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Jeney Gábor

Doktori disszertáció

Tudományos konzulens:

Dr. Pap László

2004, Budapest



c© 2004, Minden jog fenntartva.

Ezt a dokumentumot a LATEX 2ε program tördelte, az Adober Times betűcsaládját felhasználva.



Acknowledgements

Before the document starts, I must appreciate the help of those, who believed that my work will finally evolve
into this form, which is kept in the hand (or on the screen) of the reader. First of all I would like to thank
the tremendous support given by Prof. László Pap, who conducted my work to the right direction, and made it
possible that I could write this document.

Special thanks to Dr. János Levendovszky who helped to pave the way in the field of recurrent neural net-
works. Lots of joint work is included here, most theorems would have not been present without his help. Many
thanks to Dr. Sándor Imre who acted as a secondary supervisor, but—unfortunately—I could not represent his
name on the title page: most proof reading was done by him. I also return thanks to Dr. Achim Engelhart,
Dr. Werner G. Teich, Prof. Dr. Jürgen Lindner, for the joint work we have done in the University of Ulm.
My honourable duty is to mention here also Markus Dangl for his friendly suggestions and Turgut Dogan for
conducting the simulations during joint works.

My work has been also indirectly supported by the European Commision (EC). In several European projects
(COST262, COST289, IST-2003-001812 (Phoenix) and NEWCOM) I could participate, all of them helped to
broad the view on the topic, and the helpful comments I had got from partners also improved the material
included herein. Without naming those many people, I thank to all who made it possible!

Last but not least to my family for their love and patience. Without their support I would have surely failed
in finishing this document.

v



vi



Abstract

Detection is key element in communication systems. The detector estimates (decides) each sent symbol arriving
from the transmitter. The decision is based on previous symbols and different non-discrete quantities (like the
complex baseband equivalent of the received signal) and it should provide the lowest possible symbol error
ratio, i. e. the estimated symbol sequence should differ from the snet symbol sequence in the least.

If the channel is dispersive, subsequent symbols overlap each other, inter-symbol interference arises. The
effect of overlaping can be eliminated by the so-called channel equalization methods, i. e. detection should be
able to take into consideration the distortion of subsequent symbols, and to make decision based on this extra
information.

If more users share the same channel, then they unintentionally disturb each other, their signals interfere to
some extent. Due to interference the signal flows become correlated, they cannot be handled as independent
links. The detection algorithm should adjust to these circumstances. Detection methods which take into ac-
count the existence of other users on the same medium are called multi-user detectors. In interference limited
systems (e. g. DS-CDMA) the application of multi-user detection resulted indispensable, since without them
the communication channels turn into unserviceable, or their usage become so unefficient which cannot be
tolerated. Then again, in other non-interference limited systems, such as GSM, multi-user detection is also
applied to provide higher efficiency of the devices. Though they usually termed as interference cancellers, the
principles lying in the background are the same.

The research of multi-user detection goes back to the middle of 1980’s. All of my theses are connected
to a specific type, namely the recurrent neural network based multi-user detectors. However, some theses are
general in the sense that they can be applied to other problems than multi-user detection. In this document I
also propose a low complexity detection architecture, which is capable of providing sufficiently low symbol
error ratio and it is also able to adapt to the actual state of the channel.

This document does not deal with some issues beyond the verge of this area, basically because of the spatial
limits. In other cases the author and their colleagues have not found analytical answers to some open questions.
Bearing all this in mind, the author thinks that the theses fulfill the requirements of a Ph. D. degree, and it
contains sufficient new results which is elementary for the Ph. D. application.
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Kivonat

A kommunikációs rendszerekben kulcsfontosságú elem a detektor. A detekció során adunk becslést (döntünk)
arra vonatkozóan, hogy egy adott pozícióban milyen szimbólumot küldtek az adóoldalról. A döntést korábbi
szimbólumok és különböző nem diszkrét értékkészletű mennyiségek (pl. vett jel komplex alapsávi ekvivalense)
alapján kell meghozni úgy, hogy a lehető legkisebb szimbólumhibaarányt érjük el, azaz a becsült szimbólumok
a lehető legkevesebb hibával közelítsék a küldött szimbólumsorozatot.

Ha a csatorna diszperzív jellegű, és az egymást követő szimbólumok egymásra lapolódnak, szimbólumközi
áthallás jön létre. Az átlapolódás hatását ún. csatornakiegyenlítő módszerekkel szüntethetjük meg, azaz olyan
vételi eljárásokat kell alkalmazni, amelyek az egymást követő szimbólumokat torzulásuk figyelembe vételével
tudják a legkisebb hibával becsülni.

Ha több felhasználó osztozik a csatornán, akkor azok önkéntelenül is zavarják egymást, jeleik interferálnak
egymással valamilyen mértékben. Az interferencia hatására a jelfolyamok korreláltakká válnak, nem kezel-
hetőek egymástól függetlenül. A vételi eljárással is igazodni kell az új körülményekhez. A több felhasználó
jelenlétét szem előtt tartó vételi eljárásokat összefoglaló néven többfelhasználós vévőknek nevezzük. Az in-
terferencia korlátolt rendszerekben (pl. DS-CDMA) a többfelhasználós vevők alkalmazása elengedhetetlennek
bizonyult, mivel nélkülük a kommunikációs csatornák használhatatlanok, vagy esetleg annyira alacsonnyá válik
a csatorna kihasználtsága, ami megengedhetetlen. Ugyanakkor sok más, nem interferencia korlátolt rendszer-
ben (pl. GSM) is alkalmazzák ezeket az eljárásokat, hogy nagyobb hatásfokot biztosítsanak a berendezéseknek.
Bár általában interferencia törlő eljárásoknak nevezik őket ezen a területen, a háttérben meghúzódó alapelvek
azonosak.

A többfelhasználós vevők az 1980-as évek közepe óta állnak a tudományos érdeklődés középpontjában.
Téziseim mindegyike egy adott típus, a visszacsatolt neurális hálózatokkal megvalósított többfelhasználós
vévőkhez kapcsolódik, de több tételt általánosan is kimondok, így eredményeim egy része más területeken is
alkalmazható. A dolgozatban javaslatot adok egy kiskomplexitású vevőstruktúrára, amely megfelelő minőséget
tud biztosítani és adaptálódni is képes a csatorna aktuális állapotához.

A dolgozat bizonyos határterületekhez kapcsolódó kérdésekkel nem foglalkozik, elsősorban a terjedelmi
korlátok következtében. Más esetekben a szerző és munkatársai nem találtak még analitikus választ bizonyos
nyitott kérdésekre. Mindezek figyelembevételével úgy gondolom, hogy a dolgozat a Ph. D. fokozat által tá-
masztott követelményeknek megfelel és jelenlegi formájában is tartalmaz annyi új eredményt, amely a fokozat
odaítéléséhez szükséges.
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Chapter 1

Introduction

This dissertation is concerned with multi-user detection in mobile or fixed communication systems. Traditional
linear and non-linear methods are summarized and some novel non-linear algorithms are also introduced. The
proposed solution performs optimum detection asymptotically and provides the best performance among all in
polynomial time. The algorithm is a noisy version of the well-known discrete-time recurrent neural network
and is able to find the optimal solution of the detection problem, while traditional methods fell short of finding
the optimum. In this way, a quick a reliable detector can be constructed with a small algorithmic complexity.

1.1 Background of Research
Detection is a key element in every communication chain. In the ancient times of communication history,
systems were designed based on the detectors available, i. e. engineers chose system parameters to earn easily
implementable components. Amplitude modulation (AM) had a great success basically because AM detectors
can be realized by a simple diode. Without the Phase-Locked Loop (PLL), it is indisputable that Frequency
Modulation (FM) could not survive.

As digital modulation techniques appeared and spread, detection evolved into a cluster of more complex
tasks. In digital communication systems there are two separate tasks: signal reception which is taken care of
by the receiver, and decision on symbols which is the task of the detector. Receiver should find the signals, do
some basic signal processing algorithms, they should provide discrete-time (but usually not discrete) outputs
for the detector. The decision on symbols is based on these discrete-time components and it is provided by the
detector. The decided symbols can have two separate forms: hard decision refers to discrete-valued outputs
(usually based on the set of possible symbols), on the contrary, soft decision provides continous-valued outputs.
The latter one is useful, when detection is combined with channel decoding. As here no channel coders are
applied, only hard decision detection is considered in this dissertation. The possible extension to soft decision
is mentioned where appropriate.

If multiple users share the same medium, unintensionally their signals interfere with one another. The effect
of interference was first considered as an additive noise which yields an easily tractable component. With this
assumption, interference increases the noise in the system. Receivers and detectors should be constructed
to provide sufficiently low probability of symbol errors under this more powerful noise. This approach was
questioned when interference limited systems were commercialized and they did not support the theorem.

Unfortunately, the interference has a much worse effect than the one of noise. In interference limited
systems interference cannot be regarded as an additional noise effect. Interference should be tracted somehow:
the best place to do that is at the detector, because signal reception is difficult to modify accordingly. It means
that interference does not change the method of reception, but at the detector important modifications should be
accomplished. The detector should provide proper estimates on sent symbols, thus it should somehow get rid
of unwanted components (interference). Detectors which are capable of handling the interference effects are
termed as Multi-User Detectors (MUD) in this dissertation. In contrast, if the detector regards interference as
noise, the process is named as Single-User Detection (SUD). Note that in the literature some other terminology
has also been appeared for MUD (e. g. interference cancellation). However, these terms are sometimes used for
specific MUDs. For the sake of clarity we will use only MUD in the forthcoming.

1



2 CHAPTER 1. INTRODUCTION

Traditionally interference is divided into two main types: inter-channel interference and co-channel inter-
ference. The former one collects the interference effects coming from neighbouring channels, the latter one
shows interference arising due to the usage of the same channel. Obviously there are other classification possi-
bilities. In this dissertation we consider multi-user and inter-symbol interference. The former one arises due to
other users communicating over the same medium (it can be either inter-channel os co-channel interference),
the latter one is caused by other symbols sent by the same user, due to overlapping between them (it is definitely
co-channel interference).

1.1.1 History of Multi-User Detection
The research of multi-user detection goes back to the middle of the 80’s. A good summary can be found in
[91]. First, the linear solutions were investigated, like the decorrelating, or zero-forcing (ZF) detector, or the
minimum mean square error (MMSE) detector. These methods have a computational complexity similar to the
third power of the number of users. In the late 80’s Verdu showed how to implement the Bayesian decision for
MUD which finds the symbol sequence with maximum a-posteriori probability. Since his method cannot be
outperformed, it is termed as optimal multi-user detector. However, to implement the optimal Bayesian decision
meets severe combinatorial limits, the computational complexity of the optimal detector grows exponentially
with the number of users.

Multi-user detection has received considerable interest in recent years, due to the sharp increase of inter-
ference limited multiple access schemes (like Code Division Multiple Access – CDMA) in mobile commu-
nications and its successful commercialization. Nevertheless, transmitting information reliably over a radio
channel proved to be a major challenge, owing to multipath fading and other factors which can deteriorate the
performance. Thus, the task of performing almost optimal detection is of great importance, which is still one
of the central issues of the corresponding research. Traditional linear methods yield poor performance in the
case of numerous users.

1.1.1.1 Neural Network Based Detectors

Aazhang et al. proposed first the use of neural architectures for multi-user detection quite early [1], in 1992.
They used a feed-forward structure to estimate the sent symbols. Mitra and Poor [64] introduced the Radial
Basis Function (RBF) based detection with neural adaptation capabilities. The problem with their structure
is that its computational complexity still grows exponentially with the number of users. They also presented
a more detailed paper on this topic [65]. The first recurrent neural network based solution was proposed by
Miyajima et al. in 1993 [66]. They also extended the application to M -ary signals [67] and the asynchronous
case [68]. Paralelly Kechriotis and Manolakos proposed the same structure for multi-user detection [48, 49, 50].
They applied the continous version of the recurrent neural networks with soft-decision function, which is widely
known as Hopfield network. In [51] they also proposed a less complex hybrid detection arhictecture.

Hu et al. proposed a Gram-Charlier probabilistic neural network based detector [35], which seems quite
similar to the RBF based solution. Weng et al. published a structure [97] which must behave the same way as
the discrete-time recurrent neural network based multi-user detector with soft-decision funtion. El-Khamy and
Abdou proposed the use of recurrent neural networks at the matched filter level [18, 19]. Singh and Takawira
applied a feedforward neural network together with an extended Kalman filter to reach adaptive detection of
multi-user symbols [79]. Their method can outperform the original feedforward neural network based structure,
according to their simulation results.

Yoon et al. published several articles about the annealed neural network based CDMA detectors [100, 101,
102]. Although the term they use is quite misleading. In practise they have applied discrete-time recurrent
neural network based multi-user detector with soft-decision funtion. Since they compare the behaviour of their
network to the one of Boltzmann Machines, they can use the term “annealed”. They also introduced the critical
temperature. However, in their structure there is nothing which could be stochastic. What they anneal is simply
the slope of the decision function at the origin. Also, Chen et al. published severe articles about compact neural
network based detectors [8, 9, 7], where the slope of the soft-decision function tends to infinity—like it does
in the articles of Yoon. The difference is the exact function they use: Yoon apply sigmoid, whereas Chen uses
simple linear functions. Jing and Baoyu [47] also proposed a “hardware annealed” scheme, which is similar to
the previous one to some extent.
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Wang et al. introduced a quite interesting new method, which is termed as transiently chaotic recurrent
neural network based multi-user detection [92]. Their structure is driven chaotic for a limited time, and after that
the original operation is maintained. Since chaos is absolutely deterministic, it is obvious that the parameters
they provide in the paper cannot be used in general. They do not highlight any method how one should
determine the parameters of their structure. Several publications appeared based on this structure [96, 93, 95],
but none of them tells how to set the parameters properly.

Teich et al. [85, 86] gave a clearer description of the recurrent neural network based multi-user detectors and
the CDMA systems. They also applied soft-decision feedback, and showed that the parameters of the network
can be set independently of the current propagation scenario. The system description which is found in this
dissertation is also based on their description. It is worth emphasizing that the description is applicable to other
systems too [20, 63]. Engelhart et al. investigated the effect of codes [21, 22, 23] on the parameters obtained in
this model. Luckily, the output of their research was also available for the author. In [84] it is shown that the
recurrent neural network based solution yields an implementable detector. Sgraja et al. showed [76, 77] that
the description is still valid, if the alphabet of symbols becomes complex.

Shayesteh and Amindavar proposed to use a fuzzy decision neural network for multi-user detection [78].
Fuzzy decisions help to obtain better performance when the different outputs are not easily separable. Chen
et al. published a Support Vector Machine (SVM) based multi-user detectors [11]. They also published some
possible training methods for feedforward neural network based detectors [10]. The performance of recurrent
neural network based solutions has been analyzed by Tanaka [83] using replica analysis.

In this thesis, a discrete stochastic recurrent neural network is proposed for multi-user detection and com-
pared against the traditional linear and non-linear multi-user detectors. In the novel algorithm a noise term is
added to the Hopfield recursion, which helps to escape from local optima. The variance of this noise is grad-
ually decreased (according to a certain “annealing schedule”), to reach the global optimum with probability
one. In this way, the algorithm preserves its fast convergence (the new states are not generated with uniform
probability, like in simulated annealing, but governed by the noisy state transition) and still yields the global
optimum. This proves to be an essential property to achieve an optimal detector.

1.1.1.2 Mixtures and Extensions

He and Kot [30] showed that a decorrelator followed by feedforward neural network can provide better perfor-
mance. Quan and Hu introduced again the Hopfield network for multi-user detection [73], probably they did
not know about previous publications on this topic. The same can be said about the works of Khosbin-Ghomash
and Ormondroyd [52, 53]: they introduced again the feedforward and recurrent neural network based detectors.
Peng [71] also proposed the use of the feedforward scheme, however he proposed it with the Alopex algorithm
which also introduces some noise in the system.

Ko et al. proposed to use the RBF based multi-user detector [56, 55], but for multi-carrier CDMA (MC-
CDMA). They also used RBFs to estimate the channel distortion. Later they proposed a simplified struc-
ture [57], however its performance was only simulated in AWGN channels. Choi et al. also proposed a com-
bined structure [12] which consists of a feedforward neural network and an RBF to estimate the sent symbols.
They also published articles about possible combinations (hybrids) of different neural networks and their ap-
plication for multi-user detection [13]. Another hybrid detector was proposed by Wang et al. [99], where the
original successive interference canceller is extended by a feedforward neural network to obtain better perfor-
mance. Soujeriand and Bilgekul combined the detector with the channel decoder [80]. However, they have
only applied convolutional coding for their investigations. Chuah et al. used feedforward neural networks to
mitigate the effect on non-Gaussian noise before the MMSE receiver [14].

Das and Morgera [17] applied a recurrent neural network detector preceded by an eigenvector network
which helped to construct an adaptive structure. Another blindly adaptive extension for recurrent neural net-
work based detectors is found in [94] by Neng et al. At the same time the same structure was proposed by Wang
et al. [69] (similar figures and similar equations, however there are no joint authors). Ibikunle proposed to use
the so-called probabilistic neural network [37, 36] which is basically a feedforward neural network based de-
tector. More efficient training is introduced for feedforward neural network based detectors in [88] by Valadon
and Tafazolli.
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1.1.2 History of Recurrent Neural Networks
Artificial neural networks have a long history. They were first used to emulate the operation of human (and
animal) brain. Later scientists realized that artificial neural networks can be used for more general problems
too: recurrent networks are capable of finding the local supervalue of a quadratic form, feedforward networks
can separate any more dimensional spaces into several subspaces in a non-linear manner. The reader can get a
well detailed overview in [29]. Both feedforward and recurrent neural networks are treated there.

Hopfield proposed the artifical recurrent neural networks in [31] as early as in 1982. Immediately he
recognised that these structures can be used for optimization [32]. The first application was to find the shortest
path that a travelling salesman should follow, if the constellation of places is given. The problem is known as
Travelling Salesman Problem (TSP) and it had been invetigated for several years. The problem sounds simple,
however solving it becomes more difficult as the number of places increases. Hopfield showed [32] that his
simple method can find an almost optimal route for the salesmen.

Recurrent neural networks can solve quadratic optimization problems, because they have an energy function
which is quadratic. The energy function is minimized locally, thus the recurrent neural network can find a local
supervalue in any quadratic optimization problem. Global optimization is not guaranteed, though. To find
the global optimum some kind of extensions should be applied, or some conditions must be formulated. For
instance, the application of soft-decision function can improve the performance, however, the author has not
seen any analytical proof about its optimality. Instead, noise is used to obtain almost optimal performance in
finite time, or optimal performance asymptotically.

1.1.2.1 Extended Recurrent Neural Networks for Global Optimization

If the iteration equation is extended by some noise, the series of subsequent states become a stochastic process.
With this modification one can assure that the network gets out from local supervalues of the energy function,
and with proper cooling it can find the global optimum. The modified network is called stochastic neural
network, due to the nature of the underlying process.

The idea of stochastic recurrent neural networks is not novel at all. First it was proposed by Levy et al. [62]
in 1987. They also published some analytical investigations on the topic. They applied Gaussian noise in the
iteration equation. Based on this noise they tried to express the probability of states which resulted awkward.
Later Wong et al. [98] also examined this structure with the same noise distribution and found some interesting
results. In this dissertation we apply logistic distribution for analytical investigation which helps us to get a
simple distribution over the states (which were got by Wong too), and consequently we can get the optimal
solution asymptotically (after infinite time), independently of the annealing schedule applied. The results of
these analytical investigations are given in a separate chapter, since they hold in any cases. Any quadratic
optimization problems can be optimally solved with the stochastic recurrent neural network.

Hysteretic neural networks apply hysteresis as the non-linearity to produce the output in the iteration equa-
tion. The hysteresis “makes it harder” to change states, thus the stability is not a question. Hysteretic recurrent
neural networks were first proposed by Levendov et al. [61]. They also analyzed the behaviour of the network
and gave a condition on the parameters, which assures reaching the global optimum. In this dissertation we
also make use of their derivation, however, we use it reversed as explained later. Other authors also analyzed
the behaviour of the hysteretic recurrent neural networks, e. g. Bharitkar et al. [3].

1.1.2.2 Self-Organizing Maps

Self-organizing maps (SOM) are also neural structures, in contempt of their name. They have been published in
several articles, the reader is referred to [58] for a more detailed summary. The primary aim of their application
is to find subdimensional rules in a multi-dimensional data space using non-linear projection. It sounds beyond
the mark, however modifying the structure, one can exploit of this projection.

Two different structures should be considered, when speaking about self-organizing maps. The first one
is named as SOM, which is a non-supervised (blind) method, i. e. it can find the underlying rules without any
additional information. The other one is Learning Vector Quantization (LVQ), which is a supervised method.
Here training is needed, i. e. the user must provide a training set, where the multi-dimensional vectors are paired
with the desired subdimensional vectors. Obviously LVQ can provide better performance due to the additional
information coming from training.
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In this dissertation the SOM algorithms are used to estimate the channel (the channel matrices), however
a small modification is done to sustain low memory requirements. SOM (or LVQ) can provide very good
estimates of the channel, as shown later both analytically and by simulation.

1.2 The Structure of This Document
Since this thesis is dealing with recurrent neural network based multi-user detection, which is a mixture of two
independent areas, the proper organization of the document was quite hard. On the one hand it is difficult to
split the topics related, since they form indistinguishably the application. On the other hand it is a must to
divide the areas to obtain an easy to understand document with a clear structure. Although the author did his
best in organizing the thesis, the structure might invite critisism.

First, in Chapter 2 the principles of the research are highlighted. The complex baseband equivalent model—
which differs from the usual one—is introduced here too. The system model is also considered, on a block-
by-block basis. Even with non-linear elements (e. g. non-linear modulation) in the system the applicability of
a linear model is proven. Thus the effect of the modulator, the channel and the demodulator can be modelled
as a linear distortion plus a coloured noise. The main message of the chapter is the linear model introduced,
which is used as a starting point in the next chapters. This chapter does not contain any theorems, it serves as
a basis for the next chapters.

In Chapter 3 the theory of recurrent neural networks is treated. The author tried to not include any practical
issues (like implementation) which cannot be measured theoretically: this chapter is completely fundamental
with pure mathematics. The stability analysis of recurrent neural networks is highlighted together with the
theoretical investigation of the stochastic recurrent neural networks. The operation of neural nets with hysteretic
non-linearity are also covered here.

In Chapter 4 the problem of multi-user detection is formulated and the possible solutions are also in-
troduced. Beginning with single-user detection the linear solutions are treated. The well-known non-linear
solutions are detailed in a separate sections. Later the recurrent neural network based multi-user detection
is investigated and the similarity with multi-stage detection is also highlighted. Next some modifications are
proposed which further decreases computational complexity. Finally the methods needed to adaptively esti-
mate the discrete-time channel matrix are introduced. This chapter includes the description of these multi-user
detection (and estimation) methods, simulation results are given in the forthcomming chapter.

In excess to theoretical treatment, in Chapter 5 the simulation results are detailed. As shown, the simulation
results confirm the theory in two ways. Firstly, the most important theorems of Chapter 3 are supported by
simulation experiments. Secondly, in real scenarios, the stochastic recurrent neural network outperforms any
other known multi-user detection algorithm, which indirectly proves the optimality of the method. In this
chapter some practical issues are also covered, e. g. implementation issues, computational complexity and
viability study, respectively.

Finally, Chapter 6 concludes and summarizes the document. Some possible further research topics are also
given here as well as a summary of missing features.
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Chapter 2

Principles of Research

In this chapter the fundamentals of the research are highlighted. In Section 2.1 and Section 2.2 the notations
and definitions are introduced. All the equations refer to complex baseband equivalent model as usual in infor-
mation theory. Thus in Section 2.3 the complex baseband model—which is used throughout the document—is
introduced with a tiny modification related to the usual one [81]. In Section 2.4 the system model is covered
without going into details: as the radio channel and other system components are considered as linear distortion
devices, a simple vector matrix equation is applied at the end of the section.

2.1 Notations
To earn pure, easy-to-understand equations, unified notations are needed. The principles applied in the nota-
tions are sumarized in this section.

Square brackets around variables refer to discrete argument. For instance, dk[i] denotes the following series:
dk[1], dk[2], . . .. Continous arguments are surrounded by parentheses, for example sk(t) is a continous-time
function. Independently of the argument the variable itself can be either continous or discrete. Thus notation
dk[i] does not mean that d is discrete; d may be either continous or discrete.

Tilde ‘̃ ’ and hat ‘̂ ’ refer to variables connected to the corresponding variable. Usually tilde denotes the
continous version of a discrete variable. Hat always refers to an estimated value. For instance, discrete variable
dk[i], which denotes the symbols, has a continous pair d̃k[i] which is determined by the symbols (as will be
pointed out in Section 2.4.3.4). Variable d̂k[i] is the estimated dk[i] at the output of the receiver. Similarly, R̂
denotes the estimated counterpart of the discrete-time channel matrixR.

The reader should not be confused by the two appearance of ` and l. Parameter ` always refers to the
iteration instance of the recurrent neural network, while l never denotes iteration; it is a general variable. The
imaginary unit of complex numbers is denoted by j as usual in engineering practice (j =

√
−1). Character ‘∗’

normally stands for convolution, while in superscript it means complex conjugate.
Vectors (v) and matrices (M ) are typeset in bold, vectors are written as lowercase letters, matrices are

capitals to avoid confusion. The expression vT tells vector v is transposed, similarly MH is the Hermit trans-
posed or adjoint version of matrixM , i. e. the matrix is transposed and complex conjugated. The components
of vectors and matrices are given in square brackets [.], diagonal matrices are defined as 〈.〉, if elements are
given. The identity matrix is denoted by I, with our notations I = 〈1, 1, . . . , 1〉. Function diag [R] produces a
diagonal matrix, containing the diagonal elements of matrixR

diag [R] = 〈R11, R22, . . . , RMM 〉 .

Every A matrix is regarded diagonal, if and only if 〈A〉 = A. For example the identity matrix is a diagonal
matrix diag [I] = I. MatrixA is regarded Hermitian or self-adjoint, if its Hermit transposed counterpart equals
the original matrix AH = A. The trace of matrix A is denoted by Tr {A} which is the sum of the diagonal
components,

Tr {A} =
∑

k

Akk.

7
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Sets are denoted by curly brackets {.}. For instance

A = {−1− j,−1 + j,+1− j,+1 + j}

introduces set A, with elements −(1 + j), (j − 1), (1 − j), (1 + j). Usually A refers to the set of possible
symbols. For the sake of saving place, {±1} can be used instead of {+1,−1}. For instance the set of the
previous example can be written as A = {±1± j} in a brief form.

An additional functionality of brackets is to denote series and intervals. Series are denoted as (.) surrounded
by parentheses. Intervals are two parameters separated by a coma, surrounded by brackets. Square bracket
means closed interval, where the limit is included. On the contrary, round bracket highlights open interval,
where the limit is not included. For example, [a, b) is an interval between a and b, which contains a, but b is
excluded. For complex numbers we also use the same notation, i. e. z ∈ [a, b) means Re {a} ≤ Re {z} <
Re {b} and Im {a} ≤ Im {z} < Im {b}.

Computational complexity is often expressed in the form∼ O(x), whereO(x) means thatO(x)/x remains
bounded. Thus without giving the exact form of number of computations one should conduct, the complexity
results in comparable quantities.

The complex scalar product is denoted by 〈., .〉 and can be computed in the following manner

〈f(t), g(t)〉 =

∫ ∞

−∞
f(t)g∗(t) dt. (2.1)

This is the short form of scalar product in the complex domain. Note that the scalar product is not always
symmetric

〈f(t), g(t)〉 = 〈g(t), f(t)〉∗ .

For discrete values (e. g. between vectors) this notation is not used though to avoid misleading equations.
Instead, they are multiplied as usual (e. g. xHy).

Working with complex numbers arises the problem of derivates. The distribution function of a complex
random variable must be differentiated to obtain the probability density function. To circumvent differentiation,
in this document the complex random variable ν is described only by its distribution function F (z), i. e.

Pr{Re {ν} ≤ Re {z} ∩ Im {ν} ≤ Im {z}} = F (z) (2.2)

holds. Note that the distribution function must always exist. To engross properties, usually the density function
is needed though. Instead, only dF (z) is used in this document. It measures the change of F (z) at z. Note that
dF (z)/ dz would yield the probability density function which does not necessarily exist. Using dF (z) we can
avoid derivation and—on the other hand—it is always understood.

Throughout the document lots of mathematical symbols are used. For the sake of better comprehension
the reader is referred to Section B on page 95, where the complete list of maths symbols together with their
meaning is given.

2.2 Definitions
For the decision on sent symbols, and to derive the outputs of neurons a decision function is needed to be
defined. Thus, for a given set A, the closest element is chosen by the following function:

ΦA {y} = arg min
x∈AM

{‖y − x‖} . (2.3)

Function ΦA {y} chooses the nearest element of the set A to each component of the received vector y. For
instance in BPSK based systems, where the set A consists of ±1, Φ±1 {x} = sgn {x}, i. e., the decision
function equals the signum function. Parameter M in (2.3) refers to the length of vector y and x. The norm
sign denotes Euclidean length of the vector, i. e.

‖x‖ =

√∑

i

|xi|2.
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If the probability of different symbols differed, the decision function would have to take into consideration
the shifted boundaries between symbols. In this document perfect scrambling and channel coding is assumed,
i. e. input symbols are independent and uniformly distributed on the set A. Thus (2.3) is usually applied in
different places of the thesis (e. g. it derives the outputs of neurons). Equation (2.3) is also applied for scalars.

In this document large matrices are compared frequently. The discrete-time channel matrix must be es-
timated by an algorithm to support the parameters of the neural network; the efficiency of the algorithm is
measured by the difference between the original and the estimated matrices. The simulated state transition
probability must be close to the computed one, which is checked based on the difference between the simulated
and computed matrices. In this document, matrices A and B are compared to each other using the Frobenius
norm [74] which is defined as follows

‖A−B‖F =

√∑

i

∑

j

|Aij −Bij |2. (2.4)

The function ∆τ (t) with unit energy and τ duration is also introduced here to earn pure equations

∆τ (t) =

{ 1√
τ

if 0 ≤ t < τ

0 otherwise.
(2.5)

2.3 The Complex Baseband Equivalent Model
Our model is based on the complex baseband equivalent model [70, 81, 72]. With the assistance of complex
baseband equivalent model the carrier frequency does not have to appear in the equations. Thus our equa-
tions can be written in a much simpler form. However, the complex baseband equivalent model has already
been investigated, our model differs in several aspects. To avoid confusion, the most important equations are
summarized in this section.

The following bandwidth limited signal is given

s(t) = a(t) cos(2πf0t+ ϕ(t)), (2.6)

where f0 denotes the carrier frequency, functions a(t) and ϕ(t) denote arbitrary continous amplitude and phase
functions. The complex baseband equivalent is the seq(t) solution of the following equation

s(t) = 2 Re
{
seq(t)ej2πf0t

}
, (2.7)

where seq(t)ej2πf0t is the complex envelope of function s(t). Note that our model contains a factor of 2, which
does not appear in traditional complex baseband equivalent models [70, 81, 72]. With this modification every
signal can be transformed in the same way, independently of the nature of the signal. In the traditional model
an impulse response function has to be transformed differently, unlike ordinary signals, however, it is not easy
to explain the difference. This modification avoids inconsistence, every signal has to be transformed in the
same manner.

The complex baseband equivalent can be expressed by the amplitude function a(t) and the phase function
ϕ(t) based on (2.6) and (2.7)

seq(t) =
1

2
a(t)ejϕ(t).

Finally the original real function s(t) can be expressed as

s(t) = seq(t)ej2πf0t + s∗eq(t)e−j2πf0t. (2.8)

The Fourier transform of function s∗eq(t) equals S∗eq(−f). Applying the frequency shift theorem and Fourier
transforming both sides of (2.8), it turns into the following form

S(f) = Seq(f − f0) + S∗eq(−(f + f0)).

