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Chapter 1
Introduction
1.1

Background

In the 1910s the first public transport buses were introduced to major cities of that
time. Since then, the population and congestion of urbanized areas exploded. This
rapid growth poses new challenges to transport planners, service providers and passengers alike. In busy urban arterials, particularly during peak hours delay of public
transport is critical. Due to the stochastic nature of traffic networks, adherence to a
bus schedule is not guaranteed. Fluctuation of passenger demand, intersection delays,
changing traffic conditions and different driving styles of bus drivers bring several uncertainties into the system. Achieving timetable reliability in an environment where
“traffic flow dynamics are dominated by external events (red traffic lights) rather than
by the inherent traffic flow dynamics” (Papageorgiou [1998]) is especially difficult. Although, traffic lights are a way of traffic control, they often neglect public transport
priority.
For this reason, the throughput of a road link or the quality of public transport
deteriorate and travel times increase. With the emergence of ITS technologies and
improvements in sensor technology (GNSS, AVL, APC) new doors opened for road
traffic control (Mandelzys and Hellinga [2010]). By actuating different components of
a traffic network, its efficiency (reduced delays, increased throughput, better energy
efficiency etc.) can be improved. The control of road traffic can be realized on different
levels. Automakers tend to focus on component or vehicle level control (Varga and
Németh [2012]; Varga et al. [2013, 2014]; Németh et al. [2014b,a, 2015]; Varga et al.
[2015, 2017]). On the other hand, traffic planners think on intersection or transportation network level (Lin et al. [2010]; Tettamanti et al. [2014]; Chow et al. [2017]; Varga
and Kulcsár [2016]; Kulcsár and Varga [2017]). Through technological advancement
systems become more and more connected. Automakers are considering the influence
of surrounding traffic and exploit the opportunities of communicating with the traffic
infrastructure (Tettamanti et al. [2016]; Horváth et al. [2019] Horváth et al. [2019];
Varga et al. [2020]). This connectedness enable novel, efficient transportation systems.
Without efficient supervisory control public transport service providers are unable
to ensure a temporally and spatially homogeneous service. Increased passenger demand and interactions with dense traffic are contributing factors to bus bunching. At
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frequent lines, if the schedule cannot be held and a bus arrives at the stop late, number
of passengers is winding up. Increased dwell times further delay the bus. The headway
between the current and the successor bus will eventually decrease so much that buses
stick together. This instability in public transport is called bus bunching and was first
described in Newell and Potts [1964]. Due to bunching the periodicity of arrivals fail
and homogeneous service cannot be maintained (Ap. Sorratini et al. [2008]). It leads
to poor utilization of buses and therefore degradation of level of service. Fonzone et al.
[2015] studied the effect of passenger arrival patterns on bunching, concluding that
unexpected passenger demands are the root cause of bunching. Furthermore, passengers tend to board the first bus to reduce their own travel delay. Bus bunching has a
well-established literature and several authors proposed different methods to overcome
its adverse effect. The three main approaches to bunching reduction are bus holding,
bus priority at signalized intersections and velocity control.
Bus holding: buses are held at designated stops to sync with the schedule. Bus
bunching was mitigated with bus holding control in Wu et al. [2017]. Public transport
reliability is addressed in Nesheli et al. [2015] with bus holding, stop skipping to minimize passenger waiting time. Jiang et al. [2017] proposed a heuristic algorithm with
stop skipping or inclusion for congested high-speed train lines. In densely populated
urban areas where city space is scarce, including slack times might not be possible
due to bus stop configurations (Cats et al. [2012]). Furthermore, slacks are an unproductive allocation of time of time in the cycle time of buses and results in queuing at
stops (Daganzo [2009]). Slack times can be dynamically addressed via changing the
speed of the vehicle rather than holding it. In that sense, a smoothed and pro-active
way of slack time reduction foreseeing the trajectories (headway, timetable) seem more
appealing.
Bus priority: a common method in improving timetable reliability provides priority
to buses at signalized intersections (Estrada et al. [2016]). In Estrada et al. [2016] a
velocity control method considering bus-to-bus communication and green time extension is formulated.
Velocity control: in Daganzo [2009] and Daganzo and Pilachowski [2011] algorithms
are developed to control the headway of consecutive buses by adjusting their desired
velocity. Ampountolas and Kring [2015] proposed a cooperative control algorithm for
buses to balance headways. Bartholdi and Eisenstein [2012] provided a self-controlling
algorithm to improve headway reliability without timetable. In Xuan et al. [2011] optimal control algorithms are considered, taking into account both headway and timetable
keeping. Andres and Nair [2017] used predictive algorithms to improve public transport reliability. In Xuan et al. [2011], optimal control algorithms were considered
taking into account both headway and timetable keeping. In Varga et al. [2018c], both
bus bunching and timetable adherence are dealt with model predictive control (MPC).
Velocity control received criticism in comparison to holding (e.g. Daganzo and Pilachowski [2011]), due to drivers adherence to the predefined velocity or propagating
delays to other participants of traffic. Moreover, there is only a small field for velocity
control action possible: (i) in front of signalized intersections vehicle speed is entirely
determined by the current phase of traffic (i.e. queuing, discharge) and (ii) delaying
(slowing down) a vehicle in the course of the journey would only propagate the delay
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to other participants in traffic. Therefore, velocity control is only desirable when the
controlled vehicle is further away from the intersection and traffic is not too dense or
there is space for overtaking (e.g. multiple lanes, Gu et al. [2013]). From the perspective of other participants of traffic a slowed down bus acts as a moving bottleneck. This
suggests that the velocity control is efficient when it does not perturb the trajectories
of other participants of traffic significantly. One of the main arguments for velocity
control is that with the emergence of highly automated and autonomous vehicles accurate control can be achieved. In addition, the uncertain nature of traffic (intersection
delays, congestion or slower vehicles ahead) can be ruled out with high penetration of
connected vehicles communicating with each other and the infrastructure (Tettamanti
et al. [2016]). In a highly automated environment, the sole remaining uncertainty is the
behavior of humans, i.e. the passenger demand. The velocity control can be combined
with holding strategies and can be adapted to the instantaneous state of the traffic
network (i.e. quick change in control inputs) too.
On top of level of service, an emerging trend in public transport is the reduction of
its environmental footprint, dependency on fossil fuels and carbon emissions. Several
cities where pollution is a strong concern are shifting public transportation towards
electrified vehicles (Gallet et al. [2018]). Electric vehicles have no tailpipe emissions,
are quieter, more energy efficient and simpler, requiring less maintenance too. The
need for increasing energy efficiency and the advances in driver assistance systems
brought eco-cruise control strategies to life (Németh and Gáspár [2011], Saerens et al.
[2013], Akhegaonkar et al. [2018], Mihály et al. [2018]). In urban areas interaction
with traffic control devices dictate energy savings Kural et al. [2014a]. Speed advisory
systems incorporating V2I communication with traffic lights can result in significant
energy reduction Vreeswijk et al. [2010]. Lv et al. [2019] gave different control strategies
for different driving styles for automated electric vehicles, bearing energy efficiency in
mind. In addition to energy management between stops, charging station allocation
and charging strategies are in the spotlight Bi et al. [2015], Rogge et al. [2018], Rupp
et al. [2019]. Instead of focusing on individual vehicles, urban transportation can be
viewed as an independent component of a smart city power network Amini [2018]. In a
comprehensive literature survey, Amini [2018] examined different distributed electrified
transport networks and suggested cooperative energy management strategies. Rogge
et al. [2015] studied the feasibility of an electric bus network focusing on battery capacity, charging and impact on the grid. They concluded, it is necessary to consider an
electric bus network as a whole, rather than looking at individual bus trips. The state
of the art and potential challenges for vehicle to grid (V2G) technology were summarized in Su et al. [2012]. Sustainable V2G technology requires energy management Su
et al. [2012], Mohamed et al. [2017].
In rural areas the focus of eco-crusie control is on road topology (Hellström et al.
[2010], Németh and Gáspár [2011]). On the other hand, in urban areas interaction with
traffic control devices dictate energy efficiency (Saerens et al. [2013], Akhegaonkar et al.
[2018]). The eCoMove project (Vreeswijk et al. [2010]) proposed a speed advisory system incorporating V2I communication with traffic lights. Simulation results suggested
significant emission reduction. Kural et al. [2014b] implemented a predictive traffic
light assistant that considers traffic light cycles during trajectory planning. However,
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they only considered traffic light cycles without queue lengths. Park et al. [2011] and
Yang et al. [2017a] constructed a dynamic programming based strategy to minimize
fuel consumption in urban areas with traffic lights. The model estimates queue lengths
with the help of shockwaves. In Li et al. [2018] a trajectory smoothing algorithm was
formulated considering platoons of connected automated vehicles and traffic lights. According to Kivekas et al. [2019] predictive velocity control is capable of reducing energy
consumption of battery electric urban buses. The model of Pariota et al. [2019] suggest
fuel consumption and emissions reduction in the region of 5 to 12%. In addition, energy efficiency suggests smaller batteries or sparser charging stations further reducing
investment costs (Desreveaux et al. [2019]).
Recently, authors turned towards modeling and control of the public transport bus
network as a whole. A coordinated multiline bus holding strategy was formulated and
network sensitivity analysis was carried out by Laskaris et al. [2018]. The network
layout, link lengths and passenger demand have significant effect on the network performance. In Schmöcker et al. [2016] the effect of overtaking on a corridor served by
two lines was studied in comparison to bus holding. The paper concludes that the
holding strategy is an additional source of delay to the system.
The literature review suggests that operating a bus network efficiently has several
aspects. Previous works focus on one or two objectives: either bus bunching or energy efficiency, but not in a combined way. Multi-objective, passenger demand-driven
public transport receives increasing interest recently. Yang et al. [2017b] developed a
bi-objective optimization model with the consideration of energy consumption and passenger waiting time in metro systems for energy efficiency. In Xuan et al. [2011], optimal
control algorithms were considered, taking into account both headway and timetable
keeping. Andres and Nair [2017] used predictive algorithms to improve public transport
reliability. In conclusion, optimizing electrified bus networks can be approached from
different directions based on the authors’ intention (e.g. energy minimization, ensuring
service homogeneity).

1.2

Purpose and scope

Finding a compromise solution between energy consumption and level of service leads
to a multi-objective optimization problem. The goal is merging four conflicting, public
bus service related objectives:
• adherence to a predefined schedule,
• vehicles shall keep equidistant headways from each other,
• minimal passenger delay: both at stops and in vehicle and,
• energy efficiency.
The objectives are to be achieved solely based on velocity control. Buses operate
on fixed routes based on a timetable. Headway of consecutive buses are the result
of the timetable in conjunction with the network layout. The location of the buses
is assumed to be known at every time instant (i.e. AVL) and traffic information and
4

1.3. Methods

external inputs can be communicated to them (i.e. V2I). The vehicles shall be equipped
with computing devices that can realize the speed advisory system in a decentralized
fashion in real-time. The control input is a desired velocity. It can be either displayed
to the driver or in case of autonomous driving it can be a strict reference speed. The
velocity control shall work with dedicated bus lanes and in mixed traffic too. In case
of mixed traffic environment, the knowledge of traffic states (or the link fundamental
diagram) is necessary. The algorithms can synergize with dynamic signal controlling
and bus priority strategies too. Due to the vast variety of such signal control strategies,
combining velocity control and traffic signal control is not considered in this work.
The main idea is to use short time horizon predictions (1-2 minutes) and optimize
the trajectory of every bus in real-time. The suggested rolling horizon policy is an
adequate control solution to predict future obstacles along the route and incorporate
reference trajectories from various sources. The control method focuses on network
bunching, but in a distributed, overlapped way: every vehicle runs its own velocity
controller and then they communicate their predicted trajectories among each other.
The proposed control algorithms consider uncertainties such as varying dwell times and
delays due to interaction with traffic and traffic lights too. Moreover, the decentralized
control can be recast into a centralized network-level velocity control. In that case the
speed advisory algorithm attempts to calculate public-transport network optimum for
every vehicle in the network concurrently.
The goals set in this section are achieved using the following scientific methods.

1.3

Methods

1.3.1

Modeling

Most control design methods require a priory description of the controlled system.
The behavior of a real system is translated into mathematical concepts and language.
As physical systems are very diverse, different modeling concepts shall be employed
bearing in mind the purpose of controller design. The MPC design is generally based on
discrete-time state space models. Discrete-time state space systems are mathematical
models of physical systems described as a set of input, output and state variables
related by difference equations. The solvability of these difference equations depend
on their form as they boil down to optimization problems. In this thesis convex and
piecewise convex models are employed for which fast solvers are available: Nocedal and
Wright [2006]; Gurobi [2014]. The modeling approach tries to follow a first principle
one. Systems are described with the governing physical equations of the system and
linearized when needed. When it is not possible, due to the nature of the system
empirical formulas are borrowed from the literature. In addition, stochastic models
are used too where state variables (or inputs) are not described by unique values, but
rather by probability distributions.
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1.3.2

Model predictive control

The proposed control strategies are MPC based. The MPC is a very popular control
framework in the state-of-the-art engineering practice. Accordingly, the application
of the MPC based control appears both in traffic control (e.g. Tettamanti and Varga
[2010], de Oliveira and Camponogara [2010]) and vehicle-level control too (e.g. Yi
et al. [2016], Andres and Nair [2017]). Due to the look-ahead nature of the MPC it
can be computationally demanding in large-scale systems. Therefore, a decentralized
approach is chosen.
The MPC is a model based control procedure which can be efficiently applied for
optimal control problems restricted by physical constraints (Maciejowski [2002]). The
controller comprises an optimization part and a system model. The control calculation
is carried out as an iteration process between the controller and the model by the
minimization of an appropriate cost function. During the iteration, the optimization
calculates the control inputs for the system model. Then, the model provides a state
prediction giving back to the optimization. The iteration is repeated until the solution
converges. The optimal control signals are then forwarded to the controlled system.
Basically, the MPC realizes a rolling-horizon optimization. The control inputs of
the MPC are computed by minimizing a cost function J(k) over the prediction horizon
N obeying various constraints. System state X(k) is measured at time step k. Then,
for a finite horizon length (N ) predicted states x(k + i|k) are calculated along with the
corresponding control inputs u(k+i−1|k). At the end of the optimization process, from
the control input sequence only the first one (u(k|k)) is applied to the system. The rest
is discarded. At the subsequent time step (k + 1), the prediction horizon rolls on until
N + 1. The controller proceeds the calculation concerning time step k + 1 according to
the updated measurements and estimations. The process is then continued similarly by
repeating the measurement, estimation, and optimization. When a disturbance or an
external signal is handled in the MPC, its future states are often unknown. A common
remedy to this issue is fixing these signals along the prediction horizon (e.g. Papamichail
et al. [2010]).
The method of a basic MPC controller is summarized in Algorithm 1.1.
Algorithm 1.1 MPC based control
1. Measure state x(k|k).
2. Solve the finite horizon optimal control problem minimizing J(k) to obtain u(k +
i − 1|k) for i = 1, 2, . . . , N .
3. Apply u(k|k) to the system.
4. At the end of the current control time step increment k by one: k = k + 1.
5. Go to step 1.
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1.3.3

Scenario approach and the sampling and discarding technique

A transportation system is inherently uncertain. In spite of uncertainty, a public transport system shall provide adequate service in all cases. Therefore, robust performance
is desired instead of nominal performance or optimality. The system shall have good
performance and be stable even if there are disturbances. Varying demand (passenger
demand or traffic flow volume) and uncertain behavior of drivers make analysis and
control of public transport challenging. Instead of closed mathematical formulations,
analysis and control can be carried out more conveniently via numerical methods.
The scenario approach is a theoretically sound and practically effective technique for solving robust convex optimization problems in a probabilistic setting. These
problems in systems and control design are generally hard to tackle via standard, deterministic techniques. Solvability of the robust problem is obtained through random
sampling of the constraints. The scenario approach presumes a probabilistic description of uncertainty that is uncertainty is characterized through a set ∆ describing the
set of admissible situations, and a probability distribution over ∆. Solvability can be
obtained through random sampling of constraints provided that a probabilistic relaxation of the worst-case robust paradigm is accepted. With this probabilistic approach
robustness can only be guaranteed in a probabilistic sense, against the majority of
the scenarios rather than all of them. On the other hand, the developer can decide
which level of robustness is satisfactory if retained. The following theorem shows that
randomly sampling Nt scenarios satisfies all chance constraints except a user-chosen
fraction that tends rapidly to zero as Nt increases:
Theorem 1. Select a ‘violation parameter’ t ∈ (0, 1) and a ‘confidence parameter’
βt ∈ (0, 1). If
!
1
2
ln + dt
(1.1)
Nt ≥

β
where dt is the number of optimization variables. Then, with probability no smaller
than 1 − βt the solution satisfies all constraints in ∆ but at most an -fraction.
The scenario approach consists of the following steps:
• reformulation of the problem as a robust (with infinite constraints) convex optimization problem;
• randomization over constraints and resolution (by means of standard numerical
methods) of the so-obtained finite optimization problem;
• evaluation of the constraint satisfaction level of the obtained solution through
Theorem 1.
(Campi et al. [2009], Campi and Calafiore [2009])
The sampling and discarding method is the relaxation of chance-constrained
optimization problems through constraint removal. Constraints removal allows one to
improve the cost function at the price of a decreased feasibility. A continuous stochastic
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event can be replaced with a finite sample of independent instances ω (1) , ω (2) , ..., ω (Mt ) ∈
Ω, distributed according to P where Ω is the sample-space. The optimization is then
solved for Mt chance-constraints and the additional non-chance-constraints. When
all the Mt constraints are enforced, one cannot expect that good approximations of
chance-constrained solutions are obtained. Thus, constraint violation is allowed of the
sampled constraints to improve the optimization value. If Mt constraints are sampled
and kt them are eliminated according to any arbitrary rule, then the solution that
satisfies the remaining Mt − kt constraints is, with high confidence, feasible for the
chance-constrained optimization program (Campi and Garatti [2011]).

1.4

Overview and structure of the Thesis

The body of the dissertation consists of two modeling and three control chapters. See
the structural overview in Figure 1.1.
Chapter 2 provides control oriented models to condense the characteristics of public
transport buses and stops into mathematical formulas. The proposed models can serve
as a basis of a decentralized, reference tracking velocity control and can be extended
to a whole public transport network. This contribution manifests in Thesis 1.
Next, the surroundings of the public transport line is modeled: in a busy urban
setting traffic light cycles constrain the flow of traffic. Chapter 3 aims at grasping
this phenomenon in a stochastic way. The contribution of Thesis 2 extends the urban
shockwave profile model with the randomness of traffic flow at signalized intersections.
Chapter 4 presents the contributions of Thesis 3. It builds upon the models formulated in Chapter 2 as they are extended for a finite horizon, realizing a rolling horizon
control. The aim of the velocity control is calculating an optimal velocity profile towards the next bus stop. The chapter proposes various control strategies based on
different weighting of four conflicting control objectives (punctuality, equidistant headways, minimal passenger waiting time and energy consumption). The control strategies
are analyzed in various traffic simulator based scenarios.
Chapter 5 builds upon Chapter 3 and Chapter 4. The stochastic shockwave profile
model (SPM) is incorporated into the model predictive trajectory planning through
chance-constraints. Stochasticity is relaxed with the help of the sampling and discarding method and probability levels are sought where the predicted trajectories remain
feasible. The findings of this chapter are summarized in Thesis 4.
Finally, Chapter 6 discusses the contributions of Thesis 5. The public transport
network model from Chapter 2 is used for a centralized MPC. The centralized controller is analyzed from different aspects and compared to the decentralized approach
in Chapter 4.
Finally, Chapter 7 concludes the thesis results and sets future research directions.

1.5

Related Publications of the Author

The contributions of the thesis are based on previously published journal and conference
papers with the participation of the thesis author. These papers are collected below.
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Chapter 2
Multi-objective public transport
model
This chapter describes the mathematical model of public transport bus operation.
Modeling is divided into five parts:
• First, the dynamical model of a single bus traveling on an urban arterial is described.
• Buses shall follow a fixed timetable and attempt to keep a predefined headway
from the preceding bus. To this end, reference trajectories are prescribed.
• Energy efficiency is an essential factor in public transport. Energy consumption
of buses are taken into account via a first principle model.
• An integral part of public transport networks are bus stops. The accumulation
of passengers and the passenger exchange (boarding and alighting) at stops are
modeled too.
• Finally, the bus network operation problem can be grasped in a centralized way
too. Accordingly, bus dynamics and bus stop operations can be fused into a single
public transport network model.

