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ÖSSZEFOGLALÓ

Az értekezés soros robotok inverz geometriai problémájának differen-
ciális megoldásával foglalkozik. Az inverz geometriai probléma differ-
enciális megoldása tetszőleges számú csuklóból álló, és tetszőleges geo-
metriájú nyílt láncú robotnál használható, ellentétben a jelenleg elter-
jedten használt analitikus megoldástól, amely csak speciális geometri-
ájú, és alacsony csuklószámú robotoknál alkalmazható. A differenciális
inverz geometriai algoritmus tökéletesítése elősegítheti a bonyolultabb
architektúrájú robotok elterjedését.

A differenciális inverz geometriai (inverz kinematikai) algoritmus
egy numerikus közelítő módszer, amely lokálisan, kis mozgásokkal köze-
líti a robot valódi mozgását, és minden ütemben kiszámítja, hogy a vég-
berendezés előírt elmozdulásához milyen csuklóelmozdulások szüksége-
sek. Az algoritmus hátránya, hogy a differenciális mozgást leíró Jakobi
mátrix bizonyos csuklókonfigurációkban szingulárissá válhat; ilyenkor
a szükséges csuklósebességek kiszámítása nem lehetséges. Az algorit-
mus másik hátránya, hogy feltételezi, hogy a robot csuklói tetszőleges
szöggel elforgathatók, tehát a csuklókorlátokat nem veszi figyelembe. A
disszertációban található eredmények erre a két problémára nyújtanak
megoldást.

A disszertációban használt matematikai háttér a merev test mozgá-
sok generátorain alapul, amelyeket az euklideszi Lie-csoportok és Lie-
algebrák ínak le. A disszertációban a generátorok és a hozzájuk tar-
tozó operátorok és bilineáris formák tulajdonságainak a megismerése
és az új tulajdonságok feltárása után definiálásra kerül a hatáspont
transzformáció, amellyel egy merev test tetszőleges pontjához tartozó
sebességgenerátor meghatározható. Ennek segítségével felírható a dif-
ferenciális inverz geometriai algoritmusban használt analitikus Jakobi
mátrix a generátorokon alapuló modellezési technika segítségével.
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A hatáspont transzformáció segítségével elvégezhető a Jakobi mátrix
regularizálása. Szinguláris konfigurációkban a végberendezés konstans
sebességgel való mozgatásához végtelen nagy csuklósebesség, vagy nem-
folytonos csuklómozgás szükséges. A regularizáció során a sebesség-
generátorok hatáspontja egy fiktív pontra transzformálódik, és az el-
sőrendű közelítés használatával magasabbrendű mozgást lehet létre-
hozni, ami így folytonos csuklópályákat, és véges csuklósebességeket
eredményez.

A dokumentumban az inverz pozícionálási és az inverz orientációs
feladat tárgyalása eleinte külön történik. Az inverz orientációs prob-
léma felírásához bevezetésre kerül az ún. gömbi reprezentáció, ahol
az orientáció megváltozásának leírása nem három tengely körüli for-
gatásként, hanem egy gömb felszínén való elmozdulásként, és a gömb
normálisa körüli forgatásként történik. A gömbi reprezentációban felírt
Jacobi mátrix rangvesztesége a gömb felszínén való elmozdulást leíró
generátor eltűnésével jár, ami regularizálható a hatáspont kimozdításá-
val.

A disszertációban tételek igazolják a regularizációs vektorok léte-
zését a megadott feltételek mellett. Tételek formájában a disszertá-
ció becsléseket ad a regularizált mátrixok legkisebb és legnagyobb szin-
guláris értékeire. A regularizáció hatására a szinguláris irányban való
elmozdulás leskálázódik, míg a reguláris irányba való elmozdulásra a
regularizációnak nincs hatása.

A disszertáció másik fő eredménye a csuklókorlátok beépítése a dif-
ferenciális inverz geometriai algoritmusba. Az egyes csuklóváltozók egy
invertálható, folytonosan differenciálható függvény segítségével történő,
a teljes valós számegyenesre való levetítése után a differenciális inverz
geometriai algoritmus alkalmazható, majd integrálás után a leképezés
inverzének a segítségével a csuklóváltozók visszaképezhetők az alsó
és felső csuklókorlát közötti tartományba. A transzformáció differen-
ciális inverz geometriai algoritmusra kifejtett hatásának elemzése után
a transzformáció okozta szingularitások kezelése történik.

A disszertáció a kifejlesztett módszerek egyesítésével és tetszőleges
számú csuklóval rendelkező robotra történő általánosításával zárul.
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ABSTRACT

The dissertation is about the solution of the differential inverse kine-
matics problem of serial manipulators. The differential solution of the
inverse kinematics problem exists generally for serial open-chain ma-
nipulators with arbitrary number of joints and arbitrary geometry, op-
posed to the explicit inverse of the forward kinematics map, that is
widely used nowadays, and only applicable for robot arms with special
geometry, and low number of joints. Improvement of the differential in-
verse kinematics algorithm can help the spread of robot arms with more
complex architecture.

The differential inverse kinematics algorithm is a numerical approx-
imation that approximates the robot motion locally with small displace-
ments, and calculates the joint motion required for the desired end ef-
fector motion in every iteration. One drawback of the algorithm, that it
uses the Jacobian describing the local motions that becomes singular in
certain configurations, making the calculation of joint velocities impos-
sible. Another drawback of the algorithm is that it supposes that the
joints of the robots can be moved by any amount, so it does not consider
joint limits. The results of the dissertation give solution to both of these
problems.

The mathematical background used in the document is based on
the rigid body motion generators that are described by the Special Eu-
clidean Lie group and its Lie algebra. The properties of the genera-
tors, the associated operators and bilinear forms are analyzed and new
properties are also explored. The action point transformation is intro-
duced, that is used to determine the motion generator associated to an
arbitrary point of the rigid body. The analytical Jacobian based on the
motion generators is defined using the action point transformation.

The Jacobian can be regularized using the action point transforma-
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tion. In singular configurations, constant velocity movement of the end
effector in singular direction requires infinite joint velocities or discon-
tinuous joint paths. During the regularization, the action point of the
motion generators is transformed such that the first-order approxima-
tion of the motion results in higher-order end effector motion, resulting
in continuous joint paths and finite joint velocities.

The inverse positioning and inverse orientation algorithms are dis-
cussed at first separately. For the discussion of the inverse orientation
problem, the spherical representation is introduced. In the spherical
representation, instead of defining rotation by rotation around three
axes, it is defined by translation on a tangent plane of a sphere, and
rotation around the normal of the sphere. If the Jacobian written in
the spherical representation is singular, then the singular direction is
in the translational generators of the tangent plane that can be regu-
larized using the action point transformation.

The existence of the regularization vectors for the different situa-
tions is proved by Theorems. Other Theorems give the upper and lower
bounds of the largest and smallest singular values of the regularized
Jacobians. The motion in singular direction is scaled down as the result
of the regularization, while motion in regular direction is unaffected.

Another result of the dissertation is the incorporation of joint con-
straints into the differential inverse kinematics algorithm. Each joint
variable is mapped onto the real line using an invertible, continuously
differentiable function, then the differential inverse kinematics algo-
rithm is applied, and after the integration, the result is mapped back
using the inverse of the mapping into the interval between the lower
and upper limit of the joint variable. The effect of the transformation
on the differential inverse kinematics algorithm is analyzed, and the
singularities arising because of the transformations are handled.

The dissertation ends with the unification of the introduced methods
and their generalization onto manipulators with arbitrary number of
joints.
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1

INTRODUCTION

Consider a robotic arm composed of joints able to rotate around their
axes, and the following problems. Given the movement of the end ef-
fector of the robot arm, one needs to calculate the motion of the joints
required for the desired end effector movement. Given the end effector
position (where it is) and orientation (which way it points), one needs
to calculate the required joint angles for the desired end effector posi-
tion and orientation. These problems are called the inverse positioning
and inverse orientation problem respectively, their general name is the
inverse kinematics problem.

The inverse kinematics problem is a key issue in robotics, it makes
the difference between a simple manipulator (movement is controlled
through joint angles) and a robot arm (movement is controlled through
end effector position and orientation). Note that this dissertation is
about robot arms, which belong to the latter class in the previous clas-
sification, however the terms robot arm and robot manipulator will ap-
pear as synonyms throughout the document.

One way to derive the inverse kinematics solution is to start with
the forward kinematics expression, i.e. the equations defining the re-
lationship between the joint angles and the end effector position and
orientation, and take its explicit inverse. This method is used generally
nowadays, however it requires the robot arms to be designed such that
the explicit inverse of their forward kinematics expressions exists. This
constraint highly limits the geometries of the robot arms, and thus the
application areas of robotic automation. The robot arms satisfying these
constraints usually have 2-7 joints, and the adjacent joints are usually
orthogonal or parallel to each other.

In the case of robot arms with more complex geometry, e.g. redun-
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2 1. Introduction

dant manipulators with (much) more than 6 joints (see e.g. [1]), the ex-
plicit inverse does not exists. The inverse kinematics problem thus can
not be solved directly, however numerical methods are available to ac-
quire the solution. The most common numerical technique used to solve
the inverse kinematics is based on the inversion of the Jacobian matrix
of the forward kinematics map, i.e. it approximates the robot motion by
small local movement of the robot manipulator. This technique is called
the differential inverse kinematics algorithm.

The differential inverse kinematics algorithm can be used to solve
the inverse kinematics problem of any robot arm, regardless of its ge-
ometry and the number of its joints. The differential inverse kinemat-
ics is also useful for utilizing the redundancy of complex robotic arms.
However, it has some major disadvantages.

1.1 Singular configurations

The differential inverse kinematics algorithm is based on the inverse,
or pseudoinverse of the Jacobian matrix of the forward kinematics map,
that becomes singular in certain configurations. The so-called singu-
larities are certain poses of the robot where great (theoretically infinite
velocity) joint motions are required to achieve small end effector motion.
Note that singularities also occur if the explicit inverse exists.

Singularities have been recognized and analyzed in many research
papers. Donelan analyzes singularities of robot manipulators based on
singularity theory in [2],[3], while analysis based on motion planning
capabilities was done in [4],[5] and [6]. Singularity analysis using the
reciprocal product of generators is carried out in [7] and [8]. Analysis of
singular configurations of specific manipulators is also relevant, anal-
ysis of singular configurations of the Canadarm2 space manipulator is
done in [9], while analysis of the singularities of an Euler wrist is car-
ried out in [10]. Characterization of singularities is done in [11], classi-
fication in [12], while classification for redundant manipulators in [13].
Singular configurations are also examined in Lie algebraic perspective
using the Lie algebra rank condition of controllability in [14].

In [15] and [4], the authors realized that in most singular configura-
tions motion in singular direction is possible with finite joint velocities
by appropriate rescaling of the end effector path. The classification of
singular configurations is done based on curve geometry independent of
timing in [15]. The singular configurations are classified as subsystem
singularities, handling arm and wrist singularities separately in [16].

Singularities and genericity of the forward kinematics map are dis-
cussed in [17] and [18], conditions for genericity are given in [19]. An-
other method to grab the characteristics of singularities is through the



3 1. Introduction

normal forms used in [20],[21].
The general concept of singularity handling is avoiding singular con-

figurations, i.e. keeping the robot arm from getting close to singularities
[22], [23]. The normal form approach for singularity avoidance is used
in [24] and [25]. In [26] the singular directions are identified using the
Singular Value Decomposition [27], [28], [29], [30], and the nullspace
motion is used to move in singular configurations, however the singular
configurations are mostly avoided.

The singular, or badly conditioned (nearly singular) Jacobian matrix
can be inverted using specific numerical techniques, e.g. the Singu-
lar Value Decomposition or the Damped Least Squares technique. The
Damped Least Squares technique regularizes the pseudoinverse of the
Jacobian by adding a regularizing distortion term that results in path
tracking error near singularities. The Damped Least Squares technique
was introduced in [31] and [32]. It was further improved in many re-
search papers, e.g. [33], [34], [35], [36] and [37]. Adaptive nonlinear
least squares was introduced in [38], while a hybrid system approach in
[39]. Using the Damped Least Squares inverse guarantees finite joint
velocities, however it provides tracking error near singularities and can
not generate motion in singular direction (this will be shown in Chap-
ter 4). Singular Value Decomposition was used in [40] and [41], while
feasible trajectories using SVD were generated in [42]. Using the Singu-
lar Value decomposition has the same drawbacks as the Damped Least
Squares technique: however it generates finite joint velocities, it can
not generate motion in singular directions.

Movement in singular directions by using virtual joints whose mo-
tions are mapped to the real joints by nullspace motions are discussed
in [43]. Nullspace motion along with closed-loop control is used in [44].

The joint variables are extended to complex numbers in [45], thus
the trigonometric functions become unbounded. In their work, the solu-
tion to the inverse kinematics is complex if the end effector is out of the
workspace of the manipulator. The main disadvantage of this approach
is that the complex expansion makes the problem much more difficult,
and the physical interpretation of the results is cumbersome.

In certain cases, the singular direction is contained among the gener-
ators of the second-order approximation of the forward kinematics map,
thus second-order approximation may be useful in generating joint mo-
tions in singular directions. A second-order analysis of singularities is
done in [46], the second-order differential inverse kinematics is solved
in [47], and a Newton-Raphson method is used in [48]. Solution of the
inverse kinematics in singular configurations is stated and solved as a
quadratic optimization problem in [49], a quadratic programming prob-
lem combined with an iterative Newton-Raphson method is used in [50],
while the Levenberg-Marquardt method is used in [51]. Solving second-
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order vector equations or quadratic optimization problems have high
computational cost that encumbers the real-time applications of these
algorithms.

One of the contributions of this dissertation is an algorithm, that
makes natural scaled down motion in singular directions possible us-
ing the Jacobian matrix (thus keeping the simplicity of the first order
algorithms) whenever the manipulator is capable of motion in the sin-
gular direction. The so-called regularization algorithm regularizes the
Jacobian matrix, such that it becomes invertible while preserving the
degrees of freedom of motion in all the directions. The regularization
of the inverse position and the regularization of the inverse orientation
problems are discussed separately in Chapters 4 and 5 respectively. The
main contribution of the regularization technique is that it directly reg-
ularizes the Jacobian, so the inverse mapping is full rank, thus motion
in singular directions can be generated, while the tracking error is low.

1.2 Joint constraints

The other disadvantage of the differential inverse kinematics algorithm
is that it does local calculations, and then integrates (usually numer-
ically) the joint variables, thus there are no natural upper or lower
bounds imposed on the joint variables by the algorithm; they can vary
between plus and minus infinity. In practice, the robot joints can only
move in specified tight domains, thus each joint variable has a well-
defined lower and upper bound, that has to be incorporated into the
inverse kinematics algorithm.

The joint motion is usually incorporated into the differential inverse
kinematics algorithm by driving the joints away from their limits us-
ing the redundancy of the robot arm (if it has any), that may often
lead to the waste of the extra degrees of freedom of the manipulator.
Joint constraints are typically avoided by defining a penalty function
and using the nullspace of the Jacobian to drive the joints away from
their limits based on the penalty function. In [52], obstacles are avoided
and joint constraints are taken into consideration using penalty func-
tions, nullspace methods are used in [53], [54], with a modified penalty
function leading better utilization of the workspace in [55] and [56]. A
weighted least norm solution is used in [57], and full space parameter-
ization is used in [58]. There are plenty other works in the literature
dealing with joint constraints by using penalty functions and nullspace
projection, e.g. [59], [60], [61] and [62]. These techniques usually try to
keep the robot joints to be around the middle of their range, and thus
large portion of the practical workspace is not used at all. Finally, most
of these techniques can not guarantee that the joint limits are not vio-
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lated by the algorithm.
The other contribution of this dissertation is a methodology to incor-

porate joint limits into the differential inverse kinematics algorithm.
The joint variables are mapped from the interval defined by their lower
and upper bounds onto the real line, and the differential inverse kine-
matics algorithm is only applied after this transformation. Then the
joint variables are remapped into the interval defined by the joint lim-
its. The algorithm guarantees that joint limits are not violated, the joint
motion is naturally scaled down as it tends to its limit vale, and no re-
dundancy is required to incorporate joint limits. The methodology is
discussed in Chapter 6.

1.3 Mathematical background

The robot kinematics is usually described by the Denavit–Hartenberg
parameters [63]. The Denavit–Hartenberg convention is used in many
robotics books, e.g. [64], [65], [66]. However this dissertation is based
on a different modeling technique that gives much more modeling op-
portunities.

In this dissertation, robot kinematics is described based on the Spe-
cial Euclidean Lie group and its Lie algebra [67], [68], [69], [70]. The Lie
group and its Lie algebra along with their important operators are de-
scribed in Chapter 2, and their application to robot kinematics is shown.
Some new properties of the operators of the Special Euclidean Lie alge-
bra are exposed in Chapter 3.

1.4 Outline of the thesis

Chapter 2 briefly discusses the three-dimensional Special Euclidean Lie
group and its Lie algebra, the invariant bilinear forms of the Lie alge-
bra, and finally the application of the discussed methodologies to robot
kinematics. Chapter 3 exposes the properties of some Lie algebra oper-
ators and the bilinear forms. The action point transformation and the
end effector Jacobian (the analytical Jacobian of the forward kinematics
map) are also introduced in this chapter.

The regularization of the inverse positioning problem is introduced
and analyzed in Chapter 4. The methodology is first shown on a planar
manipulator, then it is generalized to spatial robot arms. The regular-
ization of the inverse orientation problem is discussed in Chapter 5.

Chapter 6 is about incorporating the joint constraints into the differ-
ential inverse kinematics algorithm. The application and generalization
of the results are discussed in Chapter 7.
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The new results are summarized in four Thesis groups in Chapter 8.
Chapter 9 concludes the dissertation.



2

ROBOT KINEMATICS AS
DESCRIBED BY THE

SPECIAL EUCLIDEAN
GROUP AND ITS LIE

ALGEBRA

Defining robot motion is mainly done by either giving the joint vari-
ables (angles of the robot joints) or the position and orientation of the
end effector as the function of time, or by defining both. In typical ap-
plications, the position and orientation is specified by the user, and the
corresponding joint paths are calculated automatically by the robot con-
trol hardware. This chapter discusses the mathematical tools (that can
be also found in [67, 68] or [DH09, DH12b, HD09]) needed to describe
position and orientation in three dimensional space (Section 2.1), and
the corresponding linear and angular velocities resulting in the speci-
fied position and orientation (Section 2.2). Some operators and invari-
ant bilinear forms of the Lie algebra defining robot motion are discussed
in Section 2.3. This is followed by the description of the robot kinemat-
ics in Section 2.4, finally the differential inverse kinematics algorithm
is discussed in Section 2.5.

7
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Figure 2.1: The position and orientation of a rigid body described by the
rotation R giving the transformation between the axes of the frames K0

and Kb, and p being the vector between the origin of the body frame and
the base frame.

2.1 Representation of position and orientation
of rigid bodies - the Special Euclidean group

In order to represent the position and orientation of a body, a reference
position and orientation is needed. This reference is represented by
a three-dimensional orthonormal coordinate frame. Since there is no
special position or direction in the three-dimensional Euclidean space,
the choice of this coordinate frame is arbitrary. Suppose from now that
there is a fixed orthonormal frame, called the base frame or world frame,
denoted by K0.

Suppose further, that the bodies moved by the transformations are
rigid bodies, i.e. the distance between any two points of the rigid body,
and the cross product of any two vectors on the rigid body are unaffected
by rotations and translations. These conditions will reflect the fact that
the segments making up the robot arm are not flexible.

Having a fixed base frame, the position of the point P of a body can be
described relative to that reference frame, by giving the vector between
the point P of the body and the origin O of the base frame (see Figure
2.1). The orientation of a rigid body can be described by attaching an
orthonormal frame Kb to the rigid body, and giving the transformation
between the axes of the attached frame and the base frame. Let the
vector between the point P and O be denoted by p, and the transforma-
tion between the axes of Kb and K0 by R (see Figure 2.1). The pose, or
configuration of a rigid body relative to the base frame K0 is defined by
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Figure 2.2: Rotation of a rigid body: rotation of the point p around the
axis ω by the amount of θ, with the rotation axis passing through the
origin (left), and rotation of the point p around the axis ω by the amount
of θ, with the rotation axis not passing through the origin, and q being
a point on the rotation axis, chosen arbitrarily (right).

the pair (R, p).
Now consider the case, that there is a rigid body with position p rel-

ative to the base frame K0, and the rigid body is rotated by a specific
angle θ around a specific axes ω passing through the origin of K0, repre-
sented by the coordinate transformation R (the situation on the left of
Figure 2.2). Then the p′ position of the rigid body after the rotation R is

p′ = Rp. (2.1)

Note that this is a linear transformation.
Now suppose, that the rigid body is rotated around the same axis by

the same angle, however this time the axis does not pass through the
origin of K0, but it has an offset q relative to the origin of the base frame
(the situation on the right of Figure 2.2). If R describes the rotation,
then an extra t := Rq − q term is added to the position of the point after
the rotation, because of the offset. In this case the p′ position of the rigid
body after the rotation R is

p′ = Rp+ t. (2.2)

Note that this is an affine transformation. Generally, rigid body trans-
formations are described by the pairs (R, t) with R describing the rota-
tion, and t describing the translation component.

Suppose that there are two joints, the second joint is attached to the
first one, while the rigid body attached to the second one with position
p. Let the rotation of the first joint be defined by R1, and the translation
generated because of the offset of the rotation axis by t1, while the rota-
tion of the second joint by R2, and the translation generated because of
the offset of the second joint axis by t2. Then the position p′ of the rigid
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body after the rotations is acquired by application of (2.2) first with the
pair (R2, t2), and then with the pair (R1, t1), resulting in

p′ = R1R2p+R1t2 + t1. (2.3)

The composition rule of the offset rotations (and rigid body transforma-
tions) (R1, t1) and (R2, t2) is

(R1, t1) ◦ (R2, t2) = (R1R2, R1t2 + t1), (2.4)

that is a semidirect product [68, p. 22.].
Thus the application of offset rotations (and rigid body transforma-

tions) is affine, but not linear, and the composition of offset rotations
(and rigid body transformations) is a semidirect product. This model
however is based on three-dimensional vector geometry, that can not
handle offset naturally. If the model is extended by a fourth base vector,
representing the origin O of the base frame K0, the application of the
offset rotation becomes linear, while the composition of offset rotations
can be done by a matrix product. Moreover, rigid body transformations
will be endowed with a group structure, with composition as the group
operation.

After the extension of the model, each point and vector is repre-
sented by a four-dimensional vector. The four-dimensional vector rep-
resents a geometric point, if its last coordinate is one, and a geometric
vector, if its last coordinate is zero. It is straightforward, that difference
of points in this representation yields a vector, however sum of points
and difference of more than two points is not defined. The sum and
difference of any number of vectors is well-defined [67, p. 36.].

An interpretation of the four-dimensional vector is as follows: the
first three coordinates represent a geometrical vector, and if the fourth
coordinate is one, this vector has to be added to the origin of the base
frame, i.e. it has a base point, it can not be moved arbitrarily in the
space, thus it represents the position of a geometrical point. If its fourth
coordinate is zero, then the geometrical vector does not have any base
point, it can be translated arbitrarily in the space, thus it is a geometri-
cal vector. This representation handles geometrical objects with offsets,
and is called homogeneous representation, and the coordinates of the
vector from this four-dimensional space are called homogeneous coordi-
nates [67, p. 36.].

The application of offset rotation (2.2) in homogeneous coordinates
is defined as (

p′

1

)
=

(
R t
0 1

)(
p
1

)
, (2.5)

while the application of composition of the offset rotations (R1, t1) and
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(R2, t2) are (
p′

1

)
=

(
R1 t1
0 1

)(
R2 t2
0 1

)(
p
1

)
. (2.6)

General rigid body transformations with rotation R and translation
t in homogeneous coordinates are usually represented by the matrix

g =

(
R t
0 1

)
, (2.7)

while the composition of the rigid body transformations (R1, t1) and
(R2, t2) are defined by the matrix product

(
R1 t1
0 1

)(
R2 t2
0 1

)
=

(
R1R2 R1t2 + t1
0 1

)
, (2.8)

which results in the pair (R1R2, R1t2+ t1), which shows that in homoge-
neous coordinates, composition of rigid body transformations is indeed
done by the matrix product.

Rigid body transformations in homogeneous coordinates also possess
group structure.

Definition 1. A set G is a group [67, p. 24.], if it is endowed with a
binary operation ◦ : G×G → G, with the following properties:

1. The operation is associative: for all g1, g2, g3 ∈ G, g1 ◦ (g2 ◦ g3) =
(g1 ◦ g2) ◦ g3 = g1 ◦ g2 ◦ g3.

2. There exists a unique element e ∈ G, such that for every g ∈ G,
e ◦ g = g ◦ e.

3. For every g ∈ G there exists a unique element g−1, such that
gg−1 = g−1g = e.

Rigid body transformations are from the three-dimensional Special
Euclidean group, denoted by SE(3), defined by the pairs (R, t), where R
is a rotation matrix, and t is a three-dimensional vector (for the proof
see e.g. [67, p. 37.]). A rotation matrix is a linear transformation that
transforms one right-handed orthonormal frame to other right-handed
orthonormal frame. The columns of the matrix are unit vectors, that are
orthogonal to each other, which yields that RTR = I, with I being the 3×
3 identity matrix (throughout the document I means the identity matrix
with appropriate size), which means that the matrix R is an orthogonal
matrix. If R is composed of the column vectors R = [r1, r2, r3], then these
obey the right-hand rule, i.e. r1 ·(r2×r3) = 1, which yields that detR = 1,
where · denotes the scalar product, and × denotes the vector product on
R3. So every rotation matrix R is the element of the three-dimensional
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Special Orthogonal group, i.e. the group of orthogonal matrices with
determinant one (for the proof see e.g. [67, p. 24] ).

