so the focus is 

rather on the right choice of bandwidth. Most of the kernel functions include an indicator 

(Uniform, Triangular, Epanechnikov, Triweight) include an indicator, which is equal to one if 

the condition embedded in the function meets and is equal to zero otherwise. 
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Table II.1. The most frequently used Kernel functions 

Function name  K u  

Uniform 
 1

1

2
u 

  

Triangular  
 1

1
u

u


   

Epanechnikov    
2

1

3
1

4
u

u


   

Triweight    

3
2

1

35
1

32
u

u


   

Gaussian 

21

2
1

2

u

e


 

Notes: The table collects the most often applied kernel functions used for kernel density estimation (Turlach, 

1993). I is the indicator function (or characteristic function) that indicates if an element is a member of a defined 

set of elements; based on the definition the value of  1z 
  is 1 if 1z  , otherwise 0. 

One of the goals of the introduction of kernel regression is to provide an alternative 

estimation of derivative of regression curve. As the selection of kernel function has secondary 

importance, we use Gaussian kernel function, because it is differentiable at every point and we 

expect smoother derivative function. Based on this consideration, we use formula 

 
21

21

2

u

K u e


 
 
   in the following. 

II.3.4 Selection of bandwidth 

In univariate kernel regression, smoothing depends on bandwidth h. The kernel function 

becomes flatter as its value is growing, and thus the impact of closer values declines, while the 

impact of more distant values grows at each point of estimation. The average squared error of 

the estimation (ASE) is defined as the goodness of fit of estimation in the following formula 

         
2

1

1
ˆ

n

i h i i

i

ASE h m x m x w x
n 

  , (II.9) 

where  ˆ
h im x  is the estimated form of Eq. (II.4),  im x  is the true value of the same and 

 iw x  is a weighting function for penalizing extreme values. The goal of the introduction of 

kernel-based method is to test the linearity between the target and explanatory variables, 

focusing on extreme cases. By that, we set   1iw x   for all ix . As  im x  is unknown, a simple 
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estimator would approximate it by 
iy  that changes the objective function to the sum of squared 

errors of the estimation 

     
2

1

1
ˆ

n

i h i

i

SSE h y m x
n 

  . (II.10) 

The problem with  SSE h  is that it can be minimized to zero by overfitting the kernel 

regression with 0h . In order to overcome this difficulty, Härdle et al. (2004) consider a 

penalizing function to  SSE h  and changing the objective to the following: 

       
2

1

1 1
ˆ

n

i h i hi i

i

CV h y m x W x
n n

 
   

 
 , (II.11) 

where  z  is the penalizing function, which grows as z  declines; that is, it adjusts the error 

emerging from the naive approximation of  ~ ,i iy m x  furthermore,  hiW x  is the Nadaraya-

Watson weighting function, defined in the formula 

 
 

 

 
1

h i

hi n

h i

i

K x x
W x

K x x






. 

(II.12) 

By cross-validation-based penalization, we avoid overfitting the non-parametric regression 

model. Let us assume the Generalized Cross-Validation penalizing function in the form 

    
2

1GCV z z


   . (II.13) 

If we substitute Eq. (II.13) into Eq. (II.11), we obtain  

       
2

2

1

1 1
ˆ 1

n

i h i hi i

i

CV h y m x W x
n n





 
   

 
 . (II.14) 

Härdle et al. (2004) show that  ASE h  is minimal when  hCV  is minimal, thus the bandwidth 

based on Eq. (II.14) is optimal. 

We use the simplex search method for the minimizing problem (Lagarias et al., 1998). 

The iteration process can be accelerated if we choose an initial value close to the optimum, for 
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example, based on the Silverman’s rule of thumb2. An adjusted version of the Silverman’s 

(1986) rule of thumb is in the form 

  
    1

2 3 1 5

1

1ˆ 1.06min ,
1 1.34

n

S i

i

Q Q
h x x n

n 

  
  

  


x x
, (II.15) 

where  3Q x  and  1Q x  are the third and the first quartile of X , respectively. The closer the 

distribution to the normal, the more accurately the rule works. As our time series are not 

normally distributed, the Silverman selected bandwidth is not optimal; however, it is a suitable 

selection as an initial value for the minimizing methods (Turlach, 1993). 

By the proposed method, we use one bandwidth for the regression problem. As the 

distribution of the securities are rather closer to normal than uniform, a possible improvement 

of the modeling would be considering the probability density function of explanatory variables 

allowing bigger bandwidth to the tails of the distribution. On the other hand, the dynamic 

bandwidth generates a much more complex optimization process, especially for multi-factor 

models (see Section II.4); furthermore, the estimation of the probability density function itself 

also requires a proper selection of bandwidth. By that reason, the investigation of dynamic 

bandwidth selection remains out of scope in this dissertation. 

II.3.5 Goodness of fit 

We use R2 as the measure of goodness of fit of regression function. By definition, 

 
2 1

SSE
R

SST
  , (II.16) 

where   
2

1

n

i i

i

SSE y m x


   and  
2

1

n

i

i

SST y y


  . For the comparison of goodness of 

fit, in SSE, we apply  ˆ
h im x  for kernel regression, and  ˆ im x


 for linear regression. As the 

evaluation is equivalent for both regression function, the results are comparable. Although it 

would be more adequate to use adjusted R2 for linear regression (as we lose several degrees of 

freedom because of parameter estimation), we have to note that it has no significant impact 

because we use a relatively large sample. 

                                                
2 It is necessary if time series are long, as the computational time of the algorithm minimizing the  CV h  function 

is proportional to the fourth power of the number of observations. 
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II.3.6 Confidence band 

As the kernel regression approximates  m x , the estimation itself is considered as a random 

variable. The confidence interval of the estimation is  

        , ,
ˆ ˆ,h n h nm x c x m x c x     , (II.17) 

where  ,nc x  is the uncertainty in x at significance level   by sample size n. Härdle et al. 

(2004) defines the uncertainty as 

  
 

 

2

2
,

1
2

ˆ

ˆn

h

K x
c x z

nhf x
 




 , (II.18) 

where z is the z-score at confidence level 1
2


 , the variance in x is 

       
22

1

ˆ ˆ
n

hi i h

i

x W x y m x


  , (II.19) 

the norm of kernel function K  is 

  
2

2
K K x dx   (II.20) 

and the kernel density estimation in x is 

    
1

1ˆ .
n

h h i

i

f x K x x
n 

   (II.21) 

As we apply Gaussian kernel, the norm in Eq. (II.20) is 
2

1

2
gaussK


 . The confidence band 

become broader when the number of observations in the near of x decreases, vice versa. As the 

distribution of market return is not uniform, we expect increasing size of confidence band to 

the tail of the distribution (see Figure II.1. later). 

II.3.7 Hypothesis testing 

Assume the parametric model in the form 

    |E Y X x m x  , (II.22) 
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where   is a vector of parameters, thus the null hypothesis is    0 :H m x m x , which is 

tested against the    xmxmH :1  alternative. The ̂  vector is the estimation of  , which 

can be estimated by standard parametric regressions.  xm  is unknown, thus we use  ˆ
hm x  to 

approximate it, which is one of the reasons why we have introduced non-parametric kernel 

regression in this study. If we cannot reject 
0H , it means that the kernel regression does not 

differ significantly from the parametric one. The difference between the two estimations can be 

measured by 

       
2

ˆ

1

ˆ
n

h i i i

i

h m x m x w x




 . (II.23) 

While  ˆm x


 is asymptotically unbiased and the speed of convergence of the parameters is 

,n  the non-parametric estimation is biased because of smoothing and the speed of 

convergence is only nh . Härdle and Mammen (1993) introduce an artificial bias into the 

parametric estimation to solve this problem. They use kernel-weighted regression in the form  

      ˆ ˆ

1

ˆ
n

i hi j j

j

m x W x m x
 



  (II.24) 

instead of  ˆ im x


. Based on Eq. (II.23), Eq. (II.24) and the consideration of   1iw x   in 

Subsection II.3.4, we define the test statistic in the following equation 

     
2

ˆ

1

ˆ ˆ .
n

h i i

i

T h m x m x




   (II.25) 

The distribution of T  is unknown; however, it can be determined by the wild bootstrap method 

(Wu, 1986) that is introduced for hypothesis testing by Mammen (1993). The method is 

developed to generate new random iy
 samples using the residuals of parametric regression 

estimation. Assume that the parameters of regression is estimated as ̂ . In this case the residuals 

of regression is  ˆ
ˆ .i i iy m x


    The steps of hypothesis testing are the following: 

1. Calculate the T-value based on Eq. (II.25) 

2. Calculate î  for all 1,2,...,i n  
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3. Generate i
  for all 1,2,...,i n , that is 

1 5
ˆ

2
i i  
  with probability q , and 

1 5
ˆ

2
i i  
  with probability 1 q , where 

5 5

10
q


 .3 

4. Generate  ˆi i iy m x


   . 

5. Estimate the parameters    of regression using iy  as dependent variables. 

6. Calculate     
2

ˆ

1

ˆ ˆ
n

h i i

i

T h m x m x
 





   

7. Repeat step 3-6, bk  times. 

8. Assuming single tail distribution of T 
, we apply one-tailed test; therefore, 0H  is 

rejected at significance level  , if    Pr 1T T     

In out hypothesis testing, p is the minimal value of significance level   where 0H  is rejected. 

As we apply a constant value for bandwidth h, its value is indifferent for hypothesis testing, 

thus h  can be omitted from Eq. (II.25). The introduced hypothesis testing method is applied 

to decide whether the linearity holds between variable Y and X. For CAPM, we test whether the 

Characteristic Line and the Security Market Line are linear by applying the null hypothesis of 

linear regression against the kernel regression alternative. If 0H  is rejected the linear regression 

may not be the appropriate model to regress explanatory variables, furthermore, the estimation 

of its parameters  ˆ ˆˆ: ,    may be biased. In this case, an alternative estimation should be 

applied. In the following subsection, we introduce a method for estimating alternative 

parameters that captures the expected bias    and slope    of the univariate regression. 

II.3.8 Non-parametric risk and performance estimation 

In order to estimate the expected slope of the regression, we are interested in the derivative 

function of  hm x . Let’s denote               
T

0 1
, ,...,

p
x x x x    the derivatives of 

                                                
3 The generator formula is called “Golden ratio”. The assumption of random sample generation is that the first 3 

moments of original and generated residuals should be equal. It can be shown that “Golden ratio” satisfies this 

assumption,    ˆ 0,E E 

      2 2

ˆE E 


  and    3 3
ˆE E 
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 hm x  x, where 
   p

x  is the pth derivative  hm x . Härdle et al. (2004) proposes the 

estimation of  x  by the minimization of kernel-weighted p-order polynomial regression 

 
           

       
0 1

2

1 0
ˆ ˆ ˆ, ,...,

ˆmin
p

pn
j j

i i h i

i jx x x

y x x x K x x
  


 

 
   

 
  , (II.26) 

where 
   ˆ j

x  is the jth derivative estimation of  m x . The coefficients are estimated by 

Weighted Least Squares (WLS) method 

    
1

T Tˆ x


 P WP P W y , (II.27) 

where the explanatory matrix 
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P , the weight matrix
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W , the target vector 

1

2

n

y

y
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y  and p  is the 

degree of the polynomial regression.4 

   1ˆ x  approximates the derivative of  ˆ
hm x  on which the average slope can be 

determined. Blundell and Duncan (1991) show that beta ˆ
KR  of kernel regression is 

approximated by the expected value of the derivative estimation; that is 

       1

1

1ˆ ˆˆ
n

KR h i

i

E m x x
n

 


   . (II.28) 

As ˆ
KR  is the average slope of kernel regression, it characterizes the expected change in target 

variable based on explanatory variable. If we explain the return of an investment by market 

return, ˆ
KR  represents the expected sensitivity to market returns. Higher ˆ

KR  means higher 

                                                
4 We propose to set p high enough that additional increase in p would not result significant change in the estimation 

in local constant and first derivative. In our measures, we applied set p to 5. 
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change in returns if the market changes, thus ˆ
KR  can be considered as a measure of risk; we 

call it “non-parametric beta”. 

In linear regression, ̂  is the intercept of regression line on axis Y, in other words a 

constant value (bias) that is not explained by explanatory variable. Jensen (1968) measures the 

abnormal performance of investments by the intercept of Characteristic Line. Using ˆ
KR  we 

construct an alternative estimation of bias in point x, that is 

   ˆˆ
KR KRx y x    (II.29) 

and the expected value of  ˆ
KR x  is 

     
1

1
ˆ ˆ ˆ

n

KR KR KR i

i

E x x
n

  


   . (II.30) 

ˆ
KR  represents the expected amount of return that is not explained by market returns (in other 

words that is independent from market returns). We consider this as an abnormal performance 

of an investment; we call it “non-parametric alpha”. 

II.3.9 Results 

In this subsection, we present our results applying the estimations and test procedure presented 

in previous the subsections. First, we pick two example stocks from S&P 500 to illustrate the 

estimation of their Characteristic Line by linear regression and Characteristic Curve by kernel 

regression. In order to show the difference between Characteristic Lines and Curves in both 

cases, our selection consists of a stock where the linearity of CL holds and another stock where 

the linearity is rejected. After that, we apply wild bootstrapping-based hypothesis testing of 

Characteristic Lines to find the statistical significance of non-linearity for all stocks and 

aggregate them by market capitalization. We count the cases where the linearity of CL does not 

hold and decide whether the hypothesis of linearity of CL can be rejected in each segments. We 

also estimate non-parametric alphas and betas and compare their values with standard ones if 

the linearity does not hold. Finally, we test the hypothesis of linearity of Security Market Lines 

globally and by capitalization; furthermore, we compare their intercepts and slopes. 

II.3.9.1 Characteristic curves 

For illustrating kernel regression, we choose two securities from S&P 500 index; one security 

where the linearity of CL holds (Fortune Brands Inc., identified by “FO”) and one security 
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where the linearity of CL is rejected (National Oilwell Varco Inc., identified by “NOV”). We 

estimate linear- and kernel regression for these securities and plot in the same chart. Figure II.1 

shows the estimation of regression models, plotted on the applied data set. Panel A shows the 

CL of Fortune Brands Inc. and Panel B presents the CL of National Oilwell Varco Inc. The 

bold curve shows the kernel regression defined in Eq. (II.7), the grey curves presents the 

corresponding confidence band at 95% confidence level and the dotted-dashed one presents the 

linear regression defined in Eq. (II.6). 
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Figure II.1. The Characteristic Line and Characteristic Curve of example stocks 

Notes: We estimate the Characteristic Curve and Characteristic Line of example companies by two different 

methods: (1) Kernel regression, the non-parametric CAPM is estimated (bold curve), that is 

  ˆˆ
j f h m f j

r r m r r      where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and 

the market, respectively; h is an optimally selected bandwidth using cross-validation. We use Gaussian kernel and 

the Nadaraya (1964) and Watson (1964) weighting function in the kernel regression. The grey curves represent 

the 95% confidence bands. (2) Linear regression (dashed line), that is  ˆˆ ˆ
j f j j m f j

r r r r        is estimated 

where ˆ
j

  is the residual series. The market return is the Center for Research in Security Prices (CRSP) value 

weighted index return; the risk-free rate is the return of the one-month Treasury bill.  

In one hand, the Characteristic Line estimated by linear regression is not significantly 

different from the Characteristic Curve in Panel A. We can see that the line is inside of 

confidence band. This visualization suggest that the linearity holds between the risk premium 

of FO and the market risk premium. On the other hand, it can be shown that Characteristic Line 

of NOV is significantly different from Characteristic Curve in Panel B. An obvious difference 

is that the linearity may be rejected by extreme market returns (tails in axis X), because the 

linear regression line is outside of confidence band of Characteristic Curve. Although one may 

argue, that the application of dynamic bandwidth may result different shape of the curve at tails, 

a higher bandwidth would result narrower confidence band that would result the same 
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conclusion for this example, overall. We also suspect that the regression line is outside of the 

narrower confidence band close to the core of the distribution that may be also a significant 

violence of linearity. These results suggest that the hypothesis of linearity is rejected for NOV; 

however, we emphasize that the confidence band is primarily introduced for illustrative 

purposes. In Subsection II.3.9.3, we validate these assumptions by using wild bootstrapping-

based linearity testing of all investigated securities. The non-linear pattern of NOV is specific 

to the security, we can easily find examples where the stock performs in a different was at 

extremes; furthermore, the linearity can also be rejected around the core of the distribution as 

well. In order to have a better view on these characteristics, we collect the Characteristic Curve 

of all non-linear stocks in Appendix A2. 

II.3.9.2 Local non-parametric risk and performance estimation 

In order to calculate the non-parametric risk, we estimate the local derivative of kernel function. 

Figure II.2 shows the derivative estimation of the Characteristic Curve of Fortune Brands Inc. 

(FO, Panel A) and National Oilwell Varco Inc. (NOV, Panel B). 

 

Figure II.2. Non-parametric derivative estimation 

Notes: The figure shows the estimated derivative in the function of the risk premium. The non-parametric 

derivative estimation is obtained by the weighted least squares estimator using the Nadaraya-Watson kernel 

weights. The Characteristic Curve of the Fortune Brands Inc. (Panel A) and the National Oilwell Varco Inc. (Panel 

B) (randomly chosen stocks) are estimated by the kernel regressions. The market return is the Center for Research 

in Security Prices (CRSP) value weighted index return; the risk-free rate is the return of the one-month Treasury 

bill. The model, the non-parametric CAPM, is in the form   ˆˆ
j f h m f j

r r m r r      where ˆ
j

  are the residuals, 

j f
r r  and 

m f
r r  are the risk premium of the stock j and the market, respectively; h is an optimally selected 

bandwidth using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and Watson (1964) 

weighting function in the kernel regression. 

We show that the estimated relevant risk is not constant; it exhibits high volatility at the 

tails. Beta is constant at the central part of the distribution maintaining the CAPM; however, at 
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the tails it behaves differently. The non-constant risk estimation has several reasons: First, it 

can be imagined that linearity does not hold at the tails causing non-constant derivative 

estimation; second, the number of observations is low at the tails that introduces noise in the 

estimation. 

Based on non-parametric risk estimation, we calculate the non-parametric abnormal 

performance. Figure II.3 visualizes the local performance estimation of the example securities. 

    

Figure II.3. Non-parametric alpha estimation 

Notes: The figure shows the estimated non-parametric alpha (the abnormal return) in the function of the risk 

premium. The non-parametric derivative estimation is obtained by the weighted least squares estimator using the 

Nadaraya-Watson kernel weights. The Characteristic Curve of the Fortune Brands Inc. (Panel A) and the National 

Oilwell Varco Inc. (Panel B) (randomly selected stocks) are estimated by the kernel regressions. The market return 

is the Center for Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the return 

of the one-month Treasury bill. The model, the non-parametric CAPM, is in the form   ˆˆ
j f h m f j

r r m r r      

where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and the market, respectively; h 

is an optimally selected bandwidth using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) 

and Watson (1964) weighting function in the kernel regression. 

Figure II.3 Panel A shows the performance estimation of Fortune Brands Inc. in the 

function of the market risk premium. Based on the characteristic of abnormal performance, we 

see that it is correlated to the market returns. In one hand, in case of extreme negative market 

returns (left tail), it has significant negative abnormal performance; on the other hand in case 

of extreme positive market returns (right tail) we measure zero and positive abnormal 

performance. Around zero market returns, we find less significant abnormal returns. For 

National Oilwell Varco Inc. (Figure II.3 Panel B), we measure the same characteristics. 

Although the characteristics of abnormal performance is similar for both stocks, it does not 

necessarily mean that it is similar for all other stocks as well. We collect the Characteristic 

Curve of all non-linear stocks in Appendix A2. We have to note that the regression estimate is 
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less precise at the tails because of sparse data. The results of the non-parametric alpha 

estimations induce an important notice for the mutual fund industry: managers can beat the 

market only when extreme market movements occur. 

II.3.9.3 Linearity testing of Characteristic Lines 

One of the main goals of this research is to investigate the linearity of CAPM for Characteristic 

Lines (CL). For that, we apply hypothesis testing of the linearity of CLs for all securities5. We 

are interested in providing statements for segments by capitalization as well. We reject the 

hypothesis of linearity in a segment if the linearity is rejected for at least 5% of its components. 

For the investigation, we apply randomly selected 150 stocks, 50-50 from various market 

segments: large (S&P 500), middle (S&P MidCap 400) and small (S&P SmallCap 600) 

capitalization. First, we estimate the parameters of linear regression, bandwidth of kernel 

regression and the non-parametric alpha and beta of kernel regression. For optimizing the 

bandwidth and avoiding the phenomenon of overfitting for each securities, we used the 

proposed cross-validation method. The goodness of fit is measured for both regression models 

on the same data set. Finally, we apply wild bootstrapping and calculate the p-values of 

hypothesis testing to decide whether the linearity can be rejected and if so, at which significance 

level. Table II.2 summarizes the average results aggregated by size of market capitalization and 

for all companies; the details for individual assets are presented in Appendix A3. 

Table II.2. Summary of linearity testing of CLs, alpha- and beta estimation 

Segment N N(H1) P(H1) 
2

KR
R  

2

LR
R  ˆ

KR
  ˆ

LR
  ˆ

KR
  ˆ

LR
  

S&P 500 50 10 20.0% 0.264 0.244 0.041 0.042 0.972 0.975 

S&P MidCap 400 50 2 4.0% 0.243 0.224 0.056 0.055 0.962 0.956 

S&P SmallCap 600 50 2 4.0% 0.187 0.171 0.070 0.069 1.010 0.924 

All companies 150 14 9.3% 0.231 0.213 0.056 0.055 0.981 0.952 

All companies H0 136 0 0% 0.227 0.209 0.055 0.054 0.947 0.926 

All companies H1 14 14 100% 0.276 0.252 0.064 0.063 1.316 1.206 

Notes: In the table, we show the average of estimated parameters and statistics of Characteristic Curve of 50-50 
randomly chosen companies from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 universe, can be 

seen respectively. We estimate the Characteristic Curve and Characteristic Line of all the companies by two 

different methods: (1) Kernel regression, the non-parametric CAPM is estimated, that is   ˆˆ
j f h m f j

r r m r r      

where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and the market, respectively; h 

is an optimally selected bandwidth using cross-validation. We use Gaussian kernel and the Nadaraya (1964) and 

Watson (1964) weighting function in the kernel regression. (2) Linear regression, that is 

                                                
5 We apply 1000 iterations in wild bootstrapping. 



 28 

 ˆˆ ˆ
j f j j m f j

r r r r        is estimated where ˆ
j

  is the residual series. The market return is the Center for 

Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the return of the one-month 

Treasury bill. The 1st column is the segment in we aggregate the results. H1 indicates the subgroup of all companies, 

where the linearity of Characteristic Line is rejected at confidence level 95%, H0 indicates the rest of the companies. 

The 2nd and 3rd column shows the number of assets in the investigated segment (N) and the number of assets where 

the linearity is rejected. The 4th column is the ratio of the number of assets where the linearity is rejected and the 

all assets. The following columns shows the average goodness of fit, alpha and beta estimated by kernel- and linear 

regression, alternately. 

Table II.2 summarizes the comparison of linear and kernel regression based estimation 

of CL, furthermore, the results of linearity testing. Row 2-4 aggregate the results for the three 

segments, row 5 for the whole data set. Based on Table II.2, the average goodness of fit of 

kernel regression is significantly higher than linear regression for all stocks6 (large: 0.264 vs. 

0.244; middle: 0.243 vs. 0.224; small: 0.187 vs. 0.171; all segments: 0.231 vs. 0.213; detailed 

results of t-tests are presented in Appendix A4). Based on that, we state that kernel regression 

is more accurate than linear model. Based on linearity testing results, the linearity of 14 

securities out of 150 is rejected (9.3%) at 95% confidence level. Aggregating the results by 

market capitalization, 10 in S&P 500 (20%), 2 S&P MidCap 400 (4%), and 2 in S&P SmallCap 

600 (4%) segment. According to the results of hypothesis testing, we can reject the linear 

relation between market return and the returns of S&P 500 components; furthermore, we 

generally state that linear relation does not hold for S&P companies in the investigated data set. 

As the linearity does not hold, the linear estimation of risk and abnormal performance may be 

biased and inconsistent, thus the market risk and the abnormal return should be estimated by 

non-linear methods. Table II.2 aggregate the results for the companies where the linearity of 

CL is rejected (H1), and not rejected (H0), respectively. The Characteristic Curve of “non-

linear” stocks are collected in Appendix A2. In order to compare the average value of beta 

estimated by linear and kernel regression in “linear” and “non-linear” groups, we apply two-

sample t-tests. Table II.3 summarizes the result of the test. 

Table II.3. Two-sample t-test on CAPM beta in various subgroups 

Group 1 N Mean Var. Group 2 N Mean Var. t p Sig. 

Kernel beta in H0 136 0.9468 0.1279 Linear beta in H0 136 0.9257 0.0948 1.86 0.0629  

Kernel beta in H1 14 1.3157 0.1874 Linear beta in H1 14 1.2064 0.1173 2.39 0.0326 * 

Kernel beta in H1 14 1.3157 0.1874 Kernel beta in H0 136 0.9468 0.1279 3.08 0.0076 ** 

Notes: The table summarizes the results of two-sample t-test between various subgroups. Column 1-4 and column 

5-8 contains the (1) short name of the subgroups (2) the number of securities in the group (3-4) the average value 

and variance of beta in the subgroup. H1 and H0 indicates the group whether the linearity of the Characteristic Line 

                                                
6 As for the 10-year period we use 2515 days, we consider the degree of freedom of linear- and kernel regression 

not significant; therefore, we use simple R-squared without adjusting by the degrees of freedom. 
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is rejected or not, Linear beta and Kernel beta shows if the beta is estimated by linear and kernel regression. The 

last three columns are: the test statistic t, the p-value and the significance level of the test. ** and * indicates 

significance level 1% and 5%, respectively. If t is positive (or negative) and the test is significant, then the mean 

of Group 1 is significantly higher (or lower) than mean of Group 2. 

Based on Table II.3, we can state the followings. The average kernel (non-parametric) beta for 

stocks where the linearity of CL is rejected (1.3157) is significantly higher than the subgroup 

where the linearity of CL holds (0.9468) at confidence level 99%. We interpret that the linearity 

of Characteristic Lines is more likely rejected for risky assets. Comparing the average value of 

beta estimated by kernel- and linear regression, we show the difference is significant at 

confidence level 95% only if the linearity is rejected (kernel: 1.3157, linear: 1.2064), otherwise 

the difference is insignificant (kernel: 0.9468, linear: 0.9257). We conclude that linear 

regression significantly underestimates the risk if the linearity of the Characteristic Line does 

not hold. We measure insignificant differences between parametric and non-parametric alphas. 

Summarizing the results, we generally state that linear relation does not hold for S&P 

companies in the investigated data set. We argue that the beta is significantly downward 

estimated by OLS method, if the linearity of CL can be rejected. Furthermore, it is more likely 

that linear relationship does not hold for risky assets, which is a sign that extremes cause 

invalidity of linearity as outliers raise the risk; on the other hand, the extremes are hard to be 

explained by the market movements linearly. 

II.3.9.4 Linearity testing of Security Market Lines 

For hypothesis testing of the linearity of Security Market Lines (SML), we estimate non-

parametric alpha and beta for all securities. Based on that, we calculate the SMLs and we apply 

linearity testing7 on these lines. We use non-parametric beta as explanatory variable and average 

daily returns as the daily returns as the dependent variable to estimate the regressions (SMLs). 

Table II.4 shows the estimated parameters of the SMLs by market capitalization. 

Table II.4. Estimation of Security Market Lines 

Segment N  
f

E r r  p h 
2

KR
R

 

2

LR
R

 
ˆ

KR
     ˆ

LR
     ˆ

KR
    ˆ

LR
   

S&P 500 50 0.0357 0.144 20.5 0.117 0.052 0.028 0.007  0.008 0.029  

S&P MidCap 400 50 0.0483 0.728 15.9 0.131 0.104 0.009 0.001  0.041 0.049 * 

S&P SmallCap 600 50 0.0548 0.760 18.7 0.089 0.026 0.087 0.081 ** -0.034 -0.028  

All companies 150 0.0462 0.688 14.8 0.042 0.010 0.037 0.031 * 0.009 0.015  

                                                
7 We apply 1000 iterations in wild bootstrapping. 
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Notes: We estimate SMLs for the S&P 500, S&P MidCap 400, S&P SmallCap 600 stocks and for all the stocks in 
our database. The rows 1,2,3,4 include the estimated parameters and statistics of the SMLs for S&P 500, S&P 

MidCap 400, S&P SmallCap 600 indices and for all companies, respectively. We estimate the SMLs by two 

methods: (1) Kernel regressions in the form  ˆ ˆˆ
j f h j j

r r m  


   , where 
j f

r r  is the average risk premium of 

stock j in the investigated period, ˆ
j



 is the non-parametric beta of stock j, ˆ

j
  is the residual series and h is an 

optimally selected bandwidth using cross-validation. We use the Gaussian kernel and the Nadaraya and Watson 

weighting function in the kernel regression. (2) Linear regression in the form ˆ ˆˆ ˆ
j f LR LR j j

r r    
     , where 

ˆ
j

  are the residuals. The market return is the Center for Research in Security Prices (CRSP) value weighted index 

return; the risk-free rate is the return of the one-month Treasury bill. The 3rd column shows the mean return of the 

given index for the estimation period, column 4 is the p-value of the linearity test, column 5 is the optimal 

bandwidth of the kernel regression. ˆ
KR

  and ˆ
LR

  are the estimation of constant value (abnormal returns) of 

Security Market Line (Curve) using kernel and linear regression, ˆ
KR

   and ˆ
LR

   are the estimation of the slope of 

Security Market Line (Curve). For the parameters ˆ
LR

  and ˆ
LR

   of linear regression, significance is indicated by 

** and * at confidence level 99% and 95%, respectively. 

Comparing the goodness of fit of regression models, we can see that the kernel 

regression outperforms the linear one. We apply the wild bootstrap linearity test on SMLs and 

we can conclude that linearity cannot be rejected at any usual significance level. The mid cap 

SML has the highest slope coefficient (0.041) as the slope of the large cap line is very small 

(0.008) and the curve is almost flat. The slope of the SML estimated for S&P SmallCap 600 

stocks is negative (-0.034); that is, larger risk would associate with smaller expected return that 

contradicts the theory of asset pricing. By this result, we confirm the observation of this 

anomaly discussed by Fama and French (1992) and Guo and Whitelaw (2006). The SML 

estimated for all the 150 companies in our database has a slope coefficient of 0.008, which is 

still very flat. Based on linear regression tests, CAPM beta is significant only for medium-sized 

companies. We also analyze the abnormal return that cannot be explained by non-parametric 

beta. We find that intercept of linear regression significantly higher for small companies (0.081) 

than in other segments (S&P 500: 0.007, S&P MidCap 400: 0.001); based on regression test, 

the alpha is significant in this case at 99% confidence level (p=0.003). We also find that the 

expected return of an asset is negative correlated with the size of the company, confirming the 

small firm effect (Banz, 1981; Basu, 1983; Fama and French, 1995). The intercept of Security 

Market Line for all companies (0.031) is also significant at 95% confidence level. We conclude 

that individually the CAPM beta is not able to explain the expected returns of U.S. stocks even 

if we estimate the risk by non-parametric regression. Figure II.4 shows the SMLs for the S&P 

size indexes and for all the stocks. 
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Figure II.4. Security Market Line of various segments 

Notes: We investigate Security Market Lines for the S&P 500, S&P MidCap 400, S&P SmallCap 600 stocks and 

for all the stocks in our database in Panel A, B, C, D, respectively. We estimate the SMLs by two methods: (1) 

Kernel regressions (bold curves) in the form  ˆ ˆˆ
j f h j j

r r m  


   , where 
j f

r r  is the average return of stock j 

in the investigated period, ˆ
j



 is the non-parametric beta of stock j, ˆ

j
  is the residual series and h is an optimally 

selected bandwidth using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and Watson 

(1964) weighting function in the kernel regression. (2) Linear regression (dashed lines) in the form 

ˆ ˆˆ ˆ
j f j j j j

r r    
     , where ˆ

j
  are the residuals. The market return is the Center for Research in Security 

Prices (CRSP) value weighted index return; the risk-free rate is the return of the one-month Treasury bill. The 

dotted curves represent the 95% confidence bands. 

II.3.10 Conclusion 

In this section, we have introduced a non-parametric kernel regression for testing linearity 

between two variables and estimating non-parametric alpha and beta if the linearity does not 

hold. Based on our results, linearity of the CL applying the single factor CAPM can be rejected 

in 9.3% of the U.S. stocks and 20% of the stocks of large U.S. companies. In these cases, the 

risk is significantly underestimated by CAPM. We have shown that linearity is more likely 

rejected for risky assets. We have also investigated the linearity of SMLs and we have found 
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that its linear assumption cannot be rejected at any usual significance level. Our significant 

finding is that the slope of SML for small companies is negative, that contradicts the theory of 

asset pricing. Based on these results, we state that individually the CAPM beta is not able to 

capture the risk of an asset on its own. 