2.1

Bus dynamics model

Movement along an urban corridor is characterized by a longitudinal car following
model based on Bando et al. [1995]. The discrete-time model for the bus dynamics
(position x(k), velocity v(k) and acceleration a(k)) can be given as follows:

a(k) =

x(k + 1) = x(k) + v(k)∆t,
v(k + 1) = v(k) + a(k)∆t,

(2.1)
(2.2)

1
(vdes (k) − v(k) − vdist (k)),
τ

(2.3)

where position x(k + 1) and velocity v(k + 1) denote the states over the time period of
[·k∆t, (k + 1) · ∆t] with ∆t being the discrete time-step length, and k = 1, 2, 3, . . .
12
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the discrete time-step index. The acceleration is modeled with a linear relaxation term
where vdes (k) denotes the desired velocity (i.e. velocity setpoint) of the vehicle. τ is
a model parameter capturing the sensitivity of drivers to the change of their desired
velocity. According to Helbing and Tilch [1998] it shall be calibrated between (1.25 s)
s and (2.5 s). Considering buses are heavier than passenger cars and bus drivers shall
drive more carefully due to standing passengers, the relaxation term shall be closer to
the upper limit (2, 5 s) Too small values would result in rapid acceleration or deceleration towards the desired velocity. With autonomous vehicles these parameters could
change, but still it is preferred to mimic the behavior of human drivers so their presence
does not perturb traffic significantly and does not disturb other drivers participating
in traffic (Kesting et al. [2008]).
In addition, an additive error structure is proposed to include the adverse effect of
other vehicles participating in traffic: vdist (k) = β(vdes (k)−vmac (k)), with vmac (k) being
the macroscopic average velocity on the link the bus travels on. β ∈ [0, 1] describes
relaxation of bus speed towards a traffic dependent equilibrium speed. With this term,
road link specific obstacles such as traffic lights or bottlenecks can be considered.
The smaller β is, the slower vehicles adjust their velocity to the macroscopic average
velocity (Hoogendoorn and Bovy [2001], Van den Berg et al. [2003]). vmac (k) denotes
the macroscopic equilibrium speed (Daganzo and Geroliminis [2008]). Note that if
the desired velocity falls below the equilibrium speed (vdes (k) < vmac (k)) the sign of
the disturbance term changes. It forces the vehicle to increase its speed, in order to
flow with the traffic. Nevertheless, this simplistic approach only considers the average
velocity of other vehicles interacting with the controlled bus and cannot capture more
complex situations such as signalized intersections, shockwaves etc. Via dynamically
varying the relaxation parameter (β → β(t)), the surrounding traffic could be more
accurately considered at the cost of losing the LTI nature of the model. A more
sophisticated model for the surrounding traffic and signalized intersections will be given
in Chapter 3.
The above equations can be written into state space form with vdes (k) being the
controlled variable of the system: it serves as a display to the driver or a strict reference
in case of autonomous driving. X(k) = [v(k), x(k)]T is the vector of system states at
time step k. Finally, vmac (k) is the traffic disturbance. The state space representation
of the system is therefore:
"

#

"

#"

v(k + 1)
0
1 − ∆t
τ
=
x(k + 1)
∆t
1

2.2

#

v(k)
+
x(k)

"

∆t
(1
τ

#

" #

β
− β)
vdes (k) +
v (k).
0 mac
0

(2.4)

Reference tracking

The buses on a line shall aim at achieving two conflicting objectives characterized via
two error terms. Setpoints are designed to increase public transport reliability both
in time (adhering to the schedule) and space (equidistant headways to reduce bus
bunching).
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2.2.1

Timetable tracking

Define an idealized “optimal” trajectory based on the bus schedule xtt (k). The timetable
reference trajectory is calculated offline considering the average travel time between
stops and idealized dwell times. Based on the timetable reference and the actual position of the bus an error term can be formulated:
ztt (k) = x(k) − xtt (k).

(2.5)

If this error term is zero, the bus follows the timetable accurately. Each bus has an
ideal timetable consisting of ideal dwell and average velocities between them (i.e. a
broken line in the space-time diagram). Bus stop locations are calculated from the
starting point of the bus line.

2.2.2

Headway tracking

The purpose of the second reference trajectory is headway tracking (i.e. eliminating the
bus bunching effect). The headway reference trajectory is the past trajectory of the
leading bus shifted by one ideal headway time Thw ahead: xhw (k) = xi−1 (k − Thw ∆t).
Subscript i − 1 denotes the bus ahead. If the bus follows this trajectory, one headway
distance is guaranteed in an insensitive way to the actual velocity of the leading bus.
If this error term is to be used in a predictive scheme, its future values shall be
known. It can be assumed, that the preceding bus already traveled on that route so
its historical trajectory can be used as long as the prediction horizon is smaller than
the actual time headway between the two buses. The headway tracking error term is
zhw (k) = x(k) − xhw (k).

(2.6)

Other authors (e.g. Daganzo and Pilachowski [2011]) considered two-way-looking
(forward and backward) strategies for headway control. They concluded that effect of
the backward looking part (following bus) is only significant in case of considerable
headway disturbance. Due to the chosen model predictive approach in this thesis, only
forward looking control is considered. That is, because the backward looking reference
trajectory cannot be easily constructed. The position of the following bus is known for
the current time instant k, however unknown for any future k + κ, κ = 1, 2, ... time
steps.
The two reference trajectories are depicted in Figure 2.1.

2.3

Energy consumption model

In this section, an energy consumption model is proposed for electric public transport
vehicles, based on their velocity profile. Further in this section, the proposed model
is simplified and reformulated into a piecewise cost function. The model discusses the
share of resistances and the effect of recuperation. The energy consumption model is
based on the longitudinal motion of the vehicle (Section 2.1) and the losses occurring
during operation. Energy consumption is obtained by summing the power required to
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x

xi (t)
xhw (t)
xtt (t)
zhw (t0 )
ztt (t0 )

xi−1 (t)
Headway

Stop j

t0

t

Figure 2.1: Reference tracking
move the vehicle in every time instant k. The modeling framework is based on the
model used by Guzzella et al. [2013] and Barth and Boriboonsomsin [2009].
The tractive power at the wheels Pw consists of five terms:
Proll (k) = µ · m · g · cosθ · v(k)

(2.7)

is the rolling resistance with m the total vehicle mass and inertia, g = 9.81m/s2
the gravitational constant, v(k) the velocity and µ the rolling resistance factor.
Rolling resistance for buses on dry asphalt is approximately 0.01. θ is the road
inclination. In civil engineering practice, road grade is given in percentage: how
much the road ascends or descends (asc) over 100 meters. Thus, road inclination
asc
. Weight consists of the curb weight of the vehicle
can be written as: θ = tan−1 100
mveh and the weight of passengers mp : m = mveh + po mp . The average weight
of a passenger mp is assumed to be 80kg and po is the number of passengers on
board the bus. The total vehicle mass is passenger number dependent, its value
changes after each bus stop. Fortunately, passenger load is measurable, so it can
be considered as a varying parameter in the model.
The extra power required when driving uphill (or downhill) is
Pg (k) = m · g · sinθ · v(k).

(2.8)

Next the air drag is analyzed.
Pdrag (k) =

1
· cw · ρair · Af · v(k)3 ,
2
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where cw is the drag coefficient, ρair = 1.293kg/m3 the air density and Af the
frontal area of the vehicle.
The last two terms are related to acceleration and deceleration a(k) of the vehicle.
For convenience, denote acceleration with a+ (k) and deceleration with a− (k). The
power required to accelerate is:
Pacc (k) = m · v(k) · a+ (k).

(2.10)

This term is zero when decelerating, regeneration is taken into account in the
following term:
Pregen (k) = m · v(k) · a− (k) · ηregen ,
(2.11)
where this term is negative, because it is not a loss, but a power gain. ηregen
stands for the efficiency of regeneration.
The power required to move the vehicle is the summation of the five terms in
Equations (2.7)-(2.11):
Pw (k) = Proll (k) + Pg (k) + Pdrag (k) + Pacc (k) + Pregen (k).

(2.12)

Next, drivetrain of electric buses is examined from efficiency point of view. Figure
2.2 depicts the losses of an electric powertrain. The efficiency of batteries of electric
Driving
Power at the wheels

Battery

Power
electronics

Discharge losses

Recuperative power

Electric
motor

Power electronic losses

Power
electronics

Powertrain

Electric motor losses

Electric
motor

Power electronic losses Electric motor losses

Wheel

Powertrain losses

Powertrain

Powertrain losses

Braking losses

Braking

Figure 2.2: Sankey diagram of an electric powertrain with regenerative braking
vehicles varies in a wide range. For Lithium-ion batteries it is around ηbatt = 90 − 95%.
The efficiency of the electric machine varies based on its operation point, but the aim
is to keep it as high as possible. The power electronics (e.g. inverter, cabling, etc.) loss
is between 1 − 4%, thus ηpe = 96 − 99%. The electric motor efficiency is assumed to
be between ηmot = 90 − 97%. Finally, the mechanical efficiency of the powertrain is
ηpt = 98%. The regeneration efficiency of electric vehicles is considered. It depends on
several factors such as the intensity of braking (i.e. using friction brakes too) the state
of charge etc. (Olsson et al., Lv et al. [2018]). Feeding back means the direction of the
energy flow is reversed, the losses in the drivetrain will apply again. For the sake of
simplicity, regeneration efficiency is assumed to be ηregen = 50%.
The losses arising during operation are summarized in the Sankey diagram in Figure
2.2.
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The energy consumption of a vehicle during one discrete time step:
!

Econs (k) =

2.4

Proll (k) + Pg (k) + Pdrag (k) + Pacc (k)
+ Pregen (k) · ηbatt · ηpe · ηmot · ηpt ∆t.
ηbatt · ηpe · ηmot · ηpt
(2.13)

Bus stop operations

This section presents the models used to describe the pattern of passenger arrivals at
stops and the dynamics of boarding and alighting. The passenger arrival model in
conjunction with the dwell time model describe the operations taking place at a bus
stop. The proposed models give a deterministic (mean-valued) characterization of the
status of a bus stop. First, assumptions are made on the arrival patterns of passengers
to a bus stop based on the literature. Then, a passenger wait model is given that can
be employed for control purposes.

2.4.1

Passenger arrival model

The average passenger waiting time at a stop can simply be described as half of the
arrival rate of the public transport vehicle. This assumption holds if the following
conditions are fulfilled: passengers arrive randomly and independently; passengers can
get on the first arriving vehicle and vehicles have equal headways (Holroyd and Scraggs
[1966]). In routes with frequent service (headways with 10 minutes or less) passengers
typically do not consult schedules before arriving at their stops, their arrival rate can
be thought random (Dessouky et al. [2003]). If a stop is shared by multiple lines, arrival
rates are harder to estimate, since they shall be split between the lines. A passenger
may wait for a particular line or board the next bus.
In Jolliffe and Hutchinson [1975] three types of passengers are categorized.
a) There are passengers whose arrival time is coincident with the bus. These are
the passengers who run to the stop because they see the bus coming, and thus
wait zero time.
b) There are some passengers who plan their arrival at the bus stop so as to be
there just before the bus comes, minimizing their expected waiting time. This
decreases the average waiting time (O’Flaherty and Mangan [1970]).
c) Finally, there are independent, uniformly distributed random passenger arrivals.
The arrival rate of group b) and c) is described by Poisson distribution and their ratio
depends on the length of bus headways.
The time between successive arrivals is modeled with parameter λ(k) (arrival rate)
and independent of the past. This demand can be split into the three aforementioned
categories. Figure 2.3 depicts the arrival rate of each passenger type between successive
bus departures (tdep,i and tdep,i+1 ). The area under the graph equals the number of
passengers waiting at the stop. This is the number of boarding passengers p which is
used in the dwell time model.
17

2.4. Bus stop operations

λ

λJIT
λmin
λrand

p

tdep,i

tdep,i+1 t

Figure 2.3: Arrival rate of each passenger type: a) coincident or just in time (JIT)
arrivals (λJIT ), b) waiting time minimizers (λmin ), c) random arrivals (λrand )

2.4.2

Bus stop model

Dwell time is the average amount of time a public transport bus is stopped at the curb
to serve passenger movements, including the time required to open and close the doors
(Kittelson et al. [2003]). Uncertainty in dwell times is a major factor for bus bunching
and it directly affects travel time and level of service. The total time spent at stops can
consume up to 26% of the total travel time Rajbhandari et al. [2003]. It is influenced
by several factors: the configuration and occupancy of the bus, the number of boarding
and alighting passengers, the configuration of stops, and the method of fare collection
(e.g. on board or pre-ticketing) (Sun et al. [2014]).
According to Kittelson et al. [2003] time spent at a bus stop can be estimated
knowing the number of boarding and alighting passengers, door configuration and
other factors such as low floor, fare paying method etc. The average dwell time td at
a bus stop can be calculated as:
td = max(p · tb , pa · ta ) + toc ,

(2.14)

where
• tb is the average boarding time per passenger,
• ta is the average alighting time per passenger,
• toc is the door opening and closing time,
• p is the number of boarding passengers and
• pa is the number of alighting passengers.
Transportation Research Board [2016] gives rule of thumb values for the above parameters depending on bus and bus stop configuration: toc = 3.5 s, ta = 1.2 s and
tb = 1.5 s. It is also assumed, that the boarding time takes longer than the alighting
18
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and the two are done parallel (Sun et al. [2014]). Therefore, the dwell time is proportional to the number of boarding passengers Kittelson et al. [2003]. For simplicity, the
number of passengers waiting at the stop is assumed to be known (via measurement
Garcia-Bunster and Torres-Torriti [2009] or estimation Luethi et al. [2007]).

2.4.3

Passenger wait model

With the above assumptions, the passenger numbers at a stop can be modeled. The
purpose of the model is short-term prediction of the occupancy of the bus stop as well
as the dwell time and cumulated waiting times. The number of passengers p(k) waiting
at a stop can be written as:
p(k + 1) = p(k) + λ(k)∆t −

∆t
ξ(k).
tb

(2.15)

where λ denotes the number of passengers arrived at time step k and may be computed
from the passenger arrival model, described in Section 2.4.1. In addition, the boarding
rate (passenger / time-step) is ∆t
(Transportation Research Board [2016]). The integer
tb
variable ξ(k) denotes ongoing passenger exchange. This variable will play a key role
in formulating the network model as a hybrid dynamical system. ξ(k) equals to the
number of buses performing passenger exchange at the stop. This means passenger
boarding rate is multiplied when multiple buses are present. A bus is performing
passenger exchange if it is at the stop, its velocity is zero and there are passengers at
the stop. In mathematical form:
ξ(k) =

M
B
X

∃i : (|xi (k) − xstop |) < 

i=1

& vi (k) ≤ . & p(k) ≥ ,

(2.16)

where MB is the number of buses in the network and  are numerical tolerances. It
shall be further assumed that the boarding rate is greater than the passenger arrival
rate: t1b > λ(k).
The cumulated passenger waiting time can be expressed as
tw (k + 1) = tw (k) + p(k)∆t.

(2.17)

Finally, the algebraic equation for the dwell time is
td (k) = p(k)tb + toc .

(2.18)

Since the control algorithms outlined in this dissertation are time-based (i.e. the independent variable is time), dwell time (Eq. (2.18)) cannot be directly considered. On
the other hand, the cumulated passenger waiting time can be used as a performance
output. The two discrete-time differential equations (Eq. (2.15) and Eq. (2.17)) can be
organized into a state space representation of a single bus stop.
"
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#"
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A further logical condition shall be made: if a bus arrived at a stop and finished
boarding, the passenger wait time state tw (k) shall be reset. That is, to prevent
the wait time to wind up and result in arbitrarily large wait times distorting the
optimization cost. When multiple bus lines serve the stop, virtual stops are proposed
at the same location with different passenger arrival rates for different bus lines. E.g. a
bus stop shared by two lines A and B it will consist of three virtual stops with the
state-space model in (2.19) but with independent states and arrival rates λA , λB , and
λA∨B . Subscript A ∨ B denotes passengers that board the bus that arrives first.

2.5

Public transport network model

2.5.1

Merging bus lines

The models described in the previous sections focus on individual buses or bus stops.
A public transport network is the interaction of these elements. In a complex network
bus lines merge or split up. This means different bus headways at different parts of
a bus’s route. When bus lines merge, buses enter the common line according to their
own schedule and the headway with the other line is not synchronized. It is desirable
to introduce buses to the common route with equal headways to avoid bunching. The
purpose of the bus merging model is providing a framework to order buses and adjust their headways prior entering a common road link. Figure 2.4 depicts the merging
problem for two bus lines. Buses operate on their dedicated lines with a desired periodLine A
ZA
Ai
vAi , vBi
xAi , xBi

Ai−1

Bi
Line B

Bn

Bi−1

b

MP

Thw,M

Thw,M

Merging area

Common link

ZB

Figure 2.4: Merging bus lines at a two-legged junction
icity. When these lines merge, they have to adhere to a different periodicity. Without
control action, time headways are offset from the ideal. Moreover, arrival patterns shall
be prescribed in order to remedy irregular service.
Through an example of finite K merging bus lines the time headway on the common
is determined. Assume bus line A, B, . . . , K have headways Thw,A , Thw,B , . . . , Thw,K on
their own routes, respectively. Then the headway on the common corridor M can be
calculated similar to the resistance of parallel resistors in electronics.
QK

Thw,ι
.
ι=A Thw,ι

Thw,M = Pι=A
K

(2.20)

Next, based on the timetable of individual bus lines, define a merging pattern pat.
It determines the order in which the buses shall travel on the common line. The
20

2.5. Public transport network model

simplest way to obtain such pattern is by taking the uncontrolled, periodic arrivals of
each line at the merging point or at the first common stop. This inherently results
in an arrival pattern but it can also be adjusted by the transport service provider.
An example of three merging lines is presented in Figure 2.5. Timetable periodicity
on individual lines results in a circular pattern, in Figure 2.5 two periods of pat are
shown. This pattern does not define the timetable exactly, only the order in which they
shall operate on the common line. The pointer % shows the desired line to enter the
common line. The control action is able to adjust the velocity of the buses such that
they reach the merging point M P according tho the desired pattern. The point on the
bus network where two (or more) lines join shall be called merging point M P . The
common timetable is the combination of pat (order of buses) and Thw,M (headway).
A

A
B
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B

C
pat:

A

A

A

A

B

A

A
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C
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Figure 2.5: Pattern of three merging buses with Thw,A = 1, Thw,B = 2, and Thw,C = 3.
In addition, define merging areas. The merging area spans from the merging point
upstream each leg of the intersection. Denote the start of each merging zone with
ZA , ZB , . . . , ZK for lines A, B, . . . , K respectively. Once buses enter the merging
zone the headway balancing velocity control can start. The flowchart of the velocity
control is outlined in Figure 2.6.
If a bus reaches the proximity (e.g. 500 m) of the start of the merging area Z%
it is checked whether it can enter the common line. The line number of the bus
(A, B, . . . , K) is compared to the desired one, defined by the %th element of the pattern
(pat). If it matches, the velocity control starts and % is incremented by one. In case a
bus arrives at the merging area but its line number does not match pat(%), its velocity
is reduced until another bus enters the merging area. It is then checked if this newly
arrived bus can be the leader of the slowed down bus. This strategy makes it possible
to reorganize buses in the merging area.
If buses are arriving at a common corridor from separate lines, prior to merging
their headway cannot be defined. The problem is demonstrated in Figure 2.4 in the
case of buses Ai and Bi too. In order to formulate this virtual headway, extrapolation
is needed. It shall be predicted, when the leading bus from another line will reach
the merging point tM P,%i−1 for arbitrary line index %. From this time instant and an
assumed average velocity the time when the controlled bus shall arrive at the merging
point can be determined. The position and moving average velocity of the leading
vehicle x%i−1 and v̄%i−1 , respectively.
tM P,%i−1 = t0 −

M P − x%i−1
,
v̄%i−1

(2.21)

where t0 is the actual time instant. For the sake of simplicity, the extrapolation does
not consider obstacles in the merging area, such as traffic lights, intersections etc., it
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Figure 2.6: Flowchart of the control algorithm for one bus (this denotes the controlled
bus, it denotes the leading bus
is encompassed the moving average velocity of the bus. If the leading bus already left
the merging area, extrapolation is not needed, tM P,%i−1 can be directly forwarded to
the controlled bus.
Figure 2.7 depicts the merging strategy in space-time diagram with three buses as
example. The second bus Bi arrives at the merging area at tZB ,Bi after the leader
bus Ai−1 which has already passed it. The departure time of Ai−1 from M P , tM P,Ai−1
is transmitted to Bi and time interval ∆tAi−1 ,Bi and the desired merging velocity are
calculated. After Bi leaves the merging area its desired velocity is set back to normal
or determined by another control law. In Figure 2.7, when bus Ai arrives the bus ahead
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of it Bi is still in the merging area so tM P,Bi is extrapolated.
position
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tM P,Ai−1

tZA ,Ai
tZB ,Bi

tM P,Ai time

tM P,Bi

Figure 2.7: Space-time diagram of the merging area
This section showcased a simple rule-based control for the bus merging problem in
complex public transport networks. The merging strategy with the merging areas and
the merging pattern can be used for more sophisticated, adaptive velocity control too.
The reference headways xhw can be computed based on the location of the leading bus.
Entering the merging area can be used to switch the reference headway. Then, the
control algorithm can adjust the headway of the controlled bus to enter the common
line with equalized following distance while considering other control objectives.