In summary, SO(3) =
{
R3×3 : RTR = RRT = I, detR = 1

}
is the Spe-

cial Orthogonal group, representing rotations as 3×3 orthogonal matri-
ces with determinant one, while SE(3) =

{
(R, t) : R ∈ SO(3), t ∈ R3

}
is

the Special Euclidean group, representing rigid body transformations.
Both of these groups are Lie groups, i.e. groups that are differentiable
as a manifold [67, p. 403.].

2.2 Representation of linear and angular veloc-
ities of rigid bodies - the special Euclidean
Lie algebra

The previous section discussed the representation of rigid body transfor-
mations, and the representation of rigid body poses by giving the rigid
body transformation between a base frame and the frame attached to
the rigid body. This section briefly discusses the parameterization of
rigid body transformations, throughout their generators.

Suppose that a rigid body is rotated about the axis with direction
vector ω ∈ R3. Let q ∈ R3 be the position vector of an arbitrary point on
the axis, and p(0) be the position vector of a point of the rigid body before
the rotation. The change of the position vector at the time instant t ∈ R

as the result of the rotation around the axis ω with offset q is defined by

ṗ(t) = ω × (p(t)− q) = ω × p(t)− ω × q. (2.9)

In homogeneous coordinates, this equation becomes [67, p. 39.]
(

ṗ(t)
0

)
=

(
ω× −ω × q
0 0

)(
p(t)
1

)
, (2.10)

where ω× is a 3× 3 skew-symmetric matrix (the operator matrix of the
vector product with ω), also denoted by ω̂, and connected to ω by the
invertible transformation

ω =




ωx

ωy

ωz


↔ ω̂ =




0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0


 . (2.11)

The solution of the linear differential equation (2.9) is [67, p. 40.]
(

p(t)
1

)
= exp

{(
ω̂ −ω × q
0 0

)}(
p(0)
1

)
. (2.12)
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Let v := −ω×q, and call it the translational generator (or linear velocity
generator ), let ω be called the rotational generator and the matrix in
the argument of the exponential function denoted by

ξ̂ :=

(
ω̂ v
0 0

)
(2.13)

be called the generator of the motion. Similar to (2.11), there exists
an invertible map between 4 × 4 matrices of the form (2.13), and six-
dimensional vectors

ξ =

(
v
ω

)
↔ ξ̂ =

(
ω̂ v
0 0

)
(2.14)

where the connection between ω and ω̂ is defined by (2.11). Note that
throughout the paper, lowercase Latin letters without ˆusually mean
vectors, while lowercase Latin letters with aˆover them means the ma-
trix representation of the given vector, defined by (2.11) or (2.14), de-
pending on whether the original vector is three or six-dimensional. Sim-
ilar to rigid body transformations, that can be represented by the pair
(R, t), the generators can also be represented by the pair (ω, v), with ω
being the generator of R, and v being the generator of t.

The solution (2.12) of the differential equation for the point of the
rigid body describes the evolution of the position vector p of the rigid
body, as it is rotated about the axis ω with offset q with unit velocity. In
other point of view, the time parameter of the solution can be considered
as the angle of rotation [67, p. 40.]. Later on, it is always assumed,
that the rotation axis is a unit vector (strictly meaning unit velocity),
while the time parameter is considered as the angle of rotation (usually
denoted by θ instead of t).

The 4×4 matrices of the form (2.13) are making up the three-dimen-
sional special Euclidean Lie algebra se(3), i.e. homogeneous matrices
formed by 3 × 3 skew-symmetric matrices and three-dimensional vec-
tors. The 3 × 3 skew-symmetric matrices form the special orthogonal
Lie algebra so(3). The matrices in so(3) are generators of the matrices
in SO(3) in a sense that for every R ∈ SO(3) there exists ω̂ ∈ so(3) and
θ ∈ R, i.e.

R = exp(ω̂θ), (2.15)

and matrices from se(3) are the generators of matrices from SE(3) in a
sense that for every g ∈ SE(3), there exists ξ̂ ∈ se(3) and θ ∈ R, such
that

g = exp(ξ̂θ). (2.16)

Definition 2. A Lie algebra [69, p. 1.] is a vector space V over the
field F endowed with a binary operation [·, ·] : V × V → V , called the Lie
bracket or Lie product, with the following properties:
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1. It is bilinear, i.e. for every a, b, c ∈ V , and every α, β ∈ F,

[αa, b] = α[a, b] (2.17)

[a, βb] = β[a, b] (2.18)

[a+ b, c] = [a, c] + [b, c] (2.19)

[a, b+ c] = [a, b] + [a, c]. (2.20)

2. For every a ∈ V
[a, a] = 0. (2.21)

3. It satisfies the Jacobi identity, i.e. for every a, b, c ∈ V

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0. (2.22)

Note that the first two properties of the Lie bracket imply anticommu-
tativity, i.e. for all a, b ∈ V , [a, b] = −[b, a]. A Lie algebra is usually
defined by the vector space and Lie bracket pair as L = (V , [·, ·]). Lie
algebras arising from vector spaces with the appropriate Lie bracket as
the binary operation are also called more precisely linear Lie algebras,
however since this dissertation only contains linear Lie algebras, the
term linear will only be used if linearity needs to be stressed.

The special Euclidean Lie algebra se(3) is a Lie algebra with the
standard matrix product serving as the Lie bracket [67, p. 411.], i.e. the
Lie bracket of ξ̂1, ξ̂2 ∈ se(3) is

[ξ̂1, ξ̂2] = ξ̂1ξ̂2 − ξ̂2ξ̂1. (2.23)

The special orthogonal Lie algebra so(3) also forms a Lie algebra with
the Lie bracket being the standard matrix commutator [67, p. 411.], i.e.
the Lie bracket of ω̂1, ω̂2 ∈ so(3) is

[ω̂1, ω̂2] = ω̂1ω̂2 − ω̂2ω̂1. (2.24)

Definition 3. A Lie algebra isomorphism [69, p. 1.] is an invertible
linear mapping between Lie algebras, that preserves the Lie bracket.

The mapping defined by (2.11) is a Lie algebra isomorphism between
the Lie algebras (R3×3, [·, ·]) and (R3,×), where × is the usual vector
product in three-dimensional Euclidean space [67, p. 411.], i.e.

[ω̂1, ω̂2] = ω̂1ω̂2 − ω̂2ω̂1 = ω̂1 × ω2. (2.25)

The mapping defined by (2.14) is a Lie algebra isomorphism between
the Lie algebras (R4×4, [·, ·]) and (R6,×6), where ×6 is the generalization
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of the vector product into the six-dimensional Euclidean space [67, p.
411.], defined by

(
v1
ω1

)
×6

(
v2
ω2

)
=

(
ω2 × v1 − ω1 × v2

ω1 × ω2

)
. (2.26)

Since there are isomorphisms between these Lie algebras, they are said
to be isomorphic, which means that they are algebraically equivalent.
Calculations can be done in any representation (matrix or vector form)
using the appropriate Lie bracket, and the result can always be trans-
formed into the other representation if necessary. The matrix represen-
tation is useful for calculating a closed formula for the matrix exponen-
tials (2.15) and (2.16), while vector representation is useful for defining
a system of generators (see the Jacobian matrix later).

Since the Lie algebras (R3×3, [·, ·]) and (R3,×) are isomorphic (and
similarly (R4×4, [·, ·]) and (R6,×6)), they will be refered to as so(3) (and
similarly se(3)), and the exact representation will be clear because of
the notation, since elements from the vector space of matrices have a ˆ
accent (e.g. ω̂, and similarly ξ̂), while elements from the vector space of
vectors will not have aˆaccent (e.g. ω and similarly ξ).

The matrix representing the rotation around axis ω by angle θ is the
solution of the matrix exponential (2.15), that is

R(θ) = exp(ω̂θ) = I + sin(θ)ω̂ + (1− cos(θ))ω̂2, (2.27)

usually called the Rodrigues’ formula [67, p. 28.].
The matrix representing offset rotation with the generator pair (ω, v)

with angle θ is defined by the solution of the matrix exponential (2.16),
that is [67, p.42.]

g(θ) = exp(ξ̂θ) =

(
exp(ω̂θ) (I − exp(ω̂θ))ω̂v

0 1

)
, (2.28)

if ω 6= 0, and [67, p. 41.]

g(θ) = exp(ξ̂θ) =

(
I θv
0 1

)
(2.29)

if ω = 0.
The matrix exponentials have other specialties as well: they form

one-parameters subgroups [67, p. 412.] of the Lie groups. For instance,
exp(ω̂θ) is a one-parameter subgroup of the group SO(3), i.e. the group
of rotations around axis ω, while exp(ξ̂θ) is a one-parameter subgroup
of SE(3), i.e. the group of offset rotations with axis ω and offset q if
ξ = (−ω × q, ω). Note that the different elements in a one-parameter
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subgroup are obtained by substituting different values for the parame-
ter θ, so a more precise, however more cumbersome notation for a one-
parameter subgroup would be {exp(ξ̂θ)}θ∈R. This notation will not be
used, but it is always assumed later that a one-parameter subgroup is
formed by sweeping the parameter through its domain.

Equations (2.27) and (2.28) describe how to get the Lie group ele-
ments from the Lie algebra elements. The opposite direction is done by
differentiating the Lie group elements, that yields (exp(ξ̂θ))′ = ξ̂(exp(ξ̂θ)),
and annihilating the remaining exponential term by either

1. Considering the derivative at zero, or in differential geometric
point of view, taking the derivative at the identity [67, p. 410.]:

ξ̂ = (exp(ξ̂θ))′(0) = ξ̂(exp(ξ̂0)) = ξ̂ (2.30)

or

2. Applying the inverse of the rigid body transformation as [68, p.
74.]

ξ̂ = (exp(ξ̂θ))′(exp(ξ̂θ))−1 = ξ̂(exp(ξ̂θ))(exp(ξ̂θ))−1 = ξ̂. (2.31)

Note that both of these expressions are generally true for any Lie group
and its Lie algebra, so they remain true if ξ̂ is replaced by ω̂ or any
element from any Lie algebra. In this dissertation, the second method
will be used to get the Lie algebra element from the corresponding Lie
group element.

If a rigid body transformation is defined by exp(ξ̂θ(t)) as the function
of time, with ξ = (ω, v), the instantaneous angular velocity of any rigid
body affected by the transformation is ωθ̇(t), while the instantaneous
linear velocity of the origin of the base frame is vθ̇. Since the main topic
of this dissertation focuses on the differential inverse kinematics algo-
rithm, that consists of calculating the θ̇(t) functions, the unit velocities
ω and v are going to be referred to as the angular and linear velocity in
the remaining of the document.

2.3 Operators and invariant bilinear forms on
the special Euclidean Lie algebra

This section discusses some operators and the two independent invari-
ant bilinear forms of the special Euclidean Lie algebra. It focuses on
linear dependency properties, and the transformation of Lie algebra el-
ements.
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The Lie bracket as an operator [69, p. 8.], [68, p. 58.] is written as
the ad operator (it is the adjoint representation of the Lie algebra), i.e.
∀ x, y ∈ L, ad : L → L

adx : y 7→ [x, y] . (2.32)

The multiple application of the ad operator is denoted by a superscript,
and is defined recursively by

ad0x y = y (2.33)

adix y = [x, adi−1
x y], if i > 0. (2.34)

Example 1. Let L be the Lie algebra of R3 with the Lie bracket ×. Then

the operator matrix of adω1 is ω1× = ω̂1, i.e.

ω1 × ω2 = [ω1×]ω2 = ω̂1ω2 = adω1 ω2. (2.35)

In this case, the ad operator of (R3,×) is an element of the isomorphic Lie

algebra (R3×3, [·, ·]). This is a special property of this Lie algebra, and is

not true in general.

Example 2. The ad operator of the Lie algebra of R6 with the Lie bracket

×6 in a matrix form is

adξ =

[
ω̂ v̂
0 ω̂

]
. (2.36)

Definition 4. A Lie subalgebra [68, p. 78.] L1 = (V1, [·, ·]) of L = (V , [·, ·])
has the following properties: V1 is the subspace of V , L1 is a Lie algebra.

The two most important Lie subalgebras of se(3) is the Lie subal-
gebra of linear velocity generators, denoted by V , and consisting of the
pairs (0, v) with v ∈ R3, while the other one is the Lie subalgebra of
rotational generators, denoted by Ω, consisting of the pairs (ω, 0), with
ω ∈ R3. Given a general Lie algebra element ξ = (ω, v) ∈ se(3), its
corresponding Lie subalgebra elements will be indexed by putting the
denotion of the appropriate Lie subalgebra into the lower index, i.e.
ξV = (0, v), while ξΩ = (ω, 0).

Definition 5. An operator adx is a nilpotent operator [69, p. 8.], if there
exists an index i, such that for all y ∈ L, adi−1

x y 6= 0, while for all k ≥ i,
adkxy = 0. The index i is called the nilpotency index of the operator.

Definition 6. A Lie algebra L is a nilpotent Lie algebra [69, p. 11.], if
there exists an index i, such that for all x, y ∈ L, adi−1

x y 6= 0, while for
all k ≥ i, adkxy = 0. The index i is called the nilpotency index of the Lie
algebra.
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Now suppose that the motion generator ξ is attached to a rigid body,
that is subject to a rigid body transformation g = (R, t). What is the
motion generator after the application of the transformation expressed
in the base frame?

The motion generator ξ̂′ acquired from ξ̂ after application of the rigid
body motion g is [67, p. 421.], [68, p. 55.]

ξ̂′ = gξ̂g−1 (2.37)

that is a conjugation. The operator defining this transformation is called
the Adjoint operator (or Adjoint transformation)

Adg : ξ̂ 7→ gξ̂g−1. (2.38)

The Ad operator applied to a generator in vector form is given by the
matrix product [67, p. 421.]

Adg ξ =

(
R t̂R
0 R

)
ξ, (2.39)

where g = (R, t). The Adjoint operator can also be viewed as an applica-
tion of coordinate transformation g on the generator ξ.

The Adjoint transformation can be written as a formal exponential
function series of the ad operator [68, p. 72.],[70, p. 87.] i.e.

Adexp(X) =

∞∑

k=0

adkX
k!

= Exp(adX). (2.40)

Definition 7. A linear transformation A : L → L of a Lie algebra is
called a Lie algebra automorphism [69, p. 8.], if it is invertible, and
preserves the Lie bracket. The set of the automorphisms of a Lie algebra
is denoted by AutL.

The Ad transformation is a Lie algebra automorhpism, i.e. Ad ∈
AutL, thus it is an isomorphism [68, p. 32.] that maps into the same
Lie albegra. The inverse of the Adjoint transformation Adg is [67, p.
56.]

Ad−1
g = Adg−1 . (2.41)

An invariant bilinear form of the Lie algebra se(3) is a scalar-valued
binary function that is bilinear, and invariant of coordinate changes, i.e.
it is invariant of the Ad transformation . Let ξ1 and ξ2 be two vectors in
se(3), and ρ(·, ·) : R6 ×R6 → R be a bilinear form. Then it is invariant, if
and only if for any ξ1, ξ2 ∈ se(3) and g ∈ SE(3)

ρ(ξ1, ξ2) = ρ(Adg ξ1,Adg ξ2). (2.42)
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Note that the usual scalar-product on R6 is bilinear, however not invari-
ant of the Ad transformation. There are only two independent invari-
ant bilinear forms on se(3) (i.e. all other invariant bilinear forms can
be written by the linear combination of these two), they are the Killing
form and the reciprocal product [68, p. 121.].

The Killing form of two Lie algebra elements is generally defined by
[69, p. 21.], [68, p. 80.]

κ(x, y) = Tr(adx ady) (2.43)

where Tr denotes the trace operator. In the case of the Lie algebra se(3),
the Killing-form of any ξ1, ξ2 ∈ se(3) is

κ(ξ1, ξ2) = −2ω1 · ω2, (2.44)

i.e. the scalar multiple of the scalar product of the angular velocity
generators of the generators ξ1 and ξ2. Note that the −2 constant is
needed in order to be compatible with the general Lie algebraic defini-
tion (2.43). This bilinear form is invariant, and symmetric. Note that
the Killing form of two generators is zero if and only if at least one of
them generates pure translational motion, or their rotational genera-
tors are orthogonal to each other.

Furthermore, the Killing form is degenerate, i.e. there exists ξ1 ∈
se(3) such that κ(ξ1, ξ2) = 0 for all ξ2 ∈ se(3), e.g. if the angular velocity
generator of ξ1 is zero.

The reciprocal product [68, p. 120.] is the symmetrized form of the
Klein product, defined by

ξ1 ⊙ ξ2 = ω1 · v2 + ω2 · v1, (2.45)

i.e. it is the linear combination of the mixed dot product of the linear
and angular velocity generators of the motion generators ξ1 and ξ2. The
reciprocal product is also symmetric, and it is nondegenerate, i.e. there
is no ξ1 ∈ se(3) such that ξ1 ⊙ ξ2 = 0 for all ξ2 ∈ se(3). The reciprocal
product of two generators is zero if and only if their axis intersect at
a point, or their rotation axis are parallel, or they both generate pure
translational motion [68, p. 121.].

2.4 Robot kinematics described by the special
Euclidean Lie algebra

In this dissertation, a robot is meant to be a series kinematic chain, i.e.
a series of rigid bodies, called segments, connected to each other sequen-
tially by joints, i.e. the base segment is connected to the first segment
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(and the first segment only) by the first joint, the first segment is con-
nected to the second segment by the second joint, and so on. Each joint
is capable of some movement, this movement is typically a rotation or a
translation. The corresponding robot joints are called revolute and pris-
matic joints respectively. There exist joints with more complex motions,
e.g. spherical joints, cylindrical joints, however these movements can
be described by using the basic joint types. Note that this dissertation
focuses mainly on robots with revolute joints.

Suppose that there is a robot with n joints, and n+ 1 segments. Let
the joint variables (angles of rotation for revolute joints, or displace-
ment for prismatic joints) be denoted by θ1, θ2, . . . , θn. Suppose, that the
end effector is located on the last segment of the robot, and there is a
coordinate frame attached to it, called the body frame (or end effector
frame) Kb. Choose a configuration for the robot, and say that in this
configuration the joint variables are zero. This configuration is called
the home configuration [68, p. 46.] or reference configuration [67, p.
87.]. Note that the choice of the home configuration is arbitrary. Let
the transformation between the world frame K0 and the body frame Kb

in the home configuration be g(0). Moreover, assign a generator to each
joint in the home configuration as follows:

1. If joint i is a revolute joint, then let ωi ∈ R3 be a unit vector with
the same direction as the rotation axis (note that the positive di-
rection of the rotation is described by the direction of this unit
vector and the right-hand rule), and let qi ∈ R3 be an arbitrary
point on the rotation axis. Let vi = −ωi × qi. Then the motion
generator corresponding to joint i is ξi = (ωi, vi).

2. If joint i is a prismatic joint, then let vi be a unit vector with the
same direction as the translation of the prismatic joint (note that
the positive direction of the translation is described by the direc-
tion of this unit vector). Then the motion generator corresponding
to joint i is ξi = (0, vi).

Note that ξi without a superscript and an argument is always meant to
be the motion generator of the ith joint defined this way, in the home
configuration.

The effect of the movement of joint i on all the succeeding rigid bod-
ies is described by the one-parameter subgroup exp(ξ̂iθi), while the effect
of the movement of all the joints on the frame Kb attached to the end
effector is

g(θ) = exp(ξ̂1θ1) exp(ξ̂2θ2) · . . . · exp(ξ̂nθn)g(0), (2.46)

where θ = (θ1, θ2, . . . , θn)
⊤. This expression defines the relationship be-

tween the joint variables and the end effector position and orientation,
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and is called the forward kinematics map. Since it is the product of
one-parameter subgroups written as exponential maps, it is also called
the product of exponentials formula [67, p. 87.]. Note that in (2.46), the
generators are always meant to be given in the chosen home configura-
tion.

The velocity of the end effector frame is acquired by calculating the
motion generator of (2.46), that can be done by differentiating accord-
ing to θ and applying the inverse of the transformation, as defined in
Section 2.2. Since matrix multiplication is not commutative, the veloc-
ity can be acquired as ġ(θ)g−1(θ) and g−1(θ)ġ(θ). These result in the
same velocities if g(θ) is a one-parameter subgroup, however they are
different otherwise.

The velocity
V s(θ) = ġ(θ)g−1(θ) (2.47)

is called the spatial velocity [67, p. 419.], and is an element of the spe-
cial Euclidean Lie algebra for a fixed θ ∈ Rn. The rotational generator
of the spatial velocity describes the angular velocity of the body frame
attached to the end effector defined in the base frame, while the linear
velocity generator of the spatial velocity describes the linear velocity of
the origin of the base frame moved by the transformation g(θ), described
in the base frame. Note that this is not the linear velocity of the frame
attached to the end effector.

The velocity
V b(θ) = g−1(θ)ġ(θ) (2.48)

is called the body velocity [67, p. 419.], and is an element of the special
Euclidean Lie algebra for a fixed θ ∈ Rn. The rotational and linear
velocity generators of the body velocity describe the angular and linear
velocities of the frame attached to the end effector, given in the frame
attached to the end effector.

The relationship between the spatial and body velocities is defined
by the Adjoint transformation, i.e. [67, p. 420.]

V s(θ) = Adg(θ)V
b(θ). (2.49)

The generators assigned to the robot joints in the joint configuration
θ make the columns of the spatial manipulator Jacobian [67, p. 116.]

Js(θ) =
(
ξs1(θ) ξs2(θ) . . . ξsn(θ)

)
, (2.50)

where the generators can be calculated using the Adjoint transforma-
tion

ξsi (θ) = Adexp(ξ̂1θ1) exp(ξ̂2θ2)... exp( ˆξi−1θi−1)
ξi, (2.51)

where ξi is the generator assigned to joint i in the home configuration.
The ith column of the spatial manipulator Jacobian defines the effect of
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the ith joint velocity on the angular velocity of the end effector frame,
and the linear velocity of the base frame, both defined in the base frame.

If the generators are expressed in the body coordinates, then these
generators make the columns of the body manipulator Jacobian [67, p.
117.]

Jb(θ) =
(
ξb1(θ) ξb2(θ) . . . ξbn(θ)

)
, (2.52)

where the generators can be calculated using the Adjoint transforma-
tion

ξbi (θ) = Adexp(ξ̂iθi) exp(ξ̂i+1θi+1)... exp(ξ̂nθn)g(0)
ξi, (2.53)

where ξi is the generator assigned to joint i in the home configuration.
The ith column of the body manipulator Jacobian defines the effect of
the ith joint velocity on the angular velocity of the end effector frame,
and the linear velocity of the end effector frame, both defined in the body
frame.

Since the columns of the different Jacobians are velocity generators,
the connection between the spatial and body manipulator Jacobian sim-
ilarly to (2.49) is [67, p. 117.]

Js(θ) = Adg(θ) J
b(θ). (2.54)

Note that the Ad operator in the above expression acts column-wise on
the matrix Jb, that happens automatically if the Ad operator is repre-
sented in the matrix form (2.39).

2.5 The differential inverse kinematics algorithm

The differential inverse kinematics algorithm is used to calculate the
required joint motion for the desired end effector motion. Suppose, that
the required end effector velocity (linear and angular) is given for ev-
ery time instant, the task is to find the corresponding joint velocities.
Knowing the appropriate joint velocities, the joint path can be found by
integration.

Suppose, that the time is discrete, i.e. it is discretized with sample
time T , and k ∈ Z stands for the index of the step. k is also called the
discrete time, representing the kT continuous time. Suppose, that the
desired end effector linear and angular velocity is given in the 6-vector
xe[k] for every discrete time instant k ∈ Z. Note that for every k ∈ Z,
xe[k] is an element of the Lie algebra (R6,×6). Suppose that the analyti-
cal Jacobian J(θ) is known in every joint configuration θ. The analytical
Jacobian is the first-order approximation of the forward kinematics map
(2.46). A method to generate the analytical Jacobian from the spatial or
body manipulator Jacobian will be given in Chapter 3.
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Knowing the analytical Jacobian in the joint configuration θ[k], the
required joint velocities that result in the end effector velocity xe[k] are
found by [65, p. 123.], [71, p. 32.], [DH11]

θ̇[k] = J(θ[k])#xe[k], (2.55)

where # denotes the pseudoinverse of the matrix, e.g. J# = J⊤(JJ⊤)−1.
The joint velocity θ̇[k] is used to find the joint variables in the next time
instant k + 1:

θ[k + 1] = θ[k] + αT θ̇[k], (2.56)

where α is an appropriately chosen constant, that influences the sta-
bility and the speed of convergence of the algorithm [72]. Since this
algorithm uses only relative information, that may result in offset in
the solution, (2.55) is usually modified by an error term e[k] represent-
ing the error between the desired and the current end effector pose to
get

θ̇[k] = J(θ[k])#(xe[k] +Kpe[k]). (2.57)

This feedback is a P-type control, and the modified algorithm that uses
feedback is called the closed-loop inverse kinematics algorithm. The
core of these algorithms is the inversion of the Jacobian matrix. Since
the main part of this dissertation focuses on the problems related to
the invertibility of the Jacobian, the differential inverse kinematics al-
gorithm will be considered without the error term as in (2.55) for the
sake of simplicity. Note that the results of this dissertation still remain
true if the error term is used as in (2.57). Since the dissertation focuses
on the step (2.55) and does not concentrate on the integration process
(2.56), the [k] arguments and the (θ[k]) arguments will be omitted, the
velocities are always meant in the time instant [k], while the motion
generators are always meant to be in the current joint configuration
θ[k].

