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Chapter 1
Introduction and motivations
The field of solid state physics has changed our world. The fundamental understanding of the materials we employ made possible the technologies that we
now consider essential for our society. High speed, small size electronics, clean,
renewable energy sources, cheap, and easy communication between people across
continents, new imaging techniques and implanted devices in the medical sciences,
none of these would be possible without the work of scientists who endeavor to
explain the microscopic structure and behaviour of the new substances that we
learn to produce each day. If we just think of semiconductors in general and silicon
in particular, it is very clear that fundamental research will be the first step for
the technological revolutions yet to come.
There are several tools available to us as scientists to further explore solid state
physics. Theoretical physicist work to understand new materials, but theories must
always be confirmed or disproven by experiments. For an experimental physicist
to be able to perform measurements, he/she must understand the theory, samples
of the materials under scrutiny must be synthesized, and the instruments for the
measurement must be available. Since we as physicists are always working on
the edge of the understanding of humanity, we must understand and improve the
techniques that we use for the investigations we wish to perform. We must learn
from experts in the other fields of science and engineering to develop new techniques
for our work. Often a new technology makes it possible to widen the scope of our
explorations. An example of this was the invention of atomic force microscopy,
where a few simple ideas led to a device which we now consider a basic tool for our
work. We must always be willing to learn from the ideas of other scientists and
engineers, and incorporate them into our work.
In many fields of science and engineering, the trend of replacing frequencydomain measurement techniques with time-domain solutions can be observed. This
opens the possibility of performing measurements with higher sensitivity in shorter
1
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times, in some cases enabling entirely new fields of research.
The use of time-domain methods revolutionized nuclear magnetic resonance
(NMR) spectroscopy. In earlier techniques, continuous wave (CW – stable or slowly
changing frequency signal) sources were used to measure narrow resonance lines.
This was replaced by the measurement of the time-domain response of the nuclei to
short RF pulses and for which the Nobel prize in Chemistry in 1991 was awarded
to R. R. Ernst [1]. This improved the sensitivity, resolution, and precision of
these measurements. These improvements led to the widespread use of magnetic
resonance imaging techniques in the biological sciences, medicine, and solid state
spectroscopy.
Based on these ideas, I developed a novel method to measure the properties
of microwave resonators, which is a task with wide ranging applications. Besides
industrial processes (e.g. in heating applications), resonator measurements are
employed in the so-called cavity perturbation method, which is a widely used
technique in experimental solid state physics to perform contactless measurements
of material properties including electrical permittivity, magnetic permeability, and
electrical conductivity.
Using classical methods, cavity parameters are measured using frequency sweeps
or modulation. During my PhD work, I investigated the transient behavior of
microwave resonators and developed a method to employ the transients for high
sensitivity measurements. I further developed the novel method to form a so-called
feedback resonator setup to further improve the technique, increasing stability,
sensitivity, and decreasing setup complexity. I investigated the performance of the
new methods and compared them with techniques found in the literature. The
novel methods have shown significant improvement over the conventional techniques
in terms of signal to noise ratio, time resolution, and stability.
I present two applications of the novel methods. I used the novel methods to
perform investigations on single wall carbon nanotubes, and managed to explain the
origin of an anomalous low-temperature effect that was a topic of research in the past
few years. I also performed microwave detected photoconductivity measurements
on intrinsic and doped silicon wafers, making use of the high sensitivity and time
resolution of the novel methods, to investigate samples that were in the past
not analyzable with similar methods. This latter is a clear demonstration of the
capabilities of the method.
Contents of the thesis The structure of thesis is as follows: after this introduction, in Chapter 2, I present the theoretical background of my work. I start with
the relevant parts of transmission line theory and its applications for the electric
field propagation in media. The concept of the surface impedance is introduced.
A connection of radio frequency wave propagation and optics is made. I explain
the theoretical description of RF resonators, including their transient behaviour,

3
which is essential for my work. The chapter continues with a description of cavity
perturbation methods. After a discussion of the sources and representations of
noise in measurement systems, I present the the general advantages of time-domain
over frequency domain spectroscopy. The chapter concludes with a discussion of
the photoconducting properties of silicon.
In Chapter 3, I present experimental techniques employed in my work. I explain
the technique of down-mixing of measurement signals to lower frequencies, and
the basic mathematics of discrete Fourier transformation. Finally, I present the
methods to measure microwave detected photoconductive decay.
In Chapter 4, I present the results of my work, namely the development of a
time-domain method to measure microwave resonator parameters. I continue with
an additional improvement of this technique incorporating a feedback resonator.
I discuss the sources of noise in my methods and define a figure of merit for a
comparison of several techniques. Finally, I present the investigations performed
used the novel methods, explaining the anomalous non-linear microwave absorption
in single wall carbon nanotubes and the detection of photoconductive decay using
the transients of microwave cavities.
In Chapter 5, I summarize the PhD thesis and list the thesis points.

4
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Chapter 2
Theoretical background
2.1

Transmission line theory

The equations governing transmission line theory may be considered as an extension
of electrical circuit theory or a special case of Maxwell’s equations. They are
especially useful for exploring the propagation of electromagnetic waves near cables
or waveguides. When the characteristic length of our devices is comparable to
their operating electromagnetic wavelength, classical electronic circuit theory is
not usable as our devices can no longer be considered as lumped elements, but
have to be thought of as distributed components. In this case the voltage and
current distribution along each component has to be taken into account. The most
important equations of transmission line theory are the so called Telegrapher’s
equations. These can be considered as 1D analogues of the Maxwell-equations. I
show how we can deduce the Telegrapher’s equations and how they can be used in
the analysis of measurements of new materials.
This Chapter was prepared based on the References [2] and [3].

2.1.1

Telegrapher’s equations

As shown in Fig. 2.1 a transmission line can be schematically represented by
infinitesimally small elements consisting of 4 lumped components:
e = series resistance per unit length in Ω/ m
• R
e = series inductance per unit length in H / m
• L
e = shunt conductance per unit length in S / m
• G

• Ce = shunt capacitance per unit length in F / m

5
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Figure 2.1: Lumped-element equivalent circuit model of the transmission line (from
Ref. [2])
.

e represents the self-inductance of the conductors, the
The series inductance, L,
e
shunt capacitance, C, represents the capacitance that arises by the proximity of
the conductors to each other. R is the losses in the conductor. Shunt conductance,
e may be considered to be due to the finite conductance through the dielectrics,
G,
e represents the losses in the conductors.
and series resistance, R,
One can employ Kirchhoff’s rules to obtain the voltage and current for each
infinitesimally small element of the transmission line, yielding the following results:

v (z, t) − R∆zi (z, t) − L∆z

i (z, t) − G∆zv (z + ∆z, t) − C∆z

∂i (z, t)
− v (z + ∆z, t) = 0
∂t

∂v (z + ∆z, t)
− i (z + ∆z, t) = 0
∂t

(2.1)

(2.2)

Taking the limit z → 0 yields the following differential equations, where v and
i denote the voltage and current in the transmission line:

2.1. TRANSMISSION LINE THEORY

∂v (z, t)
∂i (z, t)
= −Ri (z, t) − L
∂z
∂t

7

(2.3)

∂v (z, t)
∂i (z, t)
= −Gi (z, t) − C
.
(2.4)
∂z
∂t
These are the time domain forms of the transmission line equations, also known
as Telegrapher’s equations.
For the sinusoidal steady-state solution of the Telegrapher’s equations, we arrive
at the following equations, where I(z) and V (z) are the complex amplitudes of the
sinusoidal functions (or so-called phasors).


dV (z)
e + jω L
e I(z)
=− R
dz

(2.5)



dI(z)
e + jω C
e V (z).
=− G
(2.6)
dz
These equations can be rewritten in the form of wave equations for V (z) and I(z),
where j is the complex unit∗ , ω is the angular frequency of oscillating voltage and
current.

d2 V (z)
− γ 2 V (z) = 0
dz 2
d2 I(z)
− γ 2 I(z) = 0,
dz 2
where γ is the complex propagation constant:
γ = α + jβ =

q

e + jω L)(
e G
e + jω C).
e
(R

(2.7)
(2.8)

(2.9)

It should be noted that γ has units of 1/m and is analogous to the complex
wavenumber of the electromagnetic radiation. Therefore the phase velocity on the
line is vp = 2πf /β, and the signal will decay over distance as e−αx .

2.1.2

Characteristic impedance

Traveling wave solutions of the Telegrapher’s equations can be written as follows.
V (z) = V0+ e−γz + V0− eγz

(2.10)

√
I use the j notation for the imaginary unit j = −1. While it is understood that the physics
community prefers the use of i, the common use of the current in the equivalent circuit models,
forces me to employ this convention.
∗

8
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I(z) = V0+ e−γz + I0− eγz ,

(2.11)

where the ± sign represents the propagation direction of the wave along the z axis.
Applying this term to the wave equations we arrive at the following conclusion.


γ
γ
+ −γz
− γz
I(z) = e
V
e
−
V
e
=
V (z).
0
0
e
e + jω L
e
R + jω L
R

(2.12)

From this a characteristic impedance can be defined as:
Z0 =

e + jω L
e
R

γ
Z0 =

=

v
u e
e
u R + jω L
t
e + jω C
e
G

V0+
V0−
=
.
I0−
I0+

(2.13)
(2.14)

In a lossless transmission line (where G = 0 and R = 0) the characteristic impedance
simplifies to the following:
Z0 =

2.1.3

v
u
e
uL
t
.
Ce

(2.15)

Reflection due to changes in the characteristic
impedance

In a perfect (lossless and conductance free) transmission line is terminated with
a load impedance ZL , we observe a reflection. The voltage and current along the
line are the sum of incident and reflected waves with the corresponding phasor
amplitudes:
V (z) = V0+ e−jγz + V0− ejγz

(2.16)

V0+ −jγz V0− jγz
e
−
e .
(2.17)
Z0
Z0
At the termination, the impedance of the load defines the relation of the current
and voltage.
I(z) =

VL
V0+ + V0−
ZL =
= +
Z0
IL
V0 − V0−
From this, the voltage reflection coefficient Γ can be calculated:

(2.18)

2.1. TRANSMISSION LINE THEORY

Γ=

V0−
ZL − Z0
.
+ =
ZL + Z0
V0

9

(2.19)

The same considerations are true if the line is connected to another transmission
line with different characteristic impedance, so a similar reflection is observed. A
deeper understanding of the reflections and transmission properties of a chain of
transmission lines makes engineering functional circuitry (eg. filters, impedance
matching) possible by just using transmission lines of different geometries. With
the application of affordable printed circuit transmission lines, these are widely
used in a range of RF electronics.

2.1.4

Field analysis of transmission lines

The Telegrapher’s equations can also be deduced by calculating the Maxwell
equation in a known waveguide geometry (eg. coaxial line) [2].
In the following, I consider the electromagnetic field traveling in a TEM transmission lines. TEM (transverse electromagnetic) mode of propagation means the
electric and magnetic field vectors are restricted to direction normal (transverse)
to the direction of propagation.
There are five conditions for a structure to be able to maintain TEM mode
propagation.
• The fields traveling along the transmission line must be restricted into isotropic
dielectric materials.
• Two or more isolated conductors are required.
• The conductors must have infinite conductivity.
• The dielectric must be lossless.
• The cross-section of the transmission line must remain constant along the
direction of the propagation.
Of course in practice small losses or discontinuities of the transmission line
mean that the propagation mode is close to TEM so the following discussion is still
applicable.
Let us consider a unit length of a uniform line with fields E and H on an S
cross-sectional surface area (see Figure 2.2). The voltage between the conductors
is V0 e±jγz , the current is I0 e±jγz .
The time-average stored magnetic and electric energy for the unit length of line
is the following:

10
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Figure 2.2: Field lines in an arbitrary transmission line (from Ref. [2])
.

µZ
Wm =
H · H ∗ ds
2 S

(2.20)

Z
E · E ∗ ds,
(2.21)
We =
2 S
where µ and  are the magnetic permeability and dielectric permittivity of the
material which fills the waveguide, respectively. The power loss per unit length
due to the conductivity of the conductors:
RS Z
H · H ∗ dl.
(2.22)
Pc =
2 C1 +C2
The power loss due to absorption within the dielectric material of the line:
ω00 Z
E · E ∗ ds.
(2.23)
2 S
where  is the imaginary part of the complex permittivity  = 0 − j00∗ .
Circuit theory give us the following terms for the stored energies and losses:
Pd =

e |I |2 /4
Wm = L
0

(2.24)

We = Ce |V0 |2 /4

(2.25)

e |I |2 /2
Pc = R
0

(2.26)

∗
In my work, I use the notation that material properties have ’-’ sign before the their imaginary
part: p = p0 − jp00 , where p is a material property. This is the common notation in electrical
engineering, in contrast to physics, where the ’+’ sign is used. The most important sources which
I used for this thesis, Refs. [2, 3], employs this notation, too.
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e |V |2 /2.
Pd = G
0

11

(2.27)

Combining these two approaches, we arrive at the definition of the terms
describing the transmission lines from the electric and magnetic fields.
µ Z
H · H ∗ ds [H/m]
2
|I0 | S
 Z
Ce =
E · E ∗ ds [F/m]
2
S
|V0 |

e =
L

e
R

(2.28)
(2.29)

Rs Z
=
H · H ∗ dl [Ω/m]
|I0 |2 C1 +C2

(2.30)

ω00 Z
=
E · E ∗ ds [S/m] ,
2
|V0 | S

(2.31)

e
G

where Rs = 1/σδs is the surface resistance of the conductors with sigma being the
conductivity and δs is the skin depth.

2.1.5

Electromagnetic wave propagation in media

For electromagnetic waves traveling within a medium, the ratio of the transverse
components of electric and magnetic fields is called the wave impedance. For a
TEM fields, the wave impedance is equal to the so-called intrinsic impedance of
the medium. The wave impedance is defined by the following, where E and H are
phasors:
E
.
H
Let us now consider the Maxwell equations in the medium.
Z=

∂D
∂t
∂B
∇×E=−
∂t
∇E = 0; ∇B = 0
j = σE; B = µH; D = E.
∇×H=j+

(2.32)

(2.33)
(2.34)
(2.35)
(2.36)

which assumes the presence of free currents (the j term) and displacement current
and that the material is linear and local, i.e. the free current only depends on
the local E. Discussion of non-local effects (such as that in clean superconductors

12

CHAPTER 2. THEORETICAL BACKGROUND

and for the so-called anomalous skin-effect) and non-linear materials (e.g. that for
pyroelectric compounds) is beyond the scope of the present thesis. Also assumed is
the absence of free charges. We look for the solutions in the following form:
E = E0 ej (ωt−kr)
e
H = H ej (ωt−kr) ,
e

0

(2.37)
(2.38)

e is the complex wavenumber. Note that here and in the following sections
where k
σ is considered frequency-independent.

e 2 E.
∆E = k

(2.39)

If we use the formula ∇ × ∇ × E = ∇(∇ · E) − ∆E (same for B and H), we
arrive at:

e 2E
k

∂j
∂ 2E
= −µ − µ 2 .
∂t
∂t

(2.40)

e
A substitution yields for k:
e 2 = −jωµσ + µω 2 .
k

(2.41)

We obtain the wave impedance:
Z=

E
µω
= e .
H
k

(2.42)

From which the following final formula can be deduced.
s

Z=

jωµ
.
σ + jω

(2.43)

If the wave travels in free space, we can calculate the wave impedance of vacuum.
Zfree space

|E|
= Z0 =
=
|H|

s

µ0
= 376.6 Ω.
0

(2.44)

A discontinuity in the wave impedance along a the propagation of electromagnetic wave causes a reflection similar to the one of the characteristic impedance in
transmission lines. Let us consider an incident wave normal to a surface between
two media of different wave impedance:

2.1. TRANSMISSION LINE THEORY
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Z2 − Z1
,
(2.45)
Z1 + Z2
where Γ is the reflection coefficient, and Z1 and Z2 are wave impedances of the two
media, respectively.
In non-magnetic (µ1 = µ2 = µ0 ), non-conductive (σ = 0) media, the wave
impedance is determined solely by the refractive index (n1 and n2 ):
Γ=

Z0
Z=
n
c √
n = = r µr
v
Z0
− Z0
n1 − n2
Γ = Zn20 Zn10 =
.
n
+
n
+
1
2
n1
n2

(2.46)
(2.47)
(2.48)

Thereby arriving at the Fresnel-equation for normal incidence.

2.1.6

Surface impedance

For the discussion of electromagnetic response of metals a surface impedance can be
defined. The surface impedance view of a material directly gives us the reflection
of electromagnetic waves incident on the material and is a very useful tool for
the cavity perturbation method. The surface impedance is not fundamentally
different from the wave impedance in any medium, we use the term due to the fact
that in metals the fields are only significant near the surface with the skin depth
representing the penetration depth within the metal. In most general the surface
impedance reads according to Eq. 1.32 from Ref. [3]:
ZS = RS + jXS ,

(2.49)

where RS is the surface resistance, and XS is the surface reactance of the metal.
In a typical conductor, a few simplifications can be made to general wave
impedance term. In the presence of free currents, and vacuum we can use the
quasistationary approximation, i.e. when the displacement current is neglected
(µr = 1, r = 1, σ  ω), the wave impedance can be simplified to the following
term, with δ representing the skin depth:
s

ZS =

jωµ0
1+j
=
µ0 ωδ,
σ
2
s
2
δ=
,
µ0 ωσ

(2.50)
(2.51)

14
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if σ can be considered frequency-independent. Note that the real and imaginary
part of the wave impedance are the same.
S
If we calculate a reflection using Γ = ZZ00 −Z
, where Z0 is the wave impedance of
+ZS
free space, we can arrive at the well-known Hagen-Rubens formula for metals:
s

20
.
(2.52)
ωσ
Using this formula enables us to calculate material properties by measuring the
microwave reflection on metallic sheets.
Γ≈1−2

2.2

Resonators

Resonators are used in many applications throughout engineering and physics.
Based on the frequency of the application and type of physical quantity that is
interacting with the resonator (eg. mechanical, electrical, optical resonators), they
can take many shapes, but manipulation and measurement of their properties is
ubiquitous. Examples for microwave resonator application in research include microwave impedance measurements [4–6], particle accelerators [7], cosmic microwave
studies, magnetic resonance spectroscopy and imaging [8, 9], and cavity quantum
electrodynamics [10]. Microwave resonators are widely used in e.g. communication
as filters and source stabilizers [11], in microwave heating, and in radar sensing [2].
In my work, the resonators are used to obtain the physical properties (electrical
conductivity and permittivity, and magnetic permeability) of samples coupled to
the resonator. The influence of the sample modifies the resonator, and through
the measurement of the resonator properties, we can draw conclusions about the
investigated material.
A resonator can be described by two parameters: its resonant frequency (or
eigenfrequency) (f0 ) and quality factor (Q). The quality factor sets the magnitude
of the electromagnetic field in the resonator in the steady state on resonance
frequency.
f0
stored energy in the system
=
,
(2.53)
Q = 2π
dissipated energy per period
∆f
where ∆f is the full width at half maximum (FWHM) of the resonance curve.
Using this relation between the Q factor and the FWHM is the most widely used
method of measuring the Q factor. The resonance curve is a Lorentzian for singlemode resonators which reflects that the microwave field builds up and decays
exponentially.
In general, if a sample is placed near the resonator, changes in the resonance
frequency are caused by the dispersion of the sample, changes in the quality factor
are caused by absorption. The following section is based on References [2], and [8].
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2.2.1

RF resonators

When investigations are made in the lower frequency range (~1 – 500 MHz), lumped
elements (capacitor, coil) are usable. Such circuits are used for the characterization
of material properties in this frequency range [12], or for NMR (Nuclear Magnetic
Resonance) spectroscopy to excite and measure the nuclear spins within a sample.

Figure 2.3: Typical NMR circuits. Due to the influence of stray capacitance, the
left circuit is usually used below 150 MHz, the right one for higher frequencies.
Note that Cm and CR are the matching and tuning capacitors.

The resonance frequency, f0 , and quality factor, Q, of the series (S) and parallel
(P) RLC circuit reads:
1
√
2π LC
s
1 L
QS =
R C

f0 =

s

QP = R

L
.
C

(2.54)
(2.55)
(2.56)

The RLC circuits shown on the left in Fig. 2.3 can be considered a load
consisting of a coil and a resonator, impedance matched to the Z0 = 50 Ω RF
cable. If we wanted to measure this load without impedance matching, the majority
of incoming RF power would be reflected from it. By impedance matching, the
power that reaches the coil is significantly higher. Let us calculate the impedance
matching using the circuit shown in Fig. 2.4. Z0 is the characteristic impedance
of the cable, ZL = RR + jωLR is the load. B and X are the parallel and series
matching elements. The term X is called the electrical reactance Z = R + jX, and
B is called the electrical susceptance Y = 1/Z = G + jB (in siemens).
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Figure 2.4: Example of an impedance matching circuit. From Ref. [2].

1
jB + 1/ (RL + jXL )
XL = ωLR
B = ωCR
1
X=
,
ωCm

Z0 = jX +

(2.57)
(2.58)
(2.59)
(2.60)

where Z0 is the characteristic impedance of the cable,
These can be used to determine the value of the matching capacitance:
X=

1
XL Z 0
1
Z0
1
ωLR Z0 Z0 ωCR
= +
−
=
+
−
.
ωCm
B
RL
BRL
ωCR
RL
RL

(2.61)

In practice, when such a circuit is used for NMR measurements, the two
capacitors are usually tunable, with CR determining the resonance frequency, and
Cm the reflected power.

2.2.2

Microwave resonators

An RLC circuit made of lumped elements cannot be used in the microwave frequencydomain, so instead, a cavity may be used as a resonator, whose walls are made of a
highly conductive material, usually copper. The dimensions of such a cavity are
comparable to the wavelength of microwave radiation. Excited on its resonance
frequency, a cavity can sustain a standing wave mode, which is the superposition
of the waves reflected from the cavity walls. A cavity is capable of sustaining
several of these standing modes modes, whose properties are based on the shape
and size of the cavity. By connecting the cavity to a waveguide through a so-called
coupling element, it is possible to excite a standing mode, thereby producing a much
larger microwave field than in the waveguide. When establishing coupling to the
cavity, care must be taken to match the desired mode in the cavity to the traveling
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wave mode in the waveguide employed. A cavity may be able to sustain several
competing standing wave modes with identical eigenfrequency. This is detrimental
in most cases, as they may introduce loss in the system thereby decreasing the
magnitude of microwave field inside the cavity.

Figure 2.5: Electromagnetic field in the cavity and the waveguide (dashed line:
magnetic field, continuous line: electric field)

A typical cylindrical cavity is shown in Figure 2.5. Note the visualization of the
preferred standing wave mode inside the cavity. The standing wave mode is often
described by the number of half-waves in each direction. The cavity shown in the
figure is a TE011 cylindrical cavity, which is often used in microwave spectroscopy.
The quality factor, Q, of a resonator depends on the size and shape of the
cavity, the material of the walls, any sample placed in it, and the coupling [8].
1
1
1
1
=
+
+
Q
Qempty cavity Qsample Qcoupling

(2.62)

1
1
1
=
+
,
Q
Q0 Qcoupling

(2.63)

where Q is the quality factor for the whole system, and Q0 is the cavity without the
coupling taken into account (uncoupled cavity). Qempty cavity is called the unloaded
cavity. Critical coupling is achieved when there is no on-resonance reflection from
the cavity in the stationary state. It can be shown that in this case Qcoupling = Q0 .
This is discussed extensively in the Results section. I found during my PhD work
that the literature does not cover in sufficient depth the explanation for the case of
critical coupling.
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Critical coupling is usually achieved in practice by a dedicated coupling element which is usually a mechanically movable metal between the waveguide and
cavity. The coupling element is adjusted while the on-resonance reflection is being
monitored to reach a sufficiently low reflection. The critical coupling means that
the resonator impedance matches the wave impedance of the waveguide.