The energy of the complex baseband equivalent does not equal the energy of the original signal, since

E =

∫ ∞

−∞
s2(t) dt
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-s(t)
h(t) -r(t) ⇐⇒ -seq(t)

heq(t) -req(t)

Figure 2.1: Bandwidth limited system and its complex baseband equivalent counterpart

substituting (2.7)

E = 2

∫ ∞

−∞
|seq(t)|2(1 + cos(4πf0t)) dt. (2.9)

In (2.9) the integral of the cosine term is assumed zero, because function seq(t) changes much slower than the
(4πf0t) phase and the cosine function itself gives zero after integration. Note that this simplification is always
applied [70]. Leaving out the cosine term (2.9) becomes

E = 2

∫ ∞

−∞
|seq(t)|2 dt,

or

s2(t) = 2|seq(t)|2,

i. e. the power of the complex baseband equivalent equals half of the power of the original signal.
Consequently, random processes are considered differently due to the multiplication factor. If the autocor-

relation function of the original noise is given as

E {n(t)n(t+ τ)} =
N0

2
δ(τ),

that is, the noise has a double-sided spectrum with equivalent spectral density N0/2. Furthermore, assuming
symmetric filter around the carrier frequency, one gets

E
{
neq(t)n∗eq(t+ τ)

}
=
N0

2
δ(τ).

(For a detailed derivation see Section A.1.) In other words, the complex baseband equivalent has the same
autocorrelation function. Due to baseband bounded spectral components, the energy of the complex baseband
equivalent is halved related to the original one.

2.3.1 The Complex Baseband Equivalent Model of Bandwidth Limited Systems
Figure 2.1 shows a linear system, where the impulse response function of the system equals h(t). For any
arbitrary input signal s(t), the output of the system becomes

r(t) = h(t) ∗ s(t).

The same equation can be applied to the complex baseband equivalent functions, i. e.

req(t) = heq(t) ∗ seq(t) (2.10)

also holds. Here we prove that heq(t) can be produced based on h(t) in the same way as an ordinary signal.
The complex baseband equivalent signal of r(t) is given in the same way as s(t) was, i. e.

R(f) = Req(f − f0) +R∗eq(−f − f0)). (2.11)

Based on (2.10)

Req(f) = Heq(f)Seq(f) (2.12)

and R(f) = H(f)S(f). The latter one with the complex baseband equivalent functions becomes

R(f) = H(f)
[
Seq(f − f0) + S∗eq(−f − f0)

]
. (2.13)
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If the input signal is bandwidth limited, i. e.S(f) = 0, if |f − f0| > B, where B denotes the bandwidth of
the signal, then the high (f − f0) and the low (−f − f0) frequency components can be investigated separately.
Equations (2.11) and (2.13) can be rewritten in the following form

Req(f − f0) = H(f)Seq(f − f0),

R∗eq(−f − f0) = H(f)S∗eq(−f − f0).

If the impulse response function of the system is bandwidth limited, i. e. H(f) = 0, if |f − f0| > Bs, where
Bs is the bandwidth of the system, the equations are satisfied by

H(f) = Heq(f − f0) +H∗eq(−(f + f0)),

or equivalently the impulse response function is given as

h(t) = 2 Re
{
heq(t)ej2πf0t

}
. (2.14)

Because with (2.14)

Req(f − f0) = Heq(f − f0)Seq(f − f0),

R∗eq(−f − f0) = H∗eq(−f − f0)S∗eq(−f − f0),

i. e. both (2.12) and (2.10) are satisfied.
In words, if the complex baseband equivalent signal of the impulse response function of the system is

defined by (2.14), then the complex baseband equivalent model is capable of describing and modelling the
system. Note that there is no difference between the transformation of an ordinary signal (2.7) and that of the
system’s impulse response function (2.14). The complex baseband equivalent signal can be computed in the
same way as for any continous signal.

Due to the general nature of complex baseband equivalent model, the equations in the sequel refer to
complex baseband equivalent signals, although the eq in the subscript is not shown. Note that complex baseband
equivalent model is capable of describing any bandwidth limited systems and signals. Since every practical
system and signal is bandwidth limited, limited bandwidth criterion is assumed to be always fulfilled in the rest
of this document.

2.4 System Model
The general system model is depicted in Figure 2.2. First we take an overall look at the figure, then all parts
are detailed in separated subsections. Index k always refers to the kth user in this section.

We assume a discrete information source at the transmitter. First, the discrete information flow is source
encoded to assure bandwidth efficient transmission. The coded binary sequence is denoted by bk[i] in Fig-
ure 2.2. The binary information is fed into the channel encoder and an interleaver. The channel encoder and
the interleaver is not explained in this document, they are assumed to be black boxes which have the output
of dk[i] encoded and interleft symbols. However, the channel encoder and the interleaver are assumed to pro-
duce uniformly distributed independent symbols. The dk[i] symbols are modulated by the signature waveform
sk(t), thus the signal gets continous. The continous xk(t) is transmitted to the channel. The channel distortion
is modelled by the time-invariant channel impulse response function hk(t). However, the channel’s effect is
not only distortion; additional interference comes from other users in the same frequency band and some white
Gaussian noise is also added to the signal.

The distorted and noisy signal arrives at the receiver, which is denoted by y(t). The question is how to
demodulate, and detect the information in the receiver. The aim is to detect with the smallest error probability
(i. e. Pr

{
d̂k[i] 6= dk[i]

}
should be minimal). In this thesis we assume that if the demodulation works with

the least errors, then the channel decoder and deinterleaver produce the least errors in the binary sequence as
well (i. e. Pr

{
b̂k[i] 6= bk[i]

}
is also minimal). Note that this statement is not necessary true. Nowadays a

novel research area appeared: whether combined schemes (where detection and channel decoding takes part in
the same stage) can outperform their rivals (where detection and channel decoding is done separately). There
are articles which deals with the advantage of the combination (e. g. [16]). It turned out that combining the
detection and channel decoding can result in some 0.2–0.5 dB enhancement. However, due to the lack of space
combined schemes are not of interest.
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Figure 2.3: A possible constellation diagramm of the 8QAM modulation scheme

2.4.1 The Transmitter
In Figure 2.2 on the upper left corner the dashed box covers three blocks. Instead of describing the blocks,
symbols dk[i] and signature waveform sk(t) are detailed. At the end of this section, mathematical formalization
of the transmitted signal is also given.

2.4.1.1 The Symbols

Let us assume that there are K active (actually transmitting) users in the channel. The users want to transmit
binary data through the radio link. Let bk[i] denote the ith bit of the kth user’s stream (k = 1, 2, . . . ,K,
bk[i] ∈ {0, 1}). The data bits are first encoded with the channel encoder, then they are interleft to provide less
sensitive transmission of bursty channel errors [70]. The coded, interleft symbols are denoted by dk[i], where
k refers to the user, i refers to the time instant (i ≥ 1). Note that dk [i] is not necessary binary, in general it
describes complex numbers. This is the reason why the word symbol is emphasized in this context.

The duration time of one symbol is denoted by T and called symbol time. The set of possible symbol values
is described as a set: A. The possible values ofA are determined by the modulation technique. The number of
possible symbol values is given by ‖A‖. Set A is normalized:

1

‖A‖
∑

∀d∈A
|d|2 = 1. (2.15)

SetA can be depicted in a constellation diagramm as the easiest. The constellation diagram is two-dimensional
containing the in-phase (I) and quadrature (Q) components. As an example the constellation diagram of the
8QAM modulation scheme is depicted in Figure 2.3. The elements of setA are depicted as circles in the figure.

2.4.1.2 Signature Waveforms

Active users can be distinguished based on their signature waveforms, which is denoted by sk(t) for the kth
user. The continous function sk(t) is a complex baseband equivalent signal, where t refers to time. The easiest
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way of describing systems is to assume that the signature waveform is finite, i. e. there exist a finite Ts value,
which satisfies the following expression

sk(t) = 0, if t /∈ [0, Ts).

A special case of finite signature waveform arises when the time length of sk(t) equals the symbol-time, i. e.
Ts = T . These systems can be analyzed easily, though they are not realistic.

In practical systems (where bandwidth is limited) sk(t) is an infinite signal. It means that there does not
exist any closed interval, where sk(t) is exclusively non-zero. Although finite bandwidth results in infinite
impulse response, real signature waveforms are also assumed to be finite in the time domain. The method is
simple: values under a pre-defined ε value are regarded as noise and neglected. Parameter Ts can be computed
for a given ε as follows

Ts = arg max
t

{|sk(t)| > ε} − arg min
t
{|sk(t)| > ε} .

The s1(t), s2(t), . . . , sK(t) signature waveforms are continous and complex valued functions. The wave-
forms are assumed to be normalized in the L2 space, i. e.

〈si(t), si(t)〉 = 1 (2.16)

where the complex scalar product is defined in (2.1). In the case of ideal circumstances there is no cross-
talk between neighbouring communication channels, i. e. signature waveforms are orthogonal. The orthogonal
waveforms can be written in the following form:

〈si(t), sk(t)〉 = 0, if i 6= k. (2.17)

Our model is applicable to describe the traditional multiple access models, for example the frequency
division multiple access method with any modulation applied in it. CDMA systems apply codewords to separate
users in the radio channel. Direct Sequence based CDMA (DS-CDMA) is one of multiple access methods.
The DS-CDMA method is widely applied in different mobile communication systems, e. g. IS–95, cdma2000,
IMT–2000 (USA), UTRAN (Europe). Most simulation results in Chapter 5 are also obtained in a DS-CDMA
scenario. Here, the signature waveform can be divided in time into chips—small pieces of the code. A chip can
be a bit, if the code is binary, or a QPSK symbol, if the code alphabet is QPSK (like in UMTS), etc. All chips
have similar duration during transmission. The signature waveform has the following form:

sk(t) =
C−1∑

i=0

Sk[i] · ε(t− iTc), (2.18)

whereC is the number of chips, C—more or less—equals the Processing Gain (PG). In the middle of the equa-
tion Sk[i] represents the chip series of the kth user. The ε(t) function depicts the chip elementary waveform,
where Tc is the duration of one chip. In practice the symbol duration equals the number of chips multiplied by
the duration of one chip: T = C · Tc.

To earn zero cross correlation (2.17) between codewords, one needs to choose a proper code set. The
Walsh–Hadamard set of codes are one well-known binary code family which satisfies the condition of zero
cross correlation. The Walsh–Hadamard codes can be found in the rows—or coloumns—of a symmetric and
quadratic matrix. The length of the codes equals the size of the set (the number of codes).

Note that using the signature waveform introduced, one can describe any linear sequential system (also
OFDM, MC-CDMA, or any MIMO), so the introduced model serves as a general one.

2.4.2 The Transmitted and the Received Signal
First let us see what the transmitted signal hides. User k transmits the complex baseband equivalent signal
xk(t) which is given in the following form:

xk(t) = Ak
∑

i

dk[i]sk(t− iT ), (2.19)

where Ak refers to the complex amplitude of the kth user’s signal. Due to the complex baseband equivalent
model, the carrier frequency does not appear in the equations, the phase shift is represented in Ak.
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2.4.2.1 The Received Signal

Depending on the considered scenario one can describe the received signal in the uplink (from the mobile
station to the base station) and in the downlink (from the base station to the mobile station) in different ways.
In the downlink the signals of different users are summed up first, and then the superposition of these signals is
distorted by the channel. On the contrary, in an uplink scenario the signals of different users are transmitted by
separated transmitters. The transmitted signals are distorted independently in the channel. When they arrive at
the receiver they are added together. The difference lies in the order of operations; in the downlink signals are
first summed up, and then distorted, in the uplink signals are first distorted and then summed up.

In the uplink the impulse response function of the channel is denoted by hul
k (t), i. e., the “ul” in the super-

script refers to the uplink case. In the downlink (dl) every user’s signal is distorted by the same channel, though
the channel is obviously different at every receiver. Function hdl

l (t) denotes the time-invariant channel’s im-
pulse response function between the base station and the lth user. The signal arriving at the receiver is denoted
by y(t) at the base station (uplink) and by yk(t) at the kth user (downlink). In the case of uplink, the received
signal is given as

y(t) =

K∑

k=1

(
hul
k (t) ∗ xk(t)

)
+ n(t), (2.20)

where n(t) is the additive white Gaussian noise in the channel. In the case of downlink, the received signal has
the following form

yl(t) = hdl
l (t) ∗

(
K∑

k=1

xk(t)

)
+ n(t). (2.21)

The n(t) noise is regarded as a white process, the spectral density of its autocorrelation function is double-sided
with constantN0/2. In mathematical form, the uncorrelated noise samples must satisfy the following equation

E {n(t)n∗(t+ τ)} =
N0

2
δ(τ), (2.22)

where δ(τ) is the so-called Dirac delta function. (See Section A.1 for explanation.)
Although in our model the channel is assumed to be time-invariant, the model can easily be expanded to

the more general time-variant case. A new time parameter appears in function h(t) to assure time dependence
as will be detailed in Section 2.4.2.2.

If uplink and downlink channels are separated in time, but the frequencies are the same, i. e., the transceiver
either transmits or receives at a given frequency, but not both, the duplexing strategy is called Time Division
Duplexing (TDD). The time-invariant uplink and downlink channels have the same impulse response function
hul
k (t) = hdl

k (t). In excess to TDD mode, uplink and downlink channels can be separated in frequency, where
uplink and downlink communication occur in different frequency bands. This strategy is called Frequency
Division Duplexing (FDD). In the case of frequency division duplexing communication channels rarely have
the same impulse response function, i. e. hul

k (t) 6= hdl
k (t).

2.4.2.2 Channel Models

The channel is modelled as a linear distortion system with the impulse response function hk(t). Depending on
the mathematical form of hk(t) different channel models are considered. In this document the channel models
are not investigated in details, for further information see [72, Ch. 14]. This section describes the nature of the
channel independently of the scenario (uplink or downlink).

The Additive White Gaussian Noise (AWGN) Channel is the simplest model. There is no AWGN channel
in real wireless communication, but sometimes it helps to obtain simple equations, and, on the other hand, it
is worth testing the methods in AWGN channels; if a multi-user detection method fails in synchronous AWGN
channel then it is expected to fail under more practical circumstances too. The synchronous AWGN channel
has an impulse response function like

hk(t) = αkδ(t), (2.23)
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Figure 2.4: The impulse response function of a time-invariant channel

where αk denotes the attenuation factor of the kth user, and δ(t) is the Dirac delta function. The attenuation
can be caused by some propagation loss. While hk(t) is applied in a convolution, the incoming signal is only
attenuated by αk. Sometimes αk = 1 for every user. An additional effect of the channel is the additive white
Gaussian noise.

The Asynchronous AWGN Channel is a little more complicated, but still not practical enough in wireless
environments. The asynchronous AWGN channel is described by the following equation:

hk(t) = αkδ(t− τk), (2.24)

where τk describes the delay of the communication link of the kth user. That is, the signals coming from
different transmitters arrive at different time in the receiver. Because transmitters are not synchronized, the
channel model in (2.24) is termed asynchronous.

The Time-Invariant, Multipath Fading Channel is regarded as a good practical model in the case of short
transmission. The impulse response function of a time-invariant, multipath fading channel is given as

hk(t) =

Lk∑

l=1

αklδ(t− τkl), (2.25)

where the sum over all l values collects Lk path components. The lth path of user k contains αkl attenuation
and τkl delay. Here the attenuation is caused by fading, which can be modelled e. g. by Rayleigh distribution

Pr{|αkl| ≤ x} = FRyl(x, σ) = 1− e− x2

2σ2 , (2.26)

where σ denotes the standard deviation of |αkl|. The phase of each αkl is assumed to be uniformly distributed
over [0, 2π). The application of other fading models (Rice, Nakagami-m, etc.) is also possible with the above
introduced model, but not included in this thesis.

The parameters in (2.25) are time independent, thus this channel model called time-invariant (here t refers
to the parameter of the convolution, i. e. how the channel remembers the signal transmitted t time before). The
time-invariant channel model is capable of describing the distortion effect of the channel, where small packets
are transmitted, e. g. the bursty transmission in GSM. One possible channel realization is depicted in Figure 2.4,
where a four path propagation channel is depicted. Of course, four is just an example, there can be any number.

The Time-Variant Channel Model is needed when the transmission period is large enough that the channel
cannot be regarded constant during transmission. A continuous FDD stream in UTRAN is an example. The
time-variant channel has an impulse response function with two time parameters; one is the parameter in
convolution (denoted by τ ), the other one represents time dependency (which remains t). Thus hk(t) is replaced
by hk(t, τ) in the sequel. For example in an uplink scenario (2.20) the convolution should be done in the
following way

y(t) =
∑

k

hk(t, τ) ∗ xk(t) + n(t) (2.27)

=
∑

k

∫ ∞

−∞
hk(t, τ)xk(t− τ) dτ + n(t).
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Figure 2.5: The impulse response function of a time-variant channel

The downlink case can be considered similarly.
The time-variant channel model fits every mobile application, the impulse response function of a time-

variant multipath fading channel is given as

hk(t, τ) =

Lk(t)∑

l=1

αkl(t)δ(τ − τkl(t)), (2.28)

where parameters are interpreted the same way as in (2.25). As visible in (2.28), not only the attenuations and
delays change with t, but also the number of paths (Lk(t)) can decrease or increase as time passes by. The
description of systems is very difficult with such a complex channel model, so in mathematical investigations
equation (2.28) is rarely used. For the sake of better comprehension in Figure 2.5 the impulse response of a
time-variant channel is depicted (compare with Figure 2.4). Note that both attenuations and delays change with
time (t). Moreover, a new propagation path appears (Lk increases from four to five).

2.4.3 The Receiver
While there are two distinct equations for the uplink and the downlink scenarios (see equations (2.20) and
(2.21)), further investigations should cover both cases. However, instead of dealing with every equation twice,
only the uplink scenario is considered because of the following reasons

• The downlink channel is not so difficult to handle in practice. Signal streams of different users are
synchronized and pilot signal is generally applied in donwlink channels to provide coherent detection at
every mobile station.

• The equations can easily be rewritten for the downlink, because on the downlink the superposition of
signals is distorted by a common channel.

The latter statement can be proven mathematically if for every k the channel impulse response function in
(2.21) is substituted with a common one: hul

k (t) = hdl
l (t). Rewriting the equation this way, (2.20) is got back.

Thus both uplink and downlink scenarios are considered if only (2.20) is investigated. In the sequel, every
equation describes the uplink scenario, however the “ul” abbreviation is neglected for the sake of simplicity.

The signal arriving at the receiver is given in the following form, if there are K active users in the system

y(t) =
K∑

k=1

hk(t) ∗ xk(t) + n(t) (2.29)

=

K∑

k=1

Ak
∑

i

dk[i](hk(t) ∗ sk(t− iT )) + n(t).

Let ck(t) denote the convolution of hk(t) ∗ sk(t). With the help of ck(t), (2.29) can be simplified as

y(t) =

K∑

k=1

Ak
∑

i

dk[i]ck(t− iT ) + n(t). (2.30)

As can be seen in (2.30), the introduction of ck(t) results in a received signal independent of the channel model.
Thus no additional effort is needed to handle different channel models.
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The aim is to build a filter in the receiver which is capable of providing discrete, continous-valued output
based on the received signal. The method is simple; take some continous orthogonal ψi(t) functions and
compute yi = 〈y(t), ψi(t)〉 discrete values. The resulting discrete values are easier to use in mathematical
algorithms, but do not forget that this conversion results in remarkable information loss. Next generation
mobile receivers might apply continous waveforms directly to avoid information loss and to provide maximum
efficiency.

Two cases are considered in details. The first one is the general receiver filter, detailed in Section 2.4.3.1.
The general receiver filter is applicable anytime, anywhere without any specialities. The other one is the Chan-
nel Matched Filter (CMF), detailed in Section 2.4.3.4, which has several good properties, although idealistic
assumptions are needed for proper operation.

2.4.3.1 General Receiver Filter

Let {ψ1(t), ψ2(t), . . . , ψG(t)} ∈ C(−∞,∞) be a set of complex-valued, linearly independent, continous
functions. The number of functions in the set—the dimension of the set—is denoted by G. The set should be
large enough to provide sufficiently small error when estimating the functions {c1(t), c2(t), . . . , cK(t)}, i. e.
for every i exists series (aij) that

∫ ∞

−∞

∣∣∣∣∣∣
ci(t)−

∑

j

aijψj(t)

∣∣∣∣∣∣
dt < ε, (2.31)

where ε is a pre-defined constant (the maximum error). In general for every ε value, a {ψi(t)} set exists
which satisfies condition (2.31). The worst case is G >> K. In practice the functions ψk(t) are chosen to
be orthogonal to one another, which implies linear independence. As a result, these functions give zero cross-
correlation, i. e. 〈ψj(t), ψk(t)〉 = 0, if j 6= k. One possible (and most frequently applied) orthogonal set of
ψk(t) functions is given as

ψi(t) = ∆T/G

(
t− (i− 1)

T

G

)
, (2.32)

where ∆τ (t) is defined in (2.5). Equation (2.32) shows a special set which results in sampling in the continous
stream. Every time instant T/G a sample is taken, the greater G is the more samples we have and the discrete
stream becomes more accurate.

Naturally other functions might be better choice in (2.32). Any set of linearly independent functions may
be proper for the task. For instance in OFDM systems the receiver applies a Discrete Fourier Transform (DFT),
where ψi(t) = e−ji(∆ω)t. More frequently the method is replaced by a faster algorithm, called Fast Fourier
Transform (FFT). Note that the functions of DFT (FFT) also satisfy the requirements of linear independence.

The following notations are introduced:

yi[l] = 〈y(t), ψi(t− lT )〉 , (2.33)
ρik[l] = 〈Akck(t), ψi(t− lT )〉 , (2.34)
ni[l] = 〈n(t), ψi(t− lT )〉 . (2.35)

Adaptive and blind methods usually rely on yi[l] to estimate the sent symbols dk[i]. Substituting (2.33), (2.34)
and (2.35) into (2.30), the following equation is obtained

yi[l] =

K∑

k=1

∑

j

ρik [l − j]dk[j] + ni[l], (2.36)

which tells us that G discrete values are obtained for each symbol of K users. If the assumption ρii[k] 6= 0
holds for k 6= 0, then Inter-Symbol Interference (ISI) occurs in the channel. The Multiple Access Interference
(MAI) happens if ρil[k] 6= 0, i 6= l. In practical situations both interference effects occur in the channel,
therefore they must be taken into account. For the sake of simple equations the following vectors and matrices
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are introduced

d[l] = (d1[l], d2[l], . . . , dK [l])T, (2.37)
y[l] = (y1[l], y2[l], . . . , yG[l])T, (2.38)
n[l] = (n1[l], n2[l], . . . , nG[l])T, (2.39)

R[l] =




ρ11[l] ρ12[l] . . . ρ1K [l]
ρ21[l] ρ22[l] . . . ρ2K [l]

...
. . .

...
ρG1[l] ρG2[l] . . . ρGK [l]


 . (2.40)

These vectors and matrices simplify (2.36) to the following form

y[l] = R[l] ∗ d[l] + n[l], (2.41)

or

y[l] =
∑

i

R[l − i]d[i] + n[l]. (2.42)

If the transmission is block based, i. e. the length of series dk[i] is limited in i, a more convenient equation is
obtained. Let N denote the maximum number of symbols in a transmission block. First, vectors and matrices
are rearranged into hypervectors and hypermatrices

d = (dT[1],dT[2], . . . ,dT[N ])T, (2.43)
y = (yT[1],yT[2], . . . ,yT[N ])T, (2.44)
n = (nT[1],nT[2], . . . ,nT[N ])T, (2.45)

R =




R[0] R[−1] . . . R[−N + 1]
R[1] R[0] . . . R[−N + 2]

...
. . .

...
R[N − 1] R[N − 2] . . . R[0]


 . (2.46)

MatrixR is usually termed as discrete-time channel matrix. The introduction of hypervectors and hypermatri-
ces results in the following simple equation

y = R d+ n. (2.47)

Note that R is not quadratic in general—like R[i]. The sole situation where both R and R[i] are quadratic
happens when K = G, i. e. the number of ψk(t) functions in the set equals the number of users in the system.
The latter situation occurs rarely, since it results in equal number of samples as the overall number of sent
symbols, i. e. the estimation of sent symbols must be done based on the same number of continous samples.
However, even if K = G, the properties of matrices do not improve as in the case of channel matched filter in
Section 2.4.3.4.

Nevertheless, the importance of this section lies in (2.47). That is, independently of the channel model and
the set of functions applied in the receiver filter, the output of the receiver filter depends linearly on the sent
symbols, if the modulation scheme is linear too.

2.4.3.2 General Receiver Filter with Oversampling

The signature waveform sk(t) might be non-zero outside the [0, T ) interval, and the channel impulse response
function hk(t) can spread function ck(t) out from the [0, T ) interval. As a result, before the first symbol and
after the last one sampling may produce useful components, the discrete y stretches out from the interval of
symbols. Mathematically (2.43) holds, however, all the other hypervectors and the hypermatrix have to be
redefined between (2.44) and (2.46). Vector y becomes larger and thus noise vector n should also be enlarged.
The number of rows in matrixR is also enlarged.

The number of pre-sampled (before the first symbol) components is denoted by κb. Likewise, the number
of post-sampled (after the last symbol) components is denoted by κa. Both κb and κa are integers, they should
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Figure 2.6: This example illustrates the need for oversampling

be chosen such that R[−κb] and R[κa] differs from zero significantly, but R[−κb − 1] and R[κa + 1] are
almost zero. Equations (2.44), (2.45) and (2.46) are modified as follows

y = (yT[1− κb],yT[2− κb], . . . ,yT[N + κa])T,

n = (nT[1− κb],nT[2− κb], . . . ,nT[N + κa])T,

R =




R[−κb] R[−κb − 1] . . . R[−N + 1− κb]
R[−κb + 1] R[−κb] . . . R[−N + 2− κb]

...
. . .

...
R[N − 1 + κa] R[N − 2 + κa] . . . R[κa]


 . (2.48)

Note that (2.47) still holds, only the terms has changed their definition. With the modified equations, the
receiver has more information and it is capable of making a more accurate decision on the sent symbols.

Figure 2.6 shows a simple practical example to illustrate the need for oversampling. If we apply (2.32)
as the set of sampling functions—the traditional way of sampling—then κa = 2 and κb = 1, since ck(t) =
hk(t) ∗ sk(t) differs from zero in the interval [−T, 3T ).

2.4.3.3 Negligible Elements of the Discrete-Time Channel Matrix

The discrete-time channel matrix R contains ρik[l] elements, some of which tends to zero. Why? In general
the signature waveforms of users (sk(t)) differs from zero only in a limited region for practical reasons. The
channel impulse response hk(t) is also finite, thus the introduced function ck(t) has a finite interval, where
it differs from zero. Real-time signal processing can work only with finite ψi(t) functions (otherwise infinite
ψi(t) functions would result in infinite processing time, see (2.33)). Thus, surely

lim
l→∞

ρik[l] = 0.

Moreover, there must exist two parameters, let us call them κb and κa, which satisfy the following equations.
There exist integer pairs (i, k) and (j, l) such that

ρik[−κb] 6= 0

ρjl[κa] 6= 0,

i. e. they differ significantly from zero, but for all integer pairs (i, k) and (j, l)

ρik[−κb − 1] ≈ 0

ρjl[κa + 1] ≈ 0,

i. e. they are almost—they can be regarded as—zero. MatrixR becomes quasi-diagonal. Note that parameters
κb and κa have similar meanings as in Section 2.4.3.2.
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2.4.3.4 The Channel Matched Filter

The Channel Matched Filter (CMF) is a special case of the general receiver introduced in Section 2.4.3.1. The
channel matched filter gets knowledge about functions ck(t) based on some kind of adaptation method. Then,
CMF substitutes functions ψk(t) with functions ck(t). Thus the set of ψ functions has the same dimension as
the number of ck(t) functions, i. e. the number of users (K). It follows that the channel matched filter has K
outputs in T (the symbol duration). The lth output of user k is denoted by d̃l[k] which can be computed as the
integral of y(t) ·A∗l c∗l (t− kT ), i. e.

d̃l[j] = 〈y(t), Alcl(t− jT )〉 . (2.49)

This output assures maximum output energy. Parameter ρkl[i] is defined in the following way

ρkl[i] = 〈Akck(t), Alcl(t− iT )〉 . (2.50)

Based on (2.30), (2.49) and (2.50) the following equation can be obtained

d̃l[m] =
∑

i

K∑

k=1

ρkl[m− i]dk[i] + ñl[m], (2.51)

where ñl[m] = 〈n(t), Alcl(t−mT )〉 denotes the coloured noise component. The terms in (2.51) are organized
into vectors and matrices like in the case of general receiver filter (2.37), (2.38), (2.39), and (2.40)

d̃[m] =
∑

i

R[m− i]d[i] + ñ[m]. (2.52)

Likewise (2.43), (2.44), (2.45) and (2.46), vectors and matrices are rearranged into hypervectors and a hyper-
matrix. The following simple equation is obtained

d̃ = R d+ ñ. (2.53)

The application of the channel matched filter results in good properties considering both the discrete-time
channel matrixR and the coloured noise vector ñ. The good properties of the discrete-time channel matrixR
are the following (see Section A.3.1 for technical derivation)

• matricesR[i] are symmetric, i. e.R[i] = RH[−i], for all i values,

• matrixR is Hermitian, i. e.RH = R.

The covariance matrix of vector ñ (C = E
{
ñ ñH

}
) is computed in the following way

E {ñi[l]ñ∗k[m]} = E
{∫ ∞

−∞

∫ ∞

−∞
n(t)n∗(τ)A∗i c

∗
i (t− lT )Akck(τ −mT ) dt dτ

}
=

=

∫ ∞

−∞

∫ ∞

−∞
E {n(t)n∗(τ)}A∗i c∗i (t− lT )Akck(τ −mT ) dt dτ =

=
N0

2

∫ ∞

−∞
Akck(t−mT )A∗i c

∗
i (t− lT ) dt =

=
N0

2
ρki[m− l],

i. e. the covariance matrix of the coloured noise at the output of the channel matched filter depends linearly on
the discrete-time channel matrix:

C = E
{
ñ ñH

}
=
N0

2
R. (2.54)

This fact will be useful in Chapter 4.
The RAKE receiver is one well-known practical implementation of the channel matched filter in a multipath

fading channel [72, Sec. 14-5-2]. The structure was named by the traditional garden rake, because the fingers of
RAKE receiver collects the mutlipath signal components, as the fingers of rake collects the grass in the garden.
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2.4.4 The Role of Codes
During the mathematical analysis of the system only (2.17) was assumed, i. e. the cross correlation between
sk(t) signature waveforms must be sufficiently small. However, in real systems perfect synchronous transmis-
sion cannot be maintained due to practical limitations, thus

〈sk(t− τ), sk(t)〉 ≈ 0, if l 6= m (2.55)

should hold for small τ values. If this assumption does not hold, the receiver either does not operate properly,
or needs to be prepared for the special circumstances.

As an example, substitute the Walsh–Hadamard codeword Sk = [−1,+1,−1,+1,−1,+1,−1,+1]T into
(2.55). Obviously, for τ = ±Tc (2.55) becomes high. Because of the nature of Walsh–Hadamard codes, there
is no possibility to avoid high cross-correlation patterns.

To circumvent the problem, new code families were introduced. One of them is the so-called Gold or
Kasami code set [26]. Gold codes build a special code set, where the length of the codes is (2k − 1) and the
number of the codes in the set equals (2k + 1). Suprisingly any two codewords in the Gold code set with any
delays have a cross-correlation not grater than

2
k+1

2 +1
2k−1 if k is odd,

2
k+2

2 +1
2k−1

if k is even.

that is if k tends to infinity, the maximum cross-correlation tends to (2−
k
2 ) (i. e. to zero), and (2.55) holds.

However infinite k would result in infinite code length, finite k values still assure proper operation of the
RAKE receiver. This is the reason why Gold codes are preferred in many applications.

