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"A warrior does not give up what he loves, he �nds the love in

what he does."

Dan Millman - The way of the peaeful warrior
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Résumé

Depuis près de 20 ans, les modèles linéaires à paramètres variants (LPV) font

l'objet d'une étude très poussée en identi�ation puisqu'ils peuvent être onsidérés

omme le hénon manquant entre la modélisation linéaire à temps invariant et la

modélisation non linéaire et/ou à paramètres temps variant. Cette thèse, réalisée en

o-tutelle entre l'Université de Poitiers et l'Université Siene Tehnique de Buda-

pest, s'insrit dans ette mouvane et herhe à développer de nouvelles méthodes

de modélisation et d'identi�ation des modèles linéaires à paramètres variants (et,

par extension, des modèles linéaires à temps invariant (LTI)) sous forme de rep-

résentation d'état, à l'aide de la norme H∞, ave une attention partiulière aux

strutures méatroniques �exibles. En e qui onerne les modèles LPV, dans ette

thèse, l'approhe dite loale est plus partiulièrement onsidérée. Elle onsiste plus

préisément (i) à obtenir des données d'entrées-sorties dites loales aquises en un

ertain nombre de points de fontionnement hoisis par l'utilisateur, (ii) à identi�er

des modèles loaux boite noires, (iii) à interpoler es modèles loaux a�n de aluler

le modèle LPV �nal. Dans ette thèse, de nouvelles solutions ont été proposées pour

améliorer haune des étapes sus-itées. Le hoix optimal des points de fontion-

nement a ainsi été étudié et une nouvelle méthode utilisant la nu-gap métrique a

été proposée. Le problème de ohérene des bases inhérent à l'approhe loale a été

onsidéré et deux approhes utilisant la norme H∞ ont ainsi été développées. Dans

un premier temps, en supposant l'aès, loalement, aux strutures boîte grise des

modèles LTI à identi�er, le problème de restruturation des modèles loaux boite

noire en modèle boite grise est résolu à l'aide de l'algorithme "proximity ontrol"

avant d'appliquer une interpolation, de type moindres-arrés, des paramètres lo-

aux restruturés. Dans un deuxième temps, une interpolation direte des modèles

loaux boite noire est développée en minimisant, à l'aide toujours de l'algorithme

�proximity ontrol�, la distane entre le omportement entrée-sortie du modèle LPV

à identi�er et les modèles boite noire loaux pré-estimés. Cette dernière tehnique

est développée pour fontionner ave des modèles LPV ayant une représentation

linéaire frationnaire (LFR). Les di�érentes tehniques développées dans ette thèse

sont �nalement testées en utilisant à la fois des données de simulation et des données

expérimentales réelles d'un robot �exible.
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Kivonat

A lineáris paraméterváltozós (LPV) modellek identi�káiója kiemelt �gyelmet

kapott az elmúlt 20 esztend® során. Ezek a modellek lényegében lánszemnek te-

kinthet®k a lineáris id®invariáns (LTI) és a nemlineáris vagy lineáris id®ben változó

(LTV) modellek között. Jelen doktori disszertáió egy kett®s-témavezetés¶, nem-

zetközi együttm¶ködés (o-tutelle) keretén belül valósult meg a Budapesti M¶szaki

és Gazdaságtudományi Egyetem és a Poitiers-i Egyetem között. A kutatás f® irány-

vonala az LPV és LTI modellek állapottérben történ® identifkáiója volt, �exiblis

mehatronikai rendszerek számára, mely a H∞ norma bevonásával valósult meg.

Az LPV estben, az ún. lokális eljárást vizsgáltam behatóbban, mely a következ®

lépésekb®l épül fel : (i) ki- és bemeneti adatsorok gy¶jtése az identi�káióhoz el®re

meghatározott munkapontokban, (ii) lokális fekete doboz modellek identi�káiója az

el®z® lépésben mért adatok alapján, (iii) a lokális modellek interpoláiója az ütemez®

változó m¶ködési tartománya mentén. Doktori disszertáiómban, a fentebb említett

lépések mindegyikére javaslok javítási lehet®ségeket. A lokális identi�káióban részt

vev® munkapontok optimális kiválasztása érdekében egy új algoritmust dolgoztam ki

a nu-gap mérték alkalmazásával. A lokális modellek interpoláiója során felmerül®

koherens bázis problémát két H∞ norma alapú módszer kifejlesztésével, oldottam

meg. Els®ként a fekete-szürke doboz áttérést valósítottam meg, lokálisan, az ún.

�proximity ontrol� algoritmus segítségével. Ezt az átstruktúrálást követ®en a loká-

lis modellek interpoláióját a legkisebb négyzetek módszer segítségével valósítottam

meg. A második módszer a lokális fekete doboz modellek direkt interpoláióját

végzi el szintén a �proximity ontrol� algoritmus alkalmazásával. Ez utóbbi módszer

lineáris törtalakban felírt LPV modelleket ad eredményül. A disszertáióban ki-

dolgozott módszerek hatékonyságát szimulált és valós adatok együttes bevonásával

demonstráltam.
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Abstrat

During the last two deades, the linear parameter varying (LPV) models have

been in the main fous in the �eld of system identi�ation theory sine they an be

onsidered as the missing link between the linear time-invariant (LTI) and the non-

linear and/or parameter time-varying modeling approahes. This thesis has been

performed in the adre of a bi-direted researh projet �o-tutelle� between the

University of Tehnology and Eonomis and the University of Poitiers. During this

researh the main fous has been plaed to the identi�ation of state spae LPV

and LTI models for �exible non-linear strutures by using the H∞-norm. As far

as the LPV models are onerned, the so-alled loal approah is, more preisely,

onsidered whih ontains the following steps: (i) I/O data sequenes are gathered

in ertain working points. (ii) loal blak-box LTI models are estimated in eah

working point, (iii) then, the loal models are interpolated in order to obtain the

�nal LPV model. In this thesis, novel methods have been proposed for eah of the

above ited steps. A method able to determine a set of operating points by ap-

plying the nu-gap metri non-linearity measurement has been developed. In order

to ensure the oherent basis representation, whih is neessary for the interpolation

step, two H∞-norm-based methods have been developed. First, the loally esti-

mated blak-box state-spae models are re-strutured into gray-box ones by using

the proximity ontrol algorithm followed by the least-squares-based interpolation of

the obtained loal gray-box models. Seond, a behavioral interpolation (BI) has

been performed by minimizing the frequeny domain distane between eah or-

responding loal blak-box LTI and frozen LPV models by using one global ost

funtion. This latter tehnique is designed to operate with LPV models written as

linear frational representations (LFRs). Finally, the performane of the developed

methods has been tested by using, at same time, simulated and real data sequenes.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 12 � #12



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 13 � #13

Contents

1 General Introdution 1

I Theoretial developments 7

2 Appliation of the linear frational representation for model de-

sription 9

2.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Notions and de�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Linear system modeling by using linear frational representations . . 11

2.3.1 Linear time-invariant models . . . . . . . . . . . . . . . . . . . 11

2.3.2 Multi-dimensional linear time-invariant models . . . . . . . . . 12

2.3.3 Linear parameter-varying models . . . . . . . . . . . . . . . . 13

2.3.4 Comments on well-posedness . . . . . . . . . . . . . . . . . . . 15

2.4 Blak and gray-box state-spae models . . . . . . . . . . . . . . . . . 15

2.4.1 Identi�ability . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Non-smooth and non-onvex optimization: the proximity ontrol

algorithm 21

3.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.2 The proximity ontrol algorithm . . . . . . . . . . . . . . . . . . . . . 22

3.2.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2.2 Basi idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.3 Outer loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2.4 Inner Loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2.5 The algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 Gray-box state-spae LTI model identi�ation by using re-struturing

tehniques 31

4.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.3 Output-error framework . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.4 From blak-box state-spae models to gray-box ones . . . . . . . . . . 35

4.4.1 An H∞-norm-based approah . . . . . . . . . . . . . . . . . . 37



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 14 � #14

14 CONTENTS

4.4.2 Convergene of the proximity ontrol algorithm . . . . . . . . 40

4.5 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 State-spae LPV model identi�ation from loal experiments 43

5.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.2 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.3 Operating point seletion for LPV model identi�ation . . . . . . . . 45

5.3.1 Nu-gap metri . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.3.2 Seletion algorithm . . . . . . . . . . . . . . . . . . . . . . . . 48

5.4 H∞-norm-based loal re-struturing method . . . . . . . . . . . . . . 49

5.5 H∞-norm-based behavioral interpolation (H∞-BI) . . . . . . . . . . 51

5.6 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

II Appliations 55

6 Simulation examples 57

6.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.2 Gray-box linear time-invariant model identi�ation of the printer-belt

system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.2.1 Printer-belt . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.2.2 Data Generation . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.2.3 Identi�ation proedure . . . . . . . . . . . . . . . . . . . . . 60

6.2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.2.5 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.3 LPV model identi�ation of the mass-spring-damper system . . . . . 76

6.3.1 Mass-spring-damper system . . . . . . . . . . . . . . . . . . . 76

6.3.2 Working point seletion . . . . . . . . . . . . . . . . . . . . . 80

6.3.3 Estimation of the �nal LPV model . . . . . . . . . . . . . . . 84

6.3.4 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

7 Real data driven examples 93

7.1 2-DoF �exible roboti manipulator . . . . . . . . . . . . . . . . . . . 94

7.1.1 Nonlinear and linearized dynami models . . . . . . . . . . . . 96

7.2 Experiment design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.2.1 Loal experiments . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.2.2 Global experiments . . . . . . . . . . . . . . . . . . . . . . . . 101

7.2.3 To sum up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7.3 Blak-box linear time-invariant model identi�ation . . . . . . . . . . 107

7.4 Linear parameter-varying model identi�ation and validation . . . . . 107

7.4.1 Gray-box and blak-box LPV model identi�ation . . . . . . . 110

7.4.2 LPV model validation . . . . . . . . . . . . . . . . . . . . . . 110

7.5 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

8 Summary of the obtained results and future researh objetives 115

8.1 Thesis Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

8.2 Possible researh diretions . . . . . . . . . . . . . . . . . . . . . . . . 116

8.2.1 Improvements of the null-spae-based tehnique . . . . . . . . 117

8.2.2 Strutural identi�ability and well-posedness of LFRs . . . . . 117



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 15 � #15

CONTENTS 15

8.2.3 Handling the possible blak-box model estimation errors . . . 118

8.2.4 Improvements of the LPVmodel identi�ation tehniques based

on loal experiments . . . . . . . . . . . . . . . . . . . . . . . 118

8.3 Further industrial appliations . . . . . . . . . . . . . . . . . . . . . . 119

9 Appendix 121

9.1 Nonlinear dynami model of a 2-DOF roboti arm . . . . . . . . . . . 121

9.2 Summary of the PO-MOESP algorithm . . . . . . . . . . . . . . . . . 123

9.3 Summary of the SRIVC algorithm . . . . . . . . . . . . . . . . . . . . 125

9.4 Norms on matries, signals and systems . . . . . . . . . . . . . . . . . 126

9.4.1 Matrix norms . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

9.4.2 Signal norms . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

9.4.3 System norms . . . . . . . . . . . . . . . . . . . . . . . . . . . 128



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 16 � #16



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 1 � #17

Chapter 1

General Introdution

In the rapidly developing world, not only the available omputational apa-

ity, but also the demands for more reliable teleommuniation onnetions, optimal

and intelligent energy distribution and generation systems, better robot pilots, au-

tonomous systems to explore new plaes, for seurity and resue purposes or for

military appliations..., et. just to name a few, have ontinuously been growing

from day-to-day. These appliations, one-by-one, do neessitate the adequate appli-

ation of the most reent results of several di�erent �elds, suh as, applied numerial

mathematis, physis, hemistry, omputer sienes..., et. The olletive applia-

tion of the previously enumerated sienti� priniples, with the intention to reah

better and autonomous behaviour of a ertain proess, are joined together in the

so-alled ontrol theory. On top of that, in order to be able to develop reliable

ontrollers whih meet the strit requirements stated by the onsidered appliation

�eld, it is indispensable to have a orret model of the proess or system under study.

This is the moment when system identi�ation enters into the piture. Being a very

important omponent of the modern ontrol theory, system identi�ation aims at

deriving models for physial proesses and estimating its parameters. A very impor-

tant requirement at the end of the identi�ation proedure is that the parametri

model estimation is tratable by numerial proessing units, suh as, e.g., embedded

omputers, PCs or more reently even by smart phones. Despite the fat that there

is an enormous amount of ontributions in this �eld whih an be overed by some

�benhmark� publiations, for instane, [78, 113, 103, 47, 135, 81℄ (see as well the

referenes therein), there remain lots hallenging open questions waiting to be an-

swered, mainly onerning the determination of reliable linear models of nonlinear

and/or time-varying proesses. This latter pursuit involves the development of spe-

i� model strutures in whih the nonlinear behavior has been broken down into

several loal linear models, in order to obtain a more tratable model struture for

the original nonlinear system under study. This interest an mainly be explained

by the following reasons. On the one hand, the resulting model is often designed

to be lose to the standard linear time-invariant (LTI) one but with an embedded

strutural �exibility able to ope with time-varying, even highly nonlinear behav-

iors. On the other hand, the development of suh a set of multiple models is diretly

linked to ontrol engineering, where a ontroller must be designed in order to meet

the losed-loop requirements for a given plant in di�erent operating onditions, e.g.,

[42℄. Suh a well-known example of ontroller design tehnique using this �divide
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and onquer� basi idea is the gain sheduling approah [3, 124, 75℄ (see also the ref-

erenes therein for further information about gain sheduling) whih an be brie�y

summarized as follows:

� �nd one or more sheduling variables whih an ompletely parameterize the

operating spae of interest for the system to ontrol,

� de�ne a parametri family of linearized models for the plant assoiated with

the set of operating points of interest,

� design a parametri ontroller whih an both ensure the desired ontrol ob-

jetives in eah operating point and an aeptable behavior during (slow) tran-

sients between one operating ondition and the other.

A wide body of e�ient ontroller design tehniques sharing this basi idea is now

available in the literature (see, e.g., [126, 64, 2℄), whih an be solved reliably,

provided that a suitable model in a parameter-dependent form has been derived

beforehand. By onstrution, the reliability of these tehniques highly depends on

the availability of a suitable and onsistent model. In order to support this kind of

multiple model-based ontroller design, several methods have been developed dur-

ing the past two deades, in order to derive reliable multiple model strutures for

nonlinear dynamial systems, suh as, e.g., the swithed linear systems [110, 111℄ or

the multiple-model adaptive estimation (MMAE) tehniques [55℄. One of the mul-

tiple model-based solutions found in the literature is the so-alled linear parameter-

varying (LPV) model struture. More preisely, the modeling and estimation prob-

lem of LPV models are reently among the most popular researh topis in system

identi�ation theory [135, 81, 83℄. This is the main reason why the identi�ation

of (state-spae) LPV models is prinipally onsidered in this thesis. These spei�

strutures an be seen as a ombination of loal models with parameters evolving as

a funtion of measurable time-varying signals, alled the sheduling variables, sig-

nals whih an be related to di�erent operating points of the system to identify. As

far as the determination of LPV models is onerned, two broad lasses of methods

an be found in the literature [24℄:

(i) �rst, the analyti methods onsisting exlusively in onverting the available

nonlinear equations governing the behavior of the system into an LPV rep-

resentation by resorting to extensions of the familiar notions of linearization

[58, 118, 123, 128, 127, 125, 74, 10, 89, 66, 112, 135, 1℄;

(ii) seond, the experimental methods inlined to determining LPV models of the

plant under study from the available input-output data [84, 30, 32, 133, 23℄.

The �rst lass gathers the solutions using �rst-priniples modeling onsiderations.

They more preisely try to transform the original nonlinear model into a reliable

LPV representation. Aording to the literature, more spei�ally, the following

lasses of methods an be distinguished:

� extended linearization [123℄;

� pseudolinearization [118℄;

� global linearization [58℄;

� Jaobian linerization [128, 125℄;

� state transformation [127℄;

� funtion substitution [89℄;

� veloity-based approah [74℄;

� tensor-produt polytopi deomposition [10, 112℄;

� automated LPV model generation [66, 135℄;
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� di�erential geometri approah [1℄.

The seond family of methods an be split up into two further sub-lasses, generally

alled, the global approah and the loal approah, respetively. On the one hand,

the global approah fouses on the global proedure and assumes that one global ex-

periment an be performed during whih the ontrol inputs as well as the sheduling

variables an be both exited [73, 140℄. Hereby, all the non-linearities of the system

are exited simultaneously by passing through a large number of operating points.

On the other hand, reent methods [51, 84, 30, 32, 23℄ are based on a multi-step

proedure where

1. loal experiments are arried out in whih the operating points (orresponding

to �xed values of the sheduling variables) are held onstant and the ontrol

inputs are (persistently) exited,

2. loal LTI models are estimated by using these sets of loal input/output (I/O)

measurements,

3. an interpolation phase is performed in order to derive a �nal global parameter-

dependent model.

It is obvious that this multi-step approah is a lot loser to the standard proedure

used for nonlinear system identi�ation or the one dediated to gain sheduling.

Both lasses of methods have advantages and drawbaks (see e.g., [135, Chapter

1℄ for more details about the state-of-the-art of LPV modeling and identi�ation).

From a pratial point of view, the global approah may su�er from the di�ulty to

satisfy the �rih� exitation of the ontrol inputs and the sheduling variables simul-

taneously. It is obvious that suh an experimental proedure may not be reasonable

for spei� appliations mainly for safety or eonomi reasons. On the ontrary,

applying small variations around partiular operating points, as onsidered by the

loal approah, is more oneivable in many pratial ases. Furthermore, the iden-

ti�ation of LTI models is well established and implementations are available in the

Matlab environment [78, 79℄. That is the reason why during this thesis, the de-

velopments fous on the loal approah. Notie also that, in this thesis, during the

identi�ation proedure, state-spae LPV models are sought to be estimated. This

hoie an be explained by the following reasons. First, when ompared with the

standard input-output LPV representations, a state-spae model often provides a

more parsimonious representation of the system (fewer parameters and lower MMil-

lan degree) with only one tuning parameter: the order of the system. Seond, thanks

to the introdution (with aution in the LPV framework (see [136, 65, 138, 23℄ for an

important disussion about the oherent basis issue)) of spei� user-de�ned similar-

ity transformation, it is possible to yield a numerially better onditioned framework

for parameter estimation. Last, but not least, state-spae representations are often

favored when ontroller design is the reason why the model is built.

Remark 1.1. In many pratial ases, the systems to identify are modeled by a

so-alled quasi-LPV model [24℄. In this ase, the sheduling variables are somehow

related to the state variables of the model representation. Thus, under suh pratial

onditions, it is di�ult to guarantee that the sheduling variables are kept exatly

onstant during the �rst step of the loal approah. However, as shown hereafter in

Chapter 7, this di�ulty an be handled and reliable LPV models an be estimated

even for real nonlinear systems modeled by a quasi-LPV state-spae model.
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In this thesis, the loal approah is revisited by suggesting, for step 1 and 3

mainly, innovative solutions. As far as the seletion of the loal working points

is onerned, it is important to point out �rst that, in the literature, most of the

time, the Authors hoose equidistant working points by seleting a user-de�ned but

�xed step between two loal experiments in terms of the sheduling variables. It is

pointed out in Chapter 5 that suh a simple hoie may lead to a set of working

points where the loal information about the nonlinear system under study is far

from being optimal. In order to address this problem, a novel approah is proposed

in this thesis to selet a better established set of loal operating points [148, 149℄.

As far as the interpolation step is onerned, it is now well-known that interpolating

properly loal onsistent LTI state-spae models is far from being easy, espeially in

the blak-box framework, beause, for many LPV state-spae representations, the

similarity transformation onverting the initial, even stati-dependent state-spae

models, yields equivalent LPV models depending on the time-shifted or derivative

versions of the sheduling variables [135, 65, 137℄. Thus, as far as interpolation step

is onerned, the loal blak-box state-spae LTI models must be transformed into

a ommon oherent basis representation. Interesting solutions have been proposed

in the blak-box framework, i.e., when no prior information about the system under

study is available [139, 54, 84, 105, 31, 99, 32℄. Among them, the most numerially

reliable solutions are the ones published in [84, 32℄. In a nutshell, as pointed out

�rst in [136℄, then in [65℄, the interpolation step involved in the loal approah an

lead to a global LPV model with an inaurate dynami behavior even if the loal

LTI models are onsistent. These di�ulties are takled hereafter by onsidering

two omplementary solutions.

� When spei� strutural prior information about the system to identify is

available, i.e., when gray-box LPV models are handled, the solution developed

in this thesis onsists in resorting to the knowledge available from the study

of the non-linear equations governing the system behavior in order to �x the

struture of the global LPV model, then using the available experimental data

sets in order to estimate the unknown parameters and to re�ne the analyti

model omposed of unknown values. More spei�ally, we onvert the loal

input-output data-sets, translated initially into (fully-parameterized) blak-

box models, into re-parameterized gray-box state-spae forms derived from the

frozen struture of the LPV representation and alulated for the onsidered

working points.

� When blak-box stati dependent LPV models are onerned, a spei� atten-

tion is paid to the preservation of the input-output dynamis of the models

instead of doing a diret interpolation of the system matries. More spei�-

ally, by onsidering a user-de�ned �tting measure (hereafter the H∞-norm),

given a set of loal LTI models as well as a fully-parameterized stati depen-

dent LPV model struture, our solution onsists in estimating the LPV model

parameters so that the �nal LPV is optimal with respet to a global measure

of the error between the loal models and the LPV representation. As shown

in Chapter 5, suh an input-output behavior approah allows us to irumvent

the di�ult oherent basis issue.

The dissertation is built up as follows. The �rst part of this manusript presents

the main theoreti developments. In Chapter 2, the LFRs, used originally in the ro-

bust ontrol theory [164℄ are introdued. It is more spei�ally shown how suh rep-



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 5 � #21

5

resentations an be applied for system modeling and system identi�ation. Chapter

3 introdues a non-smooth and non-onvex optimization tehnique used hereafter in

this thesis to minimizeH∞-norm-based ost funtions. Notie indeed that, as shown

in Chapter 4, the solutions developed to bypass the di�ult problem of LTI models

interpolation are mainly based on H∞-norm-based disrepany measurements. The

identi�ation of LPV models from loal experiments is takled in Chapter 5 where,

more spei�ally, a novel method is proposed to determine the set of loal operat-

ing points involved in the loal approah followed by the introdution of two novel

methods aiming at estimating a reliable LPV state spae model. The developed

methods support the identi�ation of both blak- and gray-box LPV models. The

�rst Part is then losed by Chapter 8 where, �rst, the developed novel tehniques

are enumerated in the form of thesis points. Then, several ideas have been gathered

so that to motivate and support further researh pursuits. The seond Part of this

thesis demonstrates the e�etiveness of the developed methods. To reah this goal,

�rst, simulations by onsidering di�erent kinds of systems are performed in Chapter

6. Seond, the proposed LPV identi�ation approahes have been tested on a real

test benh as well, onsisting in a 2-DoF �exible roboti manipulator used in ardia

surgery. Finally, in the Appendix, mathematial preliminaries, the desriptions of

several existing identi�ation tehniques, system modeling aspets are provided.
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Part I

Theoretial developments
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Chapter 2

Appliation of the linear frational

representation for model desription

2.1 Introdution

The main purpose of this Chapter is to explain how a large lass of linear state-

spae models an be transformed into a linear frational representation (LFR) in

order to set the stage for the system identi�ation. Originally, this model represen-

tation is introdued in robust ontrol theory [164℄ as a speial form of the so-alled

Redhe�er star produt [119℄. More preisely, LFRs are widely used to represent

any feedbak interonneted losed-loop model having di�erent kind of unertain-

ties during the ontroller synthesis [164℄.

As far as its appearane in system identi�ation is onerned, LFRs have already

been employed in [71, 70, 73℄, to estimate blak-box linear parameter-varying state-

spae models where an output-error (OE) set-up is onsidered and the resulting ost

funtion is minimized by applying nonlinear programming. More reently, among

others, LFRs have been used in [108, 141, 142, 102℄ (see the referenes therein as

well for other reent appliations) to estimate models having inner strutured stati

non-linearities. In [108℄, more preisely, a pieewise a�ne proedure is developed,

while in [141, 142, 102℄, the so-alled Best-Linear-Approximation (BLA) approah

is onsidered. On top of that, in [34℄, the Modelia software tool is applied to

generate LFRs, in order to model nonlinear systems having unertain parameters

for identi�ation purposes. As it is shown hereafter in this Chapter, LFRs have some

spei� properties whih make its appliation in the identi�ation of LPV models

really interesting. In the following Chapters, the LFRs are utilized, more spei�ally,

for the identi�ation of LPV models by using a spei� H∞-norm optimization

framework.

Thus, in the sequel, some neessary notations and de�nitions are given followed

by de�nitions related to the identi�ability onept of the LFRs. Then, it is shown

how a large lass of linear state-spae models an be transformed into an LFR. The

urrent Chapter is onluded by a disussion on the well-posedness issue of the linear

frational representations.
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M

∆u
✛

✲✲

✲

u12

u11

y12

y11

(a) The upper LFR.

∆l

M

✛

✲✲

✲

u21

u22

y21

y22

(b) The lower LFR.

Figure 2.1: The linear frational representation by using an upper and a lower linear

frational transformation (Fu(M,∆u) and Fl(M,∆l)) of two matries M and ∆u

or ∆l having appropriate dimensions.

2.2 Notions and de�nitions

As mentioned above, in this Setion, some important de�nitions are introdued.

So, let us �rst de�ne what a linear frational representation is and how it an be

alulated [164℄.

De�nition 2.2.1. A linear frational representation is a feedbak interonnetion

of two appropriately partitioned matries denoted hereafter by ∆u ∈ Rnu11
×ny11

or

∆l ∈ Rnu22
×ny22

and M (see Fig. 2.1),

M =

[
M11 M12

M21 M22

]

∈ R
nM×nM . (2.1)

If (I−M11∆u) or (I−M22∆l) is invertible, the so-alled upper or lower LFR an

be omputed by

Fu(M,∆u) = M22 +M21∆u(I−M11∆u)
−1M12, (2.2a)

Fl(M,∆l) = M11 +M12∆l(I−M22∆l)
−1M21. (2.2b)

Eah form omposing Eq. (2.2) is, in fat, the input/output representation be-

tween u12 and y12, when an upper LFR is handled, or between u21 and y21 when

a lower LFR is onsidered (see Fig. 2.1). The operation denoted by Fu(•, ⋆) and
Fl(•, ⋆) is the so alled upper and lower linear frational transformation (LFT) of •
and ⋆, respetively. To larify the ambiguous usage of the notations LFT and LFR,

by LFT, the operation itself is meant, while LFR stands for the model representa-

tion. Now, in order to set the stage for a generi LFR-based modeling framework,

let us onsider a spei� blok-matrix struture by following the lines found in [70,

Chapter 8℄,

K∆ = {diag(δ1In1
, · · · , δSInS

), δi ∈ OLin, i = {1, · · · , S}} (2.3)

and a vetor

Υ =
[
δ1 · · · δS

]⊤ ∈ OS
Lin, (2.4a)

where, OLin denotes the set of linear operators [22℄ (for instane, the derivative

operator

d
dt
or the forward shift operator q) while theK∆ blok-diagonal set ontains

n of them, where n = ΣS
i=1ni is the sum of the blok dimensions given by Eq. (2.3).

Notie that the de�nition introdued above slightly di�ers from the one given in
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[70℄ beause, in this thesis, only blok-diagonal ∆ ∈ K∆ matries are employed.

Furthermore, onsider

d =
[
n1 · · · nS

]⊤ ∈ N
S. (2.4b)

Then, by using Eq. (2.2), by fousing on the upper LFT

1

(see Fig. 2.1a), the fol-

lowing input-output (between u12 and y12 (see Fig. 2.1a)) representation an be

alulated

Fu(M,∆(d,Υ)) = D + C∆(d,Υ)(In −A∆(d,Υ))−1B, (2.5)

where

∆(d,Υ) ∈ K∆, (2.6)

is a strutured blok-diagonal matrix parameterized by the vetors d and Υ respe-

tively, and with

M =

[
A B

C D

]

∈ R
(n+ny)×(n+nu), (2.7)

where nu and ny are the dimensions of the input and output hannels involved in

Fig. 2.1a while n = ΣS
i=1ni. In Eq. (2.7), the system matries (A,B,C,D) an be

partitioned as follows [70℄

A =

[
A1,1 ··· A1,S

.

.

.

.

.

.

AS,1 ··· AS,S

]

, B =

[ B1

.

.

.

BS

]

, (2.8a)

C = [ C1 ··· CS ] , D = D. (2.8b)

Notie that the notations of the inner matries de�ned above by Eq. (2.8) are generi.

In the next Setion, the above introdued tool, namely the LFR, is applied to

represent some spei� lasses of linear models.

2.3 Linear system modeling by using linear fra-

tional representations

In this Setion, it is shown how a large lass of linear models an be trans-

formed into an LFR [70, Chapter 8℄. From Eq. (2.5)-(2.7), it an be seen that any

linear state-spae form an be represented aording to the operators plaed into

the blok-diagonal struture denoted by ∆(d,Υ). This results, basially, in the

I/O representation or the transfer funtion form of onsidered the linear state-spae

models.

2.3.1 Linear time-invariant models

Let us �rst onsider an nx order LTI model given by the following state-spae

form [
γx(t)
y(t)

]

=

[
A B

C D

] [
x(t)
u(t)

]

, (2.9)

1. Notie that, hereafter in this Chapter, the upper LFR is applied. However, this an be

replaed by lower LFRs as well by modifying the inner struture of the matrix M aording to

the notations introdued by Eq. (2.2).
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where u(t) ∈ Rnu
is the input signal vetor, y(t) ∈ Rny

is the output signal vetor,

x(t) ∈ Rnx
is the state vetor and t ∈ R or Z. Herein, γ stands for the forward shift

operator (q) when disrete-time systems are onsidered or for the di�erential (

d
dt
)

operator when ontinuous-time systems are handled. This model an be desribed

by an LFR satisfying

S = 1, d = nx,

Υ =
1

η
, ∆(d,Υ) =

1

η
Inx

,

MLTI =

[
A B

C D

]

,

where η is the Laplae transform (ontinuous-time ase) or the z transform (disrete-

time ase) of γ. Indeed, the transfer funtion form of the onsidered linear state-

spae model an be alulated by using an upper LFT as follows,

GLTI(η) = D + C(ηInx
−A)−1B = D + C

1

η
(Inx

−A
1

η
)−1B =

Fu

([
A B

C D

]

,
1

η
Inx

)

= Fu(MLTI ,∆(d,Υ)), (2.10)

where the system matries denoted by (A,B,C,D) have appropriate dimensions.

2.3.2 Multi-dimensional linear time-invariant models

The proposed model struture an also deal with a spei� multi-dimensional LTI

(MDLTI) model, namely, a disrete-time 2D Roesser model [121℄, whih satis�es





x1(k1 + 1, k2)
x2(k1, k2 + 1)

y(k1, k2)



 =





A1,1 A1,2 B1

A2,1 A2,2 B2

C1 C2 D









x1(k1, k2)
x2(k1, k2)
u(k1, k2)



 . (2.11)

This 2D model an be written as an LFR with

S = 2, d =
[
nx1

nx2

]⊤
,

Υ =
[
z−1
1 z−1

2

]⊤
, ∆(d,Υ) =

[
z−1
1 Inx1

z−1
2 Inx2

]

,

as follows

GMD(z1, z2) = Fu(MMD,∆(d,Υ)), (2.12a)

MMD =





A1,1 A1,2 B1

A2,1 A2,2 B2

C1 C2 D



 , (2.12b)

∆(d,Υ) =

[
z−1
1 Inx1

0
0 z−1

2 Inx2

]

. (2.12)

Here, z1 and z2 are the z transform variables. Again, the system matries found

in MMD have appropriate dimensions. The identi�ation problem of this speial

model written as an LFR is addressed in [40℄. Notie that this formulation an be

extended to any Roesser nD-models without any restritions.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 13 � #29

2.3 Linear system modeling by using linear frational representations 13

2.3.3 Linear parameter-varying models

As far as LPV models are onerned, throughout this thesis, the following state-

spae representation is onsidered

γx(t) = A(p(t))x(t) +B(p(t))u(t), (2.13a)

y(t) = C(p(t))x(t) +D(p(t))u(t), (2.13b)

where u(t) ∈ Rnu
is the input signal vetor, y(t) ∈ Rny

is the output signal vetor,

x(t) ∈ Rnx
is the state vetor and t ∈ R or Z. In the LPV framework, the system

matries (A,B,C,D) are rational or a�ne funtions of measurable time-varying

signals as

A : P 7−→ R
nx×nx B : P 7−→ R

nx×nu C : P 7−→ R
ny×nx D : P 7−→ R

ny×nu .

The sheduling variables are, more preisely, gathered into the vetor

p(t) ∈ P ⊆ R
np,

where

P =

{

p(t) ∈ R
np

∣
∣
∣
∣

p
i
(t) ≤ pi(t) ≤ pi(t)

ṗ
i
(t) ≤ ṗi(t) ≤ ṗi(t)

∀i ∈ {1, · · · , np}
}

, (2.14)

is the so-alled sheduling "spae" [134℄ whih is a ompat set [22℄. In the sequel, it

is furthermore assumed that the system matries satisfy a stati dependeny on p(t)
[135℄, i.e., they do not depend on the time-shifted versions or the time-derivatives

of the sheduling variables (γp(t), γ2p(t), · · · ) when disrete or ontinuous-time

models are onsidered, respetively. Notie however that, if the LPV model depends

also on the derivatives of some sheduling variables whih are measurable, then

the sheduling variable vetor an be augmented by onsidering these signals as

sheduling variables as well.

Now, by using again the upper linear frational transformation presented previ-

ously (see Fig. 2.1a), any arbitrarily LPV model an be transformed into an LFR

in two steps.

First, the parameter-dependent state-spae matries introdued by Eq. (2.13) an

be derived by

[
A(p(t)) B(p(t))
C(p(t)) D(p(t))

]

=

[
A0 B0

C0 D0

]

+

[
Bw

Dyw

]

∆p(t)(In∆
−Dzw∆p(t))

−1
[
Cz Dzu

]
= Fu(MLPV ,∆p(t)), (2.15a)

with

∆p(t) =






p1(t)Ir1
.

.

.

pnp
(t)Irnp




 ∈ R

n∆ , (2.15b)

n∆ =

np∑

i=1

ri, (2.15)
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and

MLPV =





Dzw Cz Dzu

Bw A0 B0

Dyw C0 D0



 , (2.15d)

and where

(
A0, Bw, · · · , D0

)
are time-invariant matries having appropri-

ate dimensions. In this partiular ase,

S = np, d = [r1, · · · , rnp
]⊤,

Υ = [p1(t), · · · , pnp
(t)]⊤.

Seond, the dynamial state-spae LPV model de�ned by Eq. (2.13) an be alu-

lated by applying one again the upper LFT, i.e.,

Fu

([
A(p(t)) B(p(t))
C(p(t)) D(p(t))

]

,
1

η
Inx

)

= Fu(Fu(MLPV ,∆p(t)),
1

η
Inx

). (2.16)

If the sheduling variables are �xed in a ertain working point denoted here-

after by pi, then the loal frozen transfer funtions an be alulated as follows

GLPV (η,pi) = Fu

([
A(pi) B(pi)
C(pi) D(pi)

]

,
1

η
Inx

)

(2.17)

= Fu(Fu(MLPV ,∆pi),
1

η
Inx

), (2.18)

where i stands for the ith �xed value of the sheduling variable vetor. This is

basially a standard LTI transfer funtion. Aording to the notations intro-

dued by Eq. (2.4), similarly to the LTI ase,

S = 1, d = nx,

Υ =
1

η
, ∆(d,Υ) =

1

η
Inx

.

As pointed out in [70℄, the obtained model is �I/O equivalent� with the one de�ned

as follows





γx(t)
z(t)
y(t)



 =





A0 Bw B0

Cz Dzw Dzu

C0 Dyw D0









x(t)
w(t)
u(t)



 , (2.19)

w(t) = ∆p(t)z(t). (2.20)

The resulting LPV model is referred hereafter as an LPV/LFR one. In order to

highlight the generi nature of the LFRs applied during the modeling of LPV models,

it an be onluded from Eq. (2.15) that the parameter dependeny an be

(i) a�ne when Dzw = 0;

(ii) rational when Dzw 6= 0.

