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Chapter 1

Introduction
Two bubbles found they had rainbows on
their curves. They flickered out saying:
“It was worth being a bubble, just to
have held that rainbow thirty seconds.”
Carl Sandburg

In nature, bubbles appear in all kinds of exciting ways. We meet them in soapy water,
in fuzzy soft drinks or on the surface of waters when it is raining. For children, bubble
blowing is a fascinating game, while for artists and writers, their shape and appearance
give great inspiration. To give some examples, the photographer Kym Cox works with
soapy bubbles for art and science. The famous writer Luisa May Alcott wrote a poem
about bubbles in the ocean in her poem ’The Rock and the Bubble.’ Bubbles in liquid
even inspired the building of the Beijing National Aquatics Center.
However, bubbles are not only artistic fascinations. They are usually a gas-filled
globule in a liquid domain. Their surface acts as an elastic membrane, a border between
the gas and liquid molecules. The strength between gas molecules is much weaker than
between liquid molecules, hence the bubble always tends to shrink its surface to a minimal
size. The driving that balances the pressure difference at the bubble wall is called the
surface tension. At rest, bubbles tend to shrink into a perfectly spherical form. With
an external force bubbles can be forced to oscillate radially, or move in space, during
which they can lose their spherical form. There are two known phenomena associated
with oscillating bubbles in a liquid. The first one is called hydraulic cavitation, where
bubbles appear around propellers and pump impellers, causing their erosion, which leads
to the failure of such systems. It was first noticed during the testing of the British highspeed warship the MSH Daring in 1885 and was cited in 1895 by John I. Thornycroft and
Sydney W. Barnaby [4]. During the tests, they noticed a significant vibration from the
propeller, which also eroded in a short time. As they thought, bigger propellers and lower
rotational speed would solve this problem. However, as the British built larger and faster
ships, this problem came back. Finally, in 1904, Lord Rayleigh was the one who identified
the exact problem and stated that the noise and the erosion are both effects of collapsing
vapor bubbles in the water. He was the first to establish the theory of a collapsing cavity
1

in a liquid domain [5]. Interestingly, the word cavitation comes from Leonhard Euler in
his work about hydraulic machinery in 1754.
In later studies, it became clear that these tiny bubbles carry an incredible amount of
energy inside themselves. Scientists found out that cavitation can be induced on purpose
by utilizing ultrasound. As a liquid medium is exposed to a high-amplitude, high-frequency
acoustic wave, bubbles may form and may start to oscillate. This second phenomenon is
referred to as acoustic cavitation in the literature, the topic of the present dissertation.

1.1

The dynamics behind acoustic cavitation
Irradiating a liquid domain with ultrasound, having an acoustic frequency above

20 kHz and with a sufficiently high pressure amplitude may create small bubbles inside
the liquid. Due to the oscillating pressure field, the total pressure inside the bulk liquid
becomes negative in the rarefaction phase of the sound wave [6]. Even a 20 kHz excitation
frequency means 20000 acoustic cycles every second, and as a consequence, the tensile
stress caused by the acoustic wave gets extremely strong, stronger than the tensile strength
of the liquid. These effects lead to the formation of gas/vapor bubbles. Usually, bubbles
originate from nuclei, such as already existing micro-bubbles filled with gas, or around some
contamination. Therefore, a bubble generated by ultrasound always contains a certain
amount of non-condensable gas. They can form near acoustically rigid surfaces as well,
like the wall of the liquid tank or some other equipment, for example, transducers and
hydrophones. In a perfectly clean liquid, however, only a very high pressure amplitude
can create cavitational bubbles. The approximated minimum pressure amplitude PB that
is necessary for the creation of a high-amplitude oscillation of a nucleus with a radius R0
was determined by Blake [7], and therefore is called the Blake threshold:
2
PB = P∞ +
3

s

(2σ/R0 )2
,
3(P∞ + 2σ/R0 )

(1.1.1)

where P∞ and σ are respectively the ambient pressure and surface tension of the liquid,
and 2σ/R0 is the pressure difference between the interior of the bubble and the liquid
domain caused by the surface tension of the bubble. In Eq. (1.1.1) viscous effects and
vapor pressure are neglected. This threshold could be 10 times higher in a perfectly clean
liquid, than in other liquids.
After the formation of bubbles, they oscillate radially and move in space as the pressure field varies in the liquid. In the low-pressure part of the sound wave, they grow in size
due to evaporation and expansion. Then, within just a fraction of a second, the negative
total pressure becomes overpressure, and the bubbles shrink in size or even collapse quite
rapidly due to the compression phase of the ultrasonic irradiation. Figure 1.1 shows a typical bubble radius-time curve (top panel) with high-amplitude oscillations as a response
of the time-varying pressure field in the liquid (bottom panel). The bubble collapses in
the compression phase of the acoustic wave, exhibits some after-bounces, and in the rarefaction phase slowly grows in size. The collapse of the bubble can be so strong, that the
2
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Figure 1.1: Bottom panel: one period of the acoustic wave p∞ (t) = P∞ + pA sin (ωt), where
P∞ = 1bar is the ambient pressure and the second term is the harmonic driving field. Top
panel: Bubble radius–time curve as a response to the varying pressure field. The bubble
collapses in the compression phase of the acoustic wave.(Own figure)

pressure and the temperature at the collapse site can get as high as 1000 bar and 5000 K,
respectively [8]. After the collapse, the high pressure leads to the launch of a spherically
symmetric pressure wave, which may evolve into a shock wave [9]. Sonoluminescence, light
emission is the other phenomenon associated with the collapse [10].
Usually, acoustic cavitation bubbles do not exist alone; they form a cluster or cloud
in the liquid. Experiments showed that the structure of these clouds is somewhat unique.
The bubbles can arrange into streamers or filaments, forming a line or lines that connect
at a center. These lines can also be curved or form a circle; then the structure is called
a bow or a ring, respectively. An example is shown in Fig. 1.2; here the bubbles arrange
in streamers that merged into an agglomerate of filaments. A jellyfish structure consists
of two layers of bubbles, which from the side looks flat but from the top, it looks like
a filamentary star. A starfish is almost like the jellyfish, but with one layer of bubbles,
and always appears near the liquid surface. The form of the structure is dependent on the
acoustic field and the nuclei sites in the liquid.
Some nuclei in the liquid will not exhibit high-amplitude oscillation when an external
acoustic excitation is present. At a given pressure amplitude, due to Blake threshold, the
nuclei smaller than the radius R0 will exhibit only small amplitude oscillations, while larger
nuclei become bubbles that oscillate with high amplitude and collapse due to the varying
pressure field. Therefore, for smaller bubbles (and/or nuclei), higher pressure amplitude is
needed to generate high amplitude collapse-like bubble oscillation as presented in Fig. 1.1.
The linear resonance size Rres of the bubble also plays an important role in the oscillation.
In a standing wave, bubbles smaller than Rres travel to the pressure antinodes (where the
pressure field has it’s maximum), while larger bubbles to the nodes (where the pressure
field is zero). The traveling wave has the strongest forces on bubbles with the resonance
size Rres . In a bubble cloud, neighboring bubbles can attract or repel each other, or they
can even merge into one bubble. The force from the external pressure field created by the
sound wave, acting on the bubbles is called the primary Bjerknes force [11]. The secondary
3

Figure 1.2: Bubble structure showing a filamentary streamer. Dual-frequency excitation
at 25 kHz and 75 kHz. The picture was taken with a fast camera with a light source from
the back, hence bubbles show black on a light background. (Own figure)

Bjerknes force is the one that acts between neighboring bubbles [12]. Mainly these two
forces govern the spatial distribution of bubbles.
Without acoustic excitation, tiny gas bubbles would eventually dissolve in the liquid
due to the surface tension: as the partial pressure inside the bubble is larger than the
liquid pressure, a mass diffusion from the bubble into the liquid would proceed until there
is no more mass. Too big gas bubbles, on the other hand, due to the effect of the surface
instability, would disintegrate into smaller bubbles, which then, due to the surface tension
would dissolve. When a pressure oscillation is present in the liquid, these bubbles begin
a radial oscillation, which can keep them from dissolving. During the radial oscillation,
the equilibrium size of a bubble increases due to a mechanism called rectified diffusion
[13]. The bubble radius at rest (when there is no pressure field acting on the liquid) is
the equilibrium size RE of the bubble. Rectified diffusion means that during the volume
oscillation, the mass transfer at the bubble-liquid interface is not zero. When the bubble
shrinks in size, the gas concentration inside gets larger. Hence gas diffuses from the bubble
into the liquid. On the other hand, when the bubble grows, the gas concentration inside
decreases, and gas diffuses into the bubble. Since the mass transfer is proportional to the
area of the surface of the bubble-liquid interface, during one acoustic cycle more mass
diffuses into the bubble than from the bubble, which leads to the growth of the bubble.
This time scale is much slower than that of the oscillation of the bubble but results in
a larger equilibrium bubble size after a longer time period. The bubble cannot increase
in size forever. Eventually, it will grow to a critical radius, lose its surface stability and
disintegrate into several tiny bubbles. These bubbles will then again start to grow in size
by rectified diffusion until they reach a critical radius and disintegrate. This is called the
life cycle of the bubble [14, 15].
In real applications, bubbles usually appear in streamers or clusters; they can act
on each other via their emitted pressure wave, merge or disintegrate into smaller bubbles.
Nevertheless, bubble structures are built up from single bubbles, and their dynamics is
4

the basic building block of the behavior in a larger ensemble. Although many aspects
of acoustic cavitation are well understood, the bubble oscillation itself is still not always
predictable. Usually, at high pressure amplitude of the excitation, the dynamics of the
bubble is nonlinear. Therefore, a vast amount of scientific research in the field of acoustic
cavitation was dedicated to single bubble dynamics, and most of this dissertation is devoted
to filling in some gap in this research area.

1.2

Applications associated with acoustic cavitation
Acoustic cavitation and the effects associated with the collapse of the bubble plays

a vital role in several different fields of industry. For example, one of the great success
stories in modern chemistry to increase the chemical yield is the utilization of ultrasound,
a technique called sonochemistry. In sonochemical reactors, the collapsing bubbles act as
hot spots, where the temperature and pressure inside the bubble can be as high as 5000
K and 1000 bar, respectively [16]. In the small vicinity of the bubble, near the bubbleliquid interface, these values are around 2000 K and 300 bar, respectively. With a varying
pressure field inside the liquid, these conditions do not last long, usually, the cooling rate is
around 109 Ks−1 [17]. Under such conditions, chemical reactions can take place or radicals
can be created.
For instance, one of the keen interests of sonochemistry is the generation of hydroxyl
(’OH), hydrogen (H’) and perhydroxyl (HO2 ’) radicals and hydrogen peroxide (H2 O2 ). The
generation of the former two radicals usually happens inside the bubble when containing
oxygen and water vapor due to the high temperature at the collapse [18, 19]. In wastewater
cleaning, for example, the generation of these highly reactive free radicals is essential for
oxidation processes [20, 21, 22, 23, 24]. The use of ultrasound is a promising method also to
clean the pores and the surface of fouled membranes or solid surfaces. Moreover, the bubble
oscillation can cause microstreaming, where the liquid molecules oscillate together with
the bubble [25, 26]. At the compression phase, the molecules move close to the shrinking
bubble, while at the rarefaction phase, they are pushed away from the expanding bubble.
Additionally, when the bubble reaches its minimum size, a strong shock wave is initiated.
Near a solid surface, microstreaming and shock waves create strong shear or drag forces
that can move off foulant from the membrane or contamination from surfaces [27]. With
high-intensity ultrasound, the generated shock waves can also reduce the molecular chain
length of polymers in solution, and hence their molecular weight can be reduced [16, 28].
Due to the very quick collapse (measured in nanoseconds) and the high cooling rate,
new nanoparticles can be created. The use of ultrasound to create new nanoparticles and
nanocrystals usually results in better quality compared with other methods.
An important quality of ultrasound enhanced technologies is that they are usually
more cost-friendly compared to other commercial methods. Therefore, this research area
is constantly growing, searching for new ways of applications and optimization of the
sonochemical reactors.
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1.3

Multistability
On the topic of acoustically excited bubbles, several books, reviews, and numerical

studies were written in the past few decades. The accumulated computational results have
revealed the very complex nature of such a system, for instance, the structure of regular
periodic and chaotic windows as a function of a single control parameter, or the resonance
properties with respect to the driving frequency. These are all the consequences of the
strongly nonlinear behavior of a single cavitation bubble under harmonic driving.
Another relevant property of nonlinear systems is that at a given parameter set, more
than one stable periodic and/or chaotic solutions may coexist. From the application point
of view, the multistability of the system usually has to be controlled as different stable
solutions may mean significantly different system performance (eg. chemical output of a
bubble) or risk the reproducibility and reliability. The basin of attraction of the different
stable attractors usually form a fractal-like set in the state space; hence, the proper choice
of the initial conditions are not always possible. Even if the initial condition is adequately
chosen, some noise in the system could push the system to another attractor. Therefore,
controlling of multistability is a highly researched topic in nonlinear dynamics. Over the
past few years, several control techniques have been created.
The control techniques available in the literature can be classified into three types:
non-feedback control, feedback control, and stochastic control. Non-feedback control could
be used to drive the system from one stable attractor to another by applying short-pulsed
perturbations [29]. Furthermore, there are examples when adding a pseudo-periodic or
harmonic perturbation to the system results in attractor annihilation [30]. Non-feedback
types of controls are the simplest methods since they do not rely on the feedback to the
system. When applying a feedback control, one needs information on the state space [31].
With such methods, attractors could be stabilized against noise or the system could be
driven to a selected attractor. That is, direct attractor selection is possible (in contrast to
the non-feedback techniques). However, detailed information on the state space is necessary
which is not always available in practice. Stochastic methods apply noise to the system
to annihilate certain attractors in the state space [32]. The annihilation takes place in
the order of the basin of attraction of the stable solutions. Thus, the possibility of direct
control is again lost. For a detailed review of the topic of control of multistability, the
reader is referred to the publication of Pisarchik and Feudel [33].
Our group, led by my supervisor, in cooperation with the University of Göttingen
(Drittes Physikalisches Institut, Georg-August-Universität Göttingen, the research group
of Prof. Werner Lauterborn, Prof. Ulrich Parlitz and Dr. Robert Mettin) successfully
developed a control method that can "select" any stable solution without feedback so
that the system is temporarily operated by two frequency excitation [34]. The method
works well for harmonically driven non-linear oscillators (like an acoustically driven single
bubble) via a temporary addition of a second harmonic component to the driving. That is,
the system has a temporary dual-frequency driving. One drawback of this method is that
for proper control, the detailed bifurcation structure of the system is necessary. Therefore,
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the primary goal of the present dissertation is to describe the bifurcation structure of
a single-frequency-driven single gas bubble and explore the multistable regions in the
pressure amplitude-frequency parameter plane at different bubble sizes.

1.4

Two-frequency bubble measurements
Recently, the attention has turned towards dual- or multi-frequency-driven systems

due to their several positive effects [35, 36]. However, the influence of another frequency
on the oscillating bubbles or bubble clusters is still not well understood in terms of bubble
dynamics. This prevents a coherent interpretation of the partly contradictory experimental results in the literature [37], as well as further optimization of dual-frequency-driven
sonochemical reactors. Our group has made a significant step toward the theoretical understanding of dual-frequency-driven single bubbles [34]. In order to support these results,
dual-frequency measurements were carried out at the Georg-August University Göttingen, Germany, funded by the German Academic Exchange Service (DAAD - Deuthcher
Akademischer Austauschdienst) with a short term research scholarship. The University
has a long history in the research of acoustic cavitation both in the numerical and the
experimental fields. Their laboratory is well-equipped with the necessary high-tech laboratory tools for bubble measurements. During the experiments, video recordings were
made of the dual-frequency driven bubble cluster in a rectangular water tank. From the
video recordings, the reconstruction of the radial oscillation of an individual bubble in the
cluster was carried out with digital image processing techniques. We propose a numerical
technique to reconstruct the properties (parameters) of the observed bubble from such
data by comparing the recorded bubble radius-time curves with numerical simulations.
The extracted amount of information and their validity is dependent on the complexity
of the model itself. The main technical difficulty is the determination of the emerging
unknown parameters by comparing the simulated and the measured bubble radii as functions of time via the definition of a suitable error function. The numerical calculations
were carried out using an in-house code written in C++/CUDA C to exploit the high
computational capacities of GPUs and accelerate the identification of the unknown system parameters.

1.5

The work of our research group
Our research group is led by my supervisor Ferenc Hegedűs PhD, and the research

is focused on cavitation bubble dynamics and its applications in the field of sonochemistry. Currently, our group consists of six members: besides the group leader, there are
two Ph.D. candidates, a Ph.D., and two MSc students. Most of our research is carried
out at the Department of Hydrodynamic Systems at the Budapest University of Technology and Economics. We also work together with the Cavitation Bubble Dynamics Group
at the Drittes Physikalisches Institut, Georg-August-Universität Göttingen, Göttingen,
Germany.
7

The title of the Ph.D. dissertation of Ferenc Hegedűs was ’Spherical bubble dynamics
and cavitating vortex shedding’ [38]. Using the Rayleigh–Plesset equation, he revealed the
period-1, period-2, and period-3 oscillations of the harmonically forced bubble oscillator
[39]. He also examined heat transfer in the bubble dynamics [40]. After his Ph.D. studies,
he continued to explore the nonlinear structure of the Rayleigh–Plesset bubble oscillator.
Over the past couple of years, he turned his interests towards the research of dual-frequency
driven bubble dynamics, and at the same time, to the problem of controlling multistability
[34]. The employed bubble model became the Keller–Miksis equation being a more accurate
model in the collapse phase of the bubble than the Rayleigh–Plesset equation. For the
calculations, he has written the in-house ordinary differential equation solver for GPUs.
On this day, this is still ongoing research in cooperation with the Cavitation Bubble
Dynamics Group in Göttingen.
Kálmán Klapcsik, the first Ph.D. candidate of the group, first carried out computations of a single bubble dynamic in a highly viscous liquid (glycerin) using the Keller–
Miksis bubble oscillator [41, 42, 43]. Later he has turned his interests towards non-spherical
bubble dynamics [44]. The title of his Ph.D. dissertation is ’The nonlinear dynamical analysis of a harmonically excited gas bubble placed in a highly viscous liquid’ [45].
The Ph.D. work of Kalmár Csanád is focused on chemical activation in the collapsing
bubble. He has implemented reaction kinetics of different chemical species in the GPU code
and investigated the effect of the excitation parameters on the different reactions.
One of the main results of the work of our group related to the present study is
definitely the new technique to control multistability presented in [34]. The basis is the
temporary addition of a second harmonic component to the driving. The GPU accelerated
computations have opened up the way to create very high-resolution bi-parametric scans
of the bifurcation structure. Hegedűs et al., from these bi-parametric plots, showed that
the period-2 and period-3 attractors can be continuously transformed into each other by
the proper selection of the parameters of temporary dual-frequency driving. These results
can be extended for any of the periodic orbits (the results are under publication). It is
shown in [34] that with this technique, the multistability of a system can be effectively
controlled without the application of feedback. The only drawback of the method is that
the precise bifurcation structure in case of single frequency driving is necessary. Therefore
in this dissertation, I present a thorough examination of this structure.