2.5.2

Centralized bus network model

The models presented in Section 2.1 and 2.4 can be combined into a bus network
model. The network model can be used for centralized public transport bus control,
i.e. the control algorithm considers the state of the whole system when calculating
control inputs for each bus. This can lead to a network optimal solution at the cost
of computational difficulties. Lets denote the buses in the network with index i =
1, 2, ..., MB and stops with index j = 1, 2, ..., MJ . For brevity, different bus lines are
not indicated in the network model. It is assumed they can be combined based on the
results in Section 2.5.1.
The network model is achieved by stacking individual buses with dynamics in
Eq. (2.4) and stops described in Eq. (2.15). The model assumes identical buses and
stops (i.e. bus dynamics and boarding rates are same among the vehicles). In addition,
the two reference trajectories from Section 2.2 (timetable and headway) are added to
the network model for each bus. The timetable reference is left unchanged as it is static
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and calculated externally. The headway reference, however, is the is the past trajectory
of the leading bus shifted by one headway time ahead: xhw,i (k) = xi−1 (k −Thw,i (xi )∆t).
Since both buses (leader xi−1 (k) and follower xi (k)) are present in the network model
this relation indirectly couples vehicles in the bus network. The headway Thw,i (xi ) shall
be adjusted depending on which link the bus travels on. In addition the index of the
leading vehicle can change too, see Section 2.5.1. In addition, the product Thw,i (xi )∆t
shall be an integer number as it is subtracted from the discrete time step index k. The
public transport system state-space model are presented in Eq. (2.22) and Eq. (2.23).
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Contribution

Thesis 1
Discrete-time state-space based control oriented models were constructed for urban public transport trajectory planning. The models consider the vehicle dynamics of individual buses and passenger dynamics at bus stops. Using a first principle model, the
energy consumption model of electrified buses was developed. The proposed models can
serve as a basis of a decentralized, reference tracking velocity control. The modular
nature of the models enables formulating different control strategies. The models can
be extended to a whole public transport network and can be adapted to other modes of
city public transport.
This chapter introduced control oriented models describing the operations of a public transport network. Modeling was done in a modular fashion: bus dynamics, energy
consumption and passenger waiting times were formulated as independent models.
First, the longitudinal dynamics of a public transport bus was formulated. The
model is a simple double integrator (in discrete-time) with a relaxation term towards a
desired velocity. Then, two reference trajectories were introduced: a timetable reference
trajectory based on a fixed timetable and a headway reference trajectory based on the
historical trajectory of the leading bus. The longitudinal motion model with the desired
input and the two reference trajectories can be used for a linear trajectory planning
control algorithm.
Next, two nonlinear models are annexed. A physical based energy consumption
model of a bus was formulated. The model takes into account the different resistances,
drivetrain efficiencies and regenerative braking. Then, public transport stops were
modeled. The accumulation of passengers and passenger exchange were handled with
a piecewise affine model.
Finally, the problem of merging and splitting public transport lines were presented.
Then, the proposed models were combined into a single public transport network model.
The goal with this modeling step was obtaining discrete-time state-space based
models that can be used as basis a multi-objective model predictive control. Discretetime enables convenient extension of the models for a finite horizon in the model predictive scheme. The modular structure of the models allows handling them separately,
facilitating the introduction of multi-objective control strategies.
Related publications:
The problem formulation of merging and splitting bus lines and a simplistic energy consumption model is presented in Kulcsár and Varga [2016]. In addition, the motivation
for bus bunching control was based on this pre-study. The longitudinal bus following
model and bus stop dynamics are formulated based on Varga et al. [2017] and Varga
et al. [2018c]. The energy consumption was fit into the optimization framework based
on Varga [2018] and Varga et al. [2019a]. A model to handle merging and splitting
bus lines is discussed in Varga et al. [2018a], then a network level model is formulated
based on Varga et al. [2020a].
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Chapter 3
Stochastic shockwave profile model
Public transport coexists with other modes of traffic, especially passenger cars. For
urban public transport buses cars act as moving bottlenecks and vice versa. The
bottleneck effect strongly depends on the road configuration (e.g. multilane network,
dedicated bus lanes). Contemporary urban transport design revolves around car-free
and public transport oriented cities Kenworthy [2019]. This urban planning approach
leads (intentionally or unintentionally) to the increase of delay of people who chose to
travel by car. Accordingly, this work focuses on the efficiency of public transport while
considering cars as disturbance.
Before proceeding, this assumption shall be further disseminated. Applying velocity
control on a bus might turn it into a moving bottleneck depending on the road layout
and the magnitude of velocity difference. If the link where the controlled bus is traveling
on is uncongested and it can be freely overtaken, this bottleneck effect is minor. When
there is heavy congestion, the bus is most likely late, so its desired velocity is higher
than the that the surrounding traffic permits. Thus other vehicles act as bottlenecks
for the controlled buses. Significant delay propagation from a slowed down bus to other
participants of traffic only arises if the traffic on the link is close to its peak capacity.
In busy urban arterials, particularly during peak hours delay of public transport is
critical. Due to the stochastic nature of traffic networks, adherence to a bus schedule is
not guaranteed. Fluctuation of passenger demand, intersection delays, changing traffic
conditions and different driving styles of bus drivers bring several uncertainties into the
system. Achieving timetable reliability in an environment where “traffic flow dynamics
are dominated by external events (red traffic lights) rather than by the inherent traffic
flow dynamics” (Papageorgiou [1998]) is especially difficult.
Determining real-time queue length accurately at an intersection is difficult. Queue
length is usually estimated from traffic flow data from loop detectors (Sharma et al.
[2007]), video cameras (Fathy and Siyal [1998]) or various vehicle to infrastructure
applications such as probe vehicles (Comert and Cetin [2009]). Several model based
queue length and traffic state approximation methods exist. Liu et al. [2009] estimated
intersection queue length by using shockwave theory. The approach could estimate
time-dependent queue length even when the signal links are congested with long queues.
Previous authors tried to grasp the stochastic nature of traffic at signalized intersections. Darroch [1964] modeled queues at traffic lights as ergodic Markov chains.
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Heidemann [1994] dealt with statistical distribution of queue length at traffic signals
and derived the probability generating functions of queue length and vehicle delays
considering vehicle arrivals as Poisson process. In Mung et al. [1996] formulas are developed for the probability distributions of queue lengths at fixed time traffic signals. In
Zheng et al. [2018] traffic flow states in an urban network with signalized intersections
are estimated via stochastic Gaussian approximation.
This chapter presents the shockwave profile model (SPM) used to describe traffic
conditions in urban areas with signalized intersections. The shockwave profile model
estimates traffic states on a link with traffic signal entirely based on the inflow to the
link and the link fundamental diagram. The model assumes discrete traffic states (free
flow, stationary queue and queue discharge). The transition between these states are
determined by the shockwave profiles. A common critique of the shockwave profile
model is that it is very sensitive to input flow error so it cannot robustly model the
tail of the queue Liu et al. [2009]. To tackle this problem, the SPM is handled in
a probabilistic way. The advantage of the stochastic approach is that it extends the
simple shockwave model in a mathematically sound way.
As a contribution, this model is extended with stochasticity through the randomness
of traffic flow. The model is discretized using passenger car equivalents (PCE) and a
simulation example is given to demonstrate the effectiveness of the model. The possible
extension of the model to a whole network and its limitations are studied too.

3.1

Stochastic queuing model

The deterministic SPM model, described in Wu and Liu [2011] is efficient in modeling
traffic links with signalized intersections, where signal cycles and shockwaves shape
traffic flow. The model distinguishes three different traffic states.
i) Traffic flows freely towards the queue at the intersection, vehicles travel at their
desired speed vA (t) [ ms ] and slow down when they approach the queue.
ii) Traffic is jammed inside the queue, assuming jam density ρJ and zero velocity
vJ = 0. This traffic state is denoted by RJ (t, ω).
iii) When the queue starts dissipating, the traffic flow state goes from jammed to
its critical capacity. The model calls this state queue discharge region RC (t, ω).
Here, the traffic flow is assumed to be saturated, the average velocity of vehicles
is the critical velocity vC . Stochasticity is introduced to this traffic state by the
randomness of vehicle arrivals feeding the moving queue. The queue discharge is
assumed to be deterministic.
The symbol ω ∈ Ω, appearing in RJ (t, ω) and RC (t, ω) denotes one realization of the
stochastic process. The probability space is defined as [Ω, A, P], where Ω is the
sample space, A is a σ-algebra and P is the probability measure (Arnold [2013]). The
three regions of the model are depicted in Figure 3.1. The tail of the queue lq (t, ω)
is marked by shockwave profiles. The SPM (Wu and Liu [2011]) is extended with the
probabilistic nature of vehicle arrivals. Stochasticity is injected into the model through
the following assumptions.
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Figure 3.1: Traffic flow states in front of a signalized intersection
Assumption 1. Arrival rate distribution function The mean traffic inflow to
the intersection, which is feeding the queue is assumed to be known (from real-time
measurement or historical data (Daganzo and Lehe [2016])): QA (t) = E{QA (t, ω)}
with known cumulative distribution function (CDF) FQA (t, ϕ) = P(ω : QA (t, ω) ≤ ϕ).
In addition, the distribution function is truncated at zero flow and at peak capacity
flow. When vehicles arrive from a link without traffic light or any obstacle that would
perturb their distribution of arrivals, Poisson or Binomial process can be assumed
(Heidemann [1994], Mung et al. [1996]), with arrival rate QA (t). Otherwise, arrivals
have generic truncated or discontinuous distributions. In addition, arrival rates may
not be independent from traffic flow on the preceding links. Although, the model can
give a probabilistic measure for queue spillover, it is assumed it does not occur. In
related works (e.g. in Chow et al. [2017]) it is handled with the help of a minimum
function (i.e. truncating the queue length distribution function), where the queue length
cannot be longer than the link length. The SPM model itself could not handle spillover
without a limit function. In the trajectory planning control, where this model will be
employed handles spillover in an indirect (but physically not realistic) way. In case of
multiple traffic lights, spillover would mean overlapping jammed regions. This implies
pessimistic preconditions and therefore cautious speed commands. Furthermore, if
a network is blocked, no speed advisory or holding system work, the top priority is
decongesting the network.
Assumption 2. Scalability This assumption is the continuation of Assumption
1. In traffic engineering practice, traffic flow QA (t) is usually given in vehicles per
hour, i.e. traffic signal program is planned based on hourly average traffic demand,
usually determined from historical traffic data. However, a traffic light cycle time is
only a fraction of an hour, i.e. more frequent sampling is needed. The hourly averaged
traffic flow QA (t) and the cycle averaged traffic flow are not necessarily proportional,
ergodicity of the traffic flow cannot be assumed. For example, 600 veh/h inflow and
60 s traffic light cycle does not mean that exactly 10 veh arrives in each cycle). This
uncertainty is grasped through the distribution function of QA (t, ω) (FQA (t, ϕ)).
Assumption 3. Fundamental diagram It is further assumed, that the link fundamental diagram (FD) is known in mean value (e.g. from measurement (Chiabaut
et al. [2009], Daganzo and Lehe [2016], Qu et al. [2017], Seo et al. [2019])). The link
fundamental diagram describes the relation between the traffic flow states in a mixed
traffic environment where the controlled buses operate. The purpose of the link FD
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in this work is to describe the traffic environment where the bus velocity control takes
place. It is assumed that the network layout is such (e.g. multiple lanes, pull-in bus
stops) and the frequency of the buses is so low that the repercussion of buses to the link
FD is minor. For the sake of simplicity, triangular link fundamental diagram is chosen
(Laval and Castrillón [2015]). With the help of the specific points of the fundamental
diagram (i.e. actual flow [ρA (t, ω), QA (t, ω)], peak capacity [ρC , QC ] and jam density
[ρJ , 0]) the shockwave velocities Wi (t, ω)[ ms ] i = 1...4 can be computed analytically,
see Figure 3.2. It is further assumed, that the traffic flow is constant for short time
intervals. The time-independent QA (ω) implies linear shockwave profiles.
Assumption 4. Signal program It is assumed, that the location of the traffic light
ll [m] and the signal program are known. The signal program is represented by three
variables: tcyc [s] is the cycle time which is constant, t1,c [s] is the start of red phase,
and t2,c [s] is the end of red phase in the cycle. Subscript c denotes the cth traffic light
cycle. The model is capable of handling traffic-responsive signal control too. In case
of traffic responsive signal program, there are some limitations however. According
to the relevant literature, traffic signal control can follow various logics. In a model
predictive framework, between two prediction steps the external signals (such as the
signal program) are frozen. Therefore, if the traffic light program changes significantly
between two prediction steps it bias the result of the prediction. For brevity, the
deductions and simulations employ static timing.

3.2

Shockwaves at signalized intersections

With the assumptions made in Section 3.1, herewith, the effect of randomness in the
SPM is described. The model distinguishes four shockwaves, depicted both in the link
fundamental diagram (Figure 3.2) and time-space diagram (Figure 3.3).
Queuing shockwave velocity, W1 (t, ω) is formed by vehicles accumulating at the
red light. Vehicles stopping at the tail of the queue from their actual velocity to zero
form a shockwave. This process is also stochastic due to the randomness of vehicle
arrivals affecting the queue length.
W1 (t, ω) = −

QA (t, ω)
.
ρJ − ρA (t, ω)

(3.1)

Discharge shockwave velocity, W2 is assumed to be deterministic, as it is not
affected by vehicle arrivals. In the fundamental diagram the discharge shockwave
velocity is the slope of the line connecting the jam density and the critical density:
W2 = −

QC
.
ρJ − ρC
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Q
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QA(t, ω)

W3
W2
W1 (t, ω)
W4

QJ = 0

ρC

ρJ

ρ

ρA(t, ω)
Figure 3.2: Triangular link fundamental diagram of traffic flow with shockwave speeds
(W1 ...W4 ). QA (t, ω) is represented with a probability density function, showing how it
affects the slope of the queuing shockwave W1 (t, ω).
Departure wave velocity W3 (t, ω) is generated as the queue dissipates as vehicles
leave the intersection at green. It starts at the intersection of the queuing and discharge
shockwaves. In addition, newly arrived vehicles feed the queue, hence
W3 (t, ω) =

QC − QA (t, ω)
.
ρC − ρA (t, ω)

(3.3)

Assuming a triangular link FD, the departure wave velocity becomes deterministic,
and equal to the free flow velocity vf see Figure 3.2.
Pressure wave velocity W4 separates a critical density and a jam density region,
and it has the same speed as the discharge wave W2 . The pressure wave is only present
if there is a residual queue, i.e. the traffic from the queue cannot fully cross the stop
line during a green interval:
QC
W4 = −
.
(3.4)
ρJ − ρC
Shockwave velocities can be represented in time-space diagram too, see Figure 3.3.
Shockwave profiles represent the evolution and dissipation of queues upstream a signalized intersection. The geometrical intersection point of the queuing and discharge
shockwaves is the point [ts,c (t, ω), ls,c (t, ω)]. In addition, tr,c (t, ω) is the time instant
when the queue starts growing again in the next red phase. The residual queue length is
lr,c (t, ω). The shockwave intersection points [ts,c (t, ω), ls,c (t, ω)] and [tr,c (t, ω), lr,c (t, ω)]
can be given analytically for c traffic light cycles ahead as:
ts,c (t, ω) =

−W1 (t, ω)tr,c−1 (t, ω) + W2 (t2,c + ctcyc ) + lr,c−1 (t, ω) − ll
,
W2 − W1 (t, ω)

ls,c (t, ω) = W1 (t, ω)(ts,c (t, ω) − tr,c−1 (t, ω)) + lr,c−1 (t, ω),
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W3 (t, ω)
RJ (t, ω)
vA (t)
W2
[ts (t, ω), ls (t, ω)] [tr (t, ω), lr (t, ω)]
lq (t, ω)
b

b

Figure 3.3: Traffic states at a single intersection assuming generic link fundamental
diagram.

!

−W3 (t, ω)ts,c (t, ω) + W4 (t1,c + ctcyc ) + ls,c (t, ω) − ll
tr,c (t, ω) = min t1,c + ctcyc ,
,
W4 − W3 (t, ω)
(3.7)
lr,c (t, ω) = min (ll , W3 (t, ω)(tr,c (t, ω) − ts,c (t, ω)) + ls,c (t, ω)) .

(3.8)

The discontinuities with min(·) are introduced to limit shockwaves upstream the intersection ll . For brevity, ctcyc is used to denote the time elapsed since an arbitrary
P
initial time instant. In case of varying cycle lengths the notation modifies to c tcyc,c .
In Figure 3.3, the blue line depicts a vehicle trajectory with its velocity at each
traffic phase, based on the SPM model. Upstream the intersection the vehicle travels
freely at its desired velocity vA (t). When it enters the queue it stops, the jam velocity
vJ = 0. In queue discharge vehicles assumed to travel with the equilibrium velocity at
the critical density vC .
To summarize, the space-time evolution of traffic phases in the SPM model can be
given using the shockwave equations presented above for c traffic cycles ahead, where
the number of elapsed cycles is
c = f loor

t
tcyc

!

.

(3.9)

The regions in Figure 3.3 can be described with the help of polygons made up
of lines (assuming time independent vehicle inflow). The boundaries of RJ (t, ω) and
RC (t, ω) are summarized (for the cth cycle) in Table 3.1. These boundaries will be used
for introducing chance-constraints into the trajectory planning later, in Chapter 5.
Outside these regions, vehicles travel at their desired speeds vA (t). The stochastic
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Table 3.1: Boundaries of traffic states
Jam region (RJ (t, ω))
Stop line during red
(between t1,c + ctcyc and t2,c + ctcyc ) ll
Pressure wave (if exists)
ll + W4 (t − (t1,c + ctcyc ))
Queuing wave
lr,c−1 (t, ω) + W1 (t, ω)(t − tr,c−1 (t, ω))
Discharge wave
ll + W2 (t − (t2,c + ctcyc ))
Discharge region (RC (t, ω))
Stop line during green
(between t2,c + ctcyc and
min(t1 + ctcyc , tr,c (t, ω)))
ll
Discharge wave
ll + W2 (t − (t2 + ctcyc ))
Departure wave
ls,c (t, ω) + W3 (t, ω)(t − ts,c (t, ω))
Pressure wave (if exists)
ll + W4 (t − (t1 + ctcyc ))
process for the queue length is:

lq (t, ω) =



W1 (t, ω)(t − tr,c−1 (t, ω)) + lr,c−1 (t, ω),







if tr,c−1 (t, ω) ≤ t < ts,c (t, ω) (queuing),

(3.10)





max(ll , W3 (t, ω)(t − ts,c (t, ω)) + ls,c (t, ω)),






if ts,c (t, ω) ≤ t < tr,c (t, ω) (departure).

3.3

CDF of shockwaves

Next, the stochastic shockwave profiles and their respective cumulative density functions (CDFs) are derived analytically. First, the relationship of the CDFs of traffic flow
FQA (t, ϕ) and traffic density FρA (t, ϕ) are derived, using Theorem 2.
Theorem 2. Let ξ(ω) be a random variable with CDF Fξ (ϕ). Let η(ω) = g(ξ(ω)).
The CDF of η(ω) can be given as:
Fη (ϕ) =


F

ξ (g

−1

(ϕ)),

1 − Fξ (g −1 (ϕ)),

if g(ϕ) is monotonically increasing,
if g(ϕ) is monotonically decreasing,

(3.11)

and if g(x) has a unique inverse (Arnold [2013]).
Proof. By definition, the CDF of η(ω) is
Fη (x) = P{ω : η(ω) < x}.

(3.12)

Substituting η(ω) = g(ξ(ω)) into Eq. (3.12) and multiplying both sides by g −1 , the
solution is obtained:
Fη (x) = P{ω : η(ω) ≤ ϕ} = P{ω : g(ξ(ω)) ≤ ϕ}
= P{ω : g −1 (g(ξ(ω))) ≤ g −1 (ϕ)} = P{ω : ξ(ω) ≤ g −1 (ϕ)}.
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On the left hand side, the CDF of ξ has appeared. When g(ϕ) is negative the direction
of the inequality changes and the complementary CDF appears. Finally,

F

−1
if g(ϕ) is monotonically increasing,
ξ (g (ϕ)),
Fη (ϕ) = 
−1
1 − Fξ (g (ϕ)), if g(ϕ) is monotonically decreasing.

(3.14)
QED

In addition, the above Theorem 2 holds for stochastic processes too (Arnold [2013]).
Now, let’s analyze the relationship of the CDFs of traffic flow and traffic density.
Given the vehicle arrivals QA (t, ω) and assuming mean-valued triangular link fundamental diagram (Eq. (3.15)), the traffic density ρA (t, ω) in the uncongested region
can be determined:
1
· QA (t, ω),
(3.15)
ρA (t, ω) =
vf
assuming free flow at the beginning of the link with vf being the velocity at free flow.
In addition, the distribution of QA (t, ω) has to be truncated from both sides: it has to
be greater than zero and smaller than QC . FρA (t, ϕ) in the free flow region is given as:
FρA (t, ϕ) = FQA (t, g −1 (ϕ)),

(3.16)

with g(x) being the relation in Eq. (3.15). Therefore:
FρA (t, ϕ) = FQA (t, vf · ϕ).

(3.17)

The next step in formulating the stochastic traffic flow model to describe the CDFs
of the shockwaves. In the model, only W1 (t, ω) and W3 (t, ω) depend on the random
arrivals QA (t, ω) as:
W1 (t, ω) =

QA (t, ω)
QJ − QA (t, ω)
=−
.
ρJ − ρA (t, ω)
ρJ − v1f QA (t, ω)

(3.18)

W3 (t, ω) =

QC − QA (t, ω)
QC − QA (t, ω)
=
.
ρC − ρA (t, ω)
ρC − v1f QA (t, ω)

(3.19)

Since FQA (t, ϕ) is known, FW1 (t, ϕ) and FW3 (t, ϕ) can be formulated for the arrival
and the departure wave velocities, respectively, with the help of Theorem 2 again. The
g −1 (ϕ) functions are the inverses of Eq. (3.18) and Eq. (3.19), with QA (t, ω) replaced by
level ϕ. Note that in Eq.(3.18) W1 (t, ω) is a decreasing function of QA (t, ω). Likewise,
W3 (t, ω) is increasing function of QA (t, ω). With this in mind, the resulting CDFs
become:


ρJ − v1f ϕ
,
FW1 (t, ϕ) = 1 − FQA t, −
(3.20)
ϕ


FW3 (t, ϕ) = FQA t,
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ρC −

1
ϕ
vf

ρC − ϕ


,

(3.21)
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if QA (t, ω) is nonzero. Similarly, the CDF of the queue length Flq (t, ϕ) as a stochastic
process can be computed. When the expressions for the shockwave velocities and
recursively calculated intersection points are substituted, the stochastic process of the
queue length becomes only QA (t, ω) dependent. The relation between QA (t, ω) and
lq (t, ω) is a piecewise, truncated, first order rational function. With Theorem 2, Flq (t, ϕ)
can be computed even though the expression becomes very long and is omitted for
brevity.

