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INTRODUCTION 
 
Structural designer engineers show preference for applying trusses for 

spanning longer spans, like in the case of bridges (Figure 1a). In my re-
search I studied questions concerning the statics of planar trusses.  

It is well-known, that the planned and the realized geometry of the 
structures slightly differ from each other due to the lack of precision during  
production and construction. During the analysis of structures frequently 
arises the question, how these geometric imperfections influence the inter-
nal forces calculated based on the perfect geometry. In the case of trusses, 
bars with incorrect length may result that the position of a joint differs from 
the planned position (Figures 2a-b).  

In my dissertation I sought for those bars in which the barforce changes 
due to the modification of the position of an unloaded joint in a loaded truss 
(Figures 2a-b). I called the such way disturbed joint imperfect joint, the 
degree of the disturbing a geometric imperfection, the set of the mentioned 
bars (together with the connected joints)  the influenced zone of the imper-
fect joint (Figure 2c).  

 

 
 

Figure 1. A truss bridge (a), and its mechanical model (b) and graph-model (c). 
 (In the mechanical model the constraints acting in the supports are modelled with hinged 

bars.) 
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Figure 2. Influenced zone.  
The geometry of a loaded truss before (a) and after (b) the imperfection of  joint v1.  In 

figure c) the influenced zone of joint v1 is indicated by thick lines and by filled in joints. 

 
During solving this problem I also searched for the bar-sets below: 

- in which barforces change due to an external load acting on a given joint-
set  
- in which barforces arise in the case of a self-stress state of the truss (the 
self-stress state is a state of the structure, when nonzero, self-balanced bar-
forces appear in the truss without the action of any external loads) 

The latter two bar-sets provide a help in the identification of the zero-
force members and the bars sensitive to kinematic loads, while the influ-
enced zone can be useful in case of a geometric imperfection caused by a 
later structure-rebuilding: the rebuilding requires a new static checking and 
new barforce calculations, which are enough to carry out in the influenced 
zone. 

Although, it may seem, that for answering the three mentioned dynam-
ical questions we need geometric and load data, and barforce calculations, I 
demonstrated that these questions can be also answered solely by the 
knowledge of the graph-model (which contains no metric information), 
with combinatorial tools. The graph describing the adjacency relations be-
tween the joints I called the truss’s graph-model (Figure 1c). The applica-
tion of these kinds of combinatorial tools on the one hand can speed up the 
structural analysis with orders of magnitude, on the other hand it is suitable 
for understanding the essence of the phenomenon. Therefore, my results 
can help understanding the statics of the trusses deeper, and can help the 
designing and the checking of these kinds of structures.  
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 Related to the geometric imperfections, I also studied which type of 
trusses are sensitive or less sensitive to imperfections. To be able to de-
scribe it, I introduced the concept of geometric sensitivity index (shortly: 
the sensitivity) of the truss, which is a scalar number between 0 and 1, and 
it can be obtained, if one averages the number of the bars of the influenced 
zones in the truss and then divides it by the number of the bars of the struc-
ture. Its symbol is s. 

 
The disturbing of a joint’s location can be interesting not only from the 

static point of view, but also in terms of optimum-searching. In my disser-
tation I also examined whether the behaviour of the trusses can be im-
proved via small joint disturbing – in other words, whether slightly asym-
metric, optimal trusses can be developed. 

 
Finally, I also dealt the so-called zero-force members. Although accord-

ing to the first-order (linear) theory in such bars no barforce arises on the 
effect of the given load, with second-order (nonlinear) theory the – very 
small – barforces inside them also can be identified. I examined what kinds 
of structural conclusions can be made from the nonlinear investigations of 
the zero-force members.  
 
 

COMBINATORICAL IDENTIFICATION OF THE 
INFLUENCED ZONE, GEOMETRIC SENSITIVITY 
 

In this section I study questions revealing relations between the statics 
and the graph-model of the trusses. 

I had the following goals: 
• To show an algorithm, with which the influenced zone can be identified 

without calculating the barforces and without the knowledge of metric 
data, solely by the graph-model of the truss. 

• To provide trusses with minimal and maximal sensitivity, respectively. 
• Searching for factors, which increase or decrease sensitivity. 
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The results are described in Principal Result 1 and Principal Result 2. 
 
