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1 Introduction

The study of truss structures is an old and attractive branch of mechan-
ics. Even today, trusses remain important in structural engineering as one
of the main types of long-span structures, such as bridges. There are two
fundamental approaches to their examination: one of them is to calculate the
acting forces, the other is to observe the topology. Accordingly, the theory
of trusses raised interesting questions in both mechanics and mathematics,
resulting in the rapid convergence of these two fields of science.

As early as the nineteenth century, Maxwell [40][41] used combinatorial
means to examine the rigidity of trusses. During the twentieth century, com-
binatorics has seen great progress, which was in part inspired by trusses.
Supported by graphs and matroids, a rich theory of combinatorial rigidity
analysis was established, with results by Henneberg [30], Müller-Breslau [44],
Laman [38], Bolker and Crapo [22], Lovász and Yemini [39], Graver [27] and
most recently, Jordán and Berg [21]. Research in this topic by mathemati-
cians continues even these days, because many mathematical problems are
connected to truss structures.

Tensegrities are special structures similar to trusses. Instead of pinned
joints, cables are used here to make the structure rigid. Like trusses, tenseg-
rities have an interesting mathematical background, which was studied by
Buckminster Fuller, the architect famous for his futurist buildings [25].

Very recently, a radically new concept and approach to the study of
trusses emerged, called geometric sensitivity [51][49][50]. It is a modern
theory, which led to a range of interesting new problems for engineers and
mathematicians alike. For a prolonged time until this new idea was invented,
it had seemed that the topology-based problems related to trusses had been
solved for the most part. Yet it turned out that geometric sensitivity, a prop-
erty which can be measured by topological means, has direct consequences
on the distribution of forces in the structure, which makes it important from
an engineer’s point of view. Due to this, mathematical research continues on
this topic [34][35].

However, although geometric sensitivity is an easily understandable con-
cept, trying to determine it for huge structures gets very hard. Even if we
consider one of the most basic types of trusses, quadrilateral grids, it is im-
possible to get a qualitative picture on a larger scale via manual calculations.
Instead, a powerful computing infrastructure is needed to obtain these re-
sults. For this, one must design sufficiently fast algorithms, which is not a
trivial task in itself. Afterwards, the algorithm must be implemented and
executed on a well-chosen computer, which raises further issues.

The complexity of our calculations justifies the use of a high-performance
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computing (HPC) system. During the last decades, computing performance
increased at an astonishing rate. Moore’s law of 1965 [43] predicted that the
number of transistors in an integrated circuit would double about every two
years. The prediction remained correct until the near past, resulting in the
traditional sequential processors becoming ever faster. The most powerful
HPC systems have always been parallel computers though, with multiple
processing units.

The trend in microelectronics stated by Moore is slowing down today, and
cannot continue indefinitely due to physical limitations on a particle level.
Consequently, parallel computing is gaining importance outside HPC ap-
plications, and today’s commercial computers are almost without exception
capable of some sort of parallelism.

Amdahl’s law [20], which defines an upper bound on speedup independent
of the number of processors, might discourage the use of parallel applications.
However, this upper bound depends on the quality of the parallel algorithm.
Presently, in spite of the ubiquity of parallel computing systems, the paral-
lelisation of a problem is not an automatic process. Although software tools
aiding parallelisation exist for different systems and with different aspects
[26][42][36][45][4], compiler support is limited regarding the optimal usage of
resources, not to mention debugging. The design of efficient parallel appli-
cations is a manual activity, requiring a different way of thinking compared
to traditional sequential programs [23].

The dissertation presents our algorithms, our parallelisation approach
and our experiences of numerical calculations. In this booklet, the scientific
achievements are briefly summarised.