1.6

Overview of this dissertation
The employed model to describe the radial motion R(t) of a single spherical gas

bubble in time is the well-known Keller–Miksis equation. This second-order differential
equation is able to model collapse-like motion due to the incorporated liquid compressibility (first-order approximation). We use this model to perform a thorough parameter study
in order to give the bifurcation structure in the two-dimensional parameter space of the
driving parameters. In the first part of Chapter 2, the equation is treated as an initial value
problem (IVP) to find the stable periodic attractors at a fixed parameter set. In order to
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find all the relevant coexisting stable attractors, at every parameter combination, more
than one initial condition is used. To obtain detailed bifurcation diagrams in the plane
of the excitation parameters, one has to solve hundreds of thousands or even millions of
IVPs. To reduce the required large computational time, the high processing power of professional video cards (GPGPUs) was exploited. With the IVP solver, a global overview of
the stable attractors and their corresponding bifurcation points of the system can be easily
obtained. However, the skeleton of a given bifurcation structure cannot be described with
an IVP solver. Moreover, unstable solutions are essential in the understanding of nonlinear
systems. Treating the system as a boundary value problem (BVP), one is able to trace
bifurcation points of the system in the two-dimensional parameter space, regardless of
their stability. For the BVP calculations, we use the AUTO bifurcation and continuation
software [46]. In Chapter 2, all the computations are carried out at a fixed initial bubble
size. To show that the bifurcation structure does not change in a broad parameter range
of the bubble size, an analytical examination of the Keller–Miksis equation is provided in
Chapter 3. To support our results, the bifurcation structures are also given with the pressure amplitude and the equilibrium bubble size as control parameters. The results of this
chapter are essential in the utilization of the control techniques, as the outcome does not
depend on the bubble sizes in the system. In Chapter 4, the viscosity of the liquid material
is also examined. It is well-known from the literature that decreasing dissipation increases
the number of coexisting attractors. Accordingly, one would expect that with increasing
damping, the bifurcation structure is simplified. In Chapter 5, the bubble measurements
are presented, and the post-processing method of the video recording is discussed, and a
simple technique of parameter identification is introduced.
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Chapter 2

Bifurcation structure of the
bubble oscillator
This chapter is dedicated to the exploration of the bifurcation structure of the bubble
oscillator, namely the Keller–Miksis equation. First, we are going to present this highly
nonlinear system, which is treated first as an initial value problem (IVP). With a thorough
parameter study in the parameter space of the harmonic driving, the bifurcation structure
is revealed with the pressure amplitude pA of the harmonic driving as a control parameter,
at different driving frequencies. We shall see that below the linear resonance frequency of
the bubble, the bubble oscillator is mainly monostable, while above it, the multistability of
the oscillator gets stronger as the frequency increases. The exploration of the bifurcation
structure at such a high frequency is important in terms of the control of multistability.
In these one-dimensional diagrams, the bifurcation structure seems extremely complicated
and without any order. However, treating a system as a boundary value problem (BVP) it
is possible to follow the found bifurcation points in the two-dimensional parameter space of
the driving. Results revealed that the bubble oscillator shows a well-organized bifurcation
structure in this two-parameter space.

2.1

The mathematical model
In order to model large amplitude, collapse-like oscillations of a single gas bubble

in water, the compressibility of the liquid has to be taken into account, since it has a
great impact during the collapse phase [47]. From the family of the equations, which takes
into account the liquid compressibility to the first order of the Mach number, the Keller–
Miksis equation [48] is the most accurate one according to [49]. Hence, this model is used
throughout the present thesis with a minor modification according to [50]:

Ṙ
1−
cL

!

Ṙ
RR̈ + 1 −
3cL

!

3 2
Ṙ =
2
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Ṙ
1+
cL

1
ρL

!

(pL − p∞ (t)) +

R d (pL − p∞ (t))
. (2.1.1)
ρL cL
dt

This nonlinear, second-order ordinary differential equation describes the time evolution of
the radius R(t) of a spherical bubble. Since it takes into account the compressibility of the
liquid domain to the first order, it incorporates damping due to sound radiation. The dot
stands for the derivative with respect to time. In Eq. (2.1.1), ρL and cL are the density of
the liquid and the speed of sound in the liquid, respectively.
The pressure far away from the bubble is
p∞ = P∞ + pA sin(ωt),

(2.1.2)

where P∞ is the static or ambient pressure, pA is the amplitude of the pressure oscillation
and ω is the angular frequency of the periodic excitation of the ultrasonic irradiation. The
mechanical equilibrium at the bubble wall can be written as
pG + pV = pL +

2σ
Ṙ
+ 4µL ,
R
R

(2.1.3)

where the total pressure inside the bubble is the sum of the partial pressures of the
noncondensable gas content pG and the vapor pressure pV . The pressure at the bubble
wall in the liquid side is pL . 2σ/R is the pressure jump at the bubble wall caused by the
surface tension σ in case of a spherical bubble. 4µL Ṙ/R is the tensile stress caused by the
expanding bubble, where µL is the dynamic liquid viscosity. The gas inside the bubble
obeys a simple polytropic relationship:


pG =

2σ
− pV + P∞
RE



RE
R

3n

,

(2.1.4)

where RE is the equilibrium radius (size of the bubble in stationary case) and n is the
polytropic exponent.
For the derivation of the Keller–Miksis equation in the form of Eq. (2.1.1), see Appendix A.2.

2.1.1

The unexcited system

To understand Eqs. (2.1.1)-(2.1.4) completely, it is important to see what happens
with the unexcited system and find the possible equilibrium solutions; that is, when the
bubble radius stays at rest. Therefore, let us consider all the derivatives and pA to be zero.
The equation, in this case, reduces to
0 = pG + pV − P∞ −

2σ
,
RE

(2.1.5)

where R = RE is the equilibrium radius of the unexcited bubble. Throughout this thesis,
by the size of a bubble we always mean its equilibrium size RE , even when the excitation
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parameters and the time derivatives are not zero.

2.1.2

The dimensionless equation system

For the numerical simulations, Eqs. (2.1.1)-(2.1.4) have to be rewritten into a system
of first-order dimensionless differential equations. By the introduction of the dimensionless
time τ = tω/(2π), the dimensionless bubble radius y1 = R/RE and the bubble wall velocity
y2 = 2π Ṙ/(RE ω), the system can be reformulated as
y10 = y2 ,
y20 =

(2.1.6)

N
,
D

where 0 denotes the derivative with respect to τ . After some algebraic manipulation of the
model equations, the numerator N can be defined as


N = C1 + C2 y2

  1 C9

y1







− C3 1 + C8 y2 − C4 + C5 y2

1

y1

1
−C6 1 + C8 y2 sin(2πτ ) − 1.5 1 − C8 y2 y22 − C7 cos(2πτ )y1
3








(2.1.7)

and the denominator D as
D = y1 − C8 y2 y1 + C5 C8 .

(2.1.8)

The parameters in Eqs. (2.1.7) and (2.1.8) are defined as follows:
ω 2
2σ
2
− pV + P∞ / ρL RE
RE
2π


 

2σ
ω
=
− pV + P∞ 1 − 3n / cL ρL RE
RE
2π

 
 2 
ω
2
=
pV − P∞ / ρL RE
2π
 2
2σ
ω
2
=
/ρL RE
RE
2π


2 ω
= 4µL / ρL RE
2π

 2 
ω
2
= pA / ρL RE
2π


ω
= pA / cL ρL RE
(2π)2
 



C1 =
C2
C3
C4
C5
C6
C7





 

(2.1.9)
(2.1.10)
(2.1.11)
(2.1.12)
(2.1.13)
(2.1.14)
(2.1.15)



C8 = RE ω/ 2πcL

(2.1.16)

C9 = 3n.

(2.1.17)

We note that the above dimensionless constants are combinations of well-known
dimensionless numbers in fluid dynamics, which are described in detail in Appendix A.3.
Since the angular frequency can vary on a scale of many orders of magnitude, it is
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Table 2.1: Liquid properties for clear water calculated by means of the Haar–Gallagher–
Kell equation of state [2] at T∞ = 25 o C and at P∞ = 1 bar ambient temperature and
pressure, respectively.
material property

value

pV

3166.8 Pa

σ

0.0720 N/m

µL

0.00089 Pa s

ρL

997.064 kg/m3

reasonable to normalize it with a suitable reference quantity. Therefore, a dimensionless
relative frequency is used for the computations defined as
ωf =

ω
,
ω0

(2.1.18)

where ω0 is the linear resonant frequency of the system. According to [51], ω0 can be
calculated from the following equation:
s

ω0 =

8µ2L
3n(P∞ − pV ) 2(3n − 1)σ
+
−
2
3
4 .
ρL RE
ρL RE
ρ2L RE

(2.1.19)

For the computations in this chapter, the last term in Eq. (2.1.19) containing the viscosity
µL was not considered. We shall see in the next chapter that for the used bubble size, this
term can be indeed neglected.

2.1.3

Control parameters and material properties of the system

The objective of this chapter is to investigate the dynamics of the oscillating bubble in
the parameter plane of the harmonic driving. Accordingly, the two main control parameters
are the pressure amplitude pA and the relative frequency ωf of the system.
The computations were carried out using clear water at constant ambient pressure
P∞ = 1 bar and at constant ambient temperature T∞ = 25 o C. These ambient quantities
specify all the liquid material properties determined by means of the Haar–Gallagher–Kell
equation of state [2]. The calculated values are listed in Table 2.1. The polytropic exponent
was n = 1.4 assuming an adiabatic state of change and diatomic molecules for the gas
content. The equilibrium radius was chosen to be RE = 0.1 mm according to [51], which
is the upper limit for the typical nucleus radius in water.
With the given equilibrium bubble size, the eigenfrequency of the bubble given by
Eq. (2.1.19) is ω0 = 202020 rad/s, that is f0 = 32.15 kHz. At this frequency, the wavelength
of the ultrasound in the liquid is λ0 = 0.0466 m. We note that λ0 is two orders of magnitude
larger than the equilibrium radius RE . Thus, the assumption of spherically symmetric
bubble oscillation is not violated by the wavelength of the ultrasound. The wavelength of
a 20 kHz excitation is 0.047 m. When the excitation frequency is double the eigenfrequency
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of the bubble, the wavelength is 0.023 m, when ωf = 3ω0 , the wavelength is 0.0155 m.
Therefore, at this frequency range the wavelengths are much larger than RE . With even
higher excitation frequencies, the wavelength becomes comparable to the bubble size,
and the assumption of spherically symmetric bubble oscillation becomes valid for a much
shorter oscillation time.

2.1.4

The numerical tools

Since the system given in.(2.1.6) is a highly nonlinear differential equation system,
its solutions may qualitatively change even if a parameter is changed only slightly. Two
types of bifurcations may occur as a parameter of the excitation is taken as control parameter. The first one is a saddle-node (SN) bifurcation when two solutions—a stable and an
unstable one—are born or disappear. The other one is a period-doubling solution (PD),
where a periodic stable attractor becomes unstable, and at the same time a periodic attractor with twice the period arises. This bifurcation can be subcritical or supercritical when
the new attractor is unstable or stable, respectively. Additionally, in certain parameter
combinations, several solutions may coexist.
A periodic solution with period τp is called a period-m solution if m = τp /τ0 , where
τ0 is the period of the excitation. A chaotic, aperiodic solution has infinite periodicity.
The usual way to display the solutions is to represent them in the (y1 , y2 ) phase plane,
where the periodic solutions are closed curves. The trajectory of a more complex solution
may intersect itself, hence it is beneficial to represent it in the Poincaré map [52], where
the solution is sampled at every integer multiple of τ0 . In this way, a period-m solution is
represented by m dots in the phase plane and can be considered to be a discrete dynamical
system. In the case of chaotic solutions, the Poincaré section contains as many points as
the number of the time cycles are sampled. Figure 2.1 shows an example where an already
converged period-1 (black curve) and a period-3 (red curve) stable solutions coexist at
ωf = 1 and at pA = 1.49 bar originating from different initial conditions. On the left-hand
side, the dimensionless bubble radius as a function of τ , whereas on the right-hand side,
the phase plane is presented. The dots on the curves are the points of the Poincaré section.
Since there is only one black dot in the phase plane, the corresponding solution is indeed a
period-1 solution. Similarly, three red dots can be seen in the diagram, hence it represents
a period-3 solution. Even in this simple case, the curves are hardly distinguishable in the
phase plane, therefore throughout this chapter, only the points of the Poincaré map will
be represented.
To find the stable orbits at given parameters, the most commonly used method is
to take an initial value problem (IVP) solver and simulate the transient solution through
as many cycles as it takes for the convergence to a stable solution (attractor). After the
convergence, the different properties of a solution can be saved, such as the Poincaré
section P (y1 ) and P (y2 ), and the period m.
For a thorough inspection of the bifurcation structure, and the identification of the
monostable and multistable parameter regions in the plane of the excitation parameters,
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Figure 2.1: A period-1 (black curve) and a period-3 (red curve) co-existing solutions at
pA = 1.49 bar and at ωf = 1 applying different initial conditions. The dimensionless
bubble radius versus the dimensionless time is presented in the left-hand side and the
(y1 , y2 ) phase plane is shown in the right-hand side. The dots on the curves are the points
of the Poincaré sections of the solutions.

at each parameter combination, 5 IVPs are solved with randomly chosen initial conditions.
The range of the dimensionless bubble radius coordinate y1 is set to be in between 0.5
and 4, while the dimensionless bubble wall velocity coordinate is in between -1 and 1.
Although Hegedűs in [53] used 10 random initial conditions, we found that in our case, 5
is enough to find all the relevant co-existing solutions in the parameter range investigated
here. When the very fine bifurcation structure is needed, of course more initial values
have to be applied. For our simulations, the employed numerical method is a fourth-order
Runge–Kutta–Cash–Karp method with fifth-order embedded error estimation [54]. The
algorithm is adapted from [55]. For each IVP, the first 2048 iterations were considered
transient and then the next 64 points of the Poincaré section P (y1 ) and P (y2 ) were saved.
The so-called bifurcation diagrams represent the qualitative change of the stable
oscillations as one parameter changes, while all the other parameters are kept constant.
Here, only one coordinate of the Poincaré section is being plotted versus the control parameter, in order to remain in a two-dimensional diagram. To find the stable periodic
and chaotic solutions and the possible parameter regions of the collapse-like oscillations,
several bifurcation diagrams were calculated with the pressure amplitude pA as the control
parameter at different ωf relative frequencies. The pressure amplitude was varied between
0 and 5 bar, with an increment of 0.01 bar. All the other parameters were kept constant,
the list of parameters is given in Tab. 2.1 of Sec. 2.1.3. To see how the bubble responds to
the excitation, in the next subsection, the evolution of the dimensionless bubble radius as
a function of the excitation parameters is being thoroughly investigated.
To create a single bifurcation diagram at a fixed relative frequency, 500 × 5 = 2500
independent IVPs have to be solved. In the following, we present 6 different bifurcation diagrams, and throughout the dissertation several others including 2-dimensional parameter
scans. Therefore, in order to reduce the required computational time, the high processing
power of graphics processing units (GPUs) were exploited. For comparison, in MatLab,
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the computation time of a single bifurcation diagram takes approximately 9 hours, while
on a GPU it is only about 10 minutes. Since the applied numerical algorithm uses only
function evaluations to solve the thousands or even millions of differential equations that
are independent of each other, our problem is well suited for parallelization in GPUs. The
program code was implemented in C++ and in CUDA C software environment by my supervisor. The interested reader is kindly directed to the website www.gpuode.com, where
the program code is freely downloadable. The employed GPU was a Titan Black card
(Kepler architecture, 1707 GFLOPS double precision processing power). Since in bubble
dynamics, large amplitude oscillation in the collapse-like response region of the system is
inevitable, the application of double precision floating point arithmetic was necessary. The
final, optimized code is approximately 50 times faster on the aforementioned card than on
a four-core Intel Core i7-4790 CPU. For further details on GPU accelerated ODE solvers,
the interested reader is referred to the publications [34, 43].

