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1 INTRODUCTION 

1.1 Motivation 

The research work follows the traditions of Department of Mechatronics, Optics 

and Engineering Informatics. 

  

The results presented in this dissertation are based on practical observations, 

which raised problems with the need for the application of higher mathematical theories. 

The results discussed in this work are intended to introduce new methods which 

facilitate the utilization of higher theories for pneumatic systems, thus to constitute a 

bridge between the mathematical solutions and the engineering applications. 

Pneumatic actuators are widely used in industrial field due to their advantages 

like low cost, durability, high power-to-weight ratio. However their modeling and 

controlling is challenging as they are strongly nonlinear: air compressibility, heat 

transfer, friction etc. Thus, the pneumatic systems belong typically to the group of 

variable structure systems. 

In the field of control theory one of the most recent topics is the robust control of 

variable structure systems. The dissertation introduces such a solution for pneumatic 

systems. The theses are based on the characteristics of pneumatics, and they are 

searching control solutions to these characteristics both in theory and in practice. Thus 

the research work belongs to the field of mechatronics. 

1.2 Goal of the dissertation 

Lots of theoretical models have been elaborated using tensor product during the 

last decade, however few applications have been practically implemented yet using 

tensor product model transformation. This dissertation introduces a practical application 

of tensor product model transformation. 

Friction is a permanent problem in case of engineering applications. Both 

modeling and controlling of friction is really challenging. Therefore my first goal during 

my research work was to develop a model which can simplify the identification of 

friction phenomenon. 

Servo-pneumatic systems are complex and strongly nonlinear thus they are hard 

to handle in case of accurate positioning tasks. My second goal was to rearrange the 

description of the servo-pneumatic system in such a way, that it becomes easier to 

handle. 
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The pressure gradient of the chamber of a pneumatic cylinder is nonlinear for 

many reasons. My third goal was to develop a new measurement evaluation method for 

the identification of a pneumatic servo-valve. 

1.3 Structure of the dissertation 

The dissertation is divided into three parts. Part I discusses the theoretical 

background of the dissertation. In Part II the new results are studied. Part III concludes 

the dissertation. 

Part I summarizes all the preliminaries which are concerned during Part II. 

Chapter 2 gives a general description of pneumatic systems. Chapter 3 presents the 

basic friction models. In Chapter 4 Tensor Product Model Transformation is introduced. 

In Chapter 5 the basic steps of sliding mode control design can be found.  

Part II is devoted to the own contribution. Chapter 6 introduces a measurement 

method for the identification of friction hysteresis for a pneumatic cylinder. The friction 

is modeled both the conventional way and based on the newly proposed direct tensor 

product model transformation. Chapter 7 discusses the identification and control of the 

servo-pneumatic cylinder. It defines a new method for the identification of the 

proportional pneumatic valve and utilizing this result a block-oriented regrouping of the 

pneumatic system is shown. The blocks are arranged according the so-called 

Drazenovic condition which facilitates the utilization of the sliding mode based model 

reference adaptive compensation approach. 

Part III summarizes the new results and achievements of the dissertation in form 

of four theses. 

1.4 NOMENCLATURE 

1.4.1 Abbreviations 

qLPV quasi Linear Parameter Varying 

LTI Linear Time Invariant 

LMI Linear Matrix Inequality 

SVD Singular Value Decomposition 

HOSVD Higher-Order Singular Value Decomposition 

CHOSVD Compact Higher-Order Singular Value Decomposition 

RHOSVD Reduced Higher-Order Singular Value Decomposition 

TP Tensor Product 

SMC Sliding Mode Control 

HOSMC Higher-Order Sliding Mode Control 
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DSMC Dynamic Sliding Mode Control 

TSMC Terminal Sliding Mode Control 

1.4.2 Roman letters 

iA  [m
2
] surface of the piston 

viA  [m
2
] flow surface of the valve 

frF  [N] friction force 

l  [m] stroke length 

ip  [Pa] pressure of the chamber 

up  [Pa] pressure of upstream flow 

dp  [Pa] pressure of downstream flow 

critp  [-] critical pressure ratio 

mq  [kg/s] mass flow rate 

R  [J/(mol*K)] specific gas constant of air 

T  [K] absolute temperature 

v  [m/s] piston velocity 

0V  [m
3
] dead volume at the end of the piston 

x  [m] piston position 

1.4.3 Greek letters 

  [-] correction coefficient 

  [-] heat capacity ratio 

  [kg/m
3
] density 

  [-] flow coefficient 

1.4.4 Position control 

x  [µm] piston position 

v  [µm/s] piston velocity 

refx  [µm] reference position 

idmp  [Pa] ideal control pressure 

p  [Pa] real input pressure 

p̂  [Pa] input pressure of the observer 

v̂  [µm/s] observer velocity 

  [-] switching surface 
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SMCp  [Pa] estimated disturbance signal 

SMC,eqp  [Pa] filtered estimated disturbance signal 

1.4.5 Pressure control 

p  [Pa] real input pressure 

refp  [Pa] reference control pressure 

idmu  [V] ideal control voltage 

u  [V] real input voltage 

û  [V] input voltage of the observer 

p̂  [Pa] observer pressure 

  [-] switching surface 

SMCu  [V] estimated disturbance signal 

SMC,equ  [V] filtered estimated disturbance signal 
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PART I 

Theoretical Background 

STATE OF THE ART 

Overview of the literature 
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2 SERVO-PNEUMATIC 

Pneumatic actuators are widely used in industrial field due to their advantages 

like low cost, durability, high power-to-weight ratio etc. However their modeling and 

controlling can be very challenging [1], [2], [3], [4], [5], due to their strong nonlinearity: 

nonlinear overlapping of valve sections, air compressibility, leakage, heat transfer [6], 

friction etc.  

There are several related works in the technical literature for modeling [7], [8], [9] 

and controlling [10], [11], [12], [13], [14], [15] pneumatic systems. Even modeling only 

parts of a pneumatic system can be very challenging. Different approaches for modeling 

of pneumatic valves can be found in [16], [17], [18], [19]. Friction is also a crucial part 

of pneumatic positioning [20], [21], [22], [23]. There are also a wide range of control 

design methods for pneumatic systems based on PID controller [24], [25], [26], [27], 

fuzzy controller [28], [29], sliding mode controller [30], [31], [32], [33], observer [34], 

[35] and friction compensation [36], [37], [38], [39], [40]. To achieve nanoaccuracy 

even piezoelectric elements are proposed [41]. 

The question during modeling and controlling of pneumatic actuators is which 

phenomenon is worth modeling. If we carry out a deeper investigation of the system it 

can be highlighted that the influence of the thermal effects is minimal. The behavior of 

the servo-pneumatic system depends on electronic, mechanic, fluid and thermal effects. 

Comparing these effects we can see that the time constant of the thermal phenomenon is 

at least one order of magnitude higher, thus the heat transfer has no significant influence 

on the dynamic behavior of the pneumatic system. Based on the above considerations 

our model is handled as adiabatic, reversible, thus an isentropic process.  

The stick-slip effect of friction can be well demonstrated by a spring-mass system. 

The mechanical part of the pneumatic system can also be interpreted as a simple spring-

mass system, where the chamber volumes act like springs and pressure gives the spring 

stiffness. This stiffness is relatively small for pneumatic systems. In case of a pneumatic 

cylinder friction appears between the piston and the chamber-wall and between the 

piston-rod and the cylinder-cover. It has a strong influence during position control due 

to the relatively small stiffness. Thus a pneumatic cylinder is ideal for the investigation 

of the stick-slip phenomenon. 

2.1 Pressure change in the cylinder 

The following section discusses the pressure change based on [42]. The position 

of the piston can be controlled by the pressure acting on the surface of the piston, thus 

by the chamber pressures. These chambers can be modeled separately. The cause of the 

pressure change can be the following: 

 change of the chamber volume (piston motion) 
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 mass flow in the chamber (inflation and deflation process) 

 heat flow between the gas in the chamber and the air as environment through 

the wall of the chamber 

 

During the investigation of the system the following simplifications have been 

taken: 

 adiabatic processes 

 the gas in the chamber is ideal 

 the flows are one-dimensional and stationary 

1p
2p

1V
2V

1T
2Tm

 

Figure 2.1 Two chambers with state variables 

As the literature [1], [43] gives detailed description of the corresponding physical 

laws, the necessary equations will be presented only briefly. 

 Combined gas law: 

 1 1 2 2

1 2

p V p V

T T


 
 (2.1) 

 State equation (m is the mass of the gas): 

 p V m R T     (2.2) 

 
p

R T

   (2.3) 

 Adiabatic reversible, i.e. isentropic state change: 

 p V konst   (2.4) 

 If the state change is adiabatic: 

 1 2 ,1 20 fQ W   , (2.5) 

where 

 dQ c m dT    (2.6) 
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  heat capacity in case of isobar state change  
 

heat capacity in case of isochor state change 

p

v

c
c

c





  

and 

 fW Vdp     

 Specific gas constant: 

 p vR c c   (2.7) 

 Heat capacity ratio: 

 
p

v

c

c
  (2.8) 

The pressure conditions of the gas in the chamber can be described by (2.9): 

 
      , ,p m t V t T t p p p

V m T
t V m T

   
     

   
 (2.9) 

As shown in the equation (2.9)  the pressure change of the chambers depends on 

the volume change of the chamber, the mass flow and the heat transfer. These 

correlations will be discussed in the following subsections. 

2.1.1 Pressure change due to volume change 

The pressure change caused by the change of the chamber’s volume can be 

described by (2.10), which is caused by the displacement of the piston: 

 


 


V

p
p V

V
 (2.10) 

During the derivation of the equation we assume that there is no heat transfer, i.e. 

the process is isentropic (2.4). The system is closed; particles cannot enter or exit the 

system. Thus the effects of the pressure and the volume change acting on each other can 

be derived by total differential: 

 · 0 
dp dV

p V
  (2.11) 

Rearranging (2.11): 
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1

· · dp dV
p V


 (2.12) 

Investigating the temporal change of the variables: 

 
1

· · 
dp dV

p dt V dt


 (2.13) 

This finally leads to (2.14): 

 
· ·

· · ·V

dp p p
p V A x

dt V V

 
      (2.14) 

 This equation describes the pressure change caused by the chamber’s volume 

change. 

2.1.2 Pressure change due to mass flow 

(2.15) describes the pressure change due to the change of the mass caused by the 

actuation of the pneumatic valve or leakage, while the volume of the chamber and the 

gas temperature is constant.  