2 Concepts related to trusses

A truss can be considered as a structure built up from rigid (i.e. incom-
pressible, non-expandable and unbendable) bars of finite length connected
by pinned joints. The joints are attached to the endpoints of two or more
bars, allowing their free relative rotation around the joint but preventing
detachment. The distance of two joints connected to each endpoint of a bar
thus remains constant. Forces applied to the truss can be categorised into
external forces i.e. loads, and internal forces acting in the bars. This model
restricts external forces to act at the joints only [48].

Specifying a truss means giving its topology and geometry. The topology
of the truss is described by the topology graph G = (V,E), which is a simple
undirected graph (i.e. a loopless graph with no parallel edges). The vertex set
V of the topology graph is in one-to-one correspondence with the set of joints
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in the truss. Likewise, the edge set E is in one-to-one correspondence with
the set of bars. A given vertex is incident with a given edge if and only if the
corresponding joint and bar are connected. Geometric information such as
locations of joints and lengths of bars are excluded from the topology graph.
The model can be augmented with geometric data by specifying the spatial
coordinates of all joints.

One of the most basic properties of a truss is its rigidity. A truss is rigid
(or isostatic [52]) if – due to the constraints introduced by the bars attached –
the distance of any two joints remains constant. In addition, rigidity forbids
the phenomenon called infinitesimal motion, where some joints may have
a non-zero momentary velocity vector, which, when extrapolated in time,
would lead to deformation. A truss is minimally rigid if it is rigid, but by
removing any of its bars it becomes non-rigid.

One must distinguish between generic and degenerate geometries of
trusses. We say that a truss has a generic geometry if all components of
the coordinates of joints are algebraically independent over the rationals,
i.e. they do not compose the root of a non-trivial polynomial with rational
coefficients. Degenerate trusses on the other hand have algebraically depen-
dent joint coordinate components.

Rigidity of a generic truss can be tested by a combinatorial approach
examining only the topology graph of the truss, without the use of geometric
data [52]. Here we take advantage of the fact that if a truss is rigid, then
all trusses with the same topology and a generic geometry are rigid. This
allows the introduction of the generic rigidity and minimal generic rigidity
properties of graphs. A graph that can be the topology graph of a rigid
generic truss is called generically rigid. Similarly, we call a graph minimally
generically rigid if it can be the topology graph of a minimally rigid generic
truss.

The rigidity analysis of trusses by means of graph theory based on topol-
ogy has a long history; extensive studies in the topic were done by Maxwell
[40][41]. More recently, Laman [38] formulated a necessary and sufficient
condition of generic rigidity in the plane:

Theorem 2.1 (Laman). A graph G = (V,E), |V | ≥ 2 is minimally generi-
cally rigid in the plane if and only if

1. |E| = 2|V | − 3 and

2. |E ′| ≤ 2|V ′| − 3 for all G′ = (V ′, E ′), |V ′| ≥ 2 induced subgraphs of G.

Based on this theorem, various algorithms have been designed for checking
minimal or non-minimal generic rigidity in the plane [39][28][47][32][21].
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The main topic of our study is the geometric sensitivity of plane trusses, a
relatively recently introduced concept in the field of truss research [51]. This
property of trusses is very interesting from a structural engineering point of
view, but requires intensive calculations to determine.

A rigid truss is said to be geometrically sensitive if a slight relocation of
a joint with no external forces applied causes a change in the internal forces
in a large part of the truss. The influenced zone of a joint is the set of bars
and joints where internal forces are affected by such relocation. Geometric
sensitivity can be characterised by a scalar measure called the joint sensitivity
index :

r =

|V |∑
i=1

|Vi|
|V |

|V |
=

|V |∑
i=1

|Vi|

|V |2
(1)

where |Vi| is the number of joints in the influenced zone of the ith joint.
It has been shown [51][49][50] that similarly to rigidity, the geometric

sensitivity of planar cases can be examined with a combinatorial approach.
The rigid core of the vertex vi in a minimally generically rigid topology graph,
denoted by Mi = (Vi, Ei), is defined as

• the graph Mi = ({vi}, ∅) if d(vi) = 2 (the trivial rigid core),

• the smallest minimally generically rigid subgraph containing {vi} ∪
N(vi) if d(vi) ≥ 3,

where N(vi) is the neighbourhood and d(vi) is the degree of vi.
The next theorem makes the connection between the influenced zone in

a truss and the rigid core in the topology graph [51]:

Theorem 2.2. In a minimally rigid plane truss with a non-degenerate geom-
etry, the joints and bars of the influenced zone of a selected joint correspond
to the rigid core of the vertex assigned to the joint in the topology graph of
the truss.

