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1 Preliminaries and objectives
System identification as a research field continues to evolve in many directions. The focus has
moved from identification of the now classical SISO linear models and it is shared now between
different model structures and identification scenarios. Linear and non-linear models in block
structures or even large networks are considered. The same topics are also approached from
an experiment design perspective. Among many directions the field has taken one is concerned
with identification problems where the measurement time is relatively short, meaning that the
amount of collected data is barely enough to facilitate meaningful estimation. The uncertainty
analysis of the estimates in such a scenario requires different tools than what can be used when
practically an infinite amount of data is available. Distribution free methods form a substantial
part of the applicable toolkit, their importance was also emphasized in a keynote of the 16th
IFAC Symposium on System Identification [CCGW12]. The philosophy of the distribution free
theory captured my attention, this contributed a great deal when selecting the topic.

The objective of my research was to understand the already available tools and push the
boundaries of existing methods where possible. This thesis contains the results of this endeavor.

2 New scientific results
The results are organized into three theses. These approach the system identification problem
from different perspectives where the common denominator is the lack of some information that
is assumed available in the mainstream system identification literature.

It is usually assumed that the distribution of the noise that contaminates our measurements
is known, this enables us to calculate uncertainty certificates for the parameter estimates. These
uncertainty quantifications may also rely on asymptotic theory. The first thesis describes a
randomized uncertainty quantification method inspired by [CCW12a] and related works. I
describe a family of hypothesis testing methods called data perturbation methods (DP methods)
and the requirements for the estimation problem that need to be fulfilled so that these methods
can be applied. I characterized a family of noise distributions for which connected and bounded
confidence regions can be obtained under certain excitation conditions for linear regression
problems. I also described data perturbation methods for identification of linear dynamical
systems.

In many situations the identification problem can be cast as an optimization problem
with multiple local minima. The second thesis is concerned with finding global minima of
such optimization problems. I investigate possible reformulations of the linear dynamical
system identification problem into a convex optimization problem using the so called Lasserre
hierarchy. I give explicit formulae for the growth of the semidefinite programming problem size
in different parametrizations of the identification problem. I conclude that the computational
complexity of these methods restrict their usability to relatively short data records.

The third thesis considers identification problems with (partially) random excitation. I
investigate the influence of random input on the uncertainty of the estimates. More precisely,
how this effect vanishes as the measurement time increases. Based on this analysis, I formulate
rules for the measurement length in order to ensure that, with high probability, the estimates
will have good uncertainty properties.

The rest of this section lists all three theses in order, citing my publications corresponding
to the topic, followed by the general overview of the work, and summary of the results.
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THESIS I:
Data perturbation methods for identification
The following publications are related to this thesis: [1], [2], [5], [4].

Distribution free statistical methods have been studied in the statistics literature mainly
in the first part of the twentieth century. These methods made it to the system identification
community through the works [CW05, CCW12a] and references therein.

The simplest parametric statistical example may be when a hypothesis about the mean of a
sample is tested when the sample is drawn from a Gaussian population with known variance.
When the u-test is constructed, we rely on the assumption that the population is Gaussian (the
distribution assumption). Given the samples, the u-test delivers a deterministic answer whether
to reject the null hypothesis or not.

The aim of distribution free methods is to facilitate hypothesis tests without exact knowledge
about the distribution of the measurements. The SPS method introduced in [CCW12a] is an
example to this with two main characteristics. On one hand it is a distribution free method, on
the other hand the delivered result is not deterministic, but it is random.

Motivated by the results in [CCW12a] I described a more general family of hypothesis
tests that has the same properties as the SPS method, called data perturbation methods, and I
investigated its properties for linear regression problems and parameter estimation problems for
linear dynamical systems.

Subthesis I.1: Data perturbation methods

I described a family of hypothesis testing methods that can deliver decisions on an exact,
user chosen level, without relying on full distribution assumptions on the contaminating noise,
although partial assumptions on the distribution are used. The decisions delivered by methods
from this family are random even with respect to the fixed sample. This family includes the SPS
method.

In order to be able to use data perturbation methods on a given data set a number of
assumptions and conditions need to be satisfied.

Assumption 1 (Model structure assumption) We assume that the measurements come from a
fixed model structure described in the following form

Y = f(θ0, X,E)

X contains known data, not contaminated by noise, E contains the randomness contaminating
the measurements, Y contains the observables, f : Θ× X × E → Y is a known mapping from
the model parameters, inputs and noises to the observables.

Assumption 1 means that we know perfectly how noise contaminates our measurements. I
describe a family of methods with the goal to create a hypothesis test for the null hypothesis
H0 : θ0 = θ and alternative hypothesis H1 : θ0 6= θ.