2.2.3

Cavity transient

A cavity cannot respond to arbitrarily rapid changes of the exciting microwave
frequency or power. This may be understood as a consequence of the conservation
of energy, as the large microwave field in the cavity cannot be instantaneously built
up. According to Ref. [8], the microwave voltage amplitude between two arbitrary
points inside the cavity during transient reads:
!

ω0 t
.
V = V0 · exp −
Q

(2.64)

I made measurements of the cavity transient, as I show below and found that the
measured characteristic time differs from the one found in Ref. [8]. The measured
transients for the power of the cavity transient and voltage read:
!

ω0 t
,
p(t) = p0 · exp −
Q
V (t) =

q

tω0
p0 Z0 · exp −
2Q

(2.65)

!

· exp (jω0 t) ,

(2.66)

where p0 is the power of the source, ω0 = 2πf0 , Z0 is the wave impedance of the
microwave waveguide and I omitted the phase in the expression of the reflected
microwave voltage.
I discuss the details of the cavity transients in Section 4.1.

2.2.4

Traditional methods of measuring the quality factor
of cavities

Classical methods of measuring cavity parameters share the common feature that
they deal with the frequency dependent resonance curve. I discuss below the two
methods most widely used.
Frequency sweep
This is the most conventional and straightforward method to measure f0 and Q
of cavities. A microwave radiation is applied to the cavity, the reflection from
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Figure 2.6: Basic reflection-type frequency sweeping methods using a lock-in
amplifier and an oscilloscope. The PIN diode is a high speed switch that is
controlled by the lock-in amplifier to produce a modulation of about 10 kHz. A
circulator is used to measure the reflected signal from the microwave cavity.

the cavity or transmission through the cavity is measured by a power detector.
By continuously changing the microwave frequency, we measure the resonance
curve of the cavity. For both the reflection and transmission measurements, we
obtain a Lorentzian curve for the incident power on the detector. To measure the
signal, either an oscilloscope or a Lock-in amplifier is used. For the latter, the
power of the source is chopped (or amplitude modulated). For the measurement
setup incorporating an oscilloscope, a larger bandwidth is used, which increases
the measurement noise while decreasing the measurement time. However, this
approach also avoids any frequency drifts during the slower timescale of the first
approach, thus it turned out to be in practice more stable. These setups are shown
in Fig. 2.6. In Fig. 2.7, I show the reflection far from and the dip near the cavity
resonance. The fact, that the reflection exactly on the resonance is null, means
that the cavity is critically coupled to the waveguide.
Frequency sweeping methods have difficulties measuring high-Q cavities, due to
the uncertainty of the frequency step size and also the stability of the microwave
source during such sweeps. In addition, the frequency sweep inevitably contains a
large amount of otherwise unnecessary data, therefore the measurement time is
not used optimally, which leads to a poor signal to noise ratio.
Frequency locked cavity measurement method
The AFC (Automatic Frequency Control) based method has proven to be a reliable,
and sensitive, albeit complex method for cavity measurements. It is also based on
measuring the shape of the resonance curve. It was developed in Ref. [13].

20

CHAPTER 2. THEORETICAL BACKGROUND

Figure 2.7: Typical reflection curve from a microwave cavity, detected with a power
detector during a frequency sweep measurement.

An AFC (Automatic Frequency Control) is used to excite the cavity on its
resonance frequency. This is achieved by modulating the microwave frequency
near the resonance. The reflected power is measured by a lock-in amplifier, whose
reference is the modulation frequency. This way, a DC signal is obtained that is
proportional to the derivative of the resonance Lorentzian curve. On the resonance
frequency, this signal is zero, and it has opposite sign above and below the resonance.
By achieving a frequency feedback proportional to the derivative signal, the source
frequency is kept on the resonance with high accuracy, as shown in Figure 2.8.
According to Ref. [13], by measuring the ratio of the 4th and 2nd harmonic of
the signal at resonance, the quality factor can be obtained:
√
r40
q=2
,
(2.67)
1 − r40
where r40 is the ratio of the harmonics. The quality factor is then determined from:
Q=

ωres
q,
2Ω

(2.68)
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Figure 2.8: Explanation of the AFC method. The arrows on the right hand side
indicate the direction of the feedback signal.

where Ω is the modulation frequency.
This method is very useful for quality factor measurements with superior signal
to noise ratio and faster measurements, than the ones achieved by the frequency
sweeping method, even though it requires a relatively complex setup. An important
drawback of the method is that it does not yield the Q values directly but only after
a calibration of frequency modulation depth. In addition, the feedback electronics
is essentially of the P (proportional type) which is prone to stochastic effects. As
we found, it is difficult to implement this method in practice in a way, which would
yield satisfactory results under all circumstances. E.g. a significant drift of the
cavity resonance frequency gives rise to sudden and uncontrolled jumps in the
feedback signal.

2.3

Cavity perturbation method

Cavity perturbation measurements [4, 14] are widely used to determine the electric
and magnetic properties of materials at microwave frequencies. This yields the
technologically important parameters including conductivity, dielectric permittivity,
and magnetic permeability. The cavity perturbation technique has the clear
advantage of having a higher electric or magnetic field at the sample than a
non-resonant measurement, which leads to enhanced sensitivity for the material
parameters. This is even more important when only small sample amounts are
available. In addition, resonators allow to measure samples in a purely electric or
magnetic field, which allows to distinguish between the effects of different physical
parameters. A disadvantage of the method is that results at a fixed frequency are
obtained. This section was prepared based on Reference [3].
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When a sample is placed within a microwave cavity (or in general, coupled to
an RF resonator), the properties of said cavity change based on the characteristics
of the sample. Positioning the sample in the maximum of the electric field and
minimum (node) of magnetic field within the cavity, the system becomes sensitive to
the complex dielectric constant, while being insensitive to its magnetic permeability.
The opposite is also possible, thereby being sensitive to magnetic permeability and
insensitive to the dielectric constant. For non-conductive samples, the absorption
of the sample decreases the quality factor of the cavity, while its dispersion affects
the eigenfrequency. Using this method, we can obtain the physical properties of
the sample. It is worth noting that the effect of the sample on the cavity must be
sufficiently small, so the cavity is still capable of maintaining the same resonance
mode it sustains without the sample. Hence, the name "cavity perturbation".
Nevertheless, it is ill defined to what extent we consider the effect of a sample a
perturbation. One typically considers that a 1 − −10 % change to the quality factor
can be considered as a perturbation, but we often encounter cases when the studied
material lower the Q factor by a factor of 10 and the method is still applicable.

Figure 2.9: Effect of a pertubing sample on the electromagnetic field within a
cavity. (a) Original cavity and (b) perturbed cavity. From Ref. [3]

Let us first define the effect of a sample on the field inside cavity as:
R

AE =

∗

· Es dV
,
|Ee |2 dV

E
R e

(2.69)

where Ee and Es denote the electric field in the microwave cavity in the absence
and presence of the sample, respectively, as seen in Fig. 2.9. In practice, AE is
usually derived by calibration. Often, the actual value of AE is not important, as it
is only required for measurements were the absolute values of the sample properties
are to determined. The constant AE is related to the measurement configuration,
the working mode of the cavity, the shape and the location of the sample in the
cavity. AE does not depend on the sample properties in the perturbative limit, i.e.
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when the sample itself little perturbs the cavity, such as the name of the technique
suggests.
The frequency shift and change in quality factor can be obtained as [3] (considering the electric effects only):
AE (0r − 1)
Vs
AE 00r
Vc

Vs
fe − fs
=
Vc
fs

(2.70)

!

1
1
−
,
2Qs 2Qe

=

(2.71)

where r = 0r − j · 00r is the complex dielectric constant of the studied material, fe
and Qe are the eigenfrequency and quality factor measured without the sample
(also known as empty or unloaded values) and fs and Qs values are those measured
with sample. Vs and Vc denote the sample and cavity volumes.
Similarly, the following terms are valid for a magnetic sample:
AM (µ0r − 1)
Vs
AM µ00r
=
Vc

Vs
fe − fs
=
Vc
fs

(2.72)

!

1
1
,
−
2Qs 2Qe

(2.73)

where µr = µ0r − j · µ00r denotes the complex magnetic permeability.
fe − fs
1
1
+j
−
fs
2Qe 2Qs

!

= AM

Vs
χ,
Vc

(2.74)

where χ = χ0 − jχ00 denotes the magnetic susceptibility. Therefore
1
∆f
Vs
+ j∆
= −AM χ,
fs
2Q
Vc
where ∆f = fs − fe and ∆

2.3.1



1
2Q



=

1
2Qs

−

(2.75)

1
.
2Qe

Cavity perturbation by metals

It was derived in Ref. [15] that the resonator perturbation for a cylinder with
diameter a reads:
∆f
1
+ j∆
f0
2Q

!

= γα,

(2.76)
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where γ is a sample size dependent constant (also depends on the cavity mode and
electromagnetic
field distribution). ∆f is the shift in the resonant frequency and
 
1
∆ 2Q is the additional, sample related loss in the cavity.
The authors of Ref. [15] introduced the α polarizability:






e
2 J1 ak 

α = −2 1 − e   ,
ak J0 ake

(2.77)

√ q
j
with ke = jω µ 1 − ω%
being the complex wavenumber of the microwaves inside
the material. J0 and J1 are Bessel functions of the first kind.
In the limit of finite electromagnetic wave penetration into the sample, Eq. (2.76)
reduces to the better known expression which relates the resonator parameters
directly to the surface impedance (as defined in Section 2.1) according to Eq. (2.43),
as follows [2–6, 16]∗ :
∆f
1
+ j∆
f0
2Q

!

= jνZs ,

(2.78)

as seen in Eqs. 6.32 and 6.81 in Ref. [3], where ZS = RS + jXS =

q

q

jωµ0
σ
2 †
,
µ0 ωσ

=

1+j
µ0 ωδ
2

is the surface impedance, the penetration depth reads: δ =
and ν is a
geometry factor that is proportional to surface area of the sample to the surface of
the cavity but it contains the resonator mode dependent additional factors which
are usually obtained by modeling or performing reference measurements on known
samples [3]. ∆f is the eigenfrequency change and ∆Q is the quality factor change
due the effect of the sample compared to a prefect conductor, as seen in Eq. 5.146
in Ref. [3]. The imaginary part of the surface impedance causes a shift in the
eigenfrequency of the resonator, while the real part decreases its quality factor. ν
is a geometry factor (not dimensionless) that is proportional to the ratio of the
sample surface to the cavity surface but it also depends on the resonator mode. I
discuss an additional sample geometry and explicitly derive the relation between
Eqs. (2.76) and (2.78) in Section 2.3.2.
As it is known that in a metallic sample, the real and imaginary parts of the
surface impedance are equal RS = XS , therefore the shift and 1/Q change are
proportional to each other. Taking into account that Q = f0 /FWHM, the following
∗

There is a sign difference between this equation and the one presented in my article [17].
This is due to gaining better understanding of this topic during the preparation of this work.
Using the engineering convention the sign presented here is the correct one.
†
While these definitions occur in Chapter 2.1.6, they are however repeated herein to facilitate
reading.
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can be calculated:
∆f =

∆FWHM
,
2

(2.79)

where ∆f is the eigenfrequency change and ∆FWHM is the change of the FWHM
under the action of the sample compared to a perfect conductor. With half width
at half maximum HWHM = FWHM/2, this leads to the result:
∆f
HWHM
+ j∆
f0
f0
ZS0
ZS00

=

f0 ∆



HWHM
f0

∆f



=

!

= jνZS

(2.80)

∆HWHM
= 1.
∆f

(2.81)

Eq. (2.76) shows that measurement of the cavity frequency shift and loss allows
to disentangle the real and imaginary parts of the material wave impedance. A
limitation of the method is that the geometry factor is generally unknown therefore
a calibrating measurement is required to obtain absolute material parameter values.
A calibration measurement is usually performed by measuring a standard material
with known dielectric properties (eg. aluminium-oxide) of similar size and shape
to the sample under investigation. This enables the calculation of the ν geometry
factor.
Fig. 2.10. summarizes the change of a microwave resonator parameters for a
sample with varying resistivity according to Eq. (2.76) with the r = 11.9 for silicon.
The behavior can be split to two regimes depending on whether the microwaves
penetrate into the sample (penetration limit) or whether it is limited by the skineffect. For the earlier, the shift is constant and the loss, ∆(1/2Q), is linear to σ.
In the latter, the skin limit,
√ the real and imaginary parts of Zs are equal and are
both proportional to 1/ σ. This correspondence allows to obtain the material
parameters from the measurement of the cavity, besides the ν geometry factor.
However, the major advantage of using the microwave resonators is the essentially
null measurement it provides.
It should be noted that Eq. (2.76) gives the cavity perturbation formula for
an arbitrary value of σ and r . Often one discusses the two extremal cases for
the cavity perturbation only: e.g. for studies on gas or liquid plasmas [18] or
on materials with a low conductivity [19] the penetration limit is discussed only,
whereas the skin-limit with the surface impedance description is used for good
conductors [16].
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Figure 2.10: Variation of the resonator parameters according to Eq. (2.76) with
varying silicon resistivity. The two limiting cases are indicated, when microwaves
are limited to the skin depth only (skin limit) and when they can penetrate into
the sample (penetration limit). Note the characteristically different behavior of the
sample parameters in the two regimes versus the sample resistivity. Calculations
were performed at 10 GHz frequency.

2.3.2

The Relation between the generic resonator perturbation and the surface impedance

The case of a cylinder
Based on Ref. [15], I gave the generic expression for the resonator perturbation for
a cylinder with diameter a as‡ :
‡

This derivation was made by G. Csősz.
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∆f
1
+ j∆
f0
2Q

!

= γα

(2.82)

where γ is a sample size dependent constant (also depends on the cavity mode and
electromagnetic
field distribution). ∆f is the shift in the resonant frequency and
 
1
∆ 2Q represents the change in the resonator bandwidth.
Based
 on Eq. 2.77, let us consider the case of zero penetration, i.e. when
e
Im ak → ∞. Then






e
2 J1 ak 

lim α = lim −2 1 − e   =
ak J0 ake
Im(e
k)→∞
Im(e
k)→∞
4j
−2 + e ∼ const. + jZs .
ak

(2.83)
(2.84)

The relation between the surface impedance and the wave vector is as follows:
e = ωn
e and k
e /c (with c being the speed of light), which yields: Zs =
Zs = Z0 /n
e
e
Z0 ω/kc = Z0 /kλ0 , where λ0 is the wavelength of the electromagnetic wave in
vacuum.
I have also used the identity:
lim
y→∞

J1 (x + jy)
=j
J0 (x + jy)

(2.85)

The const. in Eq. (2.84) expresses the fact that the resonator shift is referenced
to a perfect conductor (σ = ∞), i.e. one which expels all the electromagnetic fields.
This derivation leads us to the well-known formula for the resonator perturbation,
which contains the surface impedance[2–6]:
∆f
1
+ j∆
f0
2Q

!

= jνZs

(2.86)

where ν is a geometry factor (not dimensionless) that is proportional to the sample
surface to the surface of the cavity but it also depends on the resonator mode.
It should also be pointed out that the shown Re and Im values of α can be
obtained to match one another when these are shifted by a constant for the case of
σ → ∞.
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The case of a sphere
Similarly as before, the polarizability of sphere
  samples from the Helmholtz equa1
tion can be calculated, then ∆f and ∆ 2Q
is obtained from Eq. (2.82). The
polarizability of a sphere sample with diameter a is:
 
3
3
3
α = − 1 − e + e cot ake ,
2
a2 k 2 ak




(2.87)

where the complex wavenumber is the same as before.
In the case of finite penetration:
 
3
3
3
lim α = lim − 1 − e + e cot ake =
2
a2 k 2 ak
Im(e
k)→∞
Im(e
k)→∞
3
9j
− + e ∼ const. + jZs ,
2 2ak




(2.88)
(2.89)

where we use the identity:
lim cot (x + jy) = −j.

y→∞

(2.90)

Note that, the const. terms are different in Eq. (2.84) and Eq. (2.89) due to
the different sample geometry.

2.3.3

The effect of the dielectric constant on the cavity
perturbation for metals

In Figures 2.10. and 2.11., I show the effect of a finite r for the resonator shift
and loss as calculated for a cylinder with varying diameter for a realistic case of
silicon (r = 11.9) and for a good metal, when the displacement effects are neglected
(r = 0). Note that in the absence of displacement current related effects (σ  ω),
both the loss and resonator shift terms have the same magnitude. The figure also
√
shows the asymptotic behaviors (doted curves) for the skin limit: Loss ∝ 1/ σ,
and for the penetration limit: Loss ∝ σ behaviors. When shifted by 2, the shift
value matches exactly the loss for the r = 0 case in the skin-limit.

2.3.4

The advantage of using resonators

In the following, I shall show that using resonators have undoubted advantages in
terms of enhancing the measurement sensitivity. Interestingly, many textbooks are
available on the topic of resonators and their use in measurement science, still the
following consideration was not available as it stands below. The calculations in
this section were published in Ref. [17]
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Figure 2.11: Variation of the α parameter after Ref.[15] for a good metal, when the
displacement effects are neglected (r √
= 0). Note the asymptotic behaviors (dotted
curves) for the skin limit: Loss ∝ 1/ σ, and for the penetration limit: Loss ∝ σ
behaviors.

Let us first consider a conventional series√RLC circuit whose frequency-dependent
impedance reads near resonance (ω0 = 1/ LC):
Z(ω)unmatched ≈ R + j2RQ0

ω − ω0
,
ω0

(2.91)

where the unloaded quality factor reads Q0 = Lω0 /R. The impedance of this
circuit is unmatched as it disregards the wave impedance of the line leading to it.
Then, consider an RLC circuit whose impedance is matched to the wave
impedance of the waveguide, Z0 . One can model the matching of microwave
resonators by the lumped circuit model in Fig. 2.12 after Refs. [8, 20]. The
frequency dependent impedance of such a resonator near the resonance, ω ≈ ω0
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R

L

C

L
Figure 2.12: RLC model of a coupled microwave cavity. Note that the inductor L
models the matching element.

reads:
Z(ω)matched ≈ Z0 ± j2Z0 Q

ω − ω0
,
ω0

(2.92)

where Q = Q0 /2 is the quality factor of a critically coupled resonator.
The minus sign difference stems from the type of matching element; the sign is
+ for a capacitive and - for inductive matching (as shown in Fig. 2.12). Clearly, the
difference between Eq. (2.92) and Eq. (2.91). is that on resonance its impedance is
transformed from the original R to Z0 . It is less well known that this transformation
property is the principal underlying factor why one uses resonators at all, and how
the presence of resonators essentially magnifies the sensitivity of material properties
measurements.
To demonstrate this, the dependence of the matched resonator parameters
on the circuit parameters can be explicitly expressed. Let us consider a small
perturbation to R. The perturbation can be thought of as a small extra absorption
in the circuit due to the presence of a sample (or eddy current). It can be shown
without the loss of generality that similar conclusion can be drawn when the
inductivity in the original circuit is perturbed, e.g. by a piece of a magnetic sample
such as that using magnetic resonance.
Ref. [20] derives that for the above circuit the resonance and impedance
matching conditions are:
L2 ω02 = RZ0 ,

(2.93)
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q

where ω0 = 1/ C (L + L) holds.
Clearly, this equation sets the value of L. In the high Q limit, Z0  R, thus
L  L, it thus also√shows that the resonance frequency is only slightly shifted with
respect to ω0 = 1/ LC.
Let us then consider the sensitivity of the circuit return impedance (or Z(ω))
with respect to R. This is obtained from the change in the corresponding impedances
as a function of a small perturbation in R: R → R + ∆R. We obtain:
∆ReZunmatched (∆R) =

∂Re Zunmatched
∂R

∆R = ∆R,

(2.94)

ω=ω0

here we used that for an unmatched circuit, such as that described by Eq. (2.91),
the following derivative reads:
∂Re Zunmatched
∂R

= 1.

(2.95)

ω=ω0

The sensitivity of the real part impedance of a matched circuit is on the other
hand:
∂Re Zmatched
Z0
∆ReZmatched (∆R) =
(2.96)
∆R = ± ∆R.
∂R
R
ω=ω0
where we used that for the impedance of the matched circuit described by Eq.
(2.12) the derivative reads:
∂Re Zmatched
∂R

=±
ω=ω0

Z0
.
R

(2.97)

It should be noted that the corresponding first order derivatives for the imaginary
parts vanish near resonance for both cases. The striking fact about Eqs. (2.94) and
(2.96) is that the matched circuit appears to act as an impedance transformer by
Z0 /R. The other cases of the resonator perturbation can be similarly considered.
E.g. when the resonator is perturbed by a magnetic material, its effect can be
e where χ
e = χ0 − jχ00 is the
taken into account as a change in L, as: L → L(1 + χ),
00
(complex) magnetic susceptibility. The χ acts as if R was perturbed by Lω0 χ00 .
Thus the above argument applies and the sensitivity for this perturbation reads
and its effect is amplified by Z0 /R.
The real part, χ0 perturbes L by ∆L = Lω0 χ0 , which has an effect on the
imaginary part of Z(ω). This case:
∆ImZunmatched (∆L) =

∂Im Zunmatched
ω − ω0
∆L = 2Lω0 χ0
.
∂L
ω0

(2.98)
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For the matched case, we obtain:
∆ImZmatched (∆L) =

Z0
ω − ω0
∂Im Zmatched
∆L =
2Lω0 χ0
.
∂L
R
ω0

(2.99)

The Z0 /R enhancement factor is often mistaken by an enhancement effect
by Q (or Q0 ), the reason being that for most resonators Z0 ≈ Lω0 holds thus
Z0 /R ≈ Lω0 /R = Q0 . The Lω0 ≈ Z0 can be motivated for a waveguide and a
corresponding resonator: a fundamental mode rectangular resonator with a mode
of TE101, which is made out of a half wavelength section of a TE10 cylindrical
waveguide. For both the TE101 cavity and for theqλ/2 TE10 section, the inductivity
√
is L, and capacitance is C. Given that Z0 = L/C and ω0 = 1/ LC, we get
exactly Z0 = Lω0 . Similar arguments hold for other types of resonators such as e.g.
a λ/2 resonator made of a coplanar waveguide [20].
One observes a similar up-transformation (i.e. enhancement) effect for the
reflection coefficient. Again, let us consider the case of the unmatched and matched
circuits described by Eqs. (2.94) and (2.96), respectively. The reflection coefficients
read near resonance (assuming Z0  R due to the large Q):
R − Z0
R
Z − Z0
≈ 1 − 2 , Γmatched =
= 0,
(2.100)
R + Z0
Z0
Z + Z0
thus the reflection coefficient is close to 1 for the unmatched case which is often
disadvantageous, whereas the matched case represents a null measurement.
The corresponding derivatives read:
Γunmatched =

∂Γunmatched
∂R

≈−
ω=ω0

2 ∂Γmatched
,
Z0
∂R

≈±
ω=ω0

1
.
2R

(2.101)

Therefore the sensitivity of the reflection coefficient is enhanced by Z0 /4R for the
case of the matched circuit as compared to the unmatched case.
The above discussion is valid for a conventional reflection setup, where the
reflected RF voltage is detected with a continuous wave irradiation. As it was
shown, the reflectometry method is more sensitive for a matched resonator than
for a simple unmatched circuit.
It is also worth discussing the case when
the resonator parameters, the frequency
 
1
shift (∆f ) and the Q factor change (∆ 2Q
), are measured directly. Without the
loss of generality, let us consider the case of a magnetic sample, whose effect can
be well demonstrated. The magnetic sample with a complex susceptibility of χe
e where η is the filling factor.
perturbs a solenoid of an RF circuit as: L → L(1 + η χ),
Such a sample perturbs the resonator parameters as [3, 8]:
∆f
1
+ j∆
f0
2Q

!

