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1G E N E R AT I N G Q U A D R A N G U L AT I O N S

1.1 research goal

Recently, Várkonyi and Domokos [6] introduced a mechanical
classification system for convex, homogeneous bodies. They map
each body into its primary equilibrium class (or shortly primary
class) defined by the numbers of the stable and unstable equi-
librium points of the body surface. Informally, an equilibrium is
a surface point on which the body remains at rest on a hori-
zontal plane. It is stable, if the body returns to its position de-
spite a small perturbation from any direction, and it is unstable,
if the body never returns. For instance, the cube has six stable
and eight unstable equilibria, corresponding to the faces and the
vertices, respectively. The edges correspond to saddle equilibria
which are not considered for now.

Várkonyi and Domokos [6] constructed the geometry of a
mono-monostatic body, also known as Gömböc, which has only
one stable and one unstable equilibrium. They also designed spe-
cific geometric transformations called Columbus’ algorithm, mod-
ifying the body only at the vicinity of one equilibrium and in-
creasing the number of equilibrium points. Starting from the
Gömböc, Columbus’ algorithm is able to generate a represen-
tative body in any primary class, so Gömböc is the ancestor of
every primary class.

If, beyond the numbers of the equilibria, their full topology
defined by the Morse–Smale complex of the body surface is con-
sidered, we arrive at the more refined secondary equilibrium classes
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(a) P2 (b) C4 (c) Q3 (d) Q4

Figure 1.1. The four smallest quadrangulations

(or shortly secondary classes). While Columbus’ algorithm proved
that every primary class contains some bodies [6], Domokos,
Lángi and Szabó [1] showed recently that every secondary class
contains some bodies as well, because their extension of Colum-
bus’ algorithm can generate all of them.

A multiquadrangulation (or shortly quadrangulation) is a graph
embedded in the sphere with every face bounded by a closed
walk of length 4. All quadrangulations with at most 4 vertices
are shown in Figure 1.1. A secondary class, i.e. the topology of
the equilibria can be genuinely represented by a vertex-coloured
quadrangulation [2, 4], making the extended Columbus’ algo-
rithm a graph operation called coloured splitting. This enables us
to study the hierarchy of secondary classes in a purely combina-
torial context. Figure 1.2 illustrates some intermediate steps of
the derivation process of the surface graph of a convex, homoge-
neous body.

In the dissertation, we consider a carefully chosen restriction
of the coloured splitting called monotone coloured splitting. The
monotone coloured splitting possesses a significant combina-
torial property, and their corresponding geometric transforma-
tions also possess an unusual geometric property.

The first research goal is to find out which secondary
classes can be generated from others by the monotone coloured
splitting.
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(a) Heteroclinic orbits
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(c) Morse–Smale graph (d) Eq. triangulation (e) Quasi-dual

Figure 1.2. Secondary class of the ellipsoid (e). Red: stable, blue: unsta-
ble. Figure 1.2a is created by Tímea Szabó [A2].

1.2 research method

All cases of monotone splitting is shown in Figure 1.3, where the
degree of the splitting is roughly the degree of the introduced ver-
tex. The coloured monotone splitting consists of a monotone split-
ting and the proper colouring of the introduced vertex. So the
statements made on quadrangulations and monotone splittings
have a direct geometric interpretation in the context of mechani-
cal equilibria of convex bodies.

A secondary class is an irreducible ancestor, if it cannot be con-
structed by the monotone coloured splitting. While monotone
coloured splitting generates all primary classes from one sin-
gle ancestor, it can only generate a limited range of secondary
classes from the same ancestor, admitting additional ancestors
besides the Gömböc. This uncovers a complex hierarchy of sec-
ondary classes.
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(a) simple splitting of degree 2 (b) parallel spl. of degree 2

(c) splitting of degree 1

Figure 1.3. Variants of monotone splitting.

(a) Tetrahedron (b) Square pyramid

Figure 1.4. Secondary class and skeleton of two minimal polyhedra

It turns out that the minimal polyhedra play a key role in this
hierarchy. A polyhedron is a minimal polyhedron if every face con-
tains one stable and each of its vertex is an unstable equilibrium.
The two smallest minimal polyhedra are shown in Figure 1.4.
It is easy to see that they are irreducible because the monotone
splitting introduces a vertex of degree 1 or 2, however, the mini-
mum degree of their secondary class is 3.

1.3 results

The results are summarized below, and the discovered hierarchy
is visualized in Figure 1.5.

Main Result 1 (Published in: [A2] [C4, C5]): I showed that in
the family of the secondary classes, the monotone coloured split-
ting admits other irreducible ancestors than the Gömböc. I also
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I+I+

G+FM+ M
I

Figure 1.5. Hierarchy of secondary classes. Notation: I+ : all sec-
ondary classes, G+ : generated from Gömböc, F : secondary
classes with less than 8 equilibria, I : irreducible ances-
tors,M: minimal polyhedra,M+: generated from minimal
polyhedra.

showed how the ancestors can define a natural partition of the
secondary classes.