 


 


m

p
p m

m
 (2.15) 

Since the volume of the chamber is constant, the change of the mass will change 

the density. 

 d d m V   (2.16) 

Rearranging equation (2.15), simplifying with the time derivate and with the 

substitution of (2.16): 

 
d 1

d


 



p p

m V
 (2.17) 

Expressing p from the state equation (2.3) and substituting it into the adiabatic 

equation (2.4), the change of the pressure can be defined as the function of the density: 

   0

0

 
p

p 


 


 (2.18) 

Differentiating with respect to 𝜌 
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 0

0

d

d
  

pp 






  
 (2.19) 

Expressing 
0

 
 
 






 from equation (2.18), and substituting it into equation (2.19): 

 
d

d
 

p p


 
 (2.20) 

And with the substitution of the gas law (2.3) : 

 
d

d
  

p
R T


 (2.21) 

Thus, the change of the pressure due to mass flow can be described with the 

following equation: 

    m

m
p R T

V
  (2.22) 

2.1.3 Pressure change due to temperature change  

(2.23) describes the pressure change caused by temperature change.  

 


 


T

p
p T

T
 (2.23) 

The temperature in a cylinder chamber changes when the piston is moving, 

inflation or deflation takes place [44], [45]. In Figure 2.2 and Figure 2.3 experimental 

measurements are shown of pressure change due to temperature change after a short 

period of inflation or short period of deflation respectively. 

 

Figure 2.2 Pressure change due to temperature change after inflation 
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Figure 2.3 Pressure change due to temperature change after deflation 

It depends on the task whether the effort is worth spending on modelling heat 

transfer. The state space model applied in this dissertation does not include the 

modelling of heat transfer. Instead of modelling it is handled as a disturbance and is 

compensated based on the state space model. 

2.2 Flow coefficient of the pneumatic valve 

To determine the pressure changes described by (2.9) it is necessary to know the 

mass flow, which depends for example on upstream and downstream pressures or the 

flow surface of the pneumatic valve. For modeling the valve the correlations of an ideal 

nozzle will be applied: 

 The Bernoulli-equation in order to describe the flow of gases. 

 
 

d

u

2 2

d u

2

p

p

v v dp

ρ p


    (2.24) 

 The equation of the adiabatic state change in form of (2.25). 

 

1

d d

u u

κ

κT p

T p



 
  
 

 (2.25) 

With the help of (2.24) the mass flow of the deflation can be determined 

assuming that the gas in the chamber is in quasi-static state, thus its velocity is zero. 

 
 

u

d2

d

2

p

p

v dp

ρ p
    (2.26) 
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By expressing p from the state equation (2.3), and substituting it into the equation 

of the adiabatic state change (2.25), the change of the density can be calculated as the 

function of the pressure. 

  
1

0

1

0

κ

κ

ρ
ρ p p

p

  (2.27) 

where p0, ρ0  is the atmospheric pressure, and the density of the air on 

atmospheric pressure. If we substitute (2.27) into (2.26) the integration gives: 

 

d

u

1
1

1
u

u

2

d

2 1

p
κ

κ

p

v pκ
  p

κ ρ

 
   

  
 (2.28) 

The average velocity of the downstream gas after substitutions and 

simplifications: 

 

1

u d
d

u u

2
1

1

κ

κp pκ
v

κ ρ p

 
            

 

 (2.29) 

Assuming that the density of the downstream gas is constant in time (stationary 

flow) at the outflow point, the volumetric flow rate can be calculated by (2.30): 

 vV A v   (2.30) 

And the mass flow rate can be calculated by (2.31): 

 m vq A v ρ    (2.31) 

After substituting (2.29): 

 

1

u d
d

u u

2
1

1

κ

κ

m v

p pκ
q A ρ

κ ρ p

 
           

 

 


 (2.32) 

Applying (2.27) to d  and substituting the result into (2.32): 

 

2 1

d d
u u

u u

1 2
1

κ

κ κ

m v

p pκ
q A ρ p

κ p p

 
                

 

    (2.33) 
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The literature calls the expression under the first square root flow coefficient, 

which will be denoted by Ψ. 

 

2 1

d d

u u

1
1

κ

κ κp pκ

κ p p


 
             




  



 (2.34) 

Figure 2.4 represents the flow coefficient as the function of pd/pu pressure ratio. 

 

Figure 2.4 Flow coefficient 

The maximum of (2.34) can be defined by the derivative (2.35). This maximum 

will be the so-called critical pressure ratio. 

 

d

u

d

u

dΨ

0

d

p

p

p

p

 
 
  
 
 
 

 (2.35) 

After the derivation: 

 

 

1 1
1 1

d d

2 1
u u

d d d

u u u

1 1
0

2

1
1

κ κ

κ

κ κ

p pκ

p p
p p pκ

κ
p κ p p

 



 
         

     
                  
 

 (2.36) 

Only the second member of the equation can be zero, which results (2.37):  
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Thus, the critical pressure ratio in case of an ideal gas (κ=1.4) is: 

 
1

d

u

2
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p κ

   
    

  
 (2.38) 

The velocity of the downstream gas at critical pressure ratio calculated by (2.29) 

after substitution of the gas-law (2.3): 
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 (2.39) 

The temperature of the upstream gas can be obtained, if the value of the critical 

pressure ratio (2.37) is substituted into the equation of the adiabatic state change (2.25) 

 du

1

2

κ
T T


   (2.40) 

If we substitute (2.40) into (2.39) the flow velocity of the downstream gas will 

result the sonic speed: 

 
d d d

2 1 1

1 2 1

κ κ κ
v R T   κ R T

κ κ

  
      

 
  (2.41) 

When the critical pressure ratio is reached the downstream velocity and the state 

variables of the gas do not change. The reason for this phenomenon is that the pressure 

change in gases is actually a pressure wave, the propagation velocity of which is equal 

to the sonic speed. Thus, when the velocity of the downstream gas reaches the sonic 

speed, the pressure change is not able to step over the flow surface of the valve; thus, 

the change of the pressure ratio cannot modify the pressure distribution along the 

chamber and the orifice.  

Thus, above the critical pressure ratio the so-called flow coefficient remains 

constant. In order to simplify the calculations, the parameter can be approximated: 
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Figure 2.5 Real flow coefficient Ψ and the approximation Ψ’ 

Eschmann [46] showed during his measurements that the relative error of the 

approximated and the accurate value of the flow coefficient is maximum 0,3%. In case 

of the usual work domain pd/pu =0,2… 0,8 the relative error is less than 0,2%. 

The mass flow rate substituting the flow coefficient: 

 d
u u

u

2m v

p
q A ρ p Ψ

p

 
    





  (2.44) 

The density dependence can be eliminated with the help of the gas law (2.3): 

 d
u

u u

2
( )m v

p
q A p Ψ

R T p
 


   (2.45) 

During the calculation of mass flow a correction coefficient is necessary due to 

losses (friction, heat) and the geometrical characteristics of the orifice, which is denoted 

by α. 

 d
u

u u

2
  



 
   

 
m v

p
q α A p Ψ

R T p
 (2.46) 

The literature gives experimental results for the correction coefficient in case of 

different systems based on simulation and measurements [16].  

2.3 State space model 

Consider a servo-pneumatic system according to Figure 2.6. On the schematic 

there is a pneumatic cylinder controlled by two independent proportional valves based 

on the feedback signal of the encoder and the pressure sensors. 
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Figure 2.6 Servo-pneumatic system 

Let us build up a state space model for the system above. The state variables are 

the piston position x , the piston velocity v , the pressure of the left chamber 1p  and the 

pressure of the right chamber 2p , the control signals 1u  and 2u  are the input voltages of 

the proportional valves. 
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where 
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3 BASIC FRICTION MODELS 

Engineers encounter the problem of friction in any mechanical system. Friction 

force is strongly nonlinear and varies considerably while the system is working. In the 

case of high-precision applications friction makes the situation even more complex, as 

the stick-slip effect occurs near the target position. 

 

This overview is neither intended to be exhaustive nor detailed. It is only to 

briefly review some of the most widely applied friction models [P-4]. 

Probably the most simple and most straightforward way of modeling friction is to 

assume friction is constant and opposite to the direction of motion (see Figure 3.1). This 

makes friction independent from the value of the velocity and size of the contact area: 

 sign( )Fr cF F v , (3.1) 

where Fc  friction force is proportional to the normal load: 

 c NF F  (3.2) 

This is the Coulomb friction model. 

One of the main shortcomings of the Coulomb model is the absence of zero 

velocity friction force, which in reality is very present. Also the independence from the 

velocity is contrary to what has been experienced with real systems. To overcome these 

issues, the Coulomb model can be completed for instance with the viscous friction 

model which states: 

 Fr vF F v  (3.3) 

The model is used for the friction caused by the viscosity of the fluids, 

specifically lubricants. A combination with Coulomb friction yields (see Figure 3.2): 

 sign( )Fr c vF F v F v   (3.4) 

The model can be refined by adding the influence of an external force for the 

friction at rest (see Figure 3.3).  

This, however, leads to a discontinuous function. Here, an important contribution 

has been made by Stribeck, who proposed a model which involves a nonlinear, but 

continuous function: 

  ( ) sign( )S

v

v

Fr C s C vF v F F F e v F v





     

 
 
 
 

, (3.5) 
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where vs is the Stribeck velocity,  is an empirical parameter, FS is the static 

friction force. A similar model was employed by Hess and Soom [47]. 

 
2

( )
( ) sign( )

1 ( / )

s C
Fr C v

s

F F
F v F v F v

v v

 
   

 
 (3.6) 

The Stribeck curve is an advanced model of friction as a function of velocity (see 

Figure 3.4). Although it is still valid only in steady state, it includes the model of 

Coulomb, static and viscous friction as built-in elements.  

 

Figure 3.1 Coulomb friction 

 

 

Figure 3.2 Coulomb and viscous friction 

 

 

Figure 3.3 Coulomb and viscous friction with 

breakaway force 

 

 

Figure 3.4 Stribeck friction 

There are several more advanced models in the technical literature [48], [49], [50], 

[51] like the static friction models, the Karnopp model [52] and the Armstrong model 

[53], [54] and the dynamic friction models, the Dahl model [55], the LuGre model [56], 

[57], [58], [59], [60] and the Leuven model [61]. There are also hysteretic friction 

models in the literature [62], [63], [64]. The friction model applied in the dissertation is 

based on the research results of Nouri [65]. Based on experimental measurements 

shown in Figure 3.5 Nouri proposed a hysteretic model with Stribeck behavior for 

increasing speed and Coulomb-viscous behavior for decreasing speed (see Figure 3.6).  
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Figure 3.5 Friction force as function of the velocity at different nominal chamber pressures [65] 

 

 

Figure 3.6 Velocity dependent friction model [65] 
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 (3.7) 

where Ff  is the friction at gross sliding, FC1 and FC2 are the Coulomb friction for 

increasing and decreasing speed respectively, and 1 and 1 are viscous the friction 

coefficients for increasing and decreasing speed respectively [65].  

This dissertation does not intend to introduce a new friction model. Only a new 

representation of the existing models is proposed which is suitable for controller design. 