In my research I assumed the followings. 
I investigated the changes in the barforces derived solely from the modi-

fication of the joint’s position (and not derived from the modification of the 
external forces’ position), that is why I considered the imperfect joint as an 
unloaded joint having no contact with the fix surroundings.  Furthermore, I 
stipulated, that all possible bars should be loaded, otherwise the influenced 
zones of joints connected to only zero-force members would be a zero-set, 
and the problem would lose its sense. 

In the interest of the uniform discussion of the supported and unsupport-
ed cases, instead of static determinacy and indeterminacy I used the con-
cepts minimal rigidity and redundant rigidity, respectively. A structure is 
minimally rigid, if it is statically determinate – or, if the structure is not 
supported, it can be made statically determinate by using 3 suitable sup-
port-bars. A structure is redundantly rigid, if it is statically indeterminate 
(and in the same time kinematically overdeterminate) – or, if the structure 
is not supported, it can be made statically indeterminate (and in the same 
time kinematically overdeterminate) by using 3 suitable support-bars.  

Basically I focused on typical truss problems. The input data of a truss 
problem are the mechanical model and the material properties of the truss, 
while its output data are the barforces. We call a problem typical in terms 
of a discretely changing property (for example the rigidity), if a sufficiently 
small modification in the metric data (for example in a joint’s coordinate) 
does not cause change in the point of view of the given property. 

 
My method developed for identifying the influenced zone with combi-

natorial tools is based on the relation-system I showed among the influ-
enced zone, the graph-model and further novel concepts I called active 
zone, rigid core and core-chain. The latter concepts I introduce below. 

Consider a rigid truss, loaded by an external, equilibrium force-system 
acting on a V joint-set containing at least 2 joints (Figure 3a). The bar-set 
(together with the joints connected to it), in which the former mentioned 
force-system induces barforces in the first order, I called the active zone of 
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the joint-set V (Figure 3b). The rigid core of a joint-set V is a comprehen-
sive whole, minimally rigid subset of the minimally rigid truss, containing 
point-set V and the fewest bars possible. For instance, the rigid core of the 
joint-set V indicated in Figure 3a is illustrated in Figure 3b with thick lines 
and filled in joints. The core-chains I defined in redundantly rigid trusses 
according to the followings. In an arbitrary base structure of the truss we 
look for the rigid cores of the joint-pairs neighbouring the bars removed 
during the composition of the base-structure. We complete the latter rigid 
cores by bars inserted between the given joint-pairs. From these completed 
rigid cores we generate the core-chains of the truss: each rigid core is the 
element of one and only one core-chain; the rigid cores intersecting each 
other in at least one bar get to the same core-chain (Figure 4).  

 

 
 

Figure 3. Relation between active zone and rigid core in minimally rigid trusses. 
The truss in Figure a) is loaded by a balanced external force system acting in joint-set V. In 
Figure b) the active zone of the joint-set V is illustrated by thick lines and filled in joints. 

The latter zone is the rigid core of joint-set V at the same time. 

 

 
 

Figure 4. Relation between core-chains and self-stress zones. 
Figure a) shows a redundantly rigid truss. Its optional base-structure can be seen in Figure 
b). In figure c) the core-chains of the truss are illustrated (see the three truss-parts enclosed 

by dashed lines), which are the self-stress zones of the truss at the same time. 
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Among the above introduced concepts I revealed the relation-system be-
low: 
1) The influenced zone of a given joint connected to at least 3 bars in a 

rigid truss coincides with the active zone of the joint-set neighbouring 
the same given joint (for example Figure 2c illustrates the influenced 
zone of joint v1, which is in the same time the active zone of the joint-
set neighbouring joint v1). 

2) In the case of minimally rigid trusses the active zone of a given joint-set 
coincides with the rigid core of the same joint-set (Figure 3b). 

3) In the case of redundantly rigid trusses the active zone of a given joint-
set coincides with the union generated from the rigid core (defined in an 
arbitrary base structure of the truss) of the same joint-set and the core-
chains intersecting the latter rigid core in at least one bar. 

4) I showed that the rigid core can be determined with combinatorial tools, 
solely by the knowledge of the graph-model. 
 