II.4 Multi-factor models 

In Section II.3, we have investigated the linearity of CAPM. We have introduced a univariate 

non-parametric kernel regression method for (1) testing the hypothesis of linearity; and (2) 

providing alternative estimation of risk and abnormal performance. Our results shows that the 

linearity of Characteristic Lines is rejected among the random sample of components of S&P 

500 and the whole S&P. Based on the rejection of linearity of CL in CAPM, the estimation of 

risk and abnormal return may be biased by using conventional linear regression model and 

corresponding OLS estimation method. We have confirmed the small firm effect and we have 

shown that the CAPM beta is not able to capture the risk of an asset on its own. In this section, 

we investigate the most often applied extensions of CAPM: the Fama-French and Carhart multi-

factor models. Analogously to single-factor models, we introduce a multivariate non-parametric 

kernel regression for testing the hypothesis of linearity of Fama-French and Carhart models and 

estimating their coefficients. Although there are additional multi-factor models introduced for 

asset pricing like ICAPM (Merton, 1973) or APT (Ross, 1976); we focus on the hypothesis that 

the extensions of conventional CAPM by Fama-French and Carhart factors solves the non-

linearity problem. 

II.4.1 Fama-French and Carhart multi-factor models 

Fama and French (1996) extends CAPM by two factors (three-factor model); the average return 

between stocks of small and large companies (SMB), the average return between high book-to-

market ratios minus low ones (HML). The definition of Fama-French three-factor model is 

  3 ,f FF m f S Hr r r r SMB HML          (II.31) 

where r  is the return of capital asset, fr  is the risk-free rate, FF  is the three-factor alpha, 3  

is the sensitivity of asset to market return in three-factor model, mr  is the return of market 

portfolio, S  and H  are the coefficients of SMB and HML factors, respectively. Based on Eq. 

(II.31), the three factors of the model are m fr r , SMB and HML, and the corresponding 

coefficient vector is  3, , .FF S H    
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Based on empirical results of Jegadeesh and Titman (1993), the buying stocks that 

performed well, and selling the ones that performed poorly in the last period generate positive 

returns in the next period. Based on their work, Carhart (1997) extends three-factor model with 

momentum that is an empirically observed tendency for rising asset prices to rise further, and 

falling prices to keep falling, called momentum factor (MOM) The definition of Carhart four-

factor model is 

  4 ,f CH m f S H Mr r r r SMB HML MOM            (II.32) 

where r  is the return of capital asset, fr  is the risk-free rate, CH  is the four-factor alpha, 4  

is the sensitivity of asset to market return in four-factor model, 
mr  is the return of market 

portfolio, S , H  and M  are the coefficients of SMB, HML and MOM factors, respectively. 

Based on Eq. (II.32), the four factors of the model are m fr r , SMB, HML and MOM, and the 

corresponding coefficient vector is  4, , , .CH S H M     Similarly to CAPM, both FF , 

FF  and CH , CH  are estimated by OLS method of multivariate linear regression problem. 

II.4.2 Multivariate kernel regression 

The multivariate regression is a conditional expected value, in the most general form 

    |E Y mX X , (II.33) 

where Y  is the target variable and  1 2, ,..., dX X XX  is the explanatory variable vector. One 

of the most often used application of  m X  is multivariate linear regression that is defined in 

the following formula 

 
1

d

k k

k

Y X  


    (II.34) 

where the parameters    of model are   the intercept of the regression and  1 2, ,..., d    

the coefficients of explanatory variables, furthermore,   is the residual of regression. Assume 

that we have  1 2, ,...,i i i idx x xx  and iy  observations for variable vector X  and variable Y  

where 1,2,..., .i n  Let’s define an explanatory matrix M and a target vector y , where 
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The estimation of parameters   (denoted by ̂ ) is most often performed by Ordinary Least 

Squares (OLS) method, that is 

    
T 1

T Tˆˆ,


 M M M y , (II.36) 

thus the estimation of y by multivariate linear regression is 

   T

ˆ
ˆˆˆ ,y m


  x x  (II.37) 

where x  is an d-dimensional explanatory vector. 

Linear regression assumes linear relationship between target variable and explanatory 

variables. If linearity does not hold, then linear estimators induce biased and inconsistent 

parameter estimations. To overcome this problem, we consider the multivariate extension of 

kernel regression (introduced in Section II.3). The generalized multivariate formula of 

Nadaraya-Watson estimator is 
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, (II.38) 

where 

  
 

 

1 T

det







H

H

H

u
u . (II.39) 

where H  is a bandwidth matrix, which is positive definite symmetric,   is the multivariate 

kernel function (Härdle et al., 2004). In the following subsection, we describe a selection 

method bandwidth matrix H  and multivariate kernel function H . 

II.4.3 Selecting bandwidth matrix and multivariate kernel function 

Härdle et al. (2004) propose the following method to select bandwidth matrix and multivariate 

kernel function. Let’s define bandwidth vector as  1 2, ,..., dh h hh  corresponding to the 
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explanatory variables. Fama and French (1993, 1995) argue that the market proxy and Fama-

French factors, namely the SMB and HML parameters exhibit non-significant correlation, thus 

they can be applied in a multifactor linear model without multicollinearity and biased parameter 

estimation. Therefore, assuming no correlation between the explanatory variables, bandwidth 

matrix is defined as 

 
T

dH Ih , (II.40) 

where dI  is a d-dimensional identity matrix. In this case, the multivariate kernel function   

can be calculated by to the product of univariate kernel functions K: 

  1 T

1

d
k

k k

u
K

h
 



 
  

 
H u , (II.41) 

and the determinant of H  is 

  
1

det .
d

k

k

h


H  (II.42) 

Based on Eq. (II.39), Eq. (II.40), Eq. (II.41) and Eq. (II.42) we deduct a simplification for 

function 
H

 in the following equation: 

  
1

1d
k

k k k

u
K

h h




 
  

 
H u , (II.43) 

where function K  is the univariate kernel function introduced in Subsection II.3.3. H  is 

optimal if kh  is optimal for each explanatory variable. Based on this deduction, the multivariate 

selection problem is reduced to d univariate selection problem that is discussed in Subsection 

II.3.4. 

II.4.4 Goodness of fit 

The goodness of fit is evaluated in a similar way as for univariate regression, introduced in 

Subsection II.3.5. We recall that the equation is 
2 1

SSE
R

SST
  . In multivariate setting, we 

apply multivariate regression estimator that defines the formula of   
2

1

,
n

i i

i

SSE y m


  x  

where  m x  is the multivariate regression. For measuring the accuracy of kernel regression, 
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we implement  m̂H x , furthermore, for linear regression we apply  ˆm


x . As SST  depends 

on target variable Y only, it is the same in multivariate setting. 

II.4.5 Hypothesis testing 

We extend the univariate hypothesis testing method (introduced in Subsection II.3.7) to 

multivariate setting; in this subsection, we discuss the changes of univariate version. Let the 

multivariate parametric regression model described in  

    |E Y mX = x x , (II.44) 

where   is a vector of parameters, thus the null hypothesis is    0 :H m mx x , which is 

tested against the    1 :H m mx x  alternative. As  m x  is unknown, we use  m̂H x  to 

approximate it. If we cannot reject 0H , it means that the kernel regression does not differ 

significantly from the parametric one. Based on Eq. (II.23), the consideration of omitting 

bandwidth and setting  iw x  to 1, the error between multivariate kernel and parametric 

regression is 

     
2

ˆ

1

ˆ
n

i i

i

m m




 H x x . (II.45) 

Based on the difference in convergence (see Subsection II.3.7), we also apply kernel-based 

weighting for linear regression in the form of 

      ˆ ˆ

1

ˆ
n

i i j j

j

m W m
 



 H
x x x , (II.46) 

where the multivariate Nadaraya-Watson weighting is 
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(II.47) 

Based on Eq. (II.45) and Eq. (II.46) we define the multivariate test statistic as 

     
2

ˆ
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ˆ ˆ .
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  H x x  (II.48) 
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Analogously to univariate setting, we apply the wild bootstrapping method (see Subsection 

II.3.7) to generate random samples, using residuals  ˆî i iy m


   x  of multivariate parametric 

regression. 

The multivariate hypothesis testing is applied to decide whether the linearity holds 

between variable Y and variable vector X. In multi-factor asset pricing, we would investigate 

whether there is a linear relationship between the expected return of a security and three-factor 

explanatory variable setting (market return, SMB and HML factor) in Fama-French model or 

four-factor explanatory variable setting (market return, SMB, HML and MOM factor) in 

Carhart model. If 0H  is rejected the linear regression may not be the appropriate model to 

regress explanatory variables, furthermore, the estimation of its parameters may be biased. In 

this case, an alternative estimation should be applied. 

II.4.6 Polynomial testing 

We use multivariate regression for univariate polynomial regression by generating polynomial 

explanatory variables from the single variable. More formally, in d-polynomial setting, the 

explanatory variables are  2, ,..., dX X XX , derived from variable X. The polynomial 

regression is defined in the following formula 

 
1

d
k

k

k

Y X  


   , (II.49) 

where the parameters    of model are   the intercept of the regression and  1 2, ,..., d    

the polynomial coefficients of variable X; furthermore,   is the residual of regression. The 

parameters of polynomial regression are estimated in the similar way as introduced in 

Subsection II.4.1. Polynomial regression is interesting for our research, because we would also 

test whether there is a polynomial relationship between variable Y and X. Analogously to 

multivariate linearity testing, we define a univariate polynomial testing, where polynomial 

regression is tested against polynomial kernel regression. First, we start with 2.d   If 0H  is 

accepted, there is a d-order polynomial relationship between variable Y and X. If 0H  is rejected 

we increase d  and perform hypothesis testing, until 0H  is accepted or we reach max.d  

Translating this method to single factor asset pricing, we are interested in whether there is a 

relationship between the return of a security and the d-order setting of market return if the 

linearity does not hold. 
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II.4.7 Non-parametric risk and performance estimation 

In this subsection, we introduce a method for estimating alternative parameters that captures 

the expected bias    and slope vector    of the multivariate regression. In order to estimate 

the expected slope for all variables of the regression, we are interested in derivative function of 

 m x . Let’s denote               0 1
, ,...,

p
   x x x x  the partial derivatives of  m x  in 

 1 2, ,..., dx x xx , where 
   p

 x  is the pth derivative vector of  m x . Based on Härdle et al. 

(2004),  x  is approximated by the minimization problem of 
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where 
   ˆ j

 x  is the jth derivative estimation vector of  m x . The coefficients are estimated 

by polynomial Weighted Least Squares (WLS) method 
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y , and p  is the 

degree of the regression.8 

   1
̂ x  approximates the partial derivatives 
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, ,...,
d

m x m x m x

x x x

   
 

   
 of  mH x  in 

 1 2, ,..., .dx x xx  Analogously to univariate risk estimation, we define the multivariate risk 

vector estimation as the expected value of partial derivatives, in formula 

                                                
8 We propose to set p high enough that additional increase in p would not result significant change in the estimation 

in local constant and first derivative. In our measures, we set p to 5. 



 39 

 
         1

11 2

ˆ ˆ ˆ 1ˆ ˆ, ,...,
n

KR i

id

m x m x m x
E E E

x x x n 

       
      

        
H H H  x , (II.52) 

 1, 2, ,
ˆ ˆ ˆ ˆ, ,...,KR KR KR d KR    describes the expected coefficients to explanatory variables. 

Using ˆ
KR  we construct an alternative estimation of bias in x, that is 

   Tˆˆ
KR KRy   x x  (II.53) 

and the expected value of  ˆ
KR x  is 
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  x x . (II.54) 

II.4.8 Results 

In this section, we apply multivariate linear regression models and multivariate hypothesis test 

procedure introduced in previous subsections to decide whether the linearity holds between the 

return of securities and the extension of multi-factor models. We are interested in whether the 

extension of CAPM (Fama-French- and Carhart multi-factor models) would solve the non-

linearity problem by factors SMB, HML and MOM. We are also interested in the estimation of 

coefficients of these factors by kernel regression and the comparison of the results with linear 

regression. Finally, we also apply the hypothesis testing procedure to find the degree of 

polynomial relationship when the linearity does not hold between the market return and the 

return of securities in S&P. 

II.4.8.1 Fama-French three-factor model 

For the investigation of Fama-French three-factor model, we apply randomly selected 150 

stocks, 50-50 from various market segments: large (S&P 500), middle (S&P MidCap 400) and 

small (S&P SmallCap 600) capitalization. First, we estimate the parameters of linear regression, 

bandwidths of kernel regression and the non-parametric performance risk measures of kernel 

regression using market risk premium, SMB and HML as three factors. For optimizing the 

bandwidth matrix and avoiding the phenomenon of overfitting for each security, we used the 

proposed cross-validation method. The goodness of fit is measured on the same data set for 

both regression models. Finally, we apply wild bootstrapping9 and calculate the p-values of 

                                                
9 We apply 1000 iterations in wild bootstrapping. 
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hypothesis testing to decide whether the linearity can be rejected and if so, at which significance 

level. We reject the hypothesis of linearity in a segment if the linearity is rejected for at least 

5% of its components. 

Similarly to Table II.2 in Subsection II.3.9, Table II.5 summarizes the average results 

aggregated by size of market capitalization and for all companies; the details for individual 

assets are presented in Appendix A5. Based on the hypothesis testing, the lowest value of p is 

0.08 for Fama-French model, thus the linearity cannot be at confidence level 95%, therefore, 

we omit zeros columns from the summary. 

Table II.5. Summary of alpha- and coefficient estimation of Fama-French model 

Segment 2

KR
R  

2

LR
R  ˆ

KR
  ˆ

LR
  3,

ˆ
KR

  
3,
ˆ

LR
  

,
ˆ

S KR
  

,
ˆ

S LR
  

,
ˆ

H KR
  

,
ˆ

H LR
  

S&P 500 0.38 0.28 0.034 0.034 1.041 1.025 0.190 0.107 0.200 0.249 

S&P MidCap 400 0.36 0.27 0.036 0.034 1.024 1.034 0.591 0.571 0.393 0.508 

S&P SmallCap 600 0.32 0.22 0.046 0.043 0.965 0.971 0.855 0.861 0.226 0.371 

All companies 0.35 0.26 0.039 0.037 1.010 1.010 0.545 0.513 0.273 0.376 

Notes: In the table, we show the average of estimated parameters and statistics of the Fama-French three-factor 
model of 50-50 randomly chosen companies from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 

universe. We estimate two models: (1) Kernel regression, the non-parametric Fama-French model is estimated that 

is   ˆˆ ,,
j f m f j

r r m r r SMB HML    
H

 where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of 

the stock j and the market, respectively; SMB is the average return between stocks of small and large companies, 

HML is the average return between high book-to-market ratios minus low ones. We select the bandwidth matrix 

optimally using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and Watson (1964) 

weighting function in the kernel regression. (2) The standard Fama-French regression 

 
3

ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj j

r r r r SMB HML           where ˆ
j

  is the residual series. The market return is the 

Center for Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the return of the 

one-month Treasury bill. The 1st column is the label of segment in we aggregate the results. The 2nd and 3rd column 

shows the average goodness of fit regression models, the following columns summarizes the average alpha, beta 
and coefficients of SMB and HML factors by kernel- and linear regression, alternately. 

Although linearity can be rejected in none of the cases, the average goodness of fit is 

significantly higher for the kernel regression10 (S&P 500: 0.38 vs. 0.28; S&P MidCap 400: 0.36 

vs. 0.27; S&P SmallCap 600: 0.32 vs. 0.22; all companies: 0.35 vs. 0.26; detailed results of t-

tests on the goodness of fittin are presented in Appendix A4). The small cap stocks load most 

heavily on the SMB factor (0.856) then the mid cap stocks (0.591) and the least upon the large 

cap stocks (0.190). Our non-parametric measures are only slightly different from the beta which 

is not striking as the linearity cannot be rejected. However, we find that linear regression 

underestimates SMB coefficients (linear: 0.513 vs. kernel: 0.545) at 5% significance level and 

                                                
10 As for the 10-year period we use 2515 days, we consider the degree of freedom of linear- and kernel regression 

not significant; therefore, we use simple R-squared without adjusting by the degrees of freedom. 



 41 

overestimates HML coefficients (linear: 0.376 vs. kernel: 0.273) at 1% significance level. 

Detailed results of significance tests on the average value of coefficients are presented in 

Appendix A6. The small cap stocks load most heavily on the SMB factor (0.856) then the mid 

cap stocks (0.591) and the least upon the large cap stocks (0.190). 

II.4.8.2 Carhart four-factor model 

We also investigate the extension of MOM factor of Carhart model by applying the same 

evaluation method as we have introduced for Fama-French model. Table II.6 summarizes the 

results in similar structure; however, it is extended by the estimated coefficients of MOM factor. 

The details for individual assets are presented in Appendix A7. Based on the hypothesis testing, 

the lowest value of p is 0.09 for Carhart model, thus the linearity cannot be at confidence level 

95%, therefore, we omit zeros columns from the summary. 

Table II.6. Summary of alpha- and coefficient estimation of Carhart model 

Segment 2

KR
R  

2

LR
R  ˆ

KR
  ˆ

LR
  

4,

ˆ
KR

  
4,

ˆ
LR

  
,

ˆ
S KR

  
,

ˆ
S LR

  
,

ˆ
H KR

  
,

ˆ
H LR

  
,

ˆ
M KR

  
,

ˆ
M LR

  

S&P 500 0.47 0.29 0.037 0.038 1.00 1.00 0.21 0.12 0.17 0.22 -0.059 -0.079 

S&P MC. 400 0.46 0.28 0.041 0.041 0.97 0.99 0.59 0.59 0.34 0.45 -0.118 -0.156 

S&P SC. 600 0.40 0.22 0.051 0.048 0.94 0.94 0.87 0.88 0.23 0.32 -0.161 -0.132 

All companies 0.44 0.26 0.043 0.043 0.97 0.98 0.55 0.53 0.25 0.33 -0.113 -0.122 

Notes: In the table, we show the average of estimated parameters and statistics of the Carhart four-factor model of 

50-50 randomly chosen companies from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 universe. 
We estimate two models: (1) Kernel regression, the non-parametric Carhart model is estimated that is 

  ˆˆ , ,,
j f m f j

r r m r r SMB HML MOM    
H

 where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium 

of the stock j and the market, respectively; SMB is the average return between stocks of small and large companies; 

HML is the average return between high book-to-market ratios minus low ones; MOM is momentum that is an 

empirically observed tendency for rising asset prices to rise further and falling prices to keep falling. We select the 

bandwidth matrix optimally using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and 

Watson (1964) weighting function in the kernel regression. (2) The standard Carhart regression 

 
3

ˆ ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj Mj j

r r r r SMB HML MOM             where ˆ
j

  is the residual series. The market 

return is the Center for Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the 

return of the one-month Treasury bill. The 1st column is the label of segment in we aggregate the results. The 2nd 

and 3rd column shows the average goodness of fit regression models, the following columns summarizes the 

average alpha, beta and coefficients of SMB, HML and momentum factors by kernel- and linear regression, 

alternately. 

Although linearity can be rejected in none of the cases of Carhart model, the average 

goodness of fit is significantly higher for the kernel regression11 (S&P 500: 0.47 vs. 0.29; S&P 

MidCap 400: 0.46 vs. 0.28; S&P SmallCap 600: 0.40 vs. 0.22; all companies: 0.44 vs. 0.26; 

                                                
11 As for the 10-year period we use 2515 days, we consider the degree of freedom of linear- and kernel regression 

not significant; therefore, we use simple R-squared without adjusting by the degrees of freedom. 
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detailed results of t-tests on the goodness of fitting are presented in Appendix A4). Based on 

the multivariate linear regression the average coefficient of MOM factor is negative for all 

segments. We find positive correlation between the size of company and the coefficient of 

MOM factor (large: -0.059; middle: -0.118; small: -0.161). Comparing the results with Fama-

French three-factor model, the average coefficient of HML factor is still overestimated by linear 

regression (linear: 0.33, kernel: 0.25). Detailed results of significance tests on the average value 

of coefficients are presented in Appendix A6. 

Summarizing our investigation of multi-factor models, we can state the followings: The 

hypothesis of linearity of three and four factor models cannot be rejected at any confidence 

level, thus linear estimation of coefficients is adequate. However, kernel regression estimation 

shows significantly better goodness of fit and HML coefficients seems to be overestimated by 

linear regression. We find that the coefficient of SMB factor is negatively-, the coefficient of 

MOM factor is positively correlated to the size of the company. 

II.4.8.3 Polynomial testing 

We have shown that the linearity between risk premium of an asset and risk premium of the 

market portfolio is rejected. Although the single risk measure is not able to explain the risk 

premium for several securities in a linear model, we interested in whether the polynomial 

relationship holds in these cases. We run polynomial hypothesis testing12 for these securities 

starting the degree of polynomial regression beginning from 2 to 7. If the polynomial 

relationship cannot be rejected at degree d, we state that the market risk premium is capable to 

describe the risk premium of the security d -degree polynomial regression. We summarize our 

results in Table II.7. We find a second-degree polynomial relationship between the market risk 

premium and the risk premium of securities ORCL, NOV and VSER, third-degree relationship 

for securities TLAB, BMC, SYMC, LXK, LRCX and PEI and fifth-degree relationship for 

security CMG. The hypothesis of d-degree polynomial relationship is rejected for all degree 

d=2,3,…,7 for BAX, FDX and PAYX. Overall, we can state that if the linearity does not hold 

between risk premium of a security and risk premium of market, the relationship can be 

expressed by second- or third-degree polynomial. 

 

 

                                                
12 We apply 1000 iterations in wild bootstrapping. 
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Table II.7. Polynomial testing of market risk premium 

Ticker 
min

d  2d   3d   4d   5d   6d   7d   

BAX – 0.02 0.02 0.01 0.02 0.02 0.00 

FDX – 0.04 0.02 0.01 0.02 0.02 0.04 

TLAB 3 0.03 0.35 0.28 0.64 0.95 0.88 

PAYX – 0.00 0.02 0.01 0.01 0.01 0.01 

ORCL 2 0.06 0.26 0.22 0.38 0.33 0.24 

BMC 3 0.03 0.28 0.18 0.38 0.64 0.52 

SYMC 3 0.04 0.07 0.03 0.04 0.04 0.10 

LXK 3 0.02 0.19 0.16 0.66 0.82 0.78 

NOV 2 0.06 0.20 0.16 0.16 0.08 0.04 

LRCX 3 0.03 0.10 0.05 0.15 0.11 0.05 

CMG 5 0.00 0.00 0.00 0.10 0.10 0.32 

PEI 3 0.02 0.14 0.08 0.31 0.20 0.16 

VSEA 2 0.06 0.10 0.05 0.18 0.23 0.15 

Notes: For all of the securities where the linearity is rejected, we estimate the risk premium with degree d=2,3,…,7. 
We applied hypothesis testing for degree d to decide whether the relationship can be rejected. The table 

summarizes the p-values of hypothesis testing. The 1st column is the ticker of the security; the 2nd column is the 

minimal value of d, where the d-degree polynomial relationship holds with 5% significance level, the rest of the 

columns contain the p-values of hypothesis testing for all degrees. The values in the lowest of degree where the d-

degree polynomial relationship holds are in bold. 

II.5 Concluding remarks 

Based on our analysis, the linearity of the CL applying the single factor CAPM can be rejected 

in 9.3% of the US stocks and 20% of the stocks of large US companies, so the standard linear 

estimators cannot be used for estimating market risk and performance. We propose using non-

parametric approaches for estimating alphas and betas as our study shows that they do not differ 

significantly from the linear measures when linearity holds, while they provide good 

alternatives when linearity can be rejected. Both risk and performance measures; that is, beta 

and alpha, are not constant when extreme market movements occur; however, standard 

measures would indicate constant estimations. The linear beta in the single factor setting is 

significantly downward estimated when linearity does not hold, which is a problem that can be 

solved by our non-parametric beta measure. We find that the risk is significantly higher for 

those stocks where the linearity of CL can be rejected compared to the stocks where the linearity 

holds. Our non-parametric alpha shows that managers can beat the market only under extreme 

market conditions. We find that small companies has the highest average non-parametric risk 

and highest expected risk premium, which confirms small firm effect. As the slope of SML is 

negative for small companies and we measure a significant abnormal performance of U.S. 

stocks that cannot be explained by beta, we conclude that CAPM beta is not enough to explain 
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asset risk premiums. Extending the linearity testing to multivariate method, we show that 

second- and third-degree polynomial relationship holds in the majority of the cases when 

linearity is rejected. Based on our results, the linearity of cross-sectional regression with 

additional two or three factors (SMB, HML and MOM) cannot be rejected at any significance 

level; therefore, standard linear methods are appropriate to estimate coefficients of these factors. 

However, HML coefficient seems to be usually overestimated by linear model. We find that 

the coefficient of SMB factor is negatively, the coefficient of MOM factor is positively 

correlated to the size of the company. 

In this chapter, we have discussed that the single CAPM beta is not able to capture the 

risk of an asset on its own. The main reasons behind that is the linearity of Characteristic Line 

is rejected and the empirical evidence of abnormal performance in Security Market Line. We 

suspect that linearity fails because there is different relationship in extreme conditions (tail of 

the distribution), as we have shown in example Characteristic Lines. In order to handle this 

phenomenon, we have introduced a kernel regression-based estimation of risk, called non-

parametric risk. Although we have shown that the multi-factor extensions of CAPM are capable 

to explain the returns of the assets in a linear model, they require more factors and still assume 

the existence of market portfolio. We are interested in introducing alternative simple risk 

models that are capable to capture risk independently from distribution of returns, thus we 

investigate entropy as a risk measure in the next chapter. As entropy is a generally applied 

measure of uncertainty, we deduce a risk model that represents risk as the level of 

unpredictability of the returns, even if they follow non-normal distributions. We show that 

avoiding the assumption of normality will characterize the risk of an investment more precisely 

than standard deviation and CAPM beta. 

  



 45 

III ENTROPY-BASED ASSET PRICING 

We investigate entropy as a financial risk measure. For asset pricing, we define differential 

Shannon- and Rényi entropy of asset returns as an alternative measure of risk. We find that 

histogram-based estimation of entropy functions offers the best tradeoff between explanatory 

and predictive power. Our results show that entropy decreases in the function of the number of 

securities involved in a portfolio in a similar way to the standard deviation, and that efficient 

portfolios are situated on a hyperbola in the expected return – entropy system. Although the 

entropy-based risk measure is not coherent, we show that it can be used for asset pricing 

efficiently. We introduce an evaluation methodology that is capable to compare in-sample 

explanatory and out-of-sample predictive power of various risk measures. Our evaluation 

results show that entropy has higher explanatory- and predictive power than CAPM beta and 

standard deviation. Furthermore, we show the time varying behavior of the beta and standard 

deviation along with entropy. Analyzing multivariate risk models, we measure improvement in 

accuracy of multi-factor asset pricing models extended by entropy, primarily for less-diversified 

portfolios, thus we show that entropy can also be used for extending existing multivariate risk 

models. For empirical investigation, we use daily returns of 150 randomly selected securities 

for a period of 27 years. 

III.1 Introduction 

We build an equilibrium capital asset pricing model by applying a novel risk measure, the 

entropy. Entropy characterizes the uncertainty or measures the dispersion of a random variable. 

In our particular case, it describes the uncertainty of stock or portfolio returns without assuming 

any distribution of the returns. In modern Markowitz (1952) portfolio theory and equilibrium 

asset pricing models (Capital Asset Pricing Model, CAPM) (Treynor, 1962; Sharpe, 1964; 

Lintner 1965a,b; Mossin, 1966), we apply linear regression. This methodology supposes that 

the returns are stationary and normally distributed; however, this is not actually the case (Fama 

and MacBeth, 1973; Brown and Warner, 1985; Affleck-Graves and McDonald, 1989; Erdős 

and Ormos, 2009). Entropy, on the other hand, does not have this kind of boundary condition. 

The main goal of this research is to apply entropy as a novel risk measure. As a starting point, 

even the density function itself has to be estimated. In the traditional asset pricing model, there 

is equilibrium between expected return the beta parameter, which is the covariance–variance 

ratio between the market portfolio and the investigated investment opportunity. If the random 

variable is normally distributed then the entropy follows its standard deviation; thus in the ideal 
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case there is no difference between the two risk measures. However, our results show that there 

is a significant difference between the standard deviation, or beta, and the entropy of a given 

security or portfolio. 

In this dissertation, we show that entropy offers an ideal alternative for capturing the 

risk of an investment opportunity. As baselines for comparison, we apply classical risk – return 

models, the standard deviation and CAPM beta. We should also mention that there are 

introduced several other measure to characterize the financial risk, like VaR (Value at Risk), 

CVaR (Conditional Value at Risk), Omega, EDR (Expected Downside Risk), SVar 

(Semivariance) or Downside beta. Although these measures shown a significant contribution in 

the characterization of uncertainty in the capital market their application in equilibrium 

modeling has relatively short history; therefore, we focus on the comparison of classical models 

(variance and CAPM beta) on our research. Although we find that entropy-based risk measure 

is not coherent, we show that entropy-based risk measures has significantly higher explanatory 

and predictive power on expected risk premium compared to the classical models. Based on 

long-term empirical results, we find insignificant intersect and significant coefficient of 

regression line of entropy-based risk measures, which concludes that entropy is capable to 

explain expected risk premium on its own. We show that entropy reduction, in line with 

diversification, behaves similarly to standard deviation; however, at the same time it captures a 

beta-like systematic risk of single securities or non-efficient portfolios as well. For well-

diversified portfolios, the explanatory power of entropy is 1.5 times higher than that of the 

capital asset pricing model (CAPM) beta. 

We also compare entropy with standard risk measures based on market trends. We find 

that explanatory power of entropy is significantly higher in upward-moving market (“bull” 

market or “bullish” trend) but lower in downward-moving market (“bear” market or “bearish” 

trend) compared to CAPM beta. Our results for bullish and bearish regimes show that the 

investigated risk measures behave similarly in terms of the positive and negative relationship 

between risk and return. This behavior underlines the fact that the entropy-based risk measure 

can give contrary results in the same way as traditional risk estimations in upward and 

downward regimes. We evaluate the explanatory- and predictive power of the investigated risk 

measures in short term. Based on our results, entropy-based risk measures has significantly 

higher predictive power than CAPM beta and significantly higher explanatory power than 

standard deviation in short term. Furthermore, we measure 40% less relative standard deviation 

of accuracy for entropy than CAPM beta in short-term samples. 
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III.2 Data 

In our empirical analysis, we apply daily returns from the Center for Research in Security Prices 

(CRSP) database for the period from 1985 to the end of 2011. We randomly select 150 stocks 

from the S&P 500 index components that are available for the full period. The market return is 

the CRSP value-weighted index return premium above the risk-free rate. The index tracks the 

return of the New York Stock Exchange (NYSE), the American Stock Exchange (AMEX) and 

NASDAQ stocks. The risk-free rate is the return of the one-month Treasury bill from the CRSP. 

We use daily returns because they are not normally distributed (see Appendix A8). For 

multivariate risk modeling, we use the difference in returns between stocks of small and large 

market capitalization companies (SMB); the difference in returns between stock with high 

book-to-market ratios minus low ones (HML); the empirically observed tendency for 

persistency meaning that rising asset prices to rise further, and falling prices to keep falling 

(MOM)13. 

III.3 Methodology 

Entropy is a mathematically defined quantity that is generally used for characterizing the 

probability of outcomes in a system that is undergoing a process. Originally, in 1865, Clausius 

(1870) introduced entropy to measure the ratio of transferred heat through a reversible process 

in an isolated system in thermodynamics. In statistical mechanics, the interpretation of entropy 

is the measure of uncertainty about the system that remains after observing its macroscopic 

properties (pressure, temperature or volume). In 1872, Ludwig Boltzmann (1970) considered 

the application of entropy in this perspective. He defines the configuration entropy as the 

diversity of specific ways in which the components of the system may be arranged. He present 

a strong relationship between the thermodynamic and the statistical aspects of entropy: the 

formulae for thermodynamic entropy and configuration entropy only differ in the so-called 

Boltzmann constant. 

There is an important application of entropy in information theory as well, and this is 

often called Shannon (1948) entropy. The information provider system operates as a stochastic 

cybernetic system, in which the message can be considered as a random variable. The entropy 

quantifies the expected value of the information in a message or, in other words, the amount of 

information that is missing before the message is received. The more unpredictable is the 

message that is provided by the system, the greater the expected value of the information 

                                                
13 The detailed description of the factors can be found on the website of Kenneth French. 
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contained in the message. Consequently, greater uncertainty in the messages of the system 

means higher entropy. Because the entropy equals the amount of expected information in a 

message, it measures the maximum compression ratio without losing information. 

In financial applications, Philippatos and Wilson (1972) apply the entropy first. 

Analogously to the Markowitz mean-variance-model (MVM), they build portfolios based on 

return and entropy. They state that the entropy is more general measure than variance, as 

entropy does not rely on assumption of any distribution. Nawrocki and Harding (1986) propose 

to apply state-value weighted entropy as a measure of investment risk; however, they are 

dealing with the discrete case. Maasoumi and Racine (2002) point out that entropy has several 

desirable properties and is capable of capturing non-linear dependencies in return time series 

efficiently. Based on Huang (2008), entropy is capable to characterize the risk of a portfolio, 

they state that the lower entropy results safer investment. In their research, they also introduced 

a fuzzy-based variance and entropy models for portfolio selection. Xu et al. (2011) build a „λ 

mean” hybrid entropy model that proposes an alternative solution for portfolio selection.  

Entropy is also applied for measuring the level of diversification. Dionisio et al. (2006) 

argue that entropy observes the effect of diversification and is a more general measure of 

uncertainty than variance, as variance assumes normal distribution on returns. The mutual 

information and the conditional entropy perform well when compared with the systematic risk 

and the idiosyncratic risk estimated through the linear equilibrium model. Bera and Park (2008) 

apply entropy as a measure of diversification to improve the optimization of portfolio selection. 