3.4

Number of vehicles

To be able to compare the SPM to other urban traffic flow models, the number of
vehicles (in passenger car equivalents, PCE) crossing the intersection in every cycle
n(c, ω) shall be determined. The number of arriving vehicles per cycle is proportional
to the slope of the arrival shockwave:
na (c, ω) =

W1 (t, ω)tcyc
.
lP CE + ljam

(3.22)

The number of outflowing vehicles in cycle c is proportional to the decrement of queue
length in the green phase ls,c (ω). In mathematical form:
!

W2 tgreen
W1 (t, ω)tcyc
nd (ω) = min
,
, n(c, ω) +
lP CE + lcrit
lP CE + ljam

(3.23)

where lP CE is the PCE length, lcrit is the average headway distance at the critical
density (which is assumed to prevail in the queue discharge region). ljam is the headway
distance in jam. The green time interval is tgreen = tcyc −t2 . n(c, ω) denotes the number
of vehicles in traffic light cycle c. In the same vein, the queue length evolution (in PCE)
over one cycle c can be given as:
n(c + 1, ω) = n(c, ω) + na (c, ω) − nd (c, ω),

(3.24)

within discrete time period [ctcyc , (c + 1)tcyc ]. This result in Eq. (3.24) is a discretetime traffic model, similar to the store-and-forward model (Aboudolas et al. [2009]),
however the shockwave profile model is capable of handling undersaturated networks
too. Furthermore, this formula is needed to extend the SPM to multiple links, see 3.6.

3.5

Monte Carlo simulation example

This section demonstrates how the proposed traffic model is capable of capturing the
stochastic nature of queue lengths at a traffic light. For simplicity, the arrival rate
of vehicles is characterized by a homogeneous Poisson distribution with constant λ =
QA = E{QA (ω)} arrival rate.
Exploiting the linear property of the Poisson process, the arrival rate can be scaled
down (e.g. 360 veh/h → 0.1 veh/s) and still being a Poisson process. Note: the
resulting stochastic process is also a homogeneous Markov chain (Karlin [1957]). The
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shockwave model, however, is different from an M/M/1 service model. It also considers
the temporal piecewise nature of traffic signal phases (i.e. red and green phases) and
distinguishes queuing and discharge sequences.
Next, a numerical simulation example is given, in order to validate the proposed
traffic model. A Monte Carlo simulation was run in a microscopic traffic simulator
VISSIM (PTV [2011]). The simulation consisted of one link, ending with a traffic light
at 300 m. The link fundamental diagram was assumed to be known. The fixed-time
traffic light cycle time is 60 s and the green time was set to 30 s. Vehicles arrived at the
traffic light with Poisson distribution with hourly rate λ = 500 veh/h. The simulation
was 15000 s long, resulting 250 traffic light cycles. Queue lengths were logged and
compared against the stochastic shockwave profile model. In VISSIM, a vehicle is
assumed to be in a queue if its velocity drops below a certain threshold and leaves the
queue if its velocity exceeds another threshold. In the comparative analysis the queue
entry velocity was set to 5 km/h and the queue end velocity was set to 30 km/h. The
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Figure 3.4: Monte Carlo simulation of queue lengths to validate the SSPM
method of comparison is the following. The mean values and standard deviation of the
simulated queue lengths were computed and compared to the modeled queue length
moments of the SSPM. According to Figure 3.4, the average queue length and standard
deviations in the queuing phase were accurately estimated. The estimation error in the
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queuing phase was 5.6%. Standard deviations are overestimated when two traffic states
co-exist in the queue. The slope of the dissipation wave was well estimated too with
7.1% error but the start of the dissipation phase was incorrectly modeled. The error
stems from the randomness of vehicle arrivals and the modeling error of the assumed
link fundamental diagram.

3.6

Network stochastic SPM

The stochastic SPM can be further extended to handle more than a single link for
queue length estimation, by taking into consideration the adjacent links, i.e. a traffic
network can be modeled by SPM. Throughout this chapter, unconditional distribution
for traffic inflow QA (t, ω) was assumed. The SPM model can recursively applied for
upstream links. This assumes that the inflows (and their respective CDF) in the
perimeter of the network are known. First, determine the stochastic process for the

Figure 3.5: Stochastic shockwave profile model based queues at on network level
inflow QA (t, ω) to Link A for the network in Figure 3.5. The number of outflowing
vehicles from a link per traffic light cycle can be computed with the help of Eq. (3.24)
in Section 3.4. The computed outflow n(c, ω) can be scaled up with the help of cycle
times tcyc to compute the total outflow QB (t, ω) for link B and so on. Next, assume
the turning rates αB , αC , αD at every intersection are known. This is a common,
practical assumption for network-level traffic models (e.g. Aboudolas et al. [2009], Lin
et al. [2010]). Then, the stochastic process for QA (t, ω) can be given as:
QA (t, ω) = QB (t, ω)αB + QC (t, ω)αC + QD (t, ω)αD .

(3.25)

Next, the method for obtaining the CDF of the inflow FQA (t, ϕ) is given. If the inflows
QB (t, ω), QC (t, ω), QD (t, ω) are independent,
FQA (t, ϕ) = FQB (t, ϕB ) ∗ FQC (t, ϕC ) ∗ FQD (t, ϕD )
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as convolution is an associative operation. If the flows are not independent, their joint
probability shall be known (Arnold [2013]). After obtaining QA (t, ω) and FQA (t, ω)
from the aforementioned steps, the computation of traffic states and queue lengths in
a probabilistic sense can be performed as described in Section 3.3.
The SPM model can estimate queue lengths which can be used to detect spillover
in a stochastic manner, see Figure 3.6. If this queue length is larger than the length
of the link ls , there is spillover. Moreover, if spillover occurs the queue length becomes
deterministic, as it becomes equal to the link length. When handling oversaturated
links in a network, this effect shall be taken into account as a conditional probability.
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Figure 3.6: Traffic flow states with probabilistic spillover
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3.7

Contribution

Thesis 2
The classic shockwave theory was extended with stochastic description of traffic flow.
Vehicle arrivals to a link is modeled with its distribution function instead of its average
value (hourly flow). Analytical description was given for the distribution functions
of shockwave profiles and the queue length evolution. The proposed stochastic model
was validated in microscopic traffic simulation. The stochastic model is suitable for
predicting traffic flow states and queue length in signalized intersections. The model
was extended to multiple intersections, thus it is capable of modeling urban networks
with signalized intersections in a stochastic way.
The shockwave profile model is efficient in modeling traffic links with signalized
intersections, where signal cycles and shockwaves shape traffic flow. The model, however, cannot handle the uncertain nature of traffic flow. Queue lengths at signalized
intersections depend on the signal program and the rate of arrival of vehicles. In the
stochastic extension of the model it was assumed that the signal program is known (either static or traffic-responsive) and the vehicle inflow is only known in distributional
sense. The motivation behind this assumption is that in traffic engineering practice
traffic flow is given in vehicles per hour. However, traffic light cycles are only a fraction
of an hour. Therefore, the number of vehicles arriving at the traffic light within a given
cycle is uncertain.
The shockwave profile model gives an explicit relation between vehicle flow and the
shockwave velocities. If the signal program is known, the evolution of the queue length
distribution can be deduced too. In this chapter this thought of train was performed
with stochasticity in mind. Thus, the CDFs of the shockwave profiles were deduced. As
an additional contribution, the possible extension of the model to multiple intersections
was studied. Through microscopic traffic simulation the accuracy of the queue length
prediction of the stochastic model was validated. The model can be used to describe
the effect of surrounding traffic in an urban public transport line. Moreover, it can be
incorporated into an eco-cruise control strategy.
Related publications:
The shockwave profile model with its stochastic extension for control purposes was
presented in Varga et al. [2018b] and Varga et al. [2020b]. Its validation via traffic simulation was carried out in Varga et al. [2019b]. The results are presented in Hungarian
as well in Varga and Tettamanti [2019].
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Chapter 4
Model predictive bus velocity
control
This chapter presents the model predictive control (MPC) for public transport buses.
The goal with the proposed rolling horizon control scheme is to choose a proper velocity
profile for public transport buses. Moreover, they shall satisfy conflicting objectives
while obeying constraints imposed by vehicle dynamics, public transport characteristics
and external traffic. The four (often) conflicting goals addressed in this thesis are as
follows.
• A static timetable given by the service provider shall be kept. Timetable tracking
is considered as an objective for the control.
• Without control the periodicity of headways fail (bunching). To keep equidistant
headways, trajectory of the leading bus is also taken into account.
• Public transport shall be energy efficient, thus the optimal control shall also
consider the energy required to move the vehicle from one point to another.
• Finally, an important level of service measure is the waiting time of passengers.
The total amount of time passengers spend waiting for the bus to arrive shall be
minimized.
On top of these four objectives the control shall also consider the surrounding traffic
and traffic lights. Ignoring their effect would result in delays and poor energy efficiency
and the public transport service would ultimately fail.
Based on the linear bus dynamics model presented in Section 2.1 and the two
reference trajectories proposed in Section 2.2 the first two objectives (timetable- and
headway tracking) can be addressed. By adding energy consumption into the optimization (Section 2.3) the third objective can be taken care of. The energy consumption
model is not linear however. The separation of acceleration and braking turns it into
a piecewise linear system. Thus, the optimization inevitably turns into a nonlinear
problem, complicating the solution. The passenger waiting time model (Section 2.4) is
also a piecewise affine system (because of the integer boarding state). A cost can be
associated to passenger wait time and plugged into the optimization as an additional
cost term.
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The control method focuses on network bunching, but in a distributed, overlapped
way: every vehicle runs its own velocity controller and then they communicate their
predicted trajectories among each other. The control algorithm is generic, it can be
applied to different routes, fleet configurations, schedules, etc. The controlled bus
only requires the historical position of the preceding bus, the schedule (stop locations
and desired departure times) and some measurable network parameters such as the
number of passengers waiting at stops and hourly traffic flow at road links (measured
or historical data), Figure 4.1. In case any of them are missing, either predictions
can be made or fallback control strategies can be employed. Fallback strategies mean
selection of objectives. If any of the objectives making up the cost function cannot
be determined (e.g. data is missing), the optimization can be reconfigured taking into
account only the available cost terms with different set of tuning weights. Different
weighting strategies can be proposed not only for fallback but to emphasize on the
preferences of the service provider. E.g. there might be situations where keeping the
timetable is not so important while serving a large passenger demand is priority. This
chapter will further discuss possible control strategies through optimization weight
selection.
lq
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xi
Busi

Thw,i+1
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Bus0
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Stopj

Thw,i
xtt,i , pj

Figure 4.1: Overlapped, decentralized control strategy

4.1

Shrinking horizon model predictive control

The strategy used in this thesis is a shrinking horizon MPC design (Maciejowski [2002]).
The goal of the controller is calculating an optimal velocity profile between the actual
position of the vehicle and the next stop, while taking into account several uncertainties.
Setting the next bus stop as a target to reach within the prediction horizon is a natural
way of creating a terminal set for the optimization. The advantage of the shrinking
horizon strategy over a fixed prediction window length is that buses are only controlled
between bus stops and the optimization does not have to deal with the discrete event
whether the bus is at a stop or not. Therefore, the optimization remains convex. The
bus shall be at the next stop by a desired arrival time tarr , obtained from the schedule.
The desired arrival time is the scheduled departure time tsch minus the estimated dwell
time td (from Section 2.4.2). In addition, it shall come to a full stop when reaching its
destination, thus its velocity shall be zero. The existence of a terminal set guarantees
the stability of the MPC controlled system (Limon et al. [2006]). Feasibility of the
solution can only be guaranteed if the bus is not too late (i.e. it can reach the next
stop by commanding the maximum allowed velocity. If there is no feasible solution,
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the maximum allowed desired velocity is used as control input as fallback. In the
MPC scheme even if the solution is not feasible, only the first step of the control input
sequence is used.
A key step in formulating an MPC is defining the horizon length N . In the shrinking
horizon scheme it is the discretized time interval between the current time t0 and the
desired arrival time tarr . The time interval between t0 and tarr is the time window for
control and it is split into N equidistant steps, see Figure 4.2. In every time step the
prediction horizon decreases by one. By the last time step the bus shall arrive at the
desired stop. To avoid small or even negative horizon lengths (due to lateness or being
close to the stop) a lower bound is introduced: Nmin ≥ 1. That is:




N = max Nmin , f loor

tarr − t0
∆t



(4.1)

.

x
td

xj+1 = xdes (tarr )

vdes,i

xi (t0 )

tarr

t0 ∆t

tsch

t

N · ∆t

Figure 4.2: MPC horizon length calculation
The shrinking horizon control works only between bus stops. There is no control
while it is at the stop. Optionally, a simple bus holding logic can be employed there
too if the bus is too early. It is released from the stop when all passengers finished
boarding or the holding strategy allows it to do so. Then, the shrinking horizon control
can start again towards the next top. The relevant reference trajectories are selected
based on the actual position of the bus in relation to the next bus stop, see Section
2.2.

4.2

Multi-objective cost function

In this section the system equations presented in Chapter 2 are extended for N horizon. These stacked matrices will serve as the basis of the cost functions in each of
the conflicting objectives. In addition, tuning weights are introduced to leverage the
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importance of these different objectives. Finally, the constraints imposed by vehicle
dynamics and external traffic are introduced.

4.2.1

Headway and timetable tracking MPC

The first two objectives, namely headway and timetable tracking can be formulated by
stacking the bus dynamics in Eq. (2.4) and the error terms Eq. (2.5) and Eq. (2.6).
4.2.1.1

Deduction of the cost function

First, introduce some nomenclature.
• X(k) is the vector of state variables of a bus: X(k) = [v(k), x(k)]T .
#

"

0
1 − ∆t
τ
.
• A denotes the state matrix A =
∆t
1
• Bu is the control input matrix containing coefficients for the desired velocity:
(1 − β), 0]T .
Bu = [ ∆t
τ
• u(k) is the controlled variable (decision variable). The only control input to the
system is the desired velocity of the bus u(k) = vdes (k).
h

iT

• Bw is a block diagonal disturbance matrix, consisting of β 0

matrices.

• vmac (k) is the distrubance.
• xtt (k) and xhw (k) denote the reference trajectories.
• ztt (k) and zhw (k) are the vector of performance outputs ztt (k) = z1 (k), zhw =
[z2 (k) z3 (k)]T .
"

• Ctt and Chw

#

"

#

0 −1
0 0
are the output matrices. Ctt =
and Chw =
.
0 0
0 −1

• Dtt and Dhw are direct feedthrough matrices of the reference trajectories. Dtt =
Dhw = 1.
The system state X(k) is measured at time step k. Then, for a finite horizon length N
the future states X(k + κ|k) are calculated along with the corresponding control inputs
u(k + κ − 1|k) and the external reference signals xtt (k + κ − 1|k) and xhw (k + κ − 1|k).
A predicted state is denoted as X(k + κ|k), where time step k at the right side within
the parentheses denotes the current time, and k at the left side the prediction step
with running index κ = 1, 2, . . . , N . The same notation applies for the control input
the external signals and the performance outputs ztt (k + κ|k) or zhw (k + κ|k).
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(4.2)
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(4.3)
The cost functions for timetable and headway tracking are sought in a quadratic
form with the help of ẑtt , ẑhw and u:
i
1h T
ẑtt Qtt ẑtt + uT Rtt u
2

(4.4)

i
1h T
ẑhw Qhw ẑhw + uT Rhw u ,
2

(4.5)

Jtt (k) =
and
Jhw (k) =

respectively.
In Eq. (6.5) and Eq. (4.5) x̂, ẑtt , ẑhw and u denote stacked vectors of the predicted
states (velocity, position), predicted reference trajectory errors, and the control input
(desired velocity) at each time step. With the two cost functions the two objectives
of timetable- and headway tracking are separated. Introduce positive semi-definite
weighting matrices Qtt = diag(qztt ) and Qhw = diag(qzhw ), where qztt and qzhw are
tuning parameters for their respective reference trajectories. Higher value on a weight
means more emphasis on that tracking objective. Rtt and Rhw are scalar weights
penalizing the control input vdes (k). If the control input is cheap (Rtt or Rhw are small)
the controller reacts with aggressive desired velocity changes: the desired velocity values
are vdes either vmin or vmax . If the control input is expensive (Rtt or Rhw are large),
the system responds slowly and the desired performance criteria (timetable or headway
tracking) are not met. In other words, if Rtt or Rhw is large, demanding high velocity
would result in high cost function values. Minimum of such a function would be at
small control inputs over good performance.
In the MPC scheme these weights are also extended for N horizon: Qtt = diag(Qtt ) ∈
2N ×2N
R
, Qhw = diag(Qhw ) ∈ R2N ×2N , Rtt = diag(Rtt ) ∈ RN ×N and Rhw = diag(Rhw ) ∈
RN ×N . A quadratic formula means that it penalizes both positive and negative deviations from the reference (i.e. not only late but also early arrival).
Note that x̂ does not appear directly in the cost function. Penalizing the kinetic energy of the bus (i.e. velocity state) is handled more carefully via a more accurate energy
consumption model. The state x(k) is the absolute position of the bus. Minimizing
absolute position would be an unreasonable choice.
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The cost-functions can be deduced with the help of Eq. (4.3) and Eq. (4.2) by
substituting their right hand sides into Eq. (6.5) and Eq. (4.5).
"

#

1
Jtt (k) = (Ctt x̂ + Dtt ζ̂ tt )T Qtt (Ctt x̂ + Dtt ζ̂ tt ) + uT Rtt u ,
2

(4.6)
#

"

1
Jhw (k) = (Chw x̂ + Dhw ζ̂ hw )T Qhw (Chw x̂ + Dhw ζ̂ hw ) + uT Rhw u ,
2

(4.7)

and
"

1
Jtt (k) = (Ctt {A x + Bu u + Bw w} + Dtt ζ̂ tt )T Qtt (Ctt {A x + Bu u + Bw w}
2
#

+ Dtt ζ̂ tt ) + u Rtt u ,
T

(4.8)
"

1
Jhw (k) = (Chw {A x + Bu u + Bw w} + Dhw ζ̂ hw )T Qhw (Chw {A x + Bu u + Bw w}
2
#

+ Dhw ζ̂ hw ) + u Rhw u .
T

(4.9)
Perform the matrix multiplications:
Jtt (k) =


1 T T T
x A Ctt Qtt Ctt A x + xT AT CTtt Qtt Ctt Bu u + xT AT CTtt Qtt Ctt Bw w
2
+xT AT CTtt Qtt Dtt ζ̂ tt + uT BTu CTtt Qtt Ctt A x + uT BTu CTtt Qtt Ctt Bu u
+uT BTu CTtt Qtt Ctt Bw w + uT BTu CTtt Qtt Dtt ζ̂ tt + wT BTw CTtt Qtt Ctt A x
+wT BTw CTtt Qtt Ctt Bu u + wT BTw CTtt Qtt Ctt Bw w + wT BTw CTtt Qtt Dtt ζ̂ tt
T

T

(4.10)

T

+ζ̂ tt DTtt Qtt Ctt A x + ζ̂ tt DTtt Qtt Ctt Bu u + ζ̂ tt DTtt Qtt Ctt Bw w

T T
T
+ζ̂ tt Dtt Qtt Dtt ζ̂ tt + u Rtt u ,


1
+xT AT CThw Qhw Chw A x + xT AT CThw Qhw Chw Bu u + xT AT CThw Qhw Chw Bw w
Jhw (k) =
2
+xT AT CThw Qhw Dhw ζ̂ hw + uT BTu CThw Qhw Chw A x + uT BTu CThw Qhw Chw Bu u
+uT BTu CThw Qhw Chw Bw w + uT BTu CThw Qhw Dhw ζ̂ hw + wT BTw CThw Qhw Chw A x
+wT BTw CThw Qhw Chw Bu u + wT BTw CThw Qhw Chw Bw w + wT BTw CThw Qhw Dhw ζ̂ hw
T

T

T

+ζ̂ hw DThw Qhw Chw A x + ζ̂ hw DThw Qhw Chw Bu u + ζ̂ hw DThw Qhw Chw Bw w

T
+ζ̂ hw DThw Qhw Dhw ζ̂ hw + uT Rhw u .
(4.11)
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Next, organize the terms as coefficients of u, uT , and uT (?) u:


T
1  T T T
x A Ctt Qtt Ctt Bu + wT BTw CTtt Qtt Ctt Bu + ζ̂ tt DTtt Qtt Ctt Bu u
2


+uT BTu CTtt Qtt Ctt A x + BTu CTtt Qtt Ctt Bw w + BTu CTtt Qtt Dtt ζ̂ tt


+uT BTu CTtt Qtt Ctt Bu + Rtt u

+ xT AT CTtt Qtt Ctt A x + xT AT CTtt Qtt Ctt Bw w + xT AT CTtt Qtt Dtt ζ̂ tt

Jtt (k) =

(4.12)

+wT BTw CTtt Qtt Ctt A x + wT BTw CTtt Qtt Ctt Bw w + wT BTw CTtt Qtt Dtt ζ̂ tt

T
T
T
+ζ̂ tt DTtt Qtt Ctt A x + ζ̂ tt DTtt Qtt Ctt Bw w + ζ̂ tt DTtt Qtt Dtt ζ̂ tt ,



T
1  T T T
x A Chw Qhw Chw Bu + wT BTw CThw Qhw Chw Bu + ζ̂ hw DThw Qhw Chw Bu u
2


+uT BTu CThw Qhw Chw A x + BTu CThw Qhw Chw Bw w + BTu CThw Qhw Dhw ζ̂ hw


+uT BTu CThw Qhw Chw Bu + Rhw u
(4.13)

T T T
T T T
T T T
+ x A Chw Qhw Chw A x + x A Chw Qhw Chw Bw w + x A Chw Qhw Dhw ζ̂ hw

Jhw (k) =

+wT BTw CThw Qhw Chw A x + wT BTw CThw Qhw Chw Bw w + wT BTw CThw Qhw Dhw ζ̂ hw

T
T
T
+ζ̂ hw DThw Qhw Chw A x + ζ̂ hw DThw Qhw Chw Bw w + ζ̂ hw DThw Qhw Dhw ζ̂ hw ,

The first and second terms in Eq. (4.12) and in Eq. (4.13) are equal. Furthermore,
the last term is constant and can be removed from the cost function. The objective
function shall be minimized and a constant term does not influence the outcome of the
minimization problem, just offsets the cost. The objective function to be minimized
becomes:




1 
Jtt (k) = uT BTu CTtt Qtt Ctt Bu + Rtt u
2


(4.14)


1 
Jhw (k) = uT BTu CThw Qhw Chw Bu + Rhw u
2


(4.15)

T

+ xT AT CTtt Qtt Ctt Bu + wT BTw CTtt Qtt Ctt Bu + ζ̂ tt DTtt Qtt Ctt Bu u,



+ x A
T

T

CThw

Qhw Chw Bu + w

T

BTw CThw Qhw Chw

Bu +

T

ζ̂ hw DThw

Qhw Chw Bu u.