The main contribution of this new model is that the effect of the hysteresis applied in 

the simulation and the model is constructed in such a way that can be handled by 

controller design algorithms suitable for nonlinear systems. 
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4 TENSOR PRODUCT MODEL TRANSFORMATION  

The following chapter discusses the tensor product model transformation based 

on [66], [67].The tensor product (TP) model form is a dynamic model representation 

whereupon Linear Matrix Inequality (LMI) based control design techniques [68], [69], 

[70], [71] can immediately be executed. It describes a class of Linear Parameter 

Varying (LPV) models by the convex combination of linear time invariant (LTI) models, 

where the convex combination is defined by the weighting functions of each parameter 

separately. The TP model transformation is a recently proposed numerical method to 

transform LPV models into TP model form [72], [73], [74]. An important advantage of 

the TP model forms is that the convex hull of the given dynamic LPV model can be 

determined and analyzed by one variable weighting functions. Furthermore, the 

feasibility of the LMIs can be considerably relaxed in this representation via modifying 

the convex hull of the LPV model [75]. In [76] and [77] TP model transformation based 

solutions are proposed for pneumatic systems. 

4.1 Tensor product transformation 

Consider a parametrically varying dynamical system [78] : 

 
( ) ( ( )) ( ) ( ( )) ( )

( ) ( ( )) ( ) ( ( )) ( ),

t t t t t

t t t t t

 

 

x A p x B p u

y C p x D p u
 (4.1) 

with input ( ) pt u , output ( ) qt y  and state vector ( ) nt x . The system 

matrix is a parameter-varying object, where  t p  is a time varying N-dimensional 

parameter vector, and is an element of the closed hypercube 

     1 1 2 2, , ... , N

N Na b a b a b     . The parameter p(t) can also include some 

elements of x(t). 

Given the LPV system description in (4.1), it can be reformulated using: 
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( ( )) ( ( ))
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n p) n q)
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A p B p
S p

C p D p
 (4.2) 

thus: 

 
( ) ( )

( ( ))
( ) ( )

t t
t

t t

   
   

   

x x
S p

y u
 (4.3) 

Expression (4.2) may be approximated over any p(t) using a number of R LTI 

system matrices (Sr, r=1, ..., R). These Sr matrices are also known as LTI vertex models. 
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The convex combination can be built using the weighting functions     0,1rw t p  in 

such manner, that S(p(t)) fits into the convex hull formed by Sr, that is S(p(t)) = 

co{S1,S2, ..., SR}w(p(t)). The explicit form of the tensor product then becomes: 

 
1 2

1 2

1 2

, , ,...,

1 2 1 1

...
(t) (t)
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(t) (t)

N

n N

N

II I N

n i n i i i

i i i n

w p t
   

    
     

    
 

x x
S

y u
 (4.4) 

The function wn,j(pn(t)) is the j
th

  basis function belonging to the n
th

 dimension of 

Ω and pn(t) is the n
th

 element of the p(t) vector. In denotes the number of weighting 

functions used in the n
th

 dimension. The multiple indices i1, i2, ..., iN point at the LTI 

system associated with the in
th

 weighting function. There are 
1

 
N

n
n

R I  LTI systems 

denoted Si1,i2,… ,iN which results in the TP model representation: 

 




R

r

tt
1

))(())(( rr SpwpS
 (4.5) 

TP model to be a convex combination, the weighting functions must satisfy: 

 ,

1

, : ( ) 1
nI

n n i n

i

n p w p


   (4.6) 

The main steps of the Tensor Product Model Transformation as shown in Figure 

4.1 are:  

• first we need a discretized model in  t p . As shown in Figure 4.1, the 

discretized model can be obtained from measurement in direct way or using a nonlinear 

analytical S(p(t)) model and the computation of system matrix S(g) over the grid points 

g of a hyper-rectangular grid net defined in  . 

• the second step extracts the singular value based orthonormal structure of  the 

system, namely, this step determines the minimal number the LTI systems in 

orthonormal position according to the ordering of the singular values and defines the 

orthonormal discretized weighting functions of the searched polytopic model. 

• the LTI systems and the discretized weighting functions can be modified, in 

order to satisfy further conditions for the weighting functions: for instance, this step can 

ensure the convexity of the weighting functions (4.6). 
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Figure 4.1 TP transformation based design algorithm 

4.2 Reduction of the dimension of the measured data 

This method is used as a software tool [79], [72], [78]. The basic idea is described 

here see Figure 4.2. The 𝑝(𝑡)  is sampled in 𝑛  points by vectors 𝑣𝑘  . Between the 

sampled points, 𝑝(𝑡) is approximated by interpolation. It is well known that 𝑝(𝑡) can be 

described by two orthogonal base vectors 𝑣𝑏1  and 𝑣𝑏2 in a properly selected coordinate 

system. 

This simple idea is generalized for TP transformation. 

 

Figure 4.2 Basic idea of TP transformation  

It is known from matrix algebra, that each matrix can be written in the form: 

 𝐀 = 𝐔 ∙ 𝚲 ∙ 𝐕, (4.7) 
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Where n mA  is an arbitrary matrix, U  is a matrix that contains the 

eigenvectors of the matrix 𝐀 ∙ 𝐀𝐓, 𝚲 contains the so called singular values in its 

diagonal. V  contains the eigenvectors of the matrix 𝐀𝐓 ∙ 𝐀 again. 𝚲 is a diagonal matrix, 

often denoted as a vector. The occurrence of zeros in matrix 𝚲 allows us to decrease the 

size of matrix A . In case of a tensor, it has to be unfolded into bidimensional space, to 

form an ordinary matrix (first step in Figure 4.3), then the singular value decomposition 

(SVD) can be applied, thus obtaining a simplified system. Finally the matrix must be 

packed back into its original tensor form. The above operations can be performed along 

every dimension (Figure 4.3), ensuring the best possible reduction of the system, 

resulting finally in a higher order singular value decomposition (HOSVD). 

 

 

Figure 4.3 HOSVD decomposition 
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5 SLIDING MODE CONTROL 

5.1 History of sliding mode control 

The variable structure systems (VSS) have some interesting characteristics in 

control theory [P-10]. A VSS might also be asymptotically stable if all the elements of 

the VSS are unstable itself. Another important feature that a VSS - with appropriate 

controller - may get in a state in which the dynamics of the system can be described by a 

differential equation with lower degree of freedom than the original one. In this state the 

system is theoretically completely independent of changing certain parameters and of 

the effects of certain external disturbances (e.g. non-linear load). This state is called 

sliding mode and the control based on this is called sliding mode control (SMC) which 

has a very important role in the control of power electronic devices. 

The theory of variable structure system and sliding mode has been developed 

decades ago in the Soviet Union. The theory was mainly developed by Vadim I. Utkin 

[80] and David K. Young [81]. According to the theory sliding mode control should be 

robust, but experiments show that it has serious limitations. The main problem by 

applying the sliding mode is the high frequency oscillation around the sliding surface, 

the so-called chattering, which strongly reduces the control performance. Only few 

could implement in practice the robust behavior, predicted by the theory. Many have 

concluded that the presence of chattering makes sliding mode control a good theory 

game, which is not applicable in practice. In the next period the researchers invested 

most of their energy in chattering free applications, developing numerous solutions. 

The sliding mode control has a unique place in control theories. First, the exact 

mathematical treatment represents numerous interesting challenges for the 

mathematicians [82], [83], [84]. Secondly, in many cases it can be relatively easy to 

apply without a deeper understanding of its strong mathematical background and is 

therefore widely used in engineering practice [85]. 

 

 

The design of a sliding mode controller consists of three main steps: 

1. Design of the sliding surface. 

2. Design of the control law. (It forces towards and holds the system 

trajectory on the sliding surface.) 

3. Chattering free implementation. 
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5.2 Sliding surface design 

The following linear time invariant (LTI) system is considered; first the reference 

signal is supposed to be constant and zero. A single input multiple output system is 

discussed. The system is transformed to a regular form [86]. 
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x

 (5.1) 

with input ( )u t , output ( )y t , state vector ( )tx  and 2 0B  . 

The switching surface,   of the sliding mode, where the control has 

discontinuity, can be written in the following form [85], where λ  is the "surface vector". 

 2 1 0x   λx            and    ( 1)nλ  (5.2) 

When sliding mode occurs (when 0   and 2 1x  λx ), the design problem of 

the sliding surface can be regarded as a linear state feedback control design for the 

following subsystem: 

 1 11 1 12 2A x x A x  (5.3) 

In (5.3) 2x  can be considered as the input of the subsystem. A state feedback 

controller 2 1x  λx  for this subsystem gives the switching surface of the whole VSS 

controller. In sliding mode 

 1 11 12 1( )A x A λ x  (5.4) 

Various linear control design methods based on state feedback (pole placement, 

LQ optimal, frequency shaped method, H ) were proposed for (5.4) to design the 

switching surfaces in the last decade [85]. The main problem is that these methods are 

not suitable for a non-linear system which is more challenging. The solution can be the 

Tensor Product model transformation. 

5.3 Control Law 

To ensure that the system remains in the sliding mode ( 0  ) the condition 

 0   (5.5) 
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should hold. The simplest control law which can lead to sliding mode is the relay: 

 ( )u M sign    (5.6) 

In case of pneumatic control this can be realized by a monostable solenoid 

pneumatic valve. The problem of the relay type of controller is that it does not ensure 

the existence of sliding mode for the whole state space, and relatively big values of M  

are necessary which might cause a severe chattering phenomenon. This control law is 

preferable if the controller's sample frequency is nearly equal to the maximum 

switching frequency of the pneumatic valve. 

If sliding mode exists then there is a continuous control, so-called "equivalent" 

control equ , which can hold the system on the sliding manifold. It can be calculated 

from 0  . 

 2 1 0x   λx  (5.7) 

 21 1 22 2 2 11 1 12 2( ) 0A x B u A x      A x λ A x  (5.8) 

equ  can be expressed from (5.7) 

 21 11 1 22 12 2

2

( ) ( )
eq

A A x
u

B

  
 

A λA x λ
 (5.9) 

In the practice, there is never perfect knowledge of the whole system and its 

parameters. Only ˆ
equ , the estimation of equ , can be calculated. Since equ  does not 

guarantee the convergence to the switching manifold in general, a discontinuous term is 

usually added to ˆequ . 

 ˆ ( )equ u M sign     (5.10) 

The control law (5.10)  cannot be realized by monostable solenoid pneumatic 

valve; proportional pneumatic valve is needed. 

5.4 Chattering free implementation, Sector Sliding Mode 

The chattering in the basic sliding mode control is essential due to the 

requirement that the system state must stick to the switching surface. There are several 

solutions for elimination of chattering [87], [88], [89]. The LMI based sliding mode 

control is discussed in [90] and [91]. Here the sector sliding mode [92], [93], [94] is 
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discussed since it can be extended for TP model based sliding mode control [95], [96], 

[78], [97], [98].  

Obviously this requirement is too strict when only finite switching rate is 

available. Replacing the switching surface to the sliding sector may enable the system 

state to move continuously. 