Assumption 2 (Invertibility with respect to noise) A model f : Θ×X ×E → Y is invertible
with respect to noise if there exists a mapping f ∗ : Θ×X × Y → E such that

∀ θ ∈ Θ, ∀ X ∈ X , ∀ Y ∈ Y : (∃!E ∈ E : Y = f(θ, X,E))⇒ E = f ∗(θ, X, Y )
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This invertibility assumption together with the model structure assumption means that for every
set of data D = (Y,X) we can explicitly and uniquely calculate the contaminating noise E for
every possible model parameter θ, if the data can be generated with that model.

Assumption 3 (Transformation invariance) Let P : E → [0, 1] be the joint distribution of
a random vector. Let G be a set of transformations such that together with their natural
composition operation of these transformation (G, ·) forms a compact group. The distribution
is invariant with respect to G if ∀ E ⊂ E , ∀g ∈ G F (E) = F (gE).

The immediate consequence of the invariance assumption is that the Haar measure over G
is finite, so uniform distribution can be defined over G.

Definition 1 (Well defined decreasing ordering with respect to a permutation) The well de-
fined decreasing ordering of values Z1, . . . , Zm with respect to a permutation π of values
{1, . . . ,m} is another permutation O of values {1, . . . ,m} defined such that i precedes j in
O if 1. Zi > Zj or if 2. Zi = Zj and i precedes j in π.

The well defined decreasing ordering of real values is the usual ordering if there are no
equal values to be ordered. If there are ties, then these ties are uniquely solved by the given
permutation π.

Definition 2 (Performance measure) A function can be considered as a performance measure
if Z : Θ×X × Y → R.

Let D = (Y,X) be the dataset available for parameter estimation with an assumed model
structure f that is invertible with respect to the noise. Moreover letG be a set of transformations
such that the noise distribution is invariant with respect to G. LetA be an arbitrary subset of all
permutations of values {1, . . . ,m} and let α(A) = |A|

m!
. Let θ be the model under test. Let Z be

an arbitrary performance measure.

Theorem 1 Let the dataset D = (Y,X) be generated by a model that satisfies Assumptions 1
and 2 with underlying model parameter θ0. Moreover the joint distribution of the contaminating
noise is transformation invariant with respect to a group of transformations G. Let A be an
arbitrary subset of all permutations of values {1, . . . ,m}.

Under these conditions

P(TESTMODEL(θ0, X, Y,A) = Accept) = α(A) =
|A|
m!

where TESTMODEL is defined in Algorithm 1.

The SPS method is a data perturbation method where the joint distribution of the noise is
assumed to be symmetric and the group of transformations consists of elementwise sign changes
acting on vectors. The performance measure is defined using the norm of the gradient of the
squared prediction error cost function.
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Algorithm 1 The data perturbation method
1: procedure TESTMODEL(θ, X, Y,A)
2: if f ∗(θ, X, Y ) is not defined then
3: Reject θ .
4: else
5: Calculate E(θ) = f ∗(θ, X, Y ).
6: Select g2, . . . , gm random elements uniformly from G.
7: Create m perturbed datasets

D(1) = (Y,X) D(i) = (f(θ, X, giE(θ)), X) ∀i = 2, . . . ,m

8: Define the values Zi as the performance of the model θ on the different datasets

Zi = Z(θ, X, Y (i)) ∀i = 1, . . . ,m Y (i) = f(θ, X, giE(θ))

9: Select a random permutation π uniformly from all permutations of {1, . . . ,m}.
10: Calculate the well defined ordering O of the values Z1, . . . , Zm with respect to π.
11: if O ∈ A then
12: Accept θ.
13: else
14: Reject θ.
15: end if
16: end if
17: end procedure

Subthesis I.2: Data perturbation methods for linear regression problem

I studied data perturbation methods corresponding to the linear regression model structure.
I have characterised a large class of distributions that facilitate creation of data perturbation
methods that result in connected confidence regions with the appropriate performance measure.
I have given sufficient conditions for the regressors that will ensure that the confidence regions
are bounded.

Linear regression problems have the model structure

Y = f(θ0, X,E) = XTθ0 + E, Y,E ∈ RN , X ∈ Rnθ×N , θ0 ∈ Rnθ

This model structure is clearly invertible with respect to noise

E = f ∗(θ, X, Y ) = Y −XTθ

Definition 3 (Unitary group) The unitary group of order n, denoted by U(n), is the group of
n× n unitary matrices with the regular matrix multiplication.

Theorem 2 If the joint distribution F of the noise vector E is invariant under a subgroup G of
U(n) then data perturbation methods can be constructed for the parameter vector θ0 that will
result in connected confidence regions.