= −η χe

(2.102)
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In the following, I describe the error of the η χe measurement for the non-resonant
and resonant cases. In the conventional reflectometry technique, it is obtained from
the reflection coefficient, Γ. Let us consider a waveguide with wave impedance
Z0 , which is terminated by an inductor with inductance L. Then introducing the
empty reflection coefficient (i.e. without the sample), Γempty , and that with the
sample, Γsample , gives:
η χe ≈

iLω + Z0
(Γsample − Γempty ) ,
iLω

(2.103)

where we retained leading order terms in η χe only.
I introduce the standard error of the respective measurements as σ (.). Error
propagation dictates that
e non-resonant = 2
σ (η |χ|)

σ (Γ)
.
Γ

(2.104)

the || notation is employed as χe is a complex quantity. Experience with the
conventional reflectometry setup using VNAs shows that the quantity on the
right hand side is about 10−3 ..10−4 , which fixes the attainable accuracy of the
susceptibility measurement.
On the other hand, as I present in Section 4.3 that the standard error of ∆f
f0
can be expressed as:
σ (∆f ) FWHM
1 σ (∆f )
σ (∆f )
.
=
=
f0
FWHM f0
Q FWHM

(2.105)

I assumed that f0 is error free as it is a dividing constant. As it is presented
σ(∆f )
in Section 4.3, the quantity FWHM
is typically 10−3 ..10−4 . Clearly, a comparison
between Eqs. (2.104) and (2.105) yields that again, the enhancement in the accuracy
of the resonator based measurement is Q-fold.
The enhancement can be obtained similarly for the Q factor change, by realizing
that the error of the shift measurement is the same as the measurement of the
FWHM as it was shown in Section 4.3.

2.4

Noise in measurement systems

One of the main goals when designing measurement systems is to maximize sensitivity. This is especially true in experimental physics, as in many cases our
aim is to determine physical properties which are difficult to measure, often on
samples which are expensive to produce and only available in small quantities.
After choosing the method for the detection of the physical quantity, the sensitivity
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of the system comes down to the electrical signal-to-noise ratio. As the signal to
noise ratio can be improved by averaging multiple measurements, an improvement
in signal-to-noise ratio may in general decrease the required measurement time.
Following this logic, increasing the bandwidth (BW) of a measurement decreases
the time required to perform it, but increases the noise that affects it. A different
view of this fact is that by increasing the bandwidth, we increase the frequency
range over which the noise is being integrated for a measurement point. Based on
this, the most important parameter of a measurement system is the signal-to-noise
ratio over a time period. Taking into account the application, this can be defined in
multiple ways. In RF systems the noise is often described by the following terms:
2

√
Noise energy ∼ Noise Amplitude/ time ∼ Noise Power/time

V
[NV ] = √
Hz
W dBm
or
.
[NP ] =
Hz
Hz

(2.106)
(2.107)
(2.108)

where dBm is the unit of power used to indicate the ratio of a signal power in
reference to 1 mW. This means that most noise sources can be described as a time
independent value, and calculating the actual measured noise voltage necessitates
the definition of the measurement time (or bandwidth).
Understanding the sources and propagation of noise in a receiver system is
essential. I first list the sources of noise in a typical RF receiver (as seen in Ref.
[2])
• Thermal noise: the most basic type of noise that is present in all systems. It
is in many applications the final source of noise that has to be accepted. For
this reason, I discuss this more in detail.
• Shot noise: random fluctuation in the number of charge carriers.
• Flicker noise: often called 1/f noise (or pink noise) due to its spectrum. There
are a large number of processes that produce noise of this kind, including
many solid-state components and vacuum tubes. This noise is one of the
main reasons why designing receivers for measurements at low frequencies are
often more difficult than ones for higher frequencies. By moving to sufficiently
high frequency, the thermal noise overtakes the flicker noise. Since avoiding
the thermal noise is often difficult, in several cases the optimum is for the
thermal noise to be the dominant source.
• There are several other noise sources that may be significant in many applications whose discussion is beyond the scope of the present thesis. Some
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examples that are often mentioned in RF applications are the so-called
plasma noise, quantum noise, disruptions of the medium through which waves
are traveling caused by weather phenomena, or the noises arising due to
mechanical vibrations.

2.4.1

Thermal noise

As stated previously, the most important and always present noise source is the
thermal noise (also called Johnson or Nyquist noise). The thermal noise spectrum
is flat, meaning it has no frequency dependence. Let us consider a resistor at
temperature T . The electrons in the resistor are in random motion, with average
kinetic energy proportional to the temperature. This causes a small voltage
fluctuation at the resistor terminals. The average of this voltage is zero, but has a
nonzero RMS (root mean square) value given by Plank’s blackbody radiation law.
s

NV =

4hf BWR
,
ehf /kB T − 1

(2.109)

where
h = 6.626 · 10−34 Js is Plank’s constant,
kB = 1.37 · 10−23 J/K is Boltzmann’s constant,
T is the temperature (in K),
BW is the bandwidth of the system (in Hz),
f is the center frequency (Hz), R is the resistance value (Ω).
At microwave frequencies the above results can be simplified by assuming that
hf  kT . Taking the Taylor series approximation of the exponential gives:

ehf /kT − 1 ≈

hf
kT

so the value of the thermal noise is simplified to the following:
√
NV = 4kT BW R
N2
NP = V = kT BW,
4R

(2.110)

(2.111)
(2.112)

since NV is RMS voltage.
It should be noted that the noise power is independent of the frequency and
is proportional to the temperature and system bandwidth. Decreasing either
improves the noise of the receiver. Low temperature is being used in certain
low noise cryostatic amplifiers. These were not used for my work but may be

36

CHAPTER 2. THEORETICAL BACKGROUND

an interesting but expensive method to improve the general performance of the
measurement system.
Let us now consider the most typical values for the thermal noise at room
temperature T = 290 K and on 50Ω.

NP thermal

nV
NV thermal = 0.9 √
Hz
W
dBm
= −174
.
= N0 = 4 · 10−21
Hz
Hz

(2.113)
(2.114)
(2.115)

These values are important, as these noises are the absolute minimum that can
be reached using 50 Ω circuits (as is the usual case) and around room temperature.

2.4.2

Equivalent noise temperature

The −174 dBm
noise is the ideal case for a passive resistor that does not apply
Hz
additional noise to system. In practice, electrical components do produce extra
noise. If this noise is white (without frequency dependence in the relevant frequency
range), we can define the so-called equivalent noise temperature.
Let us consider an arbitrary white noise generator which has an impedance of
R and delivers NP noise power. In this case equivalent noise temperature is defined
as:
NP
Te =
.
(2.116)
kBW
This means the noise source could be represented by a resistor of R resistance
at Te temperature. As an example let us consider a noisy amplifier with bandwidth
BW , and gain G matched to a noiseless source and noiseless load. In this case the
output noise power reads NP = GkTe BW . We would obtain the same noise with a
noiseless amplifier on a noisy resistor at the temperature
NP
Te =
(2.117)
GkBW
In this case, we can define this Te as the equivalent noise temperature of the
amplifier.
Calibrated noise generators are sometimes characterized by the excess noise
ratio (ENR), defined as
Ng
(2.118)
N0
This term is only mentioned for the sake of completeness, but it is not used in my
work.
ENR(dB) = 10 log10
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Noise figure

Besides the equivalent noise temperature, the so-called noisef igure is often used
to describe the noise of a microwave component or network consisting of several
components. Let us consider a noisy network with combined gain G, bandwidth
BW and noise temperature Te . The noise factor F is defined as the ratio of the
signal-to-noise ratios before and after the microwave network (where i represents
the incoming, o the outgoing signal):
F =

Si /Ni
≥ 1.
So /No

(2.119)

The terms in this equations can be written as follows:
Ni = kT0 BW
No = kGBW(T0 + Te )
So = GSi .

(2.120)
(2.121)
(2.122)

Arriving at the noise factor:
F =

Si kGBW(T0 + Te )
Te
=1+
≥ 1.
kT0 BW
GSi
T0

(2.123)

The noise figure NF is the same ratio expressed in dB. Ni = N0 is the thermal
noise floor (in practice −174 dBm
):
Hz
NF = 10 log10 (F ) = 10 log10

Si /Ni
= SNRi [dB] − SNRo [dB] ≥ 0 dB
So /No

(2.124)

A special case of this calculation is for attenuators. These are passive devices
that have gain G < 0dB, thereby dissipating a part of the power passing through
it.
dBm
Hz
dBm
No = N0 = −174
Hz
So = GSi = G[dB] + Si [dBm]
NF = SNRi [dB] − SNRo [dB] = Si [dBm] − So [dBm] = −G[dB]
Ni = N0 = −174

(2.125)
(2.126)
(2.127)
(2.128)

This means that an attenuator decreases the sensitivity of the system by the
amount of its attenuation value. It should be noted that on microwave frequencies,
a cable can typically have an attenuation of about 1 dB/m, so any cabling before
the receiver system decreases its sensitivity.
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Noise figure of cascaded systems

The fact that any component that has dissipation without amplificiation of the
signal means that any lossy component decreses the sensitivity of our measurements.
This can be overcome by placing low noise amplifiers among the first components
of the receiver chain, thereby overcoming the losses introduced by the following
devices. The total noise figure of a cascaded system can be calculated using the
so-called Friis formula. Let’s calculate first the combined noise factor of two devices
with parameters G1 , F1 , Te1 , G2 , F2 , Te2 . Let the incident, midway, and outgoing
signals and noises be Si , Ni , Sm , Nm , So , No .
So = G2 Sm = G1 G2 Si


No = G2 Nm + G2 kTe2 BW = G1 G2 kBW T0 + Te1 +

(2.129)
Te2
G1



(2.130)

Te2
(2.131)
G1
F2 − 1
(2.132)
Ftotal = F1 +
G1
Using this calculation for more than two components we arrive at the Friis
formula:
Fn − 1
F2 − 1 F3 − 1
Ftotal = F1 +
+
+ ... +
(2.133)
G1
G1 G2
G1 G2 ...Gn−1
T2
T3
Tn
Ttotal = T1 +
+
+ ... +
(2.134)
G1 G1 G2
G1 G2 ...Gn−1
In most practical cases, an LNA with low noise figure is placed as close to the
signal source as possible (eg. close to microwave cavity in cavity measurements, or
right on the antenna connector). The gain of this LNA overtakes the noise figures
and atennuations of all following components, among which a power amplifier (an
amplifier with higher saturation power but worse NF) may also be placed in the
receiver chain. Any lossy components placed before this LNA increases the total
NF of the receiver system. Even though this degradation of the system is to be
avoided, there are cases where such components are useful. A typical example
is a band pass filter that increases the stability of the receiver in the presence of
sources not in its intended frequency range. Such unexpected signals may bring
the LNA to saturation, decreasing the sensitivity. In combined circuitry, that are
used transmission and as receivers, the switches and circulators also have to be
placed in the part of the circuitry that negatively affects its performance. This
makes the insertion loss of these components extremely important.
Multistage receivers are often used with each stage decreasing frequency, bandwidths, and further amplification of the signal, always taking care that the noise
figure of the whole network is fixed as close to its input as possible.
Ttotal = Te1 +
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Advantage of time domain over the frequency domain measurements

The application of FT spectroscopy has revolutionized infrared and nuclear magnetic
resonance spectroscopy, due to a significant increase of the sensitivity of the
instruments. When comparing a measurement incorporating FT techniques with
a frequency-stepped method, there are three general advantages that should be
considered called Fellgett [21], Jacquinot, and Connes [22] advantage. In this
section, I explain these advantages in optical [23] and NMR spectroscopy and how
they apply to the microwave measurement techniques.
Jacquinot advantage
The resolution of dispersive infrared spectrometers is determined by the size of
the entrance slit [24]. This means that increasing the resolution decreases the
number of photons used in the measurement, thereby reducing the signal magnitude.
However in case of FT spectroscopy, the resolution is increased by increasing the
measurement time (which is given by the travel time of the moving mirror of the
interferometer [24]). This is caused by the significantly larger brightness within FT
spectrometers compared to dispersive ones. Thanks to this advantage, an FT-IR
spectrometer of resolution 0.00001 nm is commercially available [25] while the
typical value is not larger than 0.01 nm in case of dispersive spectrometers. This
property of FT spectrometers is called the Jacquinot advantage, and it is essential
in certain applications where the measured signal has low intensity narrow lines,
e.g. in quantum optics, atomic physics, and astronomical studies.
In NMR and microwave spectroscopy a similar effect is noticeable. In frequency
swept setups, decreasing the measurement bandwidth, increases the resolution.
However if the measured line is narrow, most of the time is spent measuring
other frequencies thereby spending measurement time on frequencies that do not
contribute useful data. A filter is used (similar to the slit in optical spectroscopy) to
only measure near the desired frequency value. In contrast, using FT spectroscopy
the whole frequency range is being measured and the frequency resolution is
governed by the measurement time (as described by the well-known NyquistShannon sampling theorem).
Fellgett advantage
The Fellgett advantage (or multiplex advantage) is an increase in signal to noise
ratio of the spectrum when measured through FT methods due to the whole
frequency range being measured at once, in contrast to measuring each frequency
point sequentially. Let us suppose that we measure a time dependent signal in N
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points. If an FT method
√ is used to measure this signal, signal to noise ratio is
enhanced by a factor of N .
This advantage prevails when the dominant noise source is the thermal noise.
It is often the case in infrared spectroscopy and is also the case in NMR. However,
in the visible detection, shot noise dominates the noise. Then, when another light
source is present, its shot noise spreads into the full spectral range, thus reducing
the Fellgett advantage to 1, i.e. we are left with no advantage at all. Another noise
that
√ may prove an issue is the flicker (1/f ) noise.
√ In this case the Fellgett advantage
of N becomes a Fellgett disadvantage of N , meaning that the signal to noise
ratio is decreased by this factor. This means, a frequency swept (or dispersive)
method may be preferable when measuring close to DC.
Connes advantage
In dispersive infrared spectroscopy, optical frequency precision is achieved through
calibration measurements using a calibrating light source. As frequency adjustment
is achieved through complex mechanical solutions, some instability is inherent in
the measurement setup. This means that to reach high precision measurements,
each measured spectrum must be calibrated somehow. This problem is not present
in FT-spectroscopy, as every signal is by design calibrated to the down-mixing
laser, whose frequency precision is high.
Similarly in microwave measurements a frequency swept RF source has inherent
instabilities and the measurement system often suffers from synchronization issues
between the sweeping source and the data acquisition (often an oscilloscope).
These issues are not present using the FT method, due to the possibility of using
a high precision CW (continuous wave) source. The situation is similar in NMR
spectroscopy.

2.6

Photoconducting properties of silicon

During my work, I studied the so-called µ-PCD (microwave detected photoconductive decay) in silicon samples. In this section, I discuss some properties of silicon
that are important for the understanding of these investigations.

2.6.1

Excitation and relaxation of charge carriers in silicon

It is well known that when an insulator is irradiated by light whose photon energy is
higher than the band gap energy, an electron-hole pair is created. This is especially
easily achieved in semiconductors such as silicon whose band-gap energy is low. For
silicon this value is 1.11 eV, that corresponds to a wavelength of 1170 nm, which is
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in the near infrared range. This means that the whole visible light spectrum may
cause excitation is silicon. This is one of the properties that makes silicon an ideal
material to be used in light harvesting applications.
When a bulk sample is irradiated by visible light, the absorption occurs close to
the surface due to the finite penetration depth of the light. The intensity of light
within the silicon sample may be calculated as:
I(x) = I0 e−αx ,

(2.135)

where α is the absorption coefficient, I0 is the light intensity at the surface, and
I(x) is the intensity at the depth of x.
The generation rate of charge carriers reads:
G = αN0 e−αx ,

(2.136)

where N0 is the photon flux at the surface of the sample.
As seen in Fig. 2.13, the absorption coefficient of silicon is highly wavelength
dependent, especially in the infrared range when the photon energy nears the band
gap energy, until it becomes transparent in the far infrared range.
Recombination of the excited electron-hole pairs may occur through 3 processes:
• Band-to-band radiative recombination: a photon is emitted as the electron
relaxes into the valence band, i.e. thus the electron and hole annihilates each
other.
• Shockley-Read-Hall (SRH) recombination: the excited electron or hole passes
through a semistable state within the band-gap caused by the presence of
impurities or a dopant. The recombination of the electron and hole occurs
on this impurity center.
• Auger recombination: the excitation energy is passed to an electron in the
conducting band and this energy is lost through collisions.

2.6.2

Recombination lifetime

The so-called recombination lifetime is the mean time between the excitation and
relaxation of charge carriers back to the ground state. This property is dependent
on the charge carrier density, temperature, and is highly dependent on the purity
of the sample. The recombination time can be expressed using the so-called
recombination-rate R:
τc =

∆n
,
R

(2.137)
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Figure 2.13: The wavelength dependent absorption coefficient of silicon. Data from
[26]

where τc is the lifetime, and ∆n is the excess charge carrier concentration. Excess
means that additional charge carriers are created with respect to the equilibrium
charge concentration.
When the silicon sample is irradiated, the dynamics of charge carrier concentration is governed by the following equation, using the production rate K:
d∆n
∆n
=K−
.
dt
τc

(2.138)

When the production rate is 0, the excess charge carrier concentration decays
exponentially:
∆n(t) = ∆n(t0 )e−

t−t0
τc

.

(2.139)

However this only holds if τc remains independent of charger carrier concentration,
but in practice that is not the case. For this reason, the dynamics of the excess
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charge carrier concentration is often expressed by the following:
d ln ∆n
1
=−
.
dt
τc (∆n(t))

(2.140)

As recombination occurs through 3 distinct processes, the actual charge carrier
lifetime may be calculated by combining the the recombination rate contributions
of each process:
1
1
1
1
=
+
+
.
τc
τradiative τSRH τAuger

2.6.3

(2.141)

Measuring resistivity of silicon wafers using a fourcontact collinear probe

For my measurements of silicon wafers, the resistivity value of each sample is an
important parameter.

Current source

Voltage monitor

V
Silicon wafer

Figure 2.14: The basic block diagram of the 4 point resistivity measurement.
Current is driven through the 2 outer ones of the 4 equidistant points, while the
voltage is measured between the inner ones.

Measuring the resistivity of samples that have unusual shape and whose machining is not possible may be challenging. Single crystal or policrystalline silicon is
usually produced through industrial methods in the shape of wafers, thin (few millimeters) cylinders. For measuring the resistivity of a sheet material the four-contact
collinear probe method is ideal [27].
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As shown on Figure 2.14, we pick 4 equidistant points on the sheet far from the
edges of the material and run a current through the outer ones, while measuring
the voltage between the inner ones. The voltage-current ratio measured in this
setup is independent of the distance of the points, but is a constant ratio that is
dependent on the resistivity of sheet material. The resistivity reads [28]:

ρ=

π V
tk,
ln 2 I

(2.142)

where ρ is the resistivity, V is the measured voltage, I is the source current, t is
the sample thickness, and k is a correction factor based on the ratio of the probe to
wafer diameter and on the wafer thickness to probe separation. The k correction
factor is usually known for the test equipment available.
The resistance R = V /I measured though this method is often called sheet
resistance, with the dimension of Ω, which is equivalent to Ω, but is marked
to clarify the difference between regular resistance and the voltage/current ratio
measured through this method.

Chapter 3
Experimental methods and
techniques
3.1

Down-mixing of measurement signals

The use of radio frequency signals in telecommunications would require a broadband
instrument given that information is transmitted over several frequency channels.
The idea of mixing is to keep the need for broadband circuitry for a minimum
and to use the same frequency (the so-called intermediate frequency, IF) wherever
possible. This also means that the analog bandwidth of the receiver circuitry may
be small, decreasing the broad-band noise. For measurements at lower frequencies,
the high frequency signals must be down-mixed to the frequency of the instruments.
By making use of a radio frequency mixer, a signal spectrum can be shifted to
lower frequency. By changing the amount of shift, any signal may be centered
around the optimal operating frequency of the receiver circuit.

3.1.1

The radio frequency mixer

The mixer (as shown in Fig. 3.1) is a widely used device in electronics. It achieves
the phase sensitive mixing (multiplication) of two AC voltage signals and are found
in practically all RF and microwave communication devices.
fIF = fRF ± fLO .

(3.1)

Using two signals with different frequencies, we get a signal whose frequency is the
difference between the two incoming frequencies. When used as a downconverter,
the local oscillator (LO) input is a signal with a constant power and high frequency
and the RF is the signal we wish to measure, whose magnitude is significantly
smaller than the LO signal. The output is generated on the IF port.
45
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Figure 3.1: Schematics of a microwave mixer. LO, RF, and IF denote the local
oscillator, radio and intermediate frequency ports, respectively.

This mixing of signals is achieved by multiplying the AC voltages of the two
signals:
VLO = ALO cos(ωLO t)

(3.2)

VRF = ARF cos(ωRF t + Φ)

(3.3)

VIF = CVLO VRF

(3.4)

KALO ARF
KALO ARF
cos[(ωRF −ωLO )t+Φ)]+
cos[(ωRF +ωLO )t+Φ)], (3.5)
2
2
where C is a constant and is characteristic for a mixer. As it can be seen, both the
sum and difference of LO and RF frequencies can be observed in the IF port. If
fIF  fRF ≈ fLO , the sum of the two frequencies is so high, that in most practical
cases our measurement circuitry is insensitive to it.
Mixers use the non-linear nature of diodes to achieve the multiplication of two
signals. Multiple diode configurations can be used to cancel out the unwanted
signals, and decrease noise. These configurations are shown in Fig. 3.2 [29]. The
so-called double-balanced mixer has higher power and frequency ranges than singlebalanced mixers. A 3 dB hybrid coupler is a four-port directional coupler that
is used to split and combine RF signals. On any port, the power of the incident
signal is split equally between two matched ports, while not coupled to the fourth
(unmathed) port. 3 dB hybrid couplers have two variants, with different phase
shifts between certain ports, which may take the value of 90◦ or 180◦ . An optical
analogue of the 3 dB 180 degree microwave hybrid is the conventional beamsplitter
in Michelson-Morley type interferometers.
A widely used variant of the microwave mixers is the so-called IQ mixer. It
combines two mixers in the same packaging with a 90◦ shift between the inputs
VIF =
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Figure 3.2: Schematics of common single-balanced mixers on the left and a doublebalanced mixer on the right. Note that in the single-balanced mixers the IF is
generated either by subtracting the DC component directly or by using transformers.
The double-balanced shows the presence of 4 diodes and a transformer-based
subtraction of the DC signal. [29]
of each mixer. This may be used to perform phase sensitive measurements of RF
signals.

3.1.2

Effect of down-mixing on the measured signal

As shown in Figure 3.3, the frequency components of the down-mixed signal are in
the range that can be measured by an oscilloscope.

