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INTRODUCTION

The main subject of the investigations presented in the current work is a pathological human medical condition of the brain arteries, which is known as
cerebral aneurysm. The cerebral aneurysm is a vessel malformation that manifests itself as a lesion on the vessel wall alongside the Circle of Willis, which
is responsible for carrying about 80% of the blood supply of the brain. A
schematic draw of this disease is presented in Fig. 1.1.

Figure 1.1: Schematic drawing of a cerebral aneurysm located at a vessel bifurcation
point. (Source: http://www.wikipedia.org)

On one hand, the implications of the rupture of such an aneurysm are
rather severe, as the carried risk of mortality and morbidity rate is very high
(Winn et al., 2002). On the other hand, the treatment methods also carry some
inherent risks (mainly in the form of complications) for the patient (Wiebers,
2003). Before taking action, the physician has to decide if the risk of the
aneurysmal rupture is higher than the risk of the intervention.
Since this medical state is believed to be in close connection with the fluid
dynamics of the blood flow, a significant portion of the research done in this
topic makes use of numerical flow analyses. Therefore, I first select the most
appropriate numerical tools to calculate the flow conditions inside the arteries. The three separate solver implementations I created are also discussed
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introduction
in short. Following this, I summarise the validation work which I carried
out in a large German supercomputer centre to testify the validity of the
created implementations for the study of the previously introduced medical
problem. Afterwards, I apply the tested numerical methods on two further
problems emerging within the context of aneurysms. In two dimensions I
propose a simple numerical model for the haemostasis process in an arteriole that can reproduce the proper platelet density distribution and is able to
recover a qualitatively correct thrombus shape compared to the experimental
results available in literature. Furthermore, I investigate the properties of particle transport inside the validated flow field of the real aneurysm geometry
which turns out to exhibit chaotic behaviour. Using the free-energy formalism
I measure several key quantities of the emerging chaotic structure.
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S O LV E R I M P L E M E N TAT I O N S A N D
T H E I R VA L I DAT I O N

The two main candidates for carrying out the desired kinds of numerical flow
simulations are the finite volume (FVM) and the lattice Boltzmann method
(LBM). While both methods solve some form of the Navier-Stokes equations,
they are definitely not equivalent either from a technical or from an implementational point of view. During the course of my work I have chosen to
work with the lattice Boltzmann method for my blood flow investigations. To
summarise the motivations for this decision:

• It is relatively easy to couple it with other physical processes, even with
those on different time– or length–scales.
• Numerical grid generation tends to be more simple and less error-prone
than with the FVM.
• The method is inherently parallel, thus it is a good fit for many-core
computational environments.
For the different computations mentioned in this dissertation I have created three separate LBM solver implementations. Two of them build upon
open source components and the third one is a completely in-house implementation built from scratch. In their core implementation they all follow the
algorithm outlined in Fig. 2.1.
Validation is a key point of every numerical computation that is expected
to reflect any property of real physical processes. I investigate the accuracy
of several lattice Boltzmann-based 3D unsteady fluid flow simulations in a
real intracranial aneurysm geometry by comparing their results to both experimental results and to those of a well-known finite volume solver1 . The
main LBM implementation I used for the validation was the one based on
the Palabos library. After I chose the most accurate modelling scheme for
the collision operator from several runs, I also compared the result of that
scheme using a GPU implementation of the LBM algorithm. My simulation
results, beside the standard grid convergence, are also compared to the experimental particle image velocimetry (PIV) and laser Doppler anemometry
(LDA) results that were carried out by Ugron et al. (2012) on a silicon phantom with the very same geometry. Furthermore, apart from the comparisons
of simulations with measurements, I also carried out comparisons between
the run-times and the memory consumptions of the different simulations.
1 Ansys CFX v14.0 - www.ansys.com
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solver implementations and their validation
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Figure 2.1: The typical layout for an LBM solver.

solver implementations and their validation
Figure 2.2 shows a typical result from the comparison of the collision operator approximations. The MRT and the ELBM approximations show a better
qualitative agreement with the PIV measurements than the other two models regarding near-wall velocities that are of increased importance in clinical
practice, for example due to wall shear stress calculations. The ELBM results,
however, show a strongly decreasing velocity profile as we approach the centre of the aneurysmal sac. This is likely to be caused by the method how
ELBM forces numerical stability upon the system by limiting the maximum
change of the distribution function during the relaxation process. This can be
thought of as a dampening process that actually takes out some kinetic energy
from the system, causing slightly lower observable velocity magnitudes.