Qin et al. (2009) introduce the Kapur cross-entropy minimization model for portfolio selection 

and evaluate it in fuzzy simulation. Jana et al. (2009) extended the traditional portfolio 

reweighting problem with entropy and transaction costs, Usta and Kantar (2011) apply entropy 

for diversification extending standard measures. In their findings, the mean-variance-skewness 

model is extended by entropy that results more accurate predictions on returns out of sample. 

Kirchner and Zunckel (2011) argue that in financial economics entropy is a better tool for 

capturing the reduction of risk by diversification; however, in their study, they suppose that the 

assets are Gaussian. Zhou et al. (2013) introduce a review about the application of entropy in 

financial model, focusing portfolio diversification and asset pricing; however, they not 

published any results on these methods. 

All the above academic papers recognize that entropy could be a good measure of risk; 

however, they do not focus on the empirical investigation and practical application of this 

measure. Our main motivation is to show that an entropy-based risk measure is, on the one 
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hand, more precise, and, on the other hand, no more complicated to use than variance 

equilibrium models. We are also interested in if the entropy-based risk models have better 

explanatory- and predictive power in- and out of sample compared to variance and CAPM beta; 

furthermore whether the entropy-based risk models can be used for extending other risk models. 

III.3.1 Modern Portfolio Theory 

One of the most well known theories in finance is Modern Portfolio Theory (MPT) that is 

formulated by Harry Markowitz (1952). MPT captures the risk of an investment by the standard 

deviation of its return. Assuming normal distribution of returns the risk of a portfolio can be 

calculated based on the weights, the standard deviation and the pairwise correlation coefficients 

between the assets that are contained by the portfolio, expressed in the following formula: 

 
2 2 2 ,p i i i j i j ij

i i j i

w w w    


    (III.1) 

where iw  the weight assigned to asset i, i  is the standard deviation of asset i, and ij  is the 

correlation coefficient between asset i and asset j. The expected return of portfolio is the 

weighted average of expected return of its assets: 

    .p i i

i

E r w E r  (III.2) 

We recall that the risk is characterized by the systematic (non-diversifiable) and idiosyncratic 

(non-systematic) risk. MPT states that only specific risk can be eliminated by diversification. 

Well-diversified efficient portfolios have system systematic risk and they are situated in a 

hyperbola (Efficient Frontier) in the expected return – risk coordinate system. If a risk-free asset 

is available, a combination of risk-free asset and a risky (tangency) portfolio results a line 

between risk-free and risky investment, called Capital Allocation Line. For a rational investor, 

MPT tells which efficient portfolio maximizes his utility based on his risk aversion. 

III.3.2 Discrete entropy function 

Let 
X  be a discrete random variable. The possible outcomes of this variable are denoted by 

1 2, ,.., ko o o , and the corresponding probabilities by  ii oXp  Pr , where 0ip  and 

1

1
k

i

i

p


 . The generalized discrete entropy function (Rényi, 1961) for the variable
X is 

defined as 
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 , (III.3) 

where   is the order of entropy, 0  and 1 , and the base of the logarithm is 2. The most 

widely used orders are 1  and 2 . 

1  is a special case of generalized entropy. Although the substitution of 1  into 

Eq. (III.3) results a division by zero, it can be shown that H  converges to Shannon entropy 

using l’Hôpital’s rule for the limit of 1 : 

    1

1

log
k

i i

i

H X p p



  . (III.4) 

The case of 2  is called collision entropy or “Rényi entropy”. Similarly to the literature, we 

refer to this special case as the latter further in our work: 

   2

2

1

log
k

i

i

H X p



 
   

 
 . (III.5) 

 XH  is a non-increasing function in  , and both entropy measures are greater than zero 

provided that there is a finite number of possible outcomes. With Jensen-inequality it can be 

shown that 

      XHXH 120 . (III.6) 

Based on that, the value of Rényi entropy is not greater than Shannon entropy for any random 

variable X 
. There are introduced several other entropy functions to characterize the 

uncertainty of a random variable. The most often used alternative measures are Havrda-Charvát 

entropy (Havrda and Charvát, 1967), Tsallis entropy (Tsallis, 1988), incremental entropy for 

financial modeling (Ou, 2005) or fuzzy-based entropy (Li and Liu, 2008). The application of 

these measures remains out of scope this dissertation. 

The goal of our research is to work out novel methods that characterizes the risk of an 

asset and can be used for asset pricing. Majority of the risk measures applies daily or monthly 

observations of returns and factors. This data typically consist of continuous real values (e.g. a 

logarithmic returns of an asset take real values); therefore, a discretization of the returns should 

be applied (e.g. “binning”). One drawback of discrete entropy, that it is sensible to the number 

of possible discrete outcomes, therefore the discretization of returns should be carefully 

selected. If we set a constant number of bins for all securities then discrete entropy probably 
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will not meet the positive homogeneity. If we use different number of bins then the 

discretization may result distorted risk estimations relying on the number of bins. Based on 

these issues, the goal of the introduction of discrete entropy function is to provide a better 

overview of entropy functions. In our empirical work, we focus on continuous (“differential”) 

entropy functions derived from discrete ones, which has better properties for our purpose. 

III.3.3 Differential entropy function 

Let X  be a continuous random variable taking values from  with a probability density 

function  xf . Analogously to Eq. (III.3), the continuous entropy is defined as 

    
1

ln
1

H X f x dx






  . (III.7) 

Although the bases of the logarithms in Eq. (III.3) and Eq. (III.7) are different, it can be shown 

that the value of the entropy changes only by a constant coefficient for different bases. Based 

on this property, it is irrelevant which base is used for empirical comparison of explanatory and 

predictive power; therefore, we use the natural logarithm for all differential entropy functions. 

The formulas for the special cases ( 1  and 2 ) are the following: 

      1 lnH X f x f x dx  , (III.8) 

    
2

2 lnH X f x dx   . (III.9) 

An important difference between discrete and continuous entropy is that while discrete entropy 

takes only non-negative values, continuous entropy can also take negative values. Based on 

Benavides (2011), in one hand, differential entropy converges to negative infinity in case of 

Dirac delta function; on the other hand, if the probability density function is flattened to the 

entire real axis X the differential entropy converges to infinity. 

III.3.4 Entropy estimation 

Let  1 2, ,..., nx x xx  be the observations of the continuous random variable X, and  XH n,  

the sample-based estimation of  XH . Assuming that the probability density function  xf  

is estimated by  xfn , the “plug-in” estimate of entropy is defined in the following formula: 
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1
ln ,

1
n

n n

A

H X f x dx






   (III.10) 

where nA  is the range of integral. We propose to select     min ,maxnA  x x . The term 

“plug-in” refers to the method that estimates the probability density function first and then 

calculates the entropy by using this function on the range of integral. 

III.3.4.1 Histogram 

One of the simplest methods of density estimation is the histogram-based density estimation. 

Let    max minnb  x x  be the range of sample values; partition the range into g bins of equal 

width and denote the cutting points by jt . The width of a bin is constant: jj
n tt
k

b
h  1 . The 

density function is estimated by using the following formula: 

  
nh

xf
j

n


 , (III.11) 

if  1,  jj ttx , where j  is the number of data points falling in the jth bin. The parameter of this 

method is the number of equal width bins (g). Although there are several methods for choosing 

this parameter (e.g. the square root choice, Scott’s normal reference rule (Scott, 1979), or the 

Freedman-Diaconis rule (Freedman and Diaconis, 1981)), the detailed descriptions of these are 

outside the scope of this dissertation. 

The implementation of plug-in estimation of entropy is difficult, because it contains 

integral operator. Based on the properties of the histogram, a simpler “built-in” estimation 

formula can be deduced for Shannon- and Rényi entropy using Eq. (III.8), (III.9), (III.10) and 

(III.11): 

  1,
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1
ln
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H X v
n nh





 
  

 
 , (III.12) 
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nh





 
   

 
 . (III.13) 

The term “built-in” refers to the estimation of probability density function (pdf) and entropy 

function in a same formula. Based on the deduction, the integral is replaced to sum operator 

that is easier to implement. Unlike the discretization (binning) of values mentioned in Section 
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III.3.2, the histogram-based density estimation takes h into account and estimates continuous 

density function instead of discrete probability. Therefore, selecting the right number of bins 

has effect in the accuracy of the estimation of pdf only14. Consequently, the application of 

differential entropy with histogram-based pdf is not the same as the application of discrete 

entropy with discretized values. 

III.3.4.2 Kernel density estimation 

The kernel-based density estimation is another commonly used method. It applies the following 

formula: 

   









 


n

i

i
n

h

xx
K

nh
xf

1

1
, (III.14) 

where K  is the kernel function, and h is the bandwidth parameter. In Table II.1 of Subsection 

II.3.3, we have already introduced the most frequently used kernel functions. For the estimation 

of slope of kernel regression, we have selected Gaussian kernel function, because it is 

differentiable at every point. For the estimation of entropy, we don’t need to apply such a 

consideration, because we are not interested in deriving the probability function now. We prefer 

to select Epanechnikov kernel function by two reasons. First, it has the best convergence among 

the discussed kernel functions (Härdle et al., 2004); second, it has indication function that 

reduces the computational time of the estimation of probability density function. 

III.3.4.3 Sample spacing estimation 

Let nnnn xxx ,2,1, ... be the corresponding order of  1 2,. ,..., nx x xx , assuming that this is 

a sample of i.i.d. real-valued random variables. Let’s call 
,( 1) 1 , 1[ , )n i m n imx x  

 the ith spacing of 

order m. Based on this spacing, the following density estimation is defined as 

  
minimn

n
xxn

m
xf

)1(,,

1


 , (III.15) 

if ,( 1) 1 , 1[ , )n i m n imx x x   . The method is called “sample spacing” density estimation (Beirlant et 

al., 1997). Wachowiak et al. (2005) introduce another variation of the sample spacing density 

estimation, called the Correa estimator: 

                                                
14 In appendix A8, we show that the expected value of entropy does not change significantly by increasing the 

number of bins after 40-50. 
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if ),[: 1,,  inin xxxi ; 





2/

2/1

1 mi

mij

ji x
m

x , and nj 1 . The parameter for sample spacing 

methods is the fixed order m. For practical reasons (e.g. various size of samples), we suggest 

using nm , which depends on the size of the sample and is calculated by the following formula: 

 n

n
m

g

 
  
 

, (III.17) 

where g is the number of bins, and the braces indicate the ceiling function. 

Beirlant et al. (1997) overview several additional entropy estimation methods, such as 

re-substitution, splitting-data and cross-validation; however, our dissertation focuses on the 

most often used applications. In Subsection III.4.1, we have discussed which entropy estimation 

is applied for further investigation. 

III.3.5 Entropy as risk measure 

Let us recall that the one of the main goals of this dissertation is to apply entropy as a novel risk 

measure. The present investigation considers risk measures as explanatory variables to explain 

and predict risk premium. In order to compare the accuracy of various risk measures, we define 

the following methodology. Let us define a set of assets (or investment opportunities) A, 

denoted by  , which consists of the available securities (or stocks) and portfolios in the 

market15. We denote the securities (or stocks) as iS   1,2,..., sj n , the market portfolio as 

M   and the risk free asset as F . We define a generalized risk function : A   that 

assigns a real value to an ,A  in other words, that captures financial risk. We use  A  as 

a measure of risk of asset A . In our research, we focus on return-based measurement of risk. 

The random variable of return for an asset A  is denoted by ;AR  more specifically, we denote 

the return of a security iS  by iR , the return of market portfolio M by MR  and the return of risk 

free asset F by FR . By the representation of adding operator 3 1 2A A A  , we mean the sum of 

                                                
15 In our analysis, we consider a portfolio as an asset. 
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their random variable of return 
3 1 2.A A AR R R   We consider similar notation for weighted 

sums and addition of constant c. In this subsection, we investigate the properties of entropy-

based risk .H  

III.3.5.1 Definition 

Based on our approach the uncertainty (and entropy) of the return of a security can be 

interpreted as risk. The more even distribution (or higher variance) of the probability density 

function results higher entropy; on the other hand, the higher probability of outcomes of returns 

means lower entropy (thus lower risk) of returns. As the returns are real values, we apply 

differential entropy on their observation. Let us recall that the differential entropy can take 

negative values as well; furthermore, in Subsection III.3.5.4 we show, that  H X  does not 

satisfy the axiom of positive homogeneity. For better properties of risk function, we transform 

the differential entropy with exponential function and we define the continuous random 

variable-based risk measure H  as  

    
.A FH R R

H A e


  (III.18) 

Based on the properties of exponential function H  takes values from the non-negative real 

numbers, 0.H   If the probability density function (pdf) of A FR R  is Dirac delta (in other 

words, there is only one possible outcome in the distribution function), H  is zero and if the 

pdf is flattened to the entire real axis, H  converges to positive infinity. 

III.3.5.2 Shannon entropy and standard deviation 

We show that the Shannon entropy-based risk measure differs from standard deviation in 

constant if the distribution of the risk premium of asset A  is normal. Let  2~ ,X N    be 

a normally distributed continuous random variable with expected value   and variance 2.  

Based on Norwich (1993), the expected Shannon entropy on random variable X is 

    2

1

1
ln 2 .

2
H X e   (III.19) 

Assuming that the risk premium A FR R  of asset A  is normally distributed, the following 

equation can be formed based on Eq. (III.18) and Eq. (III.19): 
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        (III.20) 

where  A  is the standard deviation-based risk of asset A. By the left and right side of Eq. 

(III.20) we can conclude that the Shannon entropy-based risk measure differs from standard 

deviation in a constant 2 e , if the risk premium is normally distributed. 

III.3.5.3 Coherent risk 

Based on Artzner et al. (1999) a risk measure is considered as a coherent measure if it satisfies 

the axioms of translation invariance, subadditivity, positive homogeneity and monotonicity. 

Furthermore, we are also interested in the convexity of the risk measure, because it is necessary 

to show if the entropy-based risk is capable to characterize the diversification effect. In the 

following subsections, we investigate whether the entropy-based risk satisfy these axioms. We 

show that entropy-based risk measure satisfies the axiom of homogeneity in any circumstances. 

We also prove that Shannon entropy-based risk satisfies the convexity and subadditivity 

assuming normal distributions; however, we refer to test these axioms under non-normal 

distributions empirically for both Shannon- and Rényi entropies. We show that entropy-based 

risk measure does not satisfy the axiom of translation invariance and monotonicity; therefore, 

we conclude that entropy-based risk measure is not coherent. However, we emphasize that the 

coherence is not required for asset pricing (neither standard deviation, nor VaR is coherent). 

Let XA   and ZA   be two assets, where the random variable of risk premium of XA  and 

ZA  denoted by X FX R R   and Z FZ R R   with the probability function  Xf x  and   ,Zf z  

respectively. In the following subsections, we define the relation between XA  and ZA , thus 

between X and Z, according to the axioms. 

III.3.5.4 Positive homogeneity 

The risk measure   is positive homogeneous if    A A    for all 0  . It states that if 

the random variable of the return of A  by   then the risk itself is also multiplied by that 

coefficient. If Z XA cA  and Z cX  and constant c is non-negative, we show that 

   H Z H XA c A
 

  . Let us recall the generalized differential entropy for variable Z that is 

defined in the following equation: 
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   (III.21) 

Using the equality of probability density functions    
1

Z cX X

z
f z f z f

c c

 
   

 
 assuming 0c   

and dz cdx , we shape the equation to 

  
1 1

ln .
1

X

z
H Z f cdx

c c






  
   

   
  (III.22) 

Assuming 0c   we omit the absolute operator and form the equation to 

    
1

1 1
ln .

1
XH Z f x dx

c









 
  

  
  (III.23) 

Separating the constant values from the integral, we get the following equation: 

    
1

1 1 1
ln ln .

1 1
XH Z f x dx

c





 



 
   

   
  (III.24) 

Substituting    
1

ln
1

XH X f x dx






  , we reach the final formula 

      11
ln ln ,

1
H Z H X c H X c

  


   


 (III.25) 

which shows that  H Z  differs from  H X  in an additive constant lnc . 

For Shannon entropy – as a special case of generalized differential entropy function 

using 1   – we deduce the same relationship. The equation of differential Shannon entropy 

function for variable Z is 

      1 ln .Z ZH Z f z f z dz   (III.26) 

Using  
1

Z X

z
f z f

c c

 
  

 
 assuming 0c   and dz cdx , we shape the equation to 

  1

1 1
lnX X

z z
H Z f f cdx

c c c c

    
      

    
  (III.27) 

Using 0c  , we omit the absolute operator and form the equation to 
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       1 ln lnX XH Z f x f x c dx    (III.28) 

By separating  Xf x  and constant lnc , we get 

        1 ln ln .X X XH Z f x f x dx f x cdx     (III.29) 

Substituting      1 lnX XH X f x f x dx  , we reach the final formula 

        1 1 1ln ln ,XH Z H X c f x dx H X c     (III.30) 

which also shows that  1H Z  differs from  1H X  in an additive constant lnc . 

Applying exponential transformation on entropy function introduced in Subsection 

III.3.5.1, we show that  

          
ln

H Z H X

H Z H X c H X
A e e ce c A

 

   


     if 0.c   (III.31) 

We also derive, that    H Z H XA c A
 

   if 0.c  As   0H Xc A


   if 0c  , we need to show 

that 

     0H Z H XA cA
 

    if 0.c   (III.32) 

The probability function Zf  of 0Z X is Dirac delta, because Z always takes zero. As showed 

that   0H ZA   if the probability function of underlying random variable of ZA  is Dirac delta, 

Eq. (III.32) is valid. Based on our deduction, we have shown that    H X H XcA c A
 

   if 

0;c   therefore, the entropy-based risk measure satisfies the axiom of positive homogeneity. 

III.3.5.5 Subadditivity and convexity 

The risk measure   is subadditive if      X Z X ZA A A A      for all XA  and .ZA  It states 

that the risk of the sum of two assets is equal or less than the sum of the individual risks of asset 

XA  and ZA . The axiom of convexity states that risk measure   is convex if 

        1 1X Z X ZA A A A           for all XA  and ZA  and 0 1  . It states that 

the risk of the portfolio created by the  -weighted linear combination of asset XA  and ZA  is 

equal or less than the weighted sum of the risk of XA  and .ZA  Assuming that   is positive 
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homogeneous, we can easily deduce, that if   is convex then it is also subadditive. If   is 

convex then the axiom applying 
1

2
   is 

    
1 1 1 1

2 2 2 2
X Z X ZA A A A  

 
   

 
 (III.33) 

Using the axiom of positive homogeneity  
1 1 1

2 2 2
X Z X ZA A A A 

 
   

 
, the equation is 

      
1 1 1

2 2 2
X Z X ZA A A A      (III.34) 

Simplifying by 
1

2
, we see that   is subadditive in this case. 

We have shown that entropy based risk measure satisfies the positive homogeneity. 

Based on that, if we validate the convexity we also validate the subadditivity; therefore, we 

focus on investigating the convexity. Based on Markowitz’s Modern Portfolio Theory (1952) 

the standard deviation is convex: 

         1 1X Z X ZA A A A             (III.35) 

where   is the standard deviation based risk. Multiplying the equation by 2 e  we get the 

following: 

         2 1 2 2 1X Z X Ze A A e A e A                (III.36) 

As Shannon entropy-based risk measure differs from standard deviation in constant coefficient 

    2H A A e    if the distribution of the risk premium of A is normal, we see that 

         1 1 .H X Z H X H ZA A A A           (III.37) 

Based on that, we deduce that Shannon entropy-based risk satisfies convexity and subadditivity 

if the distribution of XA , ZA  and the joint probability distribution of XA  and ZA  is normal. For 

Rényi entropy on normal distribution and for non-normally distributed random variables, we 

cannot have such a consideration; however, our hypothesis is that entropy-based risk measures 

satisfies convexity even if the risk premiums are not normally distributed. Although the 

analytical proof of that is a difficult mathematical problem, we do not try to derive in this 

dissertation; however, we try to validate it empirically in Subsection III.4.3. 
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III.3.5.6 Translation invariance 

The risk measure  is translation invariant if    A C A c    , where C  is a risk free asset 

with constant return of c. It states that if we increase (or decrease) the return of asset A by fixed 

risk-free return, the risk decreases (or increases) by this constant. Let us define 
Z XA A C   

and Z X c  . Let us recall the generalized differential entropy for variable Z that is defined 

in the following equation: 

    
1

ln .
1

ZH Z f z dz






   (III.38) 

Using dz dx and        Z Z X c Xf z f x c f x c f x      if Z X c   for all real value c, 

we see that 

      
1

ln .
1

XH Z f x dx H X


 


 
   (III.39) 

It can be easily shown that    1 1H Z H X  also holds for Shannon entropy of Z, as a special 

case of generalized entropy function. Based on the Eq. (III.39), we show that 

     ,H HA C A
 

    (III.40) 

which does not satisfy the axiom of translational invariance. 

III.3.5.7 Monotonicity 

The risk measure   is monotone if    Z XA A   if X ZA A  for all XA  and .ZA  We interpret 

this axiom as if the return of ZA  is equals or greater than XA  then the risk of ZA  cannot be 

greater than the risk of XA . Based on the contradiction of translational invariance and 

confirmation of positive homogeneity, it can be easily found a counterexample to show that 

entropy-based risk does not satisfy the axiom of monotonicity. Assume that 0Z cX X   , 

where 1c  . In this case, Z is always better than X. Although    E Z E X , the entropy-based 

risk measure is independent from the expected value. In the previous subsection, we have 

shown, that    H HcX c X   if 0;c   therefore, we show an example, where Z X  and 

    ,H HZ X   which does not satisfy the axiom of monotonicity. 
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III.3.6 Explanatory and predictive power 

In order to compare the accuracy of the risk estimation methods, we consider two basic 

evaluation approaches, the measurement of in-sample explanatory power and the measurement 

of out-of-sample predictive power. Let the following set of data be given  ,A RD D D , where 

 , ,AD S M F  and  1 2, ,..., lS S S S  is the set of securities (or stocks), M is the proxy of 

market portfolio, F is the risk free asset. The corresponding observation (sample) of returns is 

 , , ,R S M FD  R r r  where  1 2, ,...,S lR r r r  and  
T

1 2, ,...,i i i inr r rr  is the observation of return, 

the observation of the market return is  
T

1 2, ,...,M M M Mnr r rr  and the observation of the risk 

free return is  
T

1 2, ,...,F F F Fnr r rr , where l is the number of securities and n is the number of 

samples. 

III.3.6.1 In-sample explanatory power 

Let V be a target variable, with sample  1 2, ,..., lv v vv ,
 
and let U be a single explanatory 

variable with sample  1 2, ,..., lu u uu . The linear relationship between variables U and V can 

be described using the linear regression. The explanatory power of U on V estimated by the 

goodness of fit of regression line,  2 ,R v u  in notation, where u and v are the observation 

vectors of U and V, respectively. 

We are curious about how precisely a risk measure describes the expected return of a 

security. Let’s denote the measure of accuracy (explanatory or predictive power) of a risk 

measure by   . Let the explanatory variable U be the risk measure of the securities, where 

the sample is: 

       1 2
ˆ ˆ ˆ, ,..., lS S S   u , (III.41) 

where   in index indicates that the explanatory variables are defined based on risk measures 

and  ˆ
iS  is the empirical estimation of risk  iS  of security iS . Let the target variable V is 

the mean or average (as an approximation of the expected value of) risk premium of the 

securities, where the sample is: 

  1 2, ,...,F F l F    v r r r r r r , (III.42) 
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where   indicates that the target variable is defined based on the mean of risk premium. We 

define the estimation of the in-sample explanatory power (accuracy) as the goodness of fit of 

the previously defined variables Eq. (III.41) and Eq. (III.42) 

    2ˆ ,R     v u . (III.43) 

III.3.6.2 Out-of-sample predictive power 

We provide a formal definition of train-test split-based (out-of-sample) evaluation. Let 

 ,I I I

A RD D D  and  ,O O O

A RD D D , where  , ,I I I I

AD S M F   1 2, ,...,I I I I

lS S S S  and 

 , ,O O O O

AD S M F   1 2, ,...,O O O O

lS S S S ,  , , ,I I I I

R S M FD  R r r  and  , ,O O O O

R S M FD  R r r  are 

disjoint samples of returns. By the distinction of IS  and OS , we highlight that we apply 

different observation for the same securities in-sample (train) and out-of-sample (test). The train 

sample of returns are  1 2, ,...,I I I I

S lR r r r , I

Mr  and I

Fr , where  
T

1 2, ,...,I I I I

mr r r   r ; the test 

sample of returns are  1 2, ,...,O O O O

S lR r r r , 
O

Mr  and 
O

Fr , where 
      

T

1 2
, ,..., ,O O O O

m m m p
r r r      

r  

 : 1,2,..., , ,l M F  and npm  . The explanatory values of regression are the risk measures 

of securities in 
ID : 

       1 2
ˆ ˆ ˆ, ,...,I I I I

lS S S   u , (III.44) 

where   in index indicates that the explanatory variables are defined based on risk measures 

and  ˆ I

iS  is the in-sample empirical estimation of risk  iS  of security iS . Let the target 

values be the expected risk premium of the securities in 
OD : 

  1 2, ,...,O O O O O O O

F F l F    v r r r r r r , (III.45) 

where   indicates that the target variable is defined based on expected value of risk premium. 

Using Eq. (III.43), (III.44) and (III.45), the estimation of the out-of-sample explanatory 

(predictive) power of   risk measure is the following: 

    2ˆ ,O I

O R     v u . (III.46) 
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III.3.7 Baselines 

One of the goals of this research is to compare the accuracy of the entropy-based metric with 

baseline metrics. In the economic literature, the most widely used simple risk measures are the 

standard deviation and the CAPM beta. Let us denote these by   and  , respectively. The 

estimation of these risk measures for the asset A is the following: 

    A FA R R    (III.47) 

and 

  
 

 2

cov ,A F M F

A

M F

R R R R
A

R R
 



 
 


, (III.48) 

where   is the CAPM beta,   and cov is the covariance of the arguments. During our empirical 

analysis, we evaluate these two classical risk measures as baselines and compare them with 

entropy-based risks. In the next chapter, we also introduce multifactor asset pricing models. 

III.3.8 Multivariate risk methodologies 

As an extension of our analysis, we extend the introduced risk estimation end empirical 

evaluation to multi-factor models. The investigation considers risk measures as multivariate 

explanatory variables to explain and predict risk premium. Based on Subsection III.3.5, we 

define the multivariate risk function :d dA   that assigns a d-dimensional real vector to an 

asset A. 

III.3.8.1 Explanatory and predictive power 

For evaluating and comparing multivariate risk models with single factor models, we extend 

the measurement of univariate explanatory- and predictive power. Based on Subsection III.3.6, 

let us extend AD  and RD  by additional factors resulting  , , , , ,AD S M F SMB HML MOM  and 

 , , , , , ,R S M F SMB HML MOMD  R r r r r r  where  
T

1 2, ,..., nr r r   r . SMB is the average return 

between stocks of small and large companies, HML is the average return between high book-

to-market ratios minus low ones, and MOM is difference of the returns of highest performing 

firms and the lowest performing firms lagged by one month. One can easily deduce the notation 

of train-test (in-sample, out-of-sample) split additional factors. 
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Let V be a target variable, with sample  1 2, ,..., lv v vv ,
 
and let dU  be a d-dimensional 

explanatory variable vector with sample  1 2, ,..., lU u u u . The linear relationship between 

variable vector dU  and V can be described using multivariate linear regression. The explanatory 

power of dU  on V estimated by the goodness of fit of regression  2 ,R Uv . The explanatory 

values of regression are the risk measure vectors of securities: 

       1 2
ˆ ˆ ˆ, ,..., lS S S   U , (III.49) 

where   in index indicates that the explanatory variables are defined based on risk measures 

and  ˆ
iS  is the empirical estimation of risk  iS  of security 

iS . Using v , defined in 

Subsection III.3.6.1, the in-sample explanatory power of multivariate risk measure   is 

    2ˆ ,R     Uv . (III.50) 

Similarly to Subsection III.3.6.2, we can see that the out-of-sample explanatory power of   is  

    2ˆ , ,O I

O R     Uv  (III.51) 

where       1 2
ˆ ˆ ˆ, ,...,I I I I

lS S S   U , the in-sample estimation of risk vectors in train 

sample. 

III.3.8.2 Multi-factor models and combination of risk measures 

In Section II.4 of Chapter II, we have introduced the most often used extensions of CAPM, 

namely the Fama-French three-factor- and Carhart four-factor model. In order to put these 

models into the context of the investigation in Chapter III, we define the risk coefficients as risk 

measures in the evaluation methodology. The multivariate risk of Fama-French model is: 

      
1T T T

3, ,FF FF S H FF FF FF AA   


   M M M y , (III.52) 

where  , ,FF M F S H M r r r r , A A F y r r  and ,Mr  ,Fr  ,Sr  ,Hr  Ar  is the observation vector of 

returns of market portfolio M, risk free asset F, SMB factor, HML factor and the asset A, 

respectively. We also define the multivariate risk of Carhart model: 

      
1T T T

3, , ,CH CH S H MOM CH CH CH AA    


   M M M y , (III.53) 
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where  , , ,CH M F S H MOM M r r r r r , 
A A F y r r  and ,Mr  ,Fr  ,Sr  ,Hr  ,MOMr  

Ar  is the 

observation vector of returns of market portfolio M, risk free asset F, SMB factor, HML factor, 

MOM factor and the asset A, respectively. One can see, that the risk coefficients depends on M  

only, thus the linear coefficient-based risk measures can be defined by the definition of .M  For 

example, we can define a linear model that applies the coefficient of market risk premium and 

MOM factor  
T

2 2, MOM   by using  2 , .M F MOM M r r r  Furthermore, we consider a 

combination of risk measures that is 

         1 2

1 2, ,..., qdd d

C qA A A A    , (III.54) 

where  id

i A  1,2,...,i q  is a id -dimensional (univariate or multivariate) risk measure of 

asset A. 

III.4 Results and discussion 

We present the empirical results in eight parts. In Subsection III.4.1, we evaluate the entropy 

estimation methods and select the most accurate one for our following investigation. In 

Subsection III.4.2, we show how the entropy behaves in the function of securities involved into 

the portfolio. After that, we empirically analyze the hypothesis of convexity of Shannon- and 

Rényi entropy. In Subsection III.4.4, we present the long-term explanatory power of the 

investigated models. Furthermore, we examine and compare the performance of various risk 

measures in in upward and downward market trends. In Subsection III.4.6, we apply the 

investigated risk measures to predict future returns, thus we test the out-of-sample explanatory 

power of the well-known risk parameters and compare their accuracy to the entropy-based risk 

measures. In Subsection III.4.7, we summarize and compare our findings about univariate risk 

models. Finally, we investigate multifactor risk models as an outlook of our analysis. 

III.4.1 Selection of entropy estimation method 

In Subsection III.3.4, we have introduced the histogram-, the sample spacing- and the kernel-

based estimation of entropy. In this subsection, we evaluate these methods for estimating 

Shannon entropy in three way. First, we measure the explanatory power in long term using the 

whole period of the dataset; second, we evaluate the explanatory powers on 5-year periods and 

calculate the averages; and finally, we measure the predictive power by training the methods 

on 5 years and measuring them on the next following 5 years. We also calculate the standard 

deviation of the results of short periods. The bin size of histogram and sample spacing and the 
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bandwidth of kernel functions are estimated by cross-validation. Table III.1 summarizes the 

result for histogram-, two types of sample spacing-, and the most often used kernel-based 

estimation of Shannon entropy. The precise evaluation procedure is described in the notes of 

this table. 

Table III.1. Accuracy of Shannon entropy by various density estimation methods 

Density estimation 1
ˆ

P  
2

ˆ
P i  2

ˆ
P o   2

ˆ
R P i    2

ˆ
R P o   

Histogram 0.1298 0.1338 0.1015 0.67 0.62 

Sample Spacing (Simple) 0.1522 0.1531 0.0936 0.66 0.60 

Sample Spacing (Correa) 0.1461 0.1527 0.0906 0.66 0.61 

Kernel (Uniform) 0.1302 0.1257 0.0982 0.68 0.60 

Kernel (Triangular) 0.1321 0.1334 0.0976 0.67 0.59 

Kernel (Epanechnikov) 0.1322 0.1314 0.0980 0.68 0.59 

Kernel (Triweight) 0.1321 0.1378 0.0967 0.67 0.59 

Kernel (Gaussian) 0.1321 0.1334 0.0976 0.67 0.59 

Notes: To find out, that which density estimation method to be used in our study, we compare the accuracy of the 
ordinary applied methods. We estimate and evaluate risk measures of 150 random securities using various density 

estimation methods to estimate Shannon entropy by daily risk premiums in various periods: (1) long term, from 

1985 to the end of 2011 (P1). (2) 18 10-year periods shifting by one year from period (1985-1994) to period (2002-

2011) and we split the 10-year-long periods into two 5-5 year periods (P2i, P2o). The parameters of the estimation 

methods are optimized by cross-validation. The number of bins for histogram and sample spacing-based estimation 

is 175, and the bandwidth of kernel density estimation is calculated by simplex search optimization method. 
1

ˆ
P

  

shows the explanatory power of risk measures for expected risk premium in long term, 
2

ˆ
P i

  stands for the average 

explanatory power of risk measures evaluated in the first 5 years of 10-year shorter periods in sample. 
2

ˆ
P o

  shows 

the average predictability power of risk measures calculated by estimating risk in the first 5 years and evaluating 

them on the consecutive 5 years in each 10-year periods. The 5th and 6th columns stand for the relative standard 

deviation of the explanatory and predictive power based on the 18 shorter periods for the investigated risk 

measures. Although the sample spacing performs the best in sample, the histogram-based estimation offers better 

tradeoff in terms of the explanatory and predictive power, for that reason we choose the latter one. 