Extended Gold codes are based on Gold codes. They are also applied in Chapter 5. The extension is done
to produce 2k long codewords by adding a bit to the original codewords. The rule is simple: the last bit must
balance the parity of the codeword.
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Chapter 3

Recurrent Neural Networks

This thesis is focusing on recurrent neural network based multi-user detection. Before getting closer to the
topic, the basic properties of recurrent neural nets are covered. Only discrete-time neural networks are consid-
ered, since they can be easily implemented in DSP devices. However, continous-time neural networks can also
be realized in analogue devices, they are more difficult to tune. Tracking the changes of system parameters
requires continous tuning, thus DSP devices—and discrete-time neural networks—are preferred.

Neural networks are artificial structures, built up by simple computational elements, called neurons. Gener-
ally, a very simple computation is executed by each neuron. The equation describing the computation inside the
neuron is termed as iteration equation. The properties and the functionality of neural networks mainly depend
on the iteration equation. The typical structure of one neuron is given in Figure 3.1. The output of the neuron
is denoted by vk[` + 1]. In general, vk [`] denotes the output of the kth neuron at iteration `. At the beginning
` = 0 and the iteration number increases if all the neurons are updated. The output is generated based on the
output of other neurons multiplied by Wki which denotes the weighting factor of the ith neuron’s output at the
kth neuron’s input. The independent input uk is also added here. The generated sum is fed into the decision
function ΦA {.} which developes the output (see (2.3) for definition). In our case the decision function chooses
from a limited set of possible values (denoted byA): ∀k, ` : vk[`] ∈ A.

Based on Figure 3.1, the iteration equation is read as:

vk[`+ 1] = ΦA

{
1

Wkk

(
uk −

k−1∑

i=1

Wkivi[`+ 1]−
M∑

i=k+1

Wkivi[`]

)}
. (3.1)

In other words the weighted sum of the outputs of neurons is compared against the independent input uk. The
difference between the sum and uk is meassured by the decision function ΦA {.}. Equation (3.1) describes
the iteration equation in the case of serial update, since parallel updating often results in cycles which prevents
stability in terms of constant output. The outputs of the neurons should be set to zero before the iterations
start (∀k : vk[−1] = 0), so at the beginning the independent input is the only term which should be taken into
consideration (∀k : vk[0] = ΦA {uk}).

?vk[`+ 1]

�� �ΦA {.}
?
d×W−1

kk
?
����+
���

uk

-

d×−Wk1
?

v1[`+ 1]

PPPPPq

d×−Wk2
?

v2[`+ 1]

. . .

?
d×−Wk,k−1
?

vk−1[`+ 1]

�����)

d×−Wk,k+1
?

vk+1[`]

. . .

�

d×−WkM
?

vM [`]

Figure 3.1: The structure of the kth neuron
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Figure 3.2: The structure of the recurrent neural network

The structure of the recurrent neural network is depicted in Figure 3.2. Each neuron in the figure represents
the same functional element as the one in Figure 3.1. The neurons form a network. Note that the iteration
instant ` cannot be drawn in this figure, due to the fact that the parameters change during the update of each
neuron. The reader is referred to Figure 3.1 where every parameter appears. In the sequel the parameters of the
network are organized into vectors and matrices (W = [Wij ], u = [ui] and v[`] = [vi[`]]).

Note that in (3.1) the role of the diagonal elements of W (Wnn) is to normalize the expression. In the
sequel, we assume that the diagonal elements in matrix W are real positive numbers and the matrix itself is
Hermitian (both required for the stability analysis). For the sake of clarity the requirements are summarized
here:

• MatrixW is Hermitian: W = W H.

• As a consequence, the main diagonal entries of matrixW are real numbers, moreover they are assumed
to be positive (∀n: Wnn ∈ R+).

• The neural network is updated serially, i. e. (3.1) is applied as the iteration equation.

• Either matrixW is positive semidefinite, or the set A contains finite amplitude values.

Every recurrent neural network that fulfills these requirements is stable. The statement is proven in the follow-
ing section.∗

3.1 Stability
There are several ways to prove the stability of a system. The well-known Lyapunov technique [29] provides a
complex mechanism which on the one hand proves the stability, while on the other hand an upper bound can be
computed for the iterations required to reach the steady state. Unfortunately our general model does not fit to
Lyapunov analysis due to general alphabets, thus an energy function is computed. Based on the parameters of
the system, the energy function is explicitly given. If the energy function has a lower bound, and it decreases
monotonously in every iteration, the energy function converges and must have a steady state. If the energy
function has a steady state, the corresponding system is stable.

3.1.1 The Energy Function
For recurrent neural networks applying the iteration equation (3.1) it is worth defining an energy function in
the following form:

E[v = v[`]] = (v[`])HW (v[`])− 2 Re
{
uH(v[`])

}

∗The stability analysis of discrete binary recurrent neural networks can be found in many books (e. g. [29]), however, the general
alphabet case, which is used in this thesis, is not treated by any of them. Thus the stability analysis is included but no thesis is formulated.
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= (v[`])HW (v[`])− uH(v[`])− (v[`])Hu, (3.2)

or in scalar form

E[v = v[`]] =

M∑

i=1

M∑

j=1

v∗i [`]Wijvj [`]−
M∑

i=1

u∗i vi[`]−
M∑

i=1

uiv
∗
i [`]. (3.3)

The energy function is chosen to be upper and lower bounded and to decrease in each iteration. In the sequel
the upper and lower bounds are shown, and the monotonous decrease is also proven.

If not every components of vector v is updated, the energy function is still computable. During the iterations
the energy function can be calculated as

E[`, l] = E[v = [v1[`+ 1], v2[`+ 1], . . . , vl−1[`+ 1], vl[`+ 1], vl+1[`], . . . , vM [`]]T].

Substituting it into (3.3):

E[`, l] =

l∑

i=1

l∑

j=1

v∗i [`+ 1]Wijvj [`+ 1] +

l∑

i=1

M∑

j=l+1

v∗i [`+ 1]Wijvj [`]

+

M∑

i=l+1

l∑

j=1

v∗i [`]Wijvj [`+ 1] +

M∑

i=l+1

M∑

j=l+1

v∗i [`]Wijvj [`]

−
l∑

i=1

u∗i vi[`+ 1]−
M∑

i=l+1

u∗i vi[`]−
l∑

i=1

uiv
∗
i [`+ 1]−

M∑

i=l+1

uiv
∗
i [`].

3.1.1.1 The Lower Bound

Due to the quadratic nature of the energy function in (3.2), a lower bound must exist. In the derivation the min-
imum energy is computed by substituting the appropriate vector v which results in extreme energy. Rewriting
(3.2) yields

E[v] =
(
v −W−1u

)H
W
(
v −W−1u

)
− uHW−1u.

If matrixW is positive semidefinite,W−1u− v = 0 results in minimal energy, thus the first term disappears
yielding

E[v] ≥ −uHW−1u ≥ −‖u‖ ‖W ‖−1‖u‖,

where ‖W ‖ is the largest eigenvalue of matrixW , ‖u‖ denotes the length of vector u. Based on the length of
vectoru and the largest eigenvalue of matrixW , the lower bound of the energy function (3.2) can be computed

E[v] ≥ −‖u‖
2

‖W ‖ . (3.4)

Otherwise, if matrix W is negative definite, but the set of possible neuron output is finite and contains finite
amplitude elements: ∀vi ∈ A : |vi| ≤ vmax, where

vmax = max
x∈A
|x|. (3.5)

Then (3.2) can be lower bounded as

E[v] ≥ −M (vmax)2‖W ‖ − 2
√
M vmax‖u‖,

where M stores the length of vector v and u, respectively. If matrix W is negative definite and there is no
upper bound on the amplitude of elements in the set A, the recurrent neural network might diverge. As shown
later, our application satisfies both assumptions.
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3.1.1.2 The Upper Bound

The energy function has an upper bound if and only if the set A contains numbers with finite absolute value.
Note that the existence of an upper bound is not required in the stability analysis, thus infinite values in the set
A have no effect on the stability of the neural network. The upper bound might only be needed to approximate
the maximum number of iterations to reach the steady state.

The energy function is surely less than or equal to the sum of the absolute values:

E[v] ≤ ‖v‖2‖W ‖+ 2 ‖u‖ ‖v‖.

Let vmax denote the number with the largest absolute value in the set A (3.5), then the upper bound is given as

E[v] ≤M (vmax)2‖W ‖+ 2
√
M vmax‖u‖. (3.6)

The result shows that the upper bound can be computed using the maximum absolute value of the set A, the
largest eigenvalue of matrixW and the length and dimension of vector u.

3.1.1.3 The Alteration of the Energy Function

The change of the energy function during the update of the lth neuron in the [` + 1]st iteration is denoted by
∆E[`, l]:

∆E[`, l] = E[v = [v1[`+ 1], v2[`+ 1], . . . , vl−1[`+ 1], vl[`+ 1], vl+1[`], vl+2[`], . . . , vM [`]]]

−E[v = [v1[`+ 1], v2[`+ 1], . . . , vl−2[`+ 1], vl−1[`+ 1], vl[`], vl+1[`], . . . , vM [`]]].

substituting (3.3) yields

∆E[`, l] =

l−1∑

j=1

(vl[`+ 1]− vl[`])∗Wljvj [`+ 1] +

M∑

j=l+1

(vl[`+ 1]− vl[`])∗Wljvj [`]

+

l−1∑

i=1

v∗i [`+ 1]Wil(vl[`+ 1]− vl[`]) +

M∑

i=l+1

v∗i [`]Wil(vl[`+ 1]− vl[`])

+
(
|vl[`+ 1]|2 − |vl[`]|2

)
Wll − u∗l (vl[`+ 1]− vl[`])− ul(vl[`+ 1]− vl[`])∗.

Ordering similar terms into one group and taking into accout the Hermitian property of matrixW (Wij = W ∗ji)
results in

∆E[`, l] = (vl[`+ 1]− vl[`])∗


l−1∑

j=1

Wljvj [`+ 1] +

M∑

j=l+1

Wljvj [`]− ul




+ (vl[`+ 1]− vl[`])



l−1∑

j=1

W ∗ljv
∗
j [`+ 1] +

M∑

j=l+1

W ∗ljv
∗
j [`]− u∗l




+
(
|vl[`+ 1]|2 − |vl[`]|2

)
Wll,

which equals

∆E[`, l] =
(
|vl[`+ 1]|2 − |vl[`]|2

)
Wll (3.7)

+ 2 Re



(vl[`+ 1]− vl[`])∗



l−1∑

j=1

Wljvj [`+ 1] +

M∑

j=l+1

Wljvj [`]− ul





 .

Note that the term inside the big round brackets in (3.7) is similar to the argument of function ΦA {.} in
(3.1)—however, here the term is multiplied by the negative real number−Wll.

Before proving the non-positive nature of (3.7), a lemma needs to be stated.
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Lemma 3.1 If x ∈ C is an arbitrary complex number, y = ΦA {x}, and z ∈ A denotes an arbitrary number
in the set A, then

|y|2 − |z|2 + 2 Re {(y − z)∗(−x)} ≤ 0 (3.8)

holds.

Proof : According to (2.3)

|x− y| ≤ |x− z|.

Obviously the squares also satisfy the inequality (since square is monotonous):

|x− y|2 ≤ |x− z|2,

in other form

(x− y)∗(x− y) ≤ (x− z)∗(x− z).

Multiplying and ordering the terms the expression yields (3.8). �

Theorem 3.2 For any alphabets A, the energy function of the recurrent neural network (3.2) monotonously
decreases in every iteration.

Proof : Taking into consideration that for every l, Wll is a positive real number, these numbers can be moved
into and from the argument of the real part operator. For the sake of clarity the following definitions are
formulated: y = vl[`+ 1], z = vl[`] and

x =
1

Wll


−

l−1∑

j=1

Wljvj [`+ 1]−
M∑

j=l+1

Wljvj [`] + ul


 .

Applying the above defined variables (3.7) can be rewritten in the following form:

∆E[`, l] = Wll

(
|y|2 − |z|2 + 2 Re {(y − z)∗(−x)}

)
.

Since Wll is always positive and (3.8) holds (look the definitions above):

∀`, l : ∆E[`, l] ≤ 0.

That is, (3.7) is always non-positive and thus the energy function decreases or does not change in each iteration.
�

Theorem 3.3 For any alphabets A, the alteration of the energy function of the recurrent neural network (3.2)
is the largest possible in every iteration.

Proof : The theorem is proven indirectly. As earlier, the following definitions are formulated: y = vl[` + 1],
z = vl[`] and

x =
1

Wll


−

l−1∑

j=1

Wljvj [`+ 1]−
M∑

j=l+1

Wljvj [`] + ul


 .

Assume that there exist an y′ ∈ A, such that y′ 6= vl[`+ 1] and

Wll

(
|y′|2 − |z|2 + 2 Re {(y′ − z)∗(−x)}

)

< ∆E[`, l] = Wll

(
|y|2 − |z|2 + 2 Re {(y − z)∗(−x)}

)
.

Following the argument of Lemma 3.1 in the opposite direction one gets

|y′ − x| < |y − x|.



28 CHAPTER 3. RECURRENT NEURAL NETWORKS

1
1

−1−1

v1
v2

E[v]

��
��

��
��

PPPPPPPPPPPP

�
�
��













HHHHHH

��������������

PPPPPPPPPPPPPPq

6

r
r

r

r

Figure 3.3: Two dimensional binary energy function

Since y = ΦA {x}, this contradicts (2.3). That is, the assumption was wrong; there does not exist such y ′ ∈ A
for which the energy function of the recurrent neural network would decrease more. �

Since the energy function defined in (3.3) has a lower bound and decreases (or remains the same) in each
iteration, the energy function tends to a local minimum. The energy function belongs to the neural network,
thus the recurrent neural network defined by the iteration equation (3.1) is stable. In other words to locally
optimize the energy function (3.3) one can apply a recurrent neural network. The latter statement helps the
application of recurrent neural networks for the purpose of multi-user detection.

For a two dimensional example see Figure 3.3. In the figure the energy function of a two dimensional
recurrent neural network is depicted as a discrete function of the neuron outputs. Let us assume that the
network runs from the initial state v[0] = [−1,−1]T. In each step the net decreases the energy function, thus
the first iteration produces v[1] = [−1,+1]T, and in the second iteration the network arrives at the steady state
v[2] = [+1,+1]T.

However, local optimization lacks the assurance of finding the global optimum. Local optima may be far
from the global one, thus the performance of the multi-user detector may be poor. To avoid local optima
several recurrent neural network extensions have been proposed. Three of which are discussed in the following
sections.

3.2 Stochastic Recurrent Neural Networks
The idea behind stochastic recurrent neural networks lies in the addition of some noise to each state transition
in order to escape from local minima. Therefore, the original iteration equation of the recurrent neural network
(3.1) has been modified as follows

vk[`+ 1] = ΦA

{
1

Wkk

(
uk −

k−1∑

i=1

Wkivi[`+ 1]−
M∑

i=k+1

Wkivi[`]

)
+ νk[`]

}
. (3.9)

Here, the extra parameter νk[`] represents the noise which is independent identically distributed random vari-
able over k with zero mean and F (z, `) distribution function

Pr{Re {νk[`]} ≤ Re {z} ∩ Im {νl[`]} ≤ Im {z}} = F (z, `). (3.10)

Furthermore, we assume that

dF (z, `) = dF (−z, `) (3.11)

i. e. the distribution function is symmetric. Thirdly, the random variable can get values from the whole signal
space, i. e.

∀B ∈ C :

∫

B
dz 6= 0→

∫

B
dF (z, `) 6= 0. (3.12)

The variance of νk[`] is assumed to be a monotonous decreasing function tending to zero

lim
`→∞

E
{
ν2
k [`]
}

= 0.
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Figure 3.4: The structure of the stochastic recurrent neural network

One should note that the symmetry assumption given in (3.11) embodies zero mean for νk[`] (for a detailed
proof see Theorem A.1 on page 90). The stochastic recurrent neural network has a stochastic state transition
rule because of the noise term. The stochastic recurrent neural network scheme is depicted in Figure 3.4.

Now we set out to prove that the stationary state of the random state transition rule yields the global op-
timum. To accomplish this goal we need a Markovian description of the stochastic recurrent neural network,
which is introduced in Section 3.2.1. Section 3.2.4 is the main part of this document; it proves that applying
logistic distribution yields maximal probability for the optimal solution. Finally in Section 3.2.5 we extend the
results to the inhomogeneous case when the variance of noise tends to zero, according to a certain annealing
schedule. However, this extension is investigated only asymptotically, it shows that the optimal solution is
reached with probability one.

3.2.1 The Stationary Distribution
In order to analyze the stochastic convergence of the network, we need to define the state space in which the
algorithm operates. Since the states of the stochastic recurrent neural network are vectors with components
taken from the set A, the state space over which the convergence is to be investigated grows exponentially
|A|M . From the state transition rule (3.9) it is clear that the vector v[` + 1] depends on the stochastic vector
v[`] and the noise vector ν[`], all other terms are regarded constant during the iterations. It implies that vector
v[`] is a Markovian random process.

First the possible vectors of neuron outputs must be labelled. We will use the superscript as the label in
the following, thus vi denotes a pre-defined constant vector with components in A (vi ∈ AM ). Based on the
system of labels the state of the stochastic recurrent neural network is referred to by the same label (state i
is defined by the neuron output vi). Let P [`] denote the stochastic state transition matrix associated to this
process at the time instant `, so P [`] = [Pij [`]], where

Pij [`] = Pr
{
v[`+ 1] = vi | v[`] = vj

}
, (3.13)

Let π[`] denote the probability vector of different states at the time instant `, so π[`] = [πi[`]], where

πi[`] = Pr
{
v[`] = vi

}
.

It is obvious that using the above defined matrix and vector, the state transition rule can be written in the
following form:

π[`+ 1] = P [`]π[`].

Obviously the dimension of both vector π[`] and matrix P [`] equals |A|M .

Lemma 3.4 The stochastic recurrent neural network defines an aperiodic and irreducible Markovian process.
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Proof : Since the noise ν[`] can get any arbitrary large values (see (3.12)), every state can be reached with
a finitely small probability from each state. As a consequence, the Markovian process is neither periodic nor
reducible. �
Since the Markovian process lying in the background is aperiodic and irreducible, the stationary distribution
denoted by π is given by the following equation:

π = P π, (3.14)

where P = lim`→∞ P [`]. Our primary aim is to reveal the stationary distribution π, to prove that the global
optimum has the highest probability in equilibrium, i. e. the state

opt = arg max
i

pi = arg min
i

{
vi

H
W vi − 2 Re

{
uHvi

}}
,

or equivalently, vector

vopt = arg min
v∈AM

{
vHW v − 2 Re

{
uHv

}}
(3.15)

has the maximal stationary probability.
In Section 3.2.2 the state transition probability matrix P [`] is directly computed, forthcoming sections

build on the equations derived here. In Section 3.2.3 the stationary probabilities are compared based on the
components of the state transition probability matrix. In Section 3.2.4 the so-called logistic distribution function
is applied to generate the noise values. The application of logistic distribution yields tractable equations,
and finally it turns out that the global optimum has the highest probability in equilibrium. Furthermore, in
Section 3.2.5 the inhomogeneous behaviour of the stochastic recurrent neural network results asymptotically
in one probability at the optimal solution.

3.2.2 Brute Force Derivation of the State Transition Matrix
In this section we derive (3.13) by brute force. As will be shown, the brute force algorithm results in rather
complex form except the binary case. Equation (3.13) can be rewritten as

Pij [`] = Pr
{
v1[`+ 1] = vi1 ∩ v2[`+ 1] = vi2 ∩ . . . | v[`] = vj

}
.

Taking into account the sequential updating of neurons

Pij [`] = Pr
{{
v1[`+ 1] = vi1 | v[`] = vj

}
∩
{
v2[`+ 1] = vi2 | v[`] = vj ∩ v1[`+ 1] = vi1

}
∩ . . .

}
.

Due to the independence of noise values, the probability can be decomposed into a product

Pij [`] = Pr
{
v1[`+ 1] = vi1 | v[`] = vj

}

·Pr
{
v2[`+ 1] = vi2 | v[`] = vj ∩ v1[`+ 1] = vi1

}
· . . .

or equivalently

Pij [`] =

M∏

k=1

G[i, j, k, `], (3.16)

where G[i, j, k, `] is given as

G[i, j, k, `] = Pr
{
vk[`+ 1] = vik | v[`] = vj ∩ v1[`+ 1] = vi1 ∩ . . . ∩ vk−1[`+ 1] = vik−1

}
.

Note that the probability defined in (3.16) tells the value of different terms in (3.9). The probability can be
translated into the probability of having appropriate noise value in νk[`], since the stochastic nature is caused
by the noise term only. Lemma 3.1 holds here too, i. e. G[i, j, k, `] can be rewritten into an integral

G[i, j, k, `] =

∫

S[i,j,k]

dF (z, `), (3.17)
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where S[i, j, k] denotes the surface, where the integral should be computed. Based on Lemma 3.1 S[i, j, k] is
given as

S[i, j, k] = z ∈ C, ∀y ∈ A:

|vik|2 − |y|2 + 2 Re

{
(vik − y)∗

(
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
− z
)}
≤ 0

which can be simplified into

S[i, j, k] = z ∈ C, ∀y ∈ A: (3.18)

Re

{
(vik − y)∗

(
1

2

(
vik + y

)
+

1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
− z
)}
≤ 0.

3.2.2.1 The Binary Case

In this section we derive (3.16) for the case of binary output neurons (A = {±1}). Note that in the case of
binary neurons, the decision function turns into a simple signum ΦA {.} = sgn {.}, thus imaginary values have
no role. For the same reason the real part operator disappears in (3.18):

S[i, j, k] = x ∈ (−∞,∞), y = ±1: (3.19)

(vik − y)

(
1

2

(
vik + y

)
+

1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
− x
)
≤ 0.

Theorem 3.5 If one uses symmetric distribution F (x, `), which satisfies (3.11) to generate values of the noise
source, then

Pij [`] =

M∏

k=1

F

(
vik
Wkk

(
uk −

k−1∑

l=1

Wklv
i
l −

M∑

l=k+1

Wklv
j
l

)
, `

)
(3.20)

holds.

Proof : In the proof both vik = +1 and vik = −1 are considered separately. It is highlighted that both cases
yield the same equation in (3.17). Finally, G[i, j, k, `] is substituted into (3.16) thus the statement holds.

Let us assume that vk[`+ 1] = vik = −1, substituting into (3.19) it turns out that y = +1 is the only case
we have to consider (if y is equal to minus one, the expression becomes zero). Now we get

S[i, j, k] = x ∈ (−∞,∞):

2

(
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
− x
)
≥ 0.

which shows that

S[i, j, k] = x ∈
(
−∞, 1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)]
.

Mutliplying the upper bound by vik (it was minus one) and substituting into (3.17) the expression results in

G[i, j, k, `] = F

(
vik
Wkk

(
uk −

k−1∑

l=1

Wklv
i
l −

M∑

l=k+1

Wklv
j
l

)
, `

)
. (3.21)

Equivalently, if vk[`+ 1] = vik = +1, substituting into (3.19) results that y = −1 is the only case we have
to consider (if y is equal to plus one, the expression becomes zero). Now we get

S[i, j, k] = x ∈ (−∞,∞):

2

(
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
− x
)
≤ 0
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yielding

S[i, j, k] = x ∈
[

1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
,∞
)
.

Substituting the result into (3.17)

G[i, j, k, `] =

∫ ∞

x=
“

1
Wkk

(
Pk−1
l=1 Wklvil+

P
M
l=k+1 Wklv

j
l−uk)

” dF (x, `),

applying the symmetry condition of (3.11)

G[i, j, k, `] =

∫ −“ 1
Wkk

(
Pk−1
l=1 Wklv

i
l+
PM
l=k+1 Wklv

j
l−uk)

”

x=−∞
dF (x, `),

in other words (3.21) holds. What we have got tells that independently of the value of vik, G[i, j, k, `] has the
same form. After substituting G[i, j, k, `] into (3.16), the statement (3.20) is got. �

A simple example Let us investigate the following binary system with two neurons (M = 2): W11 =
W22 = 1, W12 = W21 = 0.6 and u1 = 0.4, u2 = 0.2, respectively. Let the distribution function of the noise
be F (x) = 1

1+e−x to obtain a stationer Markov process (independent of `). Let the binary state vectors be
ordered in the following manner: v1 = [−1,−1]T, v2 = [+1,−1]T, v3 = [−1,+1]T and v4 = [+1,+1]T.
Based on (3.20) the following state transition probabilities are got:

P11 = P12 = F (−1)F (−0.8) = 0.269 · 0.31 = 0.083

P21 = P22 = F (+1)F (+0.4) = 0.731 · 0.599 = 0.438

P31 = P32 = F (−1)F (+0.8) = 0.269 · 0.69 = 0.186

P41 = P42 = F (+1)F (−0.4) = 0.731 · 0.401 = 0.293

P13 = P14 = F (+0.2)F (−0.8) = 0.55 · 0.31 = 0.171

P23 = P24 = F (−0.2)F (+0.4) = 0.45 · 0.599 = 0.270

P33 = P34 = F (+0.2)F (+0.8) = 0.55 · 0.69 = 0.380

P43 = P44 = F (−0.2)F (−0.4) = 0.45 · 0.401 = 0.180.

Solving (3.14), the stationary distribution equals π = [0.129, 0.351, 0.287, 0.234]T.

3.2.2.2 The QPSK Case

In this section (3.16) is derived for the case of QPSK symbol set, i. e.A = 1√
2
{±1± j}. The decision function

becomes signum in both real and imaginary axis that is

ΦA {z} =
1√
2

(
sgn {Re {z}}+ j sgn {Im {z}}

)
.

Theorem 3.6 If one uses a complex number generator with distribution F (z, `) which satisfies

dF (z, `) = dF (z · ejπ/2, `) (3.22)

(a stronger condition than (3.11)), then

Pij [`] =
M∏

k=1

F

((
vik
)∗
ejπ/4

Wkk

(
uk −

k−1∑

l=1

Wklv
i
l −

M∑

l=k+1

Wklv
j
l

)
, `

)
(3.23)

holds.
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Proof : As in the binary case, all four possible vik values must be considered separately. Here, only one of them
is detailed, the rest (without any interesting technical modification) can be found in Theorem A.2 on page 90.

If vk[`+ 1] = vik = (1 + j)/
√

2, then (vik − y)∗ might take a value from the set {
√

2,−
√

2j,
√

2(1− j)}.
In the first case, (3.18) yields

Re {z} ≥ Re

{
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)}
,

because for any pair of complex numbers z, v, Re {z + v} = Re {z} + Re {v}. Since for all z complex
numbers Re {j · z} = −Im {z}, in the second case ((vik − y)∗ = −

√
2j), (3.18) becomes

Im {z} ≥ Im

{
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)}
.

At last, if (vik − y)∗ =
√

2(1− j), the following constraint is got

Re {z}+ Im {z} ≥ Re

{
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)}

+Im

{
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)}
,

which is weaker than the previous two (if they are satisfied, the third inequality must hold too), thus it can be
neglected. There are two constraints, one for the real part of z and one for the imaginary part. Substituting the
result into (3.17)

G[i, j, k, `] =

∫ ∞++

z= 1
Wkk

(
Pk−1
l=1 Wklvil+

PM
l=k+1 Wklv

j
l−uk)

dF (z, `),

where∞++ refers to the point, where F (∞++) = 1 (the right upper corner of the complex plane). Using the
symmetric property (3.22),

G[i, j, k, `] = F

((
vik
)∗
ejπ/4

Wkk

(
uk −

k−1∑

l=1

Wklv
i
l −

M∑

l=k+1

Wklv
j
l

)
, `

)
. (3.24)

For all other cases (3.24) is got (for detailed proof see Theorem A.2 on page 90). Finally substituting into
(3.16), the statement (3.23) is got. �
Comparing (3.20) and (3.23) one should perceive the striking similarity. However, for general complex alpha-
bets the brute force derivation results in a rather challenging task. Thus other methods are needed to provide a
general description of the stochastic recurrent neural network.

3.2.3 Markovian Analysis of the State Transition Matrix
In this section, Eq. (3.14) and matrixP are analysed. Basically, states must be compared to obtain an expression
that the optimal state has the highest probability. Thus the two states examined will be denoted by A and B.

Matrix P is decomposed with the following definitions:

• PAA gives the probability of remaining in state A during the iteration,

• PBB represents the probability of remaining in state B,

• PBA equals the probability of moving from state A into state B,

• PAB equals the probability of the reverse move (from B to A),

• p∗A denotes the probability vector of moving from state A to any other states excludingA and B,
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• vector p∗B denotes the same, but starting at state B,

• pA∗ is equal to the probability vector of moving from any other states excludingA and B to state A,

• vector pB∗ denotes the same, but ending at state B,

• P∗ equals the state transition probability matrix between the rest (all except A and B) states.

Since for all j state
∑

i Pij = 1 (with one probability the state transition occurs), the following equations hold

PAA + PBA + 1Tp∗A = 1 (3.25)
PBB + PAB + 1Tp∗B = 1 (3.26)
pT
A∗ + pT

B∗ + 1TP∗ = 1T. (3.27)

To help understanding the notations, one example is drawn. If A and B refers to the first two states (the first
two rows and columns in matrix P ), the structure of the state transition matrix is given as

P =




PAA PAB pT
A∗

PBA PBB pT
B∗

p∗A p∗B P∗



.

Note that (3.25)–(3.27) always hold, the special assumption is only needed to visualize the notations.
For the stationary distribution vector π some more notations are introduced:

• πA denotes the stationary probability of state A,

• πB equals the stationary probability of state B,

• vector π∗ consists of the stationary probabilities of other states (all except A and B).

Due to whole probability theorem, πA+πB+πT
∗ 1 = 1 holds. With the introduced decomposition the following

theorem can be formulated.

Theorem 3.7 Without the knowledge of the stationary distribution, the relation of two probabilities can be
computed. The ratio of probabilities of states A and B is given as

πA
πB

=
PBB + pT

B∗(I − P∗)−1p∗B − 1

PAA + pT
A∗(I − P∗)−1p∗A − 1

. (3.28)

Proof : Using (3.14), and substituting the above definitions, one arrives at

πA = πA · (1− PBA − 1Tp∗A) + πB · PAB + pT
A∗ · π∗ (3.29)

πB = πA · PBA + πB · (1− PAB − 1Tp∗B) + pT
B∗ · π∗ (3.30)

π∗ = πA · p∗A + πB · p∗B + P∗ · π∗, (3.31)

where (3.25) and (3.26) was also substituted. Based on (3.31) π∗ is given as

π∗ = (I − P∗)−1(πA · p∗A + πB · p∗B).

which is substituted into the difference of (3.29) and (3.30):
πA
πB
− 1 =

πA
πB
− 1− πA

πB
PBA −

πA
πB
· 1Tp∗A + PAB −

πA
πB

PBA + PAB + 1Tp∗B

+
πA
πB
· pT

A∗(I − P∗)−1p∗A + pT
A∗(I − P∗)−1p∗B

−πA
πB
· pT

B∗(I − P∗)−1p∗A − pT
B∗(I − P∗)−1p∗B .
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Using (3.27),

0 = −2
πA
πB

PBA + 2PAB −
πA
πB
· 1Tp∗A + 1Tp∗B +

πA
πB
· pT

A∗(I − P∗)−1p∗A

−pT
B∗(I − P∗)−1p∗B +

(
1T(I − P∗)− pT

B∗
)

(I − P∗)−1p∗B

−πA
πB
·
(
1T(I − P∗)− pT

A∗
)

(I − P∗)−1p∗A.

Simplifying the expression πA
πB

yields

πA
πB

=
PAB + 1Tp∗B − pT

B∗(I − P∗)−1p∗B
PBA + 1Tp∗A − pT

A∗(I − P∗)−1p∗A
,

in other words (because of (3.25) and (3.26)) equation (3.28) also holds. �
Our result seems promising, since the matrix (I − P∗)−1 contains only positive numbers [54]. In Markov
Theory, [(I − P∗)−1]ij tells the mean value of moves needed to arrive at state i, starting from state j walking
through both states A and B.

There might be a condition list based on Theorem 3.7, which always holds and is adaptable to the topic of
this thesis (it should be easy to check). However, it has not been found by the author yet.