Note that for redundant manipulators, the inverse of the Jacobian
matrix does not exist, and a pseudoinverse has to be used, even if the
manipulator is full rank. There are many ways to calculate the pseu-
doinverse of the matrix, a typical method is the Moore–Penrose pseu-
doinverse, introduced in [73], [74], [75], that gives the least Euclidean
norm solution in the tangent space of the joint variables.

A numerically more relevant method for the inversion of the Jaco-
bian is the Gram–Schmidt orthogonalization method introduced in [76],
[77] and [78]. The application of the Gram–Schmidt orthogonalization
method in robot kinematics can be found in [79], [80], [81], [82] and
[83]. Its main advantage over the other pseudoinverse methods is that
its computational complexity is much lower, and it only concentrates on
relevant information.
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APPLICATIONS OF THE
SPECIAL EUCLIDEAN LIE

ALGEBRA IN ROBOT
KINEMATICS

This chapter focuses on some results specific to the Lie algebra that will
be useful in the subsequent chapters. Some of the results are simple
consequences of the mathematical definitions, however they have not
been found in the literature by the author.

3.1 Properties of the ad and Ad operators

The ad operator in se(3) has the following properties

Proposition 1. The multiple action of the ad operator in se(3) is

i, adix y = 0, for i > 1 if xΩ = 0.

ii,

adix y =





adx y if i mod 4 = 1
ad2x y if i mod 4 = 2
− adx y if i mod 4 = 3
− ad2x y if i mod 4 = 0

(3.1)

and ad0x y = y, if xΩ 6= 0.

24
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Proof. i, Since xΩ = 0, x can be written in the form

x =

[
r
0

]
, (3.2)

for some r ∈ R3. Let y have the form

y =

[
v
ω

]
. (3.3)

Then adx y is

adx y =

[
0× v − ω × r

0× ω

]
=

[
−ω × r

0

]
. (3.4)

The second application of the adx operator yields

ad2x y =

[
0− ω × r − 0× r

0× 0

]
=

[
0
0

]
(3.5)

and thus adix y = 0 for all i > 2.

ii, Let x and y have the general form

x =

[
v1
ω1

]
(3.6)

y =

[
v2
ω2

]
. (3.7)

Then adx y is

adx y =

[
ω1 × v2 − ω2 × v1

ω1 × ω2

]
. (3.8)

The second application of adx yields

ad2x y =

[
ω1 × (ω1 × v2 − ω2 × v1)− ω2 × v1

ω1 × (ω1 × ω2)

]
, (3.9)

that can be simplified to

ad2x y =

[
ω1 (ω1 · v2) + ω1 (v1 · ω2) + v1 (ω1 · ω2)− v2

ω1 (ω1 · ω2)− ω2

]
. (3.10)

The third application of adx results in

ad3x yV = ω1 × (ω1 (ω1 · v2) + ω1 (v1 · ω2) + v1 (ω1 · ω2)− v2)

− (ω1 (ω1 · ω2)− ω2)× v1

ad3x yΩ = ω1 × (ω1 (ω1 · ω2)− ω2) ,
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that can be simplified into

ad3x yV = ω1 × v1 (ω1 · ω2)− ω1 × v2 − (ω1 · ω2)ω1 × v1 + ω2 × v1

= ω2 × v1 − ω1 × v2

ad3x yΩ = −ω1 × ω2, (3.11)

thus ad3x y = − adx y. The statement can be proved by induction
from here.

Corollary 1. The first property of se(3) in Proposition 1 states that adx
is a nilpotent operator with nilpotency index two, if x ∈ V , which yields
that V is a nilpotent Lie subalgebra of se(3) with nilpotency index two.

Proposition 2. The Ad transformation acting on se(3) has the following

properties:

i, ∀ξ1 ∈ se(3) and ∀t ∈ R, Ad
eξ̂1t

ξ1 = ξ1.

ii, If ξ1, ξ2 ∈ se(3) are linearly independent, then ∀t ∈ R, ξ1 and Ad
eξ̂1t

ξ2
are also linearly independent.

iii, ∀ξ1, ξ2 ∈ se(3) and ∀t ∈ R,
[
ξ1,Adeξ̂1t ξ2

]
= Ad

eξ̂1t
[ξ1, ξ2].

iv, Let eξ̂t be a pure translation, i.e. ξΩ = 0. Then Ad
eξ̂t

ξ0 = ξ0+ t adξ ξ0.

Proof. i, Using (2.40) i, can be written as

Ad
eξ̂1t

ξ1 =
∞∑

k=0

adk ξ̂t

k!
ξ1 =

(
id+ adξ1t+

1

2
ad2ξ1t+ . . .

)
ξ1

= ξ1 + t [ξ1, ξ1] +
1

2
t2 [ξ1, [ξ1, ξ1]] + . . . = ξ1 (3.12)

since the term [ξ1, ξ1] = 0 by the second property of the Lie algebras,
and all higher order terms are similarly zero.

ii, The proof is indirect. Suppose that Ad
eξ̂1t

ξ2 and ξ1 are linearly de-
pendent, i.e. there exists a c ∈ R, such that

Ad
eξ̂1t

ξ2 = cξ1. (3.13)

Since Ad is an automorphism, thus invertable, ξ2 can be written as

ξ2 = Ad
e−ξ̂1t

(
Ad

eξ̂1t
ξ2

)
(3.14)

but from (3.13) this means that

ξ2 = Ad
e−ξ̂1t

(
Ad

eξ̂1t
ξ2

)

︸ ︷︷ ︸
=cξ1

= Ad
e−ξ̂1t

cξ1 (3.15)
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and by property i, this yields

ξ2 = cξ1 (3.16)

which means that ξ1 and ξ2 are linearly dependent, which is a con-
tradiction.

iii, An immediate consequence of property i, and Ad being an automor-
phism (thus it preserves the Lie bracket).

iv, From (2.40) application of Ad eξ̂t on a generator ξ0 is

Ad
eξ̂t

ξ0 =

(
id+ adξt+

1

2
ad2ξt+

1

6
ad3ξt+ . . . ...

)
ξ0

= ξ + t [ξ, ξ0] +
1

2
t2 [ξ [ξ, ξ0]] +

1

6
t3 [ξ [ξ [ξ, ξ0]]] . . .(3.17)

Since ξΩ = 0, from Proposition 1 it follows that adiξ ξ0 = 0 if i > 1.

Remark 1. The properties i–iii of Ad still remain true if se(3) is replaced
with any linear Lie algebra.

The first property of the Ad operator in Proposition 2 means that
the motion of a joint does not have any effect on its generator, while the
second property means that if two adjacent motion generators (e.g. gen-
erators corresponding to two joints adjacent in a kinematic chain) are
linearly independent in some configuration, than they are linearly inde-
pendent in every joint configuration. The third property of the Ad oper-
ator will make the analysis of joint configuration dependence of certain
properties of the motion generators easier, while the fourth property al-
lows a simple closed-form for the action point transformation defined
later in this chapter.

Proposition 3. Suppose that ξ1,Ω 6= 0. Then Ad
eξ̂1θ1

ξ2 can be written in

the following closed form:

Ad
eξ̂1θ1

ξ2 = ξ2 + sin (θ1) [ξ1, ξ2] + (1− cos (θ1)) [ξ1, [ξ1, ξ2]] . (3.18)

Proof. Using the series expansion of the Ad operator and the result of
Proposition 1, the transformation can be written as

Ad
eξ̂1θ1

ξ2 = ξ2 + adξ1 ξ2

(
θ1 −

θ31
3!

+
θ51
5!

− θ71
7!

+ . . .

)

︸ ︷︷ ︸
sin(θ1)

+ ad2ξ1 ξ2

(
θ21
2!

− θ41
4!

+
θ61
6!

+ . . .

)

︸ ︷︷ ︸
1−cos(θ1)

.
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This closed form of the Ad operator is very similar to the Rodrigues’
formula for rotational motion defined by (2.27).

3.2 The action point transformation and the end
effector Jacobian

In practice, the velocities are usually written in the fixed base frame,
that brings the spatial manipulator Jacobian into the foreground. Be-
cause of that, the term spatial is usually omitted, and the spatial ma-
nipulator Jacobian is called the manipulator Jacobian. However, the
manipulator Jacobian is not the analytical Jacobian matrix of the for-
ward kinematics map (2.46), since the linear velocity generators are not
the velocity generators of the end effector frame.

Lemma 1. [DH13] Let (I,−p) be a pure translation. Then for any ξ =
(ω, v)

Ad(I,−p) ξ = Ad(I,−p)

(
−ω × q

ω

)
=

(
ω × (p− q)

ω

)
. (3.19)

Proof. Because of the fourth property of the Adjoint transformation de-
fined in Proposition 2 and the exponential map of a linear velocity gen-
erator in (2.29), the Adjoint transformation with pure translation can
be written as

Ad(I,−p) ξ = ξ − p̄×6 ξ = ξ + ξ ×6 p̄, (3.20)

where p̄ is the six-dimensional vector representing the motion generator
(0,p). Further manipulation yields that

Ad(I,−p) ξ = ξ + ξ ×6 p̄ =

(
−ω × q

ω

)
+

(
−ω × q

ω

)
×6

(
p
0

)

=

(
ω × (p− q)

ω

)
. (3.21)

Definition 8. [DH13] Let ξ ∈ se(3) be a motion generator and p ∈ R3 a
vector representing a point. The action point transformation of ξ to the
point p is defined by

ξ′ = Ad(I,−p) ξ (3.22)

that results in the vector

ξ′ =

(
ω × (p− q)

ω

)
(3.23)
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if ξ is defined as

ξ′ =

(
−ω × q

ω

)
. (3.24)

If the linear velocity generator of ξ in the definition defines the linear
velocity of the origin of the base frame defined in the base frame, then
after the action point transformation, the linear velocity generator of ξ′

is the linear velocity of the point p given in the base frame.
Returning to the problem with the spatial manipulator Jacobian, it

is that the linear velocity generators describe the velocity of the origin
of the base frame, and not the end effector frame. Let p be the position
of the origin of the end effector frame. Then applying the action point
transformation to the point p on the columns of the spatial manipulator
Jacobian results in the analytical Jacobian of the forward kinematics
map.

Let p(θ) be the position vector of the end effector frame described in
the base frame, in the joint configuration θ. Then the Jacobian of the
forward kinematics map is

Je(θ) = Ad(I,−p(θ)) J
s(θ) (3.25)

where Ad(I,−p(θ)) J
s(θ) is meant to be the application of the action point

transformation on the matrix Js column-wise.

Definition 9. The Jacobian Je(θ) defined by (3.25) is called the end
effector Jacobian.

An alternative definition of the end effector Jacobian using the body
manipulator Jacobian is

Je(θ) = Ad(R(θ),0) J
b(θ), (3.26)

where R(θ) is the orientation of the end effector frame expressed in the
base frame.

Proposition 4. The two definitions of the end effector Jacobian in (3.25)

and (3.26) are equivalent.

Proof. Direct calculation shows, that

Ad(I,−p(θ)) = Ad−1
(I,p(θ)) = Ad(R(θ),0)Ad

−1
(R(θ),p(θ)) . (3.27)

Substituting this into (3.25) results in

Je(θ) = Ad(R(θ),0)Ad
−1
(R(θ),p(θ)) J

s(θ), (3.28)

and using the connection between the spatial and body Jacobian defined
by (2.54), the definition (3.26) follows.
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Proposition 5. The ranks of the Jacobians Je(θ), Js(θ) and Jb(θ) are

identical in every joint configuration θ ∈ Rn.

Proof. The different Jacobians are related to each other with the Adjoint
transformation, as defined by (2.54), (3.25) and (3.26). Since the Adjoint
transformation is a Lie algebra automorphism, it is invertible. It follows
that the matrix rank is invariant under the Adjoint transformation.

The following two chapters discuss the inverse position and inverse
orientation algorithm separately, and these are united in a later chap-
ter. In order to describe the problems mathematically, the projections on
the Lie subalgebras V and Ω are used. In Chapter 2, the projection of
a general motion generator ξ = (ω, v) was done by nullifying the appro-
priate vector, i.e. ξV = (0, v) and ξΩ = (ω, 0). This was convenient for the
Lie subalgebra definition, since the result was still a 6-vector, and the
×6 operation is well-defined on that. For the sake of simplicity, in the
remaining of the dissertation, this projection will result in a 3-vector, so
the nullvectors are simply omitted. Of course, the result in this case is
not a Lie subalgebra any more.

The end effector Jacobian for a robot with n joint in general is

Je =

(
ve1 ve2 . . . ven
ωe
1 ωe

2 . . . ωe
n

)
. (3.29)

The Jacobian describing the end effector linear velocity generators
only is denoted by Je

V , and is defined by projecting the generators in Je

onto V and omitting the angular velocity generators

Je
V =

(
ve1 ve2 . . . ven

)
, (3.30)

so it is the Je matrix with the last three rows omitted.
Similarly, the Jacobian describing the end effector angular velocity

generators only is denoted by Je
Ω, and is defined by projecting the gen-

erators in Je onto Ω and omitting the linear velocity generators

Je
Ω =

(
ωe
1 ωe

2 . . . ωe
n

)
, (3.31)

so it is the Je matrix with the first three rows omitted.
Both of these matrices will be referred to as task Jacobians. They

will not be distinguished by name, only by the notation. Both of these
Jacobians map onto a three-dimensional Euclidean space, thus in the
remaining of the document robots with three joints will be considered
most of the time (except for Chapters 6 and 7), so the task Jacobians will
be 3×3 matrices. The results of the following chapters can be applied to
robots with more joints (this will be discussed in Chapter 7), the three
joint architecture is used for the sake of simplicity.
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3.3 The Q matrix and the reciprocal product

Definition 10. The Q matrix of a manipulator with three joints is de-
fined by

Q =
1

2

(
(Je

V )
⊤Je

Ω + (Je
Ω)

⊤Je
V

)
. (3.32)

Direct calculation shows that the qi,j element of this matrix is half
of the reciprocal product of the ith and jth joints, i.e.

Q =
1

2




ξe1 ⊙ ξe1 ξe1 ⊙ ξe2 ξe1 ⊙ ξe3
ξe1 ⊙ ξe2 ξe2 ⊙ ξe2 ξe2 ⊙ ξe3
ξe1 ⊙ ξe3 ξe2 ⊙ ξe3 ξe3 ⊙ ξe3




=
1

2




0 ξe1 ⊙ ξe2 ξe1 ⊙ ξe3
ξe1 ⊙ ξe2 0 ξe2 ⊙ ξe3
ξe1 ⊙ ξe3 ξe2 ⊙ ξe3 0


 (3.33)

The Q matrix will be important in the regularization of the differen-
tial inverse positioning problem in Chapter 4. The Q matrix defines the
quadrics λ⊤Qλ = 0, where λ ∈ R3, that constrains the regularization.

Because of its definition, the Q matrix is a symmetric, real matrix,
with its diagonal being zero. It has some more special properties:

Proposition 6. Let Q =
1

2

(
(Je

V )
⊤Je

Ω + (Je
Ω)

⊤Je
V

)
. Then

i, detQ = 1
2(ξ

e
1 ⊙ ξe2)(ξ

e
2 ⊙ ξe3)(ξ

e
1 ⊙ ξe3).

ii, If Q 6= 0, then rankQ ≥ 2.

Proof. i, This can be shown by direct calculation using the form (3.33).

ii, If there is a nonzero element of the matrix Q, then it can be eas-
ily verified that there are at least two independent columns of Q
because of its special structure.

Recall, that the reciprocal product of two generators is zero if and
only if their axes are parallel or intersect at a point (if they are gen-
erators of revolute joints). The following proposition shows that the
reciprocal product of generators of adjacent joints is independent of the
joint configuration:

Proposition 7. Let ξ1 and ξ2 be the generators of two joints given in the

home configuration, and let the generators be ξ1(θ) and ξ2(θ) in the joint

configuration θ ∈ R2. Then

ξ1 ⊙ ξ2 = ξ1(θ)⊙ ξ2(θ). (3.34)
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Proof. Suppose that the generators are the columns of the spatial ma-
nipulator Jacobian. Since the columns of the spatial manipulator Jaco-
bian and the end effector Jacobian are connected by an Adjoint trans-
formation, and the reciprocal product is invariant under the Adjoint
transformation, this condition is not a restriction. Then ξ1(θ) = ξ1 and
ξ2(θ) = Adexp(ξ̂1θ1) ξ2 because of (2.51), so the reciprocal product of the
generators in the joint configuration θ is

ξ1(θ)⊙ ξ2(θ) = ξ1 ⊙Adexp(ξ̂1θ1) ξ2, (3.35)

that is
ξ1(θ)⊙ ξ2(θ) = Adexp(ξ̂1θ1) ξ1 ⊙Adexp(ξ̂1θ1) ξ2 (3.36)

because of the first property of the Ad operator given in Proposition 2.
However, since the reciprocal product is invariant under the Ad opera-
tor,

Adexp(ξ̂1θ1) ξ1 ⊙Adexp(ξ̂1θ1) ξ2 = ξ1 ⊙ ξ2. (3.37)

Corollary 2. A consequence of this proposition is that if two adjacent
joints are parallel in a joint configuration, then they are parallel in every
joint configuration, but if they are not parallel in a joint configuration,
then they can not become parallel in any joint configuration.

Corollary 3. Similarly, if the adjacent joints intersect in a point in a joint
configuration, then they intersect at a point in every joint configuration,
but if they do not intersect in a point in a joint configuration, then they
do not intersect in a point in any joint configuration.

Similar relationship holds for the Killing-form of adjacent joint gen-
erators:

Proposition 8. Let ξ1 and ξ2 be the generators of two joints given in the

home configuration, and let the generators be ξ1(θ) and ξ2(θ) in the joint

configuration θ ∈ R2. Then

κ(ξ1, ξ2) = κ(ξ1(θ), ξ2(θ)). (3.38)

Proof. The same as the proof of Proposition 7, with the reciprocal prod-
uct replaced with the Killing form. Since the Killing form is also invari-
ant of the Adjoint transformation, this change can be done.

Corollary 4. A consequence of this proposition is that if two adjacent
joint axes are perpendicular to each other, then they are perpendicular
in any joint configuration.



4

REGULARIZATION OF THE
INVERSE POSITIONING

PROBLEM

This chapter introduces the regularization method for the inverse posi-
tioning problem [DH13], which regularizes the task Jacobian in singu-
lar configuration, and also makes it well-conditioned in badly-conditioned
situations. First, the planar case is considered in Section 4.1, then still
two jointed manipulators are discussed in Section 4.2, however the joint
axes are not parallel in that case, and finally, the results are generalized
for spatial manipulators in Section 4.3. In all cases, lower bounds for
the smallest singular value of the task Jacobian, and upper bounds for
the largest singular value of the task Jacobian are given.

4.1 Movement in a plane

4.1.1 Singularity of the planar arm

Consider the robot arm in Figure 4.1. with two joint, with parallel joint
axes. Since the end effector of the robot only moves in a plane, these
kind of architectures are called planar manipulators. Let the length of
the first segment be l1, and the length of the second segment be l2. Let
the generator of the first joint be ξ1, the generator of the second joint be
ξ2, and the position of a specific point of the end effector be p(0) all given
in the home configuration. Suppose that in the home configuration the
arm is fully extended, and the base frame K0 is chosen such that its
x-axis coincides with the robot segments. Let q1 be a point on the first

33
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Figure 4.1: The planar robot arm with its geometrical parameters, with
the thick circles denoting the joints and the thin circle denoting the
specific point on the end effector (left); and the planar robot arm with
the linear velocity generators (right)

axis of the robot, while q2 be a point on the second axis of the robot.
The joint axis direction vectors are

ω1 =




0
0
1


 , ω2 =




0
0
1


 , (4.1)

while the points q1 and q2 and p(0) are

q1 =




0
0
0


 , q2 =




l1
0
0


 , p(0) =




l1 + l2
0
0


 . (4.2)

Then the generators ξs1 and ξs2 (forming the columns of the spatial ma-
nipulator Jacobian) are

ξs1 =




0
0
0
0
0
1




, ξs2 =




0
−l1
0
0
0
1




. (4.3)
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After the application of the action point transformation to the point p(0),
the generators are

ξe1 =




0
l1 + l2

0
0
0
1




, ξe2 =




0
l2
0
0
0
1




, (4.4)

so the end effector Jacobian is

Je =




0 0
l1 + l2 l2

0 0
0 0
0 0
1 1




. (4.5)

Since this chapter focuses on the inverse positioning problem, and this
planar manipulator can only move in the x−y plane with the base frame
chosen as above, only the first two rows of the end effector Jacobian will
be considered. The resulting matrix will be the J task Jacobian for this
section, so

J =

(
0 0

l1 + l2 l2

)
. (4.6)

Let the two columns of the task Jacobian be v1 and v2. These are the
linear velocity generators of the robot joints in the current joint config-
uration, see Figure 4.1. The differential inverse kinematics algorithm
combines these generators in order to get the required end effector ve-
locity, the coefficients used at the combination are the required joint
velocities.

The linear velocity generators can be visualized graphically as fol-
lows. Imagine a circle, that is the path of the end effector point if the
joint is rotated (blue dotted arc for the first joint and green dotted arc
for the second joint in Figure 4.1). The tangent to this circle at the end
effector point is the direction of the linear velocity generator, while the
length of the generator is proportional to the distance between the joint
and the end effector point.

In this current situation the points q1, q2 and p(0) are collinear, thus
v1 and v2 are parallel. Since these vectors are parallel, the task Jacobian
is singular. Such a situation is called a singular configuration [DH12b,
DH11]. The generators being parallel suggests that the robot is only
able to move locally into one direction in this configuration, i.e. the
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end effector velocity that can be generated with the joints lies in a one-
dimensional subspace, however this is not true. The missing direction
is called the singular direction, it is the red vector in Figure 4.1.

Albeit the task velocity only describes a one-dimensional motion,
the robot is still able to move in two-dimensions, raising the question
whether this is the fault of the modeling technique. The answer is def-
initely no. The Jacobian matrix is only an approximation of the robot
motion, it is the first order term of the Taylor-series expansion of the for-
ward kinematics map considered at the current joint configuration. By
considering higher order terms in the Taylor-series expansion, the miss-
ing direction appears, thus the movement into the singular direction is
possible. The forward kinematics map of the planar arm is described by
the product

g(θ1, θ2) = exp(ξ̂1θ1) exp(ξ̂2θ2) (4.7)

if the base frame is chosen to be the end effector frame in the home con-
figuration, else there is a constant matrix at the right-hand side of the
product defining the position and orientation of the end effector frame in
the home configuration, however this does not modify the Taylor-series
expansion essentially. So for the sake of simplicity, suppose that the
base frame is chosen to be the end effector frame in the home config-
uration, i.e. g(0) = I using the same notations as in (2.46). Then the
forward kinetics map can be written as

g(θ1, θ2) = exp(Z(ξ̂1, θ1, ξ̂2, θ2)) (4.8)

with Z(ξ̂1, θ1, ξ̂2, θ2) being

Z = ξ̂1θ1 + ξ̂2θ2 +
1

2
[ξ̂1, ξ̂2]θ1θ2 +

1

12
([ξ̂1, [ξ̂1, ξ̂2]]θ

2
1θ2 + [ξ̂2, [ξ̂2, ξ̂1]]θ1θ

2
2) + . . .

(4.9)
called the Campbell-Hausdorff series in [70, p. 125.], or the Campbell-
Baker-Hausdorff formula in [68, p. 81.]. The Jacobian is composed of the
first order terms in (4.9). Examining the second-order term containing
the Lie bracket of the motion generators in the isomorphic Lie algebra
(R6,×6) yields

ξ1 ×6 ξ2 =

(
ωe
1 × ve2 − ωe

2 × ve1
ωe
1 × ωe

2

)
=




l1
0
0
0
0
0




. (4.10)

It can be seen, that it contains a translational generator in the singu-
lar direction, so second-order motion is possible in that direction. Still,
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the robot arm being unable to perform first-order motion in singular
direction carries physical meaning.

The elements of the Lie algebra (R6,×6) represent not only velocity
generators, they can also be used to represent generators of infinitesi-
mal forces and moments. More precisely, representation of forces and
moments lie in the dual of the representation of velocities. However,
since R6 is a Hilbert space, its dual is itself, thus this distinction will not
be used later. The singular vector from R6 defines infinitesimal forces
and moments that have no effect on the end effector position and ori-
entation. In this current situation, the singular direction is a linear
velocity generator in the −x direction (red vector in Figure 4.1), that
can be considered as if applying a force in that direction, the robot does
not move, and no torques are generated in the joints. Theoretically, the
robot can withstand infinite forces from the singular direction.

Considering the velocity generators again, the singularity in this
current situation means that first order movement is not possible into
the singular direction. As a consequence of that, constant end effector
velocity in the singular direction requires infinite joint velocities. For
finite joint velocities, the end effector velocity should be of higher order.
Note that this problem is also present if the inverse kinematics is solved
analytically [84], [85]. There are two possible solutions to the problem:

1. Reformulate the desired end effector path, such that the end effec-
tor velocity path becomes higher order. This has been done in [84],
[85], however it is done symbolically, its generalization is difficult
for robots with more complex geometry, and it is only applicable if
the analytical inverse is known.