To implement the proposed approach, two sliding surfaces are defined first 

 
2 1 0r rx   λ x ,       1,2r   (5.11) 

Then the two sliding surfaces divide the whole state space into three regions 

defined as 

Definition 1: 

1 1 2
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Here the region 3R  is the sliding sector. 

The control strategy of the proposed modified sliding mode control method is 

 eq du u u   (5.12) 

Where equ  is the continuous "equivalent"  and du  is defined as 
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 (5.13) 

As shown in Figure 5.1, let us represent the sector by the surface 

 2 1 0x   λx   where  1 2

2



λ λ

λ  (5.14) 
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Figure 5.1 Sliding sectors (in case 2n ) 

5.5 Sliding Mode Based Model Reference Adaptive Compensation 

There are several alternatives of the classical Model Reference Adaptive Control 

(MRAC) [99], [100], [101], [102]. Consider the following model with external 

disturbances and uncertain parameters satisfying the so-called Drazenovic [103] 

condition, written in the regular state equation form [104], [100]: 

  1 111 22

2 2 2 2 221 21 22 22

0 0
f t

        
          

          

x xA A
u

x x B B EA A A A
, (5.15) 

, where 1 2, , , ( , 1,2)n m m m

ij i j   x x u A  and
2B  denote the nominal or 

desired (ideal) system matrices. The bar   refers to the reference value in this paper. 

2 ( 1,2)j j A  and 2B  are the respective uncertain perturbations and f(t) is an unknown, 

but bounded disturbance with bounded first time derivative. 

Now  is defined as the uncertainties and the disturbance of the system. 

  21 1 22 2 2 2 f t     A x A x B u E  (5.16) 

The second line of (5.15) can be rewritten by . 

 2 21 1 22 2 2    x A x A x B u  (5.17) 

According to [105], 2x  is modeled by a discontinuous observer: 

  2 21 1 22 2 2
ˆ ˆ

SMC   x A x A x B u u , (5.18) 
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where SMCu  is the discontinuous feedback. The goal of the design is to find a 

feedback signal denoted 
SMCu , such that the motion of the system (5.15) is restricted to 

belong to the manifold S. 

  2 2 2
ˆ 0 , where    .mS      x x x  (5.19) 

In sliding mode 2 2
ˆ( 0)   x x , SMCu  contains information on the system's 

parametric uncertainties and the external disturbance, which can be used for feedback 

compensation (compare (5.17) and (5.18)). It is true again that the order of the 

differential equation describing the sliding surface is lower, than the order of the 

original differential equation describing the system 

The simplest control law, which can lead to sliding mode, is the relay [85]: 

  , .SMC i i iu M sign   (5.20) 

If  is in the range of 2 2( range( )) B B , the ideal sliding mode occurs [101]. 

In the practice, there is no way to calculate the equivalent control ,SMC equ  

precisely, but it can be estimated by a low pass filter (LPF) for SMCu  as shown in Figure 

5.2. 
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Figure 5.2 Sliding mode based feedback compensation 

There are two loops in Figure 5.2. The observer – sliding mode controller loop 

should be as fast as possible to achieve an ideal sliding mode. This is granted because 

this loop is realized in a computation engine in the recent application. The real system – 

compensator (consisting of sliding mode controller and LPF) loop should be faster than 

the change of the disturbance. On the other hand, the smallest un-modeled resonant 
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frequency of the real system should be out of the bandwidth of that loop to avoid 

chattering. 

5.6 Discrete-Time Implementation 

The robustness of continuous-time sliding mode control is realized by high-gain 

obtained by the high-frequency switching of control signal 
SMCu . To adapt the sliding-

mode philosophy for a digital observer, the sampling frequency should be increased 

compared to other types of observer methods [101]. If the switching frequency of SMCu  

is not high enough,  might chatter around the manifold 0   as shown in Fig. 9, 

where kT  denotes the time of k
th

 sampling, and the system might be influenced. 

 

Figure 5.3 Discrete-time chattering phenomenon 

In case of a discrete-time observer, the observer feedback signal [ ]SMC ku  may 

switch from positive to negative value and vice versa resulting , 0SMC average u  even if 

, 0SMC eq u . The role of the discontinuous term [ ]SMC ku  in the observer (5.18) is to 

suppress the effect of the uncertain perturbations and bounded disturbances. In order to 

reduce the chattering, we should reduce the change of SMCu . Since ,SMC equ  is continuous, 

only the change of ,SMC equ  during the sampling period must be estimated. The chattering 

can be reduced by the following discrete-time observer law. 

 
,[ ] [ 1] ( [ ])SMC SMC eqk k k sign k   u u  (5.21) 
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The control system is shown in Figure 5.4. The input signal of the system is the 

reference position.  

Real 
System

Observer

Controller

SMC LPF

Z -1







Refx

















1x

SMCu eqSMCu ,

u

û
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Figure 5.4 Controller scheme for position control 
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PART II 

Contribution 
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6 DIRECT TENSOR PRODUCT MODEL TRANSFORMATION 

This chapter concentrates on the description of the friction 
FrF , thus on the 

definition of 
22a , the friction element of (2.47) the state space model of the pneumatic 

system [P-4]. For this purpose an experimental setup was built focusing on the stick-slip 

effect. The experiments were carried out on a standard DSNU-20-100-PPV-A Festo 

pneumatic cylinder equipped with a 3/3 proportional valve, a pressure sensor and an 

accelerometer. The experimental setup is shown in Figure 6.1 and Figure 6.2. The 

hardware elements are listed in Table 6.1. 

 

Figure 6.1 Experimental setup for friction identification 

 

Table 6.1 Elements of the experimental setup 

Nr. Element Type 

1 Control unit NI cRIO-9073 

2 Pressure sensor FESTO SDE-10-10V/20mA 

3 3/3 proportional valve HOERBIGER ORIGA SERVOTEC 

4 Pneumatic cylinder Festo DSNU-20-100-PPV-A 

5 Accelerometer Freescale MMA2260D 

6 Interface  
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Figure 6.2 Schematic of the experimental setup 

The identification of friction is based on the investigation of the stick-slip effect 

[106]. As mentioned before, this effect might be much stronger in the case of pneumatic 

cylinders, making the identification of the friction force easier. 

As excitation let us set a fixed voltage on the proportional valve, in other words 

start to load the left chamber with slowly rising pressure ( 1p  in Figure 6.2) while the 

right chamber is open to atmospheric pressure ( 2p  in Figure 6.2). In Figure 6.3 we can 

see the pressure difference of the two chambers during our experimental measurement 

which gives us the force acting on the piston surface. 

 

Figure 6.3 Experimental excitation 

As we can see, when the excitation force reaches the value of the static friction, 

the piston starts to move (slip), which motion rapidly increases the volume of the left 

chamber. Due to the increasing volume the pressure of the left chamber drops, resulting 
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low pressure difference. Thus the excitation force will also drop, the piston starts to 

slow down, and at the end it will reach its new steady state (stick).  

As the excitation voltage of the proportional valve is continuously at the same 

voltage level, at steady state the pressure will start to increase again. Thus the process 

starts from the beginning with the slipping of the piston at an excitation force stepping 

over the static friction. This way measurements can be taken right in the area of the 

friction hysteresis. 

In Figure 6.4 and Figure 6.5 one single stick-slip process is cut from the 

measurement, showing the measured pressure and acceleration: 

 

Figure 6.4 Excitation for a single  

stick-slip 

 

Figure 6.5 Acceleration during stick-slip 

Based on the measured acceleration we can calculate the velocity by integration. 

Figure 6.6 shows the velocity-profile during stick-slip. We know the mass and the 

acceleration of the piston. Thus we know the force needed for the motion. Based on the 

measured pressure we indirectly measured the force acting on the piston. The difference 

of the force acting on the piston and the force needed for the motion was dissipated by 

the friction. Thus we have the friction force as the function of the velocity (see Figure 

6.7). 

 

Figure 6.6 Velocity during stick-slip 

 

Figure 6.7 Friction hysteresis 
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6.1 Modeling Stribeck-friction  

The models were derived based on the measurement of a single stick-slip 

phenomenon. The discussed results are not intended to be correct from the point of view 

of measurement technology but to introduce a practical modeling method for control 

design. 

Three different Stribeck-friction models were derived to make a comparison 

based on the measurements: 

• MODEL A: 

Nonlinear parametric model without hysteresis loop based on (3.6) (conventional 

model based on literature). 

• MODEL B: 

TP model derived via analytical model-based method of TP model transformation 

(see Figure 4.1) based on nonlinear parametric model without hysteresis loop based on 

(3.6). 

• MODEL C: 

TP model derived via direct method of TP model transformation (see Figure 4.1) 

directly applying the measurement results of the experiments.  

 

The friction of the pneumatic cylinder can be modeled as the function of the 

velocity as follows: 

 
22( ) ( )FrF v a v v m     (6.1) 

 
22

( )
( ) FrF v

a v
v m

 


, (6.2) 

Where 22a  is the friction element of the state space model of the pneumatic 

system. 

6.1.1 Model A 

Based on the friction model (3.6) proposed by the literature, the identification of 

the parameters has given the following result: 

 2.447 [ ]CF N   

 3.7 [ ]SF N   

 15[ / ]vF Ns m   

 0.019[ / ]sv m s   
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Model A describes only the Stribeck curve without hysteresis, thus the friction 

force is the same for acceleration and for braking situation (see Figure 6.8). 

 

Figure 6.8 Friction characteristic of Model A 

6.1.2 Model B 

Model B was designed using the analytical model-based method of TP model 

transformation (see Figure 4.1) based on (3.6). The operation domain of our experiment 

defines the domain and grid size of the discretization process for TP model 

transformation. Thus the domain for the velocity is between -0.05 and 0.05 m/s with a 

grid size 1000 which takes 1000 discrete values in the defined domain (this domain and 

grid size is applied for every TP model transformation in this chapter). As in this case 

there is no hysteresis loop, the TP model transformation was applied only for the 

parametric equation (3.6) and the results are denoted by Str. 

After applying the TP model transformation, the friction can be modeled using 

the following linear combination: 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

an an an an ana w a w a   (6.3) 

 
1 4

22, 1.1 10Str

ana     (6.4) 

 
2

22, 359Str

ana   , (6.5) 

where the weighting coefficients as the function of the velocity can be seen in 

Figure 6.9. 
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Figure 6.9 The weighting coefficients as the function of velocity for Model B 

The friction characteristic of Model B can be seen in Figure 6.10. 

 

Figure 6.10 Friction characteristic of Model B 

As we can see the model gives a good approximation of the measurement results. 

6.1.3 Model C 

Model C was designed using the direct method of TP model transformation (see 

Figure 4.1). The same domain and grid size (velocity between -0.05 and 0.05 m/s, grid 

size 1000) was applied as in the case of Model B but for data input instead of the 

parametric equation (3.6) directly the measurement data was used. 