The Simple Example (continued) Taking a look at the example introduced on page 32, one can check that
Theorem 3.7 holds, i. e. π2 > πi, where i = 1, 3, 4. (the calculations are not included here to save place).

3.2.4 The Global Optimizer with Logistic Distribution
Further investigation requires more strict conditions. In this section only the binary and the QPSK cases
are considered, because general alphabets prevents easy calculations. The two cases are treated in separate
subsections. First, the binary case is considered, thus the QPSK subsection highlights only the differences
caused by the complex domain. General complex alphabets are not treated in this section.

First, we introduce a new distribution, termed as the logistic distribution. This distribution function is
denoted by F log(x, γ) in the case of real values (for binary neurons):

F log(x, γ) =
1

1 + e−γx
, (3.32)

where γ is a positive real parameter, which changes the slope of the function at the point x = 0. The complex
distribution is derived from the real one (for QPSK neurons):

F log(z, γ) =
1

1 + e−γRe{z}
1

1 + e−γIm{z} , (3.33)

which equals (3.32) multiplied by itself. Thus the logistic distribution in the complex domain represents inde-
pendent logistic distribution on both the real and imaginary axes.

Since F log(x, γ) = 1 − F log(−x, γ), the real logistic distribution function (3.32) satisfies the previously
defined (3.11) symmetry condition ( dF log(x, γ) = dF log(−x, γ)). Moreover, the complex version, (3.33)
also satisfies (3.22).

We would like to show that if one uses (3.33) distribution for QPSK neurons (or (3.32) for binary neurons)
to generate random values of ν, then the optimal state has asymptotically the greatest probability in equilibrium.
The first part of the proof reiterates some part of the Boltzmann machine theory, whereas the second part points
out the equivalence between Boltzmann machine and stochastic recurrent neural network.

Lemma 3.8 For binary or QPSK alphabets, for each v ∈ AM the energy function E[v] = vHW v − uHv −
vHu defined in (3.2) can be rewritten as follows

E[v] = 2 Re



v
∗
l


∑

j,j 6=l
Wljvj − ul





+

∑

i,i6=l

∑

j,j 6=l
v∗iWijvj +Wll − 2 Re




∑

i,i6=l
u∗i vi



 . (3.34)



36 CHAPTER 3. RECURRENT NEURAL NETWORKS

Proof : Let us use the notation E[v] defined in (3.3). It is easy to see that from any component l,

E[v] =
∑

i

∑

j

v∗iWijvj −
∑

i

u∗i vi −
∑

i

v∗i ui

=
∑

i,i6=l

∑

j

Wijv
∗
i vj +

∑

j

Wljv
∗
l vj −

∑

i,i6=l
u∗i vi − u∗l vl −

∑

i,i6=l
v∗i ui − v∗l ul

=
∑

i,i6=l

∑

j,j 6=l
Wijv

∗
i vj +

∑

j,j 6=l
Wljv

∗
l vj +

∑

i,i6=l
Wilvlv

∗
i +Wll|vl|2

−
∑

i,i6=l
u∗i vi − u∗l vl −

∑

i,i6=l
v∗i ui − v∗l ul.

Because matrix W is Hermitian (Wil = W ∗li), the second and third terms are complex conjugate pairs in the
above equation. Due to QPSK (or binary) states |vl|2 always equals plus one. After reordering the terms, the
equation yields (3.34). �

The following events are introduced

A : v1[`+ 1] = vi1, v2[`+ 1] = vi2, . . . , vl[`+ 1] = vil , vl+1[`] = vjl+1, . . . ,

B : v1[`+ 1] = vi1, v2[`+ 1] = vi2, . . . , vl−1[`+ 1] = vil−1, vl+1[`] = vjl+1, . . . ,

where vi and vj are fixed vectors. Event A defines the value of each neuron output after the update of the lth
neuron. Event B differs in the knowledge of the lth component, there is no information contained here about
the lth neuron output. Every other neuron takes the same value as in event A. Note that event A involves event
B. Furthermore, we define two new vectors (vA and vB [x]), as follows:

vA = [vi1, . . . , v
i
l−1, v

i
l , v

j
l+1, . . . , v

j
M ]T,

vB [x] = [vi1, . . . , v
i
l−1, x, v

j
l+1, . . . , v

j
M ]T.

Note that the latter vector has an argument which determines the lth component in the vector. Based on the
definitions and expression (3.34), one can easily check that

E[vA] = 2 Re

{
(vil )

∗
(
l−1∑

k=1

Wlkv
i
k +

M∑

k=l+1

Wlkv
j
k − ul

)}
+E0,

and

E[vB [x]] = 2 Re

{
x∗
(
l−1∑

k=1

Wlkv
i
k +

M∑

k=l+1

Wlkv
j
k − ul

)}
+E0,

where E0 is the part of the energy function which remains constant during the update of the lth neuron:

E0 =

l−1∑

m=1

l−1∑

k=1

Wmk(vim)∗vik +

l−1∑

m=1

M∑

k=l+1

Wmk(vim)∗vjk +

M∑

m=l+1

l−1∑

k=1

Wmk(vjm)∗vik (3.35)

+

M∑

m=l+1

M∑

k=l+1

Wmk(vjm)∗vjk +Wll − 2 Re

{
l−1∑

k=1

u∗kv
i
k +

M∑

k=l+1

u∗kv
j
k

}
.

In the following theorem we assume that the stationary distribution is given as an exponential function of
the energy function. Later we show that the stationary distribution of the stochastic recurrent neural network
yields the same form.

Theorem 3.9 Assuming that in thermal equilibrium the probability of a given vector vi is given as

Pr
{
v[`] = vi

}
=

1

Z
e−

E[vi]
T [`] , (3.36)

where

Z =
∑

x∈AM
e−

E(x)
T [`] ,
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and T [`] is an arbitrary real number (it is used to model the effect of the temperature in the Boltzmann Ma-
chine), then the state transition probability Pij [`] equals the product of functions F log(x, γ) (defined in (3.32)
for binary alphabet, and in (3.33) for QPSK alphabet), each with an appropriate parameter.

Proof : It is easy to see that the probability of event B using (3.36)

Pr{B} =
∑

x∈A
Pr
{
v[`] = vB [x]

}
=

1

Z

∑

x∈A
e−

E[vB[x]]
T [`] ,

because the neurons’ output can take only one value. Substituting (3.34) it finally becomes

Pr{B} =
1

Z
· e−

E0
T [`]

∑

x∈A
e−

2 Re{x∗(Pl−1
k=1

Wlkv
i
k+

PM
k=l+1 Wlkv

j
k
−ul)}

T [`] (3.37)

where E0 is defined in (3.35). The conditional probability Pr {A | B} can be expressed as

Pr{A | B} =
Pr {A ∩ B}

Pr {B} =
Pr {A}
Pr {B} ,

since event A involves event B. Using (3.34) and (3.37) and simplifying with the common terms, the equation
can be rewritten into

Pr{A | B} =

exp

[
− 2 Re{(vil )∗(Pl−1

k=1
Wlkv

i
k+
PM
k=l+1 Wlkv

j
k
−ul)}

T [`]

]

∑
x∈A

exp

[
− 2 Re{x∗(Pl−1

k=1 Wlkvik+
P
M
k=l+1 Wlkv

j
k−ul)}

T [`]

] .

Now, dividing by the numerator one can obtain

Pr{A | B} =
1

1 +
∑

x∈A,x6=vil
exp

[
− 2 Re{(vil−x)∗(ul−

Pl−1
k=1Wlkvik−

PM
k=l+1 Wlkv

j
k)}

T [`]

] .

In the binary case, the sum represents only one term, where vil − x = 2vil . Substituting the definition of (3.32)
with parameter γ = 4Wll/T [`], one arrives at

Pr{A | B} = F log

(
vil
Wll

(
ul −

l−1∑

k=1

Wlkv
i
k −

M∑

k=l+1

Wlkv
j
k

)
,

4Wll

T [`]

)
. (3.38)

In the QPSK case, some more calculation is needed to derive similar expression (see Lemma A.3 with f(x) =

ex on page 91 for details). However, applying the definition of (3.33) with parameter γ =
√

23Wll/T [`], one
gets

Pr{A | B} = F log

(
(vil )

∗ejπ/4

Wll

(
ul −

l−1∑

k=1

Wlkv
i
k −

M∑

k=l+1

Wlkv
j
k

)
,

√
2

3
Wll

T [`]

)
. (3.39)

Note that the Pr {A | B} probability equals G[i, j, k, `] in (3.16) with the above selection of vi and vj

parameters. Following the argument of (3.16), the state transition probability becomes

Pij [`] =

M∏

l=1

F log

(
vil
Wll

(
ul −

l−1∑

k=1

Wlkv
i
k −

M∑

k=l+1

Wlkv
j
k

)
,

4Wll

T [`]

)
(3.40)

in the binary case and

Pij [`] =

M∏

l=1

F log

(
(vil )

∗ejπ/4

Wll

(
ul −

l−1∑

k=1

Wlkv
i
k −

M∑

k=l+1

Wlkv
j
k

)
,

√
2

3
Wll

T [`]

)
(3.41)

in the QPSK case.
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Thus the state transition probability follows the multiplication of distribution functions F log(z, γ) with
parameters γbin = 4Wll/T [`] and γQPSK =

√
23Wll/T [`], respectively. �

Starting from the assumption that the probability of a vector state is given as an exponential function of the
corresponding energy, we arrived at a state transition probability similar to the one obtained by brute force.
Thus, our result leads to conclude that the assumption is right.

Theorem 3.10 If one uses the distribution function (3.32) or (3.33) with proper parameters to generate values
of the noise (ν) in the stochastic recurrent neural network, then the global optimum of the energy function (3.2)
can be reached with maximal probability.

Proof : If the state transition matrices of two systems are equal to each other, then the stationary distribution
vectors must equal as well. Comparing (3.40) with (3.20) and (3.41) with (3.23) one can see that the two state
transition matrices are completely the same with proper parameter selection. Thus the stochastic recurrent
neural network has the stationary distribution defined in (3.36), which is maximized by the minimal energy
function—the optimal solution of the quadratic form (3.3). �

The simple example (continued) Now consider the example on page 32, and check the statement of the
theorem. The energy function results in the following values:

E[v1] = 4.4

E[v2] = 0.4

E[v3] = 1.2

E[v4] = 2.0,

The free parameter of (3.36) is T . While γ was chosen to equal one, and W contains ones in the diagonal, T
must be set to 4. Based on (3.36), the following distribution is got: π = [0.129, 0.35, 0.287, 0.235]T, which is
equal to the one obtained on page 32.

3.2.5 The Inhomogeneous Case
Up till now, we have shown that applying (3.32) or the noise elements inside the neurons results in a maximal
stationary probability for the global optimum for binary and QPSK alphabets. Now we extend our investigation
to the inhomogeneous case, where we decrease the variance of the noise added to the iteration equation. This
obviously defines an inhomogeneous Markov chain.

Now we show that applying the stochastic recurrent neural network algorithm with the proposed distribution
function (3.32), the method asymptotically arrives at the optimal value with probability one.

Theorem 3.11 If the distribution function of ν noise values is equal to (3.32) for binary neurons and (3.33) for
QPSK neurons, where γ tends to infinity, then the global optimum (vopt) of the associated quadratic form (3.2)
(see (3.15)) is reached asymptotically with one probability.

Proof : Let us evoke (3.36) which is proven to be the stationary distribution of the stochastic recurrent neural
network in Theorem 3.10

Pr
{
v[`] = vi

}
=

e−
E[vi]
T [`]

∑
x∈AM

e−
E[x]
T [`]

.

Now we divide with the numerator

Pr
{
v[`] = vi

}
=

1

1 +
∑

x∈AM ,x6=vi
e

1
T [`]

(E[vi]−E[x])
. (3.42)

We examine the exponential term. Since γ is inversely proportional to T [`], if γ tends to infinity, T [`] must
tend to zero (as is the case of Boltzmann Machine). It is obvious that

if E[x] < E[vi], then limT [`]→0 e
1
T [`](E[vi]−E[x]) →∞

if E[x] > E[vi], then limT [`]→0 e
1
T [`](E[vi]−E[x]) → 0
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which entails that if there is a vector x which satisfies the first condition, the probability defined in (3.42)
becomes zero. Similarly if there does not exist anyx vector which satisfies the second condition (i. e. minimum
energy belongs to the vector vi = vopt, i. e. it is the optimal solution), the probability defined in (3.42) becomes
one. Consequently, the optimal solution has one probability after infinite iterations. �

As a result, the stochastic recurrent neural network is able to find asymptotically the optimal solution of the
corresponding quadratic form (3.2) independently of the system parameters and the applied annealing schedule.

The simple example (continued) Let us increase parameter γ to 16 in the example on page 32. Based on
(3.36) (T = 1/4), the following stationary distribution is got: π = [0, 0.96, 0.04, 0]T. Further increment of γ
results in almost one probability at v2.

Two remarks should be added here. First of all, note that our result valid only asymptotically. In real
cases the time limit causes imperfect operation. Quick decrease of the temparature T [`] yields stucking in local
minima. Decreasing the temperature T [`] too slowly results in more iterations. A trade-off must be found to
balance the number of iterations and the performance of the stochastic recurrent neural network.

Secondly, zero probability does not prevent the existence of the corresponding states. Due to the unbounded
nature of the noise, for an arbitrary large γ value, every state can occur during the iterations—however, zero
probability states happen rarely (finitely many times).

An unlucky example Let us investigate the following two-neuron (M = 2) stochastic recurrent neural net-
work with parameters:

W =

[
1.0 0.6
0.6 1.0

]
,u =

[
0.148
0.149

]
.

The energies of vectors v1 = [+1,−1]T and v2 = [−1,+1]T are very close to each other, yielding almost
similar probabilities. Even for γ = 300 (T = 1/75), Pr

{
v1
}

= 0.426 and Pr
{
v2
}

= 0.574 are almost equal.
Since these two vectors are the farthest in Hamming distance from each other, this situation is quite unlucky.
In this environment, γ should be increased to a very high value to obtain one probability at v2.

In general, the closer two energies of two vectors are, the less effective the stochastic recurrent neural
network becomes. This is the reason why the annealing schedule plays an important role in the operation of
the stochastic recurrent neural network.

3.2.6 Possible Applications
The stochastic recurrent neural network can be applied for any exercise, where a quadratic form must be
minimized, i. e. the problem is formulated as (3.15). It is impossible to list all of them, instead, a few is named:

• Multi-user detection (see Section 4.5.1)

• Pattern recognition

• Picture enhancement, sharpening of blured images

• Travelling salesman problem (TSP)

• Resource allocation in dependent systems (e. g. logistics)

• n-queen problem

• many more. . .

Due to the topic of this thesis, only the first one is simulated in Section 5. Hopefully the introduced technique
will also be used in other applications.



40 CHAPTER 3. RECURRENT NEURAL NETWORKS

3.2.7 Corresponding Theses
The first group of theses, which deals with the behaviour of discrete stochastic recurrent neural networks, are
detailed in this section. Thesis 1.1 is shown in Theorem 3.10. Thesis 1.2 is proven in Theorem 3.11. Both
theorems are heavily depend on results of previous theorems not listed here explicitly. Thesis 1.3 is formulated
in Theorem 3.7.

3.3 Alternative Decision Functions
Instead of the minimal distance decision function introduced in (2.3) one can apply more sophisticated functions
to obtain better performance and/or faster convergence. The most general functions used for binary alphabet
are detailed in this section. For the sake of simplicity only the binary case is considered here.

3.3.1 Soft Decision Function
The application of soft decision function in the iteration equation dates back to the introduction of recurrent
neural networks. Soft decision function means continous output values. Generally the tangent hyperbolic
function is applied:

ΦR {x} =
eβx − e−βx
eβx + e−βx

, (3.43)

where β defines the slope of the function at x = 0. The update of the neurons follows (3.1) (or (3.9)), with
(3.43) as the decision function. Due to continous output values, usually constant output does not occur. Thus
the number of iterations must be pre-defined by the user. After the end of the iterations, (2.3) is applied on the
output values to obtain the estimated sequence.

The stability analyisis of the soft decision function directed recurrent neural networks is well investigated
(they are stable in the sense of converging to a point). However, due to the continous nature of the output
values, the optimality of the solution given by soft feedback recurrent neural networks seems mathematically
untractable. Even the number of iterations cannot be determined based on the system parameters.

Usually the soft decision function provides an improved performance compared to the hard decision func-
tion directed recurrent neural network. Due to their tractability problems, the theory of recurrent neural net-
works with soft feedback is not covered by this thesis, though they are applied in the simulations.

3.3.2 Discrete Hysteresis Decision Function
Recurrent neural networks with hysteresis type nonlinearities can provide fast convergence, since hysteresis
prevents output changes in the case of small input values. Hysteretic type recurrent neural networks was
introduced by Levendovszky et al. for the discrete case [61]. The hysteretic iteration equation is given in the
form of (3.1), or (3.9), but the decision function comprise hysteresis, which also purports some kind of memory.
For (3.1) the following equation holds:

vl[`+ 1] = sghtζ {x} =





+1, if x ≥ ζ
−1, if x < −ζ
+1, if −ζ ≤ x < ζ and vl[`] = +1
−1, if −ζ ≤ x < ζ and vl[`] = −1,

(3.44)

where sghtζ {.} is a hysteretic decision function, with decision boundary ζ (which must be non-negative) and
x is given as

x =
1

Wll


ul −

l−1∑

j=1

Wljvj [`+ 1]−
M∑

j=l+1

Wljvj [`]


 , (3.45)

see Figure 3.5. If one sets ζ = 0 the operation of the original recurrent neural network is obtained. Note that
hysteresis decision function (3.44) can be rewritten in the form

vl[`+ 1] = sghtζ {x} =

{
+1, if x ≥ −ζ · vl[`]
−1, if x < −ζ · vl[`]. ,
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Figure 3.5: The Discrete Hysteresis Decision Function

thus it is equivalent to

vl[`+ 1] = sgn {x+ ζ · vl[`]} . (3.46)

In the following we show that for specialW matrices the global optimum is the unique steady state and the
detection can be accelerated by applying a hysteresis decision function. The background of the theorem comes
from [61], where the reverse exercise was solved. They assumed constant decision boundary, and according
to its value, a condition was formulated for the connection matrix W to earn unique optimum in the energy
function.

First let us define the so-called “eye-openness” parameter (D) in the following form

D = min
i

[
Wii∑

j;j 6=i |Wij |

]
. (3.47)

Secondly we define the surrounding hyper cubes (SHC) around verteces with parameter η (0 < η < 1), which
is denoted by SHCη:

SHCη ≡ {x = [xi]: ∀i, η ≤ |xi| < 2− η}.
Thirdly we introduce vector m as the continuous minimal solution of the energy function (3.2), i. e. m =
W−1u.

In the following the stationary behaviour is investigated, where state changes do not occur. Thus parameter
` referring to the iteration instance will be neglected (there is no difference between vk[`] and vk[`+ 1]).

Lemma 3.12 The following inequality is always satisfied

maxi |mi − vi|
D

+ (ml + ζ) ≥ 0. (3.48)

Proof : First note that according to (3.46) and (3.45) the following equation is got:

vl = sgn





1

Wll


ul −

l−1∑

j=1

Wljvj + ζWllvl −
M∑

j=l+1

Wljvj





 .

Secondly, note that the continous solutionm can be used to substitute the value of ul with
∑
jWljmj , which

implies

vl = sgn





1

Wll



l−1∑

j=1

Wlj(mj − vj) +Wll(ml + ζ · vl) +
M∑

j=l+1

Wlj(mj − vj)





 .

Without the loss of generality the value of vl is assumed to be +1 in the following (vl = −1 yields the same
inequality). It follows that

∑
j;j 6=lWlj(mj − vj)

Wll
+ (ml + ζ) ≥ 0,
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where the left hand side is upper bounded by
∑
j;j 6=l |Wlj | ·maxi |mi − vi|

Wll
+ (ml + ζ) ≤ maxi |mi − vi|

mini

[
WiiP

j;j 6=i |Wij |

] + (ml + ζ),

which from (3.47) yields (3.48). �
The result of the lemma plays an important role in the proof of optimality of the hysteretic recurrent neural
network in the following theorem.

Theorem 3.13 If there exists parameter η (0 < η < 1) such thatm ∈ SHCη holds, and if

ζ = η

(
1 +

1

D

)
− 3

D
(3.49)

is positive, then the corresponding hysteretic recurrent neural network converges to the global optimum.

Proof : We are going to prove that the only one steady state of the hysteresis recurrent neural network cor-
responds to sgn {m}, every other state is transient. Thus, the network is a global optimizer finding the sole
optimum of the energy function.

Note that from (3.49) (ζ > 0 and η < 1) one gets

0 < η

(
1 +

1

D

)
− 3

D
< 1 +

1

D
− 3

D
,

which yields D > 2, i. e. the eye-openness parameter must be greater than two.
Assuming that v = sgn {m} is a steady state, validating (3.48) proves the assumption. To upper bound

(3.48),ml < 2− η and maxi |mi − vi| ≤ 1− η, due to the SHCη constraint. Thus (3.48) yields

1− η
D

+ (2− η + ζ) > 0.

Substituting (3.49) it yields

1

D
− η

(
1

D
+ 1

)
+ 2 + η

(
1 +

1

D

)
− 3

D
> 0,

which results in D > 1. The result is fulfilled since the eye-openness parameter is greater than two. So vector
v = sgn {m} is a steady state.

Assuming that v 6= sgn {m} is also a steady state we will arrive in contradiction. Without loss of generality,
assume that the lth component of vector m differs sgn {ml} 6= vl = 1. The parameters of (3.48) are upper
bounded as ml ≤ −η and maxi |mi − vi| < 3− η, due to the SHCη constraint. Thus (3.48) yields

3− η
D

+ (ζ − η) > 0.

Substituting (3.49) it finally yields

−η
(

1 +
1

D

)
+

3

D
+ η

(
1 +

1

D

)
− 3

D
> 0,

which obviously contradicts basic mathematics. Thus the assumption was wrong, there cannot be any other
steady states than v = sgn {m}.

One steady state means no local optima, so the steady state of the network corresponds to the global opti-
mum of the energy function. Thus the network is a global optimizer if (3.49) is satisfied. �

Note that introducing hysteresis nonlinearity results in less state changes thus the hysteresis recurrent neural
network requires less iterations (it is “more” stable) than the original one. In this way there is no need to prove
the stability of the hysteresis recurrent neural network separately. Based on simulation experiments one can
state that reaching the optimal state can be accelerated by using larger ζ values. However it might sound
self-explanatory, it is hard to prove mathematically due to the non-linear nature of the iteration equation.

Continous hysteretic decision function has also been widely investigated (see e. g. [3]), but they are not
covered by this thesis. Thus they are not included here.
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0

0

Figure 3.6: The structure of the weight matrixW if the network is reducible

3.3.3 Corresponding Theses
Thesis 3.1 shows the applicability of hysteresis in the iteration equation. This section provides the mathematical
background together with Theorem 3.13 which prepares the computation on the lower bound of finding the
global optimum.

3.4 Simpified Recurrent Neural Network
Although the computational complexity of reccurent neural networks is relatively small (∼ O(M 2 log(M)),
whereM is the number of neurons [29]), there is the possibility to further reduce the computational load caused
by many iterations in neurons.

Because the adaptability of simplification depends on the application only the method is summarized here.
Assume that somehow sufficiently accurate estimates are provided onM −κ neuron outputs. In this case, only
κ outputs must be generated. Thus the recurrent neural network consists of κ neurons only. The computational
complexity decreases to ∼ O(κ2 log(κ)). If the operation of the neural network takes care of κ estimates only
simultaneously (it always contains κ neurons with proper parameter selection), then producing M estimates
yields

∼ O
(
M

κ
· κ2 log(κ)

)
∼ O(Mκ log(κ)),

complexity. That is, the computational complexity of conducting M estimates is reduced to a linear function
of the original size M .

Obviously one should not forget about parameter κ. If κ = M , the original complexity is got back. Thus it
must be kept as small as possible. Depending on the relation betweenM and κ, significant calculational burden
might get rid of.

In general, simplified structure can be rarely produced. One possible application is the reducible recurrent
neural network, where the original weight matrix W can be divided into several submatrices. This possibility
is detailed in Section 3.4.1. On the other hand, if the application permits some kind of simplification, then
less complex network might be of use. See Section 4.5.4.2 for simplification in the case of multi-user detector.
Note that simplified structures might have different performance due to missing network elements caused by
simplification.

3.4.1 Reducible Recurrent Neural Network
If matrix W can be decomposed into several submatrices which does not overlap (for instance submatrices
are located in the diagonal, and zero components elsewhere), then the corresponding network is termed as
a reducible network. See Figure 3.6 for an example. The thick lines covering rectangles represent non-zero
submatrices everything else is zero in the matrix. Note that the figure shows one possible matrix structure which
can be chopped up; other structures may also be divided into non-overlapping parts. See the mathematical
treatment below for exact description.

In the language of mathematics, Figure 3.6 can be interpreted as follows. There exists non-overlapping
subsets of neurons denoted by Bi:

Bi = {vi1 , vi2 , . . .}; ∀(i, j), i 6= j:Bi 6= ∅,Bi ∩ Bj = ∅,
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for which the following equality holds

Wnm = 0, if vn ∈ Bi, vm ∈ Bj , i 6= j,

i. e. the weight between vn and vm equals zero if they belong to different subsets. With this description the
weights are non-zero between neurons of the same subset only. It means that the outputs of neurons from
different subsets have no effect in the iteration equation of the neurons inside the investigated subset. Thus the
neural network is reducible, it can be divided into several subnetworks containing fewer neurons, based on the
subset Bi. The total complexity of the reduced networks yields

∼ O
(∑

i

‖Bi‖2 log(‖Bi‖)
)
,

where
∑

i

‖Bi‖ = M.

Note that the overall computational complexity of this (many subnetworks) structure is definitely smaller than
the one of the original (large) network, since

∑

i

‖Bi‖2 log(‖Bi‖) <
∑

i

‖Bi‖2 log(M) <

(∑

i

‖Bi‖
)2

log(M) = M2 log(M),

and thus

O

(∑

i

‖Bi‖2 log(‖Bi‖)
)
< O(M2 log(M)).

In Section 4.5.4.2 some more specific reduction possibilities are detailed, which cannot be stated in general.
Thus they are discussed in that chapter.

3.4.2 Corresponding Theses
Thesis 3.2 tells that the simplified recurrent neural network (containing fewer neurons) provides faster operation
and convergence. This section shows the principles and also prepares the mathematical derivation.



Chapter 4

Multi-User Detection Algorithms

Following the idea of (2.42) and (2.47), vector y arrives at the input of the detection algorithm, which can be
described as a linear function of symbols d. Every practical system applies packet transmission, thus we focues
on packet notation

y = R d+ n. (4.1)

Note that the assumption of packet transmission ensures simple equation (4.1), but excludes the examination
of continous—non-packet based, which is treated in (2.42) and (2.52)—transmission systems. The dimension
of vector d is always equal to M = GN (in the channel matched filter case K = G, thus M = KN ).

If the discrete-time channel matrix R is quadratic, diagonal and normalized (R = I), the detection algo-
rithm leads to simple decision, namely

d̂ = ΦA {y} (4.2)

where ΦA {.} is defined in (2.3). In BPSK modulated systems, in the case of quadratic, diagonal and normalized
discrete-time channel matrix simple signum decision function provides the best performance:

d̂ = sgn {y} .

If matrixR is not normalized, in the case of multi-valued modulation, equation (4.2) must be normalized. The
normalized value is the input of the decision function. Equation (4.2) becomes

d̂ = ΦA
{

diag [R]
−1
y
}
, (4.3)

where the discrete time channel matrixR must be quadratic and diagonal. If matrix R is not diagonal the off-
diagonal elements of the matrix can profoundly deteriorate the performance of the (4.3) detection algorithm.

Unfortunately, the discrete-time channel matrix is not always diagonal, moreover—if there is no channel
matched filter—it is neither quadratic. In the following, both non-diagonal, quadratic and non-quadratic chan-
nel matrices are covered. Otherwise stated, in the sequel, matrix R is assumed to be non-quadratic, and thus
vector y denotes the output of the general receiver filter.

4.1 The Problem of the Multi-User Channel
The discrete-time channel matrixR is never quadratic in any practical systems. Even GSM, where the orthog-
onality between users is maintained by separate time slots and frequency bands, due to frequency reuse the
co-channel interference arises. The Multiple Access Interference (MAI) is represented by off-diagonal non-
zero elements in matrix R. If there is only one user in the system, the effect of the radio channel results in
Inter-Symbol Interference (ISI) which appears as non-zero non-diagonal elements in the matrixR too. Though
off-diagonal elements are much smaller than diagonal ones, their effect is not negligible as will be shown.

45
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4.1.1 Single-User vs. Multi-User Detection
Earlier, scientists regarded the effect of ISI and MAI as an additive white Gaussian noise process. In other cases
ISI was handled by traditional channel equalization techniques, but MAI was still regarded as an additional
white Gaussian noise. As will become clear, considering ISI and MAI as noise is not realistic. If the effect
of off-diagonal non-zero elements in matrix R is taken into consideration as noise increasing component in
the system, the receiver algorithm remains the same as in (4.3). All we have to do is to compute the Signal-
to-Interference Ratio (SIR) of the user; the same Symbol Error Rate (SER) can be reached as at the same
Signal-to-Noise Ratio (SNR) in a single-user channel. The SIR value of the ith user can be computed in the
following way

SIRi =
ρ2
ii[0]T∑

j,j 6=0

∑
k ρ

2
ik[j]T +

∑
j,j 6=i ρ

2
ij [0]T + N0

2

. (4.4)

In real systems experience does not support theory. There is a lower SER belonging to the value of (4.4) in
single-user channels than the measured one of the multi-user scenario. It seems that the interference from other
sources has more profound impact on wanted signal than the equivalent energy of noise. Why?

The problem lies in the assumption which was accepted as an axiom. ISI and MAI should not be considered
as noise, their effect is more destructive than the one of white Gaussian noise. An example is given to show the
inapplicability of approximating interference as noise in the next paragraph.

An Example for the Inapplicability of this Approach Take the most trivial two user scenario (K = 2),
where the packet size is the least ever: N = 1. Due to single bit blocks, square brackets are not written in the
sequel. BPSK is applied with unit symbol duration (T = 1). Let the discrete-time channel matrix be normalized
with ones in all entries (Rij = 1). Due to the structure of the discrete-time channel matrix, antipodal symbols
always jam each other. That is if the users transmit [+1,−1]T or [−1,+1]T (on average this happens half of
the time), one gets yi = ni. In other words the symbols of the users are evaluated based on the current value
of the noise, which—independently of the density of noise—results in 50 % Bit Error Rate (BER). Neglecting
the bit errors arising in other situations (when transmitting [+1,+1]T, or [−1,−1]T), one gets 25 % BER on
average for the introduced scenario.

On the other hand based on (4.4) the signal-to-interference ratio is given as

SIRi =
1∑2

j=1 12 + N0

2

=
1

2 + N0

2

, (4.5)

which tends to SIR1 = 0,5 = −3 dB as N0 → 0. In the case of single-user BPSK system approximately
15,82 % corresponds to SNR = −3 dB which is obviously not equal to 25 %.

As a consequence, interference should not be treated as noise, more sophisticated consideration is needed
to maintain reliable communication in a multi-user environment.

4.2 Linear Multi-User Detection
In typical mobile environment the discrete-time channel matrix R is not diagonal, thus single-user detectors
should not be applied here. Multi-user scenarios cannot be treated in the same way as multiple single-user
channels. Detectors should keep in mind the effect of interfering users sharing the same channel; as the impact
of ISI was the focus of research beforehand, nowadays the aim is to provide a detection method which could
avoid the effects of both ISI and MAI. Starting from (4.1), the mathematical formulation of the problem is to
find a projection from y to d̂ which results in the best estimation of d, that is, Pr

{
d̂k [i] 6= dk[i]

}
is minimal

for all i and k values.