The performance measure corresponding to these tests is

Z(θ, X, Y ) =
(
[XXT ]−1XTY − θ

)T
[XXT ]

(
[XXT ]−1XTY − θ

)
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The accepted set of orderings A is selected such that permutations are included in A in
increasing order with respect to the position of 1 in them until α(A) reaches the desired level.

The SPS method is defined with two different performance measures in [CCW12a]. One
of these corresponds to the performance measure given in Theorem 2. I have given sufficient
conditions on the regressors for both measures given in [CCW12a] that ensure boundedness of
the confidence regions. I have shown that the other performance measure reported in [CCW12a]
is not general in the sense that it results in bounded confidence regions only for a very restricted
family of inputs.

Subthesis I.3: Data perturbation methods for linear dynamical systems

I defined data perturbation (DP) methods corresponding to linear dynamical time invariant
systems parameter estimation. I suggested appropriate performance measures that can be seen
as natural extensions of the performance measures used in the linear regression case. I have
shown that the resulting DP methods, due to the non-linear dependence on the parameters,
result in non-connected confidence regions. I examined the properties of the “central”
component of the confidence region and suggested to use it as a good lower approximate
confidence set.

The model structure is assumed to be of the following form

A(z)y[k] =
B(z)

F(z)
u[k] +

C(z)

D(z)
e[k]

where A, B, C, D and F are finite order polynomials of the shift operator z−1 with orders nA,
nB, nC , nD and nF respectively. The measured part X of the dataset D contains the u[k] inputs
of the plant model G(z) = B(z)

A(z)F(z) , the observables Y are the measured output values y[k] and
the non-measured contaminating noise E is represented by the input e[k] of the noise model
H(z) = C(z)

A(z)D(z) .

Statement 1 (Initial conditions and invertibility) In order for this model to fulfil the invert-
ibility Assumption 2, the initial conditions for both the plant model G and noise model H need
to be available.

The meaning of Statement 1 is that the initial conditions are needed to be known, or the
parameter vector θ needs to contain those initial conditions that are not assumed in order to be
able to construct DP methods for such models. This results in a parameter vector θ that contains
the coefficients of the polynomials A, B, C, D and F augmented with initial conditions that are
not assumed.

Once the parameter vector θ and our assumptions facilitate the creation of DP methods
(Assumptions 2 and 3 are fulfilled) the only thing left to do is to provide suitable performance
measures for the given model structure. I propose a more natural extension of the performance
measure from the linear regression case than what is given in [CCW12b].

The performance measure in the linear regression case was

Z(θ, X, Y ) =
(
[XXT ]−1XTY − θ

)T
[XXT ]

(
[XXT ]−1XTY − θ

)
which can be interpreted in three different ways. One being the weighted norm of the gradient
of the cost function, as used in [CCW12a], the second interpretation being the weighted norm
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of the difference between the least-squares estimate and θ. The third possible interpretation is
the norm of the difference between the predictions given by the estimated and the tested model

Z(θ, X, Y ) =
(
XT [XXT ]−1XTY −XTθ

)T (
XT [XXT ]−1XTY −XTθ

)
I extended this third interpretation of the linear regression performance measure to

parameter estimation of the plant model. Let D denote a perturbed dataset and θ̂ denote a
parameter estimate corresponding to this dataset (it can be obtained by any means). Let Ŷθ̂
denote the simulated output of the plant model from θ̂ for the input in D and similarly let Ŷθ be
the output of the plant model from θ on the same input.

In the linear regression case, when the least squares estimate is used as θ̂ = [XXT ]−1XTY ,
the performance measure can be written as

Z(θ, X, Y ) =
∥∥∥Ŷ[XXT ]−1XTY − Ŷθ

∥∥∥2
Statement 2 (Performance measure for system models) Let the data set be composed of the
input values u[k] and observations y[k]. Let θ̂ denote an estimate of the parameter vector
corresponding to this data. Using the performance measure

Z(θ, U, Y ) =
∥∥∥Ŷθ̂ − Ŷθ∥∥∥2

in the 6th step of a data perturbation method results in confidence regions that contain θ̂. The
connected component of the confidence region containing θ̂ is a good approximate confidence
region for the plant model in the output error framework.

The performance measure defined above results in non connected confidence regions. This
is true for all performance measures that come to mind, also for [CCW12b], and the root cause
for this is that the problem is not linear in the parameters.

Statement 2 defines a performance measure in case of output error models. This
performance measure depends only on the plant model (as the noise model is assumed to be
known H(z) = 1). I specified a performance measure for linear dynamical systems with more
general noise models H(z).

The performance measure suggested in the previous paragraph is the most natural choice
but other meaningful choices are also presented in the thesis. These behave similarly in many
respects. The resulting confidence regions are disconnected and are similar as long as the
performance measure is sensible.

