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Motivations

Nowadays, the extensive demand for reliable linear models of non-linear
and/or time-varying systems requires the development of special model
structures in which the non-linear behavior is broken down into several local
models. Among all the multi-model structures available in the literature, a
particular attention has been paid to the linear parameter-varying (LPV)
models during the last two decades (see [17, Chapter 1] for a historical re-
view of LPV modeling and identification). However, there is still a lot of
open questions and challenging problems to solve concerning the modeling
and identification of LPV models.

In this thesis, novel developments are proposed for the identification of
LPV state-space representations from local experiments. A new approach
to select the working points involved in the identification is also derived.

As far as the LTI framework is concerned, a lot of techniques have
already been proposed during the past five decades aiming at estimating
black-box models mainly. Consistently estimating the unknown parameters
of a physically-structured gray-box LTI state-space representation is still the
score problem in LTI system identification because ,mainly, of non-convexity
problem. In this thesis, this challenging problem is addressed as well by re-
sorting to specific H∞-based algorithms. These tools can be considered as
the main link between the solution developed hereafter for LTI and LPV
model identification.

Notions, methods and tools

In this section, the mathematical and control theoretic definitions and meth-
ods are described, which the contributions of this thesis are based on.

Linear fractional representation [22]

The linear fractional representation (LFR), usually applied in robust con-
trol theory, is a feedback interconnection of two appropriately partitioned
complex matrices denoted hereafter by M and ∆u ∈ C

nu11×ny11 or ∆l ∈
C
nu22×ny22 (see Fig. 1),

M =

[

M11 M12

M21 M22

]

∈ C
nM×nM . (1)

If (I − M11∆u) or (I − M22∆l) is invertible, the so-called upper or lower
LFR can be computed by

Fu(M,∆u) = M22 +M21∆u(I −M11∆u)
−1M12, (2a)

Fl(M,∆l) = M11 +M12∆l(I −M22∆l)
−1M21. (2b)
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Figure 1: The linear fractional representation by using an upper and lower
linear fractional transformation (Fu(M,∆u) and Fl(M,∆l)) of two complex
matrices M and ∆u or ∆l having appropriate dimensions.

The operation denoted by Fu(•, ⋆) and Fl(•, ⋆) is the so called upper and
lower linear fractional transformation (LFT) of • and ⋆, respectively [22].

Nu-gap metric [20]

The nu-gap metric is defined in [20] as a complex topological measurement
which is, basically, a normalized H∞-norm. Originally, the nu-gap metric is
proposed for robust controller synthesis [20]. However, it can be used as well
as a non-linearity measurement. The nu-gap can be calculated as follows

νg = δ(G1(s),G2(s)) = ‖(I+G2(s)G2(s))
− 1

2 (G2 −G1)(I +G1G1)
− 1

2 ‖∞,

(3)

whereGi(s), i ∈ {1, 2}, stands for the transfer functions of LTI models while
Gi, i ∈ {1, 2}, and ‖•‖∞ stand for the complex conjugate and the H∞-norm
of •, respectively. This measure is bounded between 0 and 1. In addition,
it can be shown that, if νg is close to 0, then the two considered models
have similar dynamic behavior. Contrarily, when νg is close to 1, then the
two models behave differently. So, the nu-gap metric can be considered as
a normalized H∞-norm of the difference between two LTI models.

Non-smooth and non-convex optimization techniques [1, 2, 3, 8]

Reliable and efficient tools for non-smooth, non-convex optimization algo-
rithms [1, 2, 3, 8] (suggested initially for H∞-synthesis) are employed during
this work. These techniques aim at minimizing the following cost-function

min
x∈Rn

f(x), (4)

with
f(x) = sup

ω∈[0,∞]
λ1(F (x, ω)), (5)



where F : Rn× [0,∞] → S
m is an operator in the space of m×m symmetric

Hermitian matrices denoted by S
m and where λ1 is the maximal eigenvalue

function on S
m.