4.2.1 Decorrelating Detector
The most trivial solution of the problem is to multiply (4.1) by the inverse matrix R−1 on the left (if exists),
and use the result as the input of the decision function ΦA {.}. This method is called Zero Forcing (ZF), or



4.2. LINEAR MULTI-USER DETECTION 47

decorrelator, because the method gets rid of interfering components (it makes them zero). The decorrelator
perfectly dissolves ISI and MAI. Mathematically the decorrelator is written as

d̂ZF = ΦA
{
R−1y

}
, (4.6)

which is perfect solution in case of small noise values. The effect of the noise is more visible if one substitutes
(4.6) into (4.1)

d̂ZF = ΦA
{
d+R−1n

}
.

If channel matched filter is applied, the inverse of the discrete-time channel matrix (R) always exists, since it is
Hermitian (see page 20 for details). Although, if the noise has considerable effect in the system, multiplying by
the inverse matrix results in amplified noise values, due to the fact that the inverse matrix consists of relatively
large absolute values.

If the discrete-time channel matrix R is not quadratic, but contains linearly independent column vectors,∗

the decorrelator is still an applicable solution. First the vector y must be multiplied by the matrix RH, which
results in an invertable matrixRHR, see (4.1). Thus the receiver should calculate the following formula

d̂ZF = ΦA
{

(RHR)−1RHy
}
. (4.7)

Substituting (4.7) into (4.1) it turns out that the noise is remarkably amplified

d̂ZF = ΦA
{
d+ (RHR)−1RHn

}
.

4.2.2 Minimum Mean Square Error Detector
The problem of the decorrelating detector is the unwanted amplification of noise. The decorrelator applies the
inverse of matrixR and multiplies vector y with the inverse from the left. To gain a linear solution, the task of
linear multi-user detection can be phrased as to find a matrixM which satisfies the following equation

E
{
|d−My|2

}
= E

{
(d−My)H(d−My)

}
, (4.8)

that is, the mean square error is minimal. In the equation vector d refers to the sent symbols, vector y denotes
the output of the receiver. Based on (4.8) the effect of the noise is also taken into consideration. While for each
vector x, xHx = Tr

{
xxH

}
holds, (4.8) is transformed into

E
{

(d−My)H(d−My)
}

= E
{

Tr
{

(d−My)(d−My)H
}}

. (4.9)

Since both the trace and the expected value are linear operations, their order can be reversed. The matrix inside
the trace is rewritten, applying the fact that the matrixM is deterministic, and (Mv)H = vHMH:

E
{

(d−My)(d−My)H
}

=

= E
{
ddH

}
− E

{
dyH

}
MH −M E

{
ydH

}
+M E

{
yyH

}
MH. (4.10)

If (4.1) is substituted into (4.10), and one remembers that

• the symbols are regarded uncorrelated, because of the perfect channel encoder and scrambler:

E
{
ddH

}
= I,

• there is no correlation between symbols and noise samples:

E
{
ndH

}
= 0 and E

{
dnH

}
= 0,

∗The matrixR should always contain linearly independent vectors, otherwise the set of the receiver outputs are linearly not independent.
Linearly dependent receiver outputs do not contribute additional information, thus they should be neglected.
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then

E
{
ddH

}
= I

E
{
dyH

}
= E

{
ddHRH

}
= RH

E
{
ydH

}
= E

{
RddH

}
= R

E
{
yyH

}
= E

{
RddHRH

}
+ E

{
nnH

}
= RRH +

N0

2
C,

where I is the unit matrix,C denotes the covariance matrix of the noise. In the case of channel matched filter,
the covariance matrix of the noise equals the discrete-time channel matrix R. Substituting the results, (4.10)
turns into

E
{

(d−My)(d−My)H
}

=

= I −RHMH −MR +M(RRH +
N0

2
C)MH (4.11)

= I −RH(RRH +
N0

2
C)−1R + (M − M̃)(RRH +

N0

2
C)(M − M̃)H,

where

M̃ = RH(RRH +
N0

2
C)−1. (4.12)

While matrix (RRH + N0

2 C) is always positive semidefinite the trace of the right term in (4.11) results in a
non-negative value. The only case, when the trace of the right term gives zero occurs when M = M̃ . Thus
the minimum mean square value is reached, when (4.12) is applied in (4.8), the equation describing the MMSE
detector takes the following form

d̂MMSE = ΦA
{
M̃ y

}
= ΦA

{
RH(RRH +

N0

2
C)−1y

}
, (4.13)

or in the case of channel matched filter (C = R andR = RH)

d̂MMSE = ΦA
{
M̃ y

}
= ΦA

{
(R +

N0

2
I)−1y

}
. (4.14)

Note that in the case of small noise values (N0 → 0) the MMSE detection method tends to the decorrelator.
However the MMSE outperforms the decorrelating detector, to apply an MMSE structure the noise spectral
density N0

2 and its covariance matrixC is needed, which prevents easy implementation.

4.3 Optimal Multi-User Detection
Section 4.2.1 and Section 4.2.2 provide linear solutions for the problem of multi-user detection. However,
linear approach is not the only one to obtain detection algorithm. As has been mentioned in the introduction,
the symbol error rate should be minimized. From the probability theory point of view, the optimal solution
should be the one, which maximizes the probability of sending x ∈ AKN symbols, assuming that the received
vector y is got:

d̂opt = arg max
x∈AKN

Pr{x|y} . (4.15)

In other words (4.15) tells us that for a given received vector y one should choose the symbol series x which
has the highest probability. To earn handleable equations Pr {x|y} is rewritten using the Bayes-similarities

Pr{x|y} =
Pr {y ∩ x}

Pr {y} =
Pr {y|x}
Pr {y} Pr {x} ,
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where Pr {x} is regarded constant; it is assumed uniform, due to the perfect channel encoder and scrambler.
Substituting the result into (4.15), Pr {y} has no importance, since choosing anotherx has no effect on Pr {y},
thus it is neglected. Finally we get

d̂opt = arg max
x∈AKN

Pr{y|x} . (4.16)

Note that the probability Pr {y|x} is always zero due to the continous nature of vector y. However, difference
in the density function shows change in probability. Thus we will focus on the density function. Where the
density function is maximal, the corresponding probability is also maximal.

In (4.1), if vector d is constant, then vector y is a Gaussian random variable, which is determined by the
noise vectorn. Vectorn is characterized by zero mean and covariance matrix N0

2 C. Thus vector y is a random
process with covariance matrix N0

2 C and meanR d. Following the argument the density function for vector y
if d = x is given as

f(y|x) =
1

√
2π

KN
√

det(C)N0

2

exp

(
− 1

N0
(y −R x)HC−1(y −R x)

)
. (4.17)

Since (4.17) must be maximized, where vector x appears in the exponent only, the minimization of the numer-
ator in the exponent is sufficient. Equation (4.16) becomes:

d̂opt = arg max
x∈AKN

Pr{y|x} = arg min
x∈AKN

[
(y −R x)HC−1(y −R x)

]
. (4.18)

yielding

d̂opt = arg min
x∈AKN

[
yHC−1y − xHRHC−1y − yHC−1R x+ xHRHC−1R x

]
.

Since yHC−1y is independent of vector x, it can be neglected. Due to the Hermitian nature of matrix C, the
second and third terms can be assembled into one real part operator

d̂opt = arg min
x∈AKN

[
−2 Re

{
yHC−1R x

}
+ xHRHC−1R x

]
. (4.19)

For the channel matched filter (considering that C = R = RH) one gets

d̂opt = arg min
x∈AKN

[
−2 Re

{
yHx

}
+ xHRx

]
. (4.20)

The results says that one has to try all the possible x symbol vectors and choose the optimal, which minimizes
(4.19), or (4.20), respectively. However, trying all possible vector combination is rather time consuming,
since the number of possible x vectors grows exponentially with KN . Thus, real-time optimal detection is
impossible. Suboptimal detection methods are required which support real-time operation.

Demonstration of inapplicability Suppose that there are ten active users in the channel (K = 10), and the
block length equals ten (N = 10,M = KN = 100). If BPSK modulation is applied, the number of possible
symbol vectors equals ‖A‖KN = 2100 ≈ 1030. Supplying a computer with one processor of 10 GHz clock
frequency and supposing that one clock cycle is enough to compute (4.19) (or (4.20)), trying all vectors takes
about 3000 billion years. In modern wireless telecommunication systems there are usually more than ten active
users and the packet size is significantly higher, moreover, complex symbol alphabets are applied, thus optimal
detection is absolutely inapplicable.

4.4 Non-Linear Multi-User Detection
Non-linear multi-user detection methods cannot be given in the form of (4.13), i. e. the output of the algorithm
is not based on a linear transformation of the received vector y. There are infinitely many non-linear methods,
this section introduces the classical ones, known as multi-stage detectors and interference cancellers.
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Let us start with (4.1) in the scalar form, likewise we did in (2.51):

yl[m] = ρll[0]dl[m]︸ ︷︷ ︸
useful signal

+
∑

i,i6=m
ρll[m− i]dl[i]

︸ ︷︷ ︸
ISI

+
∑

i

∑

k,k 6=l
ρkl[m− i]dk[i]

︸ ︷︷ ︸
MAI

+ ñl[m]︸ ︷︷ ︸
noise

. (4.21)

Assume that somehow the equivalence between symbol vector d and the estimated symbol vector d̂ is assured,
except one sole element. Does the knowledge of d̂ help to estimate the unknown element? Obviously yes.

Assume that dl[m] is the unknown element in (4.21), every other components are given dk[i] = d̂k[i], if
i 6= m, or k 6= l. Produce the y′l[m] value based on yl[m] in the following way:

y′l[m] = yl[m]−
∑

i,i6=m
ρll[m− i]d̂l[i]−

∑

i

∑

k,k 6=l
ρkl[m− i]d̂k[i]. (4.22)

Since dk[i] = d̂k[i] holds:

y′l[m] = ρll[0]dl[m] + ñl[m].

If the noise is sufficiently low, the rule

d̂l[m] = ΦA

{
1

ρll[0]
y′l[m]

}
(4.23)

results in a good estimate for d̂l[m].
If the assumption dk [i] = d̂k[i] is not satisfied, or it is satisfied with a given probability, then (4.23) does

not necessarily provide a good estimation. In a practical system dk[i] = d̂k[i] cannot be maintained since it
would yield poor channel usage which is not acceptable.

Let us take into account the possible difference between the estimated and sent symbols (dk[i] and d̂k[i] are
not necesseraly equal). Now (4.22) becomes

y′l[m] = ρll[0]dl[m] +
∑

i,i6=m
ρll[m− i](dl[i]− d̂l[i]) +

∑

i

∑

k,k 6=l
ρkl[m− i](dk[i]− d̂k[i]) + ñl[m].(4.24)

If the entities (dl[i] − d̂l[i]) are independent identically distributed random variables with zero mean, due to
central limit theorem, their overall effect can be taken into consideration as Gaussian noise with zero mean.
Thus

y′l[m] = ρll[0]dl[m] + n′l[m],

where n′l[m] is Gaussian with zero mean and thus (4.23) is still applicable. The estimation error of (4.23)
obviously depends on the estimation error of other symbols (the variance of (dl[i]− d̂l[i])).

It seems that with relatively high estimation error in d̂, this procedure can still yield good performance. The
next three sections describe methods how to exploit of this property.

4.4.1 Two-Stage Detector
The idea behind the two-stage detector (TSD) is to apply (4.3) on the channel matched filter output y, and feed
the result into (4.22) as the estimated symbols vector d̂. In the case of quadratic discrete-time channel matrix
R, the equations describing the operation of the two-stage detector can be formulized as

d̂[1] = ΦA
{

diag [R]
−1
y
}

(4.25)

y′ = y − (R− diag [R])d̂[1] (4.26)

d̂TSD = d̂[2] = ΦA
{

diag [R]
−1
y′
}
. (4.27)

Note that substracting the diagonal elements in (4.26) prevents the elimination of useful signal components in
vector y′. Supplying the erroroneous output vector of the channel matched filter, the output of the two-stage
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-y diag [R]
−1 -ΦA {.} -d̂[1]q

�(R− diag [R])i+�−
q6+
y′

- diag [R]
−1 -ΦA {.} -d̂[2]

Figure 4.1: The block diagram of the two-stage detector (TSD)

detector is more accurate in most cases. The block diagram of the two-stage detector is depicted in Figure 4.1
in the case of quadratic discrete-time channel matrixR.

If the discrete-time channel matrixR is not quadratic, the equations become a little more complicated:

d̂[1] = ΦA
{

diag
[
RHC−1R

]−1
RHC−1y

}

y′ = RHC−1y − (RHC−1R− diag
[
RHC−1R

]
)d̂[1]

d̂TSD = d̂[2] = ΦA
{

diag
[
RHC−1R

]−1
y′
}
,

whereC denotes the correlation matrix of the noise. However, the multiplication by matrixC−1 is not neces-
sary in the above equations (it could be neglected in every line), it is included for the sake of generality. For
the channel matched filter C = R = RH, i. e. (4.25)–(4.27) are got back. To treat the general case, Figure 4.1
should be modified in the same manner, as the equations have been.

Note that it is very difficult to prove the applicability of two-stage detector analytically, since the indepen-
dence of different (dl[i] − d̂l[i]) values cannot be fulfilled. Based on experimental (simulation) results, one
can state that the two-stage detector outperforms the linear structures in most cases. Taking a glimpse on Fig-
ure 4.1, the method might be improved by additional stages, i. e. multiple application of the blocks surrounded
by dashed lines. The additional blocks are assumed to result in more accurate estimation. The modified struc-
ture is treated in the next section.

4.4.2 Multi-Stage Detector with Paralel Update
Increasing the number of stages in the structure of the detector yields the multi-stage detector (MSD). In the
case of quadratic discrete-time channel matrix R, the block diagram of the multi-stage detector is depicted
in Figure 4.2. Note the similar structure of Figure 4.1 and Figure 4.2. The only difference is the multiple
application of the dashed line blocks in the case of multi-stage detection.

The equations describing the operation of multi-stage detector is also very similar to (4.25)–(4.27). If the
number of stages is denoted by Q and the discrete-time channel matrixR is quadratic:

d̂[1] = ΦA
{

diag [R]
−1
y
}

(4.28)

y′[1] = y − (R − diag [R])d̂[1] (4.29)

d̂[2] = ΦA
{

diag [R]
−1
y′[1]

}

y′[2] = y − (R − diag [R])d̂[2]

...
d̂MSD = d̂[Q] = ΦA

{
diag [R]

−1
y′[Q−1]

}
. (4.30)

Now there are more than one vector y′, after each stage a new one is calculated. Thus vectors y′ are also
distinguished in the superscript. The number of stages Q is usually defined by the available computational
capacity.

If the discrete-time channel matrixR is not quadratic, the equations are modified in the following manner:

d̂[1] = ΦA
{

diag
[
RHC−1R

]−1
RHC−1y

}
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-y q diag [R]
−1 -ΦA {.} -d̂[1]q

�(R− diag [R])i+�−-q + y′[1]

- diag [R]
−1 -ΦA {.} -d̂[2]

2nd stage

q
�(R− diag [R])i+�−-q + y′[2]

- diag [R]
−1 -ΦA {.} -d̂[3]

3rd stage

...
...

... q6
� d̂[Q−1]

(R− diag [R])i+�−-+

y′[Q−1]

- diag [R]
−1 -ΦA {.} -d̂[Q]

Qth stage

Figure 4.2: The Block Diagram of the Multi-Stage Detector (MSD)

y′[1] = RHC−1y − (RHC−1R− diag
[
RHC−1R

]
)d̂[1]

d̂[2] = ΦA
{

diag
[
RHC−1R

]−1
y′[1]

}

y′[2] = RHC−1y − (RHC−1R− diag
[
RHC−1R

]
)d̂[2]

...
d̂MSD = d̂[Q] = ΦA

{
diag

[
RHC−1R

]−1
y′[Q−1]

}
,

where matrixC is the covariance matrix of the noise.
The question is, however, whether the additional stages implies better performance, or not. If no improve-

ment is obtained, the additional stages are pure waste of computational capacity. Based on heuristical results,
it is clear that increasing the number of stages improves the performance in the sense of symbol error ratio, al-
though the improvement continously decreases. Thus, the number of stagesQ is an important factor controlling
the performance of the multi-stage detector. What happens if Q tends to infinity? Is the multi-stage detector
stable in the sense of constant output? Unfortunately the multi-stage detector with paralel update might yield
cycles—it is not always stable. Therefore the multi-stage detector with sequential update is introduced in the
next section, which is always stable.

A Cyclic Example Assume a channel matched filter, with vector y = [0.5, 0.6]T at its output in a BPSK
(di ∈ {−1,+1} and ΦA {x} = sgn {x}) modulated system. The discrete-time channel matrix is given as

R =

[
1.0 0.7
0.7 1.0

]
.

Based on (4.28), during the first iteration vector d̂[1] = [+1,+1]T is obtained, since both components of vector
y are positive. Based on (4.29), vector

y′[1] =

[
0.5− 0.7 · 1
0.6− 0.7 · 1

]
=

[
−0.2
−0.1

]

is got in the next iteration. After the signum function it results in the vector d̂[2] = [−1,−1]T. Continouing the
iterations, in the next step, vector

y′[2] =

[
0.5− 0.7 · (−1)
0.6− 0.7 · (−1)

]
=

[
1.2
1.1

]
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is obtained, by which the signum produces vector d̂[3] = [+1,+1]T once again. Obviously vector y′[3] gets
[−0.2,−0.1]T again, thus vector d̂[4] = [−1,−1]T is got, etc. The output vectors of the decision functions take
the states [+1,+1]T and [−1,−1]T cyclically, in other words the output is oscillating between these two states.
Thus the multi-stage detector with paralel update is not stable in the sense of constant output.

4.4.3 Multi-Stage Detector with Sequential Update
The sequentially updated multi-stage detector was proposed quite early, the reader is referred to [91] for detailed
description. The aim of this structure was to save computations, neither do stability problems of the paralel
updated version arise here. In (4.28) the components of vector d̂[2] is probably updated in a sequential manner,
one after the other. If the value of (d̂[2])1 is available when the value of (d̂[2])2 is computed, then one should
make use of the updated value, by substituting the obsolete value (d̂[1])1 by the new one (d̂[2])1 in (4.29).
Assuming that the estimated symbols are updated in the following order:

d̂1[1], d̂1[2], . . . , d̂1[N ], d̂2[1], . . . , d̂K [N − 1], d̂K [N ], (4.31)

the following equation describes the sequentially updated multi-stage detector in the case of quadratic discrete-
time channel matrixR:

[
d̂k[i]

][`+1]

= ΦA





1

ρkk[0]


yk[i]−

k−1∑

l=1

∑

j

ρkl[i− j]
[
d̂l[j]

][`+1]

(4.32)

−
i−1∑

j=1

ρkk [i− j]
[
d̂k[j]

][`+1]

−
N∑

j=i+1

ρkk [i− j]
[
d̂k[j]

][`]

−
K∑

l=k+1

∑

j

ρkl[i− j]
[
d̂l[j]

][`]




 ,

where
[
d̂k[i]

][`]
denotes the estimated value of the ith symbol of user k in the `th iteration. The algorithm

should be started from the following value:
[
d̂k[l]

][1]

= ΦA

{
1

ρkk[0]
yk[l]

}
. (4.33)

It is not easy to draw such an algorithm, thus the figure of sequentially updated multi-stage detector is not
included here. Instead, later the equivalence of multi-stage detector with sequential update and the recurrent
neural network is highlighted. The structure of the recurrent neural network was given in Figure 3.2.

If the discrete-time channel matrix R is not quadratic, a more complex form must be introduced. To earn
pure equations, some new vectors and matrices are introduced first:

v = [d̂1[1], d̂1[2], . . . , d̂1[N ], d̂2[1], . . . , d̂K [N − 1], d̂K [N ]]T, (4.34)
W = RHC−1R, (4.35)
u = RHC−1y, (4.36)

respectively, where matrixC denotes the correlation matrix of the noise. Note that the dimension of each vector
and matrix equals M = KN . With the above defined vectors and matrix the sequentially updated multi-stage
detector is described by the following rule

v
[`+1]
k = ΦA

{
1

Wkk

(
uk −

k−1∑

l=1

Wklv
[`+1]
l −

KN∑

l=k+1

Wklv
[`]
l

)}
, (4.37)

also started from

v
[1]
k = ΦA

{
1

Wkk
uk

}
. (4.38)
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The components of vector v are updated sequentially based on (4.37). Note that the already updated values of
v are used in the computation, the obsolete values have no role.

Although the stability and the convergence properties of the sequentially updated multi-stage detector is
hard to deal with, based on experimental results one can state that this algorithm is asymptotically stable in
the sense of constant output. In the sequel the similarity between the sequentially updated multi-stage detector
and the recurrent neural network based detector is also highlighted. Since recurrent neural networks are stable
(see Section 3.1), as a consequence, the sequentially updated multi-stage detector is also stable in the sense of
constant output.

4.4.4 Interference Cancellers
Although interference cancellation is a technique to avoid unwanted interference in communication channels,
in the literature of multi-user detection, the expression interference cancellation (IC) usually refers to multi-
stage detection. Based on the method of updating rule, serial (SIC) and paralel interference cancellators (PIC)
can be distinguished. These terms mean the same mathematical equations of course. Thus, paralel interference
cancellation is described by (4.28)–(4.30), serial interference cancellation is defined by (4.37), respectively.
Taking a glimpse at the equations the expression interference cancellation becomes clear; when they were
defined, our aim was to eliminate the effect of interference.

Further improvement of the multi-stage detection method can be obtained by proper ordering in (4.31). The
detector should first make decision on the symbols of the strongest user, i. e. the user with the highest power
signal. If the algorithm starts with the strongest user, the corresonding estimated symbol is more accurate.
Continuing with the second strongest user, the effect of the strongest one can be eliminated by substracting the
appropriate jamming value from the stream. In essence every equation remains the same, except the numbering
of the users in (4.31). The numbering should show the order of the signal strength at the receiver. The first user
has the highest power, . . . , the Kth is the weakest.

Sometimes it happens that SIC or PIC refers to the two-stage detector. Because multi-user detection is a
relatively young research area, it has no official language yet. Readers of documents dealing with multi-user
detection should always be careful to avoid misunderstandings.

4.5 Recurrent Neural Network Based Detectors
The recurrent neural network based detection method is also a non-linear solution, thus it also belongs to
Section 4.4. However, due to the focus of this document, recurrent neural network based multi-user detection
is treated in this separate section.

The idea of applying recurrent neural networks as a multi-user detector comes from the similar structure
of (4.19) (or (4.20)) and (3.2). The recurrent neural network decreases the value of the energy function in
(3.2), and drives itself into a local minimum. On the other hand, as has been shown in Section 4.3, the optimal
solution of multi-user detection is the vector d̂opt which minimizes (4.20). Is the recurrent neural network
capable of finding the optimal solution of multi-user detection? Define the parameters of the recurrent neural
network as M = KN ,

W = RHC−1R, (4.39)
u = RHC−1y, (4.40)

d̂RNN = lim
`→∞

v[`], (4.41)

where matrix C denotes the covariance of the noise. In the case of the channel matched filter C = R = RH,
thus (4.39) and (4.40) is simplified toW = R and u = y, respectively.

Note that the assumptions made on matrix W on page 24 are fulfilled in both cases. Firstly, W = W H

(sinceC is Hermitian), secondlyWll is positive for every l, since for any vector r, rHC−1r is always positive
(matrixC = E

{
nnH

}
is positive definite by definition, and its inverse inherits this property). Thirdly, matrix

W is positive definite due to its construction in (4.39). Although the latter statement is sufficient for stability,
it should be mentioned that the set of possible neuron outputs (A) does also contain finite amplitude elements.

By setting the parameters in this way, the energy function of the recurrent neural network equals the ar-
gument of (4.20). In other words, the recurrent neural network decreases the argument of (4.20)—the global
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minimum of which is the optimal solution—in every iteration. Note that the recurrent neural network is only
capable to locally minimize the energy function, thus without modification the output of the recurrent neural
network does not necesseraly provide the optimal solution. However, in most cases it outperformes the other
detection methods, providing an almost optimal performance.

Since the recurrent neural network is not capable of finding the global minimum, (4.20) is only locally
minimized, thus it does not always lend to optimal detection. However, the efficiency of the recurrent neural
network based solutions is the best among the other detailed detectors. Moreover, its speed is amazing: even
in heavily loaded environments, 5–6 iterations resulted enough to reach the steady state (see Chapter 5). Thus
(4.41) has symbolical meaning; as the steady state have been reached, further iterations are not needed.

Theorem 4.1 The recurrent neural network based multi-user detector, defined by the iteration equation (3.1),
and the serially updated multi-stage detector (sometimes called multi-stage serial interference canceller) de-
fined by (4.37) and (4.38) hide the same detection method. The only difference lies in the number of stages,
which is automatically set by the recurrent neural network.

Proof : Comparing (3.1) and (4.37) and the corresponding definitions in (4.39)–(4.41) and (4.34)–(4.36) the
similarity is self-explanatory. In the first stage (the first iteration) the output is determined by vector u and the
diagonal elements of matrixW in both cases.

The only difference lies in the pre-programmed number of stages in the case of multi-stage detection, while
the neurons of the recurrent neural network take care of the computation of every stage (iteration; in general, we
use the term iteration instead of stage for neural networks). Practically speaking, the recurrent neural network
is an adaptive multi-stage detector, where the required number of iterations is determined automatically. �

4.5.1 Stochastic Recurrent Neural Network Detector
As has been shown in Section 3.2, the stochastic recurrent neural network is a global optimizer asymptotically.
However, in practice, there is no time for infinite iterations thus the applicability of the method depends on
its performance within finite iterations. Luckily, the stochastic recurrent neural network provides an almost
optimal performance after a few iterations (see Chapter 5). The parameters of the network should be set the
same manner as for the traditional recurrent neural network, see (4.39), and (4.40). However, as explained later,
(4.41) differs.

In Section 3.2 it was shown that following the logistic distribution (3.32) in the binary case (or (3.33) for
QPSK alphabet), the stochastic recurrent neural network behaves like the Boltzmann machine (BM) [98], i. e.
the stationary distribution is proportional to the exponential energy function. Instead of the original Boltzmann
algorithm, however, the new detector is implemented as a stochastic recurrent neural network which yields
higher speed detection. One also must note that there is no learning period required here, as the weight matrix
and the threshold vector of the problem is assumed to be fully known based on system parameters as defined
in (4.39)–(4.40). Since the output of the neurons change continously due to the unbounded nature of noise, the
output of the algorithm should be the neurons’ outputs at a pre-defined iteration. Thus instead of (4.41), the
following equation is applied

d̂SRNN = v[`max], (4.42)

where `max is the last iteration performed.
The additional effort needed to implement the stochastic recurrent neural network is represented by the

noise source inside the neurons. The statistics of the noise should follow logistic distribution. Since pseudo
random numbers following uniform distribution can be generated in most hardware components, following ba-
sic mathematical considerations the following transformation yields pseudo random numbers following (3.32)
with parameter γ:

ν = −
ln( 1

µ − 1)

γ
, (4.43)

where µ is a uniformly distributed on [0, 1). Since the implementation of logarithm function might be costy in
terms of computational burden, in Chapter 5 the performance applying Gaussian random variables for the inner
noise is also considered. It is also analysed in Section 4.5.4.4.
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The open parameter γ and its time dependence of (3.32) profoundly influences the performance of the
stochastic recurrent neural network. Thus perfect annealing schedule should be tracted analytically, however,
it has not been done yet by the author. Instead, tentatively, the linear function is applied in the simulations

γ[`] = γ0 · `, (4.44)

where γ0 equals the starting value (` ≥ 1). The simplified linear function still yields remarkable performance
improvements. Note that better annealing function would result in less iterations at the same performance.

4.5.2 Recurrent Neural Network with Soft Feedback
As discussed in Section 3.3.1, for binary systems the activation function can be a tangent hyperbolic function
(3.43) too. The parameters of the neural network remain the same. Simulation results show that this slight
modification results in remarkable performance improvement. However, in practical applications, the soft non-
linearity is not as easy to implement, as the signum function.

The open parameter β of (3.43) should be set to an increasing function, as proved in [76]. Since (3.43)
tends to signum as β grows, this strategy assures convergence too.

4.5.3 Recurrent Neural Network with Hysteresis Feedback
As a multi-user detector, the original recurrent neural network reaches the steady state in less than ten iterations
(even if the number of users and package size are large). Thus the application of hysteresis (see Section 3.3.2)
alone as the decision function in the recurrent neural network based multi-user detector is not advisable. The
need for application of hysteresis primarily arises when noise is applied in the neurons, where computation
time must be minimized to keep the number of iterations as low as possible.

Sometimes, however, ζ > 0 could not be satisfied. Since in (3.49) only the term (ε(1 + D) − 3) can be
negative, let us investigate its behavior. Two variables are considered: D and ε. ParameterD is deterministic, it
depends on the structure of the discrete time channel matrixR, and can be computed easily. On the other hand,
due to the existence of unbounded thermal noise, d̃ can take an arbitrarily large value, see (2.42) and (2.52).
Thus the vector m can also be infinitely large, the boundary of the surrounding hyper cubes tends to infinity,
hence ε cannot be kept in the interval (0, 1). Nevertheless, if some error is allowed in the system, one can
choose parameter ε to provide sufficiently small fault probability. In the next section an example is shown how
to compute the fault probability, i.e., the probability ofm escapes from the surrounding hyper cubes SHCε.

A Simple Example Let the following binary system be investigated, which is defined by its discrete-time
channel matrix

R =




1.2 0.2 -0.15
0.2 1.1 0.1

-0.15 0.1 1


 , (4.45)

which is quadratic and Hermitian, thus W = R. Furthermore we assume that the sent symbols are given
as b = [−1,+1,−1]T. It is easy to see that D = 24/7 is the eye-openness parameter (3.47). To sustain
positive ζ one must choose at least ε = 21/31 (see (3.49)). The output of the Rake receiver (2.53) is given as
d̃ = [−0.85, 0.8,−0.75]T + ñ, where ñ is a zero mean Gaussian noise with covariance matrixRN0

2 . Based on
the above statementsm = R−1d̃, wherem is still a noise term, with b mean andR−1N0

2 covariance. Taking
into account the expression of three dimensional normal distribution, the probability of satisfying the condition
defined in Theorem 3.13 can be expressed as:

Pr{m ∈ SHCε} =

∫

x∈SHCε

1
√
πN0

3√
detR−1

exp

{
− (x− b)TR (x− b)

N0

}
dx.

The results for differentEb/N0 scenarios is shown in Table 4.1. The eventm ∈ SHCε gives a sufficient—
but not necessary—condition that the optimal solution is found. Thus the value of Pr {m ∈ SHCε} gives a
lower bound to the probability of finding the global optimum.
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Table 4.1: Probability of being in the Surrounding Hyper Cubes

Eb/N0 Pr{m ∈ SHCε} Pr {m /∈ SHCε}
10 dB 0.631878 3.681 · 10−1

15 dB 0.910229 8.977 · 10−2

20 dB 0.998473 1.527 · 10−3

For instance if Eb/N0 = 15 dB, then the probability of not being in the surrounding hyper cubes with
m is equal to 0.08977. In other words for the discrete time channel matrix R defined in (4.45) the optimal
solution is not found at a maximum probability of 9%. One must note that the probability of falling into the
surrounding hyper cubes is not equal to the probability of finding the global optimum. In most cases, under
faulty circumstances, it is still possible to start from a neighboring state and reach the global optimum.

4.5.4 Deflating Computational Complexity
Although recurrent neural network based multi-user detectors require less computation than e. g. linear solu-
tions, due to the nature of the application, the computational complexity of the recurrent neural network based
multi-user detector can be further reduced. The method is detailed in this section.

4.5.4.1 Computational Complexity of the Original Recurrent Neural Network Based Detector

The complexity of recurrent neural network based detection grows polinomially with the number of users (K)
and the length of the burst (N ). Firstly, the dimension of the network equalsM = K×N . During the update of
each neuronM = K ×N multiplications and the same amount of additions are needed (see (3.1)). Supposing
that the recurrent neural network reaches its steady state in `av,ori iterations on average, the total number of
operations needed to derive the estimates of K ×N sent symbols equals 2 `av,oriK2N2.