This property is a very important feature of the LFR when it is ompared to the

other LPV model representations found in the literature (see [135, Chapter 3℄ for

a reent overview of the existing LPV modeling approahes), beause, most of the

time in these referenes, the system matries of state-spae LPV models de�ned
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by Eq. (2.13) depend on the sheduling variable vetor in an a�ne or polynomial

manner i.e.,

♣(p(t)) = ♣0 +

np∑

i=1

♣ipi, (2.21a)

♣(p(t)) = ♣0 +

np∑

i=1

si∑

j=1

♣i,jp
si
i (2.21b)

where ♣• is a onstant matrix standing for A•, B•, C• and D• and where p =
[
p1 · · · pnp

]⊤
.

Thanks to the examples presented above, it an be seen that a wide range of

linear systems an be desribed by using LFRs. This is the main reason why the

developments of this thesis utilize this model representation tool.

2.3.4 Comments on well-posedness

The LFR an be de�ned and omputed if and only if it is a well-posed LFR,

i.e., for our study, if In − A∆(d,Υ) is invertible (see Eq. (2.5)). More preisely,

in the 1D or 2D LTI ases, this well-posedness ondition an be related to the

standard stability onditions available, e.g., in [39, 35℄. Thus, if the system to

identify is assumed to be stable, the LFR should be well-posed. However, in the

LPV framework, the problem is muh more ompliated beause, in this ase, the

matrix ∆(d,Υ) expliitly depends on the sheduling variable p(t). Therefore, the

well-posedness onditions of the problem should be related to the evolution range

of p(t) de�ned on the ompat set P (see Eq. (2.14)).

Remark 2.1. When the sheduling variable p(t) is �xed, whih is the ase in the

loal approah, the resulting frozen LPV model is basially an LTI one, where the

well-posedness an easily be veri�ed.

Aording to the Author's knowledge, no neessary and su�ient onditions are

available for this problem in the literature. Nevertheless, in the gray-box framework,

when the model struture is obtained from the physial laws governing the behavior

of the system, the struture of ∆(d,Υ) an be �xed a priori and su�ient LMI

onditions ould be obtained to ensure the well-posedness of the LFR by applying

a S-proedure tool [21℄. This problem is not solved in this thesis and is referred

to future researh. At the same time, this study, more preisely the link between,

e.g., the ondition number of In −A∆(d,Υ) and the p(t)-trajetory, an be seen

as an interesting starting point for an analysis of the optimal p(t)-trajetory design

ensuring a onsistent identi�ation.

2.4 Blak and gray-box state-spae models

As desribed in the previous Setion, the value of S in Eq. (2.8) is user-de�ned

and an be hosen aording to the onsidered linear model (linear time-invariant

(LTI), multi-dimensional linear time-invariant (MDLTI), linear parameter-varying

(LPV), et). In order to emphasize the generi nature of this representation, the

matries found in Eq. (2.7) an be blak-box or, aording to the prior knowledge,

dark- or light-gray-box. On the one hand, by dark-gray-box state-spae models, it
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is meant that the struture of the model to identify is a parameterized struture

derived from some prior knowledge governing the behavior of the system under

study. In other words, the parameters to estimate are unknown funtions (e.g.,

+, −, ÷, ×) of the real physial ones while some matrix entries an be �xed as 0 or

1. On the other hand, the unknown parameters found in light-gray-box models have

real physial meaning based on �rst priniples modeling onsiderations. In order to

illustrate these de�nitions, let us onsider the following simple mass-spring-damper

system, i.e.,

mz̈ + kż + dz = F,

where z denotes the position, m, k, d denote the mass, sti�ness and damper oe�-

ients, respetively. This simple system an then be transformed into a state-spae

form by onsidering F and z as input and output, respetively,

[
ż
z̈

]

=

[
0 1

− d
m

− k
m

] [
z
ż

]

+

[
0
1
m

]

F, (2.22a)

y =
[
1 0

]
[
z
ż

]

, (2.22b)

while the state variables are

x =

[
z
ż

]

. (2.23)

In the blak-box ase, the model is fully-parametrized and has the following form

[
ξ̇

ξ̈

]

=

[
θb1 θb2
θb3 θb4

] [
ξ

ξ̇

]

+

[
θb5
θb6

]

F,

y =
[
θb7 θb8

]
[
ξ

ξ̇

]

+ [θb9]F.







→ ξ̇ = A(θb)ξ +B(θb)F,
y = C(θb)ξ +D(θb)F,

(2.24)

where

θb =
[
θb1 θb2 θb3 θb4 θb5 θb6 θb7 θb8 θb9

]⊤
,

and

ξ =
[

ξ ξ̇
]⊤

.

Notie that ξ denotes the blak-box state vetor whih an be alulated from x by

using any invertible similarity transformation T, having appropriate dimension, as

follows,

ξ = Tx. (2.25)

As far as the dark-gray-box framework is onerned, by using some prior information

about the struture of the system under study (see Eq. (2.22)), some matrix entries

an be �xed as 0 or 1, i.e.,

[
ż
z̈

]

=

[
0 1
θg1 θg2

] [
z
ż

]

+

[
0
θg3

]

F,

y =
[
1 0

]
[
z
ż

]

,







→ ẋ = A(θg)x+B(θg)F,
y = C(θg)x,

(2.26)

where

θg =
[
θg1 θg2 θg3

]⊤
,
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and

x =
[
x ẋ

]⊤
.

Here, the parameters to identify are unknown funtions of the real physial ones.

Indeed,

θg1 = − d

m
, θg2 = − k

m
, θg3 =

1

m
.

Finally, the light-gray-box version is equal to the original state-spae representation

given by Eq. (2.22) by onsidering the physial parameters to be estimated, i.e.,

θg =
[
d k m

]⊤
,

[
ż
z̈

]

=

[

0 1

−θg
1

θg
3

−θg
2

θg
3

] [
z
ż

]

+

[
0
1
θg
3

]

F,

y =
[
1 0

]
[
z
ż

]

.







→ ẋ = A(θg)x+B(θg)F,
y = C(θg)x.

(2.27)

Throughout this thesis, when the model identi�ation problem is addressed, blak,

dark-gray and light-gray-box versions of the above presented matries are denoted

as follows,

M(ϑ) =

[
A(ϑ) B(ϑ)
C(ϑ) D(ϑ)

]

−→







M(θb) =

[
A(θb) B(θb)
C(θb) D(θb)

]

,

M(θg) =

[
A(θg) B(θg)
C(θg) D(θg)

]

,

(2.28)

where ϑ ∈ Rnϑ
is the general notation of the unknown parameter vetor, θb ∈ Rn

θb

is a vetor ontaining all the matrix entries when blak-box models are sought to be

estimated, and where θg ∈ Rnθg
is a vetor ontaining the unknown parameters to

identify whih an be unknown funtions of the real physial parameters (dark-gray-

box) or diretly the physial parameters themselves (light-gray-box). Although, in

the gray-box ases, the same notations are employed, the distintion of these two

types will be apparent during the onrete appliations. For blak- and gray-box

models, the matries found in M(θb) and M(θg) are assumed to be of appropriate

dimensions and ontinuously di�erentiable w.r.t. the unknown parameters θb ∈ Rn
θb

or θg ∈ Rnθg
. Furthermore, in the gray-box framework the model struture, i.e., the

way the matriesA(θg), B(θg), C(θg) andD(θg) depend on the unknown parameter

vetor θg
, is assumed to be known a priori.

2.4.1 Identi�ability

Beause, in this thesis, a partiular attention is paid to the identi�ation of

state-spae models, it is important to examine whether the parameters of suh rep-

resentations an be estimated uniquely. In order to do so, some properties of the

involved state-spae mappings must be introdued [22℄. The input-output repre-

sentation Fu(M,∆(d,Υ)), namely the parameterization M(θb) (blak-box ase)

or M(θg) (gray-box ase

2

), over the parameter set Θ, is a mapping whih an be

de�ned as follows:

2. Hereafter, when gray-box representations are mentioned, it is meant that both dark- and

light-gray-box models are onsidered.
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De�nition 2.4.1. A blak-box model struture χ
(b)
d,Υ is a di�erentiable map, for a

partiular d and Υ, from a parameter set θb ∈ Θ ⊂ RnΘ
to a set of models (see

Eq. (2.28))

χ
(b)
d,Υ : Θ ⊂ R

nΘ −→ R
ny×nu

θb 7−→ Fu(M(θb),∆(d,Υ)).
(2.29)

De�nition 2.4.2. A gray-box model struture χ
(g)
d,Υ is a di�erentiable map, for a

partiular d and Υ, from a parameter set θg ∈ Θ ⊂ RnΘ
to a set of models (see

Eq. (2.28))

χ
(g)
d,Υ : Θ ⊂ RnΘ −→ Rny×nu

θg 7−→ Fu(M(θg),∆(d,Υ)).
(2.30)

In order to de�ne the most important map properties in a generi manner, let us

onsider two sets denoted by X and Y and a map f : X → Y . Then the following

de�nitions an be introdued [22℄.

De�nition 2.4.3. The map f is surjetive if and only if, ∀ y ∈ Y there exists an

f(x), x ∈ X suh that y = f(x).

De�nition 2.4.4. The map f is injetive if and only if, ∀ x1, x2 ∈ X, f(x1) = f(x2)
implies that x1 = x2.

De�nition 2.4.5. The map f is bijetive if it is both injetive and surjetive.

By looking loser at the statement given by De�nition 2.4.4, it an be onluded

that the injetivity property is related to the uniqueness of the involved parameter

vetor. So, this is a very important key property of a given model struture beause,

in the gray-box ase, unique parameters are sought to be estimated during the iden-

ti�ation proedure. First, let us fous on blak-box, fully-parameterized state-spae

models. In this ase, it is well-known that, in the LTI ase, suh representations

are not unique but they an only be determined from the available I/O data sets

up to a similarity transformation [60℄. The LFR framework does not form an ex-

eption either to this rule. In other words, blak-box representations are inherently

not identi�able [78℄, sine a blak-box parameterization is not injetive whih gives

rise to a nonunique relation between the parameter vetor θb
and the input-output

representation Fu(M(θb),∆(d,Υ)) [144℄. In the blak-box ase, it is interesting

to de�ne the similarity sub-spae involving invertible similarity transformation ma-

tries. This goal an be reahed by following the lines found in [71, 72℄. This an

be seen as an extension of the standard LTI ase [78, 33℄. Thus, the similarity or

indistinguishable sub-spae of the LFRs an be more preisely de�ned as follows

[71℄,

De�nition 2.4.6. Given the blok struture K∆ and

S∆ = {diag(T1, · · · ,TS), Ti ∈ R
ni×ni, i ∈ {1, · · · , S}

}
, (2.31)

the system realizations (A1,B1,C1,D1) and (A2,B2,C2,D2) are found in the same

similarity sub-spae if an invertible similarity transformation matrix T ∈ S∆ exists

suh that

[
A1 B1

C1 D1

] [
T 0n×n

0nu×nu
Inu

]

=

[
T 0ny×ny

0n×n Iny

] [
A2 B2

C2 D2

]

. (2.32)
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As mentioned above, the identi�ability is more important from a pratial point

of view in the gray-box ase, beause, when the model to estimate is not identi�-

able, the physial parameters an not be determined uniquely from the I/O data

sequenes. More preisely, when gray-box state-spae representations are onsidered,

the so-alled (strutural) identi�ability onept is applied. Hereafter, when gray-box

LFRs are applied, we an assume that the struture of the matrix ∆(d,Υ) is �xed
and known a priori. Hene, the unknown parameters are exlusively found in the

matrix M(θg). On top of that, we assume that the orresponding LFR alulated

by Fu(M(θg),∆(d,Υ)) is minimal, i.e., satis�es the following de�nition [36℄

De�nition 2.4.7. A representation derived by Fu(M,∆(d,Υ)) is alled minimal if

for any other input-output equivalent representation alulated by Fu(M̃,∆(d̃,Υ))
the inequalities d̃i ≥ di, {i = 1, · · · , S}, are satis�ed.

Therefore, in the gray-box framework, beause the struture of ∆(d,Υ) ∈ K∆

is minimal and known a priori, the (strutural) identi�ability an be de�ned as

the uniqueness of the input-output map Fu(M(θg),∆(d,Υ)). In this ase, the

parameterization M(θg), over the parameter set Θ is de�ned by De�nition 2.4.2.

De�nition 2.4.8. A gray-box model struture χ
(g)
d,Υ is loally identi�able at θ̃g ∈ Θ

if a neighborhood ν(θ̃g) exists suh that

θ̄g ∈ ν(θ̃g) and χ
(g)
d,Υ(θ̄

g) = χ
(g)
d,Υ(θ̃

g) ⇒ θ̄g = θ̃g. (2.33)

De�nition 2.4.9. A model struture χ
(g)
d,Υ is globally identi�able if

χ
(g)
d,Υ(θ̄

g) = χ
(g)
d,Υ(θ̃

g) ⇒ θ̄g = θ̃g
(2.34)

for all (θ̃g, θ̄g) ∈ Θ2
.

These last two de�nitions imply that a loally (respetively globally) identi�able

struture (χb
d,Υ and χg

d,Υ) is a loally (respetively globally) injetive mapping. Thus,

from now on, it is assumed that in the gray-box ase, the involved LFR strutures

are identi�able, at least loally. Notie that this important property is veri�ed

and demonstrated for every simulation example in Chapter 6. Notie also that in

the sequel, one the ontext is lear, the subsripts b and g are negleted and the

unknown parameter vetor is denoted simply by θ.

2.5 Conlusion

In this Chapter, the appliation of the LFRs is introdued from a system identi-

�ation point of view. This is partiularly important sine, hereafter in this thesis,

LFRs form the basis of the developed identi�ation tehnique aiming at estimating

LPV models. However, the presentation of the appliability of the LFRs in this

Chapter are not restrited only to LPV models. More preisely, several examples

of di�erent kinds of linear models (LTI, MDLTI, LPV) have been given, in order to

present the generi nature of the LFR based system representation approah. On

top of that, de�nitions of spei� system modeling frameworks applied during this

thesis, suh as the gray- and blak-box ones, have also been provided. Eventually,

a disussion about the strutural identi�ability property ends this Chapter.
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Chapter 3

Non-smooth and non-onvex

optimization: the proximity ontrol

algorithm

3.1 Introdution

Reent developments on non-smooth and non-onvex optimization [18, 4, 5, 6,

53, 8℄ have opened new doors in strutured H∞-norm synthesis [41, 42℄ (see also the

referenes therein for further publiations). Roughly speaking, the afore-ited, more

preisely, try to minimize the following ost-funtion

min
θ∈Rnθ

J(θ), (3.1)

with

J(θ) = max
ω∈[0,∞]

λ1(F
H(θ, ω)F(θ, ω)), (3.2)

where F : Rnθ × [0,∞] → Sm
is an operator in the spae of m × m symmetri

Hermitian matries denoted by Sm
equipped with the salar produtX•Y = tr(XY)

[57℄ and where λ1(•) and •H denote the maximal eigenvalue funtion on S
m
[22℄ and

the Hermitian transpose of •, respetively. In the sequel, it is furthermore assumed

that F is jointly ontinuous in the variables (θ, ω) and of lass C2
in the variable

θ. By using these tehniques, ontrary to the lassial robust ontrol methods

[164℄, not only full-order and fully-parameterized ontrollers an be synthesised but

also redued-order ones with speial inner strutures, suh as, e.g., PI, PID,..., et

[125, 42℄. On top of that, in the past few years, these tehniques have e�etively been

used in system identi�ation as well [156, 14, 151, 155, 148, 149, 15℄. Notie that the

algorithm presented �rst in [4℄ is implemented and available, under di�erent names,

as funtions of the Robust Control Toolbox of the Matlab

1

software environment

(for instane hinfstrut, systune and looptune). The funtioning of this latter

has reently been introdued in [42℄. Furthermore, the so-alled HIFOO method

introdued in [8℄ is also implemented inMatlab and freely available on the web

2

. In

this thesis, the identi�ation problem of gray-box LTI as well as blak- and gray-box

LPV models is takled by using spei� H∞-norm-based ost funtions presented in

Chapter 4 and in Chapter 5, respetively. More preisely, in these hapters, the term

1. https://www.mathworks.om

2. http://www.s.nyu.edu/overton/software/hifoo/
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denoted by F(θ, ω) in Eq. (3.2) will stand for a di�erene between transfer funtion

representations in Chapters 4-5. In order to minimize the ost funtion given by

Eq. (3.2), the so-alled proximity ontrol algorithm, introdued �rst in [6℄, is seleted

to be employed. The urrent Chapter is thus devoted to a brief introdution to the

funtioning of this e�ient optimization tool based mainly on [6, 155℄. Notie that

the optimization tehnique introdued hereafter does not involve the appliation

of the bounded real lemma [20℄ and thereby leads to moderate-size optimization

routines even when huge data-sets are handled. In the following, the main steps of

the proximity ontrol algorithm are presented. Moreover, a partiular attention is

paid on the omputational load of the algorithm. This latter is important beause,

in Chapter 6, the omputational performane of this tehnique is ompared with the

standard output-error method [78℄ found in the literature.

3.2 The proximity ontrol algorithm

3.2.1 De�nitions

Before desribing into details the proximity ontrol method used hereafter to

optimize the ost de�ned by Eq. (3.2), let us give a short disussion about the

properties of the funtions handled by the optimization tehnique introdued in the

following. It is important to reall that the maximum eigenvalue funtion [76℄

λ1 : S
m → R,

is a onvex but non-smooth funtion [5℄. Thus, beause omposite funtions are

used during the optimization, e.g.,

J(θ) = max
ω∈[0,∞]

λ1(K(θ, ω)),

with

K(θ, ω) = FH(θ, ω)F(θ, ω), (3.3)

the resulting ost funtion J(θ) is non-smooth due to the presene of λ1 and the

in�nite max operator. As far as onvexity is onerned, although the maximum

eigenvalue funtion is a onvex funtion, the fat that our the involved ost-funtion

involve omposite funtions, J(θ) is non-onvex unless F(θ, ω) is an a�ne operator

[9℄.

The main di�ulty when onsidering non-onvex funtions is the existene of

several loal minima. This feature is all the more inonvenient in the system identi-

�ation framework. Indeed, in this ontext, we look for the real system parameters

related to the global optimum of J(θ). In order to reah the global optimum of

any ost funtion, the initialization step is thus ruial [18℄ beause the iterative

searh must be started in the same �valley� as the one of the global minimum. With

the proximity ontrol algorithm, we do not bypass this di�ulty. The above men-

tioned initialization problem is solved hereafter by applying random numbers in

order to test the robustness the developed methods to the di�erent initializations

(see Chapters 6-7). As far as the non-smoothness of the ost funtion is onerned,

as explained hereafter, this di�ulty is irumvented by resorting to the de�nition

of sub-gradients [120℄. Thanks to this spei� tool, the implementation is as easy

as the one using standard gradient-based algorithms.
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Remark 3.1. By de�nition, non-smooth funtions are not di�erentiable. Thus, we

annot ompute the gradient of these funtions. A standard gradient-based algorithm

annot be used diretly to minimize our H∞-norm-based funtion. As shown in

[77℄, it is possible to adapt a BFGS algorithm for non-smooth funtion optimization.

However, to the Author's knowledge, no proof of onverge of this modi�ed BFGS

algorithm is available in the literature.

3.2.2 Basi idea

First, let us introdue the basi idea of the main steps omposing this tehnique

through the study of the generi non-onvex ase followed by a muh simpler one

where J(θ) is onvex. The detailed desription of the two loops making up the prox-

imity ontrol method is thus postponed to Subsetion 3.2.3 and 3.2.4, respetively.

The iterative algorithm used to optimize J(θ) and desribed in [6℄ onsists of an

outer and an inner loop. During the outer loop, at iteration # i, the objetive is

�rst evaluated at the urrent step θi

J(θi) = max
ω∈[0,∞]

λ1

(
K(θi, ω)

)
. (3.4)

Then, in the inner loop, at iteration # k, a loal onvex model φ of the objetive

funtion is built up from some �rst-order information of the funtion J(θ) at θi
,

φ(θ, θi) = max
ω∈[0,∞]

λ1(K(θi, ω) +∇θK(θi, ω)(θ − θi)) =

max
ω∈[0,∞]

max
Z∈C(ω)

Z • (K(θi, ω) +∇θK(θi, ω)(θ − θi)), (3.5)

with

∇θK(θ, ω) =
∂K(θ, ω)

∂θ
, (3.6)

and where

C = {Z ∈ S
m : Z � 0 and tr(Z) = 1} . (3.7)

Here � 0 means positive semi-de�nite while • stands for a standard matrix salar

produt as X • Y = tr(XY) [57℄. Notie that λ1 is the support funtion of the

ompat onvex set C [22℄. As a loal onvex model, it is assumed that φ(θ, θi) is
a good model for J(θ) near θi

by using the Taylor series expansion [22℄ of K(θ, ω).
Then, a working model denoted by φk(θ

i
k, θ

i) is used to iteratively approximate the

above presented loal onvex model φ(θ, θi), in order to generate trial steps θ̃i
k for

the optimization. If the trial step θ̃i
k leads to a good derease of the objetive, then

we set θi+1 = θ̃i
k and we go bak to the outer loop. Notie that, by following the

standard terminology in non-smooth optimization, this retained trial step is alled

a serious step in the sequel [9℄. Else, the working model is improved by adding up

some newer onstraints generated by the loal model φ at θ̃i
k (typially, a utting

plane [117℄ of loal model φ is generated at this point and added to the working

model). As shown hereafter, a proximity parameter is also introdued in the inner

loop. This parameter indeed stabilizes the generation of trial steps when solving a

tangent program de�ned hereafter in this Setion. This parameter is also required to

deal with the non-onvexity of J(θ). Its value is set aording to the math between

the loal onvex model and the non-onvex objetive J(θ).
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Figure 3.1 illustrates how the inner loop of the algorithm works in the simpli�ed

ase where J(θ) is onvex (in this example the objetive J(θ) is equal to the onvex
model φ). The �rst loal onvex model φ1 is the tangent to J(θ) at θi

, and the �rst

trial step θ̃i
1 is omputed by solving the tangent program

min
θi
1

(
φ1(θ

i
1, θ

i) + µ1‖θi
1 − θi‖22

)
, (3.8)

where µ1 > 0 is the aforementioned proximity parameter. In Figure 3.1, the trial

step θ̃i
1 does not lead to a derease of the objetive J(θ). This step, alled a null step,

is thus not used in plae of θi
. The working model is then updated by adding up the

utting plane of model φ1 at θ̃i
1 (the tangent in the Figure 3.1) and the proximity

ontrol parameter µ1 is updated by the following proedure. Mathematially, this

deision and update proedure is implemented by alulating the ontrol parameter

as

ζ1(θ̃
i
1, θ

i) =
J(θi)− J(θ̃i

1)

J(θi)− φ1(θ̃i
1, θ

i)
, (3.9)

whih ompares our urrent model φ1(θ̃
i
1, θ

i) to the urrent outer iterate of the ost
funtion J(θi). At this level, ζ1(θ̃

i
1, θ

i) ≈ 1 is expeted. The parameter vetor θ̃i
1 is

aepted already when ζ1(θ̃
i
1, θ

i) ≥ ι (serious step), or rejeted when ζ1(θ̃
i
1, θ

i) < ι
(null step), where, for instane, ι = 0.25 [6℄. If the urrent step is a null step, then

the proximity parameter is needed to be adjusted. In order to do so, a seond ontrol

parameter is derived by

ζ̃1(θ̃
i
1, θ

i) =
J(θi)− φ(θ̃i

1, θ
i)

J(θi)− φ1(θ̃i
1, θ

i)
. (3.10)

This is followed by the omputation of the new proximity parameter µ2 as,

µ2 =

{
µ2 if ζ̃2(θ̃

i
2, θ

i) < ι̃

2µ2 if ζ̃2(θ̃
i
2, θ

i) ≥ ι̃
, (3.11)

where 0 < ι < ι̃ < 1 are inner hyper parameters of the proximity ontrol algo-

rithm. Basially, this tuning of the proximity parameter is the ore of the tehnique

developed in [6℄. More preisely, see [6, Setion 5℄ for further details about the man-

agment of the proximity parameter. Now, the new working model φ2 is used instead

of φ1 in the tangent program, and a new trial step θ̃i
2 is generated. As shown in

Figure 3.1, this new trial step is a serious step beause it leads to a good derease

of J . Hene, we exit the inner loop, and set the new iterate θi+1 = θ̃i
2. The dashed

line in Figure 3.1 is the tangent at θi+1
, that is, the new working model for the next

inner loop.

Remark 3.2. As depited in Figure 3.1, the onvex ase is a lot easier than the non-

onvex one. In the onvex ase, there is no need for a loal onvex model beause we

an hoose J = φ, while a loal model is required in the non-onvex ase in order to

generate utting planes to improve the working model.

In the following paragraphs, two interonneted loops omposing the minimiz-

ing algorithm under study are desribed into details by fousing on the numerial

tehniques used to ompute the involved models and parameter vetors as well as

their omputational loads.
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θi

θ̃i1

θ̃i2

J = φ

φ1

Figure 3.1: Generation of the trial steps in the inner loop for a onvex funtion J(θ).

3.2.3 Outer loop

As said previously, in the outer loop, the ost funtion J(θi) must be evaluated.
The omputation of the value of J(θi) an be performed in an e�ient way by using

the bisetion algorithm [164℄ based on Hamiltonian alulus [106℄. This algorithm

[164, Chapter 4℄ allows us to determine the set of ative frequenies denoted by

Ω(θi) and de�ned by [6, Lemma 2℄, as

Ω(θi) =
{
ω ∈ [0,∞] : J(θi) = λ1

(
K(θi, ω)

)}
. (3.12)

The set Ω(θi) is built up by �nding the purely imaginary eigenvalues of the Hamil-

tonian H ∈ R2nx×2nx
de�ned as

H =

[
EA +EBR

−1E⊤
DEC EBR

−1E⊤
B

−E⊤
C (Im +EDR

−1E⊤
D)EC −(EA +EBR

−1E⊤
DEC)

⊤

]

, (3.13)

where R = υ2Im −E⊤
DED and where υ is a positive parameter iteratively updated

as explained, e.g., in [164, Setion 4.7℄, whih satis�es

σ1(ED) < υ ≤ ‖K(θi, s)‖2∞, (3.14)

where σ1(•) is the maximum singular value funtion [57℄. Notie that the matri-

es found in the Hamiltonien de�ned by Eq. (3.13) satisfy EA ∈ R
nx×nx , EB ∈

Rnx×n, EC ∈ Rm×nx , ED ∈ Rm×n
. These matries, more preisely, are the system

matries of the state-spae representation of F(θ, ω) de�ned by Eq. (3.2) (for more

details see [164, Setion 4.7℄). They are de�ned expliitly later by Eq. (4.18) in the

more spei� ase when the proximity ontrol algorithm is applied for re-struturing.

The determination of υ requires the omputation of

λ1

(
K(θi, ω)

)
= λ1

(
FH(θi, ω)F(θi, ω)

)
,
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for eah value of ω ∈ Ω(θi). Table 3.1 gathers the omputational load of suh a step.

Notie that, beause the involved matrix FH(θi, ω)F(θi, ω) is a Hermitian matrix,

the numerial load of this �rst eigenvalue omputation is only of order n3
θ at eah

iteration.

Step Flops

F(θi, ω) 2n3
x

3
+ 2mn2

x +m2nx

FH(θi, ω)F(θi, ω) m2nx

λ1(•) m3

Table 3.1: Computation load required for the determination of

λ1

(
FH(θi, ω)F(θi, ω)

)
.

The omputational ost of the Ω(θi) determination step has been evaluated

and is shown in Table 3.2. The ombination of the �ops gathered in Table 3.1

and Table 3.2 respetively proves that the omputation of J(θi) an be quite time

onsuming beause of the neessity to ompute H and its eigenvalues for eah value

of υ. By onstrution, the omputational load of this step highly depends on the

size of the set Ω(θi). Fortunately, it is interesting to point out that Ω(θi) has the
following nie theoretial property: either Ω(θi) is equal to [0,∞] or the number of
frequenies ω in set Ω(θi) is �nite and bounded by nx [6, Lemma 2℄. In pratie, as

soon as real data is involved and (numerial) noise is enountered, getting an in�nite

set Ω(θi) annot our exept, sometimes, when the global optimum is reahed, i.e.,

when the �nal solution is obtained. Thus, in any ase, a �nite amount of frequenies

is used for the omputation of J(θi) and, by extension, its numerial load should be

moderate.

Beause of the iterative nature of the involved algorithm, the matrix H and its

eigenvalues must be omputed at eah iteration when omputing the objetive value

J(θi). Unfortunately, we annot give a general bound for this iteration number

beause it deeply depends on many fators suh as the required preision, or the

onsidered model

3

itself. However as shown in Setion 6.2, the onvergene of the

bisetion algorithm an be quite fast.

Step Flops

H m3 +m2(m+ nx) + 4m2nx

λi(•) 16n3
x

Table 3.2: Computation load required for eah iteration of the bisetion algorithm

(i.e., for eah υ).

3.2.4 Inner Loop

One the ative set has been determined at iteration # i, i.e., when Ω(θi) is
known, the seond step addresses the problem of updating the parameter vetor θi

.

3. In the following parts of this thesis, this tehniqe is applied for identifying dynamial LTI

and LPV models.
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As suggested and justi�ed in [6℄, this step is �rst based on an approximation of the

funtion

K(θ, ω)|θi ≈ K(θi, ω) +
(
∇θK(θi, ω)

)⊤
(θ − θi), (3.15)

in a neighborhood of θi
by a loal a�ne model obtained via a standard Taylor

expansion approximation. [22℄. By using [6, Lemma 1℄, it an indeed be proved that

φ(θ, θi) = max
ω∈[0,∞]

λ1

(

K(θi, ω) +
(
∇θK(θi, ω)

)⊤
(θ − θi)

)

(3.16)

is a good loal onvex model for J at θi
. Although this loal model is now onvex

(ontrary to the initial ost funtion J(θ)), φ(θ, θi) still involves a non-smooth maxi-

mum eigenvalue funtion whih is, by onstrution, always ompliated to optimize.

This di�ulty an be irumvented by introduing an iterative approah. More

preisely, in this inner loop, we are going to onstrut reursively approximations

of φ(θ, θi), denoted hereafter by φk(θ
i
k, θ

i), of inreasing quality. Suh a working

model is de�ned by Eq. (3.5), by hoosing a subset C(ω) ⊂ C, for eah frequeny

ω ∈ Ωe(θi). Notie that, in this de�nition, # k is the iteration index of the inner

loop and Ωe(θ
i) is the extended ative set, i.e., a �nite set of frequenies satisfying

Ωe(θ
i) ⊃ Ω(θi) when Ω(θi) is �nite. The main purpose of the extended ative set

is to improve the working model by adding up some extra frequenies to Ω(θi) by
using the so-alled �nite extension [4℄.

In order to derease the numerial omplexity of the involved optimization algo-

rithm, it is onvenient to make the omputations by hoosing, for eah frequeny ω
in the extended ative set, C(ω) as a singleton

Zω = QωYωQ
⊤
ω , Yω � 0, tr(Yω) = 1. (3.17)

Under this pratial assumption, the working model reads

φk(θ
i
k, θ

i) = max
ω∈Ωe(θi)

(
αω + g⊤

ω

(
θi
k − θi

))
(3.18)

where

αω = Z⊤
ωK(θi, ω) (3.19a)

g⊤
ω

(
θi
k − θi

)
= Z⊤

ω

(
∇θK(θi, ω)

)⊤
(θi

k − θi) (3.19b)

The omputational load of the elements omposing this working model is shown in

Table 3.3.

At the inner iteration # k, by using this working model, the tangent program is

introdued to minimize φk(θ
i
k, θ

i) with respet to θi
k, i.e., the following optimization

problem is onsidered

min
θi
k

(
φk(θ

i
k, θ

i) + µk‖θi
k − θi‖22

)
. (3.20)

As introdued before, the updating rule, developed in [6℄, and presented also previ-

ously for the proximity ontrol parameter µk > 0 is employed herein whih onsists,

more preisely, in alulating the ontrol parameter as

ζk(θ̃
i
k, θ

i) =
J(θi)− J(θ̃i

k)

J(θi)− φk(θ̃i
k, θ

i)
. (3.21)
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Step Flops

F(θi, ω) nf

(
2n3

x

3
+ 2mn2

x +m2nx

)

FH(θi, ω)F(θi, ω) m2nxnf

αω m2nf

gω nf (m
3 + nxnz

+nznθ(2m+ nx))

Table 3.3: Computation load required for the determination of αω and gω, respe-

tively. nf is the number of hosen frequenies in the extended set of ative frequenies

while nz = nxm
2
.

This parameter ompares our urrent model φ1(θ̃
i
1, θ

i) to the urrent outer iterate of
the ost funtion J(θi). The urrent parameter vetor θ̃i

k is aepted already when

ζk(θ̃
i
k, θ

i) ≥ ι (serious step), or rejeted when ζk(θ̃
i
k, θ

i) < ι (null step), where for

instane, ι = 0.25 [6℄. In the ase of the ourrene of a null step, the proximity

parameter should be adjusted. So, a seond ontrol parameter is alulated by

ζ̃k(θ̃
i
k, θ

i) =
J(θi)− φ(θ̃i

k, θ
i)

J(θi)− φk(θ̃i
k, θ

i)
. (3.22)

Then, the new proximity parameter µk+1 an be determined as,

µk+1 =

{
µk if ζ̃k(θ̃

i
k, θ

i) < ι̃

2µk if ζ̃k(θ̃
i
k, θ

i) ≥ ι̃
. (3.23)

We an reall herein that this regularization term is introdued in order to stabilize

the generation of the trial steps in the outer loop.

Solving Eq. (3.20) is still ompliated and time onsuming. In order to bypass

these di�ulties, the optimization problem (3.20) an be reformulated as a quadrati

program with inequality onstraints, by introduing a new optimization variable

z ∈ R {
min

z∈R, θi
k
∈Rnθ

(z + µk‖θi
k − θi‖22)

s.t. ∀ω ∈ Ωe(θ
i), αω + g⊤

ω (θi
k − θi) ≤ z.

(3.24)

This is a onvex quadrati optimization problem. However, it is not stritly onvex

beause the objetive funtion is linear in the variable z. Many methods have been

developed to solve suh a problem [104℄. In the urrent implementation [6℄, it is

deided to used an ative set method as desribed in [104, Setion 16.5℄. This is an

iterative method where, at eah iteration, the optimization problem (3.24) is replaed

by a quadrati program with equality onstraints (by hoosing some frequenies ω
and by replaing the orresponding inequality onstraints by equality onstraints

in Eq. (3.24), the onstraints related to the other frequenies are disarded). With

this approah, a quadrati program with equality onstraint must be solved at eah

iteration. This is equivalent to solving a linear system with a symmetri matrix,

and thus an LDL⊤
fatorization is used for this task. Denoting nf the number of

hosen frequenies in the extended set of ative frequenies, the symmetri matrix

to fatorize is of size nθ + 1 + nf . Hene, the omputational load of the LDL⊤

fatorization equals (nθ + 1 + nf)
3
[50℄. The ative set is an iterative algorithm,
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the number of iterations depends on the number of variables and of the size of the

extended ative frequenies set. In pratie only a few iterations are required to

onverge.

Remark 3.3. As far as the omputational load is onerned, we must point out that,

in this inner loop, the loal model φ(θ, θi) given in Eq. (3.16) must be evaluated, at

most, one per inner loop iteration. As shown in [6, Setion 9.2℄, this step requires

nfn
3
�ops where nf stands for the number of hosen frequenies in the extended set

of ative frequenies.

3.2.5 The algorithm

The proximity ontrol algorithm minimizing

minθ∈Rn
θ maxω∈[0,∞] λ1(F

H(θ, ω)F(θ, ω))

1. Initialization of the outer loop:

• Pik an initial θ0
suh that J(θ0) < ∞.

2. Outer loop:

• Outer loop ounter i = 1.
• Then,

� stop at θ0
, if 0 ∈ ∂J(θ),

� ompute Ωe(θ
0), otherwise.

3 Initialization of the inner loop:

• Inner loop ounter k = 1.
• Selet an initial loal onvex model φ1 with αω0

, gω0
∈ φ1 where

ω0 ∈ Ωe(θ
0) assoiated with λ1 (K(θ0, ω0)).

• Extend φ1 by adding more frequenies if possible via a �nite extension

Ω(θ0
1) ⊃ Ωe(θ

0).

4 Trial step:

• Solve the tangent program for a given φk and #k

min
θi
k
∈Rn

θ

(
φk(θ

i
k, θ

i) + µk‖θi
k − θ‖22

)
.

• The solution is denoted by θ̃i
k.
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5 Aeptane test:

• Compute the ontrol parameter

ζk(θ̃
i
k, θ

i) =
J(θi)− J(θ̃i

k)

J(θi)− φk(θ̃i
k, θ

i)
.

• Then,

� θi
k is a serious step if ζk(θ̃

i
k, θ

i) ≥ ι; ontinue with Step (2).

� θi
k is a null step if ζk(θ̃

i
k, θ

i) < ι; ontinue with Step (6).