For brevity, introduce the following notation for the coefficients of the control input
prediction: Φtt , Φhw , ΩTtt and ΩThw . Finally,

and

1
Jtt (k) = uT Φtt u + ΩTtt u,
2

(4.16)

1
Jhw (k) = uT Φhw u + ΩThw u.
2

(4.17)
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subject to:
|ztt (k + N |k)| < ε,
|v(k + N |k)| < ε,
vmin ≤ vdes ≤ vmax .

(4.18)
(4.19)
(4.20)

In other words, by the last time step the bus shall be at the bus stop and it shall
stop there. ε denotes numerical tolerance. It is assumed that the control input is
constrained: the lower limit vmin = 0 km/h, since negative velocity is not allowed.
The desired velocity has an upper bound too: it is either constrained by the legal
speed limit on the link (e.g. vlim = 50 km/h) or if the link is congested, the bottleneck
speed vbtl (k) imposed by other vehicles: vmax = min(vbtl (k), vlim ).
4.2.1.2

Proving the convexity of the control problem

Convexity of the problem is guaranteed by the positive definiteness of the quadratic
terms Φtt and Φhw , i.e. Φtt  0 and Φhw  0, (Horn and Johnson [1990]).
Theorem 3. Positive semidefiniteness and positive definiteness are defined as follows:
any symmetric n × n real matrix Λ is said to be positive semidefinite if uT Λ u ≥ 0,
and positive definite if uT Λ u > 0 for any non-zero vector u of n real numbers.
Proof. In both of the cost functions Qtt and Qhw are positive definite matrices. The
control weights qtt and qhw are positive numbers.
Next, the positive semidefiniteness of
Φtt = BTu CTtt Qtt Ctt Bu + Rtt

(4.21)

Φhw = BTu CThw Qhw Chw Bu + Rhw

(4.22)

and
are shown.
If a matrix Γ has only real entries, then the product ΓT Γ gives a positive semidefinite matrix. As Qtt and Qhw were proven to be a positive definite diagonal matrices:


1

Bu C Qtt2

and


1
2

Bu C Qhw

T 

T 

1



Qtt2 C Bu  0
1
2

(4.23)



Qhw C Bu  0.

(4.24)
QED

4.2.2

Energy-aware MPC

The next aim is to reformulate the energy consumption model, proposed in Section 2.3,
in a way it can be fit into a cost function to penalize energy consumption of a vehicle
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along its route. The power required to move the vehicle equals the energy consumption
in one time step:
P (k) =

Proll (k) + Pdrag (k) + Pg (k) + Pacc (k)
+ Pregen (k) · ηbatt · ηpe · ηmot · ηpt . (4.25)
ηbatt · ηpe · ηmot · ηpt

In Eq. (4.25) the rolling resistance Proll (k), the resistance due to upgrade Pg (k)
and air drag Pdrag (k) are independent from the control input vdes (k). In the quadratic
minimization problem constants do not affect the result of the optimization, they just
offset the cost, therefore they can be omitted. Furthermore, it makes the optimization
much easier for two reasons: i) keeping terms with second or third order power of the
velocity (state) would result in higher order polynomial as a cost function; ii) weighting
the cost function is much easier when only the significant term (i.e. acceleration) is
left. Weighting the total energy consumption would work towards slowing down the
bus as lower velocity means lower energy consumption (neglecting auxiliary losses).
On the other hand, weighting acceleration directly penalizes rapid accelerations and
decelerations which is the most significant portion of energy consumption.
The acceleration (and deceleration) a(k) can be written based on the car following
model (Section 2.1). Next, substitute Eq. (2.3) into Eq. (4.25) and group efficiencies
into two parameters ηacc = ηbatt · ηpe · ηmot · ηpt and ηreg = ηbatt · ηpe · ηmot · ηpt · ηregen for
Pacc (k) and Pregen (k), respectively. The equations become:
Pacc (k) = −

m · v 2 (k) m · v(k)
+
· vdes (k),
τ · ηacc
τ · ηacc

ηreg · m · v 2 (k) ηreg · m · v(k)
Pregen (k) = −
+
· vdes (k).
τ
τ

(4.26)

(4.27)

In Eq. (4.26) and Eq. (4.27) the first two terms are also independent from vdes (k). The
last term is linearly dependent.
In the finite horizon optimization problem velocity of the bus v(k) is contained in
the predicted state vector x̂. The control input dependent part of P 0acc (k) and P 0reg (k)
for N horizon are:
m
P 0acc (k) = uT ·
· S · x̂,
(4.28)
τ · ηacc
ηreg · m
P 0reg (k) = uT ·
· S · x̂,
(4.29)
τ
where S is a row selector matrix for the velocity v(k) over the prediction horizon:






S 0 ... 0
X(k + 1|k)


0   X(k + 2|k) 
0 S



 , S = [1, 0].
v(k) = S x̂ =  .. .. . . .. 
..


.
. .

.
.
0 0 . . . S X(k + N |k)

(4.30)

For the sake of simplicity, define Kacc and Kreg as the time independent coefficient of
x̂ in P 0acc (k) and P 0reg (k) respectively:
Kacc =

m
· S,
τ · ηacc
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Kreg =

ηreg · m
· S.
τ

(4.32)

Furthermore, from Eq. (4.2) x̂ is
x̂ = A x + B u.

(4.33)

Next, substitute Eq. (4.33) into Eq. (4.28) and Eq. (4.29) and organize the resulting
equations by u:
P 0acc (k) = uT Kacc A x + uT Kacc Bu u,
(4.34)
P 0reg (k) = uT Kreg A x + uT Kreg Bu u.

(4.35)

The power to accelerate and the regenerated power are quadratic polynomials of the
control input u. Similar to Eq. (6.5), the cost function is sought in a quadratic form.
The results of Eq. (4.34) and Eq. (4.35) can be written as two separate quadratic cost
functions: Je+ (k) and Je− (k) for accelerating and regenerative braking respectively. In
order to penalize rapid accelerations or decelerations four weighting parameters are
introduced: Wacc , Wreg , Vacc and Vreg . Vacc is the coefficient for the first order part
×N
and WN
is the diagonal, positive semi-definite coefficient matrix for the quadratic
acc
part of the cost function. The same rationale can be applied to Wreg and Vreg . Since
the regeneration Preg is an energy gain, it has negative sign and decreases the cost.
With the two additional quadratic cost functions Je+ (k) and Je− (k) the optimization
results in a non-smooth problem.
1
Je+ (k) = uT Kacc B Wacc u + xT AT KTacc Vacc u,
2

(4.36)

1
Je− (k) = − uT Kreg B Wreg u − xT AT KTreg Vreg u.
(4.37)
2
Switching between objective functions in Eq. (4.36) and Eq. (4.37) is formulated
mathematically as follows. A selection between the cost functions shall be made for
every time iteration in the prediction horizon. Exploiting some features of the matrices
a simple solution can be given. First, consider the quadratic part in Eq. (4.36) or
Eq. (4.37). In the cost function B is a lower triangular matrix, Kacc and Kreg are
non-square matrices with entries only in at [i, 2i]. Due to their special structure, the
result of their multiplication will be a diagonal N × N matrix. In the linear part of the
cost functions Kacc and Kreg act as row selector matrices, yielding two 1 × N vectors.
For the sake of simplicity the selection between Je+ (k) and Je− (k) is depending on the
acceleration or deceleration (the relation of v(k) and vdes ) at the κth iteration at time
step k. The piecewise quadratic cost function can be written as follows:

+

Je (k)

v(k + κ|k) < vdes (k + κ|k) − ν
0
v(k + κ|k) ∈ (vdes (k + κ|k) − ν, vdes (k + κ|k) + ν) , ∀κ = 1...N,
min
u 
 −
Je (k)
v(k + κ|k) > vdes (k + κ|k) + ν
(4.38)
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subject to:

amin ≤

vmin ≤ vdes (k + κ|k) ≤ vmax , ∀κ = 1...N,

(4.39)

1
(vdes (k + κ|k) − v(k + κ|k)) ≤ amax , ∀κ = 1...N.
τ

(4.40)

The acceleration and deceleration are bounded by amin and amax for ride comfort and
to avoid physically infeasible values. Furthermore, for numerical reasons a sufficiently
small threshold parameter ν is introduced. The addition of energy consumption enables
varying passenger load too. Furthermore, rapid accelerations can be penalized while
considering energy regeneration.

4.2.3

Passenger wait costing

The final part of the multi-objective cost function is penalizing the number of passengers
waiting for the bus at a stop. The cost Jp (k) is based on the passenger wait model
introduced in Section 2.4.3. In order to formulate an adequate cost function from the
preliminary model (Eq. (2.19)), it shall be extended for N horizon length too. The
notations used for stacking the wait time model are:
• χ(k) is the state vector: χ(k) = [tw (k) p(k)]T .
"

#

1 0
• Λ denotes the state matrix as Λ =
.
∆t 1
• E is the coefficient matrix for the passenger arrivals: E = [0 ∆t]T .
• λ(k) is the passenger arrival rate.
h

• Υ is the coefficient matrix for passenger exchange 0 − ∆t
tb

iT

.

• ξ(k) is the integer state for boarding.
Then, the evolution of passenger wait time and the number of passengers at a stop
over a finite N prediction horizon becomes:
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ξ(k|k)
ξ(k + 1|k)
..
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ξ(k + N − 1|k)

(4.41)
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The passenger wait cost cannot be directly influenced by the decision variable (vdes ).
The cost function is sought in a linear form where the objective is minimizing passenger
waiting time:
(4.42)
Jp (k) = P χ
subject to:
χ̂ = Λ χ + E λ + Υ ξ,
p(k + κ|k) ≥ 0, ∀κ = 1...N.

(4.43)
(4.44)

The weighting parameter P is a diagonal semi-definite matrix of appropriate size. Practically, it shall only penalize passenger wait tw and not the passenger count p.
It is possible to consider multiple bus stops along the route of a bus, for example
every bus between the controlled one and its leader. Even though the rolling horizon
MPC targets only the next stop, the accumulation of waiting passengers at downstream
stops can be considered over the prediction horizon (see Figure 4.3). In this case the
optimization becomes less ego-centric. Decisions are made based on the status of a
larger piece of the public transport network. In that case the cost function becomes
the sum of the cost functions for each relevant bus stop (j = 1..Y ):
Jp? (k) =

Y
X

P χ.

(4.45)

j=1

Busi
Stop0

Busi−1 vi−1

vi
Stop1

StopY

Stopj

StopY +1

Figure 4.3: Relevant bus stops for the passenger waiting time model (Stop1 ...StopY )

4.2.4

Multi-objective cost function

This section connects the results of the previous sections. The four objectives and
the optimization constraints are combined into a single multi-objective cost function.
By means of balancing between these conflicting goals, an optimal velocity profile is
formulated for a single bus traveling along a public transport corridor.
min

vdes (k)...vdes (k+N )

J(k) = Jtt (k) + Jhw (k) + Je (k) + Jp (k),

(4.46)

subject to:

vmin
amin ≤

χ̂ = Λ χ + E λ + Υ ξ,
|ztt (k + N |k)| < ε,
|v(k + N |k)| = ε,
≤ vdes (k + κ|k) ≤ vmax , ∀κ = 1...N,

1
(vdes (k + κ|k) − v(k + κ|k)) ≤ amax , ∀κ = 1...N,
τ
p(k + κ|k) ≥ 0, ∀κ = 1...N.
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(4.47)
(4.48)
(4.49)
(4.50)
(4.51)
(4.52)
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The cost function in Eq. (4.46) creates a relationship between the four conflicting objectives. The free parameter in the optimization is the desired velocity of the
bus over the prediction horizon. The bus shall obey the timetable, keep equidistant
headway from the bus ahead in an energy efficient way. In addition, the wait time of
passengers at bus stops shall be kept low too. These objectives shall be achieved in an
environment where traffic and traffic lights are considered a bottlenecks. The velocity
of the bus is constrained by external circumstances: the prevailing speed on the traffic
link or the legal speed limit. By prescribing level of service constraints the maximum
acceleration and deceleration is bounded. Although, jerk (the derivative of acceleration) is an important factor for passenger comfort, for simplicity, it is not considered
as a constraint.
Since Je (k) and Jp (k) are nonlinear cost functions (i.e. they depend on integer parameters), the resulting cost function will also be nonlinear. Je (k) is piecewise due to
the separation of acceleration and deceleration. Furthermore, the passenger waiting
model introduced a boarding state which is depending on a state variable x(k). Due
to the multiple decisions, the problem is non-smooth. However, when these decisions
are eliminated, the problem turns into a quadratic optimization which is analytically
convenient. The non-convex problem can be solved with sequential quadratic programming (SQP) (Nocedal and Wright [2006]). It is an iterative procedure that boils down
the nonlinearity into repetitive sequence of quadratic approximations by QP. Furthermore, due to the varying horizon length N , computational demand can vary. With
increasing prediction horizon length increasing number of equations shall be solved
and increasing number of decisions to be made.
Initially, weighting scalars and matrices are chosen in such a way that each cost has
a similar magnitude. By alternative selection of the weighting parameters one can formulate different control strategies (e.g. preferring objective Je over Jp ). Alternatively,
with proper weighting, public transport delay can be minimized in an energy-optimal
way. The formulation of different weighting strategies and their effect on service performance will be addressed in the further sections.

4.2.5

Weighting strategies

The four specified control objectives can be taken into account with different importance. Putting more emphasis on an objective over another leads to different bus
trajectories and influences the performance of the bus level of service. Weighting is
done in two steps. First, the four cost functions are scaled with the help of the tuning
matrices incorporated into them. That is to have the cost parts in the same magnitude
range. This can be achieved with the help of the inverse square law (Bryson’s rule,
Bryson et al. [1979]): the weights are normalized with the reciprocal of the squared
expected maximum values of the states.
Second, coefficients are introduced to each of the cost parts weighting their relevance
in the optimization. In this vein, 6+1 strategies are proposed. Six static ones presented
in Figure 4.4 and one dynamic, adaptive control strategy.
a) Timetable tracking with Jtt being the only considered cost. Only the reference
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trajectory xtt is tracked by the bus, obeying the prescribed timetable and disregarding every other objective.
b) Headway tracking, where only Jhw is taken into account. The goal is to mimic
the trajectory of the leading bus via reference trajectory xhw .
c) Balanced, where headway and timetable tracking are equally important, i.e. J =
0.5Jtt + 0.5Jhw .
d) Passenger demand driven: on frequent lines passengers usually do not consult the
timetable (Dessouky et al. [2003]). In order to avoid bunching (causing increased
waiting times (Fonzone et al. [2015])) and minimize passenger waiting time the
two objectives to be considered are headway tracking and passenger wait time
minimization. J = Jhw + Jp .
e) Cheap service driven. From the service providers’ perspective minimizing energy
consumption of their fleet is crucial as it has direct impact on their expenses. In
addition, running buses based on a periodic timetable is the simplest in terms of
planning. J = Jtt + Je .
f ) The balanced strategy (c)) is augmented with the two nonlinear objectives, taking
into account all four: J = Jtt + Jhw + 0.5Je + 0.5Jp .
g) Adaptive control, incorporating varying control weights, depending on the magnitude of timetable and headway errors: J = φJtt + Jhw .
4.2.5.1

Adaptive control

The adaptive control strategy uses varying control weights based on the magnitude of
timetable or headway errors. By means of this adaptive weight selection it is possible
to match headways more efficiently depending on the delay (timetable) and the level
of bunching (headway). To this end a metric is introduced that describes the bunching
level given by
zhw (k + κ|k)
,
(4.53)
φ(k + κ|k) =
ztt (k + κ|k)
where κ = 1, . . . , N and φ(k + κ|k) ∈ [0, φmax ]. To apply this scaling other numerical
considerations have to be taken into account: (i) φ is saturated with φmax = 10 to
avoid enormous control weights, (ii) to circumvent division by zero φ = 1 if ztt = 0.
The scaling parameter is calculated at the first step and frozen for the entire prediction
horizon. It is necessary to freeze the value of φ in order to avoid algebraic loop in the
solution. With this scaling if headway error zhw is low φ ≈ 0, timetable schedule is
tracked by means of weight selection. If there is a large deviation in headway, φ  0,
headway error will play dominating role in the cost. It is sufficient to scale only Jtt ,
since the ratio of Jtt and Jhw determine which objective is more important to track.
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Figure 4.4: Proposed weighting strategies. a) Timetable tracking only, b) Headway
tracking only, c) Balanced - timetable and headway tracking, d) Passenger demand
driven - headway tracking and waiting time minimization, e) Cheap service driven
- timetable tracking and energy consumption minimization, f ) Balanced, advanced
- timetable and headway tracking plus energy consumption and waiting time minimization. Abbreviations at each direction match the subscript of the respective cost
function element
4.2.5.2

Pareto Front

A multi-objective optimization can have an infinite number of optimal solutions (i.e. the
minimum cost can be achieved by a linear combination of the cost parts). This set is
called the Pareto Front (Veldhuizen and Lamont [1998]). With the Pareto analysis,
the gain of different weighting strategies can be quantified.
In this subsection the two convex cost parts (headway- and timetable tracking) are
analyzed through the first three control strategies: a) Timetable tracking, b) Headway
tracking and c) Balanced control. Since in the timetable tracking and headway tracking
strategies only one objective is considered the solution of the Pareto front is trivial.
To this end, a slight modification is made to these two strategies via weighting. In the
headway tracking strategy 90% of the weight is assigned to the headway objective and
10% to the timetable tracking objective. In the timetable tracking control case it is
the other way round. The balanced control strategy has 50 − 50% weight split. This
way the two objectives do not have a unique solution but a set of optimal solutions.
The two sub-cost functions Jtt and Jhw will be used to demonstrate the Pareto Front.
The methodology for obtaining the Pareto front is the following: from a selected initial
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state X(k) and errors ztt (k), zhw (k) and prediction horizon N an optimization is started.
Since the aim of the analysis is only the evaluation of the cost, not real-time control
a genetic algorithm is chosen (Horn et al. [1994]). Due to the heuristic nature of the
genetic algorithm, it gives solutions very close to the optimum but in a way scattered
along a curve. Candidate solutions of the genetic algorithm with the lowest cost will
form the Pareto Front.
The Pareto Front is illustrated for one bus at a fixed time instant considering
the three different weighting strategies (timetable tracking, headway tracking and balanced), see Figure 4.5. In this example the prediction horizon is N = 10 and the
states are: X = [5.4, 614.8]T , ztt = 3.3 m, zhw = 269.9 m. If timetable tracking
is preferred, the absolute value of Jtt is larger than Jhw . Moreover, for the headway
tracking strategy, the absolute value of Jhw cost is more significant compared to Jtt .
In the balanced strategy, the two costs are roughly equal. Interestingly, the results
in the Pareto Front for the balanced strategy scatter much less. The balanced control
policy returns with lower cost value for the timetable/headway error compared to onlyheadway/only-timetable policy in most of the cases (i.e. initial states plus prediction
horizons). This suggests, the overall performance is better in terms of punctuality and
bunching compared to single objective strategies.
4.2.5.3

Trajectory shapes

In this part, the proposed control strategies are evaluated from a fixed initial state.
The aim is drawing conclusions from the shapes of the trajectory predictions in each
weighting strategy. Figure 4.6 depicts the predicted control input sequences for one
vehicle from a fixed location. In accordance with the rules of the MPC, only the
first control input is applied to the real system. In this example the time headway
is Thw = 60 s and the prediction horizon is N = 100. According to the timetable
reference xtt , the buses (the leader and the controlled) are running late.
The first strategy is timetable tracking (Figure 4.6 (a)). Here, the only objective
is following the trajectory predefined by an ideal schedule xtt , which is done accurately. Next, headway tracking strategy is shown in Figure 4.6 (b). The predicted
trajectory accurately follows the sole prescribed reference trajectory xhw . Next, the
balanced strategy is shown in Figure 4.6 (c). In this case, both timetable and headway
objectives are considered. The predicted trajectory lies between the two references.
Spatial distances (tracking errors) are proportional to the set control weights. In the
passenger demand-driven scenario headway homogeneity and passenger waiting times
are considered. Compared to the headway tracking scenario (Figure 4.6 (d)), costing
passenger wait will result in steeper accelerations and higher speeds due to passengers accumulating at stops. When energy consumption is penalized in the timetable
tracking strategy, as shown in Figure 4.6 (e), accelerations and decelerations will become smoother suggesting energy savings. At the same time it causes minor delays.
Finally, all four objectives are considered, however, passenger waiting time and energy
consumption with 50% weight (Figure 4.6 (f)). Results are similar to the balanced (c)
strategy, only with slower acceleration profiles. In addition, the predicted trajectory is
knurled because regenerative braking is exploited. In a complete trajectory realization
this effect cannot be observed. These trajectory predictions are for only one point in
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the space-time diagram, however, the aforementioned conclusions hold true for whole
bus trajectories too. Using different weighting strategies, the value of each cost function
changes based on its significance. The cost function values in the optimization shown
in Figure 4.6 are summarized in Table 4.1. Cost values increase as more conflicting
objectives are considered.
Table 4.1: Cost function values with different weighting strategies
Jtt Jhw Je
Jp
a) Timetable tracking
16 b) Headway tracking
149 175 167 c) Balanced
d) Passenger demand driven 166 268
717 430 e) Cheap service driven
f) Advanced balanced
877 879 473 129
The proposed control framework provides a flexible selection of objectives, depending on the prevailing traffic situation. Deciding among the proposed control strategies
brings in several factors such as passenger demand, frequency of buses, network layout,
potential disturbances, etc. The next sections of this chapter provides numerical analyses of the proposed control strategies exploring which strategy works best in which
situation.