3.2

Discrete Fourier transformation

Fourier transformation (FT) is an essential and widely used tool in many scientific
and engineering investigations. Discrete Fourier transformation (DFT) is calculated for measurement data where the signals are not continuous. This is the
inherently occurring situation in any real measurements where an incoming signal
is sampled and digitized with a given interval step. Examples of FT techniques
being incorporated into scientific instruments contain the well-known FT-Infrared
[30], FT-Raman [23, 31, 32], and FT-NMR spectroscopy [1]. Instruments using
FT techniques in general have the clear advantage of measuring a wide range of
frequencies simultaneously, which is known as the multiplex or Fellgett advantage
and it results in improved sensitivity compared to the single channel spectrometers
[21]. The additional advantage is the so-called Connes advantage [22], which means
that the acquired signal is first down-converted to a highly accurate and stable local
oscillator. Technically the down-conversion is realized by conventional RF signal
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Figure 3.3: Calculations highlighting the effect of down-mixing on the cavity ringing
measurement spectrum. a) The original microwave signal spectrum. b) The original
signal in the time domain. The black area represents that all vales are taken by
the rapidly oscillating function. This also means that the signal has components
around 10 GHz, so the signal is not measurable by an oscilloscope. c) Spectrum of
the down-mixed signal. d) The down-mixed signal in the time-domain.

mixing in the FT-NMR case, whereas a highly coherent laser source (typically a
He-Ne laser) is used as a sampling reference in the optical FT methods [23].

3.2.1

Fourier transformation of the transient signal

In general, a normalized Lorentzian function takes the following form:
L(ω) =

1
τ
,
π (ω − ω0 )2 τ 2 + 1

(3.6)

where normalized means that its integral between −∞ and +∞ yields the value of
1.
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The Fourier transform of an exponentially decaying signal x (t) = e−t/τ , where
t > 0 yields the following∗ :
X (ω) =

Z 0

e−t/τ e−jωt dt =

−∞

τ
.
jωτ + 1

(3.7)

If the exponentially decaying signal is symmetrized, meaning x0 (t) = e−|t|/τ , a
Lorentzian is obtained:
X 0 (ω) =

Z ∞

e−|t|/τ e−jωt dt =

−∞

2τ
.
ω2τ 2 + 1

(3.8)

Taking the Fourier of the one sided exponential decay and calculating its real
and imaginary parts yield the following:
ReX =

τ

+1
τ 2ω
ImX = − 2 2
ω τ +1
q

Fourier magnitude =

(3.9)

ω2τ 2

Re2 X + Im2 X = √

(3.10)
τ
ω2τ 2 + 1

τ2
,
Fourier power = Re X + Im X = 2 2
ω τ +1
2

2

(3.11)
(3.12)

where the Fourier magnitude and power are most commonly used when visualizing
the Fourier spectrum of a signal.
If the signal is an exponentially decaying one-channel oscillation x00 (t) =
e−t/τ cos (ω0 t), a Fourier transformation yields two Lorentzian curves, one centered
around ω0 , and the other around −ω0 . By using the two-channel signal x000 (t) =
e−t/τ ejω0 t , the Fourier transform becomes a single Lorentzian. A typical example
of these Fourier spectra can be seen in Fig. 3.4.
Besides other advantages discussed below, fitting a Lorentzian with software
may be simpler then fitting the decaying harmonic signal, especially when τ and ω0
are in the same order of magnitude. It should be noted that the frequency-domain
spectrum is valid for the case ω0 ≈ 0, where the mixer local oscillator frequency is
close to the eigenfrequency of the resonator, and also for the case of ω0 < 0, making
it possible to measure which of the aforementioned frequencies is greater. This
is only possible when measuring both the in-phase and quadrature mixer signals,
represented by the two-channel time-domain signal.
∗

In my work, I use the sign convention commonly used in electrical engineering.
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Figure 3.4: Typical Lorentzian functions calculated by taking the Fourier transform
of a one-channel, and two-channel decaying oscillation. Note that in the onechannel case the Fourier power is split between the positive and negative parts of
the spectrum. Red and blue lines represent the real and imaginary parts reflectively.
Calculated by using ω = 10, τ = 1.

3.2.2

Calculation of the DFT

In practice, the time-domain signals obtained by measurement are not continuous,
but are measured with discrete period. For performing the Fourier transformation
of these signals, DFT is employed by the measurement automation software.
For the understanding of the following calculations, let us revisit the well-known
Euler’s relation:
ejx = cos(x) + jsin(x)
ejx + e−jx
cos(x) =
2
jx
e − e−jx
.
sin(x) =
2j

(3.13)
(3.14)
(3.15)

We first consider the case when only one component of the incoming oscillating
signal is detected. This is equivalent to measuring one component only of the IQ
mixer output. This is often refereed to as one channel DFT or real DFT. In this
case the input signal contains a set of real values. The time-domain signal consists
of N time domain points, x(n). The decomposed frequency-domain signal, X(k),
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contains, N/2 + 1 cosine, and N/2 + 1 sine waves, where k represents the frequency.
The real DFT is calculated as the following terms:
ReX(k) =

−1
2 NX
x(n) cos (2πkn/N )
N n=0

ImX(k) = −

−1
2 NX
x(n) sin (2πkn/N ) .
N n=0

(3.16)
(3.17)

Calculation of the DFT is simply performed by correlating the time-domain
signal with the respective cosine or sine waves. Note that even though ReX, and
ImX may be considered the real and imaginary part of a signal consisting of
complex points, there were no complex numbers used during the calculation. Real
DFT produces the complex Fourier spectrum where the positive and negative
part of the spectrum are equal to each other. This can be easily understood as
cosine is an even function, while sine is odd. Since the x(n) points are real, the
power (or magnitude) spectrum is symmetric for ±ω. This is detrimental to its
use in analysis of measurement data for my application, as it is not possible to
differentiate between measured eigenfrequency values above or below the local
oscillator frequency. During two-channel or complex DFT positive and negative
frequencies are different from each other and contain useful data for the analysis of
the signal. The complex DFT considers both outputs of an IQ mixer as if being
the real and imaginary parts of a time domain point series, x(n) (thus x(n) are
complex). Then, the complex FT is calculated as:
−1
1 NX
x(n)e−j2πkn/N
N n=0

(3.18)

−1
1 NX
x(n) (cos(2πkn/N ) − jsin(2πkn/N )) .
N n=0

(3.19)

X(k) =
X(k) =

In the complex case a set of complex values is transformed into another set of
complex values. This allows to obtain the power spectrum as X(k) which is then
already sensitive for the sign of ω.

3.3

Microwave
methods

detected

photoconductivity

The technical background presented in this section is based on my article titled
Ultrafast sensing of photoconductivity decay using microwave resonators [17].
It is widely known that irradiating the surface of a semiconductor with visible
light causes excitation of charge carriers (electrons and holes) within the material.
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The recombination lifetime of these charge carriers depend on material properties
including the concentration of impurities. The measurement of this lifetime is
therefore of high importance for many applications.
The µ-PCD (microwave detected photoconductive decay) measurement [33–35],
is a standard laboratory and industrial tool to characterize the amount of lightexcited charge carriers and their lifetime. Knowledge of these parameters is crucial
for semiconductor applications in light harvesting and also for the characterization
of impurity concentrations. Examples include the characterization of Co and
Fe impurities in silicon wafers [35, 36], the light-induced carrier recombination
rate measurements in novel perovskite based photovoltaic materials [37–40], nonsilicon semiconductors, e.g. CdSe and CdTe (Ref.[41]) and novel low-dimensional
materials including carbon nanotubes [42, 43], graphene [44, 45], transition metal
dichalcogenides [46], and black phosphorus [47, 48].
During µ-PCD measurements, the excited charger carrier concentration is
measured through the change of reflectivity of the semiconductor under test in the
microwave frequency range. Measuring a time-dependent microwave reflectivity
yields a curve that allows the characterization of charge carrier lifetime.
The most conventional µ-PCD implementations rely on detecting reflection
of microwaves from a sample which is irradiated using an antenna or an open
waveguide by non-resonant means. Besides its simplicity, this approach usually
suffers from a large, non light-induced reflected background signal that can either
saturate the receiver electronics (thus preventing measurement of small lightinduced reflections) or perplex the phase sensitive analysis of the back-reflected
microwave signal. Measurement of the phase is required in order to separate the
reflection due to dielectric and conduction effects. This hindrance is especially
pronounced for samples with a high conductivity, i.e. for a doped semiconductor.
It was recognized in 1977 (Refs.[18, 49]) and reiterated recently (Ref.[50]) that
the use of microwave resonators could eliminate the above mentioned problems
since resonators allow for a null measurement and also to improve the sensitivity
of the method due to the well-known amplifying effect of resonators.
The known approach to combine the µ-PCD measurement with microwave
resonators involves the detection of power reflected from a resonator during and
after a light pulse [19, 41]. However, this method ignores the information contained
in the phase (due to the power detection). In addition, both frequency and Qfactor changes lead to a modified reflection, thus modeling to obtain material
dependent parameters is rather involved [49, 51, 52]. Nevertheless, the approach
yields effective µ-PCD lifetime values and it was successful in constructing sensitive
electromagnetic radiation detectors [53–56].
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The conventional µ-PCD method

Figure 3.5: Schematics of the conventional µ-PCD decay experiments. A Q-switch
laser provides light excitation. The microwaves are detected with an IQ mixer.
The signal is measured using reflectometry. An optional LNA is indicated with a
dashed box.

In Figure 3.5, I show the setup to perform µ-PCD measurements using the
conventional method. A circulator is used to separate the microwave power travel
to and from a silicon wafer that is placed on an open waveguide. The wafer is
irradiated by a pulsed laser. This signal triggers the oscilloscope. A standard
X-band (8-12.4 GHz) WR90 waveguide is used to irradiate samples. The silicon
wafer fully covers the waveguide and is illuminated by the light, whose beam
aperture is such that it roughly covers the entire waveguide opening. The 1/e2
beam diameter after defocusing is 3 cm. I checked that the laser illumination from
the front (i.e. opposite to the microwave irradiation direction) gives qualitatively
identical results to those when the sample is irradiated from the back (i.e. parallel
to the microwave irradiation direction). The only difference is that irradiation from
the back results in smaller signals as the microwave waveguide limits the insertion
of light. A standard X-band circulator (Ditom Microwave Inc.) acts as duplexing
unit between the exciting and reflected microwaves. A detailed list of instruments
is given in Section 4.5.2.
The conventional µ-PCD method is based on detecting the reflection of microwaves from a semiconductor wafer. Reflection of electromagnetic waves from
a material can be most conveniently described with the introduction of the wave
impedance and surface impedance of the material as described in detail in Section
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2.1, giving a reflection, Γ as the following Fresnel-formula:
Γ = S11 =

Zs − Zwg
,
Zs + Zwg

(3.20)

where Zwg is the wave impedance of waveguide, and Zs is the surface impedance of
the material. For a µ-PCD experiment in an industrial environment, the reflection
is often detected by an antenna, which induces additional geometric factors but
it does not affect the generic physical description in Eq. (3.20). Alternatively for
good conductors, the reflection at low frequencies can be approximated with the
Hagen-Rubens relation:
s
2

R = |r| = 1 − 2

20 ω
.
σ

(3.21)

The reflection amplitude, S11 , from a silicon single crystal wafer with varying
resistivity is shown in Fig. 3.6 for various approximations: a finite element electromagnetic modeling for the wafer covering a WR90 X-band waveguide (TE10
mode, 8-12.4 GHz), the Fresnel formula, the Hagen-Rubens relation. I found that
the calculated reflections are little affected when we considered the small variation
of r as a function of doping, according to Ref.[57]. The figure demonstrates that
the Hagen-Rubens relation falls well onto the other two calculations in its domain
of validity.
Fig. 3.6. also contains the experimental results. To obtain these, I covered the
WR90 X-band waveguide with a series of silicon single crystal wafers with varying
resistivity from % = 0.528 Ω · cm up to % = 10 kΩ · cm, i.e. through 4 orders of
magnitude in %∗ . I used a copper plate covering the waveguide as |S11 | = 0 dB
reference. As expected, the experimental data lies close to the result of the finite
element electromagnetic modeling. The Fresnel formula also demonstrates well the
general trend in the reflected amplitude, even if it deviates from the electromagnetic
modeling.
In principle, the reflection approach allows the determination of the real and
imaginary parts of the material parameters from the phase sensitive detection of the
reflected microwaves. However, this measurement requires an accurate calibration of
the reflected microwave phase. In addition, most µ-PCD measurements, which are
implemented in an industrial environment, measure the reflected microwave power
only. In contrast, as I shall show in Section 4.5, a measurement of the material
parameters in a microwave resonator allows for the automatic disentanglement of
the real and imaginary parts of the material parameters.
∗

The samples were obtained from Dr. J. Volk and Dr. D. Quintavalle, the % characterization
was performed by J. Volk.
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Figure 3.6: Reflected microwave amplitude |S11 | as a function of the silicon wafer
resistivity. Solid curve is a finite element calculation for a WR90 X-band waveguide,
covered with the wafers, dashed curve is calculated using the Fresnel formula (as
explained in the text), dotted curve is calculation with the Hagen-Rubens relation,
and symbols show the experimental data for a set of silicon single crystal wafers.
The measurements presented here were performed by Balázs Blum. Finite element
calculations were performed by me.

Nevertheless, the major hindrance of the conventional µ-PCD method is that
a substantial reflection is present already in dark conditions: as Fig. 3.6. shows,
for most cases the reflection is around 3 dB, i.e. half of the microwave power is
reflected even without illumination. It clearly hinders the detection of the extra,
light-induced reflection by the saturation of the detecting electronics and the always
present dark background gives rise to additional shot noise.
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Chapter 4
Results
My work revolved around the measurement of microwave cavities measuring their
transient response to switching off the input power. The purpose of these investigations was to improve the accuracy of material parameter measurements using
microwave conductivity techniques. Understanding and measuring this transient in
the time domain was proven to be highly effective method of acquiring the cavity
eigenfrequency and quality factor. This can in turn be used for the characterization
of materials for solid state physics investigations.
The work I present in this thesis was motivated by the experience in field of
nuclear magnetic resonance (NMR). Widely used microwave resonator measurement
are suffering from similar issues as the so-called continuous wave (cw) NMR did
in its early years: frequency or magnetic field swept NMR has poor accuracy
of the resonance position and lacking sensitivity in general due to the technique
employed. In contrast, pulsed NMR provides a simultaneous measurement at
several frequencies, making use of the Fellgett advantage [21] and a highly accurate
value of the nuclear resonance (known as the Connes advantage [22]). These led to
an "NMR revolution" and the proliferation of high-resolution NMR [1], which was
heralded by the Nobel prize Chemistry of Richard R. Ernst in 1991.
These improvements of the NMR technique provided the primary motivation to
adapt similar methods to the measurement of f0 and Q of microwave resonators. My
time-resolved technique allows accurate and rapid measurement, thereby making
it possible to use the cavity perturbation for solid-state physics investigation, in
a range of problems where it was not possible before. The method is based on
the observation of the transient microwave signal which occurs when the exciting
power is rapidly switched off. The exciting microwave signal can have an arbitrary
frequency with some restrictions but not necessarily matching f0 . The transient
microwave signal is down-converted to the few kHz-MHz range with a microwave
mixer where it is digitized and Fourier transformed, which yields the resonance
curve. The f0 and Q are determined by fitting. The method exhibits multiplex
57
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advantage and the time domain data acquisition of a low frequency data allows
the accurate calibration of the microwave frequencies. It is well suited to study
dynamic phenomena.
The results section consist of 5 distinct parts: the description of the technique
and further improvements using feedback resonators; investigations of the accuracy
of the technique with comparisons to earlier methods and its usability for the
cavity perturbation technique; and finally two examples of solid-state physics
investigations where I used these methods to observe phenomena which had not
been understood before, namely the analysis of a microwave absorption anomaly
in single walled carbon nanotubes, and microwave detected photoconductive decay
in silicon.
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4.1

The time-domain method for measuring cavity parameters

The results shown in this section have been published in the article titled A time
domain based method for the accurate measurement of Q-factor and resonance
frequency of microwave resonators [58]. Parts of these results have been included in
my master’s degree work. I present the time domain method, theoretical description,
the practical setup, and show some of the results I achieved by developing this
technique.

4.1.1

Transient of an RF circuit

I used measurements at lower frequencies to provide a proof of concept for the
technique to be used around 10 GHz. Lower frequency components were available in
our laboratory as part of an NMR (Nuclear Magnetic Resonance) setup, including
a Bruker DMX 400 console. The tunable resonant circuit of the NMR spectrometer
works at around 100 MHz
As the resonant circuit is an RF analogue of a microwave resonator, by investigating the transient response of an RF resonator circuit, I also gained insight into
the properties of a microwave cavity.

CM
CT

L

Figure 4.1: The resonant circuit used in NMR experiments. The two trimmer
capacitors are used to match the resonator to the 50 Ohm transmission line.

On the resonant circuit shown in Fig. 4.1 the resonance frequency is set by CT
and L. The coupling is set by the matching capacitor, CM
2π
f0 = √
.
LCT

(4.1)
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Figure 4.2: NMR pulse (red) applied to the NMR resonator, and the resonator
response (black) measured using the NMR console after downmixing the resonator
transient signal to DC.

After exciting the resonant circuit near its resonance frequency, a transient
decay is observed (Fig. 4.2). If the frequency of the exciting pulse is not exactly
the same as the resonance frequency, and the response is measured by a mixer, the
difference frequency of the LO and resonance is measured on the IF port (as seen
in Figure 4.3).
By performing a Fourier transformation on the time-domain signal (Figure 4.3),
a Lorentzian is acquired (Figure 4.4). The center frequency of the Lorentzian is
the difference between the LO and resonance frequencies, its width is a function of
the characteristic time of the transient decay of the time-domain signal.
∆fLor =

1
2τ

fLor = fdifference

(4.2)
(4.3)

I gave a proof of concept of the technique on the NMR circuit. It showed
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Figure 4.3: Resonator transient measured Figure 4.4: Fourier transformed transient
using a mixer.
measured using a mixer.
the basic principle of using the time-domain signal of the decaying voltage to be
applicable for the measurement of resonator parameters. All further development
were done on microwave components working in the X-band (8 GHz - 12.4 GHz).

4.1.2

Theoretical description of the measurement

I have found that descriptions of the microwave cavity transients in the available
literature suffers from some inconsistencies and ambiguities. The transients are
most often mentioned as something to avoid in measurements or a hindrance to
the usability of cavities. They were not investigated in detail or used in any way.
This was a major motivation to investigate them in detail. I have performed
measurements and theoretical calculations for a more complete understanding of
the transients. This understanding combined with experimental investigations led
to the development of the practical application.
Reflections from a microwave cavity
Understanding how the reflection from a microwave cavity is produced is essential
for the understanding of cavity transients. Let us first consider a microwave cavity
which is weakly coupled to its environment. In this case much of the incoming
power p0 , is reflected from it even after the transients. Let us define the exciting
power pexc , which is the power that enters the cavity and excites its microwave
field and it holds that pexc  p0 due to the weak coupling. Then the frequency
dependent reflected microwave power follows a downward pointing Lorentzian curve
on top of a constant background as a function of the exciting frequency f , which is
centered at f0 and has a FWHM of ∆f . From the measurable quantities the quality
factor of the undercoupled cavity, Q0 can be defined as either the ratio between the
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full width at half maximum (FWHM) and the resonance frequency or as the ratio
of the energy in the cavity if excited on resonance and the loss of power in each
period of the exciting wave.
Q0 =

f0
ω0
=
,
∆f
∆ω0

where ω0 = 2πf0 . Also
Q0 = ω0

U
,
pexc

(4.4)

(4.5)

where U is the total stored energy in the cavity. It can be shown that the above
two definitions in Eq. (4.4) and Eq. (4.5) are equivalent. When the conservation
of energy is considered inside the cavity, the dissipated power, pdiss equals pexc . If
we rearrange Eq. (4.5), we obtain that
pdiss =

U ω0
.
Q0

(4.6)

The role of Q0 in Eq. (4.6) can be considered as a ratio between the dissipated
power during 1 microwave cycle and the stored energy. Physically, the dissipation
occurs due to eddy currents in the cavity and the loss only depends on the cavity
material. This also means that the ratio between the loss and the stored energy
remains the same irrespective of the level of coupling of the cavity to the waveguide.
When the coupling of the cavity to the waveguide is increased, the amount of
exciting power increases until it reaches p0 for critical coupling, i.e. when there is
no reflected power from the cavity. At the same time, the reflected power spectrum
broadens and it is twice as broad for critical coupling than for the undercoupled case.
In the following, I use Q for the quality factor of the coupled cavity. Technically,
it is the coupled Q factor which is observable and Q0 can only be approximately
measured when the undercoupled cavity is studied or it can be deduced from Q
and the reflections on the coupler [8].
The coupling element [8] reflects most of the incoming power and transmits
only a fraction of it. This means that the coupler itself does not contribute to
any ohmic dissipation or loss, still the nominal Q factor of the coupled cavity is
expressed using the quality factor of the coupling, Qc , as:
−1
Q−1 = Q−1
0 + Qc .

(4.7)

This also implies that Eq. (4.5) does not hold for the coupled Q, only for the
undercoupled value. Eq. (4.7) explains that for critical coupling Q = Q0 /2 as
therein Qc = Q0 . Clearly, the critical coupling is a distinguished case. I show
below that this is not only due to the lack of power reflection but it also means
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Figure 4.5: Schematic of the iris of a cavity and the reflected, transmitted, and
emitted radiation from the cavity.

that power dissipated inside the cavity equals the power transmitted through the
coupling element.
Figure 4.5 shows the important RF waves which are observed near the coupling
to a microwave cavity. The coupling element is a small opening, known as iris,
that can be considered a semi-transparent mirror, with T transmittance, and R
reflectance. T + R = 1 holds, as there is no energy dissipated in the coupling
element. Let Eexc be the part of the field exciting the cavity, Erefl is the microwave
field reflected on the coupler, Eem is the microwave field emitted by the cavity
through the coupler.
The interference of Erefl and Eem yield the reflected wave. In case of critical
coupling these two values are the same with opposite phase, thereby giving a
zero net reflection [8]. The thorough understanding of this interference effect is
important for the cavity transient signals as the amount of reflected power depends
on the state of the cavity [59].
Conservation of energy dictates that pexc = p0 = pdiss . The energy accumulated
inside the cavity is then U = p0 Q0 /ω0 , thus the emanated electric field is:
Eem =

q

U ω0 T ,

(4.8)

whose magnitude equals that of the reflected electric field:
Erefl =

q

p0 R.

(4.9)

Eqs. (4.8) and (4.9) yield that
Q0
,
1 + Q0
1
T =
.
1 + Q0

R=

(4.10)
(4.11)
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This clearly satisfies the conservation of energy.

The cavity transients
The resonator transients can be understood as the sum of eigen- and driven oscillations [59]. This mimics the well-known solutions of a driven damped oscillator,
where the eigen-oscillations arise as solutions of the undriven (homogeneous) differential equation, and the stationary oscillations follow the frequency of the drive.
During transient, the sum of both are observed but the eigen-oscillating term
dominates. When the exciting microwave signal is switched off, the resonator starts
to radiate instantaneously on its eigenfrequency, as the resonator has no memory of
its earlier states. It is more surprising that the resonator also emits radiation at its
eigenfrequency for the switch-on transient [59–62]: the increasing microwave field
inside the cavity during switch on is mathematically described by the sum of the
decreasing negative amplitude transient (with frequency f0 ) and the constant amplitude steady-state solution (with frequency f ). The interference effect described
above governs the steady-state radiation. The two transient microwave signals have
the same amplitude, decay constant, frequency (the eigenfrequency of the cavity),
and opposite phase. This has been clearly confirmed through measurements.
The transient microwave signal reads for the microwave power, p(t), and microwave voltage, V (t):
!

tω0
p (t) = p0 × exp −
Q
!
q
tω0
V (t) = p0 Z0 × exp −
× exp (jω0 t) ,
2Q

(4.12)
(4.13)

where p0 is the power of the source, ω0 = 2πf0 , Z0 is the wave impedance of the
microwave waveguide and the phase of the reflected microwave signal in V (t) was
omitted. The Fourier transformation of V (t) yields a Lorentzian peaked at f0 with
FWHM of ∆f = f0 /Q.
It should be noted that the term in Equation (4.13) differs from the relevant
term in reference [59] with a factor 2.
The switch-off transient
Let us consider a cavity that is irradiated, the energy stored being U (t = 0) = U0 =
p0 Q0 /ω0 when the excitation is suddenly switched off. The cavity loses energy by
two ways: dissipation and radiation through the coupler. The following differential
equation describes the time dependence of the stored energy U (t):
dU
U ω0
= −pem − pdiss = −U ω0 T −
.
dt
Q0

(4.14)
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Which yields after rearranging:
1
1
dU
= −U ω0
+
dt
1 + Q0 Q0

!