6 Cutting plane:

• Selet ωk where φk(θ̃
i
k, θ

i) is ative and a normalized eigenvetor ek

assoiated with λ1

(

K(θi, ω) + (∇θK(θi, ω))
⊤
(θi

k − θi)
)

.

• Chek if Ω(θ̃i
k) ⊃ Ωe(θ

i) ∪ {ω0, ωk}, and that ek ∈ Qωk
, e0 ∈ Qω0

.

• Extend φk by adding more frequenies if possible via a �nite extension.

7 Proximity ontrol:

• Compute the seond ontrol parameter

ζ̃k(θ̃
i
k, θ

i) =
J(θi)− φ(θ̃i

k, θ
i)

J(θi)− φk(θ̃i
k, θ

i)
.

• Update the proximity parameter aording to ζ̃k(θ̃
i
k, θ

i),

µ2 =

{
µk+1 if ζ̃k(θ̃

i
k, θ

i) < ι̃

2µk+1 if ζ̃k(θ̃
i
k, θ

i) ≥ ι̃
,

• Inner loop ounter k + 1 and ontinue with Step (2).

3.3 Conlusion

In this Chapter, the proximity ontrol algorithm, developed �rst in [6℄ has been

introdued with a partiular fous on its omputational load. This method, more

preisely, aims at minimizing non-smooth and non onvex ost-funtions. The di�-

ulties whih an arise when non-smooth and non-onvex funtions are takled, suh

as the presene of several loal minima or the deent initialization issues, have also

been introdued. In the sequel of this thesis, this useful tool is e�etively employed

in the identi�ation of gray-box LTI and LPV as well as blak-box LPV models.
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Gray-box state-spae LTI model

identifiation by using re-struturing

tehniques

4.1 Introdution

Consistently

1

estimating the unknown parameters

2 θ of a gray-box LTI state-

spae representation is still the sore problem in LTI system identi�ation [17℄. It

is lassially performed by minimizing a user-de�ned output-error or predition-

error-based ost funtion as explained, e.g., in [78℄. This kind of approah is well-

established in the literature mainly beause of its strong link with the maximum

likelihood, its wide body of developed theory, its statistial optimality, its large

appliability as well as the availability of reliable implementations through the de-

velopment of dediated toolboxes [78℄. Most of these standard parameter identi-

�ation methods involve the L2-norm
3

[164℄ beause, this norm is onvenient for

both omputation and analysis. Although these L2-norm-based methods have been

extensively and suessfully used during the past 5 deades [78℄, it is important to

point out that, in the literature, topis suh as the identi�ation for ontrol, the

demands of robust ontrol theory for reliable unertainty sets as well as the reent

sparse model identi�ation problem [48, 80℄ have enouraged the researhers to in-

trodue other norms suh as, the L0-norm, the L1-norm or the H∞-norm
4

[164℄.

For instane, the H∞-norm is the keystone of the worst-ase, the set-membership or

other robust identi�ation methods [52, 88, 101℄ for whih the main goal is to yield a

guaranteed (and non-stohasti) unertainty set usable by the standard robust on-

trol design tools. More reently, the L0-norm and L1-norm have indeed attrated

a lot of attention with the developments of tehniques dediated to sparse model

identi�ation [122, 59℄.

In this Chapter, the problem of identifying onsistently a strutured state-spae

model of a linear time-invariant system is revisited by onsidering an H∞-norm-

1. By onsistent estimation, it is meant that an estimated parameter vetor θ̂ is sought whih

satis�es that θ̂ → θ when N → ∞, where N is the number of input-output data samples involved

in the estimation [78℄.

2. In this Chapter, when gray-box LTI models are onsidered, the notation θ stands for the

gray-box parameter vetor whih an be either dark-gray- or light gray-box

3. The de�nition of the L2-norm an be found in Setion 9.4.

4. The de�nition of the H∞-norm an be found in Setion 9.4.
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based ost funtion. While the L2-norm tehniques involve salar-valued quadrati

ost funtions measuring the least-squares distane between the outputs of the sys-

tem and the parameterized model to estimate, the H∞-norm-based ost funtion

introdued in this Chapter measures the (mis)�t between an estimated reliable blak-

box representation of the system to identify and a gray-box

5

state-spae model, the

parameters of whih are sought. It is important to point out that, ontrary to the

aforementioned methods involving the H∞-norm [52, 88, 101℄, the tehnique devel-

oped hereafter does not aim at quantifying model quality or unertainty through

the use of the H∞-norm. Herein, the H∞-norm is onsidered as an e�ient model

mathing tool minimized by reliable and onvergent non-smooth optimization al-

gorithms [4, 5, 45, 6℄ (suggested initially for strutured H∞-synthesis) for param-

eterized model identi�ation. In the following, the proximity ontrol algorithm,

introdued brie�y in Chapter 3, is used whih is partiularly adapted for the op-

timization of (non-smooth) struturally-onstrained funtions. Furthermore, this

strutured model identi�ation framework explains as well the reason why we diret

our attention to this kind of tehniques.

4.2 Problem statement

This Chapter addresses the problem of estimating the unknown parameter vetor

θ ∈ Rnθ
of an LTI model assumed to satisfy the following gray-box state-spae

representation

γx(t) = A(θ)x(t) +B(θ)u(t), (4.1a)

y(t) = C(θ)x(t), (4.1b)

where x(t) ∈ Rnx
is the state vetor, u(t) ∈ Rnu

is the input vetor, and y(t) ∈ Rny
is

the output vetor. Herein, γ stands for the forward shift operator (q) when disrete-

time systems are onsidered or for the di�erential (

d
dt
) operator when ontinuous-

time systems are handled. Notie that the vetor θ ontains the unknown parameters

to identify whih an be unknown funtions of the real physial parameters (dark-

gray-box) or diretly the physial parameters themselves (light-gray-box).

Similarly to the de�nitions given in Setion 2.3, the system matriesA(θ), B(θ),
and C(θ) have appropriate dimensions and they are assumed to be ontinuously

di�erentiable w.r.t. θ. Furthermore, as explained in Setion 2.4, a spei� attention

is paid to physially strutured gray-box state-spae forms. Notie that the following

developments an be diretly extended to spei� blak-box strutured form suh as

the anonial form [92℄. However, we prefer the appliation of the gray-box models

beause the aforementioned strutured blak-box models do not have a physial

meaning. Now the identi�ation problem addressed in this Chapter an be stated

as follows.

5. Hereafter, when gray-box representations are mentioned, it is meant that both dark- and

light-gray-box models are onsidered.
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Objetive

Given disrete-time realizations of the input and output signals on a �nite but

su�iently wide time horizonN , i.e., {u(k),y(k)}N−1
k=0 , estimate the parameter

vetor θ of a gray-box LTI state-spae model de�ned by Eq. (4.1).

Remark 4.1. Hereafter in this Chapter, we fous on ontinuous-time representa-

tions for the sake of oniseness. Notie however that the following developments

an be extended to disrete-time models diretly. In this ontext, γ = d
dt
and η = s is

the Laplae variable where η is the Laplae transform of γ based on the de�nitions

given in Setion 2.3.

4.3 Output-error framework

In order to solve the above introdued problem, a well-established proedure [78℄

onsists in resorting to an optimization algorithm able to minimize the following

ost funtion

VN (θ) =
1

N

N−1∑

k=0

‖y(k)− ŷ(k, θ)‖2Q =
1

N
E⊤

N(θ)QEN(θ), (4.2)

with respet to θ, where ŷ(•, θ) denotes the outputs of the (simulated) model,

‖z‖2Q = z⊤Qz, Q being a user-de�ned de�nite positive weighting matrix, and

E⊤
N(θ) =

[
ǫ⊤(0, θ) · · · ǫ⊤(N − 1, θ),

]
(4.3)

with ǫ(k, θ) = y(k) − ŷ(k, θ), k ∈ {0, · · · , N − 1}. Aording to the struture of

the model (preditor model, anonial form, ...), the stohasti properties of the

output noise (white or olored zero-mean Gaussian), many methods suh as the

predition-error method [78℄ or spei� output-error methods [29℄ an be used to

estimate the unknown parameters θ aurately (see [144, Chapters 7 and 8℄ and the

referenes therein for an interesting overview). Exept for spei� model strutures

(suh as some anonial forms), the ost funtion VN (θ) is generally not onvex

whih requires

� an iterative optimization algorithm to minimize the involved riterion,

� a reliable initial parameter vetor in the attration region of the global opti-

mum in order to ensure the onvergene towards the optimal value.

Usually, gradient-based algorithms suh as the famous Levenberg-Marquardt one

[78℄ are used as e�ient iterative searh methods. Well-desribed in [144, Chapter 7℄,

this regularized Gauss-Newton method requires the omputation of the gradient

and the (approximated) Hessian of VN (θ) whih involves the alulus of spei�

sensitivity funtions and the simulation of state-spae representations. The updating

law for this optimization algorithm indeed satis�es

θi+1 = θi −
(

λIny×ny
+ Ṽ

′′

N

(
θi
))−1

V
′

N

(
θi
)
, (4.4)
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where the gradient and the approximated Hessian of VN (θ) are hosen as follows

[144℄

V
′

N (θ) =
2

N
Ψ⊤

N(θ)EN(θ), Ṽ
′′

N (θ) =
2

N
Ψ⊤

N(θ)ΨN (θ), (4.5)

where ΨN(θ) = ∂
∂θ⊤EN(θ). Based on the standard steps desribed, e.g., in [144,

Chapter 7℄, Table 4.1 gathers the omputation load of this algorithm by fousing

on the amount of multipliations. These steps are quite time-onsuming mainly

beause of the model simulations involved in the omputation of EN(θ) and ΨN (θ),
respetively.

As far as the initialization is onerned, the identi�ation of gray-box models,

i.e., the estimation of the parameters of an identi�able [78℄ model struture designed

from the laws governing the behavior of the system to identify, an be performed

e�iently by using, as muh as possible, the prior knowledge (bounds, saling fa-

tors, ...) about the physial values of the unknown parameters. In Setion 6.2, this

basi idea is also used to initialize the iterative H∞-norm-based algorithm devel-

oped in this Chapter. However, ontrary to the standard gradient-based algorithms

(used to optimize the ost funtion (4.2)) whih require the evaluation of several

state-spae representations at eah iteration, our tehnique is less sensitive to this

initialization step beause, as shown in Setion 6.2, an initialization with a param-

eter vetor orresponding to an unstable model is allowed. In other words, with

the proximity ontrol algorithm, we minimize the maximum eigenvalue of a om-

plex number whih is, in our ase, the di�erene between two frequeny responses.

Thus, with this algorithm, and ontrary to the predition or output-error method,

we never simulate state-spae models to generate data-sets. If we use a standard

implementation of an output-error method, the tehnique will fail to onverge if, at

a spei� iteration, the orresponding loal model is unstable. With the proximity

ontrol algorithm, by avoiding the diret use of model simulation and data-sets, this

problem is irumvented.

Step Multipliations

Simulation of ŷ(·, θ) ny(nu + nx)
Simulation of x(·, θ) nx(nu + nx)

Computation of EN(θ) N(n2
x + nx(nu + ny) + nuny)

Simulation of

∂
∂θj

ŷ(·, θ) 2nynx + nynu + 2n2
x + nxnu

Computation of ΨN (θ) Nnθ(2nynx + nynu + 2n2
x + nxnu)

Computation of VN (θ) Nny

Computation of V
′

N (θ) Nny

Computation of V
′′

N (θ) Nny

Table 4.1: Computation load of a standard Levenberg-Marquardt algorithm at eah

iteration. x(·, θ) is the state vetor of the model to identify. θj is omponent j of

θ, j ∈ {1, · · · , nθ}. See [144, Setion 7.5℄ for a detailed desription.
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4.4 From blak-box state-spae models to gray-box

ones

As illustrated by the signi�ant number of funtions and toolboxes dediated to

blak-box LTI model identi�ation available in the literature (the Matlab System

Identi�ation Toolbox

6

, the CONTSID Toolbox

7

or the LTI System Identi�ation

Toolbox

8

to name few), we an nowadays assume that, as soon as reliable data-sets

are aquired, a onsistent blak-box state-spae model an be estimated under many

pratial onditions (open-loop, losed-loop, white or olored output and proess

disturbanes, with missing data, ... [78, 17, 144℄) Thus, in this Setion, we assume

that suh a reliable

9

model is available, i.e., the available data-sets have been used

to identify the following blak-box state-spae model

d

dt
ξ(t) = Aξ(t) +Bu(t), (4.6a)

y(t) = Cξ(t), (4.6b)

where ξ(t) ∈ Rnξ
is the blak-box state vetor. Then, the problem onsidered

hereafter onsists in transforming the system matries found in Eq. (4.6) into the

ones de�ned by Eq. (4.1), i.e.,

(A,B,C) → (A(θ),B(θ),C(θ)).

Suh a restruturing problem an be sorted out by onsidering two omplementary

diretions. First, by notiing that the gray-box state vetor ξ and the blak-box

one x are linked by a unique

10

invertible similarity transformation T, suh that

ξ = Tx, this estimation problem an be formulated as follows: determine, uniquely,

the similarity transformation T and the unknown parameter vetor θ satisfying

AT = TA(θ), B = TB(θ), CT = C(θ). (4.7)

More preisely, the methods developed in [159, 107℄ and [114, 115℄ try to optimize

the following ost funtion

11

in order to ompute the value of the parameter vetor θ

and the similarity matrix T (whih is assumed to be invertible) involved in Eq. (4.7)

F (θ,T) = ‖AT−TA(θ)‖2F + ‖B−TB(θ)‖2F + ‖CT−C(θ)‖2F . (4.8)

However, the solution proposed in [159℄ still resorts to an iterative algorithm whih

requires good initial values. In [107℄, this problem is reformulated as a polynomial

optimization problem whih avoids the use of an iterative algorithm (see [107℄ for

details). Despite its mathematial robustness, this solution is limited to small size

matries (around 20-24 unknown parameters as laimed by the authors). In order to

6. http://www.mathworks.fr/fr/produts/sysid/.

7. http://www.iris.ran.uhp-nany.fr/ontsid/.

8. http://www.ds.tudelft.nl/~datadriven/lti/ltitoolbox_produt_page.html.

9. By reliable, it is meant that the identi�ed (fully-parameterized) blak-box model is able to

mimi the frequeny response of the system to identify �almost perfetly�.

10. It is proved in [100℄ that, as soon as the minimal parameterization is identi�able, the unique-

ness of the similarity transformationT and the parameter vetor θ an be guaranteed (see Theorem

1 in [115℄).

11. Herein, ‖•‖F is the Frobenius norm [57℄.
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irumvent the aforementioned drawbaks, an algorithm dediated to non-smooth

optimization is developed in [114℄. This algorithm is used to minimize a modi�ed

version of the ost funtion initially introdued in [159℄. A spei� onstraint on the

similarity transformation between both representations is added in order to avoid

singularity. More reently, in [87℄, a numerially reliable approah is proposed to

solve a spei� reformulation of the initial problem. Nevertheless, this solution is

usable only for a small number of model strutures. Interesting solutions based

on a null-spae reformulation of this set of equations are �nally suggested in [116℄,

then in [115℄. The main improvements are available in [115℄ where a null-spae-

based formulation of Eq. (4.7) is introdued for whih the similarity transformation

matrix and the physial parameters are found in the solution vetor belonging to the

null-spae of a matrix ontaining the parameters of the blak-box model (A,B,C).
A seond approah, onsidered hereafter, aims at solving the above-mentioned

restruturing problem by resorting to the following input-output representation om-

parison, i.e.,

F (θ, ω) = G(θ, ω)−G(ω), (4.9)

where G(θ, ω) and G(ω) are alulated based on the gray- and blak-box state

matries as follows,

G(θ, ω) = C(θ) (ωInx
−A(θ))−1

B(θ), (4.10a)

G(ω) = C (ωInx
−A)−1

B. (4.10b)

The �rst obvious interest of the funtion F (θ, ω) is that suh an input-output repre-

sentation omparison does not require the similarity transformation T, thus involves

n2
x fewer unknown oe�ients. Dealing with fewer unknown variables should redue

the di�ulty of the restruturing problem and should lead to estimates with a smaller

variane. Seond, as highlighted by the following analysis, minimizing diretly the

norm of F (θ, ω) should be favored to the optimization of F (θ,T) to guarantee a

good ability of the identi�ed gray-box model to math the system frequeny re-

sponse. Suh an analysis is performed herein by �rst �nding a bound of F (θ, ω),
then analyzing this bound. A straightforward alulation shows that

F(θ, ω) = C(ωInx
−A)−1(TB(θ)−B)

+ (C(θ)−CT)(ωInx
−A(θ))−1B(θ)

+ C
(
T(ωInx

−A(θ))−1 − (ωInx
−A)−1T

)
B(θ). (4.11)

Now, by using the identity (A−1−B−1)−1 = A(B−A)−1B [57℄, that is,A−1−B−1 =
B−1(B−A)A−1

, the following relation an be dedued

(
T (ωInx

−A(θ))−1 − (ωInx
−A)−1T

)−1
=

(ωInx
−A(θ)) (TA(θ)−AT)−1 (ωInx

−A). (4.12)

Thus,

F(θ, ω) = C(ωInx
−A)−1(TB(θ)−B)

+ (C(θ)−CT)(ωInx
−A(θ))−1B(θ)

+ C(ωInx
−A)−1(TA(θ)−AT)(ωInx

−A(θ))−1B(θ). (4.13)
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Finally, with

FB(θ, ω) =
∥
∥(ωInx

−A(θ))−1B(θ)
∥
∥
F
,FC(θ, ω) =

∥
∥C (ωInx

−A)−1
∥
∥
F
, (4.14)

and beause ‖F(θ, ω)‖2 ≤ ‖F(θ, ω)‖F [57℄, the following inequality an be dedued

σ1(F(θ, ω)) ≤ ‖F(θ, ω)‖F ≤
√
ε [FB(θ, ω) + FC(θ, ω) + FB(θ, ω)FC(θ, ω)] ,

(4.15)

where σ1(•) is the maximum singular value funtion [57℄ and where ε is the min-

imal value of the ost funtion F (θ,T). This inequality shows that the distane

between the transfer funtions of both system representations, i.e. (A,B,C) and
(A(θ),B(θ),C(θ)), dereases with ε and is smaller for high values of ω. More in-

teresting, Eq. (4.15) proves that the minimization of the riterion F (θ,T) does not
lead to a uniform bound of the H∞-norm of F(θ, ω). Indeed, even if the value of ε is
small, the value of σ1(F(θ, ω)) may be quite large at some frequenies. This is the

ase, for instane, if FB or FC have large resonane peaks. For all of these reasons,

the minimization of F(θ, ω) should be favored to identify the parameter vetor θ

rather than minimizing the ost funtion F (θ,T). This strategi bias is onsidered
in the following of this hapter.

4.4.1 An H∞-norm-based approah

As explained in Setion 4.1, instead of resorting to the standard L2-norm, it is

suggested herein using the H∞-norm in order to estimate the unknown parameter

vetor θ aurately. More preisely, by assuming that, from the available data-

set {u(k),y(k)}N−1
k=0 a reliable blak-box ontinuous-time representation (A,B,C)

has been estimated beforehand, i.e., a blak-box model able to apture aurately

the frequeny response of the real system is available, we aim at minimizing the

H∞-norm of the di�erene given by Eq. (4.9), i.e.,

J(θ) = ‖G(θ, ω)−G(ω)‖2∞ = ‖F(θ, ω)HF(θ, ω)‖∞, (4.16)

with

F(θ, ω) = G(θ, ω)−G(ω). (4.17)

A standard approah for this kind of H∞-norm-based optimization problem onsists

in using the Kalman-Yakubovith-Popov lemma whih would herein lead to bilin-

ear matrix inequalities [20℄. In this Chapter, we have hosen to minimize J(θ) by
using the proximity ontrol algorithm. As shown in [5, 6℄, the applied tehnique

in this hapter avoids the use of Lyapunov funtions, feature whih is bene�ial

beause these variables are often a soure of numerial trouble and inreased om-

putational load. The prie to pay for avoiding the previously mentioned numerial

troubles is the introdution of a semi-in�nite and non-smooth program. Indeed,

the optimization problem (4.16) is non-smooth and non-onvex with two soures

of non-smoothness, the in�nite max operator and the maximum eigenvalue fun-

tion, respetively [5℄. The use of this spei� ost funtion de�ned by Eq. (4.16),

more preisely the H∞-norm, an be motivated by the availability of quite new

and e�ient optimization algorithms dediated to the minimization of non-smooth

and non-onvex funtions with additional struture [4, 5, 6, 53, 8℄. The use of the

H∞-norm an also be justi�ed by notiing that, by de�nition, the H∞-norm is the
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maximal singular value of the omplex gain matrix over all the frequenies. Thus,

thanks to the norm property, if the ost funtion J (θ) in Eq. (4.16) is small enough

(i.e., a lot smaller than 1), then the distane between the atual system and the iden-

ti�ed one is small as well. Notie that in [14, 15℄ a similar ost funtion is proposed

to estimate the unknown parameter vetor of an identi�able gray-box struture by

employing the hinfstrut Matlab funtion. Notie also that during the devel-

opments proposed in this thesis, the proximity ontrol algorithm [6℄ is used whih

an be seen as a novel version of the algorithm realized by the hinfstrut. This

hoie an mainly be explained by the fat that the hinfstrut funtion annot

deal with unstable models during its operation. This is partiularly important when

J(θ) is initialized, before the optimization, by uniform random numbers resulting

sometimes in unstable models.

Before desribing into detail the H∞-norm-based method, it is important to

point out that the availability of an aurate blak-box form (A,B,C) is not a

strong assumption. Indeed, this estimation step an be performed e�iently by

using one of the many identi�ation toolboxes available in the literature (the Mat-

lab System Identi�ation Toolbox

12

, the CONTSID Toolbox

13

or the LTI Sys-

tem Identi�ation Toolbox

14

to name few). In this thesis, more preisely in Se-

tion 6.2, a spei� attention is paid to the Multivariable Output Error State-sPae

(MOESP) algorithms [144, 93℄ as well as the Simpli�ed Re�ned Instrumental Vari-

able method for Continuous-time systems (SRIVC) [46, 47℄ (see Setions 9.2-9.3 in

the Appendix for a brief overview of the identi�ation methods). This hoie an be

justi�ed as follows. First, the MOESP lass of subspae-based algorithms, available

through the LTI System Identi�ation Toolbox, is indeed full of tehniques able to

deliver reliable (suboptimal) blak-box state-spae representations from the data-set

{u(k),y(k)}N−1
k=0 under many di�erent disturbane assumptions (white output noise,

olored output noise, white state noise, error in variables) [144℄. Notie also that

MOESP-like algorithms yielding diretly ontinuous-time

15

blak-box models have

been developed during the last deade [98, 13℄. On top of that, the appliation of the

subspae-based algorithm to get this initial state-spae representation an be justi-

�ed by two other reasons. First, this step is shared by the standard L2-norm-based

tehniques, at least in the blak-box model framework [78℄. Thus, this estimation

step of (A,B,C), whih is ompulsory for future developments, does not inrease

the omputational load of this novel H∞-based tehnique in omparison with the

aforementioned L2-norm-based tehnique. Seond, the subspae-based methods are

numerially robust and are one-shot estimation proedures whih do not require,

apart from an upper bound of the system order, any prior knowledge about the

system to identify. Thus, the state-spae form (A,B,C) an be estimated without

resorting to any iterative algorithm. Seond, the SRIVC method, whih an be on-

sidered as one of the most e�ient identi�ation tehniques for the diret estimation

of ontinuous-time models, is known to yield onsistent estimates when the model

belongs to the system lass [46℄. This tehnique is, more preisely, available in the

CONTSID Toolbox for identifying MISO models, a onstraint satis�ed by the simu-

12. http://www.mathworks.fr/fr/produts/sysid/.

13. http://www.iris.ran.uhp-nany.fr/ontsid/.

14. http://www.ds.tudelft.nl/~datadriven/lti/ltitoolbox_produt_page.html.

15. The user an furthermore ombine a MOESP algorithm yielding a disrete-time state-spae

model with a standard disrete-to-ontinuous onversion tehnique [62℄, as performed in Setion 6.2.
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lated system studied in Setion 6.2. Notie �nally that the implementation available

in the CONTSID Toolbox has the advantage of not requiring any design parameters

to be spei�ed. Of ourse, users familiar with other tehniques an use their favorite

algorithms to estimate the initial state-spae representations (A,B,C) as long as

these blak-box models mimi the system behavior aurately.

The transformation of the information ontained in the input-output (I/O) data-

set into a blak-box model an be interesting for three main reasons. First, the

(potentially huge) available data-set of size N(nu + ny) is summed up into a model

ontaining n2
x + nx(ny + nu) + nuny parameters. Thus, the dimension of the in-

formation used by the iterative algorithm required for the H∞-norm optimization,

i.e, the seond step of the identi�ation proedure developed in this Chapter, is a

lot smaller. The omputational load of the proximity ontrol algorithm used here-

after should then be redued. Seond, by having aess to blak-box models quite

easily from the available data-sets, it is straightforward to hek if the available

I/O information is �good enough� by using standard tools for model validation [78℄.

Third, the noise treatment, i.e., the attenuation of the noise e�et for the onsis-

teny of the estimated parameters, is performed during this initial step by hoosing

e�iently the tehnique yielding a onsistent form (A,B,C) from the (noisy) data-

set {u(k),y(k)}N−1
k=0 . This problem is quite standard in LTI system identi�ation

and, as said previously, an be solved e�iently and in one shot by using spei�

subspae-based algorithms (see, e.g., [144℄, when the MOESP lass of tehniques is

handled). Of ourse, this �rst step is not omputationally ost free. For instane,

the omputational ost of the di�erent steps omposing the PO-MOESP algorithm

have been evaluated and gathered in Table 4.2. These values show that this step

an be quite numerially demanding

16

when, e.g., MOESP algorithms are used but,

fortunately, should be performed only one.

Step Multipliations

RQ fatorization 2(α2 + β2)(N − (α + β)/3)
Singular value deomposition αn2

yf
2

Extration of A and C nyfn
2
x

Estimation of B n3
u(nx + ny)

3

Table 4.2: Computation load of the PO-MOESP algorithm [144℄. f and p are

the user-de�ned future and past window hyper-parameters hosen greater than nx.

α = (nu + ny)p and β = (nu + ny)f . See [144, Paragraph 9.6.1℄ for a summary of

the main steps omposing the PO-MOESP algorithm.

As mentioned in the previous Chapter, the proximity ontrol algorithm is de-

signed to minimize suh ost-funtions as the one de�ned by Eq. (4.16). Here, the

following spei� set-up is introdued beause the proximity ontrol method is used

to minimize the frequeny-domain �distane" between blak and gray-box models by

tuning the parameters gathered in the vetor θ. As a onsequene, the Hamiltonian

matrix de�ned by Eq. (3.13) and used during the proximity ontrol algorithm has

16. If neessary, the PO-MOESP algorithm an be replaed by a reursive subspae-based algo-

rithm as, e.g., the ones developed in [95, 94℄.
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the following inner matries, e.g.,

EA = A(θ)−A, EB = B(θ)−B, EC = C(θ)−C. (4.18)

In the next Subsetion, the onvergene properties of the proximity ontrol algo-

rithm is desribed by onsidering the spei� ase when F(θ, ω) has a state-spae

representation.

4.4.2 Convergene of the proximity ontrol algorithm

This Subsetion gives some supplementary information to Chapter 3 in order to

address the re-struturing problem introdued above. The main reason why suh a

Subsetion is inluded here is that there are several Propositions and Assumption

depending on the spei� struture (see Eq. (4.18)) whih is a diret onsequene

of the spei� appliation onsidered herein. The onvergene properties of the

proximity ontrol algorithm are disussed in [6℄. In the aforementioned paper, it is

more preisely proved that, under mild assumption, eah sub-sequene of the iterate

θi
onverges to a ritial point of the objetive funtion J . More preisely, the

onvergene properties of the proximity ontrol algorithm for strutured ontroller

design [6℄ are summarized in the following theorem:

Theorem 1. By assuming that θ1 ∈ Rnθ
is hosen suh that the set {θ ∈ Rnθ :

J(θ) ≤ J(θ1)} is ompat, every aumulation point of the sequene θi
of serious

iterates generated by the proximity ontrol algorithm is a ritial point of J .

Let us now adapt this result for our identi�ation problem. The �rst step of the

analysis onsists in looking at the topologial properties of the set of ritial points

of the objetive J .

Lemma 1. The set C of ritial points of the ost funtion J is a losed set.

Proof. The set C is de�ned as C = {θ ∈ Rnθ : 0 ∈ ∂J(θ)} , where ∂J(θ) denotes the
Clarke sub-di�erential of J at θ [25℄. Then, Lemma 1 results diretly from the upper

semi-ontinuity of the sub-di�erential [25℄ as follows. Let {θn}n∈N be a sequene of

points of C whih onverge towards a vetor denoted herein by θ̃ ∈ Rnθ
. From the

upper semi-ontinuity, we know that

∀ε > 0, ∀θ ∈ R
nθ , ∃η > 0 s.t. (‖θ − θ̃‖ < η) ⇒ (∂J(θ) ⊂ ∂J(θ̃) + εB), (4.19)

where B denotes the unit ball of Rnθ
. Hene, for all ε > 0, an integer n ∈ N exists

suh that 0 ∈ ∂J(θn) ⊂ ∂J(θ̃) + εB. Beause ε an be hosen arbitrarily small, we

get 0 ∈ ∂J(θ̃). Thus θ̃ ∈ C .

In gray-box model identi�ation, we want to estimate uniquely the true pa-

rameter vetor θ∗
of the identi�able model struture (A(θ),B(θ),C(θ)) from the

available data-sets. In terms of optimization, this means that the unique global

minimum of the ost funtion J(θ) is sought, as stated in the following assumption.

Assumption 1. For all θ ∈ R
nθ
, a real number ε∗ > 0 exists suh that J(θ) ≥ ε∗

and a unique vetor θ∗
satisfying J (θ∗) = ε∗ exists.
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Basially, this assumption means that θ∗
is the unique global minimum of the

objetive J while ε∗ stands for the goodness of �t of the parameterized state-spae

representation (A(θ),B(θ),C(θ)) to the available data, i.e., (A,B,C).
Herein, we only onsider ost funtions J with one global minimum. Dealing

with riteria having a unique global minimum leads us to introdue the following

assumption.

Assumption 2. A real number ν > 0 exists suh that lim‖θ‖→+∞ J(θ) ≥ ν + ε∗.

This assumption is required to handle pathologial objetive funtions for whih,

in addition to the optimal parameter vetor θ∗
, a vetor θ̆ ∈ Rnθ

of arbitrarily

large norm satisfying J(θ̆) = ε∗ (up to the numerial preision) is supplied by

the optimization algorithm. While this assumption is essential in theory, it is not

mandatory in pratie. Considering θ̆ as a solution indeed means that a model

(A(θ̆),B(θ̆),C(θ̆)) with arbitrarily large parameters an math the blak-box I/O

behavior. Suh a physially unrealisti ase an be easily disarded by the user, e.g.,

by examining the numerial values of the estimated parameters beause, in gray-

box model identi�ation, parameter upper bounds are generally available. Notie

as well that onsidering a solution of arbitrarily large norm means that, at in�nity,

a relation between the omponents of θ̆ should exist. This onlusion makes the

initial parameterization (A(θ),B(θ),C(θ)) inappropriate and questions the study

arried out to get the strutured state-spae presentation to identify.

Finally, the last assumption onerns the set of ritial points.

Assumption 3. A value δ > 0 exists suh that (θ∗ + δB) ∩ C = {θ∗}.

Thanks to the former assumptions, the following Lemma an be introdued.

Lemma 2. The set C∗ = C \ {θ∗} is a losed set in Rnθ
.

Proof. This Lemma diretly follows from Lemma 1 and Assumption 3.

Notie that Assumption 3 an be replaed by some regularity assumption on J .
For example, Assumption 3 is learly satis�ed if the objetive has a �nite number

of ritial points.

By using Theorem 1, the following important onvergene result an be derived

for the identi�ation proedure we have developed in this thesis.

Theorem 2. Under the Assumptions 1�3, a real number β > 0 exists suh that

1. the set de�ned by S = {θ ∈ Rnθ : J(θ) ≤ β} is ompat and onneted.

2. the intersetion of S and C∗ is θ∗
.

Consequently, if the proximity ontrol algorithm is initialized with θ1 ∈ S, then the

sequene of serious iterates onverges to θ∗
.

Proof. This proof is made up of three parts. First, let us prove that a value ε > 0
exists suh that, for all θ ∈ C∗, J(θ) > ε + ε∗ by using an apagogial argument.

More preisely, let us assume that, for all ε > 0, a ritial point θε ∈ C∗ an be found

suh that J(θε) ≤ ε+ ε∗. Then, it is possible to build up a sequene {θn}n∈N ⊂ C∗

whih satis�es J(θn) ≤ 1
n
+ ε∗, for all n ∈ N∗

. From Assumption 2, {θn}n∈N is

bounded. Thus, a subsequene

{

θ̃n

}

n∈N
whih onverges to a vetor denoted by



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 42 � #58

42 Gray-box state-spae LTI model identi�ation by using re-struturing tehniques

θ̃ an be extrated. Moreover, θ̃ ∈ C∗ beause C∗ is losed (see Lemma 2). The

objetive funtion J being ontinuous, we have J(θ̃) = ε∗. Now, from Assumption 1,

we know that θ∗
is the unique vetor of parameters suh that J(θ∗) = ε∗. Thus,

θ̃ = θ∗
. But, by de�nition, C∗ = C \ {θ∗}. Thus, we annot satisfy the equality

θ̃ = θ∗
beause θ∗ 6∈ C∗.

The seond sub-proof deals with the ompatness of the set S. Let us introdue
a real value β satisfying ε∗ < β < ε∗ +min {ε, ν}. Then, the set S de�ned above is

bounded by Assumption 2. Beause J is ontinuous, it is also a losed set and S is

ompat.

As far as the onnetedness of S is onerned, a proof by ontradition is also

onsidered. Let us assume that S = F1∪F2 where F1 and F2 are two disjoint losed

sets. Then, by assuming that θ∗ ∈ F1, we have θ∗ 6∈ F2. The set F2 being ompat,

J attains a minimum over it, but this is in ontradition with the fat that θ∗
is the

unique ritial point of J in S.
Finally, if we initialize the proximity ontrol algorithm with a θ1

in S, thanks
to Theorem 1, we an onlude that the whole sequene generated by the algorithm

onverges to the global optimum θ∗
.

This Theorem relies �rst on the assumption that J has a unique global minimum

isolated from the other ritial points of J . If ε∗ is small, we may expet a good

�t with the fully-parameterized model (A,B,C), and thus a good estimation of

the physial parameters. As shown by the simulation study performed in Chapter

6, good physial parameter estimates an be obtained from models mimiking the

frequeny behavior of the system with a �t lower than 90%. Seond, like any NP-

hard identi�ation problem, we need to start the optimization in the viinity of

the global optimum, i.e., θ1
must be in S. Herein, we deal with gray-box models.

Thus, prior information an be used to yield a good θ1
. The simulations presented

in Chapter 6 more preisely illustrate the robustness of the developed tehnique in

terms of model disrepany and initialization.

4.5 Conlusion

In this Chapter, the parameter estimation problem of gray-box LTI models is

addressed by onsidering a spei� re-struturing-based approah. More preisely, a

novel H∞-norm-based method has been proposed and ompared with the lassial

output-error approah [78℄. Here, this omparison is restrited to the examination

of the omputational load of eah tehnique. However, a detailed simulation-based

statistial investigation is provided in Chapter 6. During theH∞-norm optimization,

the proximity ontrol algorithm developed �rst in [6℄ and presented brie�y in the

previous Chapter is used.
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Chapter 5

State-spae LPV model identifiation

from loal experiments

5.1 Introdution

Among all the multi-model strutures available in the literature, a partiular

attention has been paid to the LPV models during the last two deades [24, 135, 23℄.

As explained in Chapter 1, as far as the determination of LPV models, based on

I/O data sequenes, is onerned, two lasses of methods an be distinguished [24℄:

the global approah and the loal approah. On the one hand, the global approah

fouses on the global proedure and assumes that one global experiment an be

performed during whih the ontrol inputs as well as the sheduling variables an

be both exited [73, 140℄. On the other hand, reent methods [51, 84, 30, 32, 23℄

are based on a multi-step proedure where

1. loal data sequenes are gathered in ertain operating points orresponding to

�xed pi, i ∈ {1, · · · , Nop} values of the sheduling variables;

2. Nop loal LTI models (Ai,Bi,Ci) are estimated by using the previously ob-

tained sets of loal input/output (I/O) measurements;

3. �nally, an interpolation phase is performed in order to derive a �nal global

parameter-dependent model. This step onsists in the diret interpolation of

the elements of the system matries estimated loally, i.e., yielding usually an

a�ne or polynomial LPV model de�ned by Eq. (2.21). This step is usually

traed bak to a linear least squares problem.