Furthermore, I showed that the concepts defined for identifying the in-
fluenced zone have contacts with other, well-known structural concepts as 
well: with substitution of bars and with self-stress state. 

The substitution of bars is the operation, when we remove from a rigid 
truss a necessary bar for the structure’s rigidity, and after we insert a new 
bar in another place so that we obtain again a rigid truss. In literature there 
are two (each necessary and sufficient) conditions for carrying out the sub-
stitution of the bars: one is static and the other one is a kinematic condition 
(Korányi 1953). In my dissertation – by the help of the concept rigid core – 
I performed a novel, combinatorial (necessary and sufficient) condition for 
carrying out the substitution of the bars: 

In the case of typical truss problems, two necessary bars substitute each 
other in terms of rigidity if and only if in the original truss (or in a redun-
dantly rigid case in the base structure of the original truss, respectively) 
the rigid core of the joint-pair desired to be connected by the inserted bar 
contains the bar desired to be removed. 

In my dissertation I called a bar-set (and the joint-set connecting to it) of 
the truss a self-stress zone of the truss, if it holds for arbitrary one-
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parameter kinematic load that barforces in the zone can be self-balanced 
without any external load, and that for this property the bar-set is minimal, 
i.e. it has no subset having the same property. For instance, the self-stress 
zones of the truss showed in Figure 4a is illustrated in Figure 4c. 

In my thesis I demonstrated that the core-chains of a redundantly rigid 
truss coincide with the self-stress zones of the truss (Figure 4c). 

 
I studied sensitivity not only in individual trusses, but also in series of 

trusses – in so called truss families. I generated a (discrete) truss family Ti 
from an initial truss T0 and from series of recursive enlarging steps (Figure 
5a). As is well-known, all statically determinate trusses can be built up by 
the combinations of elementary operations Henneberg 1 and Henneberg 2 
(Henneberg 1911) (Figures 5b-c).  According to this, I investigated in truss 
families built up purely by Henneberg operation 1, and in truss families 
created mixed, how sensitivity changes in truss families while enlarging 
steps increase: does sensitivity have a limit, and if so, then how much it is. 
 

 

 
 

Figure 5. Figure a) shows the construction of a truss family composed only by Henne-
berg 1 operation. Figure b) and c) shows the operations Henneberg 1 and Henneberg 2. 

 
 

OPTIMAL TRUSSES  
WITH IMPERFECT SYMMETRY  

 
I investigated such (continuous) truss families, which are created by 

planar, reflection-symmetrical, statically determinate trusses with identical 
cross section and identical material and which families are describable by 
solely one geometrical parameter p. I applied a single symmetry-breaking 
variable x in such a way, that the position x=0 belongs to the symmetrical 
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arrangement, and that multiplying x by ( ̶ 1) we obtain the mirror image of 
the truss. For example in the case of the three-hinged structure shown in 
Figure 6a the geometrical parameter p denotes the height of the structure, 
while the symmetry-breaking variable x denotes the horizontal location of 
joint C. As optimal criterion I postulated, that the risk of the buckling of the 
bar  most liable to buckling should be minimal. The risk against buckling in 
the individual bars can be calculated as (Ni and Ni

cr denote the barforces 
and the critical Euler forces, respectively):   

�� 	��, �� 		 	

���, ��


�
����, ��

						 

 

 
 

Figure 6. Trusses and their optimum bifurcation diagrams.  
A three-hinged structure (a), its objective function U(x,p) in point p=p0 (b), and the bifurca-
tion diagram of the truss (c): the local minimum and maximum points of U(x,p) are assigned 

in the bifurcation diagram with optimum (continuous line) and ‘pessimum’ (dashed line), 
respectively. Figures d) and f) illustrate the same truss, but with different loads. The bifurca-

tion diagram in Figure e) belongs to case b): observe that the optimum does not bifurcate, 
and that the symmetrical arrangement remains optimal for all value of p. The bifurcation 

diagram in Figure g) belongs to case f): observe, that over a critical parameter value p0 the 
optimal versions form a region, which we call “neutral region”. 