2.2

Introduction to the dynamics of the bubble
In this subsection, the dimensionless bubble radius y1 and its Poincaré section is

investigated as a function of the pressure amplitude. Figures 2.2-2.4 show six bifurcation
diagrams at six different ωf relative frequencies.
Well below the main resonance of the bubble, at ωf = 0.1 relative frequency for
low pressure amplitude, only a period-1 stable solution exists, as shown in Fig. 2.2A. The
initially period-1 solution, after pA = 1 bar pressure amplitude, exhibits 7 hystereses.
Between the hystereses, period-doubling windows exist, in which regular periodic and
chaotic regimes alternate. As the pressure amplitude increases, these windows exist for a
larger range of pressure amplitudes. From pA = 4.34 bar upwards, the solution remains a
period-1 stable orbit until the end of the simulation. For the relative frequency ωf = 0.2
(Fig. 2.2B), a similar structure can be observed as in case of ωf = 0.1 but the initially
period-1 solution only exhibits 4 hystereses, and from pA = 3.15 bar only a period-1 stable
attractor exists again within the parameter range studied here. The enlargement of the last
period-doubling windows can be seen in the insets in Fig. 2.2A and B. With increasing
pressure amplitude, jumps in the amplitude of the radial oscillation, corresponding to
hystereses, can also be observed between the subsequent PD windows.
At ωf = 0.5, the response of the bubble radius to the pressure amplitude changes
qualitatively (Fig. 2.3A). At low pressure amplitude, up to 0.72 bar only a period-1 stable
solution exists, which goes through a period-doubling bifurcation (P D) at pA = 0.83 bar.
After that, between the pressure amplitudes pA = 1 bar and pA = 1.04 bar , a disjoint
chaotic domain can be observed. For a short range of the control parameter, from 0.7 bar
a period-3 and a period-2 stable solutions coexist as well, see also the magnification in
Fig. 2.3A. At pA = 0.89 bar another period-1 stable solution appears through a saddle-node
bifurcation (SN ). This solution, at pA = 2.91 bar, becomes unstable while a new period2 stable solution appears, at 4.08 bar a cascade of period-doubling bifurcations appear,
and then the solution becomes chaotic. This phenomenon is also known as a Feigenbaum
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Figure 2.2: Bifurcation diagrams of the Poincaré section of the dimensionless bubble radius
versus the pressure amplitude with relative frequencies A) ωf = 0.1 and B) ωf = 0.2. The
numbers mean the period of the solution pointed by the arrows.

cascade into chaos.
At ωf = 1 (Fig. 2.3B) (eigenfrequency of the linearized system) similar behavior
can be observed as before at ωf = 0.5. After three period-doubling bifurcations of the
first period-1 stable solution, a global bifurcation occurs and at pA = 1.94 bar a large
chaotic domain emerges, prior to the accumulation point of the period-doubling cascade
of the period-1 solution, and exists up to a pressure amplitude of 2.66 bar. At 2.67 bar,
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versus the pressure amplitude with relative frequencies A) ωf = 0.5 and B) ωf = 1. The
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from the chaotic oscillation, a period-2 stable solution develops, and at 4.16 bar begins
its period-doubling bifurcation cascade. At 1.47 bar and 1.51 bar two co-existing period3 stable solutions exist, go through period-doubling cascades and lose their stability at
approximately 1.66 bar (see the magnification in Fig. 2.3B).
Above the linear eigenfrequency, at ωf = 2 and 3 (Fig. 2.4), above 1 bar pressure am19
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Figure 2.4: Bifurcation diagrams of the Poincaré section of the dimensionless bubble radius
versus the pressure amplitude with relative frequencies A) ωf = 2 and B) ωf = 3. The
numbers mean the period of the solution pointed by the arrows.

plitude, several stable attractors coexist, go through period-doubling bifurcations, become
chaotic or lose their stability. Observe that the co-existing solutions may have radically different behavior. For instance, at ωf = 2 and at pA = 1.5 bar, the amplitude of the period-3
oscillation seems to be significantly larger than that of the period-2 solution. Although the
Poincaré section does not contain information on the amplitude of the oscillation, we shall
see in the next section that it is a qualitatively good indicator for it. At higher pressure
20

amplitudes, above 3 bar, a global change in the oscillation occurs at both frequencies, that
is, chaotic and periodic solutions alternate.
Summarizing the result, at every ωf relative frequency, an increase of the maximum dimensionless bubble radius can be observed with increasing pressure amplitude,
as demonstrated in Fig. 2.2-2.4. More importantly, with decreasing ωf , the maximum
P (y1 ) coordinate of the Poincaré-sections grows very rapidly. Below the relative frequency
ωf = 0.5 the bubble radius may get 10 or 20 times larger than its equilibrium radius
(Fig. 2.2). Keep in mind that the bubble radius is non-dimensionalized by the equilibrium
bubble size. In these cases, the model used here is only accurate for a few acoustic cycles,
after which the bubble disintegrates into smaller bubbles. These types of bubbles are called
transient bubbles, which are associated with violent collapse [56]. According to Lauterborn
et. al [50], such small frequency domains are called giant response regions. They showed
that after the large excursion of the bubble a sudden strong collapse with afterbounces
can be observed. As ωf is increased, the maximum bubble radius tends to get smaller and
the bubble is more shape stable [44], thus our model is valid for more acoustic cycles.
From the multistability point of view, below the linear resonance frequency of the
bubble, the system is mainly monostable. Even though at ωf = 0.5 period-2 and period-3
stable solutions coexist with the period-1 solution, their range is so small, that the control
of multistability has a minor importance. However, with increasing ωf , the multistability
of the system dominates the majority of the parameter ranges, making the bifurcation
structure of the oscillator extremely complex.
Several researchers obtained similar bifurcation structures in other bubble oscillators,
see [57, 58, 59, 60] and in other nonlinear oscillators, such as the van der Pol [61] or the
Toda oscillators [62], as well. However, they usually do not examine the case of larger
linear resonance frequencies, where the bifurcation structure is dominated by multistable
regions. Therefore, in the next subsection, the case of ωf = 5 is discussed more deeply,
and the advantage of the randomized initialization will be demonstrated.

2.2.1

The complex structure of the bubble motion

In order to get a deeper insight into the rich bifurcation structure above the linear
resonance frequency of the bubble oscillator, in the following a thorough examination is
given in the case when ωf = 5. In order to find even those stable solutions that have a
very small basin of attraction, here 25 IVPs are solved at each parameter combination.
The control parameter again is the pressure amplitude pA , which is now varied between 0
and 25 bar with an increment of 0.01 bar.
Figure 2.5 shows the resulting bifurcation diagram, where the dynamical behavior of
the bubble is indeed rather complex in the sense of co-existing attractors. Between 1.57
and 8.51 bar pressure amplitude, several stable solutions with different periods co-exist.
All of the periodic attractors emerge via a saddle-node SN bifurcation except the period-1
orbit, which originates from the equilibrium solution P (y1 ) = 1 at pA = 0. After some
increase of the control parameter, these solutions go through period-doubling cascades
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Figure 2.5: Bifurcation diagram in the case of the relative frequency ωf = 5. The vertical
lines show the cases where the solutions are shown in more detail in Figs. 2.6-2.8.

and finally lose their stability. By continuously increasing the pressure amplitude from 12
to 19.5 bar, the bubble radius displays a strongly chaotic oscillation. From the chaotic
domain, at 18.6 bar, a periodic solution emerges, which, through a Feigenbaum cascade
(series of period-doubling P D bifurcations), goes into chaos at 21.64 bar. In the following,
the bifurcation structure is thoroughly investigated. In Fig. 2.5 the vertical lines show the
parameters where the solutions are examined in Figs. 2.6-2.8.
At really low pressure amplitude, between 0 and 1.57 bar only a period-1 stable
solution exists, see also Fig. 2.6A. On the left-hand side the dimensionless bubble radius
versus the dimensionless time, while on the right-hand side the phase space (y1 , y2 ) can be
seen. The dots on the curves are the points of the Poincaré map, and the arrows denote the
period of the solution curves they point at. Since in the phase space there is only one dot,
the solution is indeed a period-1 solution. At pA = 1.57 bar a period-6 solution emerges
via a SN bifurcation, and coexists with the period-1 solution, see Fig. 2.6B. From the
radius-time curves in the left column, one can see that while the period-1 solution (black
curve) corresponds to only a very small amplitude oscillation around the equilibrium
radius, the period-6 solution (blue curve) has almost a 10 times higher amplitude. This
period-6 solution goes through a P D bifurcation at pA = 4.68 bar, and becomes unstable
at pA = 5.27 bar.
At pA = 3.18 bar pressure amplitude, a period-7 stable solution emerges, and at pA =
3.78 bar, a period-5 stable solution as well. These solutions become unstable at 5.14 and
8.51 bar pressure amplitude, respectively. Between 4.08 and 4.6 bar, the multistability of
the system is extremely rich, as a period-18 attractor coexists with the already mentioned
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Figure 2.6: Periodic solutions, corresponding to the lines A and B in Fig. 2.5. On the lefthand side the dimensionless bubble radius curve versus the dimensionless time is plotted,
while on the right-hand side, the solutions are presented in the (y1 , y2 ) phase plane. The
dots are the points of the Poincaré map. The arrows show the period of the solutions.

attractors. Figure 2.7C shows all the five co-existing solutions at pA = 4.3 bar. From the
left panel, one can see that the amplitude of the period-6 (blue curve) and the period18 (green curve) orbits are almost the same, while the period-7 (orange curve) solution
has an even larger amplitude. Between 5.48 bar and 6.68 bar, only the period-5 solution
coexists with the period-1 orbit. Before this period-5 attractor goes through its first P D
bifurcation, two solutions with high periodicity coexist with the other two attractors. The
first one is a period-19, and the next one is a period-15 orbit. These solutions are stable
for less than a 0.2 bar pressure amplitude range each. Meanwhile, a period-8 attractor
emerges at 7.1 bar, this solution co-exists with the period-1, period-5, and the period-15
attractors, as depicted in Fig. 2.7D. The period-8 orbit goes through a P D bifurcation
sequence and finally loses its stability almost at the same pressure amplitude as the period5 attractor does, at pA = 8.48 bar. The left panel in Fig. 2.7D shows that the period-5 and
the period-15 oscillations do not differ from each other much in the sense of the oscillation
amplitude, while the amplitude of the period-8 oscillation is almost twice as high as that
of the period-15 solution. Although so far this structure seems extremely complicated and
possibly unorganized, we shall see in the next section that in a two-dimensional view on
the parameter plane of the excitation parameters, this structure of periodic orbits shows
a clear organization.
After the period-8 and period-5 attractors lose their stability, the period-1 stable
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Figure 2.7: Coexisting periodic solutions, corresponding to the lines C and D in Fig. 2.5.
On the left-hand side the dimensionless bubble radius curve versus the dimensionless time
is plotted, while on the right-hand side, the solutions are presented in the (y1 , y2 ) phase
plane. The dots are the points of the Poincaré map. The arrows show the period of the
solutions.

orbit is the only stable solution up to 10.5 bar pressure amplitude, where a period-9
solution emerges. This solution again keeps its stability for a very short range of the control
parameter. The next arising periodic solution is a period-4 attractor at pA = 10.57 bar.
Figure 2.7E shows all the found solutions at pA = 12 bar, where the period-1 and period-4
solutions coexist. Before this period-4 solution goes through a P D bifurcation, a global
bifurcation takes place at pA = 12.01 bar and a chaotic orbit emerges. Seemingly, up
to 19.54 bar, only a stable chaotic attractor exists, but looking into the solutions of all
the 25 IVPs at pA = 17 bar, a period-1, and another period-3 solution are also found,
see Fig. 2.7F. This means that periodic oscillations can be hidden by chaotic domains.
Another important observation can be made when looking at the phase diagram. The
Poincare section of the chaotic motion describes a strange attractor, in which the P (y1 )
value is in the range of [0.4, 3.1]. Therefore a chaotic motion may even perform collapselike oscillations. As the control parameter increases, the emergence of a period-9 solution
inside the chaotic regime can be observed at pA = 18.6 bar. Fig. 2.7G shows the coexisting
period-1, period-9 and chaotic solutions at pA = 19.4 bar. In the phase diagram, the
Poincaré section of the chaotic solution seems to oscillate around the Poincaré section of
the period-9 attractor. This suggests that at this control parameter, the chaotic solution
is transient, hence iterating the system further in time would cause the convergence into
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Figure 2.8: Chaotic and periodic solutions, corresponding to the values E - G in Fig. 2.5.
On the left-hand side the dimensionless bubble radius curve versus the dimensionless time
is plotted, while on the right-hand side the solutions are presented in the (y1 , y2 ) phase
plane. The dots are the points of the Poincaré map. The arrows show the period of the
solutions they point to.

the period-9 attractor. Soon after the chaotic domain loses its stability, and the period-1
attractor goes through a P D bifurcation, the new period-2 attractor loses its stability as
well. At 19.88 bar, the period-9 attractor also goes through a P D bifurcation and begins
its P D sequence into chaos. From 21.64 bar only chaotic oscillation exists.
After the Feigenbaum cascade, corresponding to the last period-9 solution, there are
no co-existing stable solutions. Therefore, the application of multiple initial conditions to
reveal the complete dynamical behavior is crucial up to this point. In several other publications, such as [39, 63], and [64] under different conditions, the similar abrupt occurrence of
solutions with higher periods was found and their structure is discussed in more detail. In
the next subsection, we shall examine further the periodic solutions of the above-discussed
structure.
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2.3

The 2D bifurcation structure of the periodic solutions
For the description of the bifurcation structure of Sys. (2.1.6), the torsion number n

and the period m of a stable attractor are used. The torsion number of periodic attractor
is the average number of rotations of neighboring trajectories around the closed orbit
during one of its period [65, 66, 67]; it is an integer number near a bifurcation point.
According to [65], the torsion number n and the period m together are an efficient tool to
label the resonances of nonlinear oscillators. The ratio n/m is called the winding number
which, from the property of the torsion number, is rational in case of bifurcation points.
Consequently, the order of a bifurcation point can be defined via the pair of its torsion
number and its period (n, m) or n/m, for details see [68]. According to several studies in
the literature [69, 70, 43], the order turned out to be a very efficient tool for the description
of bifurcation structures demonstrated in this subsection as well. Therefore, during the
computation of Fig. 2.5 not only the points of the Poincaré section P (y1 ) and P (y2 ) of a
converged solution were saved but additionally its period m and its torsion number n. In
this subsection only the periodic orbits are considered for further study, hence Fig. 2.9
shows the same bifurcation structure as Fig. 2.5 but the chaotic solutions are filtered from
this figure.
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Figure 2.9: Bifurcation diagram of the stable periodic solutions at ωf = 5, where the first
component of the Poincaré section P (y1 ) is plotted as a function of the pressure amplitude
pA . The arrows marking the SN and P D points are subjects of further study. The order
of these bifurcation points are denoted by SN (n, m) and P D(n, m), respectively. Chaotic
orbits are omitted from the figure.
The orbits which are the subject of further study are marked by their order SN (n, m)
or P D(n, m), see the arrows pointing to the corresponding bifurcation points. Observe that
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the torsion numbers n of these points are always 1; that is, they all belong to the family
of subharmonic resonances of order (1, m), where the period m is between 1 and 9. The
investigation of the higher order subharmonics (n > 1) is beyond the scope of the present
dissertation. These subharmonics appear in Fig. 2.9 as solutions with very high periods.
To obtain a global overview of the subharmonic resonances in the excitation parameter plane, the bifurcation points marked in Fig. 2.9 and their first period-doubling points
in the Feigenbaum cascade are tracked down as a function of the pressure amplitude pA
and relative frequency ωf . Altogether 8 × 2 = 16 bifurcation points are tracked. This task
can be easily done by reformulating the problem into a boundary value problem (BVP).
For a period m solution, the periodic boundary condition is defined as
y(0) = y(mτ0 ),

(2.3.1)

where m is the period of the desired solution, τ0 = 1 is the dimensionless period of the
excitation, and y = (y1 , y2 ) is the vector of the dimensionless bubble radius and bubble
wall velocity defined in Sec. 2.1.2. For these computations, the AUTO continuation and
bifurcation analysis software was used [46]. For a detailed study on the capabilities of this
software, the reader is kindly referred to the publications [41, 39, 53, 71, 72].
The resulting codimension-two bifurcation curves are summarized in Fig. 2.10. The
solid and the dashed curves are related to the SN and P D bifurcation points, respectively.
The vertical red line at ωf = 5 shows the parameter range corresponding to Fig. 2.9. In
Fig. 2.10, a remarkable U-shaped ordering of the subharmonic structure arise, which was
hidden in the one-dimensional cut shown in Fig. 2.9.
This U-shaped structure of the subharmonic resonances seems to be a specialty
of several different nonlinear systems. We should mention, that in [43], Klapcsik et al.
investigated the subharmonic resonances of the same system but in case of the highly
viscous glycerine. As expected, they found that the same U-shaped structure characterizes
the subharmonics. However, in the one-dimensional bifurcation diagrams therein, such as
Fig. 2.9 here, the higher order subharmonics are absent. This is due to the damping of
the system. It is well known from the Gavrilov-Silnikov-Newhouse theorem, that smaller
damping rate creates higher-order periodic solutions in the state space [73, 74, 75].
With increasing resonance frequency, these resonance curves appear in an increasing
order with respect of their period. The sequence is:
1
1
1
1
1
1
1
1
→ → → → → → → → ...
2
3
4
5
6
7
8
9

(2.3.2)

With the P D(1, 2) curve placed at the beginning, this sequence only lacks the (1, 1) curve,
which is the main resonance of the system. We note that this curve must be the solution
originating from the equilibrium state. It is possible to describe the order of these solution
curves with a one-sided Farey tree. Given the order of the bifurcation points, the periodadding phenomenon can be observed: between two bifurcation points with order (n1 , m1 )
and (n2 , m2 ) a bifurcation point exists with order (n1 + n2 , m1 + m2 ). For this we assume
that a bifurcation curve with order (0, 1) exists at infinity, however it is a fictive resonance
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Figure 2.10: Codimension-two bifurcation curves corresponding to the marked bifurcation
points in Fig. 2.9 and to their subsequent period-doubling points. The solid and dashed
lines are the saddle-node SN and the period-doubling P D curves, respectively. The red
vertical line denotes the parameter range of the computations presented in Fig. 2.9.
introduced also by [69] to be able to initiate the Farey-tree. For example, between the
bifurcation curves of orders (0, 1) (at infinity) and (1, 2) another bifurcation curve of order
(1, 3) exists. Between the bifurcation curves of orders (0, 1) and (1, 3) an other bifurcation
curve with order (1, 4) exists. This ordering of the resonance curves can be depicted as a
one sided tree, see Fig. 2.11.

Figure 2.11: Structure of the subharonic resonances described via a one-sided Farey tree.
In [69], Englisch et al. investigated sequences of the harmonic resonances and subharmonic resonances of the Duffing oscillator and a bubble oscillator. They were able to
numerically calculate and identify more resonance curves that fit into a complex Fareytree. Here we only show the subharmonic resonance curves, in Chapter 4, the subharmonic
resonance family of the SN (1, 3) is further analysed. As final remark, the technique to control the multistability has already been mentioned and published in [34] and is applicable
to the above described subharmonic resonances of order (1, m). That is, with a temporary
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dual-freqeuncy driving, one can drive the system to one of these attractors if necessary.

