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Research area and motivation

The goal of the inverse kinematics algorithm is to generate joint paths
that result in the desired motion of the end effector of a robotic ma-
nipulator. The most straightforward solution is the analytical solution
to the inverse kinematics, however it only exists for manipulators that
have special, simple architecture. For manipulators with more complex
architecture, the analytical inverse does not exist, and numerical ap-
proximations have to be used.

The most common numerical approximation of the inverse kinemat-
ics problem is based on the infinitesimal motions generated by the robot
joints that are described by the Jacobian of the manipulator. This ap-
proach is called the differential inverse kinematics algorithm, and builds
up the robot joint motion from small local motions. The joint velocities
required for the desired end effector velocities are calculated locally at
certain configurations, and the joint path is acquired by integration.

The differential inverse kinematics algorithm can be applied for gen-
eral serial manipulator architectures, however it has two main disad-
vantages [1], [2], [3]. First, it possesses singularities, that result in the
loss of certain directions of the end effector motion, and thus makes
the inverse kinematics algorithm ineffective in the singular directions.
Second, since it integrates the local joint motions to acquire the joint
paths, it can not take joint limits into consideration. These two prob-
lems highly limit the spread of this methodology.

In this dissertation, the differential inverse kinematics problem is
discussed, and solutions to the above mentioned problems are given.
The discussion relies on the Lie group and Lie algebra of robot motion.
In Thesis Group 1, further properties of the Lie algebra of robot kine-
matics are proven. Thesis Groups 2 and 3 discuss the regularization
of the differential inverse kinematics algorithm, discussing the regu-
larization of the inverse positioning and inverse orientation problem
respectively. Thesis Group 4 introduces a methodology to modify the
differential inverse kinematics algorithm and make it capable of han-
dling joint limits.

Mathematical background (Chapter 2)

The terminology and modeling technique used in this dissertation is
based on the three-dimensional Special Euclidean Lie group and its Lie
algebra. The elements of the Lie group are homogeneous matrices in
the form of

g =

(

R p

0 1

)
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with R being an element of the three-dimensional Special Orthogonal
group (orthogonal matrices with determinant +1), representing rota-
tion or orientation, and p ∈ R

3 representing translation or position.
These matrices represent rigid body poses and rigid body transforma-
tions. The generators of rigid body transformations are elements of the
three-dimensional special Euclidean Lie algebra, i.e. they are of the
form

ξ̂ =

(

ω̂ v

0 0

)

with ω̂ being a 3× 3 skew symmetric matrix representing the generator
of rotation and v ∈ R

3 representing the generator of translation. The
matrix ω̂ can be identified with a three-dimensional vector ω ∈ R

3 as

ω̂ =





0 −ωz ωx

ωz 0 −ωy

−ωx ωy 0



 ↔ ω =





ωx

ωy

ωz



 .

Using this relationship, the generator ξ̂ can be associated to a vector
ξ =

(

v⊤, ω⊤
)⊤.

The Lie bracket operation for generators in the matrix form is the stan-
dard matrix commutator, i.e. [ξ̂1, ξ̂2] = ξ̂1ξ̂2 − ξ̂2ξ̂1, however the Lie
bracket for the generators in the vector representation is

[(

v1
ω1

)

,

(

v2
ω2

)]

=

(

ω1 × v2 − ω2 × v1
ω1 × ω2

)

also denoted as ξ1×6 ξ2 alluding to the fact that it is like the generaliza-
tion of the vector product onto six dimensions.

The Lie algebra element ξ̂ generates a rigid body transformation in
the sense that each rigid body transformation can be written in the form

g = exp(ξ̂θ)

for some θ ∈ R. This can be used to describe the kinematics of a robotic
manipulator with the following procedure.

Choose a reference coordinate frame, called the base frame or world
frame. Choose a configuration, where the joint variables of the robot are
zero. Call this the home or reference configuration. For each joint of the
manipulator define the generator the following way:

• If joint i is rotational, then let ωi be a unit vector that is parallel to
the joint axis written in the base frame, and let qi be the position
vector of an arbitrary point on the joint axis described in the base
frame. Then vi = −ωi × qi, and ξi = (v⊤i , ω

⊤
i )

⊤.
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• If i is a prismatic joint, then ωi = 0, and let vi be a unit vector
being parallel to the direction of translation of the joint, and let
ξi = (v⊤i , ω

⊤
i )

⊤.