2. Regularize the Jacobian matrix, so the inversion can be done. This
chapter discusses this regularization method, that is one of the
contributions of this dissertation.

Before discussing the regularization method, other solutions are bri-
efly analyzed. The most prevalent methodology for singularity handling
when the Jacobian matrix is used is the Damped Least Squares (DLS)
method. The DLS method calculates the pseudoinverse of the Jacobian
as

J# = J⊤
(
JJ⊤ + λI

)−1
(4.11)

so it regularizes the JJ⊤ matrix by adding the term λI, thus the matrix
inversion can be done.

Consider in the current example, that the desired end effector veloc-
ity is

ẋd =

(
−1
0

)
, (4.12)
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so it is the movement in the singular direction. Using the DLS method,
the required joint derivatives are calculated as

(
θ̇1
θ̇2

)
= J⊤

(
JJ⊤ + λI

)−1
ẋd, (4.13)

that is

(
θ̇1
θ̇2

)
=




0
l1 + l2

(l1 + l2)
2 + l22 + λ

0
l2

(l1 + l2)
2 + l22 + λ



(

−1
0

)

=

(
0
0

)
, (4.14)

thus there is no movement, showing that the DLS method is not able
to generate motion in the singular direction. The problem is, that in
singular configurations, the task Jacobian is not full rank. Using the
DLS method, only the term JJ⊤ is regularized, not the task Jacobian,
and the pseudoinverse is still rank deficient. This can be shown by
recalling from linear algebra that the rank of a matrix product is not
greater than the minimum of the rank of the terms, so the rank of the
DLS pseudoinverse can not be greater than the rank of the original
Jacobian. This problem holds for other existing singularity handling
methods, such as inversion using Singular Value Decomposition.

4.1.2 Regularization of the task Jacobian

The inverse may be made full rank, and motion may be generated in
singular direction (if physically possible) if the Jacobian is regularized
directly. Recall that the linear velocity generators on Figure 4.1 are
parallel, since the points q1, q2 and p(0) are collinear. Suppose now,
that there is a rigid body attached to the end effector, and extends the
end effector into a direction orthogonal to the line connecting the points
q1, q2 and p(0) (blue body in Figure 4.2). Choose a point on this ex-
tended end effector, being at γ ∈ R distance in r ∈ R3 direction from
the original end effector point (red point in Figure 4.2). Since this new
point is not collinear with the points q1 and q2, the generators applied
to this point will not be parallel (vectors v1 and v2 in Figure 4.2), thus
if the end effector Jacobian is transformed to this new point with the
action point transformation, the resulting task Jacobian will be regular.
Since this task Jacobian is used to generate infinitesimal motion, and
the new point is rigidly attached to the original end effector point, the
infinitesimal motion of this new point is approximately the same as the
infinitesimal motion of the original point, so the singular task Jacobian
can be replaced with the regularized Jacobian.



39 4. Regularization of the inverse positioning problem

Figure 4.2: Regularization of the singularity of the planar arm; the end
effector is virtually transformed in the direction r at distance γ, thus
the generators v1 and v2 become independent

Considering the problem in view of forces, if someone applies the
same force on the arm with extended end effector at the red point in
Figure 4.2 as the force that results in no motion of the arm in Figure 4.1,
the force will exert torques in the robot joints, and the robot will move
in the −x direction. The greater the absolute value of γ, the higher the
torque arises in the joints, which means that finer joint motion can be
generated with the differential inverse kinematics algorithm. In other
words, the norm of the joint velocities decreases if the absolute value of
γ increases, that will be proved later in this section.

For formalization purposes, let L be the x− y plane in which the end
effector moves, and let Je

L denote the first two rows of the end effector
Jacobian, i.e. the linear velocity generators on the L plane.

Definition 11. The task Jacobian Je
L is regularizable, if there exists

γ ∈ R and r ∈ R3, such that
(
Ad(I,−γr) J

e
)
L

is regular.

Definition 12. A vector r ∈ R3 is called a regularization vector for the
planar problem, if

(
Ad(I,−γr) J

e
)
L

is regular.

Because of the fourth property of the Ad operator in Proposition 2,
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the regularized task Jacobian is
(
Ad(I,−γr) J

e
)
L
=
(
v1 + γω1 × r v2 + γω2 × r

)
L
, (4.15)

thus analyzing the rank of the new Jacobian is identical to testing whether
the projection of the vectors v1 + γω1 × r and v2 + γω2 × r onto the x− y
plane are independent.

Theorem 1. [DH13] Let ω1 = ω2 := ω, and ξ1 6= ξ2. Let L be the plane

perpendicular to ω. Then there exists an r ∈ R3 and γ ∈ R, such that(
Ad(I,−γr) J

e
)
L

is regular.

Proof. Let
r = λ1v1 + λ2v2 (4.16)

be a nonzero linear combination of the linear velocity generators v1 and
v2. The task Jacobian after the action point transformation is

J reg =
(
v1 + γω1 × r v2 + γω2 × r

)
L

=
(
v1 + γω × r v2 + γω × r

)
L

=
(
ω × (γr + p(0)− q1) ω × (γr + p(0)− q2)

)
L
. (4.17)

J reg is regular, if its columns span L. To prove that its columns span L,
it is enough to show that the columns of J reg are in L, and they are not
parallel, i.e. their vector product is not zero.

The columns of J reg lie in L, since they are orthogonal to ω, because
they can be written as the cross product of ω and another vector as
shown in (4.17). The columns of J reg are not parallel, if

(v1 + γω × r)× (v2 + γω × r) = γ(ω × r)× (v2 − v1) + v1 × v2 (4.18)

is not zero, so
γ(ω × r)× (v2 − v1) 6= −v1 × v2. (4.19)

Let p2 = p(0) − q2 and p1 = p(0) − q1, then v2 = ω × p2 and v1 = ω × p1,
and the left-hand side of (4.19) is

γ(ω × r)× (v2 − v1) = γ(ω × (λ1v1 + λ2v2))× (ω × (p2 − p1))

= γ(ω × (λ1v1 + λ2v2))× (ω × (q2 − q1))

= −γλ1(ω · (v1 × (q2 − q1)))ω

−γλ2(ω · (v2 × (q2 − q1)))ω (4.20)

where the identity (a × b) × (a × c) = (a · (b × c))a was used at the last
step. This is not zero, if γ 6= 0, and at least one of λ1 or λ2 is not zero (so
r is nonzero). The right-hand side of (4.19) is

v1 × v2 = (ω × p1)× (ω × p2) = (ω · (p1 × p2))ω, (4.21)
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thus (4.19) is of the form

γ {λ1(ω · (v1 × (q2 − q1))) + λ2(ω · (v2 × (q2 − q1)))}ω 6= (ω · (p1 × p2))ω,
(4.22)

that can be solved for γ to get

γ 6= ω · (p1 × p2)

λ1(ω · (v1 × (q2 − q1))) + λ2(ω · (v2 × (q2 − q1)))
(4.23)

that simplifies to

γ 6= ω · (p1 × p2)

ω · (r × (q2 − q1))
. (4.24)

So if r is chosen generally as r = λ1v1 + λ2v2, then the task Jacobian
after the action point transformation is regular for every γ satisfying
(4.24).

In the current example in Figure 4.2, let

r =




0
1
0


 , (4.25)

so the regularized Jacobian is

J reg =
(
Ad(I,−γr) J

e
)
L
=

(
−γ −γ

l1 + l2 l2

)
. (4.26)

The determinant of the Jacobian is

det J reg = γl1, (4.27)

so J reg is regular, whenever γ 6= 0. Note that since v1 and v2 are parallel,
p1 × p2 = 0, so the right-hand side of (4.24) is zero, so the condition for
J reg to be regular is γ 6= 0 according to (4.24) as well.

Albeit it may be misleading to examine the determinant of a matrix
to decide if it is well-conditioned. Since the absolute value of the de-
terminant of a matrix is the product of its singular values, a relatively
large determinant may belong to a matrix that has one (or more) ex-
tremely small and one (or more) extremely large singular values, so the
matrix is still badly conditioned, regardless of the determinant.

4.1.3 The singular values of the regularized Jacobian

However, if the matrix is the task Jacobian of a manipulator, that de-
scribes the linear velocity generators of the end effector, then there is
an upper bound on the largest singular value of the matrix, so it is lim-
ited, thus using the determinant of the measure of condition is admissi-
ble. It can be shown, that the largest singular value of the regularized
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Jacobian is upper-bounded, and the smallest singular value is lower-
bounded:

Theorem 2. Let l1 and l2 be the length of the two segments of the planar

manipulator. Then, for the largest and smallest singular value of J reg,

the following inequalities hold:

σ(J reg) ≤ 2
√
(l1 + l2)2 + γ2 (4.28)

σ(J reg) ≥ | det J reg
SV

|
2
√
(l1 + l2)2 + γ2

(4.29)

Proof. The ith column of J reg is a vector of the form ωi × (p− qi) + γωi ×
r. Suppose without the loss of generality that r is chosen to be a unit
vector. Then the length of ωi× r is not greater than one, so the length of
the vetor γωi × r is not greater than |γ|. The length of ωi × (p− qi) is not
greater than the sum of the segment lengths, since p is the point on the
end effector, and qi is the point on the ith joint, and the joints and the
end effector are connected by the segments. So the length of the vectors
ωi × (p− qi) is not greater than l1 + l2. So

‖ωi × (p− qi) + γωi×‖ ≤
√
(l1 + l2)2 + γ2, (4.30)

so the absolute value of the elements of the matrix J reg can not be
greater than

√
(l1 + l2)2 + γ2. Let A = [ai,j ]i,j=1,2,...,n, and ‖A‖1 be the

induced 1-norm of a matrix defined by the maximal absolute value col-
umn sum

‖A‖1 = max
1≤j≤n

n∑

i=1

|aij |. (4.31)

Let ‖A‖∞ be the induced ∞-norm of a matrix defined by the maximal
absolute value row sum

‖A‖∞ = max
1≤i≤n

n∑

j=1

|aij |. (4.32)

For the regularized Jacobian, the norms satisfy

‖J reg‖1 ≤ 2
√
(l1 + l2)2 + γ2 (4.33)

‖J reg‖∞ ≤ 2
√
(l1 + l2)2 + γ2. (4.34)

Recalling that σ(A) ≤ ‖A‖1 ‖A‖∞ for n × n complex matrices, for the
largest singular value of the regularized Jacobian

σ(J reg) ≤ 2
√

(l1 + l2)2 + γ2 (4.35)
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holds. Recalling that | det J reg | = σ(J reg)σ(J reg), where σ(J reg) is the
smallest singular value of J reg, the inequality

σ(J reg) ≥ | det J reg |
2
√

(l1 + l2)2 + γ2
(4.36)

can be acquired.

In this current example,

σ(J reg) ≤ 2
√
(l1 + l2)2 + γ2, (4.37)

and since | det J reg | = |γ|l1, the lower bound for the smallest singular
value is

σ(J reg) ≥ |γ|l1
2
√

(l1 + l2)2 + γ2
(4.38)

This shows that with the right choice of γ, the resulting matrix is not
only regular, but also well-conditioned, even if the original matrix was
singular. The same relations are also true for the three-dimensional
case, these will be shown in Subsection 4.2.3, Theorem 9.

4.1.4 Motion in singular and regular directions

The application of the regularization method ensures motion capability
in both the regular and singular directions. However, the generated
motion in these directions are quite different. Let the desired motion in
the singular direction be

ẋd,S =

(
−1
0

)
, (4.39)

and let the regularized Jacobian be as in (4.26). The required joint ve-
locity vector for the desired end effector motion in singular direction is

θ̇S =

(
θ̇1
θ̇2

)

S

=

(
−γ −γ

l1 + l2 l2

)−1( −1
0

)
(4.40)

that is

(
θ̇1
θ̇2

)

S

=




l2
γl1

1

l1
l1 + l2
γl1

− 1

l1



(

−1
0

)

=




− l2
γl1

− l1 + l2
γl1


 = − 1

γl1

(
l2

l1 + l2

)
. (4.41)
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The Euclidean norm of the joint velocity vector that results in motion in
singular direction is

∥∥∥θ̇S
∥∥∥ =

l21 + 2l1l2 + 2l22
|γl1|

. (4.42)

The norm of the joint velocity decreases, if the absolute value of γ in-
creases, so the motion is scaled down in the singular direction, if the
absolute value of γ is large. However, as γ tends to zero, the joint veloc-
ity norm tends to infinity, as in the case without regularization.

The motion in the regular direction

ẋd,R =

(
0
1

)
(4.43)

is calculated as

(
θ̇1
θ̇2

)

R

=




l2
γl1

1

l1
l1 + l2
γl1

− 1

l1



(

0
1

)

=




1

l1

− 1

l1


 =

1

l1

(
1
−1

)
, (4.44)

so the norm of the joint velocity vector is

∥∥∥θ̇R
∥∥∥ =

√
2

|l1|
, (4.45)

that is independent of γ, and only depends on the length of the first
segment. Thus the motion is only scaled down in singular direction, the
motion in regular direction is unaffected.

The proof of Theorem 1 shows that the regularization vector can be
chosen as any nonzero linear combination of the original linear velocity
generators, and γ may be any real number satisfying

γ 6= ω · (p1 × p2)

ω · (r × (q2 − q1))
. (4.46)

In a singular configuration, p1 × p2 = 0, so γ 6= 0 must hold. So in
a singular configuration, γ can have any nonzero value, being positive
or negative. Choosing the sign of γ affects the direction of motion in
the joint space. In order to get further insight into this statement, the
configuration space of the planar arm is briefly introduced.
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4.1.5 Movement in the configuration space of the planar
arm

The configuration space of the planar arm is the space spanned by the
joint variables of the robot. Since the robot joints are revolute, a rota-
tion of 2π of a joint results in the same pose for the robot, so distinction
of joint angles that have a difference of 2πk, k ∈ Z is redundant. In
this current example, in the home configuration, the robot arm is fully
extended (Figure 4.1), and rotation of either joint with π or −π result
in the same pose, so only joint variables in the range [−π, π] are consid-
ered. The configuration space of the robot is thus a square with sides 2π,
depicted in Figure 4.3, with the origin as the home configuration. Since
the rotation of any joint with π and −π is the same, these values are
identified, thus the configuration space of the planar arm is isomorphic
to a torus.

The red lines on Figure 4.3 depict the singular configurations. The
singularity of the robot arm depends only on the second joint variable,
and is independent of the first one, thus the singularities in the joint
space are horizontal lines. There are two different singular lines in
the joint space (the upper and lower lines are the same, since −π and
π are identified). The first singular line is the θ2 = 0 line. In this
situation, the robot arm is fully extended. The red dots on the θ2 = 0 line
in Figure 4.3 show three examples with different θ1 coordinates with
the corresponding robot poses. The second singular line is the θ2 = π
(θ2 = −π) line. In this configuration, the robot arm is folded back. The
red dots on the θ2 = π line in Figure 4.3 show three examples with
different θ1 coordinates with the corresponding robot poses.

The singular lines partition the joint space into two different con-
nected domains, the upper one (θ2 ∈ (0, π)) denoted by M1, while the
lower one (θ2 ∈ (−π, 0)) with M2. Suppose that there is a joint configu-
ration J1 that is in the domain M1, and a joint configuration J2 that is
in the domain M2, depicted as blue dots in Figure 4.3. Any continuous
curve connecting J1 and J2 in the joint space must pass through a sin-
gularity (the arm gets fully extended or folded during the motion). Such
a situation is called a configuration change. An example for such a path
is shown as blue dashed curve in Figure 4.3.

If the robot is not in a singular configuration, then there are two dif-
ferent solutions for the inverse kinematics problem. So for every end
effector position, that can be reached by a robot in a nonsingular config-
uration, there are two different joint coordinates, one is in the domain
M1, and the other one in the domain M2. Thus for the planar arm,
the two solutions of the analytical inverse are separated by the singu-
lar lines in the joints space. As the robot is getting closer to a singular
pose, the corresponding joint coordinates are getting closer to the sin-
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Figure 4.3: The configuration space of the planar arm; the red lines are
the singular curves, the red dots are examples of singular configurations
with poses; the singular curves partition the configuration space into
the disjoint connected components M1 and M2, J1 and J2 are two dif-
ferent joint configurations (blue dots) from the two different connected
components, while the blue dashed curve is the joint path connecting J1
and J2

gular line, and in the singular pose, the two solutions are united into
one.

In the singular configuration, the solution to the inverse kinematics
problem is unique, however leaving the singular curve can be done in
two different ways, both resulting in the same end effector motion. The
two different ways are movement into the M1 domain and movement
into the M2 domain.

Consider the planar arm in the home configuration, and let r :=
v2/‖v2‖, so the normalized linear velocity generator of the second joint.
Figure 4.4 depicts joint motion in the configuration space exaggerated
around the origin, with two joint paths corresponding to situations with
different signs of γ. If γ > 0 (the situation depicted in Figure 4.2), the
first joint variable decreases, while the second joint variable increases
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Figure 4.4: Motion of planar arm leaving singular home configuration
depicted in the joint space, with two interations of the differential in-
verse kinematics algorithm, and exaggerated scale around the origin;
there are two different joint paths, one with positive γ leading into M1,
the other with negative γ leading into M2

(just imagine pushing down the blue body at the red point in Figure
4.2), thus the joint configuration moves into the M1 component from
the singular line θ2 = 0, in the direction ∆θ[1]+ in Figure 4.4. In the sec-
ond iteration of the differential inverse kinematics algorithm, still with
positive γ and r chosen as the normalized linear velocity generator of
the second joint, the joint configuration moves further into the domain
M1, in the direction ∆θ[2]+.

Now let γ < 0, then the first variable increases, and the second de-
creases, so the singular line is left in the ∆θ[1]− direction, and the new
joint configuration is in the M2 domain. In the second iteration of the
differential inverse kinematics algorithm, with negative γ and the reg-
ularization vector being the normalized linear velocity generator of the
second joint, the joint configuration moves further into the domain M2,
into the direction ∆θ[2]−. So the choice of the sign of γ in the singularity
affects the direction in which the singular arc is left.
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Figure 4.5: A universal joint in the home configuration, with K0 being
the base frame, its origin being in the intersection of the joints.

4.2 Movement on a surface

4.2.1 Singularity of the universal joint

Consider the arm in Figure 4.5. This manipulator is called a two degrees-
of-freedom spherical joint or universal joint, since its end effector moves
on a sphere. It has two joints, and the joint axes intersect each other in
a point, and they are orthogonal. Let the origin of the base frame be the
intersection point, the direction vector of the first axis be ω1, the direc-
tion vector of the second axis be ω2, and the position of the end effector
is p(0) (the red point in Figure 4.5). Clearly, the manipulator can only
move the end effector point p(0) on a surface (that is a sphere in this
special case, that is why the joint is called spherical). The translational
generators are v1 and v2, and they span a plane, that is tangent to the
sphere at the point p(0). Let this plane be denoted by SV . Note that this
plane depends on the joint configuration.

Now suppose that the universal joint is in the configuration depicted
in Figure 4.6, and for the sake of simplicity, consider this configuration
as the home configuration. Let q1 = q2 = 0 be the two points on the
joints, and

ω1 =




0
0
1


 ω2 =




1
0
0


 p(0) =




0
0
1


 . (4.47)
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Then the columns of the end effector Jacobian are

ξ1 =




0
0
0
0
0
1




ξ2 =




0
−1
0
1
0
0




, (4.48)

provided that the length of the last segment of the manipulator is one.
The translational generators are

v1 =




0
0
0


 v2 =




0
−1
0


 . (4.49)

It can be seen, that the positioning problem is singular, since the trans-
lational generators only span a one-dimensional space. The singular di-
rection is translation along the x-axis (a red vector in Figure 4.6). Note
that translation along the z-axis is also a singular direction, however
movement in this direction would imply that the manipulator leaves
the surface on which it moves, which is impossible. However, it may be
possible to move along the x-axis.

This type of singularity is however quite different from the singu-
larity of the planar arm. The singularity of the planar arm resulted in
infinite joint velocities when the arm was moving in the singular direc-
tion, but the joint path remained continuous. Movement in the singu-
lar direction in the case of the universal joint requires discontinuous
joint path: the first joint variable needs to be rotated by ±π/2, then the
movement along the singular direction is possible, however the regular
direction becomes singular after this movement.

However, the task Jacobian defining the translational generators is
regularizable in this case as well. But what is the exact definition of
the task Jacobian? Using the plane SV , it should be defined as the end
effector Jacobian with its generators projected to SV , denoted by Je

SV
.

But what is the definition of SV in a singular configuration? It was orig-
inally defined as the plane spanned by ve1 and ve2. But if this definition
is used, then in a singular configuration SV is one-dimensional, and Je

SV

is full rank (with rank one). The missing direction should by incorpo-
rated into the definition of SV , in order to be able to define the possible
movements of the robot.

Definition 13. Let SV (θ) be the space spanned by the vectors ve2(θ) and
ωe
1(θ)× ve2(θ).
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Figure 4.6: A universal joint in the singular home configuration, with
K0 being the base frame, its origin being in the intersection of the joints;
the red vector is the singular direction.

With this definition, in the singular configuration depicted in Figure
4.6, SV is spanned by the vectors

v2 =




0
−1
0


 (4.50)

and

ωe
1 × ve2 =




0
0
1


×




0
−1
0


 =




1
0
0


 , (4.51)

so they are the vectors starting from the point p(0) in Figure 4.6. This
enables to define the task Jacobian as (Je)SV

. Note that for manipula-
tors that move on a surface, if ve2 is not zero in a configuration, then it is
not zero in any configuration:

Proposition 9. For manipulators with two joints, ve2(0) = 0 if and only

if ve2(θ) = 0 for any θ ∈ R3.

Proof. Using the (3.26) connection between the end effector and body
manipulator Jacobians and the configuration dependence (2.53) of the
body manipulator Jacobian, the configuration dependence of the second
column of the end effector Jacobian can be acquired through the series
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of transformations

ξe2(0) −→
Ad−1

(R(0),0)

ξb2(0) −→
Ad

eξ̂2θ2g(0)

ξb2(θ) −→
Ad(R(θ),0)

ξe2(θ) (4.52)

Denoting the components of exp(ξ̂2θ2) by

exp(ξ̂2θ2) =

(
R2(θ) p2(θ)
0 1

)
(4.53)

where p2(θ) = (I −R2(θ))ω̂2v2, and

g(0) =

(
R(0) p(0)
0 1

)
, (4.54)

the product exp(ξ̂2θ2)g(0) is

exp(ξ̂2θ2)g(0) =

(
R2(θ)R(0) R2(θ)p(0) + p2(θ)

0 1

)
. (4.55)

Since p2(θ) = (I − R2(θ))ω̂2v2, and ve2 = ω2 × (p(0)− q2) = 0 in the home
configuration, ω2×p(0) = ω2×q2, thus p2(θ) = −(I−R2(θ)ω2×(ω2×p(0))),
that can be rewritten using the identity

a× (a× b) = a(a · b)− b(a · a) (4.56)

to get
p2(θ) = (I −R2(θ))(p(0)− κω2) = (I −R2(θ))p(0) (4.57)

with κ = ω2 · p(0). Thus the product exp(ξ̂2θ2)g(0) is

exp(ξ̂2θ2)g(0) =

(
R2(θ)R(0) R2(θ)p(0) + (I −R2(θ))p(0)

0 1

)
, (4.58)

that simplifies to

exp(ξ̂2θ2)g(0) =

(
R2(θ)R(0) p(0)

0 1

)
. (4.59)

Thus the series of Adjoint transformations can be written as
(

R(θ) 0
0 R(θ)

)(
R2(θ)R(0) p̂(0)R2(θ)R(0)

0 R2(θ)R(0)

)(
R⊤

0 0
0 R⊤

0

)
(4.60)

so ξ2(θ) is

ξ2(θ) =

(
R(θ)R2(θ) R(θ)p̂(0)R2(θ)

0 R(θ)R2(θ)

)(
0
ωe
2

)

=

(
R(θ)p̂(0)R2(θ)ω

e
2

R(θ)R2(θ)ω
e
2

)
. (4.61)



52 4. Regularization of the inverse positioning problem

so ve2(θ) = R(θ)p̂(0)R2(θ)ω
e
2, and since R2(θ) is rotation about the axis ωe

2,
R2(θ)ω

e
2 = ωe

2, so the expression for ve2(θ) simplifies to

ve2(θ) = R(θ)p(0)× ωe
2, (4.62)

that has to be zero in every configuration, since if θ = 0, then ve2(0) = 0
and R2(0) = I, thus p(0)× ωe

2 = 0.

4.2.2 Regularizability

Definition 14. The task Jacobian (Je)SV
is said to be regularizable if

there exists r ∈ R3 and γ ∈ R, such that (Ad(I,−γr) J
e)SV

is regular.

Definition 15. The vector r ∈ R3 is called a regularization vector for
manipulators moving on a surface, if (Ad(I,−γr) J

e)SV
is regular.

Manipulators moving on a surface are always regularizable:

Theorem 3. Suppose that for a manipulator with two joints, ωe
1 and ωe

2

are not parallel, and ve2 6= 0. Then the task Jacobian Je
SV

is regularizable.