3 Algorithms for sensitivity analysis

According to Theorem 2.2, an algorithm for finding rigid cores makes it
possible to identify the influenced zones of a truss with generic geometry. By
finding all |V | rigid cores with one of the algorithms, we can also calculate
the joint sensitivity index of a generic truss using Formula (1).

The brute force algorithm for finding the rigid core of a node vi where
d(vi) ≥ 3 simply tests the minimal generic rigidity of every induced subgraph
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containing {vi} ∪N(vi). The smallest such subgraph that passes the test is
the rigid core of vi.

Testing the minimal generic rigidity of the subgraph is fast: it is sufficient
to verify Condition 1 of Theorem 2.1, which is simply an inequality on the
number of edges and nodes. However, the number of subgraphs to be tested
is an exponential function of the number of joints in the truss, approximately
2|V |.

An improved, but still exponential-time version of this algorithm tests
connected subgraphs only, and proceeds in increasing order of the number of
nodes. Its worst-case time complexity is equivalent to the original version.
Similarly to a breadth-first search, this algorithm maintains a queue of sub-
graphs to be tested. Consequently, the algorithm has high space requirement
as well. However, executions of its implementation have shown that small
rigid cores in graphs with up to approximately 30 nodes are found quickly.

The first polynomial-time algorithm to find the rigid core of a node in a
minimally generically rigid graph is our work [5][11]. Consider the following
functions:

fi : 2E\E∗
i → Z, fi(X) = 2|V (X ∪ E∗i )| − |X ∪ E∗i | − 3

f ′i : 2E\E∗
i → Q, f ′i(X) = fi(X) +

|X|
2|E \ E∗i |

(2)

where E∗i is the set of edges induced by {vi} ∪N(vi).

Proposition 3.1. Let vi be a node of a minimally generically rigid topology
graph where d(vi) ≥ 3 and E∗i 6= E. Let

Xi,min ∈ arg min
X

f ′i(X)

and
Ei = Xi,min ∪ E∗i

Then
Mi =

(
V (Ei), Ei

)
is the rigid core of vi.

To find the minimum point Xi,min (which leads to the rigid core of vi), we
can take advantage of a special property of the function f ′i , called submodu-
larity. A function f is submodular if

f(X) + f(Y ) ≥ f(X ∪ Y ) + f(X ∩ Y )
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for all X, Y subsets. Submodular function minimization is a polynomial-
time problem, and various efficient algorithms exist [29][24][33]. To measure
geometric sensitivity, at most |V | minimizations (one for each node) must
be performed. The time complexity of the minimiztion is a higher-degree
polynomial function of |V | depending on the chosen algorithm.

Existing combinatorial algorithms for both rigidity and sensitivity anal-
ysis assume that the input graph is the topology of an unsupported truss.
Realisations of trusses are in many cases supported, i.e. fixed to the ground
and/or a wall. The theoretical model of a truss usually reflects this by in-
troducing additional, unmovable joints. Such fixed-location joints are called
support points, while movable joints are referred to as internal joints. Each
support point is connected to exactly one internal joint by a bar.

We can show that it is possible to analyse rigidity or geometric sensitivity
of supported trusses using the same algorithms without modification. For
this, the topology of the supported truss is converted into an unsupported
equivalent, which can then be fed directly to any of these algorithms.