Finally let g(0) be the transformation matrix defining the pose of the
end effector frame described in the base frame given in the home con-
figuration. Let θ = (θ1, θ2, . . . , θn)

⊤ be the vector of joint variables for a
manipulator with n joints, then the position and orientation of the end
effector frame in a general configuration can be described as

g(θ) = exp(ξ̂1θ1) exp(ξ̂2θ2) . . . exp(ξ̂nθn)g(0).

The generators describing the kinematics are the velocity generators in
the home configuration, i.e. they are the columns of the Jacobian:

J(0) =
(

ξ1 ξ2 . . . ξn
)

.

If the joints of the robot move out from the home configuration, the posi-
tion and orientation of the generators change. The coordinate change of
a motion generator can be calculated using the Adjoint (Ad) transforma-
tion, i.e. let g be the rigid body transformation applied to the generator
ξ, then the generator after the transformation g is

ξ′ = Adg ξ.

The literature defines two Jacobians for defining robot kinematics: the
spatial manipulator Jacobian and the body manipulator Jacobian. The
spatial manipulator Jacobian is defined as

Js(θ) =
(

ξs1(θ) ξs2(θ) . . . ξsn(θ)
)

with the columns being

ξsi (θ) = Adexp(ξ̂1θ1) exp(ξ̂2θ2)... exp(ξ̂i−1θi−1)
ξi.

Each column of the spatial manipulator Jacobian describe the motion
generator of the corresponding joint, generating the infinitesimal mo-
tion of the origin of the base frame defined in the base frame.

The body manipulator Jacobian is defined as

Jb(θ) =
(

ξb1(θ) ξb2(θ) . . . ξbn(θ)
)

with the columns being

ξbi (θ) = Adexp(ξ̂iθi) exp(ξ̂i+1θi+1)... exp(ξ̂nθn)g(0)
ξi.

Each column of the body manipulator Jacobian describe the motion gen-
erator of the corresponding joint, generating the infinitesimal motion of
the end effector frame defined in the end effector frame.

The ad operator describes the application of the Lie bracket, i.e.
adx y = [x, y]. The Ad operator can be written as the formal exponential

function series of the ad operator, i.e. Adexp(x) = exp(adx) =
∑

∞

k=0

adkx
k!

.
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Summary of the new scientific results

Thesis Group 1 (Chapter 3)

I provided new properties of the ad and Ad operators related to the nested

Lie brackets of motion generators and their exponential mappings, and

the properties of the generators of adjacent robot joints. I provided the

action point transformation to determine the velocity generator of an ar-

bitrary point of the rigid body and the end effector Jacobian describing

the velocity generators of the end effector frame.

Publications related to the theses are: [2], [3], [1], [4], [5], [6].

Thesis 1.1

I proved that the multiple action of the ad operator in se(3) is

i, adix y = 0, for i > 1 if xΩ = 0.

ii,

adix y =















adx y if i mod 4 = 1
ad2x y if i mod 4 = 2
− adx y if i mod 4 = 3
− ad2x y if i mod 4 = 0

and ad0x y = y, if xΩ 6= 0.

I proved that the Ad operator has the following properties:

i, ∀ξ1 ∈ se(3) and ∀t ∈ R, Ad
eξ̂1t

ξ1 = ξ1.

ii, If ξ1, ξ2 ∈ se(3) are linearly independent, then ∀t ∈ R, ξ1 and Ad
eξ̂1t

ξ2
are also linearly independent.

iii, ∀ξ1, ξ2 ∈ se(3) and ∀t ∈ R,
[

ξ1,Adeξ̂1t ξ2

]

= Ad
eξ̂1t

[ξ1, ξ2].

iv, If eξ̂t is a pure translation, i.e. ξΩ = 0, then Ad
eξ̂t

ξ0 = ξ0 + t adξ ξ0.

I proved that if the transformation g ∈ SE(3) is not a pure trans-
lation, then Ad can be calculated with a closed formula similar to the
Rodrigues formula: if ξ1,Ω 6= 0, then Ad

eξ̂1θ1
ξ2 can be written in the

following closed form:

Ad
eξ̂1θ1

ξ2 = ξ2 + sin (θ1) [ξ1, ξ2] + (1− cos (θ1)) [ξ1, [ξ1, ξ2]] .

The Lie algebra se(3) has two linearly independent invariant (under
coordinate transformations) bilinear forms: the Killing form and the
reciprocal product. The Killing form of two motion generators is

κ(ξ1, ξ2) = −
1

2
〈ω1, ω2〉 ,
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while the reciprocal product of two motion generators is

ξ1 ⊙ ξ2 = 〈ω1, v2〉+ 〈ω2, v1〉 .