4.3
4.3.1

Numerical simulations
Service homogeneity performance

The performance of the headway and timetable tracking objectives (control strategies
a), b) and c)) are analyzed in depth. The basis of the results is the simulation model
presented in Appendix A.1. First, one bus trajectory with balanced control strategy is
explained in detail, see Figure 4.7. The blue circles represent the ideal departure times
at each stop based on the bus schedule. The blue line xdes represents the ideal trajectory
for timetable tracking. The red line xref is the trajectory of the leading bus, shifted
by one time headway (3 minutes). In this balanced strategy the follower (controlled)
bus tries to minimize bunching (i.e. match the trajectory of the leading bus) and keep
the timetable. For the next bus the reference headway will be the trajectory of the
current bus. Eventually, the trajectories will converge to the original timetable while
reducing bunching. The leading bus travels slowly between Stop 1 and Stop 2 (due
to some disturbance). The controlled bus also slows down to avoid bunching. This
results in lateness but it is recovered by the end of the route. The bus holding strategy
is also efficient in this scenario, the bus always departs from stops at the scheduled
time instants but occupies stops for long periods. However, the bus holding cannot
cope with severe disturbances. Figure 4.7 also shows the timetable and headway errors
at every time instant. The desired velocity profile is not followed accurately because
the bus has its own dynamics, plus it has to adjust its own velocity to the surrounding
traffic.
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Studying a single bus in the network does not reveal the performance of the algorithm. A sequence of bus trajectories shall be analyzed instead. To this end, the
Göteborg simulation example (Appendix A.1) is used. The entry of the second bus to
the network is perturbed: it arrives with one minute delay. The benchmark control
strategies are bus holding and PI control, see Figure 4.8. For brevity, PI control is omitted from the plot. Holding strategy can remedy bunching and adhere to the schedule
at the cost of spending long times at the stop. For example, Stop 6 is almost always
occupied by a bus with holding control. If the stop is shared among multiple bus lines
the stop becomes congested adding delay to buses serving that stop. The PI control
can efficiently reduce bunching and adhere to the schedule with smaller computational
demand than the MPC. However, it cannot cope well with disturbances: for example
if the leading bus was stopped by a traffic light, the controlled bus will also slow down
regardless what the traffic light indicates. On the other hand, the MPC controllers
consider a long trajectory ahead and buses can optimally adjust their velocity considering such obstacles (with the example of the traffic light - the MPC controller takes
into account how long the leading bus was blocked by the traffic light).
The timetable tracking control strategy can keep the schedule few headways downstream the delay. Since the timetable is periodic, headways will converge to the prescribed timetable. With this control strategy, both headway and timetable adherence
can be achieved. Next, headway tracking MPC solution is implemented. With this algorithm bunching is reduced, headway error is decreasing for consecutive buses. However,
since the timetable objective is neglected, bus trajectories become out of sync with the
schedule. The average velocity of the vehicles tend to decrease too, leading to further
delays. A conclusion can be drawn here. Adjusting solely the headway of vehicles is
not sufficient to achieve service homogeneity. On the other hand, a periodic timetable
forces both timetable and headway adherence. The balanced control solution has the
best of two worlds: the actual and reference trajectories overlap, meaning no bunching,
while the timetable is kept too.
Next, the response of each control strategy to extreme disturbance is evaluated. The
traffic is stopped between Stop 4 and Stop 5 for ten minutes (i.e. in the Gothenburg
network Götaälvbron (bridge) is opened). Over this period congestion is formed, delays
increase. After, traffic is released and congestion starts to dissipate. In Figure 4.9 the
space-time diagrams of the buses with different control strategies are shown. The speed
of congestion dissipation (i.e. the normalization of service periodicity) is denoted with
dashed lines in Figure 4.9 and summarized in Table 4.2. Congestion dissipation speed
is the forward traveling shockwave of the controlled buses at the bridge. It is the slope
between the stopping point (in time-space) of the last bus affected by the perturbation
and the point when service (headway periodicity) is fully recovered.
In the benchmark holding scenario five buses are affected by the service perturbation. The buses stopped at the bridge will remain bunched. Since there is no timetable
or headway objective, vehicles leave the network as fast as possible, resulting in the
fastest congestion dissipation. As stated in Newell [1977], delays remain so high that
the scheduling cannot recover from bunching. In order for the holding strategy to
work in case of large disturbances, other measures, such as stop skipping, pulling out
or inserting buses shall be employed. The benchmark PI controller can dissipate the
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Table 4.2: Congestion dissipation speed (m/s)
Holding
2.004
PI control
0.7268
Headway tracking 0.469
Timetable tracking 1.915
Balanced
0.608
congestion faster than the balanced controller but the system cannot recover well from
the service perturbation, the buses leave the network bunched.
With headway tracking strategy bunching is completely eliminated but buses arrive
with large delays at the next stop, not obeying the timetable. This strategy results in
slow service between the bridge and Stop 5 in order to equalize headways. Congestion
dissipation is very slow. Timetable tracking solution cannot cope with the severe
perturbation either. The buses that got caught by the opening of the bridge stick
together and cannot recover. The large difference between the desired trajectory based
on the timetable and the actual trajectory (i.e. large delay) forces the velocity controller
to demand maximum velocity. Therefore, in order to recover, another policy (e.g. slack
times, stop skipping, dynamic timetable) has to be used. The balanced technique
reduces bunching compared to the timetable tracking but cannot eliminate it as well
as headway tracking. Recovery of the timetable takes more time compared to the
timetable tracking policy. The trade-off between headway and timetable tracking can
also be observed in the congestion dissipation speed. In the multi-objective control
approaches, given enough time both timetable keeping and bunching can be remedied.
Table 4.3 compares headway reliability in the different simulation scenarios based on
statistical results. Headways are compared at two sections of the network: after Stop 4
and after Stop 6. The mean value is close to the ideal headway of 180 seconds (3 min)
except for the headway tracking and balanced control strategies after the perturbation.
The reason is that after the traffic is released from the bridge there is a huge headway
gap between two buses which corrupts the mean value. On the other hand in those
strategies where headway tracking is not addressed this huge gap is counterbalanced by
the small headways of the congested buses. Furthermore, headway standard deviations
are smallest in the headway tracking and balanced scenarios. Finally, the KullbackLiebler (KL) divergence is given between the ideal headway, and the simulation results,
see Kullback and Leibler [1951]. The ideal headway represents a uniform distribution
with mean of 180 seconds and 0 variance. The KL distance is significantly smaller with
the MPC compared to the holding control strategy after the service disruption. Thich
means headways are more uniformly distributed.
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Table 4.3: Statistics of the trajectories for headway reliability (target headway: 180 s)

Holding
PI control
Headway tracking
Timetable tracking
Balanced

hw

Holding
PI control
Headway tracking
Timetable tracking
Balanced

Without service perturbation
After Stop 4
After Stop 6
Mean (s) Std (s) KL dist. Mean (s) Std (s) KL dist.
179.647
7.026
0.0073
176.290
27.670
0.0123
183.333
13.637 0.0060
176.000
34.935
0.0204
179.130
17.808 0.0037
179.130
22.347
0.0057
178.706
7.728
0.0088
176.400
47.042
0.0180
179.647
10.386 0.0061
180.403
31.297
0.0068
With service perturbation
181.923
9.962
0.0104
180.153
175.506 0.3581
182.832
15.077 0.0071
186.73
149.680 0.2124
179.600
24.233 0.0035
236.450
134.797 0.1072
178.118
6.499
0.0063
176.401
141.494 0.2332
179.881
15.530 0.0069
192.133
133.873 0.1640

J
t
t

Figure 4.5: Pareto Front
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Figure 4.6: Trajectory predictions from a fixed initial state with different weighting
strategies compared to the reference trajectories (vertical axis: Position (m), horizontal
axis: Time (s))
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Figure 4.7: Trajectory of a single bus and its velocity profile

Figure 4.8: Trajectories of consecutive buses with different control strategies
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Figure 4.9: Trajectories of consecutive buses with different control strategies - 10 minute
service perturbation. Dashed lines denote the speed of congestion dissipation

4.3. Numerical simulations

4.3.2

Energy consumption

In this part, the energy consumption performance metric is analyzed. First, one bus is
selected from the Budapest simulation scenario (Appendix A.2) and its individual energy consumption is analyzed with different control strategies. In Figure 4.10 four bus
trajectories are compared: holding control, PI control, energy-aware cheap control (d),
and advanced balanced velocity control (f). The energy consumption is the lowest in
the cheap control strategy. The advanced balanced velocity control has smaller average
velocity (spends more time in the network) thus it has lower energy consumption compared to holding. If energy cost is not taken into account the decelerations are steeper.
In the energy consumption aware scenarios when regenerative braking is considered,
velocity profiles become smoother with a coasting phase before each stop. The average
energy consumption is 9.5% smaller in the cheap velocity control and 4.3% smaller in
the advanced balanced strategy compared to the holding strategy (Figure 4.11). The
standard deviations of energy consumption (Figure 4.11) are similar to each other.
By arbitrarily selecting one vehicle does not say much about the total energy consumption of a public transport line. One bus may have good energy efficiency while
it hinders following buses resulting in worse energy efficiency for the follower. To this
end, the energy consumption of individual buses is summed in a simulation scenario
(Figure 4.12). Simulation results suggest that the total energy consumption in the long
run is as expected: the greedy holding control strategy and the PI controller consume
the most energy. The holding control tries to always reach the highest permitted velocity on the link, while the PI controller only considers headway deviations. On the other
hand, the energy-aware cheap control (d), and advanced balanced velocity control (f)
have better energy efficiency. Using the holding control as a benchmark (100%), the
energy-aware strategy consumes 8% less, while the advanced balanced velocity control
consumes 3% less, considering a 3 km public transport line for 30 minutes. The PI controlled buses consume 3% more compared to holding. Note that between 500 − 1100 s
the total energy consumption of the balanced strategy is the lowest. Longer simulations
can smooth such deviations.
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4.3.3

Average passenger waiting times

Finally, the effect of considering passenger waiting times is analyzed. Average passenger waiting time relates directly to bus headways (Wu et al. [2017]). If buses arrive
irregularly, passenger waiting times will deviate more and the total waiting time will
increase. Again, four scenarios are considered: the benchmark holding control, PI control, passenger driven (e) and the advanced balanced (f) strategy. In terms of total
(cumulated) passenger waiting times at each stop, the balanced control performs worst.
The passenger driven strategy performs slightly better than the holding control. It performs well in this metric because buses spend less time between stops and more time
waiting at each stop. So passengers who just arrived can board the bus instantly. The
PI control performs similarly to the balanced control. The passenger driven scenario
performs well if there are several passengers waiting at a stop far ahead as passengers
draw the vehicle towards the stop. On the other hand, the passenger driven strategy
considers the adverse effect of bus bunching too. Therefore, it can happen that the two
objectives considered in this strategy (i.e. minimizing passenger wait and maintaining
equidistant headways) are in conflict. Although it is possible for some stops that the
strategy falls behind, in the long run, on network level it provides the least passenger
wait. The average passenger waiting times for the bus at each stop are summarized in
Table 4.4.

Table 4.4: Average total waiting time (in seconds)
Stop ID Holding PI
P Pass.
control control driven
Stop 1
50.7
51.1
52.6
Stop 2
49.7
50.9
50.5
Stop 3
289.4
334.8
300.6
Stop 4
58.4
57.8
52.1
Stop 5
65.5
63.7
57.0
Stop 6
492.0
511.6
423.7
Stop 7
237.5
343.0
251.7
Mean
177.63
201.8
169.77
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of passengers at each stop
Adv. balanced
control
48.5
48.8
341.7
60.1
62.7
508.3
330.8
200.17
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4.4

Contribution

Thesis 3
Decentralized, multi-objective model predictive control strategies were formulated for
public transport velocity control. The four (often) conflicting objectives considered in
the optimization are timetable adherence, equidistant headways, energy efficiency, and
minimal passenger waiting time. The controller operates in a shrinking horizon way
meaning that trajectories are predicted until the vehicle reaches the next stop. The four
objectives can be cast into control strategies via different weighting of the cost function.
Based on the control oriented public transport system models in Chapter 2 a multiobjective model predictive velocity controller was created. The aim is calculating an
optimal velocity profile between the actual position of the vehicle and the next stop,
while taking into account several uncertainties. First, the shrinking horizon strategy
was introduced: the bus shall arrive at the next bus stop by the end of the prediction
horizon. This way, as the scheduled arrival time becomes closer, the prediction horizon
length shrinks. By the prediction time step the bus shall arrive at the desired stop.
This also establishes a terminal set of system states, guaranteeing stability of the
solution. With stacking states and inputs of the linear headway and timetable tracking
models two convex objective parts were obtained. Convexity of the problem enables
fast optimization. Next, the energy consumption model was adapted to the model
predictive velocity control framework. Based on the acceleration and deceleration terms
a piecewise objective was constructed. Then, a passenger waiting times objective was
constructed.
The four control objectives were fused into a single multi-objective cost function
subject to constraints that characterize a public transport line. The proposed control algorithm can deal with bus bunching, timetable adherence, energy efficiency and
passenger waiting time minimization in a flexible way. To this end, different control
strategies were introduced via assigning different weights to the cost function parts.
With the help of numerical simulations the performance of the proposed control
strategies were analyzed and benchmarked against reference controllers borrowed from
the literature. The model predictive controllers outperform the PI controller in the
event of extreme disturbance in both timetable and headway tracking. If there are minor disturbances, the controllers are on par. Each strategy has its advantage and disadvantage. Timetable tracking solution is efficient during off-peak hours when bunching
is not significant or when it is desirable to empty the network quickly after a major
disturbance. Headway tracking is capable of eliminating bunching at the cost of abandoning the timetable. This strategy can work well if headways are short and buses
tend to bunch - in case of short headways passengers are less likely to consult the
timetable. The balanced strategy strikes equilibrium between the objective of headway
and timetable tracking, granting good performance in both aspects. When energy efficiency is considered, the proposed energy-aware solution outperforms the benchmark
holding control by 8% in terms of total energy consumed. The advanced balanced velocity control consumes 3% less compared to holding on network level. In long-run, this
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suggests significant energy savings. In the passenger waiting time metric the holding
control performs well, as it spends significantly more time at stops compared to other
strategies. From the proposed control strategies only passenger driven solution can
outperform it, as it is capable of planning ahead several stops. Other MPC strategies
perform significantly worse.
The proposed control framework provides a flexible selection of objectives, depending on the prevailing traffic situation. Deciding which of the proposed control strategies
brings in several factors such as passenger demand, frequency of buses, network layout,
potential disturbances, etc.
Related publications:
The bi-objective (headway tracking and timetable tracking) control was formulated in
Varga et al. [2018b] and Varga et al. [2018c]. The two objectives were extended with
the energy consumption objective based on Varga [2018]. Then, the four objectives
with the different control strategies was proposed in Varga et al. [2019a].
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Chapter 5
Chance-constrained trajectory
control
For more accurate trajectory prediction the adverse effect of traffic lights shall be
considered too. In this chapter, the proposed model predictive controller in Chapter 4
is extended with additional constraints based on the stochastic shockwave profile model
(Chapter 3). This means, the resulting controller becomes a chance-constrained MPC.
After introducing chance-constraints and relaxing them with the help of the sampling
and discarding method (Campi and Garatti [2011]) the controlled system is analyzed
through numerical simulations.

5.1

Chance-constraints

Chance-constraints are based on the stochastic shockwave profile model presented in
Chapter 3. If the controlled bus is in the queue upstream a traffic light RJ (t, ω), it
cannot move. If it is in the queue discharge RC (t, ω), its velocity is constrained by the
surrounding traffic, see Figure 3.3. For simplicity, instead of considering acceleration
fans (Laval and Leclercq [2010]) for the moving queue, the critical velocity vC is assumed
in this region. The two stochastic traffic regions can be expressed mathematically as:


x(k)




x(k)

< ll ,
> ll + W2 (t − (t2 + ctcyc )),
x(k) ∈ RJ (t, ω) if 

x(k) < ls,c (ts,c , ω) + W3 (t, ω)(t − ts,c (t, ω)),




x(k) > ll + W4 (t − (t1 + (c + 1)tcyc )).

(5.1)

Similarly,


x(k)



x(k)

< ll ,
> ll + W4 (t − (t1 + ctcyc )),
x(k) ∈ RC (t, ω) if 

x(k) > lr,c−1 (tr,c , ω) + W1 (t, ω)(t − tr,c−1 (t, ω)),




x(k) < ll + W2 (t − (t2 + ctcyc )).
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(5.2)
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The conditional probability P(·) of x(k) being in RC (t, ω) can be written as follows:
P{ω : x(k) ∈ RC (t, ω)} =
P{{ω : lr,c−1 (tr,c , ω) + W1 (t − tr,c−1 (t, ω)) > x(k)}|{x(k) < ll }∧
∧ {x(k) > ll + W4 (t − (t1 + ctcyc ))} ∧ {x(k) < ll + W2 (t − (t2 + ctcyc ))}}.

(5.3)

Similarly,
P{ω : x(k) ∈ RJ (t, ω)} =
P{{ω : ls,c (ts,c ω) + W3 (t, ω)(t − ts,c (t, ω)) > x(k)}|{x(k) < ll }∧
∧ {x(k) > ll + W2 (t − (t2 + ctcyc ))} ∧ {x(k) > ll + W4 (t − (t1 + (c + 1)tcyc ))}}. (5.4)
The CDFs Fx(k)∈RJ (t, ω) (ϕ) and Fx(k)∈RC (t, ω) (ϕ) for the probabilities of a point is within
region RC (t, ω) or RJ (t, ω) can be determined, however, numerically challenging.
The discrete time MPC takes samples from the continuous time shockwave profile
model. Note that stochasticity only arises in the third case which describes the tail
of the queue in both Eq. (5.1) and Eq. (5.2), the other lines bounding the regions
RJ (t, ω) and RC (t, ω) are deterministic (Figure 3.2). The stochastic nature of the
regions RJ (t, ω) and RC (t, ω) turns the optimization into a chance-constrained MPC
(Campi et al. [2009]). A continuous distribution for the queue length imposes infinite
number of constraints on the optimization on the domain Ω. Campi and Garatti [2011]
provided a reformulation method for a chance-constrained optimization problem into
its sample-based counterpart. A continuous stochastic event can be replaced with a
finite sample of independent instances ω (1) , ω (2) , ..., ω (M ) ∈ Ω, distributed according
to P where Ω is the sample-space. The optimization is then solved for M chanceconstraints and the additional non-chance-constraints for every discrete time step k.
In addition, Campi and Garatti [2011] studied the effect of constraint removal: what
is the trade-off between performance (cost value) and constraint violation (feasibility)
if m constraints are removed. Sample-based problems are solved via Monte-Carlo
simulations by varying the probability level based on the distribution function (Campi
et al. [2009]). Monte-Carlo simulation is used as a tool for analysis: a probability level
is sought where the predicted trajectory remains feasible without the control being too
conservative. Under feasibility the existence of a control input that satisfies all the
constraints of the optimization (Stephen Boyd [2019]).
Next, the probability sampling and discarding approach in Campi and Garatti
[2011] is translated into the problem of stochastic queue lengths in the trajectory
optimization. The continuous stochastic shockwave profile model in Section 3.2 has
a natural discretization. Queue length discretization is done by discretizing the vehicle
arrival rate QA (t, ω) according to FQA (t, ϕ) (i.e. discrete number of vehicles). Then,
the continuous RJ (t, ω), RC (t, ω) regions turn into discrete ones denoted by R̂J (t, ω),
R̂C (t, ω) respectively. The spatially discretized traffic flow state regions R̂J (t, ω) and
R̂C (t, ω) impose finite number of nonlinear constraints on the optimization through
fixed probability levels for every prediction step. Finally, the two chance-constraints
to be appended to the final optimization problem are:
v(k + κ|k) = vJ = 0, if x(k + κ|k) ∈ R̂J (t, ω), ∀κ = 1...N,

(5.5)

v(k + κ|k) = vC , if x(k + κ|k) ∈ R̂C (t, ω), ∀κ = 1...N.