=−

U ω0
.
Q

(4.15)

Where the quality factor of the coupled cavity is:
1
2Q0 + 1
2
=
≈
.
Q
(1 + Q0 )Q0
Q0

(4.16)

The approximation is valid when Q0  1, which is often satisfied as Q values in
excess of 1.000 are customary. The solution for the critically coupled case, and
f = f0 thus reads:
2ω t
ω0 t
− 0
U (t) = U0 e− Q ≈ U0 e Q0 .
(4.17)
Using that pem = U ω0 T , it is found that equations 2.65 and 2.66 for the power
and amplitude of the microwave voltage which is emitted from the cavity:
pem (t) = p0 e−
Vem (t) =

q

ω0 t
Q

−

≈ p0 e

ω0 t

p0 Z0 e− 2Q ≈

q

2ω0 t
Q0

(4.18)

,
ω t
− Q0
0

p0 Z 0 e

,

(4.19)

where Z0 is the wave impedance of the of the microwave waveguide.
The switch-on transient
After switch on the energy balance of the cavity is the following for the case of
critical coupling and on-resonance excitation (f = f0 ):
dU
= pexc − pdiss ,
dt

(4.20)

where pdiss = U Qω00 is the dissipated power as shown above. During the transient,
there is no balance between reflected and emanating power so the net reflection is
not zero. The exciting power reads:
pexc = p0 − |Erefl − Eem |2 ,

(4.21)

which equals according to Eqs. (4.8) and (4.9):
pexc = p0 −

q

p0 R −

q

2

U ω0 T .

(4.22)

Equation (4.20) reads when Q0  1:
s

dU
p0 U ω 0
U ω0
=2
−2
.
dt
Q0
Q0

(4.23)
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It can be readily verified that the solution
ω t
p0 Q0
− 0
U (t) =
1 − e Q0
ω0



2

,

(4.24)

satisfies the initial conditions and the differential equation. The power which is
reflected from the cavity during the transient is obtained as:
√

s

p0 −

U ω0
Q0

2

= p0 e

−

2ω0 t
Q0

,

(4.25)

ω t
√
− 0
and the corresponding amplitude of the microwave voltage reads: p0 Z0 e Q0 .
These results are identical to that in Equation (4.19). It also confirms that
equations 2.65 and 2.66 are valid for both the switch-on and off transients.
Note should be taken that a relaxation time is often referred to to describe
the cavity transient [8]. Since it is rarely defined whether this refers to microwave
voltage or power measured by mixer or power detector, this term is not clear.
Therefore relaxation time can be defined by either of the following terms:

Q0
ω0
Q0
τ2 =
.
2ω0
τ1 =

(4.26)
(4.27)

Transients for arbitrary coupling
In this section, I consider the case of non-critical coupling, when irradiating the
cavity on-resonance (f = f0 ). Due to the finite reflection in the steady state, pexc
0
is not necessarily equal to p0 . To consider the coupling, the β = Q
factor is
Qc
introduced. With this, factor the Q factor of the cavity is
Q=

Q0
.
1+β

(4.28)

4β
.
(1 + β)2

(4.29)

The power exciting the cavity reads:
pexc = p0

The power reflected from the cavity is p0 − pexc . By considering the conservation
of energy, it can be seen that
the microwave
power leaving the cavity is βpexc as it
√
2
√
satisfies the requirement:
p0 − βpexc = p0 − pexc .
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The differential equation for the energy stored inside the cavity reads for the
switch-off transient:
dU
ω0
= −(1 + β)pexc = −(1 + β)U .
dt
Q0

(4.30)

This is solved with the U (t = 0) = U0 = pexc Q0 /ω0 initial condition
ω t

U (t) = U0 e

−(1+β) Q0

0

= U0 e−

ω0 t
Q

(4.31)

.

The amplitude of the microwave voltage which is detected during the transient
reads:
q
ω0 t
ω0 t
2β q
V (t) = pexc Z0 βe− 2Q =
p0 Z0 e− 2Q .
(4.32)
1+β
Considering the switch-on transient, we obtain the same result for the power
and microwave voltage amplitudes which are reflected from the cavity. The Fourier
spectrum of Equation (4.32) gives a Lorentzian that corresponds to the coupled
cavity quality factor, therefore is usable the same way as the critically coupled
would be.
The transients in an equivalent circuit model
In all previous calculations I assumed that we are in the on-resonance case (f = f0 ),
and the calculations were based on the conservation of energy and electromagnetic
interference between radiation with the same frequency. In this section I calculate
the transient for f 6= f0 in a lumped equivalent circuit model.
According to reference [63], the appropriate lumped equivalent circuit model of
the iris coupled cavity is the one seen in Figure 4.6 for arbitrary and Figure 4.7
for higher Q values. The resonator cavity is represented by the RLC circuit and
the additional inductance L represents the coupling element. For high-Q, it can be
assumed that L  L.
The equation governing the discharge transient reads∗ :
!
1 Z
dI
ω 2 L2
0=
I dt + (L + L) + R +
I.
C
dt
Z0

(4.33)

After differentiating, a second order differential equation is obtained:
ω 2 L2
I
d2 I
0 = + (L + L) 2 + R +
C
dt
Z0
∗

Calculation were performed by Bence Márkus.

!

dI
.
dt

(4.34)
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L
Figure 4.6: Equivalent RLC-circuit
of an iris coupled cavity near
resonance[63].

Figure 4.7: Equivalent RLC-circuit
of iris coupled high-Q cavity near
resonance[63].

Using the I(t) = Ae−λt ansatz, the characteristic equation near resonance is:
λ1,2 =

ω02 L2
Z0

R+
2(L + L)

v
u

ω02 L2 2
u
u R+ Z
0 
± j t

2(L + L)

−

1
.
C(L + L)

(4.35)

Here, critical coupling is achieved when
L2 ω02 = Z0 R.

(4.36)

According to reference [63] the following equations hold between the circuit
model terms and the microwave cavity parameters:
1
ω0 = q
,
(4.37)
C(L + L)
R
ω0
=
,
(4.38)
Q0
L+L
ω0
ω02 L2
=
,
(4.39)
Qc
Z0 (L + L)
−1
(4.40)
Q−1 = Q−1
0 + Qc ,
Q = Q0 /(1 + β),
(4.41)
With these, Eq. (4.35) becomes
v
u

λ1,2

u
ω0
ω0
=
± j tω02 −
2Q
2Q

!2

.

(4.42)
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The general solution for the discharge transient is
I(t) =

2
X

Ai e−λi t ,

(4.43)

i=1

where the Ai coefficients can be fitted to satisfy the initial conditions.
It should be noted that according to Equation (4.42) the transient has a characteristic decay rate of ω0 /2Q, which is in agreement with the previous calculations
and with equations 2.65 and 2.66. The frequency of the oscillations are close to the
eigenfrequency of the RLC circuit with a small shift introduced by the coupling
and losses inside the resonator.

4.1.3

Experimental setup to detect cavity transients

Figure 4.8: Schematics of the instrument used to detect the microwave resonator
transients. Thin and thick lines represent coaxial and microwave waveguides,
respectively. The circulator, 180 deg hybrid (or Magic Tee) are also waveguide
elements.
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Figure 4.9: Photo of the measurement setup.

Fig. 4.8. shows the setup to detect the microwave resonator transients, Fig.
4.9 shows a photo of the same. Even though I present herein a setup measuring
reflection, the tranmission setup is also applicable as is is presented in Sections 4.4,
and 4.5.
• The microwave source is a Gunn diode stabilized to a quartz oscillator with
a PLL system and has 20 dBm leveled output power (Agilent 83751B, 2-20
GHz).
• The coupled port of a 10 dB directional coupler serves as LO mixer input.
The 10 dBm LO power is split on a 90◦ hybrid to provide the LO inputs of 7
dBm for the mixers (Marki Microwave M10418LC, NF=6 dB, IF=DC-4 GHz,
RF/LO=4-18 GHz). The two mixer configuration functions as a quadrature
or I/Q mixer.
• The microwave signal is switched with a fast PIN diode with on-off transition
time less than 5 ns (Advanced Technical Materials, S1517D).
• The PIN diode is driven by an arbitrary waveform generator (HP33120A)
with varying pulse length and frequency.
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• The microwave signal is attenuated to a level of 0 dBm (1 mW) as that is
the maximum input power of the microwave mixers.
• A coaxial to microwave waveguide transition serves as band filter since the
PIN diode output contains cross-talk from the driving signal.
• The microwave signal is directed towards and from the resonator using a
waveguide circulator.
• Two TE011 cylindrical cavities were studied with a variable lateral iris
coupling [8] of copper (Q0 ≈ 104 ) at room temperature and niobium kept at
4.2 K (Q0 ≈ 105 ) with equal length and diameter of about 3 cm.
• The reflected microwave is phase shifted, its power is split with a waveguide
magic Tee and it serves as the RF mixer input with a maximum input power
of 0 dBm to avoid mixer saturation.
• The LO port of the mixers is protected by an inside/outside DC block against
crosstalk from the PIN diode driving signal.
• The intermediate frequency (IF) signal of the mixers is optionally amplified
(Analogue Modules 322-6-50, low noise voltage amplifier). In most cases this
was not necessary.
• The IF signal is digitized by a 500 MHz oscilloscope (LeCroy LT342) which
may also perform signal processing (averaging and FT).
• Automation is achieved by computer control of the source, PIN diode driver,
the oscilloscope read-out, and data analysis.

4.1.4

Measurement results: time-domain cavity transients

Using the previously shown experimental setup, I made several measurements
of microwave resonator transients. Figure 4.10 shows the typical switch-on and
switch-off transient measurements. Since the DC level of the switch-off transient is
zero for both the critically coupled and undercoupled case, the measurements of
the switch-off transient makes the analysis simpler.
Figure 4.11 presents the cavity transients of two different cavities. The measured
time domain signals are presented in Figure 4.10 for in-resonance (f = f0 ) excitation
for critical coupling, and the case of non-critical coupling. The microwave phase
was adjusted in each case to minimize the out-of-phase signal on the quadrature
mixer. Both cases of non-critical coupling (over- and undercoupling) produce
similar results, with the overcoupled case having lower Q, as expected. Similar
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Figure 4.10: Time-domain signals shown for critical coupling when f = f0 and
f = f0 + 5 MHz and the undercoupled cases. In case of non-critical coupling or
off-resonance excitation, part of the exciting power is reflected from the cavity when
the steady state is achieved. Solid and dashed curves are the in- and out-of-phase
mixer outputs. Note the different sign of the transient for switch on and off and
the damped oscillations when f 6= f0 .
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Figure 4.11: Comparison of the cavity transient signal for two cavities with different
Q’s of copper (Q ∼ 6 000) and niobium at 4.2 K (Q ∼ 50 000). Both cavities were
critically coupled and the out-of-phase quadrature mixer is nulled (data not shown).

waveforms are observed for the switch on and off cases. Exponential decays are
observed in the on-resonance cases. In the critically coupled case 0 reflection is
observed after the transient when on-resonance excitation is used. The exponential
decay has an oscillating component in the off-resonance case, the frequency of the
oscillation is equal to the frequency difference between the exciting field and the
resonance. This result supports the theory that the resonator radiates a microwave
signal on its eigenfrequency during transients.
In Figure 4.11., the cavity transient signals for two different cavities of copper
(Q ∼ 6.000) and niobium at 4.2 K (Q ∼ 50.000) are compared. Superconducting
cavities can reach Q factors beyond one million but the niobium available to me
had impurities, explaining the lower than possible Q factor.

74

CHAPTER 4. RESULTS

Analysis in the time-domain
One of the largest difficulties in the measurement is the time it takes to transfer data
on the relatively slow GPIB protocol between the oscilloscope and the computer.
The characteristic time of the cavity transient is about 1 μs. The repetition frequency
of the PIN switch may be increased to about 300 kHz. Transferring the data of
one curve pair takes about 1 s. This means that we only measure 1 in every 3 · 105
ring-down with high resolution. The high resolution means that several data points
have to be measured, which require a long data transfer time. The numerical
fitting of the theoretical curve to the measured curve takes a significant amount of
time, although this may be performed after the data transfer is finished and a new
measurement has started.
The measurements were made using a Lecroy LT342 oscilloscope. This scope
has a "sequence" working mode, which means that the oscilloscope measures after
each trigger with lower resolution but averages several of these curves. The upper
limit on the scope is averaging 1000 transients, each consisting of 50 points. As
there are much fewer points that need to be transferred to the computer due to
the low resolution, each curve takes only 0.2 s to measure and transfer to the
computer.
1000curves
= 5 kHz.
(4.44)
0.2 s
This means that every 1 in 60 curves can be measured. By decreasing the
resolution of each curve, the fitting time also decreases. The fitting on our setup
took an additional 0.2 s.
To check the performance of this method, I have collected 100 curves, which took
20 s (1 curve is obtained by averaging 1000 curves), and fitted them in an additional
20 s, so one measurement took 0.4 s. See Figure 4.12 for a typical measured curve.
τ = 1.4131 μs ± 0.971 ns

(4.45)

Q = 2πfres τ /2 = 48593
(4.46)
√
1454
S
=√
= 2299 Hz.
(4.47)
N
0.4 s
During later investigations, oscilloscopes of superior features became available
to me, thereby improving active measurement time. They also made possible to
transfer data through other means in place of GPIB, namely USB cables with
VISA protocol, or through Ethernet. The coding of data as hexadecimal in place
of decimal also provided a significant improvement.
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Figure 4.12: A measured curve, and fit.

Analysis in the frequency-domain
The quadrature mixer setup makes it possible to calculate a complex FT of the
transient decay, thereby providing not just the value but also the sign of f − f0 .
The FT power spectrum is a Lorentzian with FWHM of ∆f according to Eq. 4.13.
The similar waveform of switch-on and switch-off transients mean that either could
be employed for in the analysis, however due to it having an average value of 0,
there are several upsides to using the switch off:
• Microwave power may be increased without fear of mixer saturation either by
decreasing the attenuation in the measurement path or adding a low noise
amplifier (LNA) before the mixer input.
• The DC background affects the Fourier spectrum, known as the zero-frequency
anomaly, especially for small difference frequencies.
• There is no reflection after the transient that would cause microwave standing
waves to be observed.
• The best sensitivity is reached when the switch-on transient is allowed to
decay completely, as that means that the maximum microwave energy is
being stored in the resonator. Despite this, in certain applications it may be
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beneficial to decrease the time spent being switched on, thereby increasing
the measurement repetition frequency. Such a solution was employed when
measuring short photoconductive decay, as shown in a later section.

As discussed above, the Fourier transform power spectrum of the IQ mixer
outputs yield directly the cavity resonance curve. To experimentally verify this
statement, a measurement was made where the source frequency was 20 MHz
off-resonance. In Fig. 4.13 the Fourier magnitude of the mixer outputs is presented.
In Fig. 4.14 the Fourier power is presented.

Figure 4.13: FT magnitude for a measurement 20 MHz off-resonance

For this method the best measurement setup was achieved by using high
resolution and averaging several curves using the oscilloscope. This means that
transferring the measurement data to the scope took relatively little time.
As a rule of thumb, the length of the microwave signal should be 10 times the
cavity transient duration τ = 2Q/ω0 and also the transient should be observed for
the same period of time for an optimal frequency resolution. This limits the pulse
repetition frequency to about 1/20τ .
This method can be used to measure the resonance frequency and Q simultaneously, while being farther off-resonance than using analysis in time domain. The
reason for that is that the time domain analysis method uses low resolution, so we
can not observe the exponential decay and the beat frequency at the same time.
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Figure 4.14: FT power spectrum for a measurement 20 MHz off-resonance

It is also more practical to perform and easier to monitor the numerical fitting of
Lorentzian.
In future works all analysis was performed by calculating the FT spectrum.
The effect and limit of significant detuning
To check the limits of off-resonance excitation, I have performed theoretical calculations and compared them with measurements, results can be seen in Figure 4.15.
It may appear surprising that microwave emission is observed from a resonator
with FWHM ≈ 1 MHz when the exciting source is detuned up to 100 MHz from
f0 . For the understanding of this phenomenon, I have used the FT method, and
calculated the energy emitted from the cavity from the integrated intensity of the
FT signal, where f − f0 is the amount of detuning:


Uem =

∆ω
2

2

p0 Q0
×  2
.
∆ω
2ω0
+ (ω − ω0 )2

(4.48)

2

The measured and calculated emitted energy data are in good agreement except
for f − f0 < −50 MHz; the latter is probably due to a reduced performance of the
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Figure 4.15: a) FT data for different values of f − f0 (from top to bottom): 0, +20
MHz, and -100 MHz. Note the different vertical scales, the DC peak for the +20
MHz data, and that this range is not shown for the -100 MHz data. b) The energy
emitted from the resonator, obtained from the integrated intensity of the FT signal,
as a function of f − f0 . The solid curve is the calculated values as explained in
detail in the text.

microwave circuit over this relatively large band-width. Nevertheless, this agreement
attests that our theoretical description of the resonator energy is appropriate.
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To calculate the limits of detuning, I have made the following considerations.
The energy stored inside a critically coupled microwave cavity has a maximum of
Umax = p0 Q0 /ω0 for f = f0 and it falls off as a function of the microwave frequency
detuning, ω − ω0 with a Lorentzian of


U (ω − ω0 ) = Umax 

∆ω
2

2

∆ω
2

2

+ (ω − ω0 )2

.

(4.49)

The emitted microwave energy during the switch off transient is half of the total
stored energy. Therefore Eq. (4.49) yields (4.48):
The emitted energy is the signal strength of the measurement. The energy of
the noise is
Unoise = 4kB T × ENBW/1 Hz,
(4.50)
where ENBW stands for Equivalent Noise Bandwidth and a division by 1 Hz is
required (see Equation (2.106) in the theoretical description of this Thesis). The
factor 4 appears due to the ideal 6 dB noise figure of microwave mixers. The
ENBW of a Fourier transformed signal with a rectangular apodization is known to
be reduced by the number of points, N , of the measurement bandwidth, BW, and
reads
BW
ENBW = √ .
(4.51)
N
If we assume that the measurement is well designed in terms of bandwidth and
measurement points (bandwidth exceeds detuning frequency, and number of points
are selected so such that ENBW is about 10 times smaller than ∆ω), considering
the strongly detuned case, ∆ω  ω − ω0 ≡ ωd and substituting the definition of
Q0 the stored energy reads
p0 ∆ω
Uem (ωd ) =
.
(4.52)
4ωd2
The Signal/Noise ratio then reads
S/N = Uem (ωd )/Unoise =

10p0 × 1 Hz
.
16ωd2 kB T

(4.53)

Eq. (4.53) is remarkably parameter independent and it contains only the detuning
frequency, the microwave power, and the thermal noise.
Taking p0 = 1 mW = 0 dBm the maximal detuning becomes
ωd /2π ≈ 60 MHz,

(4.54)

in agreement with the measurements. By increasing the irradiation power, adding
an LNA (thereby decreasing the effective noise figure), or using a cooled microwave
mixer, detuning can be increased substantially up to a few GHz.
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It should be noted that as the measured signal scales with the square root of
the incoming microwave power, increasing it yields improved signal to noise ratio.
The incoming power is limited by the maximum input power of the mixer (with
greater values resulting in saturation). In case of significant detuning, microwave
power may be increased without the fear of mixer saturation during the switch-off
transient. The magnitude of the allowed increase in power can be directly read
from Figure 4.15.

Summary
In conclusion, I presented a novel method to measure the eigenfrequency and quality
factor of microwave resonators by measuring the transient decay after a sudden
switch off of the incident power. The method has several advantages compared
to widely used solutions, namely being a rapid measurement, and possessing
superior signal to noise ratio as shown in a later section of this thesis. The new
method makes it possible to measure the dynamics of microwave absorption inside
microwave resonators. The resonator transient time, which is a few µs depending
on the Q-factor, gives the time resolution of the present method whereas usual
frequency swept techniques are limited to a few ms-s measurement time. The
method is superior to frequency swept or modulated methods in terms of stability,
measurement speed, and conceptual simplicity. Compared to the AFC based based
method, which provided the best signal to noise ratio before, the new method does
not require exact knowledge of the resonance frequency.
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Time domain measurements incorporating
feedback oscillators

The results shown in this section have been published in the article titled A highly
accurate measurement of resonator quality factor and resonance frequency [64]. In
this section I expand on the ideas explained in the previous section, thereby building
a setup that provides similar measurements but with even higher sensitivity and
some additional advantages.

4.2.1

Basics of the technique

Using the time-domain technique explained in the last section requires a priori
knowledge of the resonator frequency, otherwise the electromagnetic field induced
in the cavity by the outside source is too small, thereby decreasing the sensitivity
of the measurement for Q and f0 . As a solution to this, rather than irradiating the
cavity using an external source, I have placed the cavity in a feedback loop with an
amplifier. This means that the output power of the amplifier is being fed back to
its input, thereby creating a feedback circuit that increases the RF energy in the
loop until the amplifier becomes saturated. The cavity acts as a filtering element,
only allowing the RF field within the feedback circuit to be near its eigenfrequency.
Similarly to a laser resonator, there are two rules that have to be satisfied for the
feedback circuit to act like a resonator:
• amplification rule: the total amplification in the unsaturated case of the
whole loop should be greater than 0 dB. If this is the case, the power in the
loop increases until the amplifier saturation is reached. It should be kept in
mind that when saturated the amplifier produces higher harmonics of the
intended resonator frequency, but that is not an issue for this technique as
most elements (including the waveguide) do not transmit these frequencies.
• phase rule: the total phase shift in the loop for the intended frequency
should be an integer multiple of 2π. The cavity produces a phase shift of the
transmitted RF. This means that to satisfy the phase rule, the frequency of
the feedback loop is not exactly the eigenfrequency of the cavity. To control
this phenomenon a manual phase shifter is inserted in the feedback loop.
These two criteria are known as Barkhausen’s rules.
As I show below, this improvement of the time domain based resonator method
yields even better sensitivity for the resonator parameters. It is relatively simple
to implement and it can be conceptually adapted to any radio frequency range.
During continuous wave operation, the resonator sustains a large electromagnetic
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energy, which is emitted upon suddenly switching off the feedback circuit. The
emitted radiation is down-converted with a stabilized oscillator and is detected with
quadrature demodulation and a Fourier transformation yields the resonance curve
whose parameters are readily determined. The method allows the measurement
of material parameters with an unprecedented accuracy, which is explained by a
detailed consideration of the different sources of noise.
It should be noted that the technique explained in this section is conceptually
different from the one detailed in Section 4.1. When using the technique incorporating the feedback resonator (FBO), there are two independent microwave sources one
with freely adjustable frequency. This means that an arbitrarily large IF frequency
may be used to best work with low-frequency components available. Using the
original technique the same LO was used for the irradiation of the resonator under
test and the down-conversion of the transient signal. This meant that either the
transient signal was large and IF low (when irridiating close to the eigenfrequency)
producing a noisy IF, or the signal was low and the IF large. A compromise had
to be made between low IF noise and large IF signal. This is avoided using the
improved technique by having the two independent microwave sources.