Linear parameter-varying models

When linear parameter-varying (LPV) models is considered throughout this
thesis, the following state-space representation is applied

γx(t) = A(p(t),ϑ)x(t) +B(p(t),ϑ)u(t), (6a)

y(t) = C(p(t),ϑ)x(t) +D(p(t),ϑ)u(t), (6b)

where u(t) ∈ R
nu is the input signal vector, y(t) ∈ R

ny is the output
signal vector, x(t) ∈ R

nx is the state vector and t ∈ R or Z. Herein, γ

stands for the forward shift operator (q) when discrete-time systems are
considered or for the differential operator ( d

dt
) when continuous-time sys-

tems are handled. The vector ϑ ∈ R
nϑ contains the unknown parame-

ters to identify. In the LPV framework, the system matrices (A,B,C,D)
are functions of measurable time-varying signals, i.e., A : P 7−→ R

nx×nx,
B : P 7−→ R

nx×nu , C : P 7−→ R
ny×nx and D : P 7−→ R

ny×nu gathered into
the vector p(t) ∈ P ⊆ R

np and called the scheduling variables, where

P = {p(t) ∈ R
np | p

i
(t) ≤ pi(t) ≤ pi(t), ∀i ∈ {1, · · · , np}}, (7)

is the so-called scheduling ”space” [16] which is a compact set. In this
thesis, it is furthermore assumed that the system matrices satisfy a static
dependence on p(t) [17], i.e., they do not depend on the time-shifted versions
or the time-derivatives of the scheduling variables (γp(t), γ2p(t), · · · ) when
discrete or continuous-time models are considered, respectively.

By using the upper linear fractional transformation presented previously
(see Fig. 1) , any arbitrarily LPV model can be transformed into an LFR.
The parameter-dependent state-space matrices introduced by Eq. (6) can
then be derived by

[

A(p(t),ϑ) B(p(t),ϑ)
C(p(t),ϑ) D(p(t),ϑ)

]

=

[

A0(ϑ) B0(ϑ)
C0(ϑ) D0(ϑ)

]

+

[

Bw(ϑ)
Dyw(ϑ)

]

∆p(t)(Inz −Dzw(ϑ)∆p(t))
−1

[

Cz(ϑ) Dzu(ϑ)
]

=

Fu(M(ϑ),∆p(t)), (8a)

with
∆p(t) = diag(p1(t)Ir1 , · · · , pnp(t)Irnp

), (8b)

and

M(ϑ) =





Dzw(ϑ) Cz(ϑ) Dzu(ϑ)
Bw(ϑ) A0(ϑ) B0(ϑ)
Dyw(ϑ) C0(ϑ) D0(ϑ)



 , (8c)



and where
(

Dzw(ϑ), Cz(ϑ), · · · , D0(ϑ)
)

are time-invariant matrices hav-
ing appropriate dimensions. So then, the dynamical state-space LPV model
defined by Eq. (6) can be calculated by applying once again the upper
LFT, i.e.,

Fu(Fu(M(ϑ),∆p(t)), ηInx), (9)

where η is the Laplace transform of the operator γ which corresponds to
z or s in the discrete- or continuous-time case, respectively. The obtained
model is dynamically equivalent with the one defined as follows





γx(t)
z(t)
y(t)



 =





A0(ϑ) Bw(ϑ) B0(ϑ)
Cz(ϑ) Dzw(ϑ) Dzu(ϑ)
C0(ϑ) Dyw(ϑ) D0(ϑ)









x(t)
w(t)
u(t)



 , (10)

according to the notations introduced by Eq. (8) with w(t) = ∆p(t)z(t).
Furthermore, by using the notations presented in Fig. 1a, ∆u = ∆p(t),
u11 = w(t), y11 = z(t), y12 = y(t), u12 = u(t) while M is a dynamical LTI
system.

Null-space-based ”restructuring” technique [14]

Let us consider a fully-parameterized black-box linear time-invariant (LTI)
state-space form

γξ(t) = Aξ(t) +Bu(t), (11)

y(t) = Cξ(t), (12)

as well as a known gray-box state-space structure

γx(t) = A(ϑ)x(t) +B(ϑ)u(t), (13)

y(t) = C(ϑ)x(t), (14)

depending on an unknown parameter vector ϑ. Herein again, γ stands for
the forward shift operator when discrete-time systems are considered or for
the differential operator when continuous-time systems are handled. The
vector ϑ ∈ R

nϑ contains the unknown parameters to estimate. The null-
space-based procedure consists in determining the similarity transformation
T as well as the vector ϑ satisfying AT = TA(ϑ), B = TB(ϑ), CT =
C(ϑ). This set of bilinear equations can be easily rewritten as a null-space-
based problem, i.e.,

Γκ = 0, (15)

where Γ, having appropriate dimensions, is composed of known coefficients,
while κ gathers the unknown parameters, the components of T,Dzw(ϑ),
Cz(ϑ), · · · ,D0(ϑ). By assuming that the initial fully-parameterized real-
ization of the system is consistent and the final physically-structured state-
space form is identifiable, uniqueness of the solution can be guaranteed [14].