We see that histogram-based estimation offers a better tradeoff between the explanatory 

and predictive power (0.1298 and 0.1338 vs. 0.1015). Sample spacing has the highest 

explanatory power (Simple: 0.1522 and 0.1531; Correa: 0.1461 and 0.1527), but the lowest 

predictive power (Simple: 0.0936; Correa: 0.0906). We do not find significant difference 

between the accuracy of kernel functions; however, we detect negative correlation between 

explanatory and predictive power in long term. As the histogram-based estimation offers the 

best tradeoff between explanatory and predictive power, we apply this method for the following 

investigation. Another advantage of histogram-based estimation is that its formula is the most 
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simple among the investigated methods. Based on cross-validation, we use 175 bins for 

Shannon entropy and 50 bins for Rényi entropy16. 

III.4.2 Characterizing the diversification effect 

We investigate whether entropy is able to measure the reduction of risk by diversification. We 

generate approximately 10 million random equally weighted portfolios with various number of 

securities involved, based on the 150 randomly selected securities from the S&P 500. For single 

securities and two element portfolios we generate all permutations (150 and 22350, 

respectively), furthermore, for 3 to 100 securities involved we generate 100,000 portfolios for 

each size (group). The risk of portfolios is estimated by standard deviation, Shannon- and Rényi 

entropies using risk premiums for the full period. Because the CAPM beta measures the 

systematic risk only, we exclude it from the investigation of risk reduction. Both types of 

entropy functions are calculated by the histogram-based density function estimation, with 175 

bins for Shannon entropy and 50 bins for Rényi entropy. In the last step, we aggregated the 

risks in each groups by average. 

Figure III.1 shows the diversification effect that is characterized by the entropy-based 

risk measures and standard deviation. For 10 random securities involved in the portfolio, 

approximately 40% of risk reduction can be achieved compared to a single random security, 

based on all of the three risk estimators under investigation. Figure III.1 suggests that entropy 

shows behavior that is similar to but not the same as standard deviation, so it can serve as a 

good measure of risk. 

 

                                                
16 In Appendix A9, we empirically show that increasing the number of bins after 50 has slight effect on the average 

value of entropy. 
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Figure III.1. Average risk and risk reduction vs. number of securities in portfolio 

Notes: We generate 10 million random equally weighted portfolios with various number of securities involved (at 

most 100,000 for each size) based on 150 randomly selected securities from S&P 500. The risk of portfolios is 

estimated by standard deviation (gray continuous curve), Shannon- (black continuous curve) and Rényi entropy 

(black dashed curve) in the period from 1985 to the end of 2011 and averaged by the number of securities involved 

in a portfolio. Both types of entropy functions are calculated by histogram-based density function estimation, 

applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. The left chart shows the average risk 

estimates for each portfolio size, and the right chart shows the risk reduction compared to an average risk of single 

security portfolio. 

We also investigate how the various portfolios behave in the expected return – risk 

coordinate system in the function of diversification. We generate 200-200 random equally 

weighted portfolios with 2, 5 and 10 securities involved, and compare these to single securities 

using standard deviation, the CAPM beta, Shannon- and Rényi entropy as risk measures; the 

results are presented in Figure III.2. 

  

  

Figure III.2. Random portfolios in expected risk premium – risk coordinate system 
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Notes: The panels show the expected risk premium of the portfolios (calculated by the average of daily risk 

premiums) versus the estimated risk using various methods; the number of securities involved (t) is indicated by 

different markers. We generate a sample of 750 random portfolios by using 150 randomly selected securities and 

200-200 random equally weighted portfolios with 2, 5 and 10 securities. The risk of portfolios is estimated by 

standard deviation, CAPM beta, Shannon- and Rényi entropy by using daily returns in the period from 1985 to the 

end of 2011. Both types of entropy functions are calculated by histogram-based density function estimation, 

applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. 

Figure III.2 shows how the random portfolios are situated in expected risk premium – 

risk coordinate system. One can see that the characteristics of standard deviation and entropy 

are quite similar, with the portfolios being situated on a hyperbola as in the portfolio theory of 

Markowitz (1952). Different characteristics can be observed by using the CAPM beta; the more 

securities that are involved in a portfolio, the closer they are situated in the center of the 

coordinate system. 

III.4.3 Empirical analysis of convexity 

For the empirical analysis of convexity, we use the following method. The axiom of convexity 

states         1 1X Z X ZA A A A           for all XA  and ZA  and 0 1  . First, 

we define the ratio of the reduction of the risk by   that is  

 
  

     

1
1

1

X Z

X Z

A A

A A

  


  

 
  

 
. (III.55) 

In terms of convexity 0 1   . Second, we generate 1-1 million randomly weighted random 

portfolios XA  and XA  with random number (at most 100) of elements involved. We calculate 

 XA ,  ZA  and   1X ZA A     using 0.5   (equal weights) and 0.5   (random 

non-equal weights) estimated by histogram-based Shannon- and Rényi entropy. Table III.2 

summarizes the distribution of   (reduction of risk). 

Table III.2. Distribution of reduction of risk 

 Shannon entropy Rényi entropy 

Reduction of risk () =0.5 random  =0.5 random  

Less than 0% 0.0013% 0.4570% 0.0797% 0.7335% 

0-2% 56.0279% 70.6832% 43.9070% 62.0682% 

2-4% 24.9986% 17.9539% 31.0583% 23.1240% 

4-6% 9.6123% 6.0780% 13.4579% 8.2665% 

6-8% 4.9592% 2.6700% 7.0890% 3.5613% 

8-10% 2.7008% 1.2789% 3.0385% 1.5345% 

More than 10% 1.6999% 0.8790% 1.3696% 0.7120% 
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Notes: The table shows the distribution of reduction of risk between the sum of the individual risk of two portfolios 

and the linear combination of these. In an iteration, we generate two random portfolios 
X

A  and 
Z

A  using random 

number of elements (at most 100) involved with random weights in each portfolio. We calculate the risk of these 

portfolios by Shannon- and Rényi entropy. We combine these two portfolios with equal and random weight   

and we measure the risk of combined portfolio. The reduction of risk is measured by 

         1 1 / 1
X Z X Z

A A A A             . We apply 1 million iteration. Both types of entropy 

functions are calculated by histogram-based density function estimation, applying 175 bins for Shannon entropy 

and 50 bins for Rényi entropy. The 1st column is the category of risk reduction  . Column 2-3 and column 4-5 

shows the distribution of   on the 1-million sample using equal weights and random weights measured by 

Shannon- and Rényi entropy, respectively.  

Based on the result of random generation, we find negative (less than 0%) reduction of 

risk; however, the occurrence of these cases is not significant. For Shannon entropy, the ratio 

of negative reduction is 0.001% with 0.5   and 0.457% with random . For Rényi entropy, 

the ratio of negative reduction is 0.080% with 0.5   and 0.734% with random . Based on 

the above investigation, we find that convexity of Shannon entropy and Rényi entropy cannot 

be rejected with 99.9% confidence for equal weighting and 99% confidence for random 

weighting any two portfolios, respectively. 

We consider the occurrence of negative reduction of risk as the bias of histogram-based 

entropy estimation methodology. We find that estimation bias primarily affects the cases when 

one portfolio is combined with the other with low weight. Table III.3 shows the distribution of 

the cases in the function of min( ,1 )   (the minimum of the weights of the two portfolios). 

Table III.3. Distribution of negative reduction risk by lambda 

min(,1-) Shannon entropy Rényi entropy 

0% 0.00% 0.00% 

0-5% (0% excluded) 70.97% 56.66% 

5-10% 18.71% 18.18% 

10-15% 5.91% 8.59% 

15-20% 2.36% 4.73% 

20-25% 0.96% 3.54% 

25-30% 0.46% 2.76% 

30-35% 0.24% 1.85% 

35-40% 0.07% 1.67% 

40-45% 0.02% 1.43% 

45-50% 0.01% 0.56% 

Notes: The table shows the distribution of cases when the reduction of risk   is negative in the function of 

min(,1-). First, we generate samples to measure the distribution  . In an iteration, we generate two random 

portfolios 
X

A  and 
Z

A  using random number of elements (at most 100) involved with random weights in each 

portfolio. We calculate the risk of these portfolios by Shannon- and Rényi entropy. We combine these two 

portfolios with equal and random weight   and we measure the risk of the combined portfolio. The reduction of 

risk measured by          1 1 / 1 .
X Z X Z

A A A A              We apply 1 million iteration and 
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we consider those cases where   is negative. Both types of entropy functions are calculated by histogram-based 

density function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. The 1st column 

is the min(,1-), the minimum of the combination weights. Column 2 and column 3 shows the distribution of the 

cases in the function of min(,1-) for Shannon- and Rényi entropy, respectively. 

Based on the table, we see clear relationship between the weighting and the occurrence 

of negative reduction of risk. We see that the phenomenon occurs more likely when the weight 

of one of the portfolios is low. For Shannon entropy, 90% of the cases occurs when the 

portfolios are combined with 90% and 10% or with higher difference  min( ,1 ) 0.1   . For 

Rényi entropy, the relationship is similar; however, the 90% cases occurs at 20% or lower 

weights  min( ,1 ) 0.2   . These results allows us to confirm the assumption of estimation 

bias for negative reduction of risk. 

III.4.4 Long-term explanatory power 

In order to evaluate how precisely the risk measures explain the expected risk premium over a 

long period, we estimate the risk for each security using standard deviation, CAPM beta, and 

Shannon- and Rényi entropies based on the full period (detailed results are presented in 

Appendix A8). The single explanatory variable is the risk measure; the target variable is the 

expected risk premium of the security. We apply the explanatory power estimation by 

calculating  ̂  (
2R ) for each risk measure.Figure III.3 shows the accuracy of explaining the 

expected risk premium by the investigated risk measures; the expected daily risk premium is 

presented as a function of risk measure. The CAPM beta performs the worst, with 0.0617 

accuracy. Although the explanatory power of standard deviation (0.0783) is higher than that of 

the CAPM beta, and both entropies perform significantly better17, with the accuracy of 0.1298 

for Shannon entropy and 0.1571 for Rényi entropy. Based on the equation of linear regressions, 

the average unexplained risk premium (intersect on the Y-axis or Jensen’s alpha) for the entropy 

methods is not significant (Shannon: p-value=0.110; Rényi: p-value=0.306), while it is higher 

and significant for the standard methods (Standard deviation: p-value=0.001, CAPM beta: p-

value=0.000). This significant empirical result confirms that entropy is capable to explain 

expected risk premium on its own. 

                                                
17 Based on a bootstrapping and t-test of R2 in random 125 stocks with 1000 iterations, the accuracy of the entropy-

based risk measures differ from standard deviation and CAPM beta significantly in level 1%. 
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Figure III.3. Explanatory power of risk measures in long term 

Notes: The four panels show the relationship between risk premium and risk (standard deviation, CAPM beta, 

Shannon- and Rényi entropy) of 150 randomly selected securities by using various estimation methods. Both types 

of entropy functions are calculated by histogram-based density function estimation, applying 175 bins for Shannon 

entropy and 50 bins for Rényi entropy. The equation and the explanatory power (R2) of the linear regressions are 

presented using expected risk premium as target variable and risk as explanatory variable. In brackets under the 

OLS regression equations, the p-values can be seen for each parameter estimations. The R2 of the models applying 

entropy-based risk measures are significantly different form standard deviation and CAPM beta at 1% level. 

We also measure the explanatory power for various numbers of securities involved in a 

portfolio by generating at most 100,000 samples for each; we show the results in Figure III.4. 
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Figure III.4. Explanatory power of risk measures in long term by diversification 

Notes: This figure shows the explanatory power (R2) of the investigated risk measures for portfolios with various 
number of securities involved. We generate 10 million random equally weighted portfolios with various number 

of securities involved (at most 100,000 for each size) using daily risk premiums of 150 randomly selected 

securities. The risk of portfolios is estimated by standard deviation (light gray curve), CAPM beta (black dotted 

curve), Shannon- (gray) and Rényi entropy (black). Both types of entropy functions are calculated by histogram-

based density function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. 

Figure III.4 illustrates how the explanatory power changes with diversification. One can see 

that the explanatory power of standard deviation and entropy decreases by the increase in the 

number of securities involved in the portfolio. As standard deviation and entropy is capable to 

capture both systematic and idiosyncratic risk and the non-systematic risk is reduced 

(eliminated) by diversification, we suspect that reason for the decrease in explanatory power is 

the elimination of non-systematic risk from the portfolio. Although the diversification reduces 

the risk of the investment, we lose the information that is contained by the idiosyncratic risk; 

therefore, the explanatory power of risk measure without specific component reduces. We 

interpret this result as investors may also consider idiosyncratic risk for pricing in practice. The 

performance of the CAPM beta is nearly constant, which practically confirms that CAPM beta 

captures the systematic risk only. Despite the decreased explanatory power of both entropy 

functions for well-diversified portfolios (100 securities involved in the present case), the 

explanatory power of Rényi entropy is 1.5 times higher than beta and the difference between 

Shannon entropy and CAPM beta is still significant (p-value is 0.002204). 
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III.4.5 Explanatory power by primary market trends 

We split the original 27-year sample by primary market trend into an upward-moving 

(“bullish”, “bull market”) sample and downward-moving (“bearish”, “bear market”) sample 

(denoted by P1+ and P1-). While P1+ contains all of the days that happened in bullish period, 

P1-contains the rest of the days. Table III.4 summarizes the grouping of the periods. 

Table III.4. Labeling periods by market trend 

Start date End date Market trend 

1985-01-02 2000-01-31 bullish 

2000-02-01 2002-08-31 bearish 

2002-09-01 2007-04-30 bullish 

2007-05-01 2009-01-31 bearish 

2009-02-01 2011-04-30 bullish 

2011-05-01 2011-08-31 bearish 

2011-09-01 2011-12-31 bullish 

Notes: The table contains partition applied by explanatory power analysis by market trends. The trends are defined 
by the monthly returns of CRSP value weighted index. That is why the trends always start on the first trading day 

of the given month. 

Using these two distinct data sets, we investigate the explanatory power for standard 

deviation, CAPM beta, Shannon- and Rényi entropies using the same parameter for the 

histogram-based entropy estimation as for the previous experiments. Figure III.5 and Figure 

III.6 show the results for bull and bear market in the expected risk premium – risk coordinate 

system, respectively. 

In bullish sample, we find significantly higher explanatory power than for the full 

sample for all kinds of risk measures (Standard deviation: 0.3390, CAPM beta: 0.3667, 

Shannon entropy: 0.4345; Rényi entropy: 0.4236). Based on the results, entropy significantly 

outperforms the standard risk measures18. As for the full sample tests, the slopes of the 

regression lines are positive, meaning that higher risk-taking promises higher returns. In bearish 

sample, we also measure high explanatory powers (0.3671, 0.4369, 0.3961, 0.3855); however, 

in contrast to the bull market, during downward trends higher risk-taking does not result in 

higher returns and, indeed, the higher the risk the higher the negative premium achieved by the 

investor. We have to mention that the explanatory power of the CAPM beta is higher than that 

of the entropy-based risk measures in bearish regime. 

                                                
18 Based on a bootstrapping and t-test of R2 in random 125 stocks with 1000 iterations, the accuracy of the entropy-

based risk measures differ from standard deviation and CAPM beta significantly in level 1%. 
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Figure III.5. Explanatory power of risk measures in bull market 

Notes: The panels show the relationship between the expected risk premium of securities and risk by using various 

estimation methods. We present the equation of linear regression and the goodness of fit (R2).We estimate the risk 

of 150 random securities in upward trend periods (bull market) from 1985 to the end of 2011 using standard 

deviation, CAPM beta, Shannon- and Rényi entropy risk estimation methods. Both types of entropy functions are 

calculated by histogram-based density function estimation, applying 175 bins for Shannon entropy and 50 bins for 

Rényi entropy. In brackets under the OLS regression equations, the p-values can be seen for each parameter 
estimations. The R2 values of the models applying entropy-based risk measures are significantly higher than the 

models with standard deviation and CAPM beta at 1% level. 
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Figure III.6. Explanatory power of risk measures in bear market 

Notes: The panels show the relationship between the expected risk premium of securities and risk by using various 

estimation methods. We present the equation of linear regression and the goodness of fit (R2).We estimate the risk 

of 150 random securities in downward trend periods (bear market) from 1985 to the end of 2011 using standard 

deviation, CAPM beta, Shannon- and Rényi entropy risk estimation methods. Both types of entropy functions are 

calculated by histogram-based density function estimation, with 175 bins for Shannon entropy and 50 bins for 

Rényi entropy. In brackets under the OLS regression equations, the p-values can be seen for each parameter 

estimations. The R2 of the models applying entropy-based risk measures are significantly higher than the model 

with standard deviation at 1% level. 

Our results for the bullish and bearish regimes show that the investigated risk measures 

behave similarly in terms of the positive and negative relationships between risk and return. 

This behavior underlines the fact that an entropy-based risk measure can give contrary results 

in a similar way to traditional risk estimations in different regimes. Although this result has 

already been published by several studies (Silver, 1975; DeBondt and Thaler, 1987; Chawla, 

2003), it is still significant, because the entropy-based risk follows the same pattern as the 

standard measures. We show that the explanatory power is much higher if the market trend 
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becomes visible, because we incorporate a valuable information to the estimation of expected 

risk premium. Based on the characteristics of risk-expected risk premium, we see a clear 

tendency to gain more return with a risky investment in upward trends and less return in 

downward trends. Compared to the full sample, the split of bullish and bearish periods result a 

good isolation of samples with different characteristics of asset pricing; therefore, we measure 

better explanatory powers in these samples. Based on that, we conclude that the identification 

of market regime has significant impact on asset pricing. However, we argue that the test results 

for the full sample give more relevant comparison opportunity, because a present moment the 

investor cannot decide whether there is an upward or a downward trend. 

III.4.6 Short-term explanatory and predictive power 

Although attractive results are achieved within the sample, this does not necessarily mean high 

accuracy outside the sample. Therefore, we take several ten-year periods, shifting the starting 

year by one year for each, with the first period being 1985 to 1994 and the last 2002 to 2011. 

As the full data set covers 27 complete years, we used 18 ten-year periods (“one-year-shifting 

sample”) 19. We split each ten-year period into two shorter five-year periods (P2i and P2o), with 

the risk measures being estimated based on the first period and the predictive accuracy being 

measured in the second period. 

Table III.5. Accuracy of explaining and predicting risk premiums in short term 

Risk measure 
iP2̂  oP2̂   iPR 2̂   oPR 2̂  

Standard deviation 0.0794 0.0970 0.75 0.65 

Beta 0.1331 0.0645 0.98 1.02 

Shannon entropy 0.1338 0.1015 0.69 0.64 

Rényi entropy 0.1282 0.0934 0.63 0.62 

Notes: The table summarizes the explanatory power (in-sample R2) and predictive power (out-of-sample R2) of the 
investigated risk measures in various samples. We estimate risk measures of 150 random securities using standard 

deviation, CAPM beta, Shannon- and Rényi entropy risk estimation methods for 18 10-year periods shifting by 

one year from period (1985-1994) to period (2002-2011), split into two 5-5 year periods for each. Both types of 

entropy functions are calculated by histogram-based density function estimation, applying 175 bins for Shannon 

entropy and 50 bins for Rényi entropy. The 2nd column stands for the average explanatory power of risk measured 

in the first 5 years of 10-year shorter periods in sample. The 3rd column shows the average predictive power of 

risk measures (out-of-sample R2) calculated by estimating risk in the first 5 years and evaluating them on the other 

5 years in each 10-year periods. The last two columns show the relative standard deviation of the explanatory and 

predictive power based on the 18 shorter periods for the investigated risk measures. 

                                                
19 For significance testing between the accuracy of risk measures, we also generate 887 ten-year periods shifting 
by one-week (“one-week-shifting sample”). We show that the difference between average explanatory- and 

predictive power of risk measure using “one-year-shifting” and “one-week-shifting” is not significant (details are 

presented in Appendix A10). 
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Table III.5 summarizes the explanatory power of the investigated risk measures for the 

various samples. 
1

ˆ
P

 , 1
ˆ

P
 , and 

1
ˆ

P
   show the results of the long-term analysis for the full period 

and during the upward and downward trends, respectively; 
2

ˆ
P i  and 

2
ˆ

P o  stand for the average 

accuracy measured for short term in- and out of sample, respectively; and  2
ˆ

R P i  , and 

 2
ˆ

R P o   measure the relative standard deviation of the accuracy when applying the in-sample 

and out-of-sample test in short periods. In short term, entropy-based risk measures have 

significantly higher explanatory power (Shannon entropy: 0.1338; Rényi entropy: 0.1282) than 

standard deviation (0.0794) 20. We measure similar average explanatory power between CAPM 

beta (0.1331) and Shannon entropy. Standard deviation and entropy-based risk measures has 

statistically similar relative deviation (Standard deviation: 0.75, Shannon entropy: 0.69; Rényi 

entropy: 0.63), but significantly lower than CAPM beta (0.98). Detailed results for explanatory 

power in each 5-year period sample are summarized in Table III.6. 

Table III.6. Explanatory power in short period samples 

Train/Test Explanatory power 

P2i    H1 H2 

1985 – 1989 0.032 0.094 0.051 0.037 

1986 – 1990 0.017 0.036 0.026 0.036 

1987 – 1991 0.041 0.048 0.060 0.079 

1988 – 1992 0.055 0.050 0.067 0.068 

1989 – 1993 0.035 0.042 0.089 0.072 

1990 – 1994 0.096 0.071 0.234 0.201 

1991 – 1995 0.160 0.136 0.281 0.219 

1992 – 1996 0.163 0.178 0.244 0.205 

1993 – 1997 0.075 0.249 0.154 0.136 

1994 – 1998 0.070 0.301 0.158 0.126 

1995 – 1999 0.166 0.512 0.283 0.273 

1996 – 2000 0.086 0.282 0.180 0.208 

1997 – 2001 0.021 0.153 0.072 0.097 

1998 – 2002 0.002 0.025 0.015 0.024 

1999 – 2003 0.061 0.075 0.081 0.098 

2000 – 2004 0.019 0.001 0.015 0.014 

2001 – 2005 0.151 0.056 0.175 0.184 

2002 – 2006 0.179 0.089 0.223 0.231 

Average 0.0794 0.1331 0.1337 0.1282 

Rel. dev 0.75 0.98 0.69 0.63 

                                                
20 The result of t-tests and F-tests in one-week-shifting samples are presented in Appendix A11 and Appendix 

A12. 
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Notes: This table summarizes the explanatory power of the investigated risk measures for expected risk premium 
in the first 5 years of 18 10-year periods (P2i) shifting by one year from period (1985-1994) to period (2002-2011). 

We estimate and evaluate risk measures of 150 randomly selected securities from the S&P 500 index using 

standard deviation ( ),  CAPM beta ( ),  Shannon entropy (H1) and Rényi entropy (H2) risk estimation methods 

by daily risk premiums. Both types of entropy functions are calculated by histogram-based density function 

estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. 

In order to show the change of explanatory power over the time, we estimate and 

evaluate the explanatory power of investigated risk measures in “one-week-shifting” 10-year 

samples as well. In Figure III.7, a date point shows the end date of the 5-year training period 

(e.g. in point 1990, we see the explanatory power of risk measures evaluated in period (1985-

1990)). Previously, we have shown that CAPM beta has good short-term explanatory power. 

Based on Figure III.7, we think that one reason for that is CAPM beta shows outstanding 

explanatory power of the risk premiums before the dot-com collapse. We also see that Shannon- 

and Rényi entropy behaves quite similarly and the explanatory power of standard deviation is 

usually less or the same as the entropy. Overall, we find that all of the models are prominently 

better in the 90s than in the 2000s. 

 

Figure III.7. Explanatory power of risk measures by week (5-year models) 

Notes: This figure shows how the explanatory power of the investigated risk measures for expected risk premium 

changes over the time. We generate 887 10-year periods shifting by one week from period (1985-1994) to period 

(2002-2011). We estimate and evaluate risk measures of 150 randomly selected securities from the S&P 500 index 

using standard deviation (dark purple dashed curve) CAPM beta (light blue dashed curve) Shannon entropy (black 

curve) and Rényi entropy (grey curve) risk estimation methods by daily risk premiums on the first 5 years in each 

period. Both types of entropy functions are calculated by histogram-based density function estimation, applying 

175 bins for Shannon entropy and 50 bins for Rényi entropy. Date shows the end of the training period, in the 

other words, the middle of each 10-year period. 
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We measure different results for predictive power 21. We find that predictive power of 

entropy-based risk measures (Shannon: 0.1015; Rényi: 0.0934) is significantly higher than 

CAPM beta (0.0645), furthermore, the Shannon entropy is also significantly better than 

standard deviation (0.0970). The relative standard deviation of predictive power of CAPM beta 

(1.02) is significantly higher, while the other risk measures has no statistical significance 

between their relative deviation (St. dev: 0.65, Shannon: 0.64; Rényi: 0.62). Although CAPM 

captures the systematic risk, entropy-based risk measures shows ~50% higher predictive power, 

which is a surprising result. Standard deviation-based risk measure has higher predictive power 

(0.0970) and lower relative standard deviation in 5-year samples (0.65) than CAPM beta. 

Detailed results for predictive power in 10-year period samples are summarized in Table III.7. 

Table III.7. Predictive power in short periods out of sample 

Train Test Predictive power 

P2i P2o   H1 H2 

1985 – 1989 1990 – 1994 0.073 0.028 0.130 0.100 

1986 – 1990 1991 – 1995 0.170 0.041 0.193 0.181 

1987 – 1991 1992 – 1996 0.215 0.059 0.226 0.175 

1988 – 1992 1993 – 1997 0.098 0.079 0.146 0.132 

1989 – 1993 1994 – 1998 0.079 0.165 0.135 0.116 

1990 – 1994 1995 – 1999 0.100 0.239 0.166 0.149 

1991 – 1995 1996 – 2000 0.090 0.141 0.091 0.090 

1992 – 1996 1997 – 2001 0.113 0.147 0.117 0.118 

1993 – 1997 1998 – 2002 0.142 0.047 0.127 0.108 

1994 – 1998 1999 – 2003 0.247 0.027 0.175 0.198 

1995 – 1999 2000 – 2004 0.036 0.068 0.003 0.005 

1996 – 2000 2001 – 2005 0.080 0.000 0.036 0.030 

1997 – 2001 2002 – 2006 0.103 0.004 0.061 0.045 

1998 – 2002 2003 – 2007 0.078 0.032 0.064 0.058 

1999 – 2003 2004 – 2008 0.015 0.032 0.019 0.021 

2000 – 2004 2005 – 2009 0.047 0.012 0.050 0.051 

2001 – 2005 2006 – 2010 0.022 0.019 0.032 0.040 

2002 – 2006 2007 – 2011 0.040 0.023 0.054 0.065 

Average 0.0970 0.0645 0.1014 0.0934 

Relative deviation 0.65 1.02 0.64 0.62 

Notes: This table summarizes the predictive power of the investigated risk measures for expected risk premium in 
the last 5 years of 18 10-year periods shifting by one year from period (1985-1994) to period (2002-2011). We 

estimate risk measures of 150 randomly selected securities from the S&P 500 index using standard deviation ( ),  

CAPM beta ( ),  Shannon entropy (H1) and Rényi entropy (H2) risk estimation methods by daily risk premiums 

                                                
21 The result of t-tests and F-tests in one-week-shifting samples are presented in Appendix A11 and Appendix 

A12. 
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in the first 5 years (P2i) and measure the predictive power on the next 5 years (P2o) by estimating the goodness 

of fit of linear regression (R2). Both types of entropy functions are calculated by histogram-based density function 

estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. 

To illustrate the change of predictive power by time, we estimate and evaluate it on 

“one-week-shifting” 10-year samples and plot the results in Figure III.8. A date point in the 

figure shows the end date of the 5-year training period and thus the start date of the 5-year 

testing period (e.g. in point 1990, we see the risk estimated in period (1985-1990) and measured 

in period (1990-1995). Based on the figure, we see higher variance of the predictive power in 

time. The entropy based risk measures and standard deviation shows similar movement; 

however, we have shown that the average predictive power of Shannon entropy is significantly 

better than standard deviation. We do not find any significant evidence that explains the 

phenomenon that standard deviation has higher predictive power than explanatory power; 

however, standard deviation has high explanatory power before period of the dot-com collapse. 

We show that the predictive power of the risk measures are better in the 90s than in the 2000s. 

 

Figure III.8. Predictive power of risk measures by week (5-year models) 

Notes: This figure shows how the predictive power of the investigated risk measures for expected risk premium 

changes over the time. We generate 887 10-year periods shifting by one week from period (1985-1994) to period 

(2002-2011). We estimate risk measures of 150 randomly selected securities from the S&P 500 index using 

standard deviation (dark purple dashed curve) CAPM beta (light blue dashed curve) Shannon entropy (black curve) 

and Rényi entropy (grey curve) risk estimation methods by daily risk premiums on the first 5 years and evaluate 
on the following 5 years in each period. Both types of entropy functions are calculated by histogram-based density 

function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. Date shows the end of 

the training period, in the other words, the middle of each 10-year period. 

Based on these findings we can make the following statements. As for the standard metrics, 

while CAPM beta is more accurate on explaining returns for short term in sample, standard 
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deviation is better for predicting them. Although Shannon entropy has not significantly better 

explanatory power in short term than CAPM beta, the beta is significantly worse for predicting 

risk premiums than Shannon entropy; therefore, Shannon entropy-based risk measure offers the 

highest combined accuracy for both explaining and predicting returns. We find that standard 

deviation, Shannon- and Rényi entropy have statistically the same reliability (relative standard 

deviation or variance), CAPM beta has the highest relative standard deviation for both 

explaining and predicting risk premiums in short term. 

III.4.7 Comparison of accuracy of risk-measures in various samples 

We summarize our results of all investigated samples (full sample, bullish sample, bearish 

sample, and short-term samples) in Table III.8. 

Table III.8. Comparison of accuracy of risk measures in various samples 

Risk measure 
1

ˆ
P

  1
ˆ

P
  1

ˆ
P

  
iP2̂  oP2̂  Ri  Ro  

Standard deviation 0.0783 0.3390 0.3671 0.0794 0.0970 0.75 0.65 

CAPM beta 0.0617 0.3667 0.4369 0.1331 0.0645 0.98 1.02 

Shannon entropy 0.1298 0.4345 0.3961 0.1338 0.1015 0.69 0.64 

Rényi entropy 0.1571 0.4236 0.3855 0.1282 0.0934 0.62 0.60 

Notes: The table summarizes the explanatory power (in-sample R2) of the investigated risk measures in various 
samples. We estimate risk measures of 150 random securities using standard deviation, CAPM beta, Shannon- and 

Rényi entropy risk estimation methods for (1) long term, from 1985 to the end of 2011 (1985-2011); (2) long term 

on upward trends (bull market), (3) long term on downward trends (bear market), (4) 18 10-year periods shifting 

by one year from period (1985-1994) to period (2002-2011), split into two 5-5 year periods for each. Both types 

of entropy functions are calculated by histogram-based density function estimation, applying 175 bins for Shannon 

entropy and 50 bins for Rényi entropy. The 2nd column shows the explanatory power of risk measures for long 

term. The 3rd and 4th column are the explanatory power on upward and downward trends, respectively. The 5th 

column stands for the average explanatory power of risk measured in the first 5 years of 10-year shorter periods 

in sample. The 6th stands for the average predictive power of risk measures (out-of-sample R2) calculated by 
estimating risk in the first 5 years and evaluating them on the other 5 years in each 10-year periods. The last two 

columns show the relative standard deviation of explanatory and predictive power of short-term samples. 

Comparing the long-term results, we show that explanatory power of all risk measures 

are significantly higher if regime become visible (full sample: 0.0783, 0.0617, 0.1298, 0.1571 

vs. bullish sample: 0.3390; 0.3667; 0.4345, 0.4236; bearish sample: 0.3671, 0.4369, 0.3961, 

0.3855). We measure higher explanatory power in short-term samples (0.0794, 0.1331, 0.1338, 

0.1228) than in full sample, except for Rényi entropy. An interesting observation is that CAPM 

beta has significantly higher explanatory power in short term (0.1331) than long term (0.0617). 

A surprising result is that standard deviation has higher predictive power (0.0970) than 

explanatory power (0.0794), although all of the other risk measures has lower predictive power 

(0.0645, 0.1015, 0.0934) than explanatory power (0.1331, 0.1338, 0.1282). Summarizing our 
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results, we state that the beta can beat the entropy only in the case of bearish market 

circumstances. In any other situation, entropy is more advantageous than CAPM beta and 

standard deviation in terms of accuracy and reliability. 

III.4.8 Multivariate risk models 

As an outlook, in this subsection, we investigate the explanatory- and predictive power of 

multivariate risk models. For multivariate models, we use the extended methodology that has 

been introduced in Subsection III.3.8. First, we estimate and measure the accuracy of 

coefficients of Fama-French three-factor model, Carhart four-factor model and a two factor 

model that uses market returns and MOM factor (Beta-MOM). Second, we investigate whether 

the 3rd and 4th moments can be used to improve the accuracy of standard deviation and entropy-

based risk measures. Third, we construct multi-factor models focusing on incorporating entropy 

as additional explanatory variable. Finally, we investigate how the explanatory power of multi-

factor models change by diversification. Table III.9 summarizes the result of the analysis in 

three panels. Panel A collects CAPM and its extensions, Panel B shows moment-based risk 

models and Panel C summarizes additional custom multivariate models. 