Figures  
c), e) and g): 

optimum 
’pessimum’ 
neutral region 
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Thus, our objective function – denoted by U(x,p) – describes this risk in 
the bar most liable to buckling in the function of x in case of a fixed value 
of p, consequently, U(x,p) is an upper envelope diagram of the functions 
describing the risks of the bars. Optimal geometries (i.e. the optima) are 
attached to the minimum values of this objective function (Figure 6b shows 
the objective function of the three-hinged structure illustrated in Figure 6a). 
 

My goal was the following: 
• To investigate whether slightly asymmetric, optimal trusses exist, i.e. 

searching for the optimum bifurcation diagrams in plane [x,p], which 
describe how the optimum varies as the parameter p changes (see Fig-
ures 6c, 6e and 6g). (Figures 6a-b-c help understanding the optimum 
bifurcation diagram through the sample of the three-hinged structure.) 
 
According to the engineers’ intuition, symmetrical shape is more ad-

vantageous than its slightly asymmetric version. This intuition is support-
ed scientifically by Várkonyi and Domokos (2006) demonstrating that in 
typical cases the symmetry is optimal, and at the same time no slightly 
asymmetric, optimal structures exist. I compare my results – which are 
stated in Principal Result 3 – with these research preliminaries.  
 

 

ON THE NON-LINEAR RESPONSE OF ZERO-
FORCE MEMBERS 
 

Describing the barforce N  in the function of the load-parameter λ in a 
truss loaded by a one-parameter load (for example see the left side of Fig-
ure 9), and determining the Taylor-expansion of it, we obtain the following 
expression:  
 

N(λ) = a0 + a1λ + a2λ
2 + a3λ

3 + . . .                                                 
 
The constant term a0 differs from zero only if the internal force inside 

the bar is induced by a self-stress, which is possible only in the case of 
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statically indeterminate structures. The constant a1 is the coefficient of  the 
linear term belonging to the internal force determinable from the linear 
(first-order) theory. Therefore, in the case of zero-force bars coefficients a0 
and a1 are necessarily zero, however the coefficients of the higher-order 
members of the Taylor expansion (which members can already be deter-
mined by the nonlinear calculation) can differ from zero. Those zero-force 
bars, in which all possible coefficient (i.e. ai, i > 1) of the Taylor series 
differ from zero, I called typical zero-force bars (or members). 
 

I had the goal below: 
• To examine which structural conclusions can be drawn from the non-

linear investigations of the statics of zero-force members.  
This question is answered in Principal Result 4.  

 
 

PRINCIPAL RESULTS 
 
PRINCIPAL RESULT 1  

(Tóth, Domokos and Gáspár 2009; Tóth 2011; Tóth 2012) 
In (Jordán, Domokos and Tóth 2013) other, more detailed proofs with mathematical lan-
guage and approach can be found for the statements marked by a *. 

 
I demonstrated that in the case of planar, typical truss problems the 
influenced zone can be identified also without static computations, sole-
ly by the graph describing the topology of the truss:  
 

1.1. I defined the concept rigid core of a joint-set as a comprehensive 
whole, minimally rigid subset of the minimally rigid truss, con-
taining the given point-set and the fewest bars possible. 

 

1.2. I proved that in the case of minimally rigid trusses the influenced 
zone of a given joint is identical to the rigid core of the point-set 
neighbouring the given joint* (Figure 3b).  
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1.3. The redundantly rigid case, based on the line of thought of the 
force method, I traced back to the minimally rigid case: I showed, 
that in this case the influenced zone consists of a set of several, 
suitable marked rigid cores*. 

 

1.4. I provided algorithms, with which the rigid core, the influenced 
zone, the set of active bars** influenced by the external load, and 
the set of active bars in case of  the self-stress state of the truss can 
be identified with the knowledge of solely the graph describing the 
topology of the truss.  

 

1.5. Using the concept of rigid core, I introduced a novel, combinatori-
al (necessary and sufficient) condition for carrying out the opera-
tion called bar-substitution.  