Subresult 1.a: There are only three irreducible ancestors of size
at most 10: the secondary classes of Gömböc, the regular tetrahe-
dron and the right square pyramid. Consequently the Gömböc
is the ancestor of the secondary classes of size less than 8.

Subresult 1.b: The secondary classes of the minimal polyhedra
are irreducible.

Subresult 1.c: Every secondary class has a unique irreducible
ancestor, so any reduction sequence produces it.

2E N U M E R AT I N G Q U A D R A N G U L AT I O N S

2.1 research goal

Refining the primary classes evidently poses the question: how
many different secondary classes are the primary classes divided
into? And specifically, what are the possible secondary classes?
As the definition of a secondary class involves a quadrangula-
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tion, a strongly linked question is: how many different quadran-
gulations exist for a given size limit?

The literature offers only partial answers to these questions.
The family of the 2-coloured quadrangulations has already been
counted by Wormald [9] with a polynomial time algorithm, and
has also been exhaustively enumerated by Walsh [7, 8] with
given size limit, without storing them in the memory. However,
up to my best knowledge, no one has ever counted or enumer-
ated the quadrangulations without colouring.

Another direction to exhaustively enumerate certain graph
families without storing them is the approach of the software
Plantri. It generates the members of a family from a starting set
by applying the given expansions systematically. It avoids dupli-
cations by ensuring that every graph is allowed to be constructed
only by one unique sequence of expansions. However, the closest
family which can be generated by Plantri is the family of simple
quadrangulations (no parallel edges allowed).

The second research goal is to give algorithms to enumer-
ate the quadrangulations (allowing parallel edges), and present
the number of possible quadrangulations of a given size.

2.2 research method

Three algorithms are proposed to count and enumerate the quad-
rangulations of given size. The first is to use Plantri to enumerate
a larger set, containing a subset equivalent to the quadrangula-
tions. The larger set is the set of triangulations, the subset are
the ones which can coloured as an equilibrium triangulation (see
Figure 1.2d). Hence the output, i.e. the larger set can be filtered
by checking each instance if it belongs to the subset.

The second method is to extend Plantri to directly generate
the desired set of quadrangulations with graph expansions. To
achieve that, one has to define the necessary graph expansions,
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(a) Simple case (b) Parallel case

Figure 2.1. 3-splitting

a starting set, and some unique construction sequence for any
quadrangulation. The chosen expansions are the 1-, 2- and 3-
splitting, denoted by S1,3. The first two are shown in Figure 1.3,
and 3-splitting is shown in Figure 2.1.

The third method is based on filtering the output of the
enumeration of Walsh [8]. To present the list of quadrangula-
tions without the colouring, one has to remove colouring ob-
viously. However, a quadrangulation may admit multiple, non-
isomorphic 2-colourings, so the repetition has to be avoided in
this case. If all possible 2-colourings of a quadrangulation are
isomorphic, then we say it is a self-dual.

2.3 results

The theoretical results below are followed by computational re-
sults attained by executing the developed method, showing the
cardinalities in question (Table 2.1).

Main Result 2 (Published in: [A2] [C4, C5]): I developed and
implemented a parallel method to enumerate both the multi-
quadrangulations and the secondary classes. Executing it on a
parallel system, I gave some exact cardinalities. I also gave more
effective parallel and sequential algorithms.

Subresult 2.a: My first method built on filtering the triangula-
tion enumeration feature of plantri enumerates the quadrangu-
lations. Its execution in the European Grid Infrastructure (EGI)
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Q(n) eSD(n) ∑s e(s, n− s) I(n)
n = 3 1 - 2 0

n = 4 3 2 4 0

n = 5 7 - 14 0

n = 6 30 8 52 0

n = 7 124 - 248 0

n = 8 733 50 1416 1

n = 9 4586 - 9172 0

n = 10 33373 380 66366 1

Table 2.1. Cardinalities of multiquadrangulations (Q), self-dual sec-
ondary classes (eSD), secondary classes (∑ e) and irreducibles
(I)

with the Saleve tool gave the cardinalities of quadrangulations
for different sizes up to 10 vertices. The generated data set con-
firms Subresult 1.a.

Subresult 2.b: I proved that the family of multiquadrangula-
tions is generated by the splitting S1,3. Thus, I gave a parallel
algorithm to enumerate both the multiquadrangulations with-
out colouring and the 2-coloured multiquadrangulations, which
is built on the canonical construction path method.