As given in the previous statements, I suggest the connected component around θ̂ as a
good lower approximate confidence region. I backed up this suggestion with different heuristic
arguments showing that the other components of a confidence region that do not contain θ̂
contribute a negligible part of the confidence.

7



THESIS II:
Globally optimal estimation of polynomial models
The following publications are related to this thesis: [6], [7], [8], [9], [10], [11], [12].

In many cases the identification problem corresponds to an optimization problem with more
than one local extrema. Obtaining the globally optimal model is the goal in these situations.
Although good enough local solutions are obtained in most cases but it is beneficiary to have
theoretically certified global solutions if possible.

As described in the previous thesis, performance measures corresponding to DP methods
for linear dynamical systems parameter estimation, require finding the point estimates θ̂
corresponding to the perturbed data sets. This can be carried out using different techniques (such
as prediction error minimizing, subspace or instrumental variable methods) and the approximate
confidence regions around θ̂ are constructed in a way that the estimate belonging to the primary
data set will always be contained in the resulting set. This makes it important to obtain the
estimates in a reliable way. For example, in case of prediction error minimization, if the
optimization stops at a local minimum and the confidence set is constructed around that value,
then the confidence of the method will be compromised.

For the reasons mentioned above I investigated ways to get global solutions to the iden-
tification problem of polynomial system models using the Lasserre hierarchy of semidefinite
programming (SDP) relaxations [Las01].

This method can be used to solve general polynomial optimization problems with poly-
nomial constraints. I investigated the properties of this approach with respect to the special
properties of the optimization problems arising from identification of polynomial models. It
is known that the general approach is computationally intractable for high order problems or
problems in many variables, so different solutions were proposed to profit from the problem
structure in order to decrease the size of the resulting SDPs. I have shown that the optimization
problem connected to system identification is sparse according to the definition of correlative
sparsity. Based on this sparsity property, the resulting SDPs become numerically more tractable
[WKKM06].

In general, the sparsity based problem reduction comes at the cost of loosing convergence to
the global solution. However, sufficient and necessary conditions are known for the correlative
sparsity based reduction to preserve convergence to the solution of the original problem [Las06].
I have shown that these conditions are met in case of the identification problem.

The combined result is that a hierarchy of SDPs can be defined to approximate the global
solution of the identification problem. The size of these SDPs can be reduced due the correlative
sparsity structure of the problem in a way that the solution will still approximate the global
solution of the original optimization problem. For every relaxation level, the size of the
corresponding SDPs will grow only linearly with the sample count N .

The actual size of the solved SDP may vary with the used software package as these
packages apply special tricks to enhance their precision or computational performance, but
this difference is not significant.

Subthesis II.1: Optimization without sparsity

There are two basic parametrizations of the identification problem of polynomial models. First,
when only the parameters of the model are used as unknowns. In this case the identification
is a high order unconstrained optimization problem. Second, when auxiliary variables are
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introduced for the driving noise of the noise model resulting in a quadratic cost function with
equality constraints. I gave explicit formulae to determine the size of the resulting SDPs in
terms of the model complexity, sample count and relaxation number.

The model structure is assumed to be of the following form

A(z)y[k] =
B(z)

F(z)
u[k] +

X B
F

(z)

F(z)
δ[0] +

C(z)

D(z)
e[k] +

X C
D

(z)

D(z)
δ[0] + X 1

A
(z)δ[0] k ≥ 1

where A, B, C, D and F are finite order polynomials of the shift operator z−1 with orders nA,
nB, nC , nD and nF respectively. The polynomials X· are polynomials representing the initial
conditions of the system. The polynomials with the exception of B(z) and the initial conditions
are monic. u[k] are the input samples of the plant model G(z) = B(z)

A(z)F(z) , y[k] are the measured
output values and the non-measured contaminating noise e[k] is the input of the noise model
H(z) = C(z)

A(z)D(z) and δ[k] is the unit impulse at time k.

Definition 4 (State-space models of rational transfer functions) For a rational transfer func-
tion given as

P (z) =
B(z)

A(z)
= d̃+

∑n
k=1 b̃kz

−k

1 +
∑n

k=1 akz
−k

a state space description can be given as

A =


−a1 1 0 · · ·

... 0
. . . 0

...
... 0 1

−an 0 · · · 0

 B =

 b̃1
...
b̃n

 C =


1
0
...
0


T

D = d̃

and the system output Y ∈ RN corresponding to the input U ∈ RN can be calculated as

Y = Γ B
A
x B
A

[0] +H B
A
U

where x B
A

[0] ∈ Rn is the initial condition of the system, Γ B
A
∈ RN×n is the extended

observability matrix of the system

Γ B
A

=
[
CT (CA)T (CA2)T . . . (CAN−1)T

]T
andH B

A
is the lower triangular Toeplitz matrix with first column

H B
A

(:, 1) =
[
D CB CAB · · · CAN−2B

]T
By defining the column vectors U , Y and E to be constructed from the input, output and noise
values, the model can be described as