After applying the TP model transformation, the friction can be modeled using 

the following linear combination: 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

dir dir dir dir dira w a w a   (6.6) 

 
1 4

22, 4.52 10Str

dira     (6.7) 

 
2

22, 383Str

dira   , (6.8) 
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where the weighting coefficients as the function of the velocity can be seen in 

Figure 6.11. 

 

Figure 6.11 The weighting coefficients as the function of velocity for Model C 

The friction characteristic of Model C can be seen in Figure 6.12. 

 

Figure 6.12 Friction characteristic of Model C 

Note that Model C has almost the same friction characteristic as derived from the 

measurement. In Figure 6.12 they are overlapping each other. The difference depends 

on the grid size of the TP model transformation. The more measurement data we use in 

the TP model transformation process the smaller the difference will be. There are two 

advantages of Model C. The first advantage is that it is not necessary to identify the 

parameters of the friction model (3.6), but we can use directly our measurement data. 

The second is that we created a model suitable for TP control design, which provides 

already implemented control design tools for nonlinear systems. 
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6.1.4 Comparison of the Stribeck-friction models 

For model evaluation purposes a MATLAB Simulink simulation model was 

implemented (see Figure 6.13). The friction models are compared to the measurement 

results by using the same excitation (
1p  in Figure 6.2 and Figure 6.13) measured during 

a single stick-slip phenomenon shown in Figure 6.4. Thus as excitation the pressure 

difference from the measurement is applied in every simulation and the responses of the 

three friction models are investigated. The comparison is based on the investigation of 

the acceleration- and velocity-responses of the different models. In the figures below the 

measurement results shown in Figure 6.5 and Figure 6.6  are denoted as Measurement 

and they are compared to the simulated acceleration and velocity output of the model 

shown in Figure 6.13. 

 

Figure 6.13 MATLAB Simulink simulation model 
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Figure 6.14 Acceleration of Model A 

 

 

 

Figure 6.15 Velocity of Model A 

 

 

 

Figure 6.16 Acceleration of Model B 

 

 

 

Figure 6.17 Velocity of Model B 

 

 

 

Figure 6.18 Acceleration of Model C 

 

 

 

Figure 6.19 Velocity of Model C 
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The comparison of the root-mean-square deviation (RMSD) of the model results 

compared to the measurement results is shown in Table 6.2. 

Table 6.2 RMSD of the Stribeck-friction models 

Deviation Model A Model B Model C 

Acceleration [m/s
2
] 0.131 0.132 0.132 

Acceleration [%] 5.399 5.43 5.42 

Velocity [m/s] 0.0021 0.00209 0.00243 

Velocity [%] 6.17 6.14 7.15 

As we can see the three models have almost the same results. For Model A and 

Model B it can be explained by the similarity of the friction trajectories of the models 

(see Figure 6.8 and Figure 6.10). In case of Model C the deviation to the measurement 

depends on, how much noise the sensors have collected during the measurement.  

The results conclude that all the three modeling methods can be applied for the 

same purpose but Model B and Model C has advantages as compared to Model A. The 

main advantage of Model B is that the algorithms of TP control design for nonlinear 

systems can be applied for it. The same advantage can be mentioned in the case of 

Model C. Moreover, in case of Model C it is not necessary to identify the parameters of 

the friction model, but the measurement data can be directly applied for modeling. 

6.2 Systematic design of sliding sector  

The method described in section 5.4 is implemented and a systematic design 

method is developed. The input of the piston is a force inF . The dynamic equation of the 

system with the parameter 1

22

Stra  and 2

22

Stra  

 22     1,2Stri

inF mv a vm i    (6.9) 

Let us assume that the position reference signal is a constant. Let us denote the 

position error by 1x  and its time derivative by 2x . If the reference signal is a constant 

than 2 x v  . The dynamic equation of the error  

 2 22 2

Stri inF
x a x

m
   (6.10) 

 1 2x x  (6.11) 
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The sliding sector is defined by two sliding lines (see Figure 6.20). 

 1 2 1 1 0x x     (6.12)

 2 2 2 1 0x x     (6.13)

 

Figure 6.20 The sliding sector 

The equivalent control can be calculated from 0   (see (5.7)-(5.9))  

 2 1 0i ix x     (6.14) 

Substituting (6.10) to (6.14) 

 
22 2 1 0Stri in

i i

F
a x x

m
      (6.15) 

The equivalent control can be expressed 

 22 2 2

eqi Stri

i

F
a x x

m
          1,2i   (6.16) 

i  is selected in such a way that the equivalent control should be the same in both 

cases 

 
1 2 1 2

22 2 1 2 22 2 2 2

eq eq Str Str
F F

a x x a x x
m m

       (6.17) 

Since  

 2 1

22 22

Str Stra a  (6.18) 

The width of the sector is described by the following parameter 

 2

1

1





   (6.19) 
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The parameter of the sliding line can be expressed 

 
2 1

22 22
1 2 1          

1

Str Stra a
  




 


 (6.20) 

6.3 Modeling friction with hysteresis loop 

In case of modeling friction with hysteresis loop the friction models (3.4) and 

(3.6) are applied, based on the sign of the acceleration: 

 2

( )
sign( ) ,    if    sign( ) sign( )

( ) 1 ( / )

sign( ) ,                             if    sign( ) sign( )

s C
C v

Fr s

c v

F F
F v F v v v

F v v v

F v F v v v

 
   

  


 

 (6.21) 

To avoid discontinuity the signum function is approximated by a sigmoid 

function: 

 
 1000

2
sign( ) 1

1 
 

 v
v

e
 (6.22) 

Figure 6.21 shows the simulated friction-hysteresis. In Figure 6.22 the hysteresis 

loop is magnified distinguishing the acceleration and braking situation. 

 

Figure 6.21 Simulated friction-hysteresis 

 

Figure 6.22 Simulated friction-hysteresis (magnified) 

Three different Stribeck-friction models with hysteresis loop were derived to 

make a comparison based on the measurements: 

• MODEL D: 

Nonlinear parametric model with hysteresis loop based on (6.21). 

• MODEL E: 
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TP model derived via analytical model-based method of TP model transformation 

(see Figure 4.1) based on nonlinear parametric model with hysteresis loop based on 

(6.21). 

• MODEL F: 

TP model derived via direct method of TP model transformation (see Figure 4.1) 

directly applying the measurement results of the experiments. 

6.3.1 Model D 

For Model D the same friction parameter set is applied as for Model A but a 

friction with hysteresis loop is modeled based on the friction model described by (6.21). 

The friction-hysteresis of Model D is shown in Figure 6.23. 

 

Figure 6.23 Friction characteristic of Model D 

The model is based on nonlinear parametric equations.  

6.3.2 Model E 

Model E was designed using the analytical model-based method of TP model 

transformation (see Figure 4.1) based on (6.21). For the TP model transformation the 

same domain and grid size was applied, thus the domain for the velocity is between  

-0.05 and 0.05 m/s with a grid size 1000. To specify the hysteresis loop, the TP model 

transformation was applied for both parametric equation (3.4) and (3.6). (3.6) is denoted 

by Str and (3.4) is denoted by Vis. 

After applying the TP model transformation, the friction for accelerating piston 

can be modeled using the following linear combination: 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

an an an an ana w a w a   (6.23) 

 
1 4

22, 1.1 10Str

ana     (6.24) 
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2

22, 359Str

ana   . (6.25) 

The friction for slowing piston can be modeled using the following linear 

combination: 

 
1 1 2 2

22, 22, 22,

Vis Vis Vis Vis Vis

an an an an ana w a w a   (6.26) 

 
1 3

22, 7.28 10Vis

ana     (6.27) 

 
2

22, 376Vis

ana   , (6.28) 

where the weighting coefficients as the function of the velocity can be seen in 

Figure 6.24 and Figure 6.25. 

 

Figure 6.24 The weighting coefficients  

of Model E for accelerating piston 

 

Figure 6.25 The weighting coefficients  

of Model E for slowing piston 

The friction characteristic for accelerating and slowing piston can be seen in 

Figure 6.26 and Figure 6.27. 

 

Figure 6.26 Friction characteristic of Model E 

for accelerating piston 

 

Figure 6.27 Friction characteristic of Model E 

for slowing piston 

The shape of the weighting coefficients is quite straightforward to explain. The 

nonlinear friction terms are modeled using a varying viscosity coefficient, which is 

represented by the 22a  element in the system matrix. A small viscous coefficient in 
22

2a  
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dominates at high speed, where the Coulomb friction is relatively small. A very large 

viscous coefficient in 
22

1a  dominates at low speed, where the Coulomb friction is 

comparatively large. We can also see that the rate of 
22

1Stra  and 
22

1Visa  gives us the rate of 

SF  and 
CF . 

The condition determining the change between the two models is given as 

follows: 

 
22

22

,    if    sign( ) sign( )
( )

,    if    sign( ) sign( )

Str

Fr Vis

a v v
F v

a v v

 
 


 (6.29) 

The friction characteristic of Model E can be seen in Figure 6.28. 

 

Figure 6.28 Friction characteristic of Model E 

As we can see the model gives a good approximation of the measurement results. 

6.3.3 Model F 

Model F was designed using the direct method of TP model transformation (see 

Figure 4.1). The same domain and grid size (velocity between -0.05 and 0.05 m/s, grid 

size 1000) was applied as in the case of Model E but for data input instead of the 

parametric equation (6.21) directly the measurement data was used. 

After applying the TP model transformation, the friction for accelerating piston 

can be modeled using the following linear combination: 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

dir dir dir dir dira w a w a   (6.30) 

 
1 4

22, 4.52 10Str

dira     (6.31) 

 
2

22, 383Str

dira   . (6.32) 
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The friction for slowing piston can be modeled using the following linear 

combination: 

 
1 1 2 2

22, 22, 22,

Vis Vis Vis Vis Vis

dir dir dir dir dira w a w a   (6.33) 

 
1 4

22, 2.8 10Vis

dira     (6.34) 

 
2

22, 383Vis

dira   , (6.35) 

where the weighting coefficients as the function of the velocity can be seen in 

Figure 6.29 and Figure 6.30. 

 

Figure 6.29 The weighting coefficients  

of Model F for accelerating piston 

 

Figure 6.30 The weighting coefficients  

of Model F for slowing piston 

The friction characteristic for accelerating and slowing piston can be seen in 

Figure 6.31 and Figure 6.32. 

 

Figure 6.31 Friction characteristic of Model F 

for accelerating piston 

 

Figure 6.32 Friction characteristic of Model F 

for slowing piston 

The condition determining the change between the two models is given as 

follows: 

 
22

22

,    if    sign( ) sign( )
( )

,    if    sign( ) sign( )

Str

Fr Vis

a v v
F v

a v v

 
 


 (6.36) 
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The friction-trajectory of Model F can be seen in Figure 6.33. 