Table III.9. Comparison of accuracy of single- and multivariate risk models 

Panel A – CAPM and its extensions 

Model # 
1

ˆ
P

  1
ˆ

P
  1

ˆ
P

  
iP2̂  oP2̂  Ri  Ro  

CAPM beta 1 0.0617 0.3667 0.4369 0.1331 0.0645 0.98 1.02 

Beta-MOM 2 0.3581 0.5115 0.4656 0.2604 0.1038 0.51 0.59 

Fama-French 3 0.3023 0.5048 0.4463 0.2403 0.1526 0.46 0.42 

Carhart 4 0.3801 0.5323 0.4705 0.3272 0.1689 0.30 0.37 
 

Panel B – Moment-based risk models 

Model # 
1

ˆ
P

  1
ˆ

P
  1

ˆ
P

  
iP2̂  oP2̂  Ri  Ro  

St.deviation (Std) 1 0.0783 0.3390 0.3671 0.0794 0.0970 0.75 0.65 

Variance (2nd) 1 0.0764 0.3048 0.3305 0.0762 0.0927 0.72 0.68 

Skewness (3rd) 1 0.0079 0.0135 0.0004 0.0513 0.0249 0.91 1.14 

Kurtosis (4th) 1 0.0340 0.0805 0.0712 0.0401 0.0591 0.98 0.89 

St. dev, 3rd 2 0.1354 0.3533 0.3882 0.1110 0.1063 0.51 0.59 

St. dev, 4th 2 0.0786 0.3431 0.3768 0.1204 0.1084 0.53 0.59 

St. dev, 3rd, 4th 3 0.1607 0.3543 0.3892 0.1499 0.1163 0.52 0.54 

Shannon entropy (Sh) 1 0.1298 0.4345 0.3961 0.1338 0.1015 0.69 0.64 

Rényi entropy (Ré) 1 0.1571 0.4236 0.3855 0.1282 0.0934 0.62 0.60 

Shannon, 3rd, 4th  3 0.2016 0.4383 0.4153 0.1999 0.1288 0.49 0.52 

Rényi, 3rd, 4th 3 0.2188 0.4244 0.4053 0.1865 0.1223 0.48 0.48 
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Panel C – Combined risk models 

Model # 
1

ˆ
P

  1
ˆ

P
  1

ˆ
P

  
iP2̂  oP2̂  Ri  

Ro  

Fama-French (FF) 3 0.3023 0.5048 0.4463 0.2403 0.1526 0.46 0.42 

Beta-MOM, Shannon 3 0.3987 0.5866 0.4843 0.3190 0.1635 0.37 0.41 

FF, Shannon 4 0.3416 0.5599 0.4668 0.2549 0.1847 0.43 0.41 

FF, Rényi 4 0.3600 0.5583 0.4652 0.2513 0.1765 0.43 0.41 

Carhart (Ch) 4 0.3801 0.5323 0.4705 0.3272 0.1689 0.30 0.37 

Carhart, Shannon 5 0.4133 0.5962 0.4848 0.3561 0.1978 0.28 0.36 

Carhart, Rényi 5 0.4209 0.5861 0.4817 0.3510 0.1898 0.27 0.35 

Ch, Sh, 3rd, 4th 7 0.4697 0.6333 0.4961 0.4052 0.2222 0.25 0.34 

Ch, Ré, 3rd, 4th 7 0.4702 0.6242 0.4956 0.4012 0.2187 0.25 0.35 

Notes: The table summarizes the explanatory power (in-sample R2) of various univariate and multivariate risk 

models in various samples (Panel A: CAPM and its extensions, Panel B: Moment-based models, Panel C: 

Additional combined risk models). We estimate risk measures of 150 random securities using standard deviation, 
CAPM beta, Shannon- and Rényi entropy risk estimation methods for (1) long term, from 1985 to the end of 2011 

(1985-2011); (2) long term on upward trends (bull market), (3) long term on downward trends (bear market), (4) 

18 10-year periods shifting by one year from period (1985-1994) to period (2002-2011), split into two 5-5 year 

periods for each. The 2nd column show the number of variables of the model. The 3rd column shows the explanatory 

power of risk measures for long term. The 4th and 5th column are the explanatory power on upward and downward 

trends, respectively. The 6th column stands for the average explanatory power of risk measured in the first 5 years 

of 10-year shorter periods in sample. The 7th stands for the average predictive power of risk measures (out-of-

sample R2) calculated by estimating risk in the first 5 years and evaluating them on the other 5 years in each 10-

year periods. The last two columns show the relative standard deviation of explanatory and predictive power of 

short-term samples. 

Based on Panel A, we clearly see that the additional factors to CAPM significantly 

improve both explanatory- and predictive power; furthermore, we also find significant decrease 

in relative standard deviation in short-term samples. We find that the improvement of 

explanatory power in bear market is less significant. An interesting result is that the two-factor 

model (Beta and MOM) has better explanatory power than Fama-French three-factor model 

(Beta, MOM: 0.3581, 0.5115, 0.4656; Fama-French: 0.3023, 0.5048, 0.4463); however, the 

latter has significantly better predictive power (Beta, MOM: 0.1038; Fama-French: 0.1526). 

This result allows us to conclude that MOM factor is better for explaining risk premium, SMB 

and HML factors are better for predicting that. Based on that, it is not surprising that Carhart 

four-factor model is the most accurate. 

In Panel B, we collect the results of combination of moment-based risk measures. 

Comparing standard deviation and variance (2nd moment), we see that standard deviation has 

better linear explanatory- and predictive power than the latter one. The skewness (3rd moment) 

and kurtosis (4th moment) have significantly worse accuracy on its own than variance or 

standard deviation. We show that combining 3rd and 4th moment to standard deviation, 

Shannon- and Rényi entropy the accuracy increases significantly compared to the single risk 
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measures. This result allows us to conclude that higher moments has also impact in asset 

pricing. Although Rényi entropy may penalize higher moments based on the square on the 

probability density function, it still gains improvement in accuracy by combining higher 

moments. However, we measure higher gain of long-term explanatory power for Shannon 

entropy than for Rényi entropy by extending them with higher moments (Shannon: from 0.1289 

to 0.2016, +56%; Rényi: from 0.1571 to 0.2188, +39%); therefore, we think that Rényi entropy 

captures more information about higher moments than Shannon entropy. One can see that the 

improvement is less significant if the market trend is identified. 

Based on Panel C, we find that the three-variate combination of Beta-MOM and 

Shannon entropy outperforms the Fama-French model and almost the Carhart model in all 

samples. We find significant improvement in accuracy by extending Fama-French- and Carhart 

models by entropy-based risk measures. We measure the highest improve on predictive power 

and the lowest on bear market. We show that the relation between Shannon- and Rényi holds 

after combining them with the multi-factor model models, more specifically, while Rényi 

entropy has better long-term explanatory power, Shannon entropy is better in other samples. 

Based on these results, entropy-based risk measures contain significant explanatory and 

predictive power allowing them to extend conventional asset pricing models. Using 3rd and 4th 

moments to extend these five-factor models, we construct seven-factor models that 

overperforms any other models. In Appendix A13, we summarize the empirical evaluation of 

several additional risk models. 

We investigate how certain multivariate models behave if we increase the number of 

securities involved in portfolio. Figure III.9 measures the long-term explanatory power of 

coefficients of Fama-French three-factor model, Carhart four-factor model, their extensions 

with Shannon and Rényi entropy. We see that the explanatory power of Fama-French and 

Carhart model remains statistically the same, confirming that these models captures the 

systematic risk only. Comparing Fama-French and Carhart models with their extension by 

Shannon- and Rényi entropy, we find that performance gain reduces by the number of securities 

involved. This result allows us to conclude that idiosyncratic risk provides additional 

explanatory power for multi-factor models for less-diversified portfolios. 
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Figure III.9. Explanatory power of multivariate risk measures by diversification 

Notes: This figure shows the explanatory power (R2) of the investigated risk measures for portfolios with various 

number of securities involved. We generate 10 million random equally weighted portfolios with various number 

of securities involved (at most 100,000 for each size) using daily risk premiums of 150 randomly selected 

securities. The risk of portfolios is estimated by Fama-French model (grey curve), Carhart model (black curve), 

Fama-French model with Shannon/Rényi entropy (solid/dashed purple curve), Carhart model with Shannon/Rényi 

entropy (solid/dashed light blue curve). Both types of entropy functions are calculated by histogram-based density 
function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. 

III.5 Concluding remarks 

Entropy as a novel risk measure combines the accuracy of the CAPM’s risk parameter (beta) 

and the standard deviation. It captures risk without using any information about the market, and 

it is capable of measuring the risk reduction effect of diversification with 99% confidence. 

Although it is not coherent, it can be used for asset pricing efficiently. Based on long-term 

empirical results, we find insignificant intersect and significant coefficient of regression line of 

entropy-based risk measures, which concludes that entropy is capable to explain expected risk 

premium on its own. The explanatory power for the expected risk premium within the sample 

is better than the beta, especially in the long term covering bullish and bearish periods; the 

predictive power for the expected risk premium is higher than for standard deviation. Both 

Shannon- and Rényi entropies give more reliable risk estimation than CAPM beta; however, 

they have statistically the same reliability as standard deviation. If upward and downward trends 

are distinguished, the regime dependency of entropy is recognized: this result is similar to that 

for the beta. Analyzing the multivariate risk models, we show that combining entropy-based 
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risk models can increase the accuracy of multi-factor asset pricing models, primarily for less-

diversified portfolios. Among the entropy estimation methods reviewed, the histogram-based 

method proved to be the most accurate in terms of explanatory and predictive power; we 

propose a simple estimation formula for Shannon- and Rényi entropy functions, which 

facilitates the application of entropy-based risk measure. 
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IV CONCLUSION 

In this PhD dissertation, we have investigated non-parametric risk estimation methods for asset 

pricing. Applying a univariate non-parametric linearity testing procedure, we have found that 

the assumption of linear relationship between returns of an asset and market portfolio does not 

hold for U.S. stocks at 95% confidence level; therefore, the estimation of risk by CAPM beta 

is inappropriate. In order to handle non-linear relationships, we have proposed a non-parametric 

kernel-based estimation of risk. As the goodness of fit of kernel regression outperforms the 

linear regression, we assumes that risk is characterized more precisely by the proposed method. 

If the linearity does not hold, the risk is significantly underestimated by CAPM that confirms 

our hypothesis that the estimation of CAPM beta is inconsistent in these cases. We have shown 

that the linearity is more likely rejected for risky stocks. We have also discussed that the 

assumption of linearity between expected return and beta still holds. One of our main important 

results is that the slope of Security Market Line of small companies is negative that contradicts 

the theory of asset pricing; furthermore, we have also confirmed small firm effect. Measuring 

significant abnormal performance in SML, we conclude that that individually the CAPM beta 

is not able to explain the risk premium. In this dissertation, we have also discussed a 

multivariate extension of the non-parametric regression model and corresponding linearity 

testing procedure to decide whether the linearity between returns and extension of CAPM by 

additional factors holds. We have found that the assumption of linearity of Fama-French and 

Carhart models is valid; therefore, the linear estimation of their coefficients is appropriate. 

However, we have shown that linear methods overestimates the coefficient of HML factor 

constantly. Another interesting finding of our research is that the return of an assets can usually 

explained by third-degree polynomial of market returns if the linearity does not hold. 

In the second part of the dissertation, we have investigated entropy as an alternative 

measure of risk. We have shown that differential entropy of the returns is an efficient 

distribution-free measure of risk; however, it is not coherent. We have exposed that differential 

entropy behaves similarly to standard deviation if the distribution of returns is normal; however, 

entropy is also capable to describe non-normal distributions. Entropy captures both systematic 

and non-systematic risk of an investment. It satisfy the convexity and subadditivity with 99% 

confidence; therefore, it characterizes the effect of diversification; the risk of a portfolio 

decreases by the number of securities. Similarly to standard deviation, portfolios are situated in 

hyperbola in expected return – entropy coordinate system. We have summarized that entropy 

explains and predicts expected returns more precisely than baseline risk measures and it is more 
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reliable than CAPM beta; however, we have also mentioned that if market trend become visible, 

we measure mixed results. We have shown that combining entropy with existing multi-factor 

asset pricing models can improve of the explanatory and predictive power of risk, primarily for 

less-diversified portfolios. Among entropy estimation method, we have found that histogram-

based one is the most accurate; therefore, we have deduced a simple formula of the estimation, 

which facilitates the application of entropy-based risk measure. Our main results can be 

summarized in four distinct theses: 

Thesis 1: The linearity assumption for the Characteristic Line of CAPM can be rejected for 

U.S. stocks. The risk is significantly underestimated by CAPM beta for those stocks where 

linearity does not hold. On the other hand, the linearity of Security Market Line (SML) cannot 

be rejected; however, the slope of the SML for small companies is negative that contradicts the 

theory of risk premium in CAPM. (Erdős et al., 2010a,b; Erdős et al., 2011) 

Thesis 2: The extension of CAPM by the Fama-French factors is capable to explain the returns 

of U.S. stocks by linear regression; therefore, linear estimation of Fama-French risk coefficients 

is adequate. (Erdős et al., 2011) 

Thesis 3: Entropy of the risk premium is an efficient measure of risk of assets on the capital 

markets. Entropy is more accurate on explaining (in-sample) and predicting (out-of-sample) 

returns than standard deviation or CAPM beta. (Ormos and Zibriczky, 2014) 

Thesis 4: Entropy captures both systematic and idiosyncratic risk of an investment. It is capable 

to characterize the effect of diversification; the expected entropy of a portfolio decreases by the 

number of securities involved. (Ormos and Zibriczky, 2014) 
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APPENDIX 

Appendix A1. Descriptive statistics of S&P stocks in period 1999–2008 

Panel A – S&P 500 

Ticker N       r  Kurtosis Skewness J-B test sign.   

ACAS 2515 0.0091 41.56 -1.27 180913.2 ** 2.70 

AES 2515 0.0492 23.31 0.20 56740.3 ** 4.23 

APH 2515 0.1109 8.27 0.49 7235.7 ** 2.73 

BA 2515 0.0396 5.30 0.04 2934.8 ** 2.12 

BAX 2515 0.0470 22.67 -1.58 54695.5 ** 1.91 

BJS 2515 0.0947 6.29 0.36 4176.8 ** 3.16 

BMC 2515 0.0433 20.96 -0.05 45848.4 ** 3.53 

BRL 2509 0.0965 133.28 5.48 1862023.6 ** 2.76 

CPWR 2515 0.0129 9.69 -0.32 9842.9 ** 4.03 

D 2515 0.0456 8.92 -0.39 8371.7 ** 1.53 

DD 2515 0.0020 4.73 0.12 2339.3 ** 1.93 

DHI 2515 0.0652 9.27 0.64 9134.4 ** 3.33 

DOV 2515 0.0212 6.29 0.03 4128.7 ** 1.96 

FDX 2515 0.0379 4.62 0.09 2227.8 ** 2.12 

FO 2515 0.0374 5.44 0.00 3085.6 ** 1.73 

GM 2515 -0.0493 19.93 0.58 41603.6 ** 3.22 

HCBK 2383 0.1100 13.01 0.20 16737.8 ** 1.62 

HCP 2515 0.0757 22.06 1.11 51312.3 ** 2.12 

HPC 2483 0.0238 13.64 0.82 19428.0 ** 2.64 

HSP 1175 0.0164 16.53 -1.04 13464.6 ** 1.84 

KFT 1898 0.0124 7.93 -0.42 4998.2 ** 1.42 

LMT 2515 0.0533 6.46 0.11 4361.1 ** 1.99 

LOW 2515 0.0518 4.33 0.68 2142.3 ** 2.43 

LSI 2515 0.0524 4.53 0.27 2169.2 ** 4.20 

LXK 2515 0.0238 16.24 -1.04 27971.9 ** 3.07 

MDT 2515 0.0140 5.81 -0.13 3529.8 ** 1.88 

MI 2515 0.0202 30.95 0.90 100302.1 ** 2.48 

MTW 2515 0.0535 10.96 0.59 12682.6 ** 2.98 

MUR 2515 0.0909 7.74 0.09 6246.1 ** 2.29 

MWW 2515 0.0779 5.83 0.44 3628.1 ** 4.40 

NOV 2515 0.1178 6.59 0.15 4538.2 ** 3.44 

NUE 2515 0.1096 7.22 0.04 5435.5 ** 2.92 

ORCL 2515 0.0923 7.43 0.58 5899.5 ** 3.37 

PAYX 2515 0.0424 3.19 0.31 1103.8 ** 2.47 

PG 2515 0.0342 57.32 -2.82 346213.2 ** 1.64 

QCOM 2515 0.1645 9.05 0.99 8965.7 ** 3.68 

S 2515 -0.0574 15.44 0.02 24859.0 ** 3.36 

S.1 1565 0.0599 18.22 -0.04 21500.6 ** 2.81 
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SLE 2515 -0.0074 8.40 0.09 7356.6 ** 1.78 

SPG 2515 0.0710 26.33 0.91 72720.6 ** 2.19 

SRE 2515 0.0520 9.48 -0.09 9377.2 ** 1.81 

SYMC 2515 0.1241 10.45 -0.13 11398.1 ** 3.45 

TDC 316 -0.1547 0.97 0.15 12.8 ** 3.04 

TE 2515 0.0096 22.25 -0.30 51700.1 ** 2.02 

TGT 2515 0.0423 3.83 0.24 1555.8 ** 2.44 

TLAB 2515 -0.0138 4.01 0.36 1729.3 ** 3.76 

WFR 2515 0.1789 76.34 3.28 612715.4 ** 5.77 

WLP 1805 0.0622 24.29 -1.19 44536.0 ** 2.08 

WLP.1 1486 0.0972 3.35 0.10 691.0 ** 2.29 

ZMH 1860 0.0350 8.03 -0.09 4970.2 ** 1.94 

 

Panel B – S&P MidCap 400 

Ticker N       r  Kurtosis Skewness J-B test sign.   

AAI 2515 0.1078 9.61 0.09 9640.0 ** 4.15 

AMG 2515 0.0684 7.84 0.20 6426.7 ** 2.78 

ARG 2515 0.1014 8.39 0.00 7344.3 ** 2.85 

AVCT 2136 0.0314 11.28 0.46 11349.0 ** 3.85 

BRO 2515 0.0842 6.48 0.11 4384.1 ** 1.91 

CLF 2515 0.1331 12.66 0.20 16747.5 ** 3.51 

CMG 738 0.1030 5.01 -0.09 758.8 ** 3.36 

CPT 2515 0.0510 24.35 0.72 62087.4 ** 1.96 

CR 2515 0.0093 7.58 -0.24 6015.7 ** 2.12 

CWTR 2515 0.1243 11.92 0.09 14816.8 ** 4.58 

CXW 2515 0.0488 33.15 2.32 116937.8 ** 3.86 

DCI 2515 0.0708 6.42 0.23 4323.7 ** 2.01 

ELY 2515 0.0449 10.53 -0.22 11596.7 ** 2.86 

ENR 2198 0.0700 9.52 -0.06 8252.8 ** 2.34 

FMER 2515 0.0327 14.33 0.59 21566.4 ** 2.29 

FNFG 2515 0.0877 9.25 0.64 9086.3 ** 2.11 

FTO 2515 0.1545 6.08 0.44 3933.2 ** 3.43 

HBI 584 -0.0267 9.47 -0.65 2182.1 ** 3.42 

HE 2515 0.0339 6.76 -0.03 4772.6 ** 1.23 

HMA 2515 -0.0190 20.36 0.19 43256.1 ** 3.21 

HNI 2515 0.0210 21.35 1.58 48598.4 ** 2.47 

HRC 2515 -0.0003 16.57 -0.74 28862.1 ** 1.87 

HRL 2515 0.0465 7.08 0.14 5237.8 ** 1.68 

IDXX 2515 0.0713 6.02 0.40 3844.1 ** 2.54 

IEX 2515 0.0591 4.60 0.09 2208.3 ** 2.05 

IRF 2515 0.0845 7.13 0.02 5305.7 ** 3.77 

JBHT 2515 0.1047 5.26 0.11 2889.2 ** 2.88 

JBLU 1693 0.0190 5.58 0.56 2273.4 ** 3.37 

KMT 2515 0.0647 5.33 0.26 2992.0 ** 2.37 
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LRCX 2515 0.1361 3.95 0.65 1803.0 ** 4.16 

MEG 2515 -0.0644 335.07 10.12 11761265.6 ** 3.71 

MRX 2515 0.0223 6.04 0.37 3857.2 ** 2.68 

MTX 2515 0.0211 13.97 -0.34 20411.5 ** 2.00 

MVL 2515 0.1431 5.45 0.50 3202.5 ** 3.57 

NHP 2515 0.0665 9.06 -0.16 8565.1 ** 2.06 

OII 2515 0.1033 3.23 0.06 1092.1 ** 3.14 

ORLY 2515 0.0721 6.19 0.55 4128.9 ** 2.62 

OSK 2515 0.0669 16.77 -0.36 29397.8 ** 2.95 

PSD 2515 0.0314 20.93 1.00 46147.9 ** 1.45 

RS 2515 0.0780 8.42 0.26 7424.9 ** 2.96 

RYL 2515 0.0895 2.55 0.10 680.5 ** 3.20 

SKS 2515 -0.0050 6.24 0.30 4102.9 ** 3.21 

SRCL 2515 0.1361 5.94 0.68 3877.5 ** 2.64 

TECD 2515 0.0134 13.89 -0.24 20162.7 ** 3.00 

THG 2515 0.0235 70.97 2.64 528628.9 ** 2.62 

UTHR 2400 0.1530 58.76 -0.36 343823.4 ** 3.97 

UTR 2515 0.0118 14.17 0.46 21040.0 ** 2.15 

VARI 2452 0.1038 7.63 0.50 6030.0 ** 3.21 

WBS 2515 0.0067 13.20 -0.05 18181.0 ** 2.19 

WOR 2515 0.0505 5.10 0.18 2728.0 ** 2.78 

 

Panel C – S&P SmallCap 600 

Ticker N       r  Kurtosis Skewness J-B test sign.   

ABM 2515 0.0367 6.86 -0.27 4939.6 ** 2.18 

ACLS 2131 -0.0554 20.51 -0.83 37408.5 ** 4.82 

CASY 2515 0.0555 7.03 0.04 5159.9 ** 2.45 

CCRN 1808 0.0016 30.67 -1.57 71219.5 ** 3.02 

DNEX 2515 0.0412 6.39 -0.02 4256.7 ** 2.57 

EE 2515 0.0470 4.54 0.22 2170.5 ** 1.91 

GFF 2515 0.0386 4.64 -0.19 2259.2 ** 2.63 

GTIV 2211 0.1569 12.45 0.93 14516.1 ** 2.58 

HMSY 2515 0.1266 18.42 1.45 36292.8 ** 3.83 

HOMB 635 0.0974 6.43 0.74 1131.1 ** 2.67 

HTLD 2515 0.0875 1.95 0.18 408.9 ** 2.52 

INT 2515 0.1290 15.41 0.78 25044.2 ** 3.09 

ISYS 2515 0.0713 23.02 -0.97 55688.4 ** 3.43 

KNOT 1382 -0.0506 16.78 1.60 16678.7 ** 6.41 

MANT 1737 0.1086 12.47 -0.36 11216.1 ** 3.01 

MFB 867 -0.0207 7.03 0.02 1762.8 ** 3.36 

MNT 2515 0.0925 220.05 8.07 5081424.4 ** 3.31 

MNT.1 477 0.0178 11.69 1.84 2919.5 ** 2.08 

MOH 1385 0.0352 43.78 -2.29 111004.4 ** 2.88 

MTH 2515 0.1422 8.54 0.51 7708.9 ** 4.19 
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NILE 1162 0.0514 9.22 0.84 4211.9 ** 3.61 

NOVN 2515 0.1244 16.89 -0.40 29829.7 ** 4.32 

NPK 2515 0.0576 12.24 0.15 15641.5 ** 1.67 

NSIT 2515 0.0383 13.45 -0.26 18897.0 ** 4.09 

NTRI 1405 0.0416 13.23 -0.44 10206.6 ** 5.46 

NWK 2515 0.0464 6.77 0.19 4790.5 ** 4.39 

ONB 2515 0.0179 12.26 0.66 15852.8 ** 1.95 

PBY 2515 0.0185 10.61 0.17 11752.2 ** 3.51 

PEI 2515 0.0269 39.20 0.57 160479.0 ** 2.49 

PENX 2515 0.0458 9.17 1.03 9221.7 ** 3.43 

PRFT 2371 0.2169 29.74 2.70 89852.9 ** 7.27 

PRGS 2515 0.0480 4.75 0.52 2464.6 ** 2.93 

PVTB 2391 0.0989 5.75 0.66 3447.2 ** 2.55 

RADS 2515 0.0947 10.54 0.54 11705.9 ** 4.70 

RBN 2515 0.0547 9.31 0.30 9073.2 ** 2.69 

SAFM 2515 0.0974 7.54 0.31 5969.2 ** 2.88 

SKT 2515 0.0956 10.76 0.27 12106.7 ** 1.84 

SLXP 2038 0.0964 66.67 3.68 380185.9 ** 4.22 

SNS 2515 -0.0068 7.11 0.34 5315.9 ** 2.79 

SNS.1 110 0.3042 24.23 4.14 2748.7 ** 2.55 

SSS 2515 0.0603 12.48 0.43 16339.2 ** 1.84 

SUP 2515 -0.0066 5.56 0.14 3237.4 ** 2.16 

SYMM 2515 0.0925 4.07 0.42 1798.7 ** 4.43 

TSFG 2515 -0.0079 22.04 0.25 50703.2 ** 3.22 

TXRH 1068 0.0038 3.20 0.61 514.4 ** 2.79 

UEIC 2515 0.1015 5.00 0.61 2756.9 ** 3.41 

UNS 2515 0.0561 23.91 1.47 60561.1 ** 1.78 

VECO 2515 0.0035 6.85 0.49 5002.4 ** 4.21 

VSEA 2452 0.1431 3.90 0.34 1590.4 ** 4.25 

ZEP 293 0.2007 6.76 1.27 614.0 ** 4.16 

Notes: This table shows the descriptive statistics of the 50-50 randomly selected stocks from S&P 500 (Panel A), 
S&P MidCap 400 (Panel B) and S&P SmallCap 600 (Panel C). The 1st column is the ticker, the 2nd is the number 

of observations, the 3rd is the average return, the 4th and the 5th is the kurtosis and skewness of the distribution, J-

B test stands for the Jarque-Bera test, sign. shows ** if the null hypothesis of normality can be rejected at 1% 

significance level (the exact value is 9.2 for the J-B test at 1%) and   is the standard deviation of the returns. 
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Appendix A2. The Characteristic Line and Characteristic Curve of non-linear stocks 
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Notes: We estimate the Characteristic Curve and Characteristic Line of companies where the linearity is rejected 

by two different methods: (1) Kernel regression, the non-parametric CAPM is estimated (bold curve), that is 

  ˆˆ
j f h m f j

r r m r r      where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and 

the market, respectively; h is an optimally selected bandwidth using cross-validation We use Gaussian kernel and 

the Nadaraya (1964) and Watson (1964) weighting function in the kernel regression. The grey curves represent 

the 95% confidence bands. (2) Linear regression (dashed line), that is  ˆˆ ˆ
j f j j m f j

r r r r        is estimated 

where ˆ
j

  is the residual series. The market return is the Center for Research in Security Prices (CRSP) value 

weighted index return; the risk-free rate is the return of the one-month Treasury bill. We show the Characteristic 
Line and Curve of stocks of S&P500 in Panel A-J, S&P MidCap 400 in Panel K-L and S&P SmallCap 600 in 

Panel M-N, respectively. 
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Appendix A3. Linearity testing of CLs, alpha- and beta estimation of CAPM 

Panel A – S&P 500 

Ticker N 
f

r r  p 
 

      h 
2

KR
R

 
ˆ

KR


 
ˆ

KR


 

2

LR
R

 
ˆ

LR


 
ˆ

LR


 

ACAS 2515 -0.0035 0.26  0.39 0.34 0.00 0.92 0.29 0.00 1.09 

AES 2515 0.0366 0.52  0.58 0.15 0.04 1.13 0.14 0.04 1.17 

APH 2515 0.0983 0.50  0.42 0.34 0.10 1.19 0.33 0.10 1.18 

BA 2515 0.0270 0.25  0.43 0.29 0.03 0.82 0.27 0.03 0.83 

BAX 2515 0.0344 0.01 ** 0.49 0.15 0.04 0.55 0.13 0.04 0.52 

BJS 2515 0.0821 0.28  0.84 0.19 0.09 0.85 0.17 0.09 0.98 

BMC 2515 0.0307 0.02 * 0.40 0.25 0.04 1.49 0.24 0.04 1.30 

BRL 2509 0.0839 0.31  0.44 0.10 0.09 0.65 0.09 0.09 0.63 

CPWR 2515 0.0003 0.05 * 0.40 0.23 0.01 1.50 0.22 0.01 1.41 

D 2515 0.0330 0.56  0.70 0.19 0.04 0.43 0.19 0.04 0.49 

DD 2515 -0.0106 0.36  0.41 0.36 -0.01 0.84 0.35 -0.01 0.86 

DHI 2515 0.0526 0.42  0.36 0.30 0.06 1.53 0.29 0.06 1.34 

DOV 2515 0.0086 0.36  0.38 0.44 0.01 1.01 0.44 0.01 0.97 

FDX 2515 0.0253 0.04 * 0.39 0.31 0.03 0.93 0.30 0.03 0.87 

FO 2515 0.0248 0.14  0.39 0.28 0.03 0.66 0.26 0.03 0.66 

GM 2515 -0.0619 0.47  0.77 0.29 -0.06 1.13 0.28 -0.06 1.29 

HCBK 2383 0.0977 0.64  0.79 0.26 0.10 0.55 0.26 0.10 0.61 

HCP 2515 0.0631 0.06  0.66 0.32 0.07 0.64 0.27 0.07 0.82 

HPC 2483 0.0111 0.27  0.37 0.23 0.02 0.95 0.20 0.02 0.93 

HSP 1175 0.0039 0.16  0.37 0.24 0.01 0.67 0.21 0.01 0.62 

KFT 1898 0.0022 0.26  0.49 0.22 0.00 0.39 0.20 0.00 0.49 

LMT 2515 0.0408 0.48  0.61 0.13 0.04 0.44 0.12 0.04 0.51 

LOW 2515 0.0392 0.20  0.41 0.37 0.04 1.15 0.36 0.04 1.09 

LSI 2515 0.0398 0.06  0.39 0.33 0.05 1.91 0.31 0.05 1.76 

LXK 2515 0.0112 0.00 ** 0.41 0.18 0.02 1.09 0.17 0.02 0.94 

MDT 2515 0.0014 0.72  0.43 0.21 0.00 0.61 0.20 0.00 0.64 

MI 2515 0.0077 0.19  0.55 0.40 0.01 0.93 0.35 0.01 1.10 

MTW 2515 0.0409 0.60  0.60 0.32 0.05 1.21 0.31 0.05 1.25 

MUR 2515 0.0783 0.07  0.71 0.23 0.08 0.60 0.20 0.08 0.77 

MWW 2515 0.0653 0.12  0.39 0.30 0.07 1.98 0.29 0.07 1.77 

NOV 2515 0.1052 0.04 * 0.38 0.26 0.11 1.04 0.22 0.11 1.21 

NUE 2515 0.0970 0.30  0.39 0.36 0.10 1.25 0.34 0.10 1.27 

ORCL 2515 0.0797 0.02 * 0.40 0.36 0.09 1.59 0.35 0.09 1.49 

PAYX 2515 0.0298 0.00 ** 0.39 0.32 0.03 1.11 0.30 0.03 1.01 

PG 2515 0.0216 0.21  0.56 0.15 0.02 0.43 0.13 0.02 0.44 

QCOM 2515 0.1519 0.24  0.39 0.31 0.16 1.72 0.30 0.16 1.51 

S 2515 -0.0700 0.06  0.53 0.29 -0.07 1.01 0.25 -0.06 1.25 

S 1565 0.0481 0.60  0.28 0.17 0.04 0.90 0.16 0.04 0.90 

SLE 2515 -0.0200 0.14  0.55 0.21 -0.02 0.50 0.18 -0.02 0.56 

SPG 2515 0.0584 0.28  0.70 0.37 0.06 0.68 0.30 0.06 0.90 
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SRE 2515 0.0394 0.31  0.51 0.24 0.04 0.55 0.21 0.04 0.62 

SYMC 2515 0.1115 0.02 ** 0.40 0.22 0.12 1.27 0.21 0.12 1.19 

TDC 316 -0.1626 0.32  0.63 0.46 -0.04 0.81 0.42 -0.04 0.85 

TE 2515 -0.0029 0.25  0.54 0.19 0.00 0.58 0.16 0.00 0.61 

TGT 2515 0.0297 0.39  0.39 0.36 0.03 1.09 0.34 0.03 1.06 

TLAB 2515 -0.0263 0.00 ** 0.39 0.30 -0.02 1.76 0.28 -0.02 1.50 

WFR 2515 0.1663 0.45  0.36 0.17 0.17 1.77 0.16 0.17 1.75 

WLP 1805 0.0522 0.21  0.36 0.24 0.05 0.66 0.19 0.05 0.68 

WLP 1486 0.0853 0.72  0.65 0.06 0.08 0.45 0.05 0.08 0.42 

ZMH 1860 0.0249 0.22  0.38 0.22 0.03 0.69 0.20 0.03 0.65 

Average 2362 0.0357        -  0.48 0.26 0.04 0.97 0.24 0.04 0.98 

 