Furthermore, to compute matrixW in (4.39) and vectoru in (4.40) some extra effort is needed. We assume
that the discrete-time channel matrix R and the correlation matrix C are available. Moreover we assume that
the inverse matrix C−1 has already been produced. First RHC−1 is computed. Since the dimensions of the
given matrices equalsNK× (N +κb +κa)G and (N +κb +κa)G× (N +κb +κa)G (see the corresponding
definitions in (2.40) and (2.48)), the number of multiplications and additions needed to deriveRHC−1 equals
NK(N + κb + κa)2G2.† This matrix is stored and used for further calculations.

Secondly, the stored RHC−1 is multiplied from the right with R (4.39) and with vector y (4.40), respec-
tively. In the former case (N + κb + κa) · G ·K2 ·N2 multiplications and additions are needed. In the latter
case only (N + κb +κa) ·G ·K ·N multiplications and additions must be computed to earn the parameters of
the network.

Assuming that the multiplications and additions purports the same load for the DSP device, in the sequel
we use the term “operation” as a replacement for both. The number of overall operations per second yields

#ori =
[
2 `av,oriK2N2 + 2 (N + κb + κa)2G2KN (4.46)

+2 (N + κb + κa)GK2N2 + 2 (N + κb + κa)GKN)
]
/Tb,

where Tb denotes the length of the burst (in seconds), and `av,ori stands for the average number of iterations
performed by the network to reach its steady state.

As a practical cosideration the UTRAN system is examined. It applies Tb = 10 ms frames, where depending
on the rate of communication channels and the load of the system a maximum of 2560 symbols (KN = 2560)
must be detected. Taking the typical value `av,ori = 8, and assuming that G = K (it is a simplification)
neglecting all terms in (4.46) but the first one, the number of operations per second yields #ori ≈ 1010 sec−1,
i. e. a 10 GHz processor could solve the problem, if every operation was done in one cycle. At the time of
writing this document, DSP devices at this speed are not available yet for commercial appliances.

†The number of operations during matrix multiplication can be reduced from ∼ O(n3) to ∼ O(n2.807), asymptotically, with the
so-called Strassen algorithm (see e. g. [15] for details). However, for small matrices (like in our case) the reduction is negligible, thus it is
not used here.
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4.5.4.2 Reduction in Dimensions

Instead of applying recurrent neural network for the detection of 10 ms frames, the simplified structure takes
care of a simpler task: decision of one symbol for each user. Simplification yields a less complex network,
with less computations. Instead of using K ×N neurons, the simplified network consists of K neurons. Only
those symbols are computed by the network which have not been decided yet. Already estimated symbols are
stored in a shift register memory. The iteration equation (3.1) remains the same, but the parameter selection of
(4.39) and (4.40) is changed. For the sake of generality we start from the convolution equation (2.42) and the
parameters κb and κa derived in Section 2.4.3.2 and Section 2.4.3.3 are also inserted:

y[l] =

κa∑

−κb

R[j]d[l − j] + n[l]. (4.47)

Now two Toeplitz hypermatrices are defined: a lower triangular matrixRl and an upper triagular matrixRu:

Rl =




R[−κb] 0 . . . 0
R[−κb + 1] R[−κb] . . . 0

...
. . .

...
R[κa − 1] R[κa − 2] . . . 0
R[κa] R[κa − 1] . . . R[−κb]



,

Ru =




R[κa] . . . R[−κb + 2] R[−κb + 1]
0 . . . R[−κb + 3] R[−κb + 2]
...

. . .
...

0 . . . 0 R[κa]
0 . . . 0 0



.

With these matrices (4.47) is rewritten as



y[l − κb]
y[l − κb + 1]

...
y[l + κa]


 = Ru




d[l− κb − κa]
d[l − κb − κa + 1]

...
d[l− 1]


+Rl




d[l]
d[l+ 1]

...
d[l + κb + κa]


+




n[l − κb]
n[l − κb + 1]

...
n[l + κa]


 . (4.48)

By means of this construction, all y[k] components, where the energy of vector d[l] appears, are included in
(4.48) (i. e. ∀k: l − κb ≤ k ≤ l + κa). On the other hand, the description is complete, i. e. (4.48) is equivalent
to (4.47) for these received components.

Now assuming that that the multiplier of matrixRu has already been estimated perfectly (i. e. vectors d[k]

are replaced by d̂[k], where k < l). With the assumption we get



y[l − κb]
y[l − κb + 1]

...
y[l + κa]


−R

u




d̂[l − κb − κa]

d̂[l − κb − κa + 1]
...

d̂[l − 1]


 = Rl




d[l]
d[l+ 1]

...
d[l + κb + κa]


+




n[l − κb]
n[l − κb + 1]

...
n[l + κa]


 , (4.49)

which is a system model equivalent to (4.1), only the parameters differ. The modified system equation can be
translated into the parameters of the recurrent neural network in the following way

Wmod = (Rl)H(C ′)−1(Rl), (4.50)

umod = (Rl)H(C ′)−1







y[l − κb]
y[l − κb + 1]

...
y[l + κa]


−R

u




d̂[l − κb − κa]

d̂[l − κb − κa + 1]
...

d̂[l − 1]





 , (4.51)

d̂k[l] = lim
`→∞

vk[`], if 1 ≤ k ≤ K, (4.52)
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where matrixC ′ represents the correlation matrix of the noise vector on the right (it is a segment of the original
correlation matrix C). In this way the size of the network is reduced to K × (κb + κa + 1) neurons, which
results in an implementable detector.

However, note that it is not worth finalizing the value of d̂[k] for k > l, since there are other y[k] vectors
not included in (4.49), which contains information about them. Instead, only d̂[l] is finalised (4.52), all other
components are reiterated in the next round.

The operation of the modified detector is summarized as follows. When started, vector d̂ contains zeros.
At any time instant

1. the recurrent neural network estimates K × (κb + κa + 1) symbols in vector v (`av,mod iterations are
performed on average), but only the first K is finalized,

2. the elements of vector d̂ are shifted with one symbol such that (d̂[i])new = (d̂[i+ 1])old,

3. the first K symbols currently estimated by the recurrent neural network are stored in the open positions
(at the bottom) of d̂,

4. the components of y[l] and vector v are shifted in the same manner as for d̂,

5. open outputs of the neurons (the bottom of v) are set to zero,

6. vector umod is recalculated according to (4.51),

7. the neural network is restarted to estimate the next symbol (GO TO 1).

Note that the modified structure lacks the requirement of bursty transmission, thus it can be used in the case
of continuous transmission too. The structure introduces a constant κa delay due to detection process, which is
notably fewer than N/2, half of the length of the burst, which was the average delay of the original method.

One more remark should be added here. If there is no Inter-Symbol Interference (ISI) in the system, i. e.
κb = κa = 0, then matrixRl = R[0] and matrixRu is of zero dimension. Thus, in the ISI-free system, the task
of bursty multi-user detection is decomposed into the detection on a symbol-by-symbol basis. In Section 3.4.1
some similar statement have been formulated.

4.5.4.3 Computational Complexity of the Modified Recurrent Neural Network Based Detector

Firstly, the dimension of the network equals M = K(κb + κa + 1) due to the simplified structure. During the
update of each neuronK(κb+κa +1) multiplications and the same amount of additions are needed. Supposing
that the recurrent neural network reaches its steady state in `av,ori iterations on average, the total number of
operations needed to derive the estimates of K sent symbols equals 2 `av,oriK2(κb + κa + 1)2.

Furthermore, to compute matrixWmod in (4.50) and vectorumod in (4.51) some extra effort is needed. We
assume that matrix Rl and matrix C ′ are available. Moreover we assume that the inverse matrix (C ′)−1 has
already been calculated. Matrix (Rl)H(C ′)−1 is computed. Since both are hypermatrices, the computational
complexity of the multiplication is not so high: the dimension of these matrices equals (κb +κa +1)K× (κb +
κa + 1)G and (κb + κa + 1)G × (κb + κa + 1)G, and also note that half of matrix Rl is full of zeros. Thus
1
4 (κb + κa + 1)(κb + κa)G2K multiplications and additions are needed to derive (Rl)H(C ′)−1. This matrix
is stored and used for further calculations. Note that this matrix need not be recomputed after each received
symbol: it should be kept constant until the channel changes remarkably.

Secondly, the stored (Rl)H(C ′)−1 is multiplied from the right with Rl (4.50). In the former case 1
2 (κb +

κa + 1)3G2K multiplications and additions are needed. Note that matrix Wmod should not be recomputed
after each received symbol: it should be kept unchanged.

To compute umod defined in (4.51) first the difference is computed. Due to the structure of matrix Ru,
only the lower G elements must be computed. The others can be obtained from the previous iteration by
shifting them up by G positions. ∀k:R[k]d̂[l− 1] amounts 1

2 (κb + κa)KG multiplications and additions. The
minus sign yields (κb + κa)G subtractions. Finally, multiplying the result from the left with the pre-stored
(Rl)H(C ′)−1 results in only (κb + κa + 1)GK multiplications and additions plus (κb + κa + 1)K additions.
Note that vector umod must be recalculated after each symbol (before the launch of the neural network).
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The number of operations per second needed to derive the estimates of sent symbols with the modified
structure thus equals

#mod =
1

Tb

[
(2 `av,mod(κb + κa + 1)2K2N + (κb + κa)KGN + (κb + κa)GN (4.53)

+2 (κb + κa + 1)KGN + (κb + κa + 1)KN +
1

2
(κb + κa + 1)(κb + κa)KG2

]
,

The number of symbols in the burst N also appears in the equation since the modification does provide the
estimated sequence for one symbol per user only. To obtain the whole frame the operations must be repeated
N times. Also note that matrix (Rl)H(C ′)−1 and matrixWmod are assumed to be updated at every burst (the
last term).

The average iterations needed to reach the steady state is severely reduced due to moderate number of
neurons. Due to the repeated iterations, its average is less than two in any cases. Thus the number of operations
per second in UTRAN systems (`av,mod = 2) yields typically #modified < 2 · 109 sec−1, which amounts an
implementable multi-user detector.

However, due to the inversely proportional relation between the number of users (K) and the maximum
baud rate (N/Tb) in CDMA systems, increasing number of users introduces more computational complex-
ity even with the modified structure. In the extreme case, when there are K = 256 users, all of which
communicating at N/Tb = 1 kbps (thus κb = κa = 0, i. e. inter-symbol interference is neglected) (4.53)
yields approximately 3.9 · 108 sec−1 which is one fifth of the computational complexity of the original method
(6.7 · 1012 sec−1). On the other hand, if there is only one user utilizing the maximum available bandwidth
(signalling at N/Tb = 2.56 Mbps, and κb = κa = 2 due to higher signalling rate), (4.53) results in only
3 ·108 sec−1 which is also remarkable reduction related to 6.7 ·1012 sec−1 that is the complexity of the original
solution.

4.5.4.4 Reduced Complexity of Noise Generation

In Section 3.2 it was shown that applying noise in the iteration equation (3.9) results in finding the global opti-
mum asymptotically. The steady state of the stochastic recurrent neural network provides lower bit error ratio
(BER) when applying it for multi-user detection. Furthermore, the optimality is assured with probability one
asymptotically. To reach this goal one needs noise values following logistic distribution, where the distribution
function is given as (3.32) which is numerically tiresome to implement. If one has uniformly distributed µ
values on (0, 1), the needed noise values are generated as (4.43), where the computation of logarithm takes
much time. Instead, the logistic distribution is replaced by Gaussian one, which is much easier to implement.
If µi is uniformly distributed on [0, 1) for each i,

νl[`] =

√
1

2
3M

π

γ

(
M∑

i=1

µi −
M

2

)
(4.54)

yields Gaussian noise with analog statistical parameters. Here M denotes the number of noise components
added together; the higher number of µi values used, the more accurate the estimation becomes. (4.54) is
generally regarded accurate even with M = 6.

For the sake of comparison, Figure 4.3 contains the probability density functions of both distributions for
γ = 1. Based on simulation experiments the author realized that there is no difference in performance between
the stochastic recurrent neural network applying logistic distributed random numbers and the one applying
Gaussian noise. Though analytical investigation applied logistic distribution to earn one probability at the
global optimum, Gaussian noise is preferred in DSP implementation thanks to its simplicity.

4.5.5 Corresponding Theses
The second and third group of theses is described in this section. The second group of theses deals with the
implementation of multi-user detection using recurrent neural networks. Thesis 2.1 tells how one should set
the parameters of the network. It is given in (4.39)–(4.41), see the related explanation. Thesis 2.2 is directly
given in Theorem 4.1. The statement of Thesis 2.3 is given in Section 4.5.1.
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Figure 4.3: The probability density functions of the logistic and Gaussian distributions

The third group of theses shows how one can further decrease the computational complexity of the network.
Thesis 3.1 is about the application of hysteresis decision function: it is detailed in Section 4.5.3. Thesis 3.2
states that the dimension of the network can be reduced to obtain a less complex algorithm. The reader can find
the corresponding description in Section 4.5.4.2.

4.6 Estimating the Discrete-Time Channel Matrix
In this document the adaptation is regarded as the approximation of discrete-time channel matrix R in (2.42).
Perfect estimation of the channel parameters may not be ensured, due to thermal noise and multi-user interfer-
ence. In our case the Rake receiver is modelled as an absolutely erroneous estimator—this situation is termed
as non-coherent scenario—yielding an initial estimate like I, i. e., the unit matrix instead of R as the input of
the adaptation method. If no Rake receiver is applied in the system and matrix R is not quadratic, the initial
estimate is a truncated unit matrix with the same dimensions as R has. In spite of the erroneous estimator, we
still consider the output of the channel matched filter to be d̃, which is the perfect case.

To carry out the detection, the detector algorithm needs the exact form of matrixR (see e.g. (4.39)). Due to
the unknown channel and noise, the elements of this matrix must be estimated recursively from the incoming
signal by the means of adaptation. The estimated matrix will be denoted by R̂ in the forthcomming. The
adaptation method applied here is based on Kohonen’s self organizing map (SOM) [58]. This method was
implemented first for this purpose by Hottinen [34], who used SOM followed by a two-stage detector. We
investigate two types of adaptation, which are commonly used in mobile communication (see [58]) supervised
and unsupervised algorithms. When the decisions are assumed to be correct at the detector (near optimal
performance) a training set can be obtained by using the sent symbols matched against the detected sequence at
the output of the receiver. In this case supervised methods, such as Learning Vector Quantization (LVQ) can be
of use. However, when there is no possibility to use training sets, blind equalization techniques, such as SOM,
are needed.

Supervised learning based on linear vector quatization (LVQ) or non-supervised learning based on the self-
organizing map (SOM) has been developed to estimate vectors, not matrices. Here, they are applied to estimate
the discrete-time channel matrix R. The SOM and LVQ algorithms are summarized first in Section 4.6.1, and
then the methodology is introduced in Section 4.6.2.
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4.6.1 The Original LVQ and SOM Algorithm
Only the fundamentals are described here. For details the reader is referred to [58]. Both LVQ and SOM
algorithms are capable of projecting a high dimensional data space to a small dimensional observation space
in a nonlinear manner. In the observation space the neurons take position and store a vector with a dimension
of the data space. The stored vectors are denoted by mi. Every time a new input vector x arrives, the neuron
storing the closest vector is chosen:

c = arg min
i
‖mi − x‖, (4.55)

i. e. vector mc is the closest to vector x in Euclidean distance. Let x[`] be a sample of input and let mi[`]
represent sequences of themi in the discrete-time domain.

First the SOM algorithm is described, since it is easier to understand. In the observation space the neurons
are placed in some regular constellation (Usually lattice in two dimensions). Every neuron is assigned a coor-
dinate, which is denoted by ri. If an input vector x arrives, the neuron storing the closest vectormc is chosen
according to (4.55). Then each of the stored vectors is updated as

mi[`+ 1] = mi[`] + χci[`](x[`]−mi[`]), (4.56)

whereχci[`] is the so called neighborhood kernel. Usuallyχci[`] = h(‖ri−rc‖, `), i. e. the kernel is determined
by the distance between the closest neuron and the updated one: as the distance grows, the weight diminishes.
Choosing the weight sequence χcc[`] should satisfy the conditions

∑

i

(χcc[i])
2 <∞,

∑

i

χcc[i] =∞

to converge to a stationary distribution. Similar conditions are imposed on χci[`] [58].
Starting with properly defined initial values, the following equations define the basic LVQ process. SOM

was an unsupervised method: no a-priori information is needed to conduct the SOM method. LVQ is different:
it is assumed that a traning set is available, i. e. the user knows how to classify each input vector x. Parameter ι
tells whether the classification was right: ι = +1 if vector x is classified correctly, and ι = −1 otherwise. An
individual learning rate χi is assigned to each neuron (to eachmi).

When a new input vector x[`] arrives, first the closest neuron is chosen according to (4.55). Based on this,
ι[`] is set. With c and ι[`] the following equation is applied for all neurons:

mi[`+ 1] =

{
mc[`] + ι[`]χc[`](x[`]−mc[`]) if i = c
mi[`] if i 6= c,

(4.57)

where the learning rate χ is defined as

χi[`] =

{
χi[`− 1] if i 6= c,

χi[`−1]
1+ι[`]χi[`−1] if i = c.

The learning rate is updated based on the result of classification: misclassified vectorx results in higher learning
rates. As has shown this structure provides really fast convergence [58]. A precaution must be made: since χi
can also increase, it is important that it does not rise above the value 1, which might cause malfunction.

4.6.2 Using SOM and LVQ Algorithm to Estimate the Discrete-Time Channel Matrix
No neurons here, only the algorithm is applied to estimate the matrix. Instead of storing vectors in neurons,
here only one matrix is stored which can be used as a linear transformator to get the vectors.

Let us start from the equation (4.1), or similar (like (4.48)). First assume that the LVQ and the SOM
algorithm is applied to estimate the possible y vectors. Both LVQ and SOM do a projection fromG(κb +κa +
N) dimensions to KN dimensions. Parameter i in (4.56) and (4.57) can have |A|KN different values.

For the equivalence we have to assume that

∀x,y ∈ AKN :
(x)Hy

‖x‖2 ≈ 0 if x 6= y. (4.58)
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Note that this coarse assumption is not valid in general. For example, if A is a binary set, and vector x is
the inverse (one’s complement) of vector y, their product (4.58) yields −1. However, for large vectors with
alphabets of higher degree (4.58) is a sufficiently good approximation. Simulation results prove that the SOM
and LVQ methods are applicable for smaller vectors, too.

The expected value of y in (4.1) equals R d, since the noise n has zero mean. Thus it is possible to
estimate possible y vectors in mi vectors stored by the SOM or LVQ algorithms. In the following we also
assume that the estimated vector d̂[`], which is produced by any detection algorithm, is sufficiently near to d[`],
i. e.Rd[`] ≈ Rd̂[`].

4.6.2.1 Blind Learning Based on SOM

In the case of blind learning one can apply the SOM algorithm, described as follows:

R̂[`+1] = R̂[`] + χcc[`]
(
y[`] − R̂[`]d̂[`]

) (d̂[`])H

‖d̂[`]‖2
+

∑

xi∈R
d̂[`]

χci[`]
(
y[`] − R̂[`]xi

) (xi)H

‖xi‖2 , (4.59)

where d̂[`] represents the detected vector at the output of the multi-user detector, xi denotes a specific vector
andRd̂[`] denotes a set of rival decisions:

Rd̂[`] = (A)KN\d̂[`],

i. e. rival decisions refer to a set of possible classifications excluding the chosen one, which is d̂[`].

Theorem 4.2 The adaptation method of (4.59) is equivalent to the Self-Organizing Map (4.56), if (4.58) is
accepted.

Proof : One can simply multiply (4.59) by d̂[`] from the right. The product R̂[`]d̂[`] is denoted bymc[`]. Due
to (4.58), the last term disappears:

mc[`+ 1] = mc[`] + χcc[`]
(
y[`] −mc[`]

)
.

On the other hand, if (4.59) is multiplied by a specific y ∈ AKN vector, the product R̂[`]y is denoted bymi[`].
Since (4.58) holds, only one term remains non-zero in the sum:

mi[`+ 1] = mi[`] + χci[`]
(
y[`] −mi[`]

)
.

The equations are thus identical to (4.56). Thus the adaptation (4.59) works like the original SOM algorithm.
There are no neurons, so one does not have to store every vector separately. Instead a matrix is estimated,
which can be used to produce themi vectors. �

One further structure should be considered, which is a modification of the SOM based blind learning. Here
(4.59) is used with χci[`] = 0. This method is often termed Adaptive Vector Quantization (AVQ) or the on-line
k-means method. It is worth emphasizing that AVQ is still a blind method, while LVQ is a supervised one.
The reader should not be confused by the phrase. To avoid the increment in the computational complexity,
we focus only on the adaptive vector quantization technique, i.e. χci[`] = 0, but we term it SOM to avoid
misunderstandings.

4.6.2.2 Supervised Learning Based on LVQ

To apply supervised equalization, let us assume that a training set is given

τ (N) =
{(
d[k],y[k]

)
, k = 1, 2, . . . , N

}
,

where y[k] represents the received block number k, note that it is not equivalent with y[k]. In the case of
communication session (following the training period) one can replace d[`] with the detected sequence d̂[`]. If
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the detector works in a near optimal fashion, one can track further changes in the channel or noise characteristics
based on this set. LVQ equalizer operates in the following way (see [34]):

R̂[`+1] = R̂[`] + ι[`]χi[`]
(
y[`] − R̂[`]d[`]

) (d[`])H

‖d[`]‖2 , (4.60)

where the learning rate is defined as

χi[`+ 1] =
χi[`]

1 + ι[`]χi[`]
,

where ι[`] = +1 in the case of correct classification, i.e. d̂[`] = d[`], and ι[`] = −1 otherwise.

Theorem 4.3 The adaptation method of (4.60) is equivalent to the Learning Vector Quantization Algorithm
(4.57), if (4.58) is accepted.

Proof : Multiplying (4.60) by d̂[`] from the right and denoting product R̂[`]d̂[`] bymc[`] the equation yields

mc[`+ 1] = mc[`] + ι[`]χc[`]
(
y[`] −mc[`]

)
.

On the other hand, if (4.60) is multiplied by a specific y ∈ AKN : y 6= d̂[`] vector, the product R̂[`]y is denoted
bymi[`]. Since (4.58) holds, only one term remains non-zero from the sum:

mi[`+ 1] = mi[`].

The equations are thus identical to (4.57). Thus the adaptation (4.60) works like the original LVQ algorithm.
Instead if storing every vector separately, a matrix is estimated, which can be used to produce themi vectors.
�
The applicability of the LVQ based adaptation is vexed, however, due to its high memory requirement. For
every possible d̂[`] vector one χc[`] must be stored, thus the memory needed grows exponentially with the
length of d̂[`].

Note that due to the symmetry in the structure of matrix R one can quickly estimate them. For instance if
one updates a component in R[0], then each instance ofR[0] inR should be updated at the same time. In this
way one single received vector y[`] yields compound updates.

4.6.3 Corresponding Theses
The fourth group of theses is described in this section, namely the parameter estimation possibilities, when
recurrent neural networks are applied as multi-user detectors. Thesis 4.1 is described in Section 4.6.2.2. The
connection between the proposed estimation method and the original LVQ algorithm is highlighted in The-
orem 4.3. The main idea of Thesis 4.2 is detailed in Section 4.6.2.1. The proposed estimation method is
equivalent with the original SOM algorithm as proven in Theorem 4.2.

4.7 The Structure of the Proposed Detector
The structure of the proposed detector is depicted in Figure 4.4. The Rake receiver block is assumed to be
incorporated, it receives the incoming signal and as an output gives the values d̃ and R̃. At the top of the
figure a random number generator is shown, it generates noise values to the neurons of the stochastic neural
network, based on the distribution function (3.32), or according to Gaussian distribution (4.54). This block has
two inputs, ` indicates the iteration instant, and γ0 is the initial variance parameter of noise: γ[`] = γ0 · `.

On the right, the modified neural network is shown, which has already been depicted by Figure 3.4, but here
hysteretic decision function instead of (2.3) can also be applied. The modified network has smaller dimension
according to Section 4.5.4.2. With all these features the network provides high performance, due to stochastic
nature, fast convergence, owing to hysteretic decision function and low computational complexity, thanks to
reduced dimensions. The input matrix R̂ and vector d̃ are used to set the network parameters based on the
rule (4.50) and (4.51), vector ζ = [ζ1, ζ2, . . . , ζM ]T determines the hysteresis parameters of the network. The
output d̂MNN is the estimation of the sequence d.
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Figure 4.4: The Structure of the Proposed Detector

The role of the block at the bottom of the Figure is twofold; on the one hand it is an adaptive equalizer
to fix the estimation error of the Rake receiver in the sense adapting from R̃ to R̂. The estimated matrix is
fed to both the detection algorithm and the Rake receiver (if applicable) to support better reception. On the
other hand, this unit also controls the entire detector. Depending on the structure of matrix R̂ it decides what
operation should the detector follow: normal, stochastic, hysteretic type or both. In the following subsections
these four different operations are detailed.

4.7.1 Normal Operation
If the eye-openness parameter D is close to—or less than—one, hysteresis should not be applied in the deci-
sion function. Also, if there is a limited amount of time to iterate, noise cannot be employed, since it arises
computational burden. When both cases hold, normal operation is performed, thus both γ0 and vector ζ are set
to zero. Neither stochastic, nor hysteretic properties are exhibited in this case. The controller unit is ordered to
focus on adaptive estimation of matrix R̂.

4.7.2 Stochastic Operation
If there is enough computational capacity (i. e. the mobile network is rarely loaded), or the discrete-time channel
matrix R shows poor eye-openness (D is small), then the controller can switch to stochastic operation. The
limit vector ζ is set to contain zero elements, thus hysteresis in the decision function of the neurons does not
appear. Parameter γ0 is set to be the proper value, which can be pre-programmed constant (e. g. 2.5), or can be
adaptively updated in the course of operation based on bit-error-ratio measurements.

4.7.3 Hysteretic Operation
To perform hysteretic operation, matrixR must show “wide” eye-openness. If the receiver serves many users,
and there is lack of computational time, the controller drives the detector to perform hysteretic operation. Vector
ζ depends on the time during the receiver has to demodulate; larger ζ value produces higher speed detection,
but worse bit-error-ratio. Note, that the minimal value of ζ is zero; a negative value drives the detector to
malfunction. Parameter γ0 is set to zero, thus the stochastic nature disappears.

4.7.4 Stochastic and Hysteretic Operation
The best performance can be achieved by applying both stochastic and hysteretic properties in the state tran-
sition rule (both (3.9) and (3.45)). The advantage of hysteresis truly lies in streamlining the convergence time
of the detector. The controller unit determines what ζ and γ0 are to be used. This operation is the most effec-
tive, although there is no general recipe how to set the corresponding parameters. Further research could be
dedicated to this problem, thus it is not considered here.
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When simulating the detector we focus on the stochastic operation only, i. e. no hysteresis applied in the
decision function and it is assumed that there is enough computational capacity available for stochastic opera-
tion.



Chapter 5

Simulations

This chapter deals with the simulation results. The proposed schemes are tested in computer simulations to
check the performance of the methods in practical situations. As will be highlighted the stochastic recurrent
neural network can outperform every other schemes.

The simulation softwares were implemented in standard C language. The sources are attached to this
document, the reader can find them on a compact disk together with the results generated and presented herein.
Hopefully, the sources can be compiled under any operating system and any architecture; they read from the
standard input and print to the standard output. The name of the source file is given next to the corresponding
section in the margin.

The results are mostly represented in figures. Although the contents of the figures are detailed in each
section, they are similar in the sense that they show the symbol error rates or the Frobenius norms as the
function of some parameters. For both cases the lower the curve the better the corresponding solution, since
smaller symbol errors and smaller deviation mean better performance.

The structure of this chapter comprises the following sections. Section 5.1 treats abstract spaces, where
the parameters of the network are set in a random manner. All other sections focuses on multi-user detection,
i. e. the input of the algorithm is given as (4.1). Section 5.2 deals with communication systems with randomly
(and independently) selected codewords. In this case equal codes might happen, however it is not likely.
Anyway random codes are frequently selected as a basis for comparision [72]. Section 5.3 examines realistic
channels with the assumption of perfect knowledge of the channel parameters. Finally Section 5.4 extends
the investigation to the uncoherent case, where the channel parameters are not known, but estimated by the
detection method itself as has been discussed in Section 4.6.

5.1 Abstract Spaces
Artificial situations, i. e. where matrixW and vector u are randomly generated and have no physical meaning
are referred to as abstract spaces in this document. For more practical models see the other sections of this
chapter.

Abstract spaces are perfect to validate the applicability of the proposed method. Also, if one wants to shore
up the statements of the theorems only via simulations, every possible W matrix and u vector must be taken
into consideration, which is obviously impossible. Instead, randomly generated matrices and vectors are used
here.

5.1.1 Validation of the Theorems
First the theorem of Chapter 3 should be verified, thus the role of the first simulation results is to support the
statements of the theorems with simulation results. Most of the theorems of Chapter 3 are confirmed here,
though some of them lacks. From the simulation point of view, stability is obvious; if the recurrent neural
network were not stable, the other theorems would be impossible to treat. Thus the first (stability related)
theorems are not checked here separately, but regarded as proven by the other results.
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Figure 5.1: (a) Binary and (b) QPSK neurons with standard deviation equals to 1

5.1.1.1 Product Form of the State Transition Matrix
The binary
case is
treated in
binstpm.c,
the QPSK
case in
qpskstpm.c

Taking a glimpse at Theorem 3.5 and Theorem 3.6 one wants to check the product form of the state transition
probabilities defined in (3.20) for the binary case and (3.23) for QPSK alphabet, repectively. The method is the
following: the stochastic recurrent neural network is iterated, and the state transition probabilities are collected
as statistics. The statistics are compared against the computed values using the Frobenius norm defined in (2.4).

One should note two important characteristics. Firstly, every general distribution function which fulfills
the corresponding symetricity condition yields product form of (3.20) and (3.23). Since there are infinitely
many distribution functions which meet (3.11) and (3.22), respectively, the check of all possible distributions is
obviously not possible. Secondly, the accuracy of the statistics is profoundly influenced by two parameters: the
number of iterations performed by the network and the number of states. The latter one grows exponentially
with the size of the network. To obtain comparable values, only small networks (consisting of 6 binary or 3
QPSK neurons) are considered (both yielding 26 = 43 = 64 states, and 64× 64 = 4096 elements in the state
transition probability matrix). The difference between the computed and simulated matrices is measured in
Frobenius norm (2.4).

Instead of many distributions, only the Gaussian, logistic (3.32), (3.33) and Cauchy distributions are
checked with zero mean and different variances. The distribution function of the latter one in the real space is
given as

F (x, σ) =
1

π
arctan

x

σ
+

1

2
. (5.1)

Since the standard deviation is not defined for Cauchy distribution, we are going to use the σ value instead as
a spreading factor. In the other two cases σ denotes the standard deviation of the corresponding distribution.
Distributions in the complex space is constructed based on their real counterpart as

F complex(z) = F real(Re {z}) · F real(Im {z}).

The parameters of the network (matrix W and vector u) were randomly chosen, but kept constant during
each simulation. The components of matrix W are uniformly distributed on (−1,+1) in the binary case and
(−1− j,+1 + j) in the QPSK case, taking account of the requirements on the matrix (Hermitian property and
positive numbers in the diagonal). The elements of vector u are uniformly distributed on (−1.5,+1.5) in the
binary case and (−1.5− 1.5j,+1.5 + 1.5j) in the QPSK case.

Three different cases considered in this section: σ = {1, 3, 10}. In the figures the Frobenius norm is
depicted as a function of iteration instance. As visible, the Frobenius norm tends to zero quite quickly, which
supports the theorem. As visible, the smaller the deviation, the slower the convergence. Due to small state
transition probabilities caused by small deviation, low probability states happens rarely. Thus it is more difficult
to estimate those state transition probabilities which belong to small probability states.