In this thesis, more preisely, this loal approah is seleted to be onsidered. Con-

erning the operating point seletion step (#1), in the literature dediated to LPV

model identi�ation from loal experiments, the Authors often hoose equidistant

working points by seleting a user-de�ned but �xed step between two loal exper-

iments in terms of the sheduling variables. As far as the interpolation step (#3)
involved in the loal approah is onerned, it neessitates that every loal model is

written in a ommon oherent basis representation. Indeed, as pointed out �rst in

[136℄, violating these oherent onstraints may result in an inaurate global LPV

model even if the loal LTI models are onsistent.

In this Chapter, on the one hand, a novel tehnique is presented whih aims

at providing a reliable set of operating points for the following identi�ation pro-

edure. On the other hand, two novel loal experiment-based tehniques are in-
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trodued in order to irumvent the basis oherene problem yielding in an LPV

state-spae model. Both methods assume that the user has aess to identi�ed loal

and reliable blak-box LTI state-spae models. The �rst one, more preisely, aims

at re-struturing these loal blak-box state-spae models into a global gray-box

1

struture whih is derived analytially from the original nonlinear system to identify.

The seond tehnique avoids the lassial interpolation step by employing a speial

H∞-norm-based ost funtion to estimate the �nal blak- or gray-box state-spae

LPV model. Notie that the developments presented in this Chapter onsider LPV

models, transformed into LFRs orresponding to the notations introdued in Setion

2.3.3, yielding a generi identi�ation framework. The performane of the proposed

tehniques are presented later, in Part II of this thesis.

5.2 Problem statement

Aording to the notations de�ned in Setion 2.3.3, when LPV models are on-

sidered throughout this thesis, the following state-spae representation is used

γx(t) = A(p(t),ϑ)x(t) +B(p(t),ϑ)u(t), (5.1a)

y(t) = C(p(t),ϑ)x(t) +D(p(t),ϑ)u(t), (5.1b)

where u(t) ∈ Rnu
is the input signal vetor, y(t) ∈ Rny

is the output signal vetor,

x(t) ∈ Rnx
is the LPV state vetor and t ∈ R or Z and where ϑ ∈ Rnϑ

is the general

notation of the unknown parameter vetor. The sheduling variables are gathered

into the vetor

p(t) ∈ P ⊆ R
np,

where P is the so-alled sheduling "spae" [134℄. Herein as well, γ stands for

the forward shift operator (q) when disrete-time systems are onsidered or for the

di�erential (

d
dt
) operator when ontinuous-time systems are handled. Aording to

the notations in Eq. (2.28), the system matries denoted by

[
A(p(t), θb) B(p(t), θb)
C(p(t), θb) D(p(t), θb)

]

, (5.1)

and by

[
A(p(t), θg) B(p(t), θg)
C(p(t), θg) D(p(t), θg)

]

, (5.1d)

represent the blak- and gray-box versions of the system matries found in Eq. (5.1),

respetively. Here, θb ∈ R
n
θb
or θg ∈ R

nθg
is the spei� version of the general un-

known parameter vetor ϑ whih, in the blak-box ase (θb
), onsists of all the

matrix entries, or in the gray-box framework (θg
), an be unknown funtions of the

real physial parameters (dark-gray-box) or diretly the physial parameters them-

selves (light-gray-box). Notie that, hereafter, only stati dependent LPV models

are onsidered whih means that the LPV system matries depend only on the in-

stantaneous value of the sheduling variable vetor p(t) [135℄. As pointed out in

[23℄, only the stati dependeny an be aptured when the loal approah is used

1. Hereafter, when gray-box representations are mentioned, it is meant that both dark- and

gray-box models are onsidered (see Setion 2.2).
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beause the sheduling variables are �xed during the loal experiments, and thus,

the dynamis between eah working point vanishes. In the sequel, based on the def-

initions given in Subsetion 2.3.3, it is assumed that the system matries found in

the LPV model de�ned by Eq. (5.1) are rational funtions of the sheduling variable

vetor. Thus, the system matries an be written as follows,

A(p(t),ϑ) = A0(ϑ) + Bw(ϑ)∆p(t)(In∆
−Dzw(ϑ)∆p(t))

−1Cz(ϑ), (5.2a)

B(p(t),ϑ) = B0(ϑ) + Bw(ϑ)∆p(t)(In∆
−Dzw(ϑ)∆p(t))

−1Dzu(ϑ), (5.2b)

C(p(t),ϑ) = C0(ϑ) +Dyw(ϑ)∆p(t)(In∆
−Dzw(ϑ)∆p(t))

−1Cz(ϑ), (5.2)

D(p(t),ϑ) = D0(ϑ) +Dyw(ϑ)∆p(t)(In∆
−Dzw(ϑ)∆p(t))

−1Dzu(ϑ), (5.2d)

where

∆p(t) =






p1(t)Ir1
.

.

.

pnp
(t)Irnp




 ∈ R

n∆ , (5.2e)

n∆ =

np∑

l=1

rl. (5.2f)

So, the LPV model de�ned by Eq. (5.1) an be transformed into an I/O represen-

tation by using two embedded LFTs as de�ned by Eqs. (2.15)-(2.16), i.e.,

GLPV (s,p(t),ϑ) = Fu(Fu(MLPV (ϑ),∆p(t)),
1

η
Inx

), (5.2g)

where η is the Laplae or z transform of γ whih is equal to s or z in the disrete-

or ontinuous-time ase, respetively, and where

MLPV (ϑ) =





Dzw(ϑ) Cz(ϑ) Dzu(ϑ)
Bw(ϑ) A0(ϑ) B0(ϑ)
Dyw(ϑ) C0(ϑ) D0(ϑ)



 . (5.2h)

See Setion 2.3.3 for more details about the LPV/LFR models. Now, the LPV

model identi�ation problem from loal experiments an be stated as follows.

Objetive

Given a starting point in the sheduling spae,

� estimate an optimized number of loal working points (Nop) and loal blak-

box LTI models as well based on disrete-time realizations of the input

and output signals on �nite but su�iently wide time horizons Ni, i.e.,

{ui(k),yi(k)}Ni−1
k=0 i ∈ {1, · · · , Nop}, where Nop stands for the number of

the operating points involved in the estimation proedure;

� derive a blak- or a gray-box state-spae LPV model de�ned by Eq. (5.1).

5.3 Operating point seletion for LPV model iden-

ti�ation

As mentioned in the previous Setion, the information about the parameter-

varying system to identify is only loal when a loal approah is onsidered. Suh
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a pratial onstraint makes the working point seletion step ruial in order to

ensure that the �nal LPV is able to apture the dynamis of the non-linear system to

identify e�iently. A naive approah would be to inrease, as muh as possible, the

number of loal models by onsidering a very tiny step between two loal data-sets.

In order to avoid this kind of numerially and pratially umbersome approah, it

is suggested hereafter to measure the omplementary information brought by a new

loal operating and deide, aording to this measurement, (i) if this loal data-set
is kept for the identi�ation of the LPV model, (ii) if the user-de�ned step between

the urrent model and the next one must be inreased or dereased. In the literature

dediated to LPV model identi�ation from loal experiments, most of the time (see

among others e.g.,[82, 143, 135, 23℄), the Authors hoose equidistant working points

by seleting a user-de�ned but �xed step ∆p between two loal experiments in terms

of the sheduling variables. More preisely, by applying suh a simple operating

point seletion approah, the user does not have any information of how the system

dynamis evolve between the seleted working points. As is shown in Figure 5.1a,

by using the same uni�ed step in terms of the sheduling variable ∆p between eah

working point, the next loal model may be found too far or too lose in terms

of the �system dynamis� ∆β. In the sequel, in order to address this problem, a

novel approah is proposed where the seletion is performed by �xing the allowable

dynami distane ∆β rather than a �xed step size in terms of the sheduling variable

vetor ∆p. In other words, by �xing ∆β between the loal operating points, it an

be ensured that the estimated loal models are evenly distributed in terms of the

�system dynamis� along the trajetory of the sheduling variable vetor. This

may result in a set where the �xed sheduling variables pi, i ∈ {1, · · · , Nop} are

distributed unevenly. This novel approah is depited in Figure 5.1b. So, basially,

the proposed method applies a �xed step size grid sampling in terms of the �system

dynamis� ∆β and seeks the orresponding �xed values of sheduling variable vetor

pi, i ∈ {1, · · · , Nop}. Now, the next question whih arises is the following: how an

we quantify the �dynamis� of the system? In this thesis, more preisely, the nu-gap

metri [146℄ has been seleted for this purpose. Thanks to this math measurement,

the step between two loal experiments is automatially modi�ed and tuned with

respet to the information brought by the next loal model. For this seletion

proedure, it is assumed that the maximal (pmax = p) and minimal (pmin = p)

possible values of the sheduling variables are known (see Eq. (2.14) for the de�nition

of p and p, respetively). By further assuming that an initial operating point is

available, the next one should be

1. far enough from the �rst one to derease the omplexity of the LPV model

identi�ation step;

2. lose enough to the �rst one to ensure that the global behavior of the system

is well-aptured.

Depending on the value of the seleted ∆β, this rule allows us, on the one hand,

to redue the number of loal models in the end (ompared with a standard teh-

nique involving a onstant step), and on the other hand, to aquire more reliable

information about the variation of the system dynamis along the trajetory of the

sheduling variables. We may need more loal experiments than �nally seleted loal

models but it is the prie to pay if the user wants to selet reliable information about

the nonlinear system to identify when the sheduling variable annot be persistently

exited.
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(a) The lassial approah. (b) Our approah.

Figure 5.1: Operating point seletion approahes for LPV model identi�ation based

on loal experiments.

Remark 5.1. Hereafter in this Chapter, we fous on ontinuous-time representa-

tions for the sake of oniseness. Notie however that the following developments

an be extended to disrete-time models diretly. In this ontext, γ = d
dt
and η = s is

the Laplae variable where η is the Laplae transform of γ based on the de�nitions

given in Setion 2.3.

5.3.1 Nu-gap metri

In order to desribe the working point seletion tehnique, let us �rst intro-

due the measure of model �t, the present seletion method is based on. Being a

omplex-topologial tool, the nu-gap metri [146℄, as a dynami distane measure-

ment between two LTI models

2

, is alulated in [145℄ by

νg = δ(G1(s),G2(s)) =

‖(I+ G2(s)G2(s))
− 1

2 (G2(s)− G1(s))(I+ G1(s)G1(s))
− 1

2‖∞, (5.3)

where Gi(s), i ∈ {1, 2}, stands for the I/O representations of two LTI model while

•, i ∈ {1, 2}, and ‖ • ‖∞ stand for the omplex onjugate and the H∞-norm of •,
respetively. This measure is bounded between 0 and 1 [145℄. In addition, it an be

shown that if νg is lose to 0, then the two onsidered models have similar dynami

behavior. Contrarily, when νg is lose to 1, then the two models behave di�er-

ently [145, 146℄. By this way, the nu-gap metri an be onsidered as a normalized

H∞-norm of the di�erene between two LTI models. Thanks to its advantageous

properties, this tool an e�iently be employed during the operating point sele-

tion proedure as a distane measurement, in terms of the dynamis of the system,

denoted by ∆β in Figure 5.1.

2. Here, the general (alligraphi) notation is applied beause this metri an be alulated for

any (blak- or gray-box) kind of LTI models.
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5.3.2 Seletion algorithm

First, it is important to notie that the following seletion algorithm an be

used with any identi�ation method based on loal experiments. For this seletion

proedure, it is assumed that the maximal (pmax = p) and minimal (pmin = p)

possible values of the sheduling variables are known (see Eq. (2.14) for the de�nition

of p and p, respetively). By assuming that this (weak) assumption is satis�ed, the

natural questions whih arise when dealing with a loal approah are the following:

� How many working points do you need to get a onsistent �nal LPV model?

� How an you selet the good working points for the loal experiments?

� How do you measure the information brought by a new working point and a

new loal model?

These important questions an guide the user in developing an heuristi tehnique

for seleting the working points in an e�ient way. They more preisely show that

a distane between two onseutive loal models must be introdued to deide if a

loal model must be kept beause it gives aess to new and reliable information

about the global behavior of the system to identify. In this thesis, it has been hosen

to use the nu-gap metri [146℄ to measure suh a distane beause of its ability to

quantify (between 0 and 1) the behavioral similarities or di�erenes between to LTI

models. Notie, however, that any other similar metris, suh as e.g., the Martin

distane [91℄, may be applied instead. One this frequeny �tting measurement is

introdued, aording to prior knowledge or spei� pratial onstraints satis�ed

by the system to identify, the user must hoose a spei� range of admissible values

for this mathing measurement νg (related to a user-de�ned threshold alled ∆β in

the following, see Figure 5.1), range whih must piture the on�dene the user has

in the apability of the seleted loal models to apture the global behavior of the

system. In the sequel, depending on whether the urrent value of νg is in or out of

the user-de�ned range of admissible values, the distane between the loal models

must be updated (inreased or dereased).

This senario being set, it is now neessary to translate it into an iterative al-

gorithm. Hereafter, the atual operating point and the step size are denoted by

pact and pstep, respetively. The following proedure an be performed in order to

determine the best operating points and to identify the loal blak-box models from

the loal information available at these points. Notie here that by best seletion, it

is meant that the �nal set of working points is the best in terms of the user-de�ned

∆β whih is a maximal allowable distane, in the nu-gap metri sense [145℄, be-

tween eah loal model. In the sequel, the algorithm is presented by using only one

sheduling variable. Notie that the extension of the algorithm to several sheduling

variables an be arried out straightforwardly.

By onstrution, suh an algorithm is heuristi. A statistial investigation of

the e�et of the parameters ∆β and the e�et of noisy data during loal model

identi�ation is takled in Setion 6.3, in Part II, by resorting to simulations. Now,

in order to guide the user, some important hints to e�iently selet the hyper-

parameters of the tehnique are given. First, the initial value of pstep should be

hosen quite small w.r.t. pmax, e.g.,

pstep ∈ [0.01, 0.05]pmax. (5.4)

This hoie an be justi�ed by the fat that the step size should be initially small

enough to be able to apture the non-linearities of the system. Then, the algorithm
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will determine (inrease or derease) at eah iteration a new value of pstep if it is

neessary. Seond, as far as∆β is onerned, as an be seen from the results obtained

in Setion 6.3, the admissible hoie of this hyper-parameter depends on the noise

involved in the loal I/O data sequenes and on the onsidered framework

3

.

The operating point determination proedure an be started from the maximal

value (pmax) or from any other intermediate value of the sheduling variables as well

by (only) slightly modifying the afore-desribed algorithm. When the algorithm an

not �nd any dynamial hanges en route to pmax, two working points will be seleted

anyway, the ones orresponding to pmin and pmax.

Notie that this seletion algorithm an be easily implemented by using the

gapmetri funtion of the Robust Control Toolbox available in Matlab. As men-

tioned above, the proposed algorithm an be applied with any identi�ation teh-

nique based on loal experiments (suh methods an be, among others, [97, 96, 157,

156℄). In this thesis, the proedure is embedded into the H∞-norm-based identi-

�ation method developed �rst in [156℄ and also utilized for [157℄. The obtained

simulation results are presented in Setion 6.3.

Seletion Algorithm

1. Estimate a blak-box LTI state-spae model Gi(s), i = 1, in the ini-

tial operating point (pact = pmin) by using any dediated identi�ation

method [78, 46, 45, 93℄. De�ne the initial pstep as pstep ∈ [0.01, 0.05]pmax

and set the operating point index as i = i+ 1. Compute the position of

the next working point (pi = pact + pstep).

2. Perform the following steps until it holds true that pact ≤ pmax.

� Estimate a blak-box LTI state-spae model (Gi(s)) in the atual op-

erating point (pact = pi) by using any dediated identi�ation method

[78, 46, 45, 93℄.

� Compute the nu-gap metri by using the de�nition given in Eq. (5.3),

as

σ = δ(Gi−1(s),Gi(s)), (5.5)

� If ∆β < σ < ∆β, then the atual model (Gi) is kept, i = i + 1 and

pi = pact + pstep, where the user-de�ned threshold ∆β and ∆β are

hosen to be equal to (∆β − 0.1) and (∆β + 0.1), respetively.
� Else if σ > ∆β, then the atual model (Gi(s)) is disarded, pstep =
pstep −∆pstep and pi = pact − pstep.

� Else if σ < ∆β, then the atual model (Gi(s)) is disarded, pstep =
pstep +∆pstep and pi = pact + pstep.

The resulting set ontains the kept models, the dimension of whih is denoted

by Nop in the following.

5.4 H∞-norm-based loal re-struturing method

The method presented in this Setion aims at re-struturing the loal blak-box

state-spae models, before their interpolation, into frozen gray-box LPV ones so

that p(t) → pi, where i stands for the ith �xed value of the sheduling variable

vetor. Suh a proedure is interesting beause, ontrary to the blak-box model-

based approah, the appliation of prior information helps the user ensuring the

3. By framework, it is meant that a blak or a gray-box LPV model is sought to be estimated.
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onsisteny of the oherent basis (thanks to the physial meaning of the involved

state vetor for eah working point) at least for stati dependent LPV state-spae

models. In order to do so, let us assume that we have aess to Nop identi�ed loal

blak-box state-spae LTI models having the following form,

ξ̇i = Aiξi +Biu, (5.6a)

y = Ciξi, (5.6b)

with nξi being the order of the loal blak-box state-spae models, and frozen loal

gray-box LPV state-spae models based on Eq. (5.1), e.g.,

ẋ = A(pi, θ
g
i )x +B(pi, θ

g
i )u, (5.7a)

y = C(pi, θ
g
i )x, (5.7b)

where pi = [p1i , · · · , pnpi
]⊤ is a vetor ontaining the �xed values of the sheduling

variables and where θ
g
i , i ∈ {1, · · · , Nop} denotes the unknown gray-box parameter

vetor to identify. Then, the loal blak-box as well as the loal frozen gray-box

transfer funtion form an be alulated as

Gi(s) = Ci(sInξi
−Ai)

−1
Bi, (5.8)

and

G(s,pi, θ
g
i ) = C(pi, θ

g
i )(Inx

−A(pi, θ
g
i ))

−1B(pi, θ
g
i ). (5.9)

Notie that, the dimensions of the loal blak-box LTI models nξi , ∀i ∈ {1, · · · , Nop}
an be di�erent for eah working point while the gray-box frozen LPV models have

always the same number of states nx resulting from the global gray-box LPV model

struture de�ned by Eq. (5.1). Herein, the method proposed to determine a global

gray-box state-spae LPV representation, in every loal operating points, before

the interpolation step an be de�ned by following the lines of the previous Subse-

tion. Thus, it an be suggested onsidering diretly the equality between the I/O

representations de�ned by Eqs. (5.8)-(5.9), e.g.,

G(s,pi, θ
g
i ) = Gi(s). (5.10)

Suh a onsideration leads us to determine the strutured matries, more preisely

the parameter vetors θ
g
i whih optimizes the following riteria

J(θg
i ) = ‖G(s,pi, θ

g
i )−Gi(s)‖2∞, (5.11)

where i ∈ {1, · · · , Nop}. The resulting ost funtion an be minimized by applying

the algorithm developed in [6℄ and presented brie�y in Chapter 3. By this way, the

problem of the oherent basis is traed-bak to the LTI re-struturing one presented

in Chapter 4. More preisely, the developments introdued in Chapter 4 an diretly

be applied in eah working point. Notie that a further advantage of this approah

is that the loal blak-box LTI models de�ned by Eq. (5.8) do not need to have the

same number of states nξi as the LPV model nx has. So, it is possible to estimate the

loal models having di�erent orders in order to apture perfetly the loal dynamis

of the system. The appliation of the H∞-norm an �rst be justi�ed by notiing

that, by de�nition, the H∞-norm is the maximal singular values of the omplex

gain matrix over all the frequenies. Thus, thanks to the norm property, if the ost
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funtion in Eq. (5.11) is small enough (i.e., a lot smaller than 1), then the distane

between the frozen LPV model and the identi�ed blak-box one is small as well.

The performane of the proposed loal re-struturing-based tehniques are pre-

sented in Setion 6.3 through a simulation example. Furthermore, the results are

ompared with the ones obtained by applying the identi�ation method introdued

�rst in [84℄.

5.5 H∞-norm-based behavioral interpolation (H∞-
BI)

By going further along the same path as above, the following question arises:

What if we put everything together into a ost funtion similar to the one de�ned

by Eq. (5.11) and then try to minimize it? This approah is more preisely in-

trodued hereafter. By using suh an approah, the lassial interpolation step

an be avoided leading to a method whih provides an embedded solution to the

oherent basis problem as well. As explained above, the working point seletion

algorithm desribed in Setion 5.3 yields Nop loal blak-box LTI models de�ned by

Eq. (5.8) i ∈ {1, · · · , Nop}. Then, the problem whih remains to solve is how this

loal information an be e�iently ombined in order to obtain, in the �nal step, an

aurate blak or gray-box LPV model. It is now well-known [136, 97, 135, 23℄ that,

in a framework using blak-box LPV state-spae representations, this interpolation

step must be performed with aution if the user does not want to fae (dynamial)

similarity transformation issues. Herein, this problem is bypassed by resorting to

a spei� ost funtion whih fouses on the preservation of the input-output be-

havior of the model. More preisely, by having aess to reliable loal blak-box

models Gi(s) given by Eq. (5.8), as well as a blak- or gray-box LPV model stru-

ture GLPV (s,pi,ϑ) based on Eq. (5.2g), for frozen values of the sheduling variables

(pi, i ∈ {1, · · · , Nop}), the idea used herein onsists in estimating the unknown

parameters of the LPV model by optimizing the following global frequeny �tting

measurement

min
ϑ

Nop∑

i=1

‖GLPV (s,pi,ϑ)−Gi(s)‖2∞. (5.12)

Notie that, aording to the notations introdued in Setion 2.1, GLPV (s,pi,ϑ)
should hange with respet to the onsidered framework, i.e.,

GLPV (s,pi,ϑ) −→
{

GLPV (s,pi, θ
b), black − box,

GLPV (s,pi, θ
g), dark/light− gray − box.

(5.13)

As a onsequene, in the ost funtion de�ned by Eq. (5.12), the vetor θb
or θg

may ontain every system's matrix entries (blak-box ase) or parameters related

to physial parameters of the system (gray-box ase), respetively. It is interesting

to point out that, ontrary to the loal re-struturing method presented previously,

here, only one parameter vetor is sought to be identi�ed for every loal operating

point sine the variation of the sheduling variables are embedded into∆pi while the

matrix MLPV (ϑ) ontaining the unknown parameters to identify is onstant along

the whole trajetory of the sheduling variables (see Eq. (5.2g)). Notie also that the

proposed tehnique ehos bak the method developed in [109℄ where the H2-norm is
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seleted to be used. However, we maintain the appliation of the H∞-norm. More

preisely, the following H∞-norm-based ost-funtion is onsidered, i.e.,

min
ϑ

max
i∈{1,··· ,Nop}

‖GLPV (s,pi,ϑ)−Gi(s)
︸ ︷︷ ︸

Λ(s,pi,ϑ)

‖2∞. (5.14)

As explained in Subsetion 2.3.3, by using the LPV/LFR model struture with a

�xed ∆pi blok, a spei� physial insight is involved even in the blak-box ase.

Further advantages of suh strutural information an be exploited when a gray-box

LPV/LFR model is sought to be estimated. Theoretially, in the gray-box ase,

when the onsidered physially strutured model is identi�able, when it is a perfet

model of the system under study, and when the estimated blak-box models are

onsistent, one loal model is enough to identify the global LPV model whih is a

really interesting feature of the H∞-BI tehnique. This statement is supported by

the simulation example presented in Setion 6.3.

Similarly to the loal re-struturing ase, the same arguments are hold true

about the appliation of the H∞-norm. In other words, if the maximal value of the

H∞-norm found in Eq. (5.14) is small enough, the LPV model an be onsidered

as a deent approximation of all the loal blak-box LTI state-spae models for all

the onsidered �xed values of the sheduling variables. It is assumed that the loal

models perfetly apture the true loal behavior.

In order to be able to separately manage the involved loal information, a blok

diagonal reformulation of the ost-funtion de�ned by Eq. (5.14) is proposed herein.

By doing so, a strutured H∞ synthesis problem is obtained. To introdue this, let

us, more preisely, onstrut the blok-diagonal term G(s,P,ϑ) having the form

G(s,P,ϑ) =






Λ(s,p1,ϑ)
.

.

.

Λ(s,pNop
,ϑ)




 , (5.15)

where P = [p1, · · · ,pNop
]⊤ is a matrix ontaining the �xed sheduling variable

vetors. As a result of the blok diagonal struture, it an be written that

‖G(s,P,ϑ)‖∞ = max
i

‖Λ(s,pi,ϑ)‖2∞, i ∈ {1, · · · , Nop}. (5.16)

By replaing the above obtained struture into Eq. (5.14), we obtain the reformu-

lated ost funtion as

min
ϑ

‖G(s,P,ϑ)‖∞. (5.17)

In order to minimize the H∞-norm of G(s,P,ϑ), it is neessary to ompute the

value of this funtion e�iently. This an be rewritten as

‖G(s,P,ϑ)‖2∞ = max
ω∈[0,∞]

λ1(G
H(ω,P,ϑ)G(ω,P)),

where λ1(•) is the maximum eigenvalue funtion whih is a onvex but a non-smooth

funtion [5℄. Thus, solving Eq. (5.17) is equivalent to the following optimization

problem

J(ϑ) = min
ϑ

max
ω∈[0,∞]

λ1(G
H(ω,P,ϑ)G(ω,P,ϑ)). (5.18)
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In order to minimize the ost funtion de�ned by Eq. (5.17), the proximity ontrol

algorithm introdued in Chapter 3 is applied. In this ase, by using the notations

of Chapter 3, F(θ, ω) = G(ω,P,ϑ).
The performane of the proposed loal model-based tehnique is introdued in

Setion 6.3 through a simulation example. The obtained results are then ompared

with the ones alulated by applying the identi�ation method introdued in [84℄

and the above developed loal re-struturing tehniques.

5.6 Conlusion

In this Chapter, the identi�ation problem of blak and gray-box LPV models

based on loal experiments has been addressed. More preisely, a novel approah

determining a set of loal operating points has been developed followed by the in-

trodution of an H∞-norm-based loal re-struturing method. Eventually, an other

H∞-norm-based tehnique has also been developed aiming at estimating the �nal

LPV model by employing one global ost-funtion. The performanes of the pro-

posed tehniques are presented in Setion 6.3 through a simulation example. These

results are then ompared with ones obtained by applying the identi�ation method

introdued �rst in [84℄. Furthermore, the presented approahes are also tested by

involving real data sequenes gathered on a 2-DOF �exible roboti manipulator (see

Setion 7.1). These results are presented in Chapter 7.
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Appliations
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Chapter 6

Simulation examples

6.1 Introdution

This Chapter is devoted to the illustration of the performane of the tehniques,

introdued in the �rst part of the thesis. In this Setion a partiular fous is plaed

on the appliation of simulated data sequenes. Real data driven examples an

be found in the next Chapter. Hereafter, the applied systems are introdued �rst

followed by the evaluation of the methods onerning the identi�ation of LTI and

LPV models by using simulated data.

6.2 Gray-box linear time-invariant model identi�-

ation of the printer-belt system

In this Setion, the performane of the LTI re-struturing tehnique introdued

in Chapter 4 is presented. During this demonstration, simulated data sequenes

gathered on the printer-belt system desribed in hereafter is applied. Notie that in

this Setion, the supersript g is dropped but gray-box models are employed.

6.2.1 Printer-belt

The printer belt drive extrated from [35, Setion 3.8℄ is driven by a DC motor

equipped with a speed feedbak and used to move the printing end e�etor laterally

aross the printed page. This system is used only to present the performane of the

tehnique introdued in Chapter 4. The output y of the system has been hosen as

the speed of the printing devie ż(t) where z stands for the position (denoted by y
in Figure 6.1). The input u is the perturbation torque applied to the belt. As far

as the state vetor x =
[
x1 x2 x3

]⊤
is onerned, the following omponents are

suggested in [35℄ and kept hereafter

x1(t) = rς(t)− z(t) x2(t) = ż(t) x3(t) = ς̈(t) (6.1)

where r and ς (denoted by r and θ in Figure 6.1) are the pulley radius and the

angular position of the DC motor, respetively. Based on this triplet {u, y,x} as

well as the equations governing the motion of the system available in [35, Setion
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Figure 6.1: Printer belt system. Piture borrowed from [35, Setion 3.8℄, page 183.

3.8℄, an LTI state-spae representation similar to Eq. (4.1) an be obtained, where,

in the dark-gray-box ase,

A(θg) =





0 −1 θg1
θg2 0 0
θg3 θg4 θg5



 B(θg) =





, 0
0
θg6




(6.2a)

C(θg) =
[
, 0 1 0

]
, (6.2b)

with unknown parameters θg =
[
θg1 θg2 θg3 θg4 θg5 θg6

]⊤
, or in the light-gray-box

ase,

A(θg) =





0 −1 r
2k
m

0 0
−2kr

J
−Kmk1k2

RJ
− b

J



 B(θg) =





0
0
− 1

J




(6.3a)

C(θg) =
[
0 1 0

]
, (6.3b)

with θg =
[
r k J b Km k1 k2 m R

]⊤
, where k is the sti�ness of the belt,

m is the mass of the printing devie, J is the inertia of the motor and the pulley,

Km is the torque onstant of the motor, R is the resistane of its wire, k1 is the

gain of the position sensor, k2 is the gain of the speed feedbak and b is the motor

dissipation onstant. Hereafter, the following numerial values are used

m = 0.2 kg k1 = 1 V/m r = 0.15 m

b = 0.25 N.m.s/rad Km = 2 N.m/A J = 0.01 kg.m2

k2 = 0.1 s R = 2 Ω.

For this set of values, the system has a highly under-damped behavior as well as a

negative gain.

6.2.1.1 Identi�ability

In this ase again, the identi�ability of the struture (A(θg),B(θg),C(θg)) is
required to ensure that the algorithms developed in this thesis yield an aurate and
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unique solution. Straightforwardly, from the state-spae form (6.2), one an get

G(s) =
Y (s)

U(s)
=

α1

s3 + α2s2 + α3s+ α4

(6.4)

where, in the dark-gray-box ase (by negleting again the supersript g),

α1 = θ1θ2θ6, α2 = −θ5, (6.5a)

α3 = θ2 − θ1θ3, α4 = −θ2(θ5 + θ1θ4), (6.5b)

or, in the light-gray-box ase,

α1 = −2kr

Jm
α2 =

b

J
, (6.6a)

α3 =
2k

m
+

2kr2

J
α4 =

2k

m

(
b

J
+

rKmk1k2
RJ

)

, (6.6b)

Conerning the light-gray-box struture, as an easily be seen from Eq. (6.5), while

the parameters {αj}4j=1 (and the orresponding transfer funtion) are identi�able,

the parameters {θi}6i=1 annot be reovered from the knowledge of the {αj}4j=1. Thus,

the state-spae representation given in Eq. (6.2) is not identi�able. Theoretially,

beause of this identi�ability issue, the identi�ation of the strutured state-spae

form (A(θ),B(θ),C(θ)) should be performed by adding prior knowledge. For in-

stane, by assuming that the parameters r and J are known, i.e., θ1 and θ6 are

known, the state-spae struture de�ned by

A(θ̃) =





0 −1 0.15
θ2 0 0
θ3 θ4 θ5



 B(θ̃) =





0
0

−100




(6.7a)

C(θ̃) =
[
0 1 0

]
(6.7b)

(where θ̃ =
[
θ2 θ3 θ4 θ5

]⊤
) beomes identi�able beause, in this ase,

α1 = −20 θ2 α2 = −θ5 (6.8a)

α3 = θ2 − 0.15 θ3 α4 = −θ2 (θ5 + 0.15 θ4) (6.8b)

whih leads to

θ1 = 0.15 θ2 = −α1

20
θ3 =

−α1 − 20 α3

3
(6.9a)

θ4 =
α4

α1
+ 20 α2

3
θ5 = −α2 θ6 = −100. (6.9b)

However, in the light-gray-box ase, as an be seen from Eqs. (6.6), it is impos-

sible to estimate the unknown physial parameters even when J and r are assumed

to be known. That is the main reason why the dark-gray-box model struture of

this example system is only onsidered hereafter.
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6.2.2 Data Generation

In order to test the identi�ation method introdued in Chapter 4 and om-

pare this H∞-norm-based tehnique with a more standard output-error method,

the following Monte Carlo simulation is run. Notie right now that, all along this

simulation example, the sampling period is onstant and hosen equal to Ts = 0.02s.
First, the data-sets used for the parameter estimation and the omparison are

generated as PRBS signals of amplitude ±0.75, omposed of 2814 samples and

tuned so that all the dynamis of the system are well-exited. One this noise-free

data-set is generated, the next step of the data generation step onsists in reating

noisy data-sets. These noisy data-sets are obtained by adding up, on the noise-free

output signal, realizations of zero-mean white or olored Gaussian noises. These

perturbations are haraterized by their olor as well as their signal-to-noise ratios.

Here, the signal-to-noise ratio is de�ned as follows:

SNR = 10 log

(
cov(y)

cov(v)

)

, (6.10)

where v stands for the noise ating on the noise-free output y. The zero-mean

olored noise is made by �ltering a zero-mean white Gaussian noise by a low-pass

�lter de�ned by the following funtion

H(z) =
0.091K

z2 − 1.861z + 0.9524
(6.11)

where K is a tuning gain used to get, after �ltering, SNRs exatly equal to those

used in the white noise ase. Notie that the poles of the applied �lter are the same

as the ones of the system used for the simulation. As far as the SNR is onerned,

we onsider hereafter SNR = {10, 20, 30} dB whatever the olor of the noise is. For

eah value of the SNR and eah kind of noise (white and olored), 100 realizations

are generated and added up to the noise-free output signal. Thus, this experiment

leads to 600 noisy data-sets, 300 with white Gaussian disturbanes, 300 with olored

Gaussian perturbations. The same noisy data-sets are used for both identi�ation

tehniques, i.e., the output-error algorithm [78℄ and the H∞-norm-based tehnique.

6.2.3 Identi�ation proedure

In the H∞-norm-based tehnique, the �rst step onsists in estimating, for eah

I/O data-set, a reliable blak-box fully-parameterized ontinuous-time model. In

this Setion, it has been hosen to use two di�erent tehniques to reah this goal:

a subspae-based identi�ation algorithm and an instrumental-variable-based iden-

ti�ation tehnique dediated to ontinuous-time model identi�ation. These two

tehniques are introdued to prove that the H∞-norm-based tehnique is e�ient

whatever the way the ontinuous-time blak-box models (A,B,C) are estimated as

long as these blak-box models are aurate. More preisely, this step is either per-

formed by ombining the PO-MOESP [144℄, algorithm whih is available in the LTI

System Identi�ation Toolbox, with a standard disrete-to-ontinuous-time onver-

sion based on the Zero-order hold option for the approximation to the derivative

(denoted PO-MOESP in the following) or by resorting to the SRIVC tehnique

[47℄, i.e., an identi�ation algorithm, whih is available in the CONTSID Toolbox,
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developed to address the problem of the diret estimation of ontinuous-time mod-

els. See Setions 9.2-9.3 for a brief overview of the applied identi�ation algorithms.

This latter hoie an be justi�ed �rst by notiing that the SRIVC method, whih

an be onsidered as one of the most e�ient identi�ation tehniques for the diret

estimation of ontinuous-time LTI models, is known to yield onsistent estimates

when the model belongs to the system lass [46℄, a onstraint satis�ed by the simu-

lated system studied in the urrent Setion. For eah tehnique (PO-MOESP and

SRIVC, respetively), this step leads to 600 blak-box models. Consisteny and

omputational load of this step are introdued and disussed in the next paragraph.

The resulting aurate blak-box models (see next paragraph for preisions about

the auray-based seletion step) are used as the entries of the seond step of the

tehnique. In order to test the sensitivity of the proximity ontrol method regarding

the initialization, a new Monte Carlo simulation is run. This time, the draw onerns

the initial values of

[
θ3 θ4 θ5 θ6

]
. Indeed, without additional information, it is

usual to make a random initialization. Herein, a uniform distribution over the

interval ±50% is onsidered, i.e.,

θiniti = θreali (0.5− rand), (6.12)

where rand returns a pseudorandom value drawn from the standard uniform distri-

bution on the open interval (0,1). Again, the size of this Monte Carlo simulation is

100.

The Levenberg-Marquardt algorithm used to optimize the ost funtion (4.2) is

also an iterative tehnique but, ontrary to the H∞-norm-based tehnique, diretly

uses the available I/O data-sets. Thus, for the omparison ran in this Setion, the

same data-sets and initial parameters are used, in one shot, as the ones used for

the H∞-norm-based tehnique. An interonneted Monte Carlo simulation of size

60 000 is thus onsidered.