Y = Γ 1
A
x 1
A

[0] +H 1
A

(
Γ B
F
x B
F

[0] +H B
F
U + Γ C

D
x C
D

[0] +H C
D
E
)

The prediction errors corresponding to a given parameter vector θ can be calculated as

E(θ) = HD
C

(
HA

1

(
Y − Γ 1

A
x 1
A

[0]
)
− Γ B

F
x B
F

[0]−H B
F
U − Γ C

D
x C
D

[0]
)
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The unconstrained optimization problem corresponding to the least squares prediction error
estimation problem is given as

Vd(θ) =
1

2N
E(θ)TE(θ)

where the parameter vector θ contains the parameters of the state-space description of the
systems involved and their initial condition if they are not assumed to be known.

One important measure of complexity for the identification problem is the degree of
polynomials involved in expressing the prediction errors. Let the indicator variables 1· be
defined as

1P =

{
1, the variable P contains unknowns
0, otherwise

and let the degree deg (·) of a matrix M with polynomial entries be defined as the maximum of
the degree of its elements.

deg (M) = max
i,j
{deg (M(i, j))}

The degrees of different terms appearing in the expression of the prediction error can be
calculated as

deg
(
HA
A

)
= 1B + 1A(N − 2) deg

(
ΓA
A

)
= 1A(N − 1)

In general the SDP based solution in the m-th order relaxation involves at least an LMI of
size

(
nθ+2m

2m

)
, where m needs to be greater than deg Vd

2
= deg

(
Ê
)

.

Statement 3 (Unconstrained general SDP sizes) The degree of the least squares cost function
deg (Vd) can be calculated as

1

2
deg (Vd(θ)) = 1C + (N − 2)1D + max

{
1A + 1X 1

A
(1 + (N − 1)1A)

1X B
F

(1 + (N − 1)1F) ,

1B + (N − 2)1F ,

1X C
D

(1 + (N − 1)1D)
}

Depending on the model structure, the size of the SDP corresponding to the m order relaxation
of the optimization problem

θ̂ = arg minVd(θ)

‖θ‖2 ≤ R2

can be calculated based on the number of unknowns and the degree of the polynomial cost
function. There are two, full sized LMI constraints in the SDP formulation. Based on model
structure complexity there are three different classes of problem difficulty.

1. Model complexity related difficulty class: it is characterized by nf = nd = 0 and no
initial condition variables. The minimal relaxation order is mmin = 1. The model
complexity is nθ = nA + nB + nC . The combinatorial factor of the SDP size growth
depends only on nθ.
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2. Model complexity and sample count related difficulty class: Contains problems where the
minimal relaxation order depends on 1N . This class covers models with D = 1. The
minimal relaxation order increases with the sample count N .

3. Model complexity and double sample count related difficulty class: Contains problems
where the minimal relaxation order depends on 2N . Parameter combinations not fitting
into the previous two categories belong here. The minimal relaxation order increases with
the double of the sample count 2N .

I note that for the first class of problems, where the minimal relaxation order is not dependent
on the sample count, the first approximation yields the global optimum.

For the other cases higher order relaxations are needed. As the relaxation order depends on
the sample count N , the size of the corresponding SDPs will depend on it exponentially.

The other approach considers the problem with auxiliary variables corresponding to the
noise samples ε[k] and writing the cost function as

Va(θ, ε) =
1

2N
εTε

where the parameter vector contains both the system parameters θ and the noise samples ε[k]
as well. Optimization of the cost function needs to be carried out under the equality constraint

A(z)F(z)D(z)y[k] = F (z)D(z)XA(z)δ[0]+

+D(z) (XF(z)δ[0] + B(z)u[k]) + F(z) (XD(z)δ[0] + C(z)ε[k]) ∀k ∈ [N ]

defined for every sample.
This results in an optimization problem with quadratic cost function, polynomial constraints,

and variables whose number is linearly increasing with the sample count N , similarly to the
number of constraints.

Statement 4 (Constrained general SDP sizes) Depending on the model structure, the size of
the SDP corresponding to the m order relaxation of the optimization problem

θ̂ = argminVa(θ, ε) =
1

2N

N∑
k=1

ε2[k]

A(z)F(z)D(z)y[k] = F(z)D(z)XA(z)δ[0]+ (1)
+D(z) (XF(z)δ[0] + B(z)u[k]) + F(z) (XD(z)δ[0] + C(z)ε[k]) ∀k ∈ [N ]

‖θ‖2 + ‖ε‖2 ≤R2

can be calculated based on the degree of the equality constraints (both polynomial coefficients,
initial condition and error variables should be counted). There are 2N + 2, full sized LMI
constraints in the formulated SDPs.