Summary of the new scientific results

In this Section, the developed new scientific results are summarized as thesis
points. The first thesis deals with the re-structuring of black-box state-space
LTI models into gray-box ones. The second and third thesis form a separate
thesis group because they tackle the identification problem of state-space
LPV models by involving a classical interpolation step. Even though, the
fourth and fifth thesis deal also with the identification of state-space LPV
models, they compose a distinct thesis group, because here, a new behavioral
approach and the H∞-norm is used to estimate the LPV model from local
experiments. In the following, the developed techniques are enumerated
according to the above presented grouping.

Thesis 1 A new technique being able to restructure black-box linear
time-invariant (LTI) state-space models into gray-box ones, by tracing back
the identification problem to a structured H∞ synthesis problem, has been
developed. The black- and gray-box LTI models are compared in the fre-
quency domain. Then, by minimizing the H∞-norm-based cost function
defined by Eq. (18), the unknown parameters found in the gray-box LTI
model are determined.

Basically, this technique is a novel solution to the problem tackled by
the null-space-based method developed in [14]. In order to see this, let us
consider a fully-parameterized linear time-invariant (LTI) transfer function

G(η) = C(ηI −A)−1
B+D, (16)

as well as a known input-output structure

G(η,ϑ) = C(ϑ)(ηI −A(ϑ))−1B(ϑ) +D(ϑ), (17)

depending on an unknown parameter vector ϑ. The vector ϑ ∈ R
nϑ contains

the unknown parameters to identify. In order to estimate θ consistently, we
consider the following H∞-norm-based cost-function

min
ϑ

‖G(η)− G(η,ϑ)‖∞, (18)

which can be minimized by employing the techniques recently developed
in [1, 2, 3, 8] for structured H∞ controller synthesis problems. Contrarily
to the null-space-based approach described in [14], this approach is able
to handle constraints, such as, frequency range of interests or magnitude of
physical parameters to estimate. Furthermore, there are fewer parameters to
determine because the estimation of similarity transformation T is avoided
when transfer functions are handled.

This result is published as follows:



[

S01
]

(international journal paper): a comparison study of the developed
H∞-norm-based method with the ”classical” output-error technique.

[

S11
]

(conference in proceedings): a comparison study of the developed H∞-
norm-based method with the ”classical” output-error technique. more
compact conference version of the above study.

Thesis group 2. Two novel techniques are proposed for the identifica-
tion of linear parameter-varying state-space models from local experiments.
Both methods apply local restructuring to obtain a coherent basis for every
local models.

As far as the determination of LPV models is concerned, two broad
classes of methods can be considered [4]. First, the analytic methods con-
sisting in converting the available non-linear physical model of the system
into an LPV representation. Second, the experimental methods aiming at
determining LPV models of the plant under study from the available input-
output data. The first class, which probably gathers the initial solutions
to the LPV modeling problem of physical systems [15], mainly resorts to
extensions of the familiar notions of linearization (see [17, Chapter 7] for an
overview of the main analytic developments). The second family of meth-
ods can be broken down into two sub-classes generally called the global
approach and the local approach, respectively. On the one hand, develop-
ments focusing on the global procedure assume that one global experiment
can be performed during which the control inputs as well as the scheduling
variables can be both excited [9, 19]. By this way, all the non-linearities
of the system are excited in one shot by passing through a large number
of operating points. On the other hand, the local approach is based on a
multi-step procedure where

1. local experiments are carried out in which the operating points (corre-
sponding to fixed values of the scheduling variables) are held constant
and the control inputs are (persistently) excited,

2. local LTI models are estimated by using these sets of local input/output
(I/O) measurements,

3. an interpolation phase is performed in order to derive a final global
parameter-dependent model.

It is obvious that this multi-step approach is a lot closer to the standard
procedure used for non-linear system identification or the one dedicated to
gain scheduling. Such a viewpoint has been considered, e.g., in [7, 5]. Both
classes of methods have advantages and drawbacks. From a practical point
of view, the global approach can suffer from the difficulty to satisfy the “rich”
excitation of the control inputs and the scheduling variables simultaneously.