6.2.4 Results

6.2.4.1 Before the re-struturing step

As explained previously, the �rst step of the H∞-norm-based tehnique onsists

in estimating ontinuous-time blak-box models. Herein, these blak-box models

are obtained by using PO-MOESP and SRIVC, respetively. These models have

been generated by letting the hyper-parameters of the SRIVC free (i.e., by using

the default values of the CONTSID funtion) while the future and past horizon

parameters (f and p, resp.) of the PO-MOESP algorithm are hosen equal to

f = p = 6. As explained previously, this �rst step leads to 2 × 600 blak-box

models that have to be validated. This validation is performed by omparing, with

a validation data-set di�erent from the one used for the estimation, the output of

the real system with the simulated output of the estimated models. In order to

quantify the �t between the system and the model outputs, the following mathing

measurement is used to obtain more regular distributions,

VBFT = −log10(100− BFT ), (6.13)

where

BFT = 100×max

(

1− ‖y − ŷ‖22
‖y −mean(y)‖22

, 0

)

(6.14)
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where ŷ stands for the model output. Notie that VBFT varies from -2 to 1 when

BFT varies from 0% to 99.9%. Plotting diretly the standard BFT indeed tends to

ompat the results lose to a spei� perentage when all the model outputs math

the validation data-set similarly, feature whih renders the distribution analysis quite

di�ult. Figures 6.2-6.7 dwell on the distribution of VBFT when white and olored

disturbanes satisfying a SNR equal to 10 − 30 dB are handled while Figure 6.8

shows the mean values and the standard deviations of the identi�ation performane

index VBFT with respet to the SNR. These plots reveal �rst that both tehniques

(SRIVC and PO-MOESP resp.) are good at approximating the dynamial behavior

of the real system whatever the noise harateristis are. It an however be notied

that the SRIVC tehnique outperforms the PO-MOESP algorithm in apturing the

system dynamis when zero-mean white Gaussian disturbanes at on the system.

The good results obtained with SRIVC for this simulation example are in line with

the onsisteny study available, e.g., in [47, Chapter 4℄, where it is proved that,

when the additive noise has a Gaussian normal probability distribution and rational

spetral density, the SRIVC tehnique is e�ient asymptotially. This theoretial

result more preisely indiates that the SRIVC tehnique should perform similarly

to the maximum likelihood tehnique, property whih is easily veri�ed by omparing

the BFT indexes of SRIVC and OE (see Figure 6.8). Although optimality annot

be proved when subspae-based algorithms are used, it is interesting to notie that

the di�erene between SRIVC (and by extension OE) and PO-MOESP results is a

lot smaller when olored output disturbanes are onsidered.
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Figure 6.2: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean white Gaussian noise suh that SNR = 10 dB.
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Figure 6.3: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean white Gaussian noise suh that SNR = 20 dB.
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Figure 6.4: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean white Gaussian noise suh that SNR = 30 dB.
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Figure 6.5: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 10 dB.
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Figure 6.6: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 20 dB.
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Figure 6.7: Histograms of BFT obtained with PO-MOESP (before the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 30 dB.
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Figure 6.8: Comparison and evolution w.r.t the SNR of the umulative BFT ob-

tained with PO-MOESP, SRIVC and OE, respetively (left: mean values; right:

standard deviations; top: white noise; bottom: olored noise).
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6.2.4.2 After the re-struturing step

One aurate blak-box models are available, the seond step of the H∞-norm-

based tehnique an be launhed. As explained previously, a Monte Carlo simulation

of size 100 is run in order to test the e�ieny of this re-struturing phase with

respet to the initialization. Figures 6.9-6.14 show the distribution of VBFT , after

the re-struturing step, when white and olored disturbanes satisfying a SNR equal

to 10−30 dB are handled. The relative estimation errors of the estimated parameters

obtained from PO-MOESP, SRIVC and OE are gathered in Figures 6.16�6.21 for

a SNR = 10− 30 dB while, in a more syntheti fashion, the standard deviations for

all the ases are gathered in Figure 6.22, respetively. As a omplementary analysis,

Figure 6.15 ompares the identi�ation performane index VBFT obtained after the

re-struturing step. In order to give a wider sight of the obtained results, Table 6.1

ontains the mean of the alulated H∞-norm values of the error models w.r.t the

onsidered noise harateristis (where 30C and 30W stands for the ase where the

additional noise is olored and white, respetively, having an SNR = 30dB ...et). It

an be seen from Table 6.1 that the obtained �nal H∞-norm values are quite small

even for small SNR. These values orroborate the results presented by the following

�gures.

SNR (dB)/noise type H∞-norm

30/W 0.1802

30/C 0.2265

20/W 0.0413

20/C 0.0698

10/W 0.0076

10/C 0.0195

Table 6.1: The obteined �nal H∞-norm vaues after the re-struturing step
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Figure 6.9: Histograms of BFT obtained with PO-MOESP (after the re-struturing

step), SRIVC (before the re-struturing step) and OE, respetively. Zero-mean white

Gaussian noise suh that SNR = 10 dB.
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Figure 6.10: Histograms of BFT obtained with PO-MOESP (after the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean white Gaussian noise suh that SNR = 20 dB.
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Figure 6.11: Histograms of BFT obtained with PO-MOESP (after the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean white Gaussian noise suh that SNR = 30 dB.
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Figure 6.12: Histograms of BFT obtained with PO-MOESP (after the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 10 dB.
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Figure 6.13: Histograms of BFT obtained with PO-MOESP (after the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 20 dB.

These �gures show that

� Apart from the tehnique based on the MOESP models where a slight degra-

dation an be observed, the re-struturing step does not deeply hange the

apabilities of the models to mimi the I/O. Indeed, as shown in Figure 6.15,

the �t �gures are similar to the ones gathered in Figure 6.8, respetively;

� Generally speaking, it an be notied from Figures 6.16�6.21 that all the dis-

tributions have relatively regular shapes, are quite entered and have variable

standard deviations (notie that the sales di�er from one ase to another);

However, as an be seen in Figure 6.16, MOESP under-performs SRIVC in

estimating the gray-box LTI model parameters. The poor e�ieny of the

MOESP tehnique an be explained by notiing that this tehnique �rst es-

timates a disrete-time model, then onverts it into a ontinuous-time model

by using the funtion d2. It is now well-known that this solution to get a

ontinuous-time model is not the most e�ient.

� as far as the H∞-norm-based tehniques are onerned, the best results are

obtained by ombining the SRIVC tehnique with the proximity ontrol al-

gorithm, espeially when zero-mean white Gaussian disturbanes at on the

system output while similar performane an be obtained when olored noise

is handled;

� the H∞-norm-based tehnique starting from the SRIVC blak-box models per-

forms similarly to the OE method.

From these observations, it is quite di�ult to guide the user on using the ombina-

tion of the proximity ontrol algorithm and the SRIVC tehnique or the standard OE

method. However, it is important to notie that the good results yielded by the OE

method are obtained by disarding, in average, around 40% of the estimated models.

For the OE method, a part of the data-sets lead indeed to a onvergene failure of
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Figure 6.14: Histograms of BFT obtained with PO-MOESP (after the re-

struturing step), SRIVC (before the re-struturing step) and OE, respetively.

Zero-mean olored Gaussian noise suh that SNR = 30 dB.
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Figure 6.15: Comparison and evolution w.r.t the SNR of the umulative BFT ob-

tained with PO-MOESP+H∞, SRIVCH∞ and OE, respetively (left: mean values;

right: standard deviations; top: white noise; bottom: olored noise).
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Figure 6.16: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean white Gaussian noise for a SNR of

10 dB.
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Figure 6.17: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean white Gaussian noise for a SNR of

20 dB.
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Figure 6.18: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean white Gaussian noise for a SNR of

30 dB.

−0.5 0 0.5
0

1000

2000

3000

H
in
f-
M
O
E
S
P

θ1

−1 0 1
0

1000

2000

3000
θ2

−10 0 10
0

1000

2000

3000
θ3

−0.5 0 0.5
0

1000

2000

3000
θ4

−0.5 0 0.5
0

1000

2000

3000

H
in
f-
S
R
IV

C

−1 0 1
0

1000

2000

3000

−10 0 10
0

1000

2000

3000

−0.5 0 0.5
0

1000

2000

3000

−2 0 2
0

2000

4000

6000

O
E

−1 0 1
0

1000

2000

3000

−50 0 50
0

2000

4000

6000

−2 0 2
0

2000

4000

6000

Figure 6.19: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean olored Gaussian noise for a SNR

of 10 dB.
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Figure 6.20: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean olored Gaussian noise for a SNR

of 20 dB.
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Figure 6.21: Histogram of the normalized parameters θ̃kj =
θreal
k

−θ̂kj
θreal
k

, k ∈ {1, · · · , 4},
j ∈ {1, · · · , 10 000}, obtained with a zero-mean olored Gaussian noise for a SNR

of 30 dB.
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Figure 6.22: Standard deviations on the relative errors on the estimated parameters.
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Figure 6.23: Mean values on the relative errors on the estimated parameters.
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the optimizer (due to simulated unstable models whih arise during the iterative

searh) or the onvergene towards a loal minimum. In order to get reasonable

results, the urves drawn in this Subsetion have been generated by removing these

unreliable models. More preisely, erroneous values orresponding to loal minima

have been removed as soon as they orrespond to a deviation that exeeds four

times the standard deviation for almost one of the parameters. Table 6.2 gathers

the perentage of data removed due to divergene or onvergene towards a loal

minimum. For the six ases, between 30 and 45 % of the data-sets lead to erro-

neous values whih is far from being insigni�ant. The indiret methods based on

PO-MOESP and SRIVC do not su�er from the divergene drawbak beause the

algorithm presented in [4℄ is used to stabilize the system, avoiding then the simu-

lation of unstable models. This property is an interesting feature of the proximity

ontrol algorithm. On top of that, the 4σ test has not deteted any erroneous value

for SRIVC while at the most three values out of ten thousand for the PO-MOESP

method have popped up. This is a strong argument in favor of the indiret method

involving the H∞-norm-based re-struturing step.

white noise olored noise

SNR (dB) 30 20 10 30 20 10

Divergene (%) 21.1 19.4 21.3 15.8 22.7 18.1

Loal minimum (%) 23.1 20.2 23.5 15.8 23.2 18.6

Total (%) 44.2 39.6 44.8 31.6 45.8 36.8

Table 6.2: Perentage of data removed due to divergene or onvergene to a loal

minima with the OE method.
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SRIVC + H∞
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Figure 6.24: Bart hart of the average omputational loads of the OE method,

the PO-MOESP + H∞-norm-based tehnique and the SRIVC + H∞-norm-based

method, respetively.

The last omparison deals with the omputational load of the tehniques de-

veloped in this thesis. As shown in Figure 6.24, the ombination of PO-MOESP

with the proximity ontrol method leads to a global tehnique with a omputational

ost slightly lower than the load of the output-error method. On the ontrary, the

H∞-norm tehnique resorting to SRIVC is more burdensome, mainly beause of the

omputational load of the SRIVC algorithm. This is unfortunately the prie to pay
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mc(t)

m2m1F

k

δ

f
f2

Figure 6.25: The translational two-mass-spring-damper system.

if one wants to use this e�ient identi�ation algorithm. Notie however that, even

if the omputational load is greater with SRIVC, it is still moderate and tratable

in pratie beause, in average, we need less than 1.6 seonds (on a modern laptop

omputer), starting from the I/O data-sets, to get aurate estimates.

6.2.5 Conlusion

In this Setion, the problem of identifying gray-box LTI state-spae representa-

tions has been addressed. Instead of resorting to the standard output-error teh-

niques involving ost funtions measuring the distane between the outputs of a

parameterized model and the system to identify, a system-based omparison ap-

proah is suggested by optimizing the H∞-norm of the di�erene between a stru-

tured transfer funtion (depending on a parameter vetor to estimate) and a prior-

estimated fully-parameterized model of the system. This H∞-norm-based riterion

is optimized by using the proximity ontrol algorithm introdued bire�y by Chapter

3, initially developed for H∞ synthesis, beause this spei� algorithm is very e�-

ient for optimizing non-onvex and non-smooth ost funtions involving strutured

matries. On top of that, beause of the non-use of the KYP lemma, moderate

size optimizations are arried out. As far as the determination of an initial blak-

box state-spae model is onerned, several solutions are available in the literature.

Herein, a spei� attention is paid to the MOESP lass of tehniques as well as

the SRIVC method. It has more preisely been shown that ombining the SRIVC

algorithm with the H∞-norm-based tehnique presented in Chapter 4 an be seen

as a good and moderate time onsuming solution for the estimation of gray-box LTI

state-spae forms and, by extension, as an interesting alternative or initialization

step for the standard output-error tehniques.

6.3 Linear parameter-varying model identi�ation

of the mass-spring-damper system

In this Setion, the performane of the tehniques proposed in Chapter 5 are

demonstrated based on simulated data sequenes. In order to do so, a mass-spring-

damper system is presented �rst.

6.3.1 Mass-spring-damper system

In order to present the performane of the developed LPV identi�ation methods

on a relatively simple system, a translational two-mass-spring system is proposed

(see Figure 6.25). The masses of the two vehiles are denoted by m1 and m2,
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respetively. On this system, the linear speed v1 of the �rst vehile is assumed to be

atuated with a fore F . Similarly, the veloity v2 of the seond vehile su�ers from

a dissipative fore −f2v2. The two vehiles are linked with a �exible transmission

of strength k and frition ratio f . By denoting δ the distane between the two

vehiles, the fore produed on the �rst vehile is −kδ− f(v1− v2) and the opposite

on the seond vehile. The driving vehile is equipped with a linear speed ontroller:

F = K(u − v1), where u is the veloity referene and K is the ontrol gain. The

veloity of the �rst vehile is onsidered as the output i.e., y = v1. The seond

vehile is loaded with a mass mc(t) whih is onsidered to be time-varying and

measurable at any time. By onsidering x =
[
m1v1 (m2 +mc)v2 δ

]
as the state

vetor, an LPV model struture similar to the one desribed in Eq. (2.13) an be

obtained with p(t) = mc(t) and where

[
A(mc(t)) B(mc(t))
C(mc(t)) D(mc(t))

]

=








−f
m1

f
m2+mc(t)

−k K
f
m1

−f−f2
m2+mc(t)

k 0
1
m1

−1
m2+mc(t)

0 0
1
m1

0 0 0







. (6.15)

For the simulation, we assume that the physial values equal to

m1 = m2 = 0.2 kg K = 4 k = 10 N/m f = 0.01 f1 = 0.01.

For the frozen values of the sheduling variable in the above introdued LPV model,

the following dark-, light-gray- and blak-box models an be de�ned

[
A(mi

c, θ
gi) B(mi

c, θ
gi)

C(mi
c, θ

gi) D(mi
c, θ

gi)

]

=








−f
m1

f
m2+mi

c
−k K

f
m1

−f−f2
m2+mi

c
k 0

1
m1

−1
m2+mi

c
0 0

1
m1

0 0 0

,
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light−gray−box

=
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3 0

θg
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5 θg
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6 0 0

θg
i

5 0 0 0

,








︸ ︷︷ ︸

dark−gray−box

(6.16)

where i denotes the ith �xed values of the parameters aording to the onsidered

working point and where θgi = [m1, m2, k, K, f, f2], θ
g = [θg

i

1 , θ
gi

2 , θ
gi

3 , θ
gi

4 , θ
gi

5 , θ
gi

6 , θ
gi

7 ]
for the light-gray- and dark-gray-box ase, respetively, while, in the blak-box ase,

the model has the following form

[
A(θbi) B(θbi)

C(θbi) D(θbi)

]

=







θb
i

1 θbi2 θb
i

3 θb
i

4

θb
i

5 θb
i

6 θb
i

7 θb
i

8

θb
i

9 θb
i

10 θb
i

11 θb
i

12

θb
i

13 θb
i

14 θb
i

15 θb
i

16

,







︸ ︷︷ ︸

black−box

(6.17)

where θbi = [θb
i

1 , · · · , θb
i

16, ]. Then, the parameter dependent system matries

de�ned by Eq. (6.15) an be derived by using the linear frational representation

given in Eq. (2.15). On the one hand, the light-gray-box version an be obtained
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with ∆p = p(t) = mc(t) and

MLPV (θ
g) =





Dzw(θ
g) Cz(θ

g) Dzu(θ
g)

Bw(θ
g) A0(θ

g) B0(θ
g)

Dyw(θ
g) C0(θ

g) D0(θ
g)



 =
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0 1
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0 0
−f
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f
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−k K
f+f2
m2

f
m1

−f−f2
m2

k 0
1
m2

1
m1

−1
m2

0 0

0 1
m1

0 0 0










, (6.18)

where θg =
[
m1, m2, k, K, f, f2

]⊤
denotes the vetor of the physial parameters

of the system to identify. On the other hand, in the blak-box ase,

MLPV (θ
b) =





Dzw(θ
b) Cz(θ

b) Dzu(θ
b)

Bw(θ
b) A0(θ

b) B0(θ
b)

Dyw(θ
b) C0(θ

b) D0(θ
b)



 =









θb1 θb2 θb3 θb4 θb5
θb6 θb7 θb8 θb9 θb10
θb11 θb12 θb13 θb14 θb15
θb16 θb17 θb18 θb19 θb20
θb21 θb22 θb23 θb24 θb25









, (6.19)

with ∆p = p(t) = mc(t). The parameters to identify are then θb =
[
θb1, · · · , θb25

]
.

Notie that, when LFRs are used, there is only one parameter vetor to identify

in eah ase, i.e., θb
and θg

, while, when the frozen LPV models are onsidered

(Eqs. (6.16)-(6.17)), there are Nop unknown parameter vetors to determine, i.e.,

θbi
and θgi

, ∀ i ∈ {1, · · · , Nop}.

6.3.1.1 Identi�ability

Here the identi�ability of the loal gray-box LTI models are investigated. More

preisely, the identi�ability of the struture de�ned by Eq. (6.16), i.e.,

A(mi
c, θ

gi),B(mi
c, θ

gi),C(mi
c, θ

gi),

where i ∈ {1, · · · , Nop}, is required to ensure that the algorithms developed previ-

ously yield an aurate and unique solution. For the sake of oniseness, during this

identi�ability test, the i sub- and g supersript are dropped. However, every alu-

lations are performed loally i.e., for a �xed operating point onsidering a gray-box

struture. An easy way to study the identi�ability of a model struture onsists in

determining the orresponding analyti transfer funtion [158℄. In this partiular

ase, this an be alulated as follows

G(s) =
Y (s)

U(s)
=

s2β1 + sβ2 + β3

s3 + s2α1 + sα2 + α3

, (6.20)

with (in the dark-gray-box ase)

β1 = θ5θ7, α1 = −(θ1 + θ4), (6.21a)

β2 = −θ4θ5θ7, α2 = θ1θ2 + θ1θ4 + θ3θ6 − θ3θ5, (6.21b)

β3 = θ3θ5θ6θ7, α3 = θ2θ3θ5 + θ3θ4θ5. (6.21)
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or with (in the light-gray-box ase)

β1 =
K

m1
α1, =

f

m1
+

f + f2
m2 +mc

, (6.22a)

β2 =
K(f + f2)

m1(m2 +mc)
, α2 =

ff2
m1(m2 +mc)

+
k

m2 +mc

+
k

m1

, (6.22b)

β3 =
kK

m1(m2 +mc)
, α3 =

kf2
m1(m2 +mc)

. (6.22)

Let us �rst onsider the dark-gray-box ase. Based on Eqs. (6.21), it an be on-

luded that it is impossible to estimate the 7 unknown parameters beause there

are only 6 equations. However, if we assume that the value of θ7 = K is known a

priori, it an be derived that

θ5 =
β1

θ7
→ θ4 = − β2

Kθ5
→ θ1 = α1 − θ4,

θ6 =
β3

θ5θ7θ3
,

θ2 =
α3−θ4θ5θ3

θ5θ3

}

→ α2 = θ1θ2 + θ1θ4 + θ3θ6 − θ3θ5 →

0 = −θ5
2θ23 + (θ1θ5θ7 +

β3

θ7
− α2θ5 − θ1θ4θ5)θ3 + α1θ1,

whih results in a quadrati equation for θ3. By adding an additional onstraint on

the sign of θ3, it an be determined uniquely as well.

As far as the light-gray-box model struture is onerned, from Eq. (6.22), it an

be onluded that that all the physial parameters annot be estimated in a unique

manner. However, by using again some prior knowledge about the system under

study, the involved state-spae struture given by Eq. (6.15) beomes identi�able.

More preisely, it an be assumed that either the mass m1 = m2 or the ontroller

gain K is known. In order to see this, let us onsider the following alulations (�rst

when m1 = m2 is assumed to be known)

K = β1m1 → β2 =
β1(f + f2)

(m2 +mc)
→ f =

β2(m2 +mc)

β1
− f2,

β3 =
kβ1

(m2 +mc)
→ k =

β3(m2 +mc)

β1
,

α1 =
(m2 +mc)f +m1(f + f2)

m1(m2 +mc)
→ f2 =

m1(m2 +mc)α1 − (m2 +mc)f

m1

− f.

Now, by substituting the f obtained in the �rst line into the last equation, one an

obtain

f2 =
m1(m2 +mc)α1 − (m2 +mc)f

m1

− β2(m2 +mc)

β1

+ f2 →

(m2 +mc)f

m1
=

m1(m2 +mi
c)α1

m1
− β2(m2 +mi

c)

β1
→ f

m1
= α1 −

β2

β1
,→

f = m1α1 −
β2

β1

.

Aording to the alulations presented above, it an be seen that, by having aess

to the parameters of the transfer funtion (α1, α2, α3, β1, β2, β3) and by using

some heap prior information, the physial parameters an be estimated uniquely.

Notie that both gray-box models are used in Subsetion 6.3.3.
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6.3.2 Working point seletion

The �rst step of the method used in Setion 5.5 onsists in seleting Nop loal

operating points by applying the algorithm desribed in Subsetion 5.3.2. As ex-

plained previously, this seletion algorithm ontains an identi�ation step yielding

loal blak-box LTI state-spae models from whih the nu-gap metri test an be

applied for seleting the more informative operating points. Here, aording to the

above presented reasons, it has been hosen to use the SRIVC ontinuous-time iden-

ti�ation tehnique [46, 47℄ to get the loal blak-box models. See Setion 9.3 for a

brief overview of the SRIVC identi�ation method. Of ourse, users familiar with

other tehniques an use their favorite algorithms to estimate the initial state-spae

representations (Ai,Bi,Ci), i ∈ {1, · · · , Nop}, as long as these blak-box models

mimi the loal system behavior aurately. As explained in Subsetion 5.3.2, the

working point seletion algorithm depends on hyper-parameters the user must tune

orretly in order to ensure that the seleted loal models are enough (in quantity

and quality) to get a reliable �nal LPV model. First, a partiular fous is plaed on

the in�uene of pstepinit
as well as the diretion of the searh, i.e., if starting from

pmin or pmax in�uenes the �nal result. The study of the impat of ∆β is post-

poned to the next Subsetion beause this parameter is highly linked to the quality

of the LPV model obtained from the interpolation step or from the optimization

of the H∞-norm-based riterion (5.14). Thus, herein, the following Monte-Carlo

simulation is arried out. Starting �rst from pmin, then from pmax, for 9 suessive

values of ∆β in the range [0.1 : 0.9] with a step of 0.1, 20 randomly seleted values

of pstepinit
are generated so that it an vary in the range [1% 50%]pmax. For eah

run, ∆pstep = 0.25pstep while the loal I/O data-sets are obtained by exiting the

real system de�ned by Eq. (6.15) with a PRBS omposed of 600 samples designed

so that the whole loal dynamis of the system is visited, then modi�ed by adding

up, on the noise-free output, a zero mean white Gaussian noise satisfying an SNR
equal

1

to 30 dB. First, in Figure 6.26 and 6.27, respetively, we plot, for eah value

of ∆β ∈ [0.1 : 0.9], the median (ross), the minimum (lower limit) and the maxi-

mum (upper limit) number of working points obtained with the nu-gap-metri-based

tehnique starting from pmin and from pmax, respetively. These bar-plots show that

� inreasing the value of ∆β leads to a derease of Nop,

� the algorithm is not too sensitive to the searh diretion, i.e., starting from

pmin or pmax does not vary the number of seleted working points,

� apart from spei� ases (for instane ∆β = 0.1, starting point = pmin), the

range of values satis�ed by Nop is small.

Notie that, for eah value of ∆β, the median values are reahed at least 12 times

(out of the 20 Monte-Carlo simulations). These good onlusions an be reinfored

by looking at the distribution of the values of the seleting sheduling variables for

∆β ∈ [0.1 : 0.9] and i ∈ {1, · · · , Nop}, respetively. Figure 6.28 and Figure 6.29

depit the box-plot for ∆β = 0.5 starting from pmin and pmax, respetively. It is

lear from these urves that the seleted working points remain almost the same

for eah value of i ∈ {1, · · · , Nop}. In order to ompare this iterative working point

seletion with the lassial onstant grid-based approah, a set of working points by

using a onstant step equals to ∆pstep = 0.05 has also been seleted. This results

1. The hosen noisy onditions are mild in order to avoid misleading onlusions whih ould

be related to the noise e�et and not to the hyper-parameter hoie.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 81 � #97

6.3 LPV model identi�ation of the mass-spring-damper system 81

in a set of 17 working points. Then, 17 loal blak-box models have been estimated

in these points by applying also the SRIVC tehnique. After that, the nu-gap

metri measurements an be determined between eah loal models resulting in the

following 17 times 17 upper triangular matrix given in Table 6.3 where the �rst row

ontains the alulated distane between the �rst loal model and the rest of them.

Notie that the �rst olumn and last row have been deleted beause they ontain

only zeros; sine, eah loal model has a zero distane with itself. It an be seen

that, by going further from a �xed point, the nu-gap measurement onverges to one.

Then, an o�ine seletion an be performed by �xing∆β = 0.5 and seleting the loal
models having at most ∆β between them in terms of the gap metri measurement.

After this o�ine searh, the following loal models are kept: 1, 2, 3, 4, 6, 9, 14,

17. The orresponding �xed sheduling variables are: 0, 0.05, 0.1, 0.15, 0.25, 0.4,

0.65, 0.8. Now, by using the proposed iterative seletion algorithm and setting again

∆β = 0.5 and ∆pstep = 0.05, the following set of �xed sheduling variables has been

determined: 0, 0.0437, 0.0906, 0.1609, 0.2664, 0.4246, 0.6619. It an be seen that

seleted �xed values of the sheduling variable are quite lose in both ases. The

total number of the estimated loal models is 15 during this experiment. Thus,

during this experiment we ould determine almost the same set of working points

with the online seletion algorithm by performing less loal identi�ation. This

result on�rm that the appliation of the iterative online working point seletion

method is preferable. Now, when we look loser Table 6.4, it an be onluded that

the total number of estimated loal model estimation depends on the value of the

∆β. The following table gathers the number of the �nally seleted operating points

by using an o�ine searh (seond line), the online iterative algorithm (third line)

and the total number of the performed loal model identi�ation (last line) w.r.t.

to the ∆β.

i (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17)

(1) 0.531 0.798 0.912 0.959 0.976 0.984 0.988 0.99 0.992 0.993 0.994 0.995 0.996 0.996 0.997 0.997

(2) 0 0.4156 0.67 0.815 0.896 0.942 0.966 0.98 0.987 0.99 0.992 0.993 0.994 0.995 0.996 0.996

(3) 0 0 0.33 0.559 0.711 0.809 0.875 0.917 0.945 0.963 0.976 0.984 0.989 0.992 0.994 0.995

(4) 0 0 0 0.269 0.471 0.617 0.721 0.797 0.85 0.89 0.919 0.94 0.956 0.967 0.976 0.982

(5) 0 0 0 0 0.224 0.401 0.537 0.641 0.719 0.78 0.827 0.863 0.891 0.914 0.931 0.945

(6) 0 0 0 0 0 0.191 0.346 0.471 0.57 0.65 0.713 0.763 0.804 0.838 0.865 0.887

(7) 0 0 0 0 0 0 0.164 0.302 0.416 0.51 0.58 0.651 0.704 0.747 0.784 0.814

(8) 0 0 0 0 0 0 0 0.143 0.266 0.37 0.458 0.532 0.595 0.648 0.693 0.731

(9) 0 0 0 0 0 0 0 0 0.126 0.237 0.332 0.414 0.484 0.545 0.598 0.642

(10) 0 0 0 0 0 0 0 0 0 0.113 0.212 0.3 0.376 0.443 0.501 0.553

(11) 0 0 0 0 0 0 0 0 0 0 0.102 0.192 0.273 0.344 0.406 0.462

(12) 0 0 0 0 0 0 0 0 0 0 0 0.092 0.175 0.249 0.316 0.375

(13) 0 0 0 0 0 0 0 0 0 0 0 0 0.083 0.159 0.229 0.29

(14) 0 0 0 0 0 0 0 0 0 0 0 0 0 0.077 0.147 0.211

(15) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.071 0.136

(16) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.066

Table 6.3: Nu-gap metri measurements alulated in eah operating points with i
as the index of the working point.

Based on the results presented above, it an be onluded that the working point

seletion algorithm is neither too sensitive to the initial working point (pmin or pmax)

nor the user-de�ned value of pstepinit
when mild noisy onditions are enountered.

Notie however that, aording to the performed tests, this onlusion must be

moderated when low SNR are handled. Large ranges of sheduling variables an

indeed ome out when the SNR is set to be equal to 10dB or less beause of the

sensitivity of the nu-gap-metri to model mis�t. Furthermore, based on the results
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∆β 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Nop O�ine seletion 14 14 12 10 8 7 6 5 4 1

Nop Heursiti seletion 32 17 11 8 6 5 5 4 3 3

Ident. exp. 83 39 23 18 15 11 10 9 7 7

Table 6.4: Seleted working points by using the di�erent approahes w.r.t the per-

formed loal identi�ation experiments.
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Figure 6.26: Distribution of the number of the seleted working points (Nop) w.r.t.

∆β. Starting point: pmin.
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Figure 6.27: Distribution of the number of the seleted working points (Nop) w.r.t.

∆β. Starting point: pmax.
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Figure 6.28: Distribution of the value of the sheduling variable (pi) in the ith
working point w.r.t. i ∈ {1, · · · , Nop} when ∆β = 0.5. Starting point: pmin.
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Figure 6.29: Distribution of the value of the sheduling variable (pi) in the ith
working point w.r.t. i ∈ {1, · · · , Nop} when ∆β = 0.5. Starting point: pmax.
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presented in Table 6.4, one an onlude that when ∆β exeeds a ertain value,

here 0.5, the seletion algorithm requires fewer loal model identi�ation steps than

with the onstant grid-based approah (whih is 17 by using a �xed step equals to

0.05 in terms of the sheduling variable). Notie that this property depends also

highly on the onsidered noise harateristis; and thus, on the applied LTI model

identi�ation method.

6.3.3 Estimation of the �nal LPV model

In this Subsetion, four �lassial� loal methods are employed in order to esti-

mate a �nal LPV model (see Eq. (6.15)) based on the previously determined sets

of loal blak-box models de�ned by Eq. (6.17). By �lassial� loal method, it is

meant that the algorithm ontains an element-wise interpolation of the loal system

matries. Beause of this interpolation proedure, the loal blak-box models are

needed to be transformed into a oherent basis before this interpolation. In order

to reah this goal, on the one hand, the method developed in [84℄ is employed to

estimate the �nal LPV model using loal balaned representations. Then, the next

two approahes onsists of re-struturing the estimated loal blak-box models into

loal dark-gray-box strutures (Eq. (6.16)) by applying, more preisely, the null-

spae-based tehnique developed in [115℄ and the loal H∞-norm-based approah

presented in Setion 5.4, respetively. On the other hand, the H∞-norm-based be-

havioral interpolation method, presented in Setion 5.5, is used as well to alulate

diretly the LPV model from the loal blak-box models.

As far as the LPV estimation proedure is onerned, the following senario is

used. For ∆β = 0.3, 0.6 and 0.9, respetively, for eah seleted working point hosen

by the mean value of the sheduling variable pi, i ∈ {1, · · · , Nop} (shown by the red

lines in Figure 6.28 and 6.29, respetively), 40 noise-free loal I/O data-sets are

�rst generated, then disturbed by a zero-mean white Gaussian noise satisfying an

SNR = 20 dB. The number of working points, more preisely, are N
(0.3)
op = 10,

N
(0.6)
op = 3, N

(0.9)
op = 2. The system is exited by applying PRBS signals having

a sampling-time equals to 0.1s. By using again the SRIVC algorithm, blak-box

models are estimated loally from these noisy data-sets. For eah working point,

the best loal model, the worst one and the median one are then kept for further

appliation. By best, worst and median, we mean the model giving the best, worst

and median I/O �t de�ned by Eq. (6.14). Notie that this �t evaluation is performed

with noise-free validation data-sets. Table 6.5 ontains the obtained best, worst and

median averaged

2

BFT for eah value of ∆β. The proedure presented above is

performed by using the sets of working points obtained by starting the seletion

algorithm from pmin and from pmax as well. The �gures gathered in Table 6.5 show

that the SRIVC algorithm leads to aurate loal LTI models quite often beause,

for eah value of ∆β, the median BFT values are very lose to the best ones. In the

next Subsetion, the loally re-strutured or balaned model-based approahes are

used to estimate the �nal LPV model.

2. Notie that for eah ∆β, di�erent numbers of BFT values are averaged aording to the

number of working points (N
(0.3)
op = 10, N

(0.6)
op = 3, N

(0.9)
op = 2).
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pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 90.07 90.07 90.08 90.06 90.05 90.07

Median BFT [%] 90.02 90.03 90.03 90.03 90.03 90.02

Worst BFT [%] 63.65 55.61 89.91 54.98 59.84 64.97

Table 6.5: Best, median and worst I/O BFT measurements of the estimated loal

blak-box LTI models.

6.3.3.1 By using loal re-struturing-based tehniques

Herein, the demonstration of the LPV model identi�ation tehniques ontaining

the lassial interpolation step is proposed. In order to reah this goal, the loal

models are needed to be transformed into a oherent basis beforehand. So, having

aess to 3 × Nop loal LTI models for eah value of β ∈ [0.3 : 0.3 : 0.9], we have

now to transform these �worst�, �best� and �median� models to get a oherent basis

representation for eah. Hereafter, in order to be able to ompare the performane

of the developed methods with an existing tehnique from the literature, the method

developed in [84℄ is seleted to be applied �rst. In this ase, the loal frozen blak-

box models (Eq. (6.17)) are balaned before the interpolation step. Seond, the

performane of the loally applied null-spae-based tehnique is presented. Then,

the H∞-norm-based loally re-struturing tehnique is takled. These two methods

aim at transforming the loal frozen blak-box models (Eq. (6.17)) into gray-box

ones (Eq. (6.16)). Using these tehniques for the urrent simulation example leads

to 2×10 blak-box LPV models for eah value of ∆β ∈ [0.3 : 0.3 : 0.9]. Note that the
�worst� sets of loal models are not used when the lassial interpolation-based loal

approahes are takled beause they do not yield aeptable, even stable, �nal LPV

models. Notie also that, by using the lassial interpolation-based loal approah,

only a�ne or polynomial LPV models an be estimated (Eq. (2.21)). However, as

is shown hereafter, by using the H∞-norm-based behavioral interpolation method

introdued in Setion 5.5, a more generi LPV/LFR model an be estimated.

Loal balaning-based tehnique

First, the method developed in [84℄ is seleted to be onsidered herein in order to

ompare the performane of the developed tehniques with a previously developed

one from the literature. In [84℄, more spei�ally, the estimated blak-box loal

LTI models are balaned before the interpolation step yielding a oherent basis

representation for every loal LTI models. After the re-struturing step, an element-

wise interpolation of the system matries takes plae resulting in a polynomial LPV

model (see Eq. (2.21)). This interpolation proedure is traed bak to a linear least

squares problem. More preisely, the lsqlin funtion of Matlab has been applied

herein to alulate the global LPV system matries. Then, the question of LPV

model validation arises. Herein, this validation step is performed by omparing the

time evolution of the model output with the output of the real system. In order to

persistently exite the system in the whole operating domain, the sheduling variable

is exited in two di�erent ways. First, the evolution of the sheduling variable is
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seleted to be a simple sine having an amplitude in the range of [0 0.8] and having

a frequeny equals to 5 rad/s. Seond, the sheduling variable is onsidered to be a

hirp signal with the same amplitude as before and a linearly inreasing frequeny

in the range of [1 − 55] rad/s. Notie that the evolution of the �rst sheduling

variable is muh slower than the seond one. The main reason why we use two

di�erent kinds of sheduling variables is to enhane the fat that several previously

developed tehniques, yielding a blak-box LPV model, have good performane only

for slow variations of the sheduling variables ( see [131, 139, 54, 84, 105, 31, 99℄).