(5.6)
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For simplicity, in the chance-constrained optimization, only the timetable tracking
objective is considered (i.e. weighting strategy a) in Section 4.2.5).
min

vdes (k)...vdes (k+N )

Jtt (k),

(5.7)

subject to:

vmin

χ̂ = Λ χ + E λ + Υ ξ,
|ztt (k + N |k)| < ε,
|v(k + N |k)| = ε,
≤ vdes (k + κ|k) ≤ vmax , ∀κ = 1...N,

1
(vdes (k + κ|k) − v(k + κ|k)) ≤ amax , ∀κ = 1...N,
τ
v(k + κ|k) = vJ = 0, if x(k + κ|k) ∈ R̂J (t, ω), ∀κ = 1...N,
amin ≤

v(k + κ|k) = vC , if x(k + κ|k) ∈ R̂C (t, ω), ∀κ = 1...N.

(5.8)
(5.9)
(5.10)
(5.11)
(5.12)
(5.13)
(5.14)

The stochasticity in the constraints will inevitably propagate to the solution of the minimization problem (i.e. the predicted trajectory). Although the stochastic properties of
the constraints are known, the explicit connection of stochastic properties between the
constraints and the solution fades away. It can only be recovered via numerical simulations. Although, the cost function is quadratic the introduced chance-constraints
are non-convex: a decision shall be made based on the location of the bus. Once the
chance-constraints are relaxed (albeit still non-convex), the problem can be solved with
the SPQ method in a more efficient way (Nocedal and Wright [2006]).

5.2

Numerical simulations

The proposed model predictive controller is analyzed from two aspects. First, feasibility of the predicted trajectories from a deterministic starting point is studied. Second,
based on a microscopic traffic simulator the proposed chance-constrained optimal velocity control is compared to other benchmark strategies.

5.2.1

Feasibility study

The goal of this analysis is finding a probabilistic measure to quantify the validity of
the result. A confidence level is sought where the predicted trajectory remains feasible
without the control being too conservative.
The bus predicts its trajectory towards the next stop from a given deterministic
initial condition. There are three traffic lights between the bus and the next stop. The
signal timings and traffic flow rates upstream each traffic light is summarized in Table
5.1. The experimental network is the upper part of the Budapest network (Appendix
A.2) with slightly modified signal programs. In the fixed initial condition prediction
the distance from the target bus stop is 500 m and the desired arrival time is 70 s.
Assuming ∆t = 2 s this results in N = 35.
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Table 5.1: Signal program
Light Location Cycle time
ll (m)
tcyc (s)
ID
#1
220
60
370
100
#2
#3
470
60

and vehicle flow upstream each traffic light
Green time Switch time Mean arrival rate
tgreen (s)
t1 (s)
QA (veh/h)
40
50
550
40
0
550
40
10
550

The aim of this simulation is evaluating predicted trajectories when queue lengths
are randomly generated in a Monte Carlo simulation. That is, the inflow volumes
QA (t, ω) are randomly chosen from their distribution function FQA (t, ϕ). To keep the
demonstration simple, vehicle inflows to the network follow independent Poisson distributions with constant (time-independent) arrival rate (Table 5.1). By varying the
magnitude of the input traffic volumes, shockwave profiles and traffic state regions
change too. The regions R̂J (t, ω) and R̂C (t, ω) play part in the trajectory prediction
as chance-constraints. Figure 5.1 presents the set of predicted trajectories in the Monte
Carlo simulation (with 1000 runs). The planned trajectories arrive at the desired position by the end of the prediction with some tolerance. The predicted desired velocities
are zero at the jam region and vehicles arrive at the destination on time, obeying the
constraints imposed by the SPM. According to Figure 5.1, the vehicles would slow down
and wait upstream the queue and only enter it for a short time, resulting in somewhat
counter-intuitive trajectory shapes. Despite being counter-intuitive, the solutions are
feasible, since there are infinitely many feasible solutions. Note that, due to the sparse
sampling (∆t = 2 s) it is possible that the predicted trajectory does not stop exactly
upon arriving at a queue but slightly after. Furthermore, Figure 5.1 also presents two
trajectories: bus holding and an MPC that does not consider traffic lights, thus they
violate constraints.
As a metric for analysis, the spatial standard deviations are calculated at every
time instance and shown in Figure 5.2. The prediction horizon is split in three intervals
depending on the predicted position of the bus relative to traffic lights. In time interval
0 − 32 s the standard deviation of the queue in front of the first traffic light, between
32 − 52 s the standard deviation upstream the second traffic light are shown. Finally,
between 52 − 68 s there are no random events considered so the standard deviation is
assumed to be 0.
According to Figure 5.2 there is correlation between the queue lengths and predicted
trajectories. When the standard deviation of the queue length σqueue increases so does
the standard deviation of the predicted trajectories σtraj and peaks when entering the
queue. The uncertainty in the queue length prediction (i.e. larger variance) amplifies
the variance of the predicted trajectories too. When there is no stochastic queue (after
52 s) the predicted trajectories converge and their standard deviation decreases. In
addition, the trajectory standard deviation starts decreasing upstream Light #2, since
the queue forces the vehicles to stop. Figures 5.3-5.4 suggest negative correlation
between the queue length and the predicted trajectory samples. As the predicted
queue increases the bus slows down (being farther from the traffic lights), trying to
avoid coming to a full stop in the queue.s
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Figure 5.1: Trajectory prediction distribution. Red areas indicate jam regions RJ (t, ω),
yellow areas indicate queue discharge regions RC (t, ω). Dashed lines at the shockwave
profiles indicate the queue length distribution with ±3σqueue .
Next, the feasibility of the prediction is checked. Trajectories are predicted from
a deterministic initial position for different probability levels. The method is translated from the sampling and discarding approach in Campi and Garatti [2011]. Selecting a fixed probability level means that constraints imposed by less likely events
(i.e. queue lengths) are discarded. The input flow has Poisson distribution with mean
value 700 veh/h (per lane). One trajectory is predicted for confidence levels: mean,
mean − 2σ, mean + 2σ (Figure 5.5). The prediction horizon is 50 s long and the target
distance is 150 m. In the feasibility analysis it is checked if the results are feasible by
calculating the relative constraint violation as follows:
V =

N
vdes (k) − v? (k)
1 X
,
N k=1
vdes (k)

(5.15)

where v? (k) equals vdes (k), vJ , vC , depending on which region the k th step of the
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Figure 5.3: Correlation coefficient between the queue lengths and the predicted trajectories over the prediction
horizon

Figure 5.2: Standard deviations of the
queue length σqueue and the predicted
trajectories σtraj.
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Figure 5.4: Scatter plot of the queue
length vs the instantaneous position
samples at prediction time 35 s
predicted trajectory is in. The value of V at each test is summarized in Table 5.2. The
constraint violation value V is not zero in the tested cases. Results in Table 5.2 point
towards a trivial conclusion: when the actual (measured) queue length is larger than
the queue length used for prediction, prediction results tend to be less feasible and vice
versa. When the queue length used for prediction is larger than actual queue lengths,
it would cause unnecessary stops (Figure 5.5). However, accounting for larger inflow
rate (i.e. larger probability than the actual queue length) leads to more robust results,
more room for correction along the vehicle’s trajectory and more reliable bus arrivals
at a stop.
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Figure 5.5: Predicted trajectories for −2σ (dotted line) − 700 (solid line) − +2σ
(dashed line) veh/h compared to the SPM at 647 (mean − 2σ) (top left) − 700 (top
right) − 753 (mean + 2σ) (bottom) veh/h
Table 5.2: Constraint violation metric V .
presumed arrival rate.
647 veh/h
Volume
647 veh/h 0.132
700 veh/h 0.059
753 veh/h 0

Horizontal: actual arrival rate, vertical:
700 veh/h
0.202
0.163
0.148

753 veh/h
0.354
0.323
0.254

Although, Table 5.2 suggests that predictions from a deterministic initial state are
not feasible they are adequate. In the rolling horizon MPC scheme only the first step
of the prediction is used. Simulation results suggest that the first prediction step is
feasible if the constraints are not too restrictive for the trajectory planning.
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5.2.2

Microscopic traffic simulation

The traffic-light aware trajectory planning algorithm is tested in VISSIM (PTV [2011])
too. The modeled network is a 1 km long section of the Budapest network (Appendix
A.2). The fixed probability level for queue length estimation is set to 70%, i.e. the queue
lengths will be overestimated for guaranteed avoidance of stopping. The proposed MPC
algorithm is compared to three benchmark controllers:
i) bus holding strategy,
ii) timetable tracking control strategy a) which does not consider traffic lights, and
iii) an MPC that only considers traffic signal states without queue length information, similar to Kural et al. [2014a].
The trajectories generated by the four control strategies in space-time diagram are
presented in Figure 5.6.
The holding strategy is greedy, as the set desired velocity for buses between bus
stops is 50 km/h, thus they try to get to the next stop as fast as possible. At stops,
they wait until their scheduled departure time. Compared to other strategies there
are steeper decelerations and accelerations when entering or leaving queues, respectively. Steep accelerations decrease ride comfort and increase energy consumption. In
addition, buses following this strategy are more likely to be held in queues for longer
times. When not considering traffic lights at all (timetable tracking strategy a)), buses
go slower and may miss the green traffic light window where it has to cross the intersection in order to arrive on time. Therefore, for an urban velocity control strategy
to work, it is crucial to take into account downstream obstacles, such as traffic lights.
The benchmark algorithm that operates without queue length information can hold the
timetable and be faster than the proposed chance-constrained MPC. The controller assumes there are no queues at traffic lights and can cross the intersection right after the
light turns green. Without assuming queues, it has to often come to a full stop at traffic
lights. Finally, buses with the chance-constrained MPC take traffic light cycles and
queue lengths into account and drive accordingly. Buses slow down before entering the
queue or even try to elude it, avoiding coming at a full stop, saving energy. In Figure
5.7, at the third traffic light the measured queue is shorter than the predicted. The
queue length aware bus slows down so it may avoid the predicted queue. This finding
suggests that, it is not sufficient only to predict queue lengths, queue lengths shall be
continuously adjusted with the actual measured queue lengths if they are available.
Without proper traffic light information such velocity control algorithms may fail, as
seen in the case of the “no queue MPC” or “timetable tracking” velocity controllers.
Chance-constraints are therefore adding efficient probabilistic guarantees to velocity
control algorithms.
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Figure 5.6: Bus trajectories. A detailed section of this figure can be seen in Figure 5.7
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5.3

Contribution

Thesis 4
To improve the performance of green-wave cruise control systems, a trajectory planning
algorithm was augmented with the stochastic shockwave profile model. The controller
considers traffic signal states and queue lengths at signalized intersections in a stochastic way. In the optimization, stochasticity arises in the form of chance-constraints
which are alleviated with the sampling and discarding method.
The velocity control algorithm was augmented with the adverse effect of vehicle
queues at signalized intersections. The stochastic shockwave profile model was incorporated into the optimization as chance-constraints. The SSPM model distinguishes
different traffic regions (in a probabilistic sense). If the controlled vehicle’s predicted
trajectory is in either of these regions, its velocity is constrained (e.g. if it is in the
stationary queue its velocity shall be zero).
Stochasticity in the constraints was alleviated via the sampling and discarding approach. First, the shockwave profiles were discretized, then a fixed probability level
was selected, based on the results of multiple simulation runs (Monte Carlo simulation). For example, setting the probability level to 70% means that the algorithm will
overestimate queue lengths in 70% of the cases. The optimization may yield infeasible solution due to long queue lengths (many velocity constraints) or short prediction
length (delay). Due to the rolling horizon nature of the controller it is not critical: if
the first element of the control input sequence yields feasible solution, the algorithm
can function adequately.
Numerical simulations suggest that there is negative correlation between the queue
length and the predicted trajectory samples. Resultantly, longer queues mean that
the bus is farther from the desired stop, as it tries to avoid the queue and approach it
slower. The proposed controller tries to avoid stopping the vehicle in front of signalized
intersections, vehicles try to avoid the queue. This suggests improvement in energy
efficiency.
Related publications:
The reference tracking foundation of the control algorithm was described in Varga et al.
[2018c]. Then, the stochastic shockwave profile was outlined in Varga et al. [2018b]
and Varga and Tettamanti [2019]. Finally, the realization of the chance-coonstrained
model predictive control was published in Varga et al. [2019b] and Varga et al. [2020b].
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Chapter 6
Centralized public transport
network velocity control
This chapter gives a different approach for the bus network control. Section 2.5.2
introduced a centralized model for urban public transport. Section 6.2 places this model
into a model predictive framework. Then, the system is analyzed and the strengths
and weaknesses of the centralized control are highlighted. When the public transport
network is considered several other factors shall be considered too. These factors boil
down to the interaction of buses on different lines and passengers waiting for these
buses. On top of equidistant headways and energy efficiency on common bus lines,
service quality becomes a more complex question. Accounting for passengers at a
stop waiting for different bus lines are briefly discussed in Section 2.4. An additional
service quality related objective is formulating the timetable considering transfers and
connections. This can be done explicitly via bus holding constraints or implicitly by
formulating the timetable reference signals with this objective in mind. In the proposed
public transport network control, the latter is assumed.

6.1

Network MPC

The piecewise affine network model can be used as a basis of a rolling horizon optimization. This approach, however, is different from the previous approach in several aspects:
handling the system in a centralized way significantly increases the dimension of the
state space model. Furthermore, the controller design is based on an NP-hard mixed
integer optimization. Although control design for high-dimensional mixed-integer systems is well-established, systematic analysis techniques for such systems are limited.
The decentralized control in the previous sections pinpointed a fixed point in the statespace, serving as a terminal set. This shrinking horizon approach, i.e. the bus shall be
at the next stop by the end of the prediction horizon does not work. To this end, the
horizon length N is chosen as large as computational capacity permits. This means,
the proposed MPC does not have a terminal set, therefore, closed-loop behavior shall
be checked separately. In addition, due to computational burdens, the energy consumption objective is not considered. Introducing additional integer variables to the
problem (acceleration or braking state for every bus) would considerably increase the
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computational complexity of the problem.
In order to formulate an optimization problem based on the model in Eq. (2.22)
and Eq. (2.23), it shall be extended for N horizon. The shorthand writing of the
aforementioned equations are
XN (k + 1) = AN XN (k) + BN,u uN (k) + BN,ξ ξN (k) + BN,w wN (k),

(6.1)

ZN (k + 1) = CN XN (k + 1) + DN ζN (k).

(6.2)

Introduce the following nomenclature for the extension of the model:
• XN (k) is the vector of network states (bus positions xi=1..MB , velocities vi=1..MB
and passenger numbers at stops pj=1..MS ).
• AN denotes the state matrix combining the bus and stop dynamics.
• BN,u is the coefficient matrix for the control inputs (bus desired velocities).
• uN (k) collects the control input for each bus at time step k:
uN (k) = [vdes,1 (k), vdes,2 (k), . . . , vdes,MB ]T .
• BN,ξ is a block diagonal matrix for the boarding status coefficients.
• ξN (k) is the vector of boarding states at each bus stop
ξN (k) = [ξ1 (k), ξ2 (k), . . . , ξMB ]T .
• BN,w is the coefficient matrix for external signals (velocity disturbance for buses
and passenger arrival rates for stops).
• wN (k) external signals:
wN (k) = [vmac,1 (k), vmac,2 (k), . . . , vmac,MB , λ1 (k), λ2 (k), . . . , λMB ]T .
• ZN (k) is the vector of tracking errors ztt,i=1...MB and zhw,i=1...MB .
• CN is the output matrix.
• DN is the direct feedthrough matrix of the reference trajectories.
• ζN (k) contains the reference trajectories for the buses xtt,i=1...MB , xhw,i=1...MB .
The stacking is done in the same vein as in the previous sections:
A

x̂N

z


}|

{

B

uN

N,u

N

z


z }| {


}|

{z


}|

{

BN,u
0
···
0
XN (k + 1|k)
AN
uN (k|k)
N


 2  z x}|


{ 
BN,u
0 
 XN (k + 2|k) 
 AN 
 AN BN,u
  uN (k + 1|k) 

 =  .  X(k|k) + 


..
..
.. 
..
..
..


 . 



.


 . 


.
.
. 
.
.
N −1
N −2
N
XN (k + N |k)
AN
AN BN,u AN BN,u · · · BN,u uN (k + N − 1|k)
B

ξ

N,ξ

z




+



BN,ξ
AN BN,ξ
..
.

}|

0
BN,ξ
..
.

···
...

0
0
..
.

−1
N −2
AN
BN,ξ AN
BN,ξ · · · BN,ξ
N

{
 z






B

ξN (k|k)
ξN (k + 1|k)
..
.

ξN (k + N − 1|k)

wN

N,w

N

}|

{

z


 
 
+
 
 

BN,w
AN BN,w
..
.

}|

0

···

BN,w
..
.

...

0
0
..
.

−1
−2
AN
BN,w AN
BN,w · · · BN,w
N
N

{
 z






}|

wN (k|k)
wN (k + 1|k)
..
.

{


,



wN (k + N − 1|k)

(6.3)
79

6.1. Network MPC

C

ẑN
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Again, the cost function is sought in a quadratic form:
JN (k) =

i
1h T
x̂N QN,x x̂N + ẑTN QN,z ẑN + uTN RN uN ,
2

(6.5)

where QN,x , QN,z and RN are diagonal, positive semi-definite matrices as weighting
parameters. Each row in the weighting matrices correspond to one (predicted) state or
control input. The mathematical steps in towards the final form of the cost function
are the same as in Section 4.2.1.1. The final form of the cost function becomes:
1
JN (k) = uTN ΦN uN + ΩTN uN ,
2

(6.6)

where ΦN and ΩTN denote the quadratic and linear coefficients of the control input. The
cost function is subject to the following constraints:
ξj (k) ∈ Z∗ ∀j,
pj (k) ≥ 0 ∀j,
vmin ≤ vdes,i (k) ≤ vmax ∀i,
λi = min{λi,max , pi (k)} ∀i,
vdes,i (k) = 0 if ηi = 1 ∀i.

(6.7a)
(6.7b)
(6.7c)
(6.7d)
(6.7e)

In other words, a desired velocity profile shall be predicted for every bus in the
network considering the reference trajectories xtt,i (k...k+N ), xhw,i+1 (k...k+N ) obeying
the following constraints. ξj (k) denotes passenger exchange at stop j. Its value equals
the number of buses at the stop. The number of passengers at a stop cannot be
smaller than zero. To this end, the passenger boarding rate is constrained. The desired
velocities of the buses are bounded too. The purpose of the last constraint is to force
the bus to stop to perform passenger exchange. A bus is performing passenger exchange
if it is at the stop, its velocity is zero and there are passengers at the stop. To this end
a logical variable is introduced:
ηi (k) : ∃j : (|xi (k) − xstop,j |) <  & pj (k) ≥ .

(6.8)

The above logical variable will activate together with one of the boarding states ξj (see
its definition is Eq. (2.16)). The bus will be held at the stop until all the passengers at
that stop have boarded, i.e. pj (k) is reduced to zero. In the expression above (Eq. (6.8))
pj (k) relates to the stop where the bus i is.  denote numerical tolerances.
The system is loosely coupled through the integer states: since the control input
is computed in a centralized way, the passenger numbers are calculated in relation of
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the buses of the network. If one bus takes passengers from a stop, the trajectory of
the following bus is planned accordingly (e.g. less dwell time required). The proposed
optimization problem is a standard mixed integer quadratic problem (MIQP) which
can efficiently be solved by existing solvers (e.g. Gurobi [2014]). The complexity of the
problem, however, grows exponentially with additional system states or by increasing
the prediction horizon.

6.2

Analysis

In this section the centralized control algorithm is analyzed. First, simple case studies
are constructed to test the controller in practical situations. Second, the feasibility of
the bus network control is analyzed. Third, a comparison is made with the decentralized
control in Chapter 4. Finally, the computational demand of the network controller
compared to the other model predictive approaches is studied.

6.2.1

Experimental results

In this section two simulation examples are given. First, the simulation results are
analyzed from the relationship of one bus and a bus stop, i.e. how the system states
behave when a bus enters a stop. Then, an experimental network consisting of two
circular bus lines, six buses and six stops is analyzed. In the first simulation, in Figure
6.1, a bus travels towards a stop, located at 500 m and stops. When its speed is reduced
to zero, passenger boarding can start (ξ is set to 1). When there are no passengers at
the stop, the bus can continue its route. The prediction horizon is fixed: N = 15.
Next, the system performance is analyzed through an arbitrary public transport
network (Figure 6.2) consisting of two circular bus lines (2000 m and 2500 m) long,
respectively. Three buses serve each line with four stops each. Two stops are shared.
The time headway on both lines is 200 s, therefore, the headway on the common
200 s·200 s
corridor is 200
= 100 s.
s+200 s
Figure 6.3 depicts a single bus performing three laps on Line 1. In the first lap the
tracking errors are bigger due to initialization. As time progresses, tracking performance becomes better. At 1200 m the headway reference changes, since the bus enters
the common route section and starts following a bus from Line 2. Next, every bus in
the network is analyzed in time-space diagram (Figure 6.4). The trajectories of bus
Line 1 are shifted by 500 m, so stops III and IV are situated in the same places. After
initialization, buses start to equalize their headways, they arrive to the common section
precisely, only minor speed adjustment is required after merging. Finally, Figure 6.5
shows the evolution of passenger numbers over time at one bus stop. The time when
passenger numbers are decreasing are exactly the same times, when there is a bus from
Line 1 at Stop II in Figure 6.4.
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Figure 6.1: System states upon a bus approaching a bus stop

Table 6.1: Bus stops on the experimental network
Location Location
Arrival rate
Line 1
Line 2
(pass/s)
(m)
(m)
Stop I
500
0.05
Stop II 1000
0.05
Stop III 1200
800
0.1
Stop IV 1800
1400
0.1
Stop V
1700
0.02
Stop VI
2300
0.02
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Figure 6.2: Experimental network
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Figure 6.3: Trajectory of one bus in the experimental network with its reference trajectories. The bus makes three laps. The shaded area denotes the common line section.
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Figure 6.4: Trajectory of every bus in the network. Different line styles are used to
distinguish individual buses. Trajectories of Line 1 are shifted so positions match in
the common line section.
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6.2.2

Feasibility study

6.2.2.1

Random simulations

In this analysis step, several numerical simulations are launched from random initial
conditions with the same model settings. The goal is to get quantitative information on
the maximal passenger number, which is a practically relevant performance metric of
the controlled bus network. Probabilistic measure is computed to quantify the validity
of the result. More refined simulation based analysis can be performed by using the
recent results of the scenario approach (Campi et al. [2009]).
Here, the same example network is used as in Section 6.2.1. In such a high dimensional system varying every initial condition is especially exhausting. As a simplification, one scenario is defined with identical bus initial conditions (positions, velocities)
and constant disturbances. The passenger number initial conditions are generated randomly (between 5 − 20 passengers) at each stop. The length of one simulation run
is 500 s. The method involved S = 500 simulations with randomized (uniformly distributed) initial passenger numbers. Figure 6.6 depicts the sum of passenger numbers
waiting at bus stops in the whole network. The red dotted line shows the last order statistics of the scenarios (David and Nagaraja [2004]). The probability of more
1
= 0.2%.
passengers waiting than the simulated maximum is S+1
Simulation results suggest that after the buses reach their subsequent stop the
passengers generated as the initial condition are taken and the periodicity is recovered.
Remark: as there are no constraints on the passenger numbers, feasible (but high cost)
solution will always be found regardless of the initial conditions.