2.4

Discussion
In this chapter the bifurcation structure of the Keller–Miksis equation is examined in

the parameter plane of the pressure amplitude and the relative frequency of the harmonic
excitation. The most robust periodic oscillations that are stable in a large parameter
range are revealed by means of both initial value and boundary value problem solvers.
The order of these solutions is (1, m), where 1 is the torsion number, and m = 1, 2, 3, . . .
is the period, hence they build up the subharmonic resonances of the bubble oscillator.
According to Fig. 2.10, the bifurcation curves of these subharmonic resonances overlap in
the parameter plane of the excitation creating a strongly multistable region. These curves
are not connected with another bifurcation curve, thus it is not possible to directly switch
between them through the adjustment only of the excitation parameters.
The different solutions can have different system performance, such as in the chemical
activity or in the strength of the shock wave emission upon collapse. Usually the magnitude
of the collapse is a good indicator for the chemical activity of the sonochemical reactors,
for which a typical threshold was defined by Wang et. al [76]:
M oC =

Rmax − R0
> 2,
R0

(2.4.1)

where Rmax is the maximum bubble radius during the oscillation, and R0 = 0.1 mm is
the equilibrium radius. This threshold means that the collapse is strong enough to induce
the chemical activity when the maximum bubble radius is two fold from the equilibrium
radius. We call the left hand side of (2.4.1) as the Magnitude of the Collapse (M oC)
which is depicted in Figure 2.12 for ωf = 5 with respect to the pressure amplitude pA
as control parameter. The red horizontal line shows the threshold value 2. Below about
pA = 15 bar pressure amplitude, where the bubble oscillator is strongly multistable, the
magnitude of the collapse does not reach 2, therefore chemical activity cannot be associated
with the oscillations. However, above pA = 15 bar the chaotic oscillation and the period-9
solution exceed the threshold value 2, and hence at really high pressure amplitudes the
bubble oscillation is chemically active. Note, that at this parameter range, the oscillator
is not strongly multistable, see also Fig. 2.9 where chaotic solutions are omitted from the
bifurcation diagram. However, with a control technique, the system can be driven to the
period-9 solution directly. This solution corresponds to the subharmonic resonance of order
(1, 9). Thus, the system can be driven into a chemically active state. For this, the detailed
knowledge of the bifurcation structure (described in this chapter) is mandatory.
There are other applications—for example surface cleaning—which depend on the
maximum pressure of the shock wave emission that follows the bubble collapse. According
to [77] the peak pressure can be estimated by the following equation:
pmax =


ρL 2
R R̈ + 2RṘ2 ,
r
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(2.4.2)

Figure 2.12: The bifurcation structure of the magnitude of the collapse M oC in the case
of ωf = 5.

where ρL is the liquid density and r is the distance from the bubble. Figure 2.13 shows the
bifurcation diagram of this value for the case of ωf = 5, and with r = 1 µm. As expected,
based on Fig. 2.12, the emitted maximum pressure is highest in the case for the period9 solution around pA = 20 bar pressure amplitude, it exceeds 1000 bar. For the other
solutions, in the strongly multistable region, pmax is significantly lower, as it only reaches
90 bar in the case of period-6 oscillation. Note that with increasing pressure amplitude the
value of pmax also increases, and for the periodic oscillations, the lowest emitted pressure
can be associated with the period-1 solution having the smallest amplitude oscillation
demonstrated previously through Figs. 2.5-2.8. Interestingly, the chaotic solutions produce
quite week pressure emission. The detailed analysis of this phenomenon is beyond the scope
of the present thesis. Finally, keep in mind again that the control technique can be applied
for periodic solutions highlighted also in Fig.2.13.
We see that large ωf is far from optimal when chemical activity is needed but when
high or moderately high pressure emission is desired it could be still adequate. However,
the proper choice of the excitation frequency is not straightforward. In real applications
the oscillation is strongly dependent on the pressure field. The excitation frequency has
an impact on the dynamics of individual bubbles, their surface stability and on the mechanism of rectified diffusion. Furthermore, the form of the bubble cloud also depends on
the excitation frequency. The examination of these effects are out of scope of the present
dissertation, however, when the use of large excitation frequency is necessary, the multistability presented here must be taken into account. In this case it might be important
to change between the operation states of the bubble system, which could be done with a
proper application of a control method.
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Figure 2.13: The bifurcation structure of the maximum emitted pressure during the oscillation calculated with Eq. (2.4.2) in the case of ωf = 5. The distance from the bubble is
r = 1 µm.
A method to control the multistability of forced nonlinear systems by introducing
a second frequency excitation for a short period of time was proposed by my supervisor
in [34]. During the exploration of the bifurcation structure in the case of dual-frequency
excitation, a surprising outcome was that trajectories can be driven from one subharmonic
resonances to another, see again Fig.2.10. This result was not part of my research, but
for the proper employment of the technique it is necessary to know and understand the
bifurcation structure of the bubble oscillator in case of single-frequency excitation which
is presented in this chapter.
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Thesis 1.
Let us consider the dimensionless form of the Keller–Miksis bubble oscillator with
a simple harmonic driving pA sin(ωt). Let the liquid be water, and its parameters are
calculated from the Haar–Gallagher–Kell equation of state with ambient temperature
T∞ = 25 o C and ambient temperature P∞ = 1 bar. Let us consider, in the harmonic
driving, the dimensionless relative frequency ωf = ω/ω0 , where ω0 is the linear resonance
frequency of the system, and the equilibrium bubble radius RE = 0.1 mm.
Then, above the linear resonance frequency, the subharmonic resonances of the bubble oscillator, in the parameter field of the driving parameters pA and ωf , form a Ushaped structure. The order of these curves is (1, m), where 1 is the torsion number and
m = 1, 2 . . . is the period. The structure of these bifurcation curves can be described with
a one-sided Farey tree as depicted in Fig. 2.14. Furthermore, the bifurcation structure is
strongly multistable above ωf = 2 relative frequency. [78]

Figure 2.14: Structure of the subharmonic resonances described via a one-sided Farey tree.
Related publications: [78, 79]
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Chapter 3

The role of equilibrium bubble
size in bubble dynamics
In the previous chapter, a detailed description of the bifurcation structure of Sys. (2.1.6)
was given. All the numerical computations were carried out for RE = 10 µm equilibrium
radius. Usually, in a bubble cloud, the size of the bubbles is not uniform. It is typically
distributed in the range of 1 µm to 0.1 mm, and in water, the largest bubble size is about
0.1 mm. Therefore, from the applications point of view, it is important to take into account
the size of the bubbles.
Previously, Behnia and his co-workers, using the Keller-Miksis equation, found that
the bifurcation structures of different pressure amplitude response curves are remarkably
similar when RE ω is kept constant, but detailed physical explanation and range of validity
was omitted [59]. Here RE is the equilibrium radius (size of the unexcited bubble), and ω is
the excitation angular frequency of the periodic driving. Later Hegedűs et al. [39], using the
Rayleig–Plesset equation, pointed out that almost all the parameters of the dimensionless
form of the equation with constant RE ω remain constant as well. Therefore, the bifurcation
structure should not change drastically, either. In this chapter, this problem is revisited
using the same equation, the Keller–Miksis oscillator, as applied by Behnia et al. [59]. The
detailed analytical and numerical investigations reveal the range of the applicability of the
condition of Behnia et al., which is affected by the viscosity and the surface tension. In the
case of water, the influence of the viscosity is negligible while the effect of surface tension
becomes important at bubble size lower than 5 µm.

3.1

Similarities of the bifurcation structures
The basic means to explore the bifurcation structure of the attractors are pressure

amplitude response curves, where the first coordinate of the Poincaré plane P (y1 ) is plotted versus the control parameter pA at different equilibrium radii RE . In order to find
all the relevant stable orbits, at each parameter set, 5 IVPs were solved with randomly
chosen initial conditions. In each diagram in Fig. 3.1, the pressure amplitude pA was varied
between 1 bar and 5 bar with an increment of 0.01 bar.
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Figure 3.1: Pressure amplitude response curves of the dimensionless bubble radius at
the different relative frequencies: A)-D) ωf = 0.5 and E)-H) ωf = 2, and at different
equilibrium radii: A) and E) RE = 1 × 10−4 m, B) and F) RE = 1 × 10−5 m, C) and G)
RE = 5 × 10−6 m, D) and H) RE = 1 × 10−6 m.
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Figure 3.1 shows eight pressure amplitude response curves at different equilibrium
radii and two excitation frequencies. The series of Fig. 3.1A)-D) corresponds to a relative
frequency ωf = 0.5, while Fig. 3.1E)-H) to ωf = 2. The results suggest that the bifurcation
structure is independent of the bubble radius approximately above RE = 5 µm. The main
features of the two kinds of bifurcation structures are as follows.
At low frequency (ωf = 0.5), the initial period-1 orbit, having emerged from the
dimensionless equilibrium radius y1,E = 1 of the unexcited system, undergoes a perioddoubling (PD) bifurcation near a pressure amplitude of pA = 1 bar and becomes unstable.
Here, a narrow band of chaotic solutions also exists, indicated by the scattered Poincaré
points. The upper branch of the period-1 curve, appearing via a saddle-node (SN) bifurcation, exhibits a Feigenbaum period-doubling cascade transforming gradually into a large
chaotic domain.
At the subharmonic resonance frequency (ωf = 2), the initial period-1 solution
undergoes a PD bifurcation at very low pressure amplitude pA . This is a well-known
characteristic property of nonlinear systems excited at the frequency value two times their
resonance frequency [80, 81]. The emerging period-2 region exists approximately up to a
pressure amplitude of pA = 3 bar. Meanwhile, a co-existing period-3 orbit appears via a
SN bifurcation and finishes in a PD cascade. Above pA = 3.5 bar, the bifurcation structure
alternates between periodic and chaotic windows.
At bubble size lower than RE = 5 µm, the structure becomes simpler. The bifurcation
points are shifted towards higher pressure amplitudes, and the chaotic oscillations almost
disappeared from the investigated parameter range, see Fig. 3.1D and H.
To obtain a better overview of the bifurcation structure, two-dimensional bi-parametric
plots (contour plots) are also generated. The number of the applied equilibrium radii RE
is 991, distributed linearly between 1 µm and 0.1 mm. The distribution of the pressure amplitude is the same as in the case of the single-parameter diagrams. Here, at each pA − RE
parameter pair 10 IVPs are solved with randomly chosen initial conditions. To show the
evolution of the bifurcation structure efficiently and the chaotic behavior on the pA − RE
planes, the color-coded period of the stable solutions and their Lyapunov-exponent are
presented. The Lyapunov-exponent of a solution measures its chaoticity [50]. It is calculated from the exponential growth rate of the distance of two trajectories with slightly
different initial conditions. Therefore the largest Lyapunov-exponent λmax is negative in
the case of a periodic oscillation, and positive when the attractor is chaotic. λmax = 0
occurs at bifurcation points.
Altogether four bi-parametric plots were created at ωf = 0.5 and ωf = 2 relative frequencies (Fig. 3.2 and 3.3). Instead of the first component of the Poincaré section
P (y1 ), in Fig. 3.2, the color-coded period of the found attractors is presented to be able
to easily trace the bifurcation points. Here, solutions with period-8 or higher—including
chaotic oscillations—are colored black. To distinguish the periodic and chaotic solutions,
the maximum Lyapunov-exponent λmax of the stable solutions is plotted in Fig. 3.3. Greyscale means that λmax < 0, hence stable periodic orbits exist. When bifurcation occurs,
λmax = 0, that is coded with pink. Chaotic oscillations are presented with a yellow-red
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Figure 3.2: Bi-parametric bifurcation structure of the bubble oscillator at relative frequencies ωf = 0.5 (left) and ωf = 2 (right). The colorbar represents the period of the found
attractors up to period-7 in the pA − RE plane. Solutions with period-8 or higher are
colored black.

Figure 3.3: Bi-parametric bifurcation structure of the bubble oscillator at relative frequencies ωf = 0.5 (left) and ωf = 2 (right). The colorbar represents the maximum Lyapunovexponent λmax of the found attractors in the pA − RE plane.

scale; that is, when λmax > 0. In each figure, in case of coexisting solutions, at each parameter set, the highest period or Lyapunov-exponent is plotted. In Fig. 3.3 the pink lines
coincide with the parameter regions where indeed a period doubling bifurcation occurs,
namely at the border of white (period-1) and blue (period-2), and green (period-3) and
pink (period-6) regions in Fig. 3.2
In the cases of ωf = 0.5 and ωf = 2, above about 4.5 bar and about 3.3 bar
pressure amplitude, respectively, λmax is mainly positive (yellow-red bands in Figs. 3.3),
which means that at those parameter pairs, chaotic attractors exist. This feature can be
observed in Figs. 3.2 as well, where the black bands imply that the largest period of the
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found attractors is higher than 8.
The results in the pA − RE planes show clearly that either below or above the
linear resonance frequency of the bubble, there is no sharp threshold (in terms of the
bubble size RE ) for the uniformity of the structure. The bifurcation points are slowly
moved towards higher pressure amplitudes with a decreasing equilibrium bubble radius.
The chaotic regime disappears for very small equilibrium bubble radii in the investigated
pressure amplitude region. Consequently, any threshold must be somehow an arbitrarily
chosen value. Our choice, the previously prescribed RE = 5 µm, is highlighted by the red
lines in Figs. 3.2 and 3.3. For bubble sizes above this threshold, the pressure amplitude
response bifurcation structures are nearly identical.
A very similar observation was found by Behnia and his co-workers [59]. They stated
that the bifurcation structure of the pressure amplitude response diagrams are strongly
similar, provided that the product RE ω is kept constant (the ambient properties of the
liquid and thus the material properties are also constant). This condition is not exactly
the same as ours; that is, if ωf is constant, then the pressure amplitude response curves
are independent of RE . The relationship between these two conditions will be explained in
more detail in the next subsections. An important conclusion, however, has to be noticed
here. Although Behnia et al. provided no validity limit for their condition, Fig. 3.2 and 3.3
reveal that it is not valid approximately below RE = 5 µm.

3.2

The dimensionless equation system with constant RE ω
In this subsection, the condition of Behnia is examined via dimensional analysis of

Sys. (2.1.6). For the analysis, let us consider the constants of the dimensionless system Ci
defined by Eqs. (2.1.9)-(2.1.17) when RE ω is constant. For simplicity, let us define C as
RE ω
.
2π

C=

(3.2.1)

With C being constant, Eqs. (2.1.9)-(2.1.17) read as
2σ
− pV + P∞ / ρL C 2
RE

 


2σ
=
− pV + P∞ 1 − 3n / cL ρL C
RE


 



C1 =

(3.2.2)

C2

(3.2.3)



C3 =

 

pV − P∞ / ρL C 2

2σ
/ ρL C 2
RE


C4 =

(3.2.5)


C5 = 4µL / ρL RE C


C7

(3.2.6)



C
= pA / cL ρL
2π


(3.2.4)





C6 = pA / ρL C 2



(3.2.7)


(3.2.8)
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C
cL
= 3n.

C8 =
C9

(3.2.9)
(3.2.10)

In the above reformulation of the constants, there are only two kinds of terms that
still have explicit dependence on RE when C is constant, namely,

and

2σ
RE

(3.2.11)

4µL
.
ρL RE

(3.2.12)

It follows that when the term containing the dynamic viscosity of the liquid µL
and the surface tension σ are negligible, the bifurcation structure does not change when
C = RE ω/2π is kept constant. This gives a precise explanation on why the bifurcation
structures are similar in a wide range of parameters in the study of Behnia et al. [59]. Yet,
the influences of σ and µL on the bifurcation structure with respect to the equilibrium
bubble radius RE have to be still clarified.

3.3

The linear resonance frequency of the bubble
Before proceeding with the discussion of the validity threshold in terms of RE , let

us determine the relationship between the conditions of Behnia
RE ω = constant
and the present study
ωf =

(3.3.1)

ω
= constant.
ω0

(3.3.2)

The linear resonance frequency ω0 of the system, Eq. (2.1.19), multiplied by RE is
s

ω0 RE =

8µ2
3n(P∞ − pv ) 2(3n − 1)σ
+
− 2 L2 ,
ρL
ρL RE
ρL RE

(3.3.3)

which can be further simplified to
s

ω0 RE =

3n(P∞ − pv )
≈
ρL

s

3nP∞
ρL

(3.3.4)

if the effects of the surface tension σ and the liquid dynamic viscosity µL are neglected.
Observe that these assumptions are exactly the same as in case of the condition of Behnia
in Eq. (3.3.1), see Sec. 3.2. Observe also that in Eq. (3.3.3) exactly the same terms appear
as presented in Eqs. (3.2.11) and (3.2.12). The resonance frequency ω0 in Eq. (3.3.4) is
also known as the Minnaert frequency [1]. With the material properties summarized in
Table 2.1, the relation ω0 RE ≈ 20.1 m/s holds. Now, it is clear that if RE ω is constant,
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then the relative frequency
ωf =

RE ω
ω
=
ω0
RE ω0

(3.3.5)

is constant as well, implying that conditions Eq. (3.3.1) and Eq. (3.3.2) are identical when
σ, µ → 0.
The validity range of these two conditions is examined through the analysis of the
linear resonance frequency Eq. (3.3.4). Figure 3.4 shows how the two terms of Eqs. (3.2.11)
and (3.2.12) effect ω0 in a wide range of equilibrium radius on a logarithmic scale. The
black line is the full equation, the blue line represents the case when µL is neglected, and
the red line shows the Minnaert frequency, when both µL and σ are zero.
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Figure 3.4: The linear resonance frequency ω0 of the bubble as the function of the equilibrium radius RE . When both the damping µL and the surface tension σ are taken into
account, its evolution is shown by the black line. The undamped eigenfrequency is shown
by the blue line, while the red line shows when both the effects of µL and σ is neglected
(Minnaert frequency [1]).
Examining the 1% difference between the colored lines and the black line, thresholds
can be established for the bubble radius. For equilibrium radii larger than about RE =
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0.05 µm, there is no significant difference between the black and the blue line, which
means that in this range of the bubble size, the effect of µL is negligible, see Fig. 3.4B.
When both terms related to σ and µL are neglected (red solid line), the linear resonance
frequency starts to differ from the black line by 1% for equilibrium radii smaller than about
RE = 5 µm. Since the effect of the liquid (water) dynamic viscosity is not significant for
bubble sizes larger than RE = 0.05 µm, here, the difference between the black and the red
lines is caused solely by the surface tension. These findings are in very good agreement
with the results obtained by analyzing the bifurcation structure itself (see again Figs. 3.1,
3.2 and 3.3).