Thus, in the �rst ase, i.e., when the sheduling variable is a sine, the obtained BFTs

are gathered in Table 6.6 while, in the other ase, Table 6.7 gathers the alulated

BFT values. Notie that there is no noise during this LPV model validation. An

I/O �t measurement, similar to the one de�ned in Eq. (6.14), is used to quantify

the apabilities of the model to mimi the system behavior. The obtained BFTs are

gathered in Table 6.6-6.7. In this ase, the results orresponding to the �worst� set

of estimated loal blak-box models are not shown in the tables beause, those sets

of loal models, annot yield a stable LPV model. Aording to the obtained results,

one an onlude that the estimated LPV models are highly sensitive to both, the

number of the involved operating points and the variation of the sheduling variable

as well. The estimated LPV models have aeptable BFT measurements only when

∆β = 0.3, and onsequently when Nop = 10 operating points have been involved

into the identi�ation and a simple sine has been used to validate the global LPV

model. However, in the other ases, when only 2 and 3 loal operating points are

used, the BFTs are worse. On top of that, even worse BFTs an be observed in

Table 6.7, i.e., when the sheduling variable is a hirp, and hene muh faster than

the simple sine onsidered in Table 6.6.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 90.10 61.32 59.72 92.56 64.20 60.01

Median BFT [%] 89.7 64.56 61.43 92.31 63.97 63.51

Table 6.6: Best and median I/O BFT measurements of the estimated blak-box

a�ne LPV models by loally balaning the blak-box models before the interpolation

step. Slowly varying sheduling variable.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 35.21 26.64 26.61 40.43 29.39 22.52

Median BFT [%] 35.02 30.21 25.42 27.03 0 24.34

Table 6.7: Best and median I/O BFT measurements of the estimated blak-box

a�ne LPV models by loally balaning the blak-box models before the interpolation

step. The sheduling variable varies fast.

Null-Spae-based approah
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Seondly, let us onsider the null-spae-based tehnique developed in [115℄, in

order to transform the estimated blak-box loal LTI models into a oherent basis.

Here, more preisely, a null-spae-based formulation of Eq. (4.7) is introdued for

whih the similarity transformation matrix and the physial parameters are found in

the solution vetor belonging to the null-spae of a matrix ontaining the parameters

of the blak-box model (A,B,C).

Γκ = 0, (6.23)

where Γ matrix ontains the information from the estimated blak-box state-spae

model, while κ gathers the unknown strutured gray-box system matries and the

similarity transformation. Based on the assumption that the dimension of the null-

spae is larger than 1, the novelty of the algorithm given in [115℄ resides in the

extration of the physial parameters by using a non-onvex optimization. On top

of that, by assuming that the initial blak-box realization of the system is on-

sistent and the �nal gray-box state-spae form is identi�able, it is proved in [115℄

that uniqueness of the solution an be ensured. Then, the interpolation is again

traed bak to a linear least squares problem. After that, the estimated LPV mod-

els are validated similarly to the previous ase by using both sheduling variables.

Contrarily to the previous ase, it an be seen that the estimated LPV models are

sensitive only to the number of the involved operating points. More preisely, in

Tables 6.8-6.9, when ∆β = 0.3, Nop = 10, the LPV models apture su�iently well

the dynamis of the original system whatever the sheduling variable is. However,

in the other ases, when only 2 and 3 loal operating points are used, the BFTs are

worse. On top of that, even worse BFTs an be observed in Table 6.9, i.e., when the

sheduling variable is a hirp, and hene muh faster then the simple sine onsidered

in Table 6.8.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 95.11 64.01 64.35 96.89 61.05 62.34

Median BFT [%] 94.98 63.87 64.81 96.98 60.98 64.75

Table 6.8: Best and median I/O BFT measurements of the estimated dark-gray-box

a�ne LPV models by using the null-spae-based re-struturing tehnique. Slowly

varying sheduling variable.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 95.61 29.31 28.93 96.43 31.01 32.26

Median BFT [%] 95.01 28.83 27.30 96.98 29.67 31.92

Table 6.9: Best and median I/O BFT measurements of the estimated dark-gray-

box a�ne LPV models by using the null-spae-based re-struturing tehnique. The

sheduling variable varies fast.

H∞-norm-based re-struturing approah
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Finally, the H∞-norm-based tehnique introdued in Chapter 4 is employed to

derive the frozen LPV models (Eq. (6.16)) in eah operating points before the

element-wise interpolation step. As mentioned in Chapter 4 , the applied method,

namely, the proximity ontrol algorithm, is needed to be properly initialized. Herein,

to test the robustness of this tehnique w.r.t. the initialization, a Monte-Carlo sim-

ulation of dimension 10 is performed. Notie that, as mentioned in Subsetion 6.3.1,

it is assumed that m1 and m2 are equal and known a priori. So, hereafter, the

initial values of the unknown parameters are alulated, in eah operating point, as

follows,

θiinit
= θireal(1 + 4(r

(i)
j − 0.5)), (6.24)

where, r
(i)
j , i ∈ {1, · · · , 6}, j ∈ {1, · · · , 10}, denotes a uniform random number in the

range [0, 1] while θireal, i ∈ {1, · · · , 6}, stands for the real values of the parameters,

respetively (see Subsetion 6.3.1 for the true values of the physial parameters

and for further details of the onsidered system). After the re-struturing step, the

resulting gray-box loal system matries are interpolated yielding a polynomial LPV

model (see Eq. (2.21)) by using again the lsqlin funtion. Eventually, the estimated

global LPV model is validated by using the above introdued two di�erent evolutions

of the sheduling variable. The obtained mean BFTs (based on 10 gray-box LPV

models) are gathered in Tables 6.10-6.11, respetively, when the sheduling variable

is a simple sine and a hirp signal. From all these �gures, it an be onluded that

the estimated global LPV models are also sensitive to the number of the involved

operating points. Similarly to the previous ase, when ∆β = 0.3, Nop = 10, the LPV
models apture well the dynamis of the original system whatever the sheduling

variable is (see Tables 6.10-6.11). On the ontrary, in the other ases, when only

2 and 3 loal operating points are used, the BFTs are muh worse again. The

appliation of the faster hirp sheduling variable yields again even worse BFT

measurements.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 95.91 63.53 64.21 95.89 59.97 61.27

Median BFT [%] 95.43 64.40 60.61 94.98 60.34 63.21

Table 6.10: Best and median I/O BFT measurements of the estimated dark-gray-

box a�ne LPV models by using theH∞-norm-based re-struturing tehnique loally.

Slowly varying sheduling variable.

pmin → pmax pmax → pmin

∆β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 95.89 32.13 28.30 96.06 29.14 30.12

Median BFT [%] 95.36 33.02 32.20 95.78 28.80 29.97

Table 6.11: Best and median I/O BFT measurements of the estimated dark-gray-

box a�ne LPV models by using theH∞-norm-based re-struturing tehnique loally.

The sheduling variable varies fast.
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6.3.3.2 By using the H∞-BI tehnique

Let us now present the performane of the H∞-norm-based behavioral interpo-

lation tehnique. By having aess the previously estimated 3 × 10 blak-box LTI

models for eah value of ∆β ∈ [0.3 : 0.3 : 0.9], the seond step of the proedure aims

at estimating the �nal LPV model de�ned by Eq. (6.15) written as an LFR (see

(6.19)-(6.18)) through the minimization of the ost-funtion de�ned by Eq. (5.14)

from a set of loal models by applying the tehnique introdued in Setion 5.5. This

behavioral interpolation suggested in this part of the thesis involves also the mini-

mization of an H∞-norm-based ost funtion. Beause of the non-onvexity of suh

a ost funtion, initialization issues an our. Herein as well, in order to test the

robustness of our tehnique w.r.t. the initialization, a Monte-Carlo simulation of

dimension 10 is performed. For this LPV model identi�ation step, two LPV model

strutures presented in Subsetion 6.3.1, a blak-box and a light-gray-box struture

(see Eqs. (6.19)-(6.18)) are handled. In the blak-box framework, the 25 sought

parameters are initialized randomly by piking up uniformly distributed values (r
(i)
j ,

i ∈ {1, · · · , 25}, j ∈ {1, · · · , 10}) in the range [0, 1], while, in the light-gray-box one,

the parameters are initialized by using the following expression

θiinit
= θireal(1 + 4(r

(i)
j − 0.5)), (6.25)

where, again, r
(i)
j , i ∈ {1, · · · , 6}, j ∈ {1, · · · , 10}, denotes a uniform random num-

ber in the range [0, 1] while θireal, i ∈ {1, · · · , 6}, stands for the real values of the

parameters, respetively (see Subsetion 6.3.1 for the true values of the physial

parameters and for further details of the onsidered system). Notie again that, as

mentioned in Subsetion 6.3.1, it is assumed that we know a priori that m1 and m2

are equal.
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Blak-box LPV model

In the blak-box framework, Table 6.12 ontains the mean (based on 10 LPV

blak-box models) of the obtained BFT measurements. Notie that, hereafter, only

the faster (hirp) sheduling variable is employed during the validation step.

pmin → pmax pmax → pmin

β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 96.6 91.5 91.2 96.8 90.7 90.8

Median BFT [%] 96.3 90.2 90.3 96.2 90.1 90.01

Worst BFT [%] 89.2 53.2 48.9 61.4 56.2 49.2

Table 6.12: I/O BFT measurements of the estimated blak-box LPV/LFR models

by applying the H∞-BI algorithm. Sheduling variable varies fast.

The �gures gathered in Table 6.12 show that, exept when the worst loal mod-

els are used for the H∞-norm-based optimization, the proedure dediated to the

LPV blak-box model identi�ation leads to LPV models able, in average, to mimi

the behavior of the real system e�iently even when few loal models are involved.

Furthermore, the onsidered method is not sensitive to the initialization while the 25

sought parameters are initialized in the range [0, 1]. Notie that, as it is presented in

Subsetion 6.3.1, the onsidered model depends rationally on the sheduling variable

(see Eq. (6.15)) while in the previous ases an a�ne LPV model has been estimated.

Thus, one of the huge advantages of this tehnique omparing to the previous ones

that herein an LPV/LFR model has been estimated. As a onsequene, the rational

dependene is integrated into the model struture to identify, even in the blak-box

ase. In the following, it is shown that this feature an further be exploited when

more prior information about the struture of the system under study is provided.

Light-gray-box LPV model

In the gray-box framework, our goal is to fous on the apabilities of the identi-

�ation algorithm to estimate the physial parameters of the real system aurately.

Indeed, in this ontext, the struture of the LPV model is �xed a priori. By using

the same loal models as the ones onsidered in the blak-box ase, light-gray-box

LPV models are estimated by resorting, again, to the ost funtion (5.14). Ta-

ble 6.13 gathers the mean of the estimated physial parameters (as well as the real

parameter values) by onsidering the �best� and �median� sets of loal models while,

in Table 6.14, I/O �t measurements (see Eq (6.14)) satis�ed by the estimated LPV

models (by following the blak-box LPV model I/O validation proedure onsidered

previously) an be seen. Notie that the worst set of loal models is disarded in

this study beause this set of loal models leads to very bad physial parameter

estimations (of magnitude, even sign, far from or in ontradition with the physis

of the real system) whih an be disriminated easily thanks to the available prior

information on the sought physial parameters.

Aording to the obtained results, it an be onluded that the physial param-

eters of the system under study are well-estimated based on both the "best" and

"median" sets of loal models. As far as the time-domain �t measurements de�ned
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by Eq (6.14) are onerned, it an be seen in Table 6.14 that the estimated gray-box

LPV models are able to apture the behavior of the system even when little loal

information is involved.

Notie that in the gray-box framework, loal minima have arisen resulting in 1,

maximum 2 (out of 10) erroneous sets of estimated parameters. Again, these loal

minima problems an be disarded thanks to the available prior knowledge about the

magnitude and/or sign of the real parameters. The resulting estimated parameters

are indeed a lot out of the range of the real parameter values.

pmin → pmax pmax → pmin

Parameter m1,2 k K f2 f m1,2 k K f2 f
Real Value 0.2 10 4 0.04 0.1 0.2 10 4 0.04 0.1

β 0.3

Best 0.19 9.96 4.00 0.038 0.1 0.19 10.02 4.01 0.04 0.098

Median 0.19 9.89 3.98 0.037 0.11 0.2 9.9 4.04 0.039 0.102

β 0.6

Best 0.2 10.01 3.93 0.04 0.09 0.19 9.79 3.97 0.039 0.009

Median 0.19 9.98 3.98 0.039 0.09 0.19 9.88 3.99 0.04 0.101

β 0.9

Best 0.21 9.75 4.09 0.039 0.098 0.2 9.83 4.02 0.038 0.098

Median 0.2 9.86 3.93 0.039 0.10 0.199 9.88 3.92 0.04 0.102

Table 6.13: Estimated physial parameters based on the best and median sets of

loal models.

pmin → pmax pmax → pmin

β 0.3 0.6 0.9 0.3 0.6 0.9

Best BFT [%] 97.4 96.8 96.1 97.2 96.9 96.2

Median BFT [%] 97.4 96.9 96.4 97.1 96.1 96.1

Table 6.14: I/O BFT measurements of the estimated light-gray-box LPV models by

applying the H∞-BI algorithm. The sheduling variable varies fast.

6.3.4 Conlusion

In this Setion, the developments presented in Chapter 5 have been introdued by

applying simulation data sequenes. First, a novel nu-gap metri-based [145℄ working

point seletion algorithm (see Setion 5.3) is employed to determine a reliable set of

working points for the loal identi�ation proedure. This iterative tehnique has

also been ompared to the lassial onstant grid-based one. As is shown previously,

the proposed tehnique is able to determine, on-line, a set of the loal blak-box

LTI state-spae models along the trajetory of the sheduling variables. Seond,

the estimation problem of both blak- and gray-box state-spae LPV models has

been takled. More spei�ally, this estimation proedure has been performed by

onsidering, �rst, the tehnique developed in [84℄ to ompare the proposed methods
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with an existing one from the literature. Then, two loal re-struturing methods have

been utilized to derive a reliable dark-gray box LPV model. Eah of these tehniques

transform the loally estimated blak-box LTI models to obtain a ommon oherent

basis representation before the lassial, linear least squares-based, interpolation

step. It should be noted that these loal approahes yield an a�ne dark-gray box

LPV model (see Eq. (2.21)) at the end of the identi�ation proedure. Moreover, this

lassial interpolation step an be irumvented by applying the H∞-BI tehnique

introdued in Setion 5.5. Notie that, ontrary to the standard solutions whih

fous on a�ne LPV model strutures, linear frational gray- and blak-box LPV

representations are onsidered. As illustrated by a simulation example study, the

loal approahes ontaining the lassial interpolation step are all sensitive to the

involved number of the operating points. Namely, the more working point is involved

during the identi�ation proedure, the better the performane of the estimated

LPV model is. Furthermore, the tehnique developed in [84℄ is highly sensitive

as well to the variation of the sheduling variable. Contrarily to this, the H∞-

BI method introdued in Setion 5.5 yields deent and reliable global blak- and

gray-box LPV/LFR models. On top of that, the performane of the estimated

LPV models does neither depend on the sheduling variable nor the number of the

involved working points. In the blak-box ase, there are more parameters to tune.

So, that is the main reason why the estimated LPV models are able to apture

the system dynamis even when a relatively small amount of loal models has been

involved. More interestingly, in the gray-box ase, one an onlude that if the

involved gray-box LFR struture is a perfet model of the system under study and

the onsidered struture is identi�able, only one single working point is enough to

estimate a reliable gray-box LPV/LFR model. This fat an be seen as the main

advantage of the H∞-BI tehnique. To sum up, the ontributions introdued above

an be seen as a promising next steps towards a uni�ed loal model-based LPV

identi�ation framework.
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Chapter 7

Real data driven examples

This Chapter is devoted to the demonstration of the e�ieny of the developed

H∞-norm-based LPV identi�ation tehnique by using real data sequenes from a

2-DoF surgial roboti manipulator. This urrent example is partiularly interesting

beause the appliation of roboti systems has been spread out in many pratial

�elds during the last deade [37℄. Nowadays, suh systems are used not only in

the manufaturing industry but also, among others, in the healthare and spae

industries (see, e.g., [7, 130℄). These latter �elds require the use of lightweight

robots ausing the appearane of strutural �exibilities ontrary to heavier industrial

robots for whih the rigid body assumption is satis�ed in general. Roboti systems

used in the afore-mentioned �elds also have more stringent preision requirements

than their industrial ounterparts. Furthermore, suh systems are manufatured in

a signi�antly less quantity resulting sometimes in really unique roboti strutures.

Therefore, the identi�ation as well as the ontrol of suh roboti systems have to

be dealt with an emphasized attention.

The models of roboti systems are usually white-box models based on �rst prin-

iples and laws of physis governing the behavior of the system. These dynami

models are often derived by employing the Euler-Lagrange or Appell equations and

the virtual work priniple [38℄. However, the appliation of these tehniques re-

quires high-level skills in robotis beause the involved kinematis are unique for

eah robot struture. This is all the more true when the user wants to have aess

to physial parameters of the system whih are imperfetly known. Furthermore,

suh white-box models may be too omplex in the end. In order to irumvent these

problems, roboti system identi�ation e�orts are now performed in the manufa-

turing industry [63℄. However, a diret identi�ation of a nonlinear blak-box model

is often ompliated beause

� strong non-linearities (e.g., inherent �exibilities) an be e�etive in partiular

working onditions,

� the development of a global nonlinear model struture an rely on strong

assumptions suh as a uniform density of the manipulator segments or the

nature of the deformations if any.

Beause a linear time-invariant model an be not su�ient when the system is used

in a large robot workspae (beause, e.g., the non-linearities e�ets may vary with

the operating onditions), LPV models are more and more introdued in robotis

(see, e.g., [139, 67, 19℄). The development of LPV model identi�ation for the
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experimental modeling of robots is advoated for two main reasons. First, from

an identi�ation point of view, the introdution of suh a struture allows the use

of standard tools dediated to LTI models for the estimation of models with a

strutural �exibility able to piture time-varying as well as nonlinear dynamis.

Seond, from a ontrol viewpoint, the onstrution of a reliable LPV model an be

seen as a standard but essential initial step for many new ontrol law determination

tehniques developed in robotis [26℄. Note that spei� LPV model-based ontroller

design tehniques (see, e.g., [132, 16, 86, 56℄ in aeronautis) an be found in the

literature. However, their diret appliation or adaptation to roboti systems is

not an easy task beause of the stronger nonlinear nature of the roboti systems in

omparison with standard aeronautial proesses. The determination of suh reliable

LPV models is still a hallenging problem as it is shown in [135, 81℄. In this Chapter,

�rst, the applied 2-DoF roboti system is presented followed by desription of the

experiment design for identi�ation purposes. Then, the loal blak-box LTI model

estimation proedure is presented. The identi�ation of the blak- and gray-box

LPV models is introdued right after. Finally, a short onlusion ends this Chapter.

7.1 2-DoF �exible roboti manipulator

X0

X1

Y0

Y1

X∗
1

Y ∗
1

X2

Y2

φ1(t)

δ2(ℓ2, t)

φ2(t)

Image plane

δ1(ℓ1, t)

(a) Geometry of the �exible arm.

(b) SINTERS robot with 6 degrees

of freedom (DoF). This piture is

borrowed from [27℄.

Figure 7.1: Flexible roboti manipulator under study.

The next system whih is utilized in this thesis is a prototype roboti system

designed by SINTERS and used in [49℄ (see Figure 7.1b). This robot is lightweight

beause it is designed to attain fast dynamis in order to ompensate the heart

tissue motion for ardia surgery. As a result, it is observed that the bandwidth

is restrited by �exible modes that an be attributed to �exible segments. More

preisely, this �exible robot, in the urrent surgial on�guration, an be modelled

by a horizontal arm omposed of two �exible segments as depited

1

in Figure 7.1a.

Suh a struture an be found, e.g., when onsidering the two �rst rotoid joints of

a SCARA manipulator. Under spei� working onditions, for instane when fast

1. Notations are explained in Paragraph 7.1.1.
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displaements are requested, this type of manipulator may have signi�ant �exi-

bilities. Indeed, even if these deformations only yield short displaements of the

end-e�etor, this is su�ient to restrit the bandwidth of the ontrol loop, as shown

in [27℄. Therefore, a model of these �exible modes is neessary in order to design

an image-based ontrol loop where the position of the end-e�etor is onsidered as

a measured output.

For the system depited in Figure 7.1b, both joints are torque-ontrolled and

the joint positions φ1 and φ2 are measured by enoders. The aim is to ontrol the

position of the end-e�etor whih is measured by a video amera. Deformations of

the struture are onsidered but are not measured. In the following, both segments

are assumed to have the same width ℓ1 = ℓ2 = 0.5 m and respetive masses of 7.5

and 5 kg. Their setions are squares of length 5 m. The material is also assumed

to have a Young modulus equal to 5 MPa.

Image proessing

Controller

+

−

Camera

φ1

φ2

[
φ̇∗
1

φ̇∗
2

]

d
dt

[
φ̇1

φ̇2

]

Spots

Enoders

d
dt

[
ẏ1
ẏ2

]

(a) Test-bed diagram.

Surgery tool

Laser

LED

Markers

Markers

Camera

(b) Zoom on the visual markers, amera

and tools used to measure the position of

the end-e�etor.

Figure 7.2: Diagrams of the system under study.

A general sheme of the test-bed used hereafter is presented Figure 7.2a. On

the real system (available at the ICube Lab of the University of Strasbourg), eah

joint is atuated by a DC motor. The motor speed of eah joint is loally ontrolled

by a ommerial drive. The joint veloity ontrollers are tuned in order to satisfy

a good trade-o� between high bandwidth and low noise on the urrent referenes.

A dediated omputer is also used to ommuniate with the system and to ontrol

the motors via an I/O board. The end-e�etor ould hold any small tool, e.g., a

salpel when this roboti manipulator is used in a surgial theater (see [43℄ for suh

an appliative example). As shown in Figure 7.2b, the position of the end-e�etor

is measured thanks to a LED, a laser and optial markers. A CCD amera is used

to measure the relative position between the organ and a tool held by the end-

e�etor. A seond omputer is dediated to the image aquisition and the image

proessing. Details and harateristis for the high-speed ameras and the real-time

implementation of the data aquisition and image proessing are available in [43, 27℄.

The measurement of the relative translation of the instrument with respet to the

heart is performed by measuring

� the vetor between the target enter of mass (blue ross in Figure 7.2b) and

the laser spot (red ross in Figure 7.2b),

� the distane in the image between the LED spot (green irle in Figure 7.2b)

and the target enter of mass (blue ross in Figure 7.2b).
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The �rst degree of freedom (# 1) of the arm is used for the vertial motion. The

seond and third ones (# 2 and # 3) are linked to the relative position of the

target enter of mass (blue ross in Figure 7.2b) and the laser spot (red ross in

Figure 7.2b). For this validation step, the studied motion is restrited to these two

last degrees of freedom (# 2 and # 3).

As explained previously, the spot position measurements are made with the help

of a CCD amera. In pratie, this amera must be loated so that it does not

disturb the surgeon and his sta�. Furthermore, it is di�ult to move during the

operation mainly for safety reasons. These pratial onditions highly redue the

working �eld of the robot. Beause of these onstraints, the use of a global tehnique

[135℄ requiring a persistent exitation of the inputs as well as the sheduling variables

is not oneivable. On the ontrary, a loal approah [135℄ seems to be well-suited

for the LPV model identi�ation of suh a system.

7.1.1 Nonlinear and linearized dynami models

The LPV representation de�ned in Eq. (2.13) an be diretly extrated from the

(Jaobian) linearization of these nonlinear equations. These nonlinear and linearized

dynami models are introdued in the following. Under the assumption of Euler-

Bernoulli beam, the dynami equations of a �exible arm an be derived by using

the assumed-mode method where the deformation �eld is deomposed into a �nite

sum of elementary deformations [129℄. In the urrent ase, small deformations are

onsidered and only one mode is hosen for the transverse deformation �eld. For

segment #k, k = 1, ..., nφ, the deformation �eld writes δk(x, t) = x2vk(t), where x
represents the absissa along the segment and vk(t) is the deformation. Therefore,

the resulting deformation at the end of the segment of length ℓk is δk(ℓk, t) = ℓ2kvk(t).
The dynami model has been derived from the Virtual Work Priniple using the

DynaFlex toolbox developed on Maple (see [129℄). By denoting

φ(t) =
[
φ1(t) φ2(t)

]⊤ ∈ R
nφ, (7.1)

and

v(t) =
[
v1(t) v2(t)

]⊤ ∈ R
nv , (7.2)

the resulting model relies on a generalized position vetor

q(t) =
[
φ(t)⊤ v(t)⊤

]⊤ ∈ R
nq , (7.3)

with nq = nφ + nv, and writes (see Figure 7.1a for the notations)

M(q(t))q̈(t) = F(q(t), q̇(t)) +Hu(t), (7.4)

where

2 M(q) is the inertia matrix, F(q, q̇) is a generalized fore vetor whih

inludes the Coriolis and entrifugal e�ets (see Setion 9.1 for details about the

mathematial expressions of the matrix M and the vetor F). The torque vetor

u =
[
u1 u2

]⊤
has only e�ets on the dynamis of the rigid positions φ1 and φ2,

orresponding to

H =

[
Inφ

0nv×nφ

]

. (7.5)

2. For the sake of oniseness, the time index t is dropped when this index is not neessary for

the understanding of the equations. Notie however that the signals and the deformations are still

time-varying.
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The x and y positions of the end-e�etor an be written from the geometri model,

resulting in the nonlinear measurement equation z = g(q), i.e.,

z1 =(ℓ1 −
2

3
ℓ31v

2
1) cos(φ1)− ℓ21v1 sin(φ1) + (ℓ2 −

2

3
ℓ32v

2
2) cos(φ12)− ℓ22v2 sin(φ12)

(7.6a)

z2 =(ℓ1 −
2

3
ℓ31v

2
1) sin(φ1) + ℓ21v1 cos(φ1) + ℓ22v2 cos(φ12) + (ℓ2 −

2

3
ℓ32v

2
2) sin(φ12)

(7.6b)

where φ12 = φ1 + φ2 + 2ℓ1v1.
In order to �x the struture of the global LPV model required by the tehnique

introdued in Setion 5.5, a standard Jaobian linearization an be applied to the

generalized seond order model given in Eq. (7.4). More spei�ally, for a set of

working points (q0, q̇0), we get
3

M(p)q̈ = D(p)q̇ +K(p)v +Hu, (7.7)

where p = p(q0, q̇0) is the sheduling variable vetor and where

M(p(q0, q̇0)) = M(q0), (7.8a)

D(p(q0, q̇0)) =
∂F(q0, q̇0)

∂q̇
, (7.8b)

K(p(q0, q̇0)) =
∂F(q0, q̇0)

∂q
−M−1(q0)

M(q0)

∂q
M−1(q0)F(q0, q̇0), (7.8)

are the inertia, the damping and the sti�ness of the linearized model respetively.

Notie that H does not depend on the sheduling variable p. In this work, we

fous on the identi�ation of a model whih inludes the variability of the behavior

with respet to the positions φk, k = 1, 2. Then, the other phenomena an be

negleted and, onsequently

4

, q0 =
[
φ⊤

0 01×nv

]⊤
and q̇0 = 0nq×1. Like for most of

the methods onsidered in the literature, the inertia matrix M(p) is inverted. This
property is generally used in the literature (see, e.g., [54℄) leading to the following

loal equation

q̈ = M−1(p)D(p)q̇ +M−1(p)K(p)q +M−1(p)Hu. (7.9)

By looking loser at the equations available in [68℄, it is lear that the matrix M

is an a�ne funtion of cos(φ2) and sin(φ2). Then, the sheduling variable an be

hosen as cos(φ2), i.e., p = cos(φ2). Now, the inner matries an be modeled [68℄

as follows,

M(p) = M0 +M1p, (7.10)

while the other matries D and K are onstant. Notie that this angular position

is easy to measure on a �exible robot beause an enoder is generally loated at

the motor side of the joints. This availability is paramount when the experimental

3. In the following, the equilibrium values are omitted in order to shorten the notations.

4. This hoie means that the Coriolis e�ets are negleted. The validity of this assumption

will be evaluated simultaneously with the identi�ed model.
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modeling of the LPV model is onsidered. So, the matrix inversion involved in

Eq. (7.9) leads to matries M−1(p)D(p), M−1(p)K(p) and M−1(p)H whih satisfy

a frational dependeny on the sheduling variable p = cos(φ2). This hint justi�es
the use of a linear frational LPV desription (see Eq. (2.15)) of the system instead

of a more standard a�ne LPV model (see Eq. (2.21)). Now, by onsidering

χ =
[
q⊤ q̇⊤

]⊤ ∈ R
8

(7.11)

as state vetor, the following loal linearized dark-gray-box state-spae model an

be dedued

5

χ̇ = A0(p)χ+B0(p)u (7.12)

with

A0(p) =

[
0nq×nq

Inq

M−1(p)K(p) M−1(p)D(p)

]

(7.13a)

B0(p) =

[
0nq×nu

M−1(p)H

]

. (7.13b)

For this state-spae form, the state equation only depends on φ2
6

whereas the output

equation depends on both φ1 and φ2. As shown in Eq. (7.6), the output equations

Image plane

rigid arms

�exible arms

Figure 7.3: Flexible manipulator (gray) and virtual rigid manipulator (blak) with

the same image position of the end-e�etor.

are highly nonlinear with respet to φ1 and φ2. This omplexity an be redued

by using e�iently the Jaobian of the rigid geometri model (see Eq. (7.6) for a

de�nition of g), i.e.,

J(φ0) =
∂g
([

φ⊤
0 01×nv

]⊤
)

∂φ
. (7.14)

Exept for the singular positions, this Jaobian is invertible and it is possible to

de�ne a new measurement vetor

α = α0 + J−1(φ0)(z− z0) (7.15)

5. In the sequel, z•, φ•, v•, q•, ..., are onsidered as variations around a nominal value.

6. The system behavior is invariant by a rotation of angle φ1. Therefore, the matries A and

B do not depend on φ1.
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where, in the following, α0 and z0 are assumed to be equal to 0 without any lim-

itation for the appliability of the approah. The entries of this new measurement

vetor α are the angular positions of a �titious rigid arm whih would have the

same geometry and the same measurement z than the �exible one (see Figure 7.3).

The use of α instead of z allows the simpli�ation of the measurement equation.

Let us now onsider

y =
[

φ̇ α̇
]⊤

, (7.16)

as system outputs, i.e., the joint veloities (φ̇) measured by enoders and the �ti-

tious joint veloities (α̇). On top of that, the industrial manipulators are equipped

with low-level joint-veloity ontrol loops in order to redue the e�ets of the fri-

tions whih our in the gear-boxes and therefore obtain a simpler behavior (see

Controller in Figure 7.2a). In this partiular ase, the inner loop is assumed to be

as a standard stati output feedbak. More preisely,

u = Λ
(

φ̇∗ − φ̇
)

, (7.17)

where φ̇∗ =
[

φ̇∗
1 φ̇∗

2

]⊤
is the vetor of the speed referenes. The state-spae repre-

sentation given in Eq. (7.12) beomes

χ̇ =

[
0nq×nφ

M−1(q)HΛ

]

φ̇∗+

[
0nq×nq

Inq

M−1(q)K(p) M−1(p)
(
D(p)−HΛ

[
Inφ

0nφ×nv

])

]

χ, (7.18)

where Λ = diag(λ1, λ2). By analyzing the relations given in Eq. (7.18), it appears

that this state-spae form is not minimal beause the two �rst states φ1 and φ2 have

no e�ets on the output. The hange of output signal allows the redution of the

model order. Thus, a minimal realization of order 6 an be extrated by onsidering

χ̄ =
[

v⊤ φ̇⊤ v̇⊤
]⊤

. (7.19)

More preisely,

˙̄χ = A(p, θg)χ̄+B(p, θg)φ̇∗, (7.20)

y =
[

α̇ φ̇
]⊤

= Cχ̄, (7.21)

where

7

A(p, θg) =
[

0nv×nφ
0nv×nv

Inv

(M−1(p, θg)K(p, θg)) (:, nφ + 1 : end) −M−1(p, θg)HΛ 0nq×nv

]

, (7.22a)

B(p, θg) =

[
0nv×nφ

M−1(p, θg)HΛ

]

, C =
[
02∗nφ×nv

C1

]
, (7.22b)

7. For our system, D = 0nq×nq
.
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with

C1 =







1 0 0 0
0 1 0 0
1 0 ℓ1 0
0 1 ℓ1 ℓ2






. (7.22)

with θg ∈ R16
ontaining the unknown gray-box parameters. This linearized state-

spae representation an now be related to the LPV given in Eq. (2.13).

Indeed, with straightforward alulations, it an be shown that suh a dark-

gray-box LPV desription an be transformed into an LFR suh as the one given in

Eq. (2.15) by applying the strutured matries of Eq. (7.22) and the inner strutures

de�ned by Eq. (7.10) as follows,

M(θg) =





Dzw(θ
g) Cz(θ

g) Dzu(θ
g)

Bw(θ
g) A(θg) Bu(θ

g)
Dyw(θ

g) Cy(θ
g) Dyu(θ

g)



 =







−M−1
0 M1 M−1

0 M1 −M−1
0 M1 02×2 M−1

0 M1

02×2 02×2 02×2 I2 02×2

−M−1
0 K M−1

0 K −M−1
0 HΛ 04×2 M−1

0 HΛ

02×2 02×2 I2 02×2 02×2






, (7.23)

where θg ∈ R28
. More preisely,

M−1
0 K ∈ R

4×2, M−1
0 M1 ∈ R

2×2, M−1
0 HΛ ∈ R

4×2.

Notie that the matrix produts de�ned above ontains the unknown parameters

to estimate. In this ase, the ∆p blok-diagonal matrix ontaining the sheduling

variable (p = cos(φ2)) has the following form

∆p = I2 cos(φ2). (7.24)

Moreover, in the blak-box ase, one an onsider

MLPV (θ
b) =





Dzw(θ
b) Cz(θ

b) Dzu(θ
b)

Bw(θ
b) A(θb) Bu(θ

b)
Dyw(θ

b) Cy(θ
b) Dyu(θ

b)



 ∈ R
(nx+nw+nu)×(nx+nz+ny), (7.25)

where θb ∈ R(nx+nw+nu)×(nx+nz+ny)
with nu = ny = 2. As a onsequene, the gray-

box LPV model an be alulated by the following upper LFT, i.e.,

Fu(MLPV (θ
b),∆p), (7.26)

while the blak-box one by using,

Fu(M(θg),∆p). (7.27)

Notie that, beause of the spei� test-bed set-up presented in Setion 7.1, the

amera measurements are available only loally. So, in the LTI framework, the

system under study has four outputs

yLTI =
[
φ̇ α̇

]⊤
. (7.28)

Namely, the joint veloities of the �titious roboti arm and the measured real ones.

However, when the robot has to move in a larger workspae, like in the LPV ase, the

outputs of the system are restrited to the joint veloities measured by the mounted

enoders and

yLPV = φ̇. (7.29)
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7.2 Experiment design

In order to estimate and then validate a reliable LPV model from loal experi-

ments, it is neessary to have aess loal and global data sequenes. The goal of

this urrent Setion is to desribe how these two kinds of data are generated. It is

important to note that, on the real system, only the position measurements (by the

amera and by the enoders) are available. Then the veloities are alulated by

applying Euler bakward di�erentiation. In [69℄, an identi�ation benhmark study

has been presented and a detailed experiment design proedure has been proposed

by onsidering the same medial robot.

7.2.1 Loal experiments

Let us �rst desribe the loal experiment design. By onsidering suh a planar

roboti test-benh, it is known that the system behaviour evolves with respet to

the arm aperture/extension, i.e., depending on the angular position φ2. So, to

brake down this working domain, the loal experiments are provided around eleven

di�erent �xed values of φ2, i.e., for π/8 to 3π/4 with an inrement of π/16. At

these loal points, the mounted amera set-up allows to measure aurately the

displaements of the end-e�etor of the robot. Notie that the amera is repositioned

at a di�erent loation for eah test followed by the re-estimation of the Jaobian

matrix of the amera.

In order to address this loal exitation problem, deoupled pseudo-random bi-

nary sequenes (PRBS) were used for the exitation. These spei� input signals

are, more preisely, tuned to exite properly the frequenies of interest and allowed

to get good results in CT MIMO LTI identi�ation [28℄. In Figure 7.4, a sample of

the applied input signals an be seen.