4.2.2

The measurement setup and its properties

The setup incorporating the feedback resonator is shown in Fig. 4.16. This circuit
implements a so-called feedback oscillator (FBO). FBO’s are a general type of
stabilized oscillators that are widely used in various applications including the
design of ultra-low noise oscillators incorporating dielectric [65] or YIG resonators
[66]. The noise characteristics of FBO’s are known to be well described by the
Leeson’s equation [67] that considers thermal noise related phase fluctuations. Even
though I present herein a setup measuring cavity tranmission, the reflection setup
incorporating a circulator or directional coupler is also applicable.
The measurements setup consists of the following components:
• transmission type resonator (cavity) under test
cylindrical copper TE011 microwave cavity resonator with f0 ≈ 9.4 GHz
and an unloaded Q0 ≈ 10, 000
This resonator is used to measure microwave properties of materials with
the cavity perturbation technique.
The resonator is connected to WR90 waveguide-coax adapters with two
coupling irises as the remaining circuit consists of coaxial parts.
The resonator is undercoupled for both the input and output with S
parameters of S11 = S22 = 3 dB which results in a transmission loss S21 = 6 dB.

4.2. TIME DOMAIN MEASUREMENTS INCORPORATING FBOS

L

Local
Oscillator

R

I

83

Scope
Q

DC block

10 dB

isolator

PIN

LNA

Feedback oscillator

WR90

WR90

resonator

Figure 4.16: Schematics of the experimental setup incorporating a feedback resonator for the accurate measurement of resonator Q and f0 . A low noise amplifier
(LNA) and a phase shifter is indicated. A PIN diode stops the operation of the
oscillator and the resulting transient signal is forwarded with a coupler toward the
IQ mixer. The local oscillator is a PLL stabilized synthesized source. All microwave
cables are coaxial SMA except for the two WR90 waveguide-coax adapters which
are indicated and a DC block before the R input of the mixer.

These coupling parameters represent a compromise between the transmission
loss and the sensitivity of the Q measurement to material parameters [4, 14].
• low-noise amplifier (LNA) (custom made by Janilab Inc.) with NF=1.4 dB,
Gain=15 dB, 1 dB compression point P1dB=10 dBm
• manual phase shifter (Arra AR4329)
• isolator: I found that an isolator before the resonator is required for clear
resonant signals as otherwise the emitted microwaves would be reflected from
the closed PIN diode when it is switched off.
• PIN diode switch with a less than 5 ns 10-90% rise-fall transient time (Advanced Technical Materials, S1517D)
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• 10 dB directional coupler (Narda 4015 C-10)
• arbitrary waveform generator (HP33120A) with varying pulse length and
frequency driving the PIN switch
• IQ mixer (Marki IQ0618LXP) for down-conversion (may be replaced optionally by a power detector (HP8472A))
• DC block: two WR90 waveguide-coaxial adapters facing each other, which
are separated by a Mylar foil and are connected with plastic screws, it is
important to electrically isolate the mixer from the rest of the circuit
• local oscillator: a PLL stabilized synthesized frequency source (Agilent
HP83751B, 2-20 GHz or Kuhne Electronic MKU LO 8-13 PLL), which
provide the LO power of 10 dBm.
• oscilloscope: a high-frequency and high-end oscilloscope with an OCXO
stabilized clock (bandwidth 1 GHz, Rohde & Schwarz RTO1014) is required
to measure the fast (∼ 100 ns) transients and it is capable of averaging several
transients with a high repetition rate (typically 100 kHz) with essentially
zero dead time, i.e. without the loss of triggers.

The switch on mechanism of the FBO is somewhat involved as it depends on
the loop gain, phase etc, as I show below. In turn, the switch-off transient signal
solely depends on the resonator ring-down, therefore I focus on it in the following,
and only the ring-down is used for the calculation of the cavity parameters.
As mentioned before, the conditions for the feedback oscillator operation are
that the LNA gain overcomes the losses in the circuit (including the transmission
loss in the resonator) and the phase of the returning microwave signal matches
that in the resonator. The stable FBO operation occurs due to the LNA saturation
(also known as gain compression) as it reduces the net LNA gain and the stable
operation occurs when the compressed LNA gain equals exactly the losses. Upon
compression, third harmonic production occurs on the LNA output, however some
of the elements (e.g. the waveguide to coax adapters) in our circuit effectively
suppress it.
The phase matching condition is enabled by the mechanical phase shifter and
a high stability FBO requires an automatic control of the phase match [68]. The
transmission cavity also acts as a phase shifter and the magnitude of phase shift
depends on the frequency difference between the FBO frequency and the cavity
eigenfrequency. Therefore the FBO operates even when the phase matching is
imperfect, however at the cost of detuning the FBO frequency from the resonator
eigenfrequency, which results in a less stable operation and a lower sustained power
in the circuit. The latter effects are the result of an increased resonator transmission
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loss when the FBO frequency does not match the resonator eigenfrequency. Then,
the LNA compression decreases (and the gain increases) in order to compensate for
the larger transmission loss, which results in a decreased net power in the circuit.
The influence of the phase mismatch on the FBO performance is important for the
later considerations.
When the net amplification in the loop is greater than 0 dB, the small amount
of microwave radiation in the loop is amplified and the transmission through the
resonator filters the frequency. As the power in the loop reaches saturation of the
amplifier, the net amplification decreases until it reaches 0 dB and a steady state
is reached.

4.2.3

The switch-on of the feedback circuit
Self injection mode

Mixer output (arb. u.)

single shot

average

LO injection mode
single shot

average

0

200

400

Time (ns)

Figure 4.17: Single shot and averaged cavity transients when the feedback oscillator
is either in the LO injection locked mode or self-injected from the previous cycle.
Note that for self-injection, the FBO transients average to zero, as phases in each
transient are uncorrelated with respect to the local oscillator. However in the
LO injection locked mode, the phase between the FBO and the local oscillator is
constant.
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When a properly set up feedback loop is switched on, the loop may be in one
of three distinct states based on the environment and history of the circuit. The
effects of the LO injection and the self-injection modes on the FBO transients is
demonstrated in Fig. 4.17.
• Noise injection: this mode of operation starts from the thermal noise of
the LNA output, that is filtered by the resonator and is amplified in each
consecutive amplifying rounds. The LNA output has a power spectrum of
−174 dBm/Hz + Gain + NF ≈ −157 dBm/Hz. The FBO startup is inherently
random due to the random nature of the noise power on the resonator
frequency. This operation occurs when no LO is present and the FBO output
is monitored with a power detector, so no other RF source is in the vicinity.
• Self-injection: if not sufficiently long time elapses after the PIN diode switchoff before the next switch-on, the residual power emitted from the resonator
injects it again. The emitted power decays as e−t/τ , where τ = Q/ω0 (e.g.
τ = 160 ns for Q = 10, 000 and f0 = 10 GHz) and that this mode of operation
is realized if the switch-off time is not longer than 2 − 3 µs in our case.
• LO injection: we cannot fully eliminate the radiation leakage from the LO
towards the circuit whose power can be larger than the residual power during
the circuit switch-off. This leads to an LO injected operation of the FBO,
i.e. the FBO starts operating in phase with the LO after the next switch-on.
This occurs when the switch-off time is longer than the above mentioned
2 − 3 µs thus the self-injection is no longer active. A 10 µs delay between the
pulses was found to be optimal, in order to operate the FBO in this mode
for the reasons detailed below. We estimate that the LO leakage cannot be
reduced below about 50-100 dB in our experimental conditions.
I determined that an IF of 50 MHz produces the best measurement quality,
for both type of operations, which leads to an oscillation of the transient to be
measured on the mixer output. I found that an IF of 20 − 50 MHz is a good choice
as it lies above the "knee-point", where the output noise of the mixer is minimal.
The IF frequency can be further increased until reaching the oscilloscope and mixer
IF bandwidths but some degradation of the signal to noise ratio can be expected
to occur.
The phase of the down-converted consecutive FBO transients is changing for
the self-injection operation. This is the result of the FBO phase compared to the
LO being arbitrary. As a result, the FBO transients average to zero. However for
the LO injection mode, the consecutive pulses have the same phase after downconversion with respect to the LO. In fact, the LO injection mode is advantageous
for the intended operation as it enables signal averaging, thus it allows the reduction
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of the signal noise through numerical averaging without decreasing the signal. The
need to wait for the power in the circuit to drop below the self-injection point means
that there is a maximum repetition frequency of the pulses, but the opportunity of
averaging the signals more than makes up for this.

4.2.4

Measurements performed using the technique

FFT power spectrum (dBm)

0

cw

-20
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IF frequency (MHz)

Figure 4.18: FFT power spectra of the FBO for continuous wave operation (upper
panel) and for the transients (lower panel) while the return phase of the FBO is
varied. Curves with the same color correspond to the same return phase. Note
that while the CW frequency changes considerably, the transient frequency remains
constant, while its power changes. Note that the CW FBO signal is resolution
limited and that the large width of the transient spectra is due to the quality
factor of the microwave resonator. The scale for the transient corresponds to the
temporary power and its time average would be inevitably smaller. The phase was
adjusted with a mechanical phase shifter, the value of the phase shift is therefore
not known.

I studied the output of the FBO in continuous wave (CW) and transient
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operation. For CW, the FBO is freely running and the down-converted signal is
digitized with the oscilloscope and Fourier transformed. The power spectrum of
the Fourier transform is equivalent to a heterodyne spectrum analysis of the FBO
output that was verified with a HP8566B spectrum analyzer. The result is shown
in the upper panel of Fig. 4.18; the oscillator output is limited by the digitization
(or FT) resolution and the maximum output power of the FBO is about 10 dBm
which matches well the compression point of the LNA (P1dB=10 dBm).
To study the FBO transients, the circuit was operated in the LO injection mode.
The transient signal is triggered with the PIN diode switch off signal.
It has to be noted that while performing measurements in CW mode could be
used to gain the frequency of the FBO, the frequency of the FBO does not match
that of cavity under test due to having to satisfy the phase rule as explained earlier.
This is demonstrated in the upper panel of Fig. 4.18: I employed a resonator with
a FWHM of ∼ 1 MHz and the FBO frequency can be detuned with respect to the
resonator eigenfrequency by as much as 2 MHz by altering the return phase. This
results in a reduced power in the FBO and in a somewhat increased phase noise of
the oscillator. This problem could be overcome by an electronic servo control of
the return phase, which results in a highly stable FBO operation as described in
Ref. [68]. However, this sensitivity of the frequency on the return phase prevents
any meaningful measurements of the resonator eigenfrequency when it is used
as part of a (CW) FBO. While adding such an automatic phase control to the
transient measurement would provide some clear benefits, it would also increase
the complexity and cost of the system.
My approach to study the FBO transients solves the problem of frequency
instability: when the FBO is switched off as described above, the energy accumulated in the resonator is emitted on the resonator eigenfrequency as explained
in Section 4.1. This is clearly demonstrated in the lower panel of Fig. 4.18: the
frequency of the signal emitted during transients remains the same even for a
significant return phase mismatch, which strongly detunes the FBO frequency in
the cw operation. The constant carrier frequency of the transient can thus be
identified as the resonator eigenfrequency.
Besides being immune to detuning effects due to the return phase mismatch, the
transient mode operation has additional advantages concerning the measurement
noise: the FBO noise depends strongly on the amplifier noise figure, which is
often inferior in the presence of a large compression, an effect that is described by
Leeson’s equation [67]. However, the LNA does not affect the FBO transient signal,
therefore it can be regarded as a perfect oscillator output, besides the transient
nature of the signal. Certainly, the quality factor can only be calculated when
measuring using the transient method.
Several measurements were performed to investigate the quality of the technique.
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The achieved signal to noise ratio is detailed in Section 4.3, after the important
concepts have been introduced.

4.2.5

The noise injected operation of the FBO

As mentioned before, the FBO can be operated in three distinct modes. The socalled noise injected mode can only occur if there is no oscillator to start feedback
circuit and FBO operation starts from the amplified thermal noise of the amplifier
output. As an other microwave source is not usable, the mixer and the local
oscillator is replaced with a power detector.In this case the FBO is expected to
start in a random fashion.

Power detector output (arb. u.)

PIN switched on

2

4

6

8

10

Time ( s)

Figure 4.19: Individual switch on and off traces for the noise injected FBO operation.
The trigger is either the switch on or switch off signal on the PIN switch. Note
that the switch on transients do not lay on one another, but the switch off traces
are identical. The state of the PIN diode is indicated.

This is indeed the case, as is show in Figure 4.19.: individual switch on traces
appear in a random manner. In contrast, the switch-off transients are always
identical. Note that the switch on transient is not an exponential. The shape of
this function is determined by a combination of two factors, the time constant
of the cavity and the gradual saturation of the amplifier in the feedback circuit.
As this function is much more difficult to interpret than the one at the switch-off
transient, the latter is used in the analysis.
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Also note that the start of the switch on transients are uncertain. As stated
before, if no other radiation is present in the loop, the thermal noise (-174 dBm/Hz)
is amplified. Since in this state the amplifier is not saturated, the net amplification
may be greater than 0 dB for several frequencies and phases of microwave radiation.
This causes these modes to ’race’ and after the saturation of the amplifier only one
of these modes remains. This can be visualized when one the modes has a shorter
time constant than the dominant mode. The race of these modes is determined by
the random nature of the thermal noise at the switch on signal.
While performing measurements in this mode is possible, the achieved signal to
noise ratio is lower and only the quality factor is gained.

4.2.6

The optimal S parameters for a transmission cavity

There exists a compromise between the signal magnitude and the accuracy of Q
measurement as a function of the coupling. I present the calculations to determine
the ideal coupling for the measurement setup.
The voltage of the transient signal for a transmission microwave cavity reads
[8, 58]:
√
ω t
2 β1 β2 q
−(1+β1 +β2 ) 2Q0
0
(4.55)
V (t) =
P0 Z0 e
1 + β1 + β2
where β1,2 are the input and output coupling coefficients, respectively. The loaded
quality factor Q, reads for this case:
Q=

Q0
1 + β1 + β2

(4.56)

The transmittance through the cavity is denoted with T . It is also known as the
S21 parameter (an element of the scattering matrix) and its magnitude reads:
T =

4β1 β2
(1 + β1 + β2 )2

(4.57)

It is clear that increased coupling leads to a reduced Q factor, which leads to a
shorter transient and that the transmitted power is a nontrivial function of the
β’s. Given the transient nature of the studied signal, one needs to optimize for the
transmitted energy during a single transient.
The condition for the maximum transmitted energy during the transient is
obtained from the Fourier transform of Equation (4.55) and its integral over the
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whole frequency range as follows:
Z +∞

2

|Ṽ (ω) | dω =

−∞

Z +∞
−∞

1 T P0 Z0
dω
 
2π ω0 2 + ω 2

(4.58)

2Q

T P0 Z 0 · Q
=
ω0

(4.59)

The result shows that the maximum transmitted energy per pulse occurs when Q · T
is maximal. A similar calculation shows that when one optimizes the experiment
for the maximum transmitted microwave voltage signal, the area
√ under Re Ṽ (ω)
needs to be maximized, which occurs for the maximum of Q · T .
Measured quantity
Power
Voltage

β1,2
1
1/2

Transmission
4/9 (−3.5 dB)
1/4 (−6 dB)

Q
Q0 /3
Q0 /2

Table 4.1: The optimum coupling coefficients for maximizing the transmitted power
or microwave voltage. The calculated transmission factor and quality factor values
are also given.
√
The conditions for the coupling coefficients for a maximal Q · T or Q · T is
readily obtained from equations (4.56) and (4.57) and the result is summarized in
table 4.1. The optimum of β1 = β2 = 1/2 is used in measurements as it optimizes
for the maximum microwave voltage, which is measured by using a mixer.

Summary
In summary, I presented a novel technique that improves the transient-based method
of measuring resonator transients. The technique incorporates the resonator in
a feedback oscillator as a filtering element to produce an independent microwave
source, which in conjunction with the PLL stabilized source driving the mixer LO
port, produces a measurement that is conceptually simple, fast, and yields highly
stable and reproducible results for Q and f0 . The method yields about an order of
magnitude more accurate Q and f0 values than alternative methods. In the next
section I compare the different measurement methods, which makes it possible to
identify the reasons behind the enhanced accuracy, the limitations of the method,
and the origins of the noise.
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4.3

Figure of merit and noise sources in resonator measurements

In this section, I discuss the figure of merit for resonator measurements. I investigate
the sources of noise and limits of the techniques detailed in the previous two sections.
After defining a figure of merit, the new techniques are compared to alternative
methods available in the literature. The results shown in this section were published
in the articles titled A time domain based method for the accurate measurement
of Q-factor and resonance frequency of microwave resonators [58], and A highly
accurate measurement of resonator quality factor and resonance frequency [64].

4.3.1

Resonator measurement methods

Method

frequency
accuracy

IF

Frequency sweep

low

∼ 10 kHz

AFC based
Stepped frequency sweep

medium
high

Time domain

high

∼ 10 kHz
< 100 Hz
< 1 MHz
20 − 50 MHz

detection method
power detector
mixer (VNA)
power detector
power detector
power detector
mixer

Table 4.2: The methods used for the measurement of resonator Q and f0 and
their most important characteristics including frequency accuracy, intermediate
frequency value, and detection method.

Resonator measurement methods can be classified into 4 main groups as shown
in Table 4.2:
• Frequency swept methods [69–71]: In frequency swept methods the reproducibility and accuracy of the frequency is inherently low. The error of such
measurements (as presented in the Section 4.3.4) can be estimated from the
frequency inaccuracy which is provided by the sweeper oscillator manufacturers. The use of vector network analyzers (i.e. phase sensitive mixing) leads
to improved accuracy of frequency swept methods [72, 73].
• Automatic frequency control (AFC) based methods [5, 13, 16]: The AFC
based methods keep the frequency of an oscillator on the resonator f0 , which
allows a direct frequency counting of f0 but Q is accessible only indirectly
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and after calibration measurements. Although frequency accuracy of the
AFC is better than that of the frequency swept methods, its stability is still
inferior compared to the PLL performance. Most reports using AFC and
frequency swept methods employ power detectors that are known to have a
larger noise and lower dynamic range than mixers [2, 8].
• PLL stabilized frequency stepped methods [51, 59, 62, 74]: The PLL based
stepped frequency method represents an improvement in frequency stability,
however the relatively long PLL stabilization time (typically 10 ms/point)
limits the attainable accuracy.
• Time domain methods [51, 58, 59, 62, 64] such as the present work.
An important factor that also has to be taken into account is the magnitude of
the intermediate frequency. As explained in Section 2.4, detectors and mixers have
a non-constant noise behavior which is often approximated by a 1/f characteristics
(also known as flicker noise), where f is the frequency difference between the carrier
and the studied sideband frequency (this is often referred to as the intermediate
frequency). The 1/f behavior is followed by a constant noise value (or thermal noise
floor) above the so-called "knee-point". As a result, either detectors or mixers are
best operated at the highest possible intermediate frequency allowed by elements of
the circuit. The bandwidth of power detectors is usually limited to a few 100 kHz or
MHz but the mixers employed in the time-domain setup have typically a 500 MHz
IF bandwidth and it allows to choose an appropriately high IF. The time domain
methods found in the literature [51, 59, 62], employed power detectors, which
limited the measurement for rapid resonator transients. The novel time-domain
methods combine the frequency accuracy of a PLL system with the low noise of
mixers with a high value of the IF.

4.3.2

The figure of merit for the measurement of resonator
parameters

I strove to compare the accuracy of my methods with those available in the literature,
but I found there exists no common standard for such a comparison. Every author
chooses a figure of merit that seems appropriate for the technique at hand, but not
one that makes comparison between techniques that do not necessarily work with
similar resonators. Therefore my aim was to define a figure of merit that makes
such a comparison possible and meaningful.
I denote the standard deviation and mean of the corresponding quantity with
σ(·) and ·, respectively. I have found the following terms in the literature to express
the accuracy of the measurements: σ (1/2Q) [Ref. [13]] and σ (Q) /Q [Ref. [70]]
for Q and σ (f0 ) /f0 [Ref. [74]] for f0 . However I found that among these σ (1/2Q)
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and σ (f0 ) /f0 are not appropriate as these change if the magnitude of Q changes.
E.g. the σ (f0 ) /f0 definition provides a much better noise value for a 100 GHz
resonator than for a 1 MHz one. The other extreme example is to consider the Q
accuracy of a resonator with Q=1E9 as compared to another with Q=100. Both
values are possible technically.
I therefore provide a novel definition for the error of the Q and f0 measurement
as the following:
δ (Q) :=

σ (Q)
σ (f0 )
, δ (f0 ) :=
,
Q
∆f

(4.60)

which in turn do not change if the Q factor changes and the accuracy of the method
remains the same. ∆f is the FWHM of the resonator.
To highlight the merit of these error definitions, I give the corresponding values
for the two methods from the literature, which has proven to be the most accurate.
The AFC based method [13] gives δ (Q) = 10−3 for a 3 sec measurement (from
the quoted values of Q = 25.000 and σ (1/2Q) = 10−8 ). The stabilized stepped
frequency method [74] gives δ (Q) = 6 × 10−4 for a Q ≈ 109 resonator (10 sec
measurement). I find it reassuring that the two different techniques for two very
different Q values provide very similar δ (Q) values. I use Eq. (4.60) as a standard
benchmark to characterize the resonator parameter measurement accuracy with the
error normalized to 1 second measurement time in accordance with Eq. (2.106).
Another observation is that δ (Q) ≈ δ (f0 ) holds for the values in Refs. [13, 74]
and for all kinds of resonator measurements which I tested (using frequency swept
methods, AFC method, and the novel methods). A calculation of the error
propagation yields:
!

f0
σ (f0 ) σ (∆f )
σ (Q)
∆f
σ
+
δ (Q) =
=
≈
f0
∆f
f0
Q
∆f
σ (∆f )
σ (f0 )
δ (Q) ≈
≈
.
∆f
∆f

(4.61)
(4.62)

Given that typically f0  ∆f , Eq. (4.62) is equivalent to σ (∆f ) ≈ σ (f0 ). This
observation underlines the value of the definition, Eq. (4.60), as it provides the
same error value for both resonator parameters. This is discussed in detail in
Section 4.3.4.

4.3.3

The sensitivity of the novel methods and comparisons with other techniques

Repeated measurements were performed to perform a statistical analysis of the
results, making it possible to determine the signal to noise ratio of the novel
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techniques. Using the definition, Eq. (4.60), I compare the two best performing
literature methods (Refs. [13, 74]) and my novel methods in Table 4.3.
The measurement setup to determine the noise of the time-domain method is
discussed in Section 4.1. For the FBO method, the analysis was performed using 100
kHz repetition time with essentially no dead-time, which allows the accumulation of
several transients before read-out. I varied the measurement time between 100 ms
and 1 sec. The acquired signals are read out, Fourier transformed and Lorentzian
fits to the data yield Q and f0 . By measurement time, I mean the total time spent
on acquiring the signal, transferring it to computer and analyzing the data until the
relevant resonator parameters are stored. The effective time spent on measuring the
signal is only about 5-10% of the measurement time. Standard deviations, σ (Q)
and σ (f0 ), of the relevant data are determined from the conventional definitions.
Method
Ref. [74]
Ref. [13]
Time-domain method
Time-domain method with FBO

Q
108 − 109
2.5 × 104
104 − 105
104

t [s]
10
3
1
1

δ (Q)
6 × 10−4
10−3
10−3
6 × 10−5

δ (f0 )
6 × 10−4
10−3
10−3
6 × 10−5

Table 4.3: Comparison of the error of the different Q and f0 measurement methods
for various Q values. The measurement duration, t is also given in seconds.