 
(** active bar = a nonzero-force bar) 

 
 
PRINCIPAL RESULT 2  

(Tóth és Domokos 2009; Tóth, Domokos and Gáspár 2009; Tóth 2011; 
Tóth 2012; Jordán, Domokos and Tóth 2013) 
 
I defined the concept geometric sensitivity index (shortly: the sensitivi-
ty) of trusses. Based on this I provided examples for truss-types with 
minimal and maximal sensitivity (Figure 7 and Figure 8), furthermore I 
showed two factors, with which the sensitivity can be increased and 
decreased, respectively: 
 

2.1. I demonstrated that the increase of the number of the redundant 
bars (i.e. the increase of the degree of indeterminacy) cause the 
monotonous increase of the sensitivity.  

 

2.2. I showed that the sensitivity of trusses with geometries wide-spread 
in engineering practice is less or at most equal to the sensitivity of 
a truss constructed with the same topology, but random geometry.  
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I examined the sensitivity of truss families constructed by recursive 
steps. In the framework of this: 
 

2.3. I proved that in case the recursive step consists of solely Henne-
berg 1 operations, and the rate of the enlarging is a polynomial 
function of the number of the steps, and all joints (except for the 
joints of the initial family-member) achieve their final degree at 
most in the step after its arising, then the limit of the sensitivity (as 
the number of the steps tends to infinity) is at most 0.5.  

 
 

 
 

Figure 7. Graph-models of minimally rigid trusses with minimal sensitivity. 
The minimum of the sensitivity of trusses, in which there is no condition for the degree of 

the joints, is s≥1/r (where r denotes the number of the bars). Such a truss with minimal 
sensitivity can be seen in the left side of the figure (the degree of a given joint supplies the 

number of the bars connected to the given joint). In the case of trusses whose joints have the 
degree of at least 3, the minimum of the sensitivity is s≥7/r  ̶ 24/(r(r+3)). Such a truss with 

minimal sensitivity is showed in the right side of the figure. 

 
 

 
 

Figure 8. Graph-models of minimally rigid trusses with maximal sensitivity s=1. 

 
 
PRINCIPAL RESULT 3  

(Tóth, Domokos and Várkonyi 2007; Tóth and Domokos 2008) 
 

I studied in one-parameter families of statically determinate, reflec-
tion-symmetrical trusses if slightly asymmetric, optimal trusses exist. 
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Former researches (Várkonyi és Domokos 2006) predict, that if only 
one symmetry-breaking variable is applied, and the optimization ob-
jective function describes the behaviour of the weakest element of the 
structure, then in typical cases the symmetrical arrangement is opti-
mal, and in the same time no slightly asymmetric optima exist (for ex-
ample see Figure 6c and Figure 6e).  

I showed examples for trusses which – while being common in engi-
neering point of view – present different, atypical behaviour in the 
sense mentioned above: in a certain band of the geometrical parameter 
a continuous interval of the slightly asymmetrical arrangements is 
equivalent to the symmetrical version (see the neutral region in Figure 
6g). I pointed out some factors, which increase the chance of this neu-
tral behaviour. 
 
 
PRINCIPAL RESULT 4  

(Tóth and Domokos 2006) 
 

Based on nonlinear investigations on the statics of zero-force members 
I performed the following statements: 
 

4.1. I showed that typical zero-force members are always under tension 
or are always under compression, independent of the sign of the 
load (Figure 9). I illustrated this statement by a numerical calcula-
tion on a simple, planar truss. I demonstrated that in such zero-
force members in certain cases the sign of the barforce can be fig-
ured out without nonlinear calculations, by the help of elementary 
static investigations as well. 

 

4.2. I demonstrated that zero-force members can be classified on the 
grounds that the barforce inside them is proportional to which 
power of the load-parameter. I provided an example for a truss 
family, with which one can create zero-force members with a de-
generacy higher than an arbitrary, finite limit  (Figure 10).  
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Figure 9. The sign of typical zero-force members is independent of the sign of the load.  

 

 
 

Figure 10. A degenerate truss loaded by the λ one-parameter load. 
The structure contains a single ordinary – i.e. not zero-force – member (see the bar denoted 
by thick line) and several zero-force members degenerated in different order. The ki values 
in the circles indicate that the barforce in the given bar is proportional to  which power of 

the load-parameter. The value of ki increases with the levels of the structure. The value k0=∞ 
denotes, that the barforce in the given bar is not proportional to any power of the load-

parameter, i.e. it is independent of λ. 
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