7.2.2 Global experiments

Now, to be able to validate the estimated global blak- and gray-box LPVmodels,

a global trajetory is also needed whih both explores the whole working domain

of the sheduling variable and exites the system. Sine, a quasi-LPV system is

onsidered herein sheduled by φ2, the same signal have to ensure both features.

Notie that, in the global exitation framework, the obtained data sequenes do

not inlude amera measurements. Therefore, the validation of the LPV model

is performed based only on the joint measurements. The global exitation signals

presented below are established on the simpli�ed model

φ̇∗(t) = Ku u(t), (7.30)

where

Ku =

[
0.2 0
0 0.2

]
rad

V s
, (7.31)

with u(t) =
[
u1(t) u2(t)

]⊤
being the exitation voltage vetor of the joint motors.

Notie that for the identi�ation φ∗(t) is onsidered as the input of the system.

More exitation possibilities an be found on the benhmark artile [69℄.
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Figure 7.4: Loal input data signals.

7.2.2.1 Chirp signal.

A possible signal to globally exite the system under study onsists in applying

a hirp signal. For instane,

φ2 = φ2 + A sin(ϕ(t)) (7.32)

spans the amplitude interval provided that φ2 = (φ2min+φ2max)/2 and A ≤ (φ2max−
φ2min)/2. As a onsequene, the next step is to �nd a good trajetory for the phase

ϕ(t). Consider that the phase of the angular veloity denoted by ϕ̇(t) varies as a
ramp signal over [0, ϕ̇max] and over the time period T (after raising from 0 to ωmax

over [0, T/2] having a slope whih equals to 2ϕ̇max/T , then the phase dereases in

the range of [T/2, T ] with the inverse slope). Now, an analytial expression of this

term an be derived as

ϕ̇(t) =
ϕ̇max

π
acos

(

cos

(
2πt

T

))

. (7.33)

Moreover, in order to exite su�iently well the robot orresponding to a bandwidth

of 20 rad/s for suh a position ontrol loop designed in [27℄. Thus, for exiting in

higher frequenies, the trajetory of ϕ̇(t) has been tuned so that the veloity and

aeleration limits de�ned by the SINTERS are almost reahed. The veloity an

be expressed as

φ̇2 = A ϕ̇(t) cos(ϕ(t)), (7.34)

and the veloity onstraint is satis�ed if Aϕ̇max ≤ φ̇2max. By alulating the seond

derivative of Eq. (7.32), the aeleration an be written as follows,

φ̈2 = A (ϕ̈(t) cos(ϕ(t))− ϕ̇2(t) sin(ϕ(t))). (7.35)
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In this ase, the aeleration onstraint is satis�ed if

A(ϕ̇2
max +

2ϕ̇max

T
) ≤ φ̈2max. (7.36)

As soon as ϕ̇max is �xed and it is needed to ensure

T ≥ Tmin(ϕ̇max), (7.37)

with

Tmin(ϕ̇max) =
2Aϕ̇max

φ̈2max − ϕ̇2
max

. (7.38)

Finally, in order to get a fast hirp signal, let us onsider a spei� ase where the

veloity and aeleration saturation are almost reahed by hoosing ϕ̇max = φ̇2max/A
and T = Tmin(ϕ̇max) resulting in ϕ̇max = 1.92 rad/s and T = 1.41 s. This φ̇∗

2 referene

signal an be seen in Figure 7.5 while its frequeny ontent is given in Figure 7.6.

In this urrent ase, the hirp signal is degenerated in the sense that the period of

ϕ̇ is lower than the time required to span the position interval. It an be, more

spei�ally, seen in Figure 7.6 that low frequeny ontent at 1 Hz orresponds to the

sinusoidal variation and the exitation is still strong in the [1 − 10] Hz bandwidth
whih is the bandwidth of interest for ontrol purposes. During the global validation,

the trajetory of the sheduling variable is shown in Figure 7.7.

0 2 4 6 8 10 12 14 16 18
−2

−1

0

1

2

φ̇
2
(r
a
d
/
s)

Time (s)

Figure 7.5: The evolution of the seond joint veloity referene signal φ̇∗
2 during the

global LPV model validation.

7.2.3 To sum up

As the �rst step of the loal identi�ation proedure desribed in the Setion

5.5, a set of reliable fully-parameterized loal LTI models have to be estimated.

In order to do so, �rst, Nop = 11 loal working points are seleted, then 11 loal

I/O data sets are gathered. As desribed above, for the spei� test-bed onsidered

in this urrent study, 11 onstant �xed values of φ2, denoted hereafter by φ
(i)
2,0,

i ∈ {1, · · · , Nop}, in the range [π/8 : π/16 : 3π/4] are seleted. The inputs of the

system are onsidered to be the angular veloity referenes φ̇∗
(see Eq. (7.30)) whih

are hosen as two unorrelated pseudo-random binary sequenes (PRBS) built so

that all the dynamis of the system are well-exited. Then, the outputs of the model,

i.e., the joint position vetor φ measured by the enoders, mounted on eah joint,
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Figure 7.6: The frequeny ontent of hirp exitation signal.
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Figure 7.7: The evolution of the sheduling variable during the global LPV model

validation.
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and the position of the end-e�etor z = [x y]⊤ measured by the amera are gathered

by a dediated PC. In the onsidered set-up, the sample-time is equal to 500Hz and

the length of the exitation is 5s. In order to alulate the joint veloity vetor

φ̇, a numerial derivation of the position vetor is performed. Notie that, in eah

working point, 2 sets of I/O data are gathered. The �rst one serves for identi�ation

purposes while the seond one is for validation. A sample of the obtained data an

be seen in Figure 7.8 orresponding to the �xed value of the sheduling variable

where i = 2, and φ
(2)
2,0 =

3π
16
. This step is then followed by a numerial di�erentiation

by applying Euler bakward di�erentiation in order to derive the joint and image

veloities used during the identi�ation step. Thus, the obtained signals are shown in

Figure 7.9. Furthermore, to alulate the �titious joint veloities α̇ (see Eq. (7.15))

based on the amera measurements, the inverse of the Jaobian matrix de�ned by

Eq. (7.14) is employed. A sample obtained �titious joint veloities an be seen in

Figure 7.10 for i = 2, and φ
(2)
2,0 =

3π
16
. Notie that the same data proessing proedure

has been performed for eah value of the �xed sheduling variable.
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Figure 7.8: Loal measured output data signals (i = 2, and φ
(2)
2,0).

In addition, to be able to validate the estimated gray-box LPV model, a global

I/O data sequene is also aquired by applying the same sampling frequeny while

the length of this global exitation equals to 20s. As desribed above, this global

validation input signal is designed suh that the whole working region is overed

by the trajetory of φ2 during the experiment. At the same time, the �rst joint

is exited, similarly to the loal ase, by a PRBS signal. The evolution of the

sheduling variable cos(φ2) is shown in Figure 7.7.
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Figure 7.9: Loal output data signals used for the identi�ation step (i = 2, and

φ
(2)
2,0).
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Figure 7.10: Fititious joint veloities alulated by using the inverse of the Jaobien

(i = 2, and φ
(2).
2,0 ).
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7.3 Blak-box linear time-invariant model identi�-

ation

By going further along the steps of the loal proedure desribed in Setion 5.5,

the next step onsists in estimating reliable loal fully-parametrized LTI models.

This goal is reahed by using the Multivariable Output Error State-sPae (MOESP)

algorithms [144, 93℄ (see Setions 9.2 in the Appendix for a brief overview of the iden-

ti�ation method) yielding disrete-time state-spae blak-box LTI models of order

6. Sine the system under study loally has two inputs and four outputs (MIMO),

the MOESP identi�ation method is a more suitable hoie than the SRIVC in this

ase, in order to apture well the oupling between every inputs and outputs. After

that, a disrete to ontinuous-time onversion is performed by applying a standard

onversion tehnique [62℄, beause we aim at estimating LPV models in ontinuous-

time. Finally, the fully-parametrized balaned state-spae models have been derived

by applying the balreal funtion of the MATLAB.

This identi�ation step is onluded by the validation of the obtained loal fully-

parametrized LTI models. For k ∈ [1, ny], the following �t measurements

8

are

introdued aiming at quantifying the model quality on noisy validation data (i.e., a

data set di�erent from the one used for the estimation)

BFTk = 100×max

(

1− ‖yk − ŷk‖
‖yk −mean(yk)‖

, 0

)

. (7.39)

The loally obtained BFT measurements are shown in Table 7.1. The main reason

why the BFT values orresponding to the �titious joint veloities α̇ are so weak is

that the estimation is based on noisy measurements from the amera (a sample of

these noisy measurements an be seen in Figures 7.11-7.12 for i = 1, and φ
(i)
2,0 where

the BFTs are the worst). However, if we ompare the estimated joint veloities φ̇

with the estimated �titious ones α̇, it an be onluded that the di�erene between

the two pair of signals is related to the �exibilities and not to the noise. This

omparison an be seen in Figure 7.13.

Eventually, aording to these �gures, it an be seen that the estimated fully-

parametrized models of order 6 apture the loal dynamis of the system su�iently

well.

7.4 Linear parameter-varying model identi�ation

and validation

In this Setion, the identi�ation of the global LPV model is takled. As in-

trodued in Setion 7.1, the output of the LPV model is only the measured joint

veloity φ̇ vetor whih is, basially, the same signal as the onsidered input. So, a

very simple and intuitive model depited in Figure 7.15, where φ̇ = φ̇∗
, an be used

as a �rst global LPV model. By using suh an approah, the resulting average BFTs

are 53.02% and 84.31% respetively on φ̇1 and φ̇2. In the following, it is shown that

by using LPV models, better BFTs an be obtained. So, the models apture well

the dynamis of the system under study.

8. yk stands for the kth system output and ŷk for its estimate. var(•) is the variane of •.
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Figure 7.11: Loal measured (red) and estimated (blak) data signals (i = 1, and

φ
(1)
2,0).
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Figure 7.12: Loal measured (red) and estimated (blak) data signals (i = 1, and

φ
(1)
2,0).
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Figure 7.13: Comparison of the estimated joint veloities φ̇ with the estimated

�titious ones α̇ (i = 1, and φ
(1)
2,0).

i φ̇1 φ̇2 α̇1 α̇2

1 83.02 74.46 46.18 15.02

2 81.37 75.71 59.79 26.08

3 83.77 80.72 66.08 35.18

4 85.81 80.79 67.61 39.39

5 84.59 83.00 72.00 53.21

6 84.98 83.47 74.47 58.84

7 85.00 83.34 74.90 61.09

8 85.28 83.17 73.77 62.13

9 85.65 82.99 73.77 63.42

10 86.16 83.58 70.38 59.89

11 86.71 83.06 68.49 55.97

Table 7.1: Performane metris (BFT (%)) for the estimated LTI models on valida-

tion data for φ
(i)
2,0 ∈ [π/8 : π/16 : 3π/4].
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ż(t) α̇(t)

J−1(φ)

Σ(s, φ2)Ku
u(t)

φ̇(t)

Figure 7.14: The proposed model struture to be identi�ed from φ̇∗(t) to α̇(t) and
φ̇(t).
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Figure 7.15: The simple global model of the system from φ̇∗(t) to φ̇(t).

7.4.1 Gray-box and blak-box LPV model identi�ation

In order to determine the parameters of the gray-box LPV/LFR model (see

Eq. (7.23)) as well as the fully-parameterized system matries of the blak-box one

(see Eq. (7.25)), presented in Subsetion 7.1.1, the H∞-norm-based tehnique intro-

dued in Setion 5.5 is applied. In the following, in both ases, the ost funtion

de�ned by Eq. (5.14) is minimized by employing the proximity ontrol algorithm

presented in Chapter 3. In this urrent set-up, sine the tehnique involves an itera-

tive optimization whih is needed to be initialized. Hereafter, this initialization step

is performed by employing uniformly distributed random numbers

9

. In order to

hek the robustness of the method to the initialization a Monte Carlo simulation of

dimension 20 has been performed. Thus, at the end of the identi�ation proedure,

we have 20 gray-box and 20 blak-box LPV models. For this identi�ation step,

only Nop = 6 loal models, orresponding to i ∈ {1, 3, 5, 7, 9, 11}, are seleted to be

involved into the ost funtion. As mentioned above, the main reason for this is that

the rest of the operating points is used during the loal validation step presented in

the next Subsetion. Notie that the gray-box model identi�ation step has been

published in [150℄.

7.4.2 LPV model validation

In order to prove that the �nal estimated LPV/LFR models are reliable, the

last step of the identi�ation proedure presented in this artile aims at validating

these obtained models. This validation is performed in two di�erent ways. First,

the estimated LPV models are tested loally by �xing the sheduling variables as

pi, i ∈ {2, 4, 6, 8, 10}, orresponding to the working points whih have not been

involved in the identi�ation introdued in the previous subsetion. Then, the real

system is exited loally by applying the I/O data sequenes devoted to the loal

validation step. The seond method aiming at quantifying the estimated gray-

and blak-box LPV/LFR models onsists in (i) exiting the models (by applying

the dediated global exitation signals) so that the whole range of φ2 is visited

(see Figure 7.7) and (ii) omparing the outputs of the real system with the model

9. These random numbers have a uniform distribution in the range [−100 100].
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outputs. At the same time, the �rst joint is exited again by a PRBS signal. In the

following the gray- and blak-box results are presented separately.

7.4.2.1 Gray-box ase

As mentioned above, the optimization has been initialized by using uniform

random numbers during a Monte Carlo simulation of dimension 20. One sample of

the obtained validation data an be seen in Figure 7.16 orresponding to the �xed

value of the sheduling variable where i = 6, and φ
(6)
2,0 =

7π
16

while, Table 7.2 gathers

the mean of the obtained BFT measurements alulated at the other operating

points by omparing the outputs of the system with the model outputs. As far

as the global validation proedure is onerned, the average BFT measurements

are 59.9% and 94.22% while in the best ase, the obtained urves are shown in

Figure 7.17.
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Real and estimated model outputs - BFT = 75 %

 

 

Figure 7.16: Loal measured (red) and estimated (blak) output signals (i = 6, and

φ
(6)
2,0 =

7π
16
).

i 2 4 6 8 10

φ̇1[BFT ] 72.69 75.42 76.11 77.25 77.45

φ̇2[BFT ] 68.82 73.21 75.85 73.54 70.06

Table 7.2: Average performane metris (BFT (%)) for the estimated frozen gray-

box LPV models on validation data φ
(i)
2,0 ∈ [π/8 : π/16 : 6π/8].
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Figure 7.17: Global validation data.

7.4.2.2 Blak-box ase

As a next step, let us present the validation results of the estimated blak-box

LPV models. The obtained average loal BFT measurements are given in Table 7.3

while the global validation step yields the following average �t measurements 73.8%
and 97.2% for φ̇1 and φ̇2, respetively. Notie that, in the blak-box framework,

there are more parameters to tune during the optimization. This is the main reason

why we ould obtain slightly better BFTs in this ase than in the gray-box one.

i 2 4 6 8 10

φ̇1[BFT ] 84.64 82.34 82.33 85.03 84.80

φ̇2[BFT ] 79.26 79.19 82.43 80.40 75.24

Table 7.3: Performane metris (BFT (%)) for the estimated frozen blak-box LPV

models on validation data φ
(i)
2,0 ∈ [π/8 : π/16 : 6π/8].

7.5 Conlusion

Aording to the presented results, it an be onluded that the estimated gray-

and blak-box LPV models apture well the nonlinear dynamis of the original

system loally and globally as well. Notie that the modest BFT values are due to

the fat that real data sequenes are used herein for both purposes, identi�ation and

validation. On top of that, these signals are noisy. Thus, having �t measurements in

the range [60%, 95%] is, aording to the Author's experiene, more than suitable.
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The obtained average BFTs equal to [73.8% 97.2%] and [59.9% 94.22%] in the blak-
and gray-box ase, respetively. Notie that when the very simple model, depited in

Figure 7.15, is used, the obtained average BFT measurements are [53.02% 84.31%]
respetively on φ̇1 and φ̇2 whih is lower than what is obtained by using the estimated

LPV models. Therefore, the proposed model really allows to apture the dynamis

of the system. All these results prove that, adding up prior information through

the knowledge of the LPV model struture, is an e�ient solution resulting in an

aurate LPV model by applying loal experimental data and the H∞-norm-based

method developed in Chapter 5.
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Chapter 8

Summary of the obtained results and

future researh objetives

8.1 Thesis Points

In this Setion, the developed new sienti� results are summarized as thesis

points with the referenes to the orresponding Chapters in this manusript. The

�rst thesis deals with the re-struturing of blak-box state-spae LTI models into

gray-box ones. The seond and third thesis form a separate thesis group beause

they takle the identi�ation problem of state-spae LPV models by involving a

lassial interpolation step. Even though, the fourth and �fth thesis deal also with

the identi�ation of state-spae LPV models, they ompose a distint thesis group,

beause here, a new behavioral approah and the H∞-norm is used to estimate the

LPV model from loal experiments. In the following, the developed tehniques are

enumerated aording to the above presented grouping.

Thesis 1 A new tehnique being able to restruture blak-box linear time-

invariant (LTI) state-spae models into gray-box ones, by traing bak the identi-

�ation problem to a strutured H∞ synthesis problem, has been developed. The

blak- and gray-box LTI models are ompared in the frequeny domain. Then, by

minimizing the H∞-norm-based ost funtion de�ned by Eq. (4.16), the unknown

parameters found in the gray-box LTI model are determined.

This thesis point is developed and presented in Chapter 4. A simulation example

is used to demonstrate the e�etiveness of the proposed solution in Setion 6.2. The

obtained results have been published in [155, 153℄.

Thesis 2.1 A new tehnique performing the identi�ation of interpolated linear

parameter-varying (LPV) models from loally restrutured models by using stru-

tured H∞ synthesis has been developed. In this ase, the loally identi�ed blak-box

LTI models are transformed into the orresponding loal frozen gray-box LPV mod-

els, in every working point, by using loally the H∞-norm-based LTI re-struturing

tehnique developed during the �rst thesis point. This step is then followed by a

lassial least-squares-based interpolation in order to derive the �nal gray-box LPV

model.

This thesis point is developed and presented in Setion 5.4. A simulation example
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is used to demonstrate the e�etiveness of the proposed solution in Chapter 6.3.3.

The obtained results have been published in [154℄.

Thesis 2.2 A new tehnique performing the identi�ation of interpolated linear

parameter-varying models from loally restrutured models by using the null-spae-

based tehnique has been developed. Here, the loally identi�ed blak-box LTI

models are again transformed into the orresponding loally frozen gray-box LPV

models by using a null-spae-based tehnique, developed in [115℄. This step is then

followed by a lassial least-squares-based interpolation in order to derive the �nal

gray-box LPV model.

This thesis point is developed and presented in Setion 5.4. A simulation example

is used to demonstrate the e�etiveness of the proposed solution in Chapter 6.3.3.

The obtained results have been published in [157℄.

Thesis 3.1. A new tehnique being able to identify blak and gray-box linear

parameter-varying models from loal experiments, by traing bak the identi�ation

problem to a strutured H∞-norm optimization problem, has been developed.The

loally estimated blak-box LTI and the frozen gray-box LPV models are plaed into

the H∞-norm-based global ost funtion de�ned by Eq. (5.12). Then, the �nal LPV

model is estimated by optimizing one single ost funtion without the appliation

of the lassial interpolation.

This thesis point is developed and presented in Setion 5.5. A simulation example

is used to demonstrate the e�etiveness of the proposed solution in Chapter 6.3.3.

The obtained results have been published in [149, 151, 152, 156, 148, 150℄.

Thesis 3.2. A new H∞-norm-based approah whih determines a set of loal

models for linear parameter-varying model identi�ation has been developed. The

developed algorithm is able to determine iteratively a reliable set of loal operating

points. Then, the determined set of working points an be applied during any loal

model-based LPV model identi�ation tehnique.

This thesis point is developed and presented in Setion 5.3. A simulation example

is used to demonstrate the e�etiveness of the proposed solution in Chapter 6.3.2.

The obtained results have been published in [149, 148℄.

8.2 Possible researh diretions

As one might expet, the answers found during this thesis have left behind many

open questions and interesting ideas. So, this omplementary Chapter is devoted to

gather the desriptions of some possible researh diretions and juiy starting points

in order to motivate and to support further researh initiatives. Notie however that

the ideas and subjets gathered below are enumerated without aiming to give an

exhaustive list. On top of that, the developed methods should also be employed in

two di�erent industrial appliations whih means further opportunities to prove the

reliability of the identi�ation tehniques proposed during this thesis.
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8.2.1 Improvements of the null-spae-based tehnique

Let us �rst mention the extension of the null-spae-based approah proposed

in [115℄. It is, more preisely, developed until now only for the identi�ation of

a�ne LPV models. This method should be modi�ed to be able to takle with

frational representations ahieving a more general solution of the stated problem.

Said di�erently, the goal is to provide a solution to the following set of bilinear

equations

AT = TA(θg), B, = TB(θg), CT = C(θg), (8.1)

where the matries (A,B,C,A(θg),B(θg),C(θg), with θg ∈ Rnθg ) are, more pre-

isely, the inner matries of the LFR struture de�ned by Eq. (2.28) and where the

similarity transformation T ∈ S∆ (see Eq. (2.31)) is blok diagonal aording to the

de�nitions introdued in Setion 2.2.

8.2.2 Strutural identi�ability and well-posedness of LFRs

By going further on the pathway introdued above, beause the identi�ability

property is stated as a very important key assumption of the tehnique developed

in [115℄, the strutural identi�ability of gray-box LFRs (both light- and dark-gray-

box as well) should also be investigated (see Subsetion 2.4.1 for the de�nition

of the strutural identi�ability). On top of that, when the identi�ation of LPV

models using frational representations is takled, from a pratial point of view, it

would also be interesting to examine whether the variation of the sheduling variable

improves the strutural identi�ability of the onsidered gray-box LPV model. In

other words, under whih onditions on the model struture or on the evolution of

the sheduling variables an be ensured that, even if a loal frozen gray-box state-

spae LPV model is not identi�able, by involving two or more other operating points,

the gray-box model struture �nally beomes identi�able. Asking di�erently, is it

possible to derive some onditions, by onsidering several working points, in order

to estimate uniquely the physial parameters found on gray-box LPV model whih

is, basially, not identi�able when only one single frozen loal model is onsidered?

Then, as mentioned in Setion 2.1, the investigation of the well-posedness prop-

erty of the linear frational LPV models is also an interesting and hallenging prob-

lem. Sine, in the LPV framework, the matrix ∆(d,Υ) de�ned by Eq. (2.6) ex-

pliitly depends on the sheduling variable p(t), the well-posedness ondition of the

problem should be related to the evolution range of p(t) de�ned on the ompat set

P (see Eq. (2.14)). Aording to the Author's knowledge, no neessary and su�-

ient onditions are available for this problem in the literature. Nevertheless, in the

gray-box framework, when the model struture is obtained from the physial laws

governing the behavior of the system, the struture of ∆(d,Υ) an be �xed a priori

and su�ient LMI onditions ould be obtained to ensure the well-posedness of the

LFR by applying a S-proedure tool [21℄. So, this study, more preisely the link

between, e.g., the ondition number of In −A∆(d,Υ) and the p(t)-trajetory, an
be seen as an interesting starting point for an analysis of the optimal p(t)-trajetory
design ensuring a onsistent identi�ation. At the same time, suh an investigation

may help solving the strutural identi�ability problem desribed above as well.
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8.2.3 Handling the possible blak-box model estimation er-

rors

When the identi�ation of gray-box LTI and LPV models are performed based

on blak-box LTI models estimated beforehand, it is assumed that the initial fully-

parametrized models applied in the methods presented in Chapters 4-5 denoted

by G(s) are perfetly identi�ed. However, in pratie, this assumption is hardly

ful�lled. Thus, the e�et of the possible estimation errors should also be studied by

alulating the sensitivity of the resulting ost-funtion to this error term denoted

by ∆G. Similarly, the modeling errors of the gray-box model strutures an also be

onsidered as ∆G(θg). Notie that, deteting the order or the magnitude of suh

modeling or estimation unertainties ould be useful for further robust LTI and LPV

ontroller synthesis. A possible solution to take into aount the estimation error is

the introdution of an l2-norm-based term in the following ost-funtion, e.g.,

min
θg

(

‖(G(s) + ∆G(s))−G(s, θg)‖∞ − µ

{‖Y(s)‖2
‖U(s)‖2

− ‖G(s)‖∞
})

, (8.2)

where

‖Y(s)‖2
‖U(s)‖2

− ‖G(s)‖∞ = ‖∆G(s)‖∞ with θg ∈ Rnθg
ontains the parameters to

identify and, s stands for the Laplae transform variable. In the novel ost funtion

de�ned by Eq. (8.2), the slak variable µ is, more preisely, used to ut down or

trade o� the e�et of the estimation errors.

8.2.4 Improvements of the LPV model identi�ation teh-

niques based on loal experiments

As far as the identi�ation of LPV models applying the loal approah is on-

erned, several aspets have not been investigated in this thesis. Some of them are

listed below.

� In this thesis, the sheduling variables are assumed to be measurable signals

of the system under study. This assumption should be relaxed by applying

signals estimated or �ltered from other measured signals (states and outputs)

of the onsidered proess, for instane, by involving a Kalman-�lter [61℄.

� It is also assumed that the sheduling variables are available real-time and it

is measured without any noise. So, it would also be an interesting researh

diretion to examine the e�ets of time-delayed or noisy sheduling variables.

� In this thesis, when blak-box LPV models are identi�ed, the dimension of the

∆(d,Υ), de�ned by Eq. (2.6), blok is �xed a priori . In order to yield a more

generi identi�ation framework, it is neessary to develop a omplementary

tehnique that is able to determine the optimal dimension of ∆(d,Υ) during
the estimation proedure.

After that, onerning the operating point seletion approah presented in Subse-

tion 5.3.2, the appliation and omparison of di�erent dynami measures, suh as

e.g., the Binet-Cauhy kernel [147℄ and the Martin distane [91℄, are also possible.

By following this line, a benhmark to this operating point seletion approah an be

developed by involving statistial investigation and noisy I/O data sequenes. More-

over, it would also be welome to develop suh a seletion algorithm that is muh

more robust to the presene of measurement noises ating even on the sheduling

variables.
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8.3 Further industrial appliations

As presented in the seond Part of the thesis, the methods developed above have

e�etively been applied on a 2-DoF �exible surgial roboti manipulator desribed in

Setion 7.1. Moreover, through two possible industrial ollaborations, it is planned

to apply the developed tehniques in the ase of ative magneti bearings (AMBs)

[85℄ or eletri power assisted steering (EPAS) systems [90℄, as well. Both indus-

trial appliations mean a fruitful opportunity to on�rm the performane of these

novel methods aiming at estimating a reliable LPV model for systems having highly

nonlinear behaviour.
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Chapter 9

Appendix

9.1 Nonlinear dynami model of a 2-DOF roboti

arm

This omplementary Setion aims at presenting the detailed nonlinear model of

the 2-DOF roboti manipulator applied in Chapter 7. The material presented here

has based on [68℄. Being a �exible roboti struture under study, in the urrent

ase, small deformations are onsidered and only one mode is hosen for the trans-

verse deformation �eld. For segment #k, k = 1, 2, the deformation �eld writes

δk(x, t) = x2vk(t), where x represents the absissa along the segment and vk(t) is
the deformation. Therefore, the resulting deformation at the end of the segment

of length Lk is δk(Lk, t) = L2
kvk(t). The dynami model has been derived from the

Virtual Work Priniple using the DynaFlex toolbox developed on Maple (see [129℄).

The resulting dynami model having the following form

M(q(t))q̈(t) = F(q(t), q̇(t)) +Hu(t), (9.1)

respetively derived by using the virtual work priniple by using the DynaFlex Tool-

box [129℄. In this formulation, the vetor q =
[
φ⊤ v⊤

]⊤ ∈ Rnq
(nq = 4) inludes

the angular positions and the deformation variables, the involved matries, more

preisely, have the following form

M(q(t)) =







M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44






, F(q(t), q̇(t)) =







F1

F2

F3

F4






,
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where

M11 = (−2/3L1v2L
2
2m2 − L2

1v1L2m2)sin(φ2)

+ L1cos(φ2)L2m2 + (m2 +m1/3)L
2
1

+ L1ρ1Iz1 + 1/3L2
2m2 + ρ2L2Iz2,

M12 = −1/2L2((3/2L1v1 + v2L2)m2L1sin(φ2)

− 3ρ2Iz2 − L2m2 − 3/2L1cos(φ2)m2),

M13 = 3/2L2
1cos(φ2)L2m2 + (L2 + 1/4m1)L

3
1

+ L2
1ρ1Iz1 + (2/3L2

2m2 + 2ρ2L2Iz2)L1,

M14 = 1/3L2
2L1cos(φ2)m2 + 1/4L3

2m2

+ ρ2L
2
2Iz2,

M21 = M12,

M22 = 1/3L2(L2m2 + 3ρ2Iz2),

M23 = L2L1(1/2L1cos(φ2)m2 + 2/3L2m2,

+ 2ρ2Iz2

M24 = 1/4L2
2(L2m2 + 4ρ2Iz2),

M31 = −L1(L2L1m2(4/3L1v1 + v2L2)sin(φ2)

− 3/2L1cos(φ2)L2m2 + (−m2 − 1/4m1)L
2
1

− L1ρ1Iz1 − 2/3L2
2m2 − 2ρ2L2Iz2),

M32 = −1/3L2L1(L1m2(v2L2 + L1v1)sin(φ2)

− 6ρ2Iz2 − 2L2m2 − 3/2L1cos(φ2)m2),

M33 = 2L2
1cos(φ2)L2m2 + (m2 + 1/5m1)L

4
1

+ 4/3L3
1ρ1Iz1

+ (4/3L2
2m2 + 4ρ2L2Iz2)L

2
1,

M34 = 1/6L1L
2
2(2L1cos(φ2)m2

+ 3L2m2 + 12ρ2Iz2),

M41 = −1/3(L1m2(v2L2 + L1v1)sin(φ2)

− 3ρ2Iz2 − L1cos(φ2)m2 − 3/4L2m2)L
2
2,

M42 = M24,

M43 = M34,

M44 = 1/5L4
2m2 + 4/3ρ2L2Iz2,
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F1 = (v̇1(2φ̇2 + φ̇1)L1 + 2/3v̇2(φ̇1 + φ̇2)L2

+ (1/2φ̇2 + φ̇1)φ̇2)L2m2L1sin(φ2)

+ 2/3(1/2φ̇2 + φ̇1)φ̇2L2m2L1

(3/2v1L1 + v2L2)cos(φ2)− d1φ̇1,

F2 = −1/3(3/2v1L1 + v2L2)m2L1φ̇2
2
L2cos(φ2)

−m2L1φ̇1(1/2φ̇1 + L1v̇1)L2sin(φ2)

− d2φ̇2,

F3 = −1/15(10m2(v1(−1/2)φ̇2
2
+ φ̇2

2 − φ̇1φ̇2)L1

+ 1/2v2L2(φ̇1
2 − 2φ̇1φ̇2 − φ̇2

2
))L2L1cos(φ2)

− 30m2L2(L1v̇1φ̇2 + 1/3v̇2(φ̇1 − φ̇2)L2

+ 1/2φ̇1φ̇2 − 1/4φ̇1
2
+ 1/4φ̇2

2
)L1sin(φ2)

+ v11(φ̇1
2
(5m2 +m1)L

3
1 + 60Iz1E1))L1,

F4 = −1/3(L1φ̇1
2
L2m2(v2L2 + v1L1)cos(φ2)

+ 2m2L1φ̇1(1/2φ̇1 + L1v̇1)L2sin(φ2)

+ 12(1/60m2(φ̇1 + φ̇2)
2L3

2 + E2Iz2)v2)L2,

with

� m1 and m2 denote the mass of the segments;

� L1 and L2 denote the length of the segments;

� Iz1 and Iz2: moments of inertia alulated on the �rst and seond beam ross-

setion in the z-axis;

� ρ1 and ρ2: mass/unit;

� d1 and d2: joint damping oe�ients.

The torque vetor u =
[
T1 T2

]⊤
has only e�ets on the dynamis of the rigid

positions φ1 and φ2, orresponding to

H =

[
Inφ

0nv×nφ

]

. (9.2)

9.2 Summary of the PO-MOESP algorithm

In this Setion, the main steps of the PO-MOESP algorithm are brie�y intro-

dued [144℄. By having aess to an I/O data-set {u(t),y(t)}N−1
t=0 , N >> nx, the

PO-MOESP algorithm onsists in
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1. asting this data-set into the following Hankel matries [144, Chapter 9℄

Uf =








u(p) u(p+ 1) · · · u(f +M − 1)
u(p+ 1) u(2) · · · u(p+M)

.

.

.

.

.

.

u(p+ f − 1) u(p+ f) · · · u(p + f +M − 2)







∈ R

fnu×M

Up =








u(0) u(1) · · · u(M − 1)
u(1) u(2) · · · u(M)
.

.

.

.

.

.

u(p− 1) u(p) · · · u(p+M − 2)







∈ R

pnu×M

Yf =








y(p) y(p+ 1) · · · y(f +M − 1)
y(p+ 1) y(2) · · · y(p+M)

.

.

.

.

.

.

y(p+ f − 1) y(p+ f) · · · y(p+ f +M − 2)







∈ R

fny×M

Yp =








y(0) y(1) · · · y(M − 1)
y(1) y(2) · · · y(M)
.

.

.

.

.

.

y(p− 1) y(p) · · · y(p+M − 2)







∈ R

pny×M

where M = N − f − p + 1 with f and p user de�ned integers hosen so that

f > nx and p > nx (see, e.g., [11, 12℄, for details and disussions about these

parameter hoie),

2. performing the following RQ fatorization







Uf

Up

Yp

Yf






=







R11 0 0 0

R21 R22 0 0

R31 R32 R33 0

R41 R42 R43 R44













Q1

Q2

Q3

Q4






,

3. extrating

[
R42 R43

]
∈ Rnyf×(nu+ny)p

, then omputing the following SVD

[
R42 R43

]
=
[
U1 U2

]
[
Σ1 0

0 Σ2

] [
V⊤

1

V⊤
2

]

with U1 ∈ Rnyf×nx
,

4. estimating A and C as follows

Ĉ = U1(ny, :)

Â = (U1(ny + 1 : end, :)) (U1(1 : (f − 1)ny, :))
†

where ·† stands for the Moore-Penrose pseudo-inverse [57℄,

5. solving the following least-squares problem to estimate B and D

y(t) =
[∑t−1

τ=0 u
⊤(τ)⊗ ĈÂt−τ−1 u⊤(t)⊗ Iny×ny

]
[
vec(B)
vec(D)

]

.
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9.3 Summary of the SRIVC algorithm

In this Setion, a brief overview of the Simpli�ed Re�ned Instrumental Variable

method for Continuous-time systems (SRIVC) is given. This approah, aiming at

identifying ontinuous-time linear models from sampled-data sequenes, has been

suggested originally in [163℄. The method is derived from the equivalent Re�ned

Instrumental Variable (RIV) tehnique for disrete-time systems [160, 161℄ (see the

referenes therein for further information). The tehnique originally onsiders a

transfer funtion model struture given by Eq. (9.5). However, reent developments

for a ontinuous-time hybrid Box-Jenkins model struture are also available [162, 46℄.

Moreover, its implemented version is available into the CONTSID Toolbox

1

[47℄

supported by regular upgrading. For the sake of oniseness, we onsider the SISO

ase. So, let us de�ne the following transfer funtion form

x(t) =
B(γ)

A(γ)
u(t− δ), (9.5a)

y(t) = x(t) + e(t), (9.5b)

where

A(γ) = γn + a1γ
n−1 + · · ·+ an−1γ + an,

B(γ) = b0γ
m + b1γ

m−1 + · · ·+ bm−1γ + bm.

and where γ is the time-domain di�erential operator. The above de�ned transfer

funtion an be rewritten as

e(t) = y(t)− B(γ)

A(γ)
u(t− δ) (9.6a)

=
1

A(γ)
{A(γ)y(t)− B(γ)u(t− δ)} (9.6b)

= A(γ)y∗(t)− B(γ)u∗(t− δ), (9.6)

where the subsript ∗ denotes the pre-�ltered signals by 1/A(γ). Now the parameter

estimation model an be written as

γny∗(t) = z∗(t)Ta+ e(t), (9.7)

where

z∗(t) = [−γn−1y∗(t) · · · − y∗(t)γmu∗(t− δ) · · ·u∗(t− δ)]T ,

a = [a1 · · · an b0 · · · bm]T .