I find that both techniques offer improvements in the figure of merit defined
beforehand. The measurements confirmed that the error of f0 and Q are similar for
all performed measurements. All earlier methods, including the original transient
work [58], provide a δ (Q) ≈ δ (f0 ) ≈ 10−3 . In contrast, when normalized to a 1
second measurement time, the present FBO transient based method yields an order
of magnitude improvement of δ (Q) = δ (f0 ) ≈ 6 × 10−5 . This result shows that the
sensitivity of the technique incorporating an FBO is higher than the ones in the
literature by a factor of 30. The significant improvement presented by the novel
methods can be explained by the use of time domain, a stable LO, and the optimal
use of averaging.
The time-domain methods are limited for Q > 1000 values due to the available
time resolution and PIN diode switching speed, but perform better than the
conventional methods for higher Q values (expected up to the Q = 109 range) as
therein the limiting factors are the measurement speed where the present method
with its multiplex advantage is a true asset. This is very similar to the multiplex
advantage which motivated the development of the pulsed NMR technique. When
this parallel is followed, I expect that phase-cycling like methods (which are standard
in NMR) could further improve the accuracy of the present technique and to remove
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some of the spurious electronic response (e.g. mixer DC offset). The absolute
accuracy of both f0 and Q is traced back to the accuracy of the local oscillator,
which can be very high with the use of atomic clocks referencing. This is essentially
the so-called Connes (accuracy) advantage [22] of the FT based techniques. This
contributes to the improved sensitivity of the FBO technique.
Another advantage of the time-domain methods is the opportunity to measure
dynamics of microwave absorption inside microwave cavities. Effects like sample
heating [75] are known to affect the microwave cavity parameters during a measurement. The conventional methods are limited to few ms-s measurement time,
whereas for novel ones, the only time limit is the cavity transient time itself.
Currently the setup incorporating the FBO has three shortcomings which
could be improved in the future: i) the large, 1 GHz bandwidth, which cannot
be arbitrarily decreased for the oscilloscope, ii) the presence of the digital noise,
and iii) that a general purpose oscilloscope has a noisier input than a low-noise
amplifier even for small signal inputs. The oscilloscope has an RMS noise of
100 µV for small signals, which corresponds to a noise figure (NF) of 11 dB. A high
resolution digitizer card with ample oversampling for bandwidth reduction and
control, combined with a low noise IF amplifier, could improve the measurement.
The optimal equivalent noise bandwidth (ENBW), which directly affects the
signal to noise ratio, can be obtained from considering that the acquisition frequency
is dictated either by the working IF or the resonator bandwidth, ∆f . Assuming
that the dominant factor is ∆f , then a sampling frequency of about 10 × ∆f is
needed for at least 100 data points, which takes t = 10/∆f . This yields that during
a 1 second averaging, ∆f /10 scans can be acquired, which leads to an ENBW=100
Hz, which is independent of ∆f . I believe that a more realistic value is ENBW=1
kHz due to the time used for data transfer, fitting, etc. This consideration breaks
down for cases when the resonator bandwidth is low (below about 10 kHz) and a
large IF (above 1 MHz) is to be used due to the mixer "knee-point".
As a result, under ideal circumstances (true thermal noise, optimized ENBW, a
nearly ideal IF amplifier with NF ∼ 1 dB), the noise could be as low as 30 nV (i.e.
the thermal floor of -174 dBm/Hz+31 dB, of which 30 dB due to the 1 kHz ENBW).
I consider a transient signal with a 0 dBm starting amplitude measured with typical
mixer with conversion loss of 10 dB. This results in a −10 dBm or 200 mVpp signal,
which together with the 30 nV noise would give δ (Q) = δ (f0 ) ≈ 10−7 that would
represent 3 orders of magnitude improvement compared to our present result.
Two final remarks are to be considered related to the noise of the measurement.
First, the Schottky formula for the current shot-noise yields that its voltage noise
contribution would be equal to that of the thermal (or Nyquist) noise at a -10 dBm
input signal level. Second, I believe that the above minimum error of the Q and
f0 measurement may not be reached, as at very low signal noise levels other noise
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sources (e.g. the LO frequency or phase noise) would dominate it. The magnitude
of the latter contributions is however yet impossible to estimate.

4.3.4

Origin of the error in frequency swept experiments

I defined previously the goodness of f0 and Q factor measurements in Eq. (4.60)
and arrived at a simplified error formula in Eq. (4.62).
I consider the frequency swept methods [70, 71] as being the most common to
determine these quantities. After measuring a resonator response, a Lorentzian
curve is obtained:
Lorf0 ,∆f,A (f ) =

A∆f
1
  .
2π (f − f0 )2 + ∆f 2
2

(4.63)

This function has an integrated area of A, a FWHM of ∆f , and is centered at f0 .
It can be assumed that the cavity response is represented as (yi , xi ) data points,
where xi denote the frequency. It is common to fit the Lorentzian to the data with
the least-squares methods, which finds the minimum of
χ2 =

X

[yi − Lorf0 ,∆f,A (xi )]2 .

(4.64)

i

The standard result for the minimum of χ2 = σ 2 · (n − m), where n is the
number of the data points and m is the number of the fitted parameters. The
standard deviation for a fitted parameter a (it is either of f0 , ∆f , or A) reads:

2

2

σ (a) = σ ·

X
i

dLorf0 ,∆f,A (xi )
da

!−2

.

(4.65)

This sum can be well approximated with the improper integrals of the corresponding
derivatives of the Lorentzian to ±∞ as:

X
i

X
i

dLorf0 ,∆f,A (xi )
df0
dLorf0 ,∆f,A (xi )
d∆f

!2

≈

1 2A2
∆x π∆f 3

(4.66)

≈

1
A2
∆x 2π∆f 3

(4.67)

!2

where ∆x is the interval length (supposedly uniform) between two consecutive
frequency points. The approximation is good when the summation goes for a
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region larger than ∆f , which is always satisfied in practice. The above equations
show that the error of f0 is always a factor two smaller than that of ∆f , which is
essentially the result of the Q factor definition. It is recognized that the quantity
f0 is related to 1/2Q rather than 1/Q.
Eq. (4.67) allows to quantitatively estimate the error of the respective parameters:
σ (f0 )
π σq
∆f ∆x
=
2A
∆f
σ (∆f ) √ σ q
δ (Q) ≈
= 2π
∆f ∆x
A
∆f
r

δ (f0 ) =

(4.68)
(4.69)

where we substituted the respective expectation values into Eq. (4.67). This result
is remarkable: as we show it allows to estimate the expected error of Q and f0 in a
parameter free way for a frequency swept experiment.
q
√
The last term in the above equations can be rewritten as ∆f ∆x = ∆f / N ,
where N is the number of measurement points per the resonance width. It may be
assumed in a typical frequency swept experiment, that one chooses a reasonable
sweep width of about 10 times larger than ∆f and a typical choice of N is always
the same, about N = 100 . . . 1000. A Monte Carlo simulation can therefore
be performed of the Q and f0 determination for a Lorentzian as follows: the
experimental data is simulated by assuming that the resonator response forms
a Lorentzian curve with magnitude A, a fixed width of ∆f and whose f0 is a
random variable at each xi data point (we denote it as frequency noise) and that
it also contains an added signal noise, which is also a random variable. The data
points generated this way are fitted with the least-squares method. The detailed
discussion of this Monte Carlo simulation is presented in Section 4.3.5. I consider
the effects of the two types of noises separately.
The effect of the amplitude noise is a straightforward consideration: the amplitude (or height) of the Lorentzian scales with A/∆f , and the error of the
parameters in Eq. (4.69) scales with its inverse. It means that the amplitude
noise, which induces a δ (f0 ) ≈ 10−3 , can be determined in units of the amplitude
of the Lorentzian and we obtain that a signal noise whose standard deviation is
about 3 · 10−3 of the Lorentzian amplitude leads to the observed error of f0 and Q.
This amount of signal noise is reasonable in our opinion for the most measurement
techniques [70, 71].
The other potential source of the noise is the inaccuracy of the frequency
during a frequency sweep (the frequency noise). While the noise inaccuracy is
most probably a time varying deviation (not a scattering) from the ideal linearly
swept frequency, we model it with a random variable. In this case, the effect of
A cancels from the problem and the magnitude of the frequency noise can be
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expressed in terms of the Lorentzian width. This means that the obtained error
of f0 and Q remains constant if the standard deviation of the frequency noise per
the Lorentzian FWHM remains constant. Namely, the 10−3 error of f0 can be
reproduced if we assume that the standard deviation of the frequency noise is 2%
of the FWHM. The manual of the HP/Agilent 8360 series of sweepers (which is
a widely used and representative microwave sweeper oscillator) specifies that for
"Sweep widths > n × 10 MHz: Lesser of 1% of sweep width or n × 1 MHz + 0.1% of
sweep width". I conclude that these values agree well with the frequency inaccuracy
which I deduced from the Monte Carlo simulations.
It should be noted that the two types of noises, signal and frequency noise, are
uncorrelated and can be simultaneously present, when their variance (square of
standard deviations) are additive. However, the signal noise may be reduced to a
low level and eventually the frequency noise dominates the observed error of the
resonator parameters for the frequency swept methods.

4.3.5

Monte Carlo simulations for the determination of the
dominant noise source

I performed Monte Carlo simulations in order to explain the improved error and
also to understand the limits of the resonator parameter measurements. I generated
transient signals which mimic the behavior of the measurements with added signal
noise, frequency, or phase noise of the LO. I assumed a Gaussian signal noise with a
given standard deviation, σs , superimposed on the decaying transient. Concerning
the LO frequency and phase noise, I also assumed that these parameters have a
Gaussian distribution around a mean value, which may be oversimplifying given
that oscillator noise has usually more complicated characteristics [67, 76, 77].
I modeled the experimental situation as an exponential decay of a sinusoidal
signal and used the same method to calculate the resonator parameters as from a
transient provided by a measurement. The model of the transient:
VI (t) = A · e

VQ (t) = A · e

−2π·t·f0
Q

−2π·t·f0
Q

· cos (2π · f · t + φ)

(4.70)

· cos (2π · f0 · t + π/2 + φ) .

(4.71)

The following possible noise sources were modeled:
• the instability of Q observed between transients
• the instability of f0 observed between transients
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• the rapid frequency noise affecting φ
• voltage noise at the mixer output
I found that the Q and f0 noises give rise to very different noise values for the
two measured parameters, while I found experimentally δ (Q) and δ (f0 ) to be
in the same order of magnitude. I found that a frequency noise of about 10
kHz implemented in φ gives rise to similar parameter noises as found in the
measurements. However the frequency stability of the sources are higher than this
value, so this amount of frequency noise is unrealistically large. Considering the
voltage noise, it predicts comparable parameter noises to their measured values, so
I concluded that the measurement is dominated by voltage noise.
The Monte Carlo simulation indicates that the observed errors of Q and f0 are
obtained when the initial peak-to-peak value of the transient is ∼ 104 larger than
σs , which is referred to as signal to noise ratio (SNR) in the following. A careful
inspection of my raw data confirms that I do observe a signal with this SNR. As a
next step, I identified that the oscilloscope digital noise is the origin of this: our
oscilloscope has a digital noise of ∼ 1 : 500 as compared to the full span (for signals
above 50 mVpp which is the case herein). Given that the span cannot be optimal
for an arbitrary signal, I estimate a ∼ 1 : 200 digital noise as compared to the
transient signal peak-to-peak value. For a digital averaging with about 1,000-10,000
scans, this is reduced to ∼ 1 : 104 , which matches well the experimentally observed
signal-to-noise ratio. I cannot average for more than the above values during
a 1 second measurement time given that the transients are measured for about
10 − 50 µs and the majority of the time is spent with the data transfer, signal
analysis and data storage. If I consider the shorter effective measurement time, I
artificially obtain an even smaller error of the resonator parameter determination.

Analogy between the Gabor uncertainty and the error in
the Q and f0 measurement
There is a compelling analogy between the error benchmark defined in Eq. (4.60)
and the so-called Gabor uncertainty [78–84]. The latter states that for a signal
with a given duration, σt , and frequency uncertainty, σω , it holds:
σt × σω ≥ 1/2.

(4.72)

The equality in Eq. (4.72) holds only when the signal is a Gaussian in both time and
frequency domain. The Gabor uncertainty shows a clear analogy to the Heisenberg
uncertainty principle. We may recognize that in the definition of δ (f0 ), the σ (f0 )
numerator can be identified as σω /2π and the bandwidth denominator, ∆f can
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be rewritten as uncertainty of the time measurement: ∆f = 1/2πτ = 1/2πσt .
Therefore we formally obtain:
δ(f0 ) = σt × σω ≥ 1.

(4.73)

Formally, my result of δf0 < 10−4 appears to violate the Gabor uncertainty.
This is however artificial as the Gabor uncertainty expresses the expected standard
deviation of ω not the error with which it can be measured. Let us consider a
source with a perfect, noiseless oscillation at f0 . When it is measured in a 1 sec long
Gaussian apodization window, and the time domain signal is Fourier transformed,
the result is a Gaussian with 1/2π Hz bandwidth. However, the position of the
Gaussian can be determined with a much larger accuracy than 1 Hz, the Gabor
uncertainty expresses only that the center lies within this domain with a probability
of 1. Another aspect is that the Gabor uncertainty is mainly valid for propagating
(information carrying) signals, which is not the case herein.

4.3.6

Sensitivity of the resonator perturbation technique
for the material parameters

Even though the techniques presented in this thesis to measure the resonator
properties can be applied to many problems, the main focus is the cavity perturbation technique. This technique is essential in measuring the material properties
(complex electrical permittivity  or complex magnetic permeability µ) of samples
of interest for fundamental research in solid state physics or for applied material
science research. Therefore knowing the sensitivity of a measurement technique for
f0 and Q is only half of the issue, the sensitivity of the system for  and µ should
also be investigated.
The material properties are directly calculated from f0 and Q, so an improvement
of the signal to noise ratio regarding the cavity parameters (eigenfrequency and
quality factor) directly yields an improved precision of the determined material
properties with the use of the cavity perturbation method. This in turn enables
measurement on systems which involve a smaller change in these parameters, or
on much smaller amounts of materials for the same resonator system. This may
eventually lead to study problems which have been so far inaccessible by the
conventional methods. During calculation in this section, I consider the electric
permittivity but the results can be straightforwardly applied for the magnetic
permeability or sample conductivity as well [3]. The selection between either 
or µ can be controlled by the sample placement as the sample may be positioned
in the node of the microwave magnetic field (electric field only) or the node of
the microwave electric field (magnetic field only) [3, 8], which can be conveniently
achieved in e.g. a rectangular TE10n type cavity[8].
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I previously established the proper measures of the error in the Q and f0
measurements as:

δ(f0 ) =

σ(f0 )
∆f

(4.74)

δ(Q) =

σ(Q)
,
Q

(4.75)

where ∆f is the FWHM of the cavity resonance and the σ(.) denote the standard
deviation of the respective quantity in the measurement.
The sensitivity of the cavity parameters for the material properties is an
important factor determining the effectiveness of the whole measurement system.
I present a figure of merit for material properties measured using a microwave
resonator. As explained in Section 2.3. The dielectric properties of a material
can be obtained from the change in the eigenfrequency and quality factor of the
resonator as [3]:

00r

0r − 1 =

Vc fe − fs
AVs fs

Vc
=
AVs

1
1
−
,
2Qs 2Qe

(4.76)

!

(4.77)

where r = 0r − j · 00r is the complex dielectric constant of the studied material, fe
and Qe are the eigenfrequency and quality factor measured without the sample
(also known as empty or unloaded values) and fs and Qs values are those measured
with the sample. Vs and Vc denote the sample and cavity volumes. The constant A
is related to the measurement configuration, the working mode of the cavity, the
shape and the location of the sample in the cavity and is defined in Section 2.3.
When the presence of the sample represents a small perturbation to the cavity
fs , we can suppose that fs ≈ fe
0r − 1 ≈

fe − fs Vc
fe AVs

(4.78)

The sample volume when expressed with the mass, ms
Vs =

ms
ρs

(4.79)
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where Vs and ρs are the the mass and density of the sample.
A constant, which expresses the sensitivity of the measurement geometry, K
can be defined, which reflects the frequency shift weighted by sample mass, density
and dielectric constant, as follows:
K=

(fe − fs ) ρs
fe A
=
.
(r − 1) ms
Vc

(4.80)

As mentioned earlier, the error of the frequency measurement, δ(f0 ), is a value
which is more or less the same for different microwave resonators, and is mainly
determined by the approach chosen to measure f0 and Q. It allows to give another
factor that ultimately defines the setup sensitivity including the sensitivity of the
geometry to the sample and the precision of the measurement for the resonator
parameters:
K
∆f fe A
=
δ(f0 )
σ(f0 ) Vc

(4.81)

This gives an indication about the amount of the sample required for a given
sensitivity in the material parameters. Either an increase in K or a decrease
in δ(f0 ) improves the signal to noise ratio of the measurement or it allows the
reduction of the required sample mass in the investigation.

Summary
In conclusion, I defined a figure of merit for resonator parameter measurement
methods that makes a comparison of my transient-based methods to the ones
available in the literature possible. I found that when the new figure of merit
is considered, different techniques show similar performance, independently of
resonator Q. I assessed the performance of the time-domain methods, and found
them to outperform the existing techniques significantly. I analyzed the sources of
noise for the novel techniques, and determined the final limiting noise.
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The anomalous non-linear microwave absorption in single wall carbon nanotubes

The results shown in this section were published in the article titled Heating causes
non-linear microwave absorption anomaly in single wall carbon nanotubes [85]. In
this section, I discuss the anomalous low-temperature microwave absorption of
single-wall carbon nanotubes (SWCNTs), and the investigation using my novel
techniques.
Investigating the conductivity of single-wall carbon nanotubes (SWCNTs) is a
subject of interest due to many potential applications of SWCNTs as interconnects
[86] or switching elements [87]. SWCNTs are understood as quasi one-dimensional
conductors [88–90] whose electronic properties are determined by their structure.
Resistivity for a macroscopic SWCNT sample was shown to be characterized
by a small-gap semiconductor-like temperature dependence [91]:
% ∝ eTc /T ,

(4.82)

with a Tc = 10 . . . 100 K.
SWCNTs are considered to be efficient microwave absorbers (that can find
applications in e.g. the defense industry) due to their porous nature, excellent
thermal stability, and good heat conductivity [92]. Nevertheless, a thorough
description of the fundamental microwave absorption properties is necessary prior
to their successful applications.

4.4.1

Description of the anomaly

Corzilius et al. [93, 94] reported microwave conductivity measurement on SWCNTs using the cavity perturbation method. A semiconducting-like temperature
dependence of Q ∝ % was observed above ∼ 20 K. However, an unexpected low temperature anomaly was also observed; the cavity quality factor showed a maximum
followed by a decreasing Q on further lowering the temperature. The temperature
of the maximum was found to depend on the applied power, its value shifting
toward higher temperatures with increasing power. It was argued [93, 94] that
the anomaly originates from a true electronic effect and a possible occurrence of
superconductivity was suggested. The effect was reproduced by our research group
prior to this thesis [75] on different SWCNT samples and using a different detection
scheme (fixed frequency irradiation instead of a frequency sweeping [93, 94]). This
showed that the effect is ubiquitous to SWCNTs.
The investigation presented in this section is focused on the study of this
non-linear microwave absorption. Using my time-domain method, the cavity Q
factor was measured with a microsecond time resolution. The data taken at 10
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K indicates that the microwave irradiation induced Q factor change has a very
long time constant (a few tens or hundred seconds). For the opposite process,
i.e. after irradiating the cavity with microwaves it recovers to its low microwave
power value after a similarly long waiting time. This behavior shows that the
non-linear microwave absorption in SWCNTs is a process with an extremely slow
dynamics, which strongly argues that it is related to heating effects rather than to
an electronic process which should follow a prompt behavior.

4.4.2

The measurement setup

In Figure 4.20, I present the measurement setup used during the investigations. The
SWCNT sampled used for the investigation were studied in depth using a number
of other techniques [75] including Raman [95, 96], magnetic resonance [97–99], and
EELS studies [100]. As a result, these are thoroughly characterized samples with
well-known diameter distribution, number of tube defects, and electronic properties.
In brief, these are commercial arc-discharge grown SWCNTs (Nanocarblab, Russia,
Moscow) with mean diameter of 1.4 nm and diameter standard deviation of 0.1
nm. A fine powder of the sample (about 5 mg with a diameter of 3 mm and
height of 2 mm) was placed in a quartz tube, first heated to 500 ◦ C to remove
contaminations and then sealed under 20 mbar helium exchange gas for the low
temperature measurements. It is important to note that this low pressure helium
gas inside the quartz tube remains in the gas form down to 10 K of the cryostat
measurements, it therefore retains the good heat conduction properties. The sample
is inside a TE011 cylindrical copper cavity with an unloaded Q ≈ 10, 000 and
resonance frequency of f0 ≈ 11.2 GHz. Correcting the measured loaded Q values
with the unloaded (empty) Q values was not necessary since the sample provides
enough load and such a correction would not affect the interpretation of the data.
The cavity is inside the VTI of a cryocooled cryostat (Cryogenic Inc.) which allows
operation down to 3.2 K. Most measurements were performed at 10 K, where
the cryostat can be well stabilized and efficiently operated for the required long
measurement times. The cavity is coupled to the rest of the microwave circuit with
two loop antennae in a transmission configuration.
The loaded cavity has a typical Q ≈ 3, 000 − 5, 000 which corresponds to a
cavity transient time τ = Q/2πf0 ≈ 50 ns. This means that the method allows
essentially to measure the cavity Q factor down to about 50 ns−1 µs, providing very
little power to the cavity when measuring a single transient curve. A conventional
frequency swept Q measurement method was also employed in order to reproduce
the previous results on the non-linear microwave absorption.
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Figure 4.20: The implementation of the time-domain method for the investigation
of SWCNTs at low temperatures. The sample is placed inside a TE011 cylindrical
cavity which is inside the VTI. The cavity is coupled to the microwave circuit with
two inductive loop antennae in a transmission configuration. A microwave source
drives the LO of an IQ mixer and the cavity switch off transient is measured when the
incident microwave line is cut off by a PIN diode. A low-noise amplifier is employed
and two DC blocks are used to remove unwanted low-frequency disturbances.