It is obvious that such an experimental procedure may not be reasonable for
specific applications mainly for safety reasons. On the contrary, applying
small variations around particular operating points, as considered by the
local approach, is more conceivable in many practical cases. Furthermore,
the identification of LTI models are well established and implementations
are available in the MATLAB environment [10, 11]. That is the reason why
during this thesis, the developments will focus on the local approach. De-
spite its practical simplicity, as pointed out first in [18], the main difficulty
with the local approach for LPV state-space model identification is the de-
termination of a suitable coherent basis for all the local estimated models so
that the interpolated LPV state-space representation is able to capture the
dynamics of the process to identify. Many attempts to solve this problem are
suggested in the literature. In the black-box framework, i.e., when no prior
information about the system to identify is available, interesting solutions
have been developed, e.g., in [5, 6] during the last decade. Among them,
the developments suggested in [12] and based on local balanced realizations
can be viewed as one of the most numerically reliable techniques. Unfor-
tunately, as explained recently in [6], whatever the black-box model-based
technique used to estimate a global black-box LPV model from local exper-
iments, getting a global model able to picture the dynamic dependence on
the scheduling variables is not an easy task even if the original LPV sys-
tem to identify satisfies a static dependence on p(t). Notice here also that
only static dependent LPV models can be handled when a local procedure
is considered.

In this thesis group, two approaches are proposed in order to address
the above presented basis coherence problem. Both methods assume that
the user has access to identified black-box LTI state-space models. These
local models are then restructured into a global gray-box structure which is
derived analytically from the original non-linear system.

Thesis 2.1 A new technique performing the identification of interpolated
linear parameter-varying (LPV) models from locally restructured models by
using structured H∞ synthesis has been developed. In this case, the locally
identified black-box LTI models are transformed into the corresponding lo-
cal frozen gray-box LPV models, in every working point, by locally using
the H∞-norm-based LTI re-structuring technique developed during the first
thesis point. This step is then followed by a classical least-squares-based
interpolation in order to derive the final gray-box LPV model.

By having access to the local frozen LPV models derived from Eq. (6)
written as an LFR (see Eq.(9))

Gi(η,ϑ) = Fu(Fu(M(ϑ),∆pi), ηInx), (19a)



and identified black-box local LTI models denoted by

Gi(η) = Ci(ηI−Ai)
−1

Bi +Di, (20)

where i ∈ {1, · · · , Nop}, the following H∞-norm-based cost-functions can be
written for every local operating points

min
ϑ

‖Gi(η)− Gi(η,ϑi)‖∞, (21)

where i ∈ {1, · · · , Nop}. Here Nop stands for the number of the operating
points involved in the estimation. Then, these cost-functions can be min-
imized by employing the techniques recently developed in [1, 2, 3, 8] for
structured H∞ controller synthesis problems. After this restructuring step,
the global LPV model is derived by interpolating the local models expressed
w.r.t the same basis.

The results are published as follows:
[

S03
]

(Hungarian journal paper written in English): application of the struc-
tured H∞ synthesis technique developed in [3] for restructuring the
locally estimated black-box models with a surgical robotic example in
simulation;

Thesis 2.2 A new technique performing the identification of inter-
polated linear parameter-varying models from locally restructured models
by using the null-space-based technique has been developed. Here, the lo-
cally identified black-box LTI models are again transformed into the corre-
sponding locally frozen gray-box LPV models by using a null-space-based
technique, developed in [14]. This step is then followed by a classical least-
squares-based interpolation in order to derive the final gray-box LPV model.

In this case, the estimated black-box local models given by Eq. (20) are
restructured into the frozen LPV state-space representations defined by Eq.
(19) by using the null-space-based approach developed in [14]. The global
LPV model is then again calculated by interpolating the restructured local
models.

The results are published as follows:
[

S06
]

(conference in proceedings): application of the null-space-based method
developed in [14], in order to restructure the local black-box LTI mod-
els by comparing the obtained results with ones derived in [12];

Thesis group 3. A novel method for the identification of linear parameter-
varying state-space models from local experiments, which avoids the classical



interpolation step, by applying structuredH∞ synthesis has been developed.
In order to select the necessary working points for the local approach, a novel
selection approach is proposed and an heuristic H∞-norm-based algorithm
has been developed.

Thesis 3.1. A new technique being able to identify black and gray-box
linear parameter-varying models from local experiments, by tracing back the
identification problem to a structured H∞-norm optimization problem, has
been developed. The locally estimated black-box LTI and the frozen gray-
box LPV models are placed into the H∞-norm-based global cost function
defined by Eq. (22). Then, the final LPV model is estimated by optimizing
one single cost function without the application of the classical interpolation.