The principle behind this conversion is that the ground and walls the
truss is supported against can be considered a single rigid body, which can
be modelled by a small unsupported minimally rigid truss as follows. First,
the support points are turned into internal joints. Next, by adding bars
and/or joints, the truss is augmented so that these new elements and the
former support points comprise a minimally rigid part.

Our proposed solution is a very simple, linear-time one, consisting of the
following steps:

1. Select any two nodes corresponding to support points, and connect
them with an edge.

2. Take all the other nodes corresponding to support points, and connect
them to the two selected nodes by one edge each. (This is actually the
vertex addition step of Henneberg’s construction [30].)

No new nodes are added to the topology, which is an important advantage
if a naive algorithm is to be used for analysis, where the time requirement is
an exponential function of the number of nodes.

These results can be summarised as follows:

1. I demonstrated that given the topology of an unsupported or supported
minimally rigid plane truss with a generic geometry, geometric sen-
sitivity can be determined using a practical algorithm having a time
requirement that is a polynomial function of the number of bars and
joints in the truss.
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1.1. Based on the theorem stating that influenced zones coincide with
rigid cores [51], I designed an exponential-time algorithm capable
of determining the geometric sensitivity of small minimally rigid
unsupported plane trusses, using only the topology as input. I
confirmed the correctness of the algorithm by implementing and
executing. ([5][11][10])

1.2. I worked out the first practically applicable, polynomial-time al-
gorithm for acquiring the geometric sensitivity of minimally rigid
unsupported plane trusses by topology. The algorithm is based on
minimizing a submodular function. By implementing and execut-
ing, I observed that contrary to the algorithm mentioned in point
1.1, this one can be applied efficiently to trusses of non-trivial
size. ([5][11])

1.3. I showed a simple way to convert the topology of a supported
truss to that of an unsupported one having equivalent rigidity
and sensitivity properties. Utilising this, algorithms for testing
rigidity as well as for calculating geometric sensitivity – such as
those in points 1.1 and 1.2 or other, more recent ones – can be
extended to supported cases. ([5][11])

4 Analysis of square grid topologies

Our main target of examination was a specific class of unsupported plane
trusses: those having a square grid topology with added diagonals in some
of the squares. Figure 1 shows examples for such topologies. (Note that the
figure does not represent the actual geometry of the trusses.) Our goal was
to count and select all minimally rigid grid trusses and find the connection
between the location patterns of diagonal bars and the geometric sensitiv-
ity. For sensitivity analysis, instead of our own proposed polynomial-time
algorithm, we used a more recent one by Tibor Jordán [34][35].

Regular square grid trusses have degenerate geometries, so the minimal
generic rigidity of their topology graphs does not necessarily mean that such
trusses are rigid. Therefore the algorithms for checking minimal generic
rigidity cannot be applied to these cases.

Instead, we can use a result by Bolker and Crapo [22] to test the minimal
rigidity of regular square grids by topology. For this, we construct an aux-
iliary bipartite graph H = (A,B, F ) as follows. The vertices in set A and
set B correspond to rows and columns of the grid respectively. We place an
edge (i, j) ∈ F for i ∈ A, j ∈ B if and only if there is a diagonal bar in the
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(a) (b)

(c) (d)

Figure 1. Four examples out of the 1 087 992 minimally generically rigid 5×5
grid truss topologies
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intersection of the row matching i and the column matching j. According to
observations by Bolker and Crapo, the square grid truss is rigid if and only
if H is connected, and minimally rigid if and only if H is a tree. This can be
easily checked for example with a breadth-first search.

This one-to-one correspondence between minimally rigid cases and bipar-
tite trees also yields us the number of minimally rigid n × m square grid
trusses: nm−1mn−1 [19]. Furthermore, it is possible to enumerate all such
trusses, by enumerating all possible H bipartite trees. Hurlbert proposed an
encoding of k-partite trees [31]. (This is similar to the well-known encoding
of trees in general, devised by Prüfer [46].) Using Hurlbert’s method with
k = 2, we can encode all H graphs into (n+m− 2)-tuples of integers, which
in turn can be mapped into a sequence of integers from 0 to nm−1mn−1 − 1.