Proof. Since ve2 6= 0, let r = ve2/‖ve2‖. Then the application of the regular-
ization results in

(Ad(I,−γr) J
e)SV

=
(
ve1 + γωe

1 × r ve2 + γωe
2 × r

)
SV

(4.63)

and by the definition of SV , ωe
1 × ve2 and ve2 span SV (and r = ve2/‖ve2‖ ), so

the regularized task Jacobian is full rank, whenever ve1+γωe
1×r 6= 0.

Consider for example the robot arm in Figure 4.6. The end effector
Jacobian is

Js =




0 0
0 −1
0 0
0 1
0 0
1 0




. (4.64)

The subspace SV is spanned by the vectors

ve2 =




0
−1
0


 , ωe

1 × ve2 =




1
0
0


 . (4.65)

Let the regularization vector be

r =
ve2
‖ve2‖

=




0
−1
0


 . (4.66)
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Then the regularized task Jacobian is

JSV

reg = (Ad(I,−γr) J
e)SV

=




0 1
−γ 0
0 0


 . (4.67)

Note that this matrix gives the translational generators given in the
base {ve2, ωe

1 × ve2}. In order to use this matrix in the differential inverse
positioning algorithm, the task velocity also needs to be transformed
into this base, i.e. given the task velocity ẋd defined in the base frame
K0, the task velocity in SV is

sd =

(
ve2 · ẋd

(ωe
1 × ve2) · ẋd

)
. (4.68)

The determinant of the regularized Jacobian is

det JSV

reg = γ, (4.69)

that is zero, if γ = 0. So if γ 6= 0, thus the end effector point is translated,
then the Jacobian becomes regular.

4.2.3 The singular values of the regularized Jacobian

Let the two singular values of JSV

reg be σ(JSV

reg) and σ(JSV

reg), with
σ(JSV

reg) ≥ σ(JSV

reg). The largest singular value can be upper bounded,
while the smallest singular value can be lower bounded as follows.

Theorem 4. Let l1 and l2 be the length of the two segments of a manip-

ulator with two joints. Then, for the largest and smallest singular value

of JSV

reg, the following inequalities hold:

σ(JSV

reg) ≤ 2
√

(l1 + l2)2 + γ2 (4.70)

σ(JSV

reg) ≥ | det JSV

reg |
2
√
(l1 + l2)2 + γ2

(4.71)

Proof. Similar to the proof of Theorem 2.

4.3 Spatial movement

This section discusses the generalization of the regularization method
for robot arms with three joints moving in the three-dimensional Eu-
clidean space. Such manipulators are called spatial manipulators. Since
the movement in question is three-dimensional translation, the task Ja-
cobian is the projection of the end effector Jacobian Je onto the Lie sub-
algebra V (the subalgebra of linear velocity generators) and omitting
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angular velocity generators, i.e. the task Jacobian for a manipulator
with n joints is

Je
V =

(
ve1 ve2 . . . ven

)
. (4.72)

The definitions and theorems are stated for manipulators having three
joints, however they can be extended to manipulators with more joints,
as it will be discussed in Chapter 7.

4.3.1 Regularizability

The definitions of regularizability and the regularization vector are sim-
ilar to the planar case:

Definition 16. The task Jacobian Je
V is regularizable, if there exists

r ∈ R3 and γ ∈ R, such that
(
Ad(I,−γr) J

e
)
V

is regular.

Definition 17. A vector r ∈ R3 is called a regularization vector for
the spatial problem, if there exists γ ∈ R, such that

(
Ad(I,−γr) J

e
)
V

is
regular.

Theorem 1 in Section 4.1 showed that the inverse position problem
of planar manipulators can always be regularized. However, planar ma-
nipulators have a very special geometry, while the variety of spatial ma-
nipulator architectures is much richer. This implies that there may be
spatial manipulators that are regularizable, while there may be spatial
manipulators that are not.

4.3.2 Manipulator classes that are not regularizable

A strange class of spatial manipulators have their end effector point
on the last joint axis (Figure 4.7). For these manipulators, the linear
velocity generator of the last joint is always zero, thus it does not have
any effect on the position of the end effector.

Theorem 5. The linear velocity generator of the last joint is zero (i.e.

ve3 = 0) if and only if the end effector point is on the last joint axis ωe
3.

Moreover, if ve3 = 0 in some joint configuration, then it is zero in every

joint configuration.

Proof. Since ve3 = ω3×(p−q3), where p is the end effector point, and q3 is
a point on the third joint axis, ve3 = 0 if and only if p = q3 or ω3 = λ(p−q3)
for some nonzero λ ∈ R, which can be rearranged to get p = (1/λ)ω3+q3,
both meaning that the point p is on the third joint axis. So ve3 = 0 if and
only if the end effector point is on the third joint axis.

Suppose without the loss of generality, that ve3 = 0 in the home con-
figuration. The position of the end effector point is p(0). The generator
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Figure 4.7: A spatial manipulator with its end effector point p(0) being
on the last joint axis ω3

of the third joint in a general θ ∈ R3 configuration can be acquired by
the series of transformations

ξe3(0) −→
Ad−1

(R(0),0)

ξb3(0) −→
Ad

eξ̂3θ3g(0)

ξb3(θ) −→
Ad(R(θ),0)

ξe3(θ) (4.73)

where (3.26) was used to connect the end effector generator to the body
generator, and the body generators were transformed to the joint con-
figuration θ ∈ R3 using (2.53). So the motion generator of the third joint
in the joint configuration θ is

ξe3(θ) = Ad(R(θ),0)Adeξ̂3θ3g(0)Ad
−1
(R(0),0) ξ

e
3(0). (4.74)

The form of exp(ξ̂3θ3) is

exp(ξ̂3θ3) =

(
R3(θ) p3(θ)
0 1

)
, (4.75)

where R3(θ) = exp(ω̂3θ3) by (2.27) and p3 = (I − R3(θ))ω̂3v3 because of
(2.28). Note that ω3 is the spatial angular velocity generator in the home
configuration, that is equal to ωe

3(0), however they will be distinguished
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with the notation. Since ω3 × (p(0) − q3) = 0, ω3 × p(0) = ω3 × q3, and
thus

p3(θ) = (I −R3(θ))ω̂3v3 = (I −R3(θ))ω̂3(−ω3 × q3)

= (I −R3(θ))ω̂3(−ω3 × p(0))

= (I −R3(θ))ω̂
2
3p(0)

= (I −R3(θ))(p(0)− κω3) (4.76)

where κ = ω3 · p(0), because ω̂2
3p(0) = (ω3 · ω3)p(0) − (ω3 · p(0))ω3. The

composition of exp(ξ̂3θ3) and g(0) is
(

R3(θ) p3(θ)
0 1

)(
R(0) p(0)
0 1

)
=

(
R3(θ)R(0) R3(θ)p(0) + p3(θ)

0 1

)
. (4.77)

Substituting (4.76) into the place of p3(θ) results in
(

R3(θ)R(0) p(0)− κω3

0 1

)
(4.78)

and the corresponding Adjoint operator is

Adexp(ξ̂3θ3)g(0) =

(
R3(θ)R(0) ̂(p(0)− κω3)R3(θ)R(0)

0 R3(θ)R(0)

)
. (4.79)

So the motion generator in the joint configuration θ is

(
ve3(θ)
ωe
3(θ)

)
=

(
R(θ) 0
0 R(θ)

)(
R3(θ)R(0) ̂(p(0)− κω3)R3(θ)R(0)

0 R3(θ)R(0)

)
·

·
(

R(0) 0
0 R(0)

)−1(
0

ωe
3(0)

)

=

(
R(θ)p̂(0)ωe

3(0)
R(θ)ωe

3(0)

)
. (4.80)

So the linear velocity generator is ve3(θ) = R(θ)p̂(0)ωe
3(0). If θ = 0, R(0) =

I, and ve3(0) = 0, so p̂(0)ωe
3(0) = 0 must hold. This yields that ve3(θ) = 0

for every θ ∈ R3.

Manipulators with end effector point on the last joint axis can only
move on at most two-dimensional surfaces, since only the linear velocity
generators of the first two joint is nonzero. Thus these kind of manipu-
lators are excluded from further investigation.
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The spatial manipulator in Figure 4.7 possesses another important
property, such as all joint axes intersect in the same point. Spatial ma-
nipulators with this property are called spherical joints, and they are
not appropriate for positioning in three-dimensions, however they are
rather useful for reaching the desired orientation in three-dimensions,
as it will be discussed in Chapter 5.

Proposition 10. Manipulators with joint axes intersecting at the same

point intersect at every joint configuration.

Proof. Suppose that the joint axes of a spatial manipulator intersect at
a point q, and that the motion generators of the joints are the columns
of the spatial manipulator Jacobian. Then the reciprocal product of the
motion generators of the joints are all zero, i.e. ξ1 ⊙ ξ2 = 0, ξ1 ⊙ ξ3 = 0
and ξ2⊙ξ3 = 0 in the home configuration. Since the reciprocal product of
adjacent joint is independent of the joint configuration by Proposition 7,
only the configuration dependence of the reciprocal product ξ1(θ)⊙ ξ3(θ)
needs to be examined.

Since the motion generators are the spatial generators,

ξ1(θ) = ξ1 (4.81)

ξ3(θ) = Adexp(ξ̂1θ1) exp(ξ̂2θ2) ξ3 (4.82)

and since the reciprocal product is an invariant bilinear form,

ξ1 ⊙Adexp(ξ̂1θ1) exp(ξ̂2θ2) ξ3 = Adexp(ξ̂1θ1) ξ1 ⊙Adexp(ξ̂1θ1) exp(ξ̂2θ2) ξ3

= ξ1 ⊙Adexp(ξ̂2θ2) ξ3. (4.83)

Based on Proposition 3

Adexp(ξ̂2θ2) ξ3 = ξ3 + sin θ2 adξ2 ξ3 + (1− cos θ2) ad
2
ξ2 ξ3, (4.84)

and substituting this result in (4.83) and using the fact that the recip-
rocal product is bilinear yields

ξ1(θ)⊙ξ3(θ) = ξ1 ⊙ ξ3︸ ︷︷ ︸
0

+sin θ2ξ1⊙(adξ2 ξ3)+(1−cos θ2)ξ1⊙(ad2ξ2 ξ3). (4.85)

Since the second application of the ad operator yields

ad2ξ2 ξ3 =




ω2

ξ2⊙ξ3=0︷ ︸︸ ︷
(ω2 · v3 − ω3 · v2)+v2

−1/2κ(ξ2,ξ3)︷ ︸︸ ︷
(ω2 · ω3) −v3

ω2 (ω2 · ω3)︸ ︷︷ ︸
−1/2κ(ξ2,ξ3)

−ω3


 = −1/2κ(ξ2, ξ3)ξ2−ξ3

(4.86)
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the term ξ1 ⊙ ad2ξ2 ξ3 is

ξ1 ⊙ ad2ξ2 ξ3 = −1/2κ(ξ2, ξ3) ξ1 ⊙ ξ2︸ ︷︷ ︸
0

− ξ1 ⊙ ξ3︸ ︷︷ ︸
0

= 0. (4.87)

So the configuration dependence of ξ1 ⊙ ξ3 reduces to

ξ1(θ)⊙ ξ3(θ) = sin θ2ξ1 ⊙ (adξ2 ξ3). (4.88)

Examining the ξ1 ⊙ adξ2 ξ3 term yields

ξ1 ⊙ adξ2 ξ3 = ξ1 ⊙
(

ω2 × v3 − ω3 × v2
ω2 × ω3

)

= ω1 · (ω2 × v3 − ω3 × v2) + (ω2 × ω3) · v1. (4.89)

Since the joint axes of the manipulator intersect at the point q in the
home configuration, the linear velocity generators v1, v2 and v3 can be
written as v1 = −ω1×q, v2 = −ω2×q and v3 = −ω3×q, so (4.89) becomes

ξ1⊙ adξ2 ξ3 = −(ω1× q) · (ω2×ω3)+ (ω2× q) · (ω1×ω3)− (ω3× q) · (ω1×ω2)
(4.90)

that can be rearranged using the Binet-Cauchy identity (a×b) · (c×d) =
(a · c)(b · d)− (a · d)(b · c) to get

ξ1 ⊙ adξ2 ξ3 = −(ω1 · ω2)(q · ω3) + (ω1 · ω3)(q · ω2) + (ω2 · ω1)(q · ω3)

−(ω2 · ω3)(q · ω1)− (ω3 · ω1)(q · ω2)− (ω2 · ω3)(q · ω1)

= 0. (4.91)

So the reciprocal product of the first and the third motion generator is
also zero in every joint configuration. So the reciprocal products of the
motion generators are zero in every joint configuration θ ∈ R3. Since
the joints intersect each other in the home configuration, they intersect
each other in every joint configuration because of the continuity of the
reciprocal product in terms of the variable θ.

The linear velocity generators of spherical joint also span at most a
two-dimensional space:

Proposition 11. Manipulators with joint axes intersecting in the same

point q ∈ R3 have rank Je
V (θ) ≤ 2 for every θ ∈ R3.

Proof. Since if the joint axes intersect each other in a point in a configu-
ration, they intersect in a point in any configuration by Proposition 10,
so there is a point q(θ) in every joint configuration where all three joints
meet. So the linear velocity generators are

ve1(θ) = ωe
1(θ)× (p(θ)− q(θ)) (4.92)

ve2(θ) = ωe
2(θ)× (p(θ)− q(θ)) (4.93)

ve3(θ) = ωe
3(θ)× (p(θ)− q(θ)) (4.94)
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that are all orthogonal to the vector p(θ) − q(θ), so they are from the
plane orthogonal to p(θ) − q(θ). Since the image space of Je

V is spanned
by the vectors (4.92-4.94), and these vectors are from a plane, the rank
of the matrix is at most two.

Spherical manipulators have another unique property:

Proposition 12. Manipulators have joint axes intersecting at the same

point if and only if there is a point on the last segment for which Je
V = 0.

Proof. If the joint axes of the manipulators intersect at some point q(θ)
in the joint configuration θ ∈ R3, while the end effector position is p(θ),
then the linear velocity generators are defined by (4.92)-(4.94). Since
q(θ) is on the last joint axis as well, it is on the last segment, so by
choosing p(θ) = q(θ), the generators in (4.92)-(4.94) are all zero, so Je

V =
0.

Suppose that for a point on the last segment Je
V = 0 in the joint

configuration θ ∈ R3. Let this point be s(θ). Since Je
V = 0, this implies

that

ve1(θ) = ωe
1(θ)× (s(θ)− q1(θ)) = 0 (4.95)

ve2(θ) = ωe
2(θ)× (s(θ)− q2(θ)) = 0 (4.96)

ve3(θ) = ωe
3(θ)× (s(θ)− q3(θ)) = 0. (4.97)

So for every joint i ∈ {1, 2, 3}, either ωe
i (θ) is parallel to (s(θ) − qi(θ)) or

s(θ) = qi(θ). If s(θ) = qi(θ), that means that s(θ) is on the ith joint axis.
If ωe

i (θ) is parallel to (s(θ)− qi(θ)) that also means that s(θ) is on the ith
joint axis, since qi(θ) is on the ith joint axis. So s(θ) is a point on all joint
axes, thus the joint axes intersect in the same point.

4.3.3 Conditions of regularizability

The remaining manipulator architectures may be capable of transla-
tion in three-dimensional space in almost every configuration. In the
remaining of the section, the conditions of regularizability for spatial
manipulators are discussed. A necessary condition for regularizability
is that the end effector Jacobian (i.e. the Jacobian containing the linear
velocity and angular velocity generators) is full rank.

Theorem 6. If the task Jacobian is regularizable, then the end effector

Jacobian is full rank.

Proof. Since the regularized Jacobian by definition is

J reg =
(
Ad(I,−γr)Je

)
V
, (4.98)
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it can be written as
J reg = πV Ad(I,−γr) Je, (4.99)

where πV is the projector matrix

πV =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


 . (4.100)

Since the rank of J reg can not be greater than the minimal rank of
the matrices in the right-hand side of (4.99), and rankπV = 3, while
rankAd(I,−γr) = 6, since Ad is an automorphism (that yields it is invert-
ible), and rank Je ≤ 3, the rank of J reg is

rank J reg ≤ min


rankπV︸ ︷︷ ︸

=3

,Ad(I,−γr)︸ ︷︷ ︸
=6

, rank Je


 = rank Je. (4.101)

So rank J reg = 3 implies that rank Je = 3.

Recall that by Proposition 5 the ranks of the end effector Jacobian,
spatial manipulator Jacobian and body manipulator Jacobian are iden-
tical. This implies that if the task Jacobian is regularizable, then rank Js =
3 and rank Jb = 3 as well.

Since J reg =
(
Ad(I,−γr) J

e
)
V

, and (I,−γr) is a translational genera-
tor, the regularized Jacobian has the columns

J reg =
(
ve1 + γωe

1 × r ve2 + γωe
2 × r ve3 + γωe

3 × r
)

=
(
ve1 ve2 ve3

)
+
(
γr × ωe

1 γr × ωe
2 γr × ωe

3

)
(4.102)

and by introducing the following notation

γJe
Ω × r =

(
γωe

1 × r γωe
2 × r γωe

3 × r
)
, (4.103)

J reg takes the short form

J reg = Je
V + γJe

Ω × r. (4.104)

Even if the task Jacobian is regularizable, it is important to know
how to get the regularization vector r. The following theorem constricts
the search space for the regularization vector, by stating that the reg-
ularization vector must be the linear combination of the linear velocity
generators, i.e. it must lie in the image space of Je

V .

Theorem 7. If r ∈ R3 is a regularization vector, then r ∈ Ran Je
V .



61 4. Regularization of the inverse positioning problem

Proof. Since the regularized Jacobian is

J reg = Je
V + γJe

Ω × r, (4.105)

its range space is

Ran J reg ⊆ Ran Je
V ∪ Ran (Je

Ω × r) (4.106)

where ∪ is the subspace union. Suppose indirectly, that r /∈ Ran Je
V .

Note that this implies r 6= 0, since the zero vector is element of every
subspace. Since Je

Ω × r is orthogonal to r, r /∈ Ran (Je
Ω × r), however be-

cause of (4.106) it follows that r /∈ Ran J reg. This implies that J reg is not
full rank, that contradicts with the statement that r is a regularization
vector.

Theorem 6 showed that a necessary condition for regularizability is
that Je is full rank. This implies that the kernels of the Jacobians Je

V

and Je
Ω has only one common element, that is the zero vector:

Lemma 2. If rank Je = 3, then there exists no nonzero n ∈ R3, such that

n ∈ Ker Je
V and n ∈ Ker Je

Ω.

Proof. Suppose indirectly, that n 6= 0 ∈ R3, and n ∈ Ker Je
V and n ∈

Ker JeΩ. Since the end effector Jacobian is

Je =

(
Je
V

Je
Ω

)
, (4.107)

n is in the Kernel of Je, since

Jen =

(
Je
V

Je
Ω

)
n =

(
Je
V n

Je
Ωn

)
= 0, (4.108)

which implies that Je is not full rank, that is a contradiction.

Lemma 3. Let Q 6= 0 be a 3×3 symmetric real matrix with zero elements

in the diagonal, and S be a subspace of R3 with dimS ≤ 2, and λ ∈ R3.

Then the solution of the quadratic equation < Qλ, λ >= 0 restricted to S
is one of the following:

1. A line passing through the origin.

2. The origin.

3. Two lines passing through the origin.
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Proof. Let PS be the orthogonal projection to the subspace S, then dimS ≤
2 implies rankPS ≤ 2. The variables λ restricted to S are PSλ, so the
equation < Qλ, λ >= 0 restricted to S can be written as

< QPSλ, PSλ >=< P⊤
S QPSλ, λ >= 0. (4.109)

Introducing QS = P⊤
S QPS , the quadratic equation restricted to S be-

comes
< QSλ, λ >= 0. (4.110)

Since Q 6= 0 is symmetric, with zero diagonals, its rank is at least two,
while rankPS ≤ 2, so by the rank nullity theorem and the property of
product rank, 1 ≤ rankQS ≤ 2. Moreover, QS is also a symmetric real
matrix, so its eigenvalues are real, and it is diagonalizable, i.e. it can be
written in the form

QS = U




κ1 0 0
0 κ2 0
0 0 0


U⊤ (4.111)

with UU⊤ = I, and κ1, κ2 ∈ R. Substituting this form into the quadratic
equation results in

λ⊤U




κ1 0 0
0 κ2 0
0 0 0


U⊤λ = 0. (4.112)

Introducing the rotated variables λ̃ = (λ̃1, λ̃2, λ̃3)
⊤ defined as λ̃ = U⊤λ,

the quadratic equation becomes

(
λ̃1 λ̃2 λ̃3

)



κ1 0 0
0 κ2 0
0 0 0






λ̃1

λ̃2

λ̃3


 = κ1λ̃

2
1 + κ2λ̃

2
2 = 0. (4.113)

Note that since the component λ̃3 /∈ S, the subspace S after the trans-
formation U⊤ is spanned by λ̃1 and λ̃2.

Suppose that κ2 = 0. In this case κ1 6= 0, because this would imply
Q = 0, that is a contradiction. The quadratic equation (4.113) reduces
to κ1λ̃

2
1 = 0, and the solution is λ̃1 = 0, λ̃2 ∈ R, that is a line passing

through the origin.
Suppose that κ1 = 0. In this case κ2 6= 0, because this would imply

Q = 0, that is a contradiction. The quadratic equation (4.113) reduces
to κ2λ̃

2
2 = 0, and the solution is λ̃1 ∈ R, λ̃2 = 0, that is a line passing

through the origin.
Suppose that κ1 6= 0 and κ2 6= 0, and κ1κ2 > 0, so they have the same

sign. Then the only real solution to the quadratic equation (4.113) is the
point λ̃1 = λ̃2 = 0, that is the origin.
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Suppose that κ1 6= 0 and κ2 6= 0, and κ1κ2 < 0, so they have different
sign. Then the only real solution to the quadratic equation (4.113) is
λ̃1 = ±

√
κ2/κ1λ̃2, that is two lines passing through the origin.

Theorem 8. Suppose that for a spatial manipulator with the joint axes

not meeting in one point either Q 6= 0 or dimKer Je
V = 2. Then Je

V is

regularizable if and only if Je is full rank.

Proof. If Je
V is regularizable, then Je is full rank because of Theorem 6,

so only the other direction needs to be proved. Suppose, that Je is full
rank. Then the regularized Jacobian is

J reg = Je
V + γ(Je

Ω × r), (4.114)

which is regular if and only if

J reg λ = 0 (4.115)

implies λ = 0. It will be proved, that there exists r ∈ R3 and γ ∈ R,
such that (4.115) holds if and only if λ = 0. Note that λ = 0 is a trivial
solution, and throughout the proof, all nonzero λs will be analyzed, and
it will be shown, that if λ 6= 0, then for suitably chosen r ∈ R3 and γ ∈ R

(4.115) does not hold.
Substituting (4.114) into the condition (4.115), it can be rephrased

as J reg is regular if and only if

Je
V λ+ γ(Je

Ωλ)× r = 0 (4.116)

implies λ = 0. This condition can be further manipulated to get

Je
V λ = −γ(Je

Ωλ)× r. (4.117)

Because of the properties of the vector product, this equation holds if
and only if

〈Je
V λ, r〉 = 0 (4.118)

〈Je
V λ, J

e
Ωλ〉 = 0 (4.119)

and for all λ̃ that is the solution of (4.118) and (4.119)

γ = − sign
(〈

Je
V λ̃, (J

e
Ωλ̃)× r

〉)
∥∥∥Je

V λ̃
∥∥∥

∥∥∥(Je
Ωλ̃)× r

∥∥∥
(4.120)

if (Je
Ωλ̃)× r 6= 0.
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Let λV ∈ Ker Je
V . In this case Je

V λV = 0, so ensuring (Je
ΩλV ) × r 6= 0

guarantees that (4.117) does not hold. Since the joint axes of the ma-
nipulator does not intersect at the same point, dimKer JV ≤ 2 by Propo-
sition 12. However, because of Lemma 2, Je

ΩλV 6= 0 for any nonzero
λV ∈ Ker Je

V . Since Ker Je
V is a subspace, and its dimension is not

greater than two, the set {Je
ΩλV : λV ∈ Ker Je

V } is a plane, a line or
a point containing the origin (in the last case it is the origin itself). If
r is chosen such that it is perpendicular to {Je

ΩλV : λV ∈ Ker Je
V }, then

(Je
ΩλV ) × r 6= 0, and (4.120) yields γ = 0 (by substituting λ̃ := λV ).