4.4.3

Results of the conductivity measurements

In Fig. 4.21, I show the cavity Q factor as a function of temperature for two
different values of the irradiation power. Above ∼ 20 K, the sample behaves as
a semiconductor in agreement with the expectation, since Q ∝ % in this type
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Figure 4.21: Cavity Q factor as a function of temperature for SWCNTs for two
different values of the irradiation power. The result reproduces the anomalous data
found in the literature [75, 93, 94]. Note the presence of the non-linear microwave
absorption at around 20 K. The curved arrow points to data points which have the
same Q value but are at a different temperature.

of measurement according to Section 2.3.2. This is followed down to the lowest
temperatures for a low level of microwave irradiation. However for an irradiation
with a larger power, an unexpected downturn of the Q factor is observed. This
reproduces well the earlier observations [75, 93, 94]. An explanation of this change
in the measured curve could be the heating of the samples from 10 K to 30 K. This
suggested effect is indicated by an arrow in the figure. An alternative explanation
[93, 94] is that it is a non-linear microwave absorption (i.e. it occurs upon large
irradiation powers) due to a true electronic effect. To settle this issue, time resolved
Q factor measurements were performed.
To investigate the time dynamics of the non-linear microwave absorption, two
types of experiments were performed. In the first type, the irradiation of the sample
was started with short microwave pulses. Later, it was allowed to thermalize for a
longer period of time (200 s) without microwave irradiation. The pulses themselves
serve two purposes: they irradiate the sample in a controllable manner and also
the pulses allow the reading out of the state of the cavity. The second experiment
consists of irradiating the sample for a long period of time (200 seconds) and then
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Figure 4.22: Time resolved heating and cooling curves of the cavity Q factor in
SWCNTs when the VTI is kept at 10 K. For heating, the pulse length is varied
and all curves start from the same initial Q value. Note the much longer cooling
dynamics and also the different horizontal scale for the two types of experiments.

applying short microwave pulses to read out the Q factor of the cavity. To simplify
the subsequent discussion, I refer to these experiments as "heating" and "cooling",
respectively.
In Fig. 4.22., I show the variation of the cavity Q factor during heating and
cooling in a time resolved manner. For both types of measurements, the switch
off cavity transients were detected after the microwave pulses with a repetition
time of 1 sec. The dynamics of the system showed that this is sufficient, although
repetitions with a much shorter timescale would be possible. The peak power
in each pulse was 10 mW, which produces the microwave absorption anomaly
according to Fig. 4.21. For heating, the employed irradiation pulse lengths were
100 µs, 1 ms, 10 ms, and 100 ms. It can be observed that the cavity Q progressively
decreases for a given pulse length experiment with the same time constant of about
a 100 sec. The asymptotic Q value is smaller for longer pulses.
For the cooling experiment, the sample was allowed to thermalize for 200 sec,
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when no microwave irradiation was employed. This was followed by a massive
irradiation of 10 mW power applied for 200 seconds, afterwards read-out pulses
with a duration of 1 µs were used. The result is also shown in Fig. 4.22. The
cooling has a slower dynamics as compared to the heating.
Note that the effect is by no means related to the thermalization copper cavity
as for other types of samples, e.g. the K3 C60 , no similar effect was observed
[101]. The observed time dependence of the microwave cavity Q factor change
therefore suggests that it is intrinsic to SWCNTs. In addition, the slow dynamics
strongly suggests that it is related to heating or cooling effects as no other process
is known which could explain this behavior. In view of this, the explanation that
the downturn of Q with increasing power is due to heating, is reinforced.
The cause of the anomalous heating effect present in single walled nanotube
bundles is likely related to their unique heat conduction properties† . At room
temperature the heat conductivity of SWCNTs are very high along the nanotube
axis [102]. Below 100 K however, the conductivity drops significantly through the
process of acoustic phonon freeze-out [92]. The thermal conductivity is expected
to become 0 as temperature approaches zero, and to have values at least 10 times
smaller below 10 K, compared to the value measured at room temperature. Our
sample is a porous powder, and it does not limit the penetration of microwaves.
Therefore the sample is heated homogeneously, while the exchange gas only cools its
surface. This means the samples form a low temperature, low thermal conductivity
crust, while the the bulk of the samples may reach temperatures over 100 K. During
Q measurement, the hot and cold parts of the sample are averaged together, thus
an effective drop in resistivity is observed.

Summary
In conclusion, I exploited the improved time resolution of the time-domain methods
to study the anomalous non-linear microwave absorption in single wall carbon
nanotubes below 20 K. I found that the absorption arises not from an intrinsic
electronic behavior but from the slow exchange of heat between the sample and
the environment, by determining the time dynamics to be extremely slow (in the
range of a few hundred second).

†

The explanation presented herein are the results of Dr. Ferenc Márkus and Bence Márkus.
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4.5

Photoconductive decay detected with microwave cavities

The results shown in this section were published in the article titled Ultrafast
sensing of photoconductivity decay using microwave resonators [17]. In this section,
I present the µ-PCD (microwave photoconductive decay) method I implemented
using time-domain techniques.
The improved approach to detect photoinduced conductivity in semiconductors
incorporates microwave resonators. Previous studies with microwave resonators have
yielded material parameters after involved modeling or with slow time dynamics
(beyond a few ms-second). My approach yields directly the resonator parameters,
which are in turn related to the material parameters. It is based on the detection of
the transient response of a microwave cavity shown in Sections 4.1, and 4.2. While
the method encompasses all the known benefits of resonators in terms of sensitivity
and accuracy, its ultimate time resolution is the resonator time constant which can
be as low as a few ns.

4.5.1

Measurements performed using the conventional µPCD method

In Figure 4.23, I show the µ-PCD results for a silicon single crystal sample which
was detected with the conventional method with and without light illumination.
The detailed description of the setup is presented in Section 3.3.1‡ .
In order to calibrate the vertical scale of the µ-PCD traces, it is desired to
calibrate the reflected microwave signal voltage by samples with known resistivity.
This would enable to obtain the amount of additional charge carriers from the
microwave signal. In the following, I denote the reflected signal by SDC without illumination, and the additional light-induced signal by SAC . I denote the
corresponding reflection amplitudes, the S11 parameter, as "dark" and "illuminated".
Dashed curve is a purely phenomenological interpolation function (i.e. without
any theoretical background) which enables to read out the |S11 | versus
 % correspon
dence. The fitted function takes the form of |S11 | = −7.08 + exp %1.78
0.134 . In the
preceding equation S11 is measured in dB units and % is in Ωcm. Clearly, when
illuminated, there is an extra reflection due to the metallicity of the sample. The
extra reflection can be connected to a modified sample resistivity as arrows depict
in the figure. This illuminated-resistivity" can be used to determine the amount
of light-induced excess charge carrier content from the well-known doping versus
resistivity plots [103, 104].
‡

The measurements with the conventional µPCD setup were performed by Balázs Blum

4.5. PHOTOCONDUCTIVE DECAY IN MICROWAVE CAVITIES

111

50
150 mW
500 mW
1000 mW

S

AC

(mV)

40

1500 mW

30

20

10

0
0

100
time delay (

200
s)

Figure 4.23: µ-PCD traces for a silicon single crystal with % = 19.7 Ωcm resistivity
for various irradiation powers (λ = 527 nm). Note that 1 W average power
corresponds to 1 mJ pulse energy.

This enabled me to determine the excess charge carrier concentration ∆nE (t)
for each measurement as a function of time. The latter information is available
from the µ-PCD traces which contain the time-dependent |S11 |.
To complete the analysis, the charge carrier recombination time is required, τc ,
from the µ-PCD traces, also as a function of time. It is known for the light-induced
excess charge carriers that the recombination rate depends on the excess charge
carrier concentration itself [35].This leads
to a time dependence of τc . This can be

t
modeled as ∆nE (t) = A × exp − τc (t) .
I obtain:
ln∆nE (t) − lnA
τc = −
t

!−1

(4.83)

In practice, the lnA constant subtraction can be performed, which yields the
time-dependent τc .
Fig. 4.25. shows the result of my analysis: namely τc versus ∆nE is shown for
various exciting laser powers. Ideally, all curves with different powers should fall on
one another which is not the case in my data. I speculate that this is due to either
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Figure 4.24: Reflection amplitude values for several samples of different resistivity
with and without illumination. Dashed curve is a purely empirical stretched
exponential fit as explained in the text. Arrows depict how the illuminated reflection
amplitude can be used to determine the sample resistivity under illuminated
conditions.

heating of the sample or due to charge carrier diffusion. The latter effect influences
the microwave reflectivity as the charge carrier concentration is inhomogeneous
along the depth profile of the wafer [35]. Nevertheless, the trends for all curves
agree well with the literature data from Ref.[35], especially around the longest τc .
The excess charge carrier lifetime is limited by various relaxation rate contributions as follows:
1
1
1
1
=
+
+
τc
τrad τAuger τSRH

(4.84)

where τrad , τAuger , τSRH are the radiative, Auger, Shockley–Read–Hall lifetime
contributions, respectively. The radiative lifetime, i.e. electron-hole radiative
recombination is significant at high electron-hole concentrations. Similarly, the

4.5. PHOTOCONDUCTIVE DECAY IN MICROWAVE CAVITIES

113

200
150 mW
500 mW
1000 mW
1500 mW

150

c

(

s)

Literature result (Lauer et al.)

100

50

0
10

10

12

14

10

10

n

16

10

-3

E

(cm )

Figure 4.25: τc as a function of the excess charge carrier concentration. Solid curve
is a literature data from Ref.[35].

Auger process (the electron-hole recombination energy is taken away by a free charge
carrier) becomes significant for high excess charge carrier concentrations. The
Shockley–Read–Hall process occurs due to impurities which form mid-gap states,
e.g. Fe and Cr are known to be typical contaminant is silicon. The SRH process
probability decreases on higher charge carrier concentrations but importantly it
dominates τ1c at low excess charge carrier concentration. Thus measurement of τ1c
for low ∆nE provides a direct monitoring mean of the impurity content, which is
employed in industrial silicon wafer characterization.
Fig. 4.26. shows the contributions from the different excess charge recombination
mechanisms and also the resulting total τc for a given Fe impurity content. I
also show data taken at 1500 mW. Note that at the lowest excess charge carrier
concentration, the measured τc value tends to 25 µs which is 10 times longer than
the example shown herein, indicating an Fe impurity content (provided Fe is the
dominant impurity) below 1012 cm−3 .
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Figure 4.26: Contribution of the different charge recombination processes to the
excess charge carrier lifetime after Ref.[35]. Symbols are the data points from our
measurement at 1500 mW average power. Note the log scale for the charge carrier
lifetime.

4.5.2

The resonator based photoconductivity measurement

Herein I present my implementation of a µ-PCD setup, incorporating the technique
to measure the cavity transients.
The measurement setup
The setup for the novel time-resolved µ-PCD measurement is shown in Fig. 4.27.
A Q-switch pulsed laser (527 nm Coherent Evolution-15, Nd:YLF) with 1 kHz
repetition frequency and ∼ 300 ns pulse duration is used for the excitation of charge
carriers in the semiconductor samples. I note that the 527 nm excitation is capable
of photoexciting charge carriers in silicon, even though its band edge is around
1100 nm, which would be a more efficient wavelength for such purposes.
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Figure 4.27: Schematics of the resonator based µ-PCD decay experiments. A Qswitch laser provides light excitation. The signal is measured through a microwave
cavity. A microwave IQ mixer detects the signal in both cases and an optional
LNA is indicated with a dashed box. A number of microwave isolators are not
shown in the figure.

The microwave source is a PLL locked synthesizer (HP-Agilent 83751B or a
Kühne Electronic GmbH model MKU LO 8-13 PLL) which drives the LO of an IQ
mixer (Marki Microwave IQ0618LXP double-balanced mixer, LO/RF: 6-18 GHz,
IF: DC-500 MHz, 7.5 dB conversion loss). The mixer downconverts the incoming
RF signal and the I and Q signals are digitized with an oscilloscope (Tektronix
MDO-3024, BW=200 MHz).
Optionally, the RF signal can be amplified by a low noise amplifier (LNA,
JaniLab Inc., NF=1.4 dB, Gain=15 dB, 1 dB compression point, P1dB, 10 dBm),
which is indicated by a dashed box in the figure. Both the LO and RF inputs
of the mixer are isolated galvanically from the rest of the circuit with band-pass
(8-12 GHz) DC-blocks. The rising edge of the laser pulses are detected with a fast
photodiode (Thorlabs DET36A/M) which provides a jitter-free trigger signal.
In the novel setup, the sample is inside a microwave cavity resonator operating
in the TE011 mode (with an unloaded quality factor Q0 ≈ 5000) and the cavity is
used in transmission. The cavity is undercoupled for both the input and output
(βinput ≈ βoutput ≈ 1/3) which represents a compromise between the resonator
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bandwidth and transmitted signal [2]. The parameters of the resonator are measured
with the transient method: the exciting microwaves are pulsed, which forces the
cavity to transmit microwaves in a transient state. Although the exciting carrier
frequency, fLO , does not necessarily match the resonator eigenfrequency, still the
transient signal oscillates on the resonant frequency of the cavity, f0 . The carrier
of the excitation frequency, fLO , is intentionally detuned from f0 in order to detect
the transient with an intermediate frequency around 5 . . . 10 MHz, which removes
the 1/f noise of the mixer.
The microwave pulses are formed with a fast PIN diode switch (Advanced
Technical Materials, S1517D, 5 ns 10-90% rise-fall transient) which is driven by a
TTL signal. This signal contains a switch-on of 0.5 µs and is repeated every 2 µs.
This duration and repetition are well suited for the cavity with τ ≈ 100 ns but these
could be further reduced for a cavity with a lower Q, which would allow for the
detection of even faster transients. The optical trigger provides the synchronizing
signal for an arbitrary waveform generator (Siglent SDG1025) which generates a
train of TTL pulses.
Resonator transient measurements
An example for the time-resolved microwave cavity transient method is depicted in
Fig. 4.28. The Q-switch laser pulse (1 ms repetition time) triggers a train of pulses
(each with a duration of 0.5 µs followed by another 1.5 µs waiting time) which drives
the microwave PIN diode. The microwave cavity responds with switch-on and off
transients. The microwave transients are measured immediately after switching
off the microwave excitation as therein the exciting microwave signal is absent.
Thus the transient contains information about the resonator only, free from any
further signals and can thus be considered as a null measurement of the relevant
information.
Two examples for such IQ traces are shown in Fig. 4.28 for different time
delays after the light pulse. These signals are then Fourier transformed to which
Lorentzian curves can be fitted, as explained in Section 4.1. The fitting yields the
eigenfrequency and bandwidth of the cavity as a function of the time delay. These
directly give the microwave resonator shift and loss, which allows determination of
the material parameters according to Eq. (2.76).
This type of measurement can be also conveniently shown in a three-dimensional
contour plot. In Fig. 4.29., we show the result of the time-resolved resonator readout
method for a single crystal silicon wafer sample (% = 19.7 Ω cm) with a relatively
long (about 100 µs) charge carrier recombination time. The contour plot also shows
the time-dependent f0 − fLO (solid curve) and the half maximum value points of
the Lorentzian (dashed curves). The vertical separation between the latter two
curves is the resonator bandwidth, BW, which gives Q = f0 /BW. A clear time
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Figure 4.28: Scheme of the cavity transient detected µ-PCD. The resonator transients appear as a train of signals, which contain transients with different frequency
and linewidth depending on the state of the sample (Upper panel.). Two examples
for such quadrature detected traces (I and Q signals) are shown for different delay
times after the light pulse (Lower panel.). These traces are Fourier transformed to
yield the microwave cavity resonance curves.

dependence of both f0 and Q is observable from the data. The right hand side of
Fig. 4.29. shows individual Lorentzian resonance profiles which are shown for three
different time delays.
Fig. 4.30 shows a time-resolved resonator detected µ-PCD traces for a Si wafer
sample which showed an ultrafast charge carrier dynamics less than 2 µs. This
was performed on a sample with an already low resistivity, % = 0.5 Ω cm, which
reduced the cavity quality factor to about Q ≈ 250. This results in a short cavity
transient time of about τ = 8 ns. This allowed to perform the cavity transient
experiment with a repetition time of 200 ns (time resolution is about the symbol
size in the figure), which contained a switch on duration of 50 ns. Clearly, the
time-dependent variation of both f0 and the BW (Q) can be observed from the
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Figure 4.29: Time-resolved microwave cavity detected µ-PCD traces for a silicon
sample (% = 19.7 Ω cm). The contour plot was obtained by recording consecutive
cavity transients after a switch on duration of 0.5 µs and a repetition time of 2 µs.
The contour plot has a logarithmic scale to better show the smaller trace values.
The solid curve is the shifting of the resonator f0 with respect to the LO frequency
and the dashed curves indicate the value of the half width of the Lorentzian. The
vertical separation between the two dashed curves is the resonator bandwidth. The
profiles on the right hand side are from the indicated time positions. The color
scale on the left panel represents the Fourier power at each time-frequency point.

data. This shows that the novel method works well for charge carrier life-times
down to the microsecond range.
Finally, I highlight several key points of the present development: the novel
approach does not require frequency stabilization, or AFC, which was required
in alternative studies [19, 49], except that the irradiating microwave pulse should
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Figure 4.30: Demonstration of the time-resolved microwave cavity detected µ-PCD
traces for an ultrafast case. The sample is a silicon wafer (% = 0.5 Ω cm). Each
individual f0 − fLO and FWHM data points were obtained from consecutive cavity
transients containing a switch on duration of 50 ns and a repetition time of 200 ns.
The latter time resolution, ∆t is indicated by an arrow (not to scale). Note that
the cavity is strongly loaded with this sample, thus Q ≈ 250. The incident laser
power was 1500 mW.

be within about 10-100 times the resonator BW with respect to the resonance
frequency. Another important aspect is that I obtain the resonator parameters,
f0 and Q, directly from the data, without the need for an involved modeling
of the microwave cavity transmission or reflection. Nevertheless, obtaining the
time-dependent material parameters (σ and r ) also requires a calculation according
to Eq. (2.76).
The utility of the present method in an industrial environment remains to
be addressed. I believe that it may find better applications in the research of
novel semiconductors such as e.g. novel photovoltaic perovskites [37–40] and
low dimensional semiconductor materials including carbon nanotubes [42, 43],
graphene [44, 45], transition metal dichalcogenides [46], and black phosphorus
[47, 48]. For such materials sensitivity to material parameters, as well as a sensitive
(i.e. background reflection free) measurement of the µ-PCD signal are important
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rather than the large throughput study of an industrial investigation.

Summary
I applied my novel methods to measure microwave resonators using the timedomain transients to detect the conductivity decay after photo-induced excitation
in semiconductors. Earlier methods making use of resonators suffered from slow
time dynamics and difficult interpretation of the measured data. The new method
yields directly the resonator parameters, from which material properties are simply
obtained. It has improved sensitivity and time resolution (few ns), making the
technique useful for investigations not possible before.

Chapter 5
Summary and Thesis Points
During my work I aspired to understand and exploit the time-domain transients of
microwave resonators, somewhat mimicking the development seen in optical and
NMR techniques during the past decades. I developed novel methods to measure
the parameters of microwave resonators, that has significantly better sensitivity
and time resolutions compared to the conventional, frequency-swept, methods.
I used the novel method to perform investigations on single wall carbon nanotubes, leading to a deeper understanding of the anomalous conductivity measured
in cryogenic environments.
My work opened up the possibility to perform high time resolution microwave
detected photoconductivity measurements on semiconductor samples with unparalleled sensitivity. Although my measurements were performed on relatively well
understood silicon samples, further research is possible and is in fact planned on
materials with significant interest for the solid state physics community.
The developed techniques show promise of being advantageous in replacing
certain industrial processes, with lower cost, and better sensitivity measurements.
In Chapter 1, I gave a brief introduction to my thesis, and motivation for
performing this work. Chapter 2 is about the theoretical background of my work,
I explained transmission line theory, finally defining the surface impedance. I
described the important properties of resonators, including cavity transients. I
presented the cavity perturbation method and noises of sources in measurement
systems. Finally, I explained the advantages of time-domain over frequencydomain spectroscopy and the photoconducting properties of silicon. Chapter
3 was focused on experimental techniques employed in my work. I explained
the down-mixing of high frequency measurement signals, the mathematics of
discrete Fourier transformation, and the techniques to measure microwave detected
photoconductivity.
Finally, in Chapter 4, I presented the results of my work, which can be summarized in the following Thesis Points:
121
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1. I developed a novel method to determine the resonance frequency and quality
factor of a microwave resonator, which is faster, more stable, and conceptually
simpler than the earlier existing techniques. The resonator is irradiated with
a microwave frequency far from its resonant frequency and after switch-off of
the excitation signal, radiates a decaying signal at its eigenfrequency. This
signal is down-mixed and digitized. Fourier transformation directly yields the
resonance curve from which the resonator parameters can be calculated [T1].
I defined a novel figure of merit for the methods which measure the resonator
quality factor and eigenfrequency. The figure of merit was motivated by
the need for a quality factor independent assessment of the resonator measurements. Studies on ultra-high Q resonators repeatedly return excessive
performance values, however when the novel figure of merit is used, it turns
out the different technical realizations return similar performance, which is
independent on the resonator Q [T1].
2. I further improved the time-domain measurement of resonator parameters.
The microwave resonator is placed in a feedback resonator setup, where
the output of an amplifier is connected to its own input with the resonator
as a band pass filter. This results in oscillations whose frequency is tuned
automatically by any small changes to the resonator parameters in the
presence of a sample. After reaching steady-state oscillation, the feedback
circuit is disrupted by a fast microwave switch and the transient signal, which
emanates from the resonator, is detected using down-conversion. I used the
Fourier transform of the resulting time-dependent signal to directly obtain
the resonance profile of the resonator [T2].
I also assessed the performance of the time-domain methods and I showed
that it significantly (by up to two orders of magnitude) outperforms the
presently existing techniques [T2]. I have identified the origin of the noise in
the time-domain technique and I have determined the ultimate noise limit
[T2].
3. I studied the anomalous non-linear microwave absorption in single wall carbon
nanotubes at low temperatures (below 20 K) with the time-domain method.
It was debated for long whether this arises from a true electronic behavior
or from a heating effect. I found that the anomaly has an extremely slow
dynamics on a few hundred second timescale. This strongly suggested that
the anomaly is not caused by an intrinsic electronic effect and that it is rather
due to a slow heat exchange between the sample and the environment [T3].
4. I developed a novel method to detect photo-induced conductivity in semiconductors using microwave resonators. Earlier techniques using microwave
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resonators have yielded material parameters after involved modeling or with
slow time dynamics (beyond a few ms-second). The new approach yields
directly the resonator parameters, which are in turn related to the material
parameters. It is based on the detection of the transient response of a microwave cavity. While the method encompasses all the known benefits of
resonators in terms of sensitivity and accuracy, its ultimate time resolution is
the resonator time constant which can be as low as a few ns [T4].
The publications related to the thesis points are as follows:
[T1] B. Gyüre, B. G. Márkus, B. Bernáth, F. Murányi, and F. Simon: A time
domain based method for the accurate measurement of Q-factor and resonance
frequency at microwave frequencies, Review of Scientific Instruments 86, 094702
(2015).
[T2] B. Gyüre-Garami, O. Sági, B. G. Márkus, and F. Simon: A highly accurate
measurement of resonator Q-factor and resonance frequency, Review of Scientific
Instruments 89, 113903 (2018).
[T3] B. G. Márkus, B. Gyüre-Garami, O. Sági, G. Csősz, F. Márkus, and F. Simon:
Heating causes non-linear microwave absorption anomaly in single wall carbon
nanotubes, Physica Status Solidi B 255, 1800258, (2019).
[T4] B. Gyüre-Garami, B. Blum, O. Sági, A. Bojtor, S. Kollarics, G. Csősz, B. G.
Márkus, J. Volk, and F. Simon: Ultrafast sensing of photoconductive decay using
microwave resonators, Journal of Applied Physics 126, 235702 (2019).
Other published works which are related to the thesis but are not included in
the thesis points:
[5] S. Dzsaber, M. Negyedi, B. Bernáth, B. Gyüre, T. Fehér, C. Kramberger, T.
Pichler, F. Simon, A Fourier transform Raman spectrometer with visible laser
excitation, Journal of Raman Spectroscopy 46 327 (2015).
[6] M. Negyedi, J. Palotás, B. Gyüre, S. Dzsaber, S. Kollarics, P. Rohringer, T.
Pichler, F. Simon: An optically detected magnetic resonance spectrometer with tunable laser excitation and wavelength resolved infrared detection, Review of Scientific
Instruments 88, 013902 (2017).
[7] I. Gresits, Gy. Thuróczy, O. Sági, B. Gyüre-Garami, B. G. Márkus, F. Simon:
Non-calorimetric determination of absorbed power during magnetic nanoparticle
based hyperthermia, Scientific Reports 8, 12667 (2018).
[8] B. G. Márkus, G. Csősz, O. Sági, B. Gyüre-Garami, V. Lloret, S. Wild, G.
Abellán, N. M. Nemes, G. Klupp, K. Kamarás, A. Hirsch, F. Hauke, F. Simon: Electronic properties of air-sensitive nanomaterials probed with microwave impedance
measurements, Physica Status Solidi B 255, 1800250, (2018).
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