This integer sequence could have served as a practical enumeration of
rigid cases, facilitating their further analysis. Our research on the other
hand focused on non-regular quadrilateral grids, which require a different
approach. Such trusses have a generic geometry, therefore, in order to test
them for minimal rigidity, we can use one of the efficient generic rigidity
checking algorithms.

However, there is presently no known way to enumerate all minimally
generically rigid grid topologies, or even to calculate their number with a
closed-form expression. Nor is there a known algorithm for checking minimal
generic rigidity specialised for square grid topologies that is more efficient
than the general purpose ones. The following was the only specific connection
we found [2]:

Proposition 4.1. An n×m square grid topology graph with d diagonal edges
is minimally generically rigid if and only if

1. d = n + m− 1, and

2. for all n′ ×m′ rectangular areas of the grid where d′ is the number of
diagonal edges, d′ ≤ n′ + m′ − 1.

Since even these rules were insufficient to establish a way for enumeration,
the only possibility was to filter the minimally generically rigid graphs out
of a larger set of cases. To do this, we traversed all potentially minimally
generically rigid cases and tested the rigidity of each [2].

The total number of possible diagonal placements in an n×m grid topol-
ogy is 2nm, as for each square we can decide whether to place a diagonal edge
or not. On the other hand, by taking advantage of Rule 1 in Proposition 4.1,
the number of cases tested for rigidity can be reduced to

(
nm

n+m−1

)
: only the

combinations of n + m− 1 diagonal edges in the n×m grid are of interest.
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These combinations can be enumerated using a technique known as the
combinatorial number system or combinadics [37], which assigns a unique
non-negative integer called rank to every possible k-combination for a fixed
k value. In our case, the rank values form a contiguous sequence of unique
integers from 0 to

(
nm

n+m−1

)
− 1, providing a useful enumeration of cases to

be tested, and in case of confirmed rigidity, analysed further for geometric
sensitivity.

With this filtering technique at our disposal, first we determined the
number of topologies corresponding to minimally rigid generic grid trusses
for various n ×m grid sizes. Table 1 summarises these results in increasing
order of the number of diagonals (denoted by d). In the table, rows for grids
with equal height and width are highlighted.

Then, the twenty least and most sensitive grid trusses among the mini-
mally rigid ones were selected, for n×n grid sizes up to n = 6. We found that
in the least sensitive grids, the diagonals were placed in row i, column j so
that either i ≈ bn

2
c+1 or j ≈ bn

2
c+1. This means that the diagonals formed

a “+”-like shape in the middle of the truss. For example, the topology of
the least sensitive 5×5 grid, having joint sensitivity index r = 0.280864, can
be seen in Figure 1c. Among the most sensitive ones, there appeared to be
a large number of cases (although no more than twenty were recorded) all
having the same joint sensitivity index, many of them having no particular
pattern in the distribution of diagonals.

An upper bound on the joint sensitivity index can be calculated according
to the next proposition.

Proposition 4.2. A minimally rigid non-regular n×m (n,m ≥ 2) quadrilat-
eral truss, with |V | = (n+ 1)(m+ 1) joints and identically oriented diagonal
bars, has a joint sensitivity index less than or equal to

rmax =
|V |2 − 6|V |+ 22

|V |2
(3)

Our experiments with 3 × 3 to 6 × 6 grids show that generally the rmax

value defined in Formula (3) is in fact the maximal sensitivity for the given
size. We found that the 4×4 size was an exception though: the most sensitive
existing grid truss with this size has joint sensitivity index r = 0.7696, while
rmax = 0.7952.