Figure 2.2: Velocity magnitude contours in the different simulations at the given
cross-section of the aneurysmal sac at the systolic peak.

In Figure 2.3 I show the time-dependent velocity components measured at
a given characteristic location inside the aneurismal sac. The symmetric error
bars on the PIV data points simply reflect the positioning uncertainty and
the real measurement error including other sources can be larger than this.
The CFX curve shows some strong cut-off at the higher velocity regions (i.e.,
around the systolic peak). The changing of the laminar fluid model to the
Baseline (BSL) Reynolds Stress model yields better results and the improvement is most significant around the systolic peak. The overall agreement of
the MRT LBM simulation with the LDA and PIV measurements can be considered good, especially inside the aneurysmal sac, which is actually my main
objective.
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solver implementations and their validation

Figure 2.3: Time-dependent comparison with experimental results at a characteristic
location inside the aneurysmal sac

I tested the scaling of the CPU and GPU LBM implementations using the
MRT approach. The CPU version used a double precision numerical representation while the GPU implementation used a single precision one.
Both implementations exhibit nearly linear scalability, as shown in Figure
2.4. At this geometry resolution the upper end of the CPU scaling curve approaches saturation as the computational benefit coming from the increased
number of cores cannot compensate the communication surplus effectively.

solver implementations and their validation

Figure 2.4: The upper part of this figure shows the scaling of the MPI parallel CPU
implementation up to 768 cores while the lower part shows the scaling
of the GPU implementation on four Tesla cards.
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solver implementations and their validation
Thesis 1
I tested four different models of the lattice Boltzmann method: the Regularised model, the Entropic model, the Incompressible BGK model, and the
Multiple Relaxation Time model. I demonstrated that from these the Multiple Relaxation Time collision model reproduced the transient flow field inside
a real aneurysm geometry the most accurately compared to experimental results. Thus, it is the most suitable for simulating blood flows in aneurysm-like
geometries. [T3, T6]
Thesis 2
I demonstrated that implementing the lattice Boltzmann method-based transient hemodynamic blood flow computation on a suitable GPU hardware
with the appropriately chosen boundary condition implementations can deliver at least the theoretically expected one order of magnitude performance
increase compared to its CPU implementation. This performance increase is
sustainable while scaling to multiple computational units (multiple nodes in
case of CPU implementation and multiple graphics cards in case of the GPU
implementation). [T1, T3, T6]
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H A E M O S TA S I S M O D E L L I N G I N T W O
DIMENSIONS

I examine the coagulation process of an induced vessel injury inside an arteriole. For this investigation, the coagulation process spreads to several seconds
and video-microscopy images of it are available in the literature to use as a
validation (Woldhuis et al., 1992). Though the simulated process is not exactly
the same as the one aneurysms undergo during thrombotisation, the influencing factors are similar and the numerical model is general enough, therefore
I expect it to be easily extendible for larger-scale aneurysm thrombotisation
processes in three dimensions in the future. The platelet concentration profile
inside the blood vessels is an important factor, which is far from being constant in either venous or arterial vessels (Zhao and Shaqfeh, 2010). To acquire
a proper platelet density profile, the interaction with the RBCs must be taken
into account. The platelet-drifting is mainly caused by the rolling motion of
the RBCs, which is in turn caused by the emerging shear forces in the flowing
fluid. To simulate this marginating effect, I prescribed a virtual force field F~M
that acts upon the density of the platelets. This force actually accounts for
the finite size effects of the platelets and RBCs. The drift force acting on real
platelets always drives platelets out of the main flow, towards the sides of the
vessel. It is a required behaviour as this causes increased platelet concentration in the vicinity of vessel walls where any injury can possibly occur.