The unit on the iteration instance axis refers to 400 000 updates in the state transition matrix. That is, at the
end of the iterations (after 100 iterations) 40 million updates have been conducted in the state transition matrix.
It is approximately 10 000 times the components of matrixW , which is reasonable.
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Figure 5.2: (a) Binary and (b) QPSK neurons with standard deviation equals to 3
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Figure 5.3: (a) Binary and (b) QPSK neurons with standard deviation equals to 10
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Figure 5.4: Binary network of 30 neurons with standard deviations equal to (a) 6 and (b) 10
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Figure 5.5: QPSK network of 15 neurons with standard deviation equals to 6

5.1.1.2 Exponential Stationary Distribution of States
The binary
case is
treated in
binprob.c,
the QPSK
case in
qpskprob.c

Recently we have shown that simulation supports (3.20) and (3.23), i. e., the product form components of the
state transition probability matrix P . Theorem 3.10 states that according to Theorem 3.9 the stationary distri-
bution of the recurrent neural network proportional to the exponential function of the corresponding energies.
Since the product form is supported by the results of the previous section, here we only focus on solving (3.14)
for vector π and comparing the result with (3.36). This is not a simulation, rather a computation for checking
the statement of the theorem.

In this case, no figures are included, since they could not provide any information. For any network sizes
the two ways of computation resulted the same stationary distribution, for both the binary and the QPSK case.
However, due to the inversion of almost singular matrices, sometimes rounding errors could result in slight
difference in some components. Rounding errors could not be eliminated though.

As an extension, Theorem 3.11 has also been checked, i. e. with different γ values the two method yielded
the same stationary distributions. The reader is referred to the programs included for experience.

5.1.2 Testing Recurrent Neural Networks
The binary
case is
treated in
bintrnn.c,
the QPSK
case in
qpsktrnn.c

Here, randomly generated matrix W and vector u are used to check the performance of different recurrent
neural network methods. Without mathematical description the performance of the stochastic recurrent neural
network is compared to the one of the original method. In the figures the energy (3.2) of the found solutions
are depicted as the function of iteration. To obtain comparable results, the values depicted are averaged over
10 000 experiments.

As one can see in the figures in all cases the stochastic recurrent neural network outperforms the traditional
method after 6–8 iterations. In Figure 5.4 the dependence on the initial noise variance is also highlighted.
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Greater noise variance yields worse solutions (greater energy) in the beginning, but later it yields better vectors
(with less energy).

5.2 Random Codes
Here we assume that the discrete-time channel matrix R is given as R = DHD, where D contains randomly
generated components. This scenario yields quadratic and Hermitian channel matrix like channel matched
filtering, thus one can set W = R and u = y, where y is given as (4.1). The noise must have the covariance
matrix equalsR, thus we generate the noise vector n in the following way:

n = DHnwhite,

where nwhite contains white Gaussian noise components with variance σ. In the simulations we change this
σ value to obtain bit error rate curves as the function of Eb/N0. We will compare every detection algorithms
described in Chapter 4.

The open parameter in this investigation is the dimension (number of rows and columns) of matrixD, and
also its contents. One can fill matrix D with discrete components, like binary {±1}, QPSK {±1± j}, or any
higher order m-QAM, or m-PSK numbers. Three of them are taken to demonstrate the applicability of the
method in Section 5.2.1. Later, in Section 5.2.2, matrixD is filled with continuous random numbers.

The number of rows in D refers to the length of the codes. If it is higher than the number of columns, the
system is underloaded. If they are equal, the system is regarded as fully loaded. Otherwise, the system becomes
overloaded.

In both susections the following scenarios are simulated:

• Single-user channel with optimal coherent detection (Theoretical bound). This curve has no connection
to the random codes, it serves simply as a reference. The values of this case can be obtained analytically
too. For BPSK channels the following defines the bit error probability

Pr {Symbol error} =
1

2
· erfc

(√
1

N0

)
, (5.2)

where N0

2 denotes the double-sided spectral density of noise and erfc (.) refers to the complementary
error function

erfc (x) =
2√
π

∫ ∞

x

e−t
2

dt. (5.3)

In (5.2), the one aboveN0 refers to unit energy of symbols (see (2.15)). For QPSK systems, the following
equation holds:

Pr {Symbol error} = erfc

(
1√
2

√
1

N0

)
− 1

4
· erfc2

(
1√
2

√
1

N0

)
. (5.4)

Note that the symbol error probability is not equal to the bit error probability. The bit error probability
can be also computed, however its derivation depends on the coding scheme applied. For the sake of
generality it is not analyzed here. Finally, the symbol error probability of 16-QAM systems is given as

Pr {Symbol error} =
3

2
· erfc

(
1√
10

√
1

N0

)
− 9

16
· erfc2

(
1√
10

√
1

N0

)
. (5.5)

• Single-User Detector (SUD) in the random code channel. Here the output of the Rake receiver y is
instantly fed into the decision function (2.3). Due to the amplitude dependence of 16-QAM, a normal-
ization is also done beforehand. This solution is basically a “pre-historical” method. Before the era of
multi-user detection research, scientists regarded the effect of interfering symbols as noise. As the results
show this approach is absolutely false, since SUD cannot provide acceptable symbol error rates neither
at high signal-to-noise ratios.
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• Recurrent Neural Network based multi-user detector (Traditional RNN). As highlighted earlier in Theo-
rem 4.1, this solution is equivalent to the sequentially updated multi-stage detector, or serial interference
canceller, if they have sufficient number of stages. See Section 4.4.3 for details.

• Stochastic Recurrent Neural Network based multi-user detector (Conventional SRNN), which is dis-
cussed in Section 4.5.1. As visible, in all cases this solution provides the best performance. On the
other hand its performance is quite close to the theoretical bound. Since the performance of the optimal
detector cannot be evaluated (due to its untractable computational burden), this fact suggests that their
performance must be close to each other, i. e. SRNN provides almost optimal performance.

• Stochastic Recurrent Neural Network with Gaussian Noise (SRNN with Gaussian Noise). In this case
the noise in the state transition rule (3.9) is generated according to a less complex algorithm as has
been detailed in Section 4.5.4.4. As highlighted by the results this modification does not deteriorate
performance but saves computation. Moreover, in some cases it outperforms the conventional stochastic
recurrent neural network.

• The Zero-Forcing (ZF), or decorrelating detector. This solution is detailed in Section 4.2.1. This is
the most trivial linear method. Note that the inversion of an M ×M matrix requires ∼ M 2 log(M)
operations, plus multiplying by a matrix amounts∼M 2.8 operations, which is rather high. On the other
hand non-linear structures provides better performance.

• The Minimum Mean Square Error (MMSE) detector, as given in Section 4.2.2. This method outperforms
the ZF solution in the case of large noise. In the high SNR region it provides the same performance as
the one of its linear rival.

5.2.1 Discrete Sequences
All constel-
lations are
simulated in
randcode.c

In all cases matrix D is generated in the same manner as the vector of input symbols. If vector d contains
binary numbers, there are randomly generated binary components in matrix D too (Dij = ±1). If the input
vector is generated as to contain QPSK symbols, matrixD is filled with randomly generated unit energy QPSK
symbols too (Dij = 1√

2
(±1±j)). For 16-QAM symbols the corresponding matrixD also consists of 16-QAM

symbols. Note that with this construction in the case of 16-QAM users can have different signal strengths (the
so-called near-far effect).

In the first case a fairly loaded system is investigated, where the dimension of D equals 150 × 100. One
possible interpretation of these parameters could be a DS-CDMA system serving 100 users with codes of length
150 yielding 100/150 ≈ 67 % load. Although this value is common in today communication systems, note
that the codes applied here are randomly generated: in most cases at least two users interfere remarkably. The
simulation results are depicted in Figure 5.6. Note that the QPSK case yields better performance in the case
of large Eb/N0 values, due to the extra information caused by the introduction of quadrature components.
As visible, non-linear solutions outperform their linear rivals in both cases. Only 1 dB (BPSK), and 0.25 dB
(QPSK) is needed to reach the performance of the single-user case. Note that in the QPSK case the stochastic
recurrent neural network based multi-user detector provides worse performance, then the noiseless one. It
means that the detector should switch off the noise in this underloaded environment, since the original structure
performs in an almost optimal manner. Also note that the single-user detector cannot reach 10−1, which
amounts to highlight the importance of multi-user detection.

Next, the fully loaded system is considered, where matrix D is quadratic, with 100 × 100 components.
That is, the number of symbols transmitted equals the number of received signal components. In other words,
100 user transmits simultaneously in a DS-CDMA system applying 100 chip long codes, yielding 100 % load.
Fully loaded systems are not usual. In practice there are usually some unused system resources.

The simulation results are shown in Figure 5.9. Here the advantage of using noise inside the iteration
equation is self-explanatory. Without noise the original recurrent neural network based multi-user detector is
unable to reach the symbol error ratio 10−3 which is generally regarded acceptable. The linear solutions can
provide this at a very high signal-to-noise ratio, which is usually not affordable.

Finally, the overloaded scenario is analyzed. Here matrix D has a dimension 80 × 100, which can be
expounded as 100 user in a DS-CDMA system applying 80 chip long codes, i. e. the system load equals
100/80 = 125 %. Note that it is nonsense in practice; there does not exist any standard which complies
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Figure 5.6: (a) Binary and (b) QPSK DS-CDMA systems with random codewords of length 150 serving 100
users

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 8  10  12  14  16  18  20

Sy
m

bo
l e

rr
or

 ra
te

 (l
og

10
(P

s)
)

Es/N0 [dB]

SUD
16-QAM theoretical

Traditional RNN
Conventional SRNN

SRNN with Gaussian Noise
ZF

MMSE

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 8  10  12  14  16  18  20

Sy
m

bo
l e

rr
or

 ra
te

 (l
og

10
(P

s)
)

Es/N0 [dB]

SUD
16-QAM theoretical

Traditional RNN
Conventional SRNN

SRNN with Gaussian Noise
ZF

MMSE

Figure 5.7: 16-QAM DS-CDMA system serving 100 users with random codewords of length (a) 200 and (b)
400
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Figure 5.8: 16-QAM DS-CDMA system serving 100 users with random codewords of length (a) 100 and (b)
150
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Figure 5.9: Fully loaded (a) binary and (b) QPSK DS-CDMA systems with random codewords of length 100
serving 100 users
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Figure 5.10: Overloaded (a) binary and (b) QPSK DS-CDMA systems with random codewords of length 80
serving 100 users

with more users than the number of orthogonal codes. However, due to randomly generated codes it is still
possible to maintain communication in this overloaded environment: the interference is cancelled by the multi-
user detection algorithms. The results obtained from simulations are given in Figure 5.10. Concerning the
performance of the different detection algorithms, the same holds as earlier: the stochastic recurrent neural
network based multi-user detector outperforms all other methods.

It is really amazing that 80 complex numbers are sufficient to estimate 100 symbols with rather good symbol
error rate. Do not forget though that the knowledge of matrixR is also assumed here.

5.2.2 Continous Sequences
All constel-
lations are
simulated in
randsequ.c

Here, continous complex components are stored in matrix D. The components in matrix D follow Gaussian
distribution with zero mean and well-proportioned energy (E

{
|Dij |2

}
= 1/

√
G, the division is needed to

obtain unit energy in matrix R, see later). The components are also assumed independently generated. This
assumption yields continuous random sequences like white Gaussian noise. Due to independence between
noise samples, the expectation value of the cross-correlation between the columns of matrix D equals zero,
i. e. E {R} = E

{
DHD

}
= I. Although note that zero cross-correlation happens with zero probability.

The same scenarios are simulated as in the previous section. Binary, QPSK and 16-QAM alphabets with
100 information symbols, using 150, 100, or 80 long codewords. The results of the first one are given in
Figure 5.11. As previously, the stochastic nature seems useless here, since it deteriorates the performance.

Though, reaching full system load, the importance of the noise becomes more remarkable. In Figure 5.12
the performance of the multi-user detectors is depicted in the case of full system load (sequences of length 100).
In the QPSK case stochastic recurrent neural network based multi-user detectors can only provide acceptable
performance.
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Figure 5.11: Underloaded (a) binary and (b) QPSK DS-CDMA systems with continous random codewords of
length 150 serving 100 users
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Figure 5.12: Fully loaded (a) binary and (b) QPSK DS-CDMA systems with continous random codewords of
length 100 serving 100 users
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Figure 5.13: Overloaded (a) binary and (b) QPSK DS-CDMA systems with continous random codewords of
length 80 serving 100 users

Overloading the system (Figure 5.13) yields almost similar result. The most exciting part of these results is
that the traditional recurrent neural network based detector provides almost optimal performance for the binary
case, but fails for QPSK alphabets for the codelength of 80 and 100, respectively. The reason for this behaviour
might come from the role of quadrature components. For the binary alphabet it amounts an extra information,
since without quadrature components the neural network could be operable. For QPSK it is necessary for the
decisions on symbols.

Finally, it should be mentioned that using less dimensional spaces to transmit more dimensional information
is not novel at all. For example, punctured channel codes apply the same rule to transmit coded streams
with less symbols. However, here the value of the random codeword helps to draw distinction between the
communication streams. For the sake of interest the author checked that with one received component one
can transmit 2 bits with 10−2 bit error rate applying BPSK modulation with a suffeciently high signal-to-noise
ratio (Eb/N0 > 20 dB). With channel coding, it can also be used for communication purposes: the spectral
efficiency is doubled.

5.3 Real Channels with Coherent Detection
All constel-
lations are
simulated in
realisti.c

In this section we assume more realistic channel models and the discrete-time channel matrix to be fully known
by the detection algorihm. This assumtion helps to obtain comparable results, where the fault of channel matrix
estimation cannot influence the performance of the detection algorithm. Since linear and non-linear methods
can behave completely different in faulty situations, the importance of this section is obvious.

The discrete-time channel matrix is generally treated as known in multi-user detection publications, how-
ever, it lacks reality. To harmonize with other publications it has been also done here. In practical implementa-
tions the discrete-time channel matrixR can only be estimated by an algorithm as done in Section 5.4.

As already mentioned, the simulation results are from an asynchronous uplink of a DS-CDMA transmission
system. The same simulation environment was used as in [21] and [41] in order to be able to compare the
results; BPSK, QPSK or 16-QAM modulation with carrier frequency 5.2 GHz, chip duration TC = 31.25 ns,
measurement bandwidth 128 MHz (which is equal to four samples per chip). We assumed a mobile velocity
of 3 m/s, time variant channel impulse response (19 different channel impulse responses per scenario, location
and user, simulated along a path of length 4.5λ. For the elementary waveform ε(t) we used root raised cosine
with rolloff parameter 0.22. For K = 16 users we used both Walsh–Hadamard and extended Gold sequences
of lengthC = 16, i. e. full system load. The delay configuration was τk = (k−1)TC for the kth user. Note that
for this delay configuration both families of sequences are not orthogonal (compare [21]). The block length N
was chosen as 50.

We used three basic types of indoor channel models [59]:

Additive White Gaussian Noise (AWGN) channel The simplest model as detailed in Section 2.4.2.2. Note
that here asynchronous transmission is assumed, thus Inter-Symbol Interference (ISI) also arises. The
other two models are time-invariant multipath fading channels.
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Hard Partitioned Line-of Sight (HPLOS) channel Hard partitioned (HP) typical office scenario with line of
sight (LOS) propagation, average RMS delay spread 27 ns, maximum RMS delay spread 144 ns.

Open Plan, OBStructed topography (OPOBS) channel Open plan (OP) scenario without line of sight (ob-
structed topography) propagation, average RMS delay spread 109 ns, maximum RMS delay spread
191 ns.

5.3.1 Simulation of Modified Recurrent Neural Network Based Multi-user Detector
All constel-
lations are
simulated in
modifrnn.c

As has been described in Section 4.5.4.2, one can simplify the detection process by applying a less complex
neural network. Here, in this chapter the issues related to realization are addressed. Hereinafter, the argument
will refer the relative position instead of absolute time.

First the vector of received signal is generated. To do so, coloured noise must be first produced, which is not
easy. In the block transmission case, one can use the decomposed discrete-time channel matrix as described
in Section A.3.2. Here, due to continous transmission, there is no finite covariance matrix. However, the
components of covariance have the same rules. Section A.3.3 describes how one can generate noise values
which fulfill the covariance requirements. Of course, one must store the noise values generated earlier to do
so. Vector n = [(n[0])T(n[−1])T . . . (n[−κa])T]T stores the noise samples, where n[0] is generated based on
(A.3):

n[0] = A[0]nw +A[1]n[−1] +A[2]n[−2] + . . .+A[κb]n[−κb],

see Section A.3.3 for an explanation on the parameters.
If the noise n[0] is available, one must generate the data symbols of delay κb which are stored in vector

d[κb]. As (4.48) tells, the lower part of the received vector y can be filled as (for the sake of simplicity l = −κa

is sustituted)

y[0] = R[κa]d[−κa] +R[κa − 1]d[1− κa] + . . .+R[−κb]d[κb] + n[0]. (5.6)

Having the received signal, one must take care of the detection process. Taking a glimpse at (4.51), one
can see that in the round brackets the expression can be represented in one vector only. We will denote it by x.
The generation of x in the next round can be conducted as follows. Shift it up by G positions (since channel
matched filter is applied, G = K) and copy y[0] at the open positions. Next




R[−κb + 1]
R[−κb + 2]

...
R[κa]

0



d̂, (5.7)

must be subtracted from vector x:

xnew =




0 . . . 0 1 0 . . . 0
0 . . . 0 0 1 . . . 0
...

. . .
0 . . . 0 . . . 1
0 . . . 0
...
0 . . . 0




xold +




0 . . . 0
0 . . . 0
...
0 . . . 0
1 . . . 0

. . .
0 . . . 1




y[0]−




R[−κb + 1]
R[−κb + 2]

...
R[κa]

0



d̂,

The result is the same as the whole expression (4.51) would have been computed (see Section A.3.4 for analyt-
ical derivation). To make vector u easily producible, the multiplier of x is also stored in matrixB.

With all the necessary parameters, the recurrent neural network is used to generate the estimates of d̂.
After the symbols have been estimated, the process is restarted from the noise generation. Note that during the
simulations the channel matched filter case is considered (K = G), although the process can be applied with
any other signal reception method.

For the sake of clarity, the process is summarized in the following:
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Symbol Meaning Dimensions
R discrete-time channel matrix (κb + κa + 1)×G×K(

in the case of CMF: (κb + 1)×K ×K
)

A noise generator matrix [G · (κb + 1)]×K
B multiplicator matrix (for vector u) [K · (κb + κa + 1)]× [G · (κb + κa + 1)]
W weightmatrix (between neurons) [K · (κb + κa + 1)]× [K · (κb + κa + 1)]
y[0] received signal G
n vector of noise samples G · (κb + 1)
x supporting vector (for vector u) G · (κb + κa + 1)
d vector of sent symbols K · (κb + κa + 1)
u neuron inputs K · (κb + κa + 1)
v neuron outputs K · (κb + κa + 1)

d̂ symbols estimated by the detector K
(values at the top of v)

Table 5.1: Vectors and matrices stored for the simulation of the modified recurrent neural network based multi-
user detector

1. All vectors (n,y[0], d̂,x,d,v) are initialized (the dimension of vector n equals κa · G, the length of
vectors y[0] equals G, and vector d̂ has the length of K, the length of vector x equals (κa + κb + 1) ·G
and the dimension of the last two equals (κa + κb + 1) ·K, respectively) and set to zero.

2. MatrixR is generated (or loaded from a file) based on the simulated communication scenario.

3. MatrixA is generated according to (A.6).

4. MatrixB = (Rl)H(C ′)−1 is computed.

5. Based on matrixB, matrixW is calculated according to (4.50).

6. The components of vector n (the noise samples) and vector d (the symbols transmitted) are shifted up
by as many positions as the number of users (K) sharing the channel.

7. The open positions of these vectors (n and d) are filled with proper values. Noise (n[0]) is generated
according to (A.3), new symbols (the bottom of vector d) are chosen from the set A with uniform
probability.

8. Vector y[0] is produced based on (5.6).

9. Vector x is shifted in the same manner as the other vectors previously. The bottom of vector x is filled
with y[0]. The expression (5.7) is substracted from vector x.

10. Vector v is shifted up K positions, the open positions are set to zero.

11. Vector u is recalculated according to u = B x.

12. The recurrent neural network based detector is launched with parametersW ,u. After the iterations, the
first K outputs are stored in vector d̂ (4.52).

13. Vector d̂ is compared against the top of vector d and the number of symbol errors is evaluated.

14. The process is restarted from 6, until a pre-defined criteria is met (e. g. the number of samples reaches
10,000).

In Table 5.1 the parameters used to simulate the performance of the modified recurrent neural network
based detector are summarized. Note that matrix R is denoted as containing (κb + 1)×K ×K components
in the case of channel matched filter, since eachR[i] cotains K ×K elements, and there are (κb + 1) of them
(R[0] . . .R[κb], and for negative i valuesR[−i] = (R[i])H, as has been proven in Section A.3.1).



5.3. REAL CHANNELS WITH COHERENT DETECTION 79

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 4  5  6  7  8  9  10  11

Sy
m

bo
l e

rr
or

 ra
te

 (l
og

10
(P

s)
)

Es/N0 [dB]

SUD
BPSK theoretical
Traditional RNN

Conventional SRNN
SRNN with Gaussian Noise

ZF

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 4  5  6  7  8  9  10  11  12  13

Sy
m

bo
l e

rr
or

 ra
te

 (l
og

10
(P

s)
)

Es/N0 [dB]

BPSK theoretical
Traditional RNN

Conventional SRNN
SRNN with Gaussian Noise

Figure 5.14: AWGN channel with BPSK modulation applying extended Gold codes
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Figure 5.15: AWGN channel with QPSK modulation applying extended Gold codes

5.3.2 Results
The results are given in between Figure 5.14 and Figure 5.23. Every figure contains two subfigures: the one on
the left comprises results taken in the case of bursty (block) transmission, the other one shows the results for
the modified scheme (with less computations). For the block based solution 100 experiments were conducted,
which yields 100 × 50 × 16 = 80,000 symbols in total. For the modified structure 10,000 experiments were
done, which means 16 × 10,000 = 160,000 total symbols. In all cases the initial noise deviation of the
stochastic recurrent neural network based detectors was set to γ0 = 20 and 100 iterations were performed with
noise parameters following (4.44).

Only the zero-forcing detector was simulated due to the large computational burden of matrix inversion
(for the MMSE one must recompute the inverse matrix for each Eb/N0 value). The non-linear detection
methods include traditional recurrent neural network, stochastic recurrent neural network with noise following
logistic distribution, stochastic recurrent neural network with noise following Gaussian distribution. For the
modified figures only the latter three are depicted (the others were not discussed in Section 4.5.4.2). As visible
the stochastic recurrent neural network based detectors provide the best performance in any circumstances.
Moreover, the Gaussian stochastic recurrent neural network outperforms a bit the other one in some cases,
however, the difference is not relevant.

For the AWGN channel there is only one possible realization (as detailed in Section 2.4.2.2). In this channel
there is no attenuation (αk = 1 for all k). As highlighted earlier, the users are asynchronously transmitting
in the AWGN channel which introduces noise but note that inter-user and inter-symbol interference also arise,
due to the correlation between asyncronous signature waveforms. If Walsh–Hadamard sequences are of use,
interference deteriorates the performance so profoundly that the author decided not to include those figures.

Since HPLOS channels are stochastic channels in the sense of randomly generated delays and attenuations,
here 19 different HPLOS scenario were simulated and they were averaged to obtain one figure only. The results
show that the modified structure can provide almost the same performance as the burst based one. In fact, after
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Figure 5.16: HPLOS channel with BPSK modulation applying extended Gold codes
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Figure 5.17: HPLOS channel with QPSK modulation applying extended Gold codes
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Figure 5.18: HPLOS channel with BPSK modulation applying Walsh–Hadamard codes
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Figure 5.19: HPLOS channel with QPSK modulation applying Walsh–Hadamard codes
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Figure 5.20: OPOBS channel with BPSK modulation applying extended Gold codes

minute examination of each HPLOS scenario, one can always reach the same performance for at most 1.5 dB
in excess. The performance of the linear Zero-Forcing detector fall much behind the one of the non-linear
detectors.

OPOBS channels are also stochastic channels, so here the same rule is applied as in the HPLOS case:
19 different channel scenarios are taken into consideration and the results are averaged over the whole set.
Taking a glimpse at the results one can discover that there is not much difference between the modified and the
burst based solutions. Even with higher alphabets the modified structure provides the same performance with
acceptable excess in signal-to-noise ratio.

Due to the outstanding performance of the Gaussian noise fed, stochastic recurrent neural network based
detector, in the next section only this one will be used to save computational time. Note that however the
modification reduces the calculation burden, extra tasks (e. g. generating the received signal, recomputation of
matrices) yields high load, although most of the computations could be done in paralel. The author implemented
in one source code the whole simulation chain. In practice, the blocks of Figure 4.4 should be implemented in
separate DSP devices which yields an implementable detector.

5.4 Real Channels with Unknown Channel Matrix
All constel-
lations are
simulated in
adaptive.c

and
madaprnn.c

Here the channel matrix R is assumed to be unknown by the detection algorithm, and the channel is also
modelled realistic: the same channel matrices will be used which were introduced in Section 5.3. The results
of this section should provide almost similar performance as the one which can be experienced in practical
implementations under real circumstances.

As has been discussed in Section 4.7, the channel matched filter is assumed to provide perfect estimates
on d̃, but no information about the discrete-time channel matrix R. Instead, in our model the first estimate
equals the unit matrix R̂ = δ[i]I, where δ[i] is the discrete Dirac-delta (it equals 1 if and only if its argument is
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Figure 5.21: OPOBS channel with QPSK modulation applying extended Gold codes
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Figure 5.22: OPOBS channel with BPSK modulation applying Walsh–Hadamard codes
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Figure 5.23: OPOBS channel with QPSK modulation applying Walsh–Hadamard codes
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equal to zero). As detailed in Section 4.6.2 the SOM algorithm is applied to estimate the discrete-time channel
matrixR. Although LVQ is not detailed here, obviously it must provide better performance than that of SOM.
Since SOM provides almost outstanding performance with fast convergence, LVQ has not been applied in the
simulations.

5.4.1 Compound Update of the Discrete-Time Channel Matrix
Due to the structure of matrix R one can update the same matrix more than once if a new vector is received.
The easiest way is to store matrix R̂ in several submatrices R̂[i], and updating these submatrices if a new vector
y is received. However, parameters κb and κa are not known by the receiver, so probably not the same number
of submatrices are estimated.

5.4.1.1 Bursty Transmission

However, if block transmission takes place, and channel matched filter is applied, the updated matrix is used di-
rectly in the detector too. In the simulations, matrix R̂ is stored and it is normalized to have similar components
in the repeating positions. One can do the following after (4.59) (0 ≥ i, j < NK),

R̂ij =





N−1−bj/KcP
l=0

[(R̂lK+i,lK+j)+(R̂lK+j,lK+i)
∗]

2(N−1−bj/Kc) , if i ≤ j and i ≤ K
R̂imodK,j modK , if i ≤ j and i > K

R̂∗ji, if j < i

,

where bic returns the largest integer which is smaller or equals i, and imod j denotes the remainder of the
division i/j. With this normalization, the estimated discrete-time channel matrix will have the same Toeplitz
like structure as the original:

R̂ =




R̂[0] R̂[−1] . . . R̂[−N ]

R̂[+1] R̂[0] . . . R̂[−N + 1]
...

. . .
...

R̂[N ] R̂[N − 1] . . . R̂[0]


 .

Since κb and κa are not known by the receiver, no submatrices are eliminated here: the estimation algorithm
is supposed to set zeros where it should.

5.4.1.2 Continous Transmission

If the modified structure is applied, then there is no hypermatrix available to update. Instead, (5.6) can be used
to estimate theR[i] submatrices. In (4.59) we will use y[0] with

R̂ =
[
R̂[κa], R̂[κa − 1], . . . , R̂[−κb]

]

and

d̂ =




d̂[−κa]

d̂[−κa + 1]
...

d̂[κb]


 .

Now substituting the definition (5.6) into the iterative part of (4.59) (the term in brackets) and calculating its
expected value one gets

E

{(
y[0]− R̂ d̂

) (d̂)H

‖d̂‖2

}
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= E

{(
R[κa]d[−κa] + . . .+R[−κb]d[κb] + n[0]− R̂[κa]d̂[−κa]− . . .− R̂[−κb]d̂[κb]

)

·
[
(d̂[−κa])H, (d̂[−κa + 1])H, . . . , (d̂[κb])H

] 1

‖d̂‖2

}
. (5.8)

Before multiplying each term, some practical considerations are summarized. Since all matrices R[i] and
R̂[i] are now considered as deterministic (the channel matrices are given by the communication scenario, their
estimates are updated based on (4.59)), the expectation between the symbols and their estimates is calculated
in the following. Firstly, due to the independence of symbols

E
{
d̂[i](d̂[j])H

}
= δ[i− j] · ‖d̂[j]‖2 · I,

where δ[i] is the discrete-time Dirac-delta. Also

E
{
d[i](d̂[j])H

}
= δ[i− j] · ‖d̂[j]‖2 · (1− PS) · I,

where PS is the symbol error rate. Finally

E
{
n[0](d̂[j])H

}
≈ 0.

The latter statement should be explained further. Noise can drive the detector to malfunction, thus the estimated
symbols and the noise samples are profoundly correlated. However, due to the small values of the noise, their
correlation is negligible related to the correlation between symbols and their estimated counterparts. Thus they
can be regarded as zero. Now using these properties (5.8) yields

[(
(1− PS)R[κa]− R̂[κa]

) ‖d̂[−κa]‖2
‖d̂‖2

,
(

(1− PS)R[κa − 1]− R̂[κa − 1]
) ‖d̂[−κa + 1]‖2

‖d̂‖2
,

. . . ,
(

(1− PS)R[−κb]− R̂[−κb]
) ‖d̂[κb]‖2
‖d̂‖2

]
. (5.9)

As visible, the SOM algorithm estimates the channel matrix until

R̂[i] = (1− PS)R[i]

is reached for each i. If the symbol error rate is sufficiently small the method produces a very good estimate.
The multiplier has important role if multi-level modulation is applied. Here, difference in amplitude might
deteriorate the performance.

When the SOM algorithm is started, matrix R[0] = I and every other matrices are set to zero. This case
yields the so-called single-user detector. The single-user detector is unapplicable for communication, however
it also provides symbol error rates around 0.1 in the binary case, which helps the estimator to produce accurate
approximates on the channel matrices.

Note that the multiplier of each term in (5.9) is always smaller than one:

‖d̂[i]‖2
‖d̂‖2

≤ 1.

The explanation comes from the triangle theorem: the subdimensional length of a multi-dimensional vector
cannot exceed its whole length. Here d̂[i] is part of vector d̂, so the length of the former one cannot exceed the
length of the latter one independently of the set of possible symbolsA.

If the modified structure is applied together with the channel matched filter, then the Hermitian property
(R̂[i] = (R̂[−i])H) should be maintained. Thus, every time after updating the channel matrices the following
normalization takes place (0 ≥ i, j < K):

R̂ij [k] =





(
R̂ij [k] + R̂ji[−k]

)
/2, if i ≤ j

R̂∗ji[k], if j < i
,

which purports Hermitian matrix-couples.
Because κb and κa are not known by the receiver, in the simulations κ̂b = κ̂a = 2 was set constantly, while

their original value was κb = κa = 6.
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Figure 5.24: Symbol error rate of an adaptive (a) BPSK and (b) QPSK system over HPLOS channel

Eb/N0 Burst based Modified
[dB] BPSK QPSK BPSK QPSK

4 13.1781 1.345623
5 11.1578 1.109681
6 9.27013 0.914588
7 7.77741 14.1552 0.795076 1.335395
8 6.67331 13.2041 0.741705 1.163569
9 5.80701 12.1755 0.642867 0.977802

10 5.13712 10.7514 0.553512 0.767823
11 4.53936 8.01623 0.520304 0.618756
12 5.25527 0.485144
13 3.98216 0.389024
14 3.38106 0.364125
15 2.93581

Table 5.2: The Frobenius norm resulted in different scenarios on HPLOS channel

5.4.2 Hard Partitioned, Line-of-Sight Channel
In this subsection the performance of the adaptive detectors are detailed in the HPLOS channel. Two different
investigations are presented: the dependence on the signal-to-noise ratio (Eb/N0) and time dependence. In all
cases fully loaded systems are considered with extended Gold codes of length 16. To maintain comprehendable
figures, in all cases, only stochastic recurrent neural network with Gaussian noise was applied as the detection
algorithm. The initial deviation of the noise was set to γ0 = 20, it performs 100 iterations with linearly
decreasing deviation as given in (4.44). The SOM technique was applied to estimate blindly the channel matrix
with fix parameter χcc[`] = 1.0, i. e. the learning parameter has not been decreased during the simulation
because finding the perfect cooling schedule would invite more complex investigation on the topic which is out
of the scope of this document.