After this, we were interested in the distribution of sensitivity index val-
ues. The complete analysis could be done within reasonable time only for
sizes up to 6×6. However, we created distribution plots for larger grids based
on a small subset of the input domain, with the assumption that the char-
acteristic shape of the plot is similar to that of the whole domain. Here we
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d n m Total Rigid generic Rigid degenerate(
nm
d

)
? nm−1mn−1

3 2 2 4 4 4
4 2 3 15 13 12
5 2 4 56 40 32
5 3 3 126 98 81
6 2 5 210 121 80
6 3 4 924 623 432
7 2 6 792 364 192
7 3 5 6 435 3 685 2 025
7 4 4 11 440 7 116 4 096
8 2 7 3 003 1 093 448
8 3 6 43 758 21 048 8 748
8 4 5 125 970 70 584 32 000
9 2 8 11 440 3 280 1 024
9 3 7 293 930 118 053 35 721
9 4 6 1 307 504 649 776 221 184
9 5 5 2 042 975 1 087 992 390 625

10 2 9 43 758 9 841 2 304
10 3 8 1 961 256 655 625 139 968
10 4 7 13 123 110 5 729 556 1 404 928
10 5 6 30 045 015 14 888 525 4 050 000
11 2 10 167 960 29 524 5 120
11 3 9 13 037 895 3 621 234 531 441
11 4 8 129 024 480 49 211 996 8 388 608
11 5 7 417 225 900 189 681 461 37 515 625
11 6 6 600 805 296 288 906 180 60 466 176
12 2 11 646 646 88 573 11 264
12 3 10 86 493 225 19 939 899 1 968 300
12 4 9 1 251 677 700 415 712 461 47 775 744
12 5 8 5 586 853 480 2 308 746 354 320 000 000
12 6 7 11 058 116 888 5 063 020 974 784 147 392
13 2 12 2 496 144 265 720 24 576
13 3 11 573 166 440 109 606 097 7 144 929
13 4 10 12 033 222 880 3 473 854 720 262 144 000
13 5 9 73 006 209 045 27 259 652 307 2 562 890 625
13 6 8 192 928 249 296 83 016 541 716 9 172 942 848
13 7 7 262 596 783 764 118 247 295 490 13 841 287 201

Table 1. Number of topologies of minimally rigid n×m grid trusses with d
diagonals in case of generic and degenerate geometry
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picked every kth subdomain to process, where k = 500 for 7× 7, k = 250 000
for 8 × 8, and k = 500 000 000 for 9 × 9 grids. The distribution plots can
be seen in Figure 2. It can be observed that the frequency values in the
plot converge, at least partially, to a continuous distribution, even without
performing any summing or averaging over sections of the joint sensitivity
index values.

These results can be summarised as follows:

2. For trusses with a square grid topology and additional diagonal bars, I
examined how the placements of the diagonals influence rigidity and
geometric sensitivity.

2.1. I designed a method for enumerating all minimally rigid trusses
with (degenerate) regular square grid geometries and added diag-
onals, making use of the results by Bolker and Crapo [22] as well
as an encoding of bipartite trees [31]. ([2])

2.2. I designed a method for enumerating a subset of trusses with
square grid topologies but non-regular (generic) geometries that
contains all minimally rigid cases. This subset is substantially
smaller than the set of all existing trusses, therefore the method
accelerates the filtering of rigid cases significantly. ([2])

2.3. For all n×m grid trusses where n+m ≤ 14, I did a rigidity check
on each element of the subset gained by the method mentioned in
point 2.2 in order to get the number of rigid cases, which lacks a
closed-form expression. ([2])

2.4. For n× n grid trusses up to 6× 6, I searched, collected and visu-
alised the topologies of the twenty least and most sensitive ones.
I observed that only the least sensitive one has a well recognisable
repeating pattern of diagonal bar configuration. ([2])

2.5. By examining the distributions of the geometric sensitivity mea-
sures (indexes) for n× n grid trusses up to 9× 9, I demonstrated
that a continuous probability density function fits appropriately
to the lower section of the distribution even without creating his-
togram bins. ([2])

5 Parallelisation of the analysis

Due to the large number of grid topologies to be processed, the analysis de-
scribed in the previous section was highly compute-intensive. We developed
parallel applications and took advantage of the power of supercomputers in
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Figure 2. Distributions of joint sensitivity indexes of grid trusses. Only plots
a, b and c represent the complete domain.
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order to address this issue. Two supercomputers, Hercules and Superman
were at our disposal.