Based on model structure complexity there are three different classes of problem difficulty.

1. Linear constraints: The minimal relaxation order mmin = 1.

2. Quadratic constraints: The minimal relaxation order mmin = 2.

3. Cubic constraints: The minimal relaxation order mmin = 3.
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In every case the number of variables in the optimization problem is nθ + N . This results in
SDP sizes exponentially growing both in the sample count N and the relaxation order m.

Apart from the simplest problem (that are in the form of linear regression) both approaches
rely on solving SDPs with sizes that exponentially depend on the sample count N . This limits
the applicability of these SDP relaxations to very simple systems and extremely short data
records. It depends on the model structure which approach can be started with smaller SDPs.

Subthesis II.2: Optimization with sparsity

I have examined the correlative sparsity structure of the identification optimization problem
with equality constraints. I have shown that the CSP graph corresponding to the problem can
be extended to a chordal graph and I determined the maximal cliques of this graph. Based on
this, I gave formulae to calculate the size of SDPs corresponding to the sparse relaxations. The
main conclusion is that due to the structure of the optimization problem the size growth for a
given relaxation order can be reduced to linear in the sample count.

The correlative sparsity pattern graph (CSP graph) of an optimization problem is defined as
follows. Each variable in the optimization corresponds to a node in the graph. Two nodes are
connected if they appear together in a monomial of the cost function or they appear together in
a constraint [WKKM06].

Statement 5 (Sparsity of the unconstrained optimization problem) If the sample count is
greater than the number of identifiable parameters, then the CSP graph of the unconstrained
optimization problem is fully connected, thus there is no sparsity in the problem.

Since the unconstrained optimization problem used the minimal number of decision
variables, it was not expected that there is any sparsity left in the problem. However, with
the introduction of the prediction error variables this changes drastically. The CSP graph of the
identification optimization problem with equality constraints is given in Figure 1.

A,B, C

ε[1] ε[nc+ nf ]ε[nc+ nf + 1]ε[2] ε[N ]. . . . . .

D,F
XA,XF ,XD

Figure 1: Chordal extension of the CSP graph of the equality constrained identification POP

Statement 6 (Chordal extension of CSP graph) The CSP graph corresponding to the opti-
mization problem with equality constraints has a small chordal extension. Its maximal cliques
consist of the model parameters, initial conditions and as many noise variables as the system
lag. The number of cliques is proportional to the sample count N and their size is proportional
to the model complexity.
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Considerable computational efficiency is gained due to the fact that in the chordal extension
of the CSP graph the maximal clique size is much smaller than the total number of variables.
From the chordal structure of the graph it also follows that its maximal cliques satisfy the so
called running intersection property. As proven in [Las06] the sparse SDP relaxations will
converge to the global solution if the maximal cliques in the CSP graph satisfy the running
intersection property and there is a known upper bound on the norm of the optimal solution.

Statement 7 (Constrained sparse SDP sizes) Depending on the model structure, the size of
the SDP corresponding to the m order relaxation of the optimization problem

θ̂ = argminVa(θ, ε) =
1

2N

N∑
k=1

ε2[k]

A(z)F(z)D(z)y[k] = F(z)D(z)XA(z)δ[0]+

+D(z) (XF(z)δ[0] + B(z)u[k]) + F(z) (XD(z)δ[0] + C(z)ε[k]) ∀k ∈ [N ]

‖θC‖2 + ‖εIk‖2 ≤ Rk k ∈ [p]

can be calculated based on the degree of the equality constraints (both polynomial coefficients,
initial condition and error variables should be counted). There are 2N + 2p, reduced size
sized LMI constraints in the formulated SDPs, where the size of each LMI is

(|I|+m
m

)
, where

p = N − nC − nF + 1 and |I| is the maximal clique size of the chordal extension of the CSP
graph.

Based on model structure complexity there are three different classes of problem difficulty,
this classification is the same as in Statement 4.

Theorem 3 (Convergent sparse relaxations) The polynomial optimization problem in State-
ment 7 can be solved using the sparse SDP relaxation defined in [Las06]. The size of the SDPs
needed to be solved will grow combinatorially with the model complexity and the relaxation
order but it will grow only linearly in the sample count.

It is always better to use the formulation with the equality constraints. This results in LMI
constraints involving only a portion of the SDP variables, allowing higher relaxation orders.