• This F~M force is perpendicular to the inclined plane of the maximum
shear stress at a given location and points towards that side of the plane
along where the velocity gradient is negative.
• Its magnitude is proportional to the magnitude of the emerging shear
stress acting in the aforementioned plane. I note here that this proportionality ratio definitely depends on the material properties and the
relative sizes of the two particle types (i.e., the platelets and the RBC
cells), and that it will require a proper parameter study later. In the
current work, it takes the value of unity.
I used the forcing term proposed by Guo et al. (2002) to apply this force
upon the passive scalar field of the platelets.
The first simple channel flow simulation used constant velocity inlet and
constant pressure outlet boundaries to conform the physiological conditions
of a venule. The Reynolds number was set to one, which is a typical value in
venules. The result of the simulation is summarised below in Fig. 3.1. For the
second flow simulation a time-dependent velocity boundary condition was
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haemostasis modelling in two dimensions
prescribed at the inlet that bears the characteristics of a typical heart pulse
wave. The results of the simulation are also compared to the experimental
results of the same authors in Fig. 3.2.

Figure 3.1: Normalised platelet concentration profile in a venule. The continuous
red curve shows the results of the stationary simulation plotted over the
experimental results of Woldhuis et al. (1992) (Re=1)

The platelet concentration shows a rather good qualitative agreement with
the experimental results.
Using this method to calculate the platelet profile, the coagulation at a numeric lattice site in my model is dependent on the relation of three variables:
Pcoag =

ρ platelet ∗ ρ ADP
,
τmax

(3.1)

where Pcoag is a probability in the sense that its value decides whether a
fluid cell should come to stasis or not at any given time, based on the current
local platelet concentration ρ platelet , the local ADP concentration ρ ADP , and the
local maximum shear component of the stress tensor denoted by τmax . The
threshold level of Pcoag that a numerical lattice has to reach for coagulation is
an empirical parameter of the model for now. A later work should explore
the deeper relationship among these parameters. For a numerical fluid cell
to come to stasis, these three parameters have to remain in the coagulation
zone for a twindow time. This time-window was chosen to be twindow = 20 ms
because this is the usual time-frame for ADP to activate a platelet. This also
means that a newly registered near-wall lattice cannot turn into a solid cell
sooner than 20 ms.

haemostasis modelling in two dimensions

Figure 3.2: Time-averaged normalised platelet concentration profile in an arteriole.
The continuous red curve shows the results of a transient simulation
plotted over the experimental results of Woldhuis et al. (1992) (Re=10)

Figure 3.3: Geometry of the thrombus after A.) three and after B.) six heart beat
cycles. The yellow dotted outline shows the geometry of the thrombus
recorded with video-microscopy by Nesbitt et al. (2009).
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haemostasis modelling in two dimensions
The simulation results were compared to two thrombus geometries of the
same vascular injury recorded at different times with video-microscopy by
Nesbitt et al. (2009) in Figure 3.3. These experimental results originate from
a laser-induced injury inside the arteriole of a living mouse. The exact form
of the thrombus naturally depends on much more components that are taken
into account in the current numerical simulation. Still, some qualitative features such as the effects of shear stresses can be studied with it.
Thesis 3
I proposed a virtual force which aims at artificially reproducing the highly
non-uniform distribution of the platelets inside blood vessels using the viscous stress tensor of the velocity field. Applying this virtual force upon a
scalar density field representation of the platelets yields a realistic margination behaviour in an arteriole section for both stationary and pulsatile flows
in two dimensions. This force in a lattice Boltzmann simulation can be calculated locally at every lattice site by using the non-equilibrium part of the
density distribution function, therefore in parallel computations this method
can be regarded as an efficient solution. [T2, T5]
Thesis 4
I developed a simple model for the simulation of the haemostasis process
which uses only the properties of the blood flow along with two variables,
namely the local concentration of the platelets and of an inhibitor, the adenosine diphosphate out of the more than two dozen factors currently known to
influence the real biological cascade process. I simulated a case of induced
vessel injury in two dimensions and this model was capable of producing
qualitatively good results compared to experimental video-microscopy images of a real thrombus formation. [T2, T5]
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CHAOTIC PROPERTIES OF AN
ANEURYSMAL FLOW