Subresult 2.c: I gave a sequential algorithm to enumerate
the multiquadrangulations built on enumerating the 2-coloured
multiquadrangulations by the algorithm of Walsh, but ensuring
that each multiquadrangulation is listed only with one colour-
ing.
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3 S C H E D U L I N G J O B S O F U N K N O W N L E N G T H

3.1 research goal

As Plantri supports dividing the task into independent parts, it
could be executed in parallel in a grid infrastructure using the
Saleve tool [5]. To attain the computation results from the previ-
ous section, the overall processing time would have taken about
eighty days on an average single machine, however, it turned out
that achieving high speedup by executing on a parallel infras-
tructure is rather complicated because of two difficulties. First,
dividing optimally a computational task into parts with similar
processing time is known to be NP-hard, meaning that only the
smallest, most trivial cases are solvable in reasonable time. Sec-
ondly, there is no a priori information on the processing times of
the parts, so this computationally hard problem is to be solved
under uncertainty. It is important to notice that these troubles are
not specific to the execution of the graph enumeration, they may
also accompany a wide range of parallel computations, includ-
ing the parameter sweep applications (PSAs) which the thesis fo-
cuses on. I also study the batches of PSAs (BPSA) model where
the jobs are executed in batches to be preceded by a sequence in-
dependent setup work, and in this case the approximation ratio
of 3 is reached.

The third research goal is to design a framework to deal
with uncertainty and complexity of this scheduling problem. In
addition, the theoretical iterative scheduling algorithm has to be
implemented to manifest a proof of concept.
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3.2 research method

In order to maintain computational tractability, a trade-off is ac-
cepted: the underlying optimization problem is approximated
by quickly yielding a solution guaranteed to be “good enough”,
whose cost is at most two times the optimal cost. The cost is the
makespan, i.e. the maximal completion time (roughly, the wall
clock time between submission and completion). As a means
to deal with uncertainty, the first step is adopting a presump-
tion observed by Downey and Feitelson [3]: a user developing a
PSA tends to repeat the execution several times. This behaviour
may originate from various reasons such as testing, fixing bugs,
adding new features such as more detailed output, improved
precision etc. Anyway, it allows us to build a historical database
by measuring the individual machine completion times, so the
processing time characteristics of the problem at hand can be
charted gradually. For practical reasons, the historical database
and the machine assignment descriptions are also kept brief.

The Saleve tool [5] used for implementation supports develop-
ing a lightweight PSA that can be executed both on a personal
computer (standalone mode) and on a distributed infrastructure
(client-server mode). Saleve has been developed since 2005 by a
small group at the BME including the author of the dissertation
[C1, C2, A1, C3].

3.3 results

The working of the algorithm is illustrated in the following ex-
ample, which is a trace of enumerating quadrangulations of size
9. The results are summarized after the illustration.

Example: The processing times of the 49566 jobs of a plane
graph generation [A2] are shown in Figure 3.1 (top), which are
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unknown in advance. The jobs has to be scheduled on 12 identical
parallel machines, minimizing the makespan.

The whole process is illustrated in Figure 3.1. Horizontal
axes correspond to the job number j, vertical axes denote time
(length). The first diagram (on top) visualizes the processing
times. The second diagram of Figure 3.1 shows the initial sched-
ule and the completion times of each machine. The initial sched-
ule assigns the uniform-sized chains to the 12 machines and the
assignment intervals (chains) are separated by vertical lines, and
their machine indices are also displayed. There are 12 rectangles
on the second diagram, and the width of the ith rectangle corre-
sponds to the size (number of jobs) of the assignment of machine
i, while its height corresponds to the length (processing time) of
this assignment. Obviously the makespan is the height of the
highest rectangle, which is 760177.

The first iteration splits the first and the second chains, es-
timate their sizes (not shown in the figure) and computes the
next schedule, executes it and measures its completion times,
shown in the third diagram. Note that some assignments were
contracted (wider rectangles), while the longest ones (highest
rectangles) were split into smaller (narrower rectangles) ones.
The makespan is still 433898, so the next iteration comes. The
framework stops when the makespan reaches 365471 in the third
schedule (last diagram of Figure 3.1).

Main Result 3 (Published in: [A1, A3, A4] [C1–C3, C6, C7]):
I developed and implemented a generic framework to sched-
ule PSAs of unknown lengths for identical parallel machines.
I proved that the makespan converges to an approximation, as-
suming that the runtime profile of the task does not change be-
tween the executions.

Subresult 3.a: The framework reaches the 2-approximation for
any PSA after a finite number of iterations, based on building the
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historical database only from the measured machine completion
times.

Subresult 3.b: The Saleve tool has been extended with this
framework to measure and collect runtimes and re-balance ma-
chine loads at the next execution. As a result, the user experi-
ences faster completion time and that the partition of the param-
eter space is computed automatically instead of involving the
user. The theoretical properties of the framework are confirmed
by experimental test cases.

Subresult 3.c: I proved in theory that the framework can be
generalized to handle BPSAs, for which it guarantees a 3-
approximation, assuming that the setup times are known in ad-
vance.
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