 

Figure 6.33 Friction characteristic of Model F 

Note that just like in the case of Model C, Model F has also almost the same 

friction hysteresis as derived from the measurement. In Figure 6.33 they are overlapping 

each other. The difference depends again on the grid size of the TP model 

transformation. The more measurement data we use in the TP model transformation 

process the smaller the difference will be. There are two advantages of Model F. One is 

that it is not necessary to identify the parameters of the friction model (6.21), but we can 

use directly our measurements. The second is that we created a model suitable for TP 

control design, which provides already implemented control design tools for nonlinear 

systems. 

6.3.4 Comparison of the models with hysteresis loop 

As in the case of the previous comparison for model evaluation purposes the 

same MATLAB Simulink simulation model was applied (see Figure 6.13). The friction 

models are compared to the measurement results by using the same excitation ( 1p  in 

Figure 6.2 and Figure 6.13) measured during a single stick-slip phenomenon shown in 

Figure 6.4. Thus as excitation the pressure difference from the measurement is applied 

in every simulation and the responses of the three friction models are investigated. The 

comparison is based on the investigation of the acceleration- and velocity-responses of 

the different models. In the figures below the measurement results shown in Figure 6.5 

and Figure 6.6  are denoted as Measurement and they are compared to the simulated 

acceleration and velocity output of the model shown in Figure 6.13. 
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Figure 6.34 Acceleration of Model D 

 

 

 

 

Figure 6.35 Velocity of Model D 

 

 

 

 

Figure 6.36 Acceleration of Model E 

 

 

 

 

Figure 6.37 Velocity of Model E 

 

 

 

 

Figure 6.38 Acceleration of Model F 

 

 

Figure 6.39 Velocity of Model F 
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The comparison of the root-mean-square deviation (RMSD) of the model results 

compared to the measurement results is shown in Table 6.3. 

Table 6.3 RMSD of the models with hysteresis loop 

Deviation Model D Model E Model F 

Acceleration [m/s
2
] 0.1059 0.1062 0.1092 

Acceleration [%] 2.654 2.661 2.736 

Velocity [m/s] 0.00183 0.00182 0.00238 

Velocity [%] 5.372 5.340 7.013 

 

Model E is almost the same as Model D considering the friction model. This can 

also be noticed on the simulation results. The difference depends on the grid size of the 

TP model transformation. The more discretized data we use in the TP model 

transformation process the smaller the difference will be. The main advantage of Model 

E is that the algorithms of TP control design for nonlinear systems can be applied for it. 

Model F gives us a bit bigger difference as it is designed using the measurement 

data directly with no filtering. Thus the noise collected by the sensors is also built in the 

model. This inaccuracy can be reduced using the statistical results of repeated 

measurements. There are two advantages of Model F. The first advantage is that it is not 

necessary to identify the parameters of the friction model, but the measurement data can 

be directly applied for modeling. The second is that Model F is suitable for TP control 

design, which provides already implemented control design tools for nonlinear systems. 

In most cases both the direct (directly from measurement) and the analytical 

model-based method can be applied, thus we can select the appropriate method based on 

their advantages and disadvantages. Advantages of the direct method are that the 

definition of the model-parameters is not necessary and there is no loss of information. 

On the other hand it has to be taken into account that the disturbances during the 

measurement are also modeled. Based on these attributions of the investigated modeling 

tools it can be decided for a given modeling problem when the direct method can be 

applied. For example in the case of modeling of friction the identification of the 

parameters can take a lot of effort, which can be avoided using the direct method. On 

the other hand for such systems where the measurement has a lot of disturbances which 

cannot be handled by other elements of the system the analytical model-based method is 

the appropriate solution. 
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7 SLIDING MODE BASED  

MODEL REFERENCE ADAPTIVE COMPENSATION 

This chapter concentrates on the implementation of the sliding mode based model 

reference adaptive compensation discussed in section 5.5. The experiments were carried 

out on a standard 166-55 0416-1 Mecman pneumatic cylinder equipped with a 3/3 

proportional valve, two pressure sensors and an incremental linear encoder. The 

experimental setup is shown in Figure 7.1. The hardware elements are listed in Table 

7.1. 

 

Figure 7.1 Servo-pneumatic system 

 

Table 7.1 Elements of the experimental setup 

Nr. Element Type 

1 Control unit NI cRIO-9073 

2 Interface  

3 Pressure sensor FESTO SDE-10-10V/20mA 

4 Incremental linear encoder Mitutoyo AT115 

5 Positioning table  

6 Pneumatic cylinder Mecman 166-55 0416-1 

7 3/3 proportional valve HOERBIGER ORIGA SERVOTEC 
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The motivation for this experimental setup was to investigate the control 

problematics of today’s commercial vehicle gearboxes. In case of a pneumatic gearbox 

only one chamber is controlled, which is working against a spring. In the case of the 

experimental setup the spring is substituted by a closed chamber acting as an air spring. 

The schematic can be seen in Figure 7.2. 
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Figure 7.2 Servo-pneumatic 

 

The state space model of the experimental setup:  
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7.1 Decomposition 

The servo-pneumatic system (2.47) does not satisfy the so-called Drazenovic 

condition (5.15). Thus the sliding mode based model reference adaptive compensation 

introduced in section 5.5 cannot be applied to this model. To resolve this conflict the 

system can be rearranged into such subsystems which satisfy the Drazenovic condition 

separately. Thus the sliding mode based model reference adaptive compensation can be 

applied to these subsystems. 

The conditions for the sliding mode based model reference adaptive 

compensation are that the control input should be able to work with high frequency, and 

the difference between the observer and the real system should be less than the maximal 

control input. 

For the decomposition the same approach was applied as the conventional 

method for a DC-motor control design. In case of a DC-motor the control system is 

usually decomposed into two control loops: voltage and current control loops. In the 

case of the presented pneumatic setup the system can be decomposed to position and 

pressure control [107] (see Figure 7.3). 

Pneumatic 
subsystem

Mechanical 
subsystempu

x

x

 

Figure 7.3 Decomposition of the servo-pneumatic system 

Both the position control subsystem and the pressure control subsystem satisfy 

the Drazenovic condition and the sliding mode based model reference adaptive 

compensation can be implemented for them (see Figure 7.4). The condition for such a 

cascade control structure is that the inner loop should be faster than the outer loop. 
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Figure 7.4 Control schematic of the servo-pneumatic system 
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7.2 Position control 

The state space model of the position control loop is:  

 21 2
22

0 0
0 1 0

( )
0

x x
u p f tA A

av v E
m m

  
                           

   

 (7.5) 
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( ) FrF v

a v
v m

 


 (7.6) 

 
1u p  (7.7) 

This reduced model in contrast with the original model (2.47) satisfies the 

Drazenovic condition (5.15), which facilitates the utilization of the proposed sliding 

mode based model reference adaptive compensation. 

The control schematic based on Figure 5.4 is shown in Figure 7.5. 
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Figure 7.5 Position control schematic 

where 

 x  [µm] piston position 

 v  [µm/s] piston velocity 

 
refx  [µm] reference position 

 
idmp  [Pa] ideal control pressure 

 p  [Pa] real input pressure 

 p̂  [Pa] input pressure of the observer 

 v̂  [µm/s] observer velocity 

   [-] switching surface 

 
SMCp  [Pa] estimated disturbance signal 
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SMC,eqp  [Pa] filtered estimated disturbance signal 

 

In this control design the controlled state variable is the position and the observed 

state variable is the velocity of the piston. For the realization of the position control loop 

an inner pressure control loop is also needed (see Figure 7.6). 
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Figure 7.6 Position control schematic with inner pressure controller loop 

As nowadays mostly discrete-time controllers are applied a discrete approach is 

also shown in Figure 7.7. 
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Figure 7.7 Position control schematic for discrete-time controller 

This discrete-time control schematic is applied in the experimental setup as well. 
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7.3 Pressure control 

The state space model of the pressure control loop for one chamber is:  

 
11 1 10 ( ) ( )vp p b A u E f t      (7.8) 
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 (7.9) 

This reduced model satisfies the Drazenovic condition (5.15), which facilitates 

the utilization of the proposed sliding mode based model reference adaptive 

compensation. The reason why the original system does not satisfy the Drazenovic 

condition (5.15), while the subsystems do satisfy it, is that during the decomposition the 

32a  element of (7.1) is neglected in the observers and handled as a disturbance. 

The control schematic based on Figure 5.4 is shown in Figure 7.8. 

Valve and
chamber

Observer

PID 
Controller

SMC LPF

Z -1

p̂







Refp

















p

SMCu eqSMCu ,

idmu u

û

 

Figure 7.8 Pressure control schematic 

where 

 p  [Pa] real input pressure 

 
refp  [Pa] reference control pressure 

 
idmu  [V] ideal control voltage 

 u  [V] real input voltage 

 û  [V] input voltage of the observer 

 p̂  [Pa] observer pressure 

   [-] switching surface 

 
SMCu  [V] estimated disturbance signal 

 
SMC,equ  [V] filtered estimated disturbance signal 
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In this control design the controlled and the observed state variable is in both 

cases the pressure of the chamber. To compensate the nonlinear coupling between the 

pressure gradient in the chamber and the input voltage of the proportional valve, the 

transfer function of this subsystem is separated into static and dynamic parts. The 

inverse function of the static part 1

Static

W   can be utilized to linearize the subsystem [107] 

(see Figure 7.9). 

Linear 
Controller




DynamicW1

StaticW
Refy ylinearu

realu StaticW

 

Figure 7.9 Linearization via inverse function 

In the servo-pneumatic system the dynamics of the proportional valve is much 

faster than the pneumatic phenomenon, thus the observer model ˆ
VW  of the proportional 

valve can be described by static invertible algebraic equation ignoring the state variables 

belonging to the proportional valve. The dynamic part of the transfer function is the 

capacity of the chamber which is represented by the integrator in the control schematic 

(see Figure 7.10). 
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Figure 7.10 Pressure control schematic with static and dynamic parts 

In the experimental setup the discrete-time form of the pressure controller (see 

Figure 7.11) is applied. The definition of the inverse function is discussed in the next 

section. 
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Figure 7.11 Pressure control schematic for discrete-time controller 

7.4 Identification of the pneumatic valve 

The inverse function is defined based on the characteristics of the proportional 

valve. The aim of this section is to define the correlation between the input voltage of 

the proportional valve, the pressure in the chamber and the pressure gradient in the 

chamber (see Figure 7.23). 

There are several standards for the identification of the flow coefficient of a 

pneumatic valve [16], [108], [109], [110], [111]. The dissertation proposes a simplified 

measurement evaluation method, which is based on similar observations as the JFPS 

2009:2002 [109] standard and the method proposed by de las Heras [110] but in 

contrast with the standard methods the proposed solution defines the pressure gradient 

of a pneumatic system that consists of a proportional valve and a chamber instead of 

defining the flow coefficient of the proportional valve. 

The applied valve is a HOERBIGER ORIGA SERVOTEC proportional valve. 