Panel B – S&P MidCap 400 

Ticker N 
f

r r  p 
 

      h 
2

KR
R

 
ˆ

KR


 
ˆ

KR


 

2

LR
R

 
ˆ

LR


 
ˆ

LR


 

AAI 2515 0.0952 0.60  0.63 0.17 0.10 1.41 0.16 0.10 1.24 

AMG 2484 0.0558 0.34  0.57 0.45 0.06 1.32 0.43 0.06 1.38 

ARG 2515 0.0888 0.49  0.48 0.24 0.09 0.99 0.23 0.09 1.03 

AVCT 2118 0.0200 0.06  0.53 0.26 0.04 1.52 0.25 0.04 1.44 

BRO 2515 0.0716 0.21  0.47 0.21 0.07 0.65 0.20 0.07 0.64 

CLF 2515 0.1205 0.06  0.40 0.32 0.13 1.13 0.26 0.13 1.35 

CMG 737 0.0887 0.00 ** 0.38 0.29 0.14 1.40 0.24 0.13 1.00 

CPT 2515 0.0384 0.27  0.83 0.32 0.04 0.60 0.27 0.04 0.76 

CR 2515 -0.0033 0.29  0.31 0.39 0.00 0.94 0.33 0.00 0.92 

CWTR 2515 0.1117 0.16  0.36 0.15 0.12 1.31 0.13 0.12 1.25 

CXW 2515 0.0362 0.51  0.62 0.07 0.04 0.71 0.06 0.04 0.69 

DCI 2515 0.0582 0.68  0.43 0.31 0.06 0.82 0.31 0.06 0.84 

ELY 2515 0.0323 0.41  0.46 0.22 0.04 1.02 0.21 0.04 0.98 

ENR 2168 0.0583 0.12  0.54 0.18 0.07 0.71 0.17 0.07 0.71 

FMER 2515 0.0201 0.38  0.33 0.40 0.02 0.96 0.35 0.02 1.01 

FNFG 2363 0.0751 0.30  0.53 0.24 0.08 0.74 0.22 0.08 0.77 

FTO 2515 0.1419 0.10  0.37 0.22 0.15 0.92 0.18 0.15 1.09 

HBI 581 -0.0399 0.32  0.69 0.32 0.01 0.91 0.28 0.01 1.00 

HE 2515 0.0213 0.89  0.62 0.18 0.02 0.41 0.18 0.02 0.39 

HMA 2515 -0.0316 0.08  0.82 0.11 -0.03 0.51 0.06 -0.03 0.61 

HNI 2515 0.0084 0.52  0.74 0.25 0.01 0.84 0.25 0.01 0.93 

HRC 2515 -0.0129 0.35  0.45 0.14 -0.01 0.47 0.13 -0.01 0.50 

HRL 2515 0.0339 0.25  0.36 0.11 0.04 0.46 0.09 0.04 0.38 

IDXX 2515 0.0587 0.63  0.46 0.16 0.06 0.77 0.16 0.06 0.75 

IEX 2515 0.0465 0.68  0.40 0.35 0.05 0.90 0.34 0.05 0.90 

IRF 2515 0.0719 0.07  0.35 0.31 0.08 1.71 0.29 0.08 1.51 

JBHT 2515 0.0921 0.32  0.43 0.23 0.10 1.06 0.22 0.10 1.01 

JBLU 1673 0.0088 0.67  0.52 0.21 0.00 1.22 0.21 0.00 1.14 

KMT 2515 0.0521 0.10  0.41 0.38 0.06 1.04 0.37 0.06 1.09 
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LRCX 2515 0.1235 0.02 * 0.38 0.35 0.13 2.04 0.32 0.13 1.77 

MEG 2515 -0.0770 0.25  1.05 0.16 -0.07 0.82 0.15 -0.07 1.07 

MRX 2515 0.0097 0.31  0.42 0.17 0.01 0.77 0.16 0.01 0.80 

MTX 2515 0.0086 0.58  0.44 0.32 0.01 0.82 0.32 0.01 0.84 

MVL 2515 0.1305 0.41  0.40 0.09 0.13 0.76 0.09 0.13 0.79 

NHP 2515 0.0539 0.14  0.54 0.31 0.06 0.77 0.29 0.06 0.83 

OII 2515 0.0908 0.15  0.53 0.18 0.09 0.86 0.16 0.10 0.94 

ORLY 2515 0.0595 0.08  0.38 0.22 0.06 0.94 0.20 0.06 0.89 

OSK 2515 0.0543 0.65  0.49 0.20 0.06 0.94 0.18 0.06 0.94 

PSD 2515 0.0188 0.43  0.63 0.13 0.02 0.41 0.13 0.02 0.38 

RS 2515 0.0654 0.08  0.44 0.37 0.07 1.12 0.34 0.07 1.29 

RYL 2515 0.0769 0.53  0.45 0.29 0.08 1.40 0.28 0.08 1.27 

SKS 2515 -0.0176 0.32  0.39 0.22 -0.01 1.09 0.19 -0.01 1.05 

SRCL 2515 0.1236 0.44  0.39 0.11 0.13 0.67 0.10 0.13 0.64 

TECD 2515 0.0008 0.27  0.40 0.22 0.01 1.19 0.20 0.01 1.02 

THG 2515 0.0109 0.40  0.37 0.23 0.02 0.93 0.22 0.02 0.93 

UTHR 2347 0.1406 0.26  0.34 0.09 0.16 0.97 0.08 0.16 0.83 

UTR 2515 -0.0008 0.28  0.50 0.36 0.00 0.82 0.32 0.00 0.92 

VARI 2406 0.0914 0.32  0.33 0.25 0.11 1.27 0.23 0.11 1.16 

WBS 2515 -0.0059 0.14  0.44 0.39 0.00 0.93 0.37 0.00 1.00 

WOR 2515 0.0379 0.18  0.41 0.32 0.04 1.12 0.30 0.04 1.15 

Average 2400 0.0483        -  0.48 0.24 0.06 0.96 0.22 0.06 0.96 

 

Panel C – S&P SmallCap 600 

Ticker N 
f

r r  p 
 

      h 
2

KR
R

 
ˆ

KR


 
ˆ

KR


 

2

LR
R

 
ˆ

LR


 
ˆ

LR


 

ABM 2454 0.0241 0.38  0.40 0.25 0.03 0.85 0.23 0.03 0.80 

ACLS 2077 -0.0668 0.63  0.54 0.27 -0.03 2.20 0.26 -0.04 1.84 

CASY 2426 0.0429 0.06  0.44 0.23 0.06 1.05 0.21 0.06 0.86 

CCRN 1766 -0.0083 0.28  0.41 0.19 0.00 1.25 0.18 0.00 0.97 

DNEX 2473 0.0286 0.39  0.50 0.20 0.04 0.95 0.20 0.04 0.86 

EE 2373 0.0344 0.42  0.54 0.21 0.05 0.74 0.21 0.05 0.66 

GFF 2396 0.0260 0.38  0.51 0.20 0.03 0.92 0.20 0.03 0.90 

GTIV 2142 0.1451 0.31  0.40 0.15 0.16 0.82 0.13 0.16 0.70 

HMSY 2313 0.1140 0.37  0.90 0.03 0.13 0.46 0.03 0.13 0.51 

HOMB 627 0.0836 0.36  0.75 0.30 0.13 1.06 0.28 0.13 0.81 

HTLD 2440 0.0749 0.11  0.40 0.21 0.08 1.02 0.20 0.09 0.85 

INT 2412 0.1164 0.30  0.77 0.23 0.13 0.79 0.19 0.12 1.02 

ISYS 2405 0.0587 0.96  0.56 0.11 0.07 0.87 0.11 0.07 0.86 

KNOT 1292 -0.0667 0.84  0.91 0.04 -0.03 0.68 0.04 -0.03 0.85 

MANT 1716 0.0986 0.24  0.48 0.11 0.11 0.94 0.10 0.11 0.71 

MFB 850 -0.0350 0.65  0.57 0.31 -0.01 1.25 0.30 -0.01 1.19 

MNT 2461 0.0799 0.28  3.31 0.01 0.09 0.68 0.04 0.09 0.48 

MNT 398 -0.0024 0.30  1.01 0.01 0.02 0.23 0.01 0.02 0.19 
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MOH 1366 0.0241 0.22  0.90 0.10 0.03 0.61 0.10 0.03 0.70 

MTH 2417 0.1296 0.27  0.70 0.25 0.14 1.56 0.21 0.14 1.48 

NILE 1152 0.0388 0.25  0.57 0.16 0.05 1.32 0.14 0.05 0.99 

NOVN 2440 0.1118 0.52  0.50 0.09 0.12 1.04 0.08 0.12 0.94 

NPK 2431 0.0450 0.24  0.67 0.28 0.06 0.57 0.26 0.06 0.65 

NSIT 2478 0.0257 0.65  0.43 0.19 0.03 1.44 0.18 0.03 1.31 

NTRI 1327 0.0274 0.25  0.56 0.05 0.05 1.03 0.04 0.05 0.78 

NWK 2404 0.0338 0.35  0.54 0.11 0.04 1.32 0.11 0.04 1.09 

ONB 2387 0.0053 0.64  0.67 0.26 0.02 0.77 0.25 0.02 0.75 

PBY 2428 0.0059 0.31  0.35 0.21 0.01 1.30 0.19 0.01 1.16 

PEI 2397 0.0143 0.03 * 0.86 0.34 0.01 0.75 0.28 0.01 1.01 

PENX 2396 0.0332 0.35  0.64 0.08 0.04 0.65 0.08 0.04 0.72 

PRFT 2228 0.2046 0.62  0.65 0.04 0.22 0.94 0.03 0.22 1.01 

PRGS 2461 0.0354 0.52  0.40 0.20 0.04 1.08 0.20 0.04 0.99 

PVTB 2255 0.0866 0.67  0.54 0.12 0.10 0.74 0.11 0.10 0.65 

RADS 2439 0.0822 0.49  0.40 0.17 0.09 1.39 0.15 0.09 1.41 

RBN 2424 0.0421 0.08  0.41 0.21 0.05 0.90 0.19 0.05 0.89 

SAFM 2402 0.0848 0.08  0.35 0.11 0.10 0.79 0.09 0.10 0.67 

SKT 2426 0.0830 0.14  0.56 0.29 0.09 0.68 0.26 0.09 0.72 

SLXP 1997 0.0856 0.28  0.58 0.09 0.09 1.15 0.08 0.09 0.90 

SNS 2397 -0.0194 0.61  0.64 0.15 -0.01 0.96 0.15 -0.01 0.82 

SNS 106 0.2862 0.44  1.21 0.05 0.27 0.51 0.06 0.27 0.57 

SSS 2434 0.0477 0.36  0.55 0.34 0.06 0.68 0.31 0.06 0.78 

SUP 2464 -0.0192 0.54  0.49 0.26 -0.01 0.87 0.25 -0.01 0.82 

SYMM 2432 0.0799 0.32  0.47 0.17 0.08 1.53 0.16 0.08 1.33 

TSFG 2446 -0.0205 0.13  0.38 0.31 -0.02 1.06 0.24 -0.02 1.20 

TXRH 1046 -0.0095 0.14  0.32 0.30 0.00 1.43 0.20 0.00 0.87 

UEIC 2426 0.0889 0.48  0.40 0.16 0.09 1.13 0.16 0.09 1.02 

UNS 2381 0.0435 0.19  0.52 0.21 0.05 0.54 0.20 0.05 0.61 

VECO 2482 -0.0091 0.21  0.46 0.28 -0.01 1.88 0.24 -0.01 1.56 

VSEA 2429 0.1306 0.03 * 0.32 0.30 0.14 1.90 0.27 0.14 1.67 

ZEP 287 0.1933 0.54  1.22 0.39 0.40 1.21 0.38 0.38 1.07 

Average 2052 0.0548       -  0.63 0.19 0.07 1.01 0.17 0.07 0.92 

Notes: In Panel A,B,C the estimated parameters and statistics of Characteristic Curve (CC) and Characteristic Line 

(CL) of 50-50 randomly chosen stocks from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 universe, 

can be seen, respectively. We estimate the CC and CL of all the companies by two different methods: (1) Kernel 

regression, the non-parametric CAPM is estimated, that is   ˆˆ
j f h m f j

r r m r r      where ˆ
j

  are the residuals, 

j f
r r  and 

m f
r r  are the risk premium of the stock j and the market, respectively; h is an optimally selected 

bandwidth using cross-validation. We use Gaussian kernel and the Nadaraya and Watson weighting function in 

the kernel regression. (2) Linear regression, that is  ˆˆ ˆ
j f j j m f j

r r r r        is estimated where ˆ
j

  is the 

residual series. The market return is the Center for Research in Security Prices value weighted index return; the 

risk-free rate is the return of the one-month Treasury bill. The 1st column shows the ticker of each stock in the 

database, the 2nd column is the number of observations, the 3rd column is the average return in the estimation 

period, 4th column is the p-value of the linearity test, 5th column is the optimal bandwidth of the kernel regression 

and the following columns are the goodness of fit, the alphas and betas of the kernel and the linear regressions. 

The number of asterisks means rejection of the linear null hypothesis at 95%, 99% confidence level.  
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Appendix A4. Paired two-sample t-tests on the accuracy of asset pricing models 

Panel A – R-squared in Capital Asset Pricing Model 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.2642 0.0075 50 0.2438 0.0070 9.545 0.0000 ** 

S&P MidCap 400 50 0.2434 0.0089 50 0.2242 0.0079 8.282 0.0000 ** 

S&P SmallCap 600 50 0.1866 0.0093 50 0.1714 0.0073 5.186 0.0000 ** 

All Companies 150 0.2314 0.0095 150 0.2131 0.0083 12.712 0.0000 ** 
 

Panel B – R-squared in Fama-French three-factor model 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.3818 0.0108 50 0.2846 0.0091 18.157 0.0000 ** 

S&P MidCap 400 50 0.3632 0.0125 50 0.2692 0.0113 16.512 0.0000 ** 

S&P SmallCap 600 50 0.3158 0.0205 50 0.2176 0.0132 13.193 0.0000 ** 

All Companies 150 0.3536 0.0152 150 0.2571 0.0119 26.975 0.0000 ** 

 

Panel C – R-squared in Carhart four-factor model 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.4662 0.0116 50 0.2906 0.0093 23.210 0.0000 ** 

S&P MidCap 400 50 0.4602 0.0152 50 0.2762 0.0118 19.651 0.0000 ** 

S&P SmallCap 600 50 0.3966 0.0284 50 0.2234 0.0138 14.645 0.0000 ** 

All Companies 150 0.4410 0.0192 150 0.2634 0.0123 31.713 0.0000 ** 

Notes: In Panel A, B and C can be seen a paired two-sample t-test on the goodness of fit of CAPM, Fama-French 

three-factor- and Carhart four-factor models using linear and kernel regression in various segments. In every test 

cases (one row per table), we perform two type of estimations explaining the returns of an asset using risk factors 

by kernel regression and linear regression. For CAPM, the kernel regression is   ˆˆ
j f h m f j

r r m r r     , where 

ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and the market, respectively; the linear 

regression is  ˆˆ ˆ
j f j j m f j

r r r r        where ˆ
j

  is the residual series. For Fama-French model, the kernel 

regression is   ˆˆ ,,
j f m f j

r r m r r SMB HML    
H

 and  
3

ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj j

r r r r SMB HML           is the 

linear estimation. For Carhart model, the kernel regression is   ˆˆ , ,,
j f m f j

r r m r r SMB HML MOM    
H

 and the 

linear one is:  
3

ˆ ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj Mj j

r r r r SMB HML MOM            . h and H is optimally selected 

bandwidth using cross-validation. We use Gaussian kernel and the Nadaraya (1964) and Watson (1964) weighting 

function in the kernel regression. The market return is the Center for Research in Security Prices (CRSP) value 

weighted index return; the risk-free rate is the return of the one-month Treasury bill. SMB is the average return 

between stocks of small and large companies; HML is the average return between high book-to-market ratios 

minus low ones; MOM is momentum that is an empirically observed tendency for rising asset prices to rise further 

and falling prices to keep falling. The goodness of fit is the R2 of the regression models. Column 1 shows the name 
of subgroups; column 2-4 and column 5-7 contain the number of stocks in the group and the average value and 

variance of R2 in each segment. The last three columns are: the test statistic t, the p-value and the significance level 

of the test. ** and * indicates significance level 1% and 5%, respectively. If t is positive (or negative) and the test 

is significant, then the mean of Group 1 is significantly higher (or lower) than mean of Group 2. Based on the 

results, the kernel regression has significantly better explanatory power in all segments using all models.  
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Appendix A5. Linearity testing, alpha- and coefficient estimation of Fama-French model 

Panel A – S&P 500 

Ticker p-value 
2

KR
R  

,
ˆ

FF KR
  

3,

ˆ
KR

  
,

ˆ
S KR

  
,

ˆ
H KR

  
2

LR
R  

,
ˆ

FF LR
  

3,

ˆ
LR

  
,

ˆ
S LR

  
,

ˆ
H LR

  

ACAS 0.40 0.46 -0.014 0.89 0.29 0.40 0.35 -0.027 1.24 0.33 0.99 

AES 0.35 0.25 0.013 1.31 0.43 0.93 0.15 0.027 1.27 0.04 0.62 

APH 0.32 0.44 0.091 1.11 0.80 -0.11 0.36 0.098 1.16 0.59 -0.22 

BA 0.22 0.40 0.025 0.97 -0.03 0.30 0.29 0.026 0.88 -0.15 0.32 

BAX 0.13 0.30 0.044 0.61 -0.22 -0.09 0.15 0.039 0.54 -0.35 0.19 

BJS 0.45 0.27 0.046 1.19 0.44 1.38 0.20 0.064 1.11 0.20 0.83 

BMC 0.51 0.33 0.053 1.19 0.36 -1.00 0.27 0.052 1.17 0.29 -0.90 

BRL 0.32 0.19 0.084 0.53 0.37 -0.16 0.10 0.087 0.62 0.23 -0.14 

CPWR 0.29 0.38 0.010 1.33 0.69 -0.70 0.24 0.015 1.31 0.46 -0.72 

D 0.20 0.43 0.022 0.70 -0.23 0.78 0.31 0.028 0.58 -0.37 0.63 

DD 0.26 0.57 -0.012 1.13 -0.21 0.47 0.41 -0.015 0.94 -0.28 0.58 

DHI 0.37 0.44 0.020 1.66 0.76 1.09 0.37 0.011 1.55 0.90 1.34 

DOV 0.34 0.51 0.003 1.17 0.15 0.34 0.45 0.003 1.03 0.08 0.37 

FDX 0.19 0.37 0.022 0.91 0.12 0.24 0.31 0.020 0.92 0.09 0.32 

FO 0.40 0.42 0.018 0.74 -0.04 0.45 0.31 0.017 0.74 -0.06 0.54 

GM 0.52 0.40 -0.078 1.41 -0.03 0.97 0.34 -0.082 1.45 0.00 1.13 

HCBK 0.34 0.41 0.083 0.65 0.23 0.59 0.34 0.079 0.71 0.26 0.74 

HCP 0.37 0.51 0.044 0.73 0.41 0.62 0.40 0.030 1.00 0.55 1.15 

HPC 0.34 0.33 -0.011 1.28 0.43 0.86 0.24 -0.007 1.10 0.17 0.85 

HSP 0.44 0.31 0.019 0.82 -0.18 -0.34 0.22 0.015 0.65 0.04 -0.26 

KFT 0.53 0.41 0.005 0.46 -0.26 0.19 0.21 0.002 0.48 -0.11 0.22 

LMT 0.28 0.21 0.035 0.61 -0.18 0.52 0.15 0.036 0.57 -0.19 0.45 

LOW 0.22 0.46 0.049 1.12 -0.06 -0.13 0.36 0.041 1.13 -0.12 0.25 

LSI 0.38 0.44 0.046 1.68 1.12 -0.84 0.35 0.050 1.66 0.86 -0.83 

LXK 0.46 0.26 0.019 0.82 0.40 -0.49 0.20 0.022 0.86 0.41 -0.61 

MDT 0.55 0.29 0.014 0.65 -0.27 -0.19 0.21 0.012 0.62 -0.31 -0.09 

MI 0.37 0.64 -0.004 1.04 -0.06 0.72 0.50 -0.022 1.32 0.13 1.43 

MTW 0.16 0.45 0.008 1.38 1.05 0.80 0.35 0.016 1.39 0.62 0.82 

MUR 0.08 0.34 0.055 0.89 0.17 1.04 0.25 0.068 0.87 -0.13 0.71 

MWW 0.36 0.39 0.080 1.72 0.83 -0.94 0.33 0.077 1.65 0.84 -0.87 

NOV 0.21 0.38 0.072 1.42 0.39 1.35 0.25 0.090 1.34 0.10 0.84 

NUE 0.21 0.43 0.071 1.63 0.30 1.19 0.37 0.081 1.40 0.14 0.84 

ORCL 0.15 0.46 0.116 1.26 -0.04 -1.26 0.41 0.117 1.30 -0.02 -1.29 

PAYX 0.18 0.39 0.047 1.07 -0.20 -0.37 0.30 0.044 0.97 -0.18 -0.25 

PG 0.27 0.30 0.035 0.53 -0.46 -0.09 0.17 0.028 0.46 -0.46 0.20 

QCOM 0.50 0.42 0.188 1.36 0.15 -1.37 0.35 0.187 1.33 0.03 -1.25 

S 0.44 0.38 -0.076 1.09 -0.07 0.54 0.27 -0.077 1.35 -0.18 0.70 

S 0.57 0.32 0.030 1.30 -0.29 0.63 0.19 0.020 1.23 -0.17 0.84 

SLE 0.33 0.35 -0.012 0.54 -0.35 0.06 0.24 -0.019 0.62 -0.44 0.43 

SPG 0.27 0.57 0.038 0.81 0.36 0.74 0.46 0.021 1.11 0.55 1.34 
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SRE 0.27 0.37 0.025 0.84 -0.16 0.89 0.29 0.032 0.72 -0.25 0.65 

SYMC 0.56 0.30 0.124 1.08 0.51 -0.74 0.24 0.122 1.10 0.52 -0.66 

TDC 0.36 0.61 -0.021 0.98 0.28 -0.10 0.43 -0.027 0.90 -0.01 -0.32 

TE 0.26 0.33 -0.016 0.85 -0.11 0.81 0.23 -0.009 0.70 -0.32 0.66 

TGT 0.52 0.45 0.034 1.15 -0.06 0.08 0.34 0.031 1.10 -0.11 0.24 

TLAB 0.24 0.39 -0.019 1.78 0.36 -0.25 0.30 -0.008 1.40 0.25 -0.70 

WFR 0.31 0.28 0.148 1.81 1.76 -0.33 0.19 0.156 1.73 1.27 -0.27 

WLP 0.31 0.39 0.048 0.60 -0.02 0.13 0.19 0.051 0.67 -0.21 0.13 

WLP 0.34 0.12 0.071 0.67 -0.10 0.46 0.09 0.072 0.64 -0.21 0.56 

ZMH 0.30 0.24 0.029 0.52 0.00 -0.10 0.20 0.029 0.66 0.03 -0.12 

Average - 0.38 0.034 1.04 0.19 0.20 0.28 0.034 1.02 0.11 0.25 

 

Panel B – S&P MidCap 400 

Ticker p-value 
2

KR
R  

,
ˆ

FF KR
  

3,

ˆ
KR

  
,

ˆ
S KR

  
,

ˆ
H KR

  
2

LR
R  

,
ˆ

FF LR
  

3,

ˆ
LR

  
,

ˆ
S LR

  
,

ˆ
H LR

  

AAI 0.35 0.29 0.059 1.47 1.31 0.77 0.22 0.049 1.43 1.40 1.12 

AMG 0.32 0.55 0.044 1.30 0.62 0.24 0.48 0.032 1.49 0.77 0.67 

ARG 0.41 0.34 0.076 1.16 0.48 0.39 0.25 0.074 1.12 0.28 0.61 

AVCT 0.35 0.44 0.046 1.28 1.18 -0.61 0.31 0.062 1.38 1.09 -0.93 

BRO 0.34 0.40 0.060 0.77 0.41 0.31 0.22 0.061 0.70 0.23 0.40 

CLF 0.32 0.42 0.082 1.46 0.86 1.22 0.31 0.089 1.54 0.54 1.19 

CMG 0.36 0.43 0.144 1.23 0.87 0.11 0.28 0.137 1.03 0.96 0.09 

CPT 0.43 0.54 0.018 0.68 0.47 0.62 0.44 0.001 0.95 0.71 1.19 

CR 0.30 0.44 -0.017 0.99 0.32 0.53 0.36 -0.016 1.00 0.26 0.52 

CWTR 0.19 0.20 0.072 1.24 1.17 0.99 0.17 0.069 1.43 1.27 1.05 

CXW 0.21 0.17 0.015 0.80 0.80 0.40 0.07 0.019 0.75 0.69 0.32 

DCI 0.37 0.39 0.048 0.91 0.49 0.23 0.33 0.045 0.90 0.43 0.37 

ELY 0.44 0.28 0.018 1.15 0.67 0.28 0.23 0.015 1.07 0.57 0.49 

ENR 0.36 0.27 0.059 0.73 0.21 0.16 0.19 0.042 0.76 0.32 0.54 

FMER 0.42 0.59 0.004 1.05 0.33 0.62 0.45 -0.008 1.19 0.36 1.11 

FNFG 0.37 0.38 0.053 0.73 0.67 0.53 0.32 0.043 0.88 0.74 0.92 

FTO 0.40 0.36 0.105 1.24 0.57 1.35 0.22 0.114 1.25 0.48 1.02 

HBI 0.44 0.45 0.007 0.86 0.61 0.33 0.33 0.013 0.92 0.83 0.84 

HE 0.33 0.40 0.005 0.58 0.09 0.71 0.22 0.016 0.44 -0.05 0.34 

HMA 0.12 0.18 -0.042 0.68 0.19 0.43 0.10 -0.059 0.76 0.43 0.95 

HNI 0.49 0.46 -0.013 0.94 0.57 0.63 0.32 -0.019 1.07 0.53 0.93 

HRC 0.51 0.20 -0.018 0.49 0.11 0.22 0.14 -0.018 0.54 0.03 0.31 

HRL 0.41 0.22 0.033 0.59 0.00 0.17 0.10 0.033 0.41 -0.10 0.20 

IDXX 0.42 0.29 0.059 0.72 0.55 -0.32 0.17 0.057 0.74 0.38 -0.11 

IEX 0.39 0.43 0.032 0.95 0.70 0.24 0.38 0.031 0.97 0.60 0.36 

IRF 0.19 0.48 0.075 1.57 1.30 -0.90 0.36 0.083 1.39 0.96 -0.97 

JBHT 0.21 0.31 0.065 1.33 0.85 0.69 0.24 0.074 1.09 0.64 0.45 

JBLU 0.40 0.38 0.001 0.82 0.91 -0.06 0.25 -0.013 1.13 1.07 0.84 

KMT 0.58 0.45 0.031 1.25 0.68 0.60 0.42 0.032 1.20 0.51 0.68 
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LRCX 0.13 0.46 0.146 1.72 0.97 -1.42 0.39 0.141 1.62 0.94 -1.20 

MEG 0.45 0.42 -0.103 0.86 0.87 0.57 0.24 -0.131 1.31 1.32 1.46 

MRX 0.38 0.26 0.000 0.76 0.53 0.12 0.18 -0.001 0.83 0.60 0.15 

MTX 0.38 0.47 -0.013 1.04 0.67 0.55 0.36 -0.008 0.93 0.44 0.55 

MVL 0.36 0.13 0.109 0.81 0.83 0.38 0.11 0.112 0.85 0.77 0.32 

NHP 0.43 0.45 0.030 0.89 0.62 0.68 0.39 0.023 0.98 0.68 0.93 

OII 0.11 0.24 0.056 1.17 0.66 1.18 0.18 0.071 1.05 0.41 0.71 

ORLY 0.21 0.33 0.055 0.95 0.44 0.01 0.21 0.055 0.92 0.27 0.17 

OSK 0.39 0.33 0.039 1.02 0.57 0.39 0.21 0.033 1.04 0.59 0.62 

PSD 0.41 0.26 0.009 0.59 -0.10 0.59 0.18 0.012 0.45 -0.09 0.46 

RS 0.21 0.48 0.028 1.39 0.92 1.12 0.39 0.037 1.45 0.57 1.02 

RYL 0.35 0.45 0.050 1.56 0.56 0.98 0.35 0.039 1.46 0.87 1.19 

SKS 0.34 0.27 -0.040 1.15 0.53 0.76 0.22 -0.040 1.17 0.55 0.74 

SRCL 0.39 0.18 0.116 0.73 0.37 0.14 0.11 0.112 0.69 0.40 0.28 

TECD 0.30 0.30 0.002 1.13 0.45 -0.19 0.22 0.006 0.97 0.41 -0.36 

THG 0.68 0.31 -0.008 1.13 0.20 0.88 0.26 -0.006 1.05 0.13 0.83 

UTHR 0.45 0.27 0.136 0.78 0.64 -0.13 0.11 0.136 0.77 1.00 -0.42 

UTR 0.53 0.47 -0.019 0.99 0.21 0.78 0.40 -0.019 1.05 0.13 0.89 

VARI 0.35 0.41 0.083 1.18 1.03 -0.31 0.28 0.080 1.13 1.04 -0.20 

WBS 0.32 0.55 -0.021 0.93 0.20 0.65 0.45 -0.028 1.14 0.25 0.94 

WOR 0.48 0.38 0.014 1.44 0.39 0.98 0.34 0.017 1.28 0.38 0.83 

Average - 0.36 0.036 1.02 0.59 0.39 0.27 0.034 1.03 0.57 0.51 

 

Panel C – S&P SmallCap 600 

Ticker p-value 
2

KR
R  ,

ˆ
FF KR

  
3,

ˆ
KR

  
,

ˆ
S KR

  
,

ˆ
H KR

  
2

LR
R  ,

ˆ
FF LR

  
3,

ˆ
LR

  
,

ˆ
S LR

  
,

ˆ
H LR

  

ABM 0.31 0.38 0.008 0.85 0.82 0.20 0.30 -0.001 0.88 0.82 0.55 

ACLS 0.30 0.56 -0.042 1.82 2.01 -0.69 0.31 -0.044 1.80 1.72 -0.55 

CASY 0.12 0.43 0.026 1.10 0.81 0.29 0.23 0.028 0.89 0.60 0.34 

CCRN 0.14 0.35 -0.034 1.26 1.09 0.29 0.22 -0.033 0.98 1.13 0.20 

DNEX 0.50 0.39 0.014 0.89 0.99 0.00 0.23 0.020 0.85 0.75 -0.10 

EE 0.30 0.28 0.014 0.82 0.47 0.66 0.23 0.019 0.72 0.38 0.46 

GFF 0.42 0.31 0.003 0.95 0.97 0.37 0.24 -0.002 0.96 0.88 0.67 

GTIV 0.36 0.33 0.140 0.72 0.83 0.19 0.17 0.138 0.71 0.82 0.23 

HMSY 0.56 0.08 0.106 0.55 0.40 0.12 0.03 0.104 0.51 0.47 0.15 

HOMB 0.35 0.54 0.127 0.92 1.12 0.17 0.40 0.123 0.80 1.27 0.52 

HTLD 0.21 0.33 0.049 1.10 0.96 0.51 0.25 0.052 0.91 0.89 0.41 

INT 0.35 0.30 0.088 0.97 0.75 0.76 0.23 0.088 1.14 0.56 0.97 

ISYS 0.25 0.25 0.040 0.91 0.70 0.40 0.13 0.042 0.88 0.87 0.18 

KNOT 0.25 0.13 -0.065 1.09 0.62 0.56 0.04 -0.071 0.85 0.82 0.49 

MANT 0.39 0.18 0.085 0.72 1.02 -0.06 0.12 0.084 0.72 0.89 0.11 

MFB 0.36 0.48 -0.004 1.25 0.58 0.87 0.35 -0.001 1.16 1.26 0.49 

MNT 0.36 0.15 0.073 0.73 0.46 0.07 0.04 0.081 0.46 0.27 -0.17 

MNT 0.29 0.01 -0.004 0.20 0.00 0.29 0.02 -0.007 0.42 0.05 0.47 
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MOH 0.48 0.14 0.022 0.44 0.62 -0.21 0.11 0.013 0.65 0.51 0.25 

MTH 0.24 0.38 0.079 1.66 1.20 1.48 0.30 0.069 1.72 1.43 1.72 

NILE 0.42 0.27 0.056 1.09 0.71 -0.54 0.18 0.037 0.96 1.27 0.31 

NOVN 0.60 0.19 0.098 0.91 1.28 -0.28 0.11 0.101 0.92 0.99 -0.17 

NPK 0.42 0.41 0.027 0.59 0.66 0.34 0.34 0.022 0.73 0.59 0.65 

NSIT 0.41 0.30 0.013 1.25 1.10 -0.12 0.21 0.012 1.31 1.08 -0.03 

NTRI 0.22 0.07 0.019 0.78 0.91 0.40 0.05 0.020 0.77 0.92 0.37 

NWK 0.46 0.26 0.005 1.35 1.47 0.29 0.13 0.012 1.12 1.21 0.17 

ONB 0.33 0.47 -0.020 0.82 0.67 0.69 0.38 -0.028 0.89 0.69 1.01 

PBY 0.61 0.26 -0.032 1.25 0.91 1.09 0.23 -0.027 1.28 0.85 0.96 

PEI 0.51 0.59 -0.018 0.77 0.80 0.85 0.41 -0.027 1.19 0.71 1.39 

PENX 0.30 0.13 0.021 0.73 0.31 0.40 0.09 0.013 0.80 0.46 0.65 

PRFT 0.20 0.07 0.202 0.65 0.65 -0.17 0.04 0.186 1.03 0.80 0.40 

PRGS 0.23 0.34 0.020 1.01 1.13 -0.09 0.24 0.020 0.99 0.97 0.03 

PVTB 0.28 0.31 0.067 0.67 0.77 0.37 0.18 0.054 0.74 0.84 0.83 

RADS 0.34 0.23 0.063 1.23 1.24 0.06 0.17 0.066 1.40 1.05 0.09 

RBN 0.15 0.29 0.022 0.97 0.81 0.38 0.21 0.021 0.96 0.64 0.57 

SAFM 0.55 0.25 0.071 0.70 0.60 0.26 0.11 0.065 0.72 0.65 0.47 

SKT 0.41 0.44 0.061 0.75 0.51 0.66 0.37 0.054 0.84 0.59 0.92 

SLXP 0.38 0.26 0.086 1.04 1.23 -0.47 0.10 0.073 0.91 1.10 0.01 

SNS 0.40 0.34 -0.057 1.04 1.24 0.78 0.21 -0.050 0.90 1.05 0.60 

SNS 0.66 0.08 0.257 0.56 -0.19 0.01 0.07 0.257 0.68 -0.20 0.32 

SSS 0.28 0.51 0.024 0.71 0.73 0.55 0.44 0.016 0.91 0.74 0.93 

SUP 0.30 0.41 -0.039 0.92 0.52 0.59 0.28 -0.037 0.90 0.42 0.58 

SYMM 0.25 0.37 0.051 1.28 1.85 -0.04 0.23 0.048 1.35 1.85 0.09 

TSFG 0.34 0.51 -0.049 1.06 0.76 0.79 0.35 -0.068 1.42 1.00 1.49 

TXRH 0.30 0.45 0.003 1.10 0.90 0.10 0.26 -0.004 0.85 1.23 0.33 

UEIC 0.52 0.26 0.071 1.04 1.03 0.12 0.20 0.064 1.06 1.22 0.27 

UNS 0.44 0.29 0.026 0.64 0.36 0.56 0.23 0.028 0.67 0.27 0.57 

VECO 0.29 0.43 -0.014 1.61 1.45 -0.66 0.31 -0.011 1.47 1.33 -0.73 

VSEA 0.25 0.44 0.153 1.58 1.21 -1.46 0.35 0.145 1.50 1.19 -1.21 

ZEP 0.42 0.56 0.375 1.22 0.68 -0.39 0.45 0.382 1.27 1.14 -0.76 

Average - 0.32 0.046 0.97 0.85 0.23 0.22 0.043 0.97 0.86 0.37 

Notes: In Panel A, B and C can be seen the estimated parameters and statistics of the Fama-French three-factor 

model of 50-50 randomly chosen companies from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 

universe. We estimate two models: (1) Kernel regression, the non-parametric Fama-French model is estimated that 

is   ˆˆ ,,
j f m f j

r r m r r SMB HML    
H

 where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of 

the stock j and the market, respectively; SMB is the average return between stocks of small and large companies, 

HML is the average return between high book-to-market ratios minus low ones. We select the bandwidth matrix 

optimally using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and Watson (1964) 
weighting function in the kernel regression. (2) The standard Fama-French regression 

 
3

ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj j

r r r r SMB HML           where ˆ
j

  is the residual series. The market return is the 

Center for Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the return of the 

one-month Treasury bill. 1st column shows the tickers of each stock in the database, column 2 is the p-value of the 

linearity test, column 3 is the goodness of fit, the following columns are alphas and estimated factor loadings of 

the kernel and the linear regressions.  
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Appendix A6. Paired t-tests on the coefficients of multi-factor models 

Panel A – Paired t-tests on the SMB coefficient of Fama-French model in different segments 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.1906 0.186 50 0.1070 0.145 3.709 0.0005 ** 

S&P MidCap 400 50 0.5910 0.104 50 0.5718 0.126 0.790 0.4335  

S&P SmallCap 600 50 0.8544 0.161 50 0.8608 0.152 -0.221 0.8260  

All Companies 150 0.5453 0.223 150 0.5132 0.236 2.157 0.0326 * 
 

Panel B – Paired t-tests on the HML coefficient of Fama-French model in different segments 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.1994 0.458 50 0.2482 0.472 -1.308 0.1970  

S&P MidCap 400 50 0.3918 0.276 50 0.5082 0.325 -2.852 0.0064 ** 

S&P SmallCap 600 50 0.2268 0.254 50 0.3709 0.287 -3.873 0.0003 ** 

All Companies 150 0.2727 0.332 150 0.3755 0.368 -4.617 0.0000 ** 
 

Panel C – Paired t-tests on the HML coefficient of Carhart model in different segments 

 Kernel Regression Linear Regression Two-sample t-test 

Segment N Mean Var. N Mean Var. t p Sig. 