I proved that the Killing form and the reciprocal product of adjacent
joints are invariant of the joint configuration.

Thesis 1.2

I introduced the action point transformation, with which one can specify
the point whose linear velocity is of particular interest, and after the
application of the action point transformation on the generator ξi, its vi
component will describe the infinitesimal translation of the new point
instead of the origin of the base frame. Let p be the point of interest, I
proved that the application of the action point transformation on ξi =
(ωi, vi) can be calculated as follows:

(

v′i
ω′

i

)

= Ad(I,−p)

(

vi
ωi

)

=

(

vi + ωi × p

ωi

)

.

Thesis 1.3

I defined the end effector Jacobian, whose columns are motion genera-
tors that define the infinitesimal motion of the end effector frame de-
scribed in the base frame. I proved, that the end effector Jacobian can
be calculated as

Je(θ) = Ad(I,−p(θ)) J
s(θ) (1)

or
Je(θ) = Ad(R(θ),0) J

b(θ), (2)

where p(θ) is the position of the origin of the end effector frame given
in the base frame, while R(θ) is the transformation between the base
frame and the end effector frame (the orientation of the end effector
frame), both in the joint configuration θ. I proved, that the ranks of the
Jacobians Je, Js and Jb are identical in every joint configuration.

Thesis Group 2 (Chapter 4)

I provided a method to regularize the differential inverse positioning

problem using the action point transformation. I generalized the reg-

ularization method for the spatial inverse positioning problem for ma-

nipulators with arbitrary degrees-of-freedom. I provided sufficient and

necessary condition for regularizability in the general case, and for three

degrees-of-freedom manipulators I provided bounds on the singular val-

ues and a closed formula for the determinant of the regularized Jacobian

using the Lie brackets of the generators.

Publications related to the theses are: [4], [3], [1].
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Thesis 2.1

I proved, that the inverse positioning problem can always be regularized
in the plane. I justified, that a suitable choice of the regularization
vector is the linear velocity generator of the second joint. I proved, that
the singular values of the regularized task Jacobian are bounded as
follows:

σ(J reg) ≤ 2
√

(l1 + l2)2 + γ2

σ(J reg) ≥
| det J reg

SV
|

2
√

(l1 + l2)2 + γ2

with l1 and l2 being the lengths of the segments of the manipulator and
det J reg being the determinant of the regularized Jacobian. I justified,
that motion in singular direction gets rescaled, when the regularized
Jacobian is used, however, motion in regular direction is unaffected. I
also analyzed the effect of regularization in the configuration space of
the planar manipulator.

Thesis 2.2

I proved, that the inverse positioning problem of manipulators moving
on a surface (i.e. two joint manipulators with joint axes not parallel)
can always be regularized. I justified, that the regularization vector can
be chosen as the linear velocity generator of the last joint. I also proved,
that the singular values of the regularized task Jacobian are bounded
the same way as in the planar case.

Thesis 2.3

I proved, that if joint axes of the manipulator are not all parallel, or
does not intersect each other in a point, or the end effector point is not
on the last joint axis, then a sufficient and necessary condition for regu-
larizability of the task Jacobian is that the end effector Jacobian is full
rank.

I proved, that the regularization vector has to be in the range space
of the task Jacobian, that is useful for its construction. I provided closed
form expression on the determinant of the regularized Jacobian using
the Lie brackets of the motion generators, and I proved, that the singu-
lar values of the regularized Jacobian are bounded as follows:

σ(J reg) ≤ 3
√

L2 + γ2

σ(J reg) ≥
| det J reg |

9(L2 + γ2)
,

where L is the length of the manipulator in a fully extended state.
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Thesis Group 3 (Chapter 5)

I provided a method to regularize the inverse orientation problem. I de-

fined the spherical representation that defines infinitesimal rotation as a

one-dimensional infinitesimal rotation and a two-dimensional infinites-

imal translation. I provided the task Jacobian in the spherical repre-

sentation, called the spherical Jacobian, and regularized the spherical

Jacobian using the action point transformation. I provided bounds on

the singular values of the regularized spherical Jacobian.

Publications related to the thesises: [5], [3], [1], [4].