Based on the current understanding of polynomial optimization problems and the formu-
lation of the Lasserre hierarchies, further reduction is not likely to be possible. With the
currently available computational power the class of tractable problems is limited to model
complexity of up to around ten model parameters to be estimated and thirty-fifty samples, using
the second relaxation. Numerical results above this complexity become unreliable or cannot
even be computed. Experience shows that in situations where the PEM method is trapped in
a local minimum even the estimates obtained by early relaxations, such as the first or second
relaxations, can be used as starting points for PEM to obtain better estimate.
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THESIS III:
Effect of finite measurement length on uncertainty estimation
The following publications are related to this thesis: [3], [13].

Asymptotic confidence regions for parameter estimates are used mostly for two reasons.
They are quite reliable if enough data is available when they are constructed, and their structure
is simple. In case of linear dynamical systems parameter estimates these are ellipsoids, which
can be easily described.

The downside of such confidence regions is that their construction relies only on asymptotic
properties of the estimation problem (such as input and noise spectra). The distribution of an
unbiased estimate θ̂N based on N samples of a nominal parameter vector θ0 can be described
by the asymptotic limiting distribution

√
N(θ̂N − θ0) d→ N (0,Σ∞) Var

(
θ̂N − θ0

)
=

1

N
Σ∞

with an appropriate covariance matrix Σ∞, if the problem satisfies certain regularity conditions.
This rule can only account for the effects of the finite record length through the 1/N
multiplication, but estimating the variance this way results in underestimation.

The goals of this thesis are: i. to illustrate the shortcomings of the 1/N rule; ii. to provide
a procedure that is capable of characterizing the error in the variance estimate; iii. to suggest a
modification of the regular asymptotic estimation procedure.

I have defined the notion of finite sample variance loss that stands to characterize the
difference between the actual variance of the finite sample estimate and its asymptotic estimate
based on the 1/N rule. I provided an algorithm that can be used to approximate the variance
loss for unbiased estimates of linear dynamical system parameters and I propose a heuristic
to help decide whether the asymptotic confidence region can be trusted or not. Based on this,
the asymptotic variance estimate can be adjusted using the approximate or exact value of the
variance loss to obtain a better approximation. The overall conclusion that I draw is that the
variance loss remains significant for much higher sample counts than one might expect.

As in Thesis II, the model structure is assumed to be of the following form

A(z)y[k] =
B(z)

F(z)
u[k] +

X B
F

(z)

F(z)
δ[0] +

C(z)

D(z)
e[k] +

X C
D

(z)

D(z)
δ[0] + X 1

A
(z)δ[0] k ≥ 1

where A, B, C, D and F are finite order polynomials of the shift operator z−1 with orders nA,
nB, nC , nD and nF respectively. The polynomials X· are polynomials representing the initial
conditions of the system. The polynomials with the exception of B(z) and the initial conditions
are monic. u[k] are the input samples of the plant model G(z) = B(z)

A(z)F(z) , y[k] are the measured
output values and the non-measured contaminating noise e[k] is the input of the noise model
H(z) = C(z)

A(z)D(z) and δ[k] is the unit impulse at time k. The input u[·] and noise e[·] are assumed
to be independent.

In order to be able to compare properties of estimates obtained from increasing amounts
of data, this data should be acquired in a stationary manner, by continuous time invariant
excitation. The input signal can be a deterministic periodic signal, pseudo-random binary signal
or the realization of stationary stochastic process. Throughout this thesis the calculations are
done assuming white or filtered Gaussian noise input, but the method can be adjusted to other
input signals as well. The estimate θ̂N is obtained as the least squared prediction error estimate.
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By considering a sample third order system with output error noise model, the parameter
vector θ = [b1 b2 b3 f1 f2 f3]

T , with nominal parameter vector θ0 = [0.0880 0.0195 −0.0442 −
2.0536 1.4611 − 0.3442]T . The time constant of this system is around 5 samples. Figure 2
shows the expected variance of the estimates of these parameters after compensating the 1/N
decay (averaged over different input and noise realizations). The example illustrates some of
the major characteristics of the variance estimates: i. the asymptotic estimate underestimates
the real variance; ii. the difference between the empirical and the asymptotic values can be very
significant for small values of the sample countN ; iii. the error decays differently for numerator
and denominator coefficients.

101 102 103
0

1

2

3

4

5
·10−2

N

N
σ
2

b1
b2
b3

(a) Normalized variance of b̂1, b̂2, b̂3

101 102 103
0

5

10

15

20

N

N
σ
2

f1
f2
f3

(b) Normalized variance of f̂1, f̂2, f̂3

Figure 2: Normalized variances of parameters against sample count.