Chaotic advection can have important consequences in case of blood flow
Schelin, Károlyi, De Moura, et al., 2009; Schelin, Károlyi, de Moura, N. A.
Booth, et al., 2010; Schelin, Károlyi, de Moura, N. Booth, et al., 2012. For
instance, platelets are transported in the blood while they are biochemically
active. Hence, it is of great interest to obtain information on the fractal and
information dimension of biochemically active particle patterns in blood flow.
In this part of the work, I concentrate on characterising the flow inside a real
cerebral aneurysm geometry using the properties of chaotic advection.
The fractal dimension D0 of the unstable manifold gives information on the
geometry of the patterns traced out by the advected particles while the information dimension D1 also characterises the probability distribution (or relative density) of particles along the fractal unstable manifold (Tél and Gruiz,
2006). To make the definition of D0 and D1 more clear with the help of
one possible fractal dimension measurement, let us consider the box-counting
method. That is, if we have a chaotic set embedded in a two-dimensional surface, we can draw a square with the side length of e around it. If we decrease
e, the number of squares (N (e)) needed to cover the whole set will increase.
The fractal dimension describes this scaling behaviour:
log N (e)
.
e→0 log 1
e

D0 = lim

(4.1)

This method, however, does not take into account that the chaotic set might
present different densities at different locations. Henceforth, information dimension uses weighted squares based on the density of the set in the covered
area:

−hlog pe i
,
e →0
log 1e

D1 = lim

(4.2)

where pe is used as weighting factor and it denotes the possibility for a given
box that a given point of the chaotic set will fall underneath it. Naturally,
even if I described this example using squares and a two-dimensional ”host”
space, it is easily generalisable to higher-dimensional spaces using higherdimensional boxes for counting.
The appearance of filamentary fractal patterns is the result of the stretching
and folding action of the mixing fluid generated by the strong sensitivity on
the initial conditions, the main characteristics of chaos. This strong sensitivity
on initial conditions is characterised by the average Lyapunov exponent λ
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chaotic properties of an aneurysmal flow
describing the typical exponential rate of separation of initially close particles:
d(t) = d(0)eλt where d(t) is the distance between the initially close particles
at time t (Tél and Gruiz, 2006). In open flows, another important number is
the escape rate κ which gives the rate of exponential decay of the number of
particles still in the region of observation at time t: n(t) = n(0)e−κt . These
quantities are not independent of each other, the relation D0 = D − κ/λ holds
between them where D is the dimension of space in which the quantities are
measured (Tél and Gruiz, 2006).
One possible technique to measure important chaos characteristics in a relatively simple way is through the use of the free-energy function (Tél and
Gruiz, 2006). This function is based on the precise measurement of the residence times of massless tracer particles passing through the observed flow
domain. Figure 4.1 shows the inlet cross-section of the artery containing an
aneurysm. Each point of this cross-section represents an initial position for a
tracer particle. The colouring in the image shows how much time is needed
for the particle started from a given position to leave the observed domain.
I measured several chaotic property along six line segments that intersect
with the "richest" part of the cross-section. The extracted quantities are shown
in Table 4.1.

parallel to x

parallel to y

D1
0.6233
0.6025
0.6427
0.6446
0.6098
0.6143

Lyapunov (λ)
3.3841
4.4728
3.3882
2.2799
2.0528
2.6301

Escape rate (κ)
1.3011
1.2156
0.7889
0.9486
0.8935
0.9918

line
a
b
c
d
e
f

Table 4.1: Quantities measured from the βF ( β) function along six different line segments.

Throughout the computation, the information dimension D1 of the intersection of the stable manifold with the chosen line segment proved to be the
most stable quantity. Based on these six measurements, its averaged value is
D1 = 0.623 with a standard deviation of σ = 0.017. The other quantities show
much more spatial variability. Hence, I propose that from all the computed
quantities the information dimension D1 is the most robust parameter to describe mixing and chaotic advection in such diseased blood vessel segments.

chaotic properties of an aneurysmal flow

Figure 4.1: Using colour coding, the residence times of the particles are indicated at
their starting positions on the inlet cross-section. Though the calculation
of residence times are done up to 20 cardiac cycles, these residence time
values on the colour scale are cut at the upper limit of 6 s (6 cardiac
cycles) to provide a better visual representation.
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chaotic properties of an aneurysmal flow
Thesis 5
In the validated flow field of a real aneurysm geometry I examined the trajectories of the massless tracer particles released into the flow. I found that
these trajectories exhibit chaotic properties which are known to have several
important biological and biochemical implications in blood flows. I measured
the major characteristic quantities of the chaotic structure, such as the information dimension, the Lyapunov exponent, and the escape rate. In the examined case the information dimension proved to be the most robust measure
which is definitely in strong connection with the geometrical properties of the
aneurysm. [T4, T7]
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