The proposed method is able to estimate a global LPV model from local
experiments avoiding the classical interpolation step. Thus, the basis co-
herence problem is circumvented. By having access to the same sets frozen
LPV (see Eq. (19)) and black-box local models (see Eq. (20)) as employed
previously, the following H∞-norm-based cost-function can be written

min
ϑ

max
i∈{1,··· ,Nop}

‖Gi(η)− Gi(η,ϑi)‖∞. (22)

Then, the cost function defined by Eq. (22) can be minimized again by
employing the techniques recently developed in [1, 2, 3, 8] for structured
H∞ controller synthesis problems. Notice that the identification of both,
black and gray-box LPV models are provided by applying the developed
H∞-norm-based approach. These results are published as follows:

[

S07
]

(conference in proceedings): introduction of theH∞-norm-based method
to LPV models;

[

S04
]

(book chapter): extended introduction of theH∞-norm-based method;

[

S05
]

(book chapter): application to a surgical robotic arm and a comparison
study with the balanced local model-based approach proposed by [12];

[

S08
]

(conference in proceedings): the H∞-norm-based method is applied
with a novel operating point selection method which is introduced in
the following;

[

S09
]

(conference in proceedings): the application of the H∞-norm-based
method by using a real flexible robotic arm;

[

S02
]

(Hungarian journal paper written in English): a statistical investiga-
tion of a novel operating point selection method, which is introduced



(a) The classical approach (b) Our approach

Figure 2: Operating point selection approaches for LPV model identification
based on local experiments.

in the following, by using theH∞-norm-based LPV identification tech-
nique.

Thesis 3.2. A new H∞-norm-based approach which determines a
set of local models for linear parameter-varying model identification has
been developed. The developed algorithm is able to determine iteratively a
reliable set of local operating points. Then, the determined set of working
points can be applied during any local model-based LPVmodel identification
technique.

Because the information about the parameter-varying system to identify
is only local when a local approach is considered, we must find a way to
measure the complementary information brought by a new local model. In
the literature dedicated to LPV model identification from local experiments,
most of the time, the Authors choose equidistant working points by selecting
a user-defined but fixed step between two local experiments in terms of the
scheduling variables (see Fig. 2a). In this part of the research, we have
suggested a novel approach by fixing the dynamic distance between the
local operating points (see Fig. 2b). By following this line, an heuristic
technique based on a specific fitting measurement, the nu-gap metric, has
been proposed. Thanks to this match measurement, the step between two
local experiments is automatically modified and adapted with respect to the
information brought by the next local model. For this selection procedure,
it is assumed that the maximal (pmax = p) and minimal (pmin = p) possible
values of the scheduling variables are known (see Eq. (7) for the definition
of p and p, respectively). By further assuming that an initial operating
point is available, the next one should be (i) far enough from the first one
to decrease the complexity of the LPV model identification step, (ii) close



enough to the first one to ensure that the global behavior of the system is
well-captured. The developed working point selection technique can then be
applied in any LPV model identification method based on local experiments.

The results are published as follows:

[

S08
]

(conference in proceedings): introduction of the nu-gap metric-based
selection algorithm;

[

S02
]

(journal paper): extended introduction and statistical investigation of
the developed operating point selection technique.



Industrial applications and future research direc-

tions

As one might expect, the answers found during this thesis work have left
behind several open questions as well as interesting ideas. In this section,
some of them are enumerated without aiming to give an exhaustive list.

On the one hand, the developed methods have been applied for a sur-
gical robot in simulation [S03, S05] and by using a real flexible robot [S09,
S10]. In the future, it is scheduled to perform the LPV identification on
the experimental set-up. On the other hand, we have a recent cooperation
with a company developing active magnetic bearings. This relation brings
fruitful opportunities to examine the performance of the proposed methods
in an industrial environment. The first results obtained on the magnetic
bearing system has been published as a technical report [S12].

As far as the future research directions are concerned, on the one hand,
the null-space-based technique developed in [14] can be extended to LFRs
achieving a more general solution of the stated problem. In order to do
so and because of the identifiability property stated in [14], the structural
identifiability of gray-box LPV models written as LFRs should also be in-
vestigated. On the other hand, the identified models can be used for robust
LPV controller synthesis or for parameter-varying model predictive control
(PVMPC) problems. Until now, it is assumed that the black-box LTI mod-
els denoted by G(η) in Eqs. (18), (21), (22) are perfectly estimated. So,
the effect of the possible estimation errors can also be studied by calculating
the sensitivity of the resulting cost-function to this error term denoted by
∆G. Similarly, the modeling errors of the gray-box structures can also be
considered as ∆G(ϑ). It is also possible to take this estimation error into
account by using and additive l2-norm-based term in the cost-function as
follows

min
ϑ

(

‖G(η)− G(η,ϑ)‖∞ + µ‖y −G(η)u‖22
)

. (23)

Concerning the operating point selection approach, the application and
comparison of different dynamic measures, such as e.g., the Binet-Cauchy
kernel [21] and the Martin distance [13], are also sought. By following this
line, a benchmark to this operating point selection approach can also be
developed.
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