When considering parallelising the problem of analysing the rigidity or
sensitivity of several trusses, one immediately sees that different trusses can
be processed independently. In this regard it is an embarrassingly parallel
problem, for which the the parameter study is most likely a reasonable choice
for application design [23]. A parameter study program involves an input
task responsible for splitting the input domain, several worker tasks to do
the computations on one subdomain each, and an output task, which collects
the subresults and aggregates them.

In our case, the input domain is the set of topologies of quadrilateral
grid trusses to be examined. The enumeration technique described in the
last section is crucial in the splitting of the parameter domain. The con-
tiguous sequence of combinadic ranks, each uniquely identifying a case to be
examined, is straightforward to partition into non-overlapping subintervals.

The operation carried out by the worker tasks includes the rigidity anal-
ysis of the trusses corresponding to each integer in the subinterval. For the
more complicated problems, the sensitivity index of each rigid truss needs to
be calculated, too. This is done by finding all rigid cores using the efficient
algorithm of Jordán [34][35]. The output of the worker tasks depends on the
particular analysis problem: it can be the number of rigid cases within the
subdomain, the partial top/bottom lists or the partial distributions.

After all workers are done, the final aggregating step is performed. When
counting rigid cases or calculating the distributions of sensitivity indexes,
aggregating means simply adding up the counts for the subintervals. When
seeking the most and least sensitive trusses, overall top and bottom lists
can be assembled by ranking the sensitivity index values in the lists for the
subintervals.

We also considered alternative approaches in addition to our chosen de-
sign. For example, the analysis of a single topology could be parallelised
as well, either with a finer-grained parameter-study or by incorporating a
divide-and-conquer parallel search in the analysis algorithms. We even stud-
ied the theoretical possibility of parallelising the input and output stages.
However, we were aware since the beginning that the available parallel com-
puters would be distributed systems, therefore for practical reasons, we dis-
carded these ideas.

Using the analysis method and metrics suggested by Foster [23], we cre-
ated a performance model for our parallel application, assuming a loosely
coupled system, such as a supercomputer, as execution environment. The
goal was to optimise for expected execution time, by tuning a single param-
eter, the number of subdomains (J). We used a very simple model, omitting
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details such as the time requirement of the domain splitting and aggregation
stages, and considering the number of available processors (P ) constant.

The overall execution time can be calculated as follows:

T =
1

P
(Tcomp + Tcomm + Tidle)

where Tcomp is the total computation time, Tcomm is the total communication
time, and Tidle is the total idle time.

The average communication time per job, here denoted by ts, is considered
an overhead of the scheduler and independent of other parameters. For J
jobs, the total time spent communicating is:

Tcomm = Jts

We denote the average computation time per truss with tc. If the whole
input set contains N trusses, then the total computation time is:

Tcomp = Ntc

In our parameter study application, execution of a new job can start as
soon as another one is complete, as long as there are unprocessed subdomains.
If J ≥ P , then processors become idle only when running out of subdomains.
To estimate idle time for P < J ≤ N , we consider a worst case scenario,
where all worker tasks complete work on their subdomains simultaneously,
and there is only one subdomain left. If this happens, then a single processor
computes on the remaining subdomain, while the other P − 1 processors are
idle. The length of a subinterval is approximately N

J
, so the estimated worst

case total idle time is:

Tidle = (P − 1)
N

J
tc

For the total execution time, we therefore get

TP =
1

P

(
Jts + Ntc + (P − 1)

N

J
tc

)
(4)

If T1 is the execution time of a sequential application of the same purpose,
then the absolute efficiency of our parameter study application is:

E =
T1

PTP

=
Ntc

Jts + Ntc + (P − 1)N
J
tc

Having a limited number P � N of processor cores, we aim for maximum
efficiency, which leads to the maximum speedup for the given P value. An
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Figure 3. Measured scheduler overhead times for executions of the same
input with different numbers of jobs.

optimal number of jobs maximizes E:

Jopt = arg max
J

E = arg min
J

TP =

√
(P − 1)Ntc

ts
(5)

If we provide sufficiently accurate estimates for P , tc and ts, then with the
correct number of jobs we can attain an efficiency close to the theoretical
maximum, which is:

Emax =
Ntc

Ntc + 2
√

(P − 1)Ntcts
(6)

We conducted simple experiments to measure parameters and to validate
this model. We took advantage of a period of time when a constant, larger
number of processors of the Hercules supercomputer was available exclusively
for us to use.

For the experiment, we selected the problem of top/bottom sensitivity
lists for 6 × 6 grids – a problem of medium complexity – to execute with
various numbers of jobs.

We measured ts, the scheduler overhead time per job separately for each
execution. Average and maximum values were gathered after the executions,
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Figure 4. Execution time on 299 cores, as a function of the number of
jobs. The graph shows calculations using Formula (4) for various scheduler
overhead times, and the measured data.

although the information available from logs only allowed us to make accurate
measurements for the averages. Interestingly, contrary to our expectations,
the overhead seemed non-constant: it increased with J , as seen in Figure 3.
A possible explanation for this is that the matchmaking mechanism of the
scheduler slows down in case of a large amount of jobs waiting in the queue.

To check the validity of the performance model, we compared values
calculated using Formula (4) as a function of J with actual measured wall-
clock times. The measured times are represented by the solid black line in
Figure 4. Based on this, it can be concluded that the wall-clock time has in
fact a minimum around J = 2496. To calculate theoretical wall-clock times
using the model, we had all necessary parameters at our disposal except ts,
which is non-constant according to our experience. We chose to compare the
measurements with calculations using several different ts parameter values,
shown as grey dashed curves in Figure 4. The minima of these curves can be
obtained using Formula (5).

It should not be forgotten that we built a very simple model, with heavy
simplifications. For example, the worst case approach for calculating the
idle time is an overestimation, which is likely the cause of the calculated
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values being significantly greater than measured times at smaller J values.
Additionally, the wall-clock time in practice increases more steeply than the
calculated curves, due to ts increasing with the number of jobs. We can also
observe that the measurements are closer to those calculations that corre-
spond to somewhat higher ts values than what we had experienced in prac-
tice. Using a maximum instead of an average for ts may result in a better
fit.

These results can be summarised as follows:

3. In order to examine a large number of trusses, I proposed a way to ex-
ploit the computing power of a massively parallel system, such as the
computing grid or a supercomputer. I designed a parallel application
to solve the problems of point 2, and analysed its performance on su-
percomputers.

3.1. Using the method mentioned in point 2.2 I worked out a finely
tunable parameter study application capable of filtering all trusses
with a quadrilateral grid topology and measuring the geometric
sensitivity of each. By executing its implementation on super-
computers, it was possible to process a large number of cases
and obtain the results described in points 2.3, 2.4 and 2.5.
([2][6][10][8][4])

3.2. I established a simplified model for the performance of the param-
eter study, which, assuming a multicomputer with a fixed number
of processing elements and non-preemptive scheduling, allows for
determining the optimal number of subdomains with respect to
execution time. ([2][6])

3.3. By measurements, I validated the formula for the optimal domain
splitting according to the performance model. ([2][6])
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Könyvkiadó, 1971.
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