So if r is perpendicular to {Je
ΩλV : λV ∈ Ker Je

V }, then choosing γ 6= 0
guarantees that (4.117) does not hold for any λV ∈ Ker Je

V .
Let S = (Ker Je

V )
⊥ be the orthogonal complement of Ker Je

V , i.e. S is
a subspace of R3, S ∪Ker Je

V = R3 and every vector from S is orthogonal
to every vector from Ker Je

V . Thus any vector from R3 can be written as
λ = cV λV + cSλS , with λV ∈ Ker Je

V , λS ∈ S for some cV , cS ∈ R. For
every nonzero λS ∈ S, Je

V λS 6= 0, so (Je
ΩλS) × r = 0 ensures that (4.117)

does not hold, so for every λS ∈ S, the condition (Je
ΩλS)× r 6= 0 need not

be satisfied. Note that even if (4.118) and (4.119) holds for some λS ∈ S,
but (Je

ΩλS)×r = 0, this means that Je
ΩλS and r are parallel, thus (4.117)

does not hold.
Suppose that dimKer Je

V = 2. This yields that dimRan Je
V = 1 and

dimS = 1, thus the set {Je
V λS : λS ∈ S} is a one-dimensional subspace (a

line passing through the origin) in the image space of Je
V . Hovewer r is

also in the image space of Je
V because of Theorem 7, and since the image

space is one-dimensional, 〈Je
V λS , r〉 6= 0 for any nonzero λS ∈ S and

nonzero r ∈ R3, thus (4.118) can not hold for any nonzero λS ∈ S. Since
Je
V (cV λV + cSλS) = cSJ

e
V λS , this concludes the proof if dimKer Je

V = 2.
If dimKer Je

V < 2, then Q 6= 0 because of the condition of the theorem.
Notice, that because of the definition of matrix transpose, (4.119) can be
rearranged to get 〈

λ, (Je
V )

⊤Je
Ω, λ

〉
= 0. (4.121)

Because in a homogeneous quadratic form the matrix can be replaced
with its symmetrical part, (4.121) can be written as

〈
λ, 1/2

(
(Je

V )
⊤Je

Ω + Je
V (J

e
Ω)

⊤
)
, λ
〉
= 0, (4.122)

and because of the definition of Q, this equation simplifies to the quadratic
form

〈λ,Qλ〉 = 0. (4.123)

Suppose, that dimKer Je
V = 1. Then the condition (4.118) becomes

〈Je
V (cV λV + cSλS), r〉 = 〈Je

V cSλS , r〉 = 0. (4.124)
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Since dimKer Je
V = 1 implies dimRan Je

V = 2, and dimS = 2, the set
{Je

V λS : λS ∈ S} ⊆ Ran Je
V is a two-dimensional subspace, while r ∈

Ran Je
V spans a one-dimensional subspace (since it is a vector in the im-

age space of Je
V ), so the set λ̃S for which (4.124) holds is a one-dimensional

subspace, lying in Ran Je
V being orthogonal to the vector (Je

V )
⊤r. Since

λ̃S is a one-dimensional subspace, it is a line passing through the origin.
Identify λ̃S with the direction vector of this line. Thus condition (4.123)
needs to be examined only on the two-dimensional subspace spanned
by the vectors λ̃S and λV . Let this subspace be denoted by S̃. Then the
solution of the quadratic equation (4.123) restricted to S̃ by Lemma 3 is
either two lines, one line, or a point, all containing the origin. If there is
a nontrivial solution (two lines or one line), then let λ̃ be the set of the
unit direction vectors of the lines. Then if γ is chosen such that (4.120)
does not hold, then (4.117) does not hold, and this concludes the proof if
dimKer Je

V = 1.
Suppose that dimKer Je

V = 0. In this case dimS = 3, and r can be
chosen arbitrarily. Let r ∈ R3 be fixed. Then the condition (4.118) is only
satisfied on the set {λ̃S : λ̃S ∈ S, λ̃S⊥(Je

V )
⊤r}, that is a two-dimensional

subspace of R3, denote it by S̃. Then the solution of (4.123) restricted to
S̃ is either two lines, a line or a point containing the origin by Lemma
3. If there is a nontrivial solution (two lines or one line), then let λ̃ be
the set of the unit direction vectors of the lines. Then if γ is chosen such
that (4.120) does not hold, then (4.117) does not hold, and this concludes
the proof if dimKer Je

V = 0.

4.3.4 The determinant and the singular values of the reg-
ularized Jacobian

The determinant of the regularized Jacobian is the sum of the deter-
minant of the task Jacobians, and two terms depending on r and the
motion generators, one being linear, and the other being quadratic in γ.

Proposition 13. The determinant of J reg is

det J reg = ve1 · (ve2 × ve3) + γ {(r × ve1) · (ξe2 ×6 ξ
e
3)V

− (r × ve2) · (ξe1 ×6 ξ
e
3)V + (r × ve3) · (ξe1 ×6 ξ

e
2)V }

+γ2 {(r · ve1) (r · (ξe2 ×6 ξ
e
3)Ω)− (r · ve2) (r · (ξe1 ×6 ξ

e
3)Ω)

+ (r · ve3) (r · (ξe1 ×6 ξ
e
2)Ω)} (4.125)

Proof. The regularized Jacobian is

J reg =
(
ve1 + γωe

1 × r ve2 + γωe
2 × r ve3 + γωe

3 × r
)
. (4.126)

The determinant of J reg is

det J reg = det
(
ve1 + γωe

1 × r ve2 + γωe
2 × r ve3 + γωe

3 × r
)
. (4.127)
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Using the following properties of matrix determinant

det [a1, . . . , ai + b, . . . , an] = det [a1, . . . , ai, . . . , an]

+ det [a1, . . . , b, . . . , an] (4.128)

det [a1, . . . , λai, . . . , an] = λ det [a1, . . . , ai, . . . , an] (4.129)

the expression (4.127) can be written as

det J reg = det (ve1, v
e
2, v

e
3) + γ det (ve1, v

e
2, ω

e
3 × r) + γ det (ve1, ω

e
2 × r, ve3)

+γ det (ωe
1 × r, ve2, v

e
3) + γ2 det (ωe

1 × r, ωe
2 × r, ve3)

+γ2 det (ωe
1 × r, ve2, ω

e
3 × r)

+γ2 det (ve1, ω
e
2 × r, ωe

3 × r) (4.130)

Using another property of the matrix determinant, i.e.

det (a, b, c) = a · (b× c) = c · (a× b) = −b · (a× c) , (4.131)

the expression for det J reg can be further manipulated to get

det J reg = ve1 · (ve2 × ve3)− γve2 · (ve1 × (ωe
3 × r)) + γve3 · (ve1 × (ωe

2 × r))

+γve2 · (ve3 × (ωe
1 × r)) + γ2ve3 · ((ωe

1 × r)× (ωe
2 × r))

−γ2ve2 · ((ωe
1 × r)× (ωe

3 × r))

+γ2ve1 · ((ωe
2 × r)× (ωe

3 × r)) . (4.132)

Introducing the notations

α = −ve2 · (ve1 × (ωe
3 × r)) + ve3 · (ve1 × (ωe

2 × r))

+ve2 · (ve3 × (ωe
1 × r)) (4.133)

β = ve3 · ((ωe
1 × r)× (ωe

2 × r))− ve2 · ((ωe
1 × r)× (ωe

3 × r))

+ve1 · ((ωe
2 × r)× (ωe

3 × r)) , (4.134)

leads to the simplified form of (4.132) that is

det J reg = ve1 · (ve2 × ve3) + γα+ γ2β. (4.135)

Using the identities

(a× b)× (a× c) = (b× a)× (c× a) = (a · (b× c)) a, (4.136)

the formula for β can be written in the form of

β = (ve3 · r) (r · (ωe
1 × ωe

2))− (ve2 · r) (r · (ωe
1 × ωe

3))

+ (ve1 · r) (r · (ωe
2 × ωe

3)) (4.137)
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Realizing that ωe
i × ωe

j =
(
ξei ×6 ξ

e
j

)
Ω

, this can be rearranged into

β = (ve3 · r) (r · (ξe1 ×6 ξ
e
2)Ω)− (ve2 · r) (r · (ξe1 ×6 ξ

e
3)Ω)

+ (ve1 · r) (r · (ξe2 ×6 ξ
e
3)Ω) . (4.138)

Using the Jacobi identity, i.e.

a× (b× c) + c× (a× b) + b× (a× c) = 0, (4.139)

the formula for α can be rearranged to give

α = −ve2 · (−r × (ve1 × ωe
3)− ωe

3 × (r × ve1))

+ve3 · (−r × (ve1 × ωe
2)− ωe

2 × (r × ve1))

+ve2 · (−r × (ve3 × ωe
1)− ωe

1 × (r × ve3)) (4.140)

that can be further manipulated to get

α = ve2 · (r × (ve1 × ωe
3)) + ve2 · (ωe

3 × (r × ve1))

−ve3 · (r × (ve1 × ωe
2))− ve3 · (ωe

2 × (r × ve1))

−ve2 · (r × (ve3 × ωe
1))− ve2 · (ωe

1 × (r × ve3)) . (4.141)

Using the property (4.131) this can be rewritten as

α = (ve1 × ωe
3) · (ve2 × r)− (ve1 × r) · (ve2 × ωe

3)

− (ve1 × ωe
2) · (ve3 × r) + (ve1 × r) · (ve3 × ωe

2)

− (ve2 × r) · (ve3 × ωe
1) + (ve3 × r) · (ve2 × ωe

1) (4.142)

that can be rearranged as

α = (ve1 × r) · (ωe
3 × ve2 − ωe

2 × ve3)

+ (ve2 × r) · (ωe
1 × ve3 − ωe

3 × ve1)

+ (ve3 × r) · (ωe
2 × ve1 − ωe

1 × ve2) (4.143)

where
ωe
j × vei − ωe

i × vej =
(
ξej ×6 ξ

e
i

)
V
, (4.144)

thus

α = (ve1 × r) · (ξe3 ×6 ξ
e
2)V + (ve2 × r) (ξe1 ×6 ξ

e
3)V

+(ve3 × r) (ξe2 × ξe1)V . (4.145)

If the rank of the task Jacobian is one, then the determinant of the
regularized Jacobian is quadratic in γ, since the determinant of the task
Jacobian is zero, and the term linear in γ is also zero:
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Proposition 14. If rank Je
V = 1, then

(ve1 × r) · (ξe3 ×6 ξ
e
2)V + (ve2 × r) (ξe1 ×6 ξ

e
3)V + (ve3 × r) (ξe2 ×6 ξ

e
1)V = 0

(4.146)
for all r ∈ R3.

Proof. Since ve1, v
e
2, v

e
3 span a 1-dimensional subspace, they can be writ-

ten as ve1 = λ1v, ve2 = λ2v and ve3 = λ3v, for some λ1, λ2, λ3 ∈ R, where at
least one of them is not zero, and v ∈ R3, v 6= 0. Thus

(ve1 × r) · (ξe3 ×6 ξ
e
2)V + (ve2 × r) (ξe1 ×6 ξ

e
3)V + (ve3 × r) (ξe2 ×6 ξ

e
1)V

= λ1 (v × r) · (ωe
3λ2v − ωe

2λ3v) + λ2 (v × r) (ωe
1λ3v − ωe

3λ1v)

+λ3 (v × r) (ωe
2λ1v − ωe

1λ2v) (4.147)

that can be simplified to

−λ1 (r × v) · ((λ2ω
e
3 − λ3ω

e
2)× v)− λ2 (r × v) · ((λ3ω

e
1 − λ1ω

e
3)× v)

−λ3 (r × v) · ((λ1ω
e
2 − λ2ω

e
1)× v) (4.148)

which can be simplified using (a× b) · (c× d) = (a · c)(b · d)− (a · d)(b · c)
to

(r − r · v) (−λ1 (λ2ω
e
3 − λ3ω

e
2)− λ2 (λ3ω

e
1 − λ1ω

e
3)− λ3 (λ1ω

e
2 − λ2ω

e
1))

= (r − r · v) (−λ1λ2ω
e
3 + λ1λ3ω

e
2 − λ2λ3ω

e
1 + λ2λ1ω

e
3 − λ3λ1ω

e
2 + λ3λ2ω

e
1)︸ ︷︷ ︸

0

= 0. (4.149)

Theorem 9. For the largest and smallest singular values of the regular-

ized Jacobian the following relations hold:

σ(J reg) ≤ 3
√
L2 + γ2 (4.150)

σ(J reg) ≥ | det J reg |
9(L2 + γ2)

, (4.151)

where L is the length of the manipulator in a fully extended state.

Proof. Since the columns of the regularized Jacobian have the form vi+
γωi × r, with ωi being a unit vector, and it can be supposed without
the loss of generality, that r is also a unit vector, the length of vi is not
greater than L, while the length of γωi × r is not greater than γ, the
length of the vector vi + γωi × r is not greater than

√
L2 + γ2. This

implies that the absolute value of the coordinates of the vectors can not
exceed

√
L2 + γ2, thus both the maximal absolute value column sum
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and maximal absolute value row sum of the matrix are not greater than
3(
√

L2 + γ2), thus

‖J reg ‖1 ≤ 3(
√
L2 + γ2) (4.152)

‖J reg ‖∞ ≤ 3(
√
L2 + γ2). (4.153)

Since σ(J reg) ≤ (‖J reg ‖1‖J reg ‖∞)1/2,

σ(J reg) ≤ 3
√
L2 + γ2. (4.154)

Let the singular values of the matrix be σ(J reg) ≥ σ̃(J reg) ≥ σ(J reg),
with σ̃(J reg) being the middle singular value. Since the determinant of
the matrix is | det J reg | = σ(J reg)σ̃(J reg)σ(J reg), and

σ(J reg)σ̃(J reg)σ(J reg) ≤ σ2(J reg)σ(J reg), (4.155)

it follows for σ(J reg) that the inequality

σ(J reg) ≥ | det J reg |
σ2(J reg)

, (4.156)

holds, and substituting (4.154) results in

σ(J reg) ≥ | det J reg |
9(L2 + γ2)

. (4.157)

Example 3. Consider the manipulator in Figure 4.8. This is a PUMA

arm without a shoulder offset (or an elbow manipulator), i.e. in the

current configuration the end effector point p(0) is on the first axis. Let

the origin of the base frame be in the intersection of the first and second

joint axis, then the geometrical parameters in the home configuration are

ω1 =




0
0
1


 , ω2 =




1
0
0


 , ω3 =




1
0
0




q1 =




0
0
0


 , q2 =




0
0
0


 q3 =




0
0
l2




(4.158)

with q1 and q2 being points on the first and the second axis, chosen to be

in the intersection of the first two joint axes (the origin of the base frame),

while q3 being a point on the third axis, chosen to be in the intersection
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Figure 4.8: A PUMA arm without elbow offset, in the singular home
configuration

of the first and the third joint axes. The translational generators in the

spatial manipulator Jacobian are

vs1 = −ω1 × q1 = 0 (4.159)

vs2 = −ω2 × q2 = 0 (4.160)

vs3 = −ω3 × q3 =




0
l2
0


 . (4.161)

The position of the end effector point is (the red disc in Figure 4.8)

p(0) =




0
0

l2 + l3


 . (4.162)

Note that for this manipulator l1 = 0. The translational generators after

the application of the action point transformation to the point p(0) are
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the translational generators of the end effector Jacobian:

ve1 = ω1 × (p(0)− q1) = 0 (4.163)

ve2 = ω2 × (p(0)− q2) =




0
−l2 − l3

0


 (4.164)

ve3 = ω3 × (p(0)− q3) =




0
−l3
0


 . (4.165)

So the task Jacobian is

Je
V =




0 0 0
0 −l2 − l3 −l3
0 0 0


 , (4.166)

that is singular, and its rank is one.

Since the joint axes are either parallel or intersect each other in the

home configuration in Figure 4.8, the Q matrix in this configuration is

zero. However, since dimKer Je
V = 2, according to Theorem 8, the task

Jacobian can be regularized. If dimKer Je
V = 2, then it is enough to

choose r ∈ Ran Je
V , so let

r =




0
−1
0


 , (4.167)

thus the regularized Jacobian is

J reg = Je
V + γ

(
ω1 × r ω2 × r ω3 × 3

)
(4.168)

and since

ω1 × r =




0
0
1


×




0
−1
0


 =




1
0
0


 (4.169)

ω2 × r =




1
0
0


×




0
−1
0


 =




0
0
−1


 (4.170)

ω3 × r =




1
0
0


×




0
−1
0


 =




0
0
−1


 (4.171)

the regularized Jacobian is

J reg =




γ 0 0
0 −l2 − l3 −l3
0 −γ −γ


 . (4.172)
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The determinant of the regularized Jacobian is

det J reg = γ2l2, (4.173)

that is nonzero, if γ 6= 0, so the Jacobian is regular.



5

REGULARIZATION OF THE
INVERSE ORIENTATION

PROBLEM

This chapter discusses the regularization issues of the differential in-
verse orientation problem [DH14]. In this case the task Jacobian is
composed of the rotational generators, and since the rotational genera-
tors in the spatial manipulator Jacobian and the end effector Jacobian
are the same, they will not have a superscript s or e, but they are meant
to be defined in the base frame. So the task Jacobian for a manipulator
with n joints is

JΩ := Je
Ω = Js

Ω =
(
ω1 ω2 . . . ωn

)
. (5.1)

5.1 The spherical Jacobian

Let the desired angular velocity of the end effector be the vector ωd ∈ R3,
its elements being the angular velocity of the rotation around the x, y, z
axes of the base frame, respectively (the classic representation in Figure
5.1). Let the matrix of the angular velocity generators be JΩ. Then
the solution of the differential inverse orientation problem is done by
calculating

θ̇ = J−1
Ω ωd, (5.2)

and by integrating the joint variables. Solving (5.2) we will be referred
to as the differential inverse orientation problem.

73
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The problem arises when JΩ is singular, in this case (5.2) can not be
solved. It is important to notice that the rank deficiency of JΩ is at most
one.

Proposition 15. The rank deficiency of the matrix formed by the rota-

tional generators of a manipulator is at most one.

Proof. The proposition is proved for n degrees of freedom manipulators
with n ≥ 3. Let JΩ be the matrix of the rotational generators. Since it
maps to a three dimensional subspace, its rank is at most three.

If the manipulator is planar, its joint axes are all parallel, and the
rank of JΩ is one. In this case the rank is one in every configuration,
since joint axes cannot disappear, and a planar manipulator cannot be-
come a spatial manipulator by a configuration change. In other words,
suppose that the angular velocity generators are parallel in the home
configuration. Since they are all unit vectors, suppose without the loss
of generality that ω1 = ±ω2 = . . . = ±ωn. The angular velocity generator
of the ith joint in a general configuration is

ω′
i = exp(ω̂1θ1) exp(ω̂2θ2) . . . exp(ω̂i−1θi−1)ωi. (5.3)

It is known, that ωi is the eigenvector of the rotation exp(ω̂iθi) with
eigenvalue one, meaning exp(ω̂iθi)ωi = ωi, and since ωi equals to the
other angular velocity generators in the home configuration, it yields
that exp(ω̂jθj)ωi = ωi for any i, j ∈ {1, 2, . . . , n}. So for planar manip-
ulators rank JΩ = 1 and JΩ is invariant of the joint configuration, thus
its rank deficiency is zero. If the manipulator is a spatial manipulator,
then its rank has to be greater than one, thus it can only be two or three.
This implies that the rank deficiency of JΩ is at most one.

The inverse orientation problem in three dimensions can only be
solved by manipulators that have configurations in which rank JΩ = 3,
however these manipulators always have singular configurations [86],
and in a singular configuration rank JΩ = 2 by Proposition 15. This
chapter introduces a methodology based on the regularization method
discussed in Chapter 4, that regularizes the task Jacobian in case it
becomes singular.

The typical representation of rotational motion in the level of veloci-
ties is based on the angular velocities of the axes of the coordinate frame
whose rotation is examined. In this chapter, a different representation
is introduced with a new Jacobian that is the task Jacobian in the new
representation.

Imagine the description of the differential orientation problem as the
differential motion on the surface of a unit sphere and rotation around
the normal of the sphere (the new representation in Figure 5.1). This
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new representationclassic representation

Figure 5.1: Two different representations of the differential orientation
problem: the classic representation describing rotation around the axes
of the base frame (left); and the spherical representation, describing
rotation about the normal of a unit sphere, and translation about the
tangent of the sphere (right)

can be characterized locally as motion in a plane (the tangent of the
sphere at the red point in Figure 5.1), and rotation around the normal
of the sphere (the normal at the red point in Figure 5.1).

So the task is described locally as a two-dimensional linear motion
and a one-dimensional rotational motion as opposed to a three-dimen-
sional rotational motion in the classic case. This representation of dif-
ferential orientation will be referred to as the spherical representation,
while the original representation will be referred to as the classic repre-
sentation. But the question is, what is the form of the motion generators
in the new representation, and how the motion generators and task ve-
locities are derived from the ones in the classic representation?

Choose a unit vector ωr, that is not the singular direction of JΩ, i.e.
ω⊤
r JΩ 6= 0. Let this be the normal of the sphere. Define the orthogonal

projection Pr = ωrω
⊤
r , that project onto the one-dimensional subspace

generated by ωr. Let this subspace be denoted by SΩ, while its orthog-
onal complement by SV . Note that SΩ is the line generated by the nor-
mal of the sphere, while SV is the plane orthogonal to the normal of the
sphere (spanned by the vectors v1 and v2 in Figure 5.1). The angular
velocities and rotational generators corresponding to rotation about the
normal of the sphere are in SΩ, while linear velocities and linear veloc-
ity generators corresponding to translation about the tangent plane of
the sphere are in SV . Introducing P⊥ = I − Pr, the subspace SV is the
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image space of the projection P⊥.
Let od be the task velocity, i.e. the infinitezimal rotation in the classic

representation, defined by rotation around the axes of the base frame
(as on the left of Figure 5.1). Then this task velocity is transformed to
the new representation by projecting its components into SΩ and SV ,
that yields

sd = Prod + od × ωr, (5.4)

that is the task velocity in the new representation, describing the same
local motion as od does in the classic representation. Note that Prod ∈
SΩ, while od × ωr ∈ SV .

Let the manipulator have rotational generators ω1, ω2, . . ., ωn defin-
ing the rotation around the axes of the base frame induced by the motion
of the robot joints, then for each joint

Prωi ∈ SΩ (5.5)

describes the rotation generated by joint i about ωr, while

ωi × ωr ∈ SV (5.6)

describes the translation generated by joint i in the plane orthogonal to
ωr. So the motion caused by the joint velocity vector θ̇ in the spherical
representation is the rotation around ωr given by

Prod = PrJΩθ̇ (5.7)

and the translation in the plane orthogonal to ωr described by

od × ωr = JΩ × ωrθ̇. (5.8)

Because of the definition of sd in (5.4), the motion generated by θ̇ is

sd = PrJΩθ̇ + JΩ × ωrθ̇ = (PrJΩ + JΩ × ωr) θ̇. (5.9)

Definition 18. The matrix defined by

JS := PrJΩ + JΩ × ωr (5.10)

is called the spherical Jacobian, and describes the rotational motion
generated by the joints described in the spherical representation.

The rank of the spherical Jacobian is the same as the rank of the
original task Jacobian in all configurations (with the right choice of ωr),
so the spherical representation is well-defined.

Theorem 10. Suppose that ωr is chosen such that ω⊥
r JΩ 6= 0. Then the

rank of the spherical Jacobian JS and the task Jacobian JΩ is the same

in every configuration.
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Proof. Consider the decomposition of the rotational generators in JΩ
into components parallel to ωr and perpendicular to ωr:

ω1 = ω′
1 + c1ωr (5.11)

ω2 = ω′
2 + c2ωr (5.12)

...

ωn = ω′
n + cnωr. (5.13)

Since ω⊤
r JΩ 6= 0 by the conditions of the theorem, there is at least one

joint i, such that ci 6= 0 in the decomposition (5.11)-(5.13). Then the
spherical Jacobian can be decomposed as

JS =
(
c1ωr c2ωr . . . cnωr

)
+
(
ω′
1 ω′

2 . . . ω′
n

)
× ωr (5.14)

with the two matrices having orthogonal image spaces.
Since there exists an index i such that ci 6= 0, the image space of

the first matrix in the decomposition (5.14) is one-dimensional. Sup-
pose, that the rank of the task Jacobian is three. Then the vectors ω1,
ω2, . . ., ωn span a three-dimensional space, so the vectors ω′

1, ω
′
2, . . ., ω

′
n

in the decomposition (5.11)-(5.13) span a two-dimensional subspace or-
thogonal to ωr, thus the vectors ωr × ω′

i, with i = 1, 2, . . . , n also span a
two-dimensional subspace. This yields that the image space of the sec-
ond matrix in the decomposition (5.14) is two-dimensional, and since its
image is orthogonal to the first matrix, the image space of JS is three-
dimensional, thus rank JS = 3.

Suppose, that rank JS = 2. Then the vectors ω′
i, i = 1, 2, . . . , n span

a one-dimensional subspace orthogonal to ωr, thus the vectors ωr × ω′
i,

i = 1, 2, . . . , n also span a one-dimensional subspace. This yields that
the image space of the second matrix in the decomposition (5.14) is one-
dimensional, thus the image space of JS is two-dimensional, yielding
that rank JS = 2.

Theorem 11. Suppose that ωr is chosen such that ω⊥
r JΩ 6= 0. Then, if

rank JΩ = 2, then rankP⊥
r S = 1, i.e. the rank deficiency appears in the

linear motion on the surface of the sphere.

Proof. It has already been done in the second part of the proof of Theo-
rem 10.