Thesis 3.1

I introduced the spherical representation, in which the orientation chan-
ge is defined as infinitesimal movement on the tangent space of a sphere,
and one-dimensional rotation around the normal of the sphere. I intro-
duced the spherical Jacobian, that is the task Jacobian for the orienta-
tion problem described in the spherical representation. I proved, that
the rank of the task Jacobian JΩ and the spherical Jacobian JS are iden-
tical in every joint configuration. I also proved, that the rank deficiency
of these matrices is at most one. I proved, that if the spherical Jaco-
bian is singular, then the singular direction is one of the translational
generators.

Thesis 3.2

Since the singularity of the inverse orientation problem appears in the
linear velocity generator that defines translation on the tangent space
of a sphere, it can be regularized using the methods from Thesis Group
2. I introduced the regularized spherical Jacobian using the regulariza-
tion method described for the inverse orientation problem, I provided
conditions for regularizability and I proved, that the singular values of
the regularized Jacobian are bounded as follows:

σ(JS
reg) ≤ 3

√

2 + γ2

σ(JS
reg) ≥

| det JS
reg |

9(2 + γ2)
.

with det JS
reg being the determinant of the regularized spherical Jaco-

bian.

Thesis Group 4 (Chapter 6)

I provided a method to incorporate joint constraints into the differential

inverse kinematics algorithm. I proved that the method can be used in
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conjunction with other algorithms based on the differential inverse kine-

matics algorithm. I identified singular configurations arising when joint

limits are reached, and provided a method to overcome these singulari-

ties.

Publications related to the thesises: [7], [3], [1].

Thesis 4.1

I introduced a nonlinear transformation on the joint space of the ma-
nipulator, that maps the real line onto the open interval of the admis-
sible joint variable values (i.e. an interval with lower and upper limits
being the lower and upper limits of the joint variables). I call this trans-
formation the joint constraint function, while its inverse the inverse
joint constraint function. Using the inverse joint constraint function,
the joint variables can be mapped onto the real line, where the differen-
tial inverse kinematics algorithm can be carried out. I introduced the
constrained Jacobian, that is the Jacobian matrix after the nonlinear
transformation. I proved, that the constrained Jacobian does not nec-
essarily have to be applied, it is enough to calculate the joint velocities
in the usual way, and transform them only before the integration takes
place.

Thesis 4.2

The nonlinear joint transformation causes singularities if some of the
joint variables reach their limits. I call this situation a constrained sin-
gularity. I analyzed constrained singularities, and provided a solution
to overcome these singularities. The solution is based on the Singular
Value Decomposition of the matrix containing the differentials of the in-
verse constrained functions, for which I provided a closed-form solution,
and tends to drive the joints away from the joint limits if this motion is
advantageous for the desired end effector motion, and leaves the joint
variables at their limits otherwise.

Applications (Chapter 7)

The results of Thesis Group 1 can be used in the analysis of kinematic
structures, both for serial and parallel manipulators. The action point
transformation can be used to give the motion generators corresponding
to an arbitrary point of the rigid body. The end effector Jacobian is the
analytical Jacobian of the forward kinematics map that is necessary for
the differential inverse kinematics problem.

The results of Thesis Groups 2 and 3 can be used to regularize the
Jacobian, and give lower bound on the smallest singular value of the
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Jacobian. By knowing the lower bound for the smallest singular value,
stable differential inverse kinematics algorithm can be developed using
the newest results of the literature. The results are stated for manipu-
lators for two and three joints, however the existence theorems remain
true for manipulators with more joints as well. Note that for the inverse
positioning problem of n joint manipulators the necessary and sufficient
condition for the regularizability is that the rank of the end effector Ja-
cobian is at least three. The regularization of the inverse positioning
and inverse orientation can be used simultaneously, by defining the reg-
ularized end effector Jacobian whose first three rows are the rows of the
regularized task Jacobian for the inverse positioning problem, while its
last three rows are the rows of the regularized spherical Jacobian. In
this case, the task velocity has to be modified as well, its rotational com-
ponent has to be transformed into the spherical representation.

The results of Thesis Group 4 can be used to modify the differential
inverse kinematics algorithm and make it capable of handling joint con-
straints. The modified algorithm results in joint paths that are within
the joint limits, and the resulting paths are physically realizable, i.e.
there are no great accelerations near the joint limits. The joint con-
straint incorporation algorithm can be applied along with the regular-
ization algorithm, since the joint derivatives can be calculated in the
normal joint space, where regularization can be used, and the joint con-
straint transformation only needs to be applied before the integration
process.

Additional applications and extensions of the results are discussed
in Chapter 7 of the thesis.
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