In order to solve the parameter estimation problem de�ned by Eq. (9.7), the following

instrumental variable (IV) algorithm is proposed [161℄. By having aess to an I/O

data-set {u(t),y(t)}Nt=1, N >> n, the SRIVC algorithm onsists in

1. seleting initial Â0(γ);

2. applying Â0(γ) to pre-�lter the I/O signals and alulating Â1(γ) and B̂1(γ)
by using least-squares estimation;

1. http://www.iris.ran.uhp-nany.fr/ontsid/
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3. iterating: k = 2 : ni

� generating the pre-�ltered I/O data z∗(t) and the IV x̂(t) by using Âk−1(γ)
and B̂k−1(γ), where

x̂(t) =
B̂k−1(γ)

Âk−1(γ)
u(t− δ); (9.8)

� alulating the IV estimates by

â = C−1b,

C =
N∑

i=1

x̂∗(ti)z
∗(ti)

T ,

b =

N∑

i=1

x̂∗(ti)γ
ny∗(ti),

where ti is the ith time sample;

4. determining the parametri ovariane matrix P by employing the symmetri

IV algorithm [160, 161℄ as

P = σ̂2

[
N∑

i=1

x̂∗(ti)x̂
∗(ti)

T ,

]−1

(9.9)

where σ̂ denotes the model error residuals.

The interested reader should see [162, 47, 44℄ and the referenes therein for further

information about the SRIVC method and its extensions.

9.4 Norms on matries, signals and systems

In this omplementary Setion, some important notations about matrix, system

and signal norms are given. The de�nitions presented hereafter are mainly based on

[164, 22℄.

Let us �rst onsider a vetor or a signal spae denoted by X . Then a norm on

X an be de�ned as follows.

De�nition 9.4.1. A norm is a real-valued funtion ‖•‖ on X ful�lling the following

properties:

‖x‖ ≥ 0 (positivity);

‖x‖ ≥ 0 ‖x‖ = 0 ⇔ x = 0 (positive definitness);

‖cx‖ = |c| ‖x‖ , c ∈ R (homogenitiy);

‖x+ y‖ ≤ ‖x‖ + ‖y‖ (triangle inequality);

for any x, y ∈ X.

See [164, Chapter 4℄ for further information about signal and vetor spaes.
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9.4.1 Matrix norms

Let us onsider an n ×m matrix A ∈ R
n×m

. Then the following norms an be

de�ned.

� 1-norm:

‖A‖1 = max
j

∑

i

|aij|;

� 2-norm:

‖A‖2 =
√

λ1(A⊤A),

where λ1(•) and (•)T are the maximal eigenvalue funtion and the transpose

of •, respetively;
� ∞-norm:

‖A‖∞ = max
i

∑

j

|aij|;

� Frobenius-norm:

‖A‖F =

√
∑

ij

|aij|2 =
√

Tr(AAH),

where Tr(•) and (•)H are the sum of the main-diagonal elements of an n× n
matrix and the Hermitian transpose of •, respetively.

9.4.2 Signal norms

Throughout this work, we onsider square-integrable, pieewise ontinuous fun-

tions suh that

f(t), t ∈ R







f(t) ≥ 0 t ≥ 0
f(t) = 0 t < 0
∫∞

−∞
|f(t)|2dt < ∞.

Then the following norms an be de�ned.

� L1-norm:

‖f‖1 =
∫ ∞

∞

|f(t)|dt;

� L2-norm:

‖f‖2 =
(∫ ∞

∞

f(t)2dt

)1/2

;

� Lp-norm:

‖f‖p =
(∫ ∞

∞

f(t)pdt

)1/p

;

� L∞-norm:

‖f‖∞ = sup
t

|f(t)|.
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9.4.3 System norms

During this thesis, system norms are de�ned on stable, ausal, �nite-dimensional,

time-invariant systems ( see [60℄ for further details). A system is a mapping between

two signals having the following onvolution equation as

y(t) = g(t) ∗ u(t),

whih an be written as

y(t) =

∫ ∞

−∞

g(t− τ)u(τ)dτ.

Let us denote G(s), the Laplae transform of g(t), whih is the so-alled transfer

funtion. Thus, G(s) is analyti in the losed right half-omplex-plane ful�lling the

stability property [60℄. By replaing the Laplae variable s with jω, it an further

be onluded that G(s) is proper if G(j∞) is �nite, and stritly proper if G(j∞) = 0.
Now, two norms an be de�ned for the transfer funtion G(s) as follows

� H2-norm:

‖G‖2 =
(

1

2π

∫ ∞

∞

|G(jω)|2dt
)1/2

;

� H∞-norm:

‖G‖∞ = sup
ω

|G(jω)| = σ1(G(jω)),

where σ1(G(jω)) denotes the maximal singular value of the transfer funtion

G(jω).



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 129 � #145

Bibliography

[1℄ H. Abbas, R. Tóth, M. Petrezky, N. Meskin, and J. Mohammadpour. Em-

bedding of nonlinear systems in a linear parameter-varying representation.

In 19th IFAC World Congress, pages 6907�6913, Cape Town, South Afria,

August 2014.

[2℄ P. Apkarian and R. Adams. Advaned gain sheduling tehniques for unertain

systems. IEEE Transations on Control System Tehnology, 6:21�32, 1998.

[3℄ P. Apkarian and P. Gahinet. A onvex haraterization of gain-sheduled H∞

ontrollers. IEEE Transations on Automati Control, 40:853�864, 1995.

[4℄ P. Apkarian and D. Noll. Nonsmooth H∞ synthesis. IEEE Transations on

Automati Control, 51:71�86, 2006.

[5℄ P. Apkarian, D. Noll, and O. Prot. A trust region spetral bundle method for

non-onvex eigenvalue optimization. SIAM Journal of Optimization, 19:281�

306, 2008.

[6℄ P. Apkarian, D. Noll, and O. Prot. A proximity ontrol algorithm to mini-

mize nonsmooth and nononvex semi-in�nite maximum eigenvalue funtions.

Journal of Convex Analysis, 16:641�666, 2009.

[7℄ M.A. Ardestani and M. Asgari. Modeling and analysis of a novel 3-DOF spatial

parallel robot. In Proeedings of the International Conferene of Mehatron-

is and Mahine Vision in Pratie, pages 162�167, Aukland, New Zealand,

November 2012.

[8℄ D. Arzelier, G. Deaonu, S. Gumussoy, and D. Henrion. H2 for HIFOO. In

Proeedings of the International Conferene on Control and Optimization with

Industrial Appliations, pages 1�13, Ankara, Turkey, August 2011.

[9℄ A. Bagirov, N. Karmitsa, and M. M. Makela. Introdution to Nonsmooth

Optimization: Theory, Pratie and Software. Springer Verlag, 2014.

[10℄ P. Baranyi. Tensor produt model transformation as a way to LMI based

ontroller design. IEEE Transations on Industrial Eletronis, 2004.

[11℄ D. Bauer. Order estimation in the ontext of MOESP subspae identi�a-

tion methods. In Proeedings of the European Control Conferene, Karlsruhe,

Germany, August 1999.

[12℄ D. Bauer. Asymptoti properties of subspae estimators. Automatia, 41:359�

376, 2005.

[13℄ M. Bergamaso and M. Lovera. Continuous-time preditor-based subspae

identi�ation using Laguerre �lter. IET Control Theory and Appliations,

5:856�867, 2011.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 130 � #146

130 BIBLIOGRAPHY

[14℄ M. Bergamaso and M. Lovera. State spae model identi�ation: from un-

strutured to strutured models with an hinf approah. In Symposium on

System Struture and Control, Grenoble, Frane, February 2013.

[15℄ M Bergamaso, A. Ragazzi, and M. Lovera. Rotorraft system identi�ation: a

time/frequeny domain approah. In 19th IFAC World Congress, Cape Town,

South Afria, August 2014.

[16℄ P. Blue, L. Güven, and D. Odenthal. Large envelope �ight ontrol satisfying

H∞ robustness and performane spei�ations. In Proeedings of the Amerian

Control Conferene, San Franiso, California, USA, June 2001.

[17℄ T. Bohlin. Pratial Grey-box Proess Identi�ation. Advanes in industrial

ontrol. Springer Verlag, 2006.

[18℄ J. Bonnans, J. Gilbert, C. Lemaréhal, and C. Sagastizábal. Numerial opti-

mization. Springer-Verlag, 2006.

[19℄ S. Boonto and H. Werner. Closed-loop identi�ation of LPV models using u-

bi splines with appliation to an arm-driven inverted pendulum. In Proeed-

ings of the Amerian Control Conferene, Baltimore, MD, USA, June 2010.

[20℄ S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear matrix in-

equalities in system and ontrol theory. Soiety for Industrial and Applied

Mathematis, 1994.

[21℄ S. Boyd and L. Vandenberghe. Convex optimization. Cambridge University

Press, 2004.

[22℄ I.N. Bronshtein, K.A. Semendyayev, G.Musiol, and H.Muehlig. Handbook of

Mathematis. Springer, 2005.

[23℄ J. De Caigny, R. Pintelon, J. F. Camino, and J. Swevers. Interpolated mod-

eling of LPV systems. IEEE Transations on Control Systems Tehnology,

2014.

[24℄ F. Casella and M. Lovera. LPV/LFT modelling and identi�ation: overview,

synergies and a ase study. In Proeedings of the IEEE Multi-Conferene on

Systems and Control, San Antonio, Texas, USA, September 2008.

[25℄ F. Clarke. Optimization and nonsmooth analysis. Soiety for Industrial and

Applied Mathematis, 1990.

[26℄ J. Craig. Introdution to robotis: mehanis and ontrol. Pearson/Prentie

Hall, 2005.

[27℄ L. Cuvillon, E. Larohe, J. Ganglo�, and M. de Mathelin. A multivariable

methodology for fast visual servoing of �exible manipulators moving in a re-

strited workspae. Advaned Robotis, 26:1771�1797, 2012.

[28℄ L. Cuvillon, E. Larohe, H. Garnier, J. Ganglo�, and M. de Mathelin.

Continuous-time model identi�ation of robot �exibilities for fast visual ser-

voing. In 14th IFAC Symposiom on System Identi�ation, pages 1264�1269,

Newastle, Australia, 2006.

[29℄ B. David and G. Bastin. An estimator of the inverse ovariane matrix and its

appliation to ML parameter estimation in dynamial systems. Automatia,

37:99�106, 2001.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 131 � #147

BIBLIOGRAPHY 131

[30℄ J. De Caigny, J. Camino, and J. Swevers. Interpolating model identi�ation

for SISO linear parameter-varying systems. Mehanial Systems and Signal

Proessing, 23:2395�2417, 2009.

[31℄ J. De Caigny, J. Camino, and J. Swevers. Interpolation-based modeling of

MIMO LPV systems. IEEE Transations on Control Systems Tehnology,

19:46�63, 2011.

[32℄ J. De Caigny, R. Pintelon, J. Camino, and J. Swevers. Interporlated modeling

of LPV systems based on observability and ontrollability. In Proeedings

of the IFAC Symposium on System Identi�ation, pages 1773�1778, Brussels,

Belgium, July 2012.

[33℄ B. De Shutter. Minimal state spae realization in linear system theory: an

overview. Journal of Computational and Applied Mathematis, 121:331�354,

2000.

[34℄ F. Donida, C. Romani, F. Casella, and M. Lovera. Integrated modelling and

parameter estimation: an LFT-modelia approah. In Joint 48th IEEE Con-

ferene on Deision and Control and 28th Chinese Control Conferene, Shang-

hai, China, Deember 2009.

[35℄ R. Dorf and R. Bishop. Modern ontrol systems. Prentie Hall, 11th edition,

2008.

[36℄ J. Doyle, F. Paganini, R. D'Andrea, and S. Khatri. Approximate behaviors.

In Proeedings of the IEEE Conferene on Deision and Control, Kobe, Japan,

Deember 1996.

[37℄ A. Dutta, editor. Roboti systems - appliations, ontrol and programming.

Inteh, 2012.

[38℄ C. Dym and I. Shames. Solid mehanis: a variational Approah. MGraw-

Hill, 1973.

[39℄ Y. Ebihara, Y. Ito, and T. Hagiwara. Exat stability analysis of 2D systems

using LMIs. IEEE Transations on Automati Control, 51:1509�1513, 2006.

[40℄ M. Farah, G. Mer£re, R. Ouvrard, T. Poinot, and J. Ramos. Identi�ation of

2D Roesser models by using linear frational representations. In Proeedings

of the European Control Conferene, Strasbourg, Frane, June 2014.

[41℄ P. Gahinet and P. Apkarian. Deentralized and �xed-struture H∞ ontrol in

MATLAB. In Proeedings of the IEEE Conferene on Deision and Control

and European Control Conferene, Orlando, Florida, USA, Deember 2011.

[42℄ P. Gahinet and P. Apkarian. Automated tuning of gain-sheduled ontrol

systems. In Conferene on Deision and Control, Firenze, Italy, Deember

2013.

[43℄ J. Ganglo�, R. Ginhoux, M. de Mathelin, L. Soler, and J. Maresaux. Model

preditive ontrol for ompensation of yli organ motions in teleoperated

laparosopi surgery. IEEE Transations on Control Systems Tehnology,

14:235�246, 2006.

[44℄ H. Garnier. Diret ontinuous-time approahes to system identi�ation.

overview and bene�ts for pratial appliations. European Journal of Con-

trol, 2015.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 132 � #148

132 BIBLIOGRAPHY

[45℄ H. Garnier, M. Gilson, T. Bastogne, and M. Mensler. Identi�ation of

ontinuous-time models from sampled data, hapter CONTSID toolbox: a

software support for ontinuous-time data-based modelling. Springer-Verlag,

2008.

[46℄ H. Garnier, M. Gilson, P. Young, and E. Huselstein. An optimal IV tehnique

for identifying ontinuous-time transfer funtion model of multiple input sys-

tems. Control Engineering Pratie, 15:471�486, 2007.

[47℄ H. Garnier and L. Wang. Identi�ation of ontinuous-time models from sam-

pled data. Springer Verlag, London, UK, 2008.

[48℄ M. Gevers. A personal view of the development of system identi�ation. A

30 year journey through an exiting �eld. IEEE Control Systems Magazine,

26:93�105, 2006.

[49℄ R. Ginhoux, J. Ganglo�, M. de Mathelin, L. Soler, M. Arenas Sanhez, and

J. Maresaux. Ative �ltering of physiologial motion in robotized surgery

using preditive ontrol. IEEE Transations on Robotis, 21:67�79, 2005.

[50℄ G. Golub and C. Van Loan. Matrix omputations. John Hopkins University

Press, Baltimore MD, 3rd edition, 1996.

[51℄ W. Groot Wassink, M. van de Wal, C. Sherer, and O. Bosgra. LPV ontrol for

a wafer stage: beyond the theoretial solution. Control Engineering Pratie,

13:231�245, 2005.

[52℄ G. Gu and P. Khargonekar. A lass of algorithms for identi�ation in H∞.

Automatia, 28:299�312, 1992.

[53℄ S. Gumussoy, D. Henrion, M. Millstone, and M. Overton. Multiobjetive

robust ontrol with HIFOO 2.0. In Proeedings of the IFAC Symposium on

Robust Control Design, Haifa, Israel, June 2009.

[54℄ S. Hashemi, H. Abbas, and H. Werner. LPV modelling and ontrol of a 2-DOF

roboti manipulator using PCA-based parameter set mapping. In Proeedings

of the IEEE Conferene on Deision and Control, Shangai, P.R. China, De-

ember 2009.

[55℄ V. Hassani, A. P. Aguiar, M. Athans, and A. M. Pasoal. Multiple model adap-

tive estimation and model identi�ation usign a minimum energy riterion. In

Amerian Control Conferene, 2009.

[56℄ X. He, J. Zhao, and G. Dimirovski. A blending method ontrol of swithed

LPV systems with slow-varying parameters and its appliation to an F-16

airraft model. In Proeedings of the Chinese Control Conferene, Mianyang,

China, May 2011.

[57℄ R. Horn and C. Johnson. Matrix analysis. Cambridge University Press, 1990.

[58℄ L. R. Hunt, R. Su, and G. Meyer. Global transformation of nonlinear systems.

IEEE Transations on Automati Control, 28(1):24�31, 1983.

[59℄ M. Jovanovi, C. Rojas, B. Wahlberg, and L. Vandenberghe. Tutorial session

on sparse and low-rank representation methods in ontrol, estimation and

system identi�ation. In Proeedings of the European Control Conferene,

Zurih, Switzerland, July 2013.

[60℄ T. Kailath. Linear Systems. Prentie Hall, Engelwood Cli�s, 1980.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 133 � #149

BIBLIOGRAPHY 133

[61℄ R. Kalman. A new approah to linear �ltering and predition problems. Trans-

ations of the Amerian Soiety of Mehanial Engineers, Journal of Basi

Engineering, 82:35�45, 1960.

[62℄ I. Kollar, G. Franklin, and R. Pintelon. On the equivalene of z-domain and

s-domain models in system identi�ation. In Proeedings of the IEEE Instru-

mentation and Measurement Tehnology Conferene, Brussels, Belgium, June

1996.

[63℄ K. Kozlowski. Modelling and identi�ation in robotis. Springer, 1998.

[64℄ S. Kukreja, B. Haverkamp, D. Westwik, R. Kearney, H. Galiana, and M. Ver-

haegen. Subspae identi�ation method for ankle mehanis. IEEE Engineer-

ing in Medeine and Biology Soiety, 17:1413�1414, 1995.

[65℄ B. Kulsár and R. Tóth. On the similarity state transformation for linear

parameter-varying systems. In Proeedings of the IFAC World Congress, Mi-

lano, Italy, August 2011.

[66℄ A. Kwiatkowski, M.T. Boll, and H. Werner. Automated gerenation and as-

sessment of a�ne LPV models. In Conferene on Deision and Control, San

Diego, California, USA, Deember 2006.

[67℄ N. Lahhab, H. Abbas, and H. Werner. A neural network based tehnique

for modelling and LPV ontrol of an arm-driven inverted pendulum. In Pro-

eedings of the IEEE Conferene on Deision and Control, Canun, Mexio,

Deember 2008.

[68℄ E. Larohe and L. Cuvillon. Dynamial model of a planar 2-DOF arm. Teh-

nial report, Strasbourg University, Laboratoire des Sienes de l'Image de

l'Informatique et de la Télédétetion, 2007.

[69℄ E. Larohe, L. Cuvillon, D. Vizer, and G. Merère. A benhmark on the

identi�ation of a �exible serial manipulator using a amera. In Proeedings

of the 17th IFAC SYSID, pages 1483�1488, Beijing, China, Otober 2015.

[70℄ L. Lee. Identi�ation and robust ontrol of linear parameter varying systems.

PhD thesis, Unversity of California, Berkeley, California, USA, 1997.

[71℄ L. Lee and K. Poolla. Identi�ation of linear parameter varying systems via

LFTs. In Proeedings of the IEEE Conferene on Deision and Control, Kobe,

Japan, Deember 1996.

[72℄ L. Lee and K. Poolla. Identi�ability issues for parameter varing and multi-

dimensional linear systems. In Proeedings of the Conferene on Mehanial

Vibration and Noise, Saremento, California, USA, September 1997.

[73℄ L. Lee and K. Poolla. Identi�ation of linear parameter varying systems using

non linear programming. Journal of Dynami Systems, Measurements and

Control, 121:71�78, 1999.

[74℄ D. Leith and W. Leithead. Gain-sheduled ontroller design: An analyti

framework diret inorporating non-equilibrium plant dynamis. International

Journal of Control, 2(70):249�269, 1998.

[75℄ D. Leith and W. E. Leithead. Survey of gain-sheduling analysis and design.

International Journal of Control, 73(11):1001�1025, 2000.

[76℄ A. Lewis. The mathematis of eigenvalue optimization. Mathematial Pro-

gramming, 97:155�176, 2003.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 134 � #150

134 BIBLIOGRAPHY

[77℄ A. Lewis and M. Overton. Nonsmooth optimization via BFGS. Submitted to

SIAM Journal Optimization, 2008.

[78℄ L. Ljung. System identi�ation. Theory for the user. Prentie Hall, Upper

Saddle River, 2nd edition, 1999.

[79℄ L. Ljung. System identi�ation toolbox - for use with MATLAB. Mathworks,

5th edition, 2000.

[80℄ L. Ljung. Perspetives on system identi�ation. Annual Reviews in Control,

34:1�12, 2010.

[81℄ P. Lopes dos Santos, T. Azevedo Perdioúlis, C. Novara, J. Ramos, and

D. Rivera. Linear Parameter-Varying System Identi�ation: new develop-

ments and trends. Advaned Series in Eletrial and Computer Engineering,

World Sienti�, 2011.

[82℄ M. Lovera. Subspae identi�ation methods: theory and appliations. PhD

thesis, Politenio di Milano, Milano, Italy, 1997.

[83℄ M. Lovera, editor. Control-oriented modelling and identi�ation: theory and

pratie Linear frational LPV model identi�ation from loal experiments us-

ing an Hinfty-based gloal approah. The Institution of Engineering and Teh-
nology, 2014.

[84℄ M. Lovera and G. Merère. Identi�ation for gain sheduling: a balaned

subspae approah. In Proeedings of the Amerian Control Conferene, New

York, USA, July 2007.

[85℄ Florian Lösh. Identi�ation and automated Control Design for Ative Mag-

neti Bearing Systems. PhD thesis, Swiss Federal Institute of Tehnology,

ETH Zürih, 2002.

[86℄ B. Lu, F. Wu, and K. SungWan. Swithing LPV ontrol of an F-16 airraft

via ontroller state reset. IEEE Transations on Control Systems Tehnology,

14:267�277, 2006.

[87℄ C. Lyzell. Initialization methods for system identi�ation. Master's thesis, De-

partment of Eletrial Engineering, Linköping University, Linköping, Sweden,

2009.

[88℄ P. Mäkilä and J. Partington. Robustness in H∞ identi�ation. Automatia,

36:1685�1691, 2000.

[89℄ A. Maros and G. Balas. Development of linear-parameter-varying models for

airraft. Journal of Guidane, Control and Dynamis, 27:218�228, 2004.

[90℄ A. Marouf, C. Sentouth, M. Djemai, and P. Pudlo. Control of an eletri

power assisted steering system using referene model. In IEEE Conferene

on Deision and Control and European Control Conferene, Orlando, Florida,

USA, Deember 2011.

[91℄ R. Martin. A metri for ARMA proesses. IEEE Transations on Signal

Proessing, 48:1164�1170, 2000.

[92℄ T. MKelvey and A. Helmersson. State-spae parametrizations of multivari-

able linear systems using tridiagonal matrix forms. In Proeedings of the IEEE

Conferene on Deision and Control, Kobe, Japan, Deember 1996.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 135 � #151

BIBLIOGRAPHY 135

[93℄ G. Merère. Regression tehniques for subspae-based blak-box state-spae

system identi�ation: an overview. Tehnial report, Poitiers University, Lab-

oratoire d'Automatique et d'Informatique pour les Systèmes, 2013.

[94℄ G. Merère and L. Bako. Parameterization and identi�ation of multivariable

state-spae systems: a anonial approah. Automatia, 47:1547�1555, 2011.

[95℄ G. Merère, L. Bako, and S. Leoeuhe. Propagator-based methods for reur-

sive subspae model identi�ation. Signal Proessing, 88:468�491, 2008.

[96℄ G. Merère, E. Larohe, and M. Lovera. Identi�ation of a �exible robot

manipulator using a linear parameter-varying desriptor state-spae struture.

In Proeedings of the IEEE Conferene on Deision and Control and European

Control Conferene, Orlando, Florida, USA, Deember 2011.

[97℄ G. Merère and M. Lovera. Convergene analysis of instrumental variable

reursive subspae identi�ation algorithms. Automatia, 43:1377�1386, 2007.

[98℄ G. Merère, R. Ouvrard, M. Gilson, and H. Garnier. Subspae-based methods

for ontinuous-time model identi�ation of MIMO systems from �ltered sam-

pled data. In Proeedings of the European Control Conferene, Kos, Greee,

July 2007.

[99℄ G. Merère, H. Palsson, and T. Poinot. Continuous-time linear parameter-

varying identi�ation of a ross �ow heat exhanger: a loal approah. IEEE

Transations on Control Systems Tehnology, 19:64�76, 2011.

[100℄ G. Merère, O. Prot, and J. Ramos. Identi�ation of parameterized gray-box

state-spae systems: from a blak-box linear time-invariant representation to

a strutured one. 59:2873�2885, 2014. Conditionally aepted as full paper

for the IEEE Transations on Automati Control speial issue for Relaxation

Method in Identi�ation and Estimation Problem.

[101℄ M. Milanese and M. Taragna. H∞ set membership identi�ation: a survey.

Automatia, 41:2019�2032, 2005.

[102℄ A. Van Mulders and L. Vanbeylen. Identi�ation of nonlinear LFR systems

with two nonlinearities. In IEEE International Instrumentation and Measure-

ment Tehnology Conferene - I2MTC, Minneapolis, Minnesota, USA, May

2013.

[103℄ O. Nelles. Nonlinear system identi�ation: from lassial approahes to neural

networks and fuzzy models. Springer, 2000.

[104℄ J. Noedal and S. Wright. Numerial Optimization. Springer-Verlag, 2006.

[105℄ B. Paijmans, W. Symens, H. Van Brussel, and J. Swevers. Identi�ation of

interpolating a�ne LPV models for mehatroni systems with one varying

parameter. European Journal of Control, 14:16�29, 2008.

[106℄ P. Parrilo. On the numerial solution of LMIs derived from the KYP lemma.

In Proeedings of the IEEE Conferene on Deision and Control,, Phoenix,

AZ, USA, Deember 1999.

[107℄ P. Parrilo and L. Ljung. Initialization of physial parameter estimates. In

Proeedings of the IFAC Symposium on System Identi�ation, Rotterdam, The

Netherlands, August 2003.

[108℄ E. Pepona, S. Paoletti, A. Garulli, and P. Date. Identi�ation of pieewise

a�ne LFR models of interonneted systems. IEEE Transations on Control

Systems Tehnology, 19:148�155, 2011.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 136 � #152

136 BIBLIOGRAPHY

[109℄ D. Petersson. A nonlinear optimization approah to H2-optimal modeling and

ontrol. PhD thesis, Linköping University, Linköping, Sweden, 2013.

[110℄ M. Petrezky. Realization theory for linear and bilinear swithed systems:

formal power series approah - part i: realization theory of linear swithed

systems. ESAIM Control, Optimization and Caluulus of Variations, 17:410�

445, 2011.

[111℄ M. Petrezky. Realization theory for linear and bilinear swithed systems:

formal power series approah. part ii: bilinear swithed systems. ESAIM

Control, Optimization and Caluulus of Variations, 17:472�492, 2011.

[112℄ Z. Petres. Politopi deomposition of linear parameter-varying models by

tensor-produt model transformation. PhD thesis, Budapest Universitiy of

Tehnology and Eonomis, 2006.

[113℄ R. Pintelon and J. Shoukens. System identi�ation: a frequeny domain ap-

proah. Wiley-IEEE Press, 2001.

[114℄ O. Prot and G. Merère. Initialization of gradient-based optimization algo-

rithms for the identi�ation of strutured state-spae models. In Proeedings

of the IFAC World Congress, Milan, Italy, August 2011.

[115℄ O. Prot, G. Merère, and J. Ramos. A null-spae-based tehnique for the

estimation of linear-time invariant strutured state-spae representations. In

Proeedings of the IFAC Symposium on System Identi�ation, Brussels, Bel-

gium, July 2012.

[116℄ J. Ramos and P. Lopes dos Santos. Parameter estimation of disrete and

ontinuous-time physial models: a similarity transformation approah. In

Proeedings of the IEEE Conferene on Deision and Control, Atlanta, Geor-

gia, USA, Deember 2010.

[117℄ S. Rao. Engineering optimization: theory and pratie. Wiley, 2009.

[118℄ C. Reboulet and C. Champetier. Anew method for linearizing nonlinear sys-

tems: the pseudolinearization. International Journal of Control, 1984.

[119℄ R. Redhe�er. On a ertain linear frational transformation. Journal of Math-

ematial Physis, 39:269�286, 1960.

[120℄ T. Rokafellar. Nonsmooth optimization. Mathematial programming: state

of the art, pages 248�258, 1994.

[121℄ R. Roesser. A disrete-state-spae model for linear image proessing. IEEE

Transations on Automati Control, 20:1�10, 1975.

[122℄ C. Rojas and H. Hjalmarsson. Sparse estimation based on a validation ri-

terion. In Proeedings of the Conferene on Deision and Control, Orlando,

Florida, Deember 2011.

[123℄ W. Rugh. Analytial framework for gain sheduling. IEEE Control Systems

Magazine, 11:79�84, 1991.

[124℄ W. Rugh and J. Shamma. Researh on gain sheduling. Automatia, 36:1401�

1425, 2000.

[125℄ J. Shamma. The ontrol handbook, hapter Linearization and gain-sheduling,

pages 388�396. CRC Press, 1996.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 137 � #153

BIBLIOGRAPHY 137

[126℄ J. Shamma and M. Athans. Analysis of gain sheduled ontrol for nonlinear

plants. IEEE Transations on Automati Control, 35:898�907, 1990.

[127℄ J. Shamma and J. Cloutier. Gain-sheduled missile autopilot design using

linear-parameter-varying transformations. AIAA Journal of Guidane, Con-

trol and Dynamis, 16:256�263, 1993.

[128℄ J. S. Shamma and J. R. Athans. Gain shedulind: potential hazards and

possible remedies. IEEE Control Systems Magazine, 1992.

[129℄ P. Shi and J. MPhee. DynaFlex Users' Guide. Systems Design Engineering

- University of Waterloo, 2002.

[130℄ W. Shin and D. Kwon. Surgial robot system for single-port surgery with novel

joint mehanism. IEEE transations on bio-medial engineering, 60:937�944,

2013.

[131℄ J. Shoukens, R. Pintelon, T. Dobrowieki, and Y. Rolain. Identi�ation of lin-

ear systems with nonlinear distorsions. In Proeedings of the IFAC Symposium

on System Identi�ation, Rotterdam, The Netherlands, August 2003.

[132℄ M. Spillman, P. Blue, L. Lee, and S. Banda. Robust gain sheduling example

using linear parameter-varying feedbak. In Proeedings of the IFAC World

Congress, San Franiso, California, USA, June 1996.

[133℄ S. Taamallah, X. Bombois, and P. M. J. Van den Hof. A�ne LPV modeling:

An H∞ based approah. In Conferene on Deision and Control, 2013.

[134℄ M. Tanelli, D. Ardagna, and M. Lovera. On- and o�-line LPV model identi-

�ation for power management of web servie systems. In Proeedings of the

IEEE Conferene on Deision and Control, Canun, Mexio, Deember 2008.

[135℄ R. Tóth. Identi�ation and Modeling of Linear Parameter-Varying Systems.

Springer Verlag. Leture Notes in Control and Information Sienes 403, 2010.

[136℄ R. Tóth, F. Felii, P. Heuberger, and P. Van den Hof. Disrete-time LPV

I/O and state-spae representations. di�erenes of behavior and pitfalls of

interpolation. In Proeedings of the European Control Conferene, Kos, Greee,

July 2007.

[137℄ R. T¬th, H. Abbas, and H. Werner. On the state-spae realization of LPV

input-output models: pratial approahes. IEEE Transations on Control

System Tehnology, 20:139�153, 2012.

[138℄ R. Tóth, J. Willems, P. Heuberger, and P. Van den Hof. The behavioral ap-

proah to linear parameter-varying systems. IEEE Transations on Automati

Control, 56:2499�2514, 2011.

[139℄ J. van Helvoort, M. Steinbuh, P. Lambrehts, and R. van de Molengraft.

Analytial and experimental modelling for gain sheduling of a double sara

robot. In Proeedings of the IFAC Symposium on Mehatroni Systems, Syd-

ney, Australia, September 2004.

[140℄ J. W. van Wingerden and M. Verhaegen. Subspae identi�ation of bilinear

and LPV systems for open- and losed-loop data. Automatia, 45:372�381,

2009.

[141℄ L. Vanbeylen. Initial estimates for the LFR nonlinear model struture via the

best linear approximation. In 16th IFAC Symposium on System Identi�ation

The International Federation of Automati Control, 2012.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 138 � #154

138 BIBLIOGRAPHY

[142℄ L. Vanbeylen. Nonlinear LFR blok-oriented model: Potential bene�ts and

improved, user-friendly identi�ation method. IEEE Transations on Instru-

mentation and Measurement, 2013.

[143℄ V. Verdult. Nonlinear system identi�ation: a state spae approah. PhD

thesis, University of Twente, Twente, The Netherlands, 2002.

[144℄ M. Verhaegen and V. Verdult. Filtering and system identi�ation: a least

squares approah. Cambridge University Press, 2007.

[145℄ G. Vinniombe. Frequeny domain unertainty and the graph topology. IEEE

Transations on Automati Control, 38:1371�1383, 1993.

[146℄ G. Vinniombe. Unertainty and feedbak-H∞, loop-shaping and the v-gap

metri. Imperial College Press, 2001.

[147℄ S. V. Vishwanathan, A. J. Smola, and R. Vidal. Binet-Cauhy kernels on

dynamial systems and its appliation to analysis of dynami senes. Interna-

tional Journal of Computer Vision, 2007.

[148℄ D. Vizer and G. Merère. H∞-based LPV model identi�ation from loal

experiments with a gap metri-based operating point seletion. In Proeedings

of the Europeen Control Conferene, pages 388�393, 2014.

[149℄ D. Vizer and G. Merère. An H∞-norm-based approah for operating point

seletion and LPV model identi�ation from loal experiments. Periodia

Polytehnia Eletrial Engineering and Computer Siene, pages 58:121�131,

2014.

[150℄ D. Vizer, G. Merère, and E. Larohe. Gray-box LPV model identi�ation of

a 2-DoF surgial roboti manipulator by using an H∞-norm-based loal ap-

proah. In Proeedings of the 1st IFAC LPVS, pages 79�84, Grenoble, Frane,

Otober 2015.

[151℄ D. Vizer, G. Merère, E. Larohe, and O. Prot. Control-oriented modelling and

identi�ation: theory and pratie, hapter Linear frational LPV model iden-

ti�ation from loal experiments using an H∞-based gloal approah, pages

189�214. The Institution of Engineering and Tehnology, 2014.

[152℄ D. Vizer, G. Merère, E. Larohe, and O. Prot. Control-oriented modelling and

identi�ation: theory and pratie, hapter LPV modeling and identi�ation of

a 2-DOF �exible roboti arm from loal experiments using anH∞-based gloal

approah, pages 365�385. The Institution of Engineering and Tehnology,

2014.

[153℄ D. Vizer, G. Merère, Edoard Larohe, Olivier Prot, and Bálint Kiss. Com-

parison of a gradient based algorithm and the proximity ontrol algorithm for

gray-box LTI identi�ation. In Proeedings of the 16th IEEE International

Symposium on Computational Intelligene and Informatis, Budapest, Hun-

gary, November 2015.

[154℄ D. Vizer, G. Merère, O. Prot, and E. Larohe. Combining analyti and

experimental information for linear parameter-varying model identi�ation:

appliation to a �exible roboti manipulator. Periodia Polytehnia Eletrial

Engineering and Computer Siene, pages 58:133�148, 2014.

[155℄ D. Vizer, G. Merère, O. Prot, and E. Larohe. H∞-norm-based optimization

for the identi�ation of gray-box LTI state-spae model parameters. System

and Control Letters, 2015.



�PhD_Thesis_V4_221015� � 2015/11/4 � 6:45 � page 139 � #155

BIBLIOGRAPHY 139

[156℄ D. Vizer, G. Merère, O. Prot, E. Larohe, and M. Lovera. Linear frational

LPV model identi�ation from loal experiments: an H∞-based optimization

tehnique. In Proeedings of the Conferene on Deision and Control, pages

4559�4644, Florene, Italy, Deember 2013.

[157℄ D. Vizer, G. Merère, O. Prot, and J. Ramos. A loal approah framework for

blak-box and gray-box LPV system identi�ation. In Proeedings of the Eu-

ropean Control Conferene, pages 1916�1921, Zurih, Switzerland, July 2013.

[158℄ E. Walter and L. Pronzato. Identi�ation of parametri models from experi-

mental data. Springer Verlag, 1997.

[159℄ L. Xie and L. Ljung. Estimate physial parameters by blak box modeling. In

Proeedings of the Chinese Control Conferene, Hangzhou, China, June 2002.

[160℄ P. Young. An instrumental variable method for real time identi�ation of noisy

proess. Automatia, 6:271�287, 1970.

[161℄ P. Young. Reursive estimation and time series analysis. Springer Verlag,

Berlin, 1984.

[162℄ P. Young, H. Garnier, and M. Gilson. An optimal instrumental variable ap-

proah for identi�ying hybrid ontinuous-time box-jenkins models. In 14th

IFAC Symposium on System Identi�ation, 2006.

[163℄ P.C. Young and A. J. Jakeman. Re�ned instrumental variable methods of

reursive time-series analysis. International Journal of Control, 1980.

[164℄ K. Zhou, J. Doyle, and K. Glover. Robust and optimal ontrol. Prentie Hall,

1996.