So if for a spatial manipulator, the inverse orientation problem be-
comes singular, then its rank deficiency is one, because of Proposition
15, and if the task Jacobian is transformed to the spherical Jacobian,
then according to Theorem 11 this rank deficiency appears as a singu-
larity of the inverse position problem in the plane. However, singularity
of the inverse positioning problem can be regularized with the ideas
discussed in Chapter 4.
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Figure 5.2: An Euler wrist in a singular configuration

Example 4. Consider as an example the Euler wrist in Figure 5.2, with

the initial configuration as a singular configuration. The generators in

the home configuration given in the base frame K0 are

ω1 =
(
0 0 1

)⊤ (5.15)

ω2 =
(
1 0 0

)⊤
(5.16)

ω3 =
(
0 0 1

)⊤
. (5.17)

Supposing that the origin of the base frame is in the intersection of the

joint axes (denoted by a dashed arrow in Figure 5.2), the points on the

joint axes are q1 = q2 = q3 = 0, and the position and orientation of the

end effector frame is

g(0) =

(
I p(0)
0 1

)
(5.18)

with p(0) =
(
0 0 1

)⊤
, if the distance between the intersection point of

the joint axes and the point on the end effector (red point in Figure 5.2)

considered to be one. The matrix of rotational generators in the home

configuration is thus

JΩ =




0 1 0
0 0 0
1 0 1


 . (5.19)

This matrix is singular, thus rotation around the y-axis is not possible

in the current configuration.
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Let ωr := ω3 be the normal vector of the unit sphere in the spherical

representation, then the projector Pr is

Pr = ω3ω
⊤
3 =




0
0
1


( 0 0 1

)
=




0 0 0
0 0 0
0 0 1


 . (5.20)

The spherical Jacobian is

JS = PrJΩ + JΩ × ωr =




0 0 0
0 0 0
1 0 1


+




0 0 0
0 −1 0
0 0 0




=




0 0 0
0 −1 0
1 0 1


 . (5.21)

Since P⊥ = I − Pr is

P⊥ =




1 0 0
0 1 0
0 0 1


−




0 0 0
0 0 0
0 0 1


 =




1 0 0
0 1 0
0 0 0


 , (5.22)

the linear velocity generators of JS are the first two rows of JS (so the

plane tangent to the sphere is spanned by two vectors in the x− y plane,

denoted by v1 and v2 in Figure 5.3), and the rotational generator of JS
is its last row, it is the rotation around the z-axis, denoted by ωr in Fig-

ure 5.3. Figure 5.3 also shows the basis of the motion generators in the

classic representation denoted by ωx, ωy and ωz, and the basis of the

motion generators in the spherical representation denoted by v1, v2 and

ωr. The singular direction in the classis representation is the rotation

around the y-axis (red arrow in Figure 5.3), and the singular direction

in the spherical representation is translation about the x-axis (red vector

in Figure 5.3). The example shows that the singularity in the spherical

representation is in the space of linear motion generators.

Even if the spherical Jacobian is singular, regularization is only use-
ful for manipulators that have such joint configurations in which the
task Jacobian is not singular. If the task Jacobian is regular, then its
columns are linearly independent. However the second property of Ad
in Proposition 2 yields that if the generators of adjacent joints are lin-
early independent in a joint configuration, then they are linearly inde-
pendent in every joint configuration. So the inverse orientation problem
is well-defined only for manipulators whose adjacent joints are pairwise
linearly independent. In the remaining of the chapter it is supposed,
that the manipulators in question have pairwise independent adjacent
joints.
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Figure 5.3: An Euler wrist, with the basis of the motion generators in
the classic representation (ωx, ωy and ωz) and in the spherical represen-
tation (v1, v2 and ωr), the singular directions marked with red

5.2 Regularization of the spherical Jacobian

Consider the Euler wrist in Figure 5.2 as a prototypical example. Sup-
pose that ωr is chosen, such that the last joint axis is not perpendicular
to it, e.g. let ωr := ω3. Then the third joint axis can be considered the
one that is responsible for the rotation around the normal of the sphere
in the spherical representation, while the first two joint axes are the
ones responsible for the inverse positioning problem on the tangent of
the sphere. Since the adjacent joint axes are linearly independent, the
first two joints form a manipulator whose end effector moves on a sur-
face. In the special case of the Euler wrist, the first two joints make
up a manipulator, that is a universal joint (a two degrees-of-freedom
spherical joint), whose end effector moves on a sphere. By Theorem 11,
the singularity appears in this inverse positioning problem, that can be
regularized as it was already shown in Section 4.2.

Let the regularized spherical Jacobian be defined as follows.

Definition 19. The regularized spherical Jacobian is defined by

JS
reg = PrJΩ + JΩ × ωr + γP⊥

(
ω1 × r ω2 × r 0

)
, (5.23)

where r ∈ R3 and γ ∈ R.
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Definition 20. The vector r ∈ R3 for which (5.23) is regular is called
the regularization vector.

For manipulators with linearly independent adjacent joints, there
always exists a regularizable vector, as stated in the following Theorem.

Theorem 12. Suppose that the adjacent columns of JΩ are linearly in-

dependent, and ωr is chosen such that ωr := ω3. Then there always exists

r ∈ R3 and γ ∈ R, such that JS
reg defined by (5.23) is full rank.

Proof. Recall that

JS
reg = PrJΩ + JΩ × ωr + γP⊥

(
ω1 × r ω2×r 0

)
, (5.24)

so the third column of the matrix contains a nonzero vector in SΩ (since
ωr = ω3), thus only the first two columns need to be examined. So the
question is, if there exists r ∈ R3 and γ ∈ R, such that the vectors

v1
reg = P⊥ (ω1 × ωr + γω1 × r) , v2

reg = P⊥ (ω2 × ωr + γω2 × r)
(5.25)

are linearly independent. The vectors can be rearranged to

v1
reg = P⊥ (ω1 × (ωr + γr)) , v2

reg = P⊥ (ω2 × (ωr + γr)) (5.26)

that can be further simplified introducing the notation b := ωr + γr into

v1
reg = P⊥ (ω1 × b) , v2

reg = P⊥ (ω2 × b) . (5.27)

Examine the vectors before the projection, so let

v1
reg ′ = ω1 × b, v2

reg ′ = ω2 × b , (5.28)

these vectors are linearly independent if any only if v1 reg ′ × v2
reg ′ 6= 0,

so

v1
reg ′ × v2

reg ′ = (ω1 × b)× (ω2 × b) = (b× ω1)× (b× ω2) 6= 0 (5.29)

holds, that can be rearranged using the identity (x × y) × (x × z) =
x · (y × z)x into

v1
reg ′ × v2

reg ′ = b · (ω1 × ω2)b (5.30)

that is not zero if and only if b 6= 0 and b · (ω1 × ω2) 6= 0. Note that
ω1×ω2 6= 0, since the adjacent joint axes are linearly independent. If JS
is not singular, then choosing γr such that b 6= 0 is enough, since in this
case ωr · (ω1 × ω2) 6= 0.

Suppose, that JS is singular. In this case ω3 can be written as

ω3 = c1ω1 + c2ω2 (5.31)
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with c1 6= 0, since ω3 and ω2 are independent. Since ωr = ω3, the first
two columns of JΩ × ωr are

v1,S = ω1 × ωr = ω1 × (c1ω1 + c2ω2) = c2ω1 × ω2 (5.32)

v2,S = ω2 × ωr = ω2 × (c1ω1 + c2ω2) = −c1ω1 × ω2. (5.33)

c1 6= 0 yields that v2,S 6= 0, so for the manipulator composed of the first
two joints, the translational generator of the second joint is not zero, as
it was shown in Proposition 9. Let r := v2,S = −c1ω1 × ω2. Then (5.30)
becomes

v1
reg ′ × v2

reg ′ = (c1ω1 + c2ω2 − c1ω1 × ω2) · (ω1 × ω2)

(c1ω1 + c2ω2 − c1ω1 × ω2)

= −c1(c1ω1 + c2ω2 − c1ω1 × ω2) (5.34)

that is not zero, since c1 6= 0, and ω1, ω2 and ω1 × ω2 are linearly inde-
pendent. So the vectors before the projection are linearly independent.
It still has to be shown, that they remain linearly independent after ap-
plying the projection P⊥. Since the second column contains v2,S 6= 0 that
is in SV , it is enough to show that the vector ω1 × r = ω1 × v2,S in the
first column is in SV (it is enough, since it is orthogonal to v2,S). Using
that v2,S = ω2 × ωr and the identity x× (y × z) = y(x · z)− z(x · y)

ω1 × (ω2 × ωr) = ω2(ω1 · ωr)− ωr(ω1 · ω2), (5.35)

where ω1 · ωr = c1 6= 0, so it has a component parallel to ω2, that is
independent of ωr, so it has a component in SV , and it is independent of
v2,S = −c1ω1 × ω2.

If JS is rank deficient, then rank(JΩ × r) = 1, and the regularization
vector is in the image space of JΩ × r. The second column of JΩ × r
after normalization is always a good choice for regularization, as it was
shown in the previous proof.

5.3 The singular values of the regularized spher-
ical Jacobian

Theorem 13. Suppose, that JS
reg is regular for some γ ∈ R and r ∈ R3.

Then for the largest and smallest singular values of JS
reg

σ(JS
reg) ≤ 3

√
2 + γ2 (5.36)

σ(JS
reg) ≥ | det JS reg |

9(2 + γ2)
. (5.37)
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Proof. Since the columns of JΩ, JΩ × ωr and JΩ × r are unit vectors,
the length of the columns of JS reg are no longer than

√
2 + γ2, thus for

the absolute value of the elements of the matrix JS
reg it is true that

they are not greater than this limit. So, for the induced one-norm and
infinity-norm of the matrix

‖JS reg‖1 ≤ 3
√
2 + γ2 (5.38)

‖JS reg‖∞ ≤ 3
√
2 + γ2 (5.39)

and since σ(A) ≤ (‖A‖1‖A‖∞)1/2, for the largest singular value of the
matrix

σ(JS
reg) ≤ 3

√
2 + γ2 (5.40)

holds.
Since JS

reg is a 3× 3 matrix, it has three singular values, σ(JS reg) ≥
σ̃(JS

reg) ≥ σ(JS
reg), and since

| det JS reg | = σ(JS
reg)σ̃(JS

reg)σ(JS
reg) ≤ (σ(JS

reg))2σ(JS
reg), (5.41)

so for the smallest singular value

σ(JS
reg) ≥ | det JS reg |

(σ(JS reg))2
≥ | det JS reg |

9(2 + γ2)
. (5.42)

Example 5. Consider the example in Figure 5.3, with the geometrical

parameters given in Example 4. Recall, that the spherical Jacobian is

JS =




0 0 0
0 −1 0
1 0 1


 , (5.43)

and the task Jacobian is

JΩ =




0 1 0
0 0 0
1 0 1


 , (5.44)

and ωr is the third column of the task Jacobian. The regularized Jaco-

bian is

JS
reg = JS + P⊥

(
ω1 × r ω2 × r 0

)
. (5.45)

Let r be the second column of JS , i.e. r = (0,−1, 0)⊤, then second term on

the right-hand side of (5.45) is

P⊥
(
ω1 × r ω2 × r 0

)
=




1 0 0
0 0 0
0 0 0


 , (5.46)
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so the regularized Jacobian is

JS
reg =




γ 0 0
0 −1 0
1 0 1


 (5.47)

So the movement in the singular direction (1, 0, 0)⊤ is generated by
moving the first joint, however, this implies rotation around ωr, since
the first column of JS reg has a component is SΩ. This can be eliminated
by moving the third joint the same amount in the opposite direction,
since it also has a generator in SΩ, and it has the same size and direction
as the one in the first column. So the movement in the singular direction
starts by rotating the first joint and the third joint in opposite direction
that is the natural movement in this case. After the appropriate amount
of rotation, movement in the singular direction becomes possible. The
direction of rotation depends on the choice of the sign of γ.



6

INCORPORATING JOINT
CONSTRAINTS INTO THE
DIFFERENTIAL INVERSE

KINEMATICS ALGORITHM

The differential inverse kinematics algorithm is a local algorithm in
which the joint derivatives needed for the desired end effector motion
are calculated locally, and the joint variables are acquired through inte-
gration, i.e.

θ(t) =

t∫

0

(J(θ(t′))−1ẋd(t
′))dt′ + θ(0), (6.1)

where J(θ(t)) is the analytical Jacobian in the joint configuration θ(t),
ẋd(t) is the desired end effector velocity in the time instant t, while θ(0)
is the initial joint configuraiton. In practice, the time is usually dis-
cretized, and the integration is solved with numerical integration (typ-
ically using the explicit Euler method), as it was already discussed in
Section 2.5. This algorithm however can not handle joint limits explic-
itly; the domain of the individual joint variables on which the differen-
tial inverse kinematics algorithm works is the whole real line.

6.1 The constrained Jacobian

In this chapter a nonlinear joint transformation is introduced in order
to redefine the kinematic mapping on the domain constrained by the
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Figure 6.1: A possible candidate for constraint function αi, θi is the real
joint variable, zi is the fictitious joint variable, θLi and θUi are the lower
and upper limits for the joint variable respectively

joint limits [DH12a]. The joint variables are transformed to the ficti-
tious joint variables using a function that is continuously differentiable
and strictly monotonously increasing on the open interval defined by
the limits of the original joint variables. For the ith joint, let the joint
variable be denoted by θi, its upper and lower limit respectively by θUi
and θLi , the transformed joint variable by zi, and the function with the
previously defined properties by αi, i.e.

zi = αi (θi) . (6.2)

Definition 21. The constraint function of the ith joint is a function with
its support being the open interval defined by the lower and upper limits
of the ith joint, and being continuously differentiable and invertible.

A possible candidate for a constraint function can be seen in Figure
6.1. The constraint function thus maps the real joint variable to the
fictitious joint variable. Since αi is invertible, its inverse exists. Denote
the inverse of the constraint function by βi, so

θi = βi (zi) = α−1
i (zi) . (6.3)

Definition 22. The inverse constraint function of the ith joint is a func-
tion βi = α−1

i , with its support being in the whole real line, but its do-
main being in the open interval defined by the lower and upper limit of
the ith joint, being continuously differentiable and invertible.

A possible candidate for the inverse constraint function can be seen
on Figure 6.2.

The main point of the introduced methodology is that writing the
kinematic equations using the fictitious joint variables, and doing the
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Figure 6.2: A possible candidate for the inverse constraint function βi,
θi is the real joint variable, zi is the fictitious joint variable, θLi and θUi
are the lower and upper limits for the joint variable respectively

integration in the fictitious joint space, and finally transforming the
variables to the real joint variables using the βi functions, guarantees
that the joint limits are not exceeded.

But how should the differential inverse kinematics algorithm be
modified to take into account that the joint variables have been trans-
formed? In order to acquire the modified algorithm, the forward kine-
matics map is described in the transformed joint variables, and the spa-
tial manipulator Jacobian is derived.

The forward kinematics map for a manipulator with n joints in terms
of the fictitious joint variables is

g(z1, z2, . . . , zn) = eβ1(z1)ξ̂1eβ2(z2)ξ̂2 . . . eβn(zn)ξ̂ng(0) (6.4)

with the ξ̂i generators and the g(0) position and orientation of the end
effector frame being defined in the home configuration in the spatial
frame.

The spatial velocity of the end effector due to the motion of joint i is
defined by [67, p. 58.]

Vi(z(t)) = ∂zig(z(t))żi(t)g
−1(z(t)). (6.5)

So the total end effector velocity is described by
(

ve(z(t))
ωe(z(t))

)
=

n∑

i=1

Vi(z(t)) =
n∑

i=1

∂zig(z(t))żi(t)g
−1(z(t)). (6.6)

The derivative of the forward kinematics mapping with respect to zi is

∂zig(z) = eβ1(z1)ξ̂1 . . . eβi−1(zi−1)ξ̂i−1 ·
·∂ziβi(zi)ξ̂ieβi(zi)ξ̂i . . . eβn(zn)ξ̂ng(0) (6.7)
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and since

g−1(z) = g−1(0)e−βn(zn)ξ̂n . . . e−β2(z2)ξ̂2e−β1(z1)ξ̂1 (6.8)

the velocity vector according to (6.5) is

Vi(z(t)) = ∂ziβi(zi(t))e
β1(z1(t))ξ̂1 . . . eβi−1(zi−1(t))ξ̂i−1 ·

·ξ̂ie−βi−1(zi−1(t))ξ̂i−1 . . . e−β1(z1(t))ξ̂1 żi(t) (6.9)

Substituting βi(zi) = θi, this can be reformulated as

Vi(z(t)) = ∂ziβi(zi(t))e
ξ̂1θ1(t) . . . eξ̂i−1θi−1(t)ξ̂ie

−ξ̂i−1θi−1(t) . . . e−ξ̂1θ1(t)żi(t)
(6.10)

and using the (2.38) definition of Ad it can be written as

Vi(z(t)) = ∂ziβi(zi(t))Adexp(ξ̂1θ1(t)) exp(ξ̂2θ2(t))... exp(ξ̂i−1θi−1(t))
ξ̂i

︸ ︷︷ ︸
ξsi (θ(t))

żi(t). (6.11)

According to (2.51), the middle term on the right-hand side of (6.11) is
the ith column of the spatial manipulator Jacobian in the joint config-
uration θ(t), denote it by ξsi (θ(t)). Then the total end effector velocity
is (

ve(z(t))
ωe(z(t))

)
=

n∑

i=1

∂ziβi(zi)ξ
s
i (θ(t))żi(t), (6.12)

that can be rearranged into a matrix form to get
(

ve(z(t))
ωe(z(t))

)
= Js(θ(t))dβ(z(t))ż(t), (6.13)

where ż(t) is the vector of the fictitious joint variable derivatives with
żi(t) in the ith row, and the dβ(z) diagonal matrix is defined as

dβ(z) :=




∂z1β1(z1) 0 . . . 0
0 ∂z2β2(z2) . . . 0
...

...
. . .

...
0 0 . . . ∂znβn(zn)


 . (6.14)

Definition 23. The Jacobian Jc(z) = Js(β(z))dβ(z) is called the con-
strained Jacobian.

Applying the action point transformation to the end effector point
p(θ) on Jc(z) results in

Je
c (z) = Ad(I,−p) J

s(β(z))dβ(z) = Je(β(z))dβ(z). (6.15)

Definition 24. The Jacobian Je
c (z) = Je(β(z))dβ(z) is called the con-

strained end effector Jacobian.
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6.2 The differential inverse kinematics algorithm
for redundant manipulators

The solution of the differential inverse kinematics requires the inver-
sion of the Jacobian matrix (6.1). If the manipulator is kinematically
redundant, i.e. it has more joints than the maximal dimension of the im-
age space of the Jacobian, then the manipulator Jacobian is not square,
and a generalized inverse is used. The most typical generalized in-
verse is the Moore–Penrose pseudoinverse. Using the Moore–Penrose
pseudoinverse results in the least Euclidean norm joint velocity vec-
tors required for the end effector motion. However, if the kinematics is
expressed in the transformed joint variables, the Moore–Penrose pseu-
doinverse of the constrained Jacobian does not yield a solution that has
the least Euclidean norm of the original joint variable derivatives.

This section issues the pseudoinverse of the constrained end effector
Jacobian that results in the least Euclidean norm joint velocity vector.
The vectors θ̇ and ż are notations for the derivatives of the functions
θ(t) and z(t), however for the sake of simplicity, the t arguments will be
omitted.

Note that the relationship between the original joint variable deriva-
tives and the transformed joint variable derivatives can be acquired
from (6.3) using the chain rule:

θ̇i = ∂tβ(z) = ∂ziβi(zi)żi, (6.16)

so for the joint velocity vector

θ̇ = dβ(z)ż (6.17)

holds.

Theorem 14. The joint velocity vector θ̇ = dβ(z)ż is locally the mini-

mal Euclidean norm solution of the differential inverse kinematics algo-

rithm, if ż is calculated as

ż = dβ−1(z)(Je(β(z)))#ẋd, (6.18)

provided that dβ−1(z) exists, where ẋd is the current desired end effector

velocity, and (Je)# is the Moore–Penrose pseudoinverse of the end effector

Jacobian defined by

(Je)# = (Je)⊤
(
Je(Je)⊤

)−1
. (6.19)

Proof. The minimal Euclidean norm solution θ̇ can be acquired using
the Lagrange multipliers as the solution of the following optimization
problem:

min
〈
θ̇, θ̇
〉

(6.20)
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subject to

θ̇ = dβ(z)ż (6.21)

ẋd = Je
c ż. (6.22)

Substituting (6.21) into the cost function (6.20) results in the new cost
function

〈dβ(z)ż, dβ(z)ż〉 =
〈
dβ(z)2ż, ż

〉
, (6.23)

where the fact that dβ(z) is real and diagonal (thus symmetric) has been
used. Finding the minimum of the new cost function (6.23) subject to the
constraints (6.21) and (6.22) is equivalent to minimizing the Lagrangian

L =
〈
dβ2(z)ż, ż

〉
+ 〈λ, Je

c ż − ẋd〉 , (6.24)

with λ being the Lagrange multiplier. At the minimum of (6.24), the
derivatives of L with respect to ż and λ are zero, i.e.

∂żL = 2dβ2(z)ż + (Je
c )

⊤λ = 0 (6.25)

∂λL = Je
c ż − ẋd = 0. (6.26)

Expressing ż from (6.25) yields

ż = −1

2
dβ−2(z)(Je

c )
⊤λ (6.27)

provided that dβ−1(z) exists. Note that dβ−2(z) = (dβ(z)−1)2. Substitut-
ing (6.27) into (6.26) and solving for λ yields

λ = −2
(
Je
c dβ

−2(z)(Je
c )

⊤
)−1

ẋd. (6.28)

Substituting (6.28) back into (6.27) results in

ż = dβ−2(z)(Je
c )

⊤
(
Je
c dβ

−2(z)(Je
c )

⊤
)−1

ẋd, (6.29)

thus the generalized inverse for Je
c that minimizes the cost function

(6.23) is

(Je
c )

# = dβ−2(z)(Je
c )

⊤
(
Je
c dβ

−2(z)(Je
c )

⊤
)−1

. (6.30)

Using the relationship between Je
c and Je given by Definition 24, this

expression becomes

(Je
c )

# = dβ−1(z)(Je)#, (6.31)

where (Je)# is the Moore–Penrose pseudoinverse of the end effector Ja-
cobian.
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Calculate the 

Jacobian

geometrical (design)

parameters of the manipulator

reference 

path

joint variables

Figure 6.3: The differential inverse kinematics algorithm with joint con-
straints, the joint transformation is only done before the integration, θ,
θ̇, z, ż and ẋ are all functions of time, and integration is done with re-
spect to time

For redundant manipulators, in the original joint space, the joint
velocity is calculated as θ̇ = (Je)#ẋd, so in the transformed joint space,
the optimal ż vector can be written as

ż = dβ−1(z)(Je(β(z)))#ẋd = dβ−1(z)θ̇. (6.32)

For nonredundant manipulators, with invertible Je, the joint derivative
vector is calculated as

θ̇ = (Je)−1ẋd, (6.33)

while the ż transformed variable derivative vector is

ż = (Je
c )

−1ẋd = dβ(z)−1(Je)−1ẋd = dβ(z)−1ẋd. (6.34)

In both cases, the use of the constrained end effector Jacobian can
be avoided, the local calculations can be done in the original joint space,
and the transformation to the new variables is only needed before the
integration. So the differential inverse kinematics algorithm handling
joint limits can be done according to the block diagram in Figure 6.3.

6.3 Constrained singularities

Suppose that the constraint function is strictly monotonously increas-
ing, as in Figure 6.1. Then its inverse is also strictly monotonously
increasing (like in Figure 6.2), thus its derivative, dβ is always posi-
tive. Moreover, since the inverse constraint function tends to a constant
value both at plus and minus infinity, its derivative tends to zero at plus
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and minus infinity. So if αi is a strictly increasing constraint function,
then dβi(zi) ≥ 0 for all zi ∈ R and

lim
zi→±∞

dβi(zi) = 0 (6.35)

where dβi(zi) := ∂ziβi(zi). However, if θi → θLi , then zi → −∞, while
if θi → θUi , then zi → +∞. so if the joint variable is near a limit, then
dβi(zi) → 0. This yields that the ith joint is turned off in the differential
inverse kinematics algorithm, since the ith column of the constrained
end effector Jacobian was multiplied by zero according to (6.15). This
is advantageous in the sense that near a joint limit, no more joint mo-
tion is generated, so the joint can not step across its limit, moreover,
as it tends to the limit, it slows down, since the multiplier dβi tends
to zero. This guarantees that the real joint variables stay between the
joint limits.

However, if dβi(zi) is zero for any i ∈ {1, 2, . . . , n}, then dβ(z) is not
invertible, thus the algorithm in Section 6.2 is not applicable. Such a
situation is called a constrained singularity. This section addresses the
problem of finding dβ(z)−1 if any joint variables are close to their limits.

Two different methods are analyzed. The first one is inversion using
Singular Value Decomposition (SVD), the second is inversion using the
Damped Least Squares (DLS) pseudoinverse. Since dβ is a diagonal ma-
trix with nonnegative entries if the constraint functions of all joints are
increasing, its singularity robust inverse based on SVD can be written
explicitly, resulting in zero motion for joints being at their limits. The
DLS inverse gives an explicit expression for the pseudoinvese depend-
ing on the damping factor λ, that results in a multiplier of 1/λ for the
velocities of the joints at the joint limit (unlike the SVD-based method,
that gives a zero multiplier).

The SVD of an n× n matrix A is

A = UΣV ⊤ (6.36)

where U and V are orthogonal matrices, and Σ is a diagonal matrix,
with the singular values in its diagonal in decreasing order, i.e.

Σ =




σ1(A) 0 . . . 0
0 σ2(A) . . . 0
...

...
. . .

...
0 0 . . . σn(A)


 (6.37)

with σ1(A) ≥ σ2(A) ≥ . . . ≥ σn(A) ≥ 0. The SVD-based inverse is defined
as

A#
SV D = V Σ̃U⊤, (6.38)
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where Σ̃ is a diagonal matrix, with its elements being the inverses of
the singular values, if the singular values are not less than a limit λ1:

[
Σ̃
]
i,i

=





1

σi
if σi ≥ λ1

0 if σi < λ1.
(6.39)

So the effect of the singular values lower than the threshold λ1 is zero
in the SVD-based inverse. Since dβ is diagonal, and its elements are
nonnegative, in its singular value decomposition

dβ = UΣV ⊤ (6.40)

the matrix Σ is a diagonal matrix with the elements of dβ in decreas-
ing order, while the pair U and V ⊤ define the permutation giving the
connection between the decreasing and original order of the diagonal
elements of dβ. The SVD-based inverse

dβ#
SV D = V Σ̃U⊤ (6.41)

is the permutation of the inverses of the singular values (over the thresh-
old λ1) back into the original order, i.e.