The structure of the valve is shown in Figure 7.12, Figure 7.13 and Figure 7.14. 

 

Figure 7.12 Servo-valve 

 

 

Figure 7.13 Drawing of the servo-valve 
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As it is shown in Figure 7.14 the surface of the inlet orifice depends on the angle 

of the spool and not on the spool displacement. 

 

Figure 7.14 Structure of the servo-valve 

The measurement setup built for the identification of the proportional valve is 

shown in Figure 7.15. The measurement setup consists of two vessels, two pressure 

sensors and the proportional valve. One of the vessels has a bigger volume, the other 

one is in the order of magnitude of the chamber of a pneumatic cylinder. The last one 

can be substituted by the cylinder itself with fixed position. The bigger vessel is applied 

as a puffer to smoothen the supply pressure, while the smaller one is the investigated 

chamber. The aim of the first pressure sensor is to supervise the supply pressure. The 

investigation is based on the pressure signal measured by the second pressure sensor. 

P
U

Control unitM

Investigated chamber

P
U

Puffer vessel
 

Figure 7.15 Experimental setup for the identification of the valve 
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During the measurement inflation and deflation processes are analyzed. In case of 

the inflation process the initial condition is that the chamber is fully deflated to 

atmospheric pressure. Then with a constant input voltage inflation is performed and the 

pressure signal is recorded. In case of deflation the process is similar but reversed: the 

initial condition is a fully inflated chamber (chamber pressure equals the supply 

pressure), which is deflated to atmospheric pressure with a constant input voltage. 

Typical pressure curves of inflation and deflation processes are shown in Figure 

7.16 and Figure 7.17. 

 

Figure 7.16 Inflation pressure curve 

 

Figure 7.17 Deflation pressure curve 

Let us investigate equations that describe the pressure gradient. 
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Figure 7.18 Flow coefficient 
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During the evaluation the following conditions are taken into account:  

 the chamber pressure is above the pressure value belonging to the 

deflation critical pressure ratio 

 isentropic flow (adiabatic, reversible) 

 the flow-surface can be considered as ideal nozzle 

 there is no technical work (wt = 0) 

 the effect of potential energy can be neglected 

 the supply pressure can be considered as constant 

 the atmospheric pressure can be considered as constant 

 valve leakage can be neglected 

In case of inflation 
up  is the supply pressure thus it can be handled as constant. 

Other parameters of (7.10) can also be considered as constant except for the flow 

coefficient  . This parameter is constant below the critical pressure ratio and follows a 

known characteristic curve above it [1], [112]. As the critical pressure ratio can be 

calculated based on the supply pressure, the flow coefficient and thus the pressure 

gradient as the function of pressure can be defined by the identification of only one 

parameter. The gradient of the initial pressure rise according to Figure 7.19 defines the 

constant pressure gradient 0p  till the critical pressure ratio (see Figure 7.20). Above the 

critical pressure ratio the pressure gradient as the function of pressure will follow the 

characteristic curve defined by (7.11) which can be determined by scaling the known 

characteristic curve by the initial constant pressure gradient 0p . 

 

Figure 7.19 Inflation pressure curve 

 

Figure 7.20 Mass flow-rate for inflation 

In case of deflation 
up  is the chamber pressure which cannot be handled as 

constant. Other parameters of (7.10) can be considered as constant except for the flow 

coefficient  . If we focus on the domain above the critical pressure ratio, the flow 

coefficient   can be handled as constant and the only variable is the chamber pressure 

yielding a linear correlation between the pressure and the pressure gradient above the 

critical pressure ratio (see Figure 7.22). As the critical pressure ratio for deflation is 

around 0,894 bar it is outside the typical operation domain of a real application. If the 
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domain below the critical pressure ratio is needed the approach for inflation can be 

applied but the known curve defined by (7.12) should be multiplied by the 
up  pressure 

fall in the chamber. The dissertation focuses on the pressure domain above the critical 

pressure ratio in case of deflation. 

 

Figure 7.21 Exponential pressure curve for 

deflation 

 

Figure 7.22 Linear function of pressure and 

pressure gradient for deflation 

By performing the proposed method for the relevant input voltage levels of the 

proportional valve, we obtain the pressure gradient of the investigated system as the 

function of the pressure and the input voltage of the proportional valve. The result of the 

method can be demonstrated by Figure 7.23, where the investigated system consists of a 

HOERBIGER ORIGA SERVOTEC proportional valve and a Mecman 166-55 0416-1 

pneumatic cylinder. During the measurement the piston is positioned in the middle of 

the stroke, resulting 98 ml volume for the investigated system. 

 

Figure 7.23 Servo-valve characteristic 
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Let us investigate a characteristic view of Figure 7.23 for constant chamber 

pressure. In Figure 7.24 the pressure gradient in the chamber can be seen as the function 

of the input voltage of the proportional valve if the pressure in the chamber is 5 bar. 

 

Figure 7.24 Pressure gradient as function of voltage for 5 bar 

The characteristic of the curve can be derived from the structure of the 

proportional valve. The shape of the inlet orifice depends on the relative position of two 

borings. The input voltage determines the angular position of the valve thus the surface 

of the inlet orifice can be calculated by (7.13) based on Figure 7.25. 

 2 2arccos sin 2arccos
x x

A r
r r

     
      

     
 (7.13) 

 

Figure 7.25 Overlapping of the borings 

The derived curve based on (7.13) can be seen in Figure 7.26. 
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Figure 7.26 Surface of the inlet orifice as the function of the input voltage 

The calculation is not intended to go into details. The result is an explanation 

only of the main characteristics of the pressure gradient shown in Figure 7.24. For a 

more accurate result it should be taken into account that the borings for the inlet orifice 

are on a cylindrical surface, thus the shape of the borings are not circles but ellipses. 

The overall control schematic is shown in Figure 7.27. 
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Figure 7.27 Control schematic of the servo-pneumatic system 
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7.5 Experimental results 

First the inner pressure control loop is examined. In the case of the experimental 

test of the pressure control four different controllers were tested for the same process 

(the configuration is shown in Figure 7.8). The goal of the measurement is to show the 

effectiveness of sliding mode based model reference adaptive compensation in case of a 

proportional controller. Thus there is a proportional controller and the same 

proportional controller with sliding mode based model reference adaptive compensation. 

As a comparison there are two further proportional-integral controllers with slower and 

faster integral part. During the measurement the piston is positioned in the middle of the 

stroke, resulting 98 ml fixed volume for the investigated system. The process is starting 

with an initial 2 bar reference pressure (signal refp  in Figure 7.27) which is stepping to 

a constant 5 bar. After 10 seconds a leakage is simulated via an external pneumatic 

valve. Figure 7.28 and its magnified version Figure 7.29 show the real input pressure, 

p  in Figure 7.27. The proportional controller cannot eliminate the steady state error and 

gets worse with the deflation of the supply pressure. With sliding mode based model 

reference adaptive compensation we can reach the accuracy of the proportional-integral 

controller without overshoot. Just for comparison, responses of PI controllers with two 

different settings are plotted as well. The PI controller is written in the following form 

in the time domain: 

      
0

   

t

P Iu t K e t K e d     (7.14) 

where 𝑒(𝑡) is the error. The sampling frequency of the controller is 100 Hz. The 

controller parameters for pressure control are selected as follows: 

   50PK    

 ,1 25IK    

 ,2 100IK    

 0.1SMCM    

The cutoff frequency of the LPF should be chosen to filter the effect of the 

chattering phenomenon but to keep the disturbance signal which should be compensated. 

Based on the time constant of the pneumatic setup and the sampling frequency of the 

controller after tuning the LPF for pressure control a third order Butterworth filter with 

5 Hz cutoff frequency is chosen. 

There is a relatively big overshoot in case of the PI controller because of the 

saturation of the control input. The performance of the PI controller could be improved 

by the anti-windup version of it but the main contribution here is that even a simple P 
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type controller with the proposed sliding mode based model reference adaptive 

compensation can perform well and it can eliminate the effect of disturbance.  

 

Figure 7.28 Experimental results of pressure control 

 

 

Figure 7.29 Experimental results of pressure control (magnified) 

The control input ( u  in Figure 7.27) is plotted in Figure 7.30. The filtered 

estimated disturbance signal ( SMC,equ  in Figure 7.27) is shown in Figure 7.31. 
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Figure 7.30 Control voltage of the proportional valve 

 

 

Figure 7.31 Filtered estimated disturbance signal 

In the case of the experimental test of the position control the main goal is similar 

as in the case of the pressure control thus we have four controller types again: 

proportional, proportional with sliding mode based model reference adaptive 

compensation, slower and faster proportional-integral controllers. The process in this 

case is starting with an initial 40 mm reference position which is stepping to 60 mm. 

After 30 seconds 20 kg load is added.  
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The controller parameters for position control are selected as follows: 

   0.01PK    

 
,1 0.005IK    

 ,2 0.020IK    

 1SMCM    

The LPF for position control is substituted by the dynamics of the inner pressure 

control loop. The experimental results of the four cases are plotted in Figure 7.32. This 

figure proves the effectiveness of the proposed application of sliding mode based model 

reference adaptive compensation. A pure P type controller cannot compensate the effect 

of the load in the position signal. The same P controller with sliding mode based model 

reference adaptive compensation can perform even better than a PI controller. Of course 

the PI controller could be tuned better but the main contribution here is that the P 

controller which fails to compensate the effect of the load can perform well with sliding 

mode based model reference adaptive compensation (compare the blue and red lines in 

Figure 7.32).  

 

Figure 7.32 Experimental results of position control 

For further analysis the pressure signal of the inner pressure control loop (signal 

p  in Figure 7.27) is presented in Figure 7.33. To achieve a faster response the control 

signal of PI controller includes overshoot and oscillation (see the purple line in Figure 

7.33).  
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Figure 7.33 Pressure signal of the inner pressure control loop 

The effect of the external load (20 kg) can be compensated by 1.591 bar pressure 

in the controlled chamber. Figure 7.34 compares the load equivalent pressure signal 

(blue line in Figure 7.34) and the filtered estimated disturbance signal ( SMC,eqp  in Figure 

7.27). Figure 7.34 shows clearly that the main part of the disturbance is the load. In 

addition to the external load the parameter uncertainty must be compensated by the 

filtered estimated disturbance signal. The difference of the two signals is caused by the 

difference of the real system and the reference model.  

 

Figure 7.34 Filtered estimated disturbance signal compared to external load 
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PART III 

Conclusion 



73 

 

8 THESES 

8.1 Thesis 1: [P4] 

The nonlinear Stribeck-friction has a unique description based on the direct 

usage of the actual measurement data points (direct method, see Figure 8.1) by 

non-model-based TP model transformation, ensuring a systematical method for 

the algorithmic sector design of sector sliding mode control. 
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Figure 8.1 TP model transformation 

The result is a similar reduced dimension parametric model as for the 

conventional analytical model-based method, but without loss of information. Due to its 

polytopic model form Linear Matrix Inequality (LMI) can be immediately applied to the 

resulting model to yield controllers with guaranteed performance. 