3.4

Discussion
Although the bubble size distribution of a bubble cluster in water is highly frequency-

dependent, it is possible to roughly estimate a typical bubble size, which is approximately
between RE = 1 µm and RE = 5 µm [82, 83, 84, 85]. During the radial pulsation of
the bubbles, they can grow by rectified diffusion [13, 72, 86] but the experimental and
numerical results have shown that their size cannot exceed approximately RE = 100 µm
due to the shape instability [87, 88]. Therefore, in water, the effect of liquid viscosity
µL can definitely be neglected. However, the bubble sizes are exactly in the range where
the effect of surface tension σ becomes important, implying that the similarity in the
bifurcation structure holds approximately only on the upper half of the experimentally
observable bubble sizes.
Although the maximum nucleus (bubble) size is RE = 100 µm = 0.1 mm as stated
before, see again Brennen [51], such large bubbles do not have long life cycles. However,
increasing the liquid viscosity, the shape stability can be increased significantly. Hegedűs
et. al. [40] observed stable bubble oscillations even at equilibrium bubble radius RE =
0.1 mm in highly viscous glycerine. In case of very high viscosity, however, the effect of
µL can become dominant, which may cause much higher threshold value for conditions
(3.2.11) and (3.2.12) than RE = 5 µm. This implication is supported by the observation of
Hegedűs and Klapcsik [41], who found overdamped bubble oscillations in pure glycerine
with liquid temperature smaller than T∞ = 27 o C. This means negative value under the
root in Eq. (2.1.19). An intermediate solution can be the application of water-glycerine
mixture, where the viscosity is high enough to increase the shape stability but not as high
as to become important in the computation of the linear resonance frequency. Such an
analysis is beyond the scope of the present thesis. However, in the case of clear water,
the restriction on the liquid viscosity is less strict than that on the surface tension, see
again Fig. 3.4. Therefore, the threshold for the stable bubble size can be increased with
the increase of µL without the violation of the RE = 5 µm threshold.
Regardless of how the threshold of the stable bubble size is increased, the difference
of the undamped and damped frequency from the Minnaert frequency is a good indicator of the immutability of the bifurcation structure. Above the threshold bubble size, the
bifurcation structure does not change in the pressure amplitude-relative frequency param40

eter plane for different equilibrium bubble sizes. This means that the results presented
in the previous chapter are valid in a wide range of bubble sizes. Therefore, the already
discussed method for the control of multistability can definitely be used in this bubble
size range. From the applications point of view, this is an important result, since in real
applications bubbles exist in bubble clouds, where the size of the individual bubbles is not
uniform. Another important observation is that even if the bubble cloud is built up from
smaller bubbles than the threshold, the bifurcation structure shifts to higher pressure amplitudes, but does not change qualitatively, see again Figs. 3.2 and 3.3. Hence, the control
technique is still usable, with the proper tuning of the excitation parameters to the shifted
bifurcation structure.
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Thesis 2.
Let us consider the Keller–Miksis bubble oscillator with a simple harmonic driving
pA sin(ωt). Let the liquid be water, and its parameters are calculated from the Haar–
Gallagher–Kell equation of state with ambient temperature T∞ = 25 o C and ambient
temperature P∞ = 1 bar. Let us consider the dimensionless relative frequency ωf = ω/ω0 ,
where ω0 is the linear resonance frequency of the system.
The bifurcation structure of the dimensionless form of the oscillator depends on two
terms, when RE ω/2π is constant, namely:

and

2σ
RE

(3.4.1)

4µL
,
ρL RE

(3.4.2)

where σ is the surface tension, µL is the liquid dynamic viscosity and ρL is the liquid
density.
Based on the linear resonance frequency ω of the system, the term containing µL can
be neglected for equilibrium radii larger than about RE = 0.05 µm, and σ is not significant
for bubble sizes larger than RE = 5 µm. For bubbles smaller than these conditions, the
bifurcation structure shifts to higher pressure amplitudes without qualitative change.
Related publications: [89, 90, 91]
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Chapter 4

The role of liquid dynamical
viscosity in bubble dynamics
In Section 2.3 of Chapter 2, the bifurcation structure of the subharmonic resonances
of the Keller–Miksis bubble oscillator were examined and described with the help of the
torsion number n = 1 and the period m of these bifurcation curves. It turned out that
in the parameter plane of the excitation parameters—the pressure amplitude pA and the
relative frequency ωf —these curves have a U-shaped structure and build up a special
organization that can be described with a one-sided Farey tree. In the previous chapter,
we saw that this structure does not depend significantly on the equilibrium bubble radius
above a threshold bubble size. However, the liquid dynamic viscosity µL and the surface
tension σ play an important role in the oscillation for bubbles smaller than the threshold:
the bifurcation structure shifts to higher pressure amplitudes. In this chapter, we are going
to explore the inner structure of the period-3 subharmonic resonance in the 2-dimensional
parameter space of the excitation, and investigate the effect of the liquid dynamic viscosity
on it.
We must mention that previously Klapcsik et. al [43] successfully explored the complete family of the period-3 subharmonic resonances of their model, which was also the
Keller–Miksis bubble oscillator, and found that it forms a zig-zag pattern in the pressure
amplitude-frequency parameter plane of the external forcing. They found that this structure is organized by a special two-dimensional (co-dimension two) isoperiodic structure,
called shrimp-shaped domains (SSD). The special property of their system was the very
strong dissipation rate that originated from the high viscosity of the liquid domain (glycerin). Interestingly, in our results obtained in water having orders of magnitude smaller
damping rate, the above-mentioned SSDs are absent. Consequently, the dissipation rate
must play a significant role in the formation of SSDs at least in case of the Keller–Miksis
nonlinear oscillator.
The bifurcation structure of a typical SSD is presented in Fig. 4.1 in a two-dimensional
parameter plane. In the upper panel, the periods of the found attractors are shown up to
period-6 computed by the GPU accelerated initial value problem solver. In the bottom
panel, the skeleton of the underlying SSD is presented via co-dimension two bifurcation
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Figure 4.1: The bifurcation structure of a typical shrimp-shaped domain (SSD). Upper
panel: periodicity diagram with periods up to period-6. Lower panel: the skeleton of the
SSD composed by saddle-node (SN) and period doubling (PD) bi-parametric bifurcation
curves.

curves computed by the boundary value problem solver AUTO. The solid and dashed
curves are saddle-node (SN) and period doubling (PD) bifurcations, respectively. The
skeleton of an SSD can always be characterized as follows. It consists of a U-shaped SN
curve bounding the SSD from one side, an SN curve inside having a co-dimension two cusp
bifurcation and two crossing PD curves. Observe that the two sides of a PD bifurcation
curve approach to different SN curves. The formation of such two-dimensional SSD structures are in the main focus of this chapter. For a detailed categorization of their structure,
see also paper [92].
The main objective of the present chapter is to reveal the possible mechanisms of the
formation of SSDs by systematically increasing the viscosity (dissipation rate of the system) of the used liquid which is a water-glycerin mixture (initially water). We found that
the skeletons of the studied SSDs in our model are always formed via the interaction of
two pairs of a period-doubling and a saddle-node codimension-two bifurcation curves. The
structure of these skeletons and their corresponding bifurcation curves are described via
the well-known winding number n/m [65, 69, 93] (order of the curves) and compared with
the results already presented in the literature. In order to successfully achieve the afore44

mentioned goal, the numerical methods used in the previous chapters are combined: the
GPU-accelerated IVP solver and the continuation technique using the AUTO bifurcation
solver.

4.1

The internal structure of the period-3 subharmonic resonance
As it was already mentioned in Chapter 2, with a BVP solver both stable and un-

stable solutions can be easily computed. Moreover, along a traced bifurcation curve in
one-dimension, bifurcation points can also be detected. Therefore, the BVP solver AUTO
used for our computations is also a perfect tool to explore the internal structure of a
subharmonic resonance. The strategy is to calculate several one-dimensional fixed-point
curves [69, 70, 94] as a function only of the relative frequency ωf at fixed pressure amplitudes pA each initiated from the subharmonic resonance curve of order SN (1, 3). For
traceability reasons Fig. 2.10 is placed here as well, in Fig. 4.2, where the solid purple curve
is the SN (1, 3) curve. The next step is the computation of all the codimension-two curves
(again in the pA − ωf plane) initiated from the detected SN and P D points in the onedimensional ωf -sections. With these steps, the whole internal structure of a subharmonic
resonance can be explored. In this subsection all the computations are carried out for clear
water, namely for µL = 0.00089Pa s.

Figure 4.2: Codimension-two bifurcation curves corresponding to the marked bifurcation
points in Fig. 2.9 and to their subsequent period-doubling points. The solid and dashed
lines are the saddle-node SN and the period-doubling P D curves, respectively.
Figure 4.3 presents two examples for frequency response curves (ωf -sections) corresponding to the period-3 subharmonic resonance at pressure amplitudes pA = 14 bar
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(panel A) and at pA = 49 bar (panel B). Here, for visualization reasons, the maximum
value of the y2 coordinate of the solution (y2max ) is plotted versus the control parameter ωf .
These curves were calculated as a function of the relative frequency ωf at fixed pressure
amplitudes initiated from the SN(1,3) curve (again, solid purple curve in Fig. 4.2). See also
the two black horizontal lines in Fig. 4.2 at pA = 14 bar and at pA = 49 bar, where these
two ωf -section curves lie in the pA − ωf plane. In both Figs. 4.3A) and B), the red dashed
lines mean unstable solutions, while the black solid segments are the stable orbits. The
detected P D and SN points are marked by the black crosses and dots, respectively. The
arrows point at these detected bifurcation points indicating their order (n, m). For better
visualization, in panel B) only some segments of the curve are shown, and only some of the
detected SN points are highlighted by arrows. The presented solutions have the following
main features. First, the fixed-point curves at a given pressure amplitude are composed
of closed loops. Along them, the bifurcation points appear as SN − SN and P D − P D
pairs sequentially. Second, the regions of the existence of stable segments are really narrow because the SN points are always very close to a P D point; therefore, unstable orbits
dominate the whole parameter domain, see also the magnification in panel A). This means
that IVP solvers are inefficient to obtain a good impression of such an internal structure.
Third, although it is hard to visualize, with increasing pressure amplitude, the number of
the loops in the fixed-point curves are gradually increasing. At pA = 14 bar, the number of
the SN − SN and P D − P D pairs (and also the number of the loops) is 6 that increases
to 16 at pA = 49 bar.

Figure 4.3: One-dimensional ωf fixed-point curves corresponding to the subharmonic resonance of order SN (1, 3) at pressure amplitudes pA = 14 bar (panel A) and pA = 49 bar
(panel B). y2max is the maximum value of the y2 coordinate of the solution. The red dashed
lines are the unstable solutions, while the black solid segments represent stable orbits. The
P D and SN bifurcation points are marked by the black crosses and dots, respectively. The
subfigure in panel A) shows the enlargement of the framed part of the fixed-point curve.
The internal structure of the period-3 subharmonic resonance can be revealed by
following all the detected SN and P D bifurcation pairs in the bi-parametric plane of the
pressure amplitude pA and the relative frequency ωf . The top panel of Fig. 4.4 shows this
complex structure. Here, the continuous and dashed curves correspond to SN and P D
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bifurcations, respectively. The solid purple curve is the SN(1,3) resonance curve, and the
dashed one is its corresponding PD curve, also compare with Fig. 4.2. The black horizontal
lines with black crosses (P D points) and dots (SN points) are the sections of the frequency
response curves shown in Fig 4.3. Since in Fig 4.3, the consecutive SN and P D points are
always very near to each other, in Fig. 4.4 the black dots and crosses almost coincide.
Observe how this internal structure incorporates an increasing number of codimensiontwo curves with increasing pressure amplitude. This reflects the increased number of SN
and P D points found in Fig. 4.3B compared to Fig. 4.3A. Observe also that the bifurcation
curves can always be paired; that is, there is always a P D curve moving close to an SN
curve, even if they are seemingly a single curve. To show this, the curve segments in the
two rectangles are enlarged in Fig. 4.5 and the arrows again point at the curves indicating
their bifurcation type and order. The alternating green-orange coloring serves only to
distinguish these SN − P D pairs of bifurcation curves more easily.
Taking a closer look on the SN - P D bifurcation curve pairs, a pattern can be
recognized. Two magnified examples are presented in Fig. 4.5 for both cases. Both blocks
consist of an SN curve having a cusp bifurcation, and a parallel U-shaped (block a) or a
looped (block b) P D curve. These blocks, according to their patterns, are also marked by
a) and b) in Fig. 4.4 where they appear in an alternating order as the bifurcation curves
emerge with increasing pressure amplitude pA .
As it was already mentioned, Klapcsik et al. [43] also examined the subharmonic
structure of the Keller–Miksis equation but for the parameters of liquid glycerin, which is a
highly viscous liquid. The description of the one-dimensional bifurcation structures, such as
shown in the top panel of Fig. 4.4, was discussed in great detail in terms of the order of the
bifurcation points. Although that paper is related to a highly viscous liquid, the description
is also valid for the present, low viscosity case. Thus, for the details, the interested reader
is referred to that paper. The subharmonics discussed in this section also exist in the
bifurcation structure of Klapcsik et al. [43], in spite of the applied high dissipation rate.
Despite the similarity, the pattern of the corresponding internal resonance structure shows
important differences. The zig-zag pattern clearly visible in Fig. 5 of Ref. [43] is totally
absent in the internal structure shown in the top panel of Fig. 4.4 of the present study.
Although the effect of the viscosity on the bifurcation structure shall be discussed
in Sec. 4.2 in details, in the bottom panel of Fig. 4.4, the internal structure of the subharmonic resonance of order SN (1, 3) for a much higher viscosity is already included here to
introduce the term zig-zag pattern properly. Comparing the structures of the bifurcation
curves of the two panels, one can clearly see that blocks a) and b) (discussed below) have
no connections at low viscosity (clear water, upper panel), but for high enough viscosity
(e.g. bottom panel), blocks a) and b) are connected in an alternating manner. Such an
alteration is called the zig-zag pattern.
In the paper of Klapcsik et. al, the “nodes” of the zig-zag blocks turned out to be
the skeleton of the shrimp-shaped domains (SSDs), and therefore the viscosity of the liquid
(dissipation rate) must play an important role in their formation. Although in Fig. 4.4, the
skeletons of SSDs are still missing, their “predecessors” are already visible shown by the
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Figure 4.4: Top panel: The internal structure of the subharmonic resonance family of
order SN (1, 3) (solid purple line, see also 2.10). The horizontal black lines represent the
parameter regions of the bifurcation curves presented in Fig. 4.3A-B. The areas in the
two rectangles are enlarged in Fig. 4.5. The arrows show the type and order of the first
few bifurcation curves. Bottom panel: the same internal structure of the subharmonic
resonance family of order SN (1, 3) at orders of magnitude higher viscosity. The zig-zag
pattern of the bifurcation structure is clearly visible in this case.

block patterns a) and b), compare them also with Fig. 4.1.
In the next section, this scenario, the “rout to shrimps” will be discussed in detail
by varying the liquid viscosity and monitor the evolution of the codimension-two curves
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Figure 4.5: Magnifications of the bifurcation blocks of the predecessors of the shrimpshaped domains (SSDs) marked by a) and b) in Fig. 4.4. The arrows show the type and
order of the curves they point to, compare with Fig. 4.4.
Table 4.1: Values of the liquid dynamic viscosities used during the computations, calculated
via the volume fraction of the species. [3]
water (L)

glycerine (L)

µL [Pa s]

1

0

0.00089 (pure water)

1

0.8

0.00506

1

1.3

0.0102

1

3.35

0.0498

1

5.2

0.100

1

10.7

0.252

1

26

0.501

presented in Fig. 4.4.

4.2

The effect of viscosity on the internal structure of the
period-3 subharmonic resonance
To reveal the possible routes to the shrimp-shaped domains via the formation of the

zig-zag pattern, the computations presented in the previous subsection are repeated at
different dynamic viscosities µL . In order to reveal the effect of the dissipation rate, computations were repeated at several values of the liquid viscosity, summarized in Table 4.1.
These values were chosen according to the volume fractions of water-glycerin mixtures.
However, from the material properties, only the viscosity was changed to clearly separate
the effect of dissipation. During the computations, the equilibrium bubble radius (bubble
size) was RE = 0.1 mm and the polytropic exponent was n = 1.4 assuming adiabatic state
of change and diatomic molecules for the gas content.
Although we only show the bi-parametric curves in the pA − ωf plane of the subharmonic resonance family of order SN (1, 3), the conclusions drawn are also valid for other
subharmonic resonances, based on our preliminary computations. The results of the computations are summarized in Fig. 4.6. The color coding of the curves is the same as in case
of Fig. 4.4.
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Figure 4.6: The codimension-two bifurcation curves of the subharmonic resonance of order
SN (1, 3) (purple solid line) at different dynamic viscosities. The color code of the curves
is the same as in case of Fig. 4.4. The bifurcation curves in the black and purple rectangles
are magnified in Figs. 4.7 and 4.8, respectively.

With increasing dynamic viscosity µL , two main alterations in the bifurcation structure can be recognized. First, all the curves are shifted towards the higher pressure amplitudes. This is the reason for the extended parameter range of pA in Fig. 4.6C-F. Observe
that in panel F) only a few curves are left, the other curves got shifted out of the investigated parameter range. Second, the block patterns a) and b) gradually approach to and
collide with another pair of bifurcation curves initiating a complex interaction between two
SN −P D pairs, examined in detail in Sec. 4.3. As the viscosity increases, this phenomenon
takes place first with block patterns presented at high pressure amplitudes, and gradually
spreads towards the lower amplitude regions forming the zig-zag pattern already observed
in [43]. Compare also panel A) (absence of zig-zag pattern) with panel E) (presence of
zig-zag pattern) in Fig. 4.6.
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Figure 4.7: Resonance curves of block pattern a) creating a shrimp-shaped region as the
liquid dynamic viscosity increases from µL = 0.100 Pa s (top row) to µL = 0.252 Pa s
(bottom row). Panel A) and B) are the magnifications of the black rectangles in Fig. 4.6D
and E, respectively. Panel C) and D) are the results of an IVP scan of the parameter
areas of panel A) and B), respectively. The color code means the period of the converged
periodic solutions up to period-7. Chaotic solutions are omitted from these panels.
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Figure 4.8: Resonance curves of block pattern b) creating a shrimp-shaped region as the
liquid dynamic viscosity increases from µL = 0.100 Pa s (top row) to µL = 0.252 Pa s
(bottom row). Panel A) and B) are the magnifications of the purple rectangles in Fig. 4.6D
and E, respectively. Panel C) and D) are the results of an IVP scan of the parameter areas
of panel A) and B), respectively.The color code means the period of the converged periodic
solutions up to period-7. Chaotic solutions are omitted from these panels.

Figures 4.7 and 4.8 show two magnified examples of the two different kinds of building
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blocks in the zig-zag pattern (recognised also in Fig. 4.5) before and after the interaction
of their SN − P D bifurcation curve pairs. Figures 4.7A and 4.8A are the magnification of
the black and purple squared domains in Fig. 4.6D at µL = 0.100 Pa s, respectively. At this
viscosity value, these SN − P D pairs are not connected, that is, this state is without the
interaction of the bifurcation curves. Both Figs. 4.7B and 4.8B show the same bifurcation
curves as panel A) does in the respective figures but at an increased dynamic viscosity
value at µL = 0.252 Pa s, see also the black and purple squares in Fig. 4.6E, respectively.
Here the SN bifurcation curves have exchanged their subsequent P D curves at the cusp
point of the inner SN curve, and hence, as a consequence of this interaction, two different
shrimp-shaped domains are created.
In order to find proof that in Figs. 4.7B and 4.8B, two shrimp-shaped domains were
indeed created, IVP scans are also provided in the right column of both figures. These diagrams show the color coded period (up to period-7) of the stable periodic solutions found.
Chaotic solutions are again omitted in order to find the periodic structures possibly hidden
by them. The period-3 and period-6 solutions are colored light pink and gray, respectively.
Color white means that only chaotic solutions were found. The SN and P D bifurcation
curves from panels A) and B) are also depicted in panels C) and D), respectively. These
phase diagrams show that after the interaction of the bifurcation curves, an isoperiodic
domain with period-3 is created inside the domain, bounded by the outer SN and the
two crossing P D curves. According to the orders of the bifurcations curves, the two types
of block patterns generate two different shrimps. This is in good concordance with the
description of shrimps in the study of Medrano et. al [92], compare Fig. 3b-c therein with
the bottom panels of Fig. 4.7 and Fig. 4.8.