S&P 500 50 0.1670 0.441 50 0.2202 0.472 -1.267 0.2110  

S&P MidCap 400 50 0.3428 0.239 50 0.4456 0.344 -2.568 0.0133 * 

S&P SmallCap 600 50 0.2304 0.237 50 0.3196 0.268 -1.867 0.0678  

All Companies 150 0.2467 0.307 150 0.3285 0.377 -3.278 0.0013 ** 

Notes: In Panel A, B and C can be seen a paired two-sample t-test on the coefficient of SMB- and HML factor of 
Fama-French model and the coefficient of HML factor of Carhart model in different segments. In every test cases 

(one row per table), we perform two type of estimations explaining the returns of an asset using risk factors by 

kernel regression and linear regression. For CAPM, the kernel regression is   ˆˆ
j f h m f j

r r m r r     , where ˆ
j

  

are the residuals, 
j f

r r  and 
m f
r r  are the risk premium of the stock j and the market, respectively; the linear 

regression is  ˆˆ ˆ
j f j j m f j

r r r r        where ˆ
j

  is the residual series. For Fama-French model, the kernel 

regression is   ˆˆ ,,
j f m f j

r r m r r SMB HML    
H

 and  
3

ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj j

r r r r SMB HML           is the 

linear estimation. For Carhart model, the kernel regression is   ˆˆ , ,,
j f m f j

r r m r r SMB HML MOM    
H

 and the 

linear one is:  
3

ˆ ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj Mj j

r r r r SMB HML MOM            . h and H is optimally selected 

bandwidth using cross-validation. We use Gaussian kernel and the Nadaraya and Watson weighting function in 

the kernel regression. The market return is the Center for Research in Security Prices (CRSP) value weighted index 
return; the risk-free rate is the return of the one-month Treasury bill. SMB is the average return between stocks of 

small and large companies; HML is the average return between high book-to-market ratios minus low ones; MOM 

is momentum that is an empirically observed tendency for rising asset prices to rise further and falling prices to 

keep falling. Column 1 shows the name of subgroups; column 2-4 and column 5-7 contain the number of stocks 

in the group and the average value and variance of the coefficients in each segment. The last three columns are: 

the test statistic t, the p-value and the significance level of the test. ** and * indicates significance level 1% and 

5%, respectively. If t is positive (or negative) and the test is significant, then the mean of Group 1 is significantly 

higher (or lower) than mean of Group 2. Based on the results, linear regression underestimates the SMB factor at 

significance level 5% and overestimates the HML factor in Fama-French- and Carhart model at 1% and 5% 

significance level, respectively.  
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Appendix A7. Linearity testing, alpha- and coefficient estimation of Carhart model 

Panel A – S&P 500 

Ticker p 
2

KR
R  

,
ˆ

CH KR
  

4,

ˆ
KR

  
,

ˆ
S KR

  
,

ˆ
H KR

  
,

ˆ
M KR

  
2

LR
R  

,
ˆ

CH LR
  

4,

ˆ
LR

  
,

ˆ
S LR

  
,

ˆ
H LR

  
,

ˆ
M LR

  

ACAS 0.33 0.60 -0.011 0.88 0.34 0.40 -0.09 0.35 -0.018 1.19 0.36 0.92 -0.19 

AES 0.37 0.42 0.005 1.27 0.49 1.17 0.01 0.15 0.031 1.24 0.05 0.59 -0.09 

APH 0.34 0.48 0.095 1.02 0.76 -0.06 -0.12 0.36 0.108 1.10 0.63 -0.30 -0.22 

BA 0.25 0.49 0.028 0.88 0.00 0.16 -0.01 0.29 0.027 0.87 -0.15 0.32 -0.01 

BAX 0.28 0.35 0.044 0.60 -0.16 -0.17 -0.01 0.16 0.036 0.56 -0.36 0.21 0.08 

BJS 0.34 0.37 0.032 1.23 0.39 1.32 0.39 0.21 0.049 1.19 0.15 0.93 0.30 

BMC 0.28 0.44 0.067 1.04 0.31 -1.09 -0.27 0.28 0.069 1.07 0.35 -1.03 -0.36 

BRL 0.28 0.24 0.088 0.60 0.39 -0.29 -0.01 0.10 0.087 0.62 0.23 -0.14 0.00 

CPWR 0.27 0.51 0.027 1.20 0.88 -0.49 -0.59 0.26 0.038 1.18 0.54 -0.90 -0.50 

D 0.29 0.48 0.017 0.72 -0.21 0.84 0.08 0.32 0.020 0.62 -0.40 0.69 0.17 

DD 0.30 0.69 -0.009 1.13 -0.11 0.32 -0.03 0.42 -0.005 0.89 -0.25 0.52 -0.20 

DHI 0.42 0.53 0.032 1.61 0.79 0.96 -0.23 0.37 0.022 1.49 0.94 1.25 -0.24 

DOV 0.26 0.58 0.007 1.14 0.19 0.34 -0.12 0.46 0.012 0.98 0.11 0.31 -0.19 

FDX 0.18 0.48 0.027 1.03 0.17 0.24 -0.14 0.31 0.027 0.88 0.11 0.28 -0.14 

FO 0.39 0.54 0.029 0.77 -0.06 0.32 -0.16 0.31 0.021 0.72 -0.04 0.50 -0.09 

GM 0.44 0.50 -0.062 1.34 0.00 1.12 -0.46 0.36 -0.061 1.34 0.07 0.98 -0.44 

HCBK 0.45 0.48 0.086 0.63 0.24 0.50 -0.02 0.34 0.081 0.70 0.27 0.72 -0.05 

HCP 0.35 0.59 0.051 0.75 0.42 0.63 -0.18 0.41 0.039 0.95 0.59 1.08 -0.20 

HPC 0.29 0.42 0.001 1.20 0.53 0.77 -0.25 0.24 -0.002 1.08 0.19 0.82 -0.08 

HSP 0.38 0.38 0.014 0.60 -0.18 -0.43 0.09 0.22 0.013 0.65 0.04 -0.23 0.03 

KFT 0.48 0.52 0.001 0.55 -0.31 0.16 0.16 0.22 -0.004 0.53 -0.13 0.26 0.15 

LMT 0.25 0.29 0.031 0.67 -0.21 0.36 0.20 0.15 0.030 0.61 -0.21 0.50 0.14 

LOW 0.15 0.56 0.053 1.07 0.01 -0.19 -0.10 0.37 0.052 1.06 -0.08 0.17 -0.23 

LSI 0.41 0.53 0.059 1.45 0.97 -0.61 -0.39 0.37 0.072 1.54 0.94 -0.98 -0.45 

LXK 0.36 0.32 0.021 0.71 0.33 -0.51 -0.02 0.20 0.031 0.81 0.45 -0.67 -0.19 

MDT 0.46 0.34 0.016 0.66 -0.24 -0.27 -0.02 0.21 0.010 0.63 -0.32 -0.08 0.04 

MI 0.32 0.71 0.014 1.05 -0.03 0.58 -0.33 0.51 -0.007 1.23 0.18 1.31 -0.33 

MTW 0.46 0.51 0.008 1.42 0.98 0.72 0.08 0.35 0.017 1.38 0.63 0.81 -0.03 

MUR 0.11 0.40 0.034 0.90 0.11 0.95 0.54 0.27 0.050 0.98 -0.19 0.84 0.38 

MWW 0.33 0.49 0.084 1.45 0.85 -0.67 -0.28 0.33 0.093 1.57 0.89 -0.98 -0.32 

NOV 0.27 0.53 0.046 1.47 0.30 1.39 0.62 0.27 0.066 1.47 0.02 1.01 0.50 

NUE 0.21 0.50 0.053 1.58 0.28 1.26 0.37 0.38 0.070 1.46 0.10 0.92 0.23 

ORCL 0.14 0.50 0.122 1.20 -0.02 -1.10 -0.23 0.42 0.128 1.24 0.02 -1.37 -0.25 

PAYX 0.24 0.49 0.052 0.99 -0.22 -0.46 -0.06 0.30 0.049 0.94 -0.17 -0.29 -0.11 

PG 0.30 0.43 0.036 0.58 -0.44 -0.19 0.04 0.18 0.025 0.48 -0.47 0.22 0.05 

QCOM 0.56 0.47 0.192 1.26 0.17 -1.32 -0.14 0.35 0.193 1.29 0.05 -1.29 -0.13 

S 0.37 0.51 -0.058 0.97 0.00 0.55 -0.47 0.28 -0.062 1.26 -0.13 0.59 -0.32 

S 0.50 0.35 0.034 1.27 -0.13 0.51 -0.11 0.19 0.024 1.21 -0.12 0.84 -0.12 

SLE 0.31 0.38 -0.012 0.60 -0.31 -0.01 0.02 0.24 -0.020 0.63 -0.44 0.44 0.03 

SPG 0.38 0.60 0.045 0.81 0.34 0.73 -0.16 0.47 0.031 1.05 0.59 1.27 -0.21 
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SRE 0.34 0.42 0.026 0.85 -0.14 0.87 0.00 0.29 0.024 0.76 -0.28 0.71 0.18 

SYMC 0.34 0.38 0.133 0.85 0.54 -0.82 -0.20 0.25 0.136 1.02 0.57 -0.76 -0.29 

TDC 0.49 0.68 -0.014 1.02 0.39 -0.07 -0.04 0.43 -0.026 0.89 -0.02 -0.35 -0.02 

TE 0.41 0.37 -0.016 0.87 -0.06 0.83 -0.04 0.24 -0.015 0.74 -0.34 0.71 0.13 

TGT 0.22 0.55 0.044 1.12 -0.02 0.01 -0.20 0.35 0.042 1.04 -0.08 0.16 -0.23 

TLAB 0.15 0.51 0.002 1.49 0.51 -0.32 -0.54 0.31 0.009 1.31 0.31 -0.83 -0.37 

WFR 0.49 0.33 0.160 1.60 1.59 -0.50 -0.11 0.19 0.166 1.68 1.30 -0.33 -0.19 

WLP 0.21 0.51 0.045 0.57 -0.05 -0.04 0.22 0.20 0.046 0.72 -0.23 0.18 0.14 

WLP 0.26 0.21 0.064 0.73 0.01 0.20 0.27 0.09 0.067 0.66 -0.27 0.56 0.16 

ZMH 0.52 0.35 0.031 0.46 -0.13 -0.25 0.08 0.20 0.024 0.70 0.02 -0.08 0.13 

Avg. - 0.47 0.037 1.00 0.21 0.17 -0.06 0.29 0.038 1.00 0.12 0.22 -0.08 

 

Panel B – S&P MidCap 400 

Ticker p 
2

KR
R  

,
ˆ

CH KR
  

4,

ˆ
KR

  
,

ˆ
S KR

  
,

ˆ
H KR

  
,

ˆ
M KR

  
2

LR
R  

,
ˆ

CH LR
  

4,

ˆ
LR

  
,

ˆ
S LR

  
,

ˆ
H LR

  
,

ˆ
M LR

  

AAI 0.42 0.38 0.095 1.35 1.40 0.60 -0.78 0.24 0.077 1.27 1.50 0.91 -0.60 

AMG 0.38 0.60 0.052 1.28 0.58 0.24 -0.15 0.49 0.050 1.39 0.83 0.54 -0.37 

ARG 0.45 0.41 0.071 1.12 0.54 0.34 0.11 0.25 0.076 1.12 0.29 0.60 -0.03 

AVCT 0.43 0.56 0.047 1.10 1.26 -0.30 -0.47 0.32 0.078 1.21 1.12 -0.96 -0.48 

BRO 0.35 0.53 0.066 0.82 0.38 0.17 -0.04 0.22 0.063 0.69 0.24 0.39 -0.05 

CLF 0.28 0.53 0.051 1.55 0.85 1.33 0.66 0.33 0.067 1.66 0.46 1.35 0.47 

CMG 0.43 0.54 0.136 0.99 0.74 -0.07 -0.02 0.29 0.153 0.94 0.92 -0.29 -0.40 

CPT 0.38 0.62 0.027 0.65 0.47 0.64 -0.22 0.46 0.014 0.88 0.75 1.09 -0.27 

CR 0.24 0.50 -0.013 0.85 0.36 0.45 -0.09 0.36 -0.012 0.98 0.28 0.49 -0.08 

CWTR 0.48 0.22 0.087 0.90 1.28 0.86 -0.36 0.18 0.082 1.36 1.31 0.96 -0.28 

CXW 0.42 0.19 0.022 0.77 0.81 0.53 -0.24 0.07 0.024 0.72 0.71 0.28 -0.11 

DCI 0.29 0.47 0.050 0.93 0.49 0.23 -0.05 0.34 0.051 0.87 0.45 0.33 -0.12 

ELY 0.56 0.36 0.026 1.10 0.73 0.40 -0.27 0.23 0.021 1.03 0.59 0.44 -0.13 

ENR 0.33 0.40 0.065 0.76 0.17 0.02 0.01 0.19 0.045 0.74 0.33 0.53 -0.07 

FMER 0.38 0.67 0.011 1.11 0.38 0.54 -0.13 0.46 0.006 1.11 0.41 1.02 -0.28 

FNFG 0.45 0.43 0.062 0.78 0.74 0.51 -0.22 0.32 0.053 0.83 0.77 0.85 -0.20 

FTO 0.50 0.53 0.087 1.14 0.31 0.98 0.70 0.22 0.103 1.31 0.44 1.11 0.24 

HBI 0.28 0.59 0.010 0.74 0.27 0.01 -0.18 0.35 0.036 0.80 0.71 0.37 -0.49 

HE 0.38 0.55 0.006 0.61 0.11 0.66 0.02 0.22 0.011 0.47 -0.07 0.37 0.11 

HMA 0.27 0.30 -0.037 0.69 0.15 0.27 -0.02 0.10 -0.057 0.75 0.44 0.93 -0.05 

HNI 0.52 0.52 0.003 0.85 0.54 0.47 -0.28 0.34 0.001 0.96 0.60 0.79 -0.43 

HRC 0.35 0.28 -0.015 0.53 0.15 0.15 -0.04 0.14 -0.019 0.55 0.03 0.31 0.02 

HRL 0.32 0.30 0.034 0.55 -0.02 0.11 0.00 0.10 0.031 0.42 -0.11 0.22 0.04 

IDXX 0.28 0.37 0.059 0.71 0.57 -0.35 0.01 0.17 0.062 0.71 0.40 -0.14 -0.11 

IEX 0.52 0.52 0.039 0.93 0.71 0.21 -0.14 0.39 0.038 0.93 0.63 0.31 -0.14 

IRF 0.37 0.56 0.090 1.32 1.21 -0.72 -0.42 0.38 0.113 1.22 1.07 -1.19 -0.64 

JBHT 0.26 0.43 0.080 1.26 0.82 0.54 -0.25 0.26 0.091 1.00 0.70 0.32 -0.36 

JBLU 0.34 0.48 0.022 0.76 1.03 0.09 -0.84 0.28 0.008 0.94 1.15 0.59 -0.65 

KMT 0.31 0.54 0.042 1.18 0.65 0.47 -0.19 0.42 0.041 1.15 0.54 0.61 -0.19 
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LRCX 0.34 0.54 0.157 1.33 0.94 -1.25 -0.36 0.40 0.162 1.50 1.01 -1.35 -0.45 

MEG 0.29 0.64 -0.088 0.86 0.88 0.50 -0.31 0.26 -0.107 1.17 1.40 1.29 -0.51 

MRX 0.39 0.37 -0.001 0.66 0.49 -0.06 0.13 0.18 -0.005 0.85 0.59 0.17 0.07 

MTX 0.31 0.60 -0.012 1.03 0.72 0.64 -0.08 0.36 -0.007 0.92 0.44 0.54 -0.03 

MVL 0.49 0.20 0.121 0.81 0.87 0.39 -0.29 0.11 0.120 0.81 0.80 0.26 -0.16 

NHP 0.48 0.52 0.037 0.99 0.63 0.73 -0.17 0.40 0.029 0.95 0.70 0.89 -0.12 

OII 0.09 0.37 0.032 1.23 0.68 1.15 0.54 0.20 0.048 1.18 0.33 0.87 0.48 

ORLY 0.33 0.48 0.063 0.84 0.40 -0.25 -0.03 0.21 0.063 0.87 0.30 0.10 -0.18 

OSK 0.37 0.40 0.044 1.05 0.50 0.23 0.00 0.21 0.046 0.97 0.63 0.53 -0.26 

PSD 0.42 0.32 0.010 0.61 -0.07 0.60 -0.03 0.18 0.009 0.46 -0.10 0.48 0.05 

RS 0.31 0.57 0.019 1.47 0.89 1.22 0.17 0.39 0.029 1.50 0.55 1.08 0.18 

RYL 0.40 0.56 0.058 1.55 0.66 0.82 -0.12 0.36 0.055 1.37 0.93 1.07 -0.35 

SKS 0.35 0.35 -0.020 0.91 0.53 0.65 -0.44 0.23 -0.022 1.07 0.61 0.61 -0.38 

SRCL 0.45 0.29 0.113 0.67 0.41 0.07 0.11 0.12 0.105 0.73 0.37 0.34 0.15 

TECD 0.22 0.51 0.018 0.99 0.34 -0.17 -0.34 0.23 0.019 0.90 0.46 -0.46 -0.29 

THG 0.44 0.40 0.005 1.12 0.27 0.83 -0.30 0.26 -0.003 1.03 0.14 0.80 -0.06 

UTHR 0.34 0.30 0.134 0.68 0.62 -0.30 0.12 0.11 0.132 0.80 0.98 -0.40 0.08 

UTR 0.48 0.58 -0.011 0.96 0.24 0.72 -0.16 0.40 -0.015 1.03 0.14 0.86 -0.08 

VARI 0.40 0.52 0.094 1.01 1.07 -0.24 -0.34 0.28 0.087 1.09 1.07 -0.25 -0.16 

WBS 0.37 0.67 -0.009 0.95 0.26 0.61 -0.28 0.46 -0.015 1.07 0.29 0.85 -0.27 

WOR 0.47 0.44 0.010 1.47 0.39 0.87 0.16 0.34 0.011 1.32 0.36 0.87 0.13 

Avg. - 0.46 0.041 0.97 0.59 0.34 -0.12 0.28 0.041 0.99 0.59 0.45 -0.16 

 

Panel C – S&P SmallCap 600 

Ticker p 
2
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ˆ
CH KR
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,

ˆ
H KR
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ˆ
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ˆ
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ˆ
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,

ˆ
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,

ˆ
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,

ˆ
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ABM 0.34 0.49 0.016 0.98 0.95 0.24 -0.26 0.30 0.004 0.86 0.84 0.52 -0.09 

ACLS 0.31 0.72 -0.051 1.62 2.02 -0.26 -0.32 0.31 -0.034 1.69 1.74 -0.57 -0.31 

CASY 0.28 0.55 0.027 1.14 0.68 0.30 0.01 0.23 0.025 0.91 0.59 0.36 0.05 

CCRN 0.34 0.48 -0.029 1.31 1.22 0.44 -0.36 0.22 -0.030 0.96 1.14 0.18 -0.07 

DNEX 0.34 0.55 0.020 0.78 1.07 0.04 -0.21 0.23 0.024 0.83 0.76 -0.12 -0.07 

EE 0.35 0.37 0.016 0.93 0.51 0.70 -0.07 0.23 0.017 0.73 0.38 0.48 0.06 

GFF 0.51 0.34 0.006 0.99 1.01 0.44 -0.12 0.24 0.001 0.95 0.89 0.65 -0.07 

GTIV 0.41 0.36 0.137 0.70 0.80 0.26 0.00 0.17 0.133 0.75 0.79 0.26 0.14 

HMSY 0.45 0.12 0.107 0.55 0.42 0.09 -0.01 0.04 0.111 0.47 0.49 0.10 -0.16 

HOMB 0.33 0.59 0.124 0.90 1.22 0.51 0.04 0.40 0.119 0.82 1.29 0.61 0.08 

HTLD 0.27 0.43 0.060 1.09 1.02 0.44 -0.22 0.25 0.060 0.87 0.92 0.35 -0.17 

INT 0.40 0.41 0.088 1.00 0.77 0.67 0.04 0.23 0.090 1.13 0.57 0.95 -0.05 

ISYS 0.36 0.31 0.043 0.90 0.72 0.56 -0.16 0.14 0.030 0.95 0.83 0.26 0.25 

KNOT 0.34 0.19 -0.063 1.02 0.60 0.55 -0.05 0.04 -0.061 0.81 0.85 0.42 -0.15 

MANT 0.40 0.23 0.086 0.78 1.07 -0.14 0.00 0.13 0.077 0.77 0.86 0.18 0.18 

MFB 0.45 0.55 0.028 1.20 0.57 1.13 -0.74 0.36 0.015 1.09 1.24 0.18 -0.34 

MNT 0.28 0.15 0.074 0.58 0.44 -0.05 0.04 0.04 0.074 0.50 0.25 -0.12 0.14 

MNT 0.30 0.01 -0.002 0.00 0.00 0.00 0.00 0.03 -0.003 0.44 0.08 0.44 -0.08 

MOH 0.42 0.19 0.021 0.48 0.60 -0.18 0.00 0.11 0.011 0.66 0.51 0.27 0.04 
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MTH 0.27 0.44 0.099 1.63 1.24 1.28 -0.35 0.32 0.094 1.58 1.52 1.55 -0.51 

NILE 0.47 0.32 0.054 1.00 0.68 -0.89 0.17 0.19 0.057 0.89 1.27 0.06 -0.33 

NOVN 0.47 0.20 0.094 0.99 1.21 -0.23 0.11 0.11 0.099 0.94 0.98 -0.15 0.05 

NPK 0.42 0.47 0.030 0.63 0.67 0.39 -0.09 0.34 0.024 0.72 0.59 0.63 -0.05 

NSIT 0.60 0.38 0.020 1.32 1.32 0.08 -0.35 0.22 0.031 1.20 1.15 -0.17 -0.41 

NTRI 0.30 0.10 0.006 0.76 0.94 0.31 0.38 0.05 0.013 0.81 0.93 0.40 0.14 

NWK 0.34 0.36 0.016 1.12 1.36 0.42 -0.29 0.14 0.025 1.04 1.26 0.07 -0.29 

ONB 0.24 0.50 -0.011 0.86 0.71 0.67 -0.21 0.39 -0.018 0.83 0.72 0.94 -0.21 

PBY 0.44 0.40 -0.018 1.02 1.01 0.97 -0.31 0.23 -0.014 1.20 0.90 0.86 -0.29 

PEI 0.33 0.70 -0.002 0.81 0.74 0.73 -0.26 0.42 -0.013 1.11 0.75 1.29 -0.29 

PENX 0.52 0.17 0.018 0.80 0.37 0.47 0.02 0.09 0.016 0.79 0.47 0.62 -0.07 

PRFT 0.20 0.11 0.210 0.70 0.75 0.09 -0.33 0.04 0.209 0.90 0.89 0.28 -0.46 

PRGS 0.52 0.46 0.033 0.99 1.15 -0.14 -0.28 0.24 0.024 0.97 0.98 0.01 -0.07 

PVTB 0.39 0.42 0.081 0.71 0.88 0.27 -0.27 0.20 0.075 0.63 0.93 0.72 -0.41 

RADS 0.32 0.34 0.077 1.27 1.20 -0.01 -0.27 0.17 0.074 1.35 1.07 0.04 -0.16 

RBN 0.19 0.32 0.021 0.99 0.84 0.33 0.05 0.22 0.017 0.98 0.63 0.60 0.09 

SAFM 0.42 0.41 0.067 0.81 0.60 0.41 0.00 0.11 0.063 0.73 0.64 0.48 0.02 

SKT 0.35 0.51 0.068 0.86 0.54 0.60 -0.11 0.38 0.061 0.80 0.61 0.87 -0.15 

SLXP 0.56 0.41 0.097 0.98 1.29 -0.67 -0.18 0.10 0.073 0.91 1.10 0.01 0.01 

SNS 0.49 0.46 -0.043 0.97 1.33 0.52 -0.23 0.22 -0.033 0.81 1.11 0.48 -0.35 

SNS 0.70 0.08 0.211 0.01 -0.62 -0.81 -0.43 0.07 0.226 0.56 -0.32 0.00 -0.25 

SSS 0.25 0.58 0.032 0.77 0.73 0.56 -0.19 0.44 0.022 0.87 0.77 0.88 -0.14 

SUP 0.45 0.51 -0.023 0.97 0.57 0.53 -0.35 0.30 -0.026 0.84 0.46 0.50 -0.23 

SYMM 0.44 0.44 0.058 1.17 1.74 0.15 -0.23 0.23 0.056 1.31 1.88 0.03 -0.17 

TSFG 0.40 0.62 -0.034 1.13 0.75 0.71 -0.28 0.37 -0.045 1.29 1.08 1.32 -0.48 

TXRH 0.40 0.54 0.036 1.06 0.91 0.00 -0.69 0.29 0.026 0.73 1.21 -0.09 -0.55 

UEIC 0.62 0.37 0.073 1.07 1.01 0.17 -0.05 0.20 0.064 1.06 1.22 0.27 -0.01 

UNS 0.34 0.41 0.027 0.69 0.40 0.61 -0.06 0.23 0.026 0.68 0.26 0.58 0.04 

VECO 0.42 0.55 -0.007 1.46 1.43 -0.38 -0.32 0.32 0.014 1.33 1.42 -0.91 -0.52 

VSEA 0.48 0.53 0.157 1.37 1.22 -1.16 -0.32 0.37 0.166 1.37 1.28 -1.35 -0.44 

ZEP 0.37 0.68 0.382 1.30 0.60 -0.20 0.04 0.47 0.351 1.43 1.28 -0.24 0.53 

Avg. - 0.40 0.051 0.94 0.87 0.23 -0.16 0.22 0.048 0.94 0.88 0.32 -0.13 

Notes: In Panel A, B and C can be seen the estimated parameters and statistics of the Carhart four-factor model of 
50-50 randomly chosen companies from the S&P 500, S&P MidCap 400 and the S&P SmallCap 600 universe. 