The practical relevance of the thesis can be verified by the experimental results of 

a standard DSNU-20-100-PPV-A Festo pneumatic cylinder. The friction of the 

pneumatic cylinder can be modeled as the function of the velocity as follows: 

 
22( ) ( )FrF v a v v m     (8.1) 

 
22

( )
( ) FrF v

a v
v m

 


, (8.2) 
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where 
22a  is the friction element of the state space model of the pneumatic 

system. The Stribeck-friction trajectory of the analytical TP model can be seen in Figure 

8.2 and the direct TP model in Figure 8.3. 

 

Figure 8.2 Stribeck-friction trajectory  

of the analytical TP model 

 

Figure 8.3 Stribeck-friction trajectory  

of the direct TP model 

The friction trajectories can be modelled using the following linear combinations: 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

an an an an ana w a w a   (8.3) 

 
1 4

22, 1.1 10Str

ana     (8.4) 

 
2

22, 359Str

ana    (8.5) 

 
1 1 2 2

22, 22, 22,

Str Str Str Str Str

dir dir dir dir dira w a w a   (8.6) 

 
1 4

22, 4.52 10Str

dira     (8.7) 

 
2

22, 383Str

dira   , (8.8) 

where the weighting coefficients as the function of the velocity can be seen in 

Figure 8.4 and Figure 8.5. 

 

Figure 8.4 The weighting coefficients for 

Stribeck-friction with analytical TP model 

 

Figure 8.5 The weighting coefficients for 

Stribeck-friction with direct TP model 
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Modeling of friction can be simplified by applying the direct method of TP model 

transformation, which makes the definition of friction parameters unnecessary by 

utilizing directly the measured data itself. Due to its polytopic model form this method 

makes the nonlinear friction ready for a systematical control design. In case a piston 

with mass m is actuated by proportional valve and our goal is position control, the 

system can be described by a second order differential equation. The classical sliding 

line for such a system can be given as follows: 

 𝜎 = 𝑥2 + 𝜆𝑥1 = 0, (8.9) 

where 𝑥1 is the position error of the piston and 𝑥2 is the time derivative of 𝑥1 and 

𝜆 is the parameter of the system in sliding mode, which defines the first order dynamics 

reduced from second order. Its value is chosen so that the two parameters - which 

remain after the dimension reduction of the measured Stribeck-friction data (for 

analytical TP model (8.4) and (8.5), for direct TP model (8.7) and (8.8)) - have the same 

equivalent control signal. It defines two sliding lines (see Figure 8.6). 

 𝜎1 = 𝑥2 + 𝜆1𝑥1 = 0 (8.10) 

 𝜎2 = 𝑥2 + 𝜆2𝑥1 = 0 (8.11) 

 

 

Figure 8.6 The sliding sector 

As parameter the 𝜁 < 1 width of the sector can be chosen as follows: 

 𝜁 =
𝜆2

𝜆1
, (8.12) 

where 

 𝜆1 =
𝑎22

𝑆𝑡𝑟2−𝑎22
𝑆𝑡𝑟1

1−𝜁
          𝜆2 = 𝜁𝜆1. (8.13) 
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8.2 Thesis 2: [P4] 

The hysteretic nonlinear friction has a unique description via merging a 

Stribeck- and a Coulomb-viscous-friction by hysteretic TP model transformation 

using both the direct (directly from measurement) and the analytical model-based 

method (see Figure 8.1). 

 

The result is a similar reduced dimension parametric model for both methods. 

The practical relevance of the thesis can be verified by the experimental results of a 

standard DSNU-20-100-PPV-A Festo pneumatic cylinder. The friction of the pneumatic 

cylinder can be modeled as the function of the velocity as follows: 

 
22( ) ( )FrF v a v v m     (8.14) 

 
22

( )
( ) FrF v

a v
v m

 


, (8.15) 

where 
22a  is the friction element of the state space model of the pneumatic 

system. The friction trajectories can be seen in Figure 8.7 for the analytical hysteretic 

TP model and in Figure 8.8 for the direct hysteretic TP model. 

 

Figure 8.7 Friction trajectory of the  

analytical hysteretic TP model 

 

Figure 8.8 Friction trajectory of the  

direct hysteretic TP model 

 

The friction for accelerating piston takes Stribeck characteristic, while for 

slowing piston it changes for Coulomb-viscous characteristic. The Stribeck-friction 

trajectories for accelerating piston can be seen in Figure 8.9 for the analytical TP model 

and in Figure 8.10 for the direct TP model. 
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Figure 8.9 Stribeck-friction trajectory  

of the analytical hysteretic TP model 

 

Figure 8.10 Stribeck-friction trajectory  

of the direct hysteretic TP model 

The Stribeck-friction for accelerating piston can be modeled using the following 

linear combinations: 
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2
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where the weighting coefficients as the function of the velocity can be seen in 

Figure 8.11 and Figure 8.12. 

 

Figure 8.11 The weighting coefficients for 

Stribeck-friction with analytical  

hysteretic TP model 

 

Figure 8.12 The weighting coefficients for 

Stribeck-friction with direct  

hysteretic TP model 

The Coulomb-viscous-friction trajectories for slowing piston can be seen in 

Figure 8.13 for the analytical TP model and in Figure 8.14 for the direct TP model. 
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Figure 8.13 Coulomb-viscous-friction trajectory 

of the analytical hysteretic TP model 

 

Figure 8.14 Coulomb-viscous-friction trajectory 

of the direct hysteretic TP model 

The Coulomb-viscous-friction for slowing piston can be modeled using the 

following linear combinations: 
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where the weighting coefficients as the function of the velocity can be seen in 

Figure 8.15 and Figure 8.16. 

 

Figure 8.15 The weighting coefficients for 

Coulomb-viscous-friction with analytical 

hysteretic TP model 

 

Figure 8.16 The weighting coefficients for 

Coulomb-viscous-friction with direct  

hysteretic TP model 
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The condition determining the change between the two models is given as 

follows: 

 
22
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,    if    sign( ) sign( )
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a v v
F v

a v v

 
 


 (8.28) 

8.3 Thesis 3: [P2, P5, P6, P7, P8, P9, P10, P11] 

A servo-pneumatic cylinder can be decomposed to such subsystems, for 

which sliding mode based model reference adaptive compensation can be applied. 

The subsystems have to satisfy the so-called Drazenovic condition, which is not 

satisfied by the system as a whole. The nonlinearity of the static part of the 

subsystems can be handled by inverse functions. For the dynamic part of the 

subsystems sliding mode based model reference adaptive compensation can be 

applied. 

 

The controller design can be demonstrated by the control schematic of a servo-

pneumatic system shown in Figure 8.17. 
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Figure 8.17 Control schematic of the servo-pneumatic system 
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The control schematic proposed in Figure 8.17 facilitates the suppression of 

external disturbances and the effects of uncertain parameters in a servo-pneumatic 

cylinder. Sliding mode based model reference adaptive compensation makes it possible 

to apply linear control strategies for nonlinear pneumatic systems or to modify the 

dynamic characteristics of the system. 

8.4 Thesis 4: [P1, P3, P5, P6, P11] 

For a class of proportional valves that control the supply pressure of 

pneumatic cylinders a simplified practical measurement evaluation method can be 

derived to determine the approximate flow characteristics. 

Conditions of the simplified approximate evaluation method:  

 the chamber pressure is above the pressure value belonging to the 

deflation critical pressure ratio 

 isentropic flow (adiabatic, reversible) 

 the flow-surface can be considered as ideal nozzle 

 there is no technical work (wt = 0) 

 the effect of potential energy can be neglected 

 the supply pressure can be considered as constant 

 the atmospheric pressure can be considered as constant 

 valve leakage can be neglected 

 

If these conditions are satisfied the following correlation can be applied to define 

the pressure gradient of a pneumatic system that consists of a proportional valve and a 

chamber (from now on referred as the investigated system): 

 
0
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 (8.29) 

In case the proportional valve is excited with constant voltage in a fixed position 

of the piston and the conditions above are satisfied, only members d

u

p

p

 
 
 

 and
up  are 

not constant from (8.29). By utilizing this attribute the flow rate characteristic of the 

proportional valve can be determined by the inflation and deflation pressure gradient of 

the investigated system. 

If the input voltage of the proportional valve is constant during inflation from 

(8.29) the member 
up  is the constant supply pressure, thus the pressure gradient 

depends only on the flow coefficient d

u

p

p

 
 
 

. Thus the pressure gradient as the 
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function of pressure can be well described by the correlations describing the flow 

coefficient: 
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Below the critical pressure ratio sonic flow occurs, thus the flow coefficient is 

constant in this domain (Figure 8.19), resulting a constant pressure gradient which is 

also shown on the experimental measurement in Figure 8.18. By calculating the 

steepness of this segment the pressure gradient as the function of pressure can be 

determined for the domain below the critical pressure ratio. As the critical pressure ratio 

can be calculated from the supply pressure and the characteristic curve above it is 

known, the pressure gradient as the function of pressure can be identified for the whole 

pressure ratio domain based on the pressure gradient below the critical pressure ratio. 

 

Figure 8.18 Typical pressure curve of inflation 

 

Figure 8.19 Pressure gradient 

If the input voltage of the proportional valve is constant during deflation from 

(8.29) the member d

u

p

p

 
 
 

 is constant in case the chamber pressure is above the 

pressure value belonging to the deflation critical pressure ratio. Thus in this domain the 

pressure gradient depends only on the member 
up  which is the chamber pressure in 

case of deflation. Thus the correlation between pressure gradient and pressure is linear 

in this domain. The steepness of this linear function (Figure 8.21) can be determined 

based on the time constant of the exponential pressure fall shown on the experimental 

measurement in Figure 8.20. 
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Figure 8.20 Typical pressure curve of deflation 

 

Figure 8.21 Pressure gradient as the function of 

pressure for deflation 

By performing the proposed measurement evaluation method for the relevant 

input voltage levels of the proportional valve, we obtain the pressure gradient of the 

investigated system as the function of the pressure and the input voltage of the 

proportional valve. The result of the method can be demonstrated by Figure 8.22, where 

the investigated system consists of a HOERBIGER ORIGA SERVOTEC proportional 

valve and a Mecman 166-55 0416-1 pneumatic cylinder. During the measurement the 

piston is positioned in the middle of the stroke, resulting 98 ml volume for the 

investigated system. 
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Figure 8.22 Pressure gradient of the pneumatic system 

The pressure gradient as the function of the pressure and the input voltage is 

inversely proportional to the volume of the investigated system, thus the result of the 

evaluation is applicable for other piston positions as well. The proposed method 

facilitates the approximation of the characteristic based on reduced measurement data, 

thus the goal-oriented identification process of a pneumatic valve can be effectively 

shortened by utilizing the special characteristic of the inflation and deflation processes. 
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