4.3

The detailed mechanism of the two types of route to
shrimps
To see the mechanism behind the formation of the shrimp-shaped domains described

in the previous subsection, more computations were performed with much finer increment
of the dynamic viscosity µL . Figure 4.9 shows three stages in the evolution of the bifurcation curves corresponding to block pattern a) introduced also in Fig. 4.10. The dynamic
viscosity increases from stages bottom to top, and takes the values of 0.22 Pa s, 0.23 Pa s
and 0.24 Pa s. The black curves indicate the saddle-node bifurcation curve of order SN (4, 3)
and its first period-doubling of order P D(7, 6). The red and blue curves are the bifurcations of orders SN (4, 3) and P D(9, 6), respectively. Observe that the two SN resonances
have the same order, and they collide approximately at µL = 0.23 Pa s indicated by the
black dot in Fig. 4.9. At this critical point, the branches at the lower branch of the SN
curves are interchanged. This is clearly indicated by the fact that the blue left hand side of
the red curve follows the period-doubling curve of order P D(9, 6) at µL = 0.22 Pa s (lower
stage), while it follows the black period-doubling curve of order P D(7, 6) at µL = 0.24 Pa s
(upper stage). Due to the interchange of the two SN branches, the four bifurcation curves
become structurally “bounded” forming the skeleton of a shrimp-shaped domain. Observe
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that the upper stage in Fig. 4.9 has the same structure (although a bit deformed) as the
one presented in the bottom row of Fig. 4.10, and Fig. 4.1. Further increasing the viscosity
up t µL = 0.252 Pa s this structure is continuously deformed into the case presented in
Fig. 4.10B without the change in its topology.

Figure 4.9: Formation of a shrimp-shaped domain corresponding to block pattern a) identified in Fig. 4.10. The dynamic viscosity increases from stages bottom to top, and takes the
values of 0.22 Pa s, 0.23 Pa s and 0.24 Pa s. Black solid and dashed curves are the SN(4,3)
and PD(7,6) resonance curves, respectively. The blue dashed and the red solid curves are
the PD(9,6) and SN(4,3) resonance curves, respectively.
Figure 4.10 shows the evolution of the bifurcation curves corresponding to block
pattern b) introduced also in Fig. 4.8. The presented two stages are related to liquid
dynamic viscosities µL = 0.172 Pa s (black curves) and µL = 0.173 Pa s (red curves). Here,
the SN and P D curves are not distinguished via separate colour codes or line styles. In
this case, the period-doubling bifurcation curves have the same order of P D(7, 6), which
collide somewhere between the two viscosity values. The black and red curves are the states
before and after the collision, respectively. Observe how the loop of one of the P D(7, 6)
curve breaks up during the collision and interacts with the other P D(7, 6) curve. With
further increase of the viscosity, the “neck” between the red curves widens and the shape
of this red structure becomes more recognizable as a shrimp-shaped domain shown in
Fig. 4.8B and D, see also Fig. 4.1.
For a better understanding of the evolution of SSDs, in the case for block pattern
a) (see again Figs. 4.5A and 4.7), several phase diagrams were also crated with different
liquid viscosities, distributed evenly between µL = 0.10 Pa s and a µL = 0.25 Pa s with an
increment of 0.01 Pa s, from which we only show 9 figures in Fig. 4.11. The phase diagrams
show the color-coded period of the converged solutions, according to the colorbars at the
end of each row. Each subfigure consists of 501x501 points which were evenly distributed
in the parameter ranges of the pressure amplitude pA and the relative frequency ωf . At
each parameter combination, 3 randomly initiated IVPs were solved, from which, in case of
coexisting solutions, only the highest period is depicted up to period-6. Chaotic oscillations
are omitted from the diagrams. For the computations, we again took advantage of the high
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Figure 4.10: Formation of a shrimp-shaped domain corresponding to block pattern b)
identified in Fig. 4.8. Liquid dynamic viscosities: µL = 0.172 Pa s (black curves) and µL =
0.173 Pa s (red curves). The loop of one of the P D(7, 6) curve breaks up during the collision
and interacts with the other P D(7, 6) curve.
processing power of GPUs, with which the computation time of one figure took less than
20 hours.
The period-3 and period-6 solutions are decoded with dark and light blue, respectively. This series of phase diagrams reveal the motion of the periodic domains in the parameter space. With increasing liquid viscosity, the two distinct periodic bands get closer
to each other as they simultaneously shift to higher pressure amplitudes. At µL = 0.14 Pa s
the cusp shaped domain intersect with the other periodic band. As µL further increases,
the area of the intersection continuously increases, and a period-3 isoperiodic domain
emerges in the state space. In the last two figures, at µL = 0.24 Pa s and µL = 0.25 Pa s
the already recognized shrimp-shaped domains are clearly visible.

4.4

Discussion
The rapidly increasing computational capacities have opened the way to examine

bifurcation structures of various systems in many fields of sciences in multidimensional
parameter space [93, 95, 96, 97, 78, 98, 69, 99, 34]. For example, based on IVP solvers, several high-resolution studies have revealed the existence of shrimp-shaped domains (SSD)
in bi-parametric planes [100, 101, 102, 92, 103, 104, 105, 106, 107, 108, 109]. They are a
special class of codimension-two isoperiodic stable structures (ISS) [106], and they turned
out to be an efficient “tool” to handle multistability [43] and to control chaos [109, 110].
The presence of shrimps were first identified in a discrete-time system [100]; namely,
in the Hénon-map. Bonatto et. al [111] successfully found these domains also in a continuoustime CO2 laser system, studied also experimentally by Arecchi et. al [112]. Later, the
existence of SSDs in different systems were reported [101]; and revealed their organization
along straight lines [92, 107], around spiral hubs [113, 114] or as zig-zag patterns [115]
indicating the extremely high complexity of the underlying bifurcation structure.
54

Figure 4.11: The evolution of the shrimp-shaped domain for block pattern a) at increasing
liquid viscosity values.

The majority of the studies in the literature use solely the shooting method via
employing a suitable initial value problem solver. The shrimp-shaped domains, however,
usually emerge inside large chaotic domains (this is the main reason they are also called
isoperiodic stable structures), and in case of multistability and without the proper filtering
of the results, they can be “buried” by the co-existing chaos [43]. Another way to properly
identify SSDs is to use a numerical continuation technique [46], and trace the bifurcation
curves composing the skeleton of the shrimps [106, 116].
In the two-dimensional parameter space of the external forcing, the internal structure
of the period-3 solution with order (1, 3) was computed by means of initial value problem
solver and boundary value problem solver with numerical continuation method. This inner structure is mainly built up by pairs of saddle node (SN ) and period-doubling (P D)
bifurcation curves. Results show that the formation of shrimp-shaped domains is highly
dependent on the damping of the system. In case of the employed model, with the parameters determined for pure water (low viscosity), the two-dimensional bifurcation structure
completely lacks these structures. Increasing the damping parameter (dynamic viscosity)
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of the system, two mechanisms for the creation of shrimp-shaped domains were identified.
In the first case, two SN curves with the same orders collide and interchange one of their
branches, while in the other case, two P D curves again with the same orders collide and
form another pair of P D bifurcations. In both mechanism, two independent SN -P D pairs
interact with each other resulting in a shrimp-shaped domain that was previously found
by Klapcsik et. al. [43].
We must note, that in the case of real-life bubble dynamics, the range of the excitation parameters presented in this chapter is far from reality. The results of this chapter
is a special feature of forced nonlinear oscillators, and the evolution of these isoperiodic
structures in state space allows us to understand the underlying dynamics better.
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Thesis 3.
Let us consider the dimensionless form of the Keller–Miksis bubble oscillator with
a simple harmonic driving pA sin(ωt). Let the liquid be water, and its parameters are
calculated from the Haar–Gallagher–Kell equation of state with ambient temperature
T∞ = 25o C and ambient pressure P∞ = 1 bar. Let us consider the dimensionless relative excitation frequency ωf = ω/ω0 , where ω0 is the linear resonance frequency of the
system, and the equilibrium bubble radius RE = 0.1 mm.
In the two dimensional parameter space of the external forcing pA and ωf , the internal structure of the period-3 solution with order (1, 3) is mainly built up by pairs of saddle
node (SN ) and period-doubling (P D) bifurcation curves. The formation of shrimp-shaped
domains is highly dependent on the damping of the system. With the parameters determined for pure water (low viscosity), the two-dimensional bifurcation structure completely
lacks these structures. Increasing the damping parameter (dynamic viscosity) of the system, two mechanisms for the creation of shrimp-shaped domains are present. In the first
case, two SN curves of the same order collide and interchange one of their branches, while
in the other case, two P D curves again with the same orders collide and form another pair
of P D bifurcations.
Related publications: [117]
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Chapter 5

Dual-frequency-excited bubble
measurements
Recently, the attention has turned towards dual- or multi-frequency-driven systems
due to their several positive effects [35, 36]. However, the influence of another frequency
on the oscillating bubbles or bubble clusters is still not well understood in terms of bubble
dynamics. This prevents a coherent interpretation of the partly contradictory experimental results in the literature [37], as well as further optimization of dual-frequency driven
sonochemical reactors. As it was mentioned in the previous chapters, our group has made
a significant step toward the theoretical understanding of dual-frequency driven single
bubbles by employing a graphics processing unit (GPU) during the simulations [34]. This
allows the investigation of much larger parameter space than it was possible with conventional approaches before (using CPUs). The main aim of the present chapter is to perform
experiments to support the numerical simulation and propose a technique to identify the
underlying model parameters of an individual oscillating bubble.
The experimental observation of a single gas bubble in a liquid is not an easy task.
One full cycle of its oscillation takes only a couple of microseconds, and its size is in the
µm range [50, 118, 119]. During their radial oscillation, bubbles also move in space [120]
which prevents the capture of their motion for a long time. With a high-speed camera, a
very high frame-rate can typically be reached only at the expense of the observable area,
from which the bubbles then can move out very fast. In the case of single bubbles, two
methods exist to stabilize them in space: (i) capture and levitate a bubble in an acoustic
trap [121] and (ii) bubble production by focused laser light [122, 123]. However, in real
applications, bubbles usually appear in streamers or clusters; they can act on each other via
their emitted pressure wave, merge or disintegrate into smaller bubbles. But still, bubble
structures are built up from single bubbles, and their dynamics is the basic building block
of the behavior in a larger ensemble.
During the present experimental investigation, the driving frequencies are set to
f1 = 25 kHz and f2 = 50 kHz. Observe that the excitation is periodic but not purely
harmonic due to the rational ratio of the frequencies. The period is defined by the smaller,
first frequency component: tp = 1/f1 = 40 µs. We do not use any methods to catch and
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levitate a bubble. Instead, we observe a bubble cluster and try to select and reconstruct
the radial oscillation of an individual bubble in the cluster with digital image processing
techniques. The bubble is chosen according to the criteria: pronounced collapse (“active”
bubble), longer lifetime, sharp image, and minimum interaction with neighbor bubbles.
Although the above described dual-frequency experiments are mandatory in the
understanding of the dynamics of bubble clusters, they cannot provide details on the cavitation activity (e.g. chemical activity in case of sonochemistry) of the individual bubbles.
One way to obtain such information is to use numerical simulations and fit the model
parameters to the experiments [18]. The extracted amount of information and their validity is dependent on the complexity of the model itself. The main technical difficulty
is the determination of the emerging unknown parameters by comparing the simulated
and the measured bubble radii as a function of time via the definition of a suitable error
function. Here shall try to propose such a method employing the Keller–Miksis bubble
oscillator defined by Eq. (2.1.1) with dual-frequency excitation, in which the unknown parameters are the two amplitudes of the external forcing, the phase shift between the two
sinusoidal frequency components and the equilibrium size of the observed bubble. We also
discuss the difficulties of the parameter identification methods, which are originated from
the relatively low achievable sample rate of the bubble dynamics (radii). The numerical
computations are carried out again using an in-house code written in C++/CUDA C to
exploit the high computational capacities of GPUs and accelerate the identification of
the unknown system parameters. Supposing a potentially non-smooth and complicated
structure of fitness landscape in the 4D-parameter space, we use a simple “brute force”
approach of scanning points on a parameter grid.

5.1

System set-up and measurement
The measurements were carried out at Georg-August University, Göttingen in a

rectangular water tank of inner dimensions 14(l)x5(w)x15(h) cm3 , in which the water level
height was 11 cm. The walls of the container were made of 1 cm thick transparent Polymethyl methacrylate (PMMA) and the base was made of a 3 mm steel plate. The container
was sonicated with two piston transducers glued symmetrically to the bottom. The transducers were driven by a function generator (Tektronix AFG 3022) and two power amplifiers
(Electronics & Innovation RF-Power Amplifier 1040L and RF-Broadband Power Amplifier 1140LA) via an in-house built impedance matching device. For the observation of the
bubble oscillation, a high-speed camera was used (Photron Fastcam SA5 with Infinity
long-distance microscope lense and in-house made LED background cw illumination). All
the measurements were carried out using fresh tap water. Figure 5.1 shows a photo of the
measurement setup, and Fig. 5.2 its schematic sketch.
In order to reduce the dissolved gas content of the liquid, at the beginning of each
measurement, only one transducer was operated at 90 kHz with modulating amplitude
for eight minutes. Then both transducers were operated at different driving frequencies;
namely, one at f1 = 25 kHz and the other at f2 = 50 kHz. The oscillation of the generated
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Figure 5.1: Measurement setup.

Figure 5.2: Experimental arrangement of the dual-frequency bubble measurement.

bubbles was observed with an exposure time of 1 µs at 162750 frames per second, which
gives one frame at about every 6 µs. At this frame rate, the maximum width of the observable area was adjusted to 1.05 mm, which led to a resolution limit of 5.4 µm. Exact size
calibration was done a posteriori after each recording with a syringe of 0.5 mm diameter
placed in the focus of the camera.
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5.2

Dynamics of individual bubbles under dual-frequency
excitation
Figure 5.3 shows a typical frame of the high-speed recordings. Sharp bubbles appear

dark in front of the brighter background. Blurred grey spots correspond to bubbles that
are out of focus of the camera. Almost all the individual bubbles can be considered as
nearly spherical.

Figure 5.3: Typical frame of the observed bubble field (exposure 1 µs, width of the image
1.05 mm.) Bubbles appear dark in front of the bright background.
In order to extract the radius of individual bubbles, digital processing was applied
using the ImageJ software. In this study, only the oscillation of one bubble is presented.
After choosing a suitable bubble (according to the aforementioned criteria), its close area
was cut out from the video. Subtracting the background and applying a black and white
threshold on the pictures, the bubble appears black on a white background. An example
of the sequence of a bubble oscillation is presented in Fig. 5.4. Here the frame size of each
subfigure is 130 µm × 120 µm. Again, the time difference between every frame is 6 µs. This
sequence lacks the fine details of the oscillation from the collapse to the afterbounces that
could be observed with an acoustically trapped bubble with higher framerate [50].
The bubble radius on each frame was determined based on the pixel size and the
longest distance between any two points along the boundary of the bubble. Figures 5.5A)
and B) show the resulting bubble radius curve as the function of time. Figure 5.5A) presents
351 points of the oscillation (2.12 ms); after that, the bubble moved out of the focus of the
camera. The period of the excitation at the used frequency combination is determined by
the smaller frequency component f1 = 25 kHz, that is tp = 40 µs. Therefore, 53 periods
of excitation were observed. The solid blue line connects the “period maxima” of the
bubble radii, i.e. the overall maxima assumed during every period of the excitation (note
that further local maxima of smaller values can occur in each period). Figure 5.5B) is a
magnification of the measured points during five periods of the external driving. In every
period, six or seven data points are obtained. In typical nonlinear bubble oscillation, the
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Figure 5.4: A single bubble oscillation presented frame by frame. The time difference
between two frames is about 6 µs, and the frame size is 130 µm × 120 µm (width × height).
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Figure 5.5: Left panel (A): The measured bubble radius time curve (solid black line). The
maxima at every excitation period (determined by f1 ) are connected by the blue solid line.
Right panel (B): Magnification of five excitation periods cut from panel A. The dots show
the measured points

dynamics near the minimum radius has a very short time scale (fast bubble wall), whereas
near the maximum it has a relatively long time scale (slow bubble wall). Due to this effect
and the resolution limit, in Figs. 5.5A) and B), the smallest bubble radii along an oscillation
period cannot be determined precisely (or even cannot be observed at all). However, the
periodic structure of the oscillation corresponding to the maximum radii at each period is
still well reconstructed. Therefore, the comparison of this measured signal with numerical
simulations is carried out by taking into account only the respective “period maxima”.
Figure 5.6 depicts the Fourier spectrum of the bubble-radius curve plotted in Fig. 5.5A).
Clear peaks appear at the excitation frequencies, i.e. at 25 kHz and 50 kHz, above a small
noise floor. This indicates a high periodic part of the bubble oscillation, and rather small
aperiodic or chaotic parts. The second harmonic of the main driving frequency at 75 kHz
appears as well. It must be stressed that according to the Shannon-Nyquist theorem, one
would need at least 2B measurement points in every second, where B is the band limit of
the Fourier spectrum of the curve. In the case of a collapsing bubble, the sudden collapse
generates high frequency components; furthermore, the after bounces following the col63
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Figure 5.6: Fourier spectrum of the radius time curve shown in Fig. 5.5

lapse will add even higher components to the spectrum, which indicates a high band limit.
For example, in [50] successful reconstruction of a trapped collapsing bubble oscillation
is presented where the inter-frame time was set to 500 ns, which means ten times larger
frame-rate than I was able to achieve with 162750 fps. As it was already mentioned, the
technical limitations of the observation of the free bubble oscillation do not allow one to go
beyond this frame-rate easily. In the following, we investigate a method where the period
maxima of the signal are considered for comparison with the numerical simulation.

5.3

The bubble model and the numerical method
For computation, the Keller–Miksis bubble oscillator is used, defined by Eq. (2.1.1).