Definition 5 (Finite sample variance loss) For a scalar parameter θ, let σ2
N |U(θ̂N) denote the

variance of the parameter estimate θ̂N obtained using N samples, conditioned on the realiza-
tion of the input u. The asymptotic variance is defined as σ2

∞|U(θ̂) = limN→∞Nσ2
N |U(θ̂N). The

finite sample variance loss for N samples is defined as

αN |U(θ̂N) =
Nσ2

N |U(θ̂N)

σ2
∞|U(θ̂)

The expected finite sample variance loss for θ is defined as

ᾱN(θ̂N) = EU
(
αN |U(θ̂N)

)
In the case when multiple different realizations of the input U correspond to the same

asymptotic properties (i.e. multi-sine signal with different initial phase but common spectra,
realizations of a stationary stochastic process) the expected variance loss ᾱN captures the part
of the variance loss that is characteristic to the asymptotic properties of the input, while αN |U
depends on the chosen realization of the input U .

Being able to calculate the variance loss exactly is equivalent in difficulty to being able to
characterize the variance of the estimates exactly. This is a difficult and analytically intractable
problem in most cases, this is one of the reasons why asymptotic estimates are used for finite
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sample variance estimation. My goal is to present an approximation procedure for the variance
loss that can be used in the case when the contaminating noise E is white Gaussian and the
estimate θ̂N is unbiased. This approximation is computationally more tractable than the exact
problem and provides reasonable results.

Introducing the row vectors φ[k] ∈ R1×nθ = ∂ŷ[k]
∂θ

∣∣∣
θ=θ0

, the matrix Φ ∈ RN×nθ = (φ[k])|Nk=1

and using the assumption that the estimate θ̂N is unbiased, it is known that its covariance is
bounded by the Cramér-Rao lower bound, that is

E
(

(θ̂N − θ0)(θ̂N − θ0)T
∣∣∣U) ≥M−1

U

where
MU =

1

σ2
y

E
(

ΦTΦ
∣∣U)

Algorithm 2 is a moment matching based approximation method that can be used to evaluate
the expected variance loss ᾱN((θ̂N)i).

Algorithm 2 Approximating the expected variance loss

1: Calculate the covariance matrix Ψ = E(φT [N ]φ[N ]).
2: Let X ∈ RκN×nθ be a matrix whose rows are Gaussian random vectors with covariance Ψ.
3: Determine the degrees of freedom κN by means of moment matching between XTX and

ΦTΦ.
4: Approximate the expected finite sample variance loss as

ᾱN((θ̂N)i) ≈
1

σ2
∞((θ̂N)i)

N

κN − nθ − 1
(Ψ−1)i,i

The moment matching in the third step can be realized by finding the root of a scalar function
f(XTX,ΦTΦ). For one dimensional problems the trivial choice is the solution of the equation
E(XTX − ΦTΦ) = 0. For higher dimensional problems matching the expectation of the i-th
diagonal term is a viable choice, or matching the determinants as E(|XTX|) = E(|ΦTΦ|).

Figure 3 shows the behavior of the expected variance loss with respect to sample count for
the example system.

Multiple consequences can be drawn from the behaviour of the expected variance loss. The
distribution of the variance loss is not concentrated on a single value for small values of N , thus
it can be above or under the expected value. This shows that, when choosing input signals for
short experiments, the emphasis should shift from designing asymptotic properties of a signal
towards the design of the actual realization.

The variance loss remains significant for quite long, 100 major time constants in the
illustration example.

Before conducting an identification experiment, the length of the data record can be selected
such that either the approximate variance of the estimates or their variance losses goes bellow a
prescribed bound. This will result in longer experiments than if the same condition is fulfilled
but with the asymptotic variance.

After the data is collected and the estimation is carried out, the corresponding asymptotic
variance estimates can be adjusted to account for the small sample variance loss. The

16



101 102 103
100

100.2

100.4

N

α
N
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Figure 3: Empirical and approximate expected variance loss of parameters. The curves for
the empirical values have circle markers, while those corresponding to values obtained by the
proposed approximation are marked with squares. Lines with the same color correspond to the
same parameter.

variance loss αN |U((θ̂N)i) of each parameter θi can be approximated (based on the presented
approximation algorithm, or based on multiple simulations). Assuming that the asymptotic
covariance matrix of the estimate is Σ∞, a rescaled finite sample covariance matrix can be
obtained by transforming the eigenvectors of Σ∞ as follows. Let α ∈ Rnθ be the vector
containing the finite sample variance losses of the individual parameters

(
αN |U((θ̂N)i)

)nθ
i=1

and

let the rescaling operator r(v, α) be defined as r(v, α) : Rnθ ×Rnθ → Rnθ ; (r(v, α))i = vi
√
αi.

The finite sample covariance matrix is obtained as

ΣN = N

nθ∑
i=1

λir(vi, α)rT (vi, α)

where λi and vi are the eigenvalues and eigenvectors of Σ∞. This method provides a
multidimensional rescaling of the asymptotic covariance matrix, thus maintaining a simple
description for the uncertainty region while incorporating the finite sample variance loss.
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