[
dβ#

SV D

]
i,i

=





1

dβi
if dβi ≥ λ1

0 if dβi < λ1

(6.42)

So if the SVD-based inverse is used, the joint velocities corresponding to
dβi < λ1 values are multiplied by zero in the differential inverse kine-
matics algorithm, so the algorithm generates no motion for these joints.
However, motion may be advantageous, if it is done inside the domain of
the joint variable, but this motion will not be generated because the cor-
responding joint velocity multiplier is zero. This problem is addressed
in Section 6.4.

Another approach to invert the ill-conditioned dβ matrix is the DLS
method, with which

dβ#
DLS = (dβ + λ2I)

−1 , (6.43)

where λ2 is the damping factor, and I is the n × n identity matrix. If
a joint limit is approached, then the corresponding diagonal element in
the damped pseudoinverse of the matrix dβ is upper bounded by a term
depending on the damping factor λ2 as

sup
zi

(
1

dβi(zi) + λ2

)
=

1

λ2
(6.44)

provided that dβi is nonnegative, i.e. the constraint function for joint i is
increasing. If this pseudoinverse is used in the differential inverse kine-
matics algorithm in Figure 6.3, the velocity of the joint at its limit will
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not be multiplied by zero, but with a number not greater than 1/λ2. This
means that there are always motions in the transformed joint space,
however these may result in very small motions in the real joint space,
if the joint is at its limit. However, this gives the opportunity to leave
the joint limit, unlike in the case if the SVD-based method is used.

6.4 Regaining manipulability at joint limits

If a joint limit is approached, then the dβ matrix becomes singular. Such
a situation was called a constrained singularity in Section 6.3, where
two different approaches to invert the ill-conditioned dβ matrix were
discussed. However, even if the pseudoinverse of the matrix can be cal-
culated, the motion of the joint at the joint limit is still turned off (if
SVD-based inversion is used) or limited to relatively slow motion (if the
DLS method is used).

Since the dβ matrix becomes singular, and the constrained end effec-
tor Jacobian is defined as Je

c = Jedβ, the constrained end effector Jaco-
bian also becomes singular, even if Je was full rank. This implies, that
the dimension of the nullspace of Je

c increases due to the constrained
singularity. However, this nullspace can be utilized to move the joint
away from the limit, if necessary.

Suppose, that the ith joint is at its limit, and the ith coordinate of
the joint velocity θ̇ = (Je)#ẋ describes joint motion that would drive the
joint away from the limit in the feasible direction (negative velocity if
the joint is at its upper limit, and positive velocity, if the joint is at its
lower limit). Suppose, that the SVD-based inversion is used to get the
pseudoinverse of dβ. Since ż = dβ#

SV Dθ̇, the ith coordinate will be multi-
plied by zero, so the ith joint will not move, even if it should move in the
feasible direction in order to achieve the desired end effector velocity.

Motion in the feasible direction can be achieved even if the joint is at
its limit, by utilizing the nullspace of the constrained end effector Jaco-
bian arising because of the constrained singularity. Let the augmented
projector associated to Je

c be

JA
c = I − (Je

c )
#Je

c . (6.45)

Let the secondary task velocity, describing joint motion in the feasible
direction be

[y]i =





µU θ̇i if ‖θi − θUi ‖ < ǫ and θ̇i < 0

µLθ̇i if ‖θi − θLi ‖ < ǫ and θ̇i > 0
0 else

(6.46)

where ǫ is an appropriately chosen positive threshold, µU , µL are posi-
tive constants and θUi and θLi is the upper and lower limit of the ith joint
variable respectively.
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The derivative of the transformed joint variables becomes

ż = (Je
c )

−1ẋ+ JA
c y. (6.47)

that can be rearranged to get

ż = dβ#θ̇ + JA
c y. (6.48)

Suppose that the end effector Jacobian is full rank, and that the
SVD-based pseudoinverse is used to calculate the inverse of dβ. Then
the augmented Jacobian is

JA
c = I − (Je

c )
#Je

c = I − dβ#
SV D(J

e)#Jedβ = I − dβSV Ddβ. (6.49)

Note that if the ith joint is at its limit, then the ith diagonal element of
dβ#

SV D is zero, so the ith diagonal element of JA
c is one. Moreover, JA

c is
a diagonal matrix. Suppose, that if the joint variable is close to its limit
(it is in ǫ distance, where ǫ is the positive threshold from (6.46)), then
the corresponding diagonal element in dβ is approximately zero. Then
the ith element of the vector JA

c y is θ̇i, if the ith joint is close to the
joint limit (in ǫ distance), and it is moving in the feasible direction, and
zero otherwise. So JA

c y ≈ y if the inverse of dβ is calculated using SVD.
Thus the calculation of the derivative of the transformed joint variables
simplifies to

ż = dβ#
SV Dθ̇ + y. (6.50)

6.5 Example of a constraint function

Consider a robot arm with n joints, and with the joints’ upper and lower
limits given as the constants θUi and θLi respectively, with i = 1, 2, . . . , n.
First, normalize the joint variables into the [−π/2, π/2] domain with the
transformation

θ̄i =
2θi − θUi − θLi
2(θUi − θLi )

π. (6.51)

Let the ith constraint function be

αi(θ̄i) = tan(θ̄i) (6.52)

that maps from [−π/2, π/2] to (−∞,∞), it is strictly monotonously in-
creasing, and continuously differentiable, so it satisfies the criterions
of a constraint function given in Definition 21. The constraint function
as the function of the θi joint variable is acquired by substituting (6.51)
into the tan function resulting in

αi(θi) = tan

(
2θi − θUi − θLi
2(θUi − θLi )

π

)
, (6.53)
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thus the transformed joint variable is

zi = αi(θi) = tan

(
2θi − θUi − θLi
2(θUi − θLi )

π

)
. (6.54)

The inverse constraint function is

βi(zi) = α−1
i (zi) =

θUi − θLi
π

tan−1(zi) +
θUi + θLi

2
. (6.55)

The differential of the inverse function βi with respect to zi at zi is

∂ziβi(zi) =
θUi − θLi

π

1

1 + z2i
. (6.56)

Note that (6.56) indeed tends to zero if zi → ±∞.



7

APPLICATIONS AND
GENERALIZATIONS OF THE

RESULTS

The results of the dissertation covered two different problems of the
differential inverse kinematics algorithms: regularization of the task
Jacobian, and incorporating joint constraints into the algorithm. Note
that since the regularization acts by transforming the image space of
the differential mapping (defined by the task Jacobian), while joint con-
straint incorporation is done by transforming the domain of the differen-
tial mapping, they can be applied together without having cross-effects.
Chapter 6, Section 6.2 showed that the joint constraints can be taken
into consideration by first calculating locally the desired θ̇ joint veloci-
ties, that can be done with any method, including the usage of the regu-
larized Jacobian, then transforming the result to the transformed joint
space velocities as

ż = dβ(z)−1θ̇, (7.1)

integrating in the transformed joint space, and then transforming the
result back to the real joint space using

θ = β(z). (7.2)

Thus the joint constraint incorporation algorithm works independently
of how the joint derivatives are calculated.

However, the regularization of the task Jacobian was only discussed
separately for the inverse position and inverse orientation problem, and
redundant architectures were not considered. Section 7.1 analyzes the
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application of the regularization method for redundant arms, though
still independently for the inverse positioning and inverse orientation
problem, while Section 7.2 discusses the unification of the regulariza-
tion algorithm for the positioning and orientation tasks.

7.1 Regularized Jacobian for redundant arms

Suppose that a planar manipulator has n joints with n > 2, and the
problem to be solved is the inverse positioning in a plane. Let L be the
plane perpendicular to the joint axes of the manipulator. Then the task
Jacobian Je

L can be regularized using the same method that was given in
Section 4.1. Choose two arbitrary joint axes of the planar arm (this can
be done, since n > 2), and determine the regularization vector r ∈ R3

and the constant γ ∈ R, for which the task Jacobian of the planar arm
with the selected two joints is regular (it can be done due to Theorem
1). Then, using these parameters, the regularized task Jacobian for the
redundant arm is

J reg
L = (Ad(I,−γr) J

e)L

=
(
v1 + γω1 × r v2 + γω2 × r . . . vn + γωn × r

)
L
. (7.3)

Note that this Jacobian is a 2 × n matrix, and it has two independent
columns, since γr was defined such that two chosen columns become
independent, thus the regularized task Jacobian is full rank.

Suppose now that a spatial manipulator has n joints with n > 3, and
the problem to be solved is the inverse positioning in the space. Let the
columns of the end effector Jacobian be ξe1, ξ

e
2, . . . , ξ

e
n. Choose three joints

with the generators ξei1 , ξ
e
i2
, ξei3 such that these generators are linearly

independent, the joint axes are not all parallel, and they do not intersect
in a point, and the fictitious manipulator with these three joints has
either Q 6= 0 or dim span{(ξei1)V , (ξei2)V , (ξei3)V } = 1. Then according to
Theorem 8, there exists r ∈ R3 and γ ∈ R such that the task Jacobian
of the manipulator with these three joints is regular. Determine this
γ and r, and then calculate the regularized Jacobian for the redundant
arm as

J reg
V = (Ad(I,−γr) J

e)V

=
(
v1 + γω1 × r v2 + γω2 × r . . . vn + γωn × r

)
. (7.4)

Since this is a 3 × n matrix, and it has three independent columns (the
i1th, i2th and i3th columns) by construction, it is full rank.

Suppose that a spatial manipulator has n joints with n > 3, and the
problem to be solved is the inverse orientation. Let 1 ≤ i1 < i2 < n
be three indices of joints such that ωi1 , ωi2 , are linearly independent,
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and ωi2 and ωn are also linearly independent. Calculate the spherical
Jacobian of the fictitious manipulator with joint axes ωi1 , ωi2 and ωn

(with ωr = ωn), then determine γ ∈ R and r ∈ R3 for which the spherical
Jacobian is regular, that can be done because of Theorem 12. Then
calculate the spherical Jacobian for the redundant arm as

JS = ωnω
⊤
n JΩ + JΩ × ωn, (7.5)

and the regularized spherical Jacobian as

JS
reg = JS + γ

(
I − ωnω

⊤
n

) (
ω1 × r ω2 × r . . . ωn−1 × r 0

)
. (7.6)

Since this is a 3×n matrix, and the columns with indices i1, i2 and n are
linearly independent by the construction, the matrix JS

reg is full rank.

7.2 Regularization of the end effector Jacobian

Until now, regularization of the differential inverse positioning and in-
verse orientation problem was discussed separately, by regularizing the
corresponding task Jacobians. In this section, the regularization of the
end effector Jacobian is discussed. Recall, that the end effector Jacobian
of a robot arm with n joints is composed as

Je =

(
ve1 ve2 . . . ven
ωe
1 ωe

2 . . . ωe
n

)
. (7.7)

The regularization of the inverse positioning task is straightforward,
only the submatrix composed of the vectors ve1, v

e
2, . . . , v

e
n have to be reg-

ularized. However, the regularization of the inverse orientation task is
not so straightforward, since the rotational generators in Je are in the
classic representation. In order to regularize the inverse orientation
task, the generators have to be transformed into the spherical repre-
sentation. Let ωr := ωn, and JS be the matrix defined by (7.5), and Je

V

be the matrix composed of the vectors ve1, v
e
2, . . . , v

e
n. Then the modified

end effector Jacobian is

J̃e =

(
Je
V

JS

)
, (7.8)

so its rotational generators are in the spherical representation. Note
that the appropriate part of the task velocity also has to be transformed
to the spherical representation. Let ẋd denote the task velocity, with
(ẋd)V denoting the desired linear velocity, and (ẋd)Ω denoting the de-
sired angular velocity (being in the classic representation, thus this
part needs to be transformed to the spherical representation). Then
the transformed task velocity is

(̃ẋd) =

(
(ẋd)V

ωnω
⊤
n (ẋd)Ω + (ẋd)Ω × ωr

)
. (7.9)
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Now, the regularized end effector Jacobian can be defined as

J̃e,reg =

(
JV

reg

JS
reg

)
, (7.10)

with JV
reg being defined as

JV
reg = (Ad(I,−γV rV ) J

e)V (7.11)

and JS
reg being defined as

JS
reg = JS + γΩ

(
I − ωnω

⊤
n

) (
ω1 × rΩ ω2 × rΩ . . . ωn−1 × rΩ 0

)
.

(7.12)
Note that the regularization vectors rV and rΩ are independent of each
other, and so are the constants γV and γΩ. Using these definitions, the
joint velocity needed for the desired end effector velocity ẋd can be cal-
culated as

θ̇ = (J̃e,reg)#(̃ẋd) (7.13)

where # denotes the Moore–Penrose pseudoinverse of the matrix.
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THESES

Thesis Group 1 (Chapter 3)

I provided new properties of the ad and Ad operators related to the nested

Lie brackets of motion generators and their exponential mappings, and

the properties of the generators of adjacent robot joints. I provided the

action point transformation to determine the velocity generator of an ar-

bitrary point of the rigid body and the end effector Jacobian describing

the velocity generators of the end effector frame.

Publications related to the theses are: [DH09], [DH12b], [DH11],
[DH13], [DH14], [HD09].

Thesis 1.1

I proved that the multiple action of the ad operator in se(3) is

i, adix y = 0, for i > 1 if xΩ = 0.

ii,

adix y =





adx y if i mod 4 = 1
ad2x y if i mod 4 = 2
− adx y if i mod 4 = 3
− ad2x y if i mod 4 = 0

and ad0x y = y, if xΩ 6= 0.

I proved that the Ad operator has the following properties:

i, ∀ξ1 ∈ se(3) and ∀t ∈ R, Ad
eξ̂1t

ξ1 = ξ1.

101
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ii, If ξ1, ξ2 ∈ se(3) are linearly independent, then ∀t ∈ R, ξ1 and Ad
eξ̂1t

ξ2
are also linearly independent.

iii, ∀ξ1, ξ2 ∈ se(3) and ∀t ∈ R,
[
ξ1,Adeξ̂1t ξ2

]
= Ad

eξ̂1t
[ξ1, ξ2].

iv, If eξ̂t is a pure translation, i.e. ξΩ = 0, then Ad
eξ̂t

ξ0 = ξ0 + t adξ ξ0.

I proved that if the transformation g ∈ SE(3) is not a pure trans-
lation, then Ad can be calculated with a closed formula similar to the
Rodrigues formula: if ξ1,Ω 6= 0, then Ad

eξ̂1θ1
ξ2 can be written in the

following closed form:

Ad
eξ̂1θ1

ξ2 = ξ2 + sin (θ1) [ξ1, ξ2] + (1− cos (θ1)) [ξ1, [ξ1, ξ2]] .

The Lie algebra se(3) has two linearly independent invariant (under
coordinate transformations) bilinear forms: the Killing form and the
reciprocal product. The Killing form of two motion generators is

κ(ξ1, ξ2) = −1

2
〈ω1, ω2〉 ,

while the reciprocal product of two motion generators is

ξ1 ⊙ ξ2 = 〈ω1, v2〉+ 〈ω2, v1〉 .

I proved that the Killing form and the reciprocal product of adjacent
joints are invariant of the joint configuration.

Thesis 1.2

I introduced the action point transformation, with which one can specify
the point whose linear velocity is of particular interest, and after the
application of the action point transformation on the generator ξi, its vi
component will describe the infinitesimal translation of the new point
instead of the origin of the base frame. Let p be the point of interest, I
proved that the application of the action point transformation on ξi =
(ωi, vi) can be calculated as follows:

(
v′i
ω′
i

)
= Ad(I,−p)

(
vi
ωi

)
=

(
vi + ωi × p

ωi

)
.

Thesis 1.3

I defined the end effector Jacobian, whose columns are motion genera-
tors that define the infinitesimal motion of the end effector frame de-
scribed in the base frame. I proved, that the end effector Jacobian can
be calculated as

Je(θ) = Ad(I,−p(θ)) J
s(θ) (8.1)
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or
Je(θ) = Ad(R(θ),0) J

b(θ), (8.2)

where p(θ) is the position of the origin of the end effector frame given
in the base frame, while R(θ) is the transformation between the base
frame and the end effector frame (the orientation of the end effector
frame), both in the joint configuration θ. I proved, that the ranks of the
Jacobians Je, Js and Jb are identical in every joint configuration.

Thesis Group 2 (Chapter 4)

I provided a method to regularize the differential inverse positioning

problem using the action point transformation. I generalized the reg-

ularization method for the spatial inverse positioning problem for ma-

nipulators with arbitrary degrees-of-freedom. I provided sufficient and

necessary condition for regularizability in the general case, and for three

degrees-of-freedom manipulators I provided bounds on the singular val-

ues and a closed formula for the determinant of the regularized Jacobian

using the Lie brackets of the generators.

Publications related to the theses are: [DH13], [DH12b], [DH11].

Thesis 2.1

I proved, that the inverse positioning problem can always be regularized
in the plane. I justified, that a suitable choice of the regularization
vector is the linear velocity generator of the second joint. I proved, that
the singular values of the regularized task Jacobian are bounded as
follows:

σ(J reg) ≤ 2
√
(l1 + l2)2 + γ2

σ(J reg) ≥ | det J reg
SV

|
2
√
(l1 + l2)2 + γ2

with l1 and l2 being the lengths of the segments of the manipulator and
det J reg being the determinant of the regularized Jacobian. I justified,
that motion in singular direction gets rescaled, when the regularized
Jacobian is used, however, motion in regular direction is unaffected. I
also analyzed the effect of regularization in the configuration space of
the planar manipulator.

Thesis 2.2

I proved, that the inverse positioning problem of manipulators moving
on a surface (i.e. two joint manipulators with joint axes not parallel)
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can always be regularized. I justified, that the regularization vector can
be chosen as the linear velocity generator of the last joint. I also proved,
that the singular values of the regularized task Jacobian are bounded
the same way as in the planar case.

Thesis 2.3

I proved, that if joint axes of the manipulator are not all parallel, or
does not intersect each other in a point, or the end effector point is not
on the last joint axis, then a sufficient and necessary condition for regu-
larizability of the task Jacobian is that the end effector Jacobian is full
rank.

I proved, that the regularization vector has to be in the range space
of the task Jacobian, that is useful for its construction. I provided closed
form expression on the determinant of the regularized Jacobian using
the Lie brackets of the motion generators, and I proved, that the singu-
lar values of the regularized Jacobian are bounded as follows:

σ(J reg) ≤ 3
√
L2 + γ2

σ(J reg) ≥ | det J reg |
9(L2 + γ2)

,

where L is the length of the manipulator in a fully extended state.

Thesis Group 3 (Chapter 5)

I provided a method to regularize the inverse orientation problem. I de-

fined the spherical representation that defines infinitesimal rotation as a

one-dimensional infinitesimal rotation and a two-dimensional infinites-

imal translation. I provided the task Jacobian in the spherical repre-

sentation, called the spherical Jacobian, and regularized the spherical

Jacobian using the action point transformation. I provided bounds on

the singular values of the regularized spherical Jacobian.

Publications related to the thesises: [DH14], [DH12b], [DH11], [DH13].

Thesis 3.1

I introduced the spherical representation, in which the orientation change
is defined as infinitesimal movement on the tangent space of a sphere,
and one-dimensional rotation around the normal of the sphere. I intro-
duced the spherical Jacobian, that is the task Jacobian for the orienta-
tion problem described in the spherical representation. I proved, that
the rank of the task Jacobian JΩ and the spherical Jacobian JS are iden-
tical in every joint configuration. I also proved, that the rank deficiency
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of these matrices is at most one. I proved, that if the spherical Jaco-
bian is singular, then the singular direction is one of the translational
generators.

Thesis 3.2

Since the singularity of the inverse orientation problem appears in the
linear velocity generator that defines translation on the tangent space
of a sphere, it can be regularized using the methods from Thesis Group
2. I introduced the regularized spherical Jacobian using the regulariza-
tion method described for the inverse orientation problem, I provided
conditions for regularizability and I proved, that the singular values of
the regularized Jacobian are bounded as follows:

σ(JS
reg) ≤ 3

√
2 + γ2

σ(JS
reg) ≥ | det JS reg |

9(2 + γ2)
.

with det JS
reg being the determinant of the regularized spherical Jaco-

bian.

Thesis Group 4 (Chapter 6)

I provided a method to incorporate joint constraints into the differential

inverse kinematics algorithm. I proved that the method can be used in

conjunction with other algorithms based on the differential inverse kine-

matics algorithm. I identified singular configurations arising when joint

limits are reached, and provided a method to overcome these singulari-

ties.

Publications related to the thesises: [DH12a], [DH12b], [DH11].

Thesis 4.1

I introduced a nonlinear transformation on the joint space of the ma-
nipulator, that maps the real line onto the open interval of the admis-
sible joint variable values (i.e. an interval with lower and upper limits
being the lower and upper limits of the joint variables). I call this trans-
formation the joint constraint function, while its inverse the inverse
joint constraint function. Using the inverse joint constraint function,
the joint variables can be mapped onto the real line, where the differen-
tial inverse kinematics algorithm can be carried out. I introduced the
constrained Jacobian, that is the Jacobian matrix after the nonlinear
transformation. I proved, that the constrained Jacobian does not nec-
essarily have to be applied, it is enough to calculate the joint velocities
in the usual way, and transform them only before the integration takes
place.
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Thesis 4.2

The nonlinear joint transformation causes singularities if some of the
joint variables reach their limits. I call this situation a constrained sin-
gularity. I analyzed constrained singularities, and provided a solution
to overcome these singularities. The solution is based on the Singular
Value Decomposition of the matrix containing the differentials of the in-
verse constrained functions, for which I provided a closed-form solution,
and tends to drive the joints away from the joint limits if this motion is
advantageous for the desired end effector motion, and leaves the joint
variables at their limits otherwise.



9

CONCLUSION

The dissertation was about the solution of the differential inverse kine-
matics algorithm. It focused on the operations needed to be done in one
iteration, and did not concern the consequences of using the proposed
methods throughout more iterations of the differential inverse kinemat-
ics algorithm.

The mathematical background of the thesis is the Lie group and Lie
algebra describing rigid body movements in three dimensions. Some
properties of the operators and bilinear forms on this Lie group and Lie
algebra were explored in Chapter 3. The end effector Jacobian was in-
troduced, that is the analytical Jacobian of the forward kinematics map,
based on motion generators. The action point transformation was de-
fined, that transforms the action point of the linear velocity generators
to arbitrary points in the space.

The regularization of the inverse positioning problem was discussed
in Chapter 4. The idea was introduced on a planar manipulator with
two joints; the existence of the regularization vector was proved. Bounds
on the singular values of the regularized task Jacobian were given, and
it was shown, that motion is scaled down in singular directions, but re-
mains unaffected in regular directions due to the regularization. The
methodology was generalized for spatial manipulators as well.

The regularization of the inverse orientation problem was discussed
in Chapter 5. The inverse orientation problem is transformed to the in-
verse position on a plane and inverse orientation around an axis by in-
troducing the spherical representation and the spherical Jacobian. The
spherical Jacobian is then regularized using the ideas in Chapter 4.

The joint constraints were incorporated into the differential inverse
kinematics algorithm in Chapter 6. The joint variables are transformed

107



108 9. Conclusion

to a fictitious joint space, and then transformed back after the integra-
tion in the differential inverse kinematics algorithm, with a transfor-
mation ensuring that the joint variables always stay between the limit.
The effect of the transformation was analyzed, and the singularities
arising because of the transformation were handled.

The regularization of the task Jacobians was generalized for the end
effector Jacobian of manipulators with n joints in Chapter 7. It was
shown, that the regularization and joint constraint incorporation has
no effect on each other, thus they can be applied simultaneously.

The automatic calculation of the regularization vectors is straight-
forward for planar manipulators and in the case of the inverse orienta-
tion problem, however it is not in the case of spatial manipulators. De-
termining the γ parameter as a function of time or the function of the
condition number or determinant of the task Jacobian is still a problem
to be solved, along with the analysis of the effect of the regularization
algorithm during more iterations of the differential inverse kinematics
algorithm. Note that since lower bounds can be imposed on the smallest
singular values of the task Jacobians according to Theorems 2, 9 and 13,
thus stable closed-loop inverse kinematics algorithm can be developed
using the results in [72].
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[20] K. Tchoń, “Hyperbolic normal forms for manipulator kinematics,”
IEEE Transactions on Robotics and Automation, vol. 16, pp. 196–
201, April 2000.

[21] K. Tchon, “A normal form appraisal of the null space-based singu-
lar path tracking,” in Proceedings of the First Workshop on Robot

Motion and Control, 1999. RoMoCo ’99., pp. 263–271, 1999.

[22] K. Watanabe, K. Sogen, N. Kawakami, and S. Tachi, “An avoidance
method of singular configurations in a master-slave system using
intervening impedance,” in Proceedings of the 16th IEEE Interna-

tional Conference on Robot and Human Interactive Communica-

tion, pp. 1102–1107, 2007.

[23] J. M. McCarthy and R. M. Bodduluri, “Avoiding singular configu-
rations in finite position synthesis of spherical 4r linkages,” Mech-

anism and Machine Theory, vol. 35, pp. 451–462, 2000.
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