In order to consider a dual-frequency sound radiation, the pressure far from the bubble
p∞ is defined as
p∞ = P∞ + pA1 sin(ω1 t) + pA2 sin(ω2 t + θ),

(5.3.1)

where pAi and ωi (i = 1, 2) are the amplitudes and frequencies of the excitations, respectively. Their phase difference is denoted by θ.
For the numerical computations, Eq. (2.1.1) with Eq. (5.3.1) was rewritten into a dimensionless first order equation system. The dimensionless time is defined as τ = tω1 /(2π).
The dimensionless bubble radius is y1 = R/RE , while the dimensionless bubble wall velocity is y2 = Ṙ2π/(RE ω1 ), see also Sec.2.1. The parameters of the water were again
calculated from the Haar–Gallagher–Kell equation of state [2] at ambient temperature
T∞ = 25 o C and at ambient pressure P∞ = 1 bar. For the list of the liquid parameters
see again Tab. 2.1. The angular frequencies of the excitation were set according to the
experiment: ω1 = 2π · 25000 rad/s and ω2 = 2π · 50000rad/s.
To find the optimum parameter set corresponding to the best fit of the calculated
radius-time curves to the measured data shown in Fig. 5.5 (in terms of a suitable error
function discussed in more detail later), several simulations were computed with different
parameter combinations. To this end, a 4D parameter scan was performed. Again, the
unknown parameter space includes the two pressure amplitudes pA1 and pA2 , the phase
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shift between the two sine waves θ and the equilibrium radius of the bubble RE . The list of
the four parameters, their ranges and resolutions (equidistant distribution) are summarized
in Table 5.1. Here again the dimensionless equation system was treated as an initial value
problem and the employed numerical method was a fourth order Runge–Kutta–Cash–Carp
method with fifth order embedded error estimation.
Table 5.1: Unknown parameters of the simulations, their ranges and resolutions.
parameter

minimum value

maximum value

resolution

pA1 [bar]

0.5

0.75

26

pA2 [bar]

0.25

0.5

26

θ [rad]

0

2π

51

RE [µm]

8

19

33

All the possible parameter combinations mean approximately a number of 1.2 million number of initial value problems (IVPs) altogether. At each parameter combination,
the IVPs were solved with initial conditions y1 = 1 (R = RE ) and y2 = 0 (Ṙ = 0) representing the equilibrium condition of the unexcited system. After integrating 1024 cycles
of oscillation, the properties (maximum bubble radii) of the subsequent 64 cycles of the
converged solution was recorded. One cycle means the integration of the system forward
in time by τp = tp ω1 /(2π). Again, the period of the external forcing is tp = 40 µs and
the first frequency component of the excitation is f1 = ω1 /(2π) = 25 kHz. With the aid
of the GPU accelerated code, the computations took approximately four hours. Since the
minimum values of the measurement do not carry valuable information (see the discussion
in the previous section), and the fine structure of the oscillation cannot be reconstructed
from the recordings (due to the relatively small frame rate), general methods of parameter
fitting of nonlinear ordinary differential equations are not suitable here [124]. Therefore,
as a first approach, the main idea is to rely only on the maximum values of the oscillation.
The local maxima, however, do not define well the time-function of the attractor. For
example, the maxima of a period-1 solution all lie on the same line. Therefore, a period-1
oscillation and even a straight line provide the same maxima. That is, the amplitude of
the oscillation cannot be reconstructed only from the period maxima when the minima are
unknown. However, in the case of solutions with high periodicity or chaotic motion, the
structure of these maxima is more complicated and maybe there is a higher probability to
find a correct radius-time curve during the optimization procedure.
For the comparison of the simulated and the a measured signal, first the maximum
of the simulated signal was sampled in every excitation period (it means a 64 points), and
then it was compared with the measured signal (53 points) using cross-correlation to ensure
the possible best starting point in time for further examination. In the following, let us
i
denote the measured and simulated maximum radii at each cycle of the excitation by Rm

µm and Rsi µm, respectively. Here i = 1 . . . 53 is the serial number of the acoustic cycles;
and the subscripts m and s mean measured and simulated, respectively. Observe that
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the simulated bubble radii are given in µm instead of as a dimensionless variable y1 . The
i },
main idea is to construct a suitable error function ∆ based on the largest M AX{Rm,s
i } and the averaged AV G{Ri } values of the period maxima, see
the smallest M IN {Rm,s
m,s

again the blue curves in Fig. 5.5. It must be emphasized that the radial oscillation of the
bubble can be chaotic (not to mention the unknown starting point of the simulation in
time). In this situation, exact match between the measurement and the simulations cannot
be achieved. Therefore, the inclusion of statistics in the determination of the optimum
parameter set is necessary.

5.4

Results and discussion
As an initial attempt, three error functions are defined as
i
∆max,i = |M AX{Rm
} − M AX{Rsi }|,

(5.4.1)

i
∆min,i = |M IN {Rm
} − M IN {Rsi }|,

(5.4.2)

i
∆avg,i = |AV G{Rm
} − AV G{Rsi }|,

(5.4.3)

where ∆max,i , ∆min,i and ∆avg,i try to minimize the difference between the measured
and the simulated largest, smallest and averaged local maxima in the ith period of the
oscillation, respectively. For each error function, the optimum parameter set from the 4D
scanned space (where each error function has a minimum) is given in Table 5.2.
Table 5.2: Optimal parameter values of the error functions defined by Eqs. (5.4.1)-(5.4.3).
pA1 [bar]

pA2 [bar]

θ [rad]

RE [µm]

M IN {∆max,i }

0.73

0.46

0

12.5

M IN {∆min,i }

0.72

0.40

0

10

0.48

2.3 2π
50

8.5

M IN {∆avg,i }

0.73

The pressure amplitudes in all the three cases are not significantly different. The
values of pA1 and pA2 are around 0.73 and 0.45 bar, respectively. Therefore, they can
be estimated relatively confidently. The equilibrium radius RE , on the other hand, is
significantly different for all the error functions. This suggests that the precise identification
of the bubble size is a cumbersome task. The phase difference θ has—roughly speaking—
two different cases: 0 rad (inphase) and 2.9 rad (antiphase).
Figures 5.7A-C visualize the obtained optimum solutions (red curves) together with
the measurement (black curves). Each figure shows only a short period of the overall time
domain in order to avoid overcrowded sub-panels. Moreover, the simulation is also shifted
in time so that to match the local maxima as much as possible calculating the crosscorrelation function between the two curves. During these computations, the simulations
were fixed in time and the measurements were shifted. In each period of the oscillation,
after the bubble size reaches its maximum size and shrinks suddenly, the red curve presents
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Figure 5.7: Solution (red) and measurement (black) curves. Panel A): pA 1 = 0.73 bar,
pA 2 = 0.46 bar, θ = 0 rad and RE = 12.5 µm. Equation (5.4.1) has a minimum at this
parameter set. Panel B): pA1 = 0.72 bar, pA2 = 0.4 bar, θ = 0 rad and RE = 10 µm. Equation (5.4.2) has a minimum at this parameter set. Panel C): pA1 = 0.73 bar, pA2 = 0.48
bar, θ = 2.8903 rad and RE = 8.5 µm. Equation (5.4.3) has a minimum at this parameter
set.

the well-known afterbounces [50]. These high frequency oscillations could not be resolved
by the camera at the given frame rate. Nevertheless, the sample rate is high enough to
compare at least the local maxima of bubble radius-time curves. Keep in mind again,
that with increasing frame rate, the size of the observable area shrinks; thus, the possible
measured time domain shortens as well due to the displacement of the bubbles in space.
That is, there is always a compromise between the frame rate and the number of the
observed bubbles and their recorded time interval. This is another reason why only the
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local maxima are involved in the definition of the error functions defined by Eqs. (5.4.1)(5.4.3).
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Figure 5.8: Panel A): solution (red) and measurement (black) curves. pA1 = 0.70 bar, pA2 =
0.48 bar, θ = 3.6442 rad and RE = 14.25µm. Eq. (5.4.4) has a minimum at this parameter
set. Panel B): The solution curve sampled with the sample rate of the measurement. Panel
C) Black crosses are the back folded data while red curves are the solution curve (radius
values vs time modulo T = 40µs, then divided by 40 µs, so the driving period is the interval
[0:1])
Figure 5.7A corresponds to M IN ∆max in Tab. 5.2. As expected, the largest local
maximum of the oscillation fits well to the measured data. However, mostly they show
relatively large differences. Here the RE = 12.5 µm bubble size seems to be a good estimation as the minimum values of the measurement lie near the middle in the afterbounces.
Figure 5.7B corresponds to M IN ∆min in Tab. 5.2. The amplitudes, in this case, are mostly
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smaller. The parameter set of this solution differs from the previous case only in the equilibrium radius RE . This confirms the observation that this parameter has a strong effect on
the oscillation [78, 89]. Comparing the average of the maxima and looking for the smallest
difference M IN ∆avg , one gets the solution presented in Fig. 5.7C. This corresponds to the
parameters in the third row of Tab. 5.2. Here the phase difference is much higher than in
the previous two cases. Moreover, the equilibrium radius is much smaller. This curve is
periodic and thus does not fit well in amplitudes to the measurement.
Neither of the three previously discussed error functions can give an acceptable
fit to the measurement. Therefore, let us now combine Eqs. (5.4.1)-(5.4.3). The simplest
and straightforward combination would be to look at the weighted average of the three
equations, where the weights αmin , αmax , αavg are chosen quite arbitrarily, as long as their
sum is unity. The definition of the new error function ∆w is:
∆w = αmin ∆max + αmax ∆min + αavg ∆avg

(5.4.4)

Table 5.3: Optimal parameter values of the error functions Eq. (5.4.4) with different
weights.
αmin

αmax

αavg

pA1 [bar]

pA2 [bar]

θ [rad]

RE [µm]

0.05

0.05

0.9

0.55

0.5

1.7593

11.25

0.25

0.25

0.5

0.7

0.48

3.6442

14.25

0.35

0.35

0.3

0.7

0.48

3.6442

14.25

0.4

0.4

0.2

0.7

0.48

3.6442

14.25

0.45

0.45

0.1

0.54

0.47

1.885

12.75

0.49

0.49

0.02

0.5

0.5

1.7593

13

Table 5.3 shows the optimal parameter combinations for some of the weight combinations. The weights were always chosen so that αmin = αmax and αavg = 1−αmin −αmax .
As the table shows, on a large range of weight combinations, the optimal parameter set
does not change. In the extreme cases, when some of the error function weights are close to
zero (first and last two rows), the value of the pressure amplitudes are close to each other.
In between these weights, the parameter set does not change, even for the values that are
not shown in the table. Therefore, in the following, only one of the weight combinations
will be presented, namely the second row of Tab. 5.3.
The solution curve at the optimal parameter set (red) is presented in Fig. 5.8A) together with the measurement (black). Panel B) plots the comparison where the simulation
is sampled at the rate of measurement. Here again, the simulation is shifted in time so that
to match the local maxima as much as possible calculating the cross-correlation function
between the two curves. In both figures, the simulation shows a relatively good agreement
(compared to the other three cases) with the measured signal.
Another way to compare the measurement data and the simulation is to re-sort
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the time series curves according to the period of the driving: that is, the results on the
subsequent time domain ti ∈ [itp , (i + 1)tp ] are shifted into the time domain t0 ∈ [0, tp ]
and plotted to the same diagram. Here i = 0, 1, . . . 52, and tp = 40 µs is the period of
the excitation. Panel C) of Fig. 5.8 shows such a diagram, where the black crosses are the
measured values, while the red curves are again the results of the simulation corresponding
to ∆w . In this comparison, the simulation still shows a relatively good agreement with the
measured signal.

Figure 5.9: Phase diagrams of Eqs. (5.4.1)-(5.4.4) at the pressure amplitudes at pA1 =
0.70 bar and pA2 = 0.48 bar. Equation (5.4.4) has a minimum where the red dot lies in all
four sub-figures, that is at the parameter combination θ = 3.6442 rad and RE = 14.2 µm.
According to Tab. 5.2 and 5.3, the pressure amplitudes can be estimated with high
confidence. However, as it was already highlighted before, the biggest uncertainties in the
optimum parameter set are the phase difference of the two excitation frequencies and
the equilibrium radius of the bubble. Therefore, it is interesting to look into the effect of
these two parameters. Figure 5.9 shows four different phase diagrams at constant pressure
amplitudes; namely, at pA1 = 0.70 bar and pA2 = 0.48 bar. The horizontal axis is the
phase difference θ, and the vertical axis is the equilibrium radius RE . The four diagrams
show the error functions calculated via Eqs. (5.4.1)-(5.4.4), respectively.
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The magnitudes of the errors are shown by the color bar next to the sub-figures.
Darker blue means smaller errors, while green and yellow means higher errors of the
respected error function. The red dot represents the minimum place of ∆w defined by
Eq. (5.4.4), see also the fourth row in Tab. 5.2.
Naturally, the best solution that fits to the measured signal would be at a parameter
set, where all the four equations are minimal. In all the four figures, the structure of the
dark blue region (small error) is very similar and appears almost like a sine wave. With
changing RE , the phase difference θ also varies along these minimal values. Consequently,
there is a very large set of parameter combinations which almost equally well represent a
good fit in terms of the corresponding error function. This is definitely the major difficulty
of the present situation; observe that the bubble size can vary by a factor of two (8 µm
to 16 µm) without altering the error functions significantly. In these situations, when the
error function does not have a single optimum, but a large set, a traditional optimum
search algorithm would not find all of them. Therefore, in our case the used brute force
technique is essential.
Here, we have to go further and look deeper into the weighted error function and
examine how it evolves into the global minimum in the case of the four different unknown
parameters, ie. the two pressure amplitudes pA1 and pA2 , the phase difference θ and the
equilibrium bubble radius RE . Figures 5.10 and 5.11 show four diagrams for each of these
parameters. As the function of the weight αmin , the parameter value at the global minima
of the error function ∆w are plotted (solid black line). The solid red and blue lines represent
the parameter ranges at the 10 and 20 smallest values of the error functions, respectively.
In this way, the sensitivity of the error function on the parameters are also depicted. The
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Figure 5.10: Global minima (black line) and the ranges of 10 (red lines) and 20 (blue lines)
smallest values of the weighted error-functions ∆w in the case of pA1 (left panel) and pA2
(right panel).
The left and right panels of Fig. 5.10 show the optimized values of the two pressure
amplitudes pA1 and pA2 , respectively. The global minima (solid black line) of both parameters are not changing when the weight αmin is not too small nor too big. In the case of
pA1 , considering the 10 and 20 smallest values of the error-functions, one can immediately
see that the range is the trivial parameter set: the computational domain of this pressure
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amplitude, see also Tab. 5.1. In the case of the other pressure amplitude pA2 , however,
these ranges are smaller than the trivial domain as the control weight increases, the minima of the ranges also increase. Here the straight black lines suggest, that the weighted
error function gives confident estimations for the pressure amplitudes. However, from the
ranges of 10 and 20 smallest values we can conclude that this estimation is not confident
as these ranges suggest that any parameter choice would be acceptable.
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Figure 5.11: Global minima (black line) and the ranges of 10 (red lines) and 20 (blue lines)
smallest values of the weighted error-functions ∆w in the case of RE (left panel) and θ
(right panel).
Figure 5.11 shows the cases of the equilibrium radius RE (left panel) and the phase
difference θ (right panel), the color-coding is the same as in Fig. 5.10. In these two diagrams,
one can have the same observation as in Fig. 5.10; namely, in a large αmin range, the global
minima and the ranges of the 10 and 20 smallest values do not change. Moreover, the global
minima coincide with the maxima of both the ranges of the 10 and 20 smallest values. Here
the ranges of the minima values are not the trivial lower computational ranges. However,
these estimations are still loaded with a significant deviation. It is interesting to note, that
when αmin = 0, that is when ∆w = ∆avg , the optimal values are significantly different
from that when the weights are not zero.
Unfortunately, this investigation proves that using only the maxima of the bubble
radius time curve is not adequate for the numerical fitting of the Keller–Miksis equation.
Such a large number of unknown parameters requires more than one quantity of the
oscillation to fit a strongly nonlinear equation on the data. For example, knowing both
the minima and the maxima of the oscillation would provide a limitation on the possible
optima of a well-chosen error function. Or, knowing both the equilibrium bubble size and
the maxima of the oscillation would result in smaller unknown parameter space.
Naturally, the curve fitting would be easier if the measurement points were denser in
time. However, as it was discussed at the beginning of this chapter, even with a fast camera,
it is not possible to observe a free oscillating bubble for a long time with a large frame
rate, because the bubble moves in space as well. Therefore, a proper numerical method
and a well-defined error function is needed. As we saw, an error function that takes into
account only the local maxima of the oscillation is not adequate. A better error function
could be the one that takes into account the other measurement points as well, not only
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the local maxima. For this, a possible way is to compare the measurement data and the
simulation by their re-sorted time series curves according to the period of the driving, as
shown in panel C) of Fig. 5.8. An error function defined based on the re-sorted data points
could result in a better estimate of all the unknown parameters. The importance of this
comparison lies in the chaotic-like motion of oscillation: an exact match could never be
found, but a statistically good enough one. The definition of such an error function is not
part of this dissertation.
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Thesis 4.
The parameters needed to identify the underlying Keller–Miksis model of the dualfrequency excited bubble for the time signal measured with a high-speed camera are the
pressure amplitudes of the excitation, the phase difference between the two driving signals,
and the equilibrium size of the driven bubble. An error function based on the weighted sum
of the average, minimum, and maximum values of the measured and calculated maximum
bubble radius in every acoustic cycle is not feasible. Although the maxima of the bubble
radii can be measured most accurately, an error function must include all the sampled
points during a measurement.
Related publications: [125, 126]
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Chapter 6

Summary
Acoustic cavitation has become an essential phenomenon in several fields of science.
Probably the most evolving of all of them is sonochemistry, where the optimization of
sonochemical reactors is the crucial aspect of possible improvement. One of the most challenging parts of the optimization evolves from the nonlinear behavior of ultrasonically
excited bubble oscillations. The bubble motion depends strongly on the system parameters and initial conditions. The motion can be stable or unstable, periodic, or chaotic.
Furthermore, at given parameter combinations, more than one stable solution may coexist, which can have different system outcomes. Therefore controlling the multistability of
nonlinear systems is one of the keen interests of both the field of nonlinear dynamics and
applications where the applied system has a nonlinear behavior.
Bubble dynamics and multistability are also two research topics of our research
group, and this dissertation is a building block of our results in the field. In this work, the
Keller-Miksis bubble oscillator is used to model an acoustically excited spherical bubble in
an infinite liquid domain. With the means of initial and boundary value problems, I have
successfully explored the bifurcation structure of the oscillation in the two-parameter space
of the harmonic excitation. These computations were carried out using the parameters of
liquid water, and the equilibrium bubble size RE was 0.1 mm. Since bubbles usually exist
in clouds, and their equilibrium size is not uniform, the effect of RE on the bifurcation
structure was also examined. Numerical results show that the bifurcation structure of the
subharmonic resonance curves are organized in a U shaped structure, and this structure
does not change in a wide range of the equilibrium radius RE . An analytical examination
of the dimensionless Keller–Mikis equation showed that the structure is dependent only
on the terms containing the surface tension σ and the liquid dynamic viscosity µL . The
effect of the liquid dynamic viscosity µL was examined on the period-3 resonance family.
Here the numerical results proved that with increasing damping the bifurcation structure
changes qualitatively.
At the University of Göttingen, dual-frequency bubble measurements were carried
out, and a possible numerical method for parameter fitting of the Keller-Miksis equation
was examined. Unfortunately, the investigation proved that using only the maxima of
the bubble radius-time curve is not adequate for the numerical fitting of the Keller–
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Miksis equation. The difficulties come from the large unknown parameter space of the
model, which originates from the technical limitations in the observation of free bubble
oscillations.
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Appendix A

Hydrodynamic models
A.1

Derivation of the Rayleigh-Plesset equation
Let R(t) denote the radius of a spherically symmetric bubble at time t placed in an

infinite liquid domain. We assume that far away from the bubble, the liquid temperature
T∞ is constant, and the pressure p∞ (t) is a known function of time. We also assume
incompressible liquid, hence the density of the liquid ρL is constant, and the liquid dynamic
viscosity µL is constant and uniform. The spherical space coordinate is r, which measures
the distance from the center of the bubble. The pressure, temperature and velocity inside
the liquid are p(r, t), T (r, t) and ur (r, t), respectively. In the following, we derive the
Rayleigh-Plesset equation for the time evolution of the bubble radius R(t).