We estimate two models: (1) Kernel regression, the non-parametric Carhart model is estimated that is 

  ˆˆ , ,,
j f m f j

r r m r r SMB HML MOM    
H

 where ˆ
j

  are the residuals, 
j f

r r  and 
m f
r r  are the risk premium 

of the stock j and the market, respectively; SMB is the average return between stocks of small and large companies; 

HML is the average return between high book-to-market ratios minus low ones; MOM is momentum that is an 

empirically observed tendency for rising asset prices to rise further and falling prices to keep falling. We select the 

bandwidth matrix optimally using cross-validation. We use the Gaussian kernel and the Nadaraya (1964) and 

Watson (1964) weighting function in the kernel regression. (2) The standard Carhart regression 

 
3

ˆ ˆ ˆ ˆˆ ˆ
j f j j m f Sj Hj Mj j

r r r r SMB HML MOM             where ˆ
j

  is the residual series. The market 

return is the Center for Research in Security Prices (CRSP) value weighted index return; the risk-free rate is the 

return of the one-month Treasury bill. The 1st column shows the tickers of each stock in the database, column 2 is 

the p-value of the linearity test, column 3 is the goodness of fit, the following columns are the alphas and estimated 
factor loadings of the kernel and the linear regressions.  
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Appendix A8. Descriptive statistics and risks of S&P 500 stocks in period 1985–2011 

Company name 
CRSP 

Ticker 
r  Kurt. Skew. J-B test sig.      1

H  
2

H  

Honeywell Int. Inc. 10145 0.0504 23.23 0.24 152936.9 ** 2.08 1.09 7.47 5.82 

Beam Inc. 10225 0.0433 7.35 0.34 15423.5 ** 1.74 0.83 6.33 4.85 

Archer Daniels Midland 10516 0.0568 8.20 -0.03 19040.3 ** 2.04 0.85 7.19 5.92 

Brown Shoe Co Inc. New 10866 0.0332 12.33 0.36 43187.4 ** 2.75 1.13 9.34 6.78 

Brunswick Corp 10874 0.0555 27.25 0.67 210865.6 ** 2.98 1.46 10.12 7.67 

Unisys Corp 10890 0.0398 34.01 1.36 329786.2 ** 3.85 1.43 11.95 9.09 

Coca Cola Co 11308 0.0616 15.97 -0.05 72219.0 ** 1.60 0.72 5.96 4.73 

Consolidated Edison Inc. 11404 0.0278 9.01 -0.26 23055.0 ** 1.21 0.47 4.55 3.70 

D T E Energy Co 11674 0.0268 6.41 0.14 11653.2 ** 1.33 0.54 4.66 3.93 

DuPont Co 11703 0.0415 5.09 -0.11 7350.3 ** 1.80 1.00 6.88 5.42 

Eaton Corp 11762 0.0517 14.17 -0.07 56849.8 ** 1.79 0.97 6.61 5.11 

Exxon Mobil Corp 11850 0.0524 16.78 -0.03 79771.0 ** 1.58 0.81 5.88 4.74 

General Dynamics Corp 12052 0.0450 10.59 0.06 31780.3 ** 1.74 0.67 6.30 4.81 

General Electric Co 12060 0.0468 8.85 0.15 22210.9 ** 1.85 1.19 6.74 5.21 

Goodrich Corp 12140 0.0545 10.02 -0.18 28476.5 ** 2.06 1.00 7.41 5.66 

IBM Crop 12490 0.0426 10.53 -0.03 31426.9 ** 1.81 0.94 6.63 5.12 

ITT Corp 12570 0.0583 8.30 0.15 19520.1 ** 1.74 0.91 6.54 5.11 

N L Industries Inc. 13303 0.0698 6.45 0.48 12029.3 ** 3.19 1.09 10.96 8.49 

P G & E Corp 13688 0.0323 64.14 -0.44 1165866.4 ** 1.92 0.57 5.83 4.70 

Pepsico Inc. 13856 0.0638 6.39 0.30 11679.8 ** 1.66 0.67 6.18 4.86 

Conocophillips 13928 0.0542 6.81 0.00 13119.8 ** 1.96 0.85 7.28 5.91 

Schlumberger Ltd 14277 0.0562 5.56 -0.11 8771.8 ** 2.26 1.07 8.68 6.87 

Chevron Corp New 14541 0.0519 10.18 0.09 29339.8 ** 1.64 0.80 6.23 5.02 

Apple Inc. 14593 0.1165 19.34 -0.40 106200.6 ** 3.04 1.25 11.30 8.91 

Sunoco Inc. 14656 0.0408 11.30 -0.07 36196.2 ** 2.14 0.95 7.83 6.19 

Timken Company 14795 0.0421 11.36 0.05 36567.0 ** 2.28 1.12 8.13 6.20 

Foot Locker Inc. 15456 0.0486 7.92 0.37 17928.8 ** 2.64 1.02 9.45 7.19 

Radioshack Corp 15560 0.0417 9.35 -0.03 24747.5 ** 2.62 1.10 9.58 7.38 

Texas Instruments Inc. 15579 0.0742 4.93 0.18 6916.6 ** 2.76 1.36 10.58 8.31 

Goodyear Co 16432 0.0391 7.68 -0.10 16738.5 ** 2.74 1.35 9.83 7.32 

Hershey Co 16600 0.0569 20.21 0.39 115873.6 ** 1.64 0.60 5.99 4.72 

Kroger Company 16678 0.0614 140.83 -4.09 5638557.9 ** 2.23 0.70 7.68 6.45 

C V S Caremark Corp 17005 0.0530 11.57 -0.34 38022.0 ** 1.94 0.76 7.11 5.51 

Bassett Furniture Inc. 17137 0.0262 17.47 0.71 87018.0 ** 2.82 0.60 9.35 7.08 

General Mills Inc. 17144 0.0516 6.06 0.28 10502.3 ** 1.36 0.49 5.13 4.04 

Crown Holdings Inc. 17726 0.0698 35.18 1.68 353824.8 ** 2.92 0.93 8.80 6.51 

Kimberly Clark Corp 17750 0.0496 15.79 -0.49 70949.8 ** 1.55 0.61 5.71 4.44 

United Technologies Corp 17830 0.0565 13.94 -0.54 55357.7 ** 1.76 0.95 6.65 5.28 

Briggs & Stratton Corp 17961 0.0317 5.13 0.10 7469.0 ** 1.98 0.84 7.18 5.49 

Procter & Gamble Co 18163 0.0557 46.91 -1.60 626337.4 ** 1.57 0.67 5.63 4.42 

Penney J C Co Inc. 18403 0.0438 5.56 0.38 8916.7 ** 2.35 1.11 8.70 6.55 
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Caterpillar Inc. 18542 0.0679 5.90 -0.10 9871.9 ** 2.08 1.09 7.86 6.19 

Colgate Palmolive Co 18729 0.0629 12.73 0.20 45929.3 ** 1.62 0.66 6.00 4.71 

FMC Corp 19166 0.0712 15.84 -0.22 71105.3 ** 2.07 1.05 7.18 5.43 

Deere & Co 19350 0.0640 4.59 0.02 5957.7 ** 2.17 1.05 8.30 6.51 

Bristol Myers Squibb Co 19393 0.0416 14.28 -0.45 58029.4 ** 1.79 0.82 6.57 5.11 

Walgreen Co 19502 0.0631 5.05 0.08 7228.8 ** 1.83 0.80 6.92 5.53 

Boeing Co 19561 0.0508 5.87 -0.04 9747.1 ** 1.94 0.94 7.37 5.86 

Abbott Laboratories 20482 0.0601 4.60 -0.16 6013.1 ** 1.68 0.69 6.48 5.19 

Genesco Inc. 21055 0.1024 9.93 -0.03 27957.9 ** 3.61 1.16 11.95 9.92 

Lockheed Martin Corp 21178 0.0431 12.85 0.04 46785.2 ** 1.83 0.63 6.68 5.13 

Meadwestvaco Corp 21186 0.0351 10.04 -0.54 28871.5 ** 2.04 1.08 7.51 5.90 

International Paper Co 21573 0.0356 11.32 0.08 36283.5 ** 2.19 1.13 7.92 6.13 

Exelon Corp 21776 0.0384 8.63 0.15 21126.5 ** 1.58 0.60 5.47 4.61 

Pfizer Inc. 21936 0.0535 4.25 -0.13 5143.2 ** 1.82 0.86 7.02 5.57 

Cooper Industries Plc 21979 0.0497 15.95 -0.16 72119.9 ** 1.98 1.03 7.19 5.58 

Corning Inc. 22293 0.0684 11.84 -0.18 39784.4 ** 2.94 1.36 10.09 7.44 

P P G Industries Inc. 22509 0.0505 7.18 0.03 14598.0 ** 1.81 1.00 6.81 5.31 

Merck & Co Inc. New 22752 0.0559 12.81 -0.56 46875.5 ** 1.77 0.80 6.65 5.27 

Motorola Solutions Inc. 22779 0.0585 7.02 -0.13 13965.6 ** 2.69 1.34 9.99 7.71 

Firstenergy Corp 23026 0.0282 12.25 0.19 42562.6 ** 1.47 0.58 4.72 4.19 

Heinz H J Co 23077 0.0421 4.27 0.17 5186.7 ** 1.48 0.57 5.51 4.43 

Textron Inc. 23579 0.0512 43.20 0.28 528897.2 ** 2.42 1.26 7.96 6.02 

PSEG Inc. 23712 0.0306 10.72 0.12 32556.5 ** 1.49 0.64 5.12 4.26 

Halliburton Company 23819 0.0610 14.74 -0.32 61698.0 ** 2.71 1.16 10.09 7.95 

X C E L Energy Inc. 23931 0.0270 80.19 -1.88 1826075.6 ** 1.57 0.56 4.97 3.87 

Entergy Corp New 24010 0.0378 14.53 -0.06 59775.6 ** 1.62 0.53 5.53 4.46 

Nextera Energy Inc. 24205 0.0340 14.72 0.00 61414.6 ** 1.35 0.55 4.70 3.80 

Pitney Bowes Inc. 24459 0.0379 20.00 -1.02 114456.4 ** 1.81 0.88 6.66 5.31 

Alcoa Inc. 24643 0.0375 9.67 0.10 26513.2 ** 2.38 1.25 8.68 6.73 

Raytheon Co 24942 0.0402 65.90 -1.87 1234405.7 ** 1.81 0.60 6.24 5.02 

Oneok Inc. New 25232 0.0557 25.03 -0.06 177473.5 ** 1.95 0.79 6.68 5.44 

Campbell Soup Co 25320 0.0444 6.92 0.38 13722.7 ** 1.67 0.59 6.15 4.73 

Whirlpool Corp 25419 0.0354 6.17 0.17 10832.3 ** 2.23 1.06 8.29 6.34 

Harris Corp 25582 0.0505 8.18 0.13 18983.7 ** 2.15 0.98 7.90 6.16 

Ford Motor Co Del 25785 0.0510 14.61 0.55 60820.6 ** 2.50 1.16 8.97 7.00 

Disney Walt Co 26403 0.0708 13.12 -0.13 48767.4 ** 2.02 1.13 7.49 5.88 

Biglari Holdings Inc. 26607 0.1013 57.58 -0.55 939711.1 ** 3.43 0.74 11.54 9.22 

ASA Ltd 26649 0.0309 5.32 0.25 8081.3 ** 2.18 0.15 8.11 6.27 

Kellogg Co 26825 0.0470 20.76 0.09 122114.8 ** 1.61 0.62 5.88 4.62 

Ryder Systems Inc. 27633 0.0426 5.05 -0.13 7253.2 ** 2.15 1.06 7.89 6.33 

Hewlett Packard Co 27828 0.0598 6.64 0.01 12476.1 ** 2.45 1.22 9.23 7.19 

Baxter International Inc. 27887 0.0508 15.33 -0.94 67607.8 ** 1.87 0.72 6.86 5.56 

Duke Energy Corp New 27959 0.0350 13.89 -0.12 54692.0 ** 1.45 0.55 5.11 3.97 

Xerox Corp 27983 0.0361 21.10 0.29 126269.3 ** 2.56 1.11 8.55 6.45 

Nacco Industries Inc. 28118 0.0610 7.60 0.38 16528.6 ** 2.68 1.18 9.44 6.98 
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Unilever N V 28310 0.0587 69.75 0.15 1378374.3 ** 1.67 0.75 5.83 4.61 

Hess Corp 28484 0.0530 9.72 -0.48 27037.4 ** 2.20 0.98 8.08 6.28 

Masco Corp 34032 0.0330 5.88 0.08 9814.6 ** 2.32 1.14 8.28 6.34 

Occidental Petr. Corp 34833 0.0488 9.00 -0.02 22927.0 ** 2.04 0.93 7.37 5.95 

Sherwin Williams Co 36468 0.0654 9.48 -0.09 25478.9 ** 1.89 0.84 6.95 5.47 

Williams Cos 38156 0.0791 124.54 2.06 4399507.1 ** 3.15 1.21 9.50 7.35 

Donnelley R R & Sons Co 38682 0.0202 16.19 -0.33 74341.2 ** 1.88 0.97 6.84 5.36 

Wells Fargo & Co New 38703 0.0768 27.36 1.45 214537.1 ** 2.36 1.24 7.73 5.80 

Skyline Corp 38850 0.0099 7.96 0.37 18127.9 ** 2.41 0.91 8.24 6.29 

Mattel Inc. 39538 0.0632 11.74 -0.11 39033.4 ** 2.42 0.88 8.70 6.92 

Becton Dickinson & Co 39642 0.0646 11.53 -0.28 37757.7 ** 1.70 0.64 6.31 4.89 

Computer Sciences Corp 40125 0.0597 21.16 -0.96 127892.3 ** 2.24 1.02 8.02 6.18 

Avon Products Inc. 40416 0.0500 20.60 -0.51 120504.3 ** 2.12 0.80 7.34 5.56 

Cummins Inc. 41080 0.0615 7.69 0.26 16844.8 ** 2.42 1.20 8.72 6.53 

Con Way Inc. 41929 0.0410 4.77 0.13 6466.2 ** 2.56 1.05 9.23 7.11 

Officemax Inc. New 42024 0.0160 20.60 0.94 121181.1 ** 2.86 1.25 9.59 7.20 

Meredith Corp 42796 0.0405 7.01 0.24 13988.2 ** 1.87 0.92 6.76 5.13 

Allegheny Technologies 43123 0.0529 6.97 0.40 13924.5 ** 2.85 1.33 10.09 7.49 

Stanley Black & Decker 43350 0.0499 5.14 0.23 7538.8 ** 1.99 1.01 7.27 5.74 

Mcdonalds Corp 43449 0.0659 5.37 -0.08 8161.7 ** 1.65 0.70 6.31 5.09 

V F Corp 43553 0.0624 9.88 -0.07 27649.0 ** 1.95 0.88 7.17 5.47 

Bemis Co Inc. 43772 0.0593 4.72 -0.07 6304.4 ** 1.82 0.85 6.79 5.46 

ADP Inc.. 44644 0.0616 16.10 -0.53 73763.2 ** 1.70 0.88 6.33 4.92 

Supervalu Inc. 44951 0.0220 8.85 -0.58 22556.5 ** 2.07 0.72 7.32 5.78 

Rowan Companies Inc. 45495 0.0685 2.87 0.22 2394.8 ** 3.19 1.23 11.34 9.59 

Clorox Co 46578 0.0560 10.59 -0.24 31813.0 ** 1.62 0.59 5.86 4.51 

Genuine Parts Co 46674 0.0384 5.09 0.20 7377.3 ** 1.47 0.73 5.29 4.06 

Bard C R Inc. 46877 0.0686 7.54 0.08 16098.4 ** 1.92 0.70 7.09 5.50 

Rite Aid Corp 46922 0.0387 22.02 0.70 137871.8 ** 3.54 1.11 10.73 7.83 

New York Times Co 47466 0.0218 8.95 0.60 23087.3 ** 2.24 0.98 7.96 6.08 

C N A Financial Corp 47626 0.0379 24.01 -0.01 163290.3 ** 2.13 1.10 7.05 5.29 

Jpmorgan Chase & Co 47896 0.0471 12.89 0.46 47271.5 ** 2.51 1.49 8.79 6.62 

Gannett Inc. 47941 0.0261 30.17 0.79 258519.3 ** 2.20 1.10 7.41 5.68 

Moodys Corp 48506 0.0511 8.44 0.01 20196.4 ** 2.02 1.00 7.04 5.25 

Union Pacific Corp 48725 0.0554 6.61 -0.23 12440.7 ** 1.76 0.89 6.71 5.25 

Lincoln National Corp In 49015 0.0516 48.23 0.95 659983.7 ** 2.88 1.48 8.08 6.13 

Target Corp 49154 0.0666 13.01 -0.30 48075.4 ** 2.14 1.10 7.99 6.18 

Potlatch Corp New 49744 0.0371 14.43 0.13 58970.7 ** 2.17 1.15 7.67 5.93 

Lilly Eli & Co 50876 0.0508 18.57 -0.65 98182.3 ** 1.83 0.81 6.85 5.43 

Tenet Healthcare Corp 52337 0.0379 48.65 0.43 670845.7 ** 2.92 0.87 9.68 7.58 

Grainger W W Inc. 52695 0.0627 6.05 0.23 10416.0 ** 1.72 0.83 6.48 5.04 

Hasbro Inc. 52978 0.0580 15.23 0.08 65730.8 ** 2.20 0.85 8.00 6.29 

S P X Corp 55212 0.0543 12.66 -0.71 45995.5 ** 2.50 1.07 8.75 6.76 

Wal Mart Stores Inc. 55976 0.0741 3.53 0.15 3553.1 ** 1.82 0.87 6.83 5.46 

Louisiana Pacific Corp 56223 0.0473 9.68 0.07 26554.8 ** 2.97 1.39 10.40 7.91 
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Conagra Inc. 56274 0.0458 12.82 -0.55 46934.9 ** 1.67 0.60 6.11 4.73 

Ball Corp 57568 0.0563 8.42 0.05 20086.1 ** 1.87 0.84 6.87 5.42 

American Express Co 59176 0.0610 9.53 0.13 25726.5 ** 2.35 1.45 8.56 6.53 

Chubb Corp 59192 0.0555 7.80 0.55 17562.6 ** 1.73 0.90 6.31 4.78 

Molson Coors Co 59248 0.0514 7.35 -0.17 15322.2 ** 2.12 0.57 7.42 5.93 

Intel Corp 59328 0.0908 5.71 -0.06 9242.0 ** 2.68 1.41 10.29 8.20 

Bank Of America Corp 59408 0.0394 27.64 0.79 217148.6 ** 2.70 1.45 8.28 6.12 

Snap On Inc. 60206 0.0390 7.33 0.07 15205.6 ** 1.86 0.94 6.71 5.07 

Paccar Inc. 60506 0.0699 4.32 0.11 5310.9 ** 2.29 1.22 8.29 6.24 

FedEx Corp 60628 0.0555 4.24 0.21 5129.6 ** 2.11 0.99 7.99 6.23 

AMD Inc. 61241 0.0598 7.80 -0.04 17236.2 ** 3.84 1.61 14.05 11.00 

Lowe’s Companies Inc. 61399 0.0786 4.45 0.11 5628.7 ** 2.34 1.10 8.79 7.01 

Cigna Corp 64186 0.0547 27.91 -0.78 221310.8 ** 2.13 0.92 7.29 5.69 

Limited Brands Inc. 64282 0.0745 4.58 0.16 5961.2 ** 2.49 1.19 9.33 7.39 

Norfolk Southern Corp 64311 0.0547 5.24 0.04 7783.8 ** 1.96 0.99 7.41 5.70 

Dominion Resources Inc. 64936 0.0329 11.67 -0.51 38851.3 ** 1.24 0.51 4.35 3.47 

Verizon Inc. 65875 0.0385 12.13 0.56 42051.6 ** 1.67 0.76 6.20 4.84 

AT&T Inc. 66093 0.0388 11.22 0.11 35704.5 ** 1.72 0.81 6.38 5.01 

American Int. Group Inc. 66800 0.0438 92.09 1.66 2406066.2 ** 3.27 1.40 8.33 7.09 

Notes: This table shows the descriptive statistics of the 150 randomly selected stocks based on daily returns. The 

1st column contains the company name, the 2nd is the ticker in CRSP database, the 3rd is the average return, the 4th 

and the 5th is the kurtosis and skewness of the distribution, J-B test stands for the Jarque-Bera test, sign. shows ** 

if null hypothesis of normality can be rejected at 1% significance level (the exact value is 9.2 for the J-B test at 
1%). The following columns are risk metrics; standard deviation, CAPM beta, H1 and H2 that represents Shannon- 

and Rényi entropy, respectively. 
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Appendix A9. Average entropy in the function of number of bins 

 

Notes: The figure shows the average value of Shannon- and Rényi entropy-based risk measure estimated by 

histogram using various number of bins on 150 randomly selected securities from S&P500 that were available 

from 1985 to the end of 2011. It can be shown that the average value of entropies is high for low number of bins 

applied due to the inaccurate estimation of probability density function. On the other hand, one can see that the 

average entropy changes only slightly by the increasing number of bins after 50. Based on that, we show that using 

about 50 or more bins is appropriate for both entropy function. 
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Appendix A10. Robustness testing between differently shifted samples 

Panel A – Two-sample t-tests and F-tests of explanatory power in differently shifted samples 

 G1: 1-year shifting G2: 1-week shifting t-test F-test 

Risk measure N Mean Var. N Mean Var. t p Sig. F p Sig 

St. deviation 18 0.0794 0.0035 887 0.0783 0.0032 0.08 0.94 - 1.10 0.35 - 

CAPM beta 18 0.1331 0.0169 887 0.1374 0.0188 -0.14 0.89 - 0.90 0.43 - 

Shannon entropy 18 0.1338 0.0085 887 0.1354 0.0098 -0.08 0.94 - 0.87 0.39 - 

Rényi entropy 18 0.1282 0.0066 887 0.1276 0.0077 0.03 0.98 - 0.85 0.37 - 

 

Panel B – Two-sample t-tests and F-tests of predictive power in differently shifted samples 

 G1: 1-year shifting G2: 1-week shifting t-test F-test 

Risk measure N Mean Var. N Mean Var. t p Sig. F p Sig 

St. deviation 18 0.0970 0.0040 887 0.0956 0.0040 0.09 0.93 - 0.99 0.53 - 

CAPM beta 18 0.0645 0.0043 887 0.0689 0.0041 -0.28 0.78 - 1.04 0.41 - 

Shannon entropy 18 0.1015 0.0042 887 0.1028 0.0046 -0.09 0.93 - 0.91 0.44 - 

Rényi entropy 18 0.0934 0.0034 887 0.0924 0.0035 0.07 0.95 - 0.96 0.49 - 

Notes: Panel A-B summarize the t-tests and F-tests of short-term explanatory (Panel A) and predictive power 
(Panel B) of risk measures for risk premium between different shifting for generating samples: (G1) 18 10-year 

periods shifting by one year-; (G2) 887 10-year periods shifting by one week starting from (1985-1994) to (2002-

2011). We estimate risk measures of 150 randomly selected securities from the S&P 500 index using standard 

deviation, CAPM beta, Shannon entropy and Rényi entropy risk estimation methods by daily risk premiums in the 

first 5 years and measure the explanatory power on the same 5 years, and the predictive power on the next 5 years 

by estimating the goodness of fit of linear regression. Both types of entropy functions are calculated by histogram-

based density function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. The 1st 

column shows the risk measure. Columns 2-4 and 5-7 are the number of observations in sample and the average 

value and variance of explanatory and predictive power for each risk measure in both groups, respectively. 

Columns 8-10 show the result of t-test: the test statistic t, the p-value and the significance level of the test. If t is 

positive (or negative) and the test is significant, then the mean of Group 1 is significantly higher (or lower) than 

mean of Group 2. Columns 11-13 summarize the result of F-test: the test statistic F, the p-value and the significance 
level of the test. If p is greater than 0.05 then the variance of the two samples are not different at confidence level 

95%. Based on the results, neither the average nor the variance of explanatory- and predictive power differs 

significantly between “1-year shifting’ and ‘1-week shifting” samples (because p is higher than 0.05). 
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Appendix A11. Two-sample t-tests between the accuracy of risk measures 

Panel A – Paired two-sample t-tests between the explanatory and predictive power of risk measures 

Explanatory power Predictive power t-test 

Risk measure N Mean Var. Risk measure N Mean Var. t p Sig. 

St. deviation 887 0.0783 0.0040 St. deviation 887 0.0956 0.0040 -5.349 0.0000 ** 

CAPM beta 887 0.1374 0.0188 CAPM beta 887 0.0689 0.0041 12.666 0.0000 ** 

Shannon entropy 887 0.1354 0.0098 Shannon entropy 887 0.1028 0.0046 7.233 0.0000 ** 

Rényi entropy 887 0.1276 0.0077 Rényi entropy 887 0.0924 0.0035 8.566 0.0000 ** 

 

Panel B – Paired two-sample t-tests of explanatory power between the permutation of risk measures 

Risk measure 1 N Mean Var. Risk measure 2 N Mean Var. t p Sig. 

St. deviation 887 0.0783 0.0032 CAPM beta 887 0.1374 0.0188 -15.56 0.0000 ** 

St. deviation 887 0.0783 0.0032 Shannon entropy 887 0.1354 0.0098 -33.67 0.0000 ** 

St. deviation 887 0.0783 0.0032 Rényi entropy 887 0.1276 0.0077 -36.78 0.0000 ** 

CAPM beta 887 0.1374 0.0188 Shannon entropy 887 0.1354 0.0098 0.58 0.5578 - 

CAPM beta 887 0.1374 0.0188 Rényi entropy 887 0.1276 0.0077 3.03 0.0025 ** 

Shannon entropy 887 0.1354 0.0098 Rényi entropy 887 0.1276 0.0077 8.60 0.0000 ** 

 

Panel C – Paired two-sample t-tests of predictive power between the permutation of risk measures 

Risk measure 1 N Mean Var. Risk measure 2 N Mean Var. t p Sig. 

St. deviation 887 0.0956 0.0040 CAPM beta 887 0.0689 0.0041 9.23 0.0000 ** 

St. deviation 887 0.0956 0.0040 Shannon entropy 887 0.1028 0.0046 -5.35 0.0000 ** 

St. deviation 887 0.0956 0.0040 Rényi entropy 887 0.0924 0.0035 2.97 0.0000 ** 

CAPM beta 887 0.0689 0.0041 Shannon entropy 887 0.1028 0.0046 -14.77 0.0000 ** 

CAPM beta 887 0.0689 0.0041 Rényi entropy 887 0.0924 0.0035 -10.51 0.0000 ** 

Shannon entropy 887 0.1028 0.0046 Rényi entropy 887 0.0924 0.0035 18.26 0.0000 ** 

Notes: Panel A summarizes t-tests between the average short-term explanatory and predictive power of risk 
measures for risk premium, Panel B-C show the t-tests between the permutation of risk measures for explanatory 

(B) and predictive power (C). For the significance testing, we use 887 10-year periods shifting by one week from 

period (1985-1994) to period (2002-2011), instead of one-year shifting. In Appendix A10, we show that the 

average value of explanatory and predictive power is not significant between the one-week and one-year shifting 

periods; therefore, we use the one-week shifting samples, because of their statistical reliability. We estimate risk 
measures of 150 randomly selected securities from the S&P 500 index using standard deviation, CAPM beta, 

Shannon entropy and Rényi entropy risk estimation methods by daily risk premiums in the first 5 years and 

measure the explanatory power on the same 5 years, and the predictive power on the next 5 years by estimating 

the goodness of fit of linear regression. Both types of entropy functions are calculated by histogram-based density 

function estimation, applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. Column 1-4 and column 

5-8 contain the (1) name of risk measure (2) the number of observations in sample (3-4) the average value and 

variance of explanatory and predictive power for each risk measure. The last three columns are: the test statistic t, 

the p-value and the significance level of the test. ** and * indicates significance level 1% and 5%, respectively. If 

t is positive (or negative) and the test is significant, then the mean of Group 1 is significantly higher (or lower) 

than mean of Group 2. Based on the results of Panel A, the explanatory power of CAPM beta, Shannon- and Rényi 

entropy are significantly higher than corresponding predictive power, but surprisingly the relation is inverse for 

standard deviation. Based on the results of Panel B, we state that the difference between the explanatory powers 
of various risk measures are significant, except between CAPM beta and Shannon entropy where the difference is 

insignificant. In Panel C, we see that all differences are statistically significant.  
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Appendix A12. F-tests between the relative variance of accuracy of risk measures 

Panel A – Two-sample F-tests of explanatory power between the permutation of risk measures 

Risk measure 1 N Rel. var. Risk measure 2 N Rel. var. t p Sig. 

St. deviation 887 0.5253 CAPM beta 887 0.9936 0.53 0.000 ** 

St. deviation 887 0.5253 Shannon entropy 887 0.5335 0.98 0.411 - 

St. deviation 887 0.5253 Rényi entropy 887 0.4750 1.11 0.070 - 

CAPM beta 887 0.9936 Shannon entropy 887 0.5335 1.86 0.000 ** 

CAPM beta 887 0.9936 Rényi entropy 887 0.4750 2.09 0.000 ** 

Shannon entropy 887 0.5335 Rényi entropy 887 0.4750 1.12 0.045 * 

 

Panel B –Two-sample F-tests of explanatory power between the permutation of risk measures 

Risk measure 1 N Rel. var. Risk measure 2 N Rel. var. t p Sig. 

St. deviation 887 0.4388 CAPM beta 887 0.8726 0.50 0.000 ** 

St. deviation 887 0.4388 Shannon entropy 887 0.4376 1.00 0.485 - 

St. deviation 887 0.4388 Rényi entropy 887 0.4131 1.06 0.189 - 

CAPM beta 887 0.8726 Shannon entropy 887 0.4376 1.99 0.000 ** 

CAPM beta 887 0.8726 Rényi entropy 887 0.4131 2.11 0.000 ** 

Shannon entropy 887 0.4376 Rényi entropy 887 0.4131 1.06 0.200 - 

Notes: Panel A-B show the two-sample t-tests between the permutation of risk measures for explanatory (A) and 

predictive power (B). For the significance testing, we use 887 10-year periods shifting by one week from period 

(1985-1994) to period (2002-2011), instead of one-year shifting. In Appendix A10, we show that the variance of 
explanatory and predictive power is not significant between the one-week and one-year shifting periods; therefore, 

we use the one-week shifting samples, because of their statistical reliability. We estimate risk measures of 150 

randomly selected securities from the S&P 500 index using standard deviation, CAPM beta, Shannon entropy and 

Rényi entropy risk estimation methods by daily risk premiums in the first 5 years and measure the explanatory 

power on the same 5 years, and the predictive power on the next 5 years by estimating the goodness of fit of linear 

regression. Both types of entropy functions are calculated by histogram-based density function estimation, 

applying 175 bins for Shannon entropy and 50 bins for Rényi entropy. Column 1-3 and column 4-6 contain the (1) 

name of risk measure (2) the number of observations in sample (3) the relative variance of explanatory and 

predictive power for each risk measure. The last three columns are: the test statistic F, the p-value and the 

significance level of the test. ** and * indicates significance level 1% and 5%, respectively. Based on the results 

of Panel A, the relative variance of explanatory power not differs between standard deviation and both entropy 
functions at any usual significance level. Otherwise, the difference is significant. Based on the results of Panel B, 

we can state that only CAPM beta has different relative variance from the other risk measures. 
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Appendix A13. Comparison of accuracy of various risk models 

  Long term Short term 

Model # 
1

ˆ
P

  1
ˆ

P
  1

ˆ
P

  
iP2̂  oP2̂  Ri  

Ro  

St. deviation (Std) 1 0.0783 0.3390 0.3671 0.0794 0.0970 0.75 0.65 

Variance (2nd m.) 1 0.0764 0.3048 0.3305 0.0762 0.0927 0.72 0.68 

Skewness (3rd m.) 1 0.0079 0.0135 0.0004 0.0513 0.0249 0.91 1.14 

Kurtosis (4th m.) 1 0.0340 0.0805 0.0712 0.0401 0.0591 0.98 0.89 

Std, 3rd 2 0.1354 0.3533 0.3882 0.1110 0.1063 0.51 0.59 

Std, 4th 2 0.0786 0.3431 0.3768 0.1204 0.1084 0.53 0.59 

Std, 3rd, 4th 3 0.1607 0.3543 0.3892 0.1499 0.1163 0.52 0.54 

CAPM beta 1 0.0617 0.3667 0.4369 0.1331 0.0645 0.98 1.02 

SMB 1 0.0037 0.0402 0.0677 0.0615 0.0521 1.20 1.23 

HML 1 0.2523 0.1282 0.0132 0.1364 0.0779 0.87 0.92 

MOM 1 0.0081 0.0113 0.4300 0.1843 0.0376 0.76 1.11 

Beta-MOM 2 0.3581 0.5115 0.4656 0.2604 0.1038 0.51 0.59 

Beta, 3rd, 4th  3 0.1704 0.4386 0.4432 0.2112 0.1308 0.52 0.56 

Beta, Shannon 2 0.1300 0.4727 0.4653 0.1806 0.1379 0.68 0.52 

Beta, Rényi 2 0.1602 0.4776 0.4624 0.1777 0.1287 0.67 0.53 

Beta-MOM, Shannon 3 0.4055 0.5819 0.4843 0.3176 0.1535 0.36 0.44 

Fama-French (FF) 3 0.3023 0.5048 0.4463 0.2403 0.1526 0.46 0.42 

Carhart (Ch) 4 0.3801 0.5323 0.4705 0.3272 0.1689 0.30 0.37 

Shannon entropy (Sh) 1 0.1298 0.4345 0.3961 0.1338 0.1015 0.69 0.64 

Shannon, 3rd 2 0.1687 0.4379 0.4075 0.1656 0.1125 0.53 0.58 

Shannon, 3rd, 4th 3 0.2015 0.4383 0.4153 0.1999 0.1288 0.49 0.52 

FF, Shannon 4 0.3416 0.5599 0.4668 0.2549 0.1847 0.43 0.41 

Carhart, Shannon 5 0.4133 0.5962 0.4848 0.3561 0.1978 0.28 0.36 

Ch, Sh, 3rd, 4th 7 0.4697 0.6333 0.4961 0.4052 0.2222 0.25 0.34 

Rényi entropy (Ré) 1 0.1571 0.4236 0.3855 0.1282 0.0934 0.62 0.6 

Rényi, 3rd 2 0.1955 0.4244 0.3915 0.1582 0.1055 0.50 0.56 

Rényi, 3rd, 4th  3 0.2188 0.4244 0.4053 0.1865 0.1223 0.48 0.48 

FF, Rényi 4 0.3600 0.5583 0.4652 0.2513 0.1765 0.43 0.41 

Carhart, Rényi 5 0.4209 0.5861 0.4847 0.3561 0.1898 0.27 0.36 

Ch, Ré, 3rd, 4th  7 0.4702 0.6242 0.4956 0.4012 0.2187 0.25 0.35 

Ch, Sh, Ré, 2nd-4th, Std 10 0.4719 0.6484 0.5103 0.4344 0.2455 0.25 0.31 

Notes: The table summarizes the explanatory power (in-sample R2) of various univariate and multivariate risk 
models in various samples. We estimate risk measures of 150 random securities using standard deviation, CAPM 

beta, Shannon- and Rényi entropy risk estimation methods for (1) long term, from 1985 to the end of 2011 (1985-

2011); (2) long term on upward trends (bull market), (3) long term on downward trends (bear market), (4) 18 10-

year periods shifting by one year from period (1985-1994) to period (2002-2011), split into two 5-5 year periods 

for each. The 2nd column show the number of variables of the model. The 3rd column shows the explanatory power 

of risk measures for long term. The 4th and 5th column are the explanatory power on upward and downward trends, 

respectively. The 6th column stands for the average explanatory power of risk measured in the first 5 years of 10-
year shorter periods in sample. The 7th stands for the average predictive power of risk measures (out-of-sample R2) 

calculated by estimating risk in the first 5 years and evaluating them on the other 5 years in each 10-year periods. 

The last two columns show the relative standard deviation of explanatory and predictive power of short-term 

samples. 