First in Figure 5.24 the dependence on the signal-to-noise ratio is demonstrated. In the case of bursty
transmission, the packet length was 50, thus one simulation provides estimates on 16 × 50 = 800 symbols.
Here 7,920,000 symbols (9,900 packets) were used to estimate the discrete-time channel matrix, and the next
80,000 symbols were applied to derive the symbol error rate. In the case of continous transmission, due to fully
loaded system with 16 chip long codes, one sample represents 16 symbols. The first 10,000 samples (160,000
symbols) were used here to estimate the channel matrix, and the next 10,000 samples were applied to derive
the symbol error rate, which is depicted in the figure.

Although the Frobenius norm resulted in the bursty case cannot be compared to the one of the modified
scheme (the size of the matrices differ), in Table 5.2 the norms for differentEb/N0 values are also given. Note
that the derivation conducted in (5.9) supports the table: smaller Eb/N0 yields higher symbol error rate, thus
the estimation error also increases.

For BPSK symbol alphabet the estimation process is illustrated in Figure 5.25 (a) for the modified structure.
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Figure 5.25: Performance of an adaptive (a) BPSK system at 10 dB (b) 16-QAM system at 30 dB
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Figure 5.26: Symbol error rate of an adaptive (a) BPSK and (b) QPSK system over OPOBS channel

The signal-to-noise ratio was kept constant in this case at 10 dB. There are two series depicted here: the symbol
error ratio and the Frobenius norm between the original and the estimated channel matrix. The symbol error
is averaged over 16 users for each sample. Thus the possible symbol error values are 1/16, 2/16, . . . , 16/16.
That’s why one sees discrete values in the symbol error rate curve. Both estimation errors tend to zero quite
quickly. After 800 symbols the estimated channel matrix reaches its final form. Also the symbol errors disap-
pear quite quickly.

For the sake of interest, the 16-QAM case has also been simulated, the result is given in Figure 5.25 (b).
Note that the matrix is well estimated, although the symbol error rate does not tend to zero. As explained
earlier the high symbol error rate can deteriorate the performance, if the modulation contains several symbols
with different amplitudes. Here, one cannot maintain a reliable communication link, since the symbol error rate
does not decrease under 0.5 permanently. In this case the adaptation method should be changed to circumvent
the trap of wrong estimation. However, this investigation is out of the scope of this thesis, thus it is not detailed
here.

5.4.3 Open Plane, Obstructed Topography Channel
Figure 5.26 shows the results obtained in OPOBS channel. The adaptive structures perform quite well in this
channel, too. Note that in this case the modified structure outperforms its bursty counterpart—as in the previous
case. The parameters were selected to be the same as in the previous section (with HPLOS channel), and the
outputs are also very similar. For BPSK 2 dB is needed in excess to reach the same performance as the one in
the single-user AWGN channels. Fow QPSK an additional 4 dB is needed, related to the single-user bound.

To conclude this section one might say that it is adviceable to use the modified structure with the proposed
blind channel adaptation method (SOM based), because this structure can almost reach the single-user bound,
which proves its superiority among all presented structures. Also note that the modified structure introduces
less computations, so real-time implementation becomes possible.



Chapter 6

Conclusions

Detection in interference limited systems turned out to be one of the most challenging tasks in telecommunica-
tions. If multiple users share the same frequency band and the same time-slot, multi-user detection is of great
importance. Multi-user detectors take into consideration the existence of others and provide detection mecha-
nisms which can cope with the interference. One of the most efficient solutions for this problem is recurrent
neural network based multi-user detection, which is the scope of this document.

Both recurrent neural network theory (Chapter 3) and multi-user detection (Chapter 4) have been investi-
gated in this thesis. The former one contains general results which can be applied for any quadratic optimization
problems. In this dissertation the optimality of stochastic recurrent neural networks applying logistic noise is
highlighted in Section 3.2. The probability of states follow a distribution which is proportional to the exponen-
tial energy (Theorem 3.9 and Theorem 3.10). It has been shown that applying any cooling in the system yields
the global optimum with one probability (Theorem 3.11). This is independent of the cooling schedule applied.
These results are valid for both BPSK and QPSK symbol alphabets. For the general case (applying non-logistic
noise), the product form of the state transition probabilities is also valid for binary (Theorem 3.5) and QPSK
(Theorem 3.6) neural networks. This is useful for Theorem 3.7, which provides a formula to compare the
stationary probabilities of two states based on the state transition probabilities only.

Results from Section 3.2 can be applied to any quadratic optimization problem, including travelling sales-
man problem,N -queen problem, or active noise control.

In the multi-user detection part, in Chapter 4, first a general overview of the detection mechanisms is given.
After introducing the well-known methods, the applicability of recurrent neural network based multi-user de-
tection is highlighted in Section 4.5. The similarity between the multi-stage detector and the recurrent neural
network based multi-user detector has also been pointed out in Theorem 4.1. The application of stochastic
recurrent neural networks for multi-user detection has also been proposed in Section 4.5.1. The additional
noise in the iteration equation assures that the network can get out from the local supervalues and it can find
the global optimum, thus the structure performs as the optimal multi-user detector, see Chapter 5. If the op-
timal solution is not found, the overall performance is still better than the one without noise, as supported by
simulation results. Considering hysteretic decision function the probability of finding the optimal solution is
formulated using the parameters of the network in Section 4.5.3. As an additional result, a reduced complexity
detection method is also introduced in Section 4.5.4, where a less dimensional network with less complex noise
is applied as the multi-user detector, yielding less computations.

In case of no a-priori information about the channel, some kind of adaptive or blind detection mechanism is
needed to maintain the communication link (see Section 4.6). To obtain simple solution the original algorithms
have been extended by means of two adaptation methods. They have been introduced: Self-Organizing Maps
(SOM) for blind channel estimation in Section 4.6.2.1 and Learning Vector Quantization (LVQ) for supervised
learning in Section 4.6.2.2. Both methods are extensions of the original SOM and LVQ algorithms (see Sec-
tion 4.6.1). The extension is done for two reasons: to reduce memory requirements and to obtain the required
matrix directly. Even the blind scheme provides almost optimal performance (see Section 5.4), thus LVQ has
not been simulated (it is implemented though, see the sources on the compact disk).

A modified structure is proposed in Section 4.7 which combines low computational complexity with high
performance. The stochastic noise in the iteration equation helps the network to find better solutions. The
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hysteretic decision function provides less state changes and thus faster convergence. The reduced size of the
network suppresses computational burden. The overall performance is by far the best among all the detection
methods (excluding the optimal one which cannot be outperformed of course), see Section 5.3.2. On the other
hand, the proposed modification yields almost linear computational complexity. Namely, it grows linearly with
the packet length N , as shown in Section 4.5.4.3.

To conclude, this dissertation contains important analytical results together with practical simulations. The
author hopes that these results will be used in detection algorithms of future 3G, or 4G devices. Analytical
results about the stochastic recurrent neural networks are expected to be used in any discrete quadratic opti-
mization exercise. Currently there is an ongoing research about active noise control in our department, where
stochastic recurrent neural networks can be of use.

6.1 Future Works
As possible future work, the author sees the following possible research directions. Considering stochastic
recurrent neural networks, the proof of asymptotical optimality is ready for the binary and QPSK alphabets.
The optimality of the method with more complex alphabets have not been considered in this dissertation. It
is assumed that the optimality of stochastic recurrent neural networks containing neurons with more complex
alphabets cannot be proven with the method detailed here. Anyway, the structure might be optimal for those
alphabets too. It is a question of the future how it can be shown.

Although the optimality is valid independently of the cooling schedule applied, in practical application the
cooling function (i. e. the function describing the actual value of the variance of the noise during the iterations)
has an important role. There are no results available how one should choose it. The user must find a compromise
between complexity and performance. Thus, an analytical description or simulational comparison on practical
cooling schemes should also be given. The linear function applied in the dissertation is obviously not the best
for this purpose.

Considering the noise another open issue is the nature of the noise. Although analytical results are only
valid for logistic distribution, other noise sources might provide faster convergence with a non-remarkable
performance loss. As detailed in Section 4.5.4.4 Gaussian noise is easier to generate and provides the same
performance in the short run. Thus in practical situations one might wants to use this. However, other distribu-
tions should also be taken into consideration in the future, and a comparison should be provided.

For the modified structure several operation modes were defined in Section 4.7. Artificial intelligence is
needed which can choose between different operations to obtain better performance or faster operations. The
author has already considered using SOMs at this stage too, however—due to the lack of time—it has not been
worked out yet. Other artificial intelligence algorithms may also be of use at this level. Support to choosing
between operation scenarios is also a future work.

Another open issue is the algorithm which should be used for adaptation and blind channel matrix estima-
tion, if the modulation technique is multi-level (i. e. not like PSK). As shown in the dissertation, multi-level
modulations drive the LVQ and SOM adaptation methods to malfunctioning. Modification in the proposed
methods should provide the same figures (quick and robust adaptation) as in the binary or QPSK case. How-
ever, the modification required here is still missing and should be worked out in the future.



Appendix A

Some Technical Derivations

A.1 Complex Baseband Equivalent of Noise
Starting from

Rn(τ) = E {n(t)n(t+ τ)} =
N0

2
δ(τ),

one can substitute n(t) with (2.8) to derive the autocorrelation function of the complex baseband equivalent:

Rn(τ) = E
{(
neq(t)ejω0t + n∗eq(t)e−jω0t

) (
neq(t+ τ)ejω0(t+τ) + n∗eq(t+ τ)e−jω0(t+τ)

)}
,

where ω0 = 2πf0, for the sake of simplicity. After multiplication the expression yields

E {n(t)n(t+ τ)} = E
{
neq(t)neq(t+ τ)ejω0(2t+τ)

}
+ E

{
n∗eq(t)neq(t+ τ)ejω0τ

}

+E
{
neq(t)n∗eq(t+ τ)e−jω0τ

}
+ E

{
n∗eq(t)n∗eq(t+ τ)e−jω0(2t+τ)

}

The complex baseband equivalent is further unfolded as neq(t) = nI(t) + jnQ(t), where nI(t) is the in-phase
and nQ(t) is the quadrature component. The time-variant terms (the first and the last ones) are derived as

E {neq(t)neq(t+ τ)} = E {(nI(t) + jnQ(t))(nI (t+ τ) + jnQ(t+ τ))} = E {nI(t)nI (t+ τ)}
−E {nQ(t)nQ(t+ τ)}+ j [E {nI(t)nQ(t+ τ)}+ E {nQ(t)nI(t+ τ)}] = 0,

since the statistics of the noise are known to be time independent (noise is always regarded at least as a weakly
stationary process). Because of this equality the following similarities are found

RII(τ) = E {nI(t)nI (t+ τ)} = E {nQ(t)nQ(t+ τ)}

and

RIQ(τ) = E {nI(t)nQ(t+ τ)} = −E {nQ(t)nI(t+ τ)} .

Note the two functions introduced for the sake of simpler equations. The latter term RIQ(τ) is always zero, if
the filter is symmetric (even function) around the carrier ω0 [70].

The other two terms (which are multiplied by the time independent exponential functions) yield

E
{
n∗eq(t)neq(t+ τ)

}
ejω0τ + E

{
neq(t)n∗eq(t+ τ)

}
e−jω0τ =

= 2 (RII(τ) + jRIQ(τ)) ejω0t + 2 (RII(τ) − jRIQ(τ)) e−jω0t

= 2RII(τ)
[
ejω0t + e−jω0t

]
+ 2jRIQ(τ)

[
ejω0t − e−jω0t

]
.

Combining all these, the expression yields

Rn(τ) = 2RII(τ)
[
ejω0t + e−jω0t

]
+ 2jRIQ(τ)

[
ejω0t − e−jω0t

]
.
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Assuming symmetric filtering, one gets

RII(τ) = E {nI(t)nI (t+ τ)} =
N0

4
δ(τ),

and

Req(τ) = E
{
neq(t)n∗eq(t+ τ)

}
=
N0

2
δ(τ).

or equivalently for the spectrum we get

Sn(ω) = Seq(ω − ω0) + S∗eq(ω + ω0).

A.2 Theorems Which are Extended Versions of Other Theorems
Theorem A.1 If there is a complex random variable ν, which is described by the distribution function F (z):

Pr{Re {ν} ≤ Re {z} ∩ Im {ν} ≤ Im {z}} = F (z)

and dF (z) = dF (−z) (the symmetry condition) holds, the random variable has zero mean: E {ν} = 0.

Proof : The proof is carried out by directly calculating the mean value of ν.

E {ν} =

∫

z∈C

z dF (z).

Decomposing the integration over the whole complex space into several integrals

E {ν} =

∫

Re{z}<0

z dF (z) +

∫

Re{z}>0

z dF (z) +

∫

Re{z}=0
Im{z}<0

z dF (z) +

∫

Re{z}=0
Im{z}>0

z dF (z).

Substituting y = −z into the even terms ( dF (y) = dF (z))

E {ν} =

∫

Re{z}<0

z dF (z)−
∫

Re{y}<0

y dF (y) +

∫

Re{z}=0
Im{z}<0

z dF (z)−
∫

Re{y}=0
Im{y}<0

y dF (y),

where the first two and the last two terms cancel each other, yielding

E {ν} = 0,

i. e. the mean of ν equals zero. �

Theorem A.2 If one uses a complex number generator with distribution F (z, `) which satisfies (3.22), then
(3.23) holds.

Proof : As in the binary case, all four possible vik values must be considered separately. On page 32 only one
of them is detailed, the rest three (without any interesting technical modification) can be found here. For the
sake of simplicity the following notation is introduced:

x =
1

Wkk

(
k−1∑

l=1

Wklv
i
l +

M∑

l=k+1

Wklv
j
l − uk

)
,

which appears many times in this proof. The basic equalities already detailed in Section 3.2.2.2 are also used
here (for any pair of complex numbers z, v, Re {z + v} = Re {z} + Re {v}, for all z complex numbers
Re {j · z} = −Im {z}).

If vk[`+ 1] = vik = (1− j)/
√

2, then (vik − y)∗ might take a value from the set {
√

2,
√

2j,
√

2(1 + j). In
the first case, (3.18) yields

Re {z} ≥ Re {x} .
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In the second case ((vik − y)∗ =
√

2j), (3.18) becomes

Im {z} ≤ Im {x} .
At last, if (vik − y)∗ =

√
2(1 + j), the following is got

Re {z} − Im {z} ≥ Re {x} − Im {x} ,
which is weaker than the previous two, thus it can be neglected. There are two constraints, one for the real part
of z and one for the imaginary part of z. Substituting the result into (3.17)

G[i, j, k, `] =

∫ ∞

Re{z}=Re{x}

∫ Im{x}

Im{z}=−∞
dF (z, `),

Using the symmetric property (3.22), (3.24) is got.
If vk[`+1] = vik = (−1+j)/

√
2, then (vik−y)∗ might take a value from the set {−

√
2,−
√

2j,
√

2(−1−j).
In the first case, (3.18) yields

Re {z} ≤ Re {x} .
In the second case ((vik − y)∗ =

√
2j), (3.18) becomes

Im {z} ≥ Im {x} .
At last, if (vik − y)∗ =

√
2(1 + j), the following is got

Re {z} − Im {z} ≤ Re {x} − Im {x} ,
which is weaker than the previous two, thus it can be neglected. There are two constraints, substituting into
(3.17)

G[i, j, k, `] =

∫ Re{x}

Re{z}=−∞

∫ ∞

Im{z}=Im{x}
dF (z, `),

Using the symmetric property (3.22), the expression (3.24) is got.
Finally, if vk [`+ 1] = vik = (−1− j)/

√
2, then (vik − y)∗ might take a value from the set

{−
√

2,
√

2j,
√

2(−1 + j).

In the first case, (3.18) yields

Re {z} ≤ Re {x} .
In the second case ((vik − y)∗ =

√
2j), (3.18) becomes

Im {z} ≤ Im {x} .
At last, if (vik − y)∗ =

√
2(1 + j), the following is got

Re {z}+ Im {z} ≤ Re {x}+ Im {x} ,
which is neglected. Substituting into (3.17),

G[i, j, k, `] =

∫ Re{x}

Re{z}=−∞

∫ Im{x}

Im{z}=−∞
dF (z, `).

Using the symmetric property (3.22), the expression yields (3.24).
Finally substituting into (3.16), the statement (3.23) is got. �

Lemma A.3 For QPSK alphabets (A = {±1 ± j}/
√

2) any x ∈ A symbol and any z ∈ C complex number
and any f(x) function the following equality holds:

∑

y∈A
f(Re {(x − y)∗z}) = f

(
Re
{√

2x∗ejπ/4z
})

+ f
(

Im
{√

2x∗ejπ/4z
})

(A.1)

+f
(

Re
{√

2x∗ejπ/4z
}

+ Im
{√

2x∗ejπ/4z
})

+ f(0)
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Proof : First note that

(x− y)∗ ∈ {2x∗,
√

2x∗ejπ/4,
√

2x∗e−jπ/4, 0},

or equivalently

(x− y)∗ ∈
√

2x∗ejπ/4 · {(1− j), 1,−j, 0}.

Because for any z′ ∈ C complex number Re {−jz′} = Im {z′} and Re {(1− j)z′} = Re {z′} + Im {z′},
using z′ =

√
2x∗ejπ/4z the statement (A.1) is got. �

A.3 Technical Derivations

A.3.1 Hermitian Nature of the Discrete-time Channel Matrix, if Channel Matched
Filter is Applied

Starting from (2.50), substituting the definition of the complex scalar product from (2.1), one gets

ρkl[i] = 〈Akck(t), Alcl(t− iT )〉 = AkA
∗
l

∫
ck(t)c∗l (t− iT ) dt =

(
AlA

∗
k

∫
cl(t− iT )c∗k(t) dt

)∗

=

(
AlA

∗
k

∫
cl(t)c

∗
k(t+ iT ) dt

)∗
= (〈Alcl(t), Akck(t+ iT )〉)∗ = ρ∗lk [−i],

i. e. substituting into the definition of the discrete-time channel matrix, the following equalities hold

ρkl[i] = ρ∗lk [−i]
R[0] = (R[0])H

R[i] = (R[−i])H.

A.3.2 Decomposing a Given Noise Covariance Matrix
Assume that the covariance of the noise is given as

E
{
nnH

}
= C,

where vector n collects the noise samples. Our task is to generate noise values in the form

n = DHnwhite,

where vector nwhite denotes the vector of white Gaussian noise samples with unit energy. Substituting the last
equation into the previous one, the following equality is got

E
{
DHnwhite(nwhite)HD

}
= DHE

{
nwhite(nwhite)H

}
D = DHD,

because the covariance matrix of vector nwhite equals the unit matrix.
That is, the task is to decompose the originalC covariance matrix which is given as a productDHD. Due

to the Hermitian nature of matrixC, it is positive definite, thus LU decomposition can be performed [75]. The
following equations define the method:

Dij =





√
Cii −

∑i−1
k=1 |Dki|2 if i = j,

1
Dii

(
Cij −

∑i−1
k=1 D

∗
kiDkj

)
if i < j,

0 if i > j.

(A.2)
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A.3.3 Continous Generation of Noise Samples
Assume that the current noise vector n[0] is generated as

n[0] = A[0]nw +A[1]n[−1] +A[2]n[−2] + . . .+A[κb]n[−κb] (A.3)

wheren[−k] stores the noise samples generated k symbols before,nw represents white Gaussian noise samples
with zero mean and N0

2 variance. The following equality is known from (2.54)

E
{
n[i](n[j])H

}
=
N0

2
R[j − i]. (A.4)

Using (A.3) one gets the following cross correlation values for a given j:

E
{
n[0] (n[j])H

}
= A[0]E

{
nw(n[j])H

}
+A[1]E

{
n[−1](n[j])H

}
+A[2]E

{
n[−2](n[j])H

}

+ . . .+A[κb]E
{
n[−κb](n[j])H

}
.

Applying (A.4) it yields
N0

2
R[j] = A[0]E

{
nw(n[j])H

}
+
N0

2
A[1]R[j+1]+

N0

2
A[2]R[j+2]+. . .+

N0

2
A[κb]R[j+κb],(A.5)

where the first term on the right hand side equals zero, if j < 0, due to uncorrelated noise samples. If j = 0,
using (A.3) the first term results in

A[0]E
{
nw(n[0])H

}
= A[0]E

{
nw(nw)H

}
(A[0])H +A[0]E

{
nw(n[−1])H

}
(A[1])H

+A[0]E
{
nw(n[−2])H

}
(A[2])H + . . .+A[0]E

{
nw(n[−κb])H

}
(A[κb])H

= A[0]E
{
nw(nw)H

}
(A[0])H =

N0

2
A[0](A[0])H.

For j > 0 the interpretation of the first term in (A.5) becomes more challenging, thus only non-positive j values
are considered. Writing down (A.5) into a matrix–vector form for 0 ≥ j ≥ −κb (and dividing all elements by
N0

2 ) one gets




(R[0])T

(R[−1])T

. . .
(R[−κb])T




T

=




(A[0](A[0])H)T

(A[1])T

. . .
(A[κb])T




T

·




I 0 0 . . . 0
R[1] R[0] R[−1] . . . R[−κb + 1]
R[2] R[1] R[0] . . . R[−κb + 2]

...
. . .

R[κb] R[κb − 1] R[κb − 2] . . . R[0]




(Note that transposition is conducted twice to circumvent row representation of hypervectors which would not
fit horizontally.) Finally it yields




(A[0](A[0])H)T

(A[1])T

. . .
(A[κb])T




T

=




(R[0])T

(R[−1])T

. . .
(R[−κb])T




T

·




I 0 0 . . . 0
R[1] R[0] R[−1] . . . R[−κb + 1]
R[2] R[1] R[0] . . . R[−κb + 2]

...
. . .

R[κb] R[κb − 1] R[κb − 2] . . . R[0]




−1

, (A.6)

whereA[i] is given directly for 0 < i ≤ κb andA[0] can be derived using e. g. LU decomposition as introduced
in (A.2).

A.3.4 Simplification in producing vector x
Let us first rewrite the term in brackets of (4.51) for a given l, which is referred to as vector xold in the
following:

xold =




y[l − κb]
y[l − κb + 1]

...
y[l + κa − 1]
y[l + κa]



−




R[κa] . . . R[−κb + 2] R[−κb + 1]
0 . . . R[−κb + 3] R[−κb + 2]
...

. . .
...

0 . . . 0 R[κa]
0 . . . 0 0







d̂[l − κb − κa]

d̂[l − κb − κa + 1]
...

d̂[l − 2]

d̂[l − 1]



. (A.7)
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Secondly let us compute vector xnew, which is the vector in the next iteration, at time istant (l + 1):

xnew =




y[l − κb + 1]
y[l − κb + 2]

...
y[l + κa]

y[l + κa + 1]



−




R[κa] . . . R[−κb + 2] R[−κb + 1]
0 . . . R[−κb + 3] R[−κb + 2]
...

. . .
...

0 . . . 0 R[κa]
0 . . . 0 0







d̂[l− κb − κa + 1]

d̂[l− κb − κa + 2]
...

d̂[l − 1]

d̂[l]



. (A.8)

Note that the lower part of (A.7) (the components below the line) is almost equal to the upper part of (A.8)
(the components above the line). Though there is a difference due to the last component in d̂. Thus shifting
up vector xold by G positions and filling the empty positions by vector y[l + κa + 1] and subtracting the
matrix-vector product yields vector xnew:

xnew =




1︷︸︸︷
0 . . .

G︷︸︸︷
0

G+1︷︸︸︷
1 0 . . . 0

0 . . . 0 0 1 . . . 0
...

. . .
0 . . . 0 . . . 1
0 . . . 0
...
0 . . . 0




xold +




0 . . . 0
0 . . . 0
...
0 . . . 0
1 . . . 0

. . .
0 . . .︸︷︷︸

(G−2)×0

1




y[l + κa + 1]−




R[−κb + 1]
R[−κb + 2]

...
R[κa]

0



d̂[l].

This simlification yields remarkable performance improvement, because this way vector umod can be derived
much easier.



Appendix B

Glossary of Maths Symbols

For basic behaviour of maths symbols, the reader is referred to Section 2.1, where a detailed explanation is
given about the role of extra characters. Here a brief summary of the most important math characters is given
ina alphabetical order.

αk channel attenuation of user k
αkl channel attenuation of user k on propagation path l
A the set of possible symbols (alphabet)
Ak amplitude of user k
A[k] matrices used to generate the coloured noise
A,B events used to prove the exponential stationary distribution
β the slope of the soft decision function at the origin
b vector of binary input of all users
bk[i] ith bit of user k
Bi ith subset of neurons in the analysis of reducibility
C the set of complex numbers
C covariance matrix of the coloured noise vector
C number of chips in the CDMA system
c the index of the closest vector in LVQ or SOM
ck(t) convolution of signature waveform and channel impulse

response of user k
d differential operator
d vector of input symbols of all users
d[l] vector of lth input symbol of all users
d̃ vector of channel matched filter’s outputs of all users
d̃[l] vector of lth channel matched filter’s outputs of all users
dk[i] ith symbol of user k
D eye-openness parameter of the matrixW
δ(t), δ[i] Dirac-delta (an infinitely short impulse with unit energy)
∆.(t) hold function
ε(t) elementary waveform
ε parameter to determine some system parameters
η parameter of the double cube
E {.} expectation operator
E[v] energy function of the network
E0 fraction of energy remaining constant during the update of a neuron
∆E[l, `] alteration of the energy function at iteration `, when the lth neuron is updated
f0 carrier frequency
f(.) temporary function
F (z, `) probability distribution function of ν at the `th iteration
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F log(., γ) logistic distribution
ΦA {.} decision function, it chooses the closest element in A
G number of sampling functions in the general receiver
G[i, j, k, `] microscopic state transition probability during the kth neuron update
g(.) temporary function
γ parameter of the logistic distribution
(.)H Hermite transposition (transposition and complex conjugate)
hk(t) the impulse response function of the channel of user k
Im {.} imaginary-part operator
I in-phase components
i, j, k, l temporary variables of sums
j imaginary unit
ι indicator of right classification in LVQ
κ maximum difference between indeces to obtain non-zero elements
κb number of pre-sampled components
κa number of post-sampled components
K number of active users in the system
χ[`] learning rate of SOM and LVQ
` discrete time (e. g. iteration instance of neural networks)
Lk number of propagation paths for user k
µ random variable distributed uniformly over [0, 1)
m solution vector in hysteretic recurrent neural network
mi vector stored by one neuron of LVQ or SOM
M matrix for linear multi-user detection
M 1. number of neurons in the network

2. number of components at estimating Gauss noise
n vector of coloured noise
n[l] vector of coloured noise at time l
ñ vector of noise at the output of channel matched filter
ñ[l] vector of noise at the output of channel matched filter at time l
n(t) Gaussian white noise process
ni[`] one component of the coloured noise vector
N0 single-sided spectral density of white noise
N number of symbols in a block (in the case of bursty transmission)
ν vector of noise inside the neurons
νk[`] noise in the kth neuron at time instant `
ωk carrier frequency of the kth user
∆ω distance between adjacent carrier frequencies
ψi(t) functions used for sampling of the input signal
P [`] state transition probability matrix at iteration `
P asymptotic state transition probability matrix
π[`] stationary probability vector at iteration instance `
π asymptotic stationary probability vector
Pij probability of arriving at state i starting from state j
πi probability of state i

(the latter two may depend on `, which is denoted by [`])
π the Ludolf number (≈ 3.14159)
Pr {.} probability of an event
Q quadrature components
Q the number of stages in multi-stage detector
R the set of real numbers
R the set of rival decisions (for SOM)
Re {.} real-part operator
ρik[l] scalar product of k, lth input signal and ith sampling fuction
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R[l] discrete-time channel matrix describing the interference effect of symbols with delay l
R discrete-time channel matrix for bursty transmission
ri coordinate of the ith vector in the observation space (SOM)
S[i, j, k] a surface used for computing the value of G[i, j, k, `]
Sk[i] ith chip of user k
sk(t) signature waveform of user k
σ standard deviation
(.)T transposition
t continous time
T symbol duration
Tb duration of burst (in bursty transmission)
Tc duration of one ship
Ts duration of signature waveform
T [`] a “temperature” function demonstrating the effect of annealing
τ temporary variable (usually substituting time or some delay)
τk delay of user k
τkl delay of user k on propagation path l
u vector of independent neuron inputs
uk independent input of neuron k
v[`] vector of neuron outputs at time instant `
vi pre-defined vector as a possible neurons’ output
vk[`] the output of the kth neuron at time instant `
W matrix of connection weights in the neural network
W [k] kth Walsh–Hadamard matrix
Wij connection weight of the jth output at the ith neuron
x temporary variable vector
x temporary variable scalar
xk(t) the transmitted signal of user k
y temporary variable,
y(t) the received signal as a function of time
y the vector of discrete received signals
y[l] the vector of the lth discrete received signal
z complex number
Z a sum normalizing the stationary distribution
ζ decision boundary of the hysteresis decision function
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Appendix C

Abbreviations

The abbreviations used in the document are summarized here in alphabetical order.

AM Amplitude Modulation
AWGN Additive White Gaussian Noise
BER Bit Error Rate
bin BINary . . .
BPSK Binary Phase Shift Keying
CDMA Code Division Multiple Access
CMF Channel Matched Filter
DC Double Cube
DFT Discrete Fourier Transform
DS-CDMA Direct Sequence Code Division Multiple Access
FDD Frequency Division Duplex
FDMA Frequency Division Multiple Access
FFH Fast Frequency Hopping
FFT Fast Fourier Transform
FH Frequency Hopping
FM Frequency Modulation
GSM Global System for Mobile communications
HPLOS Hard Partitioned Line-Of-Sight
IC Interference Cancellation
IMT-2000 International Mobile Telecommunication standard 2000
ISI Inter-Symbol Interference
log LOGistic (distribution)
MAI Multiple Access Interference
max MAXimum
MC-CDMA Multi Carrier Code Division Multiple Access
min MINimum
MMSE Minimum Mean Square Error
MSD Multi-Stage Detector
MT-CDMA Multi-Tone Code Division Multiple Access
MUD Multi-User Detector
OFDM Orthogonal Frequency Division Multiplexing
OPLOS Open Plan Line-Of-Sight
OPOBS Open Plan OBStructed topography
opt OPTimal . . .
PAM Pulse Amplitude Modulation
PIC Paralel Interference Cancellation
PLL Phase Locked Loop
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QAM Quadrature Amplitude Modulation
QPSK Quadrature Phase Shift Keying
RBF Radial Basis Function
RMS Root Mean Square (statistical standard deviation)
RNN Recurrent Neural Network
Ryl RaYLeigh (distribution)
SER Symbol Error Rate
SFH Slow Frequency Hopping
sgn SiGNum
sght SiGnum HysTeresis
SHC Surrounding Hyper Cubes
SIC Serial Interference Cancellation
SIR Signal-to-Interference Ratio
SNR Signal-to-Noise Ratio
SRNN Stochastic Recurrent Neural Network
SUD Single-User Detector
SVM Support Vector Machine
TDD Time Division Duplex
TDMA Time Division Multiple Access
TSD Two-Stage Detector
TSP Travelling Salesman Problem
UMTS Universal Mobile Telecommunication Standard
UTRAN UMTS Terrestrial Radio Access Network
ZF Zero Forcing
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