Figure A.1: The bubble model.
Since ρL is constant, the conversation of mass means that the mass transfer at the
bubble wall equals the mass transfer through the bubble wall with a radius r:
ur (R, t)4πR2 = ur (r, t)4πr2 .

(A.1.1)

The bubble contains a mixture of vapor and gas, and because of the continuous
condensation and evaporation, the velocity ur (R, t) at the bubble wall does not equal to
dR
dt .

The flow rate of the vaporization equals to the volume growth of the bubble, which is
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4πR2 Ṙ, where dot notation means derivation with respect of time. Hence the mass flow
rate of the vaporization is
ṁV = 4πR2 ṘρV (TB ),

(A.1.2)

The liquid mass flow rate into the bubble through the bubble wall at the r = R is
ṁL = 4πR2 uR (R, t)ρL ,

(A.1.3)

where uR (R, t) = Ṙ − ur (R, t) is the relative velocity. The above two mass flow rates must
be equal:
4πR2 ṘρV (TB ) = 4πR2 (Ṙ − ur (R, t))ρL .

(A.1.4)

From this, the flow velocity ur (R, t) at the bubble wall is
!

ρV (TB )
ρV (TB )
= Ṙ 1 −
.
ur (R, t) = Ṙ − Ṙ
ρL
ρL

(A.1.5)

In practice ρV (TB )  ρL , hence ur (R, t) ≈ Ṙ. With this approximation, using Eq. (A.1.1),
we get the flow velocity ur (r, t):
ur (r, t) = Ṙ

R2
.
r2

(A.1.6)

Before moving on to the Navier-Stokes equation, the partial derivatives of the flow velocity
ur (r, t):
∂ur
R2
= −2Ṙ 3 ,
∂r
r

∂ 2 ur
R2
=
6
Ṙ
,
∂2
r4

∂ur
R2 2Ṙ2 R
= R̈ 2 +
.
∂t
r
r2

(A.1.7)

Now we write the first component of the Navier-Stokes equation in spherical coordinate
system — after considering that in the case of a spherically symmetric bubble the terms
and derivatives with respect of the other two coordinates are zero, and gravitation is
neglected:
∂ur
∂ur
ρ
+ ur
∂t
∂r

!

∂p
=−
−
∂r

!

1 ∂  2  τΘΘ + τΦΦ
r τrr −
,
r2 ∂r
r

(A.1.8)

where the normal stresses τrr , τΘΘ and τΦΦ are as follows:
"

τrr = −µL

"

τΘΘ = τΦΦ = −µL

∂ur
2 1 ∂  2 
2
−
r ur
∂r
3 r2 ∂r

ur
2 1 ∂  2 
2 −
r ur
r
3 r2 ∂r

!#

"

4 ur
∂ur
= µL
−
3 r
∂r

!#

"

= µL

2 ur
4 ∂ur
+
3 r
3 ∂r

#

(A.1.9)

#

(A.1.10)

Substituting Eqs. (A.1.9)-(A.1.10) into Eq. (A.1.8), the Navier-Stokes equation becomes
∂ur
∂ur
ρ
+ ur
∂t
∂r

!

∂p 4
ur
1 ∂ur
∂ 2 ur
=−
+ µL 2 −
−
∂r 3
r
r ∂r
∂r2

88

!

!

4
ur
1 ∂ur
+ µL 2 −
. (A.1.11)
3
r
r ∂r

With the derivatives of ur (r, t) this becomes
!

4
∂p
R2 2Ṙ2 R
2R
= −ρ R̈ 2 +
−
2
Ṙ
.
∂r
r
r2
r5

(A.1.12)

Integrating from R to ∞, after some manipulation and considering that p(∞, t) = p∞ (t),
we get
!

3
p∞ (t) − p(R, t) = ρ R̈R + Ṙ2 .
2

(A.1.13)

p(R, t) is the liquid pressure at the bubble wall, for which the a mechanical balance must
hold. The pressure inside the bubble is pB , from the liquid side, pB is balanced by the
liquid pressure p(R, t), by the rr component of the normal stresses τrr , and by the surface
tension σ:
pB = p(R, t) + τrr +

2σ
R

(A.1.14)

For τrr we can substitute ur (r, t) and its derivatives into Eq. (A.1.9). With this
pB = p(R, t) + 4µL

Ṙ 2σ
+
R
R

(A.1.15)

Expressing p(R, t) from the above expression and substituting it into Eq. (A.1.13) we get
the Rayleigh-Plesset equation:
!

1
Ṙ 2σ
3
p∞ (t) + pB − 4µL −
.
R̈R + Ṙ2 =
2
ρ
R
R

(A.1.16)

Now we assume that the bubble contains not only vapor but also an ideal gas (with n as
polytropic exponent) both perfectly mixed and homogeneously filling the bubble. In this
case, the pressure inside the bubble pB is the sum of the vapor pressure pV and the gas
pressure pG :
pB (R, T∞ ) = pV (T∞ ) + pG (R).

(A.1.17)

It can be assumed that the vapor pressure pV is constant, but this constant depends on
the ambient temperature T∞ . For the gas pressure pG we assume an adiabatic polytropic
process, with n = 1.4:
pG (R) = pg0

R0
R

!3n

,

(A.1.18)

where pg0 and R0 are the reference gas pressure and equilibrium bubble radius, respectively.
Together with these quantities we get the classical form of the Rayleigh-Plesset equation:
3
1
R0
R̈R + Ṙ2 =
p∞ (t) + pV (T∞ ) + pg0
2
ρ
R

!3n

!

Ṙ 2σ
− 4µL −
.
R
R

(A.1.19)

This equation describes the time-evolution of a single spherical bubble placed in
infinite, incompressible liquid. Forced bubble oscillation can be modeled with this equation
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when the force is incorporated into the far-field pressure p∞ (t).

A.2

Derivation of the Keller-Miksis equation
The Keller-Miksis bubble oscillator assumes infinite and compressible liquid domain

in which a single spherical bubble radially oscillates. In the following the derivation of this
equation is presented.
The conservation of momentum in spherical polar coordinates for spherically symmetric liquid motion, neglecting viscous forces is
∂w
∂w 1 ∂p
+w
+
= 0.
∂t
∂r
ρ ∂r

(A.2.1)

Where w denotes the radial velocity component, p and ρ are the liquid pressure and liquid
density, respectively. r and t are the radial space and time coordinates respectively. The
conservation of mass in spherical polar coordinates of a spherically symmetric flow is
described by
∂ρ
1 ∂  2 
+ 2
r ρw = 0
∂t
r ∂r

(A.2.2)

The liquid motion driven by an oscillating spherical bubble is irrotational,
thus the liquid
h i
velocity vector is equal to the gradient of a velocity potential φ
w=

m2
s

:

∂φ
∂r

(A.2.3)

Now, substituting Eq. (A.2.3) into Eq. (A.2.2) we get
∂ρ ∂φ ∂ρ
∂ 2 φ 2 ∂φ
+
+ρ
+
∂t
∂r ∂r
∂r2
r ∂r

!

=0

Inserting Eq. (A.2.3) into Eq. (A.2.1), taking account that w ∂w
∂r =
∂
∂t



∂φ
∂r



∂
+
∂r

1
2



∂φ
∂r

2 !

+

(A.2.4)
∂
∂r



w2
2



:

1 ∂p
=0
ρ ∂r

(A.2.5)

Integrating Eq. (A.2.5) between the bubble wall r = R(t) and r = ∞:
∂φ
∂t

∞
R

1
+
2



∂φ
∂r

2 ∞

+

Z p∞
dp

ρ

p

R

=0

(A.2.6)

The derivatives of the velocity potential at infinity are zero, therefore we get
∂φ 1
−
−
∂t
2



∂φ
∂r

2

+

Z p∞
dp
p

ρ

=0

(A.2.7)

For a barotropic liquid p = p (ρ) the integral can be rewritten if cL is the constant speed
90

of sound in the liquid:
Z p∞
dp
p

ρ

1 dp
dρ =
ρ dρ

Z

=

Z

c2L
dρ = c2L ln ρ
ρ

ρ∞

(A.2.8)

ρ

Differentiating Eq. (A.2.7) with respect of time, and considering that the anti-derivative
depends only on the lower limit:
∂ 2 φ ∂φ ∂ 2 φ
c2L ∂ρ
−
−
= 0.
∂t2
∂r ∂r∂t
ρ ∂t

−
From here, after expressing a
ρ
− 2
cL

∂ρ
∂t

(A.2.9)

and inserting it into Eq. (A.2.4):

∂ 2 φ ∂φ ∂ 2 φ
+
∂t2
∂r ∂r∂t

!

∂φ ∂ρ
∂ 2 φ 2 ∂φ
+
+
+ρ
∂r ∂r
∂r2
r ∂r

!

= 0.

(A.2.10)

After rearranging:
1 ∂ρ ∂φ
1
1 ∂ 2 φ ∂ 2 φ 2 ∂φ
− 2 −
=
− 2
∂r
r ∂r
ρ ∂r ∂r
c2L ∂t2
cL

!

∂φ ∂ 2 φ
.
∂r ∂r∂t

(A.2.11)

This is a linear, second order, hyperbolic partial differential equation for the velocity
potential φ. This equation can be simplified with some considerations. First, we assume
that the square of the liquid sound speed c2L is large, and

1 ∂ρ
ρ ∂r

is small. Second, we also

assume that the amplitude of the harmonic pressure excitation is moderate. Hence, the
right hand side of the above equation can be neglected and we get the wave equation in
spherical coordinate system:
1 ∂ 2 φ ∂ 2 φ 2 ∂φ
− 2 −
= 0.
∂r
r ∂r
c2L ∂t2

(A.2.12)

The solution of this equation is known to be the sum of any two differentiable functions
in the form:
φ=

f (t − r/cL ) g(t + r/cL )
+
.
r
r

(A.2.13)

Here f is a waveform diverging from the oscillating bubble, while g is the converging
(reflected) wave. In case of an infinite liquid domain, with no reflecting boundaries g is
zero. Therefore the general solution of the wave equation Eq. (A.2.12) is
φ=

f (t − r/cL )
.
r

(A.2.14)

From Eq. (A.2.6), keeping the density constant and putting r = R, the bubble radius
∂φ
∂t

+
R

1
2



∂φ
∂r

2

=
R
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p∞ − pL
.
ρ

(A.2.15)

L refers to the liquid side of the bubble. Naturally
∂φ
∂r

= w (r = R) = Ṙ.

(A.2.16)

R

is the velocity of the oscillating bubble wall. Hence

∂φ
∂t R

From Eq. (A.2.14),

=

f0
R.

1
pL − p∞
− Ṙ2 =
.
2
ρ
R

∂φ
∂t

−

(A.2.17)

The prime denotes differentiation with respect to the



argument of the function f t −

R(t)
cL



. It is important to note that from now on the

waveform f depends in its argument only on time. With these
−

f 0 1 2 pB − p∞
− Ṙ =
:= ∆.
R 2
ρ

(A.2.18)

The liquid velocity using Eq. (A.2.3) and Eq. (A.2.14) at the bubble wall
0

∂φ
Ṙ =
∂r
Eliminating

f0
R

=

− cfL r − f

=−

r2

R

R

f0
f
− 2.
cL R R

(A.2.19)

between Eq. (A.2.18) and Eq. (A.2.19) then rearranging gives
R (t)
cL f t −
cL




1
= R2 ∆ + R2 Ṙ2 − cL R2 Ṙ.
2

(A.2.20)

Differentiating with respect to time and dividing by R yields:


cL f 0 1 −

Ṙ
cL

R



=


f0 
· cL − Ṙ =
R

2Ṙ∆ + R∆0 + Ṙ3 + RṘR̈ − 2cL Ṙ2 − cL RR̈. (A.2.21)
Eliminating

f0
R

between Eq. (A.2.21) and Eq. (A.2.18) yields



1 2 
cL
1
− ∆ + Ṙ
cL − Ṙ = −∆cL − Ṙ2 + ∆Ṙ + Ṙ3 =
2
2
2


2Ṙ∆ + R∆0 + Ṙ3 + RṘR̈ − 2cL Ṙ2 − cL RR̈. (A.2.22)
Finally, after rearranging we get the Keller-Miksis equation:
Ṙ
1−
cL

!

Ṙ
RR̈ + 1 −
3cL

!

3 2
Ṙ =
2

Ṙ
1+
cL

!

∆+

R d
(∆) .
cL dt

(A.2.23)

The term ∆ is analyzed below. The pressure pL on the outer wall of the bubble differs
from the pressure inside the bubble, p = pv + pG = pL +

2σ
R

+

4µ
R Ṙ.

Here pv and pG are

the partial pressures of vapor and gas inside the bubble, σ and µ are the surface tension
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and the dynamic viscosity of the liquid. Thus
pL − p∞
pv + pG − p∞
2σ
4µ
=
+
+
Ṙ.
ρ
ρ
ρR ρR

∆=

(A.2.24)

For an incompressible liquid cL → ∞ thus Eq. (A.2.23) will reduce to the Rayleigh-Plesset
equation defined by Eq. A.1.19.
For modeling
gas pressure variation in the bubble poly
 3
4R (t)π n
= const. with the polytropic exponent n approxtropic process is supposed: pG
3
imated by the specific heat ratio γ.

A.3

Dimensionless numbers of bubble oscillation
Dimensionless numbers may be defined in two ways, either directly from the differen-

tial equations writing all physical quantities as the product of a scale and a dimensionless
0

0 ∂U w
parameter, e.g. w ∂w
∂r = U w ∂Rr0 =

U 2 0 ∂w0
R w ∂r0 ,

where U and R are respectively the scales of

the velocity and the radial coordinates, and the prime denotes dimensionless quantities.
Then the total differential equation is divided by the scale of one term, thus this term
will be dimensionless and so will be all the other terms multiplied by coefficients of the
dimensionless products of scales. The coefficients defined by Eqs. 2.1.9-(2.1.17) result in
this way.
The other way is to analyze the ratio of forces acting on a unit fluid mass. For this, we
need again scales of the physical parameters occurring in the definitions of the individual
forces. Here we give the forces occurring in the theory of bubble oscillations.
1. Fdyn , dynamic force: this is the force stopping a fluid mass m streaming with velocity
2

U along a distance L. Fdyn = m U2L =

ρL2 U 2
2 .

2. Fp , pressure force: Fp = pA = pL2 .
3. Fst , force of surface tension σL : Fst = σL L.
4. Fvisc , force of viscous (µL ) stress τ : Fvisc = τ A = µL UL L2 = µL U L.
5. Fel , elastic force: Fel = εEf l A = εEf l L2 with bulk modulus of fluid Ef l and relative
compression of liquid column ε.
The ratio of the forces 2.-5. to the dynamic force give the important dimensionless
numbers in fluid mechanics:
1.

Fp
Fdyn

=

2pL2
ρL2 U 2

≈

p
ρU 2

2.

Fst
Fdyn

=

2σL L
ρL2 U 2

≈

σL
ρLU 2

=

1
We,

3.

Fvisc
Fdyn

=

2µL U L
ρL2 U 2

µL
ρLU

=

1
Re ,

4.

Fel
Fdyn

=

2εEel L2
ρL2 U 2

≈

= Eu, this is the Euler-number.

Eel

= 2ε Uρ2 ≈

this is the reciprocal of the Weber-number.

this is the reciprocal of the Reynolds-number.

c2L
U2

=

1
,
M2

with speed of sound cL we get the reciprocal of

the Mach number.
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5. κ =

cp
cv

is the specific heat ratio, a typical dimensionless number in gas dynamics.

In the case of the dimensionless Keller-Miksis equation, the characteristic length L is
the equilibrium bubble size RE , and the characteristic velocity U is RE ω/2π. The pressure
difference is P∞ − pv or pA , ρ = ρL and c = cL are the density and the speed of sound of
the fluid. With these quantities the equation constants are proportional to the W e, Eu,
Re and M a numbers in the following way:
2σ
1
=
− pV + P∞ / ρL C 2 ≈
− Eu
(A.3.1)
RE
We

 




M
2σ
− pV + P∞ 1 − 3n / cL ρL C ≈ f (κ)
=
− EuM
(A.3.2)
RE
We


C1
C2

 



 

2



C3 =

p V − P∞ / ρ L C

C4 =

1
2σ
/ ρL C 2 ≈
RE
We


= Eu

(A.3.4)



C5 = 4µL / ρL RE C

= Re

(A.3.5)



C6 = pA / ρL C 2 = Eu
C
= pA / cL ρL
2π
C
=
= Ma
cL
= 3n ≈ κ.


C7
C8
C9

(A.3.3)








(A.3.6)



= M aEu

(A.3.7)
(A.3.8)
(A.3.9)
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