Figure 6.6: Sum of accumulated passengers at every stop for every scenario

6.2.2.2

Set theory

In this section the aim is to characterize the feasibility region of the MPC algorithm and
analyze how its shape and size are changing when explicit constraints are prescribed
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for the maximal allowed passenger number. The approach is based on computing the
explicit solution of the MPC problem in Eq. (6.6).
Definition 1. The explicit MPC (EMPC) computes the optimal control action offline
as an “explicit” function of the state and reference vectors, so that online operations
reduce to a simple function evaluation. Such a function is piecewise affine in most
cases, so that the MPC controller maps into a lookup table of linear gains (Alessio and
Bemporad [2009]).
The existence of an explicit MPC controller can guarantee feasibility of the system.
Since the computation of the EMPC (especially for hybrid systems) is NP-hard (Borrelli
[2003]) and therefore the available methods (Herceg et al. [2013]) works only for systems
of moderate size. Therefore, this analysis step is performed on a simplified (3 buses, 2
stops) network model.
As the first step, the mixed integer problem is be rewritten into a Piecewise-affine
(PWA) system by separating Eq. (2.22) into different subsystems, depending on which
binary state ξi (k) is 1. Not only the state equations shall be separated but constraints
too: when a bus is performing passenger exchange, it shall be stationary at the stop,
therefore when a given affine system is active, the respective constraint shall be chosen
too.
Then, the EMPC is designed for the bus network, considering the same constraints
as the original controller. When formulating the EMPC controller the reference signals
for the buses are set to the end of the network. This way, when testing the system
in closed-loop the control input is other than zero. The goal of the set based analysis
is to check which regions of the state space yield feasible solution. If the EMPC
cannot cover a partition of the state space, that means the solution is infeasible. To
this end, a hypercube X is defined bounding the valid system states (i.e. velocities
from 0 to 13.5 m/s, bus positions from 0 to 2500 m and passenger number from 0
to 50 passengers per stop). Then, the intersection of the hypercube and the EMPC
controller is calculated. If the intersection is equal to the initial polytope, the original
MPC controller can cover the whole relevant state space. The steps of this analysis is
summarized below.
Results show that there are no infeasible solutions. As a next step, two extra
constraints are introduced to the system that may cause infeasibility: the maximum
allowed number of passengers is constrained. If the number of allowed passengers at the
stop is small, there may be bus states where buses cannot reach the stop before the stop
overflows with passengers. Figure 6.7 depicts the projection of the EMPC controller’s
polyhedron to the to the state plane of the first bus ([v1 , x1 ]). According to the figure,
there exist feasible solution from every system state combination. On the other hand,
when constraining the maximum allowed passengers strictly to 2 passengers per stop
(Figure 6.8), the resulting EMPC controller yields feasible solution on a smaller set.

86

87

6.2. Analysis

Algorithm 1: Feasibility analysis with EMPC
Define: X as a polytope of relevant states.
Compute an EMPC for Eq. (2.22).
Define: E as the feasibility domain of the EMPC.
I = X ∩ E.
if E \ I = ∅ then
there are no infeasible states.
else
There are infeasible states.
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Figure 6.7: EMPC projection to the state plane of the 1st bus with 12 passengers limit
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6.2.3

Comparison to the decentralized model

To compare the performance of the centralized network MPC to the decentralized strategy, the balanced control (control strategy c)) from Chapter 4 is used as benchmark. It
is an adequate choice, since it is already compared to other benchmark strategies and
the weighting strategy is similar: timetable and headway adherence is equally costed.
Contrarily, passenger waiting time and the interconnection of buses are incorporated
into the network model too.
The public transport line used in this experiment is the Göteborg network (Appendix A.1) with and without the 10 minute service perturbation. This network was
chosen, since it is interesting to see how a centralized controller can diminish congestion
on the public transport line.
Due to the high dimension of the network model (MB = 20 and MS = 6), the
horizon length had to be chosen N = 2 in order for the optimization to run in tolerable
time.
The results of the traffic simulation without perturbation is shown in Figure 6.9.
The realized trajectories are similar between the stops, the main difference is at the
stops. Buses with the network control arrive at stops earlier. This can be due to
the passenger wait time minimization objective. Figure 6.10 depicts the case when
the traffic is jammed for 10 minutes. According to the figure, the congestion can be
dissipated 17% faster with the centralized controller compared to the decentralized
balanced control.

Figure 6.9: Trajectories of consecutive buses with centralized and decentralized control
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Figure 6.10: Trajectories of consecutive buses with centralized and decentralized control
with service perturbation

6.2.4

Computational demand

This section compares the computational demand of the proposed public transport
velocity control algorithms proposed in Chapter 4, Chapter 5 and Chapter 6.
The computational complexity of the proposed decentralized algorithms are vital,
since they are supposed to run online, on-board the vehicles. Although on-board computation units have their own limitations in this regard, dedicated embedded hardware
can perform much faster calculations compared to Matlab simulation. The aim is
solving the problem real-time, under the discrete step time ∆t. Simulation results
suggest that (depending on the complexity of the problem) it can be selected between
0.5 − 2.5 s. Note that, the step time shall be smaller than the relaxation term τ in the
bus dynamics model. That is, to avoid instability of the dynamic system. If ∆t = τ ,
the bus reacts instantly to the desired velocity vdes , i.e. dynamics disappear. To avoid
too long horizons it is possible to adjust the step time of the controller dynamically,
based on the distance from the next stop. Due to the varying horizon length N and
weighting strategy, computational demand varies too. In addition, the complexity of
the problem, i.e. considering non-convex objectives and traffic states call for non-convex
solvers.
First, the balanced control is investigated. This control strategy employs a quadratic
cost function and linear constraints. It was proven in Section 4.2.1.2 that this problem
is convex. Therefore, quadratic solvers can efficiently solve this optimization even for
several prediction steps ahead (Figure 6.11). Assuming ∆t = 1 s, with the balanced
control strategy, the trajectory can be planned ahead for two minutes. If the two
non-smooth objectives (energy consumption and passenger wait) are introduced, the
problem turns into a mixed-integer quadratic program (MIQP). It can be efficiently
solved by existing solvers (e.g. Nocedal and Wright [2006], Gurobi [2014]). The
optimization is based on sequential quadratic programming (SQP). It is an iterative
procedure which that boils down the nonlinearity into repetitive sequence of quadratic
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approximations by QP, converging to the optimum. According to Figure 6.12, the algorithm can predict one minute ahead in real-time. Next, analyze the timetable tracking
control with the traffic light states incorporated. The chance-constraints are relaxed
into a finite number of constraints (Section 5.1), however they are not smooth either
(the bus is in either of the traffic regions). This is also a MIQP problem. The speed of
the optimization is evaluated with increasing prediction horizon length (i.e. increasing
number of equations to solve). Since the controller design is based on an NP-hard
mixed integer optimization, with increasing prediction horizon the computational demand grows exponentially (Figure 6.13).
Finally, the centralized network level control is analyzed from computational demand point of view. Although this is the most computationally demanding, it does
not have to be installed on individual vehicles but can operate in a control center. The
network model is also based on a mixed integer quadratic problem. The complexity
of the problem, however, grows not only with the prediction length but also with the
number of states (i.e. number of buses and stops in the network). The number of
integer states in the search space (for N = 1 prediction horizon) can be computed as
the sum of the following geometric sequence:
Kint =

M
B
X
c=0

!

MB
MSc .
c

(6.9)

In other words, there can be 0...MB stops occupied by any combination of MS buses.
For example, in a 6 bus, 6 bus stop system, assuming every bus MB = 6 can be
at every stop MS = 6, Eq. (6.9) gives Kint = 117649 combinations. Exploiting the
network layout (not every bus serves every stop), the number of combinations can be
reduced significantly. Figure 6.14 presents the computational demand of the network
model. Results suggest that the centralized control is only feasible for small networks.
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Figure 6.11: Optimization time - convex, balanced control

1
0.9

Optimization time (s)

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0

20

40

60

80

100

120

Horizon length (N)

Figure 6.12: Optimization time - non-convex, timetable, headway, passenger wait and
energy aware control
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Thesis 5
Methods for feasibility analysis of large-scale bus networks have been investigated. A
centralized rolling horizon algorithm was formulated and analyzed for controlling the
vehicles in a public transport network. The subsystems describing individual buses
and stops can be rewritten into a single piecewise-affine system. The performance and
feasibility of the bus network was analyzed with Monte Carlo simulation and set theory.
Instead of running control algorithms on individual buses, a centralized controller
was formulated which calculates the velocity profile for every bus in the network simultaneously. The network model is a high dimensional piecewise affine system. Compared
to the decentralized model it does not have a terminal set, as the “next bus stop” cannot be interpreted on a network level. To this end, the horizon length N was chosen
as large as computational capacity permitted.
The centralized controller was compared to the decentralized approach too. Due to
computational limitations, prediction can only made for a few steps ahead, curbing the
advantages of the look-ahead control. In terms of performance, it is on par with the
balanced control. According to simulations, buses with the centralized control arrived
at stops earlier due to the cost on passenger waiting time. In addition, when the flow
of traffic was disrupted, public transport service can be recovered 17% faster with the
centralized controller.
Analysis of such a high dimensional piecewise affine system is not well established.
In this chapter the system was analyzed with two techniques: random simulations
and set theory. The random simulations gave a probabilistic measure on the upper
bound of the total passengers waiting at stops at a network. Simulation results suggest
that passenger wait times converge to an equilibrium regardless of initial system state.
The set theory approach attempted to search infeasible control regions via creating an
EMPC controller. Results suggest that the EMPC can cover the polytope of relevant
system states, thus there exist a feasible solution for network control from every initial
state.
Related publications:
An algorithm to merge and split buses in a headway optimal way was proposed in
Varga et al. [2018a]. The bus network control model and its analysis were published
in Varga et al. [2020a].
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Chapter 7
Conclusions and future work
7.1

Conclusions

This dissertation proposed novel, model predictive velocity control methods for autonomous or highly automated urban public transport networks. The aim was creating
a flexible, modular multi-objective optimization framework that can handle different
conflicting objectives arising during the operation of public transport service. To this
end, first control oriented models of the subsystems of a public transport network were
created. For a reference tracking velocity controller the longitudinal model of a single
public transport bus with two reference trajectories (headway and timetable tracking) were formulated. A physical based energy consumption model with regenerative
braking was incorporated into the model. Then, public transport stops were modeled.
In the same vein, the model of the traffic around public transport vehicles are
created. In an urban setting the flow of traffic is mainly characterized by traffic light
cycles and uncertain vehicle numbers. To this end, the urban shockwave model, which
is an efficient traffic model for links with signalized intersections is augmented with the
randomness of vehicle arrivals. The proposed stochastic shockwave profile model can
predict queue lengths and traffic flow regions in a stochastic way.
Using the proposed public transport models a decentralized, shrinking horizon
multi-objective MPC was created. Shrinking horizon means that buses plan their
trajectory up until the next bus stop. Consequently, as its desired arrival time approaches, the horizon length shrinks. This guarantees the stability of the controller
too. Four conflicting objectives were addressed in this work: timetable and headway
reliability, energy consumption and passenger waiting times. Among the four objectives different control strategies were formulated via weighting the objectives differently.
The proposed controllers were compared to well established PI and holding controllers.
Simulation results suggest that the proposed controllers outperform the benchmark
controllers in service homogeneity, energy consumption and are on par in terms of
passenger waiting times.
The proposed velocity controller was further augmented. The detailed stochastic
shockwave profile model was incorporated into the optimization as chance-constraints.
Thus, an eco-cruise control for urban public transport buses was obtained. The algorithm is capable of making buses avoid being stuck in queues at signalized intersections
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with a preset probability, defined with the help of the sampling and discarding technique. The eco-cruise control further improves energy efficiency of public transport.
Finally, the control oriented models can be combined into a single, loosely coupled piecewise affine public transport network model. By building on this, a centralized MPC was created. The centralized MPC performs similarly to the decentralized
strategies, however with a much higher computational cost.

7.2

Future work

There are multiple research directions that seem interesting for future research. The
proposed stochastic shockwave profile can be extended to a whole network with signalized intersections. Considering joint probabilities emerging from the interconnection
of traffic links can lead to more accurate queue length descriptions. Some limitations,
such as queue spillover or gridlock shall also be further studied. In addition, benchmarking the SSPM network model against other traffic models (e.g. store-and-forward)
is a logical next step.
The analysis of the centralized public transport network control is difficult to analyze due to its high dimension and non-convex nature. Analysis of such a high dimensional piecewise affine system is not well established. Reformulating the model in such
a way it is better suited for analysis could lead to new conclusions on the stability of
public transport networks.
The thesis has some assumptions regarding the behavior of passengers (i.e. always
boarding the first bus). In addition, the occupancy of buses, the total travel time
of passengers, and ride comfort are not considered in the optimization. The further
assumptions could be further relaxed in the modeling step.

7.3

Implementation related questions

Implementation and evaluation of the proposed velocity control algorithms is also an
interesting topic. The limitations are more related to technical and organizational
difficulties rather than algorithmic. The computational demand of the algorithm can
be tuned by adjusting the sampling interval of the MPC controller. In addition, the
control is formulated in a modular way; unnecessary objectives can be removed, or
even new ones can be added.
From practical engineering and operational perspectives, implementing a speed advisory system on buses is much cheaper and easier (an extra on-board unit) than
modifying traffic controllers. Traffic controllers are often rigid, protected from any
manipulation by its manufacturer, and also have to comply with strict regulations. On
the other hand, the on-board unit of buses is often closed, and proprietary algorithms
cannot be run. The reliability of bus-to-bus communication is also a question to be
further investigated. The decentralized control is more flexible and better scalable.
Service providers are often against centralization too. Merging smart traffic responsive
signal control with the speed control can be problematic on an organizational level.
Signalization is looked after by traffic managers while a different operator runs pub-
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lic transport. They need to work together with both operators to consolidate speed
control and adaptive signals.
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Appendix A
Example networks
Road traffic simulation is commonly used in practice to assist design and validation
of newly developed control strategies. The control algorithms are tested with the help
of a high fidelity microscopic traffic simulator VISSIM too (PTV [2011]). VISSIM
is based on the so-called psycho-physical driver behavior model (Wiedemann [1974]).
In this appendix, two realistic networks are introduced. For the analysis of service
recovery in case of a major disruption, the route of Gothenburg’s trunk bus line 16
between Lindholmen and Brunnsparken is modeled. For energy efficiency analysis and
testing the eco-cruise control, a section of Budapest’s bus line 7 is modeled. Controlled
vehicles are driven by the proposed trajectory planning algorithms (via external programming (Tettamanti and Varga [2012])) while the dynamics of external traffic and
signal program are determined by the simulator.

A.1

Gothenburg network

The route of Gothenburg’s trunk bus line 16 between Lindholmen and Brunnsparken
is modeled, see Figure A.1. The route is 4.3 kilometers long and includes six public
transport stops. Between Lindholmen and Pumpgatan the line travels on a dedicated
lane, then enters mixed traffic towards Frihamnsporten. On Götaälvbron it shares
tracks with other public transport lines crossing the bridge (e.g. tram lines 5 and 6).
Nordstan and Brunsparken stops are also shared with other lines. Buses have priority
at signalized intersections, shown in Figure A.1. The legal speed limit is 50 km/h on the
whole route. The time headway of the buses is 3 minutes. The passenger boarding and
alighting volumes during peak hours at each stop is shown in Table A.1. Furthermore,
Table A.1 summarizes the total number of on-board passengers (in passenger per hour
- not for individual vehicles) is summarized after each stop. In addition, the departure
times from each stop is presented starting from Lindholmen stop at 0 seconds (repeating
every 3 minutes).
The proposed vehicle to transport passengers on this route is a 18.75 meters long,
articulated bus. The passenger capacity is approximately 4 passengers per squaremeter resulting in 135 persons passenger capacity. The ratio of standees and sitting
passengers is not addressed.
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During the simulations two types of disturbances are distinguished. (1) Minor disturbances coming from traffic lights, other vehicles and dwell time fluctuation. (2) In
order to investigate the control system under major disturbance, traffic flow is perturbed, vehicles are stopped in the middle of Göta älvbron for ten minutes (i.e. opening the bridge). The simulator is capable of generating random boarding and alighting
times, serving as an additional disturbance to the system.

A.2

Budapest network

A busy arterial in Budapest’s XI th district serves as the basis of the analysis (Figure
A.2). A 3 km long section of trunk bus line 7 is modeled, including 7 stops. In this
area there is no dedicated lane, the bus travels in a mixed traffic environment along
the route but there are two lanes so it can be overtaken. It is assumed that buses
have priority at signalized intersections and the legal speed limit is 50 km/h. The time
headway of the buses is 3 min. Table A.2 presents the hourly passenger demand at
each stop and the scheduled departure times. Traffic signal program is modeled in
detail between the two last stops (Figure A.3). There are three traffic lights between
the stops with fixed-time signal program. The signal timings and traffic flow rates
upstream each traffic light is summarized in Table A.3 The modeled buses have the
same properties as in Section A.1.
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Figure A.1: Modeled route section: Gothenburg, Line 16. Dots mark stops and
semaphore pictograms indicate traffic lights. The route in darker shade of blue represents mixed traffic (i.e. lack of dedicated bus lane). (GPS coordinates: 57.711 N,
11.944 E; source: Google maps)

Table A.1: Number of boarding and alighting
gers/hour), scheduled departure time (seconds)
Boarding Alighting
Lindholmen
1500
0
Regnbågsgatan 600
75
Pumpgatan
400
200
Frihamnsporten 200
25
Nordstan
400
600
Brunnsparken
1500
1300

passengers at each stop (passenOn-board
1500
2025
2225
2400
2200
2400

Schedule (s)
0
80
160
330
540
720

A.2. Budapest network
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Figure A.2: Modeled real-world section (GPS coordinates: 47.465 N, 19.034 E; source:
OpenStreetMap)

Figure A.3: Detailed route section of Figure A.2 with traffic lights; source: OpenStreetMap)
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Table A.2: Bus arrival times (with entry to the network
passenger demand at each stop (passengers/hour)
Stop ID
Location (m) Scheduled
arrival (s)
Bornemissza tér
174
25
Puskás Tivadar utca 402
75
Bikás park M
829
160
Tétényi út 30.
1065
200
Szent Imre Kórház
1265
240
Karolina út
1887
325
Kosztolányi Dezső tér 2474
415

being 0, in seconds) and
Boarding volume
(pass / h)
50
50
300
50
50
300
100

Table A.3: Signal program and mean traffic flow upstream each traffic light.
Light Location Cycle
Green
Switch
Mean arrival
ID
(m)
time (s) time (s) time (s) rate (veh/h)
#1
2163
60
40
40
1000
#2
2313
60
20
45
900
#3
2407
60
40
10
1000

Appendix B
Benchmark control strategies
The proposed control algorithms are compared to each other and to control strategies
found in the literature. Two commonly used bus bunching remedies are selected for
comparative analysis: bus holding and PI velocity control.
Holding: Buses have no velocity control but they are held at stops until their scheduled departure time. The holding strategy is greedy, as vehicles try to get to the next
stop as fast as possible (Wu et al. [2017]).
PI control: The PI (Proportional-Integral) controller uses the two reference trajectories proposed in Section 2.2 but does not predict the desired trajectory as the MPC,
only considers the actual timetable and headway tracking errors z1 (k) and z2 (k) respectively. The control input for the PI controller is calculated as follows:
vdes,P I (k) = Pdes · z1 (k) + Ides ·

k
X

z1 (k) + Pref · z2 (k) + Iref ·

k
X

z2 (k),

(B.1)

0

0

with Pdes = 0.025, Ides = 0.001, Pref = 0.025, Iref = 0.001 being tuning parameters
for the PI controller with a balanced strategy. The controller was tuned using the
Ziegler-Nichols method and also augmented with anti-windup due to the limitation of
vdes (Skogestad and Postlethwaite [2005]). The control algorithm resembles the one
proposed in Sirmatel and